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1 General Introduction

Over the last decades, and this in all the industrialized countries, the family structure
has undergone enormous changes. In the 1960s, the traditional family in France or
the United States, for example, was still organized around a married couple and their
children. The man was the only active person in the labor market, and the main, if
not the only source of income of the household, while household chores were performed
almost entirely by women. Today, the proportion of single people in the population has
significantly increased, while the fertility rate has declined. The number of divorces is
much more important than in the past while the number of marriages is declining. In
married couples, the levels of education of husband and the wife are often very close,
and that of the wife regularly exceeds that of the husband. Moreover, the wife’s rate of
participation in the labor market has increased significantly. And even if there is still
a clear difference between men and women, the distribution of household chores within

the household is much more egalitarian now than thirty or forty years ago.

One of the important changes we can focus on is the homogamy. Has it changed over
the time 7 and how ? These are the questions that retain our entire attention in the
first chapter of this thesis. These questions are relevant for that actually, an increase
of the homogamy would imply a reinforcement of the inequalities. In France, several
studies, particularly in Sociology, have been carried out on this subject. The first study
was carried out by Alain Girard (1964) for INED on the context and determinants of
the choice of spouse. This study will be extended by Michel Bozon and Francois Heran
(2006). Forsé and Chauvel (1995), Goux and Maurin (2003), Vanderschelden (2006)
and Bouchet-Valat (2011, 2014) deal with the evolution of homogamy in France. Forsé
and Chauvel (1995) used a measure derived from the odds ratio, the net diagonal index,
and data from the survey ”"Emploi” 1989. They identified a decline in homogamy of
social origin and stability of the homogamy of diploma in relative terms. A limit of this
study is that the net diagonal index does not weight the odds ratios of the homogamy
table in terms of the numbers they represent in the average population over the period.
Using such a weighting, Bouchet-Valat (2011) observed a slight weakening of the degree

of homogamy in the same survey. Using log-linear and log-multiplicative models, Van-
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derschelden (2006) studied homogamy of education and socio-professional homogamy,
using the survey ” Etude de I'Histoire Familiale” 1999. She measured an irregular decline
in educational homogamy, but no change in the level of socio-professional homogamy
(both in relative terms). But regarding educational homogamy, only the first unions
that had not experienced separation before the survey were taken into account in her
study. Using different models based on odds ratios and using data from ” Employment”
surveys carried out between 1969 and 2011, Bouchet-Valat (2014) shows that the ho-
mogamy of diploma and social class has clearly decreased, both in absolute and relative
terms. Theses models are fundamentally statistical and do not have an economic ap-
proach of marriage; this will be the main point of difference of our study from theirs.

To do this, we need a framework of modeling marriage.

The interest of economists for marriage and its modeling is not new since it dates back
at least to the work of Becker (1973, 1974). Economic models of marriage that have
been developed along this line are based on the idea that each person obtains some
(positive or negative) utility from marriage. These models differ depending on the
hypothesis made on the transferability of the utility. They rely on a concept of stable
equilibrium defined so that:

(a) there is no married person who would prefer to be single,

(b) there are no pairs of people, married or not, who would prefer forming a couple
together.

These models are said ”frictionless” (that is, matching instantly reach the equilibrium

without the mechanism leading to this equilibrium being specified).

Recent researches led to give empirical content to those models. Using a very simple
model of marriage, known as with (perfectly) transferable utility, Choo and Siow (20064,
b) assume that the utility derived from marriage breaks down into two parts: the first is
deterministic and takes a finite number of values based on observable characteristics (as,
for example, the diploma, religion, income, expressed in the form of discrete variables)
and the second consists of a continuous random term representing what is not observable
by the analyst. They then show that the net gain (compared to the status of single)
generated by marriage for a person of a given sex s having a certain characteristic ¢ was

equal, on average, to the logarithm of the ratio of the number of singles with sex s and
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characteristics ¢. By simply comparing the proportion of marriage of different groups
of individuals, it becomes possible to measure the value for these groups of individuals
to have certain intellectual, physiological or physical traits. It is also possible to assess
the effect on the net gain of marriage of changes in the number of men or women
with different characteristics. In this perspective, Choo and Siow (2006a,b) presented

empirical results using data from the U.S Census and the Canadian Census.

The hypothesis of (perfectly) transferable utility means that the utility of an individual
may be transferred to another individual at a constant rate. To fix ideas (but the
interpretation of transferability is more general), individuals can exchange money or
services that represent changes in the level of utility. Naturally, this hypothesis implies
restrictions that are important. Whatever it may be, this model of marriage may
provide answers to some important questions. For example, Chiappori, et alii (2014)
showed by using U.S Census data that, since education for women also had an effect on
marriage opportunities, the global rate of return of education has proved to be larger
for women than for men. These empirical models of marriage market are generalized
by Galichon and Salanié (2012).

In the first chapter of this work, we will present these models and reproduce some
empirical results presented with French data. Considering the Choo and Siow model,
we empirically measure the marriage surplus and the educational endogamy on the
global metropolitan french marriage market and on its different geographic regions. We
use French data census from 1962 to 2011. In the first section, we describe the general
theoretical model of Galichon and Salanié (2012) inspired by the Choo and Siow model
(2006). This is followed by the inference approaches: nonparametric and parametric. In
the third part, we present the empirical results. We particularly observe that the joint
surplus has increased on the period 1962-1982 and has decreased significantly on the
period 1982-2011. More precisely, the intensity of increase of the joint surplus on the
period 1962-1982 has been higher for very educated couples than for the less educated
; and the decrease of the joint surplus on the period 1982-2011 has been higher for
less educated couples than for the very educated couples. About the endogamy, we
remark that the endogamy presents a significant increase on the period 1962-1999 and
a weak decrease on the period 1999-2011. On the period 1962-1982, the intensity of the
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increase of endogamy has been higher for very educated couples than for less educated
couples. But on the period 1982-1990, the reinforcement of the endogamy within less
educated couples became higher than within very educated couples. And finally, the
decrease of endogamy on the period 1999-2011 has been higher for less educated couples
than for the very educated ones. Our results are conform to the existence a trend with
a form of an inverted U for the evolution of the educational homogamy in France,
widely observed for The U.S and Canada. In that way we confirm the conclusion of
the studies of Schwart and Mare (2005) and Hou and Myles (2008) on the evolution of
the educational homogamy in U.S and Canada in the French case. But these results
are in contrast with the global decrease observed by sociological studies in France. In
our work, the educational homogamy has decreased only on the period 1999-2011 after
its significant increase on the period 1962-1999. The divergence of our results from
sociological studies may come essentially come from the difference of the approaches

adopted to answer to the common question of educational homogamy in France.

The increase of the endogamy mainly on the period 1962-1999 should have implied a
reinforcement of inequalities and particularly of the income inequality between wealthy
and poor households. One may then be interested on the link between marriage and
income inequality. Indeed, Greenwood et alii (2014) find that, if mating patterns in the
U.S. had remained the same as in 1960, the Gini coefficient would have been significantly
lower in 2005. This leads us to investigate on the impact of marriage on the income

inequality. This will be the fundamental aim of Chapter II of our work.

The socio-demographic changes observed during the last fifty years has, rather unsur-
prisingly, had consequences on the intra-household distribution of consumption, so that
growth in income inequality actually hides more ambiguous trends in individual con-
sumption. Lise and Seitz (2011) use structural methods to recover individual consump-
tion from survey data and show that, in the U.K., inequalities in terms of individual
consumption have increased more slowly than income inequalities. The shrinking wage
gap among spouses explains a more equal distribution of total consumption within the
household. Bargain et alii (2019) confirm this result with another identification strat-
egy and stress that progress in education and in living standards are the key drivers of

the increase in women’s consumption.Since the proportion of single persons and cou-
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ples has changed significantly in recent years, and the costs and benefits of forming a
couple have certainly not remained constant, it is difficult to correctly assess the ob-
served increase in inequality. In this second chapter, we assume that individual utility
is perfectly transferable and, for single individuals, is equal to observable income, i.e.,
we use a particularly convenient cardinalization of utility. It means that utility, like
money, can be redistributed between individuals at a constant rate. This formulation
is convenient because it gives a way to compare utility of individuals living alone and
living in a couple. To identify individual utility, we then use an empirical marriage
model a la Choo and Siow (2006) who start from the assumption that the surplus de-
rived from marriage breaks down into two parts: the first is deterministic and depends
on a finite number of observable individual characteristics and the second consists of
a continuous random term, with an extreme value distribution, representing what is
not observable by the analyst. More precisely, in order to take into account the conti-
nuity of individual incomes, we propose a continuous extension of the Choo and Siow
’s model. We consider the extension of this model proposed by Dupuy and Galichon
(2014) who account for continuous observable individual characteristics (instead of fi-
nite number of characteristics). Our contribution is two-fold. In the initial formulation
of the Dupuy and Galichon’s (2014) marriage model, single individuals are ignored, i.e.,
all individuals are assumed to be married. Firstly, we propose in the light of Dupuy and
Galichon’s model, an alternative approach to the case of presence of single individuals
and that is empirically tractable. We show that the individual utilities can be identified
from observed marriages and propose a Maximum Likelihood methodology to estimate
the parameters of the model. The integration of singles is crucial because our main
objective is to compare inequality among single individuals and married individuals.
Secondly, we estimate this model using data from the PSID over the period 1968-2001.
We show a reduction of income inequality by marriage and this inequality index has
slightly increased on the period of the study. We have also measured the conversion
rate between marriage surplus and income. We interpreted it as the "monetary value
of marriage”. It has increased on the period 1968-1971, decreased on the period 1971-
1985, then slightly increased on the period 1985-1990 before decreasing on the period
1990-1999. It seems then to be on an increasing dynamics from 1999 to 2001.
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The continuous matching model we have presented in Chapter II is slightly different
from the Dupuy and Galichon’s model (2014). In Chapter III, we try to show firstly
a correspondence between the two approaches and secondly the advantage we try to
bring by our formalization to find analytically the equilibrium of the matching mar-
ket. To do so, we consider a bipartite matching market with transferable utility. We
firstly show the equivalence between the Dupuy-Galichon model and the model pre-
sented in Chapter II, in the case of nearly full matching and secondly we investigate
in that particular state of the market, on analytical solution of the matching market
equilibrium i.e the optimal matching and the individual surpluses gained by the agents.
Dupuy and Galichon (2014) show that the individual surpluses depend on two poten-
tials function a(x) and b(y) that can be retrieved up to a constant that we called The
Dupuy-Galichon Constant. Bojilov and Galichon (2015) with the setting of Dupuy and
Galichon, show that the assignment problem can be solved analytically in quadratic
specification with gaussian distributions of the observable characteristics. And actu-
ally, they provide closed forms of the optimal matching and identify clearly the affinity
matrix of their specification. But they did not provide analytical solution for the indi-
vidual surpluses. We show that the model proposed in Chapter II provides theoretical
relations for these individual surpluses and we show that in the case of nearly full
matching, with a quadratic specification, with gaussian distributions of the observable
characteristics, we find analytically the optimal matching distribution, and the affinity
matrix and we retrieve the Theorem 2 of Bojilov and Galichon (2016), but furthermore,
we find also analytical expressions for the individual surpluses. We also investigate the
functions a(z) and b(y) and we found their expression and then we also the expression
of the Dupuy-Galichon Constant up to which the functions a(z) and b(y) are deter-
mined and we prove that this constant is actually exogenous and is related to single
individuals. we also show that the model proposed in Chapter Il remains available when
the matching tends to be scarce and we provide the analytical solution of this extreme
state of the market. We present two ways to estimate parametrically the model, by
maximum likelihood eased by the fact that its is completely expressed analytically, and

the estimation by moments based on the identification of the affinity matrix.

In Chapter IV, we examine consumption and marriage decisions of individuals in a
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unified framework. To do so, we assume that the marriage market is stable according
to Gale and Shapley (1962)’s definition and that the decision of the couple can be de-
scribed by the collective approach, i.e, each individual has its own preference and the
outcome of the decision process is Pareto efficient. The collective approach has been
introduced to study the behavior of multi-individual households by Chiappori (1988,
1992) and, since then, has rapidly gained in popularity. Bourguignon, Browning and
Chiappori (2009) provide the main theoretical results for the case of constant prices.
They show that the collective approach generates testable restrictions and that, if in-
dividual preferences are egoistic and consumed goods are private, the intrahousehold
distribution of resources can be recovered. Browning and Chiappori (1998) incorporate
prices. Blundell, Chiappori, and Meghir (2005) and Donni (2012) extend the collec-
tive model to public goods. Chiappori and Ekeland (2007, 2009) provide a complete
characterization of the collective model. Cherchye, De Rock, and Vermeulen (2011)
and Cherchye et al. (2015) propose an alternative approach to the identification of the
intrahousehold distribution of resources based on the theory of revealed preferences.
Empirical applications have shown that the intra-household distribution of resources
depends on variables such as individual wages, prices, or distribution factors. See, for
example, Bargain and Donni (2012), Bourguignon, Browning, and Chiappori (1994),
Browning, Chiappori, and Lewbel (2013), Cherchye, De Rock, and Vermeulen (2012),
Couprie, Peluso, and Trannoy (2010), Lewbel and Pendakur (2008), Lise and Seitz
(2011) and Dunbar, Lewbel, and Pendakur (2013). However, the precise mechanism
behind the intra-household distribution of resources is not clearly identified. As pointed
out by Browning, Chiappori, and Weiss (2014, p. 122), the collective approach remains
"agnostic” about the specific intra-household bargaining process that generates Pareto
efficient outcomes. One of the rare structural models that attempt to explain how re-
sources are shared among household members is proposed by Cherchye, Demuynck, De
Rock, and Vermeulen (2017). They integrate the assumption of a stable marriage mar-
ket with the collective consumption model to analyze the choice behavior of households.
They then use a revealed preferences approach and identify the sharing rule of house-
hold resources, which is thus determined by the state of the marriage market. The work

presented in Chapter IV is related to Cherchye, Demuynck, De Rock, and Vermeulen
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(2017)’s contribution but differs from it in at least two important aspects. Instead of
using a revealed preferences approach, we construct a model of marriage market with
transferable utility inspired from that of Choo and Siow (2006) and its sequels. In addi-
tion, we do not use information on household consumption but we identify consumption
from the observation of matching patterns. More precisely, our approach is based on
Dupuy and Galichon (2014) and its variation proposed in Chapter II. The individual
utility is represented as the sum of a deterministic part and a stochastic part. The de-
terministic part corresponds to the consumption-based utility while the stochastic part
can be seen as a “sympathy shock”. From traditional results in the marriage market lit-
erature, the deterministic part is identified from the observation of matching patterns.
The basic idea of the model is then simple. If we assume that the deterministic part, i.e.,
the consumption-based utility function of each individual, has a parametric form com-
patible with transferable utility, namely, a Generalized Quasi-Linear form (Bergstrom
and Cornes, 1983), that depends on the consumption of a private and a public good,
then the parameters of the consumption-based utility function can be recovered. Once
the parameters are recovered, the consumption of the private and the public good can
be identified. The parametric specification of individual-based utility functions has at
least three applications. (i) If single individuals have the same deterministic preferences
as married individuals, then the consumption-based utility function of single individuals
are identified from that of married individuals. This potentially allows comparing the
changes in welfare of single individuals as well as that married individuals. To make
a comparison with the results in Chapter II, the unidentified constant that represents
the exchange rate between utility and money can be identified. (ii) The changes in
endogamy observed during the second half of the 20th century can be structurally in-
terpreted as a change in the individual taste for public goods together with a change
in the distribution of individual incomes. (iii) From a more theoretical perspective, the
identification of individual consumption suggests that observed matching patterns con-
tain information on household consumption. It is a first step toward the unification
of collective models and marriage models. The theoretical model is illustrated by an
empirical application using data from the PSID for the period 1968-2001. We find that,

unsurprisingly, men and women have different parameters for the consumption-based
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utility functions. To be more precise, women have a higher taste for the public good
than men. Consequently, the average gain from marriage is higher for men than for
women. We also find that married individuals have a higher level of consumption and
a higher level of surplus than singles. In addition, inequality is higher among single
individuals than among married individuals. The study thus confirms the conclusion
we drew in Chapter II, i.e., marriage reduces inequality in terms of consumption as
well as surplus. Over the period that we examine, we observe a general increase in
(consumption and surplus) inequality, with analogous dynamics to the incomes dynam-
ics. Finally, we compute a parameter measuring the exchange rate between marriage
surplus and money(which can be interpreted as the monetary value of marriage). This
parameters varies over the examined period: it increases between 1968 and 1970, dras-
tically decreases between 1970 and 1983, and it has been stable between 1983 and 2001.
The method used to compute this value is an alternative to what we suggested in Chap-
ter II. Although, the two measures give us very similar results in terms of dynamics
over the time of the study. The Chapter III is structured as follows. In Section 1, we
describe the marriage market and define the stability conditions in the sense of Gale
and Shapley (1960). In Section 2, we identify the individual consumption-based utility
of individual within households in function of the primitives of the model. In Section
3, we consider the case of the parametric Generalized Quasi-Linear utility function and
we show that the parameters of the function can be retrieved. In Section 4, we present
estimates of the model on the PSID data on the period 1968-2001.
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2 Marriage Surplus and Educational Endogamy in

France

Abstract

This article deals with the fundamental question of educational homogamy
in France. One interest in this interrogation find its root in the fact that the
global education level has highly increased during the last decades and particu-
larly women’. This demographic changes may have influenced individuals well-
being in some way. This article aims to highlight some of the eventual effects

particularly within households in France.

2.1 Introduction

The family structure has undergone enormous changes in all the industrialized countries
Over the last 50 years. The number of divorces is much more important than in the past
while the number of marriages is declining. In married couples, the levels of education
of husband and the wife are often very close, and that of the wife regularly exceeds
that of the husband. Moreover, the wife’s rate of participation in the labor market
has increased significantly. And even if there is still a clear difference between men
and women, the distribution of household chores within the household is much more
egalitarian now than thirty or forty years ago. One of the important changes we can
focus on is the homogamy more especially the educational homogamy. An increase of
this would imply a reinforcement of the inequalities. Several studies have been done
in different industrialized countries to investigate on the evolution of the homogamy,
mainly in Sociology. In that way, we can mention some of those studies. Mare (1991)
has studied the variations of the educational homogamy in U.S. on the period 1940-1987
and found an increase until the 70s. Schwartz and Mare (2005) using U.S data as well
and covering a long period, confirmed a reinforcement of the educational homogamy
until the 1990s and a decrease then. Similar results are found with Canadian data
(Hou and Myles, 2008). More generally, a study of Ultee and Luijkx (1990) on 23

industrialized countries revealed a weakening of the educational over the time with a
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trend with a form of an inverted U, i.e an increase followed by a decrease over the time.
That suggests that the educational homogamy has first increased with the increase
of the education rate, and then has decreased. This is confirmed by Smits, Ultee
and Lammers (1998). In Europe, we observe different evolutions of the educational
homogamy: for instance, a decrease in U.K, Sweden, and Norway (Halpin and Chan
(2003), Birkelund ans Heldal (2003), Henz and Jonsson (2003)) and a decrease in France
and The Netherlands too (Ultee and Luijkx, 1990) and in parallel, a global increase of
the educational homogamy is observed in Italy (Bernardi, 2003) and Spain (Esteve
and Cortina, 2006). In France, several sociological studies, have been carried out on
this subject. The first study was carried out by Alain Girard (1964) for INED on
the context and determinants of the choice of spouse. This study will be extended by
Michel Bozon and Francois Heran (2006). Forsé and Chauvel (1995), Goux and Maurin
(2003), Vanderschelden (2006) and Bouchet-Valat (2011, 2014) deal with the evolution
of homogamy in France. Forsé and Chauvel (1995) used a measure derived from the odds
ratio, the net diagonal index, and data from the survey ”Emploi” 1989. They identified
a decline in homogamy of social origin and stability of the homogamy of diploma in
relative terms. A limit of this study is that the net diagonal index does not weight the
odds ratios of the homogamy table in terms of the numbers they represent in the average
population over the period. Using such a weighting, Bouchet-Valat (2011) observed a
slight weakening of the degree of homogamy in the same survey. Using log-linear and
log-multiplicative models, Vanderschelden (2006) studied homogamy of education and
socio-professional homogamy, using the survey "Etude de I'Histoire Familiale” 1999.
She measured an irregular decline in educational homogamy, but no change in the level
of socio-professional homogamy (both in relative terms). But regarding educational
homogamy, only the first unions that had not experienced separation before the survey
were taken into account in her study. Using different models based on odds ratios and
using data from ”Employment” surveys carried out between 1969 and 2011, Bouchet-
Valat (2014) shows that the homogamy of diploma and social class has clearly decreased,
both in absolute and relative terms. Theses models are fundamentally statistical and
do not have an economic approach of marriage; this will be the main point of difference

of our study from theirs.
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The interest of economists for marriage and its modeling is not new since it dates back
at least to the work of Becker (1973, 1974). Economic models of marriage that have
been developed along this line are based on the idea that each person obtains some
(positive or negative) utility from marriage. These models differ depending on the
hypothesis made on the transferability of the utility. They rely on a concept of stable
equilibrium defined so that:

(a) there is no married person who would prefer to be single,

(b) there are no pairs of people, married or not, who would prefer forming a couple
together.

These models are said "frictionless” (that is, matching instantly reach the equilibrium

without the mechanism leading to this equilibrium being specified).

Recent research led to give empirical content to those models. Using a very simple model
of marriage, known as with (perfectly) transferable utility, Choo and Siow (2006a, b)
assume that the utility derived from marriage breaks down into two parts: the first is
deterministic and takes a finite number of values based on observable characteristics (as,
for example, the diploma, religion, income, expressed in the form of discrete variables)
and the second consists of a continuous random term representing what is not observable
by the analyst. They then show that the net gain (compared to the status of single)
generated by marriage for a person of a given sex s having a certain characteristic ¢ was
equal, on average, to the logarithm of the ratio of the number of singles with sex s and
characteristics ¢. By simply comparing the proportion of marriage of different groups
of individuals, it becomes possible to measure the value for these groups of individuals
to have certain intellectual, physiological or physical traits. It is also possible to assess
the effect on the net gain of marriage of changes in the number of men or women
with different characteristics. In this perspective, Choo and Siow (2006a,b) presented

empirical results using data from the U.S Census and the Canadian Census.

The hypothesis of (perfectly) transferable utility means that the utility of an individual
may be transferred to another individual at a constant rate. To fix ideas (but the
interpretation of transferability is more general), individuals can exchange money or
services that represent changes in the level of utility. Naturally, this hypothesis implies

restrictions that are important. Whatever it may be, this model of marriage may
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provide answers to some important questions. For example, Chiappori and alii (2014)
showed by using U.S Census data that, since education for women also had an effect on
marriage opportunities, the global rate of return of education has proved to be larger
for women than for men. These empirical models of marriage market are generalized
by Galichon and Salanié (2012).

In this article, we will present these models and reproduce some empirical results pre-
sented with French data. It may be interesting to look at how the surplus generated by
marriage has changed over time. The reduction in the number of marriages in France
suggests that this surplus has declined. However, it is possible to go further and to
identify groups of people and the types of marriage that have been most affected by
changes. For example, Chiappori et alii (2014) argue that the increase in the correlation
between spouses’ income generally observed in recent years is not due to a amplifica-
tion in the taste for assortative matchings. This increase is a mechanical consequence
of the rise in the general level of education of women: a larger number of graduated
men marry a larger number of graduated women because the latter are more numerous

than before.

In this paper considering the Choo and Siow model, we empirically measure the mar-
riage surplus and the educational endogamy on the global metropolitan french marriage
market and on its different geographic regions. We use French data census from 1962
to 2011. In the first subsection, we describe the general theoretical model of Galichon
and Salanie (2012) inspired by the Choo and Siow model (2006). This is followed by
the inference approaches: nonparametric and parametric. In the third part, we present
the empirical results. We particularly observe that the joint surplus has increased on
the period 1962-1982 and has decreased significantly on the period 1982-2011. More
precisely, the intensity of increase of the joint surplus on the period 1962-1982 has been
higher for very educated couples than for the less educated ; and the decrease of the joint
surplus on the period 1982-2011 has been higher for less educated couples than for the
very educated couples. About the endogamy, we remark that the endogamy presents
a significant increase on the period 1962-1999 and a decrease on the period 1999-2011.
On the period 1962-1982, the intensity of the increase of endogamy has been higher for
very educated couples than for less educated couples. But on the period 1982-1990, the
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reinforcement of the endogamy within less educated couples became higher than within
very educated couples. And finally, the decrease of endogamy on the period 1999-2011
has been higher for less educated couples than for the very educated ones. Our results
are conform to the existence a trend with a form of an inverted U for the evolution
of the educational homogamy in France, widely observed for The U.S and Canada. In
that way we confirm the conclusion of studies of Schwart and Mare (2005) and Hou
and Myles (2008) on the evolution of the educational homogamy in U.S and Canada in
the French case. But these results are in contrast with the global decrease observed by
sociological studies in France. In our work, the educational homogamy has decreased
only on the period 1999-2011 after it has increased on the period 1962-1999.

2.2 Theoretical Framework

At the heart of this theory is a two - sided assignment model with transferable utilities
where agents on both sides of the market (men and women) are characterized by a set
of attributes that is only partially observed by the econometrician. Each agent aims to
match a member of the opposite sex in order to maximize his own utilities. This model
is particularly interesting because under certain conditions (mainly restrictions on the
form of the surplus function), it is possible to identify and estimate the characteristics

of agent preferences. We suppose the set of observable attributes is discrete.

2.2.1 Marriage Market Description

We consider a bipartite matching market with transferable utility. We start with two
sets H and F, whom we will refer to from now on as set of "men” and set of ”women”.
Let P and ) be two measures defined respectively on H and F. Any individual m € H
can be matched with an individual w € F or remain single, and conversely. Remaining
single can be considered as a match to a null agent of the other side of the market. So,
we add two dummy populations of null agents, denoted 0 to H and F respectively in

order to take in to account single individuals. P represents the total population.
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[H] + [F] = |P]

We suppose that there exists two random variables X and Y defined respectively from

‘H to a discrete finite space X and from F to a discrete finite space ).

We will adopt the Galichon and Salanié (2012) framework for its simplicity. Let M and

N be the vectors of the numbers of men and women.
M = (My)sex and N = (Ny)yey

where M, represents the number of men of type  and N, the number of women of type
y. In the case the population is infinite we can consider the probabilities (m;).cx and

(ny)yey such that:
Vee X, Yye), m, =Pr(X =2x) and n, = Pr(Y =y)

In other terms, m, is the proportion of men of type z in the population of men and
n, is the proportion of women of type y in the population. In the light of Galichon
and Salanié (2012) we introduce the following notions:matching, feasible matching and

aggregated matching matrix.

Definition 2.1 (Matching). A matching is an application i defined on the product
space H X F to {0,1} such that, for all (m,w) € H x F, i(m,w) =1 if man m and

woman w are matched and i = 0 if they are not matched. Formally we have:

HxF — {0,1}
(m,w) +— 1{ m matched to w }

Intuitively, matching must satisfy some constraints to be feasible. A matching is feasible
if and only if any individual is matched with at most one individual of the opposite

side.

Definition 2.2 (Feasible Matching). A feasible matching is a matching such that:

V(im,w) € H x F,i(m,w) =1=VYm' #m, Yu' # w, g(m',w) = g(m,w') =0
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We introduce now the aggregated matching matrix.

Definition 2.3 (Aggregated Matching Matrix). Let fi be a matching. The aggregated

matching matriz . associated to ji is defined as:

V(z,y) € X XY, pigy = Z]l(mm =2, Yy = y)fi(m, w)

The number p,, represents the number of realized marriages of type (z,y). In the case
of feasible matching, we have:

Vo€ X, iy < My Wy €Y, )ty < N,
yey rzeX
For any type x of men, the number of singles men of this type is the difference between

the total number of men of type x and the total number of matched men of type x.

VxGX’ #xonx—Zuxy, vyey, ,U/O'y:Ny_Z/“LIy

yey zEX

For notation, we define:

Xy =X U{0}, Vo =Y U{0}

2.2.2 Matching Surplus

Matching Surplus And Heterogeneity The introduction of the concept of the
matching surplus is essential to give an economic basis to matching. In fact, match-
ing can be justified by the hypothesis of the existence of a surplus generated by any
matching between two individuals. This surplus is a joint surplus for the two matched
partners and they share it into two individual surpluses that represent their respective
utilities from the current matching. The joint surplus is a primitive of the matching
and its sharing is endogenous to the problem. So the main information we need to

determinate equilibrium is the joint surpluses of any feasible matching.

To model the utility from marriage, we use the separability assumption suggested by
Choo and Siow (2006) and formalized by Galichon and Salanié (2012) and Chiappori,
Salanié¢ and Weiss (2014).
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Assumption 2.1 (Separability Assumption). The joint surplus of the union of a man

m of type x with a woman w of type y is:
Smw = Sry + Emy + Naw

where Sy, 15 a deterministic function defined on the cartesian space X x Y

The term S,, represents the gross systematic joint surplus after transfers. By normal-
ization, we assume respectively for a single man m of type x and for a single woman w
of type y:

Sz0 = Soy = 0, and 8,0 = €m0, Sow = Now

We can normalize the surplus of singles to 0 because only the net surplus can identified.

The following assumption will specify the distribution of the random terms.

Assumption 2.2 (Unobserved heterogeneity). The random terms €, and 1y, in the
joint surplus of the union a man m of type x with a woman w of type y are supposed

to have a Gumbel extreme values distribution conditional on X and Y .

V(m,w,z,y) € H x F x Xy X Vo, Emy ~ Gumbel(—~,1), and 1y, ~ Gumbel(—v,1).

As Galichon and Salanié (2012) showed it, this hypothesis of specification is not nec-
essary. In fact, a more general hypothesis is to assume that the random terms ¢,,,
and 1),,, have respectively a distribution Px and )y conditional on Xand Y. But, for

simplification, we stay in the logit framework used by Choo and Siow (2006).

Equilibrium We assume that the equilibrium is defined in the sense of Gale and
Shapley (1962).

Definition 2.4 (Stable Matching). A matching is stable if:
(i) no matched individual would rather be single, and
(7i) no pair of individuals would rather be matched together than remain in their current

situation.
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This equilibrium is frictionless. All the agents are satisfied of their choices. The primi-
tive of the problem is the joint surplus s,,,. It is the generated surplus by the union of
a man m and a woman w. This quantity is shared between the two partners into two
parts U, and v,,, that represent respectively the individual utility of man m and the
individual utility of woman w from their union. From Shapley and Shubik (1971), we
know that the solution of the problem is given by a feasible matching & that maximizes

the social surplus that is the sum of the surplus of all of the individuals.

The utilities u,, and v, are respectively the utility a man m obtains at the stable state
of the market and the utility a woman obtains at the stable state of the market. Single
individuals are self matched; a single man m gets €2, and a single woman w gets n°.
At the equilibrium, partners are reciprocally the best choice of their spouse, and single
individuals at the equilibrium haven’t found any partner that brings to them a greater
utility than their own utility. The following proposition showed by Galichon and Salanié
(2012) characterizes the equilibrium.

Proposition 2.1 (Characterization of the sharing of the joint surplus). At the equilib-
rium, the respective individual utilities u,,(x) and v, (y) of a man m of type x and of a

woman w of type y matched to each other are such that:
U () = max (€m0, Uy + Emy)

and

Uw(y) = Imax (77011;7 ‘/;ry + nxw)

where Uy, and Vy,, are two functions such that Uy, + Vi = Syy.
Proof. Let m be a man. We denote by u,, his utility at the equilibrium.
Um Z Emo

In the case m does not get matched, we have u,,, = €,,0. For any woman w, with utility

vy at the equilibrium, the utility of the man m from a union with w is:

Smw — Vw
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As u,, is the utility of man m at the equilibrium, we have:
U, 2 Simaw — Vw
In the case, m gets matched with w, we have:
Um = Smw — Vw
We can then conclude:
Uy, = Max (emo, max (Smw — vw)>
By exploiting the separability assumption, we have at the equilibrium:
Uy, = Max (u?n, max (Smw — Uw)) = max (u?n, max (vay(w) + Emy(w) T Naw — vw)>

This leads to:

Y wlyw=y

Uy = MAax (u?n, max max (Syy + Emy — (—Npw + Uw))>

SO

Uy = max | u?, max Spy + Emy — Min (Vy — Na)
Yy wlyw=y

We can denote by:

Viy = min (v — Naw)
wlyw=y

Then we get:

Uy, = Max (u?n, max (Syy — Vay + emy)) = max (ugn, max (Uy, + emy)>
Yy Yy
]

The proposition shows that the total surplus is shared into two parts between the
partners. These parts are the deterministic parts of the individual utilities of the
partners and sympathy shocks constitute the stochastic parts. The utility obtained at
the equilibrium by an individual is the highest utility he can get from a union or of

being single.
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2.2.3 Identification of individual utilities

For any pair (m,w) in (H x F) of two individuals, their matching requires the existence
of a joint surplus s,,, that will be parted into two utilities u,, and v, for each other.
These utilities are the gains of the partners after transfers. Let ji be the optimal feasible
matching. For any man m and woman w, the sum of their utilities u,, and v,, they can
get on the market, is higher than or equal to their joint surplus s,,,. In fact u,, and v,
are respectively higher than or equal to the individual parts of utility the man m and
the woman w can get from the sharing of s,,,,. There will an equality u,, + v, = Spw

if and only if m and w are matched.

Under the assumption of the Gumbel distribution of the random terms ¢,,, conditionally
to  and of 7,, conditionally to y, we can derive the distribution of the equilibrium
utilities u,, and v,,. As shown by Galichon and Salanié (2012), the following proposition
states the distribution of w,, and of v,, at the equilibrium. It is an important step in

the identification of the individual surpluses.

Proposition 2.2. Assume a stable matching. Under the above assumptions, at the
equilibrium, the utility u,(x) of a man m of type x and the utility v,(y) of a woman w

of type y are such that:
Um(x) ~ Gumbel (—fy +In (1 + Z eU(m,y)) ’1>
yey

and

Uw(y) ~ Gumbel (—"y + In (1 + Z 6V(x,y)> : 1)

reX

where 7 is the Fuler-Mascherano constant.

Proof. Let’s assume F,  the distribution function of w,,. We have:

VeceR,
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Fo.(c) = PUy+emy <c, Vye)
= H F.,, (c—=Us)

y€o
= exp (—exp (— c+v—1In (14—26%)]))
yey

This is the cumulative distribution function of the Gumbel distribution stated in the

proposition. =
We adopt the notation of Galichon and Salanié (2012). Let G,(U,.) be the average
utility of man m conditionally his type is x, where: U, = <Uwy)yey' We have:

G.(U,) = E(up|z,m = ).

We deduce from the distribution of w,,:

Go(Up) =In(1+ ) en)

Analogously, we denote by H,(V,,) the average utility of woman with type y.

Hy(V,) =In(1+) ")

yeXx

Following Galichon & Salanié (2015), we know that the optimal matching aims to

maximize the total social surplus that is:

W = Z M,G.(U,) + Z N,H, (V)

zeX yey

under the constraint U(z,y) + V(x,y) = S(z,y). This result is a consequence of the
Gale-Shapley equilibrium. In fact at the equilibrium, any deviation from this position

will diminish the total surplus.

The following proposition gives the identification formulas for the different systematic

surpluses.
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Proposition 2.3. At the equilibrium, we have:
V(z,y) € X x Y, Upy + Viy = Sy
and the optimal aggregated matching verifies

2
Hay eU’“’, Hay oV oy oS

Hz0 Moy ’ M0 - oy

Proof. As pointed by Galichon and Salanié (2012), we have from the envelope theorem:

6GI(U1’) o My PN Hay o eUzy
L+3 ey 14+ eyel™
2N @ — eUfcy
M0
Analogically, we have:
@ — €V1y
Hoy

By using the fact that:
Usy + Vay = Suy

we obtain:
:u’xy egzy
Ha0- oy

2.3 Inference

In this subsection we will describe two approaches to estimate this model: nonparamet-

ric and parametric.
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2.3.1 Nonparametric estimation

We estimate the systematic joint surplus by:

~2
S:py =In (#)
Hz0- Moy

where i is the observed matching matrix.

The support spaces X and Y are discrete. We smooth this estimator by the Nadaraya-

Waston Kernel estimator on the interval of the variable age:

-2
s—w. t=y Hay
ZIEX Zyey K < h1 7 ho > *In (ﬂzo*ﬂ()y)
s—x. t=y
ZIGX Zyey K ( h1 7 ho >

where the function K is the Epanechnikov Kernel.

SNW (s,1) =

2.3.2 Parametric Inference

Maximum Likelihood estimation

We specify the systematic joint surplus S;, by a parametric function of the observable

characteristics X and Y.

We can estimate the parameter vector by the maximum likelihood method. The likeli-
hood is:

VG

U9 ﬂﬂvy [Lzy
e ry ey
L(0) = H Ue * H Vo
D ey, €7 Dopex, €
rEX Y€V y€Wo TE€EXy,yeY zeXo

where /i,, is the observed number of unions of type (z,y). This is the product of the
conditional probabilities of being married to a particular type of partner or to remain
single with respect the type of the individuals. In fact the conditional probability a

man of type x gets married to a woman of type y is:

0
GUZ?/

~— | o
Zye)}o eUzy
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and the probability he remains single is:
1

Ul
ZyGyo e

The probability a woman of type y gets married to a man of type z is:

0
esz

—  y0
Dex, €
and the probability she remains single is:
1

Vo
Z:EEXO ey

The main problem is that we don’t know the expression of U and V. We will express
the likelihood in the function of the theoretical matching and of the observed matching
and by an algorithm used by Galichon and Salanié (2012) we will compute it. At the

equilibrium, we have:

0 0
Y S
z IS Yy yEXo

1? is the theoretical matching matrix. Therefore, we obtain:

0 Aay 0 fay
o L8 L4

zeX,yedo re€Xpy,yey Y

The log likelihood is:

0 0
log L(0) = > ) " iy log (%) +) 0> fiay log (%)
T )

zeX y€o yeY z€Xp

We use the Iterated Projection Fitting Procedure proposed by Galichon and Salanié
(2012) to compute the likelihood for each € chosen in sufficiently large range. The

estimator estimator is given by:

OMLE — Arg max log L(0)
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2.4 The Data

In this paper, we use data from the French Census (Minnesota Population Center. In-
tegrated Public Use Microdata Series, International: Version 7.1 [dataset]. Minneapo-
lis, MN: IPUMS, 2018. hittps://doi.org/10.18128/D020.V7.1), in particular the waves
1962, 1968, 1975, 1982, 1990, 1999, 2006 and 2011 to estimate the marriage surplus and
its evolution over the time. Each observation in the data is individual. It precises the
year of the interview, the household i.e the family unit in which the individual lives,
her sex, her age, her relation with the head of the household, her matrimonial status,
her educational attainment, her employment status, her work place, and her region of
residence in the last census. We don’t observe the current region of residence. We have
also these information for her spouse in the case the individual is in union. But the
spouse may not live the household. This information reveals the relationship between
the various individuals of each household and allows us to reconstruct ”couples”. The
data allow us to do spatial analysis because it contains the indication of the region of

work; we will use this variable for the place of residence.

2.4.1 Variables

Our analysis variable is mainly Education. Educational attainment is measured from

the respondent’s reported highest level of education achieved. There are four levels:
1- No schooling or less then primary

2- Primary completed

3- Secondary completed

4- University completed

2.4.2 Identification of couples

We consider as a couple a man and a woman who live in the same household and
reported as head of the household and spouse (partner) of the head. We construct

four data-frames for each wave: one for married men, one for married women, one for
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single men and one for single women. We create in the initial data set, the variable
"match” that indicates under our criteria if the individual is married or not. We keep

only persons aged 17 or over.
match=1 if the individual is married and 0 if not.

We then, extract married men to construct the data for married men. We do so for
married women, single men and single women. We verify that the number of married

women and married men are same and they household identifiers match.

2.5 Empirical results
2.5.1 Nonparametric estimation

Individual Surpluses and Joint Surplus from marriage in France

For each level of education i.e 5 years of education, 13 years of education, 16 years
of education and 19 years of education, and for men and women, we estimate the
individual surplus of men and women in function of the education of their partner.
Note that we obtain continuous curves on the interval [5,19] of the variable age because
the nonparametric estimator is a smoothing function defined on that interval. The
nonparametric estimation of the marriage surpluses for men shows that for the different
levels of education of men, the choice of partner is very linked to the educative distance
between the partners. In fact, we remark that very educated men (level 4) maximize
their individual surplus with very educated women. Their surplus curve is increasing.
The less educated men (level) have a decreasing surplus curve: in the case the sympathy
shock is dwarf, their utility is maximized with less educated women. For intermediary
levels (level 2 and 3) the curves are parabolic and concave; they obtain a maximal
surplus with women who have same education level as them. Their surplus curve is
increasing until the maximum then is decreasing. Their highest surplus is brought by
union with women who have same education level as them. We can also remark that
the level of education seems to not influence the maximum of marriage surplus men can

get from their optimal union. The maximum of surplus curves for the different levels
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of education are approximately the same. We illustrate our analysis with the following
graph that represents the individual surplus of men in France in 1999 for each level of

education in function of the education of the partner.

Men individual Utility ey

x=5 =13 =16 x=1%3

Figure 1: Men individual surplus in France in 1999

The surplus curves of women are very similar to men’ curves. High educated women
have high surplus with high educated men. Women with intermediary level (level 2 and
3) have their maximum surplus from union with men who have same education level as
them. One difference between men and women in the partner choice is particular in the
case women are less educated (level 1). These women seem indifferent to men of level
2 and 3. Their surplus is maximal with men of level 1 and it significantly decreases
with high educated men (level 4). Another difference we can notice is the level of the
maximal marriage surpluses. We remark that very educated women, level 3 and 4, have
maximal surplus higher than the maximal marriage surplus of less educated women,
level 1 and 2. The following graph represents the individual surplus of women in France

in 1999 for each level of education in function of the education of the partner.
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Women Individual Utility Vaoy
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Figure 2: Women individual surplus in France in 1999

The estimation of the joint surplus shows that it is maximal in the subsection plan
x —y = 0. Individuals match with people who have the same education level as them.
The joint surplus is negative. This can be explained by the fact that there is less
married people than singles. The following graph shows the curve of the joint surplus

in function of the education of the two partners.
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Figure 3: Joint surplus in France in 1999

Evolution of marriage surplus on the global french market

It can be interesting to look at the evolution of marriage surpluses over time in France.
We compute the averaged values of U, V and S for each year from 1968 to 2011.

U= Z meyny and V = Z szyvzy

TeX yeyY zeX yeY

and,

5 . Mo
S = Z Zp:cyswy with DPzy = Z Zy [
zeX yey rry

zeX yey

The following graph represents the evolution of the marriage surplus of men, of women
and the joint surplus in France from 1962 to 2011. We have also represented the surplus

gap between men and women.



2.5 Empirical results 40

Marriage surpluses

1560 1960

Figure 4: Global evolution of marriage surpluses

The marriage surplus has been relatively stable on the period 1962-1968 with an increase
on 1968-1982. Then it has decreased from 1982 to 2011. We can conclude that there
has been a negative shock on the marriage surplus in 1982. Marriage in terms of
cohabitation brings less surplus today than by the past. The drop of the men surplus is
higher than the drop of the women surplus. We also notice the reduction of the surplus
gap between men and women. Men take the greater part of the joint surplus but this
difference have significantly decreased and the marriage tends to be more egalitarian

now. The shock of marriage surplus has impacted more men then women.

Regional french markets

In this subsection, we focus on the regional marriage markets. Regions are consid-
ered as local local marriage markets. The different french regions we have studied
are: Ile -de-France, Champagne, Picardie, Haute-Normandie, Centre, Basse Normandie,
Bourgogne, Nord-Pas-Calais, Lorraine, Alsace, Franche Comté, Pays de la Loire, Bre-
tagne, Poitou Charentes, Aquitaine, Midi-Pyrénées, Limousin, Rhone-Alpes, Auvergne,

Languedoc-Roussillon, Provence Cote d’Azur, Corse. The estimation of the marriage
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surplus in these regions reveals that in term of evolution, the regional marriage sur-
pluses for all the regions have had the same dynamic of evolution everywhere as the
general dynamic marriage surplus has had on the global french market: that is , an in-
crease on the period 1968-1982 and a decrease on the period 1982-2011. On the period
1962-1968 regional surpluses have decreased. Today the regional marriage surpluses
are generally negative. In 1999, only Pays de la Loire (0.26), Haute Normandie (0.15),
Basse Normandie (0.11), Poitou Charentes (0.11), Nord Pas de Calais (0.07), Bretagne
(0.05) and Picardie (0.048) still had positive marriage surplus. The lowest marriage
surpluses in 1999 were in Ile-deFrance (-0.68), Languedoc Roussillon (-0.39), Provence
Cte d’Azur (-0.53) and Corse (-0.75).For the other regions, see annex C.

Regional marriage surpluses have known two significant shocks: a positive shock in
1968 and a negative shock in 1982. These shocks have impacted all the regions but
not with the same intensity. During the period 1962-1968, the highest impact of the
positive shock is observed in Pays de la Loire and Aquitaine. In fact on that period, the
marriage surplus has in increased in these regions by 0.4 points. The lowest impacts
are observed in Basse Normandie, Alsace and Lorraine with an increase of the marriage
surplus by 0.2 points. Particular fact is the decrease of the marriage surplus in this
period in Languedoc-Roussillon and Provence Cte d’Azur; they are the only regions

where the positive shock of marriage has not been observed.

The negative shock occurred in 1982 and its impact is observed everywhere. The
highest losses of surplus are observed in Haute Normandie (-0.6), Ile-de-France (-0.61),
Poitou Charentes (-0.61), Picardie (-0.66), Nord Pas de Calais (-0.71) and Languedoc
Roussillon (-0.71);
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Variation of Regional Surplus
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Figure 5: Variation of Regional Surplus

2.5.2 Education and Endogamy

Effect of the education on the marriage surplus

We evaluate the averaged impact of x on U, V and S by ay, ay, ag on the population
of married people. The averaged impact of y on U, V and S is evaluated by By, By
and fBg on the population of married people. We measure these effects and we analyze
their evolution over the time.
AU AV, AS
XY E XY E XY

:E —_— pr— —_— pr—
ay XY AX , Ay XY AX , g XY AX

We can remark that:

asg = ay + ay
We have similar expressions for (.

UXY 5 A‘/XY ﬁ AS'XY
y PV — s WS — AY

BU EXY
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Figure 6: Impact of men education on marriage surplus
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Figure 7: Impact of women education on marriage surplus

The averaged effect of the level of education of men and women on the marriage sur-

pluses is negative. This can be explained by the fact the optimal choices of the partners

on the subsection plane = = y; the education levels of the partners are very close. Any

deviation from the subsection line intersubsection of the surplus curve with the plane
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of equation (z = y) of the surface of the surplus has a negative impact on the surplus.
The sign of the impact of x and y is logical. The intensity of the impact of the men’s
education is higher on the women’ surplus than on the men’s surplus. The intensity
of the impact of the men’s education on the women’s surplus has decreased over time
where as it has increased on the men’s surplus. The intensity of the impact of the men’s
education on the joint surplus has globally decreased. In others words, considering two
stable couples of type (z,x) and (z + Ax,x), the joint surplus of (z, ) is greater than
the joint surplus of (x + Az, x), but this difference in surplus is weaker today than
by the past. For women, things don’t work necessarily same as men. The intensity
of the impact of women’ education on the joint surplus and on the men’s surplus has
significantly decreased over time where as this intensity has relatively been stable on
their own surplus. The impact of women’s education on the marriage surplus is lower

today than by the past.

Endogamy

The endogamy is characterized by the assortative mating. We estimate it by the cross
derivative of the joint surplus. In fact, as shown by Becker (1974), the positivity (resp.
negativity) of the cross derivative of the joint surplus indicates that a positive (resp.

negative) correlation between the characteristics of the partners is optimal.

A2Sx7y 1
S0 1= Apny = WCrrtun = Seg] = [Sayer = Sel)* o0

If sz, > 0 then there is a positive assortative mating and negative if s,, < 0. We then

compute the averaged value of s.
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*
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Nonparametric Endogamy
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Figure 8: Evolution of Endogamy (Non-parametric)

We can remark that in France, the endogamy is positive in France and has increased
on the period 1962-1999 and then has decreased from 1999 to 2011. We have tried
to analyze this evolution depending on the different geographic french regions, on the
period 1962-1999.

Endogamyin 1962 and 1999
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Figure 9: Regional Endogamy in 1962 and in 1999
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The parisian region has the lowest level of endogamy and the lowest progression rate on
the period 1962-1999. The endogamy has more increased in the North West of France
than in the South. Pays de la Loire, Basse Normandie and Haute Normandie are the

regions where endogamy has more increased on the period 1962-1999.

2.5.3 Parametric estimation

We complete the nonparametric analysis by a parametric analysis to prove the consis-

tency of our results. To do this, we specify the joint surplus as follows:

6
Syy = Ax%y” + Z pr(z — y)*
k=1
where x and y represent respectively the numbers of education years of the men, and
of the women. For partners who have the same degree, their joint surplus is explained

only by their their numbers of education years x and y.

The parameter A is simply the joint surplus of a couple of type (z =1,y = 1).

A=5n

The parameters o and 8 represent respectively the elasticity of the joint surplus Sy,
with respect to x and the elasticity of the joint surplus S,, with respect to y, in the set
of couples such that x = y, where the partners have the same level of education. In

fact, if z = y, then S, = Az®y” and

xdS ydS

% = Q, and S_dy = ﬁ
This is equivalent to

a5 _ o a BB

Sdr = Sdy vy

So when we consider a couple of type x = y, an increase by 1 in z makes vary the joint

surplus at a rate of sgn(A)% and similarly, an increase by 1 in y makes vary the joint

surplus at a rate of sgn(A)%. The effect of x and y are inversely proportional to the
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level of education of the partner. So the intensity of the impact of the education on the
joint surplus is higher for couples less educated than for very educated couples. But

this effect depends on the sign of the product Aa for x and A\g3 for y.

An increase in x and y of a couple of type x = y from (x,z) to (x + 1,2 + 1) impacts

f o +8
the joint surplus at a rate of sgn(\)*==.

2.5.4 Education and Endogamy

Impact of the education on the marriage surplus The parameter ) is negative
and has significantly decreased over time, so does S1;. This is coherent to the general
decrease of the joint surplus observed in the nonparametric estimation. The parameters
« has been positive on the period 1962-1975 whereas 3 has been negative. The fact that
A is negative induces that the conditional effect of men education on the joint surplus
with respect to x = y has been negative on the period 1962-1975 and the conditional
effect of women education on the joint surplus with respect to x = y has been positive.
These two parameters change suddenly sign in 1982 and A also so that the effects have
preserved their sign. The intensity of these effects has decreased nearly to zero on
the period 1982-2011. They are both positive today. The following tables show the
estimated values of «, 5, A and the estimated conditional effects of x and y on the joint

surplus with respect to x = y, and their evolution over time.
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Year A Q I6] P1 P2 P3 P4 Ps P6
1962 —0.0018 | 2.9724 | —0.6030 | 1.394 | —1.7184 | —0.0597 | 0.281 0.006 |- 0.0164
(6.35x10~7) | (2.47x1073) | (3.9%x10-3) | (1.19x1072) | (2.59x10~2) | (9.57x10~3) | (1.09x1072) | (9.73x1074) | (6.34x10~4)
1968 | —0.0038 | 2.768 | —0.9435 | 1.126 —1.59 | —0.0496 | 0.25052 | 0.0039 | —0.0148
(5.09x10-5) | (9:97x1073) | (9.35x10-3) | (7.36x1073) | (8.21x10~3) | (3.63x10~2) | (2.74x1073) | (3.94x1074) | (2.34x10—4)
1975| —0.0001 | 3.802 | —0.8059 | 0.702 —1.743 | —0.0271 | 0.316 0.0014 | —0.0208
(1.05x10=7) | (6.48x1073) | (1.04x10~2) | (5.14x1073) | (5.27x10~3) | (2.95x10-3) | (2.17x1073) | (3.08x1074) | (1.82x10—4)
1982| 0.0202 | —2.567 3.068 0.641 —2.264 | —0.0473 | 0.4381 0.0062 | —0.0311
(2.48x1074) | (3.71x10-2) | (2.09x1072) | (5.52x1073) | (5.90x10~3) | (2.80x10~3) | (2.21x1073) | (2.87x1074) | (1.84x10~4)
1990| —0.3371 —-0.7 —0.4964 | 0487 | —1.0129 | —0.0649 | 0.0421 | 0.00421 | —0.033
(9.64x10-3) | (2.19x10~2) | (1.19x10~2) | (1.14x1072) | (5.10x10~3) | (9.80x10~3) | (6.10x1073) | (3.39x1073) | (1.88x10~3)
1999 | —0.7914 | —0.1582 | —0.2985 | 0.149 —2.371 | —0.0285 | 0.537 0.00048 | —0.0381
(5.0x1073) | (2.8x1073) | (5.97x10—3) | (9.80x1073) | (9.60x10~3) | (4.90x10~3) | (4.00x1073) | (4.51x1074) | (3.32x10—4)
2006| —2.663 | —0.3970 | —0.2988 | —0.0141 | —2.446 | 0.0062 0.5574 | —0.0019 | —0.0397
(3.09%10-3) | (1.05x10—3) | (1.20x10=3) | (2.29%x10~3) | (2.21x10~3) | (9.92x10~%) | (8.271073) |(9.64x10-5) | (6.83x10~5)
2011| —4.137 | —0.5088 | —0.3090 | —0.102 | —2.588 | 0.00958 0.600 | —0.0022 | —0.043
(2.52x10-3) | (1.25x10=3) | (1.79x10=3) | (1.34x10~3) | (1.71x10~3) | (9.69x10~%) | (5.75x1074) | (1.04x10~4) | (4.85x10~5)

Figure 10: Estimation

The following figures give respectively % and g‘—ASy

Years | =5 xr=13 xr =16 r=19

1962 | -0.59448 | -0.22865 | -0.18578 | -0.15644
1968 | -0.55378 | -0.21299 | -0.17306 | -0.14573
1975 | -0.76052 | -0.29251 | -0.23766 | -0.20014
1982 | -0.51358 | -0.19753 | -0.16049 | -0.13515
1990 | -0.01829 | -0.00703 | -0.00571 | -0.00481
1999 | 0.03164 | 0.012169 | 0.009888 | 0.008326
2006 | 0.0794 | 0.030538 | 0.024813 | 0.020895
2011 | 0.10176 | 0.039138 | 0.0318 | 0.026779

Figure 11

: Impact of men’ education on the joint surplus

with Ax = Ay =1 and x = y.
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Years | y =25 y=13 y =16 y=19

1962 | 0.1206 | 0.046385 | 0.037688 | 0.031737
1968 | 0.1887 | 0.072577 | 0.058969 | 0.049658
1975 | 0.16118 | 0.061992 | 0.050369 | 0.042416
1982 | 0.61374 | 0.236054 | 0.191794 | 0.161511
1990 | 0.00288 | 0.001108 | 0.0009 | 0.000758
1999 | 0.0597 | 0.022962 | 0.018656 | 0.015711
2006 | 0.05976 | 0.022985 | 0.018675 | 0.015726
2011 | 0.0618 | 0.023769 | 0.019313 | 0.016263

Figure 12: Impact of women’ education on the joint surplus

In the period 1962-1990, for a couple of type (z,z), an additional year of education of
the man impact negatively the joint surplus. The consequent reduction can be very
high, about 76% in 1975 for couples (x = 5,y = 5), whereas it is about 20% for couples
(x =19,y = 19). This effect of x turns positive by 1999 until 2011. Today, for couples
of type (z = 16,y = 16), an increase in = by 1 brings 3.18% of the initial surplus
as benefit. The change in the sign of the impact of the men’ education on the joint
surplus, negative by the past and positive today, can be explained by the reduction of
the gap in education between men and women. By the past men were too much more
educated than women so that an increase in their education increases that gap and
affects more negatively the woman than it affects positively the man. This leads to a
negative global effect on the joint surplus. Nowadays, the women education is close
to the men education and even sometimes surpasses the men education. And increase
in the men education reduces then actually the gap between him and his partner and
they all both gain in surplus from this increase. For women, the effect has always been
positive. Its highest intensity has been obtained in 1982. In this year, for a couple of
type (z = 5,y = 5), an increase in y by 1 could bring 61% of the initial surplus as
benefit. But today, the intensity is very few. In 2011, for a couple (z = 16,y = 16),
when y by 1, the joint surplus increases 1.9%. Today the conditional effects of x and y
on the joint surplus are very few but the impact of x is slightly higher than the impact
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of y. As we have shown it, sgn()\)aTJ“B is the variation rate of the joint surplus from
(x,x) to (x 4+ 1,2 + 1).It is the joint effect of x and y. The following graph shows the

evolution of a + 3 .
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Figure 13: Evolution of o + (8

a+ [ is positive on the period 1962-1990, so sgn(/\)o‘mﬁ is negative on this period. Less
educated couples with same education level were happier then very educated couples.
The conditional joint effect of z and y on the joint surplus turns positive by 1990 until

2011.

Endogamy We measure the endogamy that we denote by E,, by the double cross

derivative of S, , with respect to x and y.

0?Say

6
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E,, = guy Aafx® Yyt — gpkk(k —1)(z —v)

For simplification, we will consider couples of same education. The endogamy takes the
form:
E, = \afz*2.

The analysis shows that the endogamy has globally increased on the period 1962-1999
with a little depreciation of this dynamic in 1968, and a global decrease after 1999. The
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dE.
Tdt
on the period 1962-1982, the intensity of the increase of endogamy has been higher for

intensity of the evolution of the endogamy is evaluated by |“2=|. Its analysis reveals that,
very educated couples than for less educated couples. But on the period 1982-1990, the
reinforcement of the endogamy within less educated couples became higher than within
very educated couples. And finally, the decrease of endogamy on the period 1999-2011
has been higher for less educated couples than for the very educated. The parametric
estimation of the averaged endogamy shows the positivity of the assortative mating in
France, its increase on the period 1962-1999 and its decrease on the period 1999-2011.
This trend is exactly what reveals the nonparametric estimation. As represented in the

following graph, the two estimations are very near all over the time.
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Figure 14: Evolution of the parametric endogamy

Our results are conform to the existence a trend with a form of an inverted U for the
evolution of the educational homogamy in France, widely observed for The U.S and
Canada. In that way we confirm the conclusion of studies of Schwart and Mare (2005)
and Hou and Myles (2008) on the evolution of the educational homogamy in U.S and
Canada in the French case. But these results are in contrast with the global decrease
observed by sociological studies in France. In our work, the educational homogamy has
decreased only on the period 1999-2011 after it has increased on the period 1962-1999.
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Years | Endogamy
1962 0.1047
(3.66x10—4)
1968 0.1145
(4.11x10—4)
1975 0.1286
(3.89x10—4)
1982 0.1425
(4.77x10—4)
1990 0.161
(4.1x10—4)
1999 0.1621
(5.27x10—4)
2006 0.1463
(4.0x10-5)
2011 0.1497
(1.27x10—4)

Figure 15: Estimation of the averaged endogamy

Evolution of the joint surplus The evolution of the joint surplus is linked to the
evolution of the different parameters on which it depends. To simplify the functional
analysis, we will focus on couples in which partners have the same level of education.
This is justified by the fact that the education levels of the partners are very close at
the equilibrium and the education endogamy is positive in France. Let S, be the joint

surplus of a couple of type (z, z) takes the form.
Spx = S, (A, y) = Az
The parameters A and v depend on the time ¢.
A=A(t) and v =~(t)

ds, d\ dy
— 7 ZZ 1 il
a (dt+)\n($)dt>

. : . . d
The parameter A is generally negative and + has decreased over time so: &I < 0. So we

We have:

have: ~
ds,
dt

1dA
ZO@ZBZGXP _X@
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We denote x4 by:

We have:

The data show that on the period 1962-1982, x > x,. So the surplus has increased on

the period 1962-1982. .
dsS, d\ d
Tl x7 (— + Aln(x)—7>

The function z —

d3, dS, |
dt dt
is increasing in z. We deduce that the increase of the joint surplus has been higher for

is increasing in x and positive on the period 1962-1982, so |

very educated couples then for less educated couples.

On the period 1982-2011, we have z < x5. So the surplus has decreased on the period

1982-2011. The function x — diz is increasing in z and negative on the period 1982-

2011, so dft””| is decreasing in x. We deduce that the decrease of the joint surplus has

been higher for less educated couples then for very educated couples.

The following table shows the estimation of the averaged joint surplus and its evolution
over time in France. The parametric estimation of the averaged joint surplus in France
shows an increase of the joint surplus on the period 1962-1982 and a decrease on the
period 1982-2011 as noticed with the nonparametric estimation. In the nonparametric
estimation, on the period 1962-1982, the joint surplus seems to be relatively constant
before it decreases then by 1982.
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Parametric Surplus
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Figure 16: Evolution of the parametric joint surplus

The curve shows a significant decrease on the period 1982-2011.

Years | Averaged Joint Surplus
1962 —1.102
(1.8x1073)
1968 —1.056
(2.5x1073)
1975 —1.011
(1.95%x103)
1982 —0.849
(2.33x103)
1990 —1.1625
(4.1x10-3)
1999 —1.322
(3.8x10-3)
2006 —1.51
(1.022x10-3)
2011 —1.557
(1.063x10~3)

Figure 17: Estimation of the averaged joint surplus
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2.6 Conclusion

Marriage generates a marital joint surplus. This joint surplus is parted into two indi-
vidual utilities between the spouses. These surpluses depend on the levels of education
of the spouses and particularly on the distance between their levels. Less educated men
maximize their utility with less educated women and reversely, and high educated men
maximize their utility with high educated women. This mechanism of partner selection
is observed on the French Marriage Market all over the period of our study. The graphic
representation of the joint surplus generated by marriage is a generally a concave sur-
face with local maxima located on the subsection x = y. The nonparametric estimation
shows that the joint surplus has decreased from 1962 to 1968, has increased on the
period 1968-1982 and then has decreased on the period 1982-2011. This dynamic is
also observed on the individual surpluses of the spouses. On the period 1962-1968, men
utility and women utility have both decreased. On the period 1968-1982, men utility
remains stable whereas women utility has increased. This is why the joint surplus has
increased on this period. From 1982 to 2011 men utility and women utility have both
decreased, with an intensity of decrease greater for men than for women. So men have
lost more utility from marriage than women. This difference has had an important
consequence mainly on the surplus gap between men and women. Estimations revealed
that the sharing of marriage surplus is not egalitarian; men have the greater part of
the joint surplus. But this difference has been reduced overtime. Today men remain
happier in their union than women but this gap is very few now. We investigate on how
the level of education of the spouses impact their surpluses. Nonparametric estimations
shows that the averaged effect of the education level of the spouses on their surpluses
(joint and individual) are negative on the population. The intensity of the impact of
men education on their individual surplus has increased on the period 1968-1999 and
decreased on the period 1999-2011. The intensity of the impact of men education on
the women surplus has globally decreased over time, so today men education has less
impact on women surplus than by the past. On the joint surplus the impact of men
education has been relatively stable on the period 1968-1999 and then it decreased in
intensity from 1999 to 2011. The intensity of the impact of men education on their own

surplus is weaker than on women surplus. With women things work a bit differently.
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We remarked that the impact of women education on their own surplus, is negative
but has remained relatively constant on the period 1968-1999 and then has decreased
in intensity. The impact of women education on men surplus and on joint surplus has
significantly decreased in intensity over time. The intensity of the impact of women
education on their own surplus is weaker than on men surplus. Finally the nonpara-
metric estimation of the endogamy reveals that the endogamy has been positive all over
the time in France. This is equivalent with a positive assortative mating. People do
not choose partners who are different from them in term of level of education. The
nearer the partner is the higher is the attractiveness between the two. The analysis
of the evolution of the endogamy shows a significant increase on the period 1962-1999
and a decrease on the period 1999-2011. It seems to be stable now. This is the general
evolution of endogamy in France. Depending on the geographic regions, the level of
endogamy vary. During the period 1962-1999, regions where we notice the greatest
increase are the Center and the North-West except Bretagne. The parisian area has

had the weakest increase on that period.

We refine the analysis with a parametric estimation. We have specified the joint surplus
as the sum of a Cobb-Douglas function in xz and y and a polynomial function in (z —
y). The model fits perfectly the data. The parametric joint surplus has increased on
the period 1962-1982 and has decreased significantly on the period 1982-2011. More
precisely, the intensity of increase of the joint surplus on the period 1962-1982 has been
higher for very educated couples than for the less educated; and the decrease of the
joint surplus on the period 1982-2011 has been higher for less educated couples than for
the very educated couples. There has been a negative shock on the marriage surplus
in 1982 and this shock has more impacted the less educated couples than the very
educated couples. When we focus on couples whose spouses have same education level,
we derive the conditional effect of x and y on the joint surplus with respect to x = y.
Men education level has had a negative conditional effect on the joint surplus with
respect to x = y on the period 1962-1990. This effect turns positive after 1990 untill
2011. Women education level has had a positive conditional effect on the surplus with
respect to x = y all over time. But the intensity of the effect of men education level on

the joint surplus is higher than women effect today. The positivity of these two effects
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has a consequence: very educated couples where spouses have same education level
are happier today than less educated couples where spouses have same education level.
Finally the parametric of the endogamy shows a significant increase of the endogamy
on the period 1962-1999 and a decrease on the period 1999-2011. On the period 1962-
1982, the intensity of the increase of endogamy has been higher for very educated
couples than for less educated couples. But on the period 1982-1990, the reinforcement
of the endogamy within less educated couples became higher than within very educated
couples. And finally, the decrease of endogamy on the period 1999-2011 has been higher

for less educated couples than for the very educated.
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2.7 Appendix

2.7.1 Social Surplus and Entropy

In the light of Galichon and Salanié (2012), we proceed as follows. We define the global
social surplus as the sum of the expected utilities of all groups of men and women. So

we have:

W = Z M,G.(U,) + Z N, H,(V,)

zeX yey

where:

Gy (Us.) = E(max(max(Uyy +gy), €")) and Hy(V,) = E(max(rilea)?((vxy +12), "))

yey

Mz * s *
Gy (Us) = Z ﬁyny = Gy(p)z) and Hy(V,) = Z Fyvxy —H, (r.1y)

yeY * zex Y

So the social surplus becomes:

W = Z HayUzy + Z HayVay — Z M, G (1)z) — Z Nyng(:“.ly)

TEX yey TEX yeY
i.e
W = Z Z fayUzy + Z Z fayVay — E(1)
zeX yey yey xeX
where:
E(u) =Y MyGilpuge) + > NyH; (1)
reX yey
S=U+V

Then:

W= Z Zﬂzyswy —&(n)

zeEX yey
E() is the social entropy. It measures in some way the disorder among the population
due to the idiosyncratic terms. If the variation of the heterogeneity is very few, the en-

tropy becomes negligible and then the social surplus is very close to Zyey iy Say-
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Expression of the social surplus JV and the entropy &£

We can derive the expression of W and £ in this model.

W = Z M,Go(U,.) + ZNyHy(Vy)

zeX yey
Go(Up) =In(1+ ) e¥) and H,(V,) =In(1+ ) e'™)
yeY TEX
We also have:
Ha0 ,UOy
Hence
A DITANCED SRS DEARIED B0
zeX yEy yey xEX
SO SRS SO o
zeX yey IEEXO
=Y M, 1n )+ > N, ln
W= Zzuxyl =)+ 2 D Hayln(
TeEX yeo yeY xzeiXy ,UOy
We have:
D 3) AT
zeX yey
S0,

S S = 3 Y e ) = 303 iy )

zeX yey zeX yeo yeY €Ay

2
_Hay

S.y = In
Y (:U’:EOIU/Oy
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iy x Ny
hence7 g - erX Zye)} uxy <1n(/14:;)#0y )> _erX Zyeyo Mﬂiy ln(%)_Zyey Za:EXO ILLOy IH(E)
Ty Ty T Ny
= erX Zyey My (hl(ﬁj) + hl(ZE)) _erX Zyej}o Hay ln(%>_zyey erXO Koy IH(E)
= Saen Syey ttay (IN(E2)) + oen Xy ttay (I(522)) = e ey Hay (225 -
Ny
Zye)/ erXo Moy In (u_oy)

= S Syeyo ey (I(52)) + 320y e oy (I0(422)) = S 3 ey oy I0(2E) -
Ny
Zyey erXo ,u()y ln(#Oy )

hence, we obtain

E= fayln (M“y> +3 ) gy In (“zy>

z€X yeo yeY z€Xp

2.7.2 Semiparametric estimation

We consider in this subsection that utility is transferable. We suppose that the sys-
tematic joint surplus is divided into two parts: one nonparametric part and a linear

parametric another one.

12
Hzo * Hoy

H(z,y) is a nonparametric unknown function on the observable characteristics and 7'

is a subvector of (x,y). 6 is a parameter to be estimated. The model can be rewritten

as follows for any group ¢ of marriage:
I, =T,0 +7(Zy) + ¢4

where:
lj’mgyg

Macg[) * ,u()yg

r is an unknown function of Z = (X,Y’). Let define:

Z =(X,Y), II, = In(

So =T, —T,0

g
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The model becomes:
Sg =r9(Z,) + e,

Conditionally to 6 this model is semiparametric. So, by the Nadaraya-Waston estimator

we have:
. Zf:l K<Z;ZQ)*SQ
ro(Z) = a 77,
> g1 K(5572)
1.e

o YCLK(E) e, - T
S >/ ey

G is the number of types of marriage.
G=|X|*|Y|=p=xq

Then, an estimator for S conditionally to 8 is:

Let’s define:

and
and matrix T is such that:
We have:

and
1 —§’ +To

Now to estimate # we minimize under 6 the square of the norm of II — I1° so, we define:

£(6) = |- 1)
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We have:
Y(0) = [|II — H(II — TH) — To||?
= || - H)(IT - T6)]]?
= [JA(ITI - T6)]”

2(0) = (A(II-T6)) (Al - T6))

First order condition gives:

9%(8) oIl —TO)  9%(6)

00 00 o(IT — T8)

_ (A= T0))(A — T0))
B O(I1 — T4)
= —T'(2A’A(II — T9))

ox(0) _ A7

0 = —2T'A’A(IT — T9)

o » AT )

%(0):0 <— T'A'A(IT-TH) =0

— TA’All = T'A’ATH
— 0= (T'A'AT)'T'A’ATI
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We then estimate IT by:

~

M= $°+Th
— H(II - T6) +TH
— HII+ (I-H)TY
— HII+ AT/
= HII+ AT(T'A’AT) 'T'A’All
= (H+ (T'A’AT) 'T'A’A)TT
I = QII

where:
Q=H+ (T'A'AT) 'T'A'A
Quality of the estimator

We can evaluate the quality of the estimator by the mean averaged squared error MASE
defined by:
MASE = E(|[IT — E(IT)||?)

We suppose homoskedascity across marriage groups.
Var(Il) = 0’1

This assumption is clearly not necessary. We have:

MASE = E(||II— E()|?

= E(||QIl — E(I)|*)

= (Q-DE|]* + Tr(Var(QIT))
MASE = [[(Q-TE)|]?+*Tr(QQ)

Remark: For any random vector X we have:

E(||X[]*) = Tr(Var(X)) + | E(X)||*
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Choice of the smoothing parameter h

We simply take the smoothing parameter that minimizes the cross validation C'V or

the general cross validation GC'V'.

h = Arg rnhin GCV(h)

1 G ? -
GOV =& (W) ||TT — 11|

2.7.3 Computation

Iterative Projection Fitting Procedure (Galichon and Salanié, 2012)
Lets consider a particular vector §. To determinate log L(\) we compute u* as follows.
We define a generalized entropy E that can be applied to even non feasible matching.

We adopt the following notations:

n= (,u, (NJ}O)xa (NOy)y)

The optimal p* maximizes:
W= Z Zﬂxycbiy — E(n)
reX yey

under the constraints:

Vr, vy, mey + pizo = M,, and Z/Lzy + oy = N,

yey zeX
The Lagrangian associated to this problem is:
SIRRUED ST T P E5 S U8 oY 15 3) W
TeEX y€Xo yey TE€X) zeX yey

where:

a = (ay), and b = (by),
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a and b are the Lagrangian multipliers. First conditions order give:

) oE 0FE

—:(I)x _am_b' = —Qg, 7— =
aﬂwy Y a/~LOy

o —b
v a,u:co Y

We will iterate this procedure with the initial conditions at step k = 0, (@i, a, b) =
(1°, a®, b%). At any step 2k + 1, we suppose b = b** and the Lagrangian becomes

L(fi, a, b**). First order conditions are:

OF OF OF
— :q)xy—am—bik; =—Q;, —— = —bik
Oty oJ I Optoy
Then we compute the solution (%!, a?**1) with the equation:
Ty
y€Vo
2%k+1

And at any step (2k-+2), we assume a = a**1 and the Lagrangian becomes £(ji, a?**1, b).

First order conditions give:
oF
=
Oltzy

g2kt 23 2kl OFE

T a ) = —a, y o —b
Y ; Y aluro a,uOy Y

Then we compute the solution (ji%*2, b**2) with the equation:

Ny = Zﬂfﬂy

re€Xy

—=2k+2

We stop the procedure when the distance between and ji?*is few enough.

Alternative Computation

The matching matrix is linked to the surplus matrix by the relation:

2
Nzy

— % =9
Hzo * Hoy i

In(
At the equilibrium of the marriage market, f,, is a function of @;y, Lo and fig,. Let
f be the link function. f can be known if the distribution of the utilities is known. In

this framework the utilities follow a standard Gumbel law.
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Hay = f ((I);\yu M0, ,U/Oy)

We have the constraints:

Hao = M, — Z,uxy and mugy = Ny - Zﬂxy

yey zeEX

By replacing p,, in the equations of the singles, we obtain:

Ve e X, g = M, — Zf (q)i\yaﬂr07MOy)

yeY

and

vy € y7 NOy = Ny - Z f ((I)i\yau:v()nu()y)

reX

We start the resolution by an arbitrary point:
/'Lgy = I&Oy
At step (2k + 1), we solve:

yey

At step (2k + 2), we solve:
k
Vy € ya /‘LOy — Ny - Z f (q)iynu(x% +1)7M0y>
r€EX

We stop the algorithm when ||z — /(%) H2 is few enough. We then compute LL(\).
We take the one that has the maximum likelihood.
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2.7.4 Empirical results of the nonparametric estimation
Marriage Surpluses
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Regional Surplus in 1999
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Figure 18: Regional Endogamy in 1962, 1968 and 1975
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Regional Endogamy
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Figure 19: Regional Endogamy in 1982, 1990 and 1999
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Figure 20: Evolution Rate of Regional Endogamy on the period 1962-1999
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3 Marriage and Income Inequality: A New Model

and some Evidence from U.S.

Abstract

In this paper we develop a continuous matching model with transferable utility.
This model is a continuous extension of the Choo and Siow’s (2006) model in the
light of Dupuy and Galichon’s (2014) that will differ from their approach in the
way we will incorporate singles. One advantage of our approach is that it will allow
an intuitive introduction of the attractiveness of the individuals in the matching
market and it is empirically tractable. We then use this model to investigate the
impact of marriage on income inequality in The U.S from 1968 to 2001 with PSID
data.

3.1 Introduction

Trends in income inequality have been widely documented. Since the 1970s the growth
rate of individual income in most OECD countries has become significantly lower in the
bottom part of the income distribution than at the top. Over the same period, family
structure and behavior experienced deep changes. Firstly, changes in demographic
behavior have led to an increased likelihood of single families: decline in marriage rates
and rise in divorce rates, etc. Secondly, gender inequality have narrowed significantly
in both educational attainment and labor force participation, leading to a significant
increase in the share of skilled employed women. Finally, in modern marriages husbands
and wives tend to become more economically similar: couples are more often composed

of two high- or two low-earning partners.

The socio-demographic changes observed during the last fifty years has, rather unsur-
prisingly, had consequences on the intra-household distribution of consumption, so that
growth in income inequality actually hides more ambiguous trends in individual con-
sumption. Lise and Seitz (2011) use structural methods to recover individual consump-

tion from survey data and show that, in the U.K., inequalities in terms of individual
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consumption have increased more slowly than income inequalities. The shrinking wage
gap among spouses explains a more equal distribution of total consumption within the
household. Bargain et alii (2019) confirm this result with another identification strategy
and stress that progress in education and in living standards are the key drivers of the

increase in women’ consumption.

Evaluating individual consumption is delicate, though, because a fraction of goods are
jointly produced and jointly consumed by all the household members. The degree of
joint consumption plays a particularly important role because it defines the size of scale
economies in multi-person households (by comparison with single person households).!
In particular, the technology of household consumption and production have changed
over time: economies of scale associated with living in a couple — and more generally
all the benefits of living in a couple — have not necessarily remained the same for 50
years.? Since the proportion of single persons and couples has changed significantly in
recent years, and the costs and benefits of forming a couple have certainly not remained

constant, it is difficult to correctly assess the observed increase in inequality.

In this paper, we thus adopt a more radical perspective. We assume that individual
utility is perfectly transferable and, for single individuals, is equal to observable income,
i.e., we use a particularly convenient cardinalization of utility. It means that utility, like
money, can be redistributed between individuals at a constant rate. This formulation is
convenient because it gives a way to compare utility of individuals living alone and living
in a couple.® To identify individual utility, we then use an empirical marriage model

a la Choo and Siow (2006) who start from the assumption that the surplus derived

In applied work that attempt to evaluate inequality, scale economies are represented by ad-hoc

equivalence scales that are largely arbitrary.

2Gottschalk and Mayer (2002) point out that the observed increase of the wages at the top of the
distribution and the observed decline at the bottom of the distribution would, under most circum-
stances, increase home-production among low-income families and reduce home production among

high-income households.
31t must be admitted, however, that transferability is a strong hypothesis that implies some restric-

tions on individual preferences. In particular, Bergstrom and Cornes (1983) derive the specific form

that utility functions should have when consumption is made up of private and public goods.
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from marriage breaks down into two parts: the first is deterministic and depends on
a finite number of observable individual characteristics and the second consists of a
continuous random term, with an extreme value distribution, representing what is not
observable by the analyst. More precisely, in order to take into account the continuity
of individual incomes, we consider the extension of this model proposed by Dupuy
and Galichon (2014) who account for continuous observable individual characteristics
(instead of finite number of characteristics). The second part of the surplus is then a

max-stable stochastic process.

We also address another issue. It is generally admitted that much of the rise in over-
all inequality may be due to family composition shifts and other causes rather than
the change in the sole pay patterns. Burtless (1999) shows that the growing positive
correlation of husbands’ and wives’ earnings may account for 13% of the increase in
overall inequality in the U.S. between 1979 and 1996 while the growing proportion of
families headed by a single person may account for 21-25% of the increase. Similarly,
Greenwood et alii (2014) find that, if mating patterns in the U.S. had remained the

same as in 1960, the Gini coefficient would have been significantly lower in 2005.

Our contribution is two-fold. In the initial formulation of the Dupuy and Galichon’s
(2014) marriage model, single individuals are ignored, i.e., all individuals are assumed
to be married. Firstly, we propose an alternative version of this model to the case of
presence of single individuals that is empirically tractable. We show that the individual
utilities can be identified from observed marriages and propose a Maximum Likelihood
methodology to estimate the parameters of the model. This extension is crucial because
our main objective is to compare inequality among single individuals and married in-
dividuals. One must mention that Dupuy and Galichon have proposed an extension
of their model to the integration of single individuals; the approach we propose here
will precisely differ slightly from theirs in the way we will take into account the singles.
The model is empirically tractable. One of the advantages of this approach that will
be mainly shown in a later work in Chapter III, is that it will allow with particular

specifications, analytical solutions. Secondly, we estimate this model using data from

4See also Martin (2006), Fernandez and alii (2004), Schwartz (2010) for similar results.
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the PSID over the period 1968-2001. We show a reduction of income inequality by
marriage and this inequality index has slightly increased on the period of the study.
We have also measured the conversion rate between marriage surplus and income. We
interpreted it as the 'monetary value of marriage’. It has increased on the period 1968-
1971, decreased on the period 1971-1985 and has been relatively stable on the period
1985-2001.

3.2 The model

In this subsection, we consider the Dupuy-Galichon marriage market model and gen-
eralize it to the possibility of singles. We then show that individual surplus can be

identified from observed matchings.

3.2.1 Marriage Market Description

Women W constitute one side of the marriage market and men M the other side.
Individuals of each side decide either to match (i.e., marry) with an individual of the
opposite side or to remain single. We assume the number of women and the number of
men to be possibly unequal and infinite. The population of individuals is normalized
to one, the number of men is denoted by v and the number of women by 1 — v. Men
and women are respectively characterized by vectors of attributes = and y (which may
include continuous components, discrete components or the mix of the two). In our
empirical application, we shall assume that attributes include individual incomes. We
denote respectively by X C RP and Y C RY the support spaces of x and y. Let P and
@ be respectively the probability distribution of x and y. In addition we assume these
probability distributions to have given probability density functions. Let f and g be

respectively the density function of x and the density function of y.

The marriage market aims to provide to each individual a partner or not by leaving
him or her single. To characterize the matchings, we need to introduce some additional

notions. We first define a variable M that gives at the equilibrium the indication of
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marriage for any individual. For any man m, if M,, = 1 then the man m is matched,
and if M,,, = 0 then he is single; and for any woman w, M,, = 1 if she is matched and
M, = 0 if she is single. We then define the probability « for a man to be married in the
male population and, analogously, the probability S for a woman to be married. Since
the number of married men and the number of married women have to be the same, we
also have: a-v = - (1 —v).5 In the case men and women are in equal proportions in
the whole population, we get a = . We define f; and fy as the conditional probability
density of x with respect to the event M,, = 1 and to the event M,, = 0. Analogously,
we define respectively g; and go the conditional probability density of y with respect
to the event M, = 1 and to the event M,, = 0. Since fi(z) and fo(x) are conditional

probability density functions, we have:

f(@) = fi(z) + (1 =) - folz). (1)

Similarly, we have:

9() = B-g1(y) + (1= 5) - go(y) (2)
We can now define the notion of feasible matching as follows.

Definition 3.1 (Feasible Matching). A feasible matching is a joint density function
m(x,y) defined on X XY and a positive k € [0, 1] representing the probability of marriage

on the market.

One must remark that:
k=va=(1-v)p.

Then, as soon as one knows x, one can derive the conditional probability of marriage
on the set of men o and the conditional probability of marriage on the set of women /3

as the weights of the two sides of the market v and (1 — v) are known.

A matching function 7(x,y) gives somehow the probability of occurrence of any par-

ticular type of marriage (z,y) in the population of married people. Since fi(z) =

°In the setting of Dupuy and Galichon (2014), in which they consider a full marriage on the

population, that assumption is equivalent to consider v = %, and a = = 1.
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f m(z,y)dy and ¢1(y) = [, 7 y T(z,y)dy, the conditional probability density of X and Y
with respect to the event M = 0 are given by:

o) = — (f(:c)—a / (o, y)dy> and

l—«

go(x) = 13 ( 6/ xydy)

respectively. This model is a continuous extension of the discrete model proposed by
Choo and Siow (2006) and an alternative approach to the Dupuy and Galichon’s model
by directly taking into account singles. Dupuy and Galichon (2014) have proposed a
way to take into account singles and have shown that the integration of singles into their
model does not fundamentally change the results they have obtained in the case of a full
marriage on the population. Let denote by II(P, Q)) the set of feasible matchings (m, k).
We denote by w(z,y|M = 1,H) the conditional probability density of the vector (X,Y)
at the point (x,y) with respect to the event {M = 1,H} i.e the probability density of
choosing in the set of married men, a man of characteristics x married to a woman of
characteristics y. We denote by m(x,y|M = 1,F) the conditional probability density
of the vector (X,Y) at the point (x,y) with respect to the event {M = 1, F} i.e the
probability density of choosing in the set of married women, a woman of characteristics
y and married to a man of characteristics x. These two distributions are actually equal
since the number of married men and the number of married women are same. We

have:

(X, Y){M = 1,1} £ (X, Y)[{M =1, F},

and the density function of the distribution is m(x,y). To explain more this relation,
one must be convinced of the fact, the probability to choose in the set of married men,
a man with characteristics x matched to a woman with characteristics y is exactly equal
to the probability to choose in the set f married women, a woman with characteristics y
matched to a man with characteristics x because the number of men with characteristics
x matched to women with characteristics y is equal to the number of women with

characteristics y matched to men with characteristics x.
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3.2.2 Marriage surplus and Heterogeneity

The population is infinite. The key assumption here (previously suggested by Choo
and Siow (2006) and formalized by Galichon and Salanié (2012) and Chiappori, Salanié
and Weiss (2017)) is that the joint utility created when a man m with attributes x,,
marries a woman w with attributes y,, rules out interactions between their unobserved
characteristics, conditional on (x,,, ¥, ). More precisely, we assume that the joint utility

from marriage can be written as

ST, Yw) + 0€m(Yuw) + TN (Tm)

where S(z,y) is the joint systematic utility generated by the matching between a man
of attributes x and a woman of attributes y, &,,(y) is a stochastic process that represent
the specific gain in utility obtained by a man m with a woman with attributes y and
Nw(x) is a stochastic process that represent the specific gain in utility obtained by a
woman w with a man with attributes x, and o and 7 are positive parameters. The
joint utility from marriage represents the utility that partners will share between them,

according to a rule that depends on the competition force in the marriage market.
We assume that any single man m of attributes x = z,,, has utility given by

u), = U%(x) + o€l

where U%(z) is a known function and €2, as a stochastic term, specific to individual m,
with a distribution that will be characterized below, and ¢ is a parameter. Similarly,

we assume that any single woman w of attributes y = y,, has utility given by
vy = VO (y) + T,
where V(y) is a known function and n? as a stochastic term.

We suppose that the market equilibrium is stable in the sense of Gale and Shapley
(1962), that is, there is no married person who would rather be single, and there is
no pair of (married or unmarried) persons who prefer to form a new union. A man m

marries a woman w if (a) the woman w belongs to the set of W, (b) brings to him the
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highest level of utility and (c) brings a higher utility than his utility of remaining single.
A woman w matches a man m if the converse of conditions (a)-(c) for individual w are
satisfied. Let us denote respectively by u,, and v,, the utility at equilibrium of a man
m of attributes z,, and the utility at equilibrium of a woman w of attributes y,,. One

implication of this result is formulated in the following proposition.

Proposition 3.1. The stable matching is such that, under the assumptions stated above,

for any man m of attributes x,y,,

U (T,) = max (gle% (U(@ms Yoo) + 0m(Yw)) , U (2) + 05%) (3)

and, for any woman w of attributes y,,,

vulya) = s (V o )+ 7)) V) + 1) (@)
for some functions U(x,y) and V(x,y) such that U(x,y) + V(z,y) = S(z,y).

Proof. The proof is then similar to that of Galichon and Salanié (2012). From well-
known results (Shapley and Shubik, 1971), the equilibrium utilities solve the system of

functional equations:

Um(Ty) = max (max(S(xm, Yo) + 0€mYw) + T (Tm) — Vw), U°(2m) + aa?n)

wew

Uw(Yw) = max (rneaﬁ(S(wm, Yw) + 0€m (Yw) + T (Tm) — Um), VO () + 7773)

The optimization problem in parentheses in the first equation can equivalently be writ-

ten as:

yey Wi Yw =Y

max (S(xm, y) + oem(y) + max (70, (z,) — vw))

or

yey Wi Yw =Y

max (S(xm, Y) + 0em(y) — min (v, — mw<xm)) .
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If we define

V(Zm, Y) = min (v, — 0w (Tm)) and  U(Zpm, Yu) = S(Tm, Yuw) — V(Zm, Yw),

WYw=Y

we obtain:

U () = max (ma)gc(U(xm, Y) + 0em(®)), U(2) + 0531) .

ye

Similarly, we obtain the value for v,,. =

By now we will denote by U(z,y) and V(x,%) the individual net surpluses. In other

words, we have:
U(x,y) = U(z,y) = U%(z) and V(z,y) = V(r,y) = V°(y)

The net joint surplus is denoted S(z,y) i.e

S(z,y) = Ulz,y) + V(z,y) = S(z,y) = U°(z) = V°(y).

We also adopt the following notations:

Um = Um — UY and 9, = v, — V°.
With these notations, in other words, the proposition stated above asserts that, the

stable matching is such that, under the assumptions stated previously, for any man m

of attributes x,,,

) = 0 (g (0 ) + 720 ) 025 5)

and, for any woman w of attributes y,,,

i (V (s ) + T () ,mg) , (6)

meM

e

for some functions U(z,y) and V(z,y) such that U(z,y) + V(z,y) = S(x,v).
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3.2.3 Identification of the net individual surpluses

In what follows, we shall focus on the net expected utility of each individual conditional

on x and y, respectively. To simplify notation, we write
G.(U) =Ep(u]|x)

and

H,(V) = Eq(v]y)

the net expected value of the utility of man with attributes x and the net expected value
of the utility of woman with attributes y, respectively. This notation emphasizes the
fact that the net expected values depend on the net utility functions U(z, y) and V (x, ).
Recall that (X, Y)[{M = 1,H} and (X,Y)|{M = 1, F} have the same distribution and
we will denote it by II. We have:

M(x,y|M =1,H) = Il(z,y|M =1, F)

The joint density function of (X,Y){M = 1,H} is w(z,y|M = 1,H), i.e the joint
density of (X,Y") on the population of married men where Y represents the character-
istics of their partner. In that case, it as if the econometrician observes married men,
observes their characteristics X and asks them the characteristics Y of their partners.
The joint density function of (X,Y){M =1, F} is n(x,y|M = 1, F) that is the joint
density of (X,y) on the population of married women; in that situation, imagine that
the econometrician observes married women, observes their characteristics Y and asks

them the characteristics X of their partners. We have:
m(x,ylM =1, H) = 7n(z,y|M =1, F) =: n(z,y)

The function 7(x, y) is then actually the joint density function of (X,Y") conditionally to
marriage on each side of the market. The quantity 7 (y, M = 1|z, H) is the probability
density of choosing in the global population a woman such that her attributes are y
and such that she belongs to the set of matched women with men of attributes x. We
have:

m(y, M =1,2|H) 7(x,ylM =1,H).P(M =1H) ar(z,y)

mly, M= 1o H) = === = i) =@
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For women we have: the probability density of choosing in global population a man
such that his attributes are x and such that he belongs to the set of matched men with

women of attributes vy is:

B ~w(z,M =1ylF) w(z,yM=1,F)P(M=1F) PBr(xy)
i M =1, ) = 9(y) B 9(y) ()

The problems (5) and (6) can be seen as the primal problems. The corresponding dual

problems, which will be used hereafter, are defined as:

oTey) o oo
([ 06 - a-c.0) )

where am(z,y)/f(z) is density of men of attributes x married to a woman of attributes

max

U((E,)

y in the whole population of men, and

( Br(z,y)

x 9)

max

s V) do = H,(7)) ®)

where fm(x,y)/g(y) is the density of women of attributes y married to a man of at-

tributes = in the whole population of women.

As we have:
k=va=(1-v).p,

the conjugate (7) and (8) can respectively be rewritten as:

@(@)zmw( T@ﬂ?Umw«w—mum) 9)
)y \Jy [f(@)

and

H (ﬁ) ~ max (/X % V(a,y) - do— (1 — V>Hy(V)) (10)

As pointed out by Galichon and Salanié (2012), we have:

0G.(U)
ou

kr(z,y) . 0G.(U)

(z,y) = ie ——(7,y) =

@) o0 1

v
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and
OH,V),  wray) | OH,V),  Br(e)

from the envelop theorem, where an(z,y)/f(x) is the probability for man of attributes

x of being married to a woman of attributes y and S7(x,y)/g(y) is the probability for

woman of attributes y of being married to a man of attributes .

The first order conditions of the optimization problems (9) and (10) are satisfied if
conditions (11) and (12) hold, so that these optimization problems are indeed the dual

of (3) and (4).° From the envelop theorem, we then have:

OGLRT/ ) N — T o
A/ f) (z,y) = U(z,y) d

OH;(km/g) V(s

W(%w =V(x,y).

The above identities show that utility functions can be recovered from observed prob-

abilities.

3.2.4 Social Net Surplus and Optimal Matching

As shown by Galichon and Salanié (2012), the equilibrium state of the market aims
to maximize the total expected utility and this is equivalent to maximize the total net
surplus as the functions U° and V? are assumed to be exogenous to the model. The
social net surplus is:

W = VE [u,] + (1 — v)E [5,]

We can then rewrite the social net surplus for a particular feasible matching as:

W= [ GO)@): fla)-do+ (1=0) [ B(V)0) - 9(0) - dy (13
X Yy
using the previously defined notation.

We then get the following proposition:

6Technically, the functions G (k7/f) and H;(km/g) are respectively the conjugates of G, (U) and
H, (V) by the Legendre-Fenchel transformation.
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Proposition 3.2. The stable matching (7, k) mazimizes the social net surplus, i.e.,

{mﬂa}}<< // (2, 7) )-dx-dy—sgr,ﬁ))
where
5(7r,m):/XG* (“Jf) -f(x)-dx+/yH* (KD - g(y) - dy.

Proof. Recalling that from (11) and (12)

(V) (,y) =

2 (0) () = e

Vo5 and (1—v)—=

that is, the first order conditions of (9) and (10) are satisfied, with k = va = (1 — v)f.

Therefore, at the equilibrium, we have:

— [ sm(z,y) . . [ KT
16.0) = [ S 0= (F)

and

(1—v)Hy(v)=/X’”( 9y (s, y)dx_H*(’”)

9(y) g

The expected value of u and v, respectively, can be broken down into two terms: the
first one is the expected value of the systematic part and the second one the expected

value of the stochastic part. From (13) we then write the social surplus as:

// m(z,y) - Ulz,y) - dz - dy+/f// w(z,y) - V(z,y) - dz - dy
Gy ) an)

Finally, using U(z,y) + V(z,y) = S(x,y) and the definition of £(7, ), we obtain:

m_m// (e, y) - S(a,y) - de - dy — E(m, 5),

which is maximized with respect to (7,x). m
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The first part of the expression of the social net surplus is the averaged net joint
systematic surplus of couples. The second part £(m, k) is a generalized entropy term (in
Galichon and Salanié’s (2012) terminology), linked to the heterogeneity of sympathy
shocks among the population. If ¢ and 7 converge to zero, then the second term

vanishes.

3.2.5 A Convenient Specification and its Interpretation

The previous proposition holds under general conditions. To obtain a convenient speci-
fication, we follow Dupuy and Galichon (2014) and characterize the stochastic structure

of the model as follows.

Assumption S.
(i) The stochastic processes €™ (y) and n"(z) are max-stable process of the form:

e™(y) = mkax(g’,? cyr = y) if the set {k : yx = y} is non-empty

= —oo otherwise,

where {(y}",e}"), k € K} follows a Poisson process on the space ) X R of intensity
e “dyde, and

n“(x) = (n:x; =) if the set {{ : 2; = x} is non-empty
= —oo otherwise.
where {(z},n}?),1 € L} follows a Poisson process on X xR with intensity e~"dx dn.
(i) The stochastic terms €2, and 72 follow a standard Gumbel distribution, indepen-

dent of €] for k € K and independent of 7" for [ € LL, respectively.

Intuitively, each man m of attributes x = z,, meets (or considers seriously) only a ran-

dom subset of the population of women to make his choice. These women he knows will
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be called ”acquaintances”. This subset can be infinite and we index the acquaintances
by k € K. The attributes of these women, potential partners of man m will denoted by
yi' for any particular k. Thus, from each acquaintance k£, man m gets a utility equal
to: Ulz,yy") + oe’. The intensity e °dy de represents the probability a man has an
acquaintance with a woman £ such that y;" is in a set of size dy and the sympathy shock
et lies in a set of size de. The decrease of the intensity in € translates the idea according
to which there is a low probability to have an acquaintance with women with whom the
sympathy shock is high and there is a high probability to have an acquaintance with
women with whom the sympathy is low. In addition, for any disjoints subsets A and
B of Y x R, the fact that m has an acquaintance in A is independent from the fact
that m has an acquaintance in B. Similarly, we assume for any woman w of attributes
Y = Y, that she has acquaintances in a random subset of the global population of men,
and each acquaintance with a man [ € L of attributes x}” generates for the woman w a
utility equal to V(z}", y) + mn".

Thanks to the above assumption, the choice of a partner can be seen as a discrete
choice problem. That is, each individual does his/her choice in a set of acquaintances.
In addition, the distribution of the utilities u,, and v,, individuals get at the equilibrium

can be derived and the conditional expectation of these utilities can then be computed.

Proposition 3.3. Assume a stable matching and S. Then, for any man m of attributes
T, whose utility at the equilibrium is wy,(x,,), and for any woman w of attributes y,,

whose utility at the equilibrium is vy, (Y, ) we have:

U (Tm) ~ Gumbel (Uo(xm) + 0o In <1 + /yemzc’;ﬂ’y) dy) ,a)

and
UV (Yw) ~ Gumbel (Vo(yw) +71n (1 +/ ev(x;yw)dy> ,7—)
X

Proof. We consider the case of the distribution of men’ utility and start from the pre-

ceding result:

U (Tr) = Max (Iwne% (U(Zm, Yo) + 08m (W) , U () + Usgn) .
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Using assumption S, the problem can be written as:

U (&m) = max(max (U (zm, yy") + 0€f) , U'(wm) + 0€y,)
€

where (y;*,ep) is following a Poisson process of intensity e “dedy. If the cumulative
distribution of w,,(z) is denoted by F,,_, then:

_ [0 . m

o o

because €2, and €} are independent. Since 2, is following a standard Gumbel distribu-

tion and (e}, yx) is following a Poisson distribution of intensity e °dedy, we have:

Fu(t) = exp (—exp (-%)) X exp ( / / o exp ( )dsdy)

In this expression, the second term of the right-hand-side represents the probability of
not observing (y;,e}") in the set Y x [(t — U(x,y))/0o, +o0]. Integrating the second

term of this expression with respect ot ¢ gives:

Fu(t) = exp <—exp (-%)) X eXp (— /y exp (M) dy>

Simplifying gives:

FU(t) =

exp (— exp <% (Uo(xm) + olog <1 + /yexp (U(xm,y)a— Uo(xm)) dy) - t)))

That is, u,, has a Gumbel distribution of parameters

{Uo(xm) +olog (1 + /yexp (U(xm’wa_ UO(“"’”)> dy> ,a} .

We do the same demonstration for v, (y) to prove its distribution. m

From well-known results regarding the Gumbel distribution, we directly get:

G.(U)=01n (1 + /yexp (M) dy) + oy (14)
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and

H,(V)=7n (1 + /Xexp (@) dy) + 77, (15)

where v = In(In(2)) is the Euler-Mascheroni constant. This result is very similar to
the expressions obtained in the discrete case, which are o In(1+3_, exp(U(z;,y:)/0)
and 71n(1+ ije vexp(V(xj,v;)/7), where z; and y; are discrete variables. We remark
that conditionally on x, the expected value of the utility of a man is higher at the
equilibrium than the expected value of his utility of remaining single and the difference
between the two is ¢ In (1 + fy exp ( > dy>

From Proposition (3.3), we can also derive an expression for the systematic utility of
each individual. If we apply the identity (11) with the specification for men’s conditional
utility (14), we obtain:

exp (@) _an(z,y)
1—|—fyexp< )dy f(x)

Similarly, if we apply the identity (12) with the specification for women’ conditional
utility (15), we obtain:

exp( (ﬂTﬁy)> ) 571’(%,:(/). -

1+ [, exp <V(zy)>dx 9(y)

(16)

Together with identity (1), the right-hand-side of expression (16) can be written as:

T (o )

In addition, the feasibility of matchings implies that
fila) = [ 7la)dy
y
Thus, we have

ep (222) ) (1+/ o ﬂ(x,y)dy)_l

1+fyexp< (zy ))dy_l—a fo(x) y1l—a fo(z)
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which implies that:

Ul,y)\ o =(z,y)
eXp( s )‘(1—a> folr) 18)

In other words, the systematic utility obtained by a man of attributes x married to a

woman of attributes y is equal to the ratio of the joint dentity of observing matches of
man of attributes x and woman of attributes y and the density of observing a single of

attributes x. Similarly, we have:

Vie,y)\ = B 7(x,y)
oo (M22) = 55 1)

with a similar interpretation. This straightforwardly generalizes the expressions ob-

tained by Choo and Siow (2006). By comparison, our results are quite similar the
results found by Dupuy and Galichon (2014). In fact, for U%(x) = 0 and V°(y) = 0,

our result can be written at the form:

Ulr,y) = o n (ar(z,y)) — o In (1 — a) fo(x))

and
Vi(z,y) = 7In (fr(z,y)) —7In ((1 = F)go(y))
And Dupuy and Galichon (2014) found that:

Uz,y) =oln(x(z,y)) —a(z) and U(z,y) =7l (r(z,y)) — b(y)

( ) o 1 (/ e[U(C&y/)/(O‘/Q)] d /) d b( ) g l (/ e[V(x’7y)/(U/2)] d /)
alxr) = —In ——dy an ) =ZIn elV@wiert
i Y f@) 2 X 9(y)

In the following theorem we formalize the theoretical results obtained in this framework.
We recall some notations: U(z,y) = U(z,y)—U(z) is the net surplus of men, V (z,y) =
V(z,y)—V°(y) is the net surplus of women and by S(z,y) = S(z,y) —U%x) - V°(y) =
U(z,y) + V(z,y) is the net joint surplus.

Theorem 3.1. Assume a stable matching and Assumption S. Then we have:
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1. In equilibrium, for any x € X, y € ),

se =1 ((+22) (25) Goortewr)

2. The systematic surplus of a man of attributes x from a matching with a woman

of attributes y is such as:

U(z,y) = — (S(x,y) —7ln (1 _afo(fv)> +7In (1 ;690(?;)))

o+T o

3. The systematic surplus of a woman of attributes y from a matching with a man

of attributes x 1s such as:

Vo) = 1 (S +om (220w o (S am) )

4. forany x € X,

ol) 1 o) and fla) = — P
x) = _ x) an x) = _ x
" (1-a) (1 + fy ey dy) ' a (1 + fy e dy)
5. foranyye),
1 fX ewdx
— _ d = _
90(y) (L) g(y) and g(y) (0 o) 9(y)

6. The probabilities o = Pr(M = 1|H) and B = Pr(M = 1|F) are determined by:

U(z,y) V(z,y)

e o o
o= [/ e f@dedy and 5= [ [ ———g(y)dudy
Xy1+fye a dy XJy14 [Le 7 dx

The proof is given in the appendix.




3.3 Estimation Method and Additional Results 91

3.3 Estimation Method and Additional Results

The estimation method is based on the maximization of an approximated log-likelihood
function with respect to a set of parameters. We proceed as follows. Firstly, we derive
the maximum likelihood function assuming that systematic utility functions are known.
Secondly, we propose an approximation for systematic utility functions that depend on
the primitives of the model, i.e., the total surplus from marriage, the distributions of
characteristics and the proportion of men or women (the latter is directly observed).
To simplify we suppose hereafter that ¢ = 7 = 1 that is, the distribution parameters
are equal to one. We also suppose that x and y are scalars (coinciding with log incomes

in the empirical application). We then specify the net joint surplus as:

0 b —i2 1
S(z,y) = —aix* +cry— b3y’ +ar+ by = (1 z %) a ¢ 0 Yy
—a3 0 0 y?

where ay, by, a3, b3 and c are parameters to be estimated. With this particular form,
and if the coefficients of z? and y* are negative, the integrability of exp S(z,y) on the
cartesian space X x ) is guaranteed. This is necessary because the optimal matching

joint density 7(x,y) is a bounded function on X x ). The matrix:

0 b —i2
K= aq C 0
—a: 0 0

can be interpreted as the affinity matrix (in Dupuy and Galichon (2014)’s terminology).

Finally, we assume that x and y follows normal distribution:

1 1
e 2" and g(y) = _27re’%y2

The negativity of —a3 and —b3 will imply a concavity of the surpluses with a maximum.

This is realistic because when for example sympathy shocks are negligible, the optimal
choice is given by the maximization of the surpluses, because the utility is quasi equal

to its deterministic part then, and the concavity of a quadratic joint surplus function
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guarantees the existence of a maximum. If the affinity matrix is definite negative, this
guarantees that the extremum of S(x,y) is a maximum. The density functions f(z)
and g(y) depend on exogenous parameters that will be estimated independently of the

model.

3.3.1 The Maximum Likelihood

To derive the likelihood function, we denote the set of couples, the set of single men
and the set of single women by C, §,, and §,, respectively. Considering a man m with
characteristics z,, = r and a woman w with characteristics y,, = y, the likelihood of
the union (m,w) is the product of the conditional probability density the man m is
matched to a woman with characteristics y with respect to x,, = x with the conditional
probability density the woman w is matched to a man with characteristics x with
respect to y,, = y. The probability density to observe in the male population a man
with characteristics  matched to a woman with characteristics y (here only the man
is observed since the observation is done on the male population) is the product of the
probability of marriage on the male population with the probability density to observe
in the set of married men, a man with characteristics x matched with a woman with
characteristics y, i.e am(z,y). The conditional probability density to observe in the

male population such a man m with respect to x,, = x is then:

Analogously the probability density to observe in the female population a woman with
characteristics y matched to a man with characteristics « (here only the woman we
observe as the observation is done on the female population) is the product of the
probability of marriage on the female population with the probability density to observe
in the set of married women, a woman with characteristics y matched with a man with
characteristics x, that is fm(x,y). Then the conditional probability density to observe

in the female population such a woman w with respect to y,, = y is:
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Things work similarly for single individuals. The probability density to observe in the
male population, a single man with characteristics x is the probability of being single on
the male population with the probability density in the set of single men, a man with
characteristics z, that is: (1 —«)fo(x). And then the conditional probability density to
observe in the male population such a man m with respect to xz,, = x is:

(1 —a)fo(z)
f(z)
Same reasoning for single women leads to derive that the probability density to observe

in the female population a single woman w with respect to y,, = v is:
(1—B)go(y)
9(y)
The likelihood is then:

_ er(xma yw) Bﬁ(xma yw) (1 - a)f0($m> (1 - 5)90(%11)
c= 1 =y < 5=l

(m,w)eC meSm WESy

The first term of the right-hand side gives the density for a man m and a woman w to
be married; the second term the probability for a man m to be single, and the third

term the probability for a woman w to be single.

To have a well-behaved likelihood function, we have to express it as a function of the
primitives of the model. The density functions are related to individual utilities as

summarized by the following lemma.

Lemma 3.1. Assume a stable matching and S. Then, we have:

(a) ar (T, Yu) _ eXp(U(xma Yuw))
f($m> 1+ fy exp( (xma y)) y’
) - BT (T, Yu) _ eXp(V(l‘ s Yuw))
9(Yw) 1+ [y exp(V(z, yu))dx
() - (1 —a)fo(zm) _ 17
f(z) 1+ fy exp(U(zm,y))dy’

(1 = B)go(yw) _ 1_
9(y) 1+ [pexp(V(z,y,))ds
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Proof. The conditions (a) and (b) are simply expressions (16) and (17). To obtain

condition (c), we integrate expression (18) with respect to y and obtain:

- a fymlwydy o fi(x)
Aexp(U(x’y))d‘y‘u—a) L@ - h@)

Together with (1), we obtain condition (c¢). Similarly, to obtain condition (d), we

integrate expression (19) with respect to x. =

Using this result, the likelihood function can be written as a function of systematic
utilities. The next step is to express systematic utilities as a function of the primitives

S(z,y), f(x), g(y) and v. The following lemma gives equations that define systematic
utilities for given primitives.
Lemma 3.2. Assume a stable matching and S. Then, the men’s systematic utility is

implicitly defined as:

Ulz,y) = %S'(x,y) + %m (%) + %A@)(x,y), (20)

where

N ( . v f(x) exp(l_](x,y)) .
AO)(z,y) = 1 (1 ))dyd>

C1—v )y g) 1+ [exp (Ulz,y
+In (1—1—/yexp (U(z,y)) dy)

and the women’s systematic utility is implicitly defined as:

Vi(z,y) = =S(z,y) + %ln (L(x)) + 1f)’(l_/)(:zﬁ,y), (21)

(1-v)g(y) 2

DN | —

where

_ B L—v [gly) e (V(zy)
B(V)(xyy) = In (1 N v /y f(l‘) 1+ fX exp (V<5U7y)) dgjdy>

fin <1+ [ e () dx)

with A(U)(x,y) + B(V)(z,y) = 0.
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Proof. Because of (16) and (17), we have the following identity:

exp(V(z,y))g(y) 1 exp(U(z,y))f(z) 1
1+ [, exp(V(z,y)

YAy B~ 1+ [y exp(Uz,y))dya’

i.e., the systematic utility functions are related. Then, using a-v = - (1 — v), we

eliminate o and  and obtain:

exp(V(z,y)) 1 v exp(U(z,y)) 1
1+ [yexp(V(z,y)da f(z)  1—v1+ [, exp(U(x,y))dy g(y)

(22)

If the right-hand side is denoted as a(U)(x,y), we have:

exp(V(z,y)) = f(2)a(U)(x,y) + f(z)a(U)(z, y)/ exp(V(x,y))dx.

X

Then, integrating left-hand side and right-hand side with respect to x gives:

/exp (z,y) d:v—/ f(z (r,y da:+/ f(x (x y)dx/xexp(l_/(a:,y))daz

and rearranging gives::

1 +/Xexp(\_/(x,y))dy = “T.7

¥ a(z,y)dr

From (22) and the above expression, we deduce an expression for women’ systematic

utility:

V(o) = tog ()

1.e

V(e,y) = log (f(2)) + log (a(0)(x, )) — log (1 - [ () y)dx)

Using the identity S(x,y) = U(z,y) + V(z,y) gives:

S(z,y) = Ulx,y) =log (f()) +log (a(U)(z,y)) — log <1 —/ f(@)a(U) (= y)d$>
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Using the definition of a(U)(z, y) and simplifying give expression (20). Similar reasoning

gives expression (21). m

The results of the lemma show the equations that relate utilities U(z,y) and V (z,y) to
the primitives S(x,%), f(x), g(y), and the proportion v. The analytical solution may
be complicated. Yet, it is possible to obtain approximated solutions for U(xz,y) and

V(z,y). If we omit the last term on the right-hand side of (20) and (21), we have a

first order approximation defined as:

(1-v)g(y)
)

Uil ) = aaw+1m(

1
2 2

and

i1 (i@
Volwy) =5 8y) 5 <(1 - V)g(y)) '

Intuitively, each man with characteristics  married to a woman with characteristics y
receives a little more or a little less than equal sharing of the total net surplus S(z, y),
depending on whether the number of women with characteristics y is larger or smaller
than the number of men with characteristics x. This first approximation is a good
approximation only when the rate of marriage is very low and in the following chapter
we prove actually that Up(z,y) and Vy(z,y) are the analytical expressions of U(z,y)
and V(z,y) in case of scarce matching on the market. For the estimation, we will
then use a second order of approximation. Using the previous lemma, a second order

approximation is defined as:

(o) + gt (U220 4 Latian

and
Vi) = 28w + o (20 ) L piy .y
= - —_ n —_— —
1\, Y 9 z,y 9 (1—V o)\T,Y
More generally, we define the sequences:

VkeEN, Ugi(z,y) = =S(x,y) + %ln (u;yw) + AU (z,y)

1
2
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and

VkeN, Vig(z,y) = S(x,y)—kéln (Lx)) +EB(VI<;)($7?J)

(1=v)gly)) 2
The convergence of these sequences as ensured by the fact that, from the lemma, the

exact functions U and V verify the equations:

Va,Vy, Ulr,y) = %S(m,y) + %ln (%) + %A(U)(x,y)

and

Vo, Vy, Viz,y) = %S(x,y) + %ln (%) + %B(V)(:I;,y)

The uniqueness of V" and of V' guaranteed by their identification ensures the convergence

of the sequences respectively to U and to V.

The procedure can then be iterated until the approximated systematic utility is suffi-
ciently close to the true value. In the empirical application, we stop at the second order

approximation.”

3.3.2 Discussion: Gender surplus gap and attractiveness

In this subsection, we try to analyze the gap in the systematic surpluses between part-
ners within the households and to formulate a theoretical view on the question: What
are the determinants of the surplus gap between partner within the households ? To do
this, we base our development on showing the relation between the individual surpluses
of the partners within the household shown in the proof of the previous lemma. In what
follows we will first focus on defining the notion of attractiveness of individuals on the
market. A natural measure of the attractiveness is the probability to be attractive for
the other hand of the market. The attraction of women of characteristics y on men with
characteristics x is the conditional probability density for a woman w to be matched

with a man of characteristics x with respect to y,, = y. This conditional probability is:

Br(z,y)

9(y)

"As |A(U)(z,y)| <1 and |B(V)(z,y)| < 1, we assume the approximation is reasonable.
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This is the attraction of the woman w on the set of men with characteristics x. We can
then derive the attractiveness of the woman with characteristics y on a particular man

with characteristics x as the intensity of her attraction on this sub male population by:

Br(x,y)
f(x)g(y)

And analogously, the attractiveness of a man with characteristics x on a woman with

characteristics y is then defined by:

ar(z,y)

f(x)g(y)

We can remark that, when o = [, i.e when the proportion of men is equal to the
proportion of women in the whole population, the reciprocal attractions between a man
with characteristics  and a woman with characteristics y are equal. This makes sense
even if the number of men with characteristics x married to women with characteristics
y at equilibrium is always equal to the number of women with characteristics y married
to men with characteristics z, a difference in the proportions of the sides of the market
implies a difference in the reciprocal strengths of attraction between the two sides and
the less weighted side will be the more attractive because the more the side of the
market is wide the lower is the conditional probability of marriage on it. This traduces
somehow the scarcity effect on the attractiveness i.e attractive individuals are not the

most frequent on the market. We have defined previously from (22) the following

quantity: )
~ v 1 eV @)
U = =
CL( )(l',y) 1 — Vg(y) 1+ fy eU(x,y)dy
We define now as well:
- 1—-v 1 V(@)
b(V)(z,y) =

v f@)1+ [, e"@Evde

From lemma, by using the relation:

M) 1 e ny) 1 Ve
flx)  al+ fy eU@) dy

gly)  Bl+ [, E@nds
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we can remark that:

_ _Bm@y) s e — CTEY)
{09 = Faygty M = 5000

Then the attractiveness of a woman with characteristics ¥ on a man with characteristics
x is a(U)(z,y) and the reciprocal attractiveness of the man on her is b(V)(z,y). The
attractiveness of the woman on the man depends on U because it is subject to the
individual net surplus of the men from a match with her and that determines their will
to choose her. And reversely, the attractiveness of the man depends on how intensively
women want to match with him and this is subject to their surplus from such union
with him. We will in the following of this development show the determinant of the

surplus gap between partners within the matching.

The surplus gap between a woman with characteristics and her partner with character-

istics x i.e the difference V(x,y) — U(z,y) From the proof of the lemma, we have the

- _ flz )a(U)(l’ y)
V<x’y)_ln(1—fx f(z)a(U)(x y)dx)

9(y)b(V)(z.y)
U($ y) <1_fy (y ‘7 xy)dy)
e hav

These expressions can be rewritten. From (18), w

relations:

and

This implies that:

1
1— dz = :
/f x y) T = 1+f,\g VD)

Note that the term [, f(2)a(U)(z,y)dz is the attractiveness of women with charac-

1
1+fX eV (@y)dr

a woman with characteristics y to remain single. This relation shows that the attrac-

teristics y on the whole male population, and the term is the probability

tiveness of a woman with characteristics y on the whole male population is simply the
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probability to be matched to a man. We can denote by $(y) this probability, i.e:

I eV @) dy
1+ [, eV@Evdy

5(3/)2/)(f(x)a(U)(:c,y)dq;:

Analogously we have:

1
1+ [}, eV@ndy

- /y 9BV (x, y)dy =

We also denote:

_ i U@
o) = [ gV )y = 12—
% ’ 1+ fy eU(x,y)dy
This is the probability for a man with characteristics x to be matched and it is equal to
the global attractiveness of a man with characteristics x on the whole female population.

By using av = (1 — v) combined to relations above, we can derive that:

V(z,y) = Ulx,y) = = [In((1 = v)(1 = B(y))g(y)) — In (v(1 — a(z)) f(x))]
(1 -1 =By
v(1 —a(x))f(x)
The term (1—v)(1—05(y))g(y) is the absolute probability density to choose in the whole

population a single woman with characteristics ¥, in other words, it is the probability

=—1In

density absolute of celibacy of women with characteristics y in the whole market, not
the conditional to their characteristics. And the term v(1 — a(z))f(z) is the absolute
probability density to choose in the whole population a single man with characteristics
x, i.e the absolute probability density of single-hood of men with characteristics x
in the whole population. The surplus gap within a union between the woman with
characteristics y and her partner with characteristics x is a separable function in y
and x it is equal to the opposite of the logarithm of the ratio between the absolute
probability density of the woman to be in the set of single women with characteristics
y and the absolute probability density of the man to be in the set of of single men
with characteristics . A consequence of this is the fact that the one who has the

greater individual surplus within the couple is the partner who has the lower absolute
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probability density to be single in the population between the two, in other terms,
the happier within the couple is the one whose characteristics’ group has the fewer
number of singles between the two, the more attractive then between the two partners.
This is explained by the fact that a high attractiveness implies a high demand and
then the partner who is the less attractive within the couple transfers utility to the
more attractive (and diminish then his/her own utility) to be competitive regard to the
concurrency. To illustrate this, we can consider some rural African villages in which only
men own agricultural lands and herds of cattle. The resources are then quasi exclusively
owned by the male population. To live, a woman needs to be in a safe household and
that it is a security for her to not be in the need. Men are then the more attractive
on this market. Wealthy men who have for example several lands or numerous cattle,
have almost naturally more than one spouse. The demand is high for them that some
families who want to built an alliance with rich men can even offer them one of their
young girls. This typical example is written in the novel of the African writer Seydou
Badian (Sous l’orage, 1957) in which a family was obliging their young and intelligent
daughter even educated and motivated for long studies to stop her studies and marry
the richest man of the village, a polygamous old man; but it won’t be correct to spoil
you on this interesting novel. So, women in such societies are somehow in a situation
of resignation at the equilibrium of the market and men are clearly the winners of the

game.

3.3.3 Income inequality and impact of marriage

There exists several studies on the measurement of Income Inequality : Pareto (1896),
Hoover (1936), Atkinson (1970), Theil (1979), Palma (2011) who worked on the dis-
tribution of income inequality across the population. The inequality of composition of
income is studied by Kaldor (1955), Foster and Wolfson (1992), Esteban and Ray (1991),
Duclos and Taptue (2015), Araar (2008), Deutsch and Silber (2010) and Deutsch, Fusco,
and Silber (2013), Milanovic (2017), Ranaldi (2017, 2018) with the introduction of the
notion of polarization between the different income sources. Ranaldi (2018) proposes
a measure of income composition inequality called Income Factor Polarization Index,

a metric that summarizes the polarization of the two income sources across the whole
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population. Linking inequality and marriage is a subject discussed by many researchers
in demography and economics. The unitary marriage model of Becker (1975) does not
allow to get an idea about the impact of marriage on the welfare inequality. Chiappori
(1988) has proposed a non unitary model of marriage and showed a welfare inequality
with the household. Young (1952) had also noticed an inequality in consumption linked
to the income inequality between spouses. Browning and alii (1994), using Canadian
data showed the existence of inequality in clothing explained by the income inequality
between spouses. Bonke (2015) empirically proved that the unequal repartition on con-
sumption is correlated to the unequal distribution of the income with the household.
Another interesting study is done by Pahl (1989) in which he considers different type
of whole wage system that can be collective or individualized. Analogous studies are
proposed by Laporte and Schellenberg (2011), Belleau and Lobet (2017), Ashby and
Burgoyne (2008) and Belleau and Proulx (2011). The estimations of welfare in these
systems shows an inequality of welfare (Phipps and Burton, 1995) in the advantage
of men. Borooah et McKee (1994) proved that the income inequality is higher in an
unequal sharing of income than in an equal between spouses. Fritzell (1999) finds a
linear positive relation between the income distribution and the welfare distribution.
Davies and Joshi (1994) Woolley and Marshall (1994) suggest the existence of relation
between income inequality and welfare inequality. Stephane Crespo (2017) shows the
impact of the wage sharing within the household on the inequality measurement. All
these researches prove the existence of inequality of welfare within households, and this
inequality is higher when the system of wage sharing is unequal. This suggests that
marriage impacts the global welfare inequality because the inequality of income between
two spouses (collective sharing system) is fewer than if they were not matched (individu-
alized sharing system). To measure the impact of marriage on the income inequality, we

consider that the marriage surplus must be taken in account in the individual income.

Before focusing on the income inequality and how it is impacted by marriage, we need to
introduce first an important notion. Let m be a man with income R and w a woman
with income RY. We will intuitively consider as joint welfare of a couple, the sum of
the income of both spouses with the joint net utility from marriage. The net utility

from marriage is the difference between marriage utility and utility when remaining
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single. This intuitive definition has the advantage to maintain the welfare equal to the
income for single individuals. The limit of this definition is simply the fact that we
are summing a quantity (income) with a well defined unit to another quantity (utility)
with a less defined unit. We must take into account this difference of unit. This leads
us to adopt formally the following definition. We denote respectively by ZM ZW the

welfare of the man m and the welfare of the woman w. We assume the existence of a

constant A\ such that:

ZM — RM 4 Ny, — %) and Z)V = RV + Avy — 1°)

m

The terms u — € and v — n° represent respectively the net utility of men and the net
utility of women. We can remark that one implication of this definition is that, when
the man m and the woman w are single, then their welfare is equal to their income

since the net utility of singles is zero. We then have for singles:

ZM = RM and ZV =R

Value of Marriage The constant A can be interpreted as the exchange rate between
the income and utility. In other words, 1/A is somehow the value in monetary unit of
the net utility from marriage. Its evolution will indicate how the value of marriage has

changed over the period of our study. We denote:
EM—=y—¢" EVW =v—1°

The variable EM is the net marriage utility of men and E" is the net marriage utility
of women. These two variables are non negative random variables. We then define two

variables R and E as follows:

R=RM1,,,+R"1, and E=EM1y +E"1,
where 1 4 is the indication to belong to the male population, and 1,y is the indication
to belong to the female population.

We also define on the population, the variable F' that indicates the side of the market
individuals belong to. Formally, F' is such that for any individual k:

F, =1 ifand only if kK € W and Fy =0 if and only if k£ € M
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Determination of A : The constant A can be determined with the following ap-
proach. Let G be a function evaluating the social inequality of any non negative random
vector observable on the population. We can take for G the Gini index or its extension
to the multidimensional case. Note that a such function G induces an ordering rela-
tion among random vectors or variables observed on a particular population, and an
ordering relation among populations on which a particular random vector or variable is
observed. We can immediately remark that we can define a relative equivalence relation
on the set of non negative random vectors or on variables observed on a particular pop-
ulation. Given a population P, two non negative random vectors will be considered as
equivalent if they have the same inequality on P. On the whole market P, we assume
the vector (R, E) be equivalent to the vector Z = R + AE by the ordering G. In other

terms, they are assumed to satisfy the equation:
G(R, E) =G(R+ \E)

This equation guarantees somehow the substitution between income and net utility
from marriage such that the total social welfare inequality is maintained unchanged.
The weakness of this approach is its arbitrariness. It will just allow us to measure
changes over the time in terms of inequality. We will then compare the inequality
within married people to the inequality within single people. The Gini index has the
advantage to be the common measure of inequality. For its two-dimensional version,
we will consider its extension proposed by G. A. Koshevoy and Mosler (1997). for
non negative multivariate distributions. We give their definition below. We suggest in
Lawogni (2020, Measures of Inequality in Vectors Distributions, International Journal
of Statistical Analysis) a generalization of the Gini index and a slight extension of the
Pietra index for multivariate distributions in which the coordinates can be negative or
positive where the chosen distance is not necessarily the norm N;. Although, we will
simply consider the definition of G. A. Koshevoy and Mosler for the coordinates of the

vector (R, E') are non negative.

Definition 3.2. (G. A. Koshevoy and Mosler, 1997). Let X = (X', ..., X%) be a ran-
dom vector in Ri and independently observed on n individuals constituting a population
P with X; = (X1, ..., X{) is the observation on the individual i, and X® = (X3, ..., X3)
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is the list of the s-th coordinate of X observed on the n individuals. The Gini index of
X is given by:

1 s . (2 — a8)? :
9<X>:2dxn222<zw)

j=1 i=1 \s=1

where x° is the average of x*.

In this definition, d is the dimension of the vector X, its i-th observation is denoted X;
and its s-th coordinate is X®. Note that the net marriage utility E is non negative. The
income R is observable contrarily to the marriage net utilities that is not observable. Let
1 be the number of couples in the population. We denote by Ma the set of matched
people. In our case, we have: d = 2 because the vector (R, E) has two dimensions,
n = 2 X p is the number of matched people. Then, following the given definition, the

index G takes here the form:

ouin-s 5 5 () - (55

jEMaieMa

2
As we don’t observe the term (E’};EJ ) , we can estimate it by:

(E[E])?

We estimate E by its conditional expectation with respect to the income R, to the

gender and to the marriage. We do same for E?.
E=E[E|R,M =1,F], and E? = E[E*|R,M =1, F)

Note that:
E[E|RM=1,F=0=E[u—¢|R=R" M=1]

and
EE|RM=1,F=1=Epv—n"|R=R"Y, M =1]

Analogously, we have:

E[E?|R,M =1,F =0 =E[(u —¢°)?*|R=R" M =1]
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and
EE*|RM=1,F=1]=E[(v—-n")?|R=R"Y, M =1]

To get theoretically the different expectations above, we need to derive the distribution
of the net utilities u — €° and v — n°. For more details, you can refer to the appendix.

The index is then estimated by:

1 R —R;\® (E2+E?—2EE, :
16M2ZZ<( R )*( (E[E])? ))

jEMaicMa

GM&(Z> -

The characteristics on which the marriage surpluses are defined respectively for men

and for women as follows:

o W(RY) —EW®M) o I(RY) - E(In(R"))

V(In(RM)) V(n(RY))

These variables RM and RY are the hourly incomes. They are proportional to the

incomes of full-time employment.

3.4 Data and Empirical Results
3.4.1 Data

We use the PSID data on the period 1968-2001. We exclude from the data under 17
years old individuals. Our main variable is the income per hour. As we dealt with
missing data on the income, we used the Heckman method to estimate the unobserved
income on some individuals as the decision of unemployment can be partially explained
by some observable determinants such as the age, the education or the sex. We estimate
by the Heckman method of selection the income per hour for all the individuals by
using as variables explaining the selection, the age, the square of age, the sex, and the
education and these variables are present in the data basis. The hourly income will
be the variable on which we will compute the gain from marriage. This variable is
somehow the income of full worked time (by normalizing the worked time to 1 for all
the individuals).
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3.4.2 Descriptive Statistics

We present below some descriptive statistics. The following figures show the size of the
data we used.The figure 21 indicates the numbers of men and of women in the data for
each year of the period of the study. We observe that the number of men is lower than
the number of women in all the data for every year of the period of the study. and the
numbers of married people and of single people. The figure 22 precises the number of
singles and married individuals in the different data for each year of the period of the

study.
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Figure 21: Size of the data by gender
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Figure 22: Size of the data by marital status
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The number of singles in the data is lower than the number of married people. The
figure 23 shows the evolution of the rate of marriage on this market over the period
1968-2001.
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Figure 23: Evolution of the rates of marriage

As we can clearly remark it, the rate of marriage has drastically decreased over the

period of the study.
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The following figure shows the evolution of the estimated averaged income per hour
conditionally to the gender and conditionally to the sex.

Averaged Income Per Hour (dollar/H)

1965 1970 1975 1980 1985 1990 1995 2000 2005

Global

Men Women Married

Singles

Figure 24: Evolution of the averaged hourly income (in dollar/hour)
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Figure 25: Evolution of the averaged hourly income (in dollar/hour)

We remark a global increase of the hourly income over the period of the study. The
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averaged hourly income of men is greater than the averaged hourly income of women,
and the averaged hourly income of married individuals is greater than the averaged
income of singles. The greatest hourly incomes are earned by married men and the
lowest by single women. We can also point out that the hourly income of single men is
higher than the hourly income of married women. A global observation that married

individuals earn higher hourly income than single individuals.

Income Inequality In what follows, we describe the hourly income inequality by
gender and by marital status. We observe a general increase of the inequalities on the
period 1970-1999 and a decline from 1999 to 2001. We observe the highest inequality on
the singles over the whole period. The men hourly income inequality is greater than the
women’ on the period 1968-1990 and then the women hourly income inequality becomes
more important than the men’ from 1990 to 2001. The hourly income inequality of
singles is greater than the hourly income inequality of married. The absolute gap in
inequality between men and women is extremely lower than the gap in equality between
singles and married. This suggests us a reduction of the inequality by marriage. This

is confirmed the figure 27.

Hourly Income Gini Index
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Global Men Women Married ——5ingles

Figure 26: Evolution of the averaged hourly income Gini Index (in dollar/hour)
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The hourly income inequality of married men is lower than the hourly income inequality
of single men and same for women, the inequality of the hourly income of married
women is lower than for single women. We also remark that there more inequality in
the married men hourly income than in the married women hourly income and this over
all the period of the study. For singles, we remark that on the periods 1970-1974, and
1990 2001 the hourly income inequality of single women is higher than for single men
whereas inversely on the periods 1968-1970 and 1974-1990 the hourly income inequality

of single women is lower than for single men.

Hourly Income Gini Index

1965 1970 1975 1980 1985 1990 1995

Married Men Married Women Single Men Single Women

Figure 27: Evolution of the averaged hourly income Gini Index (in dollar/hour)

3.4.3 Empirical Results

The parameters and their evolution over the time We estimate the model. We

recall the specification of the joint surplus:
S(z,y) = —azx* +cry —byy* +arx+ by

where x and y are the normalization of the logarithm of the incomes of men and of

women. The figure 28 shows the evolution of the parameters over the time.
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We can mainly remark the positivity of the coefficient ¢ that is:

%S

C:ax—ay(x’y) >0

That shows a positive assortative mating between men and women with respect to the
income. We can notice a relative stability of this parameter ¢ on the period 1968-1987
and a general increase on the period 1987-2001. Other evidence is the fact the stability
of the parameters a3 and b3 over the period of the study and we have a3 < b3. We
observe a global stability for the parameters a; and b; too. To compare the effects of x

and y on the joint surplus, we will focus on the sign of the first derivatives of S(z,y):

%(i& y) = —2a5z + cy +a; and %(m, y) = —2b5y + cx + by

Let’s assume a couple with characteristics (x,y). We have:

S c a .
%(x,y)>0 = x<2—a%y+2—a%.—$ (v)
and 95 5
C |
a—y(m,y)>0 < y<2—b%x+2—b%—y (I‘)

Note that z*(y) and y*(x) are actually not the optimal corresponding characteristics
of partner respectively for the woman and for the man. They are optimal only if the
sympathy shocks are negligible. From the estimation, we observe that ¢ > 3, a3 < 1.5

and b3 > 1.5, so ﬁ > 1 and ﬁ < 1. The term 2“71% is positive so z*(y) > y.
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Figure 28: Evolution of the parameters of the model

Evolution of the inequality of net utility from marriage We have observed that
there is less income inequality for married individuals than for singles. As the formation
of unions generates a net utility for matched individuals with respect to singles, we
must consider too the inequality of this net utility. Note that the net utility is positive
quantity since it is the difference between the obtained utility at the equilibrium and
the utility from remaining single. The estimation shows the presence of inequality of
the net utility from marriage. The following graph shows its evolution over the period
of the study.
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Net Utility Inequality of Married

Figure 29: Evolution of the inequality of net utility

Sharing of the joint net utility The estimation revealed that the sharing of the net
joint utility from marriage is very similar to the weights of the incomes. The following
graph shows the evolution of the weight of the income of married men in the total
income of married individuals and also the evolution of the weight of their net utility in
the total net utility of married individuals. And we can remark a very similar evolution
of the two proportions. We notice on the period 1968-1975 an increase of the part of
married men in the total net utility and a very little decline on the period 1975-2001.
The part of men in the total net utility is slightly higher than their part in the total
income and represents about 60% of the total net utility. The fact that the part of
net utility is close to the part of income confirms the idea that the reduction of the
gender gap in income leads to a more egalitarian distribution of the consumption within
household since the consumption can quantify utility from marriage. This will be done

one of the next chapters.
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Figure 30: Evolution of the men’ parts of income and net utility

Evolution of the value of marriage: 1/\ The conversion rate between the net
utility and income is 1/A. It represents somehow the value of marriage. The following
graph shows its evolution over the period of the study. We can remark an increase of
the value of marriage on the period 1968-1971 and a general drastic decrease on the
period 1971-1985 and has been reltively stable then on the period 1985-2001.

Conversion Rate Marriage Net Utility / Income

Figure 31: Evolution of the value of Marriage:1/A
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Impact of marriage on the income inequality We have observed that the income
inequality of married is lower than the income inequality of singles. But before really
concluding into a reduction of inequality by marriage we must take into account the
existence of net utility inequality generated by marriage. That is why, to measure
the impact of marriage on the income inequality, we have computed the inequality
index of the income on the population of married people and on the population of
the singles. And we have also computed the inequality index of the refined income
Z = Income + A Net Utility on the population of married people taking into account

the marriage surplus. We graph the evolution of these inequality indexes over the time.
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Figure 32: Impact of Marriage on the Inequality

We can remark that the inequality of the income on the population of the married
people is lower than the inequality of the income on the population of the singles. The
integration of the net utility into the income does slightly increases the inequality on
the population of married individuals because of the the inequality of the net utility
but lets the inequality be still lower to the inequality income of single individuals. We

can then affirm that marriage reduces inequality relatively to singles.
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3.5 Conclusion

Dupuy and Galichon (2014) have proposed a continuous model extending the Choo
and Siow’s model. In the initial formulation of the Dupuy and Galichon’s model, single
individuals are ignored, i.e., all individuals are assumed to be married. In this paper, in
the light of the Dupuy and Galichon’s model, we propose a slightly different extension
of the Choo and Siow’s model to the continuous case with perfectly transferable utility
and taking into account singles. This model is empirically tractable. We have applied
it to measure changes in utility inequality. The study shows that there is more income
inequality among single individuals than among married people. The income inequality
has globally increased. To measure the impact of marriage on the income inequality,
in the computation of the inequality, we take into account the marriage surplus and its
inequality. We still obtain a lower inequality for married than the income inequality
of singles. This shows somehow a reduction of inequality by marriage. This confirms
a positive impact of marriage on welfare inequality. This inequality index has slightly
increased on the period of the study. We estimated too in this study the conversion
rate between marriage surplus and income to measure a monetary value of marriage.
We observed an increase of this value on the period 1968-1971, a significant decrease
on the period 1971-1985, and has been relatively stable on the period 1985-2001.
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3.6 Appendix
3.6.1 Proof of Theorem 3.1

Expression of the joint surplus

From the first order conditions, we derive the relations:

Jlew o 7(x,y) and 222 _
1 —a fo(x)

B
1—0 go(y)
This leads to:

o=t (25 ) P o (25550

The sum of the two equations gives:
seo=w((+23) (+73) merenr)

Expressions of U and V'

To derive the expressions of U(z,y) and of V(z,y), we recall:

U(z.0) a 7(z,y) V() g m(z,y)
e o = and e 7 = ——
1—a fo(z) 1—08 go(y)
The ratio of these two expressions gives:
eﬁ(x,y)_f/(m,y) B a (1 —5)g0(y)

(1—a)fo(x) B
Then we get:

1l -«
«

B

U(ey) — oV (z.y) = —orIn ( fo(:z:)> +orin ( go(y))
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By using in addition S(z,y) = U(z,y) + V(z,y), we obtain:

0 = 5 (S -7 (0 ) + o (5 0 ) )

o+T o

and
_ T

V) = (St +om (20 ) - om (25 0m)))

Expression of f, and f;

Jlew o 7(x,y)
1 —a fo(x)
This leads to: (2.1)
U(z,y) o m(x,y
e o dy= dy
/y l—aJy folz)

So, we get:

11—«

fol) /y Py — % o)

Since we know that f(z) = afi(x) + (1 — ) fo(z), we directly derive:

o) = (1—-a) <1 + fyemi’y) dy) o

and

U(z,y)
fy e o dy
a (1 + fy e dy

fi(z) = f(z)
)

An analogous reasoning gives the expressions of go(y) and g1(y).
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Expression of o and

We use: b
d
A —_ e @
« (1 + fy dy)

This implies:

a / fi()dz = / Jy e dy f(2)ds
X X(l—i—fy U(zydy>

Since [ y fi(@)dr =1, we immediately get:

U(x y)

a—// x)dxdy
y1+fy

We find the expression of § by deduction.

U(z,y) V(zy)

flx) e _9y) e v
« 1—|—fye@dy B 1+er@dx

W(l‘,y) =

Therefore, we have:

0(x9) V(2.)
f(x)-e i) e fy

Using the proved expression of «, we get:

eV(wy)
a = o dxdy
/ / B 1+ [,e T

We immediately deduce the expression of 3:

V(x y)

b= // . e dxdy
T fe
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3.6.2 Other approach of estimation: Likelihood Maximization with penal-

1zation

The approximation functions for U(z,y) and V (z,y) are quite huge. In this paragraph,
we will discuss about an alternative approach to estimate the model. The main idea
will be to specify as most as possible ”correctly” the densities fo(x) and go(y). We
define two functions h(z) and h(y) such that:

fo(x) = f(x).h(z) and go(y) = g(y)-h(y)

We will investigate on a convenient specification for h(x) and h(y). The justification of

this approach is based on the fact that we have shown that U(z,y) and V(x,y) can be

+AW)o))

) +al
S(z,y) + In(f(z)) — In(g(y)) C_V)+B )
(

with A(U) = —B(V) and ||A(U)||s < 1. So the function A(U)(z,y) is bounded. Using
the expression of U(z, y) from the theorem and replacing fo(z) and go(y) respectively
by f(z)h(z) and by g(y)h(y), we obtain:

decomposed at the form:

1—v

Uy = & (S<x,y> (@) + In(g(y)) + In (

and

_1
2

Ue.9) = 5 (860 = () + In(g(0) = (L~ @)hfa) + n((1 = Bi(s)) +1n () )

Let’s remark that:
Q 1—v
In{—=]=In
(5) == (")

The difference of these two expressions of U(z,y) gives:

0= A(U)(z,y) + In((1 - a)h(z)) — In((1 — B)h(y))

1.e

AU) = = In((1 = a)h(x)) +1n((1 = B)A(y))
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We want to specify A(U)(z,y) as the addition of a function of z with a function of
y such that A(U) is bounded. And as |A(U)] is lower than 1, a flexible specification
for A(U) can sufficiently fit it. A necessary condition is the fact that the functions
h(x) and h(y) are bounded too and are non negative because of the logarithm. So we
specify h(z) and ﬁ(y) such that they are both bounded and non negative and such that
h(z)f(x) and h(y)g(y) are integrable respectively on X and ). In other words, we must
satisfy:
Ve X, h(z) >0, Iglea)?dh(x)] < 00, and / h(z)f(x)de =1

X
and

Yy e X, i(y) > 0, max[h(y)] < oo, and / R(y)g(y)dy = 1
Y y

To provide convenient specifications for h(z) and iL(y), we make the following assump-

tion.

Assumption 3.1.

Va>0,b>0,/

[ (f@)rde < o0 and / (9(y)dy < oo

y

Under this assumption, the following forms satisfy the constraints stated above for h(x)
and h(y).

() = aq (a4 an.(F@)F) " and Bly) = b (b + ba-(9(0) )
We then deduce the specification of fo(z) and go(y).
o) = ao (an + a2, (£(2))2) £ () and go(y) = bo (b1 + b2 (o)) (v)

To satisfy the constraint:

/Xfo(x)dx:l and /ygo(y)dy=1,

the parameters ay and by are positive and given by:

1 1
ag — 3 and bo = 3

Joe (a1 + a2 (f(2))%5)" f(2)da Sy (br+ b2 (9())"%)

9(y)dy
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In the particular case we have:
1 1
flz) = 567%@“2 and g(y) = geﬁyz
The specification of fo(z) and go(y) becomes then:
1 1,2

—a2z2 2 _ 1,2 _p242 2 1
fo(z) = ag (a1+a2.e 3 ) 72" and go(y) = bo (bl+b2.e 3 ) e 2Y

and that is equivalent to the form:

2 2
folw) = ao (ar.e75" + az.e3) " and go(y) = bo (br.e” 8 4 by

The parameters ag and by are given by:

1 1

2
Jx (“1'6_%962 + a2‘€’a§$2> du Jy (bl.e—iy2 + b2.e*”§"”2> dy

Specifying fo(x) and go(y) has a cost. In fact, normally, for a given specification of
S(z,y) and for a given f(x) and g(y) and v, it is theoretically possible to derive the
optimal matching 7(x, y) in the set of the feasible matching. The specification of fy(x)
and go(y) is equivalent to specify A(U)(x,y) and with the decomposition of U(z,y),
this specification of A(U)(x,y) gives the expression of U(x,y), and by deduction, the
expression of V(z,y) as we know that U(z,y) + V(z,y) = S(z,y). Once U(z,y) and
V(z,y) are known, all the model is determined. So we will get an expression for m(z,y)
derived from the specification of fy(z) and go(y). But this expression of 7(x,y) is not
the exact analytical expression of 7(z,y) but actually a fitting to its real expression.
Then the matching derived from the specification of fo(x) and go(y) is not necessarily
feasible. The cost of the specification will be this loss of feasibility. We will penalize
the distance of the derived matching from the specification of fo(z) and go(y) to the
set of the feasible matching by:

of (L)~ 0= o = [ atenay) arsif (5t~ (- Dt - [ st )

with:

m(z,y) = [1 — &fo(m)} : [1 — 5go(y)] o35y
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where the penalization parameters p and p will be arbitrarily chosen. To understand

this penalization, it suffices to remark that:

(f(@) — (1 - a)fo(x)) = fi(z) and %<g<y> (1= Aao) = a1(v)

L~

The feasibility of 7 requires:

fi(x) = /y r(z,y)dy and gi(y) = /X () da

We have just taken as penalization:

ollfi — /y w (o g)dyll? + Fllon — /X w(, )|

In this penalization, remark that we have:

The parameters a and [ must satisfy another constraint which is:

/ / m(z,y)dedy =1 with n(x,y) = {1 _ afo(a:)} : F _ ﬁgo(y)} ? e3S@y)
X JYy 107 5

This implies:

\/(1—a)(1—ﬁ): I
ap S Sy fo(@)]2 [90(y)]? e25@Y) dgdy
We will denote this quantity by K. So:

1
e o L@ [90(®)] €250 dudy

Combining the relations:
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We obtain:

—1 1+ (- v) (£ - 1) . ﬁ:—1+\/1+4u(1—y)(%—1)
2v (£ 1) 2(1-v) (£ - 1)

o =

1-v
The likelihood for a given A can be written as follows:

o I () I () 1 ()

(m,w)GC meSy, ’LUGSf g(yw)

We specify fo(x) and go(y) as described above and we maximize the log-likelihood with

the penalization we have defined. In other terms, we maximize:

(o) +o [ (500 - 0= - [ w(x,y>dy)2dx

y

o (% (o) — (1= Aanlw)) — [ w(x,y>dx)2dy

with the constraints:

) (£2 1) . ﬁ:—1+¢1+4y<1:y)(ﬁ_1)
21-v) (£ - 1)

1-v

o =

where

3.6.3 Derivation of the distribution of the net utilities

To derive the distribution of the net marriage surpluses v — ° and v — n°, we adopt
the following little notations. Let u,° and v,° be respectively the maximum utility of
the man m from his different acquaintances and the maximum utility of the woman w

from her different acquaintances. We have:

Uy, = Max {50 u_o} and v, = max {772),2);0}

m? 'm
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The variables €2 and u are independent and so are the variables 70 and v °. The dis-

tributions of u,.? and v,° are given below. Refer to the Proposition 4 for its immediate

u, | X, =2 ~ Gumbel (ln (/ eU(w’y)dy> , 1)
Y

v,°lY, =y ~ Gumbel (ln (/ ev(”’)dm) , 1>
X

proof.

and

Here, we have:

We can rewrite the net utilities from marriage as follows:

Ep = tm — &, = max{0,u,’ — 5.} = (u,,’ = €5)4

and

EY = v, — 0 = max{0,u;’ — 10} = (v;° — n%)

As we know that €2 and n° are standard Gumbel, and independent respectively with
u, Y and v,,°, we can then derive the joint distribution of (% ,u, ) and of (g, v,"). We
then derive by convolution, the distribution of u,°—&% and the distribution of v,;° —n?.
We obtain the probability density function of EM = (u 0 —€%), and the probability

density function of EY = (v;% —n%),

400 400 +oo
fem(u) =1(u > 0). [/ e (/ eU(I’y)dy) exp {—6_5 (e“ ~|—/ eU(x’y)dy) } ds]

Analogously, we have:

+00 +o00 +oo
gpw (v) = 1(v > 0). [/ eV </ ev(a”y)dm) exp {—e_s <e” +/ ev(r’y)dx) } ds}

These distributions have as support space R, with a mass at the point 0 that is the
probability of being single conditionally to the characteristics. In fact we have:

P(EM <0)=P(u, =€|z) =1—a(z) =1~ +OO fem(u)du
0
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and too
PIEY <0) = P(u, ='lp) = 1= 5) = 1= [ g ()

where a(z) and S(y) are respectively the conditional probability of marriage of men

and of women with respect to the characteristics.

We can now derive the conditional distribution of £ and of E" with respect to
marriage. Note that, there is marriage if and only if the net utility from marriage
is strictly greater than 0. We the distributions we are searching are respectively the
conditional distributions of EM and of EY with respect to the event { EM > 0} and to
the event {EV > 0}.

fEW\M:I(u> = fpu(u) Ju and QEW\le(U) =

f0+oo fem(u)

gew (v)
f0+oo gew (v)dv




132

4 Matching In Closed Forms

Abstract

In this paper, we consider an equally weighted bipartite matching market
with transferability of the utility. We try to show the ways in which the model
suggested in the previous chapter can be extended to the case « € {0, 1} where « is
the probability of matching on each of the two sides of the market. We first prove
that the deterministic part of the utility of the singles can be expressed in function
of the probability of matching and that allows us to rewrite the theoretical results
of the model of Chapter II at a new form that extends directly the model of
Chapter II to the case a € {0,1}. We then consider a particular case of full
matching i.e @ = 1, with a quadratic specification and Gaussian distributions
of the characteristics. We find entirely the analytical expression the optimal
matching and of the individual surpluses gained by the partners from the sharing
of the joint surplus at the equilibrium. We provide two ways to estimate the

model.

4.1 Introduction

There exists a rich literature on matching models. Gale and Shapley (1962) defined
theoretically an equilibrium for two-sided matching markets. The mathematical ex-
ploitation of this definition of equilibrium will be one the main later researches in this
field. Shapely and Shubik (1971) proved an important result that is the maximiza-
tion of the total social welfare by the optimal matching. But the resolution of their
equation requires too strong assumptions. The first econometric framework to estimate
matching models has been proposed by Choo and Siow (2006) with transferability of
the utility. They considered a discrete logit framework to model the gain from mar-
riage. They have been able to identify individual gains from marriage and the matching
matrix in function of the primitives of the model. They obtain closed forms that allow
easily a nonparametric estimation of the model. Chiappori, Salanié and Weiss (2008)
used an heteroskedastic version of the Choo and Siow model to study the assortative

matching on the marriage market. Lindenlaub (2017), considering multidimensional
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setting, studied the equilibrium properties and particularly on a matching problem
with quadratic surplus and Gaussian distributions of the populations, and such that
there is no unobserved heterogeneity and bivariate observed characteristics. Galichon
and Salanié (2012) give a general discrete framework with transferable utility and with
equilibrium in the sense of Gale and Shapley. From their framework we can essentially
derive as particular cases, the results of Choo and Siow and the heteroskedastic model
of Chiappori, Salanié and Weiss. One of the main results of their study is to prove that
the optimal matching maximizes the total social welfare and this social welfare can be
decomposed as the sum of the averaged social surplus and an entropy which quantifies
somehow the statistical disorder in the population. Dupuy and Galichon (2014) have
proposed a continuous extension of the econometric matching model of Choo and Siow
(2006). That model considered mainly a full matching on an equally weighted bipartite
matching market i.e all the individuals get matched almost surely at the equilibrium
of the market. They treat the integration of singles and show that the equilibrium
does not change when we take into account singles. They found that the individual
surpluses can be identified up to two existing, unique but undetermined functions; the
individual surplus of a man in a union with a woman is identified up to a function
a(.) that depends on the characteristics of the man, and analogously, the individual
surplus of woman in a union with a man is identified up to a function b(.) that depends
on the characteristics of the woman. Bojilov and Galichon (2016) with the setting of
Dupuy and Galichon, show that the assignment problem can be solved analytically in
quadratic specification with Gaussian distributions of the observable characteristics,
i.e, they derive analytically the optimal matching function by identifying the affinity
matrix, and they also derive the conditional distributions X|Y and Y|X where X and
Y are respectively the characteristics of men and of women. But what they do not do it
to provide analytical expression of the individual surpluses and the functions a(.) and
b(.) are then not precised analytically. The interest to have analytical expression of the
individual is the possibility to compare the surplus gap for instance within the unions.
Actually the surplus gap between partners is a separable function in the characteristics
of the partners and it involves directly the functions a(z) and b(y). Finding analyti-

cally these functions implies automatically the analytical expressions of the individual
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surplus and reversely. Our main goal in this work is to solve entirely analytically the

matching problem.

In Chapter II, we have proposed in the light of Dupuy and Galichon another approach
of a continuous extension of the Choo and Siow model that takes systematically into
account the possibility of existence of singles at the equilibrium, i.e the probability of
marriage is completely endogenous. The model has provided some theoretical results
quite similar to the ones found of Dupuy-Galichon. We consider the same framework as
in the chapter 2, a bipartite matching market with transferable utility, possibly infinite
and where the two sides have the same weight and in addition, we assume that the
deterministic of the utility of single individuals is a constant parameter. We rewrite
the equilibrium obtained in the chapter 2 and this rewriting has the advantage to allow
directly the generalization of the model to the case o € {0, 1} where « is the probability
of matching on each of the two sides of the market. We show the equivalence of our
approach with the model of Dupuy and Galichon in the case of full matching. We also
show briefly that the framework we suggest here finds analytically the equilibrium of
the market when the matching tends to be scarce. We then go on the fundamental
purpose of this work. We consider in addition to the framework, as Bojilov and Gali-
chon (2016), a quadratic specification of the joint surplus, with Gaussian distributions
of the observable characteristics. We provide analytical expressions for the matching
function and we retrieve the theorem of Bojilov and Galichon (2016) identifying the
affinity matrix. Furthermore we find entirely the analytical expressions of individual
surpluses. We finally present two ways to estimate parametrically the model, by maxi-
mum likelihood eased by the fact that it is completely expressed analytically, and the

estimation by moments based on the identification of the affinity matrix.

4.2 The model
4.2.1 Matching Market Description

We assume the market to be bipartite, one-to-one with transferable utility. One part

of the market is H, and the second one is F. The whole population will be denoted
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by P. We will use the generic terms m and w respectively for individuals in H and for
individuals in F. Without losing in generality, the set H will be considered as the set
of men and the set F the set of women. This framework can perfectly also be applied
to any matching market such as employment market, Real Estate market, etc... The
market we consider here is possibly infinite and its two sides are assumed to be in equal

proportions.

Individuals of each side decide either to match with another individual of the opposite
side or to remain single. The men are characterized by a continuous vector X and
observable on the market. Analogously, women are characterized by a continuous vector
Y observable on the market too. The support spaces of X and Y are respectively RP
and R?. We denote respectively by P and () the probability distributions of X and Y.
These probability distributions are assumed to have respectively a probability density
f and a probability density g. These functions are assumed to be exogenous to the
model. On this market, each individual aims to match with another individual of the
opposite side. He or she remains unmatched in the case he or her does not find the
"ideal” partner. We will bring more precision about the mechanism of matching on the

market. To go further, we need to define the term of matching.

Definition 4.1 (Matching). A matching is any density function © associated to P and
@ and defined on the Cartesian space X X Y.

A matching describes precisely the manner any particular union of attributes (z,y) is
formed relatively to the set of couples. For more precision, it is important to know that
all the density functions on X x ) are not realistic. Before refining the definition of
matching, we need to adopt some useful notations. We define the variable M that is
the indication of the matching status. As we can guess it, this variable is endogenous

because it is completely determined by the market.
VkeP, My=1{k is matched }

We also define the variables X and Y respectively observable on the set of women

F and on the set of men H. For any particular man m, the variable Y,, represents
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the attributes of his partner. And for any particular woman w, X, represents the
attributes of her partner. In the case the partner does not exist, the attributes are
0, i.e the individual is unmatched. So X and Y have respectively as support spaces
X UQ and YUP. We can then define for any man m, the variable (X,,,Y,,) and for any
woman w the variable (Xw, Y.,,). We will denote by « the probability to choose at the
equilibrium a matched man in the set of the men 4. This probability is also equal to

the probability to choose at the equilibrium a matched woman in the set of women F.

a=P(M=1/H) =P(M = 1|F)

Let fi and fy be respectively the conditional probability density of X with respect to the
event {M = 1,H} and to the event {M = 0,H}. Analogously, we define respectively g;
and go the conditional probability density of Y with respect to the event {M = 1, F}
and to the event {M =0, F}.

filz) = f(x|]M =1,H) and fo(z) = f(z|M =0,H)

and
a(y) =g9yM=1,F) and go(y) = g(y|M = 0,F)

The density functions f and ¢ are exogenous. The model will aim to identify «, fo,
f1, go and g;. In some particular cases, the functions f; and g; can be exogenous; for
instance when the matching is assume to be full i.e all the individuals are matched,
then the conditional densities to marriage f; and g; are exactly equal respectively to f

and g. We will treat later that particular case.

All the matchings are not feasible. We refine the definition as follows.

Definition 4.2 (Feasible Matching). A feasible matching is a joint density function
m(x,y) defined on X x Y and a probability c.

Note that m(x,y) is the conditional joint density of (X,Y") with respect to (M = 1,H
and equivalently, it is also the conditional joint density of (X,Y) with respect to (M =
1, F). We have:

7T(£U,y> = F(l’,y’M = 177{) = W(;C,y‘M = 17F)
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Let’s denote by II(P, Q) the set of feasible matchings. In the following subsection, we
will introduce the notion of matching surplus and we will add heterogeneity to the

model.

4.2.2 Matching Surplus and Heterogeneity

The population is infinite. We make the separability assumption (previously suggested
by Choo and Siow (2006) and formalized by Galichon and Salanié (2012) and Chiappori,
Salanié and Weiss (2017)): that is the joint utility generated when a man m with
characteristics x,, matches with a woman w with characteristics ¥, does not depend

on interactions between their unobserved characteristics, conditional on (,, Y. )-

Assumption 4.1 (Separability). The joint utility of a couple (m,w) with characteris-
tics (x,y) is written:
S(@,y) + oem(y) + onw(2)

where S(x,y) is the deterministic part of the joint utility, o is a positive constant, €, (y)

and n,(z) are two stochastic terms.

The function S(x,y) can be interpreted as the joint systematic surplus generated by
the matching between a man of characteristics * and a woman of characteristics .
The term ¢,,(y) is a stochastic process that represents for the man m his utility from
sympathy shock with a woman with attributes y. The term 7, () is a stochastic process
that represents for the woman w her utility from sympathy shock with a man with
attributes x, and o is a positive parameter. The joint utility from marriage represents
the utility that partners will share between them, according to a rule that depends on

the competition force in the marriage market.

The individuals compare their utility from marriage with what they would have if they
remain single when they are single. We model in the following assumption, the utility

of single individuals.

Assumption 4.2. The utility of a single man m 1is:

0 _ 40 0
u, = A" +oe,,
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and the utility of a single woman w is:
vy = B + o),

where A° is a general parameter common to all single men and B° a general parameter
common to all single women; o is a positive constant, €%, is a stochastic term specific

to man m and n° also a stochastic term specific to woman w.

Remark that this assumption is equivalent to the general case in which the deterministic
parts of the utility of the single are functions A°(x) and B%(y). In that case, it suffices
to redefine a new joint surplus as S(z,y) — A%(x) — B(y) + E(A°(X)) + E(B°(Y)) and
new utilities of singles v’ = E(A%(X)) + 0&° for single men and v° = E(B%(X)) + on°

for single women and this redefinition makes us come back to verify Assumption 4.2.

Dupuy and Galichon Specification The following specification is in the light of
Dupuy and Galichon (2014). This has also been considered by in the previous chapter.
We describe it in the following lines. Each man m of attributes x meets a subset,
possibly infinite, of the set of women to make his choice. We assume €Y to have a
standard Gumbel distribution. We index his acquaintances by N*. From a particular

acquaintance k with a woman of attributes ¥}, the man gets the utility:
uy, = Uz, 4i") + oy’

We assume the process {(y, €}"), , k € N*} to be a Poisson process on the space ) x R
with intensity e ¢~7, where  is the Euler-Mascheroni constant. Analogously, for each
woman w of attributes y, we assume 79 to have have standard Gumbel distribution;
the woman w meets a possibly infinite subset of the men to make her choice. Her
acquaintances are indexed by N*. From a particular acquaintance k with a man of
attributes xi, she gets the utility:

vk =V(zp,y) +ony

The process {(z}/, 1)), , k € N*} is assumed to be a Poisson process on the space X x R

with intensity e="777.
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0
m

any sympathy shock €} from an acquaintance k. And analogously for women, the term

We assume that for any man m of attributes x,,, = x, the term ¢, is independent from

nY is independent from any sympathy shock ¥ from an acquaintance k.

We summarize that in the following assumption.

Assumption 4.3. (Dupuy and Galichon, 2014)
(i) The stochastic processes €™(y) and n"(z) are maz-stable process of the form:

e™(y) = mgx(azn cyp = y) if the set {k : yr = y} is non-empty

= —oo otherwise,

where {(yi", e), k € K} follows a Poisson process on the space Y X R of intensity
e Vdyde, and

n“(x) = (n:x; =) if the set {l : &y = x} is non-empty
= —o0 otherwise.
where {(x}, ), 1 € L} follows a Poisson process on X xR with intensity ™"~ Vdx dn.
(ii) The stochastic terms €° and n° follow a standard Gumbel distribution, indepen-

dent of €' for k € K and indepedent of n;* for | € L, respectively.

We will denote respectively by U(z,y) and V(x,y) the net individual surpluses of men
of attributes x and women of attributes y from their matching and we denote by S(z, )

the net joint surplus.

U(l’,y) = U(l’,y) - A07 V(I,y) = V(I,y) — B% and 5(1‘,y) = S(I,y) - A" =B

4.2.3 Equilibrium and Identification

We suppose that the market equilibrium is stable in the sense of Gale and Shapley

(1962), that is, there is no married person who would rather be single, and there is no
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pair of (married or unmarried) persons who prefer to form a new union. The equilibrium
is the solution of the following maximization problems. Each man must choose in the
set of his acquaintances the partner that brings him the optimal utility; in the case this
utility is higher than his proper utility he chooses her. And reversely, each woman must
choose in the set of her acquaintances the partner that brings her the optimal utility;
she chooses this man in the case this utility she gets from the union is higher than her
proper utility. A marriage between a man and a woman occurs when they choose each
other. Let’s denote respectively by w,,(z) and v, (y) the utility at equilibrium of a man
m of attributes x and the utility at equilibrium of a woman w of attributes y. We also
denote:

= 0

Uy = Uy, — AY and 7, = v, — B°.

A man m of attributes x solves:

Uy, (7) = max{oe’ | %é%%{{ﬁ(x, ye) + ok 1}

And a woman w of attributes y solves:

Ou(y) = max{on,, max{V(zs,y) + ony }}

At the equilibrium, each individual does his choice in the set of his or her acquaintances.
A match occurs between a man m and a woman w if the man is an acquaintance of
the man m and w brings to him the maximum utility in his set of acquaintances and
this utility is higher to his utility of remaining single. And reversely, man m is an
acquaintance of the woman w and brings to her the maximum of utility in the set of
her acquaintances and this utility is higher to her utility of being single. Dupuy and

Galichon (2014) have shown that the optimal matching maximizes the social surplus.

Social Surplus

The social surplus in this framework is the averaged utility individuals obtain at the
equilibrium of the market. We widely adopt the notation of Dupuy and Galichon and
so denote it by W. We denote by W the net social surplus. As the two sides of the
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market are equally weighted, we have:

- 1 1 1 1
W = 5]E(u) + 5]E(@) = 5]EP]E(mX) + §]EQ]E(MY)

By remarking that:
Eor(S(X,Y)) = Eqr (U(X,Y)) + Eor (V(X,Y))

The social surplus can then be written as follows:

Wi, 0) = Bar(S(X, V) — 1 (BarlU(X. V) ~ E®) — 1 (Bar(V(X,Y) ~ E(®))
As we have:
B (0(X,Y)) = EpEarx (U(X, Y]X)) and E(a) = EpE(a]X)

and
E..(V(X,Y)) = EQEMW(V(X,Y\Y)) and E(v) = EgE(v]Y)

we deduce that:

@5

Wir,a) = %]EM( (X,Y)) - %Ep (Eunx (T(X, Y]X)) — E(@] X))

55q (Buryy (V(X,YIY)) ~ B2l )
By denoting by:
E(r, @) = Ep (Earjx (U(X, Y|X)) — E@]X)) + Bq (Eary (V(X, Y|Y)) ~ E(@]Y))

we can then remark that the social net surplus takes the form shown by Dupuy and
Galichon (2014) and in Chapter II, that is:

W(r, a) = %EM(S(X, Y)) — —5 (7, @) / /om x,y)S(z,y)dx dy — —5(7‘1’ «)

The maximization of the social surplus W(r, «v) is equivalent to the maximization of the

net social surplus W(r, ) over the set of feasible matchings. In the light of Galichon
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and Salanié (2012) and Dupuy and Galichon (2014), we have proved previously in

Chapter II the following result from the first order of the

net surplus W(w, a):

Ul(z,y) :Uln<1fa%f)))

and

V(x,y)zaln( a W’y))

-« go(y)

In other terms, we have:

U(,y) =A°+01“(1fa%>

and

Vo =+ ()

maximization of the social

(23)

(24)

(25)

(26)

Actually, these expressions are the forms that take the results found in the second

chapter when we consider an equal proportion of men and women in the population.

These expressions show how the individual surpluses are linked to the joint matching

density function. From these expressions of U(x,y) and V(z,y), we have, by rewriting:

11—«

(67

folw) exp (

and

This leads to the following lines:

oo (£) -5 | f oo

U(z,y)

)= (

! ;ago(y) exp <@> = exp ( ~

The function 7 is a density function on X x ) so:

/X/yﬂ(x,y)da: dy =1

) m(z,y)

) (z,y)

y)) da dy
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exp (B?O> ! ;Q/X/ygo(y) exp (V(i’ y)) dz dy

In other terms, we can write:

A% = oln (1 _O‘> toln (/X/yfo(:v)exp (U(i’y)> dxdy)

and

T (50 ron ([ [ mten (M5 ara)
We denote:

i (/X/yfo(x)exp <U<i’ y)) do dy) (27)
and

([ e (1) ).

The parameters A° and B° can then be written:

Aozaln<1_a>+a51 (29)

(07

and

Bozaln<1_a>+052 (30)

«

This is not an identification of A and B°. Actually the equations (27) and (29) are
equivalent and the equations (28) and (30) are equivalent as well. To prove that, using
the relations U = U + A° and V =V + B, we can rewrite ¢; and J, at the forms:

(][ o (B0 ) X [ [ e (252 e
ln<//go exp< xy>+B)da:dy):——l—ln<//go exp( ))d dy)
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We recall from the theorem given in the previous chapter, the expressions of «, fy and

go below in view to rewrite the expressions of §; and ds:

U(zy
a= / / x)dx dy (31)
Y1+ fy dy

Since the probability of marriage in the set of men and the probability of marriage in

the set of women are equal from the fact the two sides of the market have the same

Welght =, we then also have:

V(zy
a—// y)dx dy (32)
y1+4 fX

The functions fy and gy are given by:

1
Jolz) = e f(z) (33)
(1—a) (1 + fy : dy)

and

1
(1—a)<1+fX

By replacing (33) in the rewritten expression of d;, we find that:

go (y) =

V(z y)

dx) 9(y) (34)

AO U<I y)

hp=——-In(l—a)+In //
o y1+fy

and analogous, by replacing (34) in the rewritten expression of d, we have:

BO
Jo=——In(l—a)+1In // T 9(y)
g yl—i—fy dy

The integration of (31) and (32) respectively in these expressions gives:

A° 1— B 1—
51:——1n< aa> and 0y = ——ln( a)

o o (0%
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And these expressions are respectively equivalent to (29) and (30). What do the equiv-
alence between (29) and (27) and the equivalence between (30) and (28) mean ? These
equivalences mean that one cannot exploit separately (29) and (27) nor exploit sepa-
rately (30) and (28) since the exploitation of one is equivalent to the exploitation of
the second. Concretely, it means that we know d; from (27), then we can no more use
(29) to derive the value of A° and reversely and same of d, and B°. But we can fix A°
and B and then derive §; and d,. The value of §; and the value of §, cannot be chosen
arbitrarily because they depend actually on fy and U and on gy and V given by the

equilibrium of the market.

To ensure that (29) and (30) are not an identification, let’s verify if it is possible to
identify 0. As we know that only the individual net surpluses U and V are identified,
we can, without losing in generality, assume A° = B® = 0. we have then U = U and
V = V. As we have shown that:
A 1— B 1—
51:——1n< a) and 52:——111( a)

g

we deduce automatically that:

Then by replacing these expressions respectively in (29) and (30), we obtain:
0=0x0

The term o can then be set to any positive and finite value. In conclusion, when
A% = BY =0, we cannot identify o. In other terms, we cannot identify o. Even if (29)
and (30) are not an identification, we can nevertheless give an interpretation for these
relations. Consider two different stable markets 1 and 2 with the same joint function,
the same distributions P and (), and the same ¢ and on which the number of men
and the number of women are equal and such that at the equilibrium the conditional
probability of marriage o; on the male population in the market 1 is lower than the
conditional probability of marriage ay on the male population in the market 2. Single

men on the market 1 are expected to be happier than single men on the market 2 i.e
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Ay > Ay where A; is the deterministic part of the utility of single men on the market
1 and A, is the deterministic part of the utility of single men on the market 2. The
intuition is that the utility of singles is expected to be relatively higher when marriage

is rare and reversely, it is lower when marriage is very frequent. And we can remark

that: . .
lim In < _ a) = —00 and lim In ( _ a) = +40o0
a—1— (0% a—0Tt (0]

In the following development, we will rewrite in this setting, the theorem of the previous

chapter. This is crucial to extend the model to the case a € {0, 1}. Before going further,
we can make the following assumption without loosing in generality, to simplify the

setting.
Assumption 4.4. The utility of a single man m is:
ud, = ®° + gl
and the utility of a single woman w 1s:
vy = O + oy,

where ®° is general parameter common to all single individuals, o is a positive constant,

0

o @ stochastic term specific to man m and n,, a stochastic term specific to woman w.

3

This assumption states that:
AO — BO — q)O

i.e all the single individuals have the same deterministic part denoted ®°. It is legitimate
to assume that since we have explained above that actually we do not identify A° and
B°. As only the individual net surpluses U and V are identified, the parameters A° and
BY are actually simply respectively a reference point for married men and a reference
point for married women. We can then assume without loosing in generality the equality
between these two reference points A° and B°. One advantage of this assumption is the
equivalence of the comparison between U and V and the comparison between U and V

because we will have then U —V = U — V. By now, we fill consider then single men
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and single women have the same constant deterministic part of utility that is denoted
0. The reader may wonder why we do not simply set this parameter to 0. Of course,
we could, but for technical usefulness, we prefer to keep it as a parameter even if we
are not going to identify it. The interesting trick will be to vanish it and that will turn

out to be very simplifying.

From the relations (29) and (30) combined to the assumption stated above, we have
01 = 09. We will then denote
=101 =0

The relations (29) and (30) take then both the form:

1—
<I>0:aln( O‘) Y od (35)
«
The relations (25) and (25) become respectively:
Ulz, :q>°+aln< a M) 36
(@.9) e (36)
and
a_ 7(z,y)
Viz,y :<I>O—|—aln< ) 37
(@) 1—a go(y) (87)

The combination of (36) with (35) and the combination of (37) with (35) give respec-
tively:

U(z,y) = 06 +oln (”Jf{i; ?) (38)
and
V(z,y) =06 +oln (”;(iy 3?) (39)

From (38) and (39), and using the fact that U(z,y) + V(x,y) = S(z,y), we can state

the following proposition.

Proposition 4.1. Assume a stable matching market. Under Assumption 4.1, Assump-

tion 4.3 and Assumption 4.4, we have:
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1. foranyrze X, ye),

s ()
Slny) =200+l (fo<x>go<y>>

2. The systematic surplus of a man of attributes x from a matching with a woman

of attributes y is such as:

(S(z,y) — oln(fo(x)) + ol (g0(y)))

N | —

Ulz,y) =

3. The systematic surplus of a woman of attributes y from a matching with a man

of attributes x is such as:

Viz,y) = 5 (S(e.) +oln (fo(a)) — o n (g0(s)
4. for any x € X,
5 g
fo(z) = () and filz) = e /@
((1 —a)ed +a fe e dy> <(1 —a)ed +a fe e dy)
5. foranyye),
5 |
goly) = ——g(y) and gi(y) = L —
((1—a)e‘s+afxe ” dac) <(1—oz)e5—i—ozfxe o dx)

N

s ([ [ et enm (252 oy

Proof. 1. The combination of (38) and (39) with the relation U(z,y) + V(z,y) =
S(z,y) leads directly to:

PN G
Sl@y) =200+ ol (fo(x)go(y))
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2. From the relation above, we can deduce:
S(z,y) + on(fo(x)) + o ln(go(y)) — (61 + d2)o
20

We use this expression of In(7(z,y)) in (38) and we deduce the stated expression

In(7(z,y)) =

in the proposition for U(z,y).

3. Analogously, we replace the expression of In(w(x,y)) in (39) and we obtain the

expression of V(z,vy).

4. From the relation

m(z,y)
U(x,y :a(5+aln< )
(z,9) o)
we can deduce:
U(z,y)

e o folz)= eéw(x, Y)

The feasibility of the optimal matching implies that:

/ w2, y)dy = fi(2)
Yy

So, we have:
U(z,y)

fo(x)/ye = dy:e‘sfl(x)

We then use the relation:

f(x) = afi(z) + (1 - a)fo(z)

and we get the equation for fo(x):

fo(:c)/yeU(ﬁ’y)dy _ (f(sc) —(1- a)fo(x))

(67

and the solution is given by:

65

fo(z) =

<(1 —a)ed +af) e dy) f(x)

We deduce the expression of fi(x) by replacing the found expression of fy(z) in:

flz) = (1 = a)fo(x)

«

fi(z) =
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5. We do analogous reasoning for go(y) and ¢;(y) as above.

6. We use the relation:

S(x,y) + oln(fo(x)) + o ln(go(y)) — 206
20

In(7(z,y)) =

1.e

5 S(.)

w(z,y)ed = e 2 (fol2))2(g0(y))

We then use the relation:
/ /W(x,y)dx dy =1
xJYy

m Remark: We treat in Appendix, the case the deterministic part of the utility of single

N|=

and we deduce directly 9.

men AY and the deterministic part of the utility of single women B° are still constant

but may be different. That is traduced by Assumption 4.2.

This proposition is actually an alternative version of the theorem stated in the previous
chapter. DBut this version here has the advantage to clearly allow an extension to
a € {0,1}. In the following development, we will make a quick remark about the
case of nearly scarce matching i.e « = 07 and will make a link with the approximation
proposed in Chapter II for the surpluses U and V', then we will entirely and particularly

focus on the interesting case of nearly full matching i.e o = 17.

In Chapter II, we have that the probability of matching a at the equilibrium is:

eU(a:,y) ev(z:y)
o= Sy = [ [ ———g(y) du dy
/X/yl—l—fyeU(awdy X 371+fxe@dm

That implies 0 < o < 1. This is why we will prefer the terminology of nearly scarce

matching (o = 07) and of nearly full matching (& = 17). And as we have:

f(z) =afi(z) +(1—a)fo(z) and g(y) = agi(y) + (1 — a)go(y)
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where f(x) and g(y) are respectively the density functions of X and Y, then the feasi-

bility constraints will always be satisfied and in particular:

/Xfo(x)dx:/Xﬁ(a:)dx:/ygo(y)dy:/ygl(y)dyz1

This remark will be crucial particularly in the case of nearly scarce matching and nearly

full matching.

Equilibrium in Nearly Scarce Matching: o = 0"

In the case at the equilibrium the probability of matching « is close to 0, the determin-
istic part of the utility of singles ®° tends to 4+00 and so the individuals prefer to remain
single and they do not participate to the marriage market. The direct consequence is
the absolute lack of matching. In other words, in this situation, the social planer cannot
increase anymore the social surplus by matching. It is optimal for all the individuals to
remain single. So there is no participation to the marriage market and it occurs then
on the market a general celibacy. But note that, as the joint surplus is assumed to be
exogenous to the model, then, even if there is no formation of couples, it is possible
to derive the theoretical surpluses U(z,y) and V(x,y). These functions represent the
eventual surpluses partners in isolated cases of matching have at the equilibrium of this
market. We may observe actually some isolated cases of matching but the measure of
their set will be 0. To precise our idea, considering the market is infinite, then the
number of matchings in this particular case of scarce matching will be finite, i.e the
probability of marriage is 0. If the market is finite then there will be no marriage.
As we assume the possibility of infinitude of the market, then marriage can occur on
this market discontinuously and finitely. The optimal matching function is simply the
density function limit to which 7(x,y) tends to when « is close 0. It will still be a
density function in this case of scarce matching respecting feasibility constraints. From

Proposition 4.1, we can deduce for o = 0" at the equilibrium, we have:

1. Foranyx e X,y € ),
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2. The systematic surplus of a man of attributes x from a matching with a woman

of attributes y is such as:

Ulz,y) = 5 (S(z,y) —oln(f(2)) + oln(g(y)))

1
2
3. The systematic surplus of a woman of attributes y from a matching with a man

of attributes x is such as:

Ve, y) = 5 (S(x,y) + oln(f(2)) — ol (g(y)))

DN | —

4. for any x € X,

Proof. We simply replace @ = 0" in Proposition 4.1. m

In this particular state of the market all the unknown of the model are completely ana-
lytically determined. We can also remark that even there is no matching observed, the
matching function 7(z, y) given by this corollary still satisfies the feasibility constraints.

In fact we have:

N

[ medy = (@)? [ @)t dy = i)
y y

and

(NI

/X n(, y)de = e (g()) /X ()} 52 dr = g1 (y)



4.3 Nearly Full Matching and Quadratic Specification 153

The expression of § guarantees the satisfaction of the constraint

/ /y 7 (@, y)dz dy = 1.

One can also remark that the expressions of the surpluses U(z,y) and V(x,y) in the
case of scarce matching are exactly the first order of approximation of the individual

surpluses shown in the previous chapter in the general case.

In what follows, we will focus on a particular matching market in which nearly all the

individuals are matched.

4.3 Nearly Full Matching and Quadratic Specification
4.3.1 General Equilibrium and Comparison with the Dupuy-Galichon Model

We consider an equally bipartite matching market verifying Assumptions 4.1, 4.3 and
4.4. In addition, we assume that nearly all the individuals are matched at the equilib-
rium. So here, the probability « is equal to 17. This has been treated by Dupuy and
Galichon (2014). The equilibrium is given by the maximization of the social surplus.

Proposition 4.1 gives the equilibrium and moreover we have:

1. for any x € X,

folz) = ——ag—f(x) and fi(z) = f(x)
fye 7 ay
2. forany y € ),
)
w0(y) = —vz—9(y) and gi(y) = g(y)
er s dr

Proof. We obtain these results by replacing o = 17 in Proposition 4.1. m

The expressions of the surpluses 7(x,y), U(x,y), V(x,y) and ¢ are given by Proposition
4.1. In what follows, we will proceed to a correspondence betwenn this model and the
model of Dupuy-Galichon to prove that the model of the chapter 2 in the particular

case of full matching coincides with the Dupuy-Galichon model.
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Correspondence with the Dupuy-Galichon model: The following tables gives
at left our results and at right the Dupuy-Galichon results in the case of nearly full

matching.
This model The Dupuy-Galichon model
S(x,y) ®(z,y)
In(fo(w)) = 0+ In (ot ) aln( e gy
n(g0(y) = 6 +In (%7 ) = ol (f, Sy
Inm(z,y) = 5; [S(x,y) + o n(fo(z)) + o ln(ge(y))] — 6 | Inm(z,y) = 5 [®(z,y) — a(z) — b(y)]
U(z,y) = 5 [S(z,y) — o In(fo(x)) + o In(go(y))] Ulw,y) = 5 [2(z,y) + a(z) — b(y)]
V(z,y) = 5[S(z,y) + o n(fo(x)) — o n(go(y))] V(z,y) =3 [@(z,y) — a(z) + b(y)]
Where:

s [ [ oniimtnton (222))

The link between the two models is given by the relations:
—oIn(fo(z)) + 00 =a(x) and — oln(ge(y)) + oo = b(y)
When we use these in the expressions at the left of the table we derive automatically
the expressions at the right and reversely.
4.3.2 Parametric Inference

We specify parametrically the joint surplus S(z,y) with a parameter 6 belonging to a
subset O of a real vectors subspace. We denote by C C H x F the set of the couples.
There exists no single on this market. We denote by 7% the equilibrium matching density
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function corresponding to each particular 6. Considering a man m with characteristics
Z, and a woman w with characteristics y,,, the likelihood of the union (m,w) is the
product of the conditional probability the man m chooses the woman w with respect to
X = x,, with the conditional probability the woman w chooses the man m with respect
to Y = y,. That is:

7 (Yool @)1 (| Yoo)
with
T (Lo Yo T (L ms Yu)
f(am) f(yw)
The likelihood L of all the unions is the product of all the product all the likelihoods

of the unions. So we have:

ﬂﬁ(ywum) - and 7T9(£m|yw) =

V€O, LogL(d) = [2In(n’(zm,y)) = n(f(zm)) — n(9(ya))]

(m,w)eC

We maximize the log-likelihood over the set ©. Note the density functions f and g are
assumed to be completely known. So we can withdraw them from the log-likelihood.

And we then obtain a reduced log-likelihood which is:

V0 €O, Logl(0) = Y  Ina’(m,vu)
(

m,w)eC

In the following, we will try to give some closed forms at the equilibrium of the model
and the likelihood for the inference, by considering a quadratic specification for the

joint surplus.

4.3.3 Analytical Solution of the Matching Equilibrium in Case of Quadratic

Specification

In this subsection, we provide the analytical solution of the model in this particular case
of full marriage and under some assumptions on the distributions of the characteristics.

We assume X and Y to be gaussian and we specify a quadratic form for the net joint
surplus S(X,Y).
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Assumption 4.5. 1.

X! y!
X = : ~ N, (0,2x) and Y = . ~ N, (0,%y)
XP Y«
2.
X
S(X,)Y)= (X' Y’)K( )
Y
where:

A
K = nn (R
(C B>€M’()

with: n=p+q, A€ My, (R), B € Mgy (R) and C € My, (R).

The following theorem describes analytically the equilibrium of this market.

Theorem 4.1. Assume a stable nearly full matching verifying Assumption 4.1, As-
sumption 4.3, Assumption 4.4 and Assumption 4.5. Then,

1. the optimal matching 7 is the density function of a Npyq (0,%) such that:
(a)

-1 _ (EX — EXYE{flEYX)
—E;IEYX (ZX - ZXYE)_/IEYX)

G

(55 + H0%y0)* (3 1)1 _ic

-1

—Z)_(IEXY (Ey — ZYXE)_(IEXY)

! (EY — ZYXE)_(IEXY)il

(b) we also have:

N =

~-1c o7+ (357 + £02xC)

b

(=)
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(c) and moreover

s Ex Txr) _ Sx irdosy |\ Sx 0 v
A\ Sy By ) \Uinyery ny S\ irjiesy By

24+ 20T %\~
fo is the density function of a Gaussian N, (0, (ﬂ) >
o

and

2B + 20Ty \
o is the density function of a Gaussian N (O, <£) >
o

3. V(X,Y) € RP x RY,

1 24 + 20T
U(X,Y) = SX'(24+ oTx)X — %Y’FYY +X'CY — %m Ateox
o
9B + 20T -
+ 7 20ly)_olp=9) In(27)
4 o 4
and
1 2B + 20T
V(X,Y) = JY'(2B+oTy)Y — %X’FXX +Y'CX — %m Lreoly
g

2A + 20T —
%ln +UJ x|+ 0(p4 2 In(27)
4 1/ |24+ 200 2B + 20T ITx||Ty|
+ 20l x + 20ly X|1ly
3= ¢ (P2 22T (X))
4( . ‘ . xSy

Proof. The proof is given in the appendix. m
Remark: We treat in Appendix the case the joint surplus has linear terms.
From the statements 1.a and 1.b of Theorem, we can remark that we obtain and inter-

esting result of identification:

C = O'E;'leX (EX — nyx;/lzyx)_l
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and equivalently,
C' =023 Txy (By — Syx TS5 Sxy)

With this result, we find exactly the Theorem 2 of Bojilov and Galichon (2016) iden-
tifying the affinity matrix of their model. Actually, the matrix 2C' corresponds to the
affinity matrix of the framework of Bojilov and Galichon.

The statement 1.c of Theorem 4.1 precises the matrix of covariance between X and Y':

1 1 1 1
Yyx = —SyCl'y! = =I'0%x and Yxy = —I'{'/C'Sy = —XxC'Ty!
o g o

g

Note that we have considered here for simplicity that the characteristics such that

E(X) = E(Y) = 0. This can of course be extended to a generalized case.

The ’Dupuy-Galichon Constant’ In the Dupuy and Galichon’s (2014) model,

they have proved the following expressions for the individual surpluses:

®(z,y) + alz) — b(y) ®(z,y) —alz) + b(y)

U —

and V(z,y) =

where ®(x,y) is the joint surplus function, and a(z) and b(y) are potentials guaran-
teeing the feasibility of 7; these potentials a(z) and b(y) exist, are unique and can be
determined respectively up to two constants ¢; and ¢;. Theorem 4.1 and the correspon-
dence between this model and the Dupuy and Galichon’s model allow us to provide the

expressions of these potentials up to their respective constants:

a(z) = —oln(fo(x)) + ¢ and b(y) = —oln(go(y)) + ¢

where the functions fo(x) and go(y) are given analytically by Theorem 4.1. We can tell

more about the constants ¢; and c¢,. Actually, we can identify the sum of the constants

c1 + co. Following the correspondence of the Dupuy and Galichon’s model and this

model, we have ¢; + ¢co = 200 and ¢ is given by Theorem 4.1. So we have:

2A+ 20T _ln(\FXHFy]))
o |ZX ‘ |EY’

2B + 20Ty

o
cl+02:—(ln >

2

n ‘
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where the matrices I'x and 'y are given by Theorem 4.1. The exact determination of
the constants ¢; and ¢y remains then on the value of ¢; — ¢;. We will denote:
C1 — Cy

CstPY =
i 2

and we will call it The Dupuy-Galichon Constant for the reason that, as we know the

value of the sum ¢y + ¢o = 200, one has:

= (c1+c2) + (c1 = c2) = 06 + CstP¢
9 2
and
Cy = <Cl + C2) _ (Cl — CQ) = 0‘5 — CStDG

2 2
So the constants ¢; and ¢y are actually determined up to a constant that is the Dupuy-

Galichon Constant Cst”“. The value of this constant remains basically on the specifi-
cation of the deterministic part of the utility of single individuals at the beginning of
the market even if at the equilibrium no one has remained unmatched. More precisely,

we have:

=] f 0o (25 | [ ron () ra)

This can also be expressed as follows:

OstPC = o (m (/X/yexp (@) w(z,y) dz dy) “In (/X/yexp (B(;(y)> w(z,y) dz dy)>

or equivalently here in the case of full matching, we have:

/ m(z,y)dy = fi(x) = f(z) and / m(z,y)dr = g1(y) = 9(y)
N X

then we can rewrite Cst”“ completely with deterministic terms:

CstPC = o (m ( /X exp (Aof)) () d:x) —In ( /y exp (@) 9(y) dy))

where A%(x) and B°(y) represent respectively the deterministic part of the utility of

a single man with characteristic x and the deterministic part of the utility of a single
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woman with characteristic y. One implication of this identity is that, the Dupuy-
Galichon Constant Cst?Y is actually exogenous. The specification of the deterministic
parts of the utility of singles determines in advance the value this constant. In the case,
we do not make any specification on the deterministic part of the utility of singles, Cst?¢
becomes undetermined. It is the case in the Dupuy and Galichon’s model (2014). In
the case the deterministic parts of the utility of singles are constant functions A° and
BY as stated in Assumption 4.2, then we simply have Cst?Y = A° — B%. Assumption

tP¢ = 0 and therefore:

_ln(‘FXHFY|))
Xx !Xy

As we can remark, the optimal distribution m depends only on the sub-matrix C' of the

4.4 eases even things by assuming A° = BY = ®°; it implies Cs

2A+20'FX

01202:0522(111
o

4

9B + 20T
+1n‘$

where the matrices I'y and I'y are given by Theorem 4.1.
matrix K. In what follows, we propose two ways to estimate it.

Parametric Inference

1. Maximum Likelihood Estimation
We maximize over the set of the sub-matrices C' € M, ,(R), the log-likelihood:

Log L(C) = — ) _ [(X,’n,Yl;)El ( );m ) +1n|2|]

(m,w)eC w
with
1 1\ 1
o [ B R + EOm0)t () ~Lo
- 1, 1y-1
-Lc 157+ (457 + HCTxC)F (23

To ease the computation of the likelihood, one may simply use:

-1 _ (Ex — EXYE{/lZYX)_1 —1C
-iC (Zy — 2YXE)_(IEXY)_1
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by replacing the matrix X yy by the empirical matrix of covariance:

~ 1 ) .
Sxv = | > XYl
‘ ‘(m,w)ec

Il By g i

2. Moment-based Estimation

From the identification of C', by a first approach, we can have as estimator:
A 1% ¢ 1< -t
C == O'E;/ EYX <ZX — Exyz;/ ny)

or
~ ~ “ ~ -1
O/ = O'Z)_(—IEXY (Ey - nyz)_(IZXy)

But note the matrix Y xy or Xy x depend actually on the parameter C. In fact,

from the lemma, we have the relation:

1 1
Yyx = —Iy!0¥x and Zyy = -T'{'C'Sy
o o

and the proposition precises:

Lo [T : AN
Ix = 557 + ({53 + 5050 (2X>
and
| ley 1 AR AN
Iy = 3571 + 57" + —0ExC (=%)
So we have:
1[1 1 1 3 7
2 1N\ —
Syx == [52;1 + (12;1 + ;C’EXC/) (2;) Sy
and .
V1o, (1o, 1 N
Sxr = = |535% + (5% + 500 (zx) >
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We then estimate the matrix C' by solving the equation:

-1
2 114 oy, 12 > : AN A
Dyx == |55 + (755 + 08xC (zf) | =«

or

~1
- 11, | 1 v A : AN A
Sxy = = [55% + (158 + 50Ty C (%) | ¢my

A Particular but General Case of Specification

We assume that the joint surplus function is specified as follows:

) 1., (0 C X
S(X,Y):X.C.Y:E(X Y)(O 0 ><Y> where C' € M,(R)

where

X! y!
X = . ~ N, (0,3x) and YV = : ~ N, (0,%y)
XP Y4
We can include in the components of X polynomials of the attributes of men, and in
the components of Y polynomials of the attributes of women. In a general case where
the attributes X and Y are not centered, i.e E(X) and IE(Y) can possibly be different
from 0, we can consider for instance X = (1 z z*) and Y = (1 y 3*), and then we

have:
S(z,y) =az® +by* + caxy + ayx + by

We can write S(x,y) at the form:
0 b b 1 0 0 b

Sz,y)=0z2)| a1 ¢ 0 y |=X"10co0|Y
a 0 0 y? a



4.3 Nearly Full Matching and Quadratic Specification 163

So the specification we are considering here is a particular case of the general case we
have presented above because it is its restriction with A = 0 and B = 0, but nevertheless

this particular restriction is equivalent to the initial specification considered.

The optimal matching 7 is the density function of a Gaussian NV, (0, %) where

w1 [ Tx —5=C’
—+C Ty

The individual surpluses are given by:

o o 1 o. [IIx[| olp—q)
UX,Y) = ZXTxX - 2V TyY + -x'Cy - 21 - In(4
(XY) = GXTX =5V IV + 5 4”{|FY|} 7 mim
and
VXY = IYTyy — SXTxX + 2viex + S [Exl] L o =0y
’ A R 47 ||y 4
where,
Lo Lo by : A -1 -1
Ix = 557 + (5% + 7505 C (%) = (Zx = S0y Svx)
and
1, (1o, 1 N2 /oy ! e -1
Iy = 55 + (57" + 1508xC < Y) = (Zy — Syx S5 Oxy)

The matrix C' is called the affinity matrix by Dupuy-Galichon. We can estimate this

matrix by maximization of the log-likelihood and we have:

. X
CMLE — A — X yh)yxnt " In |2
rg max > (X, v v | T

(m,w)eC w
with )
o1 ( (ZX — EXYZ)_/leX) —%C/ B )
—5C (Zy — EYXE)_(lzXY)
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We can also estimate by:
. . . . 1
C =03y Yyx <ZX - nyzfxlzyx)
or »
C’l = O'Z;(lixy (Ey - iyxz;(lixy>
Uni-dimensional Case

We consider here that the characteristics follow standard gaussian distributions. Also

for simplicity, we assume o = 1. We obtain as results in this particular case the following

S(as,w:(x,y)(Z b)(y)

The optimal matching 7 that is the density function of (X,Y’) and:

1 [1++V1+44c¢ 1 1+v1tdc” @HCQ —c T
m(2,y) = 5\ ——5 e 3@ v) - 1+ VITA?
2

¢ Y

results.

The individual surpluses are given by:

Ule.y) 1+4a+V1+4c2 , 14+ V144c? 2, 11+ 2a+ V1 + 4|
T,Y) = " — cx
y 1 Ve Uy vt
and
1+4b+\/1+402 1+\/1+402 11+ 2a+ 1+ 4c?|
V(z,y) = 2’ + ¢ xy+—1
1 47 \ |1+ 20+ V1 + 42

The functions fo(z) and go(y) are given by:

14+ 2a+ V14 4c? 14+2a+ V1442
fo(x) = expq — x

2T 2
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and

21 2

14+20+V1+42 1420+ 1 +4c ,
go(y) = exp 4 — y

The constant § is given by:

14+ 1 +4c2

1 1 1
6=7In (‘1+2a+\/1+4c2‘> +In (‘1+26—|—\/1—|—4CQD —§ln< -

)

A Particular Application: Golden Section We consider the following simple

case. We assume o = 1, and X and Y are assumed to be standard Gaussian variables,

and the joint surplus is defined as:

S(evy) = —(o =y = (s y><‘11 4 ) (y)

Then the optimal matching joint density function 7 (z,y) is the density function of the

following two-dimensional gaussian:

A7)

1+5
2
@ is called the golden section. This natural constant was considered by Greeks as the

where

90:

absolute perfect proportion. The optimal matching is given by:

n(zy) = g—fexp{—g@ ) ( ) ) (y )}

Moreover, the functions fy(z) and go(y) are equal to the density function of a gaussian:

1
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In other words:

and

! 1, [-1+5 1-V5 ,
go(y)—\/@exp{—ay}— 5 eXP 5 Y

The individual surpluses functions U(z,y) and V (z,y) are:

1 1 1 1
Ulz,y) = —52—¢)a® — oy +ay = —2(3 - V5)z? — riths VE)y? + y

and

1 | 1 |
Viwy) = —5Q2 =9’ — oo’ +ay = — (3= vVB)y* — 2 (1+VB)a® +ay

And finally, the constant ¢ from its expression in Theorem 4.1 can be computed and is

equal here to:

52%111(3—\/5)

4.4 Conclusion

In this paper, we have considered a bipartite matching market with transferable utility,
on which the two sides have the same weight. We use the framework developed in the
chapter 2. We rewrite the results of the chapter 2 in view to extend explicitly the model
to the case o € {0, 1} where « is the probability of matching on each of the two sides.
The model even allows to solve analytically the equilibrium of the market in the case of
scarce matching. But the main goal of the paper constitutes into investigating on closed
for the equilibrium in a particular case of full matching. For that we have restricted our
framework to a matching market without singles, with a quadratic specification of the
joint surplus and Gaussian distributions of the observable characteristics. This question
has been treated by Bojilov and Galichon (2016); on the basis of Dupuy and Galichon

setting, they have proposed the analytical expression of the optimal matching and have
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identified the affinity matrix of their model for this particular matching market. We
find exactly the same identification of the affinity matrix with Bojilov and Galichon;
we also provide closed forms for the optimal matching that are as well similar to the
ones found by Bojilov and Galichon. But at the difference of Bojilov and Galichon,
in addition we provide the analytical expressions of the individual surpluses. Dupuy
and Galichon (2014) have actually proved that the individual surpluses U(z,y) and
V(z,y) are identified respectively up to a function a(x) and up to a function b(y) and
these functions exist, are unique and can be determined up to a constant. In the
approach we suggest here, we can entirely retrieve the functions U(z,y) and V(z,y).
This result is an interesting novelty in the sense that for such models, until now no
closed forms are proposed for the individual surpluses to our knowledge. In fact, Bojilov
and Galichon (2016) have given the conditional distributions X|Y and Y'|X but have
not given the expressions of the functional constants a(x) and b(y) crucial to recover
the entirely the expressions of the individual surpluses in their framework. We finally
provide two approaches to estimate the model: by maximum likelihood and by moments
based estimation. The framework we propose here is based on transferable utility; but
these results can be applied in the case of full matching with quadratic specification of
the surplus in case of non transferable utility since following Menzel (2015), matching
equilibrium in such circumstances of Gaussian distributions and quadratic specification
and with transferable utility is identical to the equilibrium in these same circumstances

with non transferable utility.
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4.5 Appendix
4.5.1 Proof of Theorem 4.1

Let:
Xl Yl

X = : ~ N(0,Xx) and Y = : ~ N (0,2y)

XP Y
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and

s - (45 (F)

AeM,,(R), Be M,,(R) and C € My, (R)

K:<A (J)
C B

S(X,Y)=206+20In(n(X,Y)) —oln(fo(X)) —oln(go(Y))

where

Let us denote:

From Proposition 4.1, we have:

Then we deduce:

Hess(S)(X, ¥) = 2K = 2oHess(In(m))(X, ¥)— ( oHess (h;(fo)) (X) o (h(l)(go)) ") )
Ac) _( oHess (In(fo)) (X) 0
) < . ) = 20Hess(In(7))(X,Y) ( 0 oHess (In(go)) (Y) >

As the Hessian matrix of S is symmetric so is the Hessian matrix of In(7). Moreover, X
and Y are Gaussian and as the matching is assumed to be full, then the distributions
of X and Y are exactly their conditional distributions with respect to marriage M = 1.

So the feasibility constraints are traduced by:

1

A(X,Y)dY = f(X) = —————
[ Ax vy = gx) PN

1
exp {—éX’E)‘(lX}

and
1

A(X,Y)dX = g(Y) = ————
/Rp< X =gV) = gy

1
exp {—éy/z;ly}

These feasibility constraints require the Hessian matrix of In(7) to be constant.
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The Hessian matrix of In(7) is symmetric and constant so we can let it be at the form:

Hess (In(7)) (X,Y) = — < F/i( Ij}ll/ )

where I'y € M, ,(R), T'y € M ,(R) and A € M, ,(R). We then have:

5 A ' _ 9y Iy A\ [ oHess(In(fo)) (X) 0
C B A Ty 0 oHess (In(go)) (V)

From this equation, we identify immediately:

A=—=C

o

As the Hessian matrix In(7) is constant, then 7 is a multidimensional Gaussian density

function. We can then denote:

Hess(In(7))(X,Y) = —%*

1 1 / / -1 X
W(X,Y)—mexp{—g()( Y% (Y >}

We then exploit the feasibility constraints and we have:

We deduce:

1

/ W(X,Y)dY: T ——
R4 (2m)z|Xx]|2

1
exp {—EX’E;(IX}

and

1

1 IN—1
———————exp{ —=Y'% Y}
(27m)3|Ty |2 { 2”7

/RPTF(X, Y)dX =

Remark that:

X
(X" YH)u! ( v ) = XTxX +2X'N'Y +Y'TyY

=X'(Tx — ATy'A) X + (Y + IJ'AX) Ty (Y + T 1AX)
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=Y (Ty = ATFA) Y + (X + THAY) Ty (X +THAY)
We then have by computation,

1 1
AX, Y)Y = ———— —expd —=X' (T'x — AT{A X}
fmn) SHHE p{ ¥ (P = M)

and . .
(X, Y)dX = - exp{——Y’ Iy — AN Y}
/Rp ) (2m)2|5|2 [Ty |z 3 (T —ALXA)
Thus the feasibility constraints are traduced by:
. exp {—lx’z—lx} = ! exp {—lX’ (Tx — AT'A) X}
Cmfsxs L 20 S emEEEr: L 2 '
and
1 1 INv—1 1 1 ! —1 A7
————expl —Y'SY b = ————exps —=Y' ([y —AI'Y'A) Y
(2m)2[Ey[2 2 (2m)2[E]2 [Ty |2 2

This is equivalent to:

[Ty | = [Ex]
Iy — ATYA =3
[T x| = Xy

Ty — AN =531

We can then deduce from this system the following equations:

(FX — A,F;lA)_l —F}lA,(FY — AF;(}A,)_I o Yx —F}lA/Zy
—(Ty — AT A)TAT (Ty — ATZA) ! o\ —op AT Sy

and

(FX — A/F;lA)_l _(FX — A,F;lA)_lA,F;l _ Yx —ExA/F;/l
—F;/IA(FX — A/F;/IA)_l (Py — AF;(lA’)_l —F;IAEX Yy
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And the two matrices in left members of the equations are exactly the inverse of the
matrix X! in the matrix inversion algorithm developed by Strassen (1969). In other

words, all these matrices are equal to . This is traduced by:

-1
Y I'x N _ Yy —F)_(IA/EY _ Yy —ExA/F;l
A Ty — Yy AT Yy ~TJ'AYx Yy

This proves the statement 1.c of the theorem , and this is equivalent to the result:
Sy AT =Ty Ay

As we have:
A=—-—=-C

o
we obtain the equation:

Sy CTy =Ty 0%y

We summary the main elementary results necessary for the proof in the following lemma.

Lemma 4.1. Assume a stable full matching verifying Assumption 4.1, Assumption
4.8, Assumption 4.4 and Assumption 4.5. Then there exist an invertible p X p squared
matrix I'x and an invertible ¢ X q squared matriz I'y such that the optimal matching

joint density function w(X,Y") verifies:

1 L et X
W(X’Y)ZWGXP{_ﬁ(X Y2 (Y)}

—1
ry —i¢’
Y= ; o

;

where:

and

I'y - 5C0Ty'C =5
I'y — LCI{'C' =53
YyCTy =T'08x
SITy| = x|

L B0 x] = [Ey]
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Proof. The proof is immediate from the development and the following remark. We

have:
I'y — LCTHC =%
Ly - hOTicr — 5. { STy | = [Sx)
5||Tx| = |Zy]
pr qu (X,Y)dX dY qu pr (X,Y)dY dX =1
||

By equivalence, we have:

X o _C/ 10 _ E)_(l
Iy — %CPch” =¥t
YyCTy =T'08x

'y — 5CTy'C =5y
Iy — 50T C' =57

I'sYXx'y —I'x = #C”ZYC’
I'y3yly =Ty = %CEXC”
(Mx = 53%) Bx (Tx — 38%') = 38 + =205y C
Ty — 1891 Sy (Ty — 159Y) = 150! + L0y’
The matrices 'y and I'y are defined positive. We have:

1, (1, 1 1y
Ix = 555 + ({55 + 05y C (=%)

and

Loy, (1o, 1 AR
Iy = 555 + (757" + 5C0ExC (EY>

This proves the first point of the theorem as:

—— Iy —LiC’
S\ -ilo 1y

and with the Strassen algorithm, we have:
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B (Ex — ZXYE;/IZYX)_I —I¥Sxy By — EYXZ;(lzXY)_l
= _ _ —1 _ -1
~S7' Sy x (Bx — Sxv Iy Sy x) (By — Syx Sy Sxy)

In the next step of the proof, we will identify fo(X) and go(Y"). We have:

{ 2A = —20l'y — oHessIn (fy) (X) — { HessIn (fy) (X) = =24=201x

2B = —20l'y — oHessIn (go) (V) HessIn (go) (V) = =28=20y

o

As we are in nearly full matching, we still have:

RP R4

and we deduce:

N[

A T 1 2A + 20T
fx) = | At olx eXp{__X/ (ﬂ) X}
To 2 o

and

N

B r 1 2B + 20T
w(v) = |2ty exp{_§y/ (&) y}

™o o

We then have:

In (fo(X)) = —% (X’ (—2A+ 20FX> X —In '—A+ olx

)

and
(o)) = —3 (v (20 )y | B2
From Proposition 4.1, we have:
U(X,Y) = 3 (S(X.Y) ~ o (fo(X)) + o In(g0(Y)))
and .
V(X,Y) = 5 (S(X,Y) + oln(fo(X)) — oln(g(Y)))

The constant § is given by:

s=tu( [ [ S5 00y )} axay)

With these formulas we derive the expressions of U(X,Y), V(X,Y) and 4.
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4.5.2 General Case with A" # BY

We will consider here that the deterministic part of the utility of single men is a constant
A® and the deterministic part of utility of single women is a constant B°. We assume
that A% may be different from B°.

Proposition 4.2. Assume a stable matching market. Under Assumption 4.1, Assump-

tion 4.2, and Assumption 4.3 we have:

1. foranyze X, ye),

S(r,5) = o(01 4 6) + ol ( (w(z.9)) )

Jo(z) go(y)

2. The systematic surplus of a man of attributes x from a matching with a woman

of attributes y is such as:

Ulz,y) = 5 (S(2,y) — oln(fo(x)) + oln(go(y)) + (01 — d2))

N —

3. The systematic surplus of a woman of attributes y from a matching with a man

of attributes x is such as:

(S(z,y) + ol (fo(x)) — ol (go(y) — o (01 — d2)))

N |

V(z,y) =

4. forany x € X,

U(z,y)

66 fye 7 dy

xr) = x) and fi(x)=
fO( ) ((1_Oé)€6+afyeU(n;,y)dy> f( ) f( ) ((1 _a)eé—kafyel](?y)dy

5. foranyye),

V(z,y)
el er s dx

fa)
)

V(z,y)

(I-—a)d+af,e o do

P 0 we e ma) "
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v ([ [ ot (222 a

The proof is analogous to the proof of Proposition 4.1 with:

[ e (2 )
s e (1) )

4.5.3 Nearly Full Matching and Quadratic Specification of the joint surplus

=
N|=

and

including linear terms

We make the following assumption.
Assumption 4.6. 1.

Xt Yt
X = . ~ N, (0,2x) and Y = . ~ N, (0,%y)

XP Y4

S(X,Y)= (X' YK ( ;( ) +X'a+Y'b

where:
A
K = c M, (R
(1) cm
with: n =p+q, A€ My, (R), B € My,(R) and C € My, (R), and a € R?,
b e R

Proposition 4.3. Assume a stable nearly full matching. Under the Assumption 4.1,

Assumption 4.3, Assumption 4.4 and Assumption 4.6, we have:
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1. the optimal matching m is the density function of a Ny, (0,X) such that:

(a)

1 (Ex — ZXYz)_/lz:YX)il —S¥ Zxy (By — Zyxz}lzxy)il
—Yy Sy x (ZX — EXyz]{/lzyx)_l (EY — ZYXE;(lEXY)_1

(b) we also have:

2—1_ FX _icl
S\ -ic Ty

1 1\ 1
1R+ (1ZX + H0E0)? (%) 5

VI

~-1c IV + (353 + S04 0C)

1\ —1
()
(¢) and moreover

s [ Zx Txo) _ Sx irdosy \ Sx 15Oy
S oy )\ inyory Sy -\ irylesy Sy

2A+20Tx\
fo is the density function of a Gaussian N, (;&, (ﬂ) ) with
o

1% = —(2A+20Tx) ' a

and

9B 4 20Ty \
go is the density function of a Gaussian N (;L?/, (ﬁ) ) with

g
1y = — (2B +20Ty)"'b

3. V(X,Y) € RP x R,

1 24 1 20T
U(X,Y) = 5X'(2A+0Tx)X - %Y’FYY+X’C’Y+X’a— % In ’ﬂ
g
1 1 2B + 20T .
_ga’(A—i—UFX)la—l—gb’(B—{—aFy)lb—i—gln‘ Ty —U(p4 ) In(27)
g
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and
1 2B + 20T
V(X.Y) = 3Y'(2B+0Ty)Y - %X’FXX+Y’C’X+Y’b— % In ‘$
g
1 L1 ) 24 + 20T -
+50 (A+0Tx) " a— 2V (B +oTy) lb—i—%ln‘ TooTx +“(p4 2 In(27)
g

2A —|— QO'FX
o

ZB + 2UFY
o

1 |FX||FY|>)
0==-1|In —In| ———
4( (|2X||EY|

Proof. The proof is then analogous to the proof of Theorem 4.1 and in addition we use

n ‘

the following equations:

2AX +2C"Y +a

Grad(S)(X,Y) = ( VBY 120X 4 b oGrad(In(fo))(X) )

) = 20Grad In(7)(X, Y>_< oGrad(In(go))(Y)

where

I'vY +AX

Grad(In(m))(X,Y) = — ( PxX A7V )

and:

A=—--C
o

and we deduce that:
oGrad(In(fo))(X) = —2(A+0lx) X —a

and
oGrad(In(go))(Y) = —=2(B+oly)Y —b

Furthermore, we have:

Hx

o o

Grad(In(fo))(X) = — <w> Y4 (2A+20Fx) 0

and

!
o o Y

Grad(In(go))(Y) = — (M) Y+ (23 + 2ary) 0
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with
—(2A+20Tx)"'a

1%
and
—(2B +20Ty)™"b

1y

As we are in nearly full matching, we still have:
F(0X =1 and [ go(V)dy =1
Rp R4

And we deduce immediately the expressions of fy(X) and go(Y). We then use Propo-
sition 4.1 to deduce the expressions of the individual surpluses U(X,Y"), V(X,y) and
of 6. m
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5 Marriage Decision and Household Consumption
Under Transferable Utility

Abstract

In this paper, we investigate on the implication of the stability of the marriage
market on the household consumption. We assume transferability of utility and
we consider the continuous model of marriage proposed in Chapter II with a
collective approach of consumer. The model is quite simple. Individuals make a
choice on the marriage market. Then, they consume alone in their household a
private good and consume a public good with their eventual partner. Considering
a parametric generalized quasi-linear form for consumption preferences, we derive
the household demand functions for consumption from the equilibrium of the
marriage market and we then estimate the parameters of the preferences on PSID
data over the period 1968-2001. The estimation revealed a difference in the
preferences parameters between men and women. More precisely, its showed that

women have a higher taste for public good than men.

5.1 Introduction

In the present paper, we examine consumption and marriage decisions of individuals in
a unified framework. To do so, we assume that the marriage market is stable according
to Gale and Shapley (1962)’s definition and that the decision of the couple can be
described by the collective approach, i.e, each individual has its own preference and the

outcome of the decision process is Pareto efficient.

The collective approach has been introduced to study the behavior of multi-individual
households by Chiappori (1988, 1992) and, since then, has rapidly gained in popularity.
Bourguignon, Browning and Chiappori (2009) provide the main theoretical results for
the case of constant prices. They show that the collective approach generates testable
restrictions and that, if individual preferences are egoistic and consumed goods are
private, the intrahousehold distribution of resources can be recovered. Browning and
Chiappori (1998) incorporate prices. Blundell, Chiappori, and Meghir (2005) and Donni
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(2012) extend the collective model to public goods. Chiappori and Ekeland (2007, 2009)
provide a complete characterization of the collective model. Cherchye, De Rock, and
Vermeulen (2011) and Cherchye et al. (2015) propose an alternative approach to the
identification of the intrahousehold distribution of resources based on the theory of

revealed preferences.

Empirical applications have shown that the intra-household distribution of resources
depends on variables such as individual wages, prices, or distribution factors. See, for
example, Bargain and Donni (2012), Bourguignon, Browning, and Chiappori (1994),
Browning, Chiappori, and Lewbel (2013), Cherchye, De Rock, and Vermeulen (2012),
Couprie, Peluso, and Trannoy (2010), Lewbel and Pendakur (2008), Lise and Seitz
(2011) and Dunbar, Lewbel, and Pendakur (2013). However, the precise mechanism
behind the intra-household distribution of resources is not clearly identified. As pointed
out by Browning, Chiappori, and Weiss (2014, p. 122), the collective approach remains
"agnostic” about the specific intra-household bargaining process that generates Pareto
efficient outcomes. One of the rare structural models that attempt to explain how
resources are shared among household members is proposed by Cherchye, Demuynck,
De Rock, and Vermeulen (2017). They integrate the assumption of a stable marriage
market with the collective consumption model to analyze the choice behavior of house-
holds. They then use a revealed preferences approach and identify the sharing rule of

household resources, which is thus determined by the state of the marriage market.

The present paper is related to Cherchye, Demuynck, De Rock, and Vermeulen (2017)’s
contribution but differs from it in at least two important aspects. Instead of using a
revealed preferences approach, we construct a model of marriage market with transfer-
able utility inspired from that of Choo and Siow (2006) and its sequels. In addition, we
do not use information on household consumption but we identify consumption from
the observation of matching patterns. More precisely, our approach is based on Dupuy
and Galichon (2014) and its variation proposed in Chapter II. The individual utility is
represented as the sum of a deterministic part and a stochastic part. The deterministic
part corresponds to the consumption-based utility while the stochastic part can be seen
as a “sympathy shock”. From traditional results in the marriage market literature, the

deterministic part is identified from the observation of matching patterns. The basic
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idea of the model is then simple. If we assume that the deterministic part, i.e., the
consumption-based utility function of each individual, has a parametric form compati-
ble with transferable utility, namely, a Generalized Quasi-Linear form (Bergstrom and
Cornes, 1983), that depends on the consumption of a private and a public good, then
the parameters of the consumption-based utility function can be recovered. Once the

parameters are recovered, the consumption of the private and the public good can be
identified.

The parametric specification of individual-based utility functions has at least three ap-
plications. (i) If single individuals have the same deterministic preferences as married
individuals, then the consumption-based utility function of single individuals are identi-
fied from that of married individuals. This potentially allows comparing the changes in
welfare of single individuals as well as that married individuals. To make a comparison
with the results in Chapter II, the unidentified constant that represents the exchange
rate between utility and money can be identified. (ii) The changes in endogamy ob-
served during the second half of the 20th century can be structurally interpreted as a
change in the individual taste for public goods together with a change in the distribu-
tion of individual incomes. (iii) From a more theoretical perspective, the identification
of individual consumption suggests that observed matching patterns contain informa-
tion on household consumption. It is a first step toward the unification of collective

models and marriage models.

The theoretical model is illustrated by an empirical application using data from the
PSID for the period 1968-2001. We find that, unsurprisingly, men and women have
different parameters for the consumption-based utility functions. To be more precise,
women have a higher taste for the public good than men. Consequently, the average
gain from marriage is higher for men than for women. We also find that married indi-
viduals have a higher level of consumption and a higher level of surplus than singles. In
addition, inequality is higher among single individuals than among married individuals.
The study thus confirms the conclusion we drew in Chapter II, i.e., marriage reduces
inequality in terms of consumption as well as surplus. Over the period that we examine,
we observe a general increase in (consumption and surplus) inequality, with analogous

dynamics to the incomes dynamics. Finally, we compute a parameter measuring the
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exchange rate between marriage surplus and money(which can be interpreted as the
monetary value of marriage). This parameters varies over the examined period: it in-
creases between 1968 and 1970, drastically decreases between 1970 and 1983, and it
has been stable between 1983 and 2001. The method used to compute this value is an
alternative to what we suggested in Chapter II. Although, the two measures give us

very similar results in terms of dynamics over the time of the study.

The paper is structured as follows. In Section 1, we describe the marriage market and
define the stability conditions in the sense of Gale and Shapley (1960). In Section 2,
we identify the individual consumption-based utility of individual within households
in function of the primitives of the model. In Section 3, we consider the case of the
parametric Generalized Quasi-Linear utility function and we show that the parameters
of the function can be retrieved. In Section 4, we present estimates of the model on the
PSID data on the period 1968-2001.

5.2 Theoretical Model

In this subsection, we consider the model of marriage proposed in Chapter II and we

take into account the consumption within households.

5.2.1 Marriage Market Description

The economy consists of a bipartite marriage market with transferable utility. Women
constitute one side YW and men M the other side. Each individual decides to match
with an individual of the opposite side or remains single. The two sides of the market are
possibly unequal and infinite. We denote by v the proportion of men and the proportion
of women by 1 — v. If a man and a woman get married, they consume individually a
private good and consume together a public good and benefit from direct utility from
partnership. If they remain single, they just have their own private consumption and
consume alone the public good. The individuals choose their partner in function of
their utility from consumption (private and public) they can potentially get from the

union and depending also on their sympathy for the potential partner.
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We assume that individuals are characterized by their income. The income of men is
denoted X and the income of women Y. The support space of the income is R,. The
random variables X and Y are assumed to be measurable. Let P and () be respectively
the conditional probability distribution of X with respect to M and the conditional
probability distribution of Y with respect to V. In addition we assume these conditional
probability distributions have probability density functions with respect to the Lebesgue
measure. Let f and g be respectively the conditional density function of X with respect
to M and the conditional density function of Y with respect to WW. These functions are
assumed to be completely exogenous to the model. In what follows, we will introduce
some useful notations. We define the variable M that is the indication of the marriage
status at the equilibrium. For any man ¢, M; is equal to one if and only if the man i is
matched and is equal to zero if he is single. And as well for any woman j, M; is equal to
one if and only if she is matched and 0 if not. We then denote respectively by a and 3
the probability to choose at the equilibrium a married man in the male population and
the probability to choose at the equilibrium a married woman in the female population.
As at the equilibrium, the number of matched men is equal to the number of matched
women, we denote kK = av = (1 — v). This is the proportion of married men in the
whole population or the proportion of married women in the whole population. In the
case men and women are in equal proportions in the total population, we have a = .
In particular, the case a = 8 = 1 corresponds to a full matching and this case has been
treated by Dupuy and Galichon (2014).

Let fy be the conditional density function of X with respect to the event M = 0 and
f1 its conditional density function with respect to the event M = 1. Analogously, we
define gy the conditional density function of Y with respect to the event M = 0 and ¢,
its conditional density function with respect to the event M = 1. We define properly a

feasible matching in the light of the chapter II.

Definition 5.1 (Feasible Matching). A feasible matching is a joint density function
m(x,y) defined on X x Y and a probability k.

The probability « is the absolute probability of marriage on the market. Note that

the conditional probabilities of marriage to the set of men and to the set of women are
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respectively:
K

a=2 and b=
v

1—v

In what follows, we will model the utility from marriage.

5.2.2  Marriage surplus, Utility from Consumption and Heterogeneity

The consumption decision is based on the incomes of the partners. The marriage
decision of two potential partners depends on indirect consumption based utility and on
the sympathy shocks. The acquaintance of a man ¢ with income x with a woman j with
income y creates for the man a sympathy shock ;(y) and for the woman a sympathy
shock n;(x). We will also assume that any single man ¢ has an auto-sympathy shock
e? and any single woman j has an auto-sympathy shock 77?. We make the following

assumptions on the utility and these will be the primitives of our model.

1. Singles

We suppose that the direct utility @) of a single man 7 characterized by an income
x, a private consumption a” and a public consumption G° is defined:
% = U(a®,G°) + o¢?

where U(.,.) is the consumption-based utility function of men. It is a Generalized
Quasi Linear function with unknown general parameters including the taste for
public good of men quantified by a general parameter. This GQL function will
be defined later. We adopt a Generalized Quasi Linear form for the preferences
to ensure the transferability of utility following Bergstrom and Cornes (1983).
The term &Y is a stochastic term representing the specific gain of man i of being
single and not depending on his consumption; and o is a positive parameter. The

stochastic part of the utility represents somehow an auto-sympathy term.

Analogously, we model the direct utility of a woman j characterized by an income

y and having a private consumption b’ and a public consumption B° as follows:
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) = V(G + )

where V(.,.) is the consumption based utility function of women. It is also a
generalized quasi linear function with unknown parameters and also including
the taste for public good of women quantified by one general parameter. The
term 77;) is a stochastic term representing the specific gain of woman j of being

single and not depending on her consumption; and 7 is a positive parameter.
Couples

Now let us consider a couple (i,7) in M x W. We denote respectively by a, b
and G, the private consumption of the man and the private consumption of the
woman and the public consumption within the household. We assume that the
man ¢ is characterized by x and the woman j by y. We suppose that the direct

utility of the man 7 is:

;= Ula,G) + og;(y)
and the direct utility of the woman j is:

6]’ = V(b, G) + T (JI)
The transferability of the utility implies that the joint utility &)ij of the couple is

equal to the sum of the individual utilities:

i)ij = ﬁ(a, G) + V(b, G) + U&fi(y) + 7_77]‘(513)

where U(a, G) and V (b, G) are the direct consumption-based utilities of man i and
woman j; €(y) and n;(z) are stochastic terms not depending on consumptions
and representing respectively the sympathy shock of man ¢ with the woman j with
income y and the sympathy shock of woman j with man ¢ with income z. The

modeling of the joint utility from marriage is based on the separability assumption
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formalized by Galichon and Salanié (2015) and Chiappori, Salanié and Weiss
(2017) that suggests that the random part of the joint utility does not depend on
interactions between the unobserved characteristics of the partners conditionally
on their characteristics. Using the terminology of Choo and Siow (2006), the
consumption based utilities U(a,G), V(b,G) and the joint consumption based
utility U(a, G) + V (b, G) are respectively the systematic individual surplus of the
man ¢ and the systematic individual surplus of the woman j from this union, and
the systematic joint surplus of the couple. The utilities and surpluses depend on
consumption decisions. In the next subsection, we will show how the equilibrium
we derive the indirect utilities that will exclusively depend on the characteristics

of the individuals.

5.2.3 Equilibrium and Indirect Utilities

The equilibrium of the market is stable in the sense of Gale and Shapley (1962). A
pair (i, 7) of a man ¢ and a woman j is matched to each other if and only if the woman
j gets from the man ¢ the maximum of the utility she can get on the market and a
greater utility than her utility from single-hood. And conversely, the man i gets from
the woman j the maximum utility he can reach on the market and greater than his

utility from single-hood.
Assumption 5.1.

At the equilibrium,

1. There is no matched person who would prefer be single.

2. There is no pair of persons non matched to each other who would rather form a

new uUnion.

The consumption choices are made so that the direct utilities are maximized under
the constraint budget and these choices provide the indirect utilities. Conditionally

to the indirect utilities, the individuals will then make their matching choices. So, in
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what follows, we will first formalize the consumption decision and we will then focus
on the matching equilibrium. Let us consider a single man i of income z facing the

maximization problem:

max U(a®, G + 0 under the constraint a® + G° < z
al,G

The prices are normalized to 1 and relatives prices are constant. As the stochastic term
does not depend on consumption, the indirect surplus of this single man ¢ with income

x is then:
0y — 7(,0 (0
U°(z) = s (U(a ,G ))

We derive his indirect utility as:

ud(z) = U°(z) + oc?

)

Analogously, considering a single woman j with income y, her maximization problem

1s:

max V0, G) + 0] under the constraint b° +G° < y
0,G
As the stochastic term does not depend on consumption, the indirect surplus of this

single woman j with income y is then:

0 o ¥ 0 0
VOy) = max (Ver.c")

and then her indirect utility is:

0 0 0
v; (y) = V:(y) + mn;

Now, we focus on the consumption decision of couples. Let us consider a man ¢ with

income x matched to a woman j with income y. As the utility is assumed to be
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transferable, their joint utility &)ij is the sum the individual utilities @; and v; and the
joint maximization of the individual utilities u; and v; is equivalent to the maximization
of the joint utility i” So the decision of consumption within the household is given
by: We denote by S(z,y) the indirect joint consumption based utility that is the joint

surplus.

S(z,y) = max Ula,G) + V(b,G) under the constraint a +b+G <z +y

The indirect joint utility is then expressed as follows:
Qii(z,y) = S(w,y) + oei(y) + m0;(x)

As formulated by Galichon and Salanié (2015) and in Chapter II, from the condi-
tion of the equilibrium on the marriage market, we can set the following proposition
characterizing the decision of marriage and integrating the decision of consumption of

individuals.

Proposition 5.1. The stable matching is such that, under the assumptions stated above,

for any man v of attributes x, and for a woman j of attributes y,
) = e (U o, y)) + 024(0). U(0) + =)
je

and

vj(y) = max (gg%(V(xi, y) + (), VOly) + 7y )

for some functions U(x,y) and V(z,y) such that:
Uz, y) +V(z,y) = S(z,y)

Proof. For the proof, see Galichon and Salanié (2015) and Chapter II. m

So in the case man ¢ with income z is matched to woman j with income y, he gets from
this union an utility:
ui = Ul(x,y) + o&i(y)
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and the woman gets from this union an utility:

v; = V(z,y) +10;(y)

The functions U(x,y) — U%(x) and V(z,y) — V°(y) are to be identified. As soon as,
we identify them, we can retrieve the household consumption vector (a,b, G) from the

following three equations.

Ula,G) =U(z,y), V(b,G)=V(z,y) and a+b+G=z+y

5.2.4 Identification of the sharing rule

For simplification, we adopt the following notations:

Notation 5.1.
S(xay) = S('T7y) - UO('T) - VO(Z/))

Uz,y) =Ulz,y) = U(x) and V(z,y)=V(z,y) —V°(y)

where U(z,y) and V (x,y) represents the net surplus of married men of characteristics
x matched to women with characteristics y relatively to single men with their char-
acteristics. Actually, U(z,y) is the net gain in consumption utility of a man i with
characteristics x for marrying a woman with characteristics y instead of remaining sin-
gle. In the case the man loses in consumption utility, then his decision of marriage
is somehow very motivated by a high sympathy shock &;(y). Analogously, V(z,y) is
the net gain in consumption utility of women with characteristics y for matching with
men with characteristics 2 than remaining single. S(x,%) is the total net gain of the
couple in consumption utility. We also adopt some notations in the light of Galichon
and Salanié (2015). Let us consider a man ¢ with income z and a woman j with income
y. Their respective equilibrium utilities are u;(z) and v;(y). We denote @; = u; — U°

and v; = v; — V. We also denote:

Go(U) = E(w|z) and H,(V) = E(v,]y).
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Let (7, k) be the optimal matching. Following Galichon and Salanié (2015) and Chapter

II, we have: @) @1
0 — _ am(z,y 0 — Br(x,y
%G:B(U) - f<$> and WHy(V> - g(y>

This result is given by the envelop theorem. In the light of Galichon and Salanié (2014)

and Dupuy and Galichon (2014), we know that the equilibrium is ensured here by the
maximization of the social surplus W which is the total expected utility and this is

equivalent to the maximization of the net social surplus that is:
W = vE[u] + (1 — v)E[v;]

This can be rewritten as follows:

+oo
W= / G0 @y + (=) [ H(V)g(y)dy

We denote by G <”—;> the conjugate dual of G, (U) and by H; (%) the conjugate dual

of H,(V') by the Legendre-Frenchel transformation. We have:

G (ﬂ) ~ max ( /0 ” m;(é’)y) Uz, y)dy — qu(U))

and

H (“—”) ~ max </O+°° ST Y) G gy — (1 — V)Hy(V)>

9/ Viw 9(y)
For any feasible matching (m, k), as Galichon and Salanié (2015), we showed in Chapter

IT, that the corresponding net social surplus can be decomposed into two parts:

W(r, k) = /ﬂ/OJFOO /0+OO (2, y)S(z,y)dx dy — E(r, k)

sy = [ () fdr [ (50 oty
[ () s [ ()

The optimal matching (, k) is such that W(n, k) is the maximum social surplus other

where

the set of feasible matchings. The term £(m, k) is an entropy and is linked to the
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variation of the stochastic terms € and 7. In the case of very weak variation, the

optimal matching maximizes simply the total joint surplus.

The maximization of the total social surplus lead us to the identification of U(x,y) and
V(z,y). The main importance of this identification is the explanation of the sharing of

the resources within the household. The following proposition formalizes that:

Proposition 5.2. Assume a stable matching (7, k). For any stable couple with char-

acteristic (x,y), their consumptions (a,b, G) are such that:

7 0 9 « [ BT

(ate ), Gl ) = V) + 5262 (F )
and

T (b, y), Gla,y) = V() + ﬁﬂ; (g) (@)
and

a(r,y) +b(z,y) + G(z,y) = +y

Proof. As showed by Galichon & Salanié (2015) and in Chapter II, from the Envelop

Theorem, we have:
_ 0 « [ KT
Ulz,y) = WGx <7> (v)

Vi) = 5oty () ()

We get the proposition from the fact that:

and

U(a, G)=U(x,y) +U°x) and V(b, G)=V(x,y) +V°y)
m

We remark that this proposition gives a system of three equations with three unknowns
that are the individual private consumptions a, b and the public consumption G. The
computation of the surpluses U(z,y) and V(x,y) will give the expressions of the con-
sumptions in function of the characteristics (x, y) of the couple. For this, we will consider
a particular specification for the random processes ¢;(y), €2, n;(x) and 77?. Precisely, in

the following development we will consider the Dupuy and Galichon (2014) framework.
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5.3 Specification of Heterogeneity and of Consumption Pref-

ererces
5.3.1 The Dupuy-Galichon Framework

We have assumed till now that from acquaintances, partners can have a sympathy term
in the utility they get from their union. In what follows, we will specify this sympathy

term. Considering a man ¢ with income x, and a woman with income y, the random
0

term ¢; is assumed to have a standard Gumbel distribution conditionally to  and the
random term 7]? is as well assumed to have standard distribution conditionally to y.
Following Dupuy and Galichon (2014), we assume that each individual meets subset of
the opposite side of the market. From any acquaintance k of characteristics y;, man ¢
gets the sympathy shock ¥ and the process {(yk, M),k e N*} is a Poisson process on
the space R, with intensity e " 7dy de. And in the same way, we assume that woman
7 gets from any acquaintance [ with characteristics x; the sympathy shock 77;- and the
process {(:L‘l, 775»), l e N*} is a Poisson process on the space R with intensity e ™" "dx dn.

From an acquaintance £ € N*, a man ¢ with characteristics = gets the utility:
uf = U(x>yk) + 05?
And the woman j with characteristics y gets from an acquaintance [ € N* the utility:

vé =Vi(x,,y) + 7'7];.

We assume that the term &Y is independent from the different acquaintances k of the man
17, and we also assume that the term 77? is independent from the different acquaintances

[ of the woman j.
With this assumption, we can derive the distribution of u;(x) and of v;(y).
Proposition 5.3. Assume a stable matching. Then, for any man i, whose utility at

the equilibrium is u;(x), and for any woman j whose utility at the equilibrium is v;(y),

we have:

T Glay
u;(z) ~ Gumbel <U0(:v) —7y0+o0ln (1 +/ e s )dy> , 0)
0
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and

+oo
v;(y) ~ Gumbel (Vo(y) — 37T +7ln <1 + / e dac) : 7)
0

Proof. Let us consider a couple (i, ) with characteristics (x,y). We have:

u;(x) = max <%é%{ (U(z, yx) + ok, U%(z) + o))

where the process (y, e¥) is following a Poisson process of intensity e“7dedy; and

v;(y) = max (?é%i‘ (V(x,y) +705) , VO(y) + m?)

where the process (x;, nﬁ) is following a Poisson process of intensity e’ 7dndzx.

Using the independence of &) from the process (yx,eF), we obtain:

Fuw)(t) = exp <—exp (% (Uo(ar) —no+olh (1 + /;oo exp (@) - t))))

and similarly, with the independence of 77? from the process (x;, 77;.), we have:

Fyy(t) = exp (_ exp <% (Vo(y) -7+ 7ln (1 + /O+OO exp (V(g: y)) dx — t))))

These distribution functions are Gumbel distributions.

]
The following corollary gives the relation between the optimal matching (7, k) and the

individual surpluses U(z,y) and V(z,y).

Corollary 5.1. Assume a stable matching (7, k). We have:

o (1) 1255

n(12) 255

and
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Proof. From the previous proposition, the expected value of utility obtained by a man

7 with characteristes z is:

- T e
G.(U)=0ln 1+/ e o dy
0

and the expected value of utility of woman 7 is:

_ T V)
H,(V)=r1ln 1+/ e v dx
0

We recall the definition of the conjugates G and H:

i (F) s ([ Setoe o —v6.0)

m(z,y)
9(y)

and

!
*
N
=N
< |
~_
I
=
&5
A/~
o\
+
3
=N

Ve, y)de — (1 - u)Hm)

0 ar(z,y) —_ Br(x,y)
aUG (U) f(:L‘) and 8V H(y) (V) g(y)
We then have: _
exp(U(z,y)/0) am(z,y)

1+ fo exp(U(z,y)/o)dy f(z)

and

exp(V(z,y)/7) _ PBr(x,y)
1+ [P exp(V(x,y)/m)dx  9(y)

We obtain the assertion of the corollary by combining these equations above to the

feasibility of the matching that is traduced by:

[ty =) md [ wteie =000
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As we have:

afi(r) + (1 —a)fo(z) = f(x) and Bai(y) + (1 - B)go(y) = g(v)

we can write: oo
o [ waady+ (1= ) folo) = @

and

+o00
8 / r(z,y)de + (1 — B)goly) = 9(y)

These results can be interpreted as follows: the probability density at which a man of
attributes = gets married with a woman of attributes (y) is exp <M> times greater
than the probability density of remaining single conditionally to his attributes. And
same for women, the probability density at which a woman of attributes z gets matched
with a man of attributes x is exp <@> greater than the probability density of re-
maining single conditionally to her attributes. Note that single individuals are taken
as the reference here. But the utility functions U°(z) and V°(y) cannot be set to 0 for

the reason that they incorporate the consumption-based utility function.

5.3.2 Specification of Consumption Preferences with Generalized Quasi-

Linear Functions

The prices of the private good and of the public good are set to one. To guarantee the
transferability of utility, the consumption-based utility functions are supposed to be of
the Generalized Quasi-Linear form. The identification is parametric. The consumption-

based utility of man is:

U(a,G) = H(G) + a.h(G)

where h(.) is an increasing function and H(.) is an increasing, concave function. More

specifically,
H(G) =¢(G = p)° and h(G) = (G —p)°
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where p < 0 and § €]0,1[ are general parameters common to all men, and £ > 0
is a general parameter that represents unobserved men’ taste for public consumption.

Formally, the utility from consumption of man is:
U(a,G) = &(G = p)° +a.(G—p)’

The function H can be specific for each man. But for simplicity, we assume that its

parameters are common for all the men. The consumption-based utility of woman is:

V(b,G) = K(G) + b.h(G)
where K(.) is an increasing, concave function. More specifically,
K(G)=¢(G—p)

where ¢ > 0 is a general parameter that represents unobserved women’ taste for public
consumption. The parameters p and 0 are assumed to be the same for men and women.
Formally, we have:

V(b,G) =((G —p) +0.(G —p)°

The function K can be specific for each man. But for simplicity, we assume that its
parameters are common for all the men. It is possible to let the parameters &, ( to
be respectively individual for each man and each woman. This can treated in view to

generalize this framework.

Singles Let’s consider a single man ¢ with characteristics z = x. If he is not married,

he maximizes his consumption-based utility under the budget constraint:
a+G<z
So his direct utility is:

max U(a®,G%) + 0 such that a° + G° < z.

ab,G

This is equivalent to maximize the consumption-based utility under the budget con-
straint.

max H(GY) + (z — G*)h(GY)

GO



5.3 Specification of Heterogeneity and of Consumption Preferences 198

with the solution:

GO(x) 0 o+ p

B - 1 0+ p
144 149

1407 149

Incorporating these expressions into the direct utility functions gives, after simplifica-

tions, the indirect utility function of the man 7:

1/ 6\ 5
0 _ - +1 0

The indirect consumption based utility U°(z) is the deterministic part of this utility:
1 5\ ot
U(z) == —— z+E—p)Ptt
@=3(115) @re-n)
The results are similar for women. A single woman j has as consumptions:

S 3¢+ p o 1 3¢+ p
_1+6y+1+5 wdb@0_1+5y 1+

G"(y)
Her indirect utility is then:

1 5 6+1
0 _ - O \O+1 0
%@)—5(1+5> (y+¢—p)" + 1,

The indirect consumption based utility V°(y) is the deterministic part of this utility:

1 o

‘”@)25(T13>M%y+c—pfﬂ

Let us now focus on utility of married people.

Couples A man ¢ with income z gets matched with a woman j whose income is y
and they consume respectively in private ¢ and b and have a public consumption G.

As we assume the transferability of utility, they maximize the joint utility :

U(av G) + V(b’ G) + Uei(y) + 7’77j([B)
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under the constraint:
a+b+G<zx+y

As the stochastic term o¢;(y) + 72 does not depend on consumptions, the choice of

consumption maximizes under the constraint budget the term:
Ula,G) +V(b,G)
le
mbaéc(f + ¢ +a+b)(G — p)° under the constraint a +b+ G <z +y

We obtain the following solution. The public consumption is given by:

) 4]
Clag) = o ot y) + ZEIEHO

and the sum of the private consumptions is:

_pH+AE+ Q)
146

a(z,y) +b(z,y) =r+y—Glz,y) = (z+y)

1496
We then deduce the indirect joint utility of the couple ®;;.
1/ 6\ 541
b =5 (15)  @rurerc—p)" vosln) +
This is the gross utility from sympathy and consumption the couple has to share between

the two partners. The indirect joint surplus is:
s =1 (+2) " ryrerc— o
€T = — _— €T —
Y s\1134 Y P
The net joint surplus is then:
5
g 15\ 5+1 5+1 5+1
Sy =515 (T+y+&+¢—p)"" —(@+&=p)"" = (y+(—p)
This is the joint net systematic gain from marriage of a couple of characteristic (z,y).

The systematic surplus of a man of attributes x from a union with a woman of attributes

y, that is the indirect utility he gets from consumption in this union is:

aiT(ﬂaw—fm(l;aﬁ@ﬂ*”m(lgﬂ%@0>

Ulr,y) =
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0+1
+3 (1) e

1+0

and the systematic surplus of a woman of attributes y with a man of attributes x is:

Vo) = -7 (S +om (o0 0w) o (15 am) )

1 5 0+1
+3(15) wee-p

)
These are the individual consumption based utilities of each of the two partners. They
are the individual net systematic gains from marriage of the partners. Note that, up to
this step, the model has provided only the public consumption of the couple and the

sum of the two private consumptions. We can now derive the private consumptions.

Private Consumptions within households As individuals do not change their
preference, the individual consumption based utilities are exactly the value of their
consumption preference function with respect to their consumptions within the house-
holds. Considering a man with characteristic  matched to a woman with characteristic
y, with a public consumption G, and respective private consumptions a and b, the re-
spective consumption based utilities of each of these two partners at the equilibrium

are U(a, G) and V (b, G). The public good consumption is given by:

0z+y)  p+(E+Q)
149 1406
The private consumptions are given by:

G(Q:?y) =

_(1+6 ’ U(z,y)
a(x’w_( 0 > CETETEREr
nd b )_(1+5)5 V(z,y) ¢
PIT\TE ) GryrEerc—pp

We can remark from these expressions that the if the partners consume the same level
of private good, then the happier within the union is the one who has the greatest taste

for public good.
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Discussion on the main motivation of marriage: Consumption or Love ? In
this development, we will show that this framework allows us to identity somehow the
main nature of the union. We know that there are two reasons for getting matched
on this market that are the public consumption and the sympathy shocks that we will
assimilate simply to love. In the case the interest of an individual for marriage is more
based on consumption than on love, he will be seen as materialist and in the other case,
that is when his motivation for marriage is highly more based on love, he will be seen as
romantic. In other words, we will compare for each individual in couple, his/her utility
from consumption to his/her sympathy term. To be able to compare with a norm the
materialism of the individuals, we propose what follows. Let us consider a man with
income x matched to a woman with income y and whose utility is u; from this and whose
utility if he remained single is u). We also consider a woman with income y matched
to a man with income = and whose utility from union is v; and whose utility if she
remained single is v?. The indexes of materialism of these individuals are respectively:
Ulz,y) — U%(z) Viz,y) = V()

5 and 5

Note that the differences v — «° and v — v°

are non negative. These ratios are in
| = 00, +oo[ and the higher they are, the more materialist the partner is, and the less
they are, the more in love the partner is. We do not observe consumptions but we can

retrieve them. As we have:
U(l’, y) - Uo(x) = 0(&, G) - U(CLO, GO) and V(ZL', y) - VU(y) = V(b7 G) - U(b07 GO)

and the functions U and of V are increasing in consumption, we can deduce that if
the difference U — U is positive then, the consumption vector (a, @) is more preferable
than the consumption vector (a°, G°). So if the index is positive, we can say that the
individual has gained in term of consumption and if the index is negative he/she has
lost in term of consumption. But note that a loss in consumption implies automatically
a gain in term of sympathy as the net utility is necessarily positive and the individual
is then romantic. If the difference U — UY is low and the difference v — u° is high then
the ratio is low and that shows that the main part of the utility from marriage of this

individual is based on the sympathy term. To understand this approach of quantifying
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the main motivation of marriage, let us consider for instance a first couple in which we
have: U > U® and V < V. In this union, the utility from consumption of the man
is greater than the utility from consumption he would have if he were single. As the
utility from consumption is increasing in function of the public good and in function
of the sum of the private consumption, this implies that the public consumption of the
man in this union is greater than the public consumption he would have if he remained
single. This union is a real good deal for him in term of consumption. For the woman,
things are quite different. Her consumption based utility is less than the consumption
based utility she can get if she were single. As her public consumption has increased,
we can deduce that her private consumption has decreased by getting married. So,
she has a private consumption less than her partner. The choice of the man is highly
more based on consumption than on sympathy for his partner, and the choice of the
woman is contrarily more based on sympathy because the consumption based utility
she can have for being single is higher than her current consumption based utility, so
her total utility in this union derived much from her love to her partner. The index of
materialism is negative for the woman and positive for the man. So we can conclude

that the man is more materialist than his wife.

In the following subsection, we will focus on the computation and the estimation
method.

5.4 Empirical Application
5.4.1 Computation and Parametric Inference

Computation  The individual surpluses U(z,y) and V(x,y) depend on the param-

eters of the consumption preference 6 = (4, p, &, (). We denote © CJ0, 1[x] — oo, 0] x
[0, +-00[x [0, +00[ the set of §. We will show a way to compute the functions U?(x,y)
and V?(x,y) and we propose a parametric inference of the model. For identification,
we consider the case ¢ = 7 = 1. In the light of Chapter II, we propose the follow-

ing approach to compute the functions U%(x,y) and V?(x,y). We recall the following
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operators defined in Chapter II:

AU (z,y) = In (1 i /0 h féx)) szp © (;T’y)) N dy d:c)

and

1—v [T g(y) exp (VO(z,y)) dy)
v Jo $1—|—f Fexp (VO(x,y)) do

n (1 N /0 " exp (P2, 9) da;)

We also recall: 1 1 (1—-v)g(y)
e L L (L= v)gly)
and

o o _Leo o L vf()
Vo (z,y) = 557 () + 51 ((1—V)g(y))

As showed in Chapter I1, the sequences (Uy)ren and (Vi )ren defined as follows converges
to U? and V?:

Ui (w,y) = %Se(x,y) + % In (%) + %A(U;f)(:ﬂ, v)
and
Vi) = 55 + o () ) 4 B )

The convergence of this sequence as ensured by the fact that the exact functions U and

V verify the equations:
- 15 L (A=v)g)\ 1,7
6 _ 1ae + - 0
va, Yy, Ulle,y) = 557 (x,y) + an( ) )T 5 AUY)(2,y)
and

YV, Vy, VOxy) = %ge(as,y) + %ln (%) + %B(Ve)(x,y)
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The uniqueness of U? and of V? guaranteed by their identification ensures the conver-

gence of the sequences respectively to U? and to V7.

We deduce a second order of approximation of U? and V? as:

. 15 1 (A=vgy)\ 1, 7
0 _ 1ge T (TP ZA(TY
1) = 587w 0) + g (S50 ) 4 A @
and ) ) () )
VE(z,y) = =S%z,y) + =In (#) + BV (z,y
Parametric Inference by Maximum Likelihood We denote respectively by C,

S, and Sy the set of couples, the set of single men and the set of single women. The
probability of a union (m,w) where m is a man with income x,, = z and w a woman
with income y,, = y is the product of the conditional probability of the attraction of the
man m by the woman w with respect to {z,, = x} with the conditional probability of
the attraction of the woman w by the man m with respect to {y,, = y}. The probability

of the attraction of a man with income x by a woman with income y is:

ar(w,y) _ow

flx)y 1+f0+oo eV’ @) dy

The probability of the attraction of the woman with income y by a man with income x

1S:

B (x, y) eV )
gly) 1+ f0+oo eV @y dy
The probability a man with income x remains single is:
(1-a)fix) _ 1
f(z) 1+ [ 7 eV @ndy

And the probability a woman with income x remains single is:

(1-B)g(y) _ 1
9(y) 1+ [ eV @vda
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The likelihood is given :

Loy = I (“ﬁjfzjf)ﬂ;(’i;)>>2) 1 <<1 _ﬁlff(”)) 1 <<1 —mgg(yj))

(i,5)€C i€Sm jes; 9(y;)

We then write this likelihood as:

Lo)= 1]

(i,j)eC (1 + fo+oo ego(xi’y)dy) (1 + f0+oo eve(z’yj)dx>

636 (z4,y5)

<11

1€ESm

1
1+ [7 eV @) dy ]

We maximize the log-likelihood with respect to 6 = (6, p, &, ().

1
- X
1+ fo-i-oo er(mhy)dy ] H

jGSf

5.4.2 Empirical Results

We use the data of PSID on the period 1968-2001. For description of the data, refer to
Chapter II. The variables X and Y represent respectively here the hourly income of men
and the hourly income of women. We must recall that we do not observe consumptions;
although, we estimate the parameters of the consumption preference specified in the

model, and we derive then the consumptions of the individuals.

We estimate the gains from marriage and the individual consumptions within house-
holds and their evolution over the period of study. We also estimate the inequality
indexes of consumption and of surplus. The comparison between married and singles
as we have done in Chapter II, brings here another approach based on the consumption

to reveal the impact of marriage on inequality.

Estimation Results The figure 33 describes the evolution of the estimated param-
eters . We remark that the parameter § has increased on the period 1968-1970, and
decreased on the period 1970-1983. It increased on the period 1983-1991 and then
slightly decreased on the period 1991-1999.
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delta

Figure 33: Evolution of §

The figure 34 shows the evolution of the parameter p, of the taste for public good £ of
men and the evolution of the taste for public good ( of women over the period of the
study. We can remark quasi stability on the period 1968 — 1983 around the value —2. It
decreased in 1984 to around —2.5 stable on the rest of the period 1984-2001. The taste
for public of men &, is lower then the taste for public good ¢ of women. The parameter
¢ has been stable relatively stable globally on the period of the study but seems to have
decreased from 1999 to 2001. The parameter ¢ has been stable on the period 1968-1983,
and has then increased in 1984 to a stable value on the period 1984-1999 and increased
then from 1999 to 2001.

1965 1970 1975 1980 1985 1990 1995

——rho X zeta

Figure 34: Evolution of p, ¢ and ¢
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The estimation shows that the taste for public good ( of women is higher than the
taste for public good £ of men. This significant difference in the parameters £ and (
is actually linked to the income inequality between men and women. As the taste for
public good is higher for women than for men, then considering a single man and single
woman with same income, the consumption based utility of the single woman is higher

than the consumption based utility of the single man. Actually, we have:

0 1 0 o 0+1
U (z) =5 (m) (x+&—p)

and
v = () e o
Y=5\15s y p

Within the households, the interpretation does not imply this systematic conclusion.
Considering a couple (m,w) where the two partners have the same income, in the case
they have the same level of private consumption, then the man has a higher individual
consumption based utility. And then for an equal sharing of the joint surplus, the man
has to reduce his private consumption. The reduction of the private consumption of the
man implies the increase of the public consumption and then the women, with her high
taste for public good, she can increase her consumption based utility. We can formalize

that as follows:

U(r,y) &= a(r,y) \\= G(z,y) /= blz,y) /= V(z,y) /= Ulr,y)-V(z,y)

We can evaluate the transfer of the man his wife by —Aa(z,y) = Ab(z,y) in term of

consumption or by AV (z,y) in term of utility. We recall that the private consumptions

e (o.y) = (1+5>5 U(z,y) ¢
CEITNTE ) Gryrerc—pp

d

o bz, y) = (1—1—5)5 Vi(z,y) ¢
PTG Gryrerc—pp

In other term, men detain the key to reduce inequality within households. They just

need to reduce their private consumption and invest more in public expenses to increase
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mechanically the consumption based utility of their wife and this will lead to a reduction
of the surplus gap within the household. In the following paragraph, we will actually

confirm the inequality in consumption and utility within households.

Individual Consumptions The figure 35 represents the evolution of the nominal
private consumptions. It shows an increase of the private consumptions of married men
and of married women. The dynamics of the curves are very similar to the dynamics
of the nominal incomes. We remark that the private consumption of married men
is greater than the private consumption of married women. The figure 36 represents
the evolution of the deflated private consumptions. We notice that the real private
consumptions have increased on the period 1968-1989 and they have decreased then on
the period 1989-2001. The part in real private consumption of married men is higher
to the part of married women. The evolution of the real private consumptions shows

that the gap between married men and married women have been reduced.

1965 1570 1975 1980 1985 1990 1995

Married Men Private Consum Married Women Private Consum

Figure 35: Private Consumption of Married
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Deflated Private Consumptions

1965 1970 1975 1980 1985 1990 1995

Married Men Private Consumption Married Women Private Consumption

Figure 36: Private Consumption of Married

The figure 37 compares the evolution of nominal consumptions of married individuals
and of single individuals. We notice that married men have the highest consumptions
and single women have the lowest ones. This was expected since the increasing dynamics
of the consumptions are very similar to the dynamics of the incomes. A very interesting
remark is despite married women have an hourly income less than the single men, we
can see that married women have a greater consumption than single men on the period
1968-1981 and from 1990 till 2001. This shows that consumption is a justification of
marriage. We deflate the total consumptions in the figure 38 and we remark a decrease
of the real consumption of married men; the real consumption of married women has
decreased on the period 1970-1983 and has slightly increased then on the period 1983-
2001; the real consumptions of single individuals seem to be stable over the period of
the study.
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1965 1970 1975 1980 1985 1990 1995 2000 2005

Married Men Total Consumption

Married Women Total Consumption

Single Men Total Consumption Single Women Total Consumption

Figure 37: Total Individual Consumption
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Married Women Total Consumption

Single Men Total Consumption Single Women Total Consumption

Figure 38: Total Individual Consumption

The figure 39 shows that the total consumption of married men represents about 60%
of the total consumption of the household. This proportion is very close to the weight
of men in the total household resources as we found in Chapter II.
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Figure 39: Consumption Part of Married Men within Households

Social Surplus and Individual Surpluses The figure 40 shows the evolution of
the individual surpluses on the period of the study. It shows that the individual surplus
of men from marriage and consumption is higher to the individual surplus of women.

These surpluses have mainly increased on the period 1983-2001.

1965 1970 1575 1980 1985 1590 1995

——TotalSurplus Men Surplus Women Surplus

Figure 40: Evolution of the social surplus and averaged individual surpluses

The figure 41 brings more detail about the individual surplus. Married men seem to be
the ones who the greatest surplus from marriage and consumption. They are followed
by married women. Single men and single women have very close surpluses and they

are the lowest on the market.
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1965 1570 1575 1980 1985 1990 1995

Married Men Surplus Married Women Surplus Sngle Men Surplus Sngle Women Surplus

Figure 41: Married Individuals’ surplus and Singles’ surplus

We can understand clearer the mechanism of transfer within households. The fact that
men have a greater part of surplus is explained by their weight of their income in the
total resources. This gives them a greater private consumption within the household.
To ensure a more egalitarian sharing of the joint surplus, they can transfer a part
of their utility to the household through a more important participation to the public
good. And then, as wives have a greater taste for public good i.e ( > &, they can benefit
from a higher public consumption and this will lead to an increase of their individual
utility.

Conversion rate between marriage surplus and income: The value of mar-
riage In Chapter II, we have defined a parameter A that was the conversion rate
between income and the net marriage utility. Its inverse 1/\ was interpreted as the
value of marriage. We have just noticed that the trend of that value of marriage esti-
mated in the chapter was similar to the trend of the parameter . Here, we define with

a new and simple approach the conversion rate between marriage surplus and income
by:
W(r, k)
vE(X) 4+ (1 —v)E(Y)
where X and Y represent respectively the hourly incomes of men and of women. The

estimation of this ratio gives the following graph.
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Figure 42: Evolution of the value of marriage

We can remark that, likely to the trend of 1/\, this ratio has mainly decreased on the
period 1970-1983, and then been stable on the period 1983-2001. This result is very
analogous to the what we found with 1/\. We can interpret it as the crash of the value
of marriage with respect to the value of dollar. To be precise, considering an individual
A living in the 1970s and an individual B living in the 1990s such that they have both
the same income, the utility from marriage of B will be expected to be lower than the
utility from marriage of man A. The real value of the social welfare of the marriage
market has decreased over the time on the period 1970-1983 and has been stable then.

Consumption Inequality and Surplus Inequality We finally analyze the con-
sumption inequality ad the surplus inequality. This analysis is important as a comple-

ment to the study in the Chapter II to measure the impact of marriage on inequalities.
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1965 1970 1975 1980 1985 1990 1995

Married Surplus Inequality Married Total Consumption Inequality

SnglesSurplus Inequality Singles Total Consumption Inequality

Figure 43: Evolution of the Gini Index of individual consumption and of the individual

surplus

The figure 43 shows that the surplus inequality is lower than the consumption inequal-
ity. We observe a global increase of the inequality of consumption for singles and a
global increase of surplus inequality in the population. The consumption inequality
of married individuals has increased on the period 1968-1983 and decreased then on
the period 1983-2001. The surplus inequality of married individuals is slightly lower
than the surplus inequality of single individuals. But the difference is clearer in term of
consumption inequality. In fact, we remark that the consumption inequality is higher
for singles than for married. This confirms the result we found in the chapter 2 i.e

marriage reduces inequalities at least in term of consumption.

5.5 Conclusion

In this paper, we have studied the decision of marriage and of consumption. The
approach of investigation is based on the model proposed in Chapter II which is a con-
tinuous extension of the discrete model of Choo and Siow (2006) and an alternative
approach of the continuous model of Dupuy and Galichon (2014). By assuming the

transferability of utility, and by considering a stability of the marriage market in the
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sense of Gale and Shapley (1962), we have identified the consumption based utility
of individuals within their household at the equilibrium of the market. This utility
from consumption is in fact the systematic part of the utility. The second part of
utility is stochastic and quantifies the sympathy shock between the partners or the
auto-sympathy term when the individual is unmatched. From the identification of the
individual utility based on consumption, we show that the intra-household consumption
is the solution of an system of equations with three equations and three unknown that
are the two private consumptions of the partners and their common public consump-
tion. Especially, by considering a particular specification of Dupuy and Galichon to
model the stochastic part of the utility, and a Generalized Quazi-linear form for con-
sumption preferences, we derived the private consumptions and the public consumption
within the household, depending on their incomes and the tastes for public good, in
function of the their individual systematic surpluses and these individual systematic
surpluses can be computed by different methods: in fact for instance, Galichon and
Salanié (2015) proposed for that an algorithm and in Chapter II, we suggested a way
of recursive analytical approximation from a precise starting point that corresponds
to the analytical solutions of the individual surpluses when the matching rate tends
to zero. The estimation approach is based on the maximum likelihood. We estimate
the model on data from PSID on the period 1968-2001. The estimation of the model
shows a difference in taste for public good for women and men. Actually, it revealed
that women have a higher taste for public good than man. One implication of that,
it is that for the same level of income, single women have a higher consumption based
surplus than men. And within households, for a same level of private consumption, men
have a higher individual surplus than their female partner and in that case for an equal
sharing of the joint surplus men have to diminish their private consumption and invest
more in public good or in direct transfer towards their wife to increase her individual
surplus. This leads us to suggest that the happiness of men on this market comes more
from sympathy than from consumption. In a sense we can then say that men marry
for love i.e the stochastic part of the utility.. This makes sense as they have the highest
incomes in the population. The marriage decision of women seems to be more explained

by the deterministic part of the utility. We also observed a quasi stability of the taste
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for public good for men on the period of the study. The taste for public of women has
been stable on the period 1968-1983 and has increased in 1984 to a higher value stable
on the period 1984-1999 and increased from 1999 to 2001. The private consumption of
married men is greater than the private consumption of married women. We noticed
that the real private consumptions have increased on the period 1968-1989 and they
have decreased then on the period 1989-2001. The part in real private consumption of
married men is higher to the part of married women. The evolution of the real private
consumptions shows that the gap between married men and married women have been
reduced. We also remarked a decrease of the real consumption of married men; the real
consumption of married women has decreased on the period 1970-1983 and has slightly
increased then on the period 1983-2001; the real consumptions of single individuals
seem to be stable over the period of the study. Furthermore, the estimation shows that
married have a greater consumption than singles and have then a greater surplus. This
is explained by the fact that married have higher incomes than singles. We noticed
that consumptions and individual surpluses have dynamics similar to the dynamics of
the incomes. The happiest on the market are clearly married men. In fact they benefit
from the highest consumptions and highest surpluses. The comparison between married
and singles shows that marriage increases consumption and this gives a justification for
unions. We also noticed that there exist a weaker inequality of consumption and of
surplus among married than among singles. This confirms the observed result in the
chapter 2 according to which marriage reduces income inequality. Actually, this income
inequality reduction is achieved through a more egalitarian distribution of the consump-
tion by marriage. Moreover we observed an increase of the inequality of consumption
and of surplus. Finally, we proposed another approach to compute to conversion rate
between marriage surplus and income alternatively to the approach suggested in the
chapter 2. This conversion rate can be interpreted as a monetary value of marriage on
the market. We observed that this value has increased on the period 1968-1970, has
then decreased drastically on the period 1970-1983 and has been stable then between
1983 and 2001. This result is very conform to what we observed Chapter II.
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