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Résume

Depuis la fin des années 1970, les codes de mécanique des fluides numériques
sont devenus essentiels du fait de la montée en complexité de leurs applications. Les
petites échelles nécessaires pour les applications industrielles demandent souvent
des maillages fins ou de petits pas de temps. Ce qui augmente considérablement le
cotit de calcul des simulations.

Pour obtenir un code de calcul plus rapide, une approche possible consiste a utili-
ser la méthode Lattice-Boltzmann. Provenant de la théorie cinétique des gaz, cette
méthode a largement gagnée en popularité parmis les mécaniciens des fluides du
fait de son faible cott et de la facilité d’implémentation de son algorithme collision &
transport. Cependant, les approximations utilisées par la méthode Lattice-Boltzmann
classique limitent son utilisation aux écoulement faiblement compressibles. Pour-
tant, quelques modeles compressibles ont été proposés. L'objectif de ce manuscrit
est d’améliorer la robustesse et la précision des méthodes Lattice-Boltzmann pour le
compressible.

Dans ce but, la méthode Lattice-Boltzmann est completement réinterprétée comme
un schéma numérique. Ce qui permet une démonstration simple et parcimonieuse
des équations de Navier-Stokes-Fourier équivalentes en utilisant la seule hypothése
que le pas de temps est suffisament petit. En utilisant ce formalisme, nous montrons
que l'ordre de précision ainsi que la loi de comportement mécanique du modele
dépendent du noyau de collision utilisé. Plusieurs modeles sont étudiés et nous mon-
trons que le nombre de Knudsen n’est pas le seul parameétre a controler la consistance
avec le modele de Navier-Stokes-Fourier. De plus, la capacité de I’équation d’entropie
amodeéliser les écoulements faiblement supersoniques est expliquée avec des argu-
ments de la théorie des chocs classiques. Un schéma MUSCL-Hancock est ensuite
utilisé pour discrétiser I’équation d’entropie et augmenter la stabilité et la précision
par rapport aux schémas précédents.

Avec ce nouveau formalisme, un modeéle basé sur la pression est proposé et validé
sur plusieurs cas tests. Ensuite, nous unifions tous les modeles compressibles précé-
demment proposés par notre groupe sous une seule formulation générale et nous
étudions les différences et choix optimaux pour les différents degrés de liberté de nos
modeles. Finalement, ce modele unifié est validé sur des écoulements hautement
supersoniques sans chocs et faiblement supersoniques avec chocs.

Mots clés : Lattice-Boltzmann, Mécanique des Fluides Numérique, Ecoulements
compressibles, Ondes de Chocs, Nombre de Mach, Analyse d’Equations modifiées,
Série de Taylor, Différences Finies, Equation d’entropie, Lois de comportement



Abstract

Since the late 1970’s, computational fluid dynamics solvers became essentials due to
increasingly complex applications requiring fluid solutions. The small scales necessary
for industrial applications often need a very fine grid or very small timestep. This
dramatically increases the computational cost of nowadays simulations.

To design more computationally efficient solvers, a popular approach is to use
Lattice-Boltzmann methods. Originating from the kinetic theory of gases, this method
have gained a tremendous popularity among fluid dynamicists due to its cheap and
easily implemented collide & stream algorithm. However, its intrinsic assumptions
confines classical Lattice-Boltzmann solvers to weakly compressible flows. Yet, some
compressible models have been proposed. The purpose of this manuscript is to im-
prove the robustness as well as accuracy of compressible Lattice-Boltzmann models.

To this end, the Lattice-Boltzmann method is fully reinterpreted as a numerical
scheme. This allows a straightforward and parsimonious derivation of the equivalent
Navier-Stokes-Fourier system using the sole assumption of a negligible timestep.
Using this formalism, the order of accuracy is shown to depend on the collision
kernel, as well as the mechanical constitutive model. Various models are investigated
and we show that the Knudsen number is not the sole parameter controlling the
consistency with the Navier-Stokes-Fourier model. Additionally, capabilities of the
entropy equation to model low supersonic flows is explained through standard shock
wave theory arguments. A MUSCL-Hancock scheme is employed to discretize the
entropy equation and improve both stability and accuracy compared to previous
schemes.

Equipped with this new formalism, a compressible pressure-based model is pro-
posed and validated on various supersonic test cases. Then, we unify all compressible
models proposed by our group under a single formalism and investigate the differ-
ences and optimal choices for the various degrees of freedom of our family of models.
Finally, this unified model is validated on high supersonic smooth flows and low
supersonic shocked flows.

Mots clés: Lattice-Boltzmann, Computational Fluid Dynamics, Compressible Flows,
Shock waves, Mach Number, Modified Equation Analysis, Taylor Series Expansion,
Finite Differences, Entropy Equation, Constitutive Equations
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Nomenclature

Classical fluid mechanics and CFD :

t

Xg, X

Ug, U

CFL

Time coordinate

Space coordinate

Density

Fluid velocity

Total energy

Pressure

Temperature

Gas constant
Navier-Stokes-Fourier stress-tensor
Heat flux

Arbitrary mass source
Arbitrary momentum source
Arbitrary energy source
Internal energy

Entropy

Enthalpy

Specific heats

Adiabatic exponent
Constant sound speed (for isothermal fluids)
Sound speed

Dynamic viscosity

Bulk viscosity

Heat conductivity

Mach number

Reynolds number

Prandtl number

Knudsen number

Courant-Friedrichs-Lewy number
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Nomenclature

At Timestep
Ax Spacestep
Continuous kinetic theory of gases :
Ca, € Velocity coordinate
f Distribution, population
Q Collision kernel
fea Equilibrium distribution or Maxwellian distribution
fred Non-equilibrium distribution
T Relaxation time
) Weight for Hermite polynomials
Al n'" order Hermite polynomials
a’’ n'" order Hermite moment
) n'" order raw moment
Dummy variables :
¢ Arbitrary variable
bo Initial ¢
ba Analytical value of ¢
o* Nondimensionalized ¢
V¢ n'" order tensor gradient of ¢
A0 Of order ¢p", oxx ¢
Lattice-Boltzmann variables
Cia a'h component of the i’ h discrete velocity
w; Discrete weights
fi Discrete distributions
fl.eq Discrete equilibrium distributions
fineq Discrete non-equilibrium distributions
Q; Discrete collision kernels
F; Force distributions
£ ??eq Offset discrete distributions
ff"l Discrete post-collision distributions
a{;’l(.'_q_)an n'" order Hermite moment of distributions f;
H{;'l("f)an n'" order raw moment of distributions f;
Df;l(")an n'" order isotropy defect of distributions f;
0 Normalized temperature, p@ = p/c?
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Introduction

Computational Fluid Dynamics

In the history of the study and development of the discipline of fluid dynamics [1-3],
the two oldest approaches are the experimental and theoretical methods. The third
one, the computational method, is more recent. Due to increasingly fast and cheap
computations, it is nowadays possible to do numerical experiments. They consist
in reproducing fluid flows on computers using models. By doing so, it is possible to
measure and predicts the behavior of flows that are simply out of the scope of the-
oretical developments, experimental measurements, or simply financially not feasible.

This is the bright side of computational fluid dynamics (CFD). Of course, CFD comes
with a cost, modeling. Both experimental and theoretical approaches use models, but
CFED has the unique capability to provide predictions and accurate results for practical
and very complex applications based on a given set of models that were implemented
in the numerical solver. This means that one often does not have to understand the
underlying models and assumptions of a numerical code when using it. Hence, the
careful user of a numerical solver needs to keep in mind that the solution it provides
does not only comes with inevitable numerical errors, but also possibly with modeling
uncertainties. This means that CFD should remains in constant interaction with theo-
retical and experimental fluid dynamics in order to check that the assumptions and
models are consistent and that they approximate with a decent accuracy the desired
Physics.

Sometimes, multiple alternative models exist, with slightly different targeted validity.
It turns out to be the case in this manuscript, where compressible fluid dynamics is
modeled by the LBM [4] instead of the more classical Navier-Stokes-Fourier model
(NSF) [5, 6]. Indeed, the main objective of this manuscript is to explain and design
LB schemes that are able to produce robust and accurate solutions approaching the
traditional NSF fluid flow solutions. In this sense, our approach will be to bend the LB
solver in order to mimic NSF approach.

The lattice-Boltzmann Method

The LBM originates from the kinetic theory of gases. More specifically, it corre-
sponds to the space-time discretization of the Boltzmann equation [7] with discretized

15



Nomenclature

velocity space [4]. As a result, it inherited most of its theoretical background. For-
tunately, the kinetic theory of gases is a mesoscopic description of particles whose
averaging provides a macroscopic description somehow equivalent to the NSF system.
In this sense, the Boltzmann approach seems to encompass and even generalize the
NSF model to rarefied gases. In fact, the theoretical framework of the Boltzmann
equation is often used to bridge LB and NSF models. However, along the path of
doing so, we will show in this manuscript that some interpretations, assumptions
and models of the classical LB literature are not parsimonious enough and lead to
black-box models.

Yet, the LBM proved to be an efficient numerical solver for a wide variety of applica-
tions, even including non-fluid models such as the advection-diffusion equation [8,
9] which is neither a rarefied flow model nor a classical NSF model. Therefore, the
LBM originated from Boltzmann, but is now able to approximate other mathematical
models. To name just a few among surprising applications,

— Wave propagation in elastic solids [10],
— Schrodinger equation [11],

— Epidemics propagation [12],

— Finance [13],

This shows that the LB scheme have now emerged as a fully fledged numerical method
and that a gas kinetic theory interpretation of LB solver is not sufficiently inclusive.

However, one could legitimately ask : But, why is LB a research field ? Computa-
tional Science has at its disposal a vast panoply of numerical methods to solve a
given problem. However, LB, due to its algorithmic structure - linear transport with
non-linear terms evaluated locally — makes it an attractive candidate for complex
problems requiring high performance computing. In this manuscript, we only seek to
extend stability and accuracy of compressible LB solver with constraints of a relatively
compact stencil and @ (1) CFL number [14]. Therefore, the actual computational cost
and other performance/efficiency considerations are completely ignored in what
follows. The interested reader about LB performances is referred to [15-20] and more
specifically to [21], where a model developed during this Ph.D was benchmarked in
the context of low Mach compressible combustion.

The lattice-Boltzmann scheme as a numerical
scheme

Our solution to the traditional black-box description of LB schemes is therefore to
ignore the kinetic description of LBM and to fully describe it as a numerical method.

We will show that this approach leads to a deductive description, saves a lot of neces-
sary a priori assumptions and allows to deduce a posteriori the range of consistency

16



Nomenclature

of a given LB scheme towards a given system of partial differential equations. To get a
new description of LB solvers, we use some classical concepts such as consistency of
numerical schemes [14, 22-24] and dimensional analysis [25-28]. In light of this de-
ductive interpretation of the LB scheme, different topics will be discussed : the choice
of discretization, the over/under-relaxation phenomenon, the mandatory conditions
for explicitness of LB schemes, Multiple Relaxation Time (MRT) kernels, their ties with
filtered/regularized kernels, boundary conditions, order of accuracy of complex LB
kernels, continuous limits, LB modeling of constitutive equations and consistency of
some nowadays LB compressible models are deduced then discussed. This represents
— to the best of the author’s knowledge — the first systematic deduction of what is
actually solved by complex LB schemes, what are the achievable NSF solutions in
term of nondimensional numbers and how higher "non-hydrodynamic" terms could
be directly tied to alternative fluid models. Note that all those deductions are based
on the sole assumption that At is sufficiently small to neglect numerical errors. In
this sense, this manuscript only discusses the consistency of LB schemes, stability
being measured by numerical experiments later in the manuscript. Note that fully
numerical descriptions of LB schemes could be found in the literature prior to the
present work. However, we will show that all contributions we were able to find in the
literature fell — consciously or not — into the pitfall of a low Mach assumption and/or
into the pitfall of grid dependent nondimensional numbers.

Compressible simulations with ProLB :
"Pressure-based’ and "Unified" models

Additionally to the critical review of the classical framework of LB schemes and the
proposal of its replacement by a more deductive description based on consistency
study and dimensional analysis, compressible simulations were performed on ProLB
[29]. This code is a LB code developed by a consortium of companies and laboratories
: CS Group [30], Airbus [31], Renault [32], Ecole Centrale Lyon (LMFA laboratory [33])
and Aix-Marseille University (M2P2 laboratory [34]), where the numerical scheme
design and modeling are carried out.

In order to create a fully compressible LB solver, thermal effects need to be de-
scribed. Which means that the acoustic scaling Ax/ At = cste is retained throughout
this manuscript instead of the diffusive scaling At o« Ax? [4]. The thermal effects are
not naturally encompassed in classical athermal ! LB models [4, 35-37]. To circumvent
this problem, 3 different strategies could be employed :

— Multi-speed. The first and straightforward strategy is to increase the size of
the stencil, which is also called lattice in LBM. By doing so, more points — and
equivalently more discrete velocities — are involved in the LB scheme. This allows
to encompass necessary higher order moments (energy fluxes and fluxes of the
energy fluxes) and to get an accurate total energy conservation. However, the

1. For what concerns us in this manuscript, athermal = isothermal.
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size of necessary lattices [4, 38] are of the order of more than 100 neighbors in
3D, which leads to an expensive solver.

— Double Distribution Function. The mass/momentum on one side and energy
on the other side are solved by two different sets of populations, f; and g; for
example, usually with the same lattice. This allows to keep a compact lattice but
lead to a very high number of locally defined fields, twice the number of discrete
velocities plus all macroscopic moments and transport coefficients.

— Hybrid lattice-Boltzmann. In this method, the mass/momentum on one side
are solved by a lattice-Boltzmann scheme while the energy — or any other ther-
modynamic variable —is solved as a single scalar by finite differences. This allows
to retain the low computational time of the low Mach lattice-Boltzmann method
with only one additional scalar energy solved by finite differences.

Our main target being a low computational time, the third option was retained. There-
fore throughout this manuscript, mass and momentum are solved by the set of pop-
ulations f;, and an additional thermodynamic variable — entropy or total energy — is
discretized by classical finite differences, leading to a 2 way coupled LB-FD hybrid
algorithm.

In this context, and using a numerical description of LBM, we designed a new
"pressure-based" lattice-Boltzmann scheme ? which is able to solve mass and mo-
mentum equations coupled to an entropy equation in order to model thermal ef-
fects. This new model is then validated on academical simulations and it is shown
to be able to mimic NSF supersonic flows. A second model, named unified model,
is also designed in order to bridge between preexisting thermal LB models and the
present pressure-based model. We will see that the difference between preexisting
and pressure-based model only lie in the fourth order equilibrium moments. This
unified model is also validated on compressible test cases.

Outline of the manuscript

The detailed structure of this manuscript is as follows.

Chapter 1 : Navier-Stokes-Fourier model This Chapter is devoted to recalling
the classical NSF model used to describe the viscous compressible fluid dynamics. The
conservation of mass, momentum and energy are recalled in Sec. 1.1. The first and sec-
ond principles of Thermodynamics are provided in Sec. 1.1.1, they are used as guide-
lines to derive the additional necessary closures for the mass/momentum/energy
system. Then equations of state are discussed in Sec. 1.1.2.1 and mechanical/thermal
constitutive equations in Sec. 1.1.2.2. Using all these models leads to the closed NSF
system describing the dynamics of viscous compressible flows.

2. Pressure-based only refers to the 0" order term of the distribution. Not to be confused with the
traditional "pressure-based" naming in CFD, corresponding to some low-Mach solvers.

18



Nomenclature

Chapter 2 : From the kinetic theory of gases to the Lattice-Boltzmann
scheme This Chapter presents the usual tools to link the NSF system to the more
general Boltzmann equation. The Hilbert and Chapman-Enskog expansions are
recalled in Sec. 2.1.1, along with the less popular but equally important Grad moment
system in 2.1.2. The Gauss-Hermite quadrature is also explained in Sec. 2.2. Those are
the most important tools that allow to link the LB model to the NSF model. In Sec. 2.3,
we question and raise some concerns on the validity of the traditional LB framework.

Chapter 3 : Lattice-Boltzmann scheme In this Chapter, we discuss the LB dis-
cretization, collision kernels, boundary conditions and we also recall the necessary
step-by-step algorithm that we should follow when implementing a LB solver. First,
some properties of discretized relaxation equations are discussed in Sec. 3.1 using
a simplified 0 dimensional model. Then, the Discrete Velocity Boltzmann Equation
(DVBE) is discretized using the Crank-Nicolson (trapezoidal rule) in Sec. 3.2. The
discretization of more advanced collision kernels is discussed in Sec. 3.3. Most impor-
tant kernels for this manuscript are the MRT 3.3.1 and regularized models 3.3.2. The
classical and regularized boundary conditions for LB are explained in 3.4. The last
Sec. 3.5 is devoted to a reminder of the actual structure of a LB solver between time ¢
and t + At. Usual definitions are recalled in Sec. 3.5.1 and the step-by-step structure
in given in Sec. 3.5.2.

Chapter 4 : Taylor expansion based description of the Lattice-Boltzmann
scheme This Chapter contains the main novelty of this manuscript. In Sec. 4.1,
the Taylor expansion for a classical LB model is presented, proving the expected 2%
order accuracy. In Sec. 4.2, the Taylor expansion procedure is applied to a generic
regularized model. The newly proposed Taylor expansion is applied to the classical
athermal LB model in Sec. 4.3, where we show that the low Knudsen assumption is not
the only necessary criterion to conclude that a given LB model is consistent to NSE In
Sec. 4.4, the consistency of different collision kernels is discussed : BGK, regularized,
recursive regularized, hybrid recursive regularized, and traceless recursive regularized
kernels are discussed and compared to alternative constitutive models with time lag
effects mentioned in Sec. 4.4.1. The consistency of the classical thermal density-based
model is also analyzed in Sec. 4.5. Other Taylor expansions descriptions of the LB
scheme are compiled from the literature and compared to the present one in Sec. 4.6.
Lastly, some perspectives on the Taylor expansion view of LB schemes are presented
in Sec. 4.7, along with a discussion on the validity of the Taylor series truncation.

Chapter 5 : Thermal coupling with finite difference In this Chapter, we dis-
cuss how the mass/momentum LB solver is coupled to a finite difference solver in
order to restore thermal effects. Due to stability reasons, the entropy equation is
adopted, the validity of this choice is discussed in Sec. 5.1. Then the entropy scheme
is thoroughly discussed and explained in Sec. 5.2.
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Chapter 6 : Pressure-based lattice-Boltzmann model This Chapter is de-
voted to the first of the 2 models developed during this Ph.D. Its numerical scheme
is detailed in Sec. 6.1. Then, using our Taylor expansion, the formalism previously
proposed is used in Sec. 6.2 to get the continuous limit of the proposed numerical
scheme. Then, the scheme is validated in Sec. 6.3 on different test cases :

— Isentropic vortex advection in Sec. 6.3.1.
— Entropy spot advection 6.3.2.

— 1D acoustic wave propagation in Sec. 6.3.3.
— Thermal Couette flow in Sec. 6.3.4.

— Shock-wave inner structure in Sec. 6.3.5.
— One dimensional shock tube in Sec. 6.3.6.

— Shock-vortex interaction in Sec. 6.3.7.

Chapter 7 : Unified model, bridging between pressure-based and density-
based methods In this chapter, the previous density-based, pressure-based and
improved-density-based models are merged into a single formalism. In Sec. 7.1, these
previous models are extensively discussed and compared. In Secs.7.1.1-7.1.5 the
pressure-based and improved-density-based are recalled and then compared without
any force correction term. In Sec. 7.1.6, the two different yet very close strategies
employed in the density-based, p-based and improved-density-based for the force
term are explained. The unified model is proposed in Sec. 7.2, its numerical scheme
is detailed in Sec. 7.2.1, a link with fourth order Hermite polynomials is made in
Sec. 7.2.2 and the thermal coupling, shock sensor, collision kernel, and other details of
the solver are listed in Sec. 7.2.3. Lastly, this unified model is benchmarked in Sec. 7.3
on different compressible test cases :

— Isentropic vortex advection in Sec. 7.3.1.
— Entropy spot advection in Sec. 7.3.2.

— Thermal Couette flow in Sec. 7.3.3.

— 2D Riemann problems in Sec. 7.3.4.

— Double shear layer in Sec. 7.3.5.

— Shock-vortex interaction in Sec. 7.3.6.

— Shock-entropy spot interaction in Sec. 7.3.7.

Conclusion Conclusion and perspectives of what we believe should be done in
order to improve LB schemes for compressible flows.

Appendices Some additional content can be found in the appendices. The D3Q19
lattice used in this manuscript can be found in Appendix A, some details about an
attempt to discretize the total energy in conservative form are reported in Appendix
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B, initial conditions of the 2D Riemann problems can be found in Appendix C and
some details about the Linear Interaction Analysis can be found in Appendix D, a side
project carried out during this Ph.D alongside the main LB activity.
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In this chapter, we provide the basic equations, vocabulary and models that we
will try to discretize and approximate throughout this manuscript using the lattice-
Boltzmann method (LBM).

In Sec. 1.1, the continuous system of Navier-Stokes-Fourier (NSF) is recalled along with
related notions of Thermodynamics, equations of state and constitutive equations.
This merely serves as a reminder, for more extensive and thorough discussions, the
reader is referred to classical textbooks on fluid dynamics [5, 6, 39-41].

In Sec. 1.2, the important theorem of Vaschy Buckingham - IT theorem - is recalled.
It is a cornerstone of fluid mechanics as it formalizes the use of nondimensional
numbers. Since a lot of LB concepts and test cases are presented in nondimensional
units in this manuscript, recalling this theorem will be found to be useful.

1.1. Continuum mechanics for fluid dynamics

Mechanical engineering traditionally models the fluid by a set of partial differential
equations in conservative form, the NSF system. They correspond to physical princi-
ples of conservation of mass p, momentum pu, and density total energy pE, where
the total energy E = e +0.5u2 is the sum of internal e and kinetic 0.5u2 energies. In D
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1. Navier-Stokes-Fourier model — 1.1. Continuum mechanics for fluid dynamics

dimensions, the NSF system consists of D + 2 equations,

op Opup
9 = 1in, 1.1
ot oxp Y
0pug 5[Puauﬁ+l95aﬁ_3_wﬁ]
=0F,, 1.2
or 0xp po -
0pE O[(0E+plug+qp—uaJ,
0 N [p plug+dqg a aﬁ]:pg}/uy'i',l)é]; (1.3)

ot OXﬁ

where p is the thermodynamic pressure, 9,4 is the stress tensor and g is the heat
flux. Additionally, arbitrary source terms ri1, p%, and pq have been introduced in
order to account for coupled arbitrary models. This system of D + 2 equations is
open in the sense that there are more than 3 variables : p, uq, E, p, 944, qa. Therefore,
additional constraints should be provided in order to close the system [42].

1.1.1. Thermodynamics principles

The first principle of thermodynamics [6, 43] states that internal energy e, entropy s
and volume v variations follow

de=Tds—pdv. (1.4)

Noting that the specific volume v is related to the density p by v = 1/p one can write

that
p

de=Tds+ ?dp. (1.5)
Considering Eqg. (1.5) as the definition of entropy s and using Egs. (1.1-1.3) one can

prove that

ds ds \ 0qy oug . uy p
T =+ ug— |+ — - Tap——0 = pg + (= —e—- ). 1.6
P (at ”ﬁaxﬁ) 0xy op 0xy paq+mi 2 ¢ p) (16)

Using Eq. (1.6), the second principle could be replaced [5, 44] by the local inequality

-——2=0, 1.7)

Because either the first or second term of Eq. (1.7) could locally vanish, both should
be independently positive, which leads to some constraints on 45 and ¢q,.

1.1.2. Closure models

Thanks to the first and second thermodynamic laws Egs. (1.5,1.7), we can close
the system of equations (1.1-1.3). These closures are known as equations of state and
constitutive equations.
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1.1.2.1. Equations of state

Let us first notice that Eq. (1.5) provides a link between 3 thermodynamic variables
e, s and p, however, links with variables T and p are still missing. This gap is bridged
by employing the empirical caloric and thermal equations of state [43] that ties density
p and temperature T on one side and internal energy e and pressure p on the other
side. They are expressed by

e=e(p,T), (1.8)
p=p,T). (1.9

Providing that those two functions p(p, T) and e(p, T) are known, using Egs. (1.5,1.8,1.9)
one can compute e, s, p, T and p by only knowing 2 variables among them. Because
density p and internal energy e are already implicitly embedded in Egs. (1.1-1.3), we
must only add Egs. (1.5,1.8,1.9) to fully describe all links between thermodynamic
variables. Additionally, equations of state usually employ specific heats at constant
volume and pressure, C, and C,

Oe oh
Cy:_, Cp:a_T)

3T (1.10)

where & = e+ £ is the enthalpy [6]. The ratio of specific heats is known as the adiabatic

exponent y and is defined by
Cp
=—. 1.11
Y C, (1.11)

Throughout this manuscript, 2 different equations of state will be mentioned.

Athermal/isothermal gas law. Because this model assumes a constant tempera-
ture T, the caloric equation of state is unnecessary, only pressure p is linked to density
p throughout

p= pcf, (1.12)

where c; is the constant sound speed. This describes a barotropic fluid [44] and no
energy equation is necessary, the mass conservation Eq. (1.1) is sufficient to describe
the whole thermodynamic behavior. Note that the word athermal is extensively used
in the LB literature. In a context of CFD, it should be considered as equivalent to
isothermal.

Ideal gas law. This is the most widely known equation of state for compressible
flows. Pressure p is linked to the density p and temperature T throughout the ideal
gas law

p=prT, (1.13)
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where r = R/W is a gas dependent constant [5, 6, 39], R is the universal gas constant
and W the molecular weight. Internal energy e is computed as

erCU(T)dT+eO, (1.14)

while the specific heats verifies
r=Cp(T)—Cy(T). (1.15)

This EOS is said to describe a perfect gas when C, = const and an ideal gas when
Cp = Cp(T). In this sense, all perfect gas are ideal ones.

1.1.2.2. Constitutive equations

With a complete description of the links between thermodynamic variables, we can
now address the last few variables we need to describe. These are the stress tensor
T ap and heat flux g,. Functions 45 = To5(p, T, ug) and qq = qo(p, T, ug) are known
as mechanical and thermal constitutive equations. When those functions are set to 0,

Tap=0, (1.16)
da =0, (1.17)

the system is closed and corresponds to the Euler system. Except for the Euler very
simple case, let us now restrict ourselves to isotropic fluids, i.e. fluids without any
preferred direction.

Stress tensor 7, ap- The internal frictions of a fluid is modeled by J44. This phe-
nomenon only happens when velocity gradients are non-zero. Therefore, 7,4 could be
searched as a power series of velocity gradients. When those gradients are sufficiently
low, we can assume that higher order derivatives than first order ones are negligible
and that stress tensor 9,5 only depends linearly on those first order gradients.

One could argue that velocity gradients are not negligible in compressible flows and
especially in shocks. But one also have to remember that shocks are extremely thin
regions in which continuum mechanics assumptions underlied by Egs. (1.1-1.3) are
no longer valid [45]. Moreover, the internal structure of a shock — its thickness being
of the order of the mean free path [46, 47] — is never numerically resolved. Therefore,
additional modeling of 9, for very high gradients seems unnecessary because it will
never be properly resolved in regions where it could make a difference.

Additionally, 9,4 should vanish while performing a solid rotation of the fluid with
constant angular speed Q, such that u# = Q, x r. Which means that only some specific
combinations of velocity gradients are allowed [5, 6]. For a newtonian [40] fluid, the
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most general form that verifies all those assumptions is

ou, Oug 2 0uy ouy

= g —r | + —, 1.18
0xp 0xq ab3 0xy Ho “ﬁaxy ( )

g&ﬁ:ﬁt
where the shear viscosity p and bulk viscosity p;, (sometimes called volume viscosity
[5, 41]) have been introduced. These coefficients respectively accounts for stresses due
to deformations without change of volume and isotropic expansions/compressions
[40]. In order to verify the second principle Eq. (1.7), both viscosities should be posi-
tive, © = 0 and pp = 0. Generally speaking, viscosities are instantaneous functions of p
and T [5, 6]. Note that while u was extensively studied and modeled [6], physical mod-
els and measures of y, are often difficult to obtain [48]. Therefore, while the Stokes
hypothesis p; = 0 is known to be physically inaccurate for most non-monatomic
gases, it is practically used in numerical simulations and implicitly corresponds to the
ansatz of the coincidence between thermodynamic and mechanical pressures [41,
48].

Heat flux g,. Similarly to the stress tensor, because heat flux should be a function
of temperature gradients, we model g, by a power series of gradients of temperature.
For sufficiently low gradients, this sum can be truncated to its first term o 07/0x,.
Additionally, for an isotropic fluid, no preferred direction can be distinguished, which
means that the only possible heat flux g, verifying all our assumptions is

oT
qa = —/1% (1.19)
a

In order to satisfy the second principle Eq. (1.7), the heat conductivity should verifies
A=0.

1.1.3. Closed Navier-Stokes-Fourier System

Collecting Egs. (1.1-1.3) and Egs. (1.8-1.19) we end up with a fully closed system of
evolution equations,

op Opup
9 -, 1.20
ot oxp -0
F) 0lpuqusg+ pdas—T,
pua  Olptatis+Pdap=Tap] s (1.21)
ot 0xg
0pE O|(PE+p)ug+qs—uaJ,
PE [(PE+p)up+qp—ua aﬁ]:p%uﬁpq, (1.22)

ot OXﬁ
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with additional instantaneous equations

Ou, Oug 2 0uy Ouy
Tap= + =L —8apm—— | +ipOap—rr, 1.23
ap =H 0xg 0xq b3 0xy HbOap 0xy ( )
oT
Go = —Aa—, (1.24)
Xa
e=e(p, 1), (1.25)
p=pp,1). (1.26)

This system describes the evolution of density p, momentum pu, and density total
energy pE over time, all other variables (e.g. e, p, T, 944 and q,) are known functions
of the conservative variables p, pu, and pE. This system is our target, and we would
like to design LB schemes being able to discretize Egs. (1.20-1.26).

1.2. Vaschy Buckingham Theorem, or IT Theorem

This section is devoted to a fundamental tool of both Physics and Mechanics, the
Buckingham IT Theorem [25-28, 49]. This tool allows to reduce the number of param-
eters to its bare minimum and to identify which parameters are really important in a
given situation. Due to its fundamental nature, this theorem and its consequences
will be used all along this manuscript without even mentioning it.

Assume a given problem, with an initial condition, its geometrical bodies, its bound-
ary conditions, its external forces, etc... This problem involves k fundamental units (m,
kg, s, ...) and is fully described by n dimensional parameters ay, ..., a, (inlet velocity,
length of a body, wall temperature, ...) such that the system of equations that describes
the physical problem can be written as

f(al)---ran) :07 (127)

Then, itis possible to define n—k non-dimensional parameters ry, ..., 77, by combin-
ing the n dimensional parameters a,, ..., a, and Eq. (1.27) can be equivalently replaced
by a more simple system

gmy,..omy—k) =0, (1.28)

whose solution now only depends on n — k parameters. Assuming two given problems
described by f(ay,...,a,) and f (a’l, ..., a),), their solutions are said to be similar if their
non-dimensional numbers are identical, 7, = 7'[/1, v T = n’n e The Physics of a
problem should not depends on the employed system of units and is more easily
described by n — k parameters than by n. The non-dimensional system is the one that
allows to manipulate only n — k parameters. We will use it almost systematically in
this manuscript. Non-dimensional parameters being traditionally used in Mechanics,
most — if not all — of the test cases are preferably presented with classical adimensional
numbers — Mach, Reynolds, Prandtl or Knudsen — as primary parameters rather than

m.s~! velocities or K temperatures.
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Another point that should be mentioned about the IT theorem is its implicit and
traditional use in a lot of the LB literature throughout the so-called lattice units Ax =1
and At = 1. While the IT theorem ensures that all systems of units are equivalent, some
of them are clearly preferable than others. Being humans, we are unfortunately subject
to making a lot of mistakes, while setting Ax = 1 and At = 1 may be convenient in
numerical codes, it may create misunderstandings about the fundamental equations
describing the LBM. By getting used to see a 1 instead of a A¢, one can easily forget that
an implicit At is actually here, instead of a 1, which could lead to basic misconceptions
about the method. In order to avoid those misconceptions, lattice units are not used
in this manuscript. Instead, an arbitrary system of units is selected where Ax and At
can have any desired values.

Note that in this manuscript, 4 nondimensional numbers will be regularly encoun-
tered ;

— The Mach number Ma = u/c, which corresponds to the ratio between the veloc-
ity and the sound speed [5, 6].

— The Reynolds number Re = pu L/, which corresponds to the ratio of the viscous
and convective characteristic times [6, 40].

— The Prandtl number Pr = C,u/A, which is the ratio between viscous and heat
diffusion effects [5, 6].

— The Knudsen number Kn = L, ¢,/ L, corresponding to the ratio between parti-
cles mean free path and macroscopic length [6, 7, 46, 50]. Knudsen, Mach and
Reynolds are also linked by the von Kdrman relation Kn o« Ma/Re.

1.3. Recap

In this Chapter, the classical NSF system along with its usual closures were recalled.
In this manuscript, this system is considered as the target system we are trying to
approximate. Therefore, it was of utmost importance to detail and explain those
closures, in order to be able to compare it with LB models. In this sense, the NSF
system is considered as the reference and we try to design LB models approaching this
system of equations. Additionally, important notions of dimensional analysis were
recalled.
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The first ever reported LB model is due to [51]. It was interpreted by the authors as
“an alternative technique to the lattice-gas automata for the study of hydrodynamic
properties” and was simultaneously corresponding to a finite difference discretization
of a simplified Boltzmann equation [7, 45].

More than its similarities with lattice-gas automata it is its link with the Boltzmann
equation that was retained by the scientific community. Nowadays, the LBM emerged
as an independent CFD technique. Being intrinsically related to the Boltzmann equa-
tion, this research field inherited from viewpoints and interpretations stemming from
the kinetic theory of gases. This chapter is devoted to recalling the conventional
viewpoint presented in textbooks and meant to describe and understand the LBM.

To this end, the chapter is organized as follows: in Sec. 2.1, some concepts of the
kinetic theory of gases are recalled. The Hilbert and Chapman-Enskog expansions
along with the Grad moment system and the importance of Hermite polynomials
are also discussed. Secondly, velocity space is discretized in Sec. 2.2 leading to the
discrete velocity Boltzmann equation (DVBE). In the last part of this chapter, Sec. 2.3,
are emphasized some vulnerabilities of the classical LB framework presented here.
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2.1. Kinetic theory of gases and continuous
Boltzmann equation

A flow is usually modeled on a macroscopic scale using continuum mechanics and

more specifically the NSF system [5, 6, 40], Egs. (1.20-1.26). This viewpoint was recalled
in Chapter 1. Another choice is to model on the molecular level by describing particles
trajectories, which is not affordable for simulations on contemporary computers
since the Avogadro constant [43] is of order 6.022 x 10?3, which means that too many
particles and therefore trajectories should be simultaneously described. An affordable
choice is therefore to use a mesoscopic description in which is described the number
of particles rather than particles itself.
Defining the density p(#,x) as the mass per unit volume of particles at time ¢ and
position x, a generalized mesoscopic density can be written as f(c, t, x). Traditionally
called distribution or population, it corresponds to the mass per unit volume at time ¢
and position x of particles moving with velocity c¢. Therefore, the total mass per unit
volume of particles at time t and position x is

p(t,x) :ff(c, t,x)dc. 2.1

Considering contributions ¢ f from all velocities ¢ to the momentum lead to

p(t,x)u(t,x):fcf(c, t,x)dc, (2.2)

where u(f, x) is the macroscopic velocity of the fluid, corresponding to the classical
velocity variable described by continuum mechanics in Chapter 1. Similarly, the total
density energy p(t,x)E(t, x) of the fluid can be recovered from distribution f(c, ¢, x),

p(t,x)E(t,x):flclzf(c, t,x)dc. 2.3)

Total energy contains two contributions %pl u?f and %plc — u|? f that respectively
correspond to the kinetic energy (bulk motion of particles) and the internal energy e
(thermal random motion of particles).

Equations. (2.1-2.3) are called moments of the distribution f. Thanks to those mo-
ments, physical properties of the fluid are known at (¢, x) as long as f(c, t, x) is also
known. Therefore, the evolution over time of moments p, pu and pE is entirely con-
tained in the evolution of f. The question is now to model properly the evolution
equation driving f. Particles and hence distributions f are subject to changes from
only two different physical phenomena,

— The first one is the free streaming of particles, describing the motion of particles

with velocity ¢, modeled by a linear advection operator g—]; + ca%.

— The second one is the collision of particles Q( f), which encompasses non-linear
phenomena such as collisions, hardness of particles and intermolecular forces
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acting remotely as a function of intermolecular distance [7, 45].

Equating these two terms into a single equation yields the Boltzmann equation,

of ~of

37 +C“axa =Q(N), (2.4)
which is the equation describing the distribution evolution for a given type of particles
(hard spheres, soft spheres, Maxwell molecules, etc [45]) associated to a collision
kernel Q(f). It is important to note that all thermodynamic and hydrodynamic mod-
els serving to close the system of conservation equations in continuum mechanics,
namely the thermal p = p(p, T) and caloric e = e(p, T) equations of state, mechanical
9 =9 (Vu) and caloric g = q(VT) constitutive laws are emerging phenomena of the
choice of molecules and intermolecular potential, which are entirely modeled in Q(f).
For this reason, it is often said that all physical models (equations of state, constitutive
equations, see Sec. 1.1.2) are encompassed in the collision kernel Q(f). A crucial
specificity of the collision model Q(f) is that it should conserve mass, momentum
and energy, which is equivalent [45] to

dec:O, chdc:O, flcledc:O. (2.5)

In the literature, 1, ¢ and |c|? play an important role and are referred to as collision
invariants. From those collision invariants, one can analytically [4, 7, 45] show that a
particular solution of the Boltzmann equation Eq. (2.4) is the equilibrium distribution
f¢9, also known as Maxwellian, which is solution of Q(f¢7) = 0 and can be expressed
in 3D by
P —(le—nl?
eq _ e (le—ul )/2rT. 26

! rrT)3/2 (26
When f = ¢, the fluid is said to be at equilibrium. Fig. 2.1 shows the Maxwellian
distributions for different Ma and sound speed /yr T, with p=1and y =1.4.
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Figure 2.1. — Maxwellian distributions for different sound speeds and Mach numbers.
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Therefore, the non-equilibrium distribution f¢7 is defined as

frel=f—fea. 2.7)

Additionally, because of Egs. (2.5), equilibrium distribution also verifies that

p:ffeqdc, pu:fcfe"dc, pE:flclzfeqdc. (2.8)

The first and historical collision model Q was obtained by Boltzmann himself [52] and
corresponds to a hard spheres gas with vanishing intermolecular potential. However,
a simpler yet satisfactory model is often used, the Bhatnagar-Gross-Krook (BGK) [53]
model,

-1
Qpck = - fred. (2.9)

In which f relaxes towards f°7 with a characteristic relaxation time 7. This approxi-
mation reasonably holds when f does not departs too much from f¢7 [50], regardless
of the value of the Knudsen number Kn.

Being theoretically able to describe rarefied [45] to continuum [6] gas flows, one
would expect the Boltzmann Eq. (2.4) to reproduce NSF solutions in the asymptotic
Kn « 1 limit. This link between continuous NSF equations and continuous Boltzmann
equation is not straightforward and usually needs a perturbation analysis which is by
construction only valid for some specific cases [54-56]. We shall recall hereafter some
historical methods allowing to link the kinetic Boltzmann equation to the continuum
NSF system.
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2.1.1. Hilbert and Chapman-Enskog expansions

The question of a systematic derivation of the NSF system from kinetic theory is
owed to Hilbert [57, 58]. Its first attempt is based on the assumption that Kn «< 1 and
that the collision characteristic time can be expressed as T = Kn7 with T = 0(1). The
rescaled Boltzmann-BGK equation then reads

o ¢ f):_%(f_feq). (2.10)

K
Mar o,

A singular perturbation procedure [59] is then performed by taking the limiting case
Kn — 0. Then, we can search for the solution f as an infinite expansion,

(e,9)
f=Y Kn"f"=fO4knfO+Kkn?f@+..., (2.11)
n=0

where all £ are @ (1). Making the hypothesis that Eq. (2.11) is convergent we insert
itinside Eq. (2.10). Then by assuming a scale separation between orders in Kn and
collecting terms by orders we end up with an infinite hierarchy of equations

fO-fei=o, 2.12)
1 af(n—l) af(n—l)
——f" = + 2.13
=/ or o, (2.13)

with n > 0. This hierarchy of equations, called Hilbert expansion, exhibits some
remarkable properties. The first equation confirms that the zeroth order distribution
f© should match the equilibrium distribution f¢9. The second equation shows that
the n'" equation depends on the (n—1)*" distribution only in a sequential manner.
Then, by truncating at any order 7 in the infinite expansion it is possible to get an
approximate solution of Eq. (2.10). It is reported by literature [7, 60] that the problem
of this procedure is that it fails to capture very steep gradients because a n‘" order
truncated Hilbert expansion would exhibit a (n + 1) order space derivative in its
leading error, indicating that a high degree of smoothness is necessary for Hilbert
expansion to converge. In other words, regions with high gradients such as boundary
layers or shocks [7, 37, 60] may not be properly described by Hilbert procedure, which
is ill-equipped to deal with such applications. A way to circumvent this problem is to
use the Chapman-Enskog expansion [7, 60] instead of the Hilbert expansion.

The only difference with the Hilbert expansion lies in the fact that the time derivative
is now also expanded,

Z _Of 1O 20f

i 2.14
=0 alfn 0ty ot Oty ( )

where 4/dt,, denotes the contribution from the n'”" order to the physical time deriva-
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tive 0/0t. Plugging Eqgs. (2.11, 2.14) inside Eq. (2.10) leads to

> k| =2

0 0
K Kn"—+
n nZO 1’1 al‘n Caa )

Y Kn™ ™ —f“’). (2.15)
m=0

Assuming a scale separation between orders in Kn and collecting terms by orders we
end up with a new infinite hierarchy of equations. The 3 leading orders in Kn now read

fO-rei=o, (2.16)
1 0 0) 0 0)
—:f(l) - (;ct + g Of , 2.17)
T 0 xa
1 af(l) af(O) af(l)
2 _
—-— = . 2.18
T 0w T on T, (2.18)

Again, the zeroth order distribution satisfies f(©' = £¢4, but a slight difference ap-
pears in higher orders, the n'" equation now depending not only on the (n—1)""
but also on any (n— m)"" order with m < n. Similarly to the Hilbert expansion,
this recursive behavior means that Chapman-Enskog expansion only addresses low-
Knudsen solutions with f depending only implicitly on time via the macroscopic
variables appearing inside the Maxwellian Eq. (2.6). In other words, the Chapman-
Enskog expansion only describes solutions f(#) with autonomous time dependen-
cies f (p(2), u(t), T(),V"p(8), V" u(t), V" T (1)) with V" the 0°" to n'" order rank space
derivatives. More general solutions f are simply out of the scope of the Chapman-
Enskog expansion [61]. The next step is to take successive moments of this infinite
hierarchy. Integrating the first three order moments of Eq. (2.17) leads to the Euler
equations

6g;:a s 0 [Pual(;/;; SapP] _ —%fcaf(l)dc‘, (2.20)
6@‘;0]3 + 9 [puﬁ;i; RD)] = —%fcﬁcﬁf(”dc. (2.21)
Similarly, the first three order moments of Eq. (2.18) lead to
e e
?_f +f(aio “ﬁaaﬁ) Catafde = _%fcﬁcﬁf@’dc, (2.24)

which can be interpreted as a correction to the Euler equations Egs. (2.19-2.21),
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e G(Kn') : Euler

* 0 (Kn?) : Navier-Stokes-Fourier
e 0(Kn®) : Burnett

« ©(Kn*) : Super-Burnett

Chapman Ensko
Boltzmann s g

Table 2.1. — Schematic view of the hierarchy of models produced by different trun-
cations of the Chapman-Enskog expansion. @(Kn”) means that n‘"* and
higher orders are neglected.

leading to the NSF system of equations. Note that this system is not closed yet because
we do not know how to evaluate f‘I’f(”)dc with n >0 and ¥ = [1, ¢g, cacq]. The
Chapman-Enskog expansion being a formal search of Boltzmann equation solution
any constraint can be used to close the system. Thus, solvability constraints [4, 37] are
applied,

f‘lff(”)dc:O, n>0. (2.25)

This is an essential step of the Chapman-Enskog expansion because it allows to
close the system and prevents the infinite hierarchy to impact the orders of interest
n =0, 1,2 corresponding to mass, momentum and energy. Using the solvability
conditions, neglecting higher orders and collecting Egs. (2.19-2.24) the NSF system
can be deduced,

dp Opug 2
L+ —L-6EnY, 2.26
TREFTTEREAE (220
0 o0|pugug+06 0
Pla | [ptattp + Sapp) + fCﬁCafmdc:@’(an), (2.27)
al' axﬁ aJCﬁ
apE 0[puﬁ(E+RT)] 0 f )] 2
n + dc =0 (Kn?), 2.28
ot 0xg 0xp eacaf Tde= Ot =

this system being closed [4] by moments of Eq. (2.17) to obtain stress-tensor [ cscq f Wdc
and heat flux [ cgcqcq f'V de. To summarize, in order to perform this simple Chapman-
Enskog expansion the convergent nature of the f expansion Eq. (2.11) and its trun-
cation, the scale separation between orders in Kn, the BGK collision kernel and the
solvability conditions Eq. (2.25) were assumed to be valid. Note that by truncating
the Chapman-Enskog expansion, different macroscopic models can be obtained, as
summarized in Table 2.1.

2.1.2. Grad moment system

Aside the well known Chapman-Enskog expansion, another attempt to link the
Boltzmann equation to the continuum mechanics was performed by Grad [62]. It is
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of historical importance for LBMs as it introduced the use of Hermite polynomials
€™ to analyze the Boltzmann equation. The main idea is to project the distribution
f onto the Hermite polynomials [63] basis composed by n'”* order rank symmetric
tensors 4" of n'"* degree polynomials in ¢, leading to

(o]
1
fO=0@) —a”:72" ), (2.29)
n=0 n!
where the weight w(c), the n'”* order Hermite moment " and Hermite polynomial

A" have been used,

1 e (D"
(n) _ (n) _ ccl2 (n) _ n
a —fjf fdc, w(c) = (271)3/28 , JV(c) = —w(c) Viw(c). (2.30)

Let us make the assumption that the relevant physical phenomena we are interested
in are sufficiently well modeled by a N* h order truncation of f, Eq. (2.29),

N
M=o ) %a(’“ : A (c). (2.31)

n=0

Note that unlike the Hilbert and Chapman-Enskog methods, the Grad moment tech-
nique explores every possible Boltzmann equation solutions when N — oo thanks to
the completeness of the Hermite basis. Now, let us consider any finite value N. It
means that '™ can be equivalently described by a finite set of independent moments
a?,...,a’™). In other words, injecting Eq. (2.31) into the Boltzmann Eq. (2.4),

af(N) af(N)
=Q , 2.32
57 + Ca oxa (fnv) (2.32)

and taking moments of this system leads to a finite set of moments equations which is
completely equivalent to Eq. (2.32). This system describes the temporal evolution of
variables a?, ..., a'™). Equivalently, different moments could be introduced, known as
raw moments [T,

n" = f (©" fdc. (2.33)

In which case, taking raw moments of Eq. (2.32) provides a system of evolution equa-
tions for variables I, ..., II"Y). This is exactly what has been done by Grad in 1949
to form the Grad-13 system of equations [37, 62]. This system is a set of 13 different

moments corresponding to mass I1”), momentum IT{", total energy/stress-tensor H(az}j
3)

and energy flux IT | 85" Therefore, the Grad-13 system can be written in two equivalent
formats, the first one is

0fci3 N 0fci3

=Q , 2.34
ot Ca EP (fc13) (2.34)
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and the second one,

iy
ortfe»© /o

or " ox =0, (2.35)
a
01_[5613’(1) ani‘g&(z)

or dxp =0, (2.36)
o onfon®

or o caCpQfer3)de, (2.37)
Y
fGlS'(S) fGl3r(4)

oIl oIl

oéﬁtﬁ N gﬁﬁy _ f cacpcsQfais)de. (2.38)
Y

(2.39)

While a link between macroscopic equations and Boltzmann equation has already
been produced throughout the Hilbert or the Chapman-Enksog expansions presented
in Sec. 2.1.1, Grad’s interpretation using Hermite polynomials presents an undeniable
advantage : given a certain truncated expansion Eq. (2.29), it provides without any
assumptions the equivalent set of macroscopic equations, which is of course not
exactly the NSF system presented in Chapter 1.

2.2. Gauss-Hermite quadrature and velocity space
discretization

Now that a bridge has been established between macroscopic equations and the
Boltzmann equation, let us discuss discretization. Continuous solutions f(c, t, x)
are evolving in a 7-dimensional space made of #, x, y, z, ¢y, ¢y and c¢;. In order
to implement an efficient LB solver, one should discretize all of these 7 different
parameters. The first one we are interested in is the velocity space corresponding to
¢ = (cx, ¢y, ¢z). Physically, velocity ¢ appearing in Eq. (2.4) is the velocity of particles, or
molecular velocity. For most particles, c is expected to be of the order of u, the mean
velocity of the flow. Because of thermal random motion, some particles are going
faster or slower than u, nevertheless, the relevant physical information is physically
expected to be mainly localized around ¢ = u. An indication of the dispersion of
particle velocities around ¢ = u is the sound speed /yr T, as it can be seen on Fig. 2.1.
The sound speed is related to the energy embedded by random thermal motions [6,
43, 45, 46]. Assuming that physical information carried by extremely low and high
speeds ¢ compared to u is negligible means that f can be assumed to be non-zero
only on a finite interval of velocities ¢ whose the characteristic value is controlled by
u and characteristic width by /yrT.

However in order to keep the physical kinetic interpretation, the velocity space dis-
cretization would be expected to map with a sufficient amount of points at least the
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finite portion of the velocity space ¢ "around" the particular value u. In practice,
this is not the kind of arguments that was retained to serve as guideline during the
discretization process of c¢. Instead, to mimic a lattice gas automaton [64], discretized
velocities c;q are taken as integer values of the characteristic numerical velocity ﬁ—f.
In LB, the velocity space is usually poorly discretized, typically only using a 3 points
stencil in 1D. Indeed, the amount of discrete velocities c;, is kept as low as possible in
order to reduce computational costs. A comparison between the Maxwellian equi-
librium distribution and the LB D1Q3 equilibrium can be seen on Fig. 2.2, where we
clearly see that the discretized equilibrium is only captured by 3 points. In fact, these
lattice points are always chosen such that mass, momentum and total energy are the
same between the discretized and continuous equilibrium.

0.8 0.8
~n
0.6 / 0.6
T T \
g 04 g 04
0.2 0.2 \
\ \
0 - 0 ~
2 0 2 2 0 2
c c
Ma=0.0 Ma=0.3
0.8 0.8
/
06 06 \
g g
g 04 §_ 04 \
0.2 0.2 \
0 0 N
2 0 2
c c
Ma=0.5 Ma=0.7

Figure 2.2. - D1Q3 discretized — versus continuous Maxwellian - - - Eq. (2.6).
The discretized distribution is built such that its discrete 0", 15¢ and

21’ld

order moments exactly match the equivalent continuous moments

of the continuous Maxwellian. For 0’ order it means that areas of red
rectangles are identical to areas below the black curves.

Additionally, velocities are chosen such that the LB stencil made of g discrete veloc-
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ities verifies the following symmetry/isotropy properties [4, 63, 65],

q-1
Y wi=1, (2.40)
i=0
q-1
) wiCia =0, (2.41)
i=0
qg-1
Z WiCiqCip = C§5aﬁ, (2.42)
i=0
q-1
wiciaciﬁciy =0, (2.43)
i=0
q-1
Z W;iCiqCipCiyCis = C? (50‘,35Y5 + 6ay5ﬁ6 + 5a55ﬁy) , (2.44)
i=0
q-1
Z W;iCiaCipCiyCisCi5Cie =0, (2.45)

i=0

where ¢, = Ax/(vV3At) is the lattice sound speed, corresponding to the actual sound
speed for athermal models, c;, is the discretized velocity and w; is the discretized
lattice weight that ensures that any N*" order polynomial PN (c;,) exactly verifies

q-1
fw(c)P(N) (©dc=) w;PMNM(c). (2.46)
i=0

The highest order N = M verifying Eq. (2.46) is said to be the quadrature order of the
lattice. Noting that computing the K order moment of the L*" order distribution
function means that a (K + L) order polynomial is involved, we see that K + L should
necessarily be smaller or equal to M - the quadrature order of the lattice — in order to
verify exactly

q-1
,(n)
a‘]’:l-uan = z;«)‘%i(z...anﬁ - fjfi(z...anfidc’ (2.47)
1=
) i
Ha,l...a,, = Z Ci(xl---ciocnfi :fcial---cianfidc- (2.48)
i=0

Which are consequences of Eq. (2.46) for the 2 particular cases w; P (¢;) = in(;li...a,, fi
and w; PN (¢;) = Ciay---Cia, fi(ci). Note that the perfect matching between discrete
sums and continuous integrals in Egs. (2.47,2.48) is mandatory for atleast n =0, 1, 2
in order for f; to still match mass/momentum/energy definitions Egs. (2.1,2.3) on a
poorly discretized velocity space.

In lattice Boltzmann, a d dimensional lattice with g velocities is referred to as DdQgq.
Most notorious lattices are D1Q3, D2Q9, D3Q19 and D3Q27. They are called standard
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lattices and only involve the first layer of neighboring points, which makes them
computationally cheap, which is why they are often used in LB simulations. However,
these lattices exhibit a low quadrature order of 5. This means that using a 3"% order
equilibrium distribution, only moments up to 2% order are properly captured by the
lattice. Higher order moments, such as some 3’¢ order ones would not be accurately
computed. This is due to the fact that because a DdQgq lattice only exhibits g degrees
of freedom, it also corresponds to only g Hermite polynomials and therefore only
q independent moments can be described by DdQgq. Other moments are linear
functions of the g independent moments. A very simple example can be found in

2
[4]. Let us consider a D2Q9 lattice, then c;, € {—1, 0, +1} such that c (M) Cia»

At

leading to
3 Ax
Maae = Z i, f 7 = (At) (2.49)

This shows an example in which a 3" order moment is linearly dependent on one
of the g independent lower order moments. This is not supposed to happen and

it introduces errors. For standard lattices it directly introduces an error in both the

energy equation and the stress tensor through Df (a) which is traditionally called

isotropy defect, see here the 3’ order isotropy defect,

Ax\?
—) 7.

3,
Z iaf,- = At

i=0

q-1
D(];/;:;) fCaCﬁCyde— Z(,)Cacﬁcyf7£0- (2.50)
l:

Through the discretization of the velocity space and the projection of distributions
onto Hermite polynomials, the fully continuous variable f(c, ¢, x) is replaced by g
discrete variables f;i(c;, x, t) whose system of equations is summarized by the Discrete
Velocity Boltzmann Equation, or DVBE,

ofi . Of

—+ — =Q;, 2.51
ot Claaxa i ( )

which is a lattice dependent system made of g evolution equations numbered i =
0...g—1. An important conclusion which is usually not highlighted is that in LB solvers,
a change of lattice/stencil is also a change of the DVBE physical model, and equiva-
lently a change of the associated Grad-moment model (see Sec. 2.1.2) obtained from
the projection of distributions onto the truncated Hermite polynomial basis associ-
ated to a given DdQq lattice.

In this chapter, we have seen that the velocity space discretization follows an unusual
path. While a discretization process usually introduces errors proportional to a power
of the "spacing" between 2 discrete points, here the velocity space discretization was
chosen in order to perfectly match low order moments typically involved in a NSF
model. In other words on Fig. 2.2, red points - the discretized ¢ — are chosen such
that their discrete 07", 15 and 2" order moments exactly match the continuous 0?",
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157 and 2% order moments of the Maxwellian distribution with a minimum amount
of points. This leads to an extremely poorly discretized equilibrium, as can be seen in
Fig. 2.2. For these reasons, we should recall that while the lattice Boltzmann method is
historically inherited from the Boltzmann equation (2.4), it is certainly not a classical
mesoscopic solver because the velocity space discretization was based on macroscopic
and computational costs considerations rather than mesoscopic Physics. Additionally,
we recall from Sec. 2.1 that macroscopic models — such as equations of state and
constitutive equations — are entirely hidden inside Q;, then different collisions would
lead to different macroscopic models, possibly different from the NSF one. Therefore,
while it is sometimes presented as such, it seems too simple to conclude in good faith
that LB describes more general Physics compared to NSF models by considering a
mesoscopic approach, and we believe that any similar statement should be welcomed
by skepticism. A more reasonable statement would be that when properly built, a
LB scheme could approximate a NSF model depending on its equilibrium f°7 and
its collision term Q;. Another reasonable statement would be that when the size of
the lattice goes to infinity, the DVBE equation discretized by the LB scheme could
approximate the solution of the fully continuous Boltzmann model Eq. (2.4), given
that the collision model Q; is compatible with kinetic theory of gases. Indeed, LB
corresponds to a lattice/equilibrium/collision dependent model and an efficient and
robust space-time discretization [66].

2.3. About the traditional interpretation of
lattice-Boltzmann schemes

Let us now summarize the main results of this chapter :

— First, a bridge was established between the Boltzmann equation (2.4) and the
NSF system in Sec. 2.1 using various methods, including the most common one,
the Chapman-Enskog method.

— Second, the discretization of velocity space was described in Sec. 2.2, allowing
to bridge between the Boltzmann Eq. (2.4) and the discrete velocity Boltzmann
equation (2.51).

However, while paving the path between NSF and LB scheme, some unusual premises
were necessary :

— 1/ By performing an Hilbert or Chapman-Enskog expansion we are trying to
replace the kinetic Boltzmann Eq. (2.4) by an infinite expansion providing an
infinite number of terms : Euler, NSE Burnett, etc, see Table 2.1. Then, this
expansion is arbitrarily truncated to the NSF level and higher order terms & (Kn?)
are simply ignored.

To the best of the authors’ knowledge the range of validity of such truncated
finite expansions is usually not questioned nor recalled in the LB literature. For
instance, the Chapman-Enskog expansion first assumes that the time derivative

41



2. From the kinetic theory of gases to the lattice-Boltzmann scheme - 2.3. About the
traditional interpretation of lattice-Boltzmann schemes

Eq. (2.14) and populations f Eq. (2.11) can be expanded, but none of these as-
sumptions seems to be explicable, particularly when we also remark that this
leads to a singular perturbation analysis, meaning that the smallness parameter
Kn appears in front of the highest order derivative in the equation. Such sin-
gular perturbation expansion is known to exhibit unexpected behaviors when
truncated [59], i.e. the Chapman-Enskog expansion is asymptotic rather than
convergent [4, 37, 61, 67, 68]. Therefore, for a given physical application there is
an optimal number of terms to keep in the infinite Chapman-Enskog expansion
because higher-order terms may introduce unphysical behaviors. For example,
higher order approximations than NSE namely the Burnett and Super-Burnett
equations — see Table 2.1- can be derived from the Boltzmann equation using
Chapman-Enskog. However, negative viscosity for high gradients and short wave
instabilities of the Burnett and Super-Burnett equations [56] are reported in the
literature. This phenomenon was first observed by Bobylev [69, 70]. This means
that higher order approximations in the Chapman-Enskog expansion may lead
to less stable and less physical results [56, 71], endorsing a case-dependent
convergence of a clipped infinite expansion such as the Chapman-Enskog ex-
pansion. In standard LB theory, the expansion is truncated and higher order
contributions are assumed negligible, but no argument is provided to support
this simplification.

— II/ We have seen in Sec. 2.1.1 that a separation between orders in Kn and some
solvability constraints Eq. (2.25) were necessary. The validity of these premises
can be reasonably questioned by the absence of general arguments to support
them for an arbitrary model. It can also be highlighted that the Chapman-Enskog
expansion is often performed with a very simple BGK collision operator, which is
now hardly used in practical applications for its behavior in shear flows [72] and
porous flows [73]. Although the formal Chapman-Enskog expansion is possible
with the quadratic Boltzmann collision operator [7, 60], or the MRT kernel [4], a
rigorous extension to complex collision kernels such as Regularized [74-76] or
Entropic [77-79] remains unknown, at least to the authors’ knowledge. In those
kernels at least a part of the non-equilibrium population is systematically filtered
out and replaced by a reconstructed population, similarly to Eq. (4.17). This
filtering is out of the scope of the formal Chapman-Enskog expansion because
finding an explicit solution f"” as a function of "=V, =2 assimply as in
Egs. (2.16-2.18) would require to invert a complex collision kernel.

— III/ The velocity space was discretized in order to exactly enforce macroscopic
constraints and reduce the computational cost of the algorithm. By doing so,
nothing proves that the physical mesoscopic properties of the Boltzmann model
were retained.

— IV/ The Chapman-Enskog expansion is not unified and often does not even
corresponds to what is actually called Chapman-Enskog expansion in the Boltz-
mann equation literature [7, 60]. Chapman-Enskog expansions presented by 4 of
the most classical LB textbooks [4, 35-37] are reported in Table 2.2, showing that
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Lattice
Textbooks : Boltzmann
Method

o n g(n)
- £e
. e d
ot n=1 atn
9 _ 9 9 9
0x 0x1 0x1 0x1

Table 2.2. — Comparison of different Chapman-Enskog expansions presented by clas-
sical LB textbooks [4, 35-37].

only [35, 36] agree with each other. They chose to expand the time derivative
not as an infinite expansion but as a linear composition of a fast convective time
1 and a slow diffusive time f,, in contrast to [4, 37] that merely considers — as
the historical Chapman-Enskog — 0/01¢, as mathematical derivatives and insists
that they should not be physically interpreted. Under the assumption that each
physical scales are important, space derivative is almost never expanded, except
by [37]. It is worth noting that only [4] is actually equivalent to the historical
Chapman-Enskog expansion [7, 60] while [35, 36] presented a simplified version
and [37] a different one. All these versions provided the exact same results up
to @(Kn') terms, however, higher order differences in error terms @ (Kn?) arise
from these different expansions [4, 35-37].

To summarize this chapter, a theoretical framework does exist in the LB literature.
A consensus seems absent and differences between versions of this framework are
usually not explained. These frameworks are not fully deductive, need costly premises
and are known to produce unphysical models when more terms are kept in the infinite
expansion. When carefully thinking about it, the Chapman-Enskog expansion itself
seems superfluous because the equivalence between a continuous macroscopic sys-
tem and the LB equation can be readily obtained throughout the Hermite polynomials,
see Sec. 2.1.2. Therefore, while the classical LB theoretical framework has already been
presented in this chapter, it does not seems parsimonious enough to us because it is a
black-box description. This problem will be addressed in the next two chapters, where
we will show that absolutely none of the aforementioned unexplained premises are
actually necessary to understand, design and use the LBM. Now, let us present and
explain the LB space-time discretization, it’s capabilities and its drawbacks.
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2.4. Recap

In this Chapter, we recalled the traditional notions and tools that are commonly
met in the LBM theoretical foundations. However, we believe that the amount of
dark-corners and shortcuts used in this traditional approach is sufficient to shed some
reasonable doubts on the predictive capacity of the usual interpretation of LBM. Our
main two concerns are :

— We do not know how the extremely coarse velocity discretization allows to rea-
sonably maintain the mesoscopic kinetic theory interpretation of LB models.

— The Chapman-Enskog expansion is not sufficiently well backed up by actual
arguments. Indeed, except the comfortable link with NSE most actual arguments
pleads against its use, see Sec. 2.3.

The classical LB framework is a convenient tool to bridge between LBM and NSE
However, it is an inductive demonstration and its range of validity is not clear enough.
In the next two Chapters, we will propose a deductive bridge between LBM and NSE
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In this Section, we provide a thorough discussion on the space-time discretization
of the DVBE, which is the set of advection-relaxation equations actually solved by a
LB solver. In Sec. 3.1, advection is discarded and we focus on a simple discretized
relaxation equation for a scalar ¢. Then we highlight some typical behaviors observed
when such equation is discretized. In Sec. 3.2, we discretize the DVBE equipped with
an arbitrary collision term ; and an arbitrary forcing term F;,

%+Cia27f;:.()i+Fi. (3.1)
The classical change of variables f; — fl- is discussed along with its meaning. In
Sec. 3.3, different collision kernels are discussed, in particular BGK, MRT and regular-
ized kernels. The LB boundary conditions are discussed in Sec. 3.4. In Sec. 3.5, the
content of this chapter is summarized. We show — using a generic LBM - what are the
4 mandatory basic steps to get the updated ¢ + At solution from of the initial solution
t. This Section also provides necessary notations that will be used throughout this
manuscript.
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3. Lattice-Boltzmann scheme - 3.1. Relaxation equation

3.1. Relaxation equation

The LBM involves a relaxation term. It can be stiff and it is not as widespreaded
in CFD as advection and diffusion models, therefore we think it is better to discuss a
simple relaxation model first in order to understand how those models are working
and what are the typical numerical errors encountered when discretized. Therefore,
we consider the relaxation equation

dp 1

L (p-9). 32

with constant coefficients 7 and ¢?7, the analytical solution is

Pa(t) = (po—p°De T 4%, (3.3)

where ¢ is the initial solution,

o= P(r=0). (3.4)

Starting from the initialization ¢, the solution ¢ will relax towards ¢°7 with a charac-
teristic time 7. The relaxation term is therefore a stabilizing term, and tends to damp
the initial solution ¢ over time as long as 7 is positive. Now, let us see what happens
when we discretize Eq. (3.2),

(t+s)ds. (3.5)

1 e
;(</>—</> )

At
PE+AD)—p(2) = —fo
To evaluate the integral in the right-hand-side, let us use 3 different schemes,
1
¢U+AU—MU=A4—;M—¢”ﬂU% (3.6)

¢U+AU—WU:A4—%W—¢”)U+AU, (3.7)

¢U+AU—Wﬂ=%E—%W—¢m)

At 1
(t+At)+7 [—;(gb—t,be")] (n), (3.8)

namely the backward rectangle explicit Eq. (3.6), forward rectangle implicit Eq. (3.7)
and trapezoidal semi-implicit Eq. (3.8) numerical schemes. Note that the semi-implicit
scheme is also known as the Crank-Nicolson scheme. The explicit scheme Eq. (3.6)
belongs to the family of explicit methods, while the Crank-Nicolson Eq. (3.8) and
implicit Eq. (3.7) are apparently implicit methods because t + At appears in both
the left and right-hand-sides. Note that the Crank-Nicolson scheme is the scheme
employed by most recent LB models. Because of this, it is of utmost importance
[4] to understand and describe this scheme and its numerical properties. Using the
traditional change of variable

_ At .
¢=¢+—(¢-9%), (3.9)
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3. Lattice-Boltzmann scheme - 3.1. Relaxation equation

and injecting it inside Eq. (3.8) leads to

—_ At
Ple+AD=hp=—(¢-¢*) | (@), (3.10)

which is not a satisfactory expression because both ¢ and ¢ appears at the same time.
Using Eq. (3.9) provides

T
= +

¢ 2T+At(p 21+ At

which can be directly injected inside Eq. (3.10), finally leading to

P, (3.11)

e O

Plt+AL) = |- (1). (3.12)

T+

Note that while we assumed constant 7 and ¢°? coefficients this demonstration still
stands for variable coefficients. While the scheme Eq. (3.8) was identified as implicit,
the algorithm is now explicit for the numerical variable ¢, but remember that ¢ is the
variable of interest. Using the inverse change of variable Eq. (3.11) leads to

At
At
T+7

27T
+ At

G(t+AD = [21 ¢- (t+AD),

(t+ A1)

— g At o
(¢ ¢ )] 0+ [21+At¢
(3.13)
which combined with change of variable Eq. (3.9) allows to rewrite the Crank-Nicolson
scheme as
21 - At
2T

d(t+ AL = [

(t+Ap)

(1) +

(t+ At),

(3.14)
whose remarkable property is that it remains explicit as long as (¢ +A¢) updated values
of T and ¢°7 are known prior to ¢. This property is also shared by the implicit scheme,
which can be written as

T eq _ ped eq
2T+ At ¢ ((/) ¢ ) 27+At¢

Dt +AD = [ﬁ] (t+AD)

o(r) + (%qf") (t+At)] ) (3.15)

by using Eq. (3.7). In order to compare explicit, Crank-Nicolson and implicit schemes
Egs. (3.6,3.14,3.15), they are used to obtain numerical solutions of Eq. (3.2). The
numerical setup is as follows, the initial solution is ¢pg = 1, the target relaxed value is
¢°7=0and N =20/ At timesteps are simulated.

Results are reported on Figure 3.1, we are mainly interested by the effect of the sole
non dimensional parameter, Af/7. In order to get deeper knowledge about those
schemes, a similar test case but with N = 10*/ At is performed, where only the total
error over the complete simulation }_ |¢p—¢,|/ N is reported on Figure 3.2 as a function
of At/t. The characteristic time is 7, therefore, one would expect that At should be
much smaller than 7 in order to properly discretize Eq. (3.2).

It is seen on Figure 3.1 that all numerical schemes Egs. (3.6,3.14,3.15) leads to accu-
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Case At/T=4.0

Figure 3.1. — Solutions of the relaxation Eq. (3.2) by different schemes.
— is analytical Eq. (3.3); - - - is explicit Eq. (3.6);
-.-. is Crank-Nicolson Eq. (3.14); ----- is implicit Eq. (3.15).

rate solution when At¢/7 < 1, however, for higher values of this parameter, interesting
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Figure 3.2. — Convergence study of the relaxation test case as a function of At/7. ---is

explicit Eq. (3.6); ---+ is Crank-Nicolson Eq. (3.14);

isimplicit Eq. (3.15).

tendencies can be reported. First, it seems that the Crank-Nicolson scheme is more
accurate than the explicit and implicit schemes for At/7 < 1, this is confirmed by
Figure 3.2 where it is seen that Crank-Nicolson is 2" order accurate while explicit and
implicit schemes are only 1! order accurate.

The explicit and Crank-Nicolson instantly and exactly relaxed toward ¢°7 in one time
step for respectively At = T and At = 27. For At = 27, the explicit scheme oscillates
around ¢°9, the solution is said to be over-relaxed. More specifically, it infinitely
oscillates with an amplitude 2¢, centered around ¢°7, switching from +¢q to F¢g
between each timestep. For larger values At > 27, the explicit scheme is unstable as
it is over-relaxed but with an amplification over time, as can be seen on Figure 3.2,
however, the Crank-Nicolson scheme remains unconditionally stable for all Az/7. For
At > 21, Crank-Nicolson solution is also over relaxed with a slow damping rate of the
oscillations, an higher At leading to a slower damping rate.

The implicit scheme, on the other hand, is unconditionally stable and is free of
the over-relaxation phenomenon, however, it is seen that it leads to under-relaxed
solution, ¢ always converges slower than expected, this delay increases as At/7 — oo,
as can be seen on Figure 3.1.

3.2. Space and time discretization

Now that the relaxation toy model was discretized, we understand concepts such as
over and under relaxation associated to discretized relaxation equations. By making
full use of the constant velocity advection c;q, it is possible to integrate Eq. (2.51) along
the characteristic line % = ¢jq and to use the Crank-Nicolson rule. Integration over
the characteristic line of Eq. (3.1) with an additional arbitrary force term F; in the
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right-hand-side exactly leads to

At
filt+At,x+c; At) :f,-(t,x)+f [Q;+ Fil(t+s,x+c;s)ds. (3.16)
0

The integral of the right-hand-side of Eq. (3.16) should be evaluated. Using the trape-
zoidal rule — Crank-Nicolson scheme [4, 24, 80], the same as in Sec. 3.1 — one finds
that

fi(t+At, x+c¢; A1) = f;(t,x) + %{[Qi +F1(t,x)+[Q; + F1(t+ At x+¢; AN} +0 (AF) .
(3.17)

Which is an implicit second order accurate @ (At?) scheme. Neglecting G (-) for com-

pactness and defining the intermediate variable ?i =fi— % [Q; + F;] one gets that

Filt+ At x+e;A0 = {F;+ At1Q; + Fil} (1,%) (3.18)

which is now an explicit scheme for the numerical variable ?i- Now shifting Eq. (3.18)
by a distance —c; At, we are led to an equivalent expression

Fit+ALx) = {Tl.+At[Qi+Fi]}(t,x—cl-Ar). (3.19)

From this, it is clear that knowing the last time step variables [fl-, Q;, F;1(t, x) allows
to know the updated variable fl- (t+ At,x). Recalling that fl- is merely a numerical
variable — similarly to ¢ in Sec. 3.1 — we should rather try to obtain f;(t + At, x).
Alternatively, f; could be split into its equilibrium and non-equilibrium components,

fi”“’ = fl _fie”’, (3.20)
Using the definition of f,
eq neq At r
77+ 1, ](L‘+At,x)—?[Qi+Fi](t+Af,x) = fi(t+At, x), (3.21)

in which the right-hand-side is known from the last time step solution thanks to
Eq. (3.19). Then, we compute 0", 15 and 2" order moments of Eq. (3.21) and since
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Eq. (2.5) these moments applied to Q; are identically 0 we can find

O+ A x) =T O (1 + At, x) = p(t + AL, x) = Hf’“’)+%HR(O) (t+At,x),
(3.22)

"Vt + At x) =1L P 1+ AL x) = [pug| (1+ At,x) = HZ’(1)+%H§(D (t+At, %),
(3.23)

@+ Ar,x) =1LP (14 At x) = [pE] 1+ At,x) = 1L Enﬁff) (t+Atx, ).
(3.24)

At this stage Hf o )a is known because it was updated from the knowledge of the last

time step solutlon through the streaming, Eq. (3.19). An intermediary conclusion can

be drawn here, if the n‘" order raw force moment Hgl(")a depends on H{;l( )a , then

the numerical scheme may become implicit. If it depends on gradients of Hf (n)a , it
can even become implicit and non-local. A very simple way to overcome the possible
high numerical cost of solving implicit and/or non-local problems is simply to replace
nk (”)a (t+At, x) by l'IF () ", (£, %), which formally introduces a @ (A¢) error in the usu-
ally ©(At?) order accurate LB scheme.

Now, by noticing that f°7 is only a function of macroscopic variables p, u, and E, it
is possible to reconstruct the updated equilibrium fieq(t + At, x) by solving Egs. (3.22-

3.24). Going back to Eq. (3.21) and moving to the right-hand-side all known quantities
one gets

A — A
fineq(t+At,x)—7tQi(t+At,x): f,-—ff“{ﬂ- (t+At,x). (3.25)

Using the change of variable ?i =fi— % [Q; + F;], we can similarly define

Cneq — At
i =f,-—ffq+7Fi, (3.26)
At
=7 - % (3.27)

which leads to the non-equilibrium numerical scheme,
neq At —neq
fl. (L‘+At,x)—?Q,-(t+At,x):fi (t+AtLx). (3.28)

In order to compute the updated non-equilibrium distribution, we need to solve an
implicit equation because (; is a function of fl.”eq. However, the BGK collision kernel
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Q;=-1 fl."eq allows a simple explicit evaluation,

(1 + ﬂ) it

- (t+ALx) =F; (t+ALx). (3.29)

From Eq. (3.29) and assuming that Egs. (3.22-3.24) have been solved with a @(At?)
accuracy, one could obtain a fully explicit scheme by getting fl.neq from Eq. (3.29).
Now, going back to Eq. (3.19) and rearranging it using Eq. (3.26), this yields

f.(t+At,x) = {fieq+f?eq+At

1
Qi+5Fi”(t,x—ciAt). (3.30)

For the BGK collision kernel the link between T?IejG x and fl.ngg x hon-equilibriums -
Eq. (3.27) — then reduces to

— At
Fool = (1 + —)fi”eq. (3.31)
’ 2T
Therefore, the BGK collision kernel Q; pgx = —% fl.neq can also be written in a fully
equivalent way
1  —neq
Qipex=——5;fi - (3.32)
T+ 5

Introducing the classical notation, we define the numerical relaxation time 7 by

T=7T+—. 3.33
> ( )

Finally, collecting Egs. (3.30,3.32,3.33) leads to the classical G(A %) LB-BGK numerical
scheme that is found in many classical textbooks [4, 35-37],

f.(t+ALx) = (t,x—c;AD), (3.34)

At\—=ne At
eq q
T+ (1_7) fi +7Fi

where the non equilibrium is computed through Eq. (3.26). Note that when we are not
interested by computing the stress tensor szq, the computation of fineq from T?eq is
unnecessary. Here, we have only presented the classical Crank-Nicolson discretization,
but higher multistep schemes could also be used [66]. The very simple algorithm
described here was obtained through a rigorous discretization of Eq. (2.51) using
the assumption of a BGK collision kernel Eq. (3.32). However, while the procedure
we have just described here is a rigorous and well-paved deduction, an equivalent
demonstration from the continuous equations is sometimes not possible for other
collision kernels Q;. We shall now discuss this topic.
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3.3. Lattice-Boltzmann collision kernels

The need for sophisticated collision kernels lies in the lack of stability of the BGK
collision model [81, 82]. Noticing that fl.eq only depends on a few number of vari-
ables (p, uy and E which means 5 variables for a 3D solver) all the other g-5 non-
hydrodynamic variables hidden in a DdQq LB solver are actually hidden inside f?eq.
Therefore, the vast majority of variables solved by a LB solver are not physically mean-
ingful for macroscopic Physics. The common strategy to increase numerical stability
is to change the collision model Q;. A change of collision kernel only impacts non-
hydrodynamic moments, therefore, a lot of different strategies could be employed to
design Q;.

3.3.1. Multiple Relaxation Time kernels

A straightforward generalization of the single relaxation collision Eq. (3.32) is ob-
tained by choosing to relax with different characteristic times each of the g inde-
pendent variables during the collision. This is achieved using an MRT model [4,
83l,

Qi =M;; [, (3.35)

where M; is a matrix depending on several relaxations times 71, 7>, ..., T4. Equipped
with this new collision, we are now solving a numerical scheme consistent in the sense
of Lax [14, 22, 23] to the following DVBE-MRT continuous equation,

ofi ofi

' U g fleq )
6t+cmaxa_M”ff + F;, (3.36)

Now, let us try to see what is the actual link between 7?“’ and fl.neq. Using both
Eq. (3.27) and Eq. (3.35) leads to

At

—neq

fil=flea- — Mij £ (3.37)

—neq At

fi'= (&-; - 7Mij) £ (3.38)
Making the ansatz that (5 ij— %M 7 j) is invertible we could obtain fl."eq as a function
of f?eq,

At Y7 =
et = (6 - ?M) i (3.39)
ij

Then, injecting Eq. (3.39) inside Eqg. (3.27) we obtain for an arbitrary MRT model the
collision kernel Q; as a function of f ;wq and M;; only,

At 7! —neq
sea=2|[fo-5tm) | -ou}7 o
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Before going further, let us highlight a particular choice of MRT model where all
relaxation times are identical, M;; = 1716; j [4], which is nothing but the BGK kernel.
In this case Eq. (3.40) reduces to the classical BGK model,

At—neq _ At

AtQ; ek = —?f,. e, (3.41)

T 1
where we used the classical shorthand 7 = 7 + At/2. Having identified that MRT
models are nothing but a generalization of BGK, let us try to understand further what
we means by "multiple relaxation time". To allow for a simple understanding, the LB
scheme for arbitrary collision ; and force term F;, Eq. (3.30), needs to be split into 2
different steps, the so-called collide,

£t x) = {ff" + 7 T AL

Q; + %Fi] } (¢,x), (3.42)

and stream, B
fit+AtLx) = fflUtx— i AD). (3.43)

Now, collision step can be obtained for an arbitrary MRT model using Egs. (3.40,3.42),
- At 7! - At
£k, x) = {ff" + 17 { [(6— ?M) ] - 5,~j}f7“’ + - Fi } (t,x). (3.44)
ij

Depending on matrix M; ;, different quantities can be relaxed [84]. For exemple, with
the BGK kernel, all non-equilibrium moments are relaxed with the same characteristic
time 7. For the TRT model [4], even and odd non-equilibrium moments are relaxed
with different characteristic times 7+ and 7~. For the raw-moment MRT [84] raw
moments are relaxed, for the central-moment MRT [84] central moments are relaxed.
In essence, a MRT model is a model that relaxes different moments with different
relaxation rates. To make things as simple as possible, we do not specify which
moments are relaxed, let us simply note that the collision Eq. (3.42) could be recast
from the distribution space to the moment space. In which case we denote by .4 the
vector of the relaxed moments .#;, they correspond to even/odd moments for TRT,
raw moments for raw-MRT, and central moments for central-MRT/cascaded [85, 86].
Then, the g f;-relaxations summarized by Eq. (3.42) could be replaced by g equivalent
A j-relaxations,

! it x) = t,%),  (3.45)

J

ed At e At R
./%fl +(1——)ﬂf +—.ufi
j , 2

J

where 7 4 is the relaxation rate associated to moment .#;. A very special value of 7 4,

should be mentioned, when A
t

Ty = (3.46)
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col
the post-collision moment .4 ]f reduces to

57
1

! =l (1), (3.47)

—neq

which corresponds to the filtration of moment .4 Jf . In other words, the rank of
the system is reduced because the next time step solution ¢ + Af does not depends

—neq

anymore on .4 ]f . Comparing to the relaxation toy-model presented in Sec. 3.1,

. . . neq
this corresponds to a forced instantaneous relaxation of .4 ]f — remember that
—neq

M ]f o ]f —to 0. Moment .« ]f " is said to be filtered or regularized.

Note that other MRT models sometimes use
1
Tu; = csteAt, cste # 2 (3.48)

. . neq .
in which case moment .’ is not anymore filtered. However, this means that

the a priori physical relaxation time 7 M which is a continuous parameter, is now
enslaved to At, necessarily leading to a G(At) accurate scheme. Comparing with the
relaxation toy model behavior presented in Sec. 3.1, this means that the relaxation of
M ]f toward .4 ]f “ is faster for lower At. This is another example where a LB practice
cannot be reasonably explained by a kinetic theory approach. Rather than that, both
choices Egs. (3.46,3.48) can be seen as numerical tricks to enhance the accuracy
and/or stability of the overall scheme.

3.3.2. Regularized kernels

Regularized kernels are a class of collision models in which some of the non-
equilibrium moments are filtered Eq. (3.46). As we have just mentioned it, they could
be understood as specific MRT models [84]. Here, we generalize the filtered/regularized
kernel. The collision is slightly changed and now reads

col
0 (tx) =

i (t,%), (3.49)

J At J
> +‘L'Jﬂj

f'eq At — At F:
M+l ——m '/%'+?'/%jl

—neq

where we consider that JZl; is a tunable field that we use to replace .« ]f . When
./ZZ} =0, the regularized kernel previously defined is recovered. In Sec. 4.2 we will show

how the continuous model is changed by /Zl; and in Sec. 4.4, we will show that its
tuning allows to recover different mechanical constitutive models.

In practice, by filtering most of the non-equilibrium undesired moments, regu-
larized kernels drastically reduce the number of possible free parameters in a LB
model. When a fully general LB scheme is used, equilibrium, collision kernel, re-
laxation rates, force terms and boundary conditions should be modeled for each of
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the g independent moments. However, when a regularized kernel is employed, the
amount of tunable degrees of freedom is drastically reduced because most of the
non-equilibrium moments are filtered out. Additionally, regularized kernels have
already been implemented in industrial codes such as PowerFLOW [87] and ProLLB
[29].

In this manuscript, we chose to use regularized kernels because,

— The concept is easy to grasp and the interpretation of the implementation is crys-
tal clear : they filter/replace some non-hydrodynamic modes at the beginning of
each timestep and therefore reduce the rank of the solver.

— They are already well-validated.

3.3.3. Other kernels

For the sake of completeness, let us quickly comment on alternative collision ker-
nels.

3.3.3.1. Entropic kernels

The main idea of this method is to compute the non-equilibrium distribution such
that it verifies a numerical #°-theorem [88], which can be considered equivalent to
the 274 thermodynamic law [4, 7, 45]. While some promising results were obtained
for compressible flows [88-91], we feel that using the continuous .#-theorem in a
discontinuous context, with a discretized velocity space and only using it locally in
order to modify the collision — therefore ignoring the streaming — is debatable.

3.3.3.2. Cumulant kernels

In cumulant LBM [92-95] instead of relaxing moments (linear functions of f;), other
quantities are relaxed, the cumulants [96] (non-linear functions of f;). The collision
describes the relaxation of g independent variables, and cumulant LB simply chose to
write this relaxation process in a different space than moment space or distribution
space.

3.4. Boundary conditions in the lattice-Boltzmann
method

While the bounce-back boundary is usually presented as the typical LB boundary
condition, we would like to stretch that bounce back has its own underlying assump-
tions. The bounce back of distributions on a wall implicitly assumes that particles
with the associated velocity will, during a time interval f5,,,¢., bounce back, in other
words,

fi(t+ thounce, X) = f7(£,X), (3.50)
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where f; denotes the distribution associated to velocity ¢; = —¢;. The distributions are
reflected back between time ¢ and ¢ + tp,,,c0- NOte that two different classical bounce
back exists, namely the fullway #p4,,ce = At and halfway tp4yce = At/2 [4]. On the
vast majority of lattices, ||¢;|| = el and the boundary condition is assumed to be
located at a distance fpouncell€ill [4] such that distributions spent the same amount of
time fpoynce/ 2 for both outward and return. It means that no interchange occurs be-
tween translational (kinetic) and internal energies during the wall/particles collision.
Implicitly, this means that bounce-back assumed elastic collisions of particles, which
in turn means hard-sphere particles. Note that this discussion also applies to the
specular reflection boundary condition [45, 50], which is equivalent to a symmetry or
free-slip boundary [4], where only the wall-normal velocity components are reversed.
Additionally, let us mention that other classical LB boundary conditions — such as
the wet-node approach [4] — only use macroscopic considerations in order to impose
constraints to reconstruct distributions near boundaries.

Which means that we don’t know what is imposed on higher order moments than
mass, momentum and energy when classical LB boundary conditions are used. We
would like to avoid this uncertainty.

Fortunately, a particular boundary condition exists in the context of regularized
models [97]. The basic principle is to reconstruct the collide population on the bound-
ary condition located at xj, :

— 1) We use classical NSF boundary conditions (Dirichlet, Neumann, etc) to com-
pute macroscopic values on the boundary [ p(xp)ug(xp), T(xb)].

— ii) We use finite difference schemes to compute approximated gradients on the
boundary nodes VP p(x), VIP 1y (x5) and VEP T (x).

— iii) We reconstruct an approximated fl.“’l using i) for equilibrium, i) and ii) for
non-equilibrium and force term following

FoM @) = £ (o), ua (xp), T (xp)] (3.51)

At)— At
+{(1 - ;) 70 71%-} [0(xp), ta(xp), T(xp), VEP p(x), VEP ug (x), VP T(x3)]

In the context of regularized kernels, the expression of ??eq as a function of macro-
scopic gradients is particularly simple — see Sections 4.1 and 4.4 — and effectively only
depends on the stress-tensor.

3.5. The Lattice-Boltzmann Scheme, from time ¢ to
t+ At

Now, everything was set in place, intrinsic details of the discretization of the DVBE
Eqg. (3.1) have been provided. In what follows, we simply provide the step by step

procedure for implementation of a LB scheme without all the discussion and expla-
nations previously mentioned. Therefore, the aim of this Section is to answer to the
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following question :

How to get the updated t + At solution out of the last time step t solution with a LB
solver ?

3.5.1. Lattice-Boltzmann definitions

To facilitate the reading, let us now recall the variables that appear in a LB solver.
For future reference, important quantities in this Section are summarized in Table 3.1.
Details can be found about Hermite polynomials and the D3Q19 lattice in Appendix A.
However, for the sake of clarity, let us remind here the first few Hermite polynomials.
The 0" to 3" order Hermite polynomials read

e}fi(m =1, %i(;;) = Cia, %i(i)ﬁ = CiaCip— Ciéaﬁr (3.52)
J"ai(i)ﬁy = CiaCipCiy — Ci[cioﬁﬁy +Ciplya + CiyOapl, (3.53)

where the lattice sound speed is ¢; = Ax/(v/3 At) for standard lattices. Higher order
polynomials do not generally belong to the Hermite basis of standard lattices or are
unnecessary at this point of the manuscript. For a given Hermite basis and an arbitrary

population f we recall that discrete Hermite moments “5'1(.’.1.)05,, and macroscopic (raw)

,(n)

moments Hél...an

are expressed as

S m
gy cy = ;)Jf,-almanﬁ, (3.54)
1=
fr(n) !
,(n
Iy, ", = ) Ciay-Cianfi- (3.55)
i=0

Since the number of discrete velocities is finite, there always exists an order z involving
a non-zero isotropy defect Dfx”l) .a,, between continuous and discrete moments,

DL, = f Cay-wCap fdE =TI, (3.56)
For D3Q19 — and nearest-neighbors lattices — this isotropy defect appears from the

third order (n = 3), see for example Eq. (2.49). Next, it is convenient to recall several
populations besides f, appearing at different stages of a LB algorithm :

— f : The total population is the most important population because mass, mo-
mentum, etc are macroscopic moments of this population,

p=11"" pu,=1L". (3.57)

— f®1 : The equilibrium population, easily obtained from Eq. (2.31) when all
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t+At
equilibrium Hermite moments a{; " are known,
(2)
FED iy Hiap e
eq _ 0) £, (0) f 7,0 iap a a @
fi {Jf t— toa dap T (3.58)

N N

which is traditionally obtained by projecting the Maxwellian distribution —
Eq. (2.6) — onto the truncated Hermite basis [65], similarly to the Grad approach
presented in Sec. 2.1.2.

— f"€4 : The non-equilibrium population.
;=i 1 (3.59)

Additionally to those physical distributions, some numerical distribution should be
defined. They ensure the 2"¢ order accuracy of the scheme, see Sec. 3.2.

— f : The offset distribution, defined by

- At
fi=1‘i——(9i+Fi), (3.60)

= fPF - Al Fi, (3.61)

with F; a correction force term defined as

(1) ,;f@)ﬁ
0) 45O abw la ab®
Fi=wi{# ¢ o cf ay+ et of (3.62)

Note that the forcing scheme considered both here and in Sec. 3.2 is known as the
Guo forcing [98]. It is, to the author’s knowledge, the only known forcing scheme
to ensure a second order accuracy G (A %) and corresponds to a trapezoidal rule,

see Sec. 3.2.
— fneq : The offset non-equilibrium distribution, readily obtained from Egs. (3.60-
3.61), A A
— t r
Fill=frea - — Qi =fi-f7+ — Fi. (3.63)

— f°°!: The population at the end of a collision step, sometimes called as pre-
streaming population. It can be expressed in different but equivalent ways,

ffol=1, +—(Q +Fp), (3.64)
[ =F + At Qi+ F), (3.65)
fret —fe"+fqu+AtQi+§Fi, (3.66)

the last one being probably the most popular one.
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t+ At

Notation | Representation | Equation
fi | Distribution AR
fl.eq ‘ Equilibrium distribution ‘ 3.58
fl.neq ‘ Non-equilibrium distribution ‘ 3.59
el | Offset distributions | 3.60,3.63
fl.c"l ‘ Population after collision ‘ 3.64
F; ‘ Forcing term ‘ 3.62
AR ‘ Hermite polynomials ‘ 3.52,3.53
a{}f,’flrn ‘ Hermite moments ‘ 3.54
H{;l(")an ‘ Raw moments ‘ 3.55
Dﬁ’l(_'f)an ‘ Lattice isotropy defects ‘ 3.56

Table 3.1. — Main LB notations used throughout the manuscript

Indeed, in actual LB solvers, f"¢7 is never actually computed, only fneq is explicitly
computed. Therefore, it is important to give some more details on the link between
Q; and the offset non-equilibrium distribution ?neq. While most of these definitions,
fl.eq, fi, fl.”eq, 7?&7, fl.“’l already exist in the literature, it is often unclear which one is
derived from which. As it was shown in Sec. 3.2, each of these specific distributions has
its specific place in the LB scheme ensuring a @ (At?) error discretization of the DVBE
Eq. (2.51). One should be extremely careful when manipulating all those distributions.
For example, the difference between f and f is sometimes unclear. Even worse, most
of the time, the overline of f is simply dropped without mentioning it, which leads to
numerous misinterpretations in the literature. In the next Section, we provide the step
by step explanation of the LB algorithm which is followed to get the updated ¢+ At
solution from the initial # solution.

3.5.2. Structure of a generic lattice-Boltzmann scheme

The LB scheme encompasses both time and space integration. However, it is often
referred to as "stream & collide" and presented as a very simple scheme. Combined
with the coating due to distributions, Hermite polynomials and vague mesoscopic
interpretations, it often makes the LB algorithm opaque.

Thanks to the equivalence between distributions and moments provided by the
Gauss-Hermite quadrature — see Sec. 2.1.2 —, we can choose to describe the LB solution
by the knowledge of either f;(t,x) or its raw moments I1"” (¢, x). Being already used
for fluid dynamics, moments are more easily understood by fluid dynamicists than
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t+ At

distributions. Therefore, more emphasis will be put on moments than distributions,
contrarily to more traditional descriptions of the LBM. The LB algorithm reads as
follows :

Step 1, initialization. The algorithm starts at time ¢. Full knowledge of raw mo-
ments I1" (¢, x) — or equivalently Hermite moments a™ (t, x) —is assumed. Through-
out the equivalence between moments and distributions, we also know the force,
equilibrium and non-equilibrium distributions, F;, fl.eq and fl.”eq,

%(1) %(2)
. © 45O abW iaf E@) |
Fi(t,x) = 0i{# el b, (3.67)
©)
Jﬁl ; S,
%) = 0 20 al 0 + T g0 RSP L L), (3.68)
2¢ Tap
S N
) ®)
fneq(t x) = {Jf(m fred, (0)+'%) f"e‘i W) iab iaf f”‘“’ @ }(t x) (3.69)
i ’ c? 2ct “ap o '

N S

Step 2, collision. The collision is considered as one of the 2 main steps of LB
schemes. For classical models it looks quite simple. However, a more general descrip-
tion of this step for an arbitrary collision model should be presented hereafter. First,
the collision operator Q; is obtained as a function of IT1"” (¢, x) and f; ned,

Qi(6,x) =Q; [ (1, x), 1" (1, %)] , (3.70)

then the collide population is defined as

At
FE ) = | fi+ — Qi+ F) | (1,0). 3.71)
Sometimes, it is easier to define Q; and fl.c"l as a function of the temporary variable
—neq
fi A
_ t
filx = [f,.”e" - Q| (6,%). (3.72)

or equivalently as a function of 71" fl.eq and F;,

- At
fi —fl-eq+7Fi

ﬁeq(t, X) = (t,x), (3.73)

in which case one would define the collision operator Q; as

Qi(t,0) = [ Fi(6,0, (6,2, Fi(1, 0,17 (1,)| (3.74)
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t+ At

Eq. (3.40) is an example of such expression for the MRT model. The collided population
is then obtained

At
ffl=fi+ — Qi+Fy, (3.75)
[l =+ AtQi+Fp), (3.76)
At
F = T A+ — Fi. (3.77)

Note here that fl.c"l should not be considered as the "population after collision" in
a physical sense, but only in a numerical one. Indeed, f; + AtQ; could be roughly
interpreted in absence of streaming as the physical distribution having undergone all
collisions. But A#/€;/2 is missing to be allowed to attribute this meaning to fl.“’l.

Step 3, streaming. The advantage of the LB scheme partly lies in the simplicity
of the following step. It is known as streaming and corresponds to the shifting of all
populations on the cartesian grid,

fit+ALx) = fOUt, x— i AD). (3.78)

At this moment of the algorithm, the temporary variable 71- was updated, it is known
everywhere at time ¢+ Af. A very common pitfall is to consider that T;’ has some
kind of physical meaning. However, it should be clear now from previous discussions
and Sec. 3.2 that ?i(t + At, x) should not be interpreted as a distribution carrying a
physical meaning but rather as a temporary numerical variable meant to simplify the
overall algorithm whose final goal is to get f; (¢ + At, x), or equivalently its moments
50 (¢ + At, x).

Therefore, we should not conclude that the timestep is finished because fl- (t+At, x)
was updated. We must now compute the actual variable of interest, either fi(t +At,x)
or I (¢ + At, x).

Step 4, reconstruction. In order to get the updated distributions f;(t + At, x), let
us combine Egs. (3.72-3.73,3.78), this leads to,

filt+At,x) = £ (2, x - c,At)+ (Q +F) (t+At,x), (3.79)

which is potentially an implicit equation depending on the functional dependencies

between f;, F; and Q;. Now that distributions f; have been updated, it is possible to

get the updated moments H{;’l(f)an (t+ At, x) using Egs. (3.55, 3.79) as

fC”l(t,x—ciAt),(n) At

mh", (t+Anx) =TI o n2™ 4 mb® Y+ At,x).  (3.80)

2(a1(xn ay...ap
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3. Lattice-Boltzmann scheme — 3.6. Recap

Now, and only now, we can safely say that the updated solution was obtained. Us-
ing 4 distinct steps — initialization, collision, streaming and reconstruction — it was

possible to get the updated solution Hé’l("f)an (t+ At, x) as a function of the initial solu-

tion H{;‘l(.'f)an (t,x). Equivalently, the updated distributions f;(t + At, x) were obtained

as a function of the initial ones, f;(f,x). Therefore, we can consider the timstep
(t,x) — (t + At, x) to be finished. It can be recursively performed mth time in order to
get the solution at time ¢+ mAt.

These steps are the main ingredients responsible for the method’s computing effi-
ciency [18, 21, 99], and low dissipation [100]. While sometimes presented differently
[4, 35-37] this structure is shared by most LB schemes using Hermite polynomials and
on-lattice discretizations (i.e. ||c;|| At = Ax).

In this chapter we deduced the complete path from the continuous equations to
the numerical scheme. In the next Chapter, we will retrace our steps in the opposite
direction, going from the numerical scheme to the continuous equations.

LB solvers are often coupled to finite difference schemes. This coupling being a
numerical coupling, it goes out of the scope of the DVBE discretization. Therefore, it
is safer to learn how to retrace our steps back in order to make sure that a coupled LB
schemes is still consistent — in the sense of Lax [14, 22, 23] —to the expected continuous
model.

3.6. Recap

In this Chapter, we first illustrated how a discretized relaxation equation behaves
for different numerical schemes. We highlighted the phenomena of under and over
relaxation and identified the main properties of the Crank-Nicolson scheme. Then,
we used it to discretize the DVBE, leading to the scheme actually implemented in a
LBM solver. We shown how MRT and regularized kernels were linked, explained the
boundary conditions we use and provided a step-by-step summarize of the algorithm
to update the solution from time ¢ to ¢ + A¢. While the content of this Chapter does
not presents anything new, the ambiguous distinction between (fi, 7) and (f;, 7) often
makes the origin of the LB scheme blurry. This Chapter aims to show unequivocally
how the LBM is deduced from the DVBE and the Crank-Nicolson scheme and how
collision kernels and force terms are implemented.
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4. Taylor expansion based description of the lattice-Boltzmann scheme - 4.1. Taylor
expansion

premises. We know from the beginning that the LB scheme is not fully equivalent to a
NSF model. Instead of relying on unexplained premises that conveniently hide these
differences, we propose to emphasize them and to deduce a posteriori what are the
actual conditions for a LB scheme to provide an approximate NSF solution. Through
the use of classical numerical tools,

— The consistency analysis, see [14, 22-24]
— The dimensional analysis, see Sec. 1.2
— The Taylor series expansion, see Eq. (4.1)

we will show that a satisfactory description of the LBM could be obtained from cheaper
assumptions than what the literature is used to. This chapter is organized as follows.
Using the Taylor series expansion, the equivalent modified equations are obtained
and discussed for classical BGK/MRT kernels in Sec. 4.1 and for filtered/regularized
models in Sec. 4.2. In Sec. 4.3, this methodology is coupled to a dimensional analysis
study and is applied to the classical athermal LB scheme in order to identify a posteriori
what are the actual consistency conditions. In Sec. 4.4, selected collision kernels are
presented and their meaning in term of macroscopic models is deduced. In Sec. 4.5,
the classical p-based thermal LB model is analyzed throughout the scope of this newly
proposed framework. The last part, Sec. 4.6, is dedicated to a discussion of Taylor
expansions for LB, more specifically those using the Crank-Nicolson scheme.

4.1. Taylor expansion

In this Section, we propose to show the opposite to what was presented in Sec. 3.2.
Using the well known Taylor expansion, we will go back from the discretized scheme
to the continuous equations by assuming that both At and Ax can be made arbitrarily
small in order to ensure the convergence of the Taylor series.

Starting from the basic LB algorithm presented in Sec. 3.5.2, we first introduce the
distribution’s Taylor Expansion in space of any smooth distribution f at (t,x — cAt)
around (z, x). Its Taylor series then reads

(— At)

k
0
ft,x—cAn = f(t, x)+z ( ) f(t,x), 4.1)
éxaj
where a; is a dummy index such that ca].O/ axa]. = ¢x0/0x +¢y0/0y + c,0/0z. Taking

the n'" order macroscopic moment of the streaming Eq. (3.78) leads to the moment

streaming equation

Flu+Atx),(n) _ et x—c; At), ()
Iy, . ap =g, .. an ! (4.2)

Similarly, Eq. (3.60) can be recast into a moment equation

At
HéiHaA,,tx) () _Hf (na (t+ AL x) — > (HQ(t+Atx) J(n) +HF(I+Atx) (n)) 4.3)

ay..a
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expansion
Combining Egs. (4.2-4.3) finally leads to
col o, Al’
L%, (0 At = 000 B (patesacnim presaeam) g

This equation is the update rule for (z + Af) moments. It is nothing but the LB numer-

ical scheme written explicitly for the n‘" order moment Héi”ﬁn P90 e shall now

col P
Taylor expand H{;l"_ﬁff C’At)’(n), using Eq. (4.1),

col q-1 oo (—Al‘)k 0
(t,x—c; At),(n)

Hgl...an ! = Z Cidl"'cian{l + Z k' Cian+ja—

i=0 k=1 . X

Xn+j

k
) }ff"l(t,x). (4.5)

Using the fact that the discrete velocities c¢;4, are constant leads to

k

FOltx—c AD) ol | S (“ADE [0 Feolt,x),(n+k)

ay...0p - Hal...an + Z k_' a a1...Cpyj . (46)
k=1 : Xty

Let us use Eq. (4.6) evaluated for the (n + 1)-order moment along with Eq. (4.2) to get

feok(t,x),(n+2) l _
co
At A1...0pe2 _ Hf (t,%),(n+1) l_If(t+At,x),(n+1) n @(Atz), @.7)

ax - Hay...ap+1 ay...Qp+1
®n+2

which can be injected back into Eq. (4.6), then using Eq. (4.2) yields

F+ALx),(n) feokt,x),(n) _ At 0 feol(r,x),(n+1) Ft+ALx),(n+1) 3
Hal...an - Hal...an = _?axa 1 A1...Qpsl + Hal...anﬂ +@(At ).
n+
(4.8)
On the other hand, Egs. (3.62,3.64,3.60) lead to
/< . _|pfm At o m F(n)
aj..ap, =g, t 7 (Hal...an + Hal...an) (z,x), (4.9)
7 At
Mo ™" = [ i, = (g, + TG, [+ ALx). (410
At this point it is curious to note that the collision forcing H%E’%n and the external

forcing Hﬁf,’f{’an have the exact same treatment in the algorithm. From a numerical

scheme point of view, the discretization of the collision term Q; and the discretization
of the forcing term F; are identical. Thanks to these two last equations note that

col 3
e (t,x),(n) Hf(t+At,x),(n) _ Hf(t,x),(n) " Hf(t+At,x),(n) +@’(At2) . 4.11)

ay...ap ay...ap ay...ap ay...ap

Injecting Eq. (4.11) and Eq. (4.10) respectively in the right hand side and left hand side
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of Eq. (4.8) leads to the general second order numerical scheme :

A » ) » i At 0 ’ 1 ) 1
Tyl =Ty " = = 5 | (6,2 + T 2+ A, x) |
xan+1
At
— (M, + 15", ) (1,2 + (MG, +TED, ) (e +Anx)|+0(AF), @.12)
or equivalently
Hf(t+At,x),(n) _ Hf(t,x),(n)
.l X etn = E{S”(t+At,x) +£(1, x)} +O (AL, (4.13)
where . is the source term defined by
ortf 41
Oy Q, F,
S = —# +0g "+, (4.14)
n+1

As already highlighted in the literature on the f equation itself [80] we recognize in
Egs. (4.13,4.14) a second order accurate Crank-Nicolson scheme whose continuous
limit At — 0is

ort ol D
aj...ap n ar...ap+1 — HQ,(n) + HE(n) + @)(A t2) . (415)

ay..a ay...a
Gt axanﬂ 1 n 1 n

Which is nothing but the discrete velocity Boltzmann Eq. (3.1). Note that for the

. 1 pneq .
BGK collision kernel, n{ﬁj”gn = ——1'[{;1“.6’((:). This layered structure between moments
T

H{;’l(.'?_)an and H{;f";iil shows that non-equilibrium moments follow their own evolution
equation, they are not algebraically enslaved to lower order moments as suggested by
the Chapman-Enskog expansion through the scale separation hypothesis. Mandatory
conditions for a LB solution to approximate a NSF solution will be discussed later in
this manuscript for some specific models.

For now, let us say that LBM can be seen as a smart change of variables from macro-
scopic moments to distribution functions. First the macroscopic information is stored
inside the Hermite basis through f¢°! (first change of variable from I1"” to f). Then the
transport is performed in the distribution space during the streaming, followed by the
macroscopic reconstruction that filters only the relevant information for each macro-
scopic moment I1" (second change or variable from f to [1"), prompting us to draw
a parallel between classical CFD and LBM, which is now only seen as a macroscopic
model - Eq. (4.15) — discretized by a Crank-Nicolson scheme, Egs. (4.13,4.14). More
specifically, each lattice model is consistent to a specific Grad-q system Eq. (4.15), see
Sec. 2.1.2.

In the following we will illustrate the proposed formalism on the athermal LB model,
on several collision kernels and on the p-based recursive regularized model. We
shall also demonstrate that although Eq. (4.15) could have been easily guessed from
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Eq. (3.1), spurious terms will appear during the numerical coupling between a LB algo-
rithm and other numerical schemes. Because these terms are purely stemming from a
numerical coupling, they can not be described by the Chapman-Enskog expansion
alone.

4.2. Taylor expansion for filtered kernels

We have just proved that the DVBE discretized by Crank-Nicolson scheme (in other
words, the LB scheme) is second order accurate and consistent to Eq. (4.15), which is
also equivalent to Eq. (3.1) due to the equivalence between distributions and moments.
When using a classical BGK/MRT kernel, relaxations times 7 ; are independent from
the time step At. However, when using a filtered or regularized kernel - see Sec. 3.3.2
- we have seen that it was somehow equivalent to a specific MRT model where some
relaxation terms were set to A¢/2. In which case some moments are filtered, therefore
reducing the rank of the system, and the link with Egs. (4.15,3.1) is blurred. Because
those kernels filtered moments, it is easier to describe what happens on moments
than on distributions. In order to be as consistent as possible with the literature and
following Sections of the manuscript, let us assume that the only non-equilibrium
moments that we do not filter are the 2"¢ order ones,

feq ( At
I1 1—-—-
“ﬁ At+r

—neq A
/@ (1, ) = @ HF @)

ap (£,%). (4.16)

Higher order have their corresponding relaxation times equal to Az/2 such that they
are filtered, see Sec. 3.3.2. We make an exception for the 3" 4 order one, that we take as

fcol,(g) f _ At ~(3) At F(3)
i, x) = |1 (1 i, gy + = Magy | (60, (4.17)
~ —neq
where H(Sl)iy is a tunable tensor. Clearly, when it is not a function of Hf; By 3 all the

neq
information coming from the last time step throughout Hf ﬁy ) are lost. We say
—neq

that Hf ) was filtered. We are now interested in the effect of this filtering on the

apy
neq
numerical scheme of the LB stress tensor H£ 8 @, Following the same procedure as

in the last Section, we write the LB stress tensor numerical scheme as

col At
1-[f (2)(t+At x) = 1-[fﬁ (t,x—c; At), (2) (Hﬂét+Atx) @ HFg+Atx) (2)), (4.18)

with

reok(t,x),3) ) aznf”’l(tx) @
f“”(rx ciAD,Q2) f“”(tx) @ _ A;__9PY L apys

G(AL). (4.19
Hap Hap ox, 2 omoxm, oo @1
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Note that the following
reot,x),@
el tx—e; AD,B) _ 0 1x),3) apyd 2
wpy =TI, At——p ——+0(AD), (4.20)

is also true. Using Egs. (4.19,4.20),

col e col At 0 col col e
/7 tx-eAD,@) _ pf 00, _ 20 /7 @x,@) T x—ei AD,() +OAD).
ap ap 2 dxy L @py apy
(4.21)
Now, because we are filtering the 3"¢ order moment, the 3" order projection of the

streaming is not anymore valid, in other words,

F(t+AL,%),3) Feol(t,x—c; AL),(3)
HaﬁY # Haﬁy , (4.22)

due to the filtering, the updated 3" order moment that will be used as initial condition
for the next time step is

r e ~ At

f t+AL®.6) _ o f 9(t+At,x),3) +T9 (r+ALx) - 2 pF+ALx),3) (4.23)
apy apy afy 2 aby

If this last equation is not clear enough, remember that in Eq. (4.17), ﬁ%y replaced

7"@4'(3)
Haﬁy
Eq. (3.73), the moment I

only be written as

. Similarly, in Eq. (4.23), which is obtained from 3" d order projection of

ne

3)

q
fx ) B Asa consequence, Eq. (4.21) could

!
y replaced IT By

[l x-aAD,@) _ o fln,@ _ AL 0 [ relnx,@) ?(HA[J)'B)]

0y 0 - nf +nl (4.24)
At 0 fcol(t,x—CiAt).(?’) 7(t+At.X),(3) 3

2 0xy Mgy ~Mapy +OAr).

At 0 col f
Hf (t'x)’(g)+Hf(t+At’x)'(3)]+At@>(3) +@(At3),

T 5 AL reg

2 axY apy apfy
(4.25)

ne

—neq N
where @’F;)g is the error introduced by the replacement of H£ By ® by HS}W in Eq. (4.17).

The rest of the demonstration is identical to the last Section, except that Egs. (4.17,4.23)

should be used and that @’ﬁi)g is kept until the end, finally yielding,

on”® o/ ® 1 e
R o MR R R R
Y
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with H£ [S’/) obtained by identification of Eq. (4.23) with 3”¢ order projections of
Egs. (3.72,3.73),

£,3) _ f,3) 21 ~3
Mo, =T ™ o T (4.27)

,(2)

3)

Tuning ﬁfx By allows to freely modify the flux of Hf; 5 - However, there is a cost, which
is that we created an error, @’ﬁi)g. Using Egs. (4.17,4.23), we immediately find,
]_ 6 col . 3
B __2 9 [gf"tx-cdn,@) _ ft+ALx),3)] _
@’,eg =3 5%, Haﬁy Haﬁy O(At). (4.28)

. —neq
When f1® =117, '@ then 6%, is 0 and we recover the classical case presented in
apy apy reg

the last Section. We can directly modify the flux Hg ﬁ(?/) by tuning ﬁg’) ” but it reduces

the order of accuracy of the scheme used to discretize Hf; ;[;2) equation to O(At). Note
here that we did not specified anything about the LB model we used, except that the
3" order moment was filtered.

In this respect, we can draw a general conclusion, when (n + 1)’ order moment is
overwritten by an arbitrary value, it deteriorates the order of accuracy of the n‘" order
moment scheme to G (Af). This has already been observed on the projected regular-
ized collision kernel [81]. In this Section, we deduced that this @' (At) error appears
inside the discretization of the gradients of 3¢ order non-equilibrium moments inside
the stress-tensor evolution equation. While this error is presumably small, it should
be observed during a careful grid convergence analysis. Instead, a 2" order accuracy
was observed with regularized kernels [74, 76, 101]. A schematic argument to explain
why a 1° order accuracy was not observed is to consider that the numerical error of a
regularized LB model could be written as

)th

AtA(t,x) + At*B(t,x) + O(AL). (4.29)

With A and B two unknown functions. If A(¢, x) is extremely small, A(¢,x) < AtB(t,x),
the dominant error measured by an empirical grid convergence is @ (At?). However,
as At goes to 0, A(t,x) > AtB(t,x) and the actual order of accuracy, O(At), should be
measured. Empirical measurements of a @ (At?) accuracy of regularized kernels only
means that the grid convergence study was not conducted with a sufficiently fine grid
such that A(t, x) < AtB(t, x).

Generally speaking, all collision kernel where Eq. (4.22) is verified are also G (A¢)
accurate. Which means that a non-negligible part of the LB literature is using G (At)
schemes. From a practical point of view, a low value of the overall numerical error
is more important than the order — G(At) or G(At?) — of the error. In this aspect,
regularized LB models are able to produce solutions with low numerical dissipation
and dispersion, even with a @ (Af) error. This will be checked empirically later in this
manuscript.
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4.3. Application : Athermal Lattice-Boltzmann
Method

The last 2 Sections showed that each macroscopic moment follows its own evolution
equation Eq. (4.15), advocating a change of paradigm. Instead of considering LB as
a kinetic solver let us consider it as a kind of Grad-q solver for an extended set of
thermo-hydrodynamic equations. Some of them are desired conservation laws such
as mass and momentum conservations, others corresponds to higher order equations
in the finite hierarchy of g equations related to the lattice DdQq. Therefore, f and all
other populations previously defined lose their kinetic meaning and are now merely
considered as temporary numerical variables in the macroscopic CFD solver known
as "lattice-Boltzmann".

4.3.1. Numerical scheme

For the sake of clarity we first apply the proposed Taylor expansion on the classical
athermal LB model on standard lattices [4] with a force term specifically designed to
get rid of the classical @(Ma?) error of standard lattices [4]. This model, traditionally
said to be athermal in the LB literature, is used in practice to solve isothermal flows.
Following the proposed Taylor expansion formalism we define the initial solution
simply by initial macroscopic fields p(z,x), uq(z,x). From this initial condition we
would like to find a LB algorithm that predicts p(t + At, x) and u,(t + At, x) following
an approximate Navier-Stokes system, hopefully matching mass and momentum
conservation Egs. (1.20,1.21). Let us now detail step-by-step the algorithm that defines
the classical athermal LB scheme.

— Step 1: Equilibrium construction Because we restrict ourselves to standard lat-
tices, some third-order Hermite polynomials in(‘%) do not belong to the Hermite
basis. For this reason we do not expand further than the third order, isotropy
defects being corrected by an appropriate force term. The equilibrium reads

) 7@ 78"
eq _ { 0) ia iap iy (3r)}
=W S +——p0Uy+——[pugugl + ——a . (4.30)
f; i p 2 pla 20t pUgUp 68
where af” is only a function of a%y = puUqUglly, as can be seen in Appendix A.

— Step 2: Force construction The forcing population is extended to second order,

7 2
Fr= w700 a0 + i gl L ghoL, (4.31)
c 2ct 9b
N N

with its Hermite moments defined in order to properly encompass the mass and
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momentum sources 71 and pZ,, see Egs. (1.20-1.21). Those force moments are

£49,3)
EO _ Dagy w0220 s T unt 0T ; (4.32)
af T ox PCs3 55, Capt PFallpt pF plla = MilalUp, .
Y Xy
ag(l) — Pg:om (4.33)
ZFO _ iy (4.34)

with D£ ;;'(3) the isotropy defect of the equilibrium population, related to the
lattice and the equilibrium function and rz and &%, the mass and momentum
arbitrary forcing terms, see Egs. (1.1-1.2).

— Step 3 : Non-equilibrium construction The non-equilibrium population is ob-

tained as
—neq

fi =T f“’+A—Fl (4.35)

— Step 4 : Collision With fieq, F; and ?i built in the previous steps, compute the
collided population fiCOZ as

-1
st = a7 e vaq[o- Gm) | o7 SR

(4.36)
Where M is the collision matrix associated to a collision kernel written as
Eq. (3.35). For the BGK kernel it would become

— Step 5: Streaming Shift the populations according to
fit+Atx) = £t x— c; At). (4.38)

— Step 6 : Update macroscopic variables Using the macroscopic update rule
Eq. (4.4) for n =0, 1,2 respectively leads to

g At
p(t+ALx) =) fi(t+At,x)+7rh(t+At,x), (4.39)
i=0
i At
pug(t+At,x) =Y cigf;(t+AL,x)+ 7[p9a](t+At,x), (4.40)
i=0
£.2) Furarx,@ AL (oA, @) | qF+AL0),Q)
2+ Arx =11l + - (1) +1L | @ay
By splitting Hf @ (¢ + At, %) into its equilibrium and non-equilibrium parts and

using the MRT deﬁnltlon of the collision kernel Eq. (3.35), the above leads to the
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stress-tensor scheme,

( At £;e‘i(t+At,x),(2) 1 {;gmt,x),m n £;‘7(t+At,x).(2) N % ML),
(4.42)
where we assumed that Q; is an arbitrary MRT model Eq. (3.40), and 7 is the
relaxation time — hidden inside M;; — associated to the second order moments
H£ ,ﬁ(z). The difference between MRT and BGK can not be seen when we are only
looking at second order moments, 7 is simply the relaxation time associated
to second order moments, independently of the collision kernel. However,
differences would appear between those 2 kernels when looking at higher order

moments.

1+—
2T

4.3.2. Continuous equivalent equations

Now that macroscopic quantities, namely mass, velocity and stress-tensor p(t +
At,x), ug(t+At,x) and Hf; ::q’(z) (t + At, x) have been explicitly updated let us analyze
the equivalent continuous equations of System (4.39, 4.40, 4.42) and compare it with
the target set of equations Egs. (1.20,1.21,1.23). Using the continuous limit Eq. (4.15)
of the LB scheme and neglecting 6 (At*) terms leads to an extended Grad-q system
whose first equations are :

0p Opu
a_f; . _;’xﬁﬁ 11 (4.43)
neq
dpug O puauﬁ+pc§5aﬁ+l'[£ﬁ @) >
N =0 F,, 4.44
ot dxp T (4.4
f,@) f,3)
oIl oIl
ap apy _ 1 _prea@) g
3 + dxy = Tl'laﬁ +Haﬁ . (4.45)

Identification procedure immediately tells us that the equation of state and stress ten-
neq
sor in this model are p = pc? and —H£ 5 '@ We also see that contrary to the usual NSF

model this system has an evolution equation for the stress-tensor, Eq. (4.45), whereas

only its trace (total energy) is included in the NSF model. This evolution equation
¢4,(3) Hf,(3),
By apy

neq
moments are coupled to low order moments p, pu, and Hf; s '@ The term

involves Hf; through which shows how higher order non-hydrodynamic

1,2
anaﬁ a(puauﬁ+p0§5aﬁ)
= ) (4.46)
ot ot
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hidden inside Eq. (4.45) can be replaced using Eq. (4.43,4.44), combining those two
equations one can obtain the kinetic tensor pu, ug equation

fre4,2) freq,2)
Opugug 0pUgUplly 0 paYﬁ+H)fﬁ ] 0 [paaW’HaY
+ +U +ug

ot 0xy “ 0xy 0xy

= pFqup+pFplg—MugUg,

(4.47)
not to be confused with the kinetic energy evolution equation, corresponding to half
the trace of the tensor evolution Eq. (4.47). Using the second order raw moment of
the equilibrium population (4.32,4.34) in Eq. (4.45) and the athermal equation of state
p = pc? finally leads to

10,2 2 [Oua  Oup 20uy
~1I = A ) St
ap TPCs 0xg  0xq ab3 0xy
f¢1,2) f1¢4,(3) 4,2 neq ()
+7T anaﬁ + OHaM ] — T[u OHM +ug 6H£Y (4.48)
a .
ot 0xy 0xy 0xy

with Tpc? = u obtained by identification with the usual definition of the stress tensor

Eq. (1.18). Note that the effect of the collision kernel is entirely hidden inside H£ ::’(3).
Again, it is important to note that this last equation is not algebraic as the truncated

Chapman-Enskog expansion asserts but rather an evolution equation for the un-
neq

known Hf; 5 '@ Note that from a macroscopic point of view, a change of collision

kernel can be interpreted as a change of stress tensor evolution model throughout the

neq
modification of Hf A3
apfy

4.3.3. Domain of validity in term of dimensionless humbers

It seems that mass and momentum are correctly recovered by the LB scheme, see
Eq. (4.43,4.44). The next step is to demonstrate in which cases the Lattice Boltzmann
stress-tensor Eq. (1.18) could approximate the Navier-Stokes algebraic stress tensor,
Eq. (1.18). In other words,

af ap —

. 4.49
0xp - 0xqy 3 0xy ( )

To that end, let us nondimensionalize Eq. (4.48). First we need to identify what is the
shortest physical time scale g, corresponding to the fastest and dominant physical
phenomenon. Depending on the situation, mainly two relevant candidates exist: the
viscous timescale 7, = pLg/ u and the convective timescale ¢, = Lo/ Up. If the shortest
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timescale is 5, then the appropriate nondimensionalization reads

0 1 0 0 1 0 (4.50)
ot t;0t*’  0x Loox*’ '
fneqy(z) _ *’fneqy(z) fneqy(?)) _ *’fneq,(g)
Haﬁ = HoHaﬁ , Haﬁy = QOHaﬁy , (4.51)
u=Uyu*, p=pop", T=TyT". (4.52)

where * superscript quantities are @ (1) and non-dimensional. Applying this change
of variable we are left with

*yfneqy(?))
£, f10,2) _ s uQo 1 Myp,
N Haﬁ =Japt 2 _* *
PocsLollp p Oxy
— *,f1€4,(2) x, f1ed (2 *,f7°4,(2)
+ _Maz [ Moy ut ongy 1 Mg (4.53)
Re p*| “ Ox; p axy pocitsp*  or* ' '
where the Reynolds number Re = #,,/ . and athermal Mach number
Ma = Up/cs, (4.54)

have been used. Note that in the athermal case Ma is enslaved to the CFL number [14]
because c; = Ax/(v/3At), leading to

_Up+c;  Ma+l
CAxIAt 3

CFL (4.55)

The stability criterion CFL < 1 boils down to the usual athermal Mach limit Ma <
V3 -1 =0.732, which is consistent with previous studies [81, 82]. If the convective
scaling is chosen the stress-tensor becomes

—2

* ne M

—m e :9a*ﬁ+@>( ’;QO )+@’ 1. (4.56)
ap pocCsLollp Re

To verify our initial ansatz Eq. (4.49), a sufficient condition is that &(-) should be
negligible. For non-zero gradients, &(-) could only vanish because Ma’ /Re and
(4Qo)/ (poc2 LoIlp) are much smaller than 1. Therefore, Ma’/Re < 1and (1Qo)/ (poc2LoTlp) <
1 are necessary conditions for ansatz Eq. (4.49) to be valid for non trivial flows.

The last term of € (-) can be neglected for the diffusive and convective timescale
respectively if Ma’ /Re? and Ma’/Re are small enough. On the other hand the factor
1Qo/ po chOHO corresponding to the ratio between scalings of third and second order
non-equilibrium moments is lattice and collision kernel dependent. Because the
isotropy defect completely modifies the convective term in the evolution equation

neq . . . . .
of H{; By '(3), it leads to an evolution equation whose meaning is unclear for standard
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lattices. However, when the recursive regularized kernel [72] is used we get Qg = UpIly
and the stress-tensor becomes

Ma
—. (4.57)
Re

neq

ap af

One sees here that the usual "small Knudsen" assumption is not even sufficient
because more complicated terms appeared in the scaling analysis. To get back the
proper Navier-Stokes stress-tensor one has to carefully analyze one by one each of
these spurious terms. Additionally in LB the 3" order non-equilibrium moment is
related to the heat-flux, suggesting that the Prandtl number Pr may also intervene
inside Qp when the energy equation is also solved by LB.

The Taylor expansion showed that the consistency condition was not as simple as the
Chapman-Enskog expansion suggests. The small Knudsen assumption is not enough
and both the choice of the lattice and the collision kernel changes the consistency
defect in Eq. (4.57). More discrete velocities means that the isotropy defect is pushed
away from the Navier-Stokes and the stress-tensor equation, but it also means that
more moments equations are also solved. Those equations are likely to modify or
even undermine the validity of the solution because they are completely uncontrolled

and do not even correspond to a physical/kinetic modeling due to the isotropy defect
f(m
D

a..an:

4.4. Application : Interpretation of collision
models

Now that we analyzed a simple athermal BGK LB scheme let us discuss the collision
kernel by reviewing a sample of techniques that can be used to increase robustness of
LB schemes. From the Taylor expansion we've seen that mass and momentum conser-
vation equations were correctly discretized up to @ (At?) errors by the LB scheme. On
the other hand, the system is not closed through an algebraic constitutive equation as
in usual CFD solvers. Instead we inherit Eq. (4.48) from the hierarchy of moments.
Rearranging its terms leads to

[me9,2) £14,3) 1@ "4, (2)
ort! @ onl oty or, 1

@y @2, o
- - =——|II +Jap|, (4.58
ot ax, T ox, P ox, T ( ap “ﬁ) (4.58)

neq
where J,p is the NSF stress tensor. Higher order contributions Hf; By ® as already

discussed, do not necessarily match a meaningful behavior, especially for standard lat-
tices because of isotropy defects. Therefore, a question that could drive us towards the
use of a particular kernel is a correct modeling of the stress tensor by Eq. (4.58). Being

the only moment that does not appear in the hydrodynamic equations Egs. (4.43-4.44)
fneq'(s)

the non-equilibrium tensor IT,, By

is our only degree of freedom to modify the mod-
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eling of Eq. (4.58) towards a physically meaningful stress tensor transport equation.
But first, let us rewrite Eq. (4.58) schematically as

ot/ @ 1
neq
%+ Hoap = _;(ng 54 Tap). (4.59)

Nondimensionalization and multiplication by —1 leads to

o—m e t
L N L N B o O o
= o Hap = (-2 T)- (4.60)

For example for convective flows with the athermal LB model,

ts _pcily  Re

= . (4.61)
ToM Ma

We already rigorously demonstrated in Sec. 4.3.3 for the athermal model what are the
necessary conditions for £, to be neglected. However, let us note that Eq. (4.60)
looks very similar to the relaxation equation Eq. (3.2) we discussed in Sec. 3.1. In
the analytical solution, Eq. (3.3), we see that the convergence of ¢ towards ¢ is
faster for lower values of 7. In the same way, we could conclude that the convergence

« fFneq ) —2 .
of 171" towards T . p is faster for lower values of Ma /Re. For sufficiently low

ap B
Ma or sufficiently high Re the convergence of —HZ'ﬁf @ towards T a*ﬁ modeled by

neq
'g @ L g a*ﬁ' In other words, the LB equation is not

only a relaxation equation for fl.neq, it also provides a consistent relaxation model

*’fneq’(z) . *
of —Ha 5 towards its NSF value 9 ap

c; = Ax/(V3At), lower Mach means lower timestep, such that Eq. (4.60) is more

« fneq .
J7@ & g% as the CFLis reduced.
ap ap

Eqg. (4.60) seems to mimic —HZ
. For athermal lattice-Boltzman, because
efficient in approximating —I1

4.4.1. Modeling of lag effects in constitutive equations

We have just highlighted that LB mechanical constitutive equation encompasses a
lag effect due to 0/0t. Neglecting %5, what LB is doing for the treatment of viscous
terms is to replace a diffusion equation by another model. To get a better understand-
ing, let us consider the following heat equation [102, 103],

oT  8°T (4.62)
— =K—. .
ot ax
Mimicking the LB strategy, it could be replaced by
oT 0qq 0qa 1 ( oT )
9° % == —. 4.63
ot ox, ot Ta X oxa (4.69)
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Note that this modeling alleviates the paradox of infinite velocity propagation of
diffusion [104, 105] in parabolic models such as Eq. (4.62). This choice of modeling of
heat flux g, is either called hyperbolic diffusion [106], hyperbolic heat equation [104,
107] or Maxwell-Cattaneo model [105]. Rewriting the last equation we get,

1+ a) or (4.64)
T = —K— :
)¢~ 5%,

where the additional T% term to the Fourier law [5, 43] accounts for the required lag to
reach steady heat conduction [108, 109]. While not as common as the parabolic [102]
model Eq. (4.62), the — very small — values of 7 have been experimentally measured
for some materials, as mentioned in [105]. Eq. (4.64) is therefore a relevant model
in some heat conduction applications. However, this new model is not reference
frame invariant. Considering 2 reference frames (x4, t) and (x&, t") translated from
one another with velocity vy, they are related by

Xo = Xp + Vgl (4.65)
t=t, (4.66)
Ug = Uy + Vg, (4.67)
then we can write that
0 o0t o axa 0 0 0
= (4.68)

= = Vg,
or ot ot ov oxg ot “oxg
0 0t d dxg 0 0

_or o, -2 4.69
0x, Ox, 0t O0x,0x, O0xq (469

which shows that the functional form of Eq. (4.64) is not the same in both reference
frames. A solution to this problem is to replace the time derivative d/0¢ by other
derivatives. For example, using the material derivative [5, 40] D/Dt,

Dp_%, 0 % 0% P w0
xy ot 0x, Dt
leads to reference frame invariant functional form of the Maxwell-Cattaneo model.
The material derivative is not the only derivative enforcing reference frame invariance.
For a symmetric tensor I1,g, the upper convected derivative [110-112] 6“P /61, also
called Lie-Oldroyd derivative, could be used. In continuum mechanics it corresponds
to the rate of change of a tensor property of a small parcel of fluid that is written in the
coordinate system rotating and stretching with the fluid velocity u,. Additionally, the
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lower convected derivative 6°% /5t is also defined,

5“"’1‘[aﬁ Dllgp Oug Ouy
— My, —= -, s—, 4.71
5t Dt “ox, "ox, .71
5lowl_[a/3 DIlyp 6uﬁ Ouy
= +1lgy—+1l,g—. 4.72
5t Dt “Tox,  "Pax, (4.72)

Using these derivatives to replace the time derivative inside Eq. (4.64) lead to an
invariant functional form between coordinates (x4, ) and (x),, ). The choice of
frame-invariant time derivative seems to be a research topic on its own [113, 114] in
the field of advanced constitutive equations modeling.

To conclude this small discussion, let simply note that other derivatives — e.g. mate-
rial, upper convected, lower convected — do exist in the literature in order to model lag
effects with

(1+71Vy = KOT (4.73)
tqa— axa) .

where V; is preferably a frame-invariant — galilean invariant — derivative.

4.4.2. BGK kernel

With a BGK collision operator, /e

e purely stems from higher order non-hydrodynamic

neq
equations. In this case, assuming that the lattice is large enough such that D{; By ®—p
— this property is only enforced on some non-diagonal components of tensor HS’/;Y for
neq
standard lattices — we can write for example the Hf:x '@ evolution equation,

neq, 2 neq, 3

6H£Z€‘i,(2) 6H£Y 2) 1 fneq ) angx}/ 3)
——Zux—:——(Hxx ' +§/‘xx)——. (4.74)

ot 0xy 0xy

In the left hand side we recognize a transport term in the x direction with an un-
expected backward propagation —2u, while the first term in the right hand side
is a relaxation term that steers the variable ngq’(z) towards the expected T4, see
Sec. 3.1. The second term in the right hand side is the coupling with higher-order non-
hydrodynamic moments. Because H£ ;e:’(g) depends on a very complicated cascade of
higher order equations, we can not conclude anything on the modeling of the stress
tensor by BGK kernel.

4.4.3. Regularized kernels

A particularly efficient way to control the time evolution of the stress tensor was
identified in the regularized and recursive regularized collision kernels. The regular-

—neq

ization [115, 116] simply discards H£ By @ during the collision, leading to a filtered
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non-equilibrium population

7@
—Fheq iaf f
fi = Vi Haﬁ ) (4.75)
—neq
= Zcmclﬁ(fl feq+—F,), (4.76)

allowing those filtered moments to be compartmentalized from the hydrodynamic
moments, and effectively cancelling the last term of Eq. (4.74).

4.4.4. Recursive Regularized kernels

—neq

Recursive regularization [72] does not simply removes i’ % put replaces it by an

aBy
approximated value obtained from the CE expansion,
2) (3r)
. —ne %
—neq _ iaf @) iy o f e
Fit=od 2 Mg O+ b (4.77)
—neq —neq —neq —neq neq
with Hf ﬁy uaﬂgy + uﬁl'[f 4 uny op servmg to define Hf ) asin
Appendix A. This leads to a new evolution equation,
eq (2)
6low1—[f i 9
ap /@ _ fred, )
—5 s (Ha 54 Tap), (4.78)

where 5°% /5t is the lower convected derivative defined in Eq. (4.72). A careful ex-
amination of Eq. (4.78) shows that it is a galilean invariant equation [87, 117, 118].
Which is a highly desirable property for any physical model. However, note that the
galilean invariance of the model does not mean that the numerical solution is also
galilean invariant. Due to numerical errors, a reference frame dependent numerical
error occurs.

4.4.5. Hybrid Recursive Regularization kernels

Jacob et al [119] developed an extension of the recursive regularization by introduc-
ing o € [0,1] into the non-equilibrium reconstruction Eq. (4.77) as

Oxpg  0xq 3 0xylpp

(4.79)

—nheq (2)

f , 6]—1 — eq At 2—
I 5 =0 ) CiaCip fi—r; +?F,- —-(1-0)pciT
i=0

where the last term is evaluated from a finite difference scheme. It has been shown
[119] that this modification leads, for o < 1, to the introduction of a numerical hyper-
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viscosity in the momentum equation. In light of the previous Section, an alternative
neq . .

f; s @ may deviate from its target

relaxed value 6. Using 0 < o <1 (resp. o = 0) as a weighting parameter is equivalent

neq

5 @ toits fully relaxed value ,p at the end of each

neq
time step, leading to a stronger steering of H£ 5 @ towards 7, ap by the resulting LB

scheme.

explanation for the enhanced stability is that I1

: f
to a partial (resp. total) reset of I,

4.4.6. Traceless Recursive Regularized kernels

The pressure work is of paramount importance in compressible flows and was
already emphasized as a major source of instabilities for thermal LB solutions [82].

neq
Because the non-equilibrium moment H£ 8 @) is the effective stress tensor in LBMs,

any spurious term appearing on its trace will act as a spurious pressure in momen-
tum equation. Therefore, artificially enforcing a traceless stress tensor [76] in a d
dimensional physical space,
—neq q-1 Sap
o/ @ _ @

C. C. p— C. C.
a Z ialip iyliy
p i=0 d

(ﬁ — [ %Fi) : (4.80)

during the collision allows to get rid of this spurious pressure. We have already seen

neq
in this Section that a choice of collision kernel impacts the closure for the H£ 8 @

equation, which does not necessarily lead to a traceless stress tensor. Additionally,

it was demonstrated in [120] that the traceless stress tensor can be seen as an addi-

. . . . e e neq . .
tional regularization because it filters the non-equilibrium moment H{;a ’(2), which is

supposed to be 0 when the Stokes hypothesis is verified [48]. Using this kernel, and
interpreting it as a MRT model - .#; = 1), in Eq. (3.45) -, this leads to

col () ¢d,2) At @ At
Mo @ (t,0) = |y @+ [1- ——— |1}, +7n§§f’ (t,x).  (4.81)
2 g

—neq
Enforcing a traceless Hf; 8

—neq
such that H{;a '® — 0. For the numerical scheme, which only carries non-equilibrium
2

datas throughout the collision, it is equivalent to putting I1;, = At/2. When using a
recursive regularization, the remnants non filtered variables were p, pug, along with

—neq

all components of H{;a @, Now, using the traceless collision, one additional variable

—neq
was filtered, the trace of the second order non-equilibrium moment, IT;, @

'® means that it was reconstructed following Eq. (4.80)
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4.5. Application : Thermal Lattice-Boltzmann
Method, p-based model

As a matter of fact, a fully compressible LBM method can be obtained in a straight-
forward way by expanding the analytical Maxwellian up to the necessary order and to
use the associated required number of distribution function. Unfortunately, such an
approach is not tractable for practical flow simulations since it involves at least a 9-th
order expansion of the Maxwellian along with the use of 121 distribution functions
for 3D computations [38]. In such an approach, mass, momentum and energy con-
servation are recovered at the same time using a single set of distribution functions,
corresponding to the coupled approach for NSF system, in which all equations are
solved in monolithic way.

To solve this problem, a commonly used approach is to decouple the energy equa-
tion from the mass and momentum conservation equation, leading to a segregated
approach, according to the classical nomenclature for CFD methods based on NSF
equations. The expected gain here is to be able to keep using a reduced-order ex-
pansion of the Maxwellian (compared to the monolithic approach) and a reasonable
number of distribution functions, while recovering the full compressible NSF equa-
tions dynamics. Within the framework of LBM, this leads to the definition of Double
Distribution Function (DDF) methods and Hybrid methods [121]. In the former,
the energy equation is solved as the zero-th order of a second set of distribution
functions, while in the latter, it is solved using a classical Finite Volume/Finite Dif-
ference method for the scalar quantity. Segregated methods raise the issue of the
coupling between the block of mass and momentum conservation and the energy
equation. Since a restricted Maxwellian expansion is used for the mass/momentum
equations, compressibility and thermodynamic effects must be explicitly reintroduced
in the associated LB equations[4]. Considering existing DDF and Hybrid methods for
high-speed compressible flows, the main coupling ways are [122]: i) to keep using
alow-Mach athermal collision model and to enforce the physical pressure gradient
as a forcing term, or ii) to use a low-Mach thermal collision model supplemented by
some forcing correction terms. These choices are observed to have a deep impact on
the features of the resulting numerical method in terms of accuracy and robustness.
The first approach leads to some numerical stability problems near discontinuities,
while the second is more robust but still necessitates some additional stabilization
techniques [74].

In [74, 75, 97, 123-125] a Hybrid p-based LBM based on the second approach has
been proposed, with successful application to thermal compressible flows in both
subsonic and supersonic regimes on a regular D3Q19 lattice. The key features of this
method are i) the use of a recursive regularized collision model supplemented by
ad hoc correction terms and ii) solving an evolution equation for entropy written in
non-conservative form, Eq. (1.6). In this Section, we study this thermal LB scheme
throughout the scope of our Taylor expansion formalism.
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4.5.1. Recursive Regularized-p humerical scheme

This scheme encompasses the thermal effects coming from the FD energy equation
inside the 2nd and 3rd order equilibrium moments, leading to a complex equilibrium
distribution function compared to the athermal case. This model can be summarized
by the following steps :

— Step 1: Equilibrium construction The equilibrium is expanded as

o)) Jba(Z) Pl

S,
{7 =w; {Jf(o)p +—5—Plg + [puauﬁ +pc2(O—1)84p] + — 2 Ef’”},
Cs 2c} 6c8
(4.82)
where 6 is the normalized temperature,
pb = plc?, (4.83)
and with a(3;5y = pugqUplly + pcO-1) [ty6qp+ Upbya + Uab gyl serving to define
af’r ) as in Appendix A.
— Step 2 : Force construction The forcing population is simply extended to second
order,
1) %(2)
F= {;5(0) F(O)+J£ ab® . 1P iafp aF(Z)} (4.84)
2 20 b '
N S
with its Hermite moments defined as
E@) _ apy r Y
a —+p(=——)—0 4.85
of ox, " P37C, o5, 00F (4.85)
r6 ap 2 : 2
c (pg+ m—) +pFqup+ pFplg — m(UgUp + c0qp),
v
ab® = pz, (4.86)
2P0 — 5 (4.87)

— Step 3: Non-equilibrium construction The offset non-equilibrium population
f ?eq is built using the recursive regularized collision kernel, Eq. (4.77).

— Step 4 : Collision Thanks to previous steps fl.eq, F; and 7?% have been built,
compute the collided population fi‘:"l such that

Folt, x) = fl.eq(t,x) + (1 - %)ﬁwq(t, X)+ %Fi(t, x). (4.88)

— Step 5: Streaming Shift the populations according to

fit+ALx) = fOUt x— i AD). (4.89)
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— Step 6 : Coupling update Discretize a thermodynamic equation — e.g among
Egs. (1.22,5.1,5.2). Let us arbitrarily choose the total energy, therefore, we use a
consistent and convergent explicit scheme that can be written as

[0E](t + At, x) = [pE](t,x) + AtL g (2, x) +O A +O(AX™), (4.90)

with m =1, n =1 and [, an operator that represents discretized spatial opera-
tors in Eq. (1.22).

— Step 7 : Update macroscopic variables Using the macroscopic update rule
Eq. (4.3) for n =0, 1,2 respectively leads to

g At
p(t+At,x) = fi(t+At,x)+?m(t+At,x), (4.91)
i=0
- At
puq(t+At,x) =) c,-afl.(t+At,x)+7[p%](t+m,x), (4.92)
i=0
1+ ﬁ Hf”e“(t+At.x),(2) _ Hf(t+At,x).(2) _Hf”?(tmt.x),(Z) + gHF(HAt,x),(Z)
27 ) aB ap ap 2 ap :
(4.93)

Then every other macroscopic variables could be obtained from the knowledge
of p(t+ At,x), ug(t+ At,x) and [pE](t + At,x). For example, T(t + At, x) can
be obtained as T(t + At,x)=T (p(t + At x), s(t + At, x)). Note that the coupling
between finite difference solved energy and LB mainly happens in the term

flt+ALx),2 €4 (t+At,x),(2 ey
H{;EXH L0 )—H{;a (AL, ), because here the second order equilibrium pu? +p,

updated from both LB and finite differences, meets with ngﬁf”“‘)'@, which

= e
only comes from LB. Therefore, the quantity néﬁf*“")’@) - Héa (HALD@) o cts

as a kind of garbage collector (there is no better word to describe this) for the
errors appearing due to the coupling between finite difference and LB. In this
case, the traceless collision — see Sec. 4.4.6 — seems mandatory to prevent the

. . o neq (2
accumulation of coupling errors inside Héa @,

4.5.2. Continuous equivalent equations

Now that macroscopic quantities, namely mass, velocity, stress-tensor and temper-
neq

ature, p(t+At, x), uq(t+At, x), H{;ﬁ ‘@ (t+At,x) and T(t+At,x) have been explicitly

updated let us consider the equivalent continuous equations of the system Egs. (4.90-

4.93) and compare it with the target set of equations Egs. (1.20-1.23). Continuous limit
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of the recursive regularized p scheme is

0p Opu
i e Y (4.94)
ot axﬁ
neq, 2
dpily 0 puauﬁ+p5aﬁ+l'[£ﬁ @ . -
+ = y .
ot dxp poa (4.95)
ort/'® o/
ap apy _ Lo fream  Em)
T i (4.96)
opE 0| PE+pug+dp+uattt 5
+ = +p04g, 4.97
o1 dxp pZyty*p4 (4.97)

where p = p6c? = prT. We shall now deduce the stress tensor evolution equa-
tion. First, using Eqs. (4.94,4.95) to isolate the pressure time derivative dp/0t in-
side Eq. (4.97) and assuming that the adiabatic exponent y is a constant leads to the
pressure equation,

2
0dy e 0up Uy

C, 0p Opu

( ) Oy
—(—+ + +
r ot

0xp p ox, O0x, Pr 0xy

with C,/r =1/(y —1). Then injecting Eqs. (4.47,4.98,4.85-4.87) into Egs. (4.96) finally
leads to

aaneq,(Z) al_[fﬂeq,(3)

f7€4,(2) Oug  Oup 20uy ap apy
-1 = — +—— = yp— + +
ap ~"P|ox; " ox, %P30x, 1 ox, }
fneqy(g) fneq (2)
oIl or. rd 0 0
By ay ap Qy _ fred,2)0Up
- + + - —1II -— 4.99
! [ ta 0xy “p 0xy ] ' C, [ ox, Pr  ox, ] (4.99)

where we identify that 7p = yu. Here we end up with a slightly different evolution
equation for the stress tensor when compared to the pressure-based and athermal
cases. The higher order non-equilibrium moments are filtered out because H£ e
was reconstructed following the recursive regularized kernel Eq. (4.77). We use the
previously defined nondimensionalization, Egs. (4.50-4.52), with the additional con-
straint Qp = UpIlp obtained from Eq. (4.77). Also, for thermal models, c; is not anymore

related to the physical sound speed, therefore changing the definition of the Mach,

Uo

Vo

Ma=

(4.100)
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which can used in the nondiensionalization,

x,£14,(3) *,1¢4,(2) . 100 (2
apreae ans . yMa 1 (Ollgp, . Olg) R anayf “
= =01+ " — U, " —Ug "
ap ap Re p*T* 0x; axy axy
aH*nyEq,(Z) - 2 ou*
Lk 1 %ap Y Oap [ O°T" | yMa*(y—1) Oap [ uyprea?p
poRTots p*T*  Ot* PrRe p* T* | 0x;0x; Re p*T*| Pr ox;
(4.101)

where the Mach number Ma is defined as Ma = Uy/+/yp/ p. Assuming that convection
is dominant, ¢; = Ly/ Uy, Eq. (4.101) can be recast into

2
*,f1°9,2) _ % NS Ma ) ( 1 )
—1II =11 +0|—|+0 . 4.102

ap ap ( Re RePr ( )

The second error term & (Relpr) does not scale with the Kn number and is not predicted

by the Chapman-Enskog expansion because it is purely stemming from the numerical
coupling between the LB scheme and the finite difference scheme Eq. (4.90).

4.6. Comparison with other Taylor expansions

In this Chapter, we demonstrated that a parsimonious bridge between the LBM and
the macroscopic equations was accessible. It relies on well known numerical tools.
First, the LB scheme is studied in the continuous limit, showing that LB solves an
extended Grad-q system, Eq. (4.15). Then, a nondimensional analysis is performed
in order to measure the scaling of the inconsistent terms when compared to the
NSF system. This fully deductive formalism only needs a single premise, that At is
sufficiently small in order for the Taylor series to converge. Then, the consistency
conditions in term of nondimensional numbers are deduced, showing that Kn is not
the only parameter driving the consistency towards a NSF model.

4.6.1. Previous Taylor expansions for lattice-Boltzmann

While the Taylor series expansion was presented as a novelty here, other similar
analysis have been performed in the literature. Here, we review all contributions the
author is aware of.

— In [126], additionally to the Taylor expansion, a simplified Chapman-Enskog
expansion [35, 36] is simultaneously performed.

— In [127-129], a diffusive scaling x — x/Kn and ¢t — ¢/Kn? is employed, where
At < Kn?, Ax < Kn, therefore restricting this analysis to low Mach and low
Knudsen. Additionally, only the first order explicit discretization of the LBM
is considered, contrarily to the widely used semi-implicit Crank-Nicolson [4,
35-37], employed in this manuscript.
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— 1In [130], following [131], the choice Kn o At is made. Then, both Taylor and
Chapman-Enskog expansions are performed with this unique parameter.

— In [92, 93, 95], cumulant LB is discussed. A Taylor expansion is performed with
a diffusive scaling At o« Kn?, Ax o< Kn, therefore reducing the validity to low
Mach and low Knudsen.

— In [132] a diffusive scaling Af Kn2, Ax o« Kn is used, therefore reducing the
validity to low Mach and low Knudsen flows.

— In [133], a Taylor expansion with arbitrary scaling Ax o< €, At x €™, with m =1
and € a tiny scaling parameter is performed on a LB model for Burgers, Ko-
rteweg—de Vries, and Kuramoto-Sivashinsky equations.

— In [134-136], an acoustic scaling is employed, At o« Ax. Additionally, the ratio
between the timestep and the relaxation A¢/T —or At/7 when an explicit scheme
is employed - is assumed constant.

It is worth mentioning that the diffusive scaling — used by most LB models - leads to
At o< Ax?, which allows to get the relaxation time 7 as a free parameter. In exchange,
we voluntarily ignore the Mach number similitude [4]. Therefore, in diffusive scaling,
the Mach number is uncontrolled, but as long as it is sufficiently small, its value is not
relevant for the considered incompressible flows. This trick allows to get T as a tunable
free parameter for low Mach simulations. More specifically, for most LB models the
relaxation time 7 reads

_  u At
T=—+—. (4.103)
pcs 2
The diffusive scaling can be written with a fixed parameter K as
At=KAx*. (4.104)

Since the sound speed for standard lattices is ¢; = Ax/(Atv/3) [4] (the general case
being c; = cste Ax/ At) we can write
T 3ukK 1
— =t (4.105)
At p 2
In other words, neglecting force term F; and using a diffusive scaling and a BGK kernel,
the collision is made independent of At,

1

3uK | 1
o t2

ot x = £+ [1- Fi . (4.106)

Therefore, tuning K allows to arbitrarily choose T and keeps (1 — A¢/T) independent
of At, which is the assumption employed by many authors of Taylor expansion based
descriptions of the LB scheme. However, the diffusive scaling has some drawbacks,
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because the sound speed becomes grid refinement sensitive,

1
Co=—, (4.107)
* V3K Ax
such that both Mach and CFL are also grid dependent,
Ma = v3uK Ax, (4.108)
CFL=uKAx+ ! (4.109)
7 .

However, as long as Ma is sufficiently small, its value is irrelevant. Of course, as
the physical Mach number is increased, grid-dependent Ma is not anymore ac-
ceptable and diffusive scaling should be dropped and replaced by acoustic scaling,
Ax/ At = cste which leads to a proper similitude relations for Ma and CFL when a grid
refinement is performed, as it was implicitly demonstrated in this manuscript.

When both the acoustic scaling Ax/ At = cste and the At¢/7T = cste hypothesis are
used altogether [134-136], something interesting can be highlighted. Again, let us
consider the classical LB scheme on standard lattice [4]. Then using ¢; = Ax/(Atv/3)
the offset relaxation time reads

_  3u At

T=——>+—. (4.110)
Axz 2
pAtz

Using the acoustic scaling Ax/ At = A = cste, this implies

T Su +1 (4.111)
At pAAx 2’ '

Following premises A = cste and At/T = cste, this leads to u/(p Ax) = B = cste. The
Reynolds number is therefore expressed as

Re = & (4.112)
e= . .
BAx
Which is a grid dependent Reynolds number with non-grid dependent Mach,
3
Ma = % . (4.113)

Alternatively, the Reynolds can be made non-grid dependent by using Ma o< Ax, which
sacrifices the similitude of the Mach number during a grid refinement. Therefore,
the acoustic scaling Ax/ At = cste combined with hypothesis A#/7 = cste does not
allow the similitude of all nondimensional numbers, one of them is necessarily grid
dependent.

The grid-dependency observed in many Taylor expansions analysis arises from the
fact that a physical parameter — 7, already present in Eq. (2.51) even before the space-
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time discretization — is assumed to be a function of a numerical parameter, At or Ax.
Using notions discussed in Sec. 1.2, this formally reduces the rank 7 of the dimensional
problem Eq. (1.27) to n — 1, effectively removing one of the n — k nondimensional
numbers available to describe the system. With hypothesis At/T = cste, only n— k-1
nondimensional parameters are available. To approximate the full compressible and
viscous NSF system, a LB scheme and its theoretical description must consider T — or
equivalently 7 — and At as independent parameters in order to maintain similitude for
all n— k nondimensional numbers when a grid refinement is performed. Additionally,
an acoustic scaling is necessary in order to properly tackle the Mach similitude.

4.6.2. Taylor expansion proposed by Wissocq and Sagaut,
2021

Very few months after the publication of our Taylor expansion analysis, another
contribution was proposed by Wissocq et al [120]. As its author mentioned, our Taylor
analysis could only be truncated for a vanishing At or a "sufficiently small" At, in
the sense that At is completely negligible compared to all characteristic times of
our model, including 7. Considering results presented in Sec. 3.1, it seems that the
Crank-Nicolson scheme employed to derive the LB scheme - see Sec. 3.2 — roughly
leads to accurate solutions as long as At/t < 2. However, as it was rightly mentioned in
[120], many LB simulations are performed with extremely high values of A¢/7. Indeed
T x W, so in order to mimic Euler solvers, high values of coefficient At/7 are necessary,
leading to an over-relaxation with damped amplitude over time, see Sec. 3.1.

Rigorously, because the timestep At can be much larger than 7 in real compress-
ible applications, it is extremely important to understand that the convergence of
the Taylor series expansion presented in this manuscript is not necessarily ensured.
Therefore, truncation and numerical errors analysis with our Taylor expansion is
questionable. However, our formalism is still able to predict the exact continuous limit
At — 0 - in other words, the consistency — which makes it a suitable tool to design
new lattice Boltzmann models in a very parsimonious fashion because At — 0 was
our sole ansatz. In order to allow for numerical error analysis, [120] made different
choices, let us compare these choices to our present formalism

— First, while we a posteriori nondimensionalized our equations and stressed that
different timescales would lead to a different scaling of error terms, they chose
to a priorinondimensionalize it from kinetic theory principles, using L/ (Ax/ At)
as the characteristic timescale, with L defined as a characteristic length of the
flow also serving to nondimensionalize space. By doing so, note that only one
nondimensional number Kn appears in the continuous equation,

ofi  LOfi 1

+c; =
ot*  '*ox} Kn

(fi- 1), (4.114)

where Kn = 7 Ax/(LAt). To be as general as possible, a second nondimensional
parameter — Strouhal Sh — should have been evidenced [83]. This additional
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number is known to be important for some low Knudsen viscous phenomena
[7].

Second, for some applications, At/7 is sometimes high. A classical At expansion
as we performed in the present manuscript

ft+AD :f(t)+At%

+0 (AP, (4.115)
does not necessarily converges. It is therefore questionable to truncate it. Au-
thors of [120] claimed to circumvent this problem with the following trick, which
is to nondimensionalize as

A
f(t+At):f(Ax/At [t*+KnTt ) (4.116)
2
:f(t*)+Kn§% +@(Kn2AT—Z). (4.117)

Note that this is formally identical to Eq. (4.115), the expansion presented in
this manuscript. It is only written in a different system of units. Now, instead
of considering At — 0, they considered a fixed coefficient At/7 = cste and as-
sumed that Kn — 0. Expansion Eq. (4.117) is viewed as a Kn expansion while
our expansion is viewed as a At expansion. However, when it comes to actually
truncating these expansions to analyze their leading errors, both A¢ and Kn are
fixed by the simulation. Which means that both expansions lead to the same
results because Eqgs. (4.115,4.117) are similar, see Sec. 1.2, they are only written
in different units system. Therefore, for an actual application with fixed At and
fixed Kn, both expansions converge — or not — identically.

Third, using Eq. (4.114), it is possible to express fl."eq as an infinite sum only
involving fl.eq by re-injecting successively Eq. (4.114) in itself,

0
flneq —-Kn (

==+ Cia = )ﬁ, (4.118)

:—Kn( 9 +ct 9 )f“’ Kn? ( g +c

O (K 4.119
or " iagyy ar " iagy )f +OKD). @119)

With this choice, time derivatives of every non equilibrium moments - e.g.
OHZeq’(z) /0t — are expressed as a function of successive derivatives of fl.eq, which

effectively hides all numerical schemes encompassed in the LBM but the mass
and momentum ones.

These assumptions do allow to try to understand more easily how numerical errors
could alter the numerical solution. However, note that by doing so, Taylor expansions
presented in [137] and [120] achieved different goals. Our Taylor expansion provides
a consistency analysis, classical in numerical schemes analysis — see [14, 22, 23] —
which corresponds to an "iso-Physics" expansion because physical nondimensional
numbers are kept frozen with vanishing timestep At — 0. Their Taylor expansion
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presented an hydrodynamic limit study, which assumed a fixed ratio A¢/7, which
corresponds to an expansion with "iso-discretization" of the relaxation and non-
constant Physics because Knudsen Kn o« Ma/Re — 0.

Additionally, using Eq. (4.119) allows an easy interpretation because the stress-
tensor numerical scheme evidenced by our formalism is now hidden. On the other
hand, there is a stress-tensor scheme and the collision kernel is also a constitutive
equation modeling, see Sec. 4.4. This modeling could be unphysical or the non-
hydrodynamic modes hidden inside it could be unstable, in which case the study of
numerical errors made in [120] could be unable to tackle it. A more rigorous way would
be to study the numerical scheme and continuous limits of all equations involved in a
LB solver, which is practically difficult. Therefore, while the assumptions employed
by [120] allow an elegant expansion, we prefer to stick with our description of the LB
scheme, simply because it is more deductive and closer to what is usually done in a
numerical scheme analysis.

4.7. Limits of the proposed Taylor expansion

Now, we would like to finish this chapter by reminding the main contributions and
drawbacks of our formalism.

Unlike any other expansions of the LB scheme we found in the literature, our contri-
bution is able to deduce from the sole assumption At — 0 the full equivalent set of
moment equations solved by a LB scheme for arbitrary values of similar parameters
Ma, Re, Kn, etc. To this day, every expansion we are aware of missed some terms or
the similitude of either the Mach or Reynolds number, both crucial to compressible
viscous flows.

This expansion is nothing but a very classical tool in the CFD literature and would
not be considered as a novelty if applied to any other numerical scheme. However,
the near monopoly of the kinetic interpretation of the LB scheme seems to have
overshadowed its numerical straightforward interpretation.

Even if At is not necessarily smaller than all characteristic times, it is still useful to
build our LB schemes with the continuous limit assumption At — 0 in order to check
that the target nondimensional numbers of a simulation does not lead to dominant
consistency errors. Typically, from the Crank-Nicolson discretization presented in
Sec. 3.1 we could roughly estimate that At/7 < 2 is probably necessary for the con-
vergence of our Taylor series. However, note that most compressible simulations are
actually performed with Af/7 > 2 and still provide good results. This means that
numerical errors could - at least sometimes — be neglected even for At/7 > 2. This is
puzzling and we do not have any rigorous argument to advocate for this assumption.
However let us mention that this unexpected convergence of relaxation models dis-
cretized by Crank-Nicolson is known from the literature, see [107], where they used
AtlT =~ 10%,

To illustrate that Crank-Nicolson convergence with highly under-resolved relaxation
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is far from being a completely wrong ansatz, let us go back to a simpler toy model.
We have seen from the previous Section that the relaxation only applies to non-
equilibrium moments. Therefore, in a LB model, Eq. (4.59) discretized by a Crank-
Nicolson scheme with a timestep At/7 > 1 describes the under-resolved relaxation of
the effective stress-tensor toward the target NSF stress-tensor.

To reproduce this situation, a very simple toy-model is also discretized by Crank-

Nicolson,

d¢ B . (27t

ar ¢ —sin ( Ted )
It is very close to Sec. 3.1 except that now the relaxation target is a time dependent
function sin (%) We previously mentioned that in LB simulations, At is generally
too high compared to 7. However, note that other characteristic times of the flow are
usually sufficiently large to be properly discretized by Az. Which means that the sole
characteristic time much shorter than At is 7, the relaxation time.

One could argue that 7, the characteristic diffusive time is also related to relaxation
via T < p. Indeed, t, < p~!, such that in a LB solver, low viscosity means slow vis-
cous effects but fast relaxation. Two characteristic times 7 and 1°7 can be found in
Eq. (4.120). Here 1°7 is the characteristic time of the equilibrium and 7 the character-
istic time of relaxation, which means that 7/1°9 could be interpreted as the Knudsen
number of this model. When 7/1°7 « 1, the system is close to equilibrium and the
relaxation is expected to be almost instantaneous, when /17 = 1, both equilibrium
and relaxation acts on the same timescale and the solution is expected to depart from
equilibrium.

In what follow, we chose a small At/1°? = 0.025 coefficient because we are only
interested by the effects of under-resolved relaxation near equilibrium. To illustrate
it, an extreme value At/7 = 105 was chosen, corresponding to 7/1¢9 = 2.5 x 1078, The
simulation is 40 iterations long, corresponding to f,,4 = 1°9 = 40 At. Analytical and
numerical solutions can be found in Figure 4.1 for two different initial conditions.

Because the timestep At is much larger than the characteristic relaxation time,
the red analytical solution is relaxed to ¢°7 = sin (%) long before the first timestep
t = At. On the top plot the initial solution ¢y = ¢(¢ = 0) is taken far away from the
initial equilibrium solution (pgq = ¢°1(t = 0), then the solution keeps memory of this
initial error throughout the complete simulation.

This error can be reduced simply by initializing the simulation to the initial equilib-
rium value ¢ = (,bgq, as it can be seen on the bottom plot. Additionally, we checked for
different timesteps (not shown), and spurious oscillations seem to be almost timestep
invariant between t = 0 and ¢t = A°7 as long as At/7 > 1000. For lower values, a
damping of spurious oscillations over time can be observed, we hypothesize that the
damping is also present when At¢/7 = 10° but that its characteristic time is too high
to be observed. Figure 4.1 teaches us that for LB solvers, the non-equilibrium stress-
tensor should be initialized as close as possible from the NSF target stress-tensor.

In Sec. 4.4.5, the o parameter introduced by Jacob et al [119] was explained as an help
for the relaxation process to reach its target equilibrium value. Now, we illustrate this
behavior with our simple toy model. After each iteration, the solution ¢ produced

. (4.120)
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Figure 4.1. — Over-relaxation with A¢/7 = 10° as a function of ¢pg = ¢ (£ = 0).
Analytical solution is - - -, Crank-Nicolson is —.

by the Crank-Nicolson scheme Eq. (3.14) is weighted with its equilibrium value,
Ot+AD =0 Nt+AD+A-0)p%(t+AD). (4.121)

When o = 1, nothing new would happen, the updated solution ¢(t + At) entirely
comes from the Crank-Nicolson scheme, and results of Figure 4.1 are reproduced.
However, when o < 1, the solution is guided to equilibrium. Simulation with previous
parameters and o = 0.9 can be found on Figure 4.2.

We see that o < 1 allows to damp the spurious oscillations due to the over-relaxation.
By doing so, the scheme made of Eqgs. (3.14,4.121) is not anymore consistent to
Eq. (4.120). However, we know that except for the very beginning of the simula-
tion, we should obtain ¢ = ¢¢9, therefore, o < 1 helps the Crank-Nicolson solution to
remain closer to the expected relaxed solution. Therefore, we hypothesize that in a LB
scheme, o < 1 helps the non-equilibrium stress tensor to remain near its equilibrium
NSF value. In other words, 0 < 1 damps non-hydrodynamic modes [138, 139] and
helps to filter numerical errors of under-resolved relaxation which are now seen as
2 sides of the same coin. From this toy model, it seems that with a Crank-Nicolson
scheme, sometimes, the convergence of the Taylor expansion with At/7 > 1 is valid,
depending on the initial condition. More work should be done to understand the over-
relaxation of the stress-tensor, but note that the fact that the LB community seems to
be able to mimic so many different NSF solutions with LB is by itself and argument to
support that over-relaxation leads to negligible errors or that another mechanism is
responsible for the damping of spurious oscillations due to over-relaxation.
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@(t)
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Figure 4.2. — Over-relaxation with At/7 = 10% and o = 0.9 as a function of ¢y = (£ = 0).
Analytical solution is - - -, Crank-Nicolson is —.

4.8. Recap

In this Chapter, we presented a deductive description of LB schemes. The Taylor ex-
pansion of the LB scheme is presented and shows how to go back from the discretized
LB scheme to the continuous DVBE. This is particularly useful because most of the
improvements of the LB scheme are done on the numerical scheme itself, therefore,
the link with the continuous model is not as trivial as usually presented.

Our formalism is generalized to collision kernels in which some information is
filtered, such as regularized kernels. We formally show that regularized kernels are
O (At) accurate, this is an example of non trivial effect of a LB discrete model.

Then we apply our Taylor series expansion to the classical athermal LB model,
we show that the consistency condition is indeed more complicated than the low
Knudsen assumption of the classical LB framework.

We interpret different collision kernels based on the continuous limit of the LB
scheme. The collision kernel is seen to correspond to an implicit choice of unusual
mechanical constitutive model. The BGK, regularized, recursive regularized, hybrid
recursive regularized along with a new collision kernel known as "traceless" regular-
ization are discussed in light of the new formalism. The recursive regularized kernel
is seen to lead to a Galilean invariant continuous model extremely close to other
constitutive equations that can be found in the literature of constitutive equations
with lag effects.

The newly proposed formalism is then applied to the classical thermal p-based
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LB model. We show that the low Knudsen assumption is not sufficient to ensure
consistency towards NSE Indeed, Mach, Reynolds and Prandtl are identified to drive
different terms in the consistency error of this model.

Our Taylor expansion is also compared to other Taylor series for LBM. We show that
other works are indeed restricted to the diffusive scaling - At o« Ax? — and/or lead
to grid dependent Reynolds or Mach. However, a viscous compressible flow needs
similitude of both Mach and Reynolds.

In the last part of this Chapter, we discuss our sole assumption, that At is sufficiently
small for our series to be safely truncated and we show how the Crank-Nicolson is able
to produce accurate solution even for extremely low relaxation times when compared
to the timestep At.
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The mass and momentum conservations are solved by the lattice-Boltzmann algo-
rithm. Simultaneously, an additional thermodynamic variable should also be solved
in order to approximate Navier-Stokes-Fourier system. On small lattices, this ad-
ditional variable, the total energy, could not be solved along mass/moment by the
lattice-Boltzmann scheme. This is due to the inaccuracy of 3’4 and 4'" order mo-
ments coming from the defect of isotropy Eq. (3.56). Here, different strategies could
be employed. We could increase the size of the lattice in order to get back the accurate
energy flux. To maintain the stencil as small as possible and avoid a too large amount
of fields, we solve the additional thermodynamic variable with a different algorithm. It
can be either the Double-Distribution-Function, where a second set of lattice popula-
tion is used to recover energy conservation, or a more simple finite difference scheme.
Here, out of simplicity, we chose the second option.

The usual choice in CFD is to discretize the total energy equation [6, 24] in conser-
vative form. However, from trial and errors, we find that the total energy equation,
when coupled to the lattice-Boltzmann mass and momentum conservation, leads to
particularly unstable results for a wide range of classical finite difference schemes.
We believe it to be due to the interactions of lattice-Boltzmann and finite difference
numerical errors. Indeed, remember that 2 independently stable schemes are not
necessarily stable once coupled. More specifically, the numerical instabilities we
observed are linear instabilities, they are triggered by any supersonic mean flow with
superimposed fluctuations.

Nevertheless, an attempt to find a solution was proposed by Zhao et al [140], where a
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new numerical scheme allows to bring more from the lattice-Boltzmann part into the
total energy scheme. However, it is shown in Appendix B that those scheme introduce
numerical viscosity.

Regarding what was actually used in this manuscript, in Sec. 5.1, we identify that
entropy equation in non-conservative form is a viable candidate to replace total energy
in conservative form because,

— Entropy is an eigenmode of the linearized Euler system [141, 142]. In other words
for linear flows, the entropy equation in the Euler limit is uncoupled from the LB
scheme, which leads to an overall algorithm where numerical errors of the LB
and entropy scheme are only weakly coupled.

— For moderately supersonic flows, contact and shock discontinuities are still
accurately captured by the entropy equation.

In Sec. 5.2, we mention and justify our different choices in the discretization of the
entropy equation.

5.1. Is the entropy equation viable for
compressible flows ?

Up to now we have been unable to find a sufficiently robust and accurate numerical
scheme for the conservative total energy equation. Hence, we need to resort on other
thermodynamic variables than total energy. When the flow is smooth — without any
discontinuities — the chain rule can be used to replace Eq. (1.22) by combinations of
Egs. (1.20-1.26). However, not all variables have to be smooth, for example, dp upl0xp
is still properly defined when p and ug both exhibit discontinuities such that pug
remains smooth. In this case, the chainrule dpug/dxpg = poug/dxp+upgdp/dxs should
not be used. Unfortunately, the chain rule is used for any non trivial combinations
of Egs. (1.20-1.26). Therefore, while for smooth flows many combinations of these
equations can be performed without affecting the solution, weak solutions [102] —
i.e. with discontinuities — will be affected. To the best of our knowledge, the Navier-
Stokes-Fourier system Eqgs. (1.20-1.26) with the total energy equation in conservative
form is the unique system whose weak solutions are physical.

Nevertheless, let us check a very specific combination. The Lattice-Boltzmann
scheme provide a single algorithm for both mass and momentum Egs. (1.20,1.21), let
us then try to replace the total energy Eq. (1.22). Ordinary replacements are

2

dpe apeuﬁ au)’ aq)’ neqauﬁ . Uy
+ + +— "L = pg+m—, 5.1
ot oxp ox, ox, @ ox, 1777 6D

0s 0s 0qy neqauﬁ . u%’ p
T[22+ ug—— |+ —L -1 —L = (- —e-L). 5.2
P (6t+uﬁ6xﬁ)+6xy @b ox, pq+mi > ¢ p) 5-2)

In the case of a weak solution, Egs. (5.1-5.2) are expected to produce unphysical jumps
across discontinuities. Let us try to quantify the error introduced by the use of the
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entropy Eq. (5.2) instead of the total energy Eq. (1.22). Across a shock in a perfect gas
Eq. (1.13), the Rankine-Hugoniot jump conditions [6, 39, 44] can be obtained from
Egs. (1.20-1.26) by assuming vanishing p and k. Let us now discuss about the entropy
jumps across shocks and contact surfaces.

5.1.1. Shocks with non-conservative entropy equation

— For weak shocks, the Mach number is extremely close to 1, we assume Ma =
1 + € with € < 1, which leads [5] to jump conditions between upstream and
downstream states 1 and 2 written as

$2—8 3

279 _6ied, 5.3
C, (€) (5.3)

P27PL_ 5, (5.4)
p1

P27PL _ e, (5.5)
P1

LW _ 6. (5.6)
1231

Which means that the entropy discontinuity, compared to other variables, is
extremely small for weak shocks.

— Non conservative entropy Eq. (5.2) under the Euler assumption and written in
the reference frame of the shock reduces to

9s =0 5.7

“p GXﬁ - 67
which only admits solutions s = cste or ug = 0. Note that the initial (Rankine-
Hugoniot) solution does not satisfies any of those solutions. Therefore, the
Rankine-Hugoniot solution is not a steady solution of the entropy equation, and
the weak entropy jump will dissociates from the initial discontinuity and will
be advected away by the flow. Because the entropy jump is extremely small, the
remnants discontinuity near the initial Rankine-Hugoniot jump looks very close
to a weak shock solution of the total energy equation, except that it is not exactly
stationary and that it is an isentropic discontinuity.

This explains how weak shock-like isentropic discontinuities could happen when
using the entropy equation with sufficiently low supersonic Mach. Indeed, those
"isentropic weak shocks" are numerically observed in simulations when using the
entropy equation. In order to see if the isentropic assumption could be considered
valid at least for some specific Mach and y, let us determine how the entropy jump
behaves as a function of those parameters. The Rankine-Hugoniot jump solution for
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entropy [6, 39, 44] is

=
) (5.8)

-
1

1
[ (y+1)Ma?

5251 2y
(y —1)Ma? +2

— T = 2 _
f(y,Ma)=e 1+Y+1(Ma 1)

where Ma is the Mach number of a stationary shock. We use f (y,Ma) because 2= is

defined up to an arbitrary reference constant, hence, to define a % error, we needed a
different function. Because the entropy is typically involved throughout p = e*'vp?,
exponential function seemed well indicated. Isentropic discontinuities means that
51 = s such that

fa=s, (y,Ma) =1. (5.9)

On Figure 5.1 is reported € the percent error between the Rankine-Hugoniot solution
Eq. (5.8) and the isentropic solution Eq. (5.9). This error is defined by

f (Y’ Ma) - f81=Sz
fly,Ma)

Figure 5.1 shows that for a reasonable range of adiabatic exponents the error in-
troduced by the isentropic approximation on a shock remains below an acceptable
margin of 5% as long as Ma < 1.4, showing that the entropy Eq. (5.2) could potentially
lead to an acceptable accuracy for low supersonic flows. However, for higher values of
Ma, the error rapidly increases to unacceptable values, around 25% at Ma = 2.

&5 =100 (5.10)

35 T T T T T T T T T

Figure 5.1. — Percent error €; between Rankine-Hugoniot and adiabatic functions
§$2—S§
e 7 between supersonic state 1 and subsonic state 2 as a function of the Ma

number. y=1.2is —; y=14is---; y=1.6is-- andy =1.8is----..
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5.1.2. Contact surfaces with non-conservative entropy
equation

When crossing a contact surface from state 1 to state 2, both normal velocity and
pressure are constant, such that mass, momentum and total energy conservation
written in the frame reference of the discontinuity (u#; = uy = 0) respectively lead to
0=0, p; = p2 and 0 = 0. Similarly, non conservative entropy Eq. (5.2) under the Euler
assumptions and written in the reference frame of the contact surface also reduces to
0 = 0. Therefore, contact surfaces are solutions of both the conservative total energy
and non-conservative entropy equations.

5.2. Discretization of the entropy equation

The total energy Eq. (1.22) is the only one providing accurate weak solutions [102].
However, for sufficiently low compressible flows such as Ma < 1.4, the entropy equa-
tion seems to be an acceptable candidate to replace the total energy equation. This
discussion was merely a rationalization and should not be considered as a rigorous
demonstration. Its conclusion will be empirically validated by compressible simula-
tions in Chapters 6-7. Of course, here, we only discussed about the vanishing viscosity
u and heat conductivity A case. For smooth fully resolved solutions, both entropy and
total energy equation would lead to identical solutions.

In order to discretize accurately Eq. (5.2), we need to discretize its most important
term, the convective one, ugds/0xg.

5.2.1. Passive scalar advection

In order to properly discretize the convective part of the entropy equation, let us
first take a look at a very simple toy-model, the passive scalar ¢p advection by constant
velocity a, 5 5

4 4
or " “ox
whose analytical solution ¢(z, x) is nothing but the initial solution ¢(x) shifted by
velocity a,

0, (5.11)

¢o(x) =¢p(t=0,x), ¢(t,x) = po(x — at). (5.12)

Assuming a positive (resp. negative) velocity a means that information travels only
from x = —oo (resp. x = +00) to x = 400 (resp. x = —oo). This serves as a guideline
to find suitable numerical schemes. No matter the sign of a, more points should be
used from the upwind direction because no information comes from the downwind
direction, indicating that decentered schemes in the upwind direction should be used
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equation
in order to discretize Eq. (5.11). For a > 0, the easiest choice is
d(t+At) — (1) 6([)

+ O (Atb), 5.13
AL =5 (A1) ( )

Lx)—o(t,x—A 0
PO =dLX=A0 _ 0P, 5w, (5.14)

Ax © ox

which is only first order accurate in both space @ (Ax) and time G (At). Now, let us
see what is the effect of these low order errors. Using schemes Egs. (5.13-5.14) the
discretized counterpart of Eq. (5.11) is

G(t+At, x) = (L, x) —aA—Axt [o(t, x) — P2, x— Ax)] . (5.15)

Injecting Taylor-series in Eq. (5.15) allows to obtain a modified equation [14, 24, 143,
144], )

op 0P 0°¢p

—+a— - |At— +an— +0O (A, Ax? 5.16

ot ox or? 0x? ( )- (5.16)
On the left side we recognize Eq. (5.11), our target equation, on the right size we
see here truncation errors O(-) introduced by discretization, in which we recognize a

2
spurious diffusion term 37‘5. This means that numerical scheme Eq. (5.15) is expected

to create additional unintended diffusion. Additionally, a second order time derivative
2

0 . . . . . .
3z was also introduced through numerical errors, in order to interpret it let us notice

that we are allowed to rewrite Eq. (5.16) as

op 0
3 +a6x =0 (At,Ax). (5.17)

Taking its first order time or space derivative respectively leads to

02</> R0
=0 (At,Ax). 5.18
P a o = O(ALAY .18
*p %P
— =0 (At,Ax), 5.19
drox T a2 ~ 0 BLAY (5.19)
then injecting Eq. (5.19) into Eq. (5.18),
az(b 262
a_t2 =a a—xz +@)(AT,AX), (5.20)

which can be reused in Eq. (5.16) to obtain an interpretable modified equation

2
0 0P _adx ., CFL)—+@’(At AxY), (5.21)
ot 0x 2

which is an advection-diffusion equation, whose diffusion coefficient is 45* an (1-CFL),
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where the CFL is

crL= 241 (5.22)

Ax .

This spurious diffusion coefficient vanishes for a fixed CFL when Ax — 0 or for a fixed
gridsize Ax when CFL — 1. Because the analytical solution Eq. (5.12) is a frozen pat-
tern moving with velocity a, the spurious diffusion term stemming from the scheme
Eq. (5.15) will introduce an additional damping of the solution. For a negative advec-
tion velocity a, Eq. (5.15) even leads to a negative diffusion coefficient : gradients are
sharpened over time, in other words, this numerical solution is unstable for a < 0.
Because transport is often the most important phenomenon in compressible flows,
extreme care should be taken when choosing an advection numerical scheme. In order
to further illustrate that stable and accurate numerical transport is not easily satisfied,
Eq. (5.11) is discretized by different numerical schemes and results are presented for a
wide range of numerical parameters.

The numerical setup is as follows. First, the periodic domain is of length N, the
gridsize is taken as Ax = 1. Using Eq. (5.22) the advection velocity a = 1 along with the
tunable CFL is used to define the timestep,

CFLAx

At = . (5.23)
a

The initial solution is defined as follows,

—200(x— N/4)?
Po(x)=e N2

tanh [(x+ & - 2X) « 10°] — tanh [ (x - & - 2&) x 10°]
+
2

(5.24)
which corresponds to a Gaussian profile centered around N/4 and a crenel function
of half-width N/12 centered around 3N/4, both with amplitude 1, superimposed on a
constant value 0. Then, this initial solution is advected for 10 periods in the numerical
domain, corresponding to a distance 10N for a total of 10N/CFL iterations. Last
time step solutions are then plotted. It is expected that the red numerical solutions
perfectly matches the black analytical one, as suggested by Eq. (5.12), which just
means that the initial solution is advected as a frozen pattern. And after 10 periods the
solution exactly went back to its initial position. However, defects between analytical
and numerical solutions appears due to truncation errors ¢(-). An absence of red
numerical solution means that the corresponding numerical scheme returned an
unstable solution. Results are presented for a set of 12 different numerical schemes,

— RK1, 30% upwind + 70% centered [145]
— Beam & Warming [14, 24]

— Lax Wendroff [14, 24]

— Fromm [14, 24]

— RK1, MUSCL [146]

— RK2, MUSCL [146]
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— RK4, centered [82]
— MUSCL Hancock [24]

These algorithms were chosen because they are either traditional in finite differ-
ence lectures or because they were used in the Lattice-Boltzmann literature. Chosen
numerical parameters are,

— CFL=0.5, N=200

— CFL=0.5, N=100

— CFL=0.9, N=200
A careful examination of figures 5.2 shows that very little of these numerical schemes
were able to simultaneously provide accurate on coarse grid (N = 100), high CFL
(CFL = 0.9). Among these 8 schemes, the MUSCL Hancock method is selected as
being the best candidate to provide accurate and stable results on a wide range of
numerical parameters while only having a 5 points stencil, which makes it numerically
efficient as it only needs to gather datas from points i —2 to i + 2 in order to update

point i from ¢ to ¢+ At. Lastly, let us quickly discuss about the units in this test case.
The problem could have been summarized by a series of parameters,

— Characteristic length of a perturbation xy, [xo] = m.

— Characteristic distance of advection Ly, [Lg] = m.

— Velocity advection a, [a] = m.s~L.

— Characteristic time of advection f, [fy] = s. However, note that given the velocity
a and distance Ly, fo x Lo/ a. This parameter is therefore redundant.

— The space step Ax, [Ax] = m.

— The time step At, [At] =s.

— ¢, the characteristic amplitude of our perturbation. However, note that the
problem we are trying to solve — both continuous and numerical - is linear,
therefore, the solution ¢ can be arbitrarily rescaled by any constant. Therefore, €
is not a relevant parameter.

Finally, only x¢, Lo, a, Ax and At are dimensional meaningful parameters. Following

Sec. 1.2, 5 -2 nondimensional numbers could be formed, and the system is better
described by a simplified expression,

(x" Ax CFL) ~0 (5.25)
§ Lo’ xo’ o '

Here let us explain a bit further the meaning of these ratios,

— Xxo/ Ly corresponds to the ratio between the length of the fluctuation and the dis-
tance on which it is advected. x( being fixed by the initial condition, another way
to describe this ratio is to say that it is equivalent to fixing the number of periods
of advection in the periodic box, arbitrarily chosen as 10 in our calculation.

— Ax/xo is related to the amount of discrete points per wavelengths of the pertur-
bation. This adimensional number drives the spatial resolution.
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— CFL is related to the amount of discrete points per characteristic time Ax/a.
This adimensional number drives the temporal resolution.

This shows that while it would have been tempting to describe this problem by xj,
Ly, a, Ax and At, it would have led to an unnecessary complicated description while
Xo/ Ly, Ax/xp and CFL is the minimal amount of parameters to fully describe the
solution. Note that in our simulation we used as parameters i) the number of advection
periods that we fixed at 10 ii) the total number of points N iii) the CFL. Therefore, we
effectively used this the nondimensional system of units, which is why the advection
velocity a was arbitrarily fixed, its value is simply meaningless. Changing it to any
arbitrary value while keeping xy/Lg, Ax/xo and CFL fixed would exactly lead to the
same similar solution up to machine precision.

To conclude this part about the advection model Eq. (5.11), let us just keep in mind
that the choice of numerical advection scheme is crucial. Thanks to this discussion,
we identified the MUSCL-Hancock scheme as a viable candidate to discretize the
convective part of the entropy equation.
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Figure 5.2. — Advection over 10 flow-through-time periods of a passive scalar for
different schemes, CFL and grid resolutions
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equation
5.2.2. Finite difference schemes
For the sake of clarity, the entropy equation is now written as,
T\—+ug—|+—-I1"— =2, 5.26
b ”ﬁaxﬁ) ax, 1P ax, 520

Where £ = pg + r'n(ui/ —e— p/p). Only keeping the first 2 terms corresponds to
the passive scalar advection of variable s by velocity ug. In order to keep the overall
entropy scheme explicit, sufficiently accurate and easily implementable in the code, it
was chosen to use a mix of low order and high order numerical schemes. Out of clarity,
we only discretize the equation in 1D. In our code, to update the solution from time n
to n+ 1, the entropy located in cell i gathers datas from neighboring cells according to

n+l _ .n SMIIJ - SMIIJ
s’ st 1791
P Tiygn 2 Tr_gny gn (5.27)
At L Ax ! v .
2
) I, —2T7+ T, + (/1?+1 _/1?—1) (Tiril — Tin—l) +,ué (uyﬂ _ u?—l) (5.28)
! Ax? 2Ax 2Ax 3 2Ax T
n,,n n
. . i Ui Pi
Qi”:p?qi”+m?(%—e?——;), (5.29)

i
where sﬁ‘f If is the interpolated value on face i + % by MUSCL Hancock method. The

heat diffusion and viscous heat are encompassed in 5”1.”, whose discretization was
chosen out of trial and error tests. The last term, 2 lf“, is the local source term. Let us
note that this overall scheme is rigorously only first order accurate :

— First, the source term Ql” was discretized using an explicit 0 (Af) accurate
scheme. This low order scheme is justified by the fact that 2 often corre-
sponds to sponge zones, which is not a sufficiently stiff term to require extra
computational time.

— The heat diffusion was discretized using a @ (Ax?) scheme. This term was not
identified as a key term for stability or accuracy, therefore, we stick with this
simple scheme.

— The first order gradients in #/ were discretized by centered @ (Ax?) accurate
schemes in order to keep their numerical errors non-directional.

— The advection of entropy was discretized by a MUSCL Hancock scheme. Because
we used ! instead of u?“’ % [24], this scheme achieves an € (A3, Ax®) accuracy

only for constant velocity flows. This is due to the difficulty in getting u?“/ 2
in our code. However, note that using u/*"/? = 0.5 (u" + u"*!) + 0 (Ar*) and
completely changing the structure of our code, it would have been possible to

compute ulf”” 2 out of u? and uf”, which does not changes anything in the
linear regime but would restore the @ (At®, Ax®) accuracy for non-linear flows.

— A dimensional splitting [14, 24] would be rigorously necessary for the extension
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to 2D/3D. This has not been done and creates a G'(At) error for regions with
streamlines misaligned with either the x, y or z axis.

While more accurate schemes could have been used, our code is mainly destined for
industrial applications. Therefore, a trade-off arises between accuracy and efficiency.
Given the structure of the code and the targeted applications, the proposed scheme
has been identified as a decent compromise between stability, accuracy and low
computational cost.

Note that due to human inertia, the code being rather complicated and based on
previous works [74, 123], it was chosen to carry on the previous choice to discretize

the stress tensor 9,5 using finite differences, while its numerical approximation was
already available from HZ;"’(Z). While it is merely a guess, using a fully consistent stress
tensor between the entropy equation and the momentum conservation could have
led to a more natural coupling, which could have brought an extra stability. In what

follows, complete details of the MUSCL Hancock method are provided.

5.2.3. MUSCL-Hancock method

Convective part of the entropy equation is discretized as follows

MH MH
Sﬂ+1 _ Sl.’l Si+% — Si—%
i i n
+ u; =0. (5.30)
At ! Ax

Where s?f H and s?/f H are computed using the following steps :
2 -2

i) Extrapolated intercell values are evaluated at the left and right sides of the ith
cell as

1 1
Si,L=S8i— EAi» Si,R = Si + EAi, (5.31)
with A; a high order approximation of the slope,
1
Ai=3 [(L+7) (si—si-)+ (1—=n) (Si+1— 5], (5.32)

and 7 = %[ZAAIXM? —sign(u})] as suggested in [24].

ii) Evolving of extrapolated boundary values by a time % is done by

Atu;’
2Ax

Atuf
2Ax

SiL=S8iL+ (siL—Sir),  Sir=Sir+ (si,2—sir)- (5.33)

iii) Then sﬁ‘f I and sM! are evaluated as
1 i1

2 2

MH Ei,R lfuanO MH Ei—l,R lfuanO

17 < if 1T =9 = i (5.34)
i+3 Siv1,L Hu; <0 i-3 SilL itu; <0
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For passive scalar advection, this scheme results in a compact 5 points stencil
which is @(A£3, Ax®) accurate [24].

5.3. Recap

In this Chapter, the thermal coupling of the hybrid LB model is discussed. Due to
the inaccurate energy conservation of LB solvers using small lattices, a secondary ther-
modynamic variable should be discretized. To achieve a fully conservative scheme,
the discretization of the total energy equation in conservative form is necessary, to
this end, a numerical scheme was derived in Appendix B. However, the entropy being
an eigenmode of the linearized Euler system, it is more easily discretized because :

— It mostly behaves as a passive scalar in smooth regions.

— In the linear limit it is uncoupled from the other modes — acoustic and vorticity —
that are hidden in the LB solver.

Therefore, the LB scheme being stable on its own, if we select a high accuracy and
robust finite difference scheme for the entropy mode, the errors of both schemes
will not interact, at least in the linear limit. Therefore, it is much easier to couple a
discretized entropy equation and to achieve a robust overall scheme when using the
entropy equation, which is why we decided to use it.

Fortunately, we were able to show that while the entropy equation does not leads to
a conservative scheme, it does lead to sufficiently accurate jump conditions for the low
supersonic regime, which is consistent with previous studies [74, 75, 147-149]. Then, a
wide variety of schemes are tested on the passive scalar advection test case in order to
determine which scheme could lead to accurate results for the entropy equation. The
MUSCL Hancock scheme is selected for its high accuracy and robustness compared
to previous schemes employed in the hybrid LBM literature.
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6. Pressure-based
lattice-Boltzmann model

This Chapter mainly follows the content of :

G. Farag, S. Zhao, T. Coratger, P. Boivin, G. Chiavassa and P. Sagaut. A pressure-
based regularized lattice-Boltzmann method for the simulation of compressible flows.
Physics of Fluids, 2020.

https://doi.org/10.1063/5.0011839
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In previous chapters, a numerical scheme interpretation of the lattice-Boltzmann
method was carried out. Then, this method was used in Sec. 4.5 to analyze a p-
based thermal model [74]. Now that the numerical scheme for an arbitrary moment
Hé’l(_'_q_)an — Eq. (3.80) — was evidenced from the collide and stream algorithm, let us
try to see if the p-based model presented in Sec. 4.5 is the only possible choice of
thermal lattice-Boltzmann scheme verifying mass and momentum conservation. To
this end, the coupling between the mass/momentum block and thermal effects is
now performed using a kind of predictor-corrector approach, that allows for the use
of a very simple athermal-like equilibrium. This will yield the definition of a new
segregated, pressure-based hybrid LBM equipped with a traceless hybrid recursive
regularized collision model and an entropy equation to encompass thermal effects.
Note that the designation of density or pressure based only corresponds to the Oth

109


https://doi.org/10.1063/5.0011839

6. Pressure-based lattice-Boltzmann model - 6.1. Hybrid Recursive Regularized
pressure based model

order moment of the equilibrium and should not be confused with the classical
CFD designation of density/pressure-based solvers.

Note that segregated pressure-based LBMs have been investigated by many authors
during the last two decades, mostly for low-Mach flows, e.g. low-Mach thermal flows
with variable properties [150], low-Mach combustion [151-154], low-Mach multiphase
flows [155-168] including phase change and thermal phase change [169-173]. In
almost all cases, the double distribution function approach was used to solve the
additional equation (e.g. phase index, temperature ...); only very few authors used a
hybrid approach with a Finite Difference method for the scalar temperature/energy
equation [151, 152, 169, 173]. To the knowledge of the authors, the present hybrid
recursive regularized p method is the first one dealing with segregated pressure-based
method for high-speed compressible flows in both subsonic and supersonic regimes,
using a hybrid finite-difference-based approach to solve the entropy equation.

The general structure of the present model is discussed in Sec. 6.1. The Taylor
expansion analysis we presented being generic, we only provided its results for this
new model in Sec. 6.2. Numerical results obtained with the new method are displayed
in Sec. 6.3.

6.1. Hybrid Recursive Regularized pressure based
model

Here, similarly to Sections 4.3 and 4.5, the scheme is recast into a list of consecutive
steps. Assuming all variables are known at time ¢, the algorithm to follow to get the
t+ At solution is

— Step 1 : Equilibrium construction The equilibrium is expanded following the
complete D3Q19 basis, corresponding to polynomials of order 0 to 3 in Ap-

pendix A.
1) H02 F857)
fl.eq:wi{%w)p9+#pua+£[puauﬁ]+6;cga(y3”}. (6.1)
where agm is a function of aS}W = puqupuy, defined in Appendix A. This basis

simply allows to use a simpler force correction term F; due to a reduced isotropy
defect Df; Z;;(s). This procedure could also be applied for the p-based [149] and
does not affect the consistency. Assuming that as in [149] the p-based approach
also used the complete basis, the main difference with Eq. (4.30) lies in the 0’ h
order, where p is replaced by the normalized pressure p0 = p/c2. Let us also
recall the classical definition of the normalized temperature, Eq. (4.83).

— Step 2: Force construction The forcing term is simply extended to second order,

) H i
.= 0) ,E(0) ia _F(1) tap E(2)
Fl_wl{Jf a + 2 ag "+ - “aﬁ }, (6.2)

N N
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with its Hermite moments defined as

FQ) _ 2 09(1—9)+Cgu dp(1-0)

Bap = Sl TS T o,
1,3
+ Sappc? Zauy —-c25 0p1=6) _ oD aby
UV TR T ox,
+ pFaupg+ pJﬁ Ug — MUgUg, (6.3)
abV = pz,, (6.4)
ab© m. (6.5)

It was observed that the following set of schemes in the force term led to reason-
able stability properties for supersonic flows,

_ 1—0 , A - 1_6 ) _A
ap(1 m(t,x) _ [p(1-6)] (£, x+Ax) = [p(1-6)] (£, x— Ax) LAY, (6.6)
0x 2Ax
1—6 , - 1_9 _A )
op(1- 9)( [x) = [o( )] (8, %) = [p( )] (1= At x) +O(AD), (6.7)
ot At
du, B p(t, xy + Ax) — p(t, x, — Ax)
~ p(t,x) p(t At, x) 2
e ] +O(AL,AXD). 6.8)

Note that the unusual velocity divergence scheme Eq. (6.8) was obtained using
mass conservation Eq. (1.20). Additionally, on a D3Q19 lattice, the divergence of
the isotropy defect is

£94,3)
0D 3
apy dp ua OpUxlyUs
=0 +(1-6 ) 6.9
Fe— =Ous 1-0ap) =5 (6.9)

without summation over repeated index a and with ¢ defined by ¢ # @ and
v # B. It was discretized by the following scheme,

$(xy) — Pplxy — Ax)

ifu,=0
” Ay if uy =
P ~ , (6.10)
Xy P(xy + Ax) — Pp(xy) Fu <0
Ax Y

his set of numerical schemes have been found to be optimal for the Ma = 1
stability of Kovasznay modes simulated in Sec. 6.3.

— Step 3 : Non-equilibrium construction Though the pressure-based model does
not presuppose the use of a specific collision kernel, we chose to use the traceless
hybrid recursive regularized collision kernel, see Sec. 4.4. The non-equilibrium

population f?eq is then reconstructed following Eqs. (4.77,4.80) and using the
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complete basis, similarly to the equilibrium distribution Eq. (6.1).

— Step 4 : Collision Thanks to previous steps fieq, F; and T?eq have been built,
compute the collided population fl.c"l such that

f‘lCOZ(t’x) feQ(t x)+(1__)fl ([,x)+%Fl([yx); (611)

with the offset relaxation time defined for this model by

_ M At
T:—2+?. (6.12)
pc?

— Step 5: Streaming Shift the populations according to

fit+ALx) = fOUt x— i AD). (6.13)

— Step 6 : Coupling update Here, for stability reasons, it was chosen to follow the
path of the p-based model [74, 123] and to discretize the entropy, Eq. (5.2), see
Appendix 5.2.2 for more details. This step provides the knowledge of s(t + At, x)
as a function of the previous time ¢.

— Step 7 : Update macroscopic variables When applied to n = 0 the macroscopic
update rule Eq. (4.4) usually gives us the updated density p(¢ + At, x). But here
because we modified the equilibrium distribution it leads to an updated pressure
(p*/c2)(t+ At, x) such that
* 7 At
Byt + At x) = I FALD0) STt +AL), (6.14)
CS

which is equivalent to an unphysical equation for the pressure, d(p*/c?)/0t +
Opugl/dxg = m, see Eq. (4.15) for n = 0. To recover the correct mass conservation
equation it is mandatory to modify the 0’ order update rule such as:

- At
p(t+At,x) =TI EHAD0) b6 ) [1-0](2, %) + - mit+ALx).  (615)

The update rule for n = 1,2 remains unchanged,

q-1
Y ciaf; (t+Atx)+—[p9](t+Atx), (6.16)
i=0

At ne e At
(1 + _) Hiﬁ D(t+Atx),2)  _ Hf'(Bt+At x),(2) £ﬁ’7(t+Atx) (2) HF(I+At xtéziﬂ

puq(t+At, x)

Then compute T(f+ At,x), from s(t + At,x) and p(t + At, x).
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6.2. Continuous equivalent equations

Now that macroscopic quantities, namely mass, velocity, stress-tensor and tem-
1,2
perature, p(f + At, x), ug(t+At, x), l'Ia/3 (t+ At,x) and T(t + At, x) have been ex-
plicitly updated let us analyze the equivalent continuous equations of the system
Egs. (6.15,6.16,6.17) and compare it with the target set of equations Egs. (1.20,1.21,5.2).
Following Chapter 4, the Taylor expansion of the lattice-Boltzmann method coupled
with a consistent entropy scheme leads to the system of equations

dp Opup
_+ = , 6.18
ot oxg (6.18)
0|puqgug+ pd +aneq'(2)
Opug I\PRtPTPOBT Tap | _ o (6.19)
ot dxp — P '
anf,(z) anf,(s)
ap apy L _fredmy | R
N - _lm +IFo 6.20
ot 0xy T B ap (6-20)
ds sy 0dqy dug u p
T(2 t g )+ 22— gog—P = pg+ (=L —e- 2, 6.21
P (at ”ﬁaxﬁ) 0xy “ﬁaxy pag+ml 2 ¢ p) (6:21)

where equations of state for ideal gas are p = pr T, s = C,In(p/p") and caloric consti-
tutive equation is Eq. (1.24). We recognize mass, momentum and entropy conservation
along with an evolution equation for the stress tensor, let us analyze this equation.
Using the kinetic tensor Eq. (4.47) obtained from mass and momentum conservation,
the force terms Egs. (6.3,6.5) along with the 24 and 374 order macroscopic moments
of the equilibrium population lead to the stress tensor equation,

£1e,2) o [Ouq  Oup 2 0uy

—H = _t - 6 —_

ap PG 0xp  0xq b3 0xy
1,2 £19,3) fred,2) neq (2)

+T{GH“ﬁ -+6H“ﬁy }—r[u Oy +u My ] 6.22)
ot dxy “ox, P ax, I '

where we recall from Eq. (6.12) that Tpc? = u. This is the exact same evolution equation
as in the athermal case, see Sec. 4.3. Because equilibrium is enslaved to low order
macroscopic moments the only place where the higher order moments have an impact
in thermo-hydrodynamic equations is through Hf; ;(::’(3). Fortunately here we used
a filtered collision kernel — see Eq. (3.34) — so that even if higher order macroscopic
equations are unphysical their effect on low order macroscopic equations is explicitly
filtered during non-equilibrium reconstruction [72, 81]. To find out in which cases
the stress-tensor evolution equation is sufficiently close to its expected value we use
the same nondimensionalization as in Sections 4.3 and 4.5, except that Qg = Uyl is
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known because of the collision kernel. This leads to a normalized equation,

*aneq,(:_})
—H*’fneq’(z) —g 4 Ma2 )/TTO ianaﬁy
ap af " Re ¢z p* Ox;
*,f1ed,(2) x, fed (2 *,f1€4,(2)
Ma2yrTy 1 [ ,0lg +u*0na{ © L 1 05 6.23)
Re ¢ p*| ¢ 0x; P oxy pocitsp* ot

Note that defining the CFL number [14] as in most classical compressible codes

Uop++/yrTi
CFL= — Y170 (6.24)
Axl At
and reminding that the lattice sound speed is ¢; = Ax/(v/3 At) we can see that

yrT, _ 3CFL?
2 (Ma+1)?

(6.25)

By assuming that our fastest relevant phenomenon is the convection, such that #; =
Ly/Uy, we can rearrange Eq. (6.23) into

2 2
_H*’fneq’(z) :LO]'* ( Ma CFL ),

ap ap Re (Ma + 1)2 (6.26)

which is the consistency condition of the pressure-based model [76]. This very simple
expression was obtainable only because we used a collision kernel in which the scaling
of third order non-equilibrium moments is algebraically enslaved to variables whose
scaling is known, see Eq. (4.77). This equation shows an attractive feature of this model
: the discretized continuous equations now directly depends on the CFL number,
similarly to the athermal model throughout Eq. (4.55) and unlike the p-based model,
see Eq. (4.102), where the error is not lowered by reducing the CFL.

Consistency errors of athermal (Sec. 4.3), p-based (Sec. 4.5) and p-based (present
chapter) are recalled in Table 6.1, comparison of the p and p based models, at least in
term of consistency, clearly favors the use of the p-based model, because unlike the
p-based model,

— The consistency error decreases with decreasing CFL.
— The error remain bounded when Ma is increased.

— The consistency error goes to 0 as the Ma is decreased.
— The error is Pr independent.

It is of utmost importance to recall that consistency and stability [14, 22, 23], are
2 different properties. Now that the consistency of the lattice-Boltzmann p-based
model have been checked, let us validate its stability by numerical simulations.
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Model Stress tensor error \ Equation
—2
Ma
Athermal model (Sec. 4.3) 5 R—) (4.57)
e
: . Ma? 1
Compressible density-based (Sec. 4.5) O|l—|+0 (4.102)
Re RePr
Ma? CFL?
Compressible pressure-based (present section) @ a—) (6.26)
Re (Ma + 1)2

Table 6.1. - Summary of consistency errors for the stress tensor, for the three models
studied. Recall that athermal and thermal Mach numbers Ma and Ma
have different definitions, see Eqs. (4.54,4.100)

6.3. Results

In this Section, the proposed traceless hybrid recursive regularized p is assessed
on different configurations and compared to reference solutions that can be either
analytical solutions or numerical solutions obtained by high-order Navier-Stokes
Fourier solvers. The validations are aimed at demonstrating the ability of the present
model to accurately reproduce fully compressible effects for a wide range of physical
parameters, including

— Convection tests at Mach=(0.5, 1, 1.5) for the three fundamental Kovasznay
modes: vorticity (Sec. 6.3.1), entropy (Sec. 6.3.2) and acoustic (Sec. 6.3.3). These
tests show excellent dissipative and dispersive properties.

— Couette thermal flow tests in Sec. 6.3.4. This Section validates the accuracy of
the model regarding the viscous heating and heat diffusion for a wide range of
Ma, Pr and y numbers.

— Validations in the presence of shocks. They include one-dimensional shock tube
(Sec. 6.3.6), and shock-vortex interaction (Sec. 6.3.7).

All inviscid simulations are carried out setting the dynamic viscosity to g = 1071% in
order to mimic an Euler solver. The classical definition for the acoustic CFL number
Egs. (6.24) is adopted throughout all test cases.

6.3.1. Isentropic vortex advection

The first test case is the usual inviscid and isentropic vortex advected by a mean
uniform flow in a fully periodic domain. The analytical solution is a frozen pattern
simply advected by the mean flow over time. The [0, 10] x [0, 10] physical domain is
discretized by a 200 x 200 mesh. The isentropic vortex is initialized at its center and
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defined as
1
~1 —
o= ]__%Mgel—rz/}?z ')/—]. , p:p)f’ (627)
1=y — Myyye " R2(y_y ), (6.28)
v=Myye " FN2(x_x), (6.29)

with r = v/(x — x¢)2 + (y — y¢)2. The characteristic radius of the spot is set to R = 1, the
free stream flow to up = Ma,/y, Tp = 1, p = 1, y = 1.4 and the strength of the vortex to
M, = ﬁ, following [123]. The time-step is fixed to At = 0.001725, corresponding
to an acoustic CFL = 0.1 for the Ma = 1.5 case. The value of the hybrid recursive
regularized weighting parameter is 0 = 1 leading to a stress tensor 100% evaluated
by the LBM. The vortex is then advected on a distance of 200R corresponding to 20
flow-through-time (FTT). The initial and final density maps with identical colorbars
are reported for different values of the Mach number in Fig. 6.1. As expected, the shape

of the vortex is perfectly preserved after 20 FFT, regardless of the Mach value (0.5, 1
minp(20FT T)—minp(=0)

and 1.5). For each Mach number, the dissipation, defined as ¢ =

1-min p(¢=0)
10 1.001
t=0 Ma=0.5
1.0008
£=25x10"2
1.0006
5
11.0004
11.0002
Ma=1.0 Ma=1.5
0 =1
0 5 10

Figure 6.1. — Density fields for the isentropic vortex convection: initial/analytical pro-
file (top left), and solution after 20FT T for Ma = (0.5, 1.0, 1.5). The
dissipation ¢ is reported in each case.

is also reported in Fig. 6.1, showing that less than 1% of the initial amplitude was
lost after 20 FTT. Note that use of o = 1 was possible in these simulations, whereas
maximum values of o close to 0.7 were achieved with the hybrid recursive regularized
p formulation[74] studied in Sec. 4.5. This translates to a decrease in dissipation
¢ by about an order of magnitude compared with the hybrid recursive regularized
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p model[74]. The proposed hybrid recursive regularized p method is then able to
compute accurately the advection of a radial flow over a long time without introducing
spatial distortion nor spurious dissipation, despite a relatively low spatial resolution.

6.3.2. Entropy spot advection

The convected entropy spot is a benchmark of particular interest for the present
model as it is expected for the numerical solution to be mainly dependent on the
finite difference part of the solver used for the entropy equation. The LBM is known
to exhibit a low numerical dissipation behavior [100], it is then important to check
that the finite difference part of the scheme does not deteriorate this property. A good
way to verify it is to convect a pure entropy spot over a long distance. The flow is then
initialized as

p= p0(1+€e_r2/R2), (6.30)
T = To(l—ee_rz/Rz), 6.31)
U= uy, v=0, (6.32)

with a sufficiently low value of ¢ = 1072 ensuring that the u + ¢ acoustic modes are
not triggered [174]. All the other parameters remain unchanged compared to the
isentropic vortex aside the dissipation which now reads as ¢ = =~ (i(ilgag;(;i%’;p (=0

Initial and final solutions of the advected entropy spot can be seen on Fig. 6.2, leading
to the conclusion that the shape of the entropy spot is well preserved and that less

than 3% of the maximum amplitude was lost over the whole simulation.

10 1.001
t=0 Ma =05
1.0008
1.0006
5
- 1.0004
£=26x10"2
11.0002
Ma=1.0 Ma=15
0 =1
0 5 10

Figure 6.2. — Density fields for the entropy spot convection: initial/analytical profile
(top left), and solution after 20F T T for Ma = (0.5, 1.0, 1.5).
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6.3.3. Acoustic wave propagation

We compute in this part the propagation of a pure acoustic wave over a long distance.
The wave is not simply advected by the mean flow, it is propagated with a u+ ¢ velocity,
which leads to a complex pattern when initialized in a 2D domain. It was then chosen
to test the acoustic decay in a 1D periodic simulation with a [0, 10] physical domain
discretized by 200 points and A = 0.001725. The acoustic wave is initialized as

0=p0 (1 +ee‘r2/R2) : (6.33)
T= T0(1+(y—1)ee_r2/R2), (6.34)
u=up+ coee_rzm2 , (6.35)
V=0, (6.36)

with r = (x — x.) and € = 1073, Analytical and numerical solutions are plotted on
Fig. 6.3. A good agreement with the analytical solution is observed, with a very low

1.001

1.0012
1.001 | \. % 1.0009

1.0008 |

1.0008
1.0006 | 5

QL
1.0004 ¢

1.0002 ¢

1

0.9998
0

Figure 6.3. — Density fields for the acoustic propagation (u+ ¢ mode): initial/analytical
profile (solid line), and solution after 20F T T at Ma = 0.5 (dashed), Ma =
1.0 (dotted) and Ma = 1.5 (dot-dashed).

numerical dissipation ¢ of respectively 1.9 x 1072,2.2x1072 and 1.6 x 1072 for subsonic,
sonic and supersonic cases.

6.3.4. Thermal Couette Flow

The thermal Couette flow is presented here as part of the validation basis of compress-
ible LB models, but credit for this subsection goes to Thomas Coratger, who carried out
these validations.
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Having validated the hybrid recursive regularized p model the Euler part of the con-
servation equations through convection tests, let us now validate the shear stress and
heat transfer balance through an analysis of thermal Couette flows.

The test case is two-dimensional and consists of a shear flow between two infinite
flat plates: one is static and the other is moving in the x-direction at a constant velocity.

U =Ma X Cgo0, (6.37)

A shear force is transmitted to the fluid by the no-slip condition at the boundaries
where thermal properties are given. Then, the temperature T only depends on y. At
steady state, the effects of viscous heat dissipation and thermal conduction balance
out.

During simulations, the heat capacity ratio at constant pressure C, and the Prandtl
number Pr = (uCp)/ A are assumed to be constant. For the benchmark, a simplified
version of boundary conditions via cut cell approach [97] is adopted. Moreover, two
specific thermal configurations are performed in a 2 x 101 x 1 domain. In the first one,
the walls are at the same temperature such as Tiop wal = Thottom wan = const. and the
viscosity p is constant.

This configuration introduces a linear profile of u, velocity as a function of y and
the temperature can be theoretically expressed as [75]:

T
_:1+l((1_l), (6.38)
Ty H H
where T, is the temperature at the boundary walls, H is the distance between them
and ¢ = Pr%lMaZ. In the second configuration, the bottom wall is adiabatic with
the Neumann temperature boundary condition g, = —A(0T/dy) = 0 and the top wall
is at constant temperature. For this configuration, the viscosity p is temperature
dependent,
u T
—=—, (6.39)
to To
Then, the velocity and temperature profiles are coupled and can be found analytically
as [6]:

r Uy )2
T_w_lﬂv 1_(_U) ] (6.40)
2|y Ba e 1l
(1+§(E_U+( U 3(U) ’ (64D

The simulations are performed with the following conditions: the CFL varies between
0.23 and 0.77 to ensure the solution stability, the wall temperature is T,, = 300 K, the
initial pressure of the flow is Py = 101325Pa and 0 =0.7.

The two cases are tested through a wide range of supersonic parameters (Ma, Pr
and y).

Fig. 6.4 shows the thermal configuration for a specific set of parameters (y = 7/5,
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Isothermal bottom - Isothermal top \ Adiabatic bottom - Isothermal top

Ma ‘ Pr ‘ Y ‘ L2T Error ‘ Ma ‘ Pr ‘ Y ‘ LZT Error
035| 5 |5/3 0.0001499 035| 5 |5/3 0.0001605
1 1.5 | 5/3 0.0005695 1 1.5 | 5/3 0.0011649
1.3 | 0.71 | 7/5 0.0002404 1.3 | 0.71 | 7/5 0.0001973
1.3 | 0.71 | 5/3 0.0007031 1.3 | 0.71 | 5/3 0.0008085

Table 6.2. — L, Error Eq. (6.42) for different performed simulations.

1

y/H

Figure 6.4. — Temperature and velocity profiles of the thermal couette flow for y = 7/5,
Pr=0.71 and Ma = 1.3. The solid lines =— correspond to analytical re-
sults; the numerical results + and o correspond respectively to the velocity
profiles U/ Uy and the temperature profiles T/Ty. Boundary conditions:
isothermal top wall and adiabatic bottom wall (left), isothermal walls
(right).

Pr=0.71 and Ma = 1.3) while Table 6.2 summarizes all the results with the L, error on
the temperature defined as:

2
\/Z ( T; ,Simulation — T; ,Theory)
Ll = : (6.42)

/ 2
> Ti ,Theory

Figure 6.4 and Table 6.2 show again a good agreement between simulations and
analytical solutions, thus validating the viscous and thermal properties of the model.
Finally, a convergence study of the model is carried out by varying the grid resolution
in the y-direction and measuring the L, norm on the temperature. Figure 6.5 shows a
second order convergence in space, classical of Lattice-Boltzmann models [4].

6.3.5. Shock wave inner structure

The capability of hybrid recursive regularized p to capture inner shock structures is
demonstrated through the comparison with an analytical solution [175].
This particular Navier-Stokes-Fourier solution for a stationary viscous shock is
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Figure 6.5. — Convergence study : Lg norm Eq. (6.42) as a function of the resolution N;,.
Carried out in the case of the isothermal top and bottom walls presented
in Fig. 6.4.b.

obtained for Pr = 0.75 and stands for any values of Ma, Re and y. The following
procedure is used to compare the numerical solution with the analytical one. Initial
upstream ¢y and downstream ¢, physical fields are initialized through the Rankine-
Hugoniot jump conditions [6] and linked by a smooth sigmoidal profile chosen as

¢1— o

¢ = ¢po + (1 +tanh [25(x — x;)]) 2

) (6.43)

in which x is the space coordinate and x; the initial position of the shock. Then from
this smooth profile the simulation naturally reaches the steady state solution which
is the solution we are looking for. Because this solution has no other characteristic
length scale than the shock thickness the initialization may lead to a shift between
positions of the analytical and numerical shocks, to circumvent this problem the
numerical solution is then shifted such that the maximal entropy coincides between
both solutions. Then the abscissa x is normalized such that

= , 6.44
¢ 1 ( )
where 1 is the mean free path defined as
4 /8y Ma
Ao=—-\/——L9, 6.45
0=\ 7 Re 0 ( )
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with Ma = — 2 ,Re = pobolo 404 Ly =1 a characteristic length scale. This normaliza-

yrToy Ho
tion allows to get rid of the Re dependence of the theoretical solution.
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Figure 6.6. — Shock inner structure for different values of Ma. Solid, dashed and
dotted lines are analytical solutions [175] for respectively Ma = 4, 3,2.
Triangles and circles markers corresponds to numerical solutions with
Re =1000,2000.

Normalized velocity, temperature, entropy and stress profiles near the shock are
respectively plotted in Fig. 6.6 and Fig. 6.7 for different Mach numbers, different
adiabatic exponents, o = 1.0 and a maximum local CFL of 0.2. Because the normalized
thickness of the shock depends on the mean free path Eq. (6.45), the number of points
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Ny plotted in Fig 6.6-6.7 is not fixed and is given by

12 8y Ma

== L= 6.46
5x1074V 7 Re ( )

No

which corresponds in our simulations to Ny € [60, 180].
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Figure 6.7. — Shock inner structure for different values of y. Solid, dashed and dot-
ted lines are analytical solutions [175] for respectively y = 1.6,1.4,1.2.
Triangles and circles markers corresponds to numerical solutions with
Re =1000,2000.

In Fig 6.6 we see that an increase of Re, equivalent to reducing the non-normalized
thickness of the shock without changing the jumps, demean the accuracy of the results
by coarsening the grid. An higher Ma increases both the number of points inside the
shock but also the jumps of physical fields such that the overall effect seems to be
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a decrease of accuracy. A decrease of y reduces both the number of points and the
thickness of the shock, leading to a decrease of accuracy. These defects are attributed
to numerical errors mainly coming from the wrong entropy jumps, see Sec. 5.1.

6.3.6. One-dimensional shock tube

Here the present model is assessed on a classical 1D Riemann problem. Because we
have seen in Sections 5.1 and 6.3.5 that our model was not suitable for too high Mach
numbers, a simplified Sod-like [24] shock tube is initialized similarly to [75] with a left
state (pr, ur, pr) = (1,0,1) and a right state (pg, ur, pr) = (3,0, 3) in a domain of total
length L = 1 with an initial discontinuity located at x = 0.5. This test case presents
sufficiently small jumps such that even entropy equation leads to sufficiently accurate
results. This domain is discretized by 400 points, the time-step is related to the space
increment through % = 0.2582, the other parameters are y = 1.4, 0 = 1, u = 10715,
After 350 timesteps the solution is plotted in Fig. 6.8, showing from left to right a shock
wave, a slip line and an expansion wave computed with the present model (dashed
line). The reference solution was obtained with a classical first order HLLC [24] (solid
line) solver using with 10* points. Agreement is very good: beside a small overshoot at
the contact interface, the different levels are well captured.

3f ‘ : 1.2}
25 1.1
2 1 1
1.5 0.9+
1 . . . . El . . .
0 0.2 04 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
z z

Figure 6.8. — Sod-like shock tube solution. Density, velocity, pressure and tempera-
ture profiles as obtained with the hybrid recursive regularized p model
(dashed) and reference (solid).

6.3.7. Shock-Vortex interaction

The present model is finally assessed on an unsteady, viscous, compressible flow
consisting of the interaction of a stationary shock wave with an isentropic vortex. The
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mean field is defined by the Mach number of the shock, M;, and the left and right
initial states are solution of the Rankine-Hugoniot problem,

pr_ur _ (y+DM;

=Lt = (6.47)
pr ur (y—DMZ+2
PR _ 1 2 2. (6.48)
pL (y+1)

Then, an isentropic vortex, as already defined in a previous validation, is superim-
posed in the upstream region. The vortex will cross the shock and create a complex
pattern of pressure waves that will be compared to a reference solution [176]. Phys-
ical parameters are set to M = 1.2, M, =0.25, y = 1.4, Re = 800, Pr = 0.75, pr = 1.0,
T; =1.0, u; = M;,/y, which corresponds to "case C" in the reference solution [176].
The computational domain is [0, 28] x [0,24], discretized by a 1120 x 960 mesh, shock
and vortex positions are respectively x; = 8 and (x., y.) = (6,12). Numerical param-
eters were set to CFL = 0.87 and o = 0.7 where the CFL was based on the upstream
region. Instantaneous density fields during the simulation are shown in Fig. 6.9. Nor-
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Figure 6.9. — Density field for the shock-vortex interaction at ¢ = 3T (left), t = 6T
(center), t =10T (right).

malized pressure Ap = % is then plotted on Fig. 6.10 along a radial cut of fixed angle

0 =—-45°for t=6T, t=8T and ¢ = 10T where we defined T = % as the characteristic
convective time of the vortex in the shocked region, showing very little difference
with the reference 4//6'" order time/spatial accuracy solution [176]. Precursor and
second sound are also plotted on Fig. 6.11 and compared to [176], showing again a
good agreement.

6.4. Recap

In this Chapter, a new pressure-based hybrid regularized LBM, referred to as hybrid
recursive regularized p model, has been presented, for the simulation of shocked
compressible flows for Mach numbers ranging from 0 to 1.2. It is based on a fully
explicit segregated approach for the pressure, preserving the robustness of classical
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%107

Figure 6.10. — Radial cut at 8 = —m/4 of the pressure variation Ap. Lines correspond to
the present Lattice-Boltzmann solution and symbols denote the refer-
ence solution [176].

athermal LBM via the predictor step. Through a variety of numerical experiments,
we systematically validated (i) the Eulerian part of the system, via convection tests of
the three linearized Euler eigenmodes, (ii) the diffusive and viscous terms, through
thermal Couette flows simulations, and (iii) the method’s robustness and accuracy,
through a 2D example of shock - vortex interactions.

A theoretical investigation of the proposed solver was conducted in Sec. 6.2 and
showed in Table 6.1 that the consistency defects of the model were better fitted for
compressible simulations when compared to the previous p-based model, see Sec. 4.5.

Additionally, the traceless collision kernel is introduced, it corresponds to the regu-
larization of the trace of the stress tensor, which is supposed to be 0 but is polluted by
a non-hydrodynamic mode which is therefore filtered by the newly proposed kernel.

Note that the present p-based model was also successfully implemented and val-
idated for humid air with phase changes [177], academical combustion [178], LES
turbulent flame [179] and seems to exhibited advantageous computational efficiency
[21] compared to some traditional CFD solvers, at least in the domain of combustion.

More important than numerical validations, this section showed us - mainly through-
out the completely unusual Eq. (6.15) — that the traditional kinetic-led lattice-Boltzmann
guideline was not the sole one to be able to design new efficient lattice-Boltzmann
schemes. The present scheme and its correction step Eq. (6.15) are purely stemming
from a FD interpretation of the lattice-Boltzmann scheme. In the next chapter, we
will see how a priori completely different lattice-Boltzmann models — p and p based -
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Figure 6.11. — Circumferential pressure variation at = 6T. Solid line corresponds to
r = 3.7 and dashed line to r = 6. Markers refers to the corresponding

reference solution [176].

could be bridged into a unified formalism.
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This Chapter mainly follows the content of :

G. Farag, T. Coratger, G. Wissocq, S. Zhao, P. Boivin and P. Sagaut. A unified hybrid
lattice-Boltzmann method for compressible flows: Bridging between pressure-based
and density-based methods. Physics of Fluids, 2021.
https://doi.org/10.1063/5.0057407
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7. Unified model, bridging between pressure-based and density-based methods — 7.1.
Hybrid recursive regularized lattice Boltzmann models

A few months after publication of the p-based model [76], a new p-based model
was proposed by Guo et al [149]. This new "improved-p-based" model represents a
huge step towards the achievement of an high Mach lattice-Boltzmann solver as it
was shown to be stable for the isentropic vortex up to a Mach 4 advection.

The purpose of the present chapter is twofold. First, it is proved by theoretical
analysis in Sec. 7.1 that segregated p-based and improved- p-based regularized colli-
sion models are strictly identical in the absence of forcing terms, and therefore can
be interpreted as implementation variants of the the same method, which can be
re-expressed as a p-based method. Then, a unified general formulation that encom-
passes both segregated p-based and p-based along with forcing terms is then given
in Sec. 7.2. An important associated result is that differences between preexisting
classical p-based, p-based and improved-p-based methods simply lies in different
third and fourth order equilibrium moments and different isotropy force correction
strategies. An optimal formulation of the correction forcing terms is proposed along
with some additional stabilization techniques.

This unified method, which appears as a modified p-based method, is assessed
considering a wide set of test cases in Sec. 7.3.

7.1. Hybrid recursive regularized lattice Boltzmann
models

In this section, we thoroughly compare the p-based and improved-p-based models
applied to a regularized kernel. First, we perform a comparison of the pure LB schemes
without forcing term. Specifying the equation of state (EOS) is unnecessary at this
point as long as the compared schemes employed the same strategy, which is our
assumption in what follows. Therefore, for the sake of generality, the normalized
temperature 6 = rT/c? can be updated from any EOS without any impact on the
present demonstration. The classical EOS choice in LBM is athermal [4] 8 = 1, however,
as it was demonstrated in Sec. 4.3, it leads to a Mach enslaved to CFL number. A
way to circumenvent this problem is to use the generalized athermal [82, 120] 6 =
(AxCFL)? /[ (At(Ma+ 1)c5)*y] or directly the ideal gas equation [74] p = pc26.

7.1.1. Forceless p-based model

Full details of this model can be found in [76]. The numerical algorithm is summa-
rized as follows. For regularized kernels, a restricted number of variables is sufficient to
describe the system, therefore, the initial solution of the simulation is characterized by
[p, pUq,0, HZ;"] (t,x). In order to get the updated solution [p, pug, 0, HZ;q] (t+At, x),
several steps should be performed :
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— The p-based equilibrium distribution fl.p **4 is reconstructed from (¢, x) moments

o) 72 28"
e 0 ] iap ry @3
170, %) = 0i{ 70 p0 + CZZ“ puta + = - lptatty) + "ew, 7.1)
N
. 3 _ . 3r) . .
with a py = PUaliplly serving to define a," as in Appendix A.

s . e .. —ne .
— The non-equilibrium distribution f; 1 (t, x) is also reconstructed from moments
neq

P, U, 11 g
larization.

(t,x) using either the projected [115] or recursive [72, 119] regu-

— Collision and streaming are performed,

At\—
FPel 2 = £P0 e x) + (1 - ?) 73, (7.2)
Fla+Aanx) = P x - e An. (7.3)
— Then the macroscopic reconstruction reads
q-1_
p(t+AL,x)= Y Fr(t+At,x)+p(t,x)[1-0(t,%)]. (7.4)
i=0
q-1 _
pua(t+AL,x)= Y ciaf) (t+ALX), (7.5)
i=0
7 = 2P cpeq
M, (t+ALx) =Y cigeip|fi - 77| ¢+ ALx), (7.6)
i=0

— To close the system, a finite difference scheme is used to update an additional
thermodynamic variable such as entropy [74-76] or total energy [140]. From this
additional step, 0(t + At, x) is now updated.

Then, one can apply recursively this algorithm from time (z, x) to time (¢ + At, x). This
scheme therefore provides the regularized p-based numerical solution V¢ = N; At
with N;eN.

7.1.2. Forceless improved-p-based model

In this model [149] a free parameter ® was introduced. This parameter will be
addressed later, but in the present Section we consider the case ® = 0. Similarly to the
p-based algorithm, the initial solution [p, pug,0, HZ;”’] (t,x) is known. In order to get
the updated solution (z + At, x) using the regularized improved-p-based model, one
should perform the following steps,
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— Compute the equilibrium population,

7D K i A0
0,eq (0) ia iaf Y (3r)
TN, X) = wi S +d; + Uy + ——[pugugl + ——a (t,x),
it l{ prdi c?pa Zcﬁ[paﬁ GC?Y}
(7.7)
with ag’/)jy = pugquguy serving to define ag,?’r ) asin Appendix A and with d; defined
as

-1
PO o011 if i=0 (7.8)

pl0—-1] if i#0
d; =

Wo
with wg the lattice weight for the non-moving population i = 0.

— The non-equilibrium population ??eq is computed from a regularized collision
kernel [72, 115, 119].

— Collision and streaming are performed
At\—
£l x) = [ 0,0 + (1 - ?) Fi% 0, (7.9)
Fla+anx) =P x—cAp). (7.10)

— The macroscopic reconstruction reads

q-1_
pt+ALx) =Y Frt+Atx). (7.11)
i=0
q-1 _
pua(t+ALX)= Y ciofh (t+AL,X), (7.12)
i=0
7 S [F0 oo
M, (t+A6x) =) ciacip|ff - 7] 0+ At 0). (7.13)
i=0

— Similarly to the p-based model, to close the system an additional thermody-
namic variable is solved through a finite difference scheme, which is sufficient
to get 0(t + At, x).

This algorithm can be used to update the numerical solution from (z, x) to (¢ + At, x).
Applying this procedure recursively finally leads to the regularized improved- p-based
numerical solution V¢ = N; At with N; € N.

7.1.3. Forceless model comparison

We now prove that it is possible to bridge between the p-based model (Sec. 7.1.1) and
the improved-p-based model (Sec. 7.1.2). Starting from the latter, we inject Eq. (7.8)
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inside Eq. (7.7), using the p-based equilibrium definition Eq. (7.1) leading to

p.eq
0,eq _J e i i#£0
Ji (t’x)_{f”’“’(t x)—p(,x)[0(t,x)-1] if i=0 (7-14)

To allow for a fair comparison, we assume that i) both models start from the same
initial solution and ii) the collision kernel is a function of the initial moments. Con-
sidering the initial solution [p, pua,HZ;q](t, x), this means that the reconstructed

ey —neq , . . .
non-equilibrium term f; 7 is identical between both models because it has been
reconstructed from the same initial condition, with the same procedure. For example,
the recursive regularization could be used,

(Z)ﬁ —neq jf(sr) —neq
—neq iaf _f 2 iy f ,(3r)}
i = o 2 Mg+ a5 : (7.15)
with H?”eq =u H?neq +u H?m +u HTW serving to define Hf ' asin
apy «py p 7 ap

Appendix A which clearly shows that choosing the same initial solution [p, pug, Z;q] (t,x)

trivially leads to ﬁmeq = 7?'neq in this case. Using both Eq. (7.14) and the equivalence
between non-equilibrium populations allows us to write

p,col . :
fip,col _ { fz (t,x) if i#0, (7.16)

el -pe, 000 -11 it i=0,

This equation established a formal link between collided populations Egs. (7.2,7.9).
Now that collision was analyzed, the streaming step of both models can be linked
using Eq. (7.10,7.16),

FPe+AnLx) if i#0

—=P . (7.17)
fi@+At,x)-p(t,x)[0(t,x)—1] if i=0

i+ AL x) :{

Here, it is important noticing the temporal evaluation "t" of the p[6 — 1] term. This
comes from the non-moving i = 0 population, which means that

p,col

-0 _ p,col
fot+At,x) = f;

(t,x)=fy  (t,x)—p(t,x)[0(t,x) - 1] (7.18)
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Injecting Eq. (7.17) inside Egs. (7.11-7.13) and using the fact that ¢y, = 0 leads to

g-1_
p(t+ALx)= Y frt+ALx) +p(t,x)[1-0(t,%)], (7.19)
i=0
-1 _
pua(t+AL,x)= Y ciaf) (t+ALX), (7.20)
i=0
7 = 2P cpeq
M, (t+ALx) = ;)c,-aciﬁ [f,. — 17 ](t+At,x). (7.21)
i=

Which is exactly identical to Egs. (7.4-7.6). Therefore, from the initial solution [p, pug,
Hzgq] (z,x), both the p-based and the improved-p-based lead to the same updated

solution [p, pug, Hzeﬁq] (t+ At,x). In other words, the hybrid recursive regularized
p-based model [76] and improved- p-based model [149] are strictly equivalent in the
absence of force terms and other coupled physical models. Next, we highlight how
a similar bridge can also be obtained for more classical models than the regularized
one. Out of simplicity, we chose to demonstrate it on the BGK collision kernel. Before
doing so, we shall highlight the fundamental point of how the p-model differs from
more classical p-based models.

7.1.4. Non-equilibrium definition in p-based

The equivalence between models was obtained by a straight comparison of the nu-
merical schemes corresponding to the p-based model (Sec. 7.1.1) and the improved-
p-based model (Sec. 7.1.2). In this demonstration it was implicitly assumed that
the whole numerical solution can be summarized by the knowledge of moments
[p, pUq,0, ngq], which is true for regularized collisions [72, 115]. However, for other
kernels, higher order moments (Ilggy, [ggys, --.) should also be considered. Here,
we provide a general demonstration of the equivalence between the two models pre-
sented in Sections 7.1.2 and 7.1.1 on the BGK collision kernel. This collision kernel is
the simplest one in which the knowledge of moments [p, pu4,0, Hzeﬁq] is insufficient
to reconstruct the complete numerical solution for an arbitrary lattice. The following
demonstration could be trivially generalized to other collision models involving more
moments than regularized ones. First, let us notice that in classical LB models, mass
conservation requires

q-1
> |Fi- £ =o. (7.22)
i=0

. o1 . ne .
As a consequence, classically, second order non-equilibrium raw Ha ﬁq and Hermite
eq

5 moments follow

n
a
a

neq _ _neq
My =ayg’. (7.23)
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On the contrary, in p-based model, because of Eq. (7.4), the definition of the updated
density can be recast as

q-1
y (ff—fl.”'eq) (6,%)+ [p(6, ) O(6,x) - 1) — p(t—ALX) Ot — AL, x)— 1)] =0, (7.24)
i=0

or equivalently,

g-1
Z {77 =177 0+ 610 [p(, )01, 1)~ 1) - p(e = A1) O = At,x) - 1)] } = 0

i (7.25)
where ;¢ is a Kroenecker symbol. A comparison of this last equation with Eq. (7.22)
pleads for a different definition of p-based non-equilibrium distribution. Instead of
the classical f f - fl.p “1 non-equilibrium distribution can now be defined as

?f"”eq(t, X) = (?fj _fipyeq) (t,x)
+8i0[p(t,0)0(t,x)—1)— p(t — AL, x)(O(t - At,x) - 1)] . (7.26)

This definition of the non-equilibrium verifies

neq Z Cmczﬁfl)neq _ Z Jf(gﬁff,neq Z;q (7.27)

However, in either [76] or Sec. 7.1.1, Eq. (7.26) was never used. Instead, raw and
Hermite moments classically read in p-based as

> ,(i),;[f, f,”’eq]#Zcmclﬁ[f, f,”’e"] (7.28)

i=0

This does not seem to be consistent with Eq. (7.23). This ambiguity is eliminated

by noting that the computation of both angq and Hn;q is unnecessary in regularized

LB algorithms, only raw moments I1 ﬁq are necessary. Therefore, defining Hermite

moments from raw moments angq = H”eﬁq asin both [137] and Sec. 7.1.1 or traceless
second order Hermite moments a, eq Zl 0 [cmcl = 3 clycw] f ; f *d) asin [76] in-
stead of Hermite moments allows to bypass the unusual definition Eq. (7.26). Instead,

the non-equilibrium remains defined as

PN = (7 - ). 729

With the natural definition of non-equilibrium Eq. (7.26) for an arbitrary kernel, let us
try to compare our two models using the more classical BGK collision kernel, in which
Eq. (7.26) would lead to inconsistent results.
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7.1.5. Consistent BGK p-based
A p-based model equipped with non-equilibrium Eq. (7.26) reads

Fra+Anx) = 7 (t,x—ci A +

_L s —C: _ f€qp .
! T+At/2){fi(t’x ci At — f; 77 (t, x — ¢; At)
_501'[[P(Q—l)](t—At,x)—[p(9_1)](t,x)]}. 7.30)
Then, by adding on both sides —8o;[0(6 — 1)1(¢, x) we get,
Fi e+ 81,2 =60ilpO = DI (1) = 77 (8,6~ €: A ~ 601 p(0 = DI (1, )
AL NP e AR — FYP( x—
+(1 T+At/2){fi(t’x ci A — f; 77 (t,x - ¢; At)
_5oi[[P(Q—l)](t—At,x)—[p(g_l)](t’x)]}_ i

Using definitions Eqgs. (7.14), (7.17) we finally get

T +ALx) = [P x—ciAn+ (1 - ){ff(t,x— ciAD - [P (1, x— ciAt)},

(7.32)

T+AL/2

with the equilibrium defined as Eq. (7.7), which is nothing else than the improved-p-
based model equipped with a BGK collision kernel. This definition formally proves the
exact equivalence between improved-p-based and a p-based equipped by Eq. (7.26)
on BGK collision kernel.

7.1.6. Comparison accounting for force terms

Having demonstrated the equivalence in the absence of force corrective terms in
the previous section, it is natural to infer that the force terms of both models should
be equivalent up to negligible errors. We denote the corrective force term associated
with p-based or improved-p-based models by F l.p P From [76] and [149] we find that,

@

PP _ iap[ c , _pp
E = wi— [agy+ ayf)| (7.33)
N
where agﬁ is the lattice dependent component of the force term shared by both
models, .
1¢1,3)
op(1-6)  dpQ —9)] 0D,
C 2 Y
_ + - , 7.34
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For the D3Q19 basis (see Appendix A) which is the lattice we used,

op’® dous 0
P Uy Uyl
apfy =8qp éo a+(1_6aﬁ)$

_— , 7.35
0xy Xq 0Xy ( )

without summation over repeated index @ and with ¥ defined by ¢ # a and v # .
Additionally, aZ P depends on the considered model,

p
0p@-1) 2 0u
ro_ 2 14
aaﬁ—6aﬁcs( 3 +pD6x7,)’ (7.36)
op(1-6) D+20u
p_ 2 Y
Ay = O apCs (uy 0%, +p(1-0) D ny) . (7.37)

A Taylor expansion of the LB scheme [137] shows that in p-based and improved-p-
based the stress tensor equation reads

2

+T6qpC; ~7a’?

Tdaﬁ

ne 0 ou
= e :Tpc2 &+ £

ap Sloxg 0 ox, ot
B Xa Xy ¢
o @ o/ o @l
+T ap + “by ] - T[ua br tup - ] )
ot dxy axy 0xy

(7.38)

ne

q
Note that in the case of the recursive regularized kernel, Hf; ﬁy’(g) being a linear

;:q'(z), injecting Eq. (7.38) into itself similarly to [75, 120] leads to the

more tractable equation,

function of H£

Ougy N au,;
0xp 0Xxq

2

opu, 0p0
+r6aﬁcs M+ P

—— | -Taly +0(?). (7.39)

fneq,(z) 2
0xy ot

up TpCS

In order to further analyze the improved-p-based, it is necessary to express the time

derivative %. Considering a perfect gas equation of state p = pfc? and combining
the mass, momentum and total energy equations one gets the following pressure
equation,

0. (7.40)

L0900  9p0up, g%t _ 9 (/1 66)+ 2y 04
y-1 0t  Oxp dxy Ox,\ 0x,) ° Pr  ox,

Assuming a Prandtl number Pr = &(1), it is reasonable to rewrite Eq. (7.40) as

0p6 0pBup ouy
9pY 00y -1 = 6(1). 7.41
ot " omy POV =00 (7.41)
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Using Eqgs. (7.37,7.39,7.41) leads to the improved- p-based stress tensor

@ 2 [Oua  Oup 2 Ouy
—11 — _ = -
ap TP 0xg Oxq afp 0xy
D+2 Ouy
+75aﬁcfp6 D -y 6—xy+6’(12), (7.42)

in which an uncontrolled bulk viscosity appears, similarly to what was pointed out
in [75]. Note that due to the second law of thermodynamics a positive bulk viscos-
ity (242 —y) = 0 is mandatory [5]. In both the initial p-based model [74] and the
improved-p-based model [149], bulk viscosity is nonzero. This is due to the mismatch
between the actual adiabatic exponent y of the simulation and the natural adiabatic

exponent yrp = % arising from the chosen D dimensional lattice. Inspired by [75],
one can easily get rid of this uncontrolled bulk by replacing Eq. (7.37) by
0p(1-0) D+2 ou
~ 2 Y
dzﬁ :6aﬁcs (uy axy D —)/0 O__XY) . (743)

In this case the stress tensor obtained from the improved-p-based with zero bulk
viscosity defined by Egs. (7.39,7.43) is now equivalent up to a different @ (12) error to
the p-based one given by Egs. (7.36,7.39),

Ouy Ouﬁ 2 auy

9,2 2
—1I =1pcC + - —=
0xg 0xq ) 0xy

ap - s

+0(?). (7.44)

This is due to the fact that aZ p= EzZ gt O (1), leading to a @ (1?) difference between
the p-based stress tensor Eq. (7.44) and the zero-bulk viscosity improved-p-based
stress tensor obtained from Egs. (7.39,7.43). This shows that when the corrective force
term is taken into account, models [76, 149] become rigorously different, yet a strong
connection still exists between them.

7.2. Unified model on standard lattice

In this section, we propose to build a numerical LB scheme meant to unify preexist-
ing compressible models discussed above [74-76, 148]. For the sake of completeness,
additional mass source ri7, momentum force p.%, and energy source pg are included.
The LB scheme first provides mass and momentum conservations,

0 opu
0—’;+ ;xﬁ = 1 (7.45)
i
neq
dp iy 0 puauﬁ+p6aﬁ+ﬂaﬁ
+ = 0F,. 7.46
ot dxp pTa (7.40)
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completed by a second thermodynamic variable solved by FD. Hydrodynamic equa-
tions (7.45,7.46) are coupled to thermal effects Egs. (1.22,5.1,5.2) through the perfect
gasEOS p = prT, e = C, T and heat capacities C, = r/(y—1) and C, = yr/(y—1). Then,
combining Egs. (7.45,7.46) with any choice among Egs. (1.22,5.1,5.2) and assuming a
constant r and y values one gets the kinetic tensor and pressure Eqs. (4.47,4.98),

0pugug N 0pUq ULy iy op
a

0
+uﬁa£z+@’(T):p9auﬁ+p9ﬁua—rnuauﬁ, (7.47)

ot 0xy 0xg
1 (dp 6puﬁ) ouy . uy
op Y i 6(1) = g 7.48
y—l(at 0xp +p6xy+ () pq+m2 ( )

written in a compact form in which & (7) accounts for viscous and heat conductive
terms. Then, the system is closed by computing the heat flux g, through FD,

oT
Ga = —A—ax , (7.49)
a

and by using a proper correction term during collision so that LB stress tensor is

fl’leqy(z) aua auﬁ 2 au)/ 2
~1I = + L —ap——— | +OT?). 7.50
ap H 0xg 0xq ) 0xy (= ( )

7.2.1. Unified LB scheme

Now, we provide detailed equations of the unified model. For the sake of clarity, we
use the improved-p-based format. The unified equilibrium distribution fl.eq is

(1)
eq _ w; —0o; j
Ff1 = wi{p+ == pl0 - 1100+ 5 pug

i s

i 7081
_ap 200 _ iy @3r)
+ 21 [ouqup+{8ap0c5 O 1)]+—60§ ay } (7.51)

@ _
afy

pPUqUgUy — Kpc? (1abpy + Updyq + Uy6qp) serving to define afygr) as in Appendix A. A
Taylor expansion [137] shows that a force term is necessary to account for mass 77, mo-
mentum p%, and energy pqg sources. Another force term is also necessary to remove
significant errors in the stress tensor introduced by isotropy defects Eq. (3.56). Com-
plete forcing terms can follow two different strategies F; and G;, they are equivalent

in which two arbitrary fields {(#, x) and x (¢, x) have been introduced and with a
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up to a O (1) difference and read as

1) 7@

Jf
. ) ,; iaf F(2
F,—w,{if e =4 L " aﬁ} (7.52)
o,
=) 0, . ~“ia la G(2)
Gi = 0 { AV i+ % pF + i g b (7.53)
S S
in which Hermite moments a® [(32) and a%z) are

ou 0p(1-0) opxu
E(2) 29%y 20p 2 Y
’ :—5 1- ——6 —_6 R
Tap ap{l =10PCs 5 ~0aBS 5, B oy
+a ﬁ+p§ ug+pFpuqg — mugug, (7.54)

Ouy v5 ,00(1 =0 -x)uy

Ay =BapCs P(—(l )= (r- 1)9) apCs

0xy 0xy

. 2 (Y - 1) u}zf . C
—1 |8 apCs + Uglp — Téaﬁ +8ap(y—1)pg+ agp+ pFalip+pFplla,
(7.55)
where a® ap is the lattice-dependent component of the force term,
11,3
A= c 6p(1 0 - 1<) 0p(1-0-x) aDaﬁy (7.56)
ap 0xp “p 0xq oxy '
For the D3Q19 basis (see Appendix A),
apfh® 5 )
aBy PUq (K — us) 0pUxUylU,
————— =0 (1 -04) ———, 7.57
axy ap 90Xy ( aﬁ) axy/ ( )

in which no summation over repeated index «a is done and v is chosen as ¥ # a and
v # B. It is worth noting that ab /(52) and aG @) can be considered as generalizations of
force term strategies respectively employed in [76] and [75, 149]. Using either F; or G;
in the usual collide, stream and macroscopic reconstruction procedure then leads to a
unified LB numerical scheme which is consistent with Egs. (7.45,7.46), completed by

a stress tensor equation,

ou 2 Ou
e 2 a b
—II =1(1 = + =
=1(1-x)pcs af=

ﬁ +0(?). (7.58)

Identification procedure between Eq. (7.58) and the stress tensor then leads to u =
7(1 - K)pcf. Using equilibrium Eq. (7.51), force term Eq. (7.53),{ =1and x =1-0,
this model recovers the zero-bulk viscosity p-based model [75]. With Eq. (7.52),{ =0
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and x =0, the p-based model [76] is recovered. Lastly, if Eq. (7.53) is used along with
(= % and x = O, the zero-bulk viscosity version of the improved-p-based model
is recovered, where O is a free parameter introduced in [149]. Through numerical
experiments, the influence of the value proposed by [149] for © is found negligible,
¢ =0 and x = 0 are therefore chosen to keep the model as simple as possible.

In what follows it was chosen to use F; instead of G;. While it still unclear which
one of the two corrections is the best one in term of accuracy and stability, there exists

some compelling arguments to use Fj,

— First, because the Prandtl number is implicitly contained in the pressure time
derivative in Fj, this force term allows to handle arbitrary values or Pr while
the force term G;, by using Eq. (7.40) is restricted to Pr = @ (1) for consistency
reasons.

— Second, by avoiding the use of Eq. (7.40) to assess the consistency of the LB stress-
tensor, F; allows an easier coupling with complex EOS such as the van der Waals
equation [43] or Noble Able stiffened gas [180]. Indeed, these EOS would lead to
a more complicated pressure equation than Eq. (7.40) in which additional non
dimensional numbers introduced by those EOS would also appear in consistency
errors of the stress-tensor.

— Lastly, F; does not involve using the heat release term g, it is therefore easier to
use in combustion applications.

Force terms F; and G; are equivalent — F; = G; + O (1) — for monospecies fluids with
order unity Pr, which is the case here, but F; is still shorter to implement, therefore it
was retained in what follows.

7.2.2. Interpretation of §;

Before moving to the algorithmic description of our scheme, we provide a simple
explanation of how the classical p-based model [74, 75, 148] differs from recent models
such as p-based [76] and improved-p-based [149] in which the unusual Kronecker d¢;
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is used, see Eq. (7.51) with { # 1. Let us project §y; onto the D3Q19 Hermite basis,

q-1
%00 — Z in(o)é‘oi =1, (7.59)
i=0
q-1
agm',(l) _ Z in(clx)a(’i =0, (7.60)
=0
s0n® _ = 0
i _ _ 2
aa% Bl ;) inaﬁam a _Csaaﬁ’ (7.61)
q-1
00i,(3) _ (3) . —
aa%?’ B IZO Jflaﬁ)’&)l =0, (7.62)
-1
50,, i — Z *Qf(s()l — ZCS , (763)
i=0
-1
aloiPi = Z BiSoi =2c2, (7.64)
i=0
-1
aloiCi = Z €60 = 2¢2. (7.65)

i=0

Then, we can exactly express dy; by

2) (2) 2
Hiex T iy T | it Bit G

80i = wid AV - = Y £ . 7.66
o ’{ i 2¢2 12 } (7.66)

Injecting Eq. (7.66) into Eq. (7.51) allows to write

(2)
eq " Jf(l) T
i =w; {Jf o+ 2 —& Dug + [puauﬁ+6aﬁpc 6-1)]
200
¥ 3n i+ B +EC;

+——a, —————pl0-111-0)¢, 7.67
e P11 0} (7.67)

with a(gé = puauplly — kpc? (Uad py + Updyq + Uyqp) serving to define ay"”

Appendix A. In other words, recent models such as p-based and improved-p-based
are equivalent to the classical p-based model [74, 75, 148] with additional information
projected onto fourth order polynomials «7;, 98; and €6; due to { # 1 in Eq. (7.51).
This is expected to change numerical errors of lattice-Boltzmann regularized schemes
without changing the consistency of mass and momentum conservation equations.

as in

7.2.3. Coupled models

The LB scheme being now unified, this section aims at further comparing and
unifying the different ingredients that were previously used in the compressible hybrid
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recursive regularized literature [74-76, 148]. In this chapter, the chosen basis for
simulations is the D3Q19 basis whose details can be found in Appendix A.

7.2.3.1. Thermal coupling

The entropy equation in non-conservative format being mainly an advection equa-
tion with source terms, it is easily discretized and leads to robust results, explaining
this choice of energy variable, widely present in the LB literature [74-76, 148]. Which
is why an entropy equation solved by finite differences is chosen,

Os+u os 1
ot Paxs pT

. (7.68)

- aua+ 0 (AOT)
a'BGXﬁ OJCﬁ OJCﬁ

In all previous studies, viscous heat and heat conduction were discretized by classical
second order centered finite difference schemes while different strategies were em-
ployed for the convective term. When applied to a 1D passive scalar equation these
advection schemes correspond to :

— 1In [74], a @(At?) accurate Runge-Kutta temporal integration is adopted along
with a @(Ax®) accurate MUSCL scheme [146] resulting in a 9 points stencil
between timesteps t and ¢ + At.

— In [75, 148], the stencil was simplified by replacing the Runge-Kutta 2 integration
by a simpler ©'(At) accurate Euler temporal integration. The spatial integration
remained identical and the overall scheme leads to a 5 points stencil.

— In [76], time and space were discretized simultaneously by a MUSCL-Hancock
[24] method, resulting in a compact G (A 3, Ax3) accurate 5 points stencil.

Due to its compactness and its high order of accuracy, the MUSCL-Hancock method is
chosen, the only difference being that the flux limiter was removed compared to [76].
Except the convective term, other terms are still discretized by second order centered
schemes. Implementation details for the entropy equation can be found in Appendix
5.2.2.

7.2.3.2. Non-equilibrium reconstruction

Here, we follow the hybrid recursive regularized method along with the traceless
non-equilibrium reconstruction [76, 137], which has been identified [120] as a supple-
mentary regularization for moment I1,,. The non-equilibrium second order moment
is then calculated using

7@ !
Ha,6 (t,x)=0 ;)
i=

5aﬁ
CiaCip — Tciyciy

(?l-(t, x) - f7t,x) + %Fi(t_At, x)

_(aua auﬁ _Zﬁaﬁ auy) (%) (7.69)

~|1-0)1-x)pc? +
[( N =K)pesT Oxp  0xq D 0xy
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Where o is the weighting free parameter introduced by Jacob et al [119]. Note the
t — At evaluation of F;. Numerical experiments showed better stability properties
for Ma g 1.7 simulations than with the usual ¢ evaluation, however, no measurable
difference was observed for lower Ma numbers when using ¢. This change formally
introduces a O (At) error in the stress tensor, which is of the order of the leading
numerical error already introduced by the non-BGK collision kernel [81, 120, 137].
Using, Eq. (7.69), the recursive regularized procedure states that

—neq

f L3 _
Haﬁy (t,x) =

—neq —neq —neq

,(2) ,(2)
uaﬂgy + uﬁH{:a + uyﬂgﬁ

@1t x). (7.70)

Then, the recursive regularization with D3Q19 lattice (Appendix A) dictates that non-
equilibrium should be defined as

AP e 7080 _

—neq _ (“Viap 7 ) iy f“eq,(sr)}
fi —wz{ 2t M, "+ 6 T, : (7.71)
—neq —neq
with Hf; ﬁy’(g) serving to define H{: B8 similarly to Appendix A.

7.2.3.3. Force term discretization

Here, we detail numerical schemes employed to discretize the force corrective term
F;, Eq. (7.52). Spatial gradients of F; are systematically discretized by a 0 (Ax) accurate
upwind schemes [75],

P (xy) — p(xy — Ax)

if u, =0
=~ , (7.72)
Xy G(xy + AX) — Pp(x)) Fu <0
Ax Y

except for the velocity divergence operator which is discretized using a @ (Ax?) accu-
rate centered scheme,
op P (xy + Ax) — p(xy — Ax)
dxy 2Ax '

(7.73)

7.2.3.4. Sensor, artificial bulk viscosity

We found that the bulk viscosity pg added by the filtering process e |= min (0.11V-
proposed in [149] sometimes create spurious acoustic noise near curved discontinu-
ities on the vortex/shock and entropy spot/shock interaction test cases. Therefore,
a smoother artificial bulk viscosity ug = 0.05 ¢ Ma is introduced. Defining Ma as the
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local Mach number allows to write,

2

Bl = wiﬁaaﬁ pc2(k - 1)0.05Ma3—j:: , (7.74)
which is added only during collision, resulting in an additional first order forcing
implementation. This bulk viscosity is meant to damp unstable acoustic modes in
very high Mach number simulations. It is worth mentioning that this artificial bulk
is only added in the LB part of the algorithm and that the stability of all simulations
that will be presented in this article does not depend on it, except for Ma Z 1.7.
Nevertheless, Eq. (7.74) is kept in all test cases performed in this chapter. Using this
additional bulk viscosity, it is found that the Mach 4 simulations presented in [149]
can be reproduced with the present model. Additionally, to handle discontinuities, a
sensor consisting of a normalized numerical Laplacian operator is used to define an
artificial kinematic viscosity,

Ve = px—Ax)—-2p(x)+p(x+Ax)
T p(x—Ax) +2p(x0) + p(x +Ax) |

(7.75)

where s, is a free parameter. Then, this artificial viscosity is added to the physical
dynamic viscosity, p = fpp + pvsc. Through numerical experiments, we found that
contact discontinuities creates as much or more Gibbs oscillations than shocks, ex-
plaining the unusual choice to evaluate Eq. (7.75) using p instead of p. This allows our
sensor to be triggered by both shocks and contact discontinuities.

7.2.4. Step-by-step unified scheme
All necessary ingredients have been discussed, we shall now detail the step-by-step
algorithm to get the updated solution [p, pu4, 0, szq] (t+At, x) from the last timestep
solution [p, puy,0, Hzeﬁq] (t,x). We remind that for numerical simulations, { = 0 and
k =0 have been retained along with force term F;.
i) Knowing [p, piig,0, HZ;q] (t,x), use the equation of state s = C, Inc20p'~7 to get
the entropy s(¢,x)as a function of p(¢,x) and 0(¢, x).

ii) Compute the equilibrium distribution fl.eq(t, x) using Eq. (7.51) and the D3Q19
basis, Appendix A.

iii) Compute either F;(¢,x) and Flﬂ p (t,x) using Egs. (7.52,7.74).
iv) Compute the non-equilibrium ??eq (t,x) using Egs. (7.70-7.71).
v) Compute the collided population fl.c"l (t,x) as

Ut x) = £, 00 + (1 _ %)f?eq(t,x) +At

1
S Fi +Ffﬁ) (t,x).  (7.76)
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vi) Shift the populations along lattices following the streaming,
fit+ALx) = fOUt x— i AD). (7.77)

vii) Equilibrium moments can now be updated as

a-l_ At
p(t+At,x) = Zfi(t+At,x)+?m(t+At,x), (7.78)
i=0
=l _ At
pua(t+At,x) =) ciaf;(t+AL,x) +?[p%](t+m,x), (7.79)

i=0

viii) Solve the entropy equation following numerical schemes presented in Appendix
Ain order to get the updated s(z + At, x) and use it along with p(¢ + At, x) to get
the updated normalized temperature 0(f + At, x) through 0 = c¢;2p? eS¢,

ix) Then, the updated stress tensor can be computed from Egs. (7.51-7.52,7.69).

After those steps, [p, puq,0, HZ;q] (t+ At, x), the updated solution, is now obtained.

7.3. Numerical validations

7.3.1. Isentropic vortex

An isentropic vortex initialized in a 2D fully periodic box of size [10 x 10] and dis-
cretized by a 200 x 200 mesh is simulated. This unity radius vortex R = 1 is transported
over a distance 200R corresponding to 20 flow through time periods. The Ma num-
ber of the mean free flow ug = Ma,/y is tuned to check the capability of the present
method to transport on a relatively long distance. Ma =4, 3,2, 1 are chosen along with
CFL=0.1,0.15,0.2, 0.3.

The hybrid weighting parameter is fixed to o = 1, meaning that the stress tensor is
completely recovered from the LB scheme. The analytical solution of this Euler simu-
lation is a frozen vortex advected without any dissipation nor dispersion. Therefore, a
vanishing p = 1071 viscosity is chosen to mimic an Euler solver. The initial solution is

1
-1
“ |- (Yz )Mgel_rz/Rz y-1 . p=p, (7.80)
u= uo—M,,\/ye(l—rz/RZ)/Z (y—yc), (7.81)
v=Myye " FN2(x_x), (7.82)

with M, = 1/(4m/y).

Density fields after exactly 20 periods are plotted on Fig. 7.1, it is seen that the
overall circular shape is well conserved by the present solver, even after a relatively
long distance of 200R.
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Figure 7.1. — Isentropic vortex : Isotropy comparison after 20 convective times at
different Mach numbers.

0.998

0.996

0.994

Figure 7.2. — Isentropic vortex : Comparison of y = 0 density slices at different Mach
numbers after 20 periods.

To further validate the present results, y = 5 slices for different Ma numbers are
also plotted on Fig. 7.2, showing that while higher Ma values led to higher errors, the
damping remained very small for Mach numbers up to Ma = 4, exhibiting less than
6% of errors when compared to the reference analytical solution.
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7.3.2. Entropy spot

This second test case is very similar to the isentropic vortex except that we now
transport an entropy spot, initialized as

p= (1+€e_'2/R2), (7.83)
v=0.

p=1, u=up, (7.84)
The analytical solution is also a frozen pattern advected by the mean flow uy = Ma,/y
without any changes of shape or amplitude.

All the other numerical and physical parameters are exactly the same as those of the
isentropic vortex. Fig. 7.3 presents a comparison between different Ma values.

10 T T T T 1.001
9l . 1.0009
8| . 1.0008

Ma=1 Ma=2
7t 1 1.0007

= 5 —/
4+ \J . 41.0004
3| 4 41.0003
Ma=14 Ma=3

ol 4 41.0002
1t 1 41.0001
0 1 L 1 1 g-l

0 2 4 6 8 10

X

Figure 7.3. — Entropy spot : Isotropy comparison after 20 convective times at different
Mach numbers.

After 20 periods the circular shape is well preserved. y = 5 slices can be seen on
Fig. 7.4 to quantitatively show how the numerical errors introduced by the present
method altered the entropy spot.

Again, higher Mach led to more damping, but it remained in an acceptable margin
of about 5% errors. Note that the choice of the numerical MUSCL-Hancock scheme
for the convective term of Eq. (7.68) is of critical importance for this test case as it can
be seen on Fig. 7.5, where different numerical schemes were employed for the Ma =1
case, a) Lax-Wendroff [24], b) Fromm [24], c) Runge-Kutta 1 with 20% of upwind
scheme and 80% of centered scheme, d) MUSCL [74, 75, 148], e) Adams-Bashforth
with MUSCL [74, 75, 148], f) MUSCL-Hancock [24, 76, 181].

It is shown that the accurate transport of the entropy mode significantly depends
on the discretization of Eq. (7.68), highlighting that numerical properties of Hybrid LB
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Figure 7.4. — Entropy spot : Comparison of y = 0 density slices at different Mach
numbers after 20 periods.
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Figure 7.5. — Entropy spot : Comparison of density fields of the Ma = 1 advection after
20 periods for different discretizations of the convective term of Eq. (7.68).
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schemes are inherited from both the LB part and FD part.

7.3.3. Thermal Couette flow

In this test case, a H = 1 x 10~* long domain is discretized by a 1 x 100 grid. Prandtl
number Pr is fixed to 0.71. The adiabatic exponent is chosen as y = 1.4. Characteristic
CFL ranges from 0.2 to 0.5 to ensure the stability of the simulations while the hybrid
LB parameter is fixed to o = 0.9. A no-slip isothermal wall moving at Ma =1.3, 2.3, 3.3
is placed at y = H, and a no-slip wall at y = 0, leading to a linear velocity profile
with constant shear-stress. Due to the viscous heat term present in the entropy
equation Eq. (7.68) the fluid is heated up. When the generated heat is balanced by heat
diffusion, a stationary solution is achieved. The Reynolds number does not changes
the stationary analytical solution, but it controls the rate of momentum transfer from
the moving wall to the inner domain. A Reynolds number of order unity is therefore
chosen to allow a fast convergence, after which a constant %, error for temperature
and velocity fields of order 1 x 1073 and 1 x 10~* are reported for all Mach numbers
tested. In Fig. 7.6, the normalized temperature and normalized velocity curves are
compared to their analytical counterparts [76]. A satisfactory agreement is observed
for both profiles, showing the capability of the present model to handle viscous and
heat conduction terms.

1.4
3_
1.3 ¢ 25
2
=~
: s 2]
= *15¢
1t
1.1} ¢
05}
1 8= : = 0 :
0 0.5 1 0 0.5 1
y/H y/H

Figure 7.6. — Thermal Couette flow : Left is normalized temperature, right is local Ma
number. Squares, crosses and circles are the Ma = 1.3, 2.3, 3.3 references,
solid lines correspond to numerical solutions with the present model.

7.3.4. 2D Riemann problems

To assess the capability of the present solver to handle discontinuities in a wide
range of situations, configurations 4-6-11-12-13-16 in [182] are simulated with the
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same numerical parameters. These test cases are 2D Riemann problems, they are
initialized by 4 constant states divided by discontinuities placed along x = 0.5 and
¥y = 0.5. The exact initial conditions are given in Appendix C.

The hybrid LB parameter is fixed to o = 1.0, a square domain of side length L =1
is discretized by a 400 x 400 grid. Dynamic viscosity is fixed to p = 107!5 while the
adiabatic exponent is y = 1.4. A single fixed value of At/ Ax = 0.22, very close to values
adopted by [182], is chosen here.

1

0.9
0.8
0.7
0.6

=05

0.4

2N

0.3 ’

0.2
0.1

Figure 7.7. — 2D Riemann problems : Density fields of configurations 4-6-11-12-13-16
(182].

Density fields are presented after 500 timesteps for all 6 configurations in Fig. 7.7
where 50 isolines are linearly ranging from 1.05 x min(p) to 0.95 x max(p). The shock
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sensor parameter is fixed to s, = 0.3 to reduce Gibbs oscillations near discontinuities.
The shape of the complex patterns of shocks, contact discontinuities and rarefaction
waves presented in [182] are well reproduced in all 6 configurations.

7.3.5. Compressible double shear layer

To further demonstrate the stability of the proposed solver, a compressible double
shear layer problem is specifically designed and tested on different square grids. The
fully periodic square [L x L] domain is discretized by 64 x 64, 128 x 128, 256 x 256,
512 x 512 and 1024 x 1024 grids and the initial CFL is fixed to CFL = 0.28. For this
simulation, o = 1 is used. Adiabatic exponent is y = 1.4, dynamic viscosity is taken as
@ = 1071 to model an Euler simulation, characteristic Mach number is Ma = 0.65 and

the simulation is run until 2¢, = #{/7 The initial solution,
L= Ma,/ytanhk(y—-0.25), ify<0.5 (7.85)
| May/ytanhk(0.75-y), ify>0.5 '
v=Ma/ydsin2n(x+0.25), p=1, T=1, (7.86)

consists of two layers of fluid sliding on each other through a sigmoidal profile of
characteristic thickness k = 80. A sinusoidal perturbation whose amplitude is con-
trolled by 6 = 0.05 by introduced on the spanwise velocity, which eventually leads
to the formation of a clockwise and counter-clockwise vortices around ¢ = ., local
Mach number then exceeds its inital value. Because the chosen initial Mach number
is sufficiently large, a complex pattern of 4 radial shocks is formed around time ¢ = 21,
and interacts with the circumferential slip lines wrapping around each vortex.

This can be seen on Fig. 7.8, where vorticity and Mach fields are represent at ¢ =
(t;,2t.) for the 512 x 512 grid.

A quantitative comparison between different grids can be seen on Fig. 7.9, where
vorticity and Mach are plotted along the diagonal line of the bottom left quadrant. No
sensor viscosity is used in this test case, therefore, the stability of the simulation com-
pletely relies on the numerical viscosity and hyperviscosity introduced by truncature
errors.

7.3.6. Shock-vortex interaction

The shock-vortex interaction is a complex test case in which both accuracy and
stability are tested. The simulation is characterized by a Ma = 1.2 stationary shock
positioned at x; = 8 and initialized by the Rankine-Hugoniot jump conditions,

pr_w _ (y+OMa®  pr 2%y

=L — (Ma®-1). (7.87)
pr urp (y—-1Ma-+2 pL (y+1)

In the upstream region is superimposed a M, = 0.25 isentropic vortex Eq. (7.80).
Other physical parameters are set to y = 1.4, Re =800, Pr =0.75, p, = 1.0, T, = 1.0,
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Figure 7.8. — Double shear layer : Vorticity (top) and Mach (bottom) at time ¢, (left)
and 21, (right) using the 512 x 512 grid.

ur, = Ms,/y. The simulation takes place in a [0,28] x [0,24] computational domain
discretized by a 1120 x 960 grid. The initial position of the vortex is (x;, y;) = (6,12).
The maximum CFL, evaluated in the upstream region, is set to 0.83 and the stabilizing
parameter of the hybrid lattice LB model is o = 0.7.

On Fig. 7.10 is plotted the normalized pressure fluctuation Ap = % along a radial
slice of angle 6 = —45° at different integer multiples of the characteristic time T = %
correspondingto t =6T, t =8T and ¢ = 10T. A circumferential slice around the vortex
attime ¢ = 6T is also visible for two different radii. Both the radial and circumferential
slices are in good agreement with the reference solution.

152



7. Unified model, bridging between pressure-based and density-based methods — 7.3.
Numerical validations

O 1 T T I 1
1024
‘1 O 1 Y T [ (LLLLILS 642 n
“ ———-12g?
. - - 2562
-20 |- — 5122
1 | 1 | 1
0 0.1 0.2 0.5 0.6 0.7

Figure 7.9. — Double shear layer : Vorticity and Mach slices between points (0,0) and
(0.5,0.5) at time ¢, (top) and 2¢, (bottom) for different grid resolutions.

7.3.7. Shock-entropy spot interaction

Similarly to the shock-vortex interaction, a stationary shock is placed at x; = 10. The
mean flow is initialized through the Rankine-Hugoniot jump conditions Egs. (7.87).
An entropy spot of amplitude € = 0.1, centered at (x., y.) = (3,12) is placed in the
upstream region. Note that |x; — x.| is more than 3 times higher than for the last test
case to avoid any superposition of the initial profiles of shock and entropy-spot.

Other relevant parameters are set to u = 10715, p; = 1.0, Ty, = 1.0, uy = M;,/y and
s¢ = 0. Domain and numerical parameters such as Ax and o are identical to the
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Figure 7.10. — Vortex/shock interaction : Radial (left) and circumferential (right) cuts
compared to reference[176] (symbols).

shock-vortex test case, with a lower value of the timestep characterized by CFL = 0.42.
The simulation is run until ¢ = 8, for three different values of the adiabatic exponent,
y=12,14,1.6.

During the simulation, the pure entropy spot crosses the shock wave and creates
and pattern of frozen entropy, frozen vorticity and pressure waves [174, 183]. Frozen
modes are plotted in the frame reference of the shocked spot on Fig. 7.11 and Fig. 7.12
while the pressure non-evanescent field is plotted on Fig. 7.13 in the frame reference
of the shock.

0 | |
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Figure 7.11. — Entropy spot/shock interaction : Normalized transmitted entropy fields
s'/eCp, time t = 8. From left to right y = 1.2, 1.4 and 1.6. Analytical
(174, 183] and numerical solutions respectively corresponds to y <0
and y = 0 parts of the plot.

On all these figures, negative y corresponds to analytical solutions [174, 183] while
positive y corresponds to the present solver. On a side-note, we mention that these
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Figure 7.12. — Entropy spot/shock interaction : Normalized transmitted vorticity fields
w'R/euy, time ¢ = 8. From left to right y = 1.2, 1.4 and 1.6. Analytical
[174, 183] and numerical solutions respectively corresponds to y < 0
and y = 0 parts of the plot.
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Figure 7.13. — Entropy spot/shock interaction : Normalized transmitted pressure fields
p'leypo, time t = 8. From left to right y = 1.2, 1.4 and 1.6. Analytical
[174, 183] and numerical solutions respectively corresponds to y <0
and y = 0 parts of the plot.

analytical solutions are obtained from the procedure described in Appendix D, where
we also improved these analytical solutions to take into account

— A heat releasing/absorbing shock wave [183].
— A Noble-Able-Stiffened-Gas equation of state.

Isolines are in excellent agreement for all three fields, except for some very small
discrepancies observed on vorticity fields along the x = 0 line. Note that the reference
solution is an Euler solution. Due to the smoothing of the shock by the solver, reference
and numerical solutions appeared slightly x-shifted by a distance which is about the
shock thickness. In Figures 7.11-7.13 we authorized ourselves to artificially shift back
the reference by a distance smaller than the shock thickness in order for both solutions
to be more easily compared.
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7.4. Recap

In this Chapter, we derive a unified formalism for all preexisting hybrid thermal
models proposed by our group :

— p-based model
— p-based model
— improved-p-based model

along with a unified formalism for the force correction term. We projected all 3 models
on the complete D3Q19 basis, which allow ourselves to find a unique model with free
parameters embedded inside it whose tuning allows to get back any of the previous
models. From this unified formalism, we particularly emphasize that both the p-based
and improved-p-based models are actually equivalent implementation variants of
each other. Additionally, we performed numerous numerical experiments in order to
maximize the stability and the accuracy of the method. The MUSCL Hancock method,
traceless hybrid recursive regularized kernel and the force term are identified as key
points for the stability of the solutions.

Then, the unified model with optimal parameters is validated on a wide range of
compressible test cases, showing the capability of the solver to simulate low supersonic
shocked flows (roughly up to Ma = 1.3) and high supersonic unshocked flows (up to
Ma =4.0).
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As a fully fledged numerical method able to solve a system of partial differential
equations, LBM is a credible solver for wide variety of models. Among its most natural
applications, the aeronautical and aerospace fields needs to deal with reasonably to
highly compressible flows. Therefore, a LB model for arbitrary Mach numbers should
be able to solve mass, momentum and total energy in conservative form in order to
recover a correct solution in both smooth and discontinuous regions of the flow.

Therefore, the purpose of this thesis was to improve the existing LB compressible
models. Due to their simplicity, regularized LB models were chosen. Hence, this thesis
is a direct continuation of pioneering works from Feng et al [74], Guo et al [148, 149]
and Renard et al [75], where a LB algorithm for mass/momentum conservation was
completed by an entropy equation in non-conservative form.

7.5. Conclusion

Finally, what has been learn and what has been done during those 3 + € years ?
The first task was to dig up the literature to learn LBM. The Crank-Nicolson discretiza-
tion, the difference between ﬁ and f;, the proper discretization of the force term and
the clear definition of the beginning and end of the timestep from time ¢ to t + At are
notions that surprisingly are not so well documented because most of the literature
tends to bring to the fore the simplicity of the collide & stream algorithm and rarely
recall its derivation and the necessary underlying assumptions.

The second task was to interpret the LBM in a deductive fashion, this led to Taylor
series interpretation of the LB scheme and to the following original ideas :

— We hypothesized a reason to explain that LBM still provides good results even
with At/7 > 1, meaning with an extremely under-resolved relaxation.

— We rigorously derived the order of accuracy of complex LB schemes.

— We explained how "collision kernel" implicitly means "constitutive model" and
made a link with the Maxwell-Cattaneo model.

— We explained the mechanism of damping of non-hydrodynamic modes by the
hybrid parameter o.

— We explained why the entropy equation is reasonable for low supersonic and
was extensively used [74, 75, 147-149] in the LB literature.
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— We proposed a more robust discretization of the entropy equation — the MUSCL
Hancock method [24] — and identified it as a key point for robustness and accu-
racy of the overall hybrid LB scheme.

— We proposed a systematic method to deduce the actual consistency conditions
of any LB model and we applied it to the classical athermal model, and some
compressible models proposed by our group.

— We proposed a new "traceless" collision kernel, which is an extension of the
recursive-regularized kernel and filter an additional non-hydrodynamic mode.

— We derived a new p-based LB model, then we unified it with preexisting p/improved-

p models and explained the actual differences between these models.

Additionally to this background work, the pressure-based and unified models were
validated on various subsonic and supersonic test cases ( Sec. 6.3 and 7.3), showing
good accuracy and robustness, with only 3 free parameters :

— CFL, which is always a free parameter in unstationary codes.
— o0, whose use has been greatly reduced by the traceless collision kernel.
— A free coefficient s, for the shock sensor, which is only used on shocked flows.

Out of 3 years of numerical experiments using the different LB models discussed in
this manuscript, we found that the stability of our family of LB models rely mostly on
3 basic blocs, equally important :

— The degrees of freedom in the 3¢ and 4" order equilibrium and non-equilibrium.
— The force correction term and its discretization.

— The choice of thermodynamic variable discretized by finite differences and the
choice of numerical scheme.

When these 3 aspects are rigorously addressed on minimal test cases, robust LB
schemes can be achieved. These schemes are consistent to the NSF system with an
unusual constitutive equation. Its order of accuracy highly depends on the collision
kernel. It is easily parallelized, provides high accuracy results and has been shown
to be a robust solver for compressible flows. In this manuscript, we believe to have
provided reasonable premises and an original and parsimonious interpretation of
LBM purely as a numerical solver. By doing so, we were able to propose some improve-
ments in the understanding, the stability and accuracy of compressible LB models.

We also would like to mention that the background developments and models
proposed in this manuscript were applied to 3D LES applications by our group. The
M6 wing from Coratger et al [184] and Volvo burner from Tayyab et al [179] can be
seen on Fig. 7.14 and Fig. 7.15. Both of these applications were carried out with the
pressure-based model proposed in Chap. 6. Boivin et al [21] also carried out a bench-
mark of the model in the context of combustion, showing a faster simulation than
other investigated solvers.
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Figure 7.14. — Pressure coefficient on the top surface of the ONERA M6 wing taken
from [184], using model proposed in Chap. 6

cp

As a final note, we mention that a side-project has been carried out during this
PhD. We extended the "Linear-Interaction-Analysis" method to encompass a heat
releasing/absorbing shock wave as well as a Noble-Able-Stiffened-Gas equation of
state, see Appendix D. This method was also used to compute analytical solutions for
the shock-entropy spot interaction in Sec. 7.3.7.

7.6. Perspectives

In order to improve further the LB models, we believe that now 4 major problems
should be addressed :

— First, a robust discretization of the total energy scheme is the key issue that
prevents us to reach high Mach shocked solutions. Indeed, improvements could
be made even for smooth flows : the employed discretization scheme could be
upgraded particularly using a dimensional splitting and/or using u”“/ 2 instead
of u}' in the MUSCL-Hancock method are expected to increase at least the order
of accuracy and possibly the stability.

— Second, the astonishing capability of the Crank-Nicolson scheme to provide
accurate solutions even for highly under-resolved relaxation (A¢/7 > 1) should
be explained and measured on minimal toy models in order to understand more
about the errors of LB solvers.

— Third, the continuous limit of the system of equations approximated by the
LB solver should be carefully studied. The reason is that different constitutive
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Figure 7.15. — Iso-surface of the progress variable at 0.5 for two configurations of the
VOLVO burner taken from [179], using model proposed in Chap. 6

models necessarily lead to different solutions, e.g. an extreme case in [185],
where the author found that a Maxwell-Cattaneo model - see Sec. 4.4.1 — applied
to both heat flux and stress-tensor led to extremely different results when com-
pared to the classical NSF solution and even non-existence of solutions for some
moderately strong shocks. The DVBE on standard lattices is linearly very close
to NSF [100, 186], but we do not believe a general argument could be found to
ensure that it is still true when the solution we are looking for exhibits strong
gradients, such as boundary layers or shocks.

— The meaning of all moments involved in a LB simulation should be investigated.
While higher-order moments have been investigated in the context of Cumu-
lant LBM [92-95] in order to achieve a 4'"*-order accuracy, we believe that LB
researchers will also have to start looking at those "negligible" terms on other
collision kernels in order to extend its capabilities. Calling them "ghost modes"
[37] or using the classical Chapman-Enskog expansion makes us forget that as
small as they are, those additional terms could predominate or pile up over
time, just as a "negligible" negative numerical viscosity could completely ruin a
simulation in classical CFD.
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7.7. Scientific communications

Finally, note that research activities conducted during this Ph.D led to the following
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* G. Farag, P. Boivin and P. Sagaut. Linear Interaction Approximation for shock/disturbance
interaction with real gas effects. (under preparation)
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A. The D3Q19 complete basis

Here, we provide the details of the lattice that was employed in this manuscript.
First, the weights and discrete velocities are,

i 0 1 2 4 10 11 12 13 14 15 16 17 18

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

wi — J— J— J— J— J— J— J— J— J— J— J— J— J— J— J— J— J— J—

' 3 18 18 18 18 18 18 36 36 36 36 36 36 36 36 36 36 36 36

0 +1 -1 0 0 0 0O +1 -1 +1 -1 O 0 +1 -1 +1 -1 O 0
Ax

A 0 O 0O +1 -1 0 0O +1 -1 O 0O +1 -1 -1 +1 O 0 +1 -1
X

Ar 0 O 0 0 0O +1 -1 O 0O +1 -1 +1 -1 O 0 -1 +1 -1 +1
X

Table 7.1.

With a lattice constant defined as ¢; = Ax/(v/3At). The complete basis of Gauss-
Hermite polynomials detailed in [181] and used in this study manuscript reads as
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7" =1, (Ala)
Hjq = Cia (Alb)
7 i(,zciﬁ = CiaCip— C:8ap, (Alc)
7z i(,?)ciﬁy = CiaCipCiy — Co (BapCiy + 0 pyCia +OayCip), (Ald)
l-(fﬁm = CiaCipCiyCis + Cs (Bapbys + 8 pyOs5a + 0540 py)
— €5 (CiaCipOys + CipCiyOsa + CiyCisOap + CisCiadpy + CiyCiabps + CipCisbay), (Ale)
‘]fi(,glr) = Jgi(?x)xy + ‘%i(izzz’ (A1)
) = A0+ T, (Alg)
T = T+ T (Alh)
Ty =T~ H e (Ali)
3 =T~ T, (Alj)
7 i(,gsr) =7 i(,?))zyz ~ A, ﬁ?xz- (A1Kk)

Leading to 16 linearly independant Hermite polynomials. To form a complete basis, 3
additional orthogonal polynomials should be defined,

4 4 4
oty = = (3+2v3) 2, + - (3- V3] 2, + - (3- V3) 24, (A2)
9 9 9
4 4 4
L= 4) “la_ 4 4, Zla_ 4)
%i =3 (3+2v3)2®, + . (3-v3) 2, + 5 (3-v3)2%,, (A3)
4 4 4
L= (4) Zla_ 4 | Zla_ (4)
€= (3+2v3) 2L, + . (3-v3)2, + . (3-v3) 2., (A4)
2
where @%}Z = in(ilcyy + %sjfg)z Additionally, let’s remark that
q-1 q-1 q-1
Z a)igszfi.szfi = Z wi%i%i = Z a)icgicgi = 24C§. (A5)
i=0 i=0 i=0
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And the Hermite moments corresponding to this basis are

q-1
a(O) = Z jﬁi(O)fi’ (A6a)
v_ T Lo
a&)EZJf ofi (A6b)
1=
o & e
aaﬁzzé I} sl (A6¢)
1
o T e
g, = ;0 T} gy i (A6d)
al" = 3( ad),+ ag,gz)z) : (A6e)
af" =3(a.+af),). (A6
3r) _
=3 a). )
3r) _
ay" =af),-al),, (A6h)
3r) — (3 3 :
é & agcz)z - agc;y ’ (A61)
a((;?’r) = a%)z - agcgjgz ’ (AGD
a = Z i f;, (A6K)
a =
Z Bif;, (A61)
al) = Z Gif,. (A6m)

Therefore, on D3Q19, any function f; can be written as

(3r)

2 . Lia® + Bia®) + €;al?
Ly 1o L 17
fizwid Y —-a" 2" + ——al" + 2 . A7
n=o nlcs 6¢y 24c;

Note that an equivalent orthogonal D3Q19 basis can also be found in [84]. More
details about lattices can be found in [4].
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B. Toward a conservative scheme

In Zhao et al [140] were derived two different numerical schemes. Those schemes
are meant to discretize the total energy transport in conservative form by including
some of the numerical information coming from populations f;. The idea is to be
able to discretize a conservative form using the lattice-Boltzmann distributions and
without defining completely new distributions. First, let us expand the streamed
population multiplied by a variable ¢, Eq. (3.78),

a[('bficol]

(t,x) + O (AL). (B1)
0xqy

[</)ff‘”] (t,x—c; Al) = [</)ff°’] (t,%) = cig At

Taking the 0°" order moment and rearranging terms leads to

a[';—(j:;’t"‘](t,x) - ig{[‘bﬁwl] (5.7) [(pficoz

(t,x—ciAt)}»+@(At) (B2)

which is a first order approximation of the divergence of p¢u,. Following this kinds of
strategies, different schemes were derived in [140].

B.1. U-scheme

In [140], the U-scheme was named upwind, however, numerically there are no
preferred directions based on the velocity. In order to avoid any misconceptions, we
prefer to name it differently, hence we call it U-scheme.

q-1
[pE](t+At,x) = [pEl(t,x) - ) {[Hff"l](t,x) ~ [HffN (8%~ c,-At)} , (B3)
i=0

where H = E + p/p is the total enthalpy. This scheme is meant to discretize the
Euler part (945 = 0 and g, = 0) of Egs. (1.3) and one could easily Taylor expand it to
show that this scheme is effectively consistent [14, 22, 23] to the inviscid total energy
equation.

In order to understand what are the numerical properties of this scheme, let us
restrict ourselves to a more naive situation, the transport of a passive scalar ¢ by a
constant mean flow. In this case fl.“’l, p and u, are constants and the scheme reduces

to
q-1 fcol

S+ ALx) =Pt x)— Y "p {p(t,x) - p(t,x—c; AD}, (B4)

i=0

whose Taylor expansion leads to a modified equation,

o, 00 _Atpd

— = +O (AL B5
ot T ox, "2 paz TOAY) (B5)
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which is an advection-diffusion equation with positive diffusion coefficient %%.
While this diffusion is always positive for the passive scalar ¢, it leads to a sign depen-
dent diffusion when applied to the total energy p E due to the coupling with mass and
momentum conservations.

B.2. C-scheme

The C-scheme is effectively a centered scheme, it is defined as

q-1 _

[PEI(t+At,x) = [pEl(t, %)~ ). {ficoz(t,x)H(t,x+c,§t)+H(t,x) (B6)
i=0

—ff"l(t,x—cl-At)H(t’x_c’ét)+H(t’x)}.

(B7)

Which is also consistent [14, 22, 23] to the Euler part of Egs. (1.3). The transport of a
passive scalar ¢ by a constant mean flow using this scheme is

LN (8, %+ 6 AD) — P8, x — ¢; At
(P(Hm,x):(p(t,x)_zfl {cp( X+ ¢ >2¢( X— ¢ )}, ©8)
i=0
whose Taylor expansion leads to a modified equation,
o¢p op At 0%¢ )
— — = O(At9). B9
ot ax, T 2 M agan, OO (59)

B.3. UC-scheme

A free parameter x that allows to switch between both schemes can be introduced

g-1 feol
dt+At,x) = p(1,x)—K ) ’T {p(t,x)—Pp(t,x—c; A)} (B10)
i=0
TN (ot x+ ¢ AD -, x— ¢ At
_(1_K)Zfl {<P( X+ A — (L, x—¢; )}’ (B11)
i=0 P 2
whose Taylor expansion leads to a modified equation,
0p 0 _At p ¢ 2
—-— —=—1{x-1 =0 O(Ar7), B12
a;“‘yaxy 2{(1< )uauﬁ+1<p “ﬁ}axaaxf (At7) (B12)

suggesting that x = 1 is the only value that would lead to a positive numerical diffusion
coefficient in front of every second order derivatives. As it was already mentioned,
when those schemes are applied to the total energy pE, they would lead to a sign
dependent diffusion due to the coupling with mass and momentum conservations.
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B.4. Correction to the U-scheme

An improvement to the U-scheme can be obtained by adding a tunable correction
v,
q-1
[PEl(t+At,x) = [pE1(£,%) — }_ {[Hff"l] (t,x) - [Hff'1(t,x - ¢; Ar)} +At¥. (B13)
i=0
A Taylor analysis shows that this scheme is first order accurate with a modified equa-
tion

0pE . dpHug At 0 {OpuYH . O(puyug+6y,5p)H

= OWAP)+¥. (Bl4
ot " oxg  20% | ot dxp }}+( ¥ (B

Making the assumption that viscous and heat diffusion terms could be neglected, a
more careful study of the leading error shows that

0pE OpHug At 0 { op 2—ydug OH} 9

—_—t = + +0(At)+V¥. (B15

ot 0xg 2 0xy “ptt Yaxﬁ puyy— 10xg pdx}, (A1) (B15)
Therefore, ¥ = —% a‘; { uglly (;3 s T puyf, ){gﬁ + p ox, } could lead to a more accurate

scheme by removing the dominant truncature error. However, none of the schemes
presented in this section were used in this manuscript because they create a numerical
viscosity.
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C. 2D Riemann initial states

We provide in this appendix all initial states [182] used in Sec. 7.3.4 for the chosen
two dimensional Riemann problems.

(p,p,u, V)Conﬁg.4 =1

(]9; o, u, V)Conﬁg.G =4

(p»P; u, U)Conﬁg.ll =4

(P, P, U, V)Config.12 = 3

(pr p) u, V)Conﬁg.13 =1

(]9, o, u, U)Conﬁg.lﬁ =1

(1.1,1.1,0.0,0.0)

(0.35,0.5065,0.8939,0.0)
(1.1,1.1,0.8939,0.8939) ifx<0.5,y<0.5
(0.35,0.5065,0.0,0.8939) ifx=0.5y<0.5

(1.0,1.0,0.75,-0.5) ifx=0.5,y=0.5

ifx=0.5,y=0.5
ifx<0.5,y=0.5

(1.0,2.0,0.75,0.5)

(1.0,1.0,-0.75,0.5)

(1,3,-0.75,-0.5)
(1.0,1.0,0.1,0.0)

ifx<0.5,y=0.5
ifx<0.5,y<0.5
ifx=0.5y<0.5

ifx=0.5,y=0.5

(0.4,0.5313,0.8276,0.0)
(0.4,0.8,0.1,0.0) ifx<0.5y<0.5
(0.4,0.5313,0.1,0.7276) ifx=0.5, y<0.5

(0.4,0.5313,0.0,0.0) ifx=0.5y=0.5
(1.0,1.0,0.7276,0.0) ifx<0.5,y=0.5
(1.0,0.8,0.0,0.0) ifx<0.5y<0.5
(1.0,1.0,0.0,0.7276) ifx=0.5y<0.5

(1.0,1.0,0.0,-0.3) ifx=0.5,y=0.5
(1.0,2.0,0.0,0.3) ifx<0.5,y=0.5
(0.4,1.0626,0.0,0.8145) ifx<0.5, y<0.5
(0.4,0.5313,0.0,0.4276) ifx=0.5,y<0.5

(0.4,0.5313,0.1,0.1) ifx=0.5y=0.5
(1.0,1.0222,-0.6179,0.1) ifx<0.5,y=0.5
(1.0,0.8,0.1,0.1) ifx<0.5,y<0.5
(1.0,1.0,0.1,0.8276) ifx=0.5y<0.5

ifx<05,y=0.5
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D. Linear Interaction Approximation

A side project was carried out during a previous internship and 4-5 months of the
present Ph.D. Being out of the scope of the lattice-Boltzmann method for compressible
flows, we only report here a brief overview. This project included some extensions of
the Linear Interaction Approximation (LIA) theory,

— In a published article [183], we extended LIA to heat releasing/absorbing shocks
along with a new consistent Chu’s disturbance energy [142] definition. The heat
releasing case was considered by [187] to model thin detonations.

— In an article in progress, LIA was extended to the Noble Able Stiffened Gas
equation of state along with a new consistent Chu’s disturbance energy [142]
definition.

We now provide an extremely brief overview of the basic principles of the method,
applied to heat releasing/absorbing shocks. Full details could be found in [183].

The propagation of a hydrodynamic shock wave across an heterogeneous medium
is a very important topic in many fields of application, e.g. aerospace engineering,
nuclear engineering but also astrophysics. Such an interaction is known to emit a
complex field, which is a mixture of acoustic, entropy and vortical waves according
to Kovasznay’s decomposition [141, 188, 189]. In the limit of small disturbances, the
emitted field can be accurately predicted considering a linearized theory, namely the
Linear Interaction Approximation (LIA), see [189] for an exhaustive discussion. This
theory was pioneered in the 1950s by [190-193] and is still under development [174,
194-197].

D.1. Description of the mean flow solution

Considering the case of an 1D flow along the x axis and a normal shock wave and
denoting (uy, ur, ) the component of velocity in cylindrical coordinates (in the
discontinuity reference frame, the x axis being taken normal to the planar shock
wave), the upstream and downstream mean quantities (resp. subscripts 1,2) relate
through the Hugoniot jump conditions for mass, momentum and energy:

P1Ux1 = P2Ux2,

2 2
P1+ 01Uy = P2+ P2Uyy,

2 2
u u
h1+7“:h2+7xz, (D1)

with u, and uy being conserved through the shock:

Url = Url,  Ugpl = Ugp. (D2)
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The enthalpy £ jump condition may be reformulated as

2 u2

u
cpT1+7“:cpT2+7xz—AQ, (D3)

where AQ accounts for heat release/heat absorption at the shock wave. AQ > 0
was considered by [187] to model thin detonations, while AQ < 0 should be used to
account for physical mechanisms restricted to a thin region downstream the shock
front that act as an energy sink, e.g. radiative losses or condensation [41].

Introducing the sound speeds on either side of the shock ¢y, ¢; in the jump con-
ditions lead to the following relation between the upstream and downstream Mach
Numbers, respectively M; and M5:

,  l+yM:—(M;-1)\/1-P 2(y* - 1)M2q
M; = > > , =55 (D4)
1+yM2 +y(M?-1)y/1- B 1-M3)
where the normalized heat coefficient has been introduced
A
q= —S (D5)
5]

The compression factor m = p,/py = u;/ uy is obtained through

1 l+yM? 1-M?
— = + \/1-P. D6
m  (y+1)M? (y+1)M? p (D6)

Note that ¢, and y, appearing in the above relations are assumed identical on both
side of the shock, thereby considerably reducing the equations. When the assumption
does not hold, the present study still present valuable benchmarks for numerical
codes, in which thermodynamic properties may be artificially set to constants.

All other classical relations for T>/ Ty, p2/ p1, ... are formally identical to those of the
classical normal shock case, M, and m being now given by the above formula. The
consistency constraint which ensures that both m and M, remain positive is

Amin < q < dmax, (D7)
where
o1 M _ a-mp2 D8)
dmin = 11—+ —y - (max = —2()/2 . l)Mf'

One recovers the physical behavior that the downstream flow is accelerated in the
case g > 0 compared to the neutral shock case g = 0, while it is decelerated in the
opposite case g < 0, due to the balance between kinetic energy and internal energy.
In the asymptotic limit g = gmay, the system satisfies the so-called Chapman-Jouguet
condition M; =1 [see, e.g. 198]. The other limit, g = gmin corresponds to an infinite
mass compression ratio, impossible to sustain in practice.
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D.2. The Kovasznay modal decomposition for fluctuations

The Linear Interaction Approximation relies on a small disturbance hypothesis and
the use of linearized equations to described fluctuation propagation on either side of
the shock. For each quantity (e.g. u), let us identify the fluctuation part («’) and the
mean () as

u=u+u, p=p+p, .. (D9)
and assume the fluctuation part is small (#'/ &t < 1).In the reference frame tied to the
planar shock front the 2D perturbation field then satisfies
!/
o' _op' 9
— 4+ u—+0——=0, D10
or * “ox " Pax; (D10

au;+'a_l/tl' la_pl_

—_t L =0, D11
ot “ox " pox; (D11

op' _op' 0y

op.  or 0, D12
ot “ox "Pax; (b12)

which can be recast as a system of evolution equations for Kovasznay’s physical modes:

os' _os
E + Ua =0, (D13)
6091| 6091|
o T 0 (D14
0w’ ow’
5ty =0 (P
0 0\2
5+ 55 P/ =P D16

where o' = V xu’ denotes the fluctuating vorticity, and ', = (@’ nm)nand v} = ' -0,
are the shock-normal and the shock-parallel components of vorticity, respectively,
with n the unit normal vector of the planar shock wave. The shock-normal and the
shock-tangential components correspond to the toroidal and poloidal components
of the velocity field in the reference frame tied to the planar shock front, respectively
[189]. One recognizes the entropy mode, the toroidal and poloidal vorticity modes,
the fast and slow acoustic modes and the concentration mode. It is worth noting
that Kovasznay’s modes correspond to the eigenmodes of the linearized propagation
operator, which are orthonormal according to the inner product associated to Chu’s
definition of compressible disturbance energy [142]. Let us now introduce propagating
plane wave disturbances of the general form

¢ = A; (el il x QD] (D17)

Here, A; (k) denotes the amplitude of upstream Kovasznay mode of type i, with i =
s, a, v, t for entropy, acoustic, concentration and poloidal/toroidal vorticity mode, re-
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spectively. k is the perturbation wave vector, associated with pulsation Q = i1; kcos ,
where « is the angle of the incident perturbation with respect to the shock, as illus-
trated in Fig. D1.

/\y

Al T

Figure D1. — Sketch of the LIA configuration. The corrugated shock mean front posi-
tion is at x = 0. The incident perturbation has wave vector k, at angle a
with respect to the shock normal. Emitted waves may be acoustic waves,
with wave vector k,, or non-acoustic ones, with wave vector k;.

4
e

D.3. The normal-mode-based LIA

The shock jump relations for a normal planar shock wave read

., Oxs. _ , _ ., 0Oxs. _
p1(uy — E) +ipy = P2(uyy — E) + U0y, (D18)

! ! =2 = = ! ! ! =2 = - !
P1+P1UY 201U Uy = Pyt ol + 202U Uy,

_ axs _ axs
I’lll + ul(u;l — E) = ]’llz + Mg(u;z - E),
_ 0xg _ 0xg
ulg + u'rl = uza + u'rz,
u:pl = u:pz’

Where we denote the shock fluctuating displacement with respect to its equilibrium
position, .

Xo = Xs(y, 1) = Age'®r Y700, (D19)
as depicted in Fig. D1. The normalized shock relations (D18) could be recast into a

linear system,
MZ; = B;, (D20)
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where M and B; are known. This system is deduced by injecting upstream distur-
bances of amplitude A; and downstream disturbances of amplitude A; Z; inside (D18).
The transfer function vector Z; contains the intensity Z; j of each emitted Kovasznay
mode j for a given incident mode i,

Zi = (Zit, Ziv, Zisy Zia» Zix) " .

(D21)

Then, a given pattern of upstream perturbation can be decomposed into Fourier
modes (D17) obtained via a 2D polar Fourier transform [174, 183] with (k, @) the polar
coordinates in the Fourier space. The downstream perturbation is then calculated by
computing Z; for each Fourier modes, which allows to recompose the downstream
perturbation. In other words, knowing only the upstream perturbation (shape, am-
plitude), shock Mach number, adiabatic exponent y and heat release AQ, we can
analytically compute the downstream perturbation.
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Figure D2. — Incident Gaussian entropy spot: analytical emitted entropy, vorticity
perturbations (from a to f). (a,c,e) Adiabatic versus endothermic case.
(b,d,f) Adiabatic versus exothermic.

A similar work is currently being written in which the LIA has been extended to the
Noble Able Stiffened Gas equation of state [180, 199, 200].
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“ His heart beat madly and the noise of life about him sank to an
unheard murmur. [...] He lifted his head and he could see
through all the steel and concrete and humanity above him. He
could see the beacon set in space to lure men outwards. He could
see it shining down — the naked sun.”

— Isaac Asimov, The Naked Sun
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