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Chapter 1
Introduction

English Introduction

Optimization on the set of curves is a ubiquitous problem which has a long
history in the literature. Its importance is due to the fact that, optimization on
the set of curves appears in many fields of applications, not only mathematics
themselves. For example, the trajectory optimization is applied in industry,
robotic, walking, path-planning and aerospace ([16, 35-37, 65, 74, 76, 92, 94]).
Plane shape optimization can be interpreted as a special case of curve optimization
and it arises in many design problems such as structural mechanics, aerospace,
automotive, hydraulic, oceanology and wind engineering ([3, 15, 27, 48, 70, 71, 81]).

We focus on a special type of curves: oriented curves admitting a
parametrization from a compact real interval I to R". A parametrization of a curve
is a continuous map from a compact real interval I to R™. There always exists an
increasing diffeomorphism from the compact interval I to the segment [0, 1], so we
can consider I to be [0,1] without loss of generality. Two parametrizations are
equivalent if they are different by an increasing diffeomorphism. Two equivalent
parametrizations have the same image, but the converse is not true. In order
to overcome this problem, we consider the set of curves whose parametrizations
are embeddings. Then, the set of curves € is identified by the quotient of the

embedding space over the increasing diffeomorphism group
¢ = Emb ([0,1],R*) /Diff* ([0,1]).

The difficulty to solve the optimization on the set of curves is that the set
of curves is an infinite-dimensional manifold and a curve has infinitely many
parametrizations (see more detail in Subsection 2.4.1).

We already have many methods to solve optimization problems such as Simplex



algorithm of George Dantzig, Quantum optimization algorithms, Newton’s
method, Interior point methods, Coordinate descent methods, Conjugate gradient
methods, Ellipsoid method, Conditional gradient method (Frank—Wolfe), Quasi-
Newton methods, Interpolation methods, Pattern search methods, etc.

In order to use these methods on the set of curves, we need to define a
distance on the set of curves. Usually, just as we do, curves are given by
parametrizations. This is not obvious to define a distance between curves given
by their parametrizations since the distance must not depend on the chosen
parametrizations. There are mainly two ways to define distance between curves.
The first way, the elastic distance between curves is defined by the minimal
energy required to transform one curve into the other ([51, 63, 95, 96]). The
second way, the geodesic distance between curves is defined through geodesics
8,9, 17,19, 24, 54, 69]. But those distances are computationally and conceptually
hard to handle. Here we propose a description of the set of curves through normal
forms. This allows us to define a distance between normal forms giving distance
between curves independently from the chosen parametrizations.

The core idea is that two embeddings of the same curve are deduced one from
the other by an increasing diffeomorphism. It is to say that we have an action of
the increasing diffeomorphism group on the space of embeddings. Two embeddings
are equivalent if they are different by an increasing diffeomorphism. From this
idea, we construct (in Section 3.2) a normalization on the space of embeddings
Emb ([0, 1], R™) with respect to the equivalent relation by the action of Diff" ([0, 1])

as follows

N : Emb ([0, 1], R") — Emb ([0, 1], R")

. (1.1)
Y= N(y) =v0l ok,

where

1
o k,:10,1] — [0, L,], ky(v) = v.L, with L, = [||7(s)]|,ds is the length of .
0

e [,:[0,1] = [0, L,],1,(v) = [ ||7(s)]l,ds is the arc length of .
0

A curve is represented by the normal form of its parametrizarions. We identify

the set of curves with the set of normal forms

¢ = 9 (Emb ([0, 1], R")).

2 Distance, geometry of the set of curves and optimal trajectories



1. Introduction

Then we can consider the map 91 as follows

N : Emb ([0, 1),R") — ¢

1.2
v = N(). 2

We define a distance between curves by using their normal forms. Doing
so, we can define a distance between curves which is independent of the chosen

parametrizations.

¢ x ¢ - R

(M), N(B)) = d” (N(y), N(B)) := /W(’V)(t) = NB)(@)ldt,

where ||-|| is the Euclidean norm on R™ and 9t(), 91(3) are normal forms in € (see
Section 3.3). This distance is a distance between curves in the geometric meaning.
From this distance we research topologies and differential structures on the set of
curves.

The set of curves € is a manifold by itself and d™ is a distance on €, so the set
of curves € has the topology induced by the distance d”. The set of curves € is also
a quotient of the right group action of Diff* ([0, 1]) on the space Emb ([0, 1], R"),
thus we have the quotient topology on the set of curves €. Furthermore, the set
of curves € is a submanifold of the space Emb ([0, 1],R™), so € has the induced
topology inherited from the classical topology of Emb ([0, 1], R™). In Section 3.4,
we will compare the topologies on the set of curves €.

The maps D1 is a map between two differential manifolds. Naturally, we check
the map N is a differential map. Then, for any v € Emb ([0, 1], R™) , the differential
of the function 91 at v, noted DN(7), is defined as follows

DN(y) : T,Emb ([0, 1], R") = Ty €

7 o s D)) ot T =T (1)

t—0 t

(see Definition 3.20 in Subsection 3.6.3). The function D9(v) is a surjective
function from 7, Emb ([0, 1], R") to Ty)<.

We give everything to do differential and variational calculus on the set of
curves. But this is an infinite-dimensional manifold. Really hard to use so we use
some finite-dimensional subspaces to approximate curves.

Bézier curves and piecewise Bézier curves are used to make approximations

Distance, geometry of the set of curves and optimal trajectories 3



in the space of continuous curves. The space of Bézier curves and the space of
piecewise Bézier curves are finite-dimensional vector spaces. Piecewise uniform
cubic Bézier curves are most common in practice. In order to solve optimal
problems on the set of curves, we will use piecewise uniform cubic Bézier curves to
find approximations of optimal solutions. So, we focus on piecewise uniform cubic
Bézier curves.

In Subsection 4.2.2, we define a norm [|-[| > on the space Bp of Bézier curves of
degree D and a norm ||-|| DND on the space B ~.p of uniform N-piece Bézier curves
of degree D. The norms ||-[|’» and ||-||5N P are determined through control points.

The space By3 of uniform N-piece cubic Bézier curves is a subspace of the
space C°([0,1],R"), then By 3 inherits the L, norm, 1 < p < co. The equivalence
constants for the norm |-||p "
Subsection 4.2.3. This is the core idea of Algorithm 2 on page 86 in Chapter 5

using piecewise uniform cubic Bézier curves.

and the L, norm on the space By 3 are studied in

A Bézier curve of degree D can be written as a Bézier curve of degree D + 1.
Then we have more control points in order to give additional freedom for curve

design. In Subsection 4.2.4, we will find the equivalence constants for the norm

H_“BN,D N,D+1
p

and the norm ||-|| b on the space By p of uniform N-piece Bézier curves
of degree D.

A uniform N-piece cubic Bézier curve can be split to become a uniform 2N-
piece cubic Bézier curve. This approach creates extra control points in order to give
additional freedom for curve design and avoids increasing the degree of the curve.
Splitting piecewise cubic Bézier curves plays an important role in Algorithm 2 on
page 86 in Chapter 5 using piecewise uniform cubic Bézier curves. So, in Subsection
4.2.4, we will investigate the equivalence constants for the norm ||-|[5>"** and the

norm ||,

on the space By 3.

In Chapter 5, we apply piecewise uniform cubic Bézier curves to trajectory
optimization problems, autonomous ordinary differential equations and control of
autonomous ordinary differential equations.

Trajectory optimization problems appear in many different domains as robotic
([16, 36, 37, 75]), astrophysics ([6, 76, 92, 94]) and the core of motion planning
which is known to be a very difficult problem ([18, 35, 37, 74, 88]). We will propose
an algorithm using piecewise uniform cubic Bézier curves to approximate optimal
trajectories in trajectory optimization problems (see Section 5.1).

An autonomous ordinary differential equation is a system of ordinary
differential equations which does not explicitly depend on the independent variable

([45, 62, 66, 90, 91]). When the variable is time, they are also called time-invariant
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systems. Many laws in physics, where the independent variable is usually assumed
to be time, are expressed as autonomous ordinary differential equations because it
is assumed the laws of nature which hold now are identical to those for any point
in the past or future. In Section 5.3, we will apply our method to approximate
solution orbits of autonomous ordinary differential equations. In order to show the
efficiency of our method, we are going to compare our method and some classical
methods in Subsection 5.3.4.

Our method can be applied to control of autonomous ordinary differential
equations. In Section 5.5, we will present some examples of control of autonomous

ordinary differential equations.

Distance, geometry of the set of curves and optimal trajectories 5



Introduction francais

L’optimisation sur ’ensemble des courbes est un probleme omniprésent qui a
une longue histoire dans la littérature scientifique. Son importance est due au
fait que, l'optimisation sur l’ensemble des courbes apparait dans de nombreux
domaines d’applications et pas seulement en mathématiques. Par exemple,
I'optimisation des trajectoires a des applications dans l'industrie, la robotique, la
marche, la planification de mouvement et I’aérospatiale. L’optimisation de la forme
plane peut étre interprétée comme un cas particulier d’optimisation de courbes et
il se retrouve dans de nombreux problemes de conception mécanique, I'industrie
aérospatiale, la construction automobile, hydraulique, ’'océanographie.

Nous nous concentrons sur un type particulier de courbes: courbes orientées
admettant une paramétrisation a partir d'un intervalle réel compact I to R™. Un
paramétrage. Une courbe est représenté comme image d’une fonction continue
définie sur un intervalle réel compact [ a valeur dans R"™. Il existe toujours
un difféfomorphisme croissant entre I et le segment [0,1]. Nous pouvons donc
considérer que [ est [0,1] sans perte de généralité. Deux paramétrisations
sont équivalentes si on obtient l'une de m’autre par composition avec un
difféomorphisme croissant. Deux paramétrisations équivalentes ont la méme
image, mais l'inverse n’est pas vrai. Afin de surmonter ce probléeme, nous
considérons I’ensemble des courbes dont les paramétrisations sont des plongements.
Ainsi, 'ensemble des courbes € est identifié par le quotient de l'espace de

plongements sur le groupe des difféomorphismes croissants
¢ = Emb ([0,1],R?) /Diff* ([0,1]).

Une difficulté pour résoudre u probleme d’optimisation sur I’ensemble des courbes
est que I'ensemble des courbes est une variété de dimension infinie et qu'une courbe
a une infinité de paramétrisations.

Nous avons déja de nombreuses méthodes pour résoudre des problemes
d’optimisation tels que l'algorithme du simplexe, 'algorithmes d’optimisation
quantique, la méthode de Newton, les méthodes de points intérieurs, les
méthodes de descente, la méthode du gradient conjugué, la méthode de
I’ellipsoide, 1’ algorithme de Frank-Wolfe, la méthode quasi-Newton, les méthodes
d’interpolation, les méthodes de recherche directe, etc.

Afin d’utiliser ces méthodes sur ’ensemble des courbes, nous devons définir
une distance sur ’ensemble des courbes. Habituellement, comme nous le faisons,

les courbes sont données par paramétrisation. Il n’est pas évident de définir
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une distance entre courbes donnée par leurs paramétrisations puisque la distance
ne doit pas dépendre des paramétrisations choisies. Il existe principalement
deux fagons classiques de définir la distance entre les courbes. La premiere, la
distance élastique entre les courbes est définie par I’énergie minimale requise pour
transformer une courbe en une autre. La deuxieme, la distance géodésique entre les
courbes est définie par la géodésique. Mais ces distances sont algorithmiquement
et conceptuellement difficile a gérer. Nous proposons ici une description de
I’ensemble des courbes a travers des formes normales. Cela nous permet de définir
une distance entre les formes normales donnant une distance entre les courbes
indépendamment des paramétrisation choisies.

L’idée centrale est que deux plongements de la méme courbe se déduisent 1'une
de l'autre par un difféomorphisme croissant. C’est dire que nous avons une action
du groupe de difféomorphisme croissant sur ’espace de plongements et que deux
plongements sont équivalent si et seulement si ils définisssent la méme courbe.
Suivant cette idée, nous construisons (dans la section 3.2) une normalisation sur
'espace de plongements Emb ([0, 1], R?) par rapport a la relation équivalente par

'action de Diff" ([0, 1]) comme suit

9 : Emb ([0, 1], R") — Emb ([0, 1], R")

» (1.4)
7= N(y) =70l ok,

En posant :

1
e k,:[0,1] = [0,L,],ky(v) = v.L, avec L, = [|¥(s)]l,ds est la longueur de
0
Y.

o [, :[0,1] — [0, L,],l,(v) = [ |7(s)|l5 ds est la longueur d’un arc .
0

Une courbe est représentée par la forme normale de sa paramétrisation. On

identifie I’ensemble des courbes avec ’ensemble des formes normales
¢ =9 (Emb ([0, 1],R")).
Ensuite, nous considérons la fonction 91 comme suit

2 : Emb ([0,1],R") - €

1.5
v = N(y). )

Nous définissons une distance entre les courbes en utilisant les formes
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normales de leurs paramétrisations. La distance obtenue est indépendante de

paramétrisations choisies au départ pour représenter les courbes.

At ¢ x ¢ - R

(M), 9N(B)) = d™ (N(y), N(B)) = /Il‘ﬁ(v)(t) — N(B) ()|,

ou [|-|| est la norme euclidienne sur R™ et (), DN(5) sont des formes normales
dans € (voir Section 3.3). Cette distance est une distance entre des courbes dans
le sens géométrique. Nous nous servons de cette distance pour étudier les proprités
topologiques et différentielles de 1’espace des courbes.

L’ensemble des courbes est une variété intrinseque et d** est une distance sur
¢, donc l'ensemble des courbes € admet une topologie induite par la distance
d™. L’ensemble des courbes € est aussi un quotient de l'action & droite d’un
groupe Diff" ([0, 1]) sur I'espace Emb ([0, 1], R"), ainsi nous avons une topologie
quotient sur ’ensemble des courbes €. De plus, I’ensemble des courbes € est une
sous-variété de I'espace Emb ([0, 1], R™), alors € a la topologie induite de celle de
Emb ([0, 1], R™). Dans Section 3.4, nous comparons ces topologies sur ’ensemble
des courbes €.

La fonction 91 est une application entre variétés différentielles. Naturellement,
nous vérifions la fonction N est une fonction différentielle. Ensuite, pour tout
v € Emb ([0, 1],R™), le différentiel de la fonction 9 en v, noté DI(y), est défini

comme suit
DN(y) : T,Emb ([0, 1], R") — Tiy(,)€

i = Oufy r DY) () = lim ) = To) (1.6)

t—0 t

(voir Définition 3.20 dans Sous-section 3.6.3). La fonction D9(7y) est une fonction
surjective de T,Emb ([0, 1], R") & Ty()<.

Nous developpons les outils nécessaires pour faire du calcul différentiel et
variationnel sur l’ensemble des courbes. Mais € est une variété de dimension
infinie, ce qui rend le calcul explicite tres difficile. Nous explorons alors l'idée
d’étudier de faire des approximation dans des sous-espaces de dimensions finies.

Les courbes de Bézier et courbes de Bézier par morceaux sont utilisées pour
faire des approximations dans 1’espace des courbes continues. Ces espaces sont des
espaces vectoriels de dimension finie. Les courbes de Bézier cubiques uniformes

par morceaux sont les plus couramment utilisés en pratique. Afin de résoudre des
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problemes d’optimisation sur I’ensemble des courbes, nous utiliserons des courbes
de Bézier cubiques uniformes par morceaux pour trouver des approximations de
solutions optimales. Nous nous concentrons alors sur les courbes de Bézier par
morceaux uniformes de degré 3.

Dans Sous-section 4.2.2, nous définissons une norme ||-|| > sur 'espace Bp des
courbes de Bézier de degré D et une norme ||-||I],3N’D sur l'espace By p des N-
piéce uniformes courbes de Bézier de degré D. Les normes |[|-[|7 et 11|V sont
déterminées uniquement par des points de controle, ce qui les rend facile a utiliser
en pratique.

L’espace By3 des N-picce uniformes courbes de Bézier cubiques est un sous-
espace de l'espace C°([0, 1], R™), alors By 3 hérite de la norme L,, 1 < p < oo. Les

L B
constantes d’équivalence pour la norme ||-||, "

et la norme L, sur I'espace By 3
sont étudiées a la sous-section 4.2.3. C’est I'idée principale de Algorithme 2, a la
page 86 du Chapitre 5, qui utilise des courbes de Bézier cubiques uniformes par
morceaux.

Une courbe de Bézier de degré D peut s’écrire comme une courbe de Bézier
de degré D + 1. Ceci permet de rajouter des points de controle afin de donner
une liberté supplémentaire pour la conception des courbes. Dans Sous-section

A B
4.2.4, nous allons aprocher les constantes d’équivalence pour la norme |||, ™" et

la norme ||-||p¥"*!
degré D.

Une courbes de Bézier uniforme cubique ayant N morceaux peut étre divisée

sur I'espace By p des N-piece uniformes courbes de Bézier de

pour en obtenir une ayant 2N morceaux cubiques. Cette approche crée des
points de controle supplémentaires afin de donner une liberté supplémentaire a la
conception de la courbe et évite d’augmenter le degré de la courbe. La division de
courbes de Bézier cubiques par morceaux joue un role important dans Algorithme 2
dans page 86, au Chapitre 5, en utilisant des courbes de Bézier cubiques uniformes

par morceaux. Donc, dans Sous-section 4.2.4, nous étudierons les constantes

2N,3 N,3

d’équivalence pour la norme HHE et la norme ||Hf sur l'espace By s.

Dans Chapitre 5, nous utilisons des courbes de Bézier cubiques uniformes
par morceaux aux problemes d’optimisation de trajectoire, aux équations
différentielles ordinaires autonomes et au controle d’équations différentielles
ordinaires autonomes.

Les problemes d’optimisation de trajectoire apparaissent dans de nombreux
domaines différents sous forme de robotique, astrophysique et le noyau de la
planification de mouvement qui est connu pour étre un probleme tres difficile.

Nous proposerons un algorithme utilisant des courbes de Bézier cubiques uniformes
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par morceaux pour approcher des trajectoires optimales dans des problemes
d’optimisation de trajectoire (voir Section 5.1).

De nombreuses lois de la physique sont exprimées sous forme d’équations
différentielles ordinaires autonomes.  Dans Section 5.3, nous appliquerons
notre méthode pour approcher les orbites de solution d’équations différentielles
ordinaires autonomes. Afin de montrer l'efficacité de notre méthode, nous
comparons notre méthode et certaines méthodes classiques dans Sous-section 5.3.3.

Notre méthode peut étre appliquée au controle d’équations différentielles
ordinaires autonomes. Dans Section 5.5, nous présenterons quelques exemples
d’application de notre approche a des problemes de controle d’équations

différentielles ordinaires autonomes.
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Chapter 2
Background

In this chapter, we introduce the mathematical background on normalization,
topology, differential geometry, geometry, curves and Bézier curves. These tools
will be used in the next chapter. The normalization is related to group action and
rewriting. We use this to define a distance between curves and study topologies
and differential structures on the set of curves. In Chapter 4, we study the
space of Bézier curves. We use piecewise uniform cubic Bézier curves to do some

applications in Chapter 5.

2.1 Normalizations

Let S be a set and let R be an equivalent relation on S. Naturally we have the
quotient set S/R which is the set of equivalence classes. A normalization is a

surjective map

N:S—S/R

such that N(z) = N(y) if and only if zRy.

We denote Diff" ([0, 1]) be the group of increasing diffeomorphisms from [0, 1]
to itself and Emb ([0, 1], R™) be the space of embeddings from [0, 1] to R™. The
increasing diffeomorphism group Diff" ([0,1]) acts on the space of embeddings
Emb ([0, 1], R™) on the right. Two embeddings 71,72 are equivalent if there
exists 6 € Diff" ([0,1]) such that 73 = 7, 0 §. Then we consider the quotient
Emb ([0, 1], R™) /Diff" ([0,1]). In this thesis, we identify the set of curves with
the quotient Emb ([0, 1], R?) /Diff* ([0, 1]) . The main idea in Chapter 3 is to give
normal forms of curves.

We go into the details of the definition of a normalization and examples.
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2.1. Normalizations

2.1.1 Definitions

We consider S to be a set and R be an equivalent relation on S. We want to have
a way to represent the quotient set S/R. Since elements of S/R are equivalence
classes, the idea is to be able to associate each class with a special element in the
class: the normal form of all elements of the class. Since each class is represented
by an element of the class, the quotient set S/R is considered as a subset of S.
Generally, a normal form system is given by using a map N : S — S such that is
zRy < N(xz) = N(y). Then we identify S/R with N(S).

Definition 2.1. ([47, 60, 80]) A normalization with respect to an equivalence

relation R on a set S is a mapping ¢ : S — S such that for all s,s1,5, € S :

1. ¢(s) = c(c(s)) (idempotence),

2. c(s1) = ¢(s2) if and only if s; R so (decisiveness) and

3. s R c(s) (representativeness).

The element c(s) is called the normal form of s.

The property 3 is redundant, it follows by applying 2 to 1.

In practical terms, one wants to be able to compute the normal forms. There is
also a practical, algorithmic question to consider: how to pass from a given object
sin S to its normal form s*? If ¢ is a morphism and S/R has a structure, then it
is possible to operate directly on the equivalence classes. For example, in modular
arithmetic, the normal form for a residue class is usually taken as the least non-
negative integer in it. Operations on classes are carried out by combining these
representatives and then reducing the result to its least non-negative residue. The
uniqueness requirement is sometimes relaxed, allowing the forms to be unique up
to some finer equivalence relation, like allowing reordering of terms (if there is no
natural ordering on terms).

A normal form may simply be a convention, or a deep theorem. For example,
polynomials are conventionally written with the terms in decreasing powers: it is
more usual to write 22 + x + 30 rather than « + 30 + 22 , although the two forms
define the same polynomial. In contrast, the existence of Jordan normal form for

a matrix is a deep theorem.
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f(M)

Fig. 2.1: The normalization on the set R*\{(0,0)}.

2.1.2 Examples
The normalization on the set R*\{(0,0)}

We consider the set R*\{(0,0)}. Two points M, N in R*\{(0,0)} are equivalent if
there exists A € RT\{0} such that M = AN.

The normalization f on R?\{(0,0)} is defined as follows

FRA{(0,0)} = R\{(0,0)}
M

Mw— f(M) = —HOMH,

where |[|-|| is the Euclidean norm on R2.

The normalization f satisfies
1. f(M) = f(f(M)) (idempotence),
2. f(M)= f(N) if and only if M is equivalent to N (decisiveness)

for all M, N € R*\{(0,0)}.

From the equivalent relation on R?\{(0,0)}, each equivalence class is a semi-
line which starts the origin. A semi-line which starts the origin intersects the unit
circle at the unique point. With a point on the unit circle, there is a semi-line
which starts the origin and goes through the point. So, the set of equivalence
classes is isomorphic to the unit circle. An equivalence class is presented by a

point on the unit circle.
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Normal matrices over the complex numbers

A complex square matrix A is normal if
ATA = AA™,

where A* is the conjugate transpose of A. That is, a matrix is normal if it commutes

with its conjugate transpose.

Proposition 2.2. ([11, 49, 50]) A matrix A is normal if and only if there exists a
diagonal matrix A and a unitary matrix U such that A = UAU™.

Matrix A is equivalent to matrix B if A = U*BU for some unitary matrix U.
We set M be the normal matrices over the complex numbers. The normalization
f on M as follows

f-M—->M
A|—>/1A,

where A, is the diagonal matrix which is unitarily similar to A.

The normalization f satisfies

1. f(A) = f(f(A)) (idempotence),

2. f(A) = f(B) if and only if A is equivalent to matrix B (decisiveness)

for all A, B € M.
From the equivalent relation on the set M, for each A € M, we have the

equivalence class
A:={U*AU| U is a unitary matrix } .

An equivalence class A has the unique diagonal matrix A4. Another way, from
a diagonal matrix A, we have the unique equivalent relation A. So, the set of
equivalence classes on M is isomorphic to the set of diagonal matrices. An

equivalence class on M is presented by a diagonal matrix.

Matrices over the complex numbers

We consider the set X' of matrices over the complex numbers. On X we consider
an equivalence relation: Matrix A is equivalent to matrix B if A = UBV™* for some

unitary matrices U and V.
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Theorem 2.3. ([40, 42]) ( Singular-value decomposition ) Suppose M is a m x n
matrix whose entries come from the field K, which is either the field of real numbers
or the field of complex numbers. Then there exists a factorization, called a singular

value decomposition of M, of the form
M =UXV",

where

e U is an m X m unitary matrix over K (if K = R, unitary matrices are

orthogonal matrices),
e Y is adiagonal m X n matrix with non-negative real numbers on the diagonal,
e V is an n X n unitary matrix over K and

e V* is the conjugate transpose of V.

The diagonal entries o; of % are known as the singular values of M. A common
convention is to list the singular values in descending order. In this case, the
diagonal matrix, X, is uniquely determined by M (though not the matrices U and
V).

The normalization A on X as follows

h:X—>X
Ml—)EM,

where ¥j; is a diagonal matrix which is is uniquely determined by M.

The normalization h satisfies
1. h(A) = h(h(A)) (idempotence),
2. h(A) = h(B) if and only if A is equivalent to matrix B (decisiveness)

forall A,B € X.
From the equivalent relation on the set &', for each A € X, we have the

equivalence class
A :={UAV*| U,V are unitary matrices } .

An equivalence class A has the unique diagonal matrix ¥ 4. Another way, from a

diagonal matrix X, we have unique equivalent relation X. So, the set of equivalence

Distance, geometry of the set of curves and optimal trajectories 15



2.2. Topologies

classes on X is isomorphic to the set of diagonal matrices. An equivalence class

on X is presented by a diagonal matrix.

2.2 Topologies

Let S be a topological space, R be an equivalent relation on S and N : S — S/R
be a normalization. We have two types of topology which we can consider on S/R :
the quotient topology (the one for which NV is continuous) and the topology which is
induced from a distance on S/R. We will focus on these two types of topology. The

aim of this section is to recall definitions of topologies and continuous functions.

2.2.1 Topological spaces

Definition 2.4. ([25, 32, 52]) A topological space is a pair (X, 7) consisting of a

set X and a family 7 of its subsets which is subject to the following conditions:
1. 0er, X er.
2. fUy etand Uy € 7, then Uy NU, € 7.
3. If Us € 7 for every s € S, where S is an arbitrary set, then |J Us € 7.

seS

The set X will be called a space, its elements are points of the space and subsets
belonging to the family 7 are open sets in the space. The family 7 is called a

topology on the set X.

A subset of X is said to be closed if its complement is in 7 (i.e., its complement
is open). A subset of X may be open, closed, both (clopen set), or neither. The

empty set and X itself are always both closed and open.

Example 2.5. (Finite complement topology) Define 7 to be the collection of all
subsets U of X such that X \ U either is finite or X itself. Then 7 defines a
topology on X, called finite complement topology of X.

Once we define a structure on a set, often we try to understand what the
minimum data you need to specify the structure. In many cases, this minimum

data is called a basis and we say that the basis generates the structure.

Definition 2.6. ([25, 32, 52]) Let (X, 7) be a topological space. A family B C 7
is called a base of the topological space (X, 1) if:
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1. For every x € X, there is an element B in B such that z € B.

2. If x € By N By, where By, By are in 8, then there is B3 in 8 such that
xr € B3 C By N Bs.

Example 2.7. (Standard Topology of R) Let R be the set of all real numbers.
Let B be the collection of all open intervals:

(a,b) :={r € R| a <z < b}
Then R is a basis of a topology and the topology generated by R is called the
standard topology of R.

Definition 2.8. ([25, 32, 52]) Let 71, 75 be two topologies for a set X. We say 7
is thinner than 7 or 7y is coarser than 7 if 4 C 79. The intuition for this notion

is “(X, 72) has more open subsets to separate two points in X than (X;7)”.

2.2.2 Induced topology

A subset Y of a topological space X has a naturally topology induced by the
topology of X, called the induced topology.

Definition 2.9. ([25, 32, 52]) Let (X; 7) be a topological space. Let Y be a subset
of X. The collection
v ={YNU|Ue€er}

is a topology on Y, called the induced topology.

2.2.3 Hausdorff Spaces, Continuous Functions
Definition 2.10. ([25, 32, 52]) A topological space (X;7) is called a Hausdorff
space if

Va,y € X such that z # y, 3U,,U, € 7 such that z € U,,y € U, and U,NU, = ()

i.e., for every pair of distinct points z,y in X, there are disjoint neighbourhoods
U, and U, of x and y respectively.
Example 2.11. R” with the standard topology is a Hausdorff space.

Definition 2.12. ([25, 32, 52]) Let {z,|n € N} be a sequence of points in a

topological space. The sequence {x,|n € N} converges to a point z € X if, for
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every neighborhood U of x, there is a positive integer N € N such that z,, € U for
all n > N.

Continuity is a topological notion.

Definition 2.13. ([25, 32, 52]) Let X, Y be topological spaces. A function f :
X — Y is continuous if f~1(U) is open in X for all open sets U € Y.

Proposition 2.14. ([25, 32, 52]) A function f : X — Y is continuous if and only
if f~1(V) is closed in X for all closed sets V € Y.

2.2.4 Quotient topology

Let (X, 7) be a topological space, and let ~ be an equivalence relation on X. The
quotient space, Y = X/~ is defined to be the set of equivalence classes of elements
of X

Y=A{z]:zeX}={{veX:v~a}:xze X},

equipped with the topology where the open sets are defined to be those sets of

equivalence classes whose unions are open sets in X
Ty:{UGY:UU: U[a]GTX}.
l[a]leU

The topology 71y is called a quotient topology on the quotient space Y = X/~ .
One can see more detail in (25, 32, 52]).
From the definition, if N : S — S/R is a normalization, then N is continuous

for the quotient topology.

2.3 Differential Geometry

This section is devoted to the needed background of differential geometry.

2.3.1 Finite dimensional manifolds
Definitions

A differential manifold is a set where each point has a neighborhood diffeomorphic
to an open subset of R? and with compatibility condition between two

neighborhoods.
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Definition 2.15. ([59, 93, 97]) Let M be a topological Hausdorff space. A d-
dimensional local chart on M is a pair (U, @) where U is an open subset of M and
@ a homeomorphism between U and some open subset of R

Two d-dimensional local charts, (Uy,®;) and (U, ®2) are C'*°-compatible if
either U; and Us do not overlap, or the function @, o &, lisa C*°-diffeomorphism
between @o(Us N U;) and &1(Us N UY).

A d-dimensional atlas on M is a family of pairwise compatible local charts
(Ui, @;),1 € I), such that M = (JU;. Two atlases on M are equivalents if their

(2
union is also an atlas, i.e., if every local chart of the first one is compatible with
every local chart of the second one.
A Hausdorff space with a d-dimensional atlas is called a d-dimensional (C*)

differential manifold.

If M is a manifold, a local chart on M will always be assumed to be compatible
with the atlas on M. If M and N are two manifolds, their product M x N is also a
manifold; if (U, @) is a chart on M, (V,¥) a chart on N, (U x V, (®,¥)) is a chart
on M x N, and one shows easily that one can form an atlas for M x N from cross
products of two atlases of M and N.

When a local chart (U, @) is given, the coordinate functions x, ..., z4 are defined
by @(p) = (z1(p),...,z4(p)) for p € U. Formally, z; is a function from U to R.
However, when a point p is given, one generally refers to z; = z;(p) € R as the ith
coordinate of p in the chart (U, ®).

We now consider functions on manifolds.

Definition 2.16. ([59, 93, 97]) A function ¢ : M — R is C* if, for every local
chart (U,®) on M, the function ¢ o @1 : ¢(U) C R — R, is C* in the usual
sense. The function 1) o 71 is called the interpretation of ¢ in (U, ®).

From the compatibility condition, if this property is true for an atlas, it is
true for all charts compatible with it. The set of C'*° functions on M is denoted
C>®(M). If U is open in M, the set C*°(U) contains functions defined on U which
can be interpreted as C'*™° functions of the coordinates for all local charts of M

which are contained in U.

The tangent space

We fix, in this section, a differential manifold, denoted M, of dimension d.
Suppose that M is a C* manifold (k > 1) and that € M. Pick a coordinate
chart ¢ : U — R", where U is an open subset of M containing x. Suppose further
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that two curves v;,72 : (—€,€) — M with 7,(0) = x = 72(0) are given such that
both ¢ o 41,0 07 : (—€,¢) — R™ are differentiable in the ordinary sense (we
call these differentiable curves initialized at z). Then 7, and -, are said to be
equivalent at 0 if and only if the derivatives of pov; and p oy, at 0 coincide. This
defines an equivalence relation on the set of all differentiable curves initialized at
x, and equivalence classes of such curves are known as tangent vectors of M at x.
The equivalence class of any such curve v is denoted by ~/(0). The tangent space
of M at z, denoted by T, M, is then defined as the set of all tangent vectors at x;
it does not depend on the choice of coordinate chart ¢ : U — R™.

To define vector-space operations on T, M, we use a chart ¢ : U — R" and

d
define a map di, : ToM — R™ by dip, (v/(0)) == — [(v 0 7)(8)] [1=o-

Proposition 2.17. ([55, 56, 59, 82-86, 97]) For all p € M, the tangent space T, M

is an d-dimensional vector space.

Maps Between Two Manifolds

Definition 2.18. ([59, 93, 97]) Let M and N be two differentiable manifolds. A
map ¢ : M — N has class C* (or smooth or differentiable) if and only if, for all
@ € C*(N), one has po P € C*°(M).

Definition 2.19. ([59, 93, 97]) Let a differentiable map ¢ : M — N between
differentiable manifolds and = € M. The derivative of the ¢ at x between their

corresponding tangent spaces
Dy, : T,M — Ty N
is defined by: for all @ € T, M,
D (i) := (p ©7)'(0)
where 7 : (—¢, €) is a curve which satisfies 7(0) = x and 7/(0) = 4.
An important result regarding the derivative map is the following

Theorem 2.20. ([55, 56, 59, 82-86, 97]) If ¢ : M — N is a local diffeomorphism
at x in M, then Dy, : T,M — TN is a linear isomorphism. Conversely, if Dy,
is an isomorphism, then there is an open neighborhood U of x such that ¢ maps

U diffeomorphically onto its image.
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Theorem 2.21. ([55, 59, 61, 82, 83, 85]) Let ¢ : M — N be a differentiable map
between differentiable manifolds and let x € M. Then the derivative of the ¢ at x

Dgom : TIM — Tw(x)N

is linear.

Immersions and embeddings

Definition 2.22. ([1, 68, 78]) Let M and N be smooth manifolds and f : M — N
be a smooth map. Then f is called an immersion if its derivative is everywhere

injective.

Definition 2.23. ([1, 68, 78]) Let M and N be smooth manifolds and f : M — N
be a smooth map. Then f is called an embedding (or a smooth embedding) if it is
an injective immersion which is an embedding in the topological sense mentioned

above (i.e., homeomorphism onto its image).

Theorem 2.24. ([1, 68, 78]) If f : M — N is an injective immersion, and M is

compact, then f is an embedding.

2.3.2 Infinite dimensional manifolds

This section is devoted to the foundations of infinite dimensional manifolds. We
treat here only manifolds described by charts onto open subsets of convenient
vector spaces.

A chart (U,u) on a set M is a bijection u : U — u(U) C Ey from a subset
U C M onto an open subset of a convenient vector space Ey .
For two charts (U,, u,) and (Ug, ug) on M the mapping uap := uqoug : ug(Uys) —
ua(Uap) for o, B € A is called the chart changing, where U,p := U, NUs. A family
(Ua, Ug)aea of charts on M is called an atlas for M, if the U, form a cover of M
and all chart changings u,s are defined on open subsets.
An atlas (U,, Uq)aca for M is said to be a C*°—atlas, if all chart changing u,g :
ug(Unp) = ua(Uap) are smooth. Two C'*°—atlas are called C*°—equivalent, if their
union is again a C*°—atlas for M. An equivalence class of C'*°—atlas is sometimes
called a C'*°—structure on M. The union of all atlas in an equivalence class is again
an atlas, the maximal atlas for this C'*°—structure. A C'*°—manifold M is a set

together with a C°>°—structure on it.
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A mapping f : M — N between manifolds is called smooth if for each x € M
and each chart (V,v) on N with f(z) € N there is a chart (U,u) on M with
x e U, f(U) CV, such that vo fou™! is smooth.

We will denote by C*°(M, N) the space of all C*°—mappings from M to N.

A smooth mapping f : M — N is called a diffeomorphism if f is bijective and
its inverse is also smooth. T'wo manifolds are called diffeomorphic if there exists a
diffeomorphism between them.

The natural topology on a manifold M is the identification topology with
respect to some (smooth) atlas (u, : M O U, — uo(U,) € E,), where a subset
W C M is open if and only if u, (U,NW) is C*°—open in E, for all a. This topology
depends only on the structure since diffeomorphisms are homeomorphisms for the
> —topologies.

One can see more detail in [57, 68].

2.4 Geometry and Bézier curves

In this section, we remind about the set of curves, parametrization of a curve and
arc length. These definitions, notations are used a lot in this thesis. We also
introduce Bézier curve. We will research the space of Bézier curve in chapter 4

and use it to do some applications in chapter 5.

2.4.1 Geometry

Parametrized curve

Definition 2.25. ([28, 97]) A parametrization of a curve is a map v : [a, b] = R",
where I = [a, ] is an interval.

The image of the parametrization is called a parametrized curve in R".

The curve is closed if its starting point is also its ending point.

A curve is a Jordan curve if it is closed and it has no self-intersection.

The curve is piecewise if its parametrization is continuous and C! everywhere

except in a finite number of points.

Definition 2.26. ([28, 97]) A C' curve is a regular curve if its parametrization
v : I — R™ satisfies Y(u) # 0 for all uw € I. If ~ is only piecewise C', we extend
the definition by requiring that all left and right derivatives of its parametrization

are non-vanishing.
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Notation 2.27. We denoted € be the set of parametrized curves and we often

omit the word parametrized.

Geometric Equivalence

Definition 2.28. ([28, 30, 97]) Let v : I — R" be a parametrization, where [ is a

compact interval. A change of parameter for «y is a function ¢ : I’ — I such that:
1. I’ is a compact interval,
2. ¢ is increasing (strictly) and is a diffeomorphism.

The new parametrization ¥ = vy o ¢ is called a reparametrization of . The images
v(I) and 4(I") coincide.

(Can sua doan nay )

Notation 2.29. ([97, chapter 1, p. 2]) Let v € C° ([0, 1], R™) be a parametrization,
and let § € Diff* ([0, 1]) be an increasing diffeomorphism of [0, 1]. The map o § is

called a reparameterization of .

Notation 2.30. (]2, p. 86|, [41, p. 763]) A diffeomorphisms ¢ : [0,1] — [0, 1] is
called increasing when the derivative is always positive on [0, 1].
The set of increasing diffeomorphisms on [0, 1] is denoted Diff" ([0, 1]).

Remark 2.31. There always exists an increasing diffeomorphism from the
compact interval I to the segment [0, 1], so we can consider I to be [0, 1] without

loss of generality.

Notation 2.32. We denote Diff* ([0, 1]) be the set of increasing diffeomorphisms
from [0, 1] to itself.

A curve has a parametrization v, then v o §,¥6 € Diff" ([0,1]) is also a
parametrization of the curve. So, a parametrized curve has infinitely many

parametrizations.

Definition 2.33. ([28, 30, 97]) Two parametrizations ;, vy, are equivalent if there
exists § € Diff" ([0, 1]) such that v, = 75 0 6.

This relation is an equivalent relation. Two equivalent parametrizations define
the same curve. Note that the converse is not true. Two parametrizations have the
same image, they are not necessarily equivalent. For example, the parametrization
v(t) = (2¢,0),t € [0,1/2] and v(¢) = (2 — 2¢,0),t € [1/2,1] has same image with
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3(t) = (t,0),t € [0,1] but they are not equivalent, since we have required the
change of parameter to be increasing (changes of orientation are not allowed).
In order to overcome this problem, we consider the space of parametrizations

those are embeddings.

Notation 2.34. We denote Emb ([0, 1], R™) be the space of embeddings from [0, 1]
to R™.

From this section, we always consider a curve is a parametrized curve and
its parametrization is an embedding from [0, 1] to R™. The space of embeddings

Emb ([0, 1], R™) have many useful properties.
Proposition 2.35. ([46, 57, 68]) The space Emb ([0, 1], R™) is a Fréchet manifold.

Proposition 2.36. ([1, 68, 78]) If two embeddings have the same image and the

same starting point, then two embeddings are equivalent.

Therefore we identify the set of curves with the quotient
¢ = Emb ([0, 1],R™) /Diff" ([0, 1]) .

We have the important property about the set of curves.

Proposition  2.37. ([12, 20, 67, 68]) The quotient € =
Emb ([0, 1], R™) /Diff* ([0, 1]) is a smooth Hausdorff manifold.

Arc Length

We recall that a curve is an image of an embedding. A parametrization of a curve

is an embedding from [0, 1] to R™.

Definition 2.38. ([89, 97]) Let 7 be a curve and let v € Emb ([0, 1],R™) be a
parametrization of 7. Its length L is defined by

1
Ly = [ (o).
0
The function [, : [0, 1] — [0, L,,,] defined by

o) = [0l
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is called the arc length of the curve (it is the length of the arc between v(a) and

7(w).
We have the important properties:

Proposition 2.39. ([7, 53, 89, 97]) The length of a curve does not depend on

reparametrization.

Proposition 2.40. ([7, 53, 89, 97]) Let 7 be a curve and let v € Emb ([0, 1], R")
be a parametrization of 7. The function [, is an increasing diffeomorphism form
[0,1] to [0, L7].

2.4.2 Bézier curves

The Bézier curve was widely publicized in 1962 by the French engineer Pierre
Bézier. The set of all Bézier curves of degree D is a finite dimensional vector
space. Each Bézier curve just depends on a finite number of control points and
it lies on convex hull of these control points. The Bézier curves space is used to

make the approximation in the space of continuous curves.

Definition 2.41. ([38, 44, 72]) (Explicit definition) Let P = {Fy,..., Pp} be a
set of distinct points P, € R™, Vi = 0,...,D. The Bézier curve associated to the

set P define as follows

D

B([Py,...,Ppl,t):=>_ Pbip(t), tel0,1], (2.1)
=0
where b; p(t), i =0,..., D, represents the Bernstein polynomial which is given by

bi p(t) (p)ti (1— )P

4

Definition 2.42. ([38, 44, 72]) (Recursive definition) Let P = {Fy,..., Pp} be a
set of distinct points P, € R™, Vi = 0,...,D. The Bézier curve associated to the
set P is

B([PO7---,PD],t) =
(=08 (... Pp-a]:t) +tB ([P, Pplt) if D=1.

Definition 4.9 and Definition 2.42 are equivalent.
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Remark 2.43. From (4.1), the Bézier curve lies inside the convex hull of its control

points.

From Definition 4.9, all Bézier curves are polynomial curves. Conversely, from

properties of Bernstein polynomials, all polynomial curves are also Bézier curves.

Theorem 2.44. ([13, 38, 43, 44, 72]) Let I" be a continuous curve on the interval

[0, 1]. There exists a sequence of Bézier curves {I',,} which tends uniformly to T

Definition 2.45. ([38, 44, 72]) Let P = {Fy,..., Pp, ..., Ppn} be a set of distinct
points P, € R",Vi = 0,...,DN — 1. An N-piece Bézier curve I" : [0,1] — R"
associated to the set P = {F,...,Pp,..., Ppy} is formed by N Bézier curves
B([Pjp,--.,Pjp+p|,t) which is a Bézier curve of degree D associated to D + 1
points Pjp, ..., Pjpy+p,7=0,...,N — 1.

I'(t) = B([Pp,--., Pipyp), Nt — j) if t €
Theorem 2.46. ([13, 38, 43, 44, 72]) Let I be a continuous curve on the interval

[0, 1]. There exists a sequence of N-piece Bézier curves {I'y } which tends uniformly
to I'.
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Chapter 3

Normal forms of parametrized
curves and the distance between

curves

We consider oriented curves, i.e., each curve has a starting point and an end point.
This is not the case in the literature on distance on the space of curves since they
often consider closed curves without consideration of the orientation. That fact can
explain that the simple ideas presented here can not be found in current literatures.
We note that we consider only parametrized curves and parametrizations of curves
are embeddings.

The set of curves is an infinite-dimensional manifold and a curve has infinitely
many parametrizations. In order to define a distance between curves, we need to
find a distance which is independent in the chosen parametrizations. The distance
between curves is often calculate by geodesic distance ([8, 9, 17, 19, 24, 54, 69])
or elastic distance ([51, 63, 95, 96]). But those distances are difficult to compute.
We determine a special parametrization of each curve. This parametrization is
called the normal form of the curve. Each curve is presented by a normal form,
so we identify the set of curves with the set of normal forms. Using normal forms
of curves, we can define a distance between curves. From the distance between

curves, we can research topologies and differential structures on the set of curves.

3.1 The set of curves

The goal here is to explain that we can restrict our work to the study of

parametrizations from [0, 1] to R™ and define the set of curves as a quotient space.
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A curve is an image of a compact interval by an embedding. The set of curves
is denoted by €. A parametrization of a curve is a function from a compact interval
I to R™. There always exists an isomorphism from the compact interval I to the
segment [0, 1], so we consider I to be [0,1] without loss of generality. In this
chapter, a parametrization is an embedding from [0, 1] to R™. We denote the set
of embeddings from [0, 1] to R” by Emb ([0, 1], R"). In order to reparametrize,
we consider Diff" ([0, 1]) being the set of increasing diffeomorphism from [0, 1] to
[0, 1]. If v is a parametrization, yo4 is also a parametrization of the same curve for
all § € Diff" ([0,1]). The group Diff* ([0,1]) acts on Emb ([0, 1], R") on the right.
Each curve is presented by a class [7] := {y 04| § € Diff* ([0,1])} in the quotient
Emb ([0, 1], R™) /Diff* ([0, 1]) . So,

¢ := Emb ([0, 1], R™) /Diff* ([0, 1]) .

In all the reminder of this thesis, we will refer to € as the set of curves.

3.2 The normalization on Emb ([0, 1], R")

A curve has infinitely many parametrizations. We want to determine a normal form
of each curve. From the idea that two parametrizations of a curve are equivalent
and the length of a curve does not depend on the reparametrization, we construct
a normalization on Emb ([0, 1], R") for the action of Diff" ([0,1]).

The group Diff* ([0, 1]) acts on Emb ([0, 1], R") on the right. The associated

equivalence relation is defined as follows:

Definition 3.1. Two embeddings 71,72 € Emb ([0, 1], R™) are equivalent if there
exists 6 € Diff" ([0,1]) such that v, = 75 0 6.

Let us consider the following map from Emb ([0, 1], R™) into itself.
Definition 3.2. We define the map I as follows

9 : Emb ([0, 1], R") — Emb ([0, 1], R")
v N(y) =0l ok,

where

1
o ky:[0,1] — [0, L,], ky(v) = v.L, with L, = [[|§(s)||2ds is the length of ~.
0
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o [, :[0,1] — [0, L,], I,(v) = [|IF(s)|l2ds is the arc length of ~.
0

It is clear that [ 'and k., are smooth functions and their derivatives are positive.
Since I5! o k, goes from [0,1] to [0,1], the map ;' o k, € Diff* ([0, 1]). Thus 9 is
a map from Emb ([0, 1], R™) into itself.

We will show that the map 91 is a normalization on Emb ([0, 1], R™) with respect
to the action of Diff" ([0,1]) on Emb ([0, 1], R™).

Proposition 3.3. For any v € Emb ([0, 1], R™), we have DN(v) = 9N (N(7)) .

Proof. Let t € [0,1]. From the definition of 9N, it is easy to see that the point
v € [0,1] satisfying [||§(s)||2ds = tL. will hold the following formula
0

By the same reasoning, we also have
N(N()) (£) = N(y)(w) =7 (15 0 ky)(w))

for some u € [0,1] and [ [[(DN(7))’ (3)”2 ds = tLyy).
0
Because M(y) =y ol ' ok, and IJ' ok, € Diff" ([0,1]),

J I @lyds = [ Il (@5 ok ), (157 0 k) )i

0
(15 " oky) (u)

= [ 16

and Lrﬁ(,y) = L,Y. Then

where u € [0,1] and

(15 oky) (w)

5l ds =ty = [ (s}l ds.
0 0

Hence we have (1! o ky)(u) = v and M (N(y)) (t) = v(v) = N(7)(t). This means
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that

[]

Proposition 3.4. Let v, § € Emb ([0, 1], R™). Then D(vy) = N(S) if and only if

v is equivalent to 3.
Proof. If N(y) = N(B), we have yol ok, = fo lgl o kg. So,

=0l okso (1T o k) = o (I3 o ko (1 0 k) ).

Since 17! o k, € Diff* ((0,1]) and ;" o kg € Dift* ((0,1]), [ o kyo (5o k)" €
Diff* ([0, 1]) . This means that v is equivalent to 3.
If v is equivalent to 3, then v = 8o § for some & € Diff" ([0,1]). Let ¢ € [0, 1].

From the definition of 9, it is easy to see that the point u € [0, 1] satisfying
[118(s)|lads = tLg will hold the following formula
0

By the same reasoning, for v € [0, 1] such that [||¥(s)|l2ds = tL,, we also have
0

Because v = [ o 4,

/ ()l ds = / 18 (5, & (s)ds = / E®

and Lg = L. Thus v = §(v) and N(B)(t) = B (§(v)) = N(v)(t). Therefore

From the two above propositions, we have the following theorem.

Theorem 3.5. The map D is a normalization on Emb ([0, 1], R™) with respect to
the action of Diff" ([0, 1]) on Emb ([0, 1], R") .
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Two equivalent embeddings have the same normal form. So, each equivalence
class on € is presented by a normal form. We identify the set of curves with the

set of normal forms

¢ =9 (Emb ([0,1],R?)).

Therefore we can consider the map I as follows

9 : Emb ([0, 1], R") — € C Emb ([0, 1], R")

3.2
v = N(y). 32

Thanks to the map 91 we will be able to consider € as a submanifold of
Emb ([0, 1], R").

3.3 The distance between curves

A curve is represented by a normal form. In order to define a distance between
curves, we will use the normal forms of those curves. Doing so, we can define a
distance between curves which is independent of the chosen parametrizations. It

is to say that, it is a distance between curves in the geometric meaning.
Definition 3.6. The function d™ is defined as follows

¢ x ¢ - R

(M), N(B)) = d" (N(y), N(B)) := / 19) () =B dt,

where ||-]| is the Euclidean norm on R™ and 9(~), 91(f) are normal forms in €.
Proposition 3.7. The function d” is a distance on the set of curves €.

From properties of the Euclidean norm on R” and the integral, it is clear that d™
satisfies all conditions of a distance. Since 91 is a normalization on Emb ([0, 1], R")
with respect to the equivalence relation associated the right action of Diff" ([0, 1]),

we have the following property.

Proposition 3.8. The distance d” does not depend on the chosen

parametrizations.

Remark 3.9. This distance is called the normal form distance or the distance

through normal forms.
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Using this distance between curves, we study topologies and differential

structures on the set of curves.

3.4 Topologies on the set of curves ¢

The set of curves € is a manifold by itself and d” is a distance on €, so the set of
curves € has the topology induced by the distance d”. The set of curves € is also
a quotient of the right group action of Diff* ([0, 1]) on the space Emb ([0, 1], R"),
thus we have the quotient topology on the set of curves €. Furthermore, the set
of curves € is a submanifold of the space Emb ([0, 1], R"), so € has the induced
topology inherited from the classical topology of Emb ([0, 1], R™). In Section 3.2,
we will compare the topologies on the set of curves €.

We note that on the space Emb ([0, 1], R™), we consider the classical topology

which is induced by the classical distance

d(a, ) = / lalt) — B(t)]ldt,

where ||-|| is the Euclidean norm on R" and «, # € Emb ([0, 1], R").
We first compare the topology induced by the distance d and the quotient
topology on the set of curves €. The following lemmas is used to the comparison

of the topologies.

Lemma 3.10. On the set of curves €, the topology induced by the distance d” is
not a subset of the quotient topology.

Proof. We will show that there exists an open set in € for the topology induced
by the distance d™ such that it is not an open set in € for the quotient topology.

Let v(s) = (s,0),s € [0,1] be an embedding. We have 91(y) € € and an open
ball BMN(7), 55) := {N(¥) € €: d™(N(7),N(¥)) < 55, } C € in € for the topology
induced by the distance d”. We will prove that B(91(7), 55) is not an open set in
¢ for the quotient topology. This means we show that M~! (B(9(v), 55)) is not
an open set in Emb ([0, 1], R™) for the classical topology.

It is clear that v € M (B(M(y),55)). We consider a sequence {v,} C
Emb ([0, 1], R") as follows

(s,0) if s€[0,1—1/n],

Tn(8) = (1= (n-1)s+@-n—-1) ifsel—11].

32 Distance, geometry of the set of curves and optimal trajectories



3. Normal forms of parametrized curves and the distance between curves

We have the normal form of v, as follows

(s(2 - 2),0) if se0,3],
(1-2,s2-2-1+1)) if se[}1]

N =

N |—

and the normal form of v as follows

m(V)(S) = 7(5) = (370)’ s € [07 1]'

We have d(7,,7) = 0 as n — oo. So, if M (B(MN(7), 55)) is an open set then
Yo € N (B(M(7), 55)) for all n large enough.
However,

" (N(7), N(7m)) Z/IIW(%)(S) = N(y)(s)ll ds

1/2 1/2
2s
> [ 196)(6) = @) ds = [ [s = Fas
1/4 1/4
~ 3 1
32 2n
This implies that for all n large enough, d*(MN(7),N(1)) > & — 3= > 33 and
1

N(vn) € BN(Y), 55). Then N HN(1,)) 3 v & N (BMN(7), 55)) for all n large
enough.

Therefore M (B(M(7), 35)) is not an open set in Emb ([0, 1],R") for the
classical topology. O]
Lemma 3.11. On the set of curves €, the quotient topology is a subset of the

topology induced by the distance d™.

Proof. Let U be an open set in € for the quotient topology. We show that U is
also an open set in € for the topology induced by the distance d™.
If U is not an open set in € for the topology induced by the distance d”, then

there exists an element 9(y) € U such that for every r > 0, we have

B (M(y),r) = {N() € €: d" (N(y), N(¥)) <r} £ U.

This means that there exists a sequence {9(7,)} C € such that

Niy) € U¥n and d (R(3,), R) < -
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We consider the sequence {M(v,)} € Emb ([0, 1], R™). We have d (D(7,), N(7y)) =
' (N(yn), N(Y)) < % This means N(7y,) — MN(y) as n — oo. It is clear that
N(y) € N1 (N(y)) and N~H(U) is an open set in Emb ([0, 1], R™) for the classical
topology. Because M(v,) — M(y) as n — oo, there exists NV such that

N(y,) € N H(U),Vn > N.

Therefore 9 (N(v,)) = N(y,) € U for all n > N. This contradicts N(y,) ¢ U
for all n. So, U is also an open set in € for the topology induced by the distance
d™. O

Combining the two above lemmas, we have the following proposition.

Proposition 3.12. On the set of curves €, the topology induced by the distance
d™ is strictly thinner than the quotient topology.

Consequently, the topology induced by the distance d” brings more information
than the quotient topology. We next compare the induced topology and the

quotient topology on the set of curves €.

Proposition 3.13. On the set of curves €, the induced topology is strictly thinner
than the quotient topology.

Proof. Let U be an open set in € for the quotient topology. By the definition of
the quotient topology, we have 9171(U) is an open set in Emb ([0, 1], R") for the
classical topology. And by the definition of the map M, we have U C N~ 1(U).
Hence U is an open set in € for the induced topology since U = U NN~ (U) and
M~1(U) is an open set in Emb ([0, 1], R™) for the classical topology. This means
that the quotient topology is a subset of the induced topology.

The opposite is not true. We will show that there exists an open set in € for
the induced topology but it is not an open set in € for the quotient topology. We
consider y(s) = MN(y) = (s,0), s € [0,1] and the set A = €N B(7, 55), where

B(y), €) = {7 € Emb ([0, 1], R") : d(y,9(7)) < e} C Emb ([0, 1], R").

It is clear that A is an open set in € for the induced topology. We prove that
M 1(A) is not an open set in Emb ([0, 1],R") for the classical topology. Let a
sequence {7,} C Emb ([0, 1], R™) as follows

(s,0) if s€[0,1—1/n],

Tn(s) = (1= (n-1)s+@-n—-1) if sel—11].
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We have the normal form of v, as follows

and the normal form of v as follows

m(V)(S) = 7(5) = (370)’ s € [07 1]'

Thus

d™ (N(7), M) Z/IIW(%)(S) = N(y)(s)ll ds

1/2 1/2
2s
/Il‘ﬂ ) (7)(8)I|d82/ 5= 22as
1/4 1/4
1
32 on’

We have d(Vn,7y) — 0 as n — oo. But for n large enough, d>(N(7), N(y,)) >

2 — 3= > 55 and N(7,) € B(MN(7), 55)- Then, there exists a sequence {v,} such
that Yo — 7 € NHA) but {y,} ¢ M (A). This means that 917(A) is not an
open set in Emb ([0, 1], R"™) for the classical topology.

]

Then, the induced topology brings more information than the quotient
topology. Finally, we study the relation between the induced topology and the
topology induced by the distance d” on the set of curves €.

Proposition 3.14. On the set of curves €, the induced topology equals the
topology induced by the distance d™.

Proof. Let A be an open set in € for the induced topology. We show that A is an
open set in € for the topology induced by the distance d™. By the definition of the
induced topology, there exists an open set U in Emb ([0, 1], R™) for the classical
topology such that A = €N U. For any M(yy) € A, there is an open ball

BM(0), €) = {7 € Emb ([0, 1], R : d(v, N(y)) < e} < Emb ([0, 1], R")

in Emb ([0, 1], R™) for the classical topology such that B(9(vy0),e) € U. We
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consider an open ball in € for the topology induced by the distance d™ as follows

By(M(30), €) i= {N(7) € €1 ™ (N(30), N(7)) < ¢} € €

It is easy to see that Byn(DM(v0),€) C B(M(Y0),€). So, N(v) € Bn(MN(y0),€) C
¢€NU = A. This means that there exists the open set Byn(91(70),€) in € for the
topology induced by the distance d™ such that 9(vo) € Bx(M(70),€) C A. Then
A is an open set in € for the topology induced by the distance d™.

Let A be an open set in € for the topology induced by the distance d™. We
show that A is an open set in € for the induced topology. For any M(v) € A,

there exists an open ball

Ba(M(0). ) == {N(7) € € d™(N(r0). N() < ef €

in € for the classical topology such that DM(vy) € Bn(M(10),€) C A. We consider
an open ball in Emb ([0, 1], R™) for the classical topology as follows

BM(v0),€) == {”y € Emb ([0,1], R") : d(y, 9N(y)) < e} c Emb ([0, 1], R").

It is clear that Byx(9(70),e) = € N B(M(70),€). This means that there exists
the open set € N B(M(7),€) in € for the induced topology such that N(vy) €
€N B(M(y),€) C A. Then A is an open set in € for the induced topology.

[

3.5 Continuous functions

From the topologies on the set of curves €, we study the continuity of functions
on the set of curves €.
Let X be a topological space. Continuous maps from € — X will come from

continuous maps from Emb ([0, 1],R") — X being invariant under the action of
Diff* ([0, 1]).

Definition 3.15. Let X be a topological space. A function f : Emb ([0, 1],R") —
X is called compatible with the action of Diff" ([0, 1]) if M(y1) = M(72) implies

f(n) = f(2)

Proposition 3.16. Let X be a topological space. Let f : Emb ([0, 1],R") — X

be a function such that f is continuous for a classical topology on Emb ([0, 1], R")
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and f is compatible with the action of Diff" ([0, 1]) . Then there exists a continuous

function f : € — X for the quotient topology such that

FNM)) = f(7),¥y € Emb ([0,1],R").

(3.3)

Since f is compatible with the action of Diff™ ([0,1]), f is well definited on €. We

prove that f is a continuous function.

Let U be an open set on X. We show that [ 1(U) =
{N() € €|f (N(y)) = f(y) € U} is an open set on € for the quotient topology.
By the definition of the quotient topology, we need to show that 91! ( YU )) is
an open set on Emb ([0, 1], R").

The function f is a continuous function and U is an open set on X, hence the
set f~1(U) is an open set on Emb ([0, 1],R"). We will prove that %= (f~*(U))
equals f~1(U).

Let v be an element in M~ (f~1(U)). We have M (y) € f1(U). Clearly,
f(y) =F (M) € U. So,

ve fHU), Yy e (D).

Equivalently, @~ (f~*(U)) c f~1(U).
Let 7 be an element in f~*(U). We have f (N(7)) = f(y) € U. Clearly, N(y) €
fH(U). So,
YENT N(M) CNT (V) ), Yy e ).
Equivalently, f~'(U) c M~! (f~1(U)).
Thus N~ (f1(U)) equals f~*(U). This means that f~'(U) is an open set on
¢ for the quotient topology. Therefore f is a continuous function for the quotient

topology and it is clear that

F () = f(7),¥y € Emb ([0,1],R").
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3.6 The tangent space

We want to understand differential structures of the set of curves € in order to be
able to do variational calculus. Then in this section, we show the existence of the
differential of the map 91 going from the tangent space of the embedding space to
the tangent space of the set of curves. Hence we research the tangent space of the

set of curves.

We first define the tangent space of Emb ([0, 1], R™) and the tangent space of the
set of curves €. We show that for v € Emb ([0, 1], R"), there exists the differential
of M at ~

DN(y) : T,Emb ([0, 1], R™) — Ty €.

Furthermore, for any v € Emb ([0, 1], R"), we will construct a group H acting on
T,Emb ([0, 1], R") on the right such that 7, Emb/H is isomorphic to T €.

3.6.1 Definition of the tangent space of Emb ([0, 1], R")

At each v € Emb ([0,1],R"), the tangent space 7,Emb ([0, 1],R") is defined as

follows:

Let f :t € (—€,¢) — f; € Emb([0,1],R™) be a smooth function such that
fo =. The derivative of f at t = 0 is defined by

Two smooth functions f : t € (—¢,€) — fi € Emb(]0,1],R") and g :
t € (—€,€) — g € Emb([0,1],R") such that fo = ¢go = 7 are said to be
equivalent at ¢t = 0 if and only if the derivatives 0, fy, J;go coincide. This defines
an equivalence relation on the set of all smooth functions initialized at ~, and
equivalence classes of such curves are known as tangent vectors of Emb ([0, 1], R")
at 7. The equivalence class of any such function f is denoted by 0, fo. The tangent
space of Emb ([0, 1], R™) at v, denoted by T,Emb ([0, 1], R"), is then defined as the

set of all tangent vectors at ~.

C1(0,1],R") is an affine space with C' ([0, 1],R") as the underlying vector
space. So, to each v € C*'([0,1],R™) we have T,C* ([0,1],R") = C* ([0, 1], R").
Furthermore, Emb ([0, 1], R™) is a dense open subset in C' ([0, 1], R") (][22, 31, 57,
68]). In a way that for every v € Emb ([0,1],R") we have T, Emb ([0, 1], R") =
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T,C* ([0,1],R™) . Then for any v € Emb ([0, 1], R") we have

T, Emb ([0, 1], R") = ¢ ([0, 1], R™).

3.6.2 Definition of the tangent space of the set of curves ¢

At each M(7) € €, the tangent space Ty, € is defined as follows:
Let f:t€ (—€,€) — f, € € be a smooth function such that fo = N(y). The
derivative of f at t = 0 is defined by

O:fo = O, f: o lgo fio fo

Two smooth functions f : t € (—e,e) — fie Cand §: t € (—e,€) = § € €
such that fo = go = MN(v) are said to be equivalent at ¢ = 0 if and only if the
derivatives 0, fo, 0:go coincide. This defines an equivalence relation on the set of
all smooth functions initialized at 9(y), and equivalence classes of such curves are
known as tangent vectors of € at 9(y). The equivalence class of any such function
f is denoted by 0, fo. The tangent space of € at 91(7y), denoted by Tiy)€, is then

defined as the set of all tangent vectors at DM(7).

3.6.3 The differential of the map N

In this subsection, we show that for v € Emb (]0,1],R™), there exists the
differential of 9 at v going from the tangent space of Emb ([0, 1], R") at v to
the tangent space of € at 91().

Firstly, we remark that for any 4 € Emb ([0, 1], R") we have N(v) = vol; ok, €
Emb ([0, 1], R™). Then the map 9t : Emb ([0, 1], R") — € is an embedding. So, the
limits and everything take place in Emb ([0, 1], R").

In order to show the differential of the map 91, we need some lemmas as follows:

Lemma 3.17. Let f,g: [0,1] — R" be two continuous functions such that f(v) #
Ogn for every v € [0, 1]. The following holds

FI£0) +tg(0)lads = [IF 0ot !
o _ [ utstn,,

t—0 t

From the properties of the inner product and the integral, we can easily prove

this lemma. Using this lemma, we have the following lemma.
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Lemma 3.18. Let ¢ > 0 and f : ¢t € (—¢,¢) — f; € Emb ([0, 1],R™) be a smooth

function. Then for any v € [0, 1] we have

1

o)~ bl (00 o), Do fol0)
= ||afo o

lim
t—0

0

Proof. Let v € [0, 1]. Because f is smooth and using Taylor’s theorem ([23, chapter
5, p. 111]) for f at t = 0, we have

2
fi= fo+ 1000+ S0uf. (3.4)

for some real number ¢ between 0 and t¢. Since f is smooth and f;, fo, fo €
Emb ([0, 1], R™), we can take the derivative of the functions in (3.4) with respect

to the variable v and obtain

2
0ui(0) = B0 o) + 100 fo(v) + 5 ol0)

for some real number ¢ between 0 and ¢. Then we have

kg, (v) — kg, (v)

f 100 fe (V)] dv — flla Jo(v)lly dv

Ly —ovlL
zlimv fo 7Y fo — 4 1lim 2
t—0 t t—0 t
1 t2
SN0y fo(v) + tOh fo(v) + §8twfc( )2dv — f 10y fo(v)][, dv
—vlim ©
t—0 t
1
SN0y fo(v) 4 0y fo(v)]]2dv — f 10y fo(v) ||, dv
—vlim °
t—0 t

1

2 2
v lim % / <2av fo(v) + 2t fo(v)+%am £(0), O fc(v)>dv

tel-5.51 7 9

Since f is smooth on (—¢, €) x [0, 1], the functions 9, f, Oy, f and Oy, f are bounded

on the compact set [—¢, 5] x [0, 1]. Thus

1

S 110 fo(v) + t0h fo(v)||2dv — f [0u fo(v) |l dv
i K1 (V) = ko (V) _ D
t—0 t t—0 t
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Because fjy is an embedding, 0,fy(v) # Ogn for all v € [0,1]. Applying Lemma
3.17, we get

lim
t—0 t

k(o) — k@) [ {Dufolv), O folo))
‘“/ o fol)l,

The following lemma states the differential of the map [> L

Lemma 3.19. For any v € Emb ([0, 1], R"), the function

= / 17(s)l ds

has an inverse function (lv)_l which is continuously differentiable.

Proof. 1t is clear that [, is continuously differentiable. Since v is an embedding,
j(s) # Ogn, Vs € [0,1]. So ||§(s)]|, > 0, Vs € [0,1]. Applying Inverse mapping
theorem ([58, chapter 17, p. 418]), the function [, has an inverse function (I,)™"

which is continuously differentiable. O

Using the above lemmas, we define the differential of the normalization 91 as

follows:

Definition 3.20. Let v € Emb ([0,1],R"). For any @ € T, Emb ([0,1],R™), let
f:te(—€e€)— fr € Emb([0,1],R") be a smooth function such that fo =~ and
Oy fo = u. We define the function DN(y) as follows

DN(v) : T,Emb ([0, 1], R") — Tyy()€

= Oufo = DN(7)(10) = %(‘ﬁ(ft)>

t=0 t—0 t

The function D91(y) is called the differential of 91 at ~.

We show that — ( (ft)> ) L exists and —( (ft)> L does not depend on the

chosen function f. So we Wlll find the formula of the dlfferentlal of M at ~.

We propose two ways to compute the formula of the differential of 91 at v using
two different methods and check that those give the same result.

First way: we use the derivative of a composite function and compute

d

S| = S (@ oks)@) | by wsing Iy 0 2 = k.

t=0
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We set z, := 1ok, :[0,1] = [0,1]. For v € [0,1], we have

()| = (ol o k)®)| = Sh(zaw)]
=0ifi <th ) =0 +0:f; <th (U)> t:o'% <th (v)) =0

=0u1o (20, (0)) + 0-fo (2 (0))- = (20(0))
=ii(2(0)) + 32 (0)- % (21(0)

t=0

t=0

From Lemma 3.18, we have

Oy [ ds — Oy d
4 :hmfo fi(s)ll2ds fo fo(s)ll2 Szv/l<6”f°<s)’at”f°(8)>ds
a7 t=0 t—0 t / 100 fo(s)]],
1
(¥(s), u(s))
= d
/ O
Furthermore,

lft ¢ th = ]{th.
Then, for v € [0, 1], we have

e (v)

Gihn0) =50 20)0) = Lo (20)) = 5 [ 10,505 s

0

2, (v)
_ / %Havft(s)”?dwrH&th(zft(v))||2-%th(v)
0
_ Zf/t(v)@vft(S)a OuttS)) 4o 116, ol () L2 (0)
10.£:(5)12 s
So,
d | d T (), B fi(5))
Ezft<v) = ||avft(zft(v))||2 Ekﬁ(v) a / 10u f(5)]]2 s

42 Distance, geometry of the set of curves and optimal trajectories



3. Normal forms of parametrized curves and the distance between curves

gy (v)
4w =2 Ayl [ 2ufo(9).0uh(9)
R A TR R B (dtkff”to / 9. fols) d)

1 . 2 (v) )
_ 1 o [GGs)als) o ((s)als))
REEIIE ( / el / ROl d)‘

Then
C(RGI)] = 0) + A0 Crlo))|
1 ) 2y(v) .
e ) [ G, T Gl
e ”*vwv))g('of Fok | G, d)’

where z,(v) = (I 0 ky)(v).
So, for v € [0, 1], we have

< ()

A (L FGEL) 0 G
o O R R ( JReL d)’

where z,(v) = (I;' o ky)(v).

~

Second way: we compute pr (zf,(v))

t=0

We set 2, := 17" o ky 1 [0, 1] — [0, 1]. For v € [0, 1], we have

S(aw)|_ =5 (ot e k)] =
—atft(zft |, o8 (za )| o o)

=000 (20(0)) + 0.0 (25, (0)) . & (25, 0)
=ii(2(0)) +3(25(0)). o (25, 0)

S0 (e )
d

t=0

t=0

t=0

t=0

= (U5 o k)

directly. Suppose that

t=0

d
i1l -
We will compute o (z4,(v)) o

to = (l;ol @) kfo)(v) and tl = (l;tl ©) k’ft)('l)>
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Then, t 1
J10us6Mts = [0t (36)
and Otl 01
J10.55) s = v [ 10,89l B.7)
] 0

We have that fi(s) = f(¢,s), hence

avft(s) :avf(tv 3) = avf(oa 8) + 8tvf(0a S)t + O(t)
:ava(s) + atva('s)t + O(t)
Zavfo(s) + g(t7 S)'

So,

10,505 s = [112u50(5) + gt ) ads
0 0

L (3.8)
. S 2 <avf0(5)7g(t7 8)> + Hg(t> S)H% s
-/ (10 o 5 T 1)
and
/ 10uf2(5) |2ds = / 10ufols) + g(t, 5)]|ads
’ 0 (3.9)

t1

B s 20 0(8) () + e
0/ <”a”f°< Nt 5, (o) + 9t 9) et 9, s>uz> !

Combining (3.7), (3.8) and (3.9), we have that

1

f (”avfo<s>||2+ 2 (Dufo(s), 9(t, 5)) + llg(t, )3 )ds

100 fo(s) + g(t; s)lla+ + [lg(t, )ll2

t1

) e 200uf0(s). gt ) + o 9E Y
_0/ ("‘9”f“( Nt 50 fols) + 9 5)lat + ||g<t,s>||2) s
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to 1
Since [|0yfo(s)]l2ds = v []|0, fo(s)||2ds, we get
0 0

2(0,0(5), 9(t, ) + ot 9,
[9ufols) + gt )+ g 5.1

to 1
/ 100 fo(5) lads + v
0 0

t1

B s 200u(s). 0t ) + o 9E Y
_0/ (”a“f“( Nt 15,108 + 9t )+ + T s>||2) s

Hence

/ 100 fo(s)ll2ds

(Oufols),9(t,9)) + llgt )3 (@0 fo(5), g(t, 5)) + llg(t, )3
- /7 I

|0u fo(s +gt@M++MgtSM |0v fo(s <+9t$h++Hﬂt$h

Dividing both side by ¢ and passing to the limit as ¢ — 0, we obtain

Y [ Oufal5) o)), [ (Oufols). Bufols)
?i%tt/ "8”f0<5)"2d$‘“0/ oufotsil, / oufols)l

On the other hand, we have that

t

hm /”8 fg |2d8 B ”8 fo(to)”z hm

Hence, we obtain that

1
.t —to 1 (0 fo(s), O fo((s (0ufo(5), Ok fo(s))
1 = d
=0t oAl (/ b / e )

0

B 1 ; (D fo(s), O fo(s)) <
=0 ||3vfo(to)|’2< / 10 fo(8) 1] !

(Oufo(s), O fo(s))
/ 19ufol), dS)'

0

= ({15} 0 k1) (0)
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Then,

S(RR)|_, =) + 3 0) 5 Ga) |
=i(z (1)) + 4 (0). 4 (050 k) @) |
. ) (, [ @hls).0uhs) .
_<7())+|3f0 )2 (0/ 100 fo(5)][ !

_/<auf0(8)7atvf0(8)>d8
[0l

ity A0 (TG, G,
~ R, ( / Bl / el )

where tg = z,(v) = (I;' 0 k) (v).
So, for v € [0, 1], we have

p ) ( ., Md)
B | |

T ECIE ol TG,

where to = (7' 0 k) (v).

d
We observe that E<‘ﬁ( ft))‘ just depends on v and #. Then the function
t=
DN(y) : T,Emb ([0, 1], R"™) — Ty (’I is well defined.

Remark 3.21. The definition does not depend on the chosen f.

It is easy to see that the function D9(y) : T,Emb ([0, 1],R") = Tin€ is a
linear map. We next consider how the action of Diff" ([0, 1]) goes to the differential
of the map .

Proposition 3.22. Let v € Emb ([0, 1], R") and § € Diff" ([0, 1]) . For any smooth
function f :t € (—¢€,¢) — f; € Emb ([0, 1], R™) such that fy =+, then

N (Dufo) = DR(y 08)(Dh(fo 9)).

Proof. We have M (fo00) = MN(fo) = N(y) and N(frod) = N(f;) for every
t € (—¢,€). Then DN(7) (s fo) = DN(y 0 6)(0y(fo 0 0)). O

The following proposition presents the images of the differentials of the map 9

at two equivalent embeddings.
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Proposition 3.23. If two embeddings «, 5 are equivalent, then the image of
D9(«) and the image of DN(S) are the same.

Proof. We first show that DN(«) (T, Emb ([0, 1], R™)) -
DN(SB) (TzEmb (]0,1],R™)). For any @ € T,Emb([0,1],R™), there exists a
smooth function f : t € (—e€,€) — f; € Emb([0,1],R") such that fy = « and
Oifo = . Because «, 3 are equivalent, there exists § € Diff" ([0, 1]) such that

a = 0. We consider the function

g: (~€,€) — Emb ([0, 1], R")
t— g = fi0d.

It is easy to check that gy = aod = § and g is smooth. So 0,9y € TsEmb ([0, 1], R™).

Using Proposition 3.22, we have

DN(a) (9.fo) = DN 0 6) ((Aulfo  8)) = DN(B) (o)

Then
DN(a) (@) = DN(B) (9rgo) € DN(B) (T5EmD ([0, 1], R")).

This means that DN(«) (T,Emb ([0, 1], R™)) € DN(B) (1TsEmb ([0, 1], R™)) .
Similarly, we have DN(8) (IsEmb ([0, 1],R™)) € DMN(«a) (T,Emb ([0, 1],R™)).
O]

The following proposition states that the differential of 91 at an embedding is

a surjection.

Proposition 3.24. For v € Emb([0,1],R"), the function D9(y)
T,Emb ([0, 1], R") — Tin(,)€ is surjective.

Proof. For any @ € Tin,)<, there exists a smooth function fite(—ee)— fiec
such that fo = MN(7) and 8, f, = @. Because € C Emb ([0, 1], R") and there exists
§ € Diff" ([0,1]) such that 91(v) o § = 7, we consider

f:(—€,¢) = Emb([0,1],R")
ts fri=fro0.

It is easy to check that f is a smooth function and fy = . Then

d,f, € T,Emb ([0, 1], R").
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We have M (fo) = MN(y) and N(f;) = ‘Jt(ft 0d) = ft for every t € (—¢,€). So
DN(y) (Orfo) = 3th = 1.

Therefore the function DN() is surjective. O
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Chapter 4

The space of N-piece cubic Bézier

curves

Just as rationals give a way to approximate real numbers, Bézier curves and
piecewise Bézier curves are used to approximate continuous curves. Piecewise
uniform cubic Bézier curves are most common in practice. We will make
special emphasis on the space By of uniform N-piece cubic Bézier curves. For
convenience, we sometimes drop “uniform”.

In this chapter, we define a new norm ||-||’> on the space Bp of Bézier curves
of degree D and a new norm ||-[|;** on the space By p of uniform N-piece Bézier

NP are determined through control

curves of degree D. The norms ||-||7» and 112
points. This chapter deals with the equivalence constants for the norm |- ||z]f M3 and
the L, norm on the space By 3. This is the core idea of Algorithm 2 on page 86 in

Chapter 5 using piecewise uniform cubic Bézier curves.
Theorem 4.1. Let p € [1,00[U{oc}. For any I' € By 3, we have
7], < T~ < 25 0],

A Bézier curve of degree D can be written as a Bézier curve of degree D + 1.
Then we have more control points in order to give additional freedom for curve

design. We will study the equivalence constants for the norm ||-||, ™" and the norm

BN, D+1

Il on the space By p.

Theorem 4.2. Let p € [1,00[U{oc}. For all I' € By p, we have

1

— = TIBvp < ||T|IBN.D+1< 2T BN.D
s P < < 2l
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4.1. Norms on the space of parametrizations

A uniform N-piece cubic Bézier curve can be split to become a uniform 2N-
piece cubic Bézier curve. This approach creates extra control points in order to
give additional freedom for curve design and avoids increasing the degree of the
curve. Splitting piecewise cubic Bézier curves plays an important role in Algorithm
2 on page 86 in Chapter 5 using piecewise uniform cubic Bézier curves. So, we

2N,3

investigate the equivalence constants for the norm ||-||»*** and the norm |[-||o™*

on the space By 3.

Theorem 4.3. Let p € [1,00[Ucc. For any I € By 3, we have

. 1 1 Bns Ban3 1/p Bn,3
min { o, 7 HIDIE2< D)o < 317 s,

4.1 Norms on the space of parametrizations

In this section, we recall the L, norm and define a norm |||, on the space of
parametrizations. The norm ||-||, is invariant under any change of parametrization

and convenient for computations.

4.1.1 The space of parametrizations

A parametrization of a curve is a map from the parameter interval [0, 1] to R™.
The image of a parametrization is called a curve. A parametrization contains more
information about a curve than its image. It tells us, for example, how fast we go

along a curve. Let us first fix some notations and definitions:

Notation 4.4. ([34, chapter 1, p. 3]) C°([0,1],R") is the set of continuous

parametrizations on [0, 1].

The set C°([0,1],R") is a vector space over R. Since the segment [0,1] is
compact and each parametrization in the vector space C° ([0, 1], R™) is continuous,
every parametrization in C° ([0, 1], R"™) is integrable on [0, 1]. Hence, one can define

norms and distances on C? ([0, 1], R™) using integrals.
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4. The space of N-piece cubic Bézier curves

4.1.2 L, norm on the space of parametrizations

On the space C°(]0, 1], R™), we have the L, norm ([14, chapter 4], [34, chapter 1])

as follows
I-llz,: C°([0,1],R") = R

(fua |7’dt> P e oo

109 if - s
trg[g>1<]||a( i if p=oo

a |lallg,:=

where |||, is the p-norm on R™.

We associate to |||, a distance dy, on C°([0, 1], R™) defined as usual
de(Oé, /8) = HO{ - B“Lp'

4.1.3 Invariance of ||-||, under Diff"(]0, 1]) action

We want a norm which is independent of the reparametrization and easy to

compute.

Notation 4.5. We denote by C'([0,1],R") the vector space of continuously

differentiable parametrizations on [0, 1].

Definition 4.6. On the vector space C'([0,1],R"), we define a function |[|-||,:
C1([0,1],R") — R as follows

1
lerfl«:= /Ho/(t)lhdtJr [l (0)]]1,
0

where ||-||; is the 1-norm on R™.

From the properties of the norm |[|-||; on R", it is easily seen that |||, is a norm
on the vector space C'([0, 1], R™).

Proposition 4.7. The norm ||-||. is invariant under any change of parametrization.

Proof. For any a € C*([0,1],R") and ¢ € Diff" ([0,1]), we have ¢(0) = 0 and
¢'(t) > 0,Vt € [0,1]. Then

o gll.= /||a D B)dt + lalo(0) 1= /||a dt + a(0)lli= [l
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4.2. Norms on the space of N-piece cubic Bézier curves

]

Notation 4.8. We can use |||« to compute norms of curves because ||-||. does not

depend on the chosen parametrization.

Since C*([0,1],R") is a vector space, we have a distance d, on C'([0, 1], R")
defined by d, (a, 8) := ||a — B«

The distance d, is not parameterization invariant although ||-||. is invariant
under any change of parametrization. In practice, we use some finite-dimensional
spaces to approximate curves. Next, we consider the space of N-piece cubic Bézier

curves.

4.2 Norms on the space of N-piece cubic Bézier

curves

The Bernstein polynomials have been known since 1912, but their applicability to
graphics was not realized for another half century. The Bézier curve was widely
publicized in 1962 by the French engineer Pierre Bézier. The study of these curves
was however first developed in 1959 by the mathematician Paul de Casteljau using
de Casteljau’s algorithm. The space of Bézier curves is used to make approximation
in the space of continuous curves. Many books and articles present Bézier curves
such as [39, 44, 64, 72, 79].

A continuous curve can be approximated by a Bézier curve but the degree of
this Bézier curve may be large. Higher degree curves are computationally more
expensive to evaluate. When more complex shapes are needed, low order Bézier
curves are patched together, producing a composite Bézier curve. In practice, N-
piece cubic Bézier curves are most common. So we concentrate on the space of
uniform N-piece cubic Bézier curves.

In this section, we introduce a norm ||-||[’> on Bp and a norm |- |ZvP o By .p.
We will study the equivalence constants for the norm ||-|7** and the L, norm on
the space By 3.

A uniform N-piece Bézier curve of degree D can be considered as an N-piece
Bézier curve of degree D + 1. This means that the space By p inherits the norm

I|-|5P*". We look for the equivalence constants for the norm ||-[|2""*' and the

T

on the space By p.
We then present how to split a uniform N-piece cubic Bézier curve to become

a uniform 2N-piece cubic Bézier curve. So, a uniform N-piece cubic Bézier curve
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B([Po, P1, P, P3],t),t € [0,1]

Fig. 4.1: A cubic Bézier curve.

: : : o B
can be considered as a uniform 2N-piece cubic Bézier curve and the norm ||-||, >

is a norm on the space By 3. We also investigate the equivalence constants for the

2N,3 N,3

norm HHE and the norm ||H5 on the space By 3.

4.2.1 Bézier curves and N-piece Bézier curves

This subsection presents some definitions and notations of Bézier curves, N-piece

Bézier curves.

Definition 4.9. ([64, chapter 6, p. 141]) Let D > 0 be an integer. Let P =
{Py,...,Pp} C R" The Bézier curve of degree D associated to the set P is defined

as follows

B([Py, ..., Ppl,t) ::ipibw(t), tel0,1], (4.1)
i=0
where b; p(t), i =0,..., D, represents the Bernstein polynomial which is given by
bott) = (7 ) a-n.
The points Py, ..., Pp are called control points of the Bézier curve.

A uniform N-piece Bézier curve of degree D is a piecewise Bézier curve which
has N pieces, each piece is a Bézier curve of degree D and the point at ¢ = %,
j=1,..., N —1, is the connecting point of the pieces. We often drop “uniform”.

Let us consider the definition of the N-piece Bézier curve of degree D.

Definition 4.10. ([64, chapter 7, p. 169]) Let D > 0 and N > 0 be integers. Let
P={F,,...,Pvp} C R™ The N-piece Bézier curve of degree D associated to the
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p
K

P

3
BUP, Py Py, P31, 20) = ) Pibip(20)  ift € [0,1/2]
r(t) = =0

3
BUPs Pa Py, Pel, 20) = ) Poyibyp(2t = Dift € [1/2,1]

i=0

Fig. 4.2: A two-piece cubic Bézier curve.

set P is formed by

I':0,1] - R"

t s T(t) = B([Pip, ... Pypop], Nt — j) i t € [

<.
2|+

J
N’

The points Py, ..., Pyp are called control points of I'.

Notation 4.11.
e The symbol Bp denotes the vector space of Bézier curves of degree D.

e The symbol By p denotes the vector space of N-piece Bézier curves of degree
D.

4.2.2 Norms and distances on Bp, By p

In this section, we define some norms and distances through control points on the
space of Bézier curves of degree D and on the space of N-piece Bézier curves of

degree D.

Definition 4.12. Let I' € Bp be a Bézier curve of degree D defined by

D

() =S Phip(t), te0,1],

=0

where P, € R",i = 0,...,D. Let p € [1,00[U{co}. We define a function |[[-||J7:
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4. The space of N-piece cubic Bézier curves

Bp — R as follows:

D 1/p .
L (ziei) ™ i p e ol
IrjEmi= 4 N

max {|R]l<} if p=oo,

where ||-||, is the p-norm on R™.

From the properties of the p-norm on R"™ and the Minkowski inequality, it is
easily seen that ||-||”> is a norm on the vector space Bp. In fact, it is a norm on

the space (R™)PT! of control polygons. We then have an induced distance on Bp
by dBP(T,A) := ||T — Al J».

Definition 4.13. Let I' € By p be an N-piece Bézier curve of degree D defined

by
( D 1
TO(Nt) =Y Pib; p(N?) if te { ’N}
=0
D
i=0 ’ N’ N
, N —

\

where Pjp.; € R", j=0,...,N—1,i=0,...,D. Let p € [1,00[U{oc}. We define
a function ||-|™": By.p — R by:

1 N-1 5 1/p .

N I‘ D 1 1

o (g UPVEY ) i e o
P,

|20 if p=oo.
_max (T2} it p= oo
From the properties of the norm ”'HED on Bp and the Minkowski inequality,
it is easy to check that ||-[|[> is a norm on the vector space By,p. Then we have
again an induced distance on By p defined by doNP (T, A) = |0 — A||ZVP,
These norms and these distances can be computed more efficiently than, for

example, the L,- norm.

4.2.3 The equivalence between the norm ||-H£3N’3 and the

norm ||-||z, on the space By 3

The space By 3 is a subspace of the space C° ([0, 1], R™). So, the space By p inherits
the norm ||-||, from the space C? ([0, 1], R") . We defined the norm I|-|2¥? through
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control points on the space By p and this norm is easy to compute. When the
degree of Bézier curves is big, the estimation of the constants in the equivalence

inequalities between the norm ||-|[p ™"

and the norm ||-||, seems to be difficult to
compute. However, it is common and convenient to approximate continuous curves
by N-piece cubic Bézier curves. So, in this subsection, we study the equivalence

By

constants for the norm |||, and the norm ||-||;, on the space By .

B
< -7

Find a constant m such that m||-||., on By p

Consider p € [1,00[. First, we look for a lower bound for the norm ||-||”» with
respect to the norm ||-|[z, on the space Bp. Using this lower bound, we get a
constant m such that m/||-[|z, < ||-||5N’D on the space By p of N-piece Bézier curves

of degree D.

Lemma 4.14. For every p € [1, oo, the following inequality
Iz, < 717

holds for any I' € Bp.

Proof. Let I' € Bp be a Bézier curve of degree D with control points P, € R",
1=0,...,D. 80

T(t) =Y Pbip(t), te01].

We have

L b
el = ([ X peoto
0 =0

)W : (/1 <§;||B||pbi,p<t))pdt)l/p,

Case p = 1. We get

D

/

EjHPHbm EjHPHl (S uea)”
=0

Case p €]1, 00[. Using Holder’s inequality, we get

ZHPH bt g(zupn) (Z< (el
S(Z IIPZ-II,’Z)UP(Zbi,D(t)>(p‘”/p _ (i Hpng)l/p
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4. The space of N-piece cubic Bézier curves

Combining the above two cases, we obtain

I'p 1/p D U N
iels,< ([ Imigee) = (S imig) ™ = g,
0 i=0 i=0

]

We use this lower bound on the space Bp of Bézier curves of degree D to obtain
a lower estimate for the norm ||-||5N’D with respect to the norm ||-||, on the space

By p of N-piece Bézier curves of degree D.

Proposition 4.15. For every p € [1, 00, the following inequality
7|z, < [IT°]1~2

holds for any I' € By p.

Proof. Let I' € By p be an N-piece Bézier curve of degree D with control points

Pp€R i=0,....D, j=0,...,N—1.So

( D 1
TO(Nt) = 3 Pibip(Nt) if ¢ e [ ’N}’
=0
D
L(t) = STO(Nt — j) = 3 Pipibip(Nt —j) if t e [i ‘7—}
i=0 ’ N N
N - 1.
\

We have

=

HFHLP_(/1||r(t>\|gdt>1/p_ ( ‘

J

N-1 1
5 (X firowiga)
0

Jj=0

-1

41
5o 1/p

[ o= i)

%

1/p

Il
o

Using Lemma 4.14, we get

N—

)_n

1/p
||F||Lp_ Nl/p( (HF(J |BD> ) — ||F||5ND

j=0
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Find a constant m such that m|-||._< || HBND on Byp

We find a lower bound for the norm ||-||Z> with respect to the norm ||-||z.. on the

space Bp. Using this, we obtain as before a constant m such that m/|-||,_ < ||-[|2""

on the space By p of N-piece Bézier curves of degree D.

Lemma 4.16. For any I' € Bp, we have

TNz < TS

Proof. Let I' € Bp be a Bézier curve of degree D with control points P, € R”,
1=20,...,D. So

D
I'(t) = Z-Pibi,D<t), t €[0,1].
i=0
We have
D
H;szw(t)HLm <Y I1Plsobin(t) < (;bw(t)) max [|Pflo= max, [Pl
Thus

IT) < TSP

Proposition 4.17. For any I' € By p, we have

Tl < IT N2,

Proof. Let I' € By p be an N-piece Bézier curve of degree D with control points
Pipy; eR", i=0,...,D,7=0,...,N—1. So

( D 1
PO(Nt) = 3 Pbip(Nt) it te [o, N}’
=0
I'(t) =< 1o Nt — i J g+l
LO(NE - j) = z iovibio(NE—j) if te |41 ],
\ j=1...,N—-1
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We have

||F|\Loo—gn[gXHF( Moo= _max Lt IT9 (Nt = j)l|oc

= max max|[TY(t)||s.
§=0,..,N—1t€[0,1]

Using Lemma 4.16, we get

IPlleos _max [T)Z= T2,

Consequently, for p € [1,00[U{oc}, we obtained a constant m such that

B
m e, < [l

the space By 3 of N-piece cubic Bézier curves

on the space By p. The above propositions can be applied to

Find a constant M such that |-||)"*< M]|-||z, on By

Consider p € [1,00[. When the degree of Bézier curves is greater than 3, it seems
to be difficult to find a constant M such that |||, V*” < M]|-||, on the space By p
of N-piece Bézier curves of degree D. So, we consider the space By 3 of N-piece

cubic Bézier curves.

We first estimate the cubic Bézier curves. This is the core idea to look for a
constant M such that H-HEN’3§ M]|-||z, on the space By, 3 of N-piece cubic Bézier

curves.

Lemma 4.18. Let p € [1,00][. For any Py, P, P,, Py € R", we have

. 1 1
Proof. We consider max { || Polls < |1 Pl 5 1Pl [ 23], -

1 1
e Case L: || Rlly= max { 1Pl 5 124 s 5 122l 151l -
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1 1
We consider the interval [0, 1_6} . For any t € [0 1 6} we have
X 1 15°
1761 = 2,2 (1= ) 1Pbll= 15l Aol
1 3.152 9. 152
Pi3t(1 — £)2),< 3— (1--) Pi,< 3|\ -
P31 = 2,< 87 (1= 16 ) 1P 8IS o = = I Rols
1 3.15  9.15
2 —
| Pyt <1—t>||p<3(16) (1= ) 1Pl 3Rl s = 22 1ol
3
1P, 5 IBs < 1ol
1
So, for any t € [O, §}’ we have
3
| > Poin(t)
=0
> |[Po(1 = 1) l,= | Pi3t(1 = 0)%l,= 1| P23t (1 = D)l Pt
153 9.152 9.15 1214
> NPl 1Bl = T 1Pl 5 | Poll= s I ol

Then

1
16

3
1214
b Pt
2 [ oo = [ (355 1
0
1214\ 1 N
<4096> 24—2;y)(:£;”fﬁﬂﬁ> > QT@;(ZEQHf%H£>‘

1

L3
[ 3 poo]
0 1=0

5| = o\a"‘

v

1
o Case 2 3 [1Pilly=max { | Bl 51 Pill 1Pl 1 Pl -

9 7 9
We consider the interval [32 32] For any t € [ 353 2] we have
7 7\2 3.7.25
Pi3t(1 -t >3—@——J 20 p
H 1 ( )”p 32 32 323 H 1||P
2531 253
3
1701 = 07l (1= 55) IRl 25 1P lb= sl Pl
9 3.92.23
|31 ~ Ol 3(32) (1= ) IBsl< > 1R,
; 9 9
| P3t?|,< 323Hngp_ |\P1|\p323 = @leHp-
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, we have

79
E % )
So, for any t € 55 39

3
| > Pbio)
=0

> [[P3t(1 = )% [, = | Po(1 = ) o= [ P23¢*(1 = ) [, = | Pt
3.7.252 25 3. 92 23 93 6254
> —og 1Pl =553 1Pl =55 = 1Pl =525z 1P = goany 111l
32 3.32 3.32 98304

Then

9

T 7625

- V4
/(98304) | P1|bdt
7

32

3
1 6254 1
> — P, p)
=16 (98304) 2+2.3—p(;” I

3
1
> (SoIme).
=0

/HZP@D

/ |3 atuoto]

1 1 1
o Case 3t |Polly= max{[|Poly, 5Pl 51 Pslls | Psll, f- Case 3 becomes

Case 2 when we make the substitution s =1 — ¢.

1
o Case 4: ||Py,= maX{HP()Hp, y\P1||p,§HP2||p,\|P3||p}.case4becomes Case

1 when we make the substltutlon s=1-—1t.

Combining the above four cases, we get

[ I3 mmotolfir> sis(S10).

]

We use the above lemma to find a constant M such that ||~H5N’3§ M]|-||z, on

the space By 3 of N-piece cubic Bézier curves.

Proposition 4.19. Let p € [1,00[. Then for any I' € By 3, we have
7)1~ < 2%°(|T |, -

Proof. Let I' € By 3 be an N-piece cubic Bézier curve with control points Pjs;; €
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R",i=0,...,3,7=0,...,N—1.So

4 3 1
TO(NE) = 3 Pbis(Nt) if ¢ e [o, —],
=0 N
T(t) = { 16Ny — A JoJ+1
TNt — j) = z eibia(Nt— §) if t e {N, - ]
\ j=1,... N—1.
We have
j+1
1 1/p N-1 X » 1/p
el =( firenae) = (X [ )2 sV~ )t
0 7=0 i

1 - / D 1/p
TN ( 2 / H ZPJ‘3+ibz',3(t)‘ pdt> :

Using Lemma 4.18, we obtain

1/p
T, > Nl/,,(ZQmP(Zu ilg)) 2 vl

Find a constant M such that ||- ||BN3< M]|-||z., on the space By 3

We first consider the maximum of cubic Bézier curves. From this, we obtain a
constant M such that |- HBN3< M||-||L., on the space By s of N-piece cubic Bézier

curves.

Lemma 4.20. For any Fy, P, P», P; € R", we have

13
max H ZpibivD(t)H > o5 ,ax ||P||OO

. 1 1
Proof. We consider max { || Plocs 51 lcs 5 1 Pall s | Pll }-

1 1
o Case 1 [|Polloc= max {|| Plloe: 5[ Pallcs 5 1 Pallcs | Poll }-
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We consider at ¢t = 0. We have

3

| > Peio || = R0l

=0

= max
te[0,1]

.....

3
> PhpO)] = IRl o 1Pl

1
o Case 2 J|1Ptl= max { | Pllcs 512 1s 511 Polos 1Pl }-

1
We consider at ¢t = 1 We have

: 1 9 1
Pbin ()| 257 1P lleo— 5 1 Polloo— 5 1 Palloo— == 1 P
H; o(D)]| 2 Pille el Plloo— 1Pl 1P

_64|\P1Hoo leuoo—%upluoo muaum
=%||P1||oo.
Thus . 13
max | S abop(t)| > 5o max flad)

1 1 1 ) .
o Case 3 Z[|[Pa]ln= max{||P0||oo,§HP1||oo,§||P2Hoo,HP3||OO}. This case is

similar to Case 2.

1 1 . .
o Case 4 | Pyfloe= max {| Pl 5l Pilloes 5 Pollocs | Pyl |- This case is

similar to Case 1.

Combining the above four cases, we obtain

max
te[0,1]

13
ZP@D H > == max || B

O

From the above lemma, we have the following proposition on the space By 3 of

N-piece cubic Bézier curves.

Proposition 4.21. For any I' € By 3, we have

HFHBN3< HFHLOO
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Proof. Let I' € By 3 be an N-piece cubic Bézier curve with control points Pjs;; €
R" i=0,...,3,j=0,...,N —1. So

(o) = 23% Pibis(Nt) it e [0, %}
D(t) = S TO(Nt — ) = S Prgusbsn(Nt—§) if t € [%%}
=0
\ j=1,....N—1.
We have
3
Tl a0 e o |32 Prssbia(Vt =)

= max maxug Pis1ibis( H
§=0,....N—1t€[0,1] Ja+T

Using Lemma 4.20, we get

1
> 'l) BNyg'
HF||LOC—].:0H7.]'”a”]}\([_l 96 znol’a’% ” ]3+Z’| 6||FHOO

Bn,3

Equivalence constants for the norms |-||,"” and ||-||;, on By 3

Combining the above propositions, we have the equivalence constants for the norm

IE HBN ° and the norm ||-|[z, on the space Bygs of N-piece cubic Bézier curve as

follows.
Theorem 4.1. Let p € [1,00[U{oo}. For any I' € By 3, we have
)z, < [Tl < 21 || T,

Proof. Using Proposition 4.15, Proposition 4.17, Proposition 4.19 and Proposition
4.21, we have the proof of this theorem. O

The equivalence constants does not depend on the number of pieces in piecewise
cubic Bézier curves. This theorem plays an important role in Algorithm 2 on

page 86 in Chapter 5. From the above theorem, we get the following corollary:

dp,(T' = A) <dPvs(T = A) <294, (I — A)
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for any I' A € By 3.

4.2.4 The equivalence between the norm ||-|,*”*" and the

N,D

norm H||£g on the space By p

A Bézier curve of degree D can be considered as a Bézier curve of degree D+ 1. So

P+l s also a norm on the

the space Bp is a subspace of the space Bp.1 and |||
space Bp. More generally, the space By p is a subspace of the space By p+1 and
then HHf MP* g also a norm on the space By p. The purpose of this subsection

N,D+1

is to study the equivalence constants for the norm ||||f and the norm ||-|| D

on the space of N-piece Bézier curves of degree D.

For any Bézier curve of degree D,

L(t) = B([Py,...,Ppl,t) = > _ Pibip(t), te€[0,1],

where P, e R", 1 =0,...,D.

We can consider I' as a Bézier curve of degree D + 1 as follows

D+1

I'(t) = B([Qo, - -, @ps1],t) = ZQz‘bz‘,D(t), t€[0,1],

where (); € R", ©=0,...,D + 1, such that

P, it =0
; Di1—i
L= P+ 2 " "'p yi—1. ..D 4.9
=yt i (4.2)
Py ifi=D+1.

It is clear that

0(t) = B([Py, ..., Ppl,t) = B([Qo, ..., Qps],1), ¥t € [0,1].

Notation 4.22. For convenience, we denote P_y = Pp1 = Ogn.

Then . Dl

2 +1—2
=—P_ ——F—F, Vi1 =0,...,D+ 1.
D1 1+ 1=0 +

@ D+1
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Find a constant M such that |- < M||-|[7¥" on Bn.p

Consider p € [1, 00[. First we estimate an upper bound for the norm ||-||;>** with
respect to the norm |[|-[|7"5? on the space Bp. Then we use this estimate to look

for a constant M such that [-||s "< M||-|7™" on the space By, p.

Lemma 4.23. Let p € [1,00[. Then for all I' € Bp, we have
IT[I77+ < 2|77

Proof. For any I' € Bp, we can assume that

L(t) =B([Po,...,Pol,t) = > Pibip(t), t€(0,1]

D+1

—B([Qo, .. QD+1 Z Q’L 7 D+1 te [07 1]7

where P, e R", 1 =0,...,D,and Q; € R", 1 =0,...,D + 1, such that

Py if i=0,
i D+1—i
i = P+ ""'p ifi=1,...,D,
@ D1t T T i

We then have
D+1

D+1—1
F BD+1_ 7 b H ’L ‘F)Z

I (Zn@n) (Z S PR

Using the Minkowski inequality, we get
D+1 .
1 P D+1-

< 2] 5 |+

It —(ZO D+1 1p> (Z D+1

D 1/p /p s
s(ZHHHz) +(ZHH~H£) — o).
7=0 =0

1/p
)

1/p
#[)

Proposition 4.24. Let p € [1,00[. Then for all I' € By, p, we have

D42+ < 2T v
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Proof. Let I' € By p be an N-piece Bézier curve of degree D with control points

Pp€Ri=0,....D, j=0,...,N—1.So

( D
IO(Nt) = Z Pib; p(Nt) if te

1=0

L) = 10Nt — 5) = 2 > pibip (Nt — j) 1fte[

\

Each piece I'U) can be considered as a Bézier curve of degree D + 1. This means
that I" can be considered as an N-piece Bézier curve of degree D+ 1. Using Lemma
4.23, we have

N-1 1/p
e = (X (o))
7=0
1 N-1 NN 1/p 5
< ( T gy ) =2,
=0
[
Find a constant M such that ||-|2¥"* < M||-|Z¥" on Bn.p
Similarly, we look for the upper bound for the norm ||-[|5”*" with respect to the
norm ||-||B> on the space Bp and then we get a constant M such that ||-[|2V"+ <

M||-||2¥* on the space By p.

Lemma 4.25. For all I' € Bp, we have

Tl < 2|22,
Proof. For any I' € Bp, we can assume that

T(t) =B(Ry, ..., Pp),t) = i Pbip(t), te[0,1]

D+1

:B([Qo,...,QD—f—l ZQ’L zD-I—l te [07 1]7
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where P, e R", 1 =0,...,D,and ); € R", 1 =0,...,D + 1, such that

Py if i =0,
Qi = DilPHJrD;—}rl_iPi if i=1,...,D,
Pp if 1=D+1.
We then have
PIZ = _max [@ll= _max || 5 P+ %P )
< mx |5egPal s | 75 AL

<2 max || Pifloe= 2|72

Proposition 4.26. For all I' € By p, we have

T [l < 2Tl

Proof. Let I' € By p be an N-piece Bézier curve of degree D with control points
Pipy; €R" i=0,...,D,7=0,...,N—1.So

( D 1
TO(Nt) = 3 Pbip(NY) it ¢ e [0, N}’
L(t) =< 16Ny — o J i+l
TO(Nt — j) = z peibin(Nt—5) if te [N, ~ }
\ =1, N—1.

Each piece I'U) can be considered as a Bézier curve of degree D + 1. This means

that I" can be considered as an N-piece Bézier curve of degree D + 1. We have

BN,D+1 7)1 Bp+1
ITiZeen=  ax [P0

Using Lemma 4.25, we obtain

BN,D+1< BD BND
ITiyee s max 2|2 =2)r)2

Vs

]
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Find a constant m such that m|-|[2¥"< |||[2¥"*" on Bn.p

D+1

Consider p € [1, 0o[. To evaluate a lower bound for the norm |||+ with respect

to the norm |[|-[|7> on the space Bp, we need to consider the parity of the degree

D. Then we look for a constant m such that m|-[[o""< ||-[[2¥"*" on the space

BN,D-

Lemma 4.27. Let p € [1,00[. For any I' € Bp, we have

1

— — r Bp r BD+1'
s T < I

Proof. For any I' € Bp, we can assume that

T(t) =B((Ry, ..., Pp),t) = i Pbip(t), te[0,1]

D+1

=B([Qo, -, Qp).t) = > _ Qibipsi(t), t€0,1],
i=0

where P, e R", i =0,...,D,and ); € R", +=0,...,D + 1, such that

PO leZO,
7 D4+1—1
;= P+t "'p it i=1,....D,
@ D1t T T e
Pp if 1=D+1.

We consider 2 cases.

e Case 1: D is an odd number. We have

D+1 1/p (D+1)/2 . : 1/p
7 D+1—1 p

F BD+1: i p > H—_P,L_ —R .
Il (ZM”Q ||,,) 2 < Z; D1 T DT p)
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Using the Minkowski inequality, we obtain
(D+1)/2

D+1—i_p\"" i P
vz Y [Znl) - |55
I _(Z ] > piarl]
T2 Bt 1/p
> 2rlsiing)” (S S hien)
(2 >

D +
D+1 D+1_y 1
2 D+3 2 D + p
> T2 ypp ([P
_( > spry! ||) ( e ||p)

D+1

() > e H”)

Furthermore, we have

D+1 1/p D+1 : .
{ D+1—1
Tl1Bp+1— ;|IP > H P - P
rize=(Sen) = (X |piret 2
=0 'D+1+1

p) 1/p
, )

Using the Minkowski inequality, we obtain

D+1 . 1/p D+l D1

Bpiis H ¢ P, P _ H P.

REEE S ey > |2
. D+1 1 . D+1+1

p) 1/p
p

p

D . 1/p D 1/p
7+ 1
z( ||a||p) ( -Hp>

z(i s im) ( g)ilwuaug)w

7::Dﬁ-l
/P
s ()
i D+1
Then
D41 1
2| > (annp) (S en)”

= D+1

1 D Lp 1
- PP — _~ 7|Bp.
H(2ei) = s

70
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e Case 2: D is an even number. We have

D+1
D—|— 1—
r Bpy1__ ; p H . R
Nk (ZJQH) (2}D+1 2

Using the Minkowski inequality, we obtain

D2 ,
D+1 —z 1/p i
IT11, (E i1 p> (£013+1 1

p> 1/p
P
D/2 g1

D+2 N\ (3 D r
= ; — (Y Pl
( FHES L “P) - THER L

p) 1/p
, .

N D/2 D9 AP 1/p D/2 D B 1/p
- Z:O )\ Zam
D/2
p
D+1(§Mu)
Furthermore, we have
D+1 1/p D . 1/p
+1—2_ P
r Bpi1_ i p > H Pi— —PZ .
irigen= (i) > (3 |pr )

=241

Using the Minkowski inequality, we obtain

1/p D+1 D 1— 1/p
HFH%»( Z HD+13 1 p) ( |~ ‘P, )
p

z—+ 1

D 1/ D 1/p
D+2 /p

> [ PZ p PP

—<Z 2(D+1)“ H”) ( Z 2D+1 Hp)

i=D/2 =241
1/p
s 17

||
Nlls]
+

Nl|s]

D

z(gzz%}%ww@“)(i
(EIMWO

-2
sz—l—l

Mw

M\U

+1
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Then
B 1 D/2 1/p 1 D 1/p
gz s () + 5o (2 1e)
=0 i=L 41

2

1 D Lp 1 .5
> Al — _ T|Bp.
_D+A2;|M) R

From the above two cases, we get

1
(1 =

—||T||P".

Next, we consider on the space By p of N-piece Bézier curve of degree D.

Proposition 4.28. Let p € [1,00[. Then for all I' € By p, we have

1

r BN.D < r BN,D+1‘
s T < I

Proof. Let I' € By p be an N-piece Bézier curve of degree D with control points
PpyieR" i=0,...,D,7=0,...,N—1. So

( D 1
TO(Nt) = 3 Pbip(Nt) if te [0, —},
i=0 N
_ . D ) 7+ 1
L'(t) = PU(Nt —j) = Y Pipibin(Nt —j) if t € [iu‘i}a
i=0 ’ N N
j=1,... N—1.

\

Each piece T'U) can be considered as a Bézier curve of degree D + 1. This means

that I' can be considered as an N-piece Bézier curve of degree D + 1. We have

N-1 1/p
BN.D+1— 1 (7)1 Bp+1 P
IR (T .

Jj=0

Using Lemma 4.27, we obtain

N-1

1/
[T || Bvops1 > 1 Z ( 1 HF(j)HBD)p g — 1 ||| B~p
P — NV 2(D+1) P 2(D+1)" ?

]
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BND< ||'||OB;N,D+1

Find a constant m such that m||-||o on By p

Using the relation between control points, we determine a lower bound for the
norm |-||2°*" with respect to the norm ||-|22 on the space Bp. We then have a

constant m such that m||- ||BND< ||-||OB;N’D+1 on the space By p.

Lemma 4.29. For any I' € Bp, we have

I I||Bo+1,
Sl < )

Proof. For any I' € Bp, we can assume that

L(t) =B([Py,..., Pol,t) = > _ Pibip(t), t€(0,1]

D+1

:B([Q07"'7QD+1 ZQ’L zD+1 te [07 1]7

where P, e R", 1 =0,...,D,and Q; € R", 1 =0,..., D + 1, such that

jo) if =0,
1 D+1—2
i=8—P  +———PF, ifi=1,...,D,
R I B L R o .
Pp if i=D+ 1.
We assume that ||T']|2P= || P;, ||, Where iy € {0,..., D}.
D—+1
e Case 0 <ip< + . We have
D+1—1
Bpt1_ ) > H 0 ) 'p
D"—l —1 io
>—|| 5 - Py 1lloo
D+1— 2 1
== 1 Falle= 57 I1Pulle= =I5
D+1 D D+1
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D+1
e Case iy = T+ (This case happens only if D is an even number.) We have
BD+1_ o+l D+1-(o+1)
’io +1 D — ’LO
> 7 - Pz oo
> 2P - Pl
2ip+1—D 1 1 B
APl 5 lIPallee= 5T
D+1
o Case ig > i . We have
BD+1_ o+l D+1-(o+1)
’io +1 D — ’LO
> 7 - Pz o]
_D+1|| 0 D+1” 0+1H
:2zo+1—D 1 1 ]|

D1 Hallez 57 IPulle= 57
From the above three cases, we get

T >

NS
0

Applying the above lemma to each piece of the N-piece Bézier curve of degree

D, we have the following result.

Proposition 4.30. For all I' € By p, we have

1

Fo L C L e

Proof. Let I' € By p be an N-piece Bézier curve of degree D with control points
Pipri €R" i=0,...,D,7=0,...,N—1.So

( D 1
TO(Nt) = S Pbip(Nt) it ¢ e [o, —},
1=0 N
T(t) = { 16Ny — o J Jtl
TO(Nt — j) = z  paibi (Nt — 5) 1fte[N, ~ }
\ j=1,...,N—1.

Each piece I'U) can be considered as a Bézier curve of degree D + 1. This means
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that I' can be considered as an N-piece Bézier curve of degree D + 1. We have

BN,D+1 (7)1 Bp+1
TZeen=  ax [PO)200,

Using Lemma 4.29, we get

1

1 .
ID||Z¥P+1 > max —HF(])HOB;D:D—i—l

BN,D
j=0,...N—1 D + 1 1Tl

Equivalence constants for the norms |||[7¥"*" and ||-|’*” on Bn.p

Combining the above propositions, we have the following theorem about the

N,D+1 N,D

equivalence constants for the norm HH;B and the norm ||||§ on the space

BN,D~
Theorem 4.2. Let p € [1,00[U{oc}. For all I' € By p, we have

1

— —  TIIBvp < ||T||BN.D+1< 2T BN.D
s IPEe < < 2l

Proof. Using Proposition 4.24, Proposition 4.28, Proposition 4.26 and Proposition
4.30, we have the proof of this theorem. n

From the above theorem, we obtain the corollary as follows

1

—— _dBNo(TA) < dBNo (T A) < 24880 A
2<D+1)p (7 )—p (7 )— D (7 )7

for any I', A € By p.

4.2.5 Splitting N-piece cubic Bézier curves

When the curve object is complicated, we need more control points in order to
give additional freedom for curve design. To solve this problem without increasing
the degree of curves, we split N-piece cubic Bézier curves. Splitting N-piece cubic
Bézier curves plays an important role in Algorithm 2 on page 86 in Chapter 5 using
piecewise cubic Bézier curve. The current subsection is devoted to presenting how
to split an N-piece cubic Bézier curve to become a 2/N-piece cubic Bézier curve.
This means that an N-piece cubic Bézier curve can be considered as a 2/N-piece

2N,3

s Bangs -
cubic Bézier curve and the norm |[-||,*"” is also a norm on the space By3z. We
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Ban,3

then study the equivalence constants for the norm ||-||[5*"* and the norm ||-||2™*

on the space By 3.

Splitting N-piece cubic Bézier curves

The purpose of this paragraph is to rewrite an N-piece cubic Bézier curve as a new
piecewise cubic Bézier curve such that the number of pieces in the new piecewise
cubic Bézier curve is greater than N. We will see that when we split every piece of
an N-piece cubic Bézier curve at the middle point of the piece, we get a 2/N-piece
cubic Bézier curve.

Let I' € B3 be a cubic Bézier curve with control points P, € R, ¢+ =0, ..., 3.
So

L(t) =Y _ Pbis(t), t€[0,1].

By ([26, chapter 9, p. 201]), we can split I at any t, € (0,1). When we split "
1 1

at tg # 2 we get 2 cubic Bézier curves but the point F<§> is not the connecting

point of the pieces. In order to get a uniform 2-piece cubic Bézier curve, we split

INat t = 2 and obtain a uniform two-piece cubic Bézier curve as follows

@ (2t) = ZQZ bi3(2t) it t e [0, %]
L) = (4.3)

rMet—1) = Z Qsibiz(2t —1) if t € [%7 1]’
i=0

where

Zblz< > i—l Z.:07"'a37
Qs34 = Zbl@( )Pg itl, t=0,...,3.

Then a cubic Bézier curve can be considered as a uniform two-piece cubic Bézier
curve.

More generally, let I' € By 3 be an N-piece cubic Bézier curve with control
points Pz, € R", 7=0,...,N—-1,¢1=0,...,3. So

( 3 1
TO(NE) = 3 Pbis(N) if ¢ e [0, N]’
=0
L(t) = { TO(Nt — B J g+l (4.4)
TGNt — ) = 2 32ibis (Nt — §) 1ft€[N, ~ ]
\ j=1...,N—1
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If we just split a piece of I', we get NV + 1 pieces but some points at ¢t = =T
7 =1,...,N, are not the connecting points of the pieces. Then we split every
piece of I' at the middle point of the piece and obtain a uniform 2/N-piece cubic

Bézier curve as follows

(

3 o
AP (2Nt - 2j) = Z Q2j3+ibi3(2Nt — 2j) ift e [22—1 M}

L) = ANt - 25— 1) = 2@<2]+13+2b13<2m—2y—1> it e |4 42

j=0,...,N—1,
where

Qajsss = Zm( ) it i=0..3j=0. . N—1
(4.6)

Q2j+13+1 Zblz( ) 734+3—i+1> 2207737]:()77]\[_1

So, I' can be considered as a 2N-piece cubic Bézier curve. This means that the
space By 3 is a subspace of the space Byy 3 and the space By 3 inherits the norm
12V, We next study the equivalence constants for the norm [|-||s"* and the

Bon,3

norm ||-||, **** on the space By 3.

Find a constant M such that ||-Hp2N3< M]|- HBN3 on By

We first estimate M in two cases p € [1,00[ and p = o0o. We then combine the

results of the two cases.

Lemma 4.31. Let p € [1,00]. For any I' € By 3, we have

Bop 1 By
D52 37 2.

Proof. Let I' € By 3 be an N-piece cubic Bézier curve with control points Pjs;; €
R*7=0,...,3,7=0,...,N—1.So

4 3 1
FO(Nt) = Y Pbis(Nt) if te0,+].
=0
T(t) = { 7O)(Nf — o Jjt1
TO(Nt — ) = z vibis(NE — 5) 1fte[N N},
j=0,...,N—1

\
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From (4.5), I" can be considered as a 2/N-piece cubic Bézier curve as follows

e 3 Y
ACD(2Nt — 2§) = Y Qojz+ibis(2Nt — 2j) ift € [227{/’ %]
i=0

j=0,...,N =1,

where

Q2j3+z Zbl2< ) 73+i—1 i:07"'a37j20a"'7N_17

Q(2j+1)3+7, Zblz< ) J3+3—i+1> 2207a37]:Oa7N_1

Since

p

(S ZHZ%( ) Pissics

.....

and similarly

P
(HA 2]+1 |B3) ZHZblz< ) Jo3+3— z+lH <3<”F ”53> 7vj:07"'7N_17
=0 =

we get

N ' »\ /P
et (3 (18212) + (18 12)’)
7=0
N 1/p
(o) <5
7=0

Lemma 4.32. For any I' € By 3, we have

T8 < [Tl
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Proof. Let I' € By 3 be an N-piece cubic Bézier curve with control points Pjs;,; €
R" ¢=0,...,3,7=0,...,N—1.So

( 3 1
TO(Nt) = 3 P s(Nt) if €0 ’N}’
=0
3
, N —1.

N
From (4.5), I' can be considered as a 2N-piece cubic Bézier curve as follows
(

3 . .
ACH(ONE —2j) = 3 Qujaribis (2Nt — 2) ift e [2—3 M}
=0

A . 3 . . ] ]
F(t) = A(2]+1)(2Nt _ 2] — 1) — g@(?j-ﬁ-l)?ﬁ-ibi,g(QNt — 2] — ].) 1ft - [%, %]7

j=0,...,N—1,

where

Qaissi = zbu( VPt i=0,.3,=0,. N1,

Q23+13+z Zblz< ) J3+3—i+i» 1207737]2077]\7_1

Since

|ACD|Z = max szlz( )Pissic]| < max 1 Psilloo= T2,

77777

Vj=0,...,N—1,

A% D= max Hwa( )Pt < IPOYZ, Wi=0, N1,

we get

[||P2xpP= max max<||A®) BD, A+ Bp
o0 o0 o0
j=0,..,N—1

=VU,...,

< _max [PO)Zr= T2,
7=0,....N—
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From the above two lemmas, we have the following proposition.

Proposition 4.33. Let p € [1,00[U{oo}. For any I' € By 3, we have
B 1 B
IT[f2s < 347 |||~

Proof. Using Lemma 4.31 and Lemma 4.32, we get the proof of this proposition.
O

Find a constant m such that m|-|[;*"*< ||-|** on By s

We also consider two cases p € [1,00] and p = co. Combining the results of the

two cases, we get a constant m such that m/-||0>*< ||-|5™* on the space By s.

Lemma 4.34. Let p € [1,00]. For any I € By 3, we have

1
241/p

T < [T

Proof. Let I' € By 3 be an N-piece cubic Bézier curve with control points Pjs;; €
R" i=0,...,3,j=0,...,N —1. So

4 3 1
TO(Nt) = 32 Pb;s(Nt) it te [0, —],
=0 N
. 3 I ES
L(t) = STO(Nt — j) = 32 Piapibia(Nt — §) if t € [ii]
i=0 ’ N N
7=0,...,N—1.

\

From (4.5), I" can be considered as a 2/N-piece cubic Bézier curve as follows

( 3 . )
ANt —2j) = 3 Qujaribis(2Nt — 25) ifte [2_] M]
=0

3 . .

j=0,...,N—1,

where

‘ 1 . .
Q2j3+i = Zbl,i<§>PjB+i—la 1=0,...,3,7=0,...,N —1,
1=0

: 1 : :
Q(Qj-‘rl)?ri—i = Z bl,’i <§>Pj3+3—i+l7 1= 07 B a37j - Oa s 7N -1
=0

. P ‘ P
We first consider <||A(29)||53> - <||A(2J“)||53> ,7=0,...,N—1.
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o Case L | Pally=max {1l 3 1Pl 5 Pissallys [Pl )
We have

<’|A(2j)Hf‘°’)p+ (HA(QJH)”fs)

/\

[ACZ)" > Q= P81l

1< 1 P
z i (1) B
252 1Pl (T2

e Case 2: H 31|l p= max{” i3llps 5 H 341 lps 5 H 342 lps || P, 3+3Hp}
We have
@) 1B \" 2j+1)Bs )" @) (1B \" p
ARV + ([|A 1,7) (A2 ) > [|Qzz4allf
1 1
|37+ 3P| = 1Pl
N = (1)’
- 2 s 713+illp— 12 D .

o Case 3 o Pissoll,= max{nzzgnp,2||Pj3+1r|p,§||ﬂ3+2||p,upj3+3||p}-

In this case, we consider A Ag similar to Case 2, we obtain
: P . P . p
(HA(QJ)Hfg) 4 (”A(?J+1)”53> > (HA(J+1)”53> > (HF HBS) .

o Case 4 | Prprally= max { Pl 3 1Pl 5 [ Passally: [Pl )

In this case, we consider AZ7+D. As similar to Case 1, we obtain
<||A(2j)||fs>p+ <||A(2j+1)||53>p > <||A(2j+1)||53>p > é(HF(j)HfS)p'

From the above four cases, we get
<”A(2J)“]§a)p i <||A(2j+1)||53>p > %(HFU)H?)”, Vji=0. . N—1.

Then

N-1 1/p
1 , p
a7 = (Z( A B 1 ((aC)2) )

1 1 s\ 5
JE _ J 3 — N,D
2(2N)1/p< 12(HF I ) ) B 241/pHF“p '

7=0

Zu
,_.o
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O
Lemma 4.35. For any I' € By 3, we have
1 B B
7 Tl < [Tl
4
Proof. Let I' € By 3 be an N-piece cubic Bézier curve with control points Pjs;; €
R",¢=0,...,3,7=0,...,N—1.So
( 3 1
TO(Nt) = 3 Pibis(Nt) it te [0, N]’
1=0
T(t) = { 1O(Nf — b -fte[iﬂ]
( j) Z 73+1 13( ]) 1 Na N )
\ 7=0,...,N—1.
From (4.5), I" can be considered as a 2/N-piece cubic Bézier curve as follows
ACH(NT —2j) = 3 Qujoribis(2Nt — 2) ifte |4, 4]

2N 7 2N

3 . .
P = ACHDENE - 2 = 1) = 3 Qujisibia2Nt — 2 — 1) if t € |4, %2,
=0

j=0,...,N—1,

where

Qajss = Zblz( ) it i=0,....3j=0,... N—1

Q(2j+1)3+l Zblz< ) 33+3—i+1s Z:07,3,jzo,,N—1

We first consider max{||A(2j)||oBo3, HA(%H)Hfg}, j=0,...,N—1.

o Case L | Plloo= max { [Pl 311 Psellocs 3 1 Pnlloc, | Prvsollc
We have

max { [ ACP||, AGDYZ L > |2 | Qojslloc= | Pislloc= ITY15.

o Case 2 L[ Pynrlle= max {|Pllon 51Psenllo 3l Paeslloc, 1 Prssollc
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We have

_ A - 1 1
ma { A 22, A2} 2[|AC|Z> Q= || 5P + 5P|

1 1 )
>— || Pjzs1lloc= ZHF(])HOBS-

1 1 1
o Case 3: oI Psrolloc= max { | Pisllos 51 Pisstlloes 51 Pislocs | Pissalos -
In this case, we consider A+ Ag similar to Case 2, we obtain
maX{HA@j)HBS HA(2j+1)HBS} > ||A(2j+1)||Bs> 1”1“(]'0)H33
oo ! o0 —_ oo — 4 oo

1 1
o Case 4: || Psalloc= max { | Pislls 5 I Pisslloos 511 Pissoloes [ Pissaloo -

In this case, we consider '™, As similar to Case 1, we obtain

max { A2, A2} > AR B 0|5,

From the above four cases, we get

. . 1 .
max { [ A®||2, AGD| 2 = 2T 5. (4.7)
Then
I0)Zve=  max  max { A%, A5 ]
§=0,...,.N—1

1 ~ 1
> @B~ = Bn.p
2 _max LI = 7Tl

From the above two lemmas, we have the following proposition.

Proposition 4.36. Let p € [1,00[U{oo}. For any I' € By 3, we have

; 1 1 Bn,3 Ban,s
min { =, 7 DB < 02,

Proof. Using Lemma 4.34 and Lemma 4.35, we get the proof of this proposition.
[
Equivalence constants for the norms ||-||>** and ||-|."* on By 3

Combining the above two propositions, we have the following theorem.
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Theorem 4.3. Let p € [1,00[Ucc. For any I' € By 3, we have

) 1 1
min { -, 5 PITIE < ) v 3Y7 T,
Proof. Using Proposition 4.33 and Proposition 4.36, we have the proof of this

theorem. u

From the above theorem, we have the following corollary:

. 1 1
min {24—1/p Z}dfm(r —A) < dB(I = A) < 3V By - A,

for any I'; A € By 3.

From results in this chapter, we have the norm ||-||5™*

on the space By 3. The
equivalence constants for the norm ||-|| DN3 and the norm L, do not depend on the
number N of pieces. We can use the norm HHf M3 to consider the convergence
for sequences of piecewise cubic Bézier curves. An N-piece Bézier curve can be
split and reparametrized to become an N + 1-piece Bézier curve. This way creates
extra control points in order to give additional freedom for curve design and avoids
increasing the degree of the curve. Then we are going to propose an algorithm
using piecewise cubic Bézier curves to find optimal trajectories in the next chapter.
This method can be applied to approximate solution orbits of autonomous ordinary

differential equations and control of autonomous ordinary differential equations.
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Chapter 5

Application to trajectory
optimization problems,
autonomous ordinary differential
equations and control of
autonomous ordinary differential

equations

In this chapter, we focus on using piecewise uniform cubic Bézier curves in order
to approximate optimal trajectories. Optimal trajectory problem appears in
many different domains as robotic ([16, 36, 37, 75]), astrophysics ([6, 76, 92, 94])
and the core of motion planning which is known to be a very difficult problem
([18, 35, 37, 74, 88]). Roughly, the optimal trajectory problem is an optimization
problem when the “variable” is a curve. Using piecewise uniform cubic Bézier
curves, we reduce an infinite-dimensional optimization problem to a finite-
dimensional optimization problem and the smoothness can be integrated with
using constraints. We use this idea in the context of geodesic for condition metric.
Condition metric is an important aspect in the studies of complexity of numerical
methods ([5, 10]). We also apply our method to approximate solution orbits of
autonomous ordinary differential equations and control of autonomous ordinary
differential equations. Our method is more effective than the Euler method
and the Runge-Kutta method for finding solution orbits of autonomous ordinary
differential equations (see Figures 5.48, 5.49, 5.50, 5.51, 5.52 and 5.53).
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5.1. Trajectory optimization

We have a general method which applies to many different problems using the
same methodology. It gives a unifying approach to problems in optimal trajectory,
autonomous ordinary differential equation and control theory. We will show this

unifying approach on (hopefully) significant examples in this chapter.

5.1 Trajectory optimization

In this section, we propose an algorithm using piecewise uniform cubic Bézier
curves to approximate optimal trajectories.

Let F : C°([0,1],R") — R be a continuous function. We require that this
objective function F' should be invariant under reparametrization. An element
70 € C°(]0,1],R") is called a local minimum of F if there exists r > 0 such that
F(v) < F(v) for all v € B(y,r) for the L,-norm. For N € N, we denote by
F | By the restriction of F' to the space By 3z of uniform N-piece cubic Bézier
curves. We first consider some properties about the convergence of a sequence to

a local minimum.

Proposition 5.1. Let F : CY([0,1],R") — R be a continuous function such
that F is invariant under reparametrization. Let vy € C°([0,1],R") be a local
minimum of F' and r > 0 be such that F(vy) < F(y) for all v € B(~,r) for
the L,-norm. Let 4y be a minimum of F' |g,, on the set By 3 N B(v,7). If the
sequence {Jn} converges with respect to the norm L, on the space C° ([0, 1], R™)

and lim Ay € B(7,7), then the limit lim Ay is a local minimum of F.
N—00 N—o00

Proof. We denote 7y = ]\}5%0 AN -

If F(50) = F(), then 7q is a local minimum of the function F.

If F(30) # F(70), we set € = F(Y) — F(y) > 0. Since v € C°([0,1],R"), there
exists a sequence {ay } such that ay € By 3 and {ay} converges to 7o with respect
to the norm L,,.

We have vy € B(70, 1), thus there exists Ny > 0 such that

VN > No,OéN S BN73 N B(/y(),?“).

Because the function F' is continuous, ay converges to 7o and F(v) < F(y) for
all v € B(7o,7), there exists N; € N such that

VN > Ny, F(v) < F(an) < F(y) +¢€/2.
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Taking J&im , we have F'(vyy) < F(%) < F(70)+¢€/2. This contradicts with F'(50) =
—00
F(v) + €. So F(%) = F(y) and therefore the limit 4, = A}im An is a local
—00

minimum of F. O]

If we drop some hypotheses, Proposition 5.1 will be not true. We can see this

in the following example.
Example 5.2. Let vy be the upper half circle

% : [0,1] — R?
t — Yo(t) = (cos(m — tm),sin(m — tm)) .

Consider the continuous function

F (10,1, \ {30} > R
-1
z o
I =l
We have F'(yp) = —oc. So 7 is not a minimum of F. But F' [g,,: Bys — R has

a minimum Jy € C° ([0, 1], R?) \ {70} such that ¥y — 79 as N — oo.

Proposition 5.3. Let F : C°(]0,1],R") — R be a continuous function such that
F is invariant under reparametrization. Let 4y be a minimum of F' |g,, on the
set By N Vi, where Vi is an open set of C° ([0, 1], R") for the L,-norm. If

e the sequence {jy} converges with respect to the norm L, on C° ([0, 1], R"),
e the limit lim Ay is in C° ([0, 1],R"),
N—o0
e () Vy is a non-empty open set of C° ([0, 1], R") for the L,-norm,
N

then the limit lim 7y is a local minimum of F.
N—o0

Proof. We set 79 = A}im An and Vo = [ Vv. Let v be an element in Vj. Since 7 is
—00 N

continuous, there exists a sequence {ay} such that ay € By and {ay} converges
to v with respect to the norm L,,.
We have v € Vj, thus there exists a positive integer N such that

VYN > Ny, an € V.

Since 4y is a minimum of F' |p,, on the set Bys N Vy and Vy = [ Vi, we have
N

VN > Ng,F(’S/N> < F(OéN).
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Taking A}im , we have F'(39) < F(v). Then 4y is a minimum of F on ;. O
— 00

Combining Proposition 5.1, Proposition 5.3 and Theorem 4.1, we propose
Algorithm 2 using piecewise uniform cubic Bézier curves to approximate optimal
trajectories. In the Algorithm 2, the objective function F is invariant under
reparametrization.

The idea is to improve the approximation of the trajectory by splitting pieces
when they bring improvement. Along the algorithm, the current approximation
is a list of pieces. The split procedure allows to replace one piece by two pieces
without changing the curve. We run along the list of pieces and successively.

We first establish Algorithm 1. Algorithm 1 is a sub-algorithm of Algorithm
2. In Algorithm 1, we split a uniform N-piece cubic Bézier curve 7y at a fixed
index ¥ and reparametrize to become a uniform N + 1-piece cubic Bézier curve
Yn+1- Since the objective function is invariant under reparametrization, we have
F(yn+1) = F(3n). This approach creates 3 extra control points in order to give
additional freedom for curve design. Then we find 5,7 that is a local minimum
of F' on By413 from the initial curve yy4q. This step is a finite-dimensional
optimization problem. In numerical tests, we use Fmincon in Matlab to find

N3 s small enough,

the local minimum Jy41 of F on Byi13. If ||An41 — 7N+1||f
the difference |F(Jn41) — F(7n+1)| is very small. This means we can not improve
the curve by splitting 7 at the i piece. We will save this index to avoid splitting

this piece at next steps.

Algorithm 1 SPLIT-OPTIMAL (F,7,1,¢,1) > Split at a fixed piece and

optimize a piecewise uniform cubic Bézier curve

Input F : C°([0,1],R") — R is invariant under reparametrization, 7 is a
piecewise uniform cubic Bézier curve, 7 is a piece index, € is a constant, I is a set
of piece indexes.

Output A piecewise uniform cubic Bézier curve and a set of piece indexes.

1: Begin Procedure
2: N := the number of pieces of ¥
Split ¥ € By 3 at the i'" piece and reparametrize to become Yy, € Byii3 >
We note that F(yy41) = F(9n)
Find 4n41 being a local minimum of F' on By 3 from the initial curve yn;
if [ An41 — vl "< e then
Put the piece indexes i* and (i + 1) in the set I
end if
return [Jn1, /]
End Procedure

o

N+1,3
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1r

Fig. 5.1: A uniform 2-piece cubic
Bézier curve ~s. Fig. 5.2: Split 7, at the 2"? piece.

We recall the way to split a uniform N-piece cubic Bézier curve at the ;"
piece and reparametrize to become a uniform N + 1-piece cubic Bézier curve. Let
I' € By be a uniform N-piece cubic Bézier curve with control points Pj34; € R",
j=0,...,N—1,7=0,...,3. So

4 3 1
TO(Nt) = 3 Pbis(Nt) if ¢ e [o, N}’
=0
T'(t) =< 16 (Nr o J i+l
TO(Nt — §) = 2 ribis (Nt — ) 1fte[N, N},
=1, N—1.

\

By ([26, chapter 9, p. 201]), we can split I" at the j¢* piece and obtain

7 J+1
N N

. . 3 . . . .
A(JO)(QNt — 2]0) = ;)Qj03+ibi,3<2Nt — 2]0) lft c [;J—]\(}, 2]20];;1:|

( 3
PO(Nt—j) = 3 Pjsibis(Nt —j) if t € [ } Vi=0,...50—1
i=0

I(t) = ,
AU (Nt — 255 — 1) = 20 Qios1y34ibis (2Nt — 2jo — 1) if t € [% %]
| o
FO(Nt - j) = Z ssibia(NE— gy ifte [ 2] Wi=jot 1, N~ 1.
\ N N
where
Qj03+l_2bl7,( > Go3+i—1) i:()’___,?,,

QGot1)3+i = Zbu( > jo3+3—itl, ¢ =10,...,3.

We reparametrize I' to become a uniform N + 1-piece cubic Bézier curve A as
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follows
’A(U) N 3 b; 3(N f 1
t) = i0i3(INT if ¢ [,—},
(N + D) = 3 Qibia(NY) it te 05
A(t) = A(j)Nl—':B b o(Nt— ) if J ﬂ]
(N +1)t—3j) ;)Qﬂﬂbz,?w(t j) if te N+l NL1)
.]:17 7N7

where .
QjS-‘ri :Pj3+i7vj :O7"'7j0_17i:()a"'737

7 1 )
Qj03+i = Z bl,i<§)Pj03+i—l>Z =0,...,3,
1=0

Qo+1)3+i = ZZ bl,z’(§>PjOS+3—i+l, 1=0,...,3,
=0

\Qj3+i:P(j—l)3+i7vj:j0+27"'aN72.:()7"'73'

In Algorithm 2, we split each piece of the curve and optimize respectively.
At each step, we just split one piece and then optimize. The number of pieces
increases one piece and the number of control points increases 3 points after each
step. The algorithm will be stop if we can not improve the curve by splitting any

pieces.

Algorithm 2 OPTIMAL (F,~1,¢) > Using piecewise uniform cubic Bézier
curves to approximate optimal trajectories
Input F : C°([0,1],R") — R is invariant under reparametrization, vy, €
Bn,3 and € > 0. > Ny € NT
Output A piecewise uniform cubic Bézier curve.

Begin Procedure
N = N;
I=1 > The indexes of pieces which are optimal
Find 4y, being a local minimum of F' on By, 3 from the initial curve yy,
while All piece indexes of the curves does not belong I do
7 =0; > The increasing in the number of pieces of the curve
for i :=1to N do > We split each piece of the curve and optimize
if i+7¢1 then
[An+1,I] := SPLIT-OPTIMAL ( F,qn,i+ j, €, );
N:=N+1;
J=J+1L
end if
end for
: end while
: return Yy > The approximation of the optimal trajectory
: End Procedure

e e e e el
SO AR S S suli e

N}
e}
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Fig. 5.3: Example 5.4.

We will now present some experiments in order to illustrate the efficiency of the
proposed method. We will consider simple problems and progressively go to more
and more advanced problems. The first problem is a geometric approximation of

the arc of the unit circle.

Example 5.4. Let S!' be the unit circle on the plane. Let ay,...,ag be six rays
as follows

(a1) y=28z, r >0

(a2) y = 3z, x>0

(a3) y= 1.5z, x>

(as) y=0.Tz, x>0

(a5) y = 0.4z, x>0

(ag) y=0.1z, x > 0.

For a curve 7 : [0, 1] — R?, we define our objective function F' by

6

F(y) =Y _ll(yna) = (yN Y]l

i=1

We want to find a curve v going from A(0,1) to B(v/3/2,0.5) such that F(y) is
minimum. (See Figures 5.3)
It is easily seen that the arc « of the circle going from A to B realizes the minimum
of F: we have F(a) = 0.

We use piecewise uniform cubic Bézier curves and Algorithm 2 to find an

approximation of the minimum of F. We run Algorithm 2 step by step and obtain
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05 |

Fig. 5.4: Step 1 in Example 5.4: the initial curve v; € By 3.

the list of curves at each step (See Figure 5.4, Figure 5.5, Figure 5.6, Figure 5.7,
Figure 5.8, Figure 5.9, Figure 5.10 and Figure 5.11).
Summary: We have a table of values and some notations when using Algorithm

2 to approximate the minimum of F' in Example 5.4 as follows:

F()

FG) = Fle)l | 1IFG) = Foal | Foy | 1=l
i=1]| 4.7817.107" 205.1609 0.2330.107° 2.8848
i=2| 1.8505.107%7 4.7798.10~* | 0.3870.1073 0.0042
i=3| 7.7819.107% 1.0723.1077 0.4205 4.6025.1078
i=4| 7.7819.107% 0 1 0

e The arc a of the circle going from A to B realizes the minimum of F: we
have F(a) = 0.

® 7, € B;3 is a reparametrization of ¥,_; € B;_; 3. Since F' is invariant under

reparametrization, we have F(v;) = F(%;_1).

e Each step from 7; to 7;.1, the number of pieces increases one piece and the

number of control points increases 3 points.

19 — 72— 0 as i — 4.

92 Distance, geometry of the set of curves and optimal trajectories



5. Application to trajectory optimization problems, autonomous ODEs and
control of autonomous ODEs

0.5

Fig. 5.5: Step 2 in Example 5.4: the local minimum 4, € By 3 of F' |p, , from the initial curve
71 € By 3.

Fig. 5.6: Step 3 in Example 5.4: split and reparametrize 7, € B;,3 to become > € By 3.
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Fig. 5.7: Step 4 in Example 5.4: the local minimum 4, € By 3 of I |p, , from the initial curve
Y2 € Ba 3.

Fig. 5.8: Step 5 in Example 5.4: split at the first piece and reparametrize ¥3 to become v3 € Bs 3.

94 Distance, geometry of the set of curves and optimal trajectories



5. Application to trajectory optimization problems, autonomous ODEs and
control of autonomous ODEs

Fig. 5.9: Step 6 in Example 5.4: the local minimum 73 € B33 of I' |p, , from the initial curve
3 € B3 3.

Fig. 5.10: Step 7 in Example 5.4 : split at the third piece and reparametrize 3 to become
V4 € By 3.
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Fig. 5.11: Step 8 in Example 5.4: the local minimum ¥, € By 3 of F'|p, , from the initial curve
V4 € Bys.

|F'(3;) — F(«)| approaches to nearly zero as i — 4.

The rate of decrease of |F(¥;) — F(«)| slows down over each step.

When the value of ||5; —||2"* is small enough, |F(%;) — F(y:)| is very small.

e At 7 — 1, we split and reparametrize 7,_1 € B;_1 3 at one piece to become
vi € Bis. Then we use Fmincon in Matlab to find the local minimum

v € B, 3 from the initial curve 7; € B, 3.

At Step 5 and Step 6, we split 45 at the first piece, reparametrize to become
73 € Bs g and then find the local minimum 45 € Bj 3. We see that ||%—’y3||2B3’3
and |F'(33) — F'(73)| are very small. This means that we can not improve the
curve by splitting the first piece of 75. So we remember the first piece and
the second piece of 43 in the set I and stop splitting these pieces in the next

steps.

o At Step 7 and Step 8, we split 43 at the third piece, reparametrize to become
74 € Bs 3 and then find the local minimum 4, € Bj 3. We see that ||7y4—'y4Hf4’3
and |F(94) — F(74)| are very small. This means that we can not improve

the curve by splitting the third piece of 73. So we remember the third piece
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15 N

Fig. 5.12: Step 1 in Example 5.5: the initial curve v, € By 3.

and fourth piece of 7, in the set I and stop splitting these pieces in the next
steps.

o After Step 8, all piece indexes of 7, belong to I. This means that we can
not improve the curve. Then the algorithm stops and we obtain 7, as an

approximation of a.

Example 5.5. We consider again the unit circle S' on the plane. For a curve

v :10,1] = R? we define our objective function F by

/ I3 la-d((8), 5,

where d(v(t), S') = zrélsr%ny(t) — Al|2. We want to find a curve «y going from A(0, 1)
to B(0,—1) such that F(vy) is minimum.

It is clear that the semi circle a going from A to B realizes the minimum of F.

We use piecewise uniform cubic Bézier curves and Algorithm 2 to find an
approximation of the semi circle a. We run Algorithm 2 step by step and obtain
the list of curves at each step (See Figure 5.12, Figure 5.13, Figure 5.14, Figure
5.15, Figure 5.16, Figure 5.17, Figure 5.18, Figure 5.19, Figure 5.20, Figure 5.21,
Figure 5.22, Figure 5.23, Figure 5.24, Figure 5.25, Figure 5.26 and Figure 5.27).
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0.4 F
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Fig. 5.13: Step 2 in Example 5.5: the local minimum 4; € By 3 of F' |p, , from the initial curve
Y1 € By 3.
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Fig. 5.14: Step 3 in Example 5.5: split and reparametrize 4, € B; 3 to become 7, € By 3.
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04 |

-06
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Fig. 5.15: Step 4 in Example 5.5: the local minimum 7, € By 3 of F |B2,3 from the initial curve
Y2 € Ba3.
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Fig. 5.16: Step 5 in Example 5.5: split at the first piece and reparametrize 42 to become
V3 € B3 3.
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Fig. 5.17: Step 6 in Example 5.5: the local minimum 73 € B33 of F |p, , from the initial curve
3 € B3 3.
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Fig. 5.18: Step 7 in Example 5.5: split at the third piece and reparametrize y3 € B3 3 to become
Y4 € Bys.
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Fig. 5.19: Step 8 in Example 5.5: the local minimum 7, € By 3 of F' |p, , from the initial curve
V4 € Byg.
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Fig. 5.20: Step 9 in Example 5.5: split at the first piece and parametrize 74 € By 3 to become
Y5 € Bs 3.
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Fig. 5.21: Step 10 in Example 5.5: the local minimum 75 € Bs 3 of F' |Bs,3 from the initial
curve v5 € Bs 3.
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Fig. 5.22: Step 11 in Example 5.5: split at the third piece and reparametrize 5 € Bs3 to
become s € Bg 3.
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Fig. 5.23: Step 12 in Example 5.5: the local minimum 7 € Bg 3 of I' |p,, from the initial
curve v € Bg 3.
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Fig. 5.24: Step 13 in Example 5.5: split at the fifth piece and reparametrize 75 € Bg 3 to
become v7 € By 3.
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Fig. 5.25: Step 14 in Example 5.5: the local minimum 77 € Br 3 of I’ |p,, from the initial
curve 7 € By 3.
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Fig. 5.26: Step 15 in Example 5.5: split at the seventh piece and reparametrize v; € By 3 to
become g € Bg 3.
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Fig. 5.27: Step 18 in Example 5.5: the local minimum 4g € Bg 3z of I' |p,, from the initial

curve g € Bg 3.

Summary: We have a table of values and some notations when using Algorithm

1 FaN T
Q.
e
0.8 | o}
Q
0.6 | Q
®
04 - Q
Q
02 Y
¢
0r o}
q
0.2 p
b
04 P
o)
06 f &
Jo,
0.8 &
o)
-1 S
05 1

2 to approximate the optimal trajectory in Example 5.5:

F(%)

FG) = F@l | IFG) - FOl | oy | 1=l
i=1 0.0074 4.6726 1.5811.1073 4.0479
i 1.0438.107%4 0.0072 1.4105.1072 0.1423
i = 6.4337.107%° 4.0043.107° 0.6163 0.0056
i = 1.4791.107% 4.9546.10° 0.2298 0.0017
i 1.3482.107% 1.309.106 0.9115 7.4317.107%
i = 9.6766.107% 3.8054.10~¢ 0.7177 1.1210.107%
i 6.4016.107°6 3.275.10°6 0.6615 5.5171.107%
i = 2.3964.107% 4.0052.10~6 0.3743 4.7458.107%

® 7, € B;3 is a reparametrization of ¥;_; € B;_; 3. Since F' is invariant under

reparametrization, we have F(v;) = F(5;_1).

e Each step from ; to 7,11, the number of pieces increases one piece and the

number of control points increases 3 points.

e The decrease of |F(%;) — F(«)| at step i = 3 and at step ¢ = 4 are quite
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similar because these steps split each piece of 7, and optimize respectively.

QB@',S at step ¢ = 3 and at step i = 4 are quite similar

The value of ||¥; — |

because these steps split each piece of 745 and optimize respectively.

The decrease of |F(%;) — F(a)| at step ¢ = 5, at step i = 6, at step i = 7 and
at step ¢ = 8 are quite similar because these steps split each piece of 44 and

optimize respectively.

The value of ||5; — 7|5 at step i = 5, at step i = 6, at step i = 7 and at
step ¢« = 8 are quite similar because these steps split each piece of 7, and

optimize respectively.
When the value of ||; —v; ||;3"’3 is small enough, |F(%;) — F(v;)]| is very small.

At ¢ — 1, we split and reparametrize 7,1 € B;_; 3 at one piece to become
vi € Bis. Then we use Fmincon in Matlab to find the local minimum

v € B, 3 from the initial curve v; € B, 3.

At Step 9 and Step 10, we split 74 at the first piece, reparametrize to become
75 € Bss and then find the local minimum 45 € Bj; 3. We see that ||§5—75||§5‘3
and |F'(95) — F(75)| are very small. This means we can not improve the curve
by splitting the first piece of 74. So we remember the first piece and the second
piece of 45 in the set I and stop splitting these pieces in the next steps.

At Step 11 and Step 12, we split 45 at the third piece, reparametrize to
become s € Bg s and then find the local minimum s € Bgz. We see that
156 — 76||2% and |F(36) — F(76)| are very small. This means we can not
improve the curve by splitting the third piece of 5. So we remember the
third piece and the fourth piece of 45 in the set I and stop splitting these

pieces in the next steps.

At Step 13 and Step 14, we split 5 at the fifth piece, reparametrize to
become 77 € B73 and then find the local minimum 47 € B73. We see that

. B
157 = 7l
improve the curve by splitting the third piece of 75. So we remember the fifth

"% and |F(y7) — F(vy7)| are very small. This means we can not

piece and the sixth piece of 47 in the set I and stop splitting these pieces in

the next steps.

At Step 15 and Step 16, we split 4, at the seventh piece, reparametrize to
become 5 € Bg3 and then find the local minimum g € Bg 3. We see that

106

Distance, geometry of the set of curves and optimal trajectories



5. Application to trajectory optimization problems, autonomous ODEs and
control of autonomous ODEs

155 — 7s]|2%* and |F(3s) — F(7s)| are very small. This means we can not
improve the curve by splitting the seventh piece of 7;. So we remember the
seventh piece and the eighth piece of 75 in the set I and stop splitting these

pieces in the next steps.

o After Step 16, all piece indexes of 7g belongs I. This means that we
can not improve the curve. Then the algorithm stops and we obtain an

approximation g of the semi circle a going from A to B.

We next consider some examples of trajectory optimization problems.

5.2 Some examples of trajectory optimization

problems

In this section, we present some instances of trajectory optimization problems.
We are going to use piecewise uniform cubic Bézier curves and Algorithm 2
to approximate optimal trajectories. These trajectory optimization problems is

applied to the movement of robots.

We consider the problem: Given two points A, B € R? and a compact set
¥ C R?% For a continuously differentiable curve v : [0,1] — R? we define our

objective function F' by
1

Ao
Fo) = / (0.5 ™

where |||z is the Euclidean norm on R? and d(y(t),3) = rlgligHV(t) — Py for
S
t € [0, 1]. We want to find a continuously differentiable curve v going from A to B

such that ~ is a local minimum of F.

Piecewise uniform cubic Bézier curves are continuously differentiable
everywhere except at a countable set of points. We use piecewise uniform cubic
Bézier curves, Algorithm 2 and Matlab to approximate optimal trajectories of this

problem.
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Fig. 5.29: Some locally optimal trajectories as ¥ is a point ¥ := {0(0,0)}.

5.2.1 Case Y is a point

Given two points A, B and a set X := {0(0,0)}. For a continuously differentiable
curve 7 : [0, 1] — R?, we define our objective function F' by

/ ok,
()~ Ol

We want to find a continuously differentiable curve v going from A to B such that
v is a local minimum of F.

Using piecewise uniform cubic Bézier curves, Algorithm 2 and Matlab, we can
approximate optimal trajectories of this problem (see Figures 5.28 and 5.29). We

have some remarks about this problem as following:
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Remark 5.6.

e We find a curve 7, connecting A and B such that - is as far 3 := {O} as

good and 7y is also as short as good.

e For two points A, B, there are two locally optimal trajectories connecting A
and B.

e When the initial curve is near the locally optimal trajectory Iy, the output

of the algorithm is an approximation of ['y.

e If v contains O, then the code stops at 7 since F(vy) = oo. But 7 containing

M or N is not a locally optimal trajectory.

o If d(A,O) = d(B,0), optimal trajectories are arcs of circles.

An optimal trajectory is not always an arc of a circle.

5.2.2 Case Y is two points

Given two points A, B and a set ¥ := {M, N}. For a continuously differentiable
curve v : [0,1] — R?, we define our objective function F by

1

_ 17(2)]]2
Fn = / (6,2

where d(y(t),X) = min{|[y(¢t) - M|,,|v(t) — N|,}. We want to find a
continuously differentiable curve v going from A to B such that ~ is a local
minimum of F.

Using piecewise uniform cubic Bézier curves, Algorithm 2 and Matlab, we can
approximate optimal trajectories of this problem (see Figures 5.30 and 5.31). We

have some remarks about this problem as following;:
Remark 5.7.

e We find a curve 7 connecting A and B such that 7 is as far X := {M, N}

as good and -y, is also as short as good.
e This example has four locally optimal trajectories.

e When the initial curve is near the locally optimal trajectory Iy, the output

of the algorithm is an approximation of ['y.
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Fig. 5.30: Four locally optimal trajectories which go from A(—2,0) to B(2,0) as ¥ is two points
¥ :={M(-1,0),N(1,0)}.

Fig. 5.31: Four locally optimal trajectories which go from A(—2,—0.5) to B(3,1) as ¥ is two
points ¥ := {M(-1,0), N(1,0)}.
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e At each t € [0,1], d(v(t),X) exists uniquely because ¥ := {M,N} is a

compact set.

e If v contains M or N, then the code stops at v since F(vy) = oco. But ~

containing M or N is not a locally optimal trajectory.

We note that a local optimal trajectory of this problem is not always an arc of
a circle. For example, let us consider ¥ := {M(—1,0), N(1,0)}. We will consider
two cases of A, B as follows:

o Case I: A=(1,2) and B = (1,—2).

In this case, we found a local optimal trajectory being a half circle (the

magenta curve in Figure 5.32).

e Case 2: A=(1,2) and B = (1,—1).

In this case, we found a local optimal trajectory v; (the red curve in Figure

5.32) and we have F(vy;) = 3.2172.
The half circle 42 (the black curve in Figure 5.32) connecting A and B has

the following formula

r =1+ 1.5cos (z —mf)
2 te[0,1].
y =05+ 1.5sin <§ - m),

We have F(y2) = 3.2348 > F(vy;) = 3.2172.

So, the arc 75 is not a local optimal trajectory.

5.2.3 Case Y is a segment

Given two points A, B and a segment > := M N. For a continuously differentiable

curve v : [0,1] — R?, we define our objective function F by

1

o
P = / a0, 5™

where d((t),X) = II£1€1£I |v(t) — PJ|, . We want to find a continuously differentiable
curve «v going from A to B such that 7 is a local minimum of F.

Using piecewise uniform cubic Bézier curves, Algorithm 2 and Matlab, we can
approximate optimal trajectories of this problem (see Figures 5.33 and 5.34). We

have some remarks about this problem as following:
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Fig. 5.32: ¥ := {M(-1,0),N(1,0)} : red curve and magenta curve are two optimal trajectories,
black curve (a half circle) is not a optimal trajectory.

Remark 5.8.

e We find a curve =y connecting A and B such that 7, is as far the segment

Y. := MN as good and 7, is also as short as good.
e This example has two locally optimal trajectories.

e When the initial curve is near the locally optimal trajectory Iy, the output

of the algorithm is an approximation of I'y.

e At each t € [0,1], d(y(t),X) always exists uniquely because the segment
> := MN is a compact set.

e If ~ contains a point in the segment ¥ := M N, then the code stops at ~

since F(y) = oo. But 7 is not a locally optimal trajectory.

5.2.4 Case X is three points

Given two points A, B and a set ¥ = {M, N, K'}. For a continuously differentiable
curve 7 : [0, 1] — R?, we define our objective function F' by

MO
P = / a0, 5) ™
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Fig. 5.33: Two locally optimal trajectories which go from A(—2,0.5) to B(2,0.5) as X is the
segment M(—1,0)N(1,0).
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Fig. 5.34: Two locally optimal trajectories which go from A(0, —2) to B(0,2) as X is the segment
M(—1,0)N(1,0).

where d(y(t)X) = min {[|v(¢) — M|l , [[v(t) = N5, |7(t) — K|[,} . We want to find
a continuously differentiable curve v going from A to B such that v is a local

minimum of F.

Using piecewise uniform cubic Bézier curves, Algorithm 2 and Matlab, we can
approximate optimal trajectories of this problem (see Figures 5.35). We have some

remarks about this problem as following:
Remark 5.9.

e We find a curve 7y connecting A and B such that 7g is as far ¥ := {M, N, K}

as good and -y is also as short as good.

e This example has six locally optimal trajectories.
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Fig. 5.35: Six locally optimal trajectories which go from A(—2.5,0) to B(2.5,0) as ¥ is three
points M (—2,0), N(2,0), K(0,0.5).

e When the initial curve is near the locally optimal trajectory Iy, the output

of the algorithm is an approximation of ['y.

e At cacht € [0,1], d(y(t),>) always exists uniquely because ¥ := {M, N, K'}

is a compact set.

e If v contains M or N or K, then the code stops at 7 since F(vy) = oco. But

v is not a locally optimal trajectory.

5.2.5 Case X is a triangle

Given two points A, B and a triangle ¥ := AMNK. For a continuously
differentiable curve v : [0, 1] — R?, we define our objective function F' by

1

_ 17(t)]]2
Fo= [ (). 5) ™

where d(v(t),X) = ]rjn% |v(t) — PJ|,. We want to find a continuously differentiable
S

curve v going from A to B such that v is a local minimum of F.
Using piecewise uniform cubic Bézier curves, Algorithm 2 and Matlab, we can
approximate optimal trajectories of this problem (see Figures 5.36 and 5.37). We

have some remarks about this problem as following:
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Fig. 5.36: Two locally optimal trajectories which go from A(—1,0.5) to B(2,1) as X is the
triangle M (0,0)N(1,1)K(2,0)

25

-0.5

Fig. 5.37: Two locally optimal trajectories which go from A(0.5,—1) to B(1,2) as X is the
triangle M (0,0)N(1,1)K(2,0)
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Fig. 5.38: Some optimal trajectories as X is the unit circle

Remark 5.10.

We find a curve 7y connecting A and B such that 7 is as far ¥ := AMNK

as good and -y is also as short as good.
e This example has two locally optimal trajectories.

e When the initial curve is near the locally optimal trajectory Iy, the output

of the algorithm is an approximation of ['y.

o At each t € [0,1], d(y(t),X) always exists uniquely because the triangle
Y := AMNK is a compact set.

e [f v contains a point lying on the triangle AM N K then the code stops at ~

since F'(y) = oo. But 7 is not a locally optimal trajectory.

5.2.6 Case Y is the unit circle

Given the unit circle ¥ on the plane and two points A, B inside the unit circle

Y. For a continuously differentiable curve v : [0, 1] — R?, we define our objective

Foy = [ B0,

function F' by

d((t), %)

where d(v(t),X) = rlglig |v(t) — PJ|, . We want to find a continuously differentiable
=

curve v going from A to B such that v is a local minimum of F.
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Using piecewise uniform cubic Bézier curves, Algorithm 2 and Matlab, we can
approximate optimal trajectories of this problem (see Figures 5.38). We have some

remarks about this problem as following:

Remark 5.11.

We find a curve vy connecting A and B such that 7 is as far the unit circle

> as good and 7y is also as short as good.

For any two points A, B inside the unit circle, there is an optimal trajectory

connecting A and B.

At each t € [0, 1], d(y(t),X) always exists uniquely since the unit circle ¥ is

a compact set.

If v contains a point lying on the unit circle X, then the code stops at v since

F(v) = oo. But 7 is not a optimal trajectory.

Given two district points A, B inside the unit circle, the optimal trajectory
connecting A and B is the geodesic of them. The length of the geodesic is defined
as the distance between A and B. The unit circle with this geodesic distance is
called Poincaré disk model. The Poincaré disk model is a classical model of 2-

dimensional hyperbolic geometry ([4, chapter 4, p. 117], [77, chapter 25, p. 489)]).

5.3 Autonomous ordinary differential equation

In this section, we study the relation between the autonomous ordinary differential
equation and the trajectory optimization problem. Then we propose a method to
approximate orbits of autonomous ordinary differential equations.

The method is not really to compute solutions of the autonomous ODE.
The interesting point is that we can compute orbits of autonomous ordinary
differential equations in an accurate way avoiding some difficulties arising from
parametrization.

Once the orbit is known, we do not need to compute quadrature formula to
have numerical approximation of the solution. Locally, at any point, its enough to

recall the derivative to have the same norm as the vector field.
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5.3.1 Theoretical basis

An autonomous ordinary differential equation is a system of ordinary differential

equations of the form

This system is said to be autonomous because the right hand side of the differential
system does not depend explicitly on .
We consider an autonomous ordinary differential equation together with initial
condition as follows
X(1) = f(X(1)
X(to) = Xo,

(5.1)

where f: U = TU, U CR" I CR,ty €[ and Xy € U.

We refer [91, Chapter 2, p. 7], [29, Chapter IX, p. 400] for a complete description
of this problem.

Following [21, p. 2|, they define the orbit of the solution X : I — U to be the

set
Ox = {X(t)|t eI}

We will propose a way to find solution orbits of the autonomous ordinary
differential equation together with initial condition. Then we use our method

using piecewise uniform cubic Bézier curves to approximate solution orbits.

Proposition 5.12. Let U be a subset in R, X, € U and I = [to,t;) C R.
Let f: U — TU be a Lipschitz continuous function. We consider the following

autonomous ordinary differential equation together with initial condition

(5.2)

If v : [0,1] — U is a continuously differentiable function such that +(v) # 0 for all
v € [0,1] and

1

Fy(y) = Of U @)z L (@D 2= (3 (w), f(3(0)))) do = 0, (53

7(0) = Xo,

then there exists an increasing differentiable function ¢ : I — [0, 1] such that yo¢

is a solution of (5.2).
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Proof. We have

1

Fr(v) :/(||7(U)||2-||f(W(U))||2— {(3(v), f(v(v)))) dv = 0.

0
Since v and f are continuous,

[ ) l2- L f (v D= ), f(v(v))) = 0, Yo € [0, 1]
= cos ((v), f(7(v))) = 1, Vv € [0, 1].

This means that for every v € [0, 1], 4(v) and f(y(v)) are collinear and in the same

direction.

We need to show that there exists ¢ : I — [0, 1] such that v o ¢ is a solution of

5.2. This means

(Y o) (1)-0(t) = (v o v) (1))

o(to) =0
e )

I AU RS IO
e(to) = 0.

We consider the following one-dimensional differential equation

Y= h<t7 90)

SO(tO) =0, (54>

() [l
where Mt ) =Tl

From the assumption of f, v and [33, Theorem 8.5, p. 96], [33, Theorem 8.6,
p. 96], the function h satisfies Lipschitz condition in the variable ¢. Following [91,
Theorem 1.1, p. 3], (5.4) exists a unique solution ¢ : I — [0, 1]. It is clear that
o(t) > 0,Vt e I.

Otherwise, if ¢ : I — [0, 1] is solution of 5.4, we have

1Y o) @W)l2-() = [[f((y o) (1)) [l2,VE € 1

and ¢(ty) = 0. Combining the fact that ¥(v) and f(y(v)) are colinear and in the
same direction for every v € [0,1], we find that 7 o ¢ is solution of (5.2). O
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From Proposition 5.12, we see that the continuously differentiable solutions of

the system 5.3 differ from the solutions of the autonomous ordinary differential

equation 5.2 by an increasing differentiable function. The solutions of the system

5.3 can be simpler than the solution of the autonomous ordinary differential

equation 5.2. Let us consider the following example.

Example 5.13. Let X, € R?\ {(0,0)}. We introduce a function

f:R* = TR?
M — —M.

We consider the following autonomous ordinary differential equation

X(t) = F(X () = =X (), ¥t € [0, 00

From Proposition 5.12, we can translate 5.5 to the following problem

Fy(y) = f (O vl (308, )t O

Case 1: The function
’)/Q(t) = XO — th, t e [O, 1]

(5.5)

satisfies Fr(79) = 0 and v,(0) = Xo. However, v, is not a solution of (5.5). We

show that there exists an increasing differentiable function ¢ : I — [0, 1] such that

7o © ¢ is a solution of (5.5).

From the proof of Proposition 5.12, the function ¢ is a solution of the following

one-dimensional differential equation

= (X0 — o(0)X0) [l

o) %ol
@(to) =0
o(t) = 1 - o(0)
=
©(0) = 0.
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Since p(t) < 1, we have

p(to) =0
p(t) € [0,1].
This is a linear differential equation with constant coefficients and we have the

solution
wo(t) = —e '+ 1, tel =000

It is clear that
Yo(t) = (Y00 o) (t) = e Xo, t € I =[0,00]

is a solution of (5.5).

Case 2: The function
1
"yl(t) = XO — §tX0, t - [O, 1]

satisfies Fy(71) = 0 and 7,(0) = Xo. However, 7, is not a solution of (5.5). We
show that there exists an increasing differentiable function ¢ : I — [0, 1] such that

71 © @ is a solution of (5.5).

Similarly, ¢ is a solution of the following one-dimensional differential equation

- = e,

(1) 2
|- 5%l
©(0) =0
P(t) =12 = p(t)]
=
o(to) =

Since p(t) < 1, we have

p(to) =0
p(t) € [0,1].
This is a linear differential equation with constant coefficients and we obtain the

solution
p1(t) = —2e"+2,tel=][0,In2].

Distance, geometry of the set of curves and optimal trajectories 121



5.3. Autonomous ordinary differential equation

It is easily seen that
Yi(t) = (oo ¢1) () =e " Xo, t € 1 =[0,In2]

is the solution of (5.5).

1
We remark that vo(t) = Xo — tXo, t € [0,1] and v (t) = Xo — itXO’ t €0,1]

are linear. They are simpler than the solution of (5.5).

We note that

/Hv Mz [[F (D)= (Y(w), fF(7(v)))) dv

is always non-negative and invariant under reparametrization. Then, the system

5.3 can be considered as the following trajectory optimization problem

Of 5 () lz2-ILf (v()) 2= {3 (w), (v (v)))) dv (5.7)

This means that we can find solution orbits of the autonomous ordinary
differential equation 5.2 from the trajectory optimization problem 5.7. Piecewise
uniform cubic Bézier curves are continuously differentiable everywhere except at
a countable set of points. Thus, we use piecewise uniform cubic Bézier curves and
Algorithm 2 to approximate solution orbits of the autonomous ordinary differential
equation. We consider the following example and run Algorithm 2 step by step in

order to illustrate the efficiency of our method.

Example 5.14. We consider the autonomous ordinary differential equation

together with initial condition

( / y - 1
=
yl Y2
r_ 92
Y P
(41(0),2(0)) = (—0.2,5).

\

We find a reparametrization of the solution by finding the minimum of the following
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Fig. 5.39: Step 1 in Example 5.14: the initial curve v; € By 3.

problem
F(y) = Of U@l - 11F G Ey = 3 (#), F(v(1))) dt
7(0) = (=0.2,5),
where
f:R?* = TR?

2 2
yr — 1 92_1)

Y,y = - y .

(1 2) ( Y1 — Y2 Y2 — U1

Using piecewise uniform cubic Bézier curves, Algorithm 2 and Matlab, we can
approximate the solution orbit of this problem. We have the list of curves at
each step (See Figures 5.39, Figures 5.40, Figures 5.41, Figures 5.42, Figures 5.43,
Figures 5.44, Figures 5.45 and Figures 5.46).

Summary: We have a table of values and some notations when using Algorithm

2 to approximate the solution orbit in Example 5.14:
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25 f P :
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Fig. 5.40: Step 2 in Example 5.14: the local minimum ¥, € By 3 of F' |p, , from the initial
curve v, € By 3.

-0.9 -0.8 -0.7 -0.6 -0.5 -0.4 -0.3 -0.2

Fig. 5.41: Step 3 in Example 5.14: split and reparametrize 7, € B; 3 to become 2 € By 3.
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45 /1

35 / 1

25 r 1

-0.9 -0.8 -0.7 -0.6 -0.5 -0.4 -0.3 -0.2

Fig. 5.42: Step 4 in Example 5.14: the local minimum 4, € By 3 of F' |p,, from the initial
curve vy € Ba 3.

45+ :

35 4

-0.9 -0.8 -0.7 -0.6 -0.5 -0.4 -0.3 -0.2

Fig. 5.43: Step 5 in Example 5.14: split at the first piece and reparametrize 7, € Bj 3 to become
V3 € B3 3.
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45 r ]

35 b

25 r b

-0.9 -0.8 -0.7 -0.6 -0.5 -0.4 -0.3 -0.2

Fig. 5.44: Step 6 in Example 5.14: the local minimum 43 € B33 of F' |p,, from the initial
curve 3 € B3 3.

45 r 1

35 ]

-0.9 -0.8 -0.7 -0.6 -0.5 -0.4 -0.3 -0.2

Fig. 5.45: Step 7 in Example 5.14: split at the third piece and reparametrize y3 € B33 to
become v4 € By 3.
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45+ :

35 4

25 r 1

15 1

-0.9 -0.8 -0.7 -0.6 -0.5 -0.4 -0.3 -0.2

Fig. 5.46: Step 8 in Example 5.14: the local minimum 4, € By of F' |p, , from the initial
curve y4 € By 3.

FG) -0 [ 1FG) - FOOl | Ty | =l
1= 2.9696.10% 0.0989 0.3002.10~¢ 1.6405
1= 3.2358.107% 2.6460.1078 0.1089 0.0020
1= 2.3298.107% 0.906.107° 0.7200 1.3251.107°
1= 1.7352.1010 2.1562.107° 0.0744 2.2561.10~*

Vi € B, 3 is a reparametrization of 7;,_; € B;_; 3. Since F’ is invariant under

reparametrization, we have F(v;) = F(5;_1).

Each step from 7; to 7,11, the number of pieces increases one piece and the

number of control points increases 3 points.
|F(3;) — F(v:)| approaches to nearly zero as i — 4.
15 — 7|2 approaches to nearly zero as i — 4.
F(%;) approaches to nearly zero as i — 4.

The rate of decrease of |F(7;) — 0| slows down over each step.

When the value of ||5; —;|2"* is small enough, |F(%;) — F(v;)] is very small.
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The decrease of |F'(%;) — 0| at Step i = 3 and at Step i = 4 are quite similar

because these steps split each piece of 45 and optimize respectively.

B;3

The value of ||7; — il

at Step ¢ = 3 and at Step ¢ = 4 are quite similar

because these steps split each piece of 4, and optimize respectively.

At ¢ — 1, we split and reparametrize 7,1 € B;_1 3 at one piece to become
vi € Bis. Then we use Fmincon in Matlab to find the local minimum

vi € B; 3 from the initial curve v; € B; 3.

At Step 5 and Step 6, we split 45 at the first piece, reparametrize to become
73 € Bsz and then find the local minimum 43 € Bs 3. We see that ||i3—73|\2B3‘3
and |F'(33) — F'(7y3)| are very small. This means that we can not improve the
curve by splitting the first piece of 75. So we remember the first piece and
the second piece of 43 in the set I and stop splitting these pieces in the next

steps.

At Step 7 and Step 8, we split 73 at the third piece, reparametrize to become
74 € Bs 3 and then find the local minimum 44 € Bs 3. We see that H:y4—’y4H§4’3
and |F'(94) — F(v4)| are very small. This means that we can not improve
the curve by splitting the third piece of 43. So we remember the third piece
and fourth piece of 74 in the set I and stop splitting these pieces in the next
steps.

After Step 8, all piece indexes of 44 belong to I. This means that we can
not improve the curve. Then the algorithm stops and we obtain 7, as an

approximation of the solution orbit.

The image of the curve found by our method is a piece of the solution orbit.

5.3.2 The choice of functions for the orbit approximation

We note that the choice F(7y Ofl (1) |2- [ f(y(v)) [|a— (Y (v), f(y(v)))) dv is

important because it removes “time” from the problem. It is clear that Fy(y) =
Ft(yo0d) for all § € Diff ([0, 1]). Thus the function F; is well defined over €. Our
algorithm using Fy will stop when it reaches a parametrization of the solution. This
means that our algorithm using F is to approximate solution orbits of autonomous

ordinary differential equations.
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It is not the case for G'(y f||7 7(v))|l2dv. If we use G, the algorithm
find a curve 7 such that 4(v ) f( (v )) for every v € [0,1]. Thus the algorithm

using G5 is to approximate the solution. It is obvious that the algorithm using
G has more constraints than our method using F}. This leads to some types of

problems:
e Solutions given by the algorithm using G¢ can be very local.
e Solutions given by the algorithm using Gy can be unstable.

Then the use F% is more convenient to approximate the solution orbits of
autonomous ordinary differential equations than the use Gy. Let us consider the

following example to see the efficiency of Fy towards GY.

Example 5.15. We consider the following autonomous ordinary differential

equation
2’ = 1.5+ cosdx
(2(0), 5(0)) = (1,0).
1
We run our method using Fr () = [ (|[5(v) |21 (v(0) 2= (¥(v), f(7(v)))) dv and
0
the method using G ¢(y f||'y 7)||2dv with the same inputs: the starting

curve, € using to stop the algorlthm and then we get the results (see Figure 5.47).

We have some remarks as follows:
Remark 5.16.

e The curve found by our method using F is longer than the curve found by

the method using Gy.

e The curve found by our method using F} is nearer the solution orbit than

the curve found by the method using G .

Our approach is general. The regularity of Fy depends on the regularity of
f. For instance, if Fy(v(t)), for v € Byg, is differentiable with respect to the
coordinates of control points, then we use gradient descent to find a local minimum
of Fr. If Fr(~(t)), for v € By s, is two times differentiable, then we use, for instance,

Newton’s method to find a local minimum of Fy.
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1.0000002

1.0000001

0.9999999

0.9999998

0.9999997

0.9999996

0.9999995

0.9999994

0.9999993

0.9999992 ' ' ' ' ; ; :

Fig. 5.47: The curve (blue curve) found by using F, the curve (red curve) found by using Gy
and the solution orbit (green curve) of (5.8).

5.3.3 Computing a maximal solution

In this subsection, we introduce two methods in order to compute solution over a
wide interval or a maximal solution when it is possible. One of the main drawback
on the method proposed above is that we do not know the interval on which we
are looking for a solution. The first ideas is to exploit the link between the length
of the curve and the interval. The second idea is based on continuation method.
Let us denote E,, = {y € Emb([0,1],U}. By

5.3.4 Comparison with classical methods

In this subsection, we compare our method and some classical methods. Note
that we focus attention on orbits of autonomous ordinary differential equation.
The Euler method and the Runge-Kutta method are two classical methods to
approximate solutions of ordinary differential equations. We will present some
examples such that our method is more effective than the Euler method and the
Runge-Kutta method.

Example 5.17. We consider the following autonomous ordinary differential
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Fig. 5.48: Our method (blue curve) using € = 0.5, Euler method (red curve) using the step
size h = 0.5, Runge-Kutta method (magenta curve) using the step size h = 0.5 and the exact
solution (black curve) of (5.9) in Example 5.17.

equation
/

=y

(x(0),5(0)) = (1,0).

This autonomous ordinary differential equation has the solution

t
X(t) = (C,OS ) teR.
sint

We use our method, the Euler method and the Runge-Kutta method to
approximate the solution of (5.9) (see Figure 5.48 and Figure 5.49). We have
some remarks when using our method, the Euler method and the Runge-Kutta

method as follows:

Remark 5.18.
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0.8 r

0.6

04 r

0.2

Fig. 5.49: Our method (blue curve) using € = 0.95, Euler method (red curve) using the step
size h = 0.5, Runge-Kutta method (magenta curve) using the step size h = 0.95 and the exact
solution (black curve) of (5.9) in Example 5.17.
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e The orbits found by our method coincides with a portion of the solution
when we use € = 0.5 (in Figure 5.48) or € = 0.95 (in Figure 5.49) to stop the

algorithm.

e The orbit found by the Euler method does not coincide the solution when

we use the step size h = 0.5 (see Figure 5.48 and Figure 5.49).

e The orbits found by the Runge-Kutta method do not coincide the solution
when we use the step size h = 0.5 (in Figure 5.48) or the step size h = 0.95
(in Figure 5.49).

Example 5.19. We consider the following autonomous ordinary differential
equation

¥ =—x—8y

(x(0),5(0)) = (1,0).

This autonomous ordinary differential equation has the solution

X(t):(6 COS8>, teR.

e tsin 8t

We use our method, the Euler method and the Runge-Kutta method to
approximate the solution of (5.10) (see Figure 5.50). We have some remarks when

using our method, the Euler method and the Runge-Kutta method as follows:
Remark 5.20.

e The orbit found by our method coincides with a portion of the solution when

we use € = 0.5 to stop the algorithm.

e The orbits found by the Euler method and the Runge-Kutta method do not

coincide the solution when we use the step size h = 0.05.

Example 5.21. We consider the following autonomous ordinary differential
equation
' =x—8y
J =8ty (5.11)
(x(0),5(0)) = (1,0).
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1.2 T T T T T

0.8

0.6

Fig. 5.50: Our method (blue curve) using € = 0.5, Euler method (red curve) using the step
size h = 0.05, Runge-Kutta method (magenta curve) using the step size h = 0.05 and the exact
solution (black curve) of (5.10) in Example 5.19.
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Fig. 5.51: Our method (blue curve) using € = 0.2, Euler method (red curve) using the step
size h = 0.2, Runge-Kutta method (magenta curve) using the step size h = 0.2 and the exact
solution (black curve) of (5.11) in Example 5.21.

This autonomous ordinary differential equation has the solution

" cos 8t
X =", ter
e’ sin 8¢
We use our method, the Euler method and the Runge-Kutta method to
approximate the solution of (5.11) (see Figure 5.51 and Figure 5.52). We have

some remarks when using our method, the Euler method and the Runge-Kutta

method as follows:
Remark 5.22.

e The orbit found by our method coincides with a portion of the solution
when we use € = 0.2 (in Figure 5.51) or € = 0.5 (in Figure 5.52)) to stop the

algorithm.

e The orbits found by the Euler method do not coincide the solution when we
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Fig. 5.52: Our method (blue curve) using € = 0.5, Euler method (red curve) using the step
size h = 0.05, Runge-Kutta method (magenta curve) using the step size h = 0.25 and the exact
solution (black curve) of (5.11) in Example 5.21.
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use the step size h = 0.2 (in Figure 5.51) or h = 0.05 (in Figure 5.52)).

e The orbits found by the Runge-Kutta method do not coincide the solution
when we use the step size h = 0.2 (in Figure 5.51) or h = 0.25 (in Figure
5.52)).

Example 5.23. We consider the following autonomous ordinary differential

equation

y/ — ySiHQZ‘ (5.12)
((0),4(0)) = (0,1).

This autonomous ordinary differential equation has the solution

t
X(t) - (60‘5(tsintcost)) , 1€ R.

We use our method, the Euler method and the Runge-Kutta method to
approximate the solution of (5.12) (see Figure 5.53). We have some remarks when

using our method, the Euler method and the Runge-Kutta method as follows:
Remark 5.24.

e The orbit found by our method coincides with a portion of the solution when

we use € = 0.9 to stop the algorithm.

e The orbits found by the Euler method and the Runge-Kutta method do not

coincide the solution when we use the step size h = 0.9.

Euler method and Runge-Kutta method do approximation with piecewise
linear. In Euler and Runge-Kutta methods, each sampling point must be satisfied
two constrains: the direction and the length (speed). In our method, each point
just need one constrain: the direction. We do not care the speed in our method.
This means that our method has less constrains than the Fuler method and Runge-
Kutta method. We have a table about the Euler method, the Runge-Kutta method

and our method as follows:
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Fig. 5.53: Our method (blue curve) using € = 0.9, Euler method (red curve) using the step
size h = 0.9, Runge-Kutta method (magenta curve) using the step size h = 0.9 and the exact
solution (black curve) of (5.12) in Example 5.23.
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The Euler method and Our method
the Runge-Kutta method
Result Solutions of autonomous ODEs | Trajectories of autonomous ODEs
Constrain Each point must be satisfied Each point is the
the autonomous ODE same direction with the solution
= many constrains = less constrains
How does Z;11 is determined from x; Find the optimal trajectory
it woks and the step size h in the space of curves
= the error at ;44 is
greater than x;
The error The step size h and The starting curve and
depends on the number of steps € using to stop the algorithm

From Example 5.17, Example 5.19 and Example 5.23, we can see that our
method is better than the Euler method and the Runge-Kutta method for finding
solution orbits of autonomous ordinary differential equations. Consequently,
piecewise uniform cubic Bézier curves and Algorithm 2 are useful to approximate
optimal trajectories and solution orbits of autonomous ordinary differential

equations. We next consider some numerical examples.

5.4 Some examples of autonomous ordinary

differential equations

This section presents some autonomous ordinary differential equations. We
will apply Proposition 5.12 and Algorithm 2 to approximate solution orbits of

autonomous ordinary differential equations.

5.4.1 Example 1

We consider the autonomous ordinary differential equation together with initial

condition
r=—x

Yy =—y (5.13)
((0),5(0)) = (w0, %0)-
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Fig. 5.54: Some solution orbits in Example 1.

We find a reparametrization of the solution by finding the minimum curve of the
following problem
1

F) = [ (Al 1=7®lly = G0, —v(E)) at (5.14)

7(0) = (o, %),
where
f:R?* = TR?
(z,y) = (—z,—y).
Using piecewise uniform cubic Bézier curves, Algorithm 2 and Matlab, we can

approximate solution orbits of (5.13) (see Figures 5.54). We have some remarks

about this problem as follows:

Remark 5.25.
e We know that (5.13) has the following solution

T = xg.""

y = yo-e".

e The image of the curve found by our method is a piece of the solution orbit

of (5.13).
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e For each initial point (xg,yo), (5.13) has a solution orbit.
e The solution orbits of (5.13) is a segment from (xg,yo) to (0,0).

e The equation 5.13 has a fix point (0, 0).

5.4.2 Example 2

We consider the autonomous ordinary differential equation together with initial

condition
/

7=y
Y =z (5.15)
(2(0),y(0)) = (w0, o)

We find a reparametrization of the solution by finding the minimum curve of the
following problem
1

F@) = [ ORI G@)2 = G), F0)) de (5.16)

7(0) = (5130790),
where
f:R?* - TR?

(l’,y) = (-y,l’).

Using piecewise uniform cubic Bézier curves, Algorithm 2 and Matlab, we can
approximate solution orbits of (5.15) (see Figures 5.55). We have some remarks

about this problem as follows:
Remark 5.26.

e Solution orbits of (5.15) is a circle which has center O(0, 0) and goes through
point (o, o).

e The image of the curve found by our method is a piece of the solution orbit

of (5.15).

e For each initial point (x¢, o), (5.15) has a solution orbit.
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Fig. 5.55: Some solution orbits in Example 2.

5.4.3 Example 3

We consider the autonomous ordinary differential equation together with initial

condition
' =0.5z

((0),4(0)) = (0, yo)-
We find a reparametrization of the solution by finding the minimum curve of the

following problem

F(v) = Ofl U@y - 1F G EN = (@), f(v(#)))) dt (5.18)

7(0) = (I07 ?JO);
where

f:R* = TR?
(x,y) — (0.5z, —0.5y).

Using piecewise uniform cubic Bézier curves, Algorithm 2 and Matlab, we can
approximate solution orbits of (5.17) (see Figures 5.56). We have some remarks

about this problem as follows:

Remark 5.27.
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Fig. 5.56: Solution orbits in Example 3.

e We know that (5.17) has the following solution

x = x0e’5

Y = yoe .

e The image of the curve found by our method is a piece of the solution orbit
of (5.17).

e For each initial point (xg,yo), (5.17) has a solution orbit.

e The code stops if 7 contains the origin O(0,0). So, we can not find the

minimum curve in this case.

5.4.4 Example 4

We consider the autonomous ordinary differential equation together with initial

condition
IR
r=-—T+ —
2 2
2 2
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Fig. 5.57: Some solution orbits in Example 4.

We find a reparametrization of the solution by finding the minimum curve of the

following problem

1

FO) =[50 16O - GO o0 d

7(0) = (0, %0),

where
f:R* = TR?
2 2 2 2
e (e L ).

Using piecewise uniform cubic Bézier curves, Algorithm 2 and Matlab, we can
approximate solution orbits of (5.19) (see Figures 5.57). We have some remarks

about this problem as follows:

Remark 5.28.

e The image of the curve found by our method is a piece of the solution orbit

of (5.19).

e For each initial point (xg, o), (5.19) has a solution orbit.
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Fig. 5.58: Some solution orbits in Example 5.

5.4.5 Example 5

We consider the autonomous ordinary differential equation together with initial

condition
=y

y =2 —0.ly (5.21)
(2(0),4(0)) = (1,0).

We find a reparametrization of the solution by finding the minimum curve of the

following problem

F(y) = 0f1<rw<t>u2 AFGO)y = (), F (1)) dt (5.22)
7(0) = (1,0),
where
f:R* - TR’

(z,y) = (y,z — 0.1y).

Using piecewise uniform cubic Bézier curves, Algorithm 2 and Matlab, we can
approximate solution orbits of this problem (see Figures 5.58). We have some

remarks about this problem as follows:
Remark 5.29.

e The image of the curve found by our method is a piece of the solution orbit
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of (5.21).

e For each initial point (xg,yo), (5.21) has a solution orbit.

5.4.6 Example 6

We consider the autonomous ordinary differential equation together with initial

condition ) ,
y; — 1
Y= —==
912— Y2
g = Y2 1 (5.23)
Y2 —
(11(0), 12(0)) = (a,b).

We find a reparametrization of the solution by finding the minimum curve of the

following problem

1

F(v) = Of U@l - 1@y = (8, F(v(2)))) dt (5.24)

7(0) = (a,b),
where

f:R* = TR?

2 2

yi — 1 ?/2_1)
Y,Y2) = | — T :
(wr-v2) < hBi—=Y% Y2—hn

Using piecewise uniform cubic Bézier curves, Algorithm 2 and Matlab, we can
approximate solution orbits of this problem (see Figures 5.59, 5.60, 5.61 and 5.62).

We have some remarks about this problem as follows:
Remark 5.30.

e The image of the curve found by our method is a piece of the solution orbit

of (5.23).

o If there exists t € [0, 1] such that two coordinates of y(¢) are the same, then

f(y(t)) = oo. So, we can not the minimum curve in this case.
e The equation 5.23 has two fix points (—1,1) and (1, —1).

On the autonomous ordinary differential equation together with initial

condition, we do not control the interval which the solution is defined. Then we
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Fig. 5.59: Some solution orbits in Example 6.

-1 -0.5 0 0.5 1

Fig. 5.60: Some solution orbits in Example 6.
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Fig. 5.61: Some solution orbits in Example 6.

-1 -0.5 0 0.5 1

Fig. 5.62: Some solution orbits in Example 6.
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have a piece of the solution orbit of the autonomous ordinary differential equation

only when applying this method.

5.5 Control of autonomous ordinary differential

equations

In this section, we apply our method to approximate solution orbits of control of
autonomous ordinary differential equations.

We consider the following control of autonomous ordinary differential equation

X(t)=f(X@1),Y(t),Vtel

X; € X(1),

where f: U xV = TR", U CR", V C R™, Xy, X; € U and I = [ty,0[C R. The
function Y is called the control function. The function Y is used to control the

function X such that X passes through X;. We have a proposition as follows:

Proposition 5.31. Let U be a subset in R”, V C R™, Xy € U, X; € U, and
I = [tg,00[C R. Let f: UxV — TU be a Lipschitz continuous function such that
f(z,y) # 0 for (x,y) € U x V. We consider the following control of autonomous

ordinary differential equation

X (to) = Xo (5.25)
X, € X(I).
If v:[0,1] = U and B : [0,1] — V are continuously differentiable functions such

that 4(v) # 0 for all v € [0, 1] and
Ofl (@) |21 f (1 (0), B = (@), F(v(), B®))) dv = 0
(5.26)

7(1) = X,

then there exists an increasing differentiable function ¢ : I — [0,1] such that

(yow,Bop)is asolution of (5.25).
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The proof of this proposition is similar to that of Proposition 5.12.
From Proposition 5.31, we see that the continuously differentiable solutions
of the system 5.26 are reparametrizations of the solutions of the control of

autonomous ordinary differential equation 5.25. We note that

/||7 Mz (v (v), B)ll2= (F(v), f(v(v), B(v))) dv

is always non-negative and invariant under reparametrization. Then, the system

5.26 can be considered as the following trajectory optimization problem

1

= [ (@)1 (v(0), Bw) 2= (3(0), f(y(v), B(v))) dv

0

1(0) = Xo (5:27)

This means that we can find solution orbits of the control of autonomous ordinary
differential equation 5.25 from the trajectory optimization problem 5.27. Piecewise
uniform cubic Bézier curves are continuously differentiable everywhere except at
a countable set of points. Thus, we use piecewise uniform cubic Bézier curves and
Algorithm 2 to approximate solution orbits of the control of autonomous ordinary
differential equation 5.25. Let us consider some numerical examples. The control

functions in these examples are from simple to more complex.

5.5.1 Example 1

This subsection presents an example with nonlinear autonomous ordinary

differential equation and linear control.

We consider the control of autonomous ordinary differential equation

) x 1 Uy
X' = , = _617902 -1 + "
Yy 1 2
0 -1
xo = ["V) = (5.28)
y(0) -1
€ X(RT).
2
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05

Fig. 5.63: The solution orbit (blue curve) of (5.29) without control.

The control of autonomous ordinary differential equation 5.28 is derived directly

from the following autonomous ordinary differential equation

S
I
I
—
|
8
]
|
—_

e—1 (5.29)

The autonomous ordinary differential equation 5.29 is nonlinear. The solution of
the autonomous ordinary differential equation 5.29 does not pass through the point
(4,2) (see Figures 5.63). Then we add a control function (uj,us) such that the
solution of (5.28) passes through the point (4,2). This control function is simple

and natural.

We find a reparametrization of the solution of (5.28) from the following

trajectory optimization problem

jlh M-l (v (), w(w)lla= ((v), f(7(v), a(v)))) dv

7(0) = (=1,-1)
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Fig. 5.64: A solution orbit (blue curve) and an orbit of control function (green point) of (5.28)
in Example 1 as the control function is a point (i.e., a constant function).

where
f: R? x R? — TR?
el=v? _ 1

e—1 +u2>.

(may) X (ulau2) = <1 +U1,—

Using piecewise uniform cubic Bézier curves, Algorithm 2 and Matlab, we can
approximate solution orbits of (5.28) (see Figures 5.64, 5.65 and 5.66). We have

some remarks about this problem as follows:
Remark 5.32.

e The image of the curve found by our method is a portion of the solution
orbit from (—1,—1) to (4,2).

e When the control function is a point (i.e., a constant function), (5.28) has a

unique solution orbit.

e When the control function is a linear Bézier curve, (5.28) has many solution

orbits.

5.5.2 Example 2

This subsection presents an example with nonlinear autonomous ordinary

differential equation and linear control.
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0.5

-0.5 r

Fig. 5.65: A solution orbit (blue curve) and an orbit of control function (red curve) of (5.28)
in Example 1 as the control function is a linear Bézier curve.

Fig. 5.66: A solution orbit (blue curve) and an orbit of control function (red curve) of (5.28)
in Example 1 as the control function is a linear Bézier curve.
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We consider the control of autonomous ordinary differential equation

;

X' — x’ _ Yy N Uy
' —223 Usp
z(0) 1
X(0) = - (5.30)
y(0) 0
- € X(R™).
3

The control of autonomous ordinary differential equation 5.30 is derived directly

from the following autonomous ordinary differential equation

(

X'= x/ - ! 3
Y — (5.31)
z(0) 1
X(0) = =
y(0) 0

\

The solution of the autonomous ordinary differential equation 5.31 is a portion of
the closed curve ! + y? = 1 (see [29, Chapter IX, p. 409]). It is clear that the
solution of (5.31) does not pass through the point (—3,3). Then we add a control
function (uy,us) such that the solution of (5.30) passes through the point (-3, 3).

This control function is simple and natural.

We find a reparametrization of the solution of (5.30) the solution from the

following trajectory optimization problem

Ofl\lv Mlz-1Lf (v(v), u(@))[l2— (F(v), f((v), a(v)))) dv
7())
-3,3),

/-\
=)
~—
I
—~
—_

where
f:R?xR?* - TR?
(m,y) X (Ul,UQ) — (y + uq, —273 —|—u2).

Using piecewise uniform cubic Bézier curves, Algorithm 2 and Matlab, we can
approximate solution orbits of (5.30) (see Figures 5.67, 5.68 and 5.69). We have

154 Distance, geometry of the set of curves and optimal trajectories



5. Application to trajectory optimization problems, autonomous ODEs and
control of autonomous ODEs

Fig. 5.67: A solution orbit (blue curve) and an orbit of control function (green point) of (5.30)
in Example 2 as the control function is a point (i.e., a constant function).

some remarks about this problem as follows:
Remark 5.33.
e The image of the curve found by our method is a portion of the solution

orbit from (1,0) to (—3,3).

e When the control function is a point (i.e., a constant function), (5.30) has a

unique solution orbit.

e When the control function is a linear Bézier curve, (5.30) has many solution

orbits.

5.5.3 Example 3

This subsection presents an example with linear autonomous ordinary differential
equation and linear control.

We consider the control of autonomous ordinary differential equation

(

X' x N U — Us
Y —y us + 1
z(0) 9
X(0) = - (5.32)
y(0) 9
-5
€ X(R").
4
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Fig. 5.68: A solution orbit (blue curve) and an orbit of control function (red curve) of (5.30)
in Example 2 as the control function is a linear Bézier curve.

Fig. 5.69: A solution orbit (blue curve) and an orbit of control function (red curve) of (5.30)
in Example 2 as the control function is a linear Bézier curve.
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The control of autonomous ordinary differential equation 5.32 is derived directly

from the following autonomous ordinary differential equation

(

(5.33)

\

The solution of the autonomous ordinary differential equation 5.33 is the segment
connecting the point (9,9) and the origin O(0,0) (see Figure 5.54 in Subsection
5.4.1). It is clear that the solution of (5.33) does not pass through the point
(—5,4). Then we add a control function (u; — ug, us + 1) such that the solution of
(5.32) passes through the point (—5,4). The control function (u; — ug, ug + 1) is

linear.

We find a reparametrization of the solution of (5.32) from the following

trajectory optimization problem

bfllv M- l[f (v (), w(w)lla= (F(v), f(7(v), a(v)))) dv

7(0) = (9,9)
-3

where
f:R?x R?> - TR?
(z,y) X (ur,ug) = (—x +uy — ug, —y + ug + 1).

Using piecewise uniform cubic Bézier curves, Algorithm 2 and Matlab, we can
approximate solution orbits of (5.32) (see Figures 5.70, 5.71 and 5.71). We have

some remarks about this problem as follows:
Remark 5.34.

e The image of the curve found by our method is a portion of the solution
orbit from (9,9) to (—5,4).

e When the control function is a point (i.e., a constant function), (5.32) has a

unique solution orbit.

Distance, geometry of the set of curves and optimal trajectories 157



5.5. Control of autonomous ordinary differential equations

Fig. 5.70: A solution orbit (blue curve) and an orbit of control function (green point) of (5.32)
in Example 2 as the control function is a point (i.e., a constant function).

Fig. 5.71: A solution orbit (blue curve) and an orbit of control function (red curve) of (5.32)
in Example 3 as the control function is a linear Bézier curve.
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control of autonomous ODEs

Fig. 5.72: A solution orbit (blue curve) and an orbit of control function (red curve) of (5.32)
in Example 3 as the control function is a linear Bézier curve.

e When the control function is a linear Bézier curve, (5.32) has many solution

orbits.

5.5.4 Example 4

This subsection presents an example with linear autonomous ordinary differential

equation and nonlinear control.

We consider the control of autonomous ordinary differential equation

/

X' — x N N u? + 2
' T —2u3 + uy
x(0) 1
! x(0) = o (5.34)
Y
T e x®H).
0

\

The control of autonomous ordinary differential equation 5.34 is derived directly
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Fig. 5.73: A solution orbit (blue curve) and an orbit of control function (red curve) of (5.34)
in Example 4 as the control function is a linear Bézier curve.

from the following autonomous ordinary differential equation

7

(5.35)

\

The solution of the autonomous ordinary differential equation 5.35 is a circle with
center O(0,0) and radius 1 (see Figures 5.55 in Subsection 5.4.2). It is clear that
the solution of (5.35) does not pass through the point (—3,0). Then we add a
control function (uf +2, —2u3 +us) such that the solution of (5.34) passes through
the point (—3,0). The autonomous ordinary differential equation 5.35 is classical

but the control function (u? + 2, —2u3 + us,) is nonlinear.

We find a reparametrization of the solution of (5.34) from the following

trajectory optimization problem

bfllv M- ILf (v(0), w(w)lla— (5(v), f(7(v), a(v)))) dv
,0)
—3,0),

A
(=)
~—
I
—~
[S—Y
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control of autonomous ODEs

Fig. 5.74: A solution orbit (blue curve) and an orbit of control function (red curve) of (5.34)
in Example 4 as the control function is a quadratic Bézier curve.

Fig. 5.75: A solution orbit (blue curve) and an orbit of control function (red curve) of (5.34)
in Example 4 as the control function is a cubic Bézier curve.
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where
f ‘R? x R? —» TR?
(l’,y) X (u17u2) = (_y—i_u% +2,I - 2U§ +u2)

Using piecewise uniform cubic Bézier curves, Algorithm 2 and Matlab, we can
approximate solution orbits of (5.34) (see Figures 5.73, 5.74 and 5.75). We have

some remarks about this problem as follows:
Remark 5.35.

e The image of the curve found by our method is a portion of the solution
orbit from (1,0) to (—3,0).

e When the control function is a point (i.e., a constant function), (5.34) has

no solution.

e When the control function is a linear Bézier curve, (5.34) has a unique

solution orbit.

e When the control function is a quadratic Bézier curve, (5.34) has many

solution orbits.

5.5.5 Example 5

This subsection presents an example with linear autonomous ordinary differential

equation and nonlinear control.

We consider the control of autonomous ordinary differential equation

( V2 V2
x —r+ —y —2u? — uy
X' = — 2 2 + 1
2 2
X(0) = z(0)) _ (1 (5.36)
y(0) 0
4
€ X(R").
3

\

The control of autonomous ordinary differential equation 5.36 is derived directly
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control of autonomous ODEs

Fig. 5.76: A solution orbit (blue curve) and an orbit of control function (red curve) of (5.36)
in Example 5 as the control function is a linear Bézier curve.

from the following autonomous ordinary differential equation

( V2 V2
@ 5Tt 5Y
X! — — 2 2
s v v
Tt (5.37)
X(0) = z(0) _ 1
\ y(0) 0

The autonomous ordinary differential equation 5.37 is studied in Subsection 5.4.4.
We add a control function (—2uf — ug, u3 — u; + 1) such that the solution of (5.36)
passes through the point (4, 3). The control function (—2u? — ug, u3 — uy + 1) is

nonlinear.

We find a reparametrization of the solution of (5.36) from the following

trajectory optimization problem

bfllv M-l (v (), w(w))lla= (F(v), f(7(v), a(v)))) dv
(0)=( ,0)
3)
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Fig. 5.77: A solution orbit (blue curve) and an orbit of control function (red curve) of (5.36)
in Example 5 as the control function is a quadratic Bézier curve.

Fig. 5.78: A solution orbit (blue curve) and an orbit of control function (red curve) of (5.36)
in Example 5 as the control function is a quadratic Bézier curve.
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where

f:R? x R? — TR?
V2 2

(@,y) x (u1, uz) = <—$ + —y — 21@ — Ug,

V2
——
2 2 2

2
+§y+u§—u1+1>.

Using piecewise uniform cubic Bézier curves, Algorithm 2 and Matlab, we can
approximate solution orbits of (5.36) (see Figures 5.76, 5.77 and 5.78). We have

some remarks about this problem as follows:
Remark 5.36.

e The image of the curve found by our method is a portion of the solution

orbit from (1,0) to (4, 3).

e When the control function is a point (i.e., a constant function), (5.36) has

no solution.

e When the control function is a linear Bézier curve, we have a unique solution
orbit.

e When the control function is a quadratic Bézier curve, (5.36) has many

solution orbits.

5.5.6 Example 6

This subsection presents an example with linear autonomous ordinary differential
equation and linear control.

We consider the control of autonomous ordinary differential equation

;

X' — x _ Uy
Yy ug(z — 0.1y)
z(0) 4
X(0) = - (5.38)
y(0) -1
| e x®Y).
1

\

The control of autonomous ordinary differential equation 5.38 is derived directly
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Fig. 5.79: A solution orbit (blue curve) and an orbit of control function (green point) of (5.38)
in Example 6 as the control function is a point (i.e., a constant function).

from the following autonomous ordinary differential equation

;

&
|
[

(5.39)

\

The autonomous ordinary differential equation 5.39 is studied in Subsection 5.4.5.
We use a control function (uy,us) such that the solution of (5.38) passes through
the point (—4,1). In this problem, we multiply the control function and the
autonomous ordinary differential equation. The control of autonomous ordinary

differential equation 5.38 is nonlinear.

We find a reparametrization of the solution of (5.38) from the following

trajectory optimization problem

bfllv M- lf (v(0), w(w)lla= (Y(v), f(7(v), a(v)))) dv
(0)=( ,0)
3)
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25 r

0.5

-05 -

Fig. 5.80: A solution orbit (blue curve) and an orbit of control function (red curve) of (5.38)
in Example 6 as the control function is a linear Bézier curve.

35

25

Fig. 5.81: A solution orbit (blue curve) and an orbit of control function (red curve) of (5.38)
in Example 6 as the control function is a quadratic Bézier curve.
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0.5

-0.5 r

Fig. 5.82: A solution orbit (blue curve) and an orbit of control function (red curve) of (5.38)
in Example 6 as the control function is a quadratic Bézier curve.

where
f:R?xR? - TR?
(7,y) x (ur,u2) = (1Y, uz(z — 0.1y)).

Using piecewise uniform cubic Bézier curves, Algorithm 2 and Matlab, we can
approximate solution orbits of (5.38) (see Figures 5.79, 5.80, 5.81 and 5.82). We

have some remarks about this problem as follows:
Remark 5.37.

e The image of the curve found by our method is a portion of the solution
orbit from (4, —1) to (—4,1).

e When the control function is a point (i.e., a constant function), (5.38) has a

unique solution orbit.

e When the control function is a linear Bézier curve or a quadratic Bézier

curve, (5.38) has many solution orbits.

5.5.7 Example 7

This subsection presents an example with linear autonomous ordinary differential

equation and linear control.
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We consider the control of autonomous ordinary differential equation

(

X0 — x _ [ Twmr— 8y
Y 8r — ugy
x(0) 1
X(0) = - (5.40)
y(0) 0
0.2
€ X(R™).
0

The control of autonomous ordinary differential equation 5.40 is derived directly

from the following autonomous ordinary differential equation

/

X0 — :c: - 8y
Y 5%~y (5.41)
x(0) 1
X(0) = -
y(0) 0

\

The solution orbit of the autonomous ordinary differential equation 5.41 is a two-
dimensional spiral about the origin (see [29, Chapter IX, p. 404]). We add a
control function (uq,us) such that the solution of (5.40) passes through the point
(—=0.2,0). In this problem, we multiply the control function and some elements
of the autonomous ordinary differential equation. The control of autonomous

ordinary differential equation 5.40 is nonlinear.

We find a reparametrization of the solution of (5.40) from the following

trajectory optimization problem

b}!h Mz [[F (v (), u(v))lla= (V(v), f((v), alv)))) dv

7(0) = (1,0)
(1) = (=0.2,0),

where

f:R? x R? — TR?

(z,y) X (ug,us) = (—uzx — 8y, 8x — ugy).

Using piecewise uniform cubic Bézier curves, Algorithm 2 and Matlab, we can

Distance, geometry of the set of curves and optimal trajectories 169



5.5. Control of autonomous ordinary differential equations

0.8

0.6

04 -
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-0.6

Fig. 5.83: A solution orbit (blue curve) and an orbit of control function (green point) of (5.40)
in Example 7 as the control function is a point (i.e., a constant function).

Fig. 5.84: A solution orbit (blue curve) and an orbit of control function (read curve) of (5.40)
in Example 7 as the control function is a linear Bézier curve.

170 Distance, geometry of the set of curves and optimal trajectories



5. Application to trajectory optimization problems, autonomous ODEs and
control of autonomous ODEs

Fig. 5.85: A solution orbit (blue curve) and an orbit of control function (red curve) of (5.40)
in Example 7 as the control function is a quadratic Bézier curve.

Fig. 5.86: A solution orbit (blue curve) and an orbit of control function (red curve) of (5.40)
in Example 7 as the control function is a quadratic Bézier curve.
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approximate solution orbits of (5.40) (see Figures 5.83, 5.84, 5.85 and 5.86). We

have some remarks about this problem as follows:
Remark 5.38.

e The image of the curve found by our method is a portion of the solution

orbit from (1,0) to (—0.2,0).

e When the control function is a point (i.e., a constant function), (5.40) has a

unique solution orbit.

e When the control function is a linear Bézier curve or a quadratic Bézier

curve, (5.40) has many solution orbits.

5.5.8 Example 8

This subsection presents an example with nonlinear autonomous ordinary
differential equation and nonlinear control.

We consider the control of autonomous ordinary differential equation

( 2 4

3
X — x _ (373w N uy + 1
Y Ty —y —2uj + uj
x(0 1.8
X(0) = (0) = (5.42)
y(0) 1.8
2
€ X(RT).
[ \0.7

The control of autonomous ordinary differential equation 5.42 is derived directly

from the following autonomous ordinary differential equation

v |[")=(3" 3%
Y Ty —y
(5.43)
2(0) 18
X(0) = =
\ y(0) 1.8

This autonomous ordinary differential equation is a Lotka—Volterra equation (see

[29, Chapter IX, p. 435], [73, Chapter 3, p. 79]). We add a control function
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control of autonomous ODEs

Fig. 5.87: A solution orbit (blue curve) and an orbit of control function (red curve) of (5.42)
in Example 8 as the control function is a quadratic Bézier curve.

Fig. 5.88: A solution orbit (blue curve) and an orbit of control function (red curve) of (5.42)
in Example 8 as the control function is a cubic Bézier curve.
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Fig. 5.89: A solution orbit (blue curve) and an orbit of control function (red curve) of (5.42)
in Example 8 as the control function is a cubic Bézier curve.

(u3+1, —2u3+u?) such that the solution of (5.42) passes through the point (2,0.7).
The control of autonomous ordinary differential equation 5.42 is nonlinear.
We find a reparametrization of the solution of (5.42) from the following

trajectory optimization problem

Ole’Y )z-Lf (v(v), u(@))la= (3(v), f(y(v), a(v)))) dv
v(0) = (1.8,1.8)
v(1) = (2,0.7),

where
f:R* x R* = TR?

2 4
(x,y) X (u1>u2) = <§x—gwy+u?+1,xy—y—2ug+uf>

Using piecewise uniform cubic Bézier curves, Algorithm 2 and Matlab, we can
approximate solution orbits of (5.42) (see Figures 5.87, 5.88 and 5.89). We have

some remarks about this problem as follows:
Remark 5.39.

e The image of the curve found by our method is a portion of the solution
orbit from (1.8,1.8) to (2,0.7).

e When the control function is a point (i.e., a constant function), (5.42) has
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no solution.
e When the control function is a linear Bézier curve, (5.42) has no solution.

e When the control function is a quadratic Bézier curve, (5.42) has a unique

solution orbit.

e When the control function is a cubic Bézier curve, (5.42) has many solution

orbits.

5.5.9 Relation between our approach and the shooting
method

In this section, we want to give a simple comparison with the most commonly
used method for non linear control, the shooting method. Interested reader can
refer to [87] to have a complete presentation of the subject. We give a quick idea
on how the shooting method work and we will give an idea of why our method is

interesting compare to this one. Consider a special case of ODE control problem:
X(0) = X (5.44)

where Xy and X; are given points on F. I assume here that a solution exist, i.e.
that X, is feasible and at the time 7T'. A simple idea is to consider X, the solution

of the Cauchy problem:

{ Xu(t) = F(Xu(t),U(t)) (5.45)

XU(O) - Xo

and denote G(U, Xy) = Xy(T) — X;. The indirect method consist in finding U
such that G(U) = 0. The most classical strategy consists in discretizing both F
and U in order to have a finite number of variables and then to use the Newton
method. This approach is called the indirect method. The presentation here is
adapted to control and not for optimal control for which the optimality condition
can be used to eliminate U from the definition of G. The main problem of this
approach is linked to stability of X that can make it “repealing” for the Newton
method. The approach we propose here, by only considering trajectories rather
than parameterizations get rid of some problem of stability problems since we can

fix X(1) to be X; has experiments have shown.
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In short, we have a method using piecewise uniform cubic Bézier curves to
approximate optimal trajectories. This method can be also applied to approximate
solution orbits of autonomous ordinary differential equations and control of

autonomous ordinary differential equations.
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Chapter 6
Conclusion

In this thesis, we focused on the optimization on the set of curves € and on using
piecewise uniform cubic Bézier curves to approximate optimal trajectories and
solution orbits.

In our first contribution, we provided the normalization on Emb ([0, 1], R™) with
respect to the action of Diff* ([0, 1]) . Then, we identified the set of curves € by the
set of normal forms. The distance between curves is defined by using its normal
forms. This distance is independent of the chosen parametrizations. From this
distance, we researched topologies and differential structures on the set of curves.

Our second main contribution is to define a norm on the space of piecewise
uniform cubic Bézier curves. This norm is determined through control points of
piecewise uniform cubic Bézier curves. We studied the relation between this norm
and some classical norms on the space of piecewise uniform cubic Bézier curves.

In our final contribution, we proposed a general method for trajectory
optimization problems, autonomous ordinary differential equations and control of
autonomous ordinary differential equations. Our method uses piecewise uniform
cubic Bézier curves to approximate optimal trajectories. We can apply our method
to find approximations of solution orbits of autonomous ordinary differential
equations. In order to see the efficiency of our method, we compared our method
and some classical methods. We then applied our method to control of autonomous

ordinary differential equations.

177






Bibliography

1]

M. Adachi. FEmbeddings and immersions, volume 124 of Translations of
Mathematical Monographs. American Mathematical Society, Providence, RI,
1993. ISBN 0-8218-4612-4. Translated from the 1984 Japanese original by
Kiki Hudson.

A. Akhmedov and M. P. Cohen. Some applications of holder’s theorem
in groups of analytic diffeomorphisms of 1-manifolds. Topology and its
Applications, 180:85 — 90, 2015. ISSN 0166-8641. doi: https://doi.org/10.
1016/j.topol.2014.11.002. URL http://www.sciencedirect.com/science/
article/pii/S0166864114004258.

G. Allaire. Shape optimization by the homogenization method, volume 146
of Applied Mathematical Sciences. Springer-Verlag, New York, 2002. ISBN
0-387-95298-5. doi: 10.1007/978-1-4684-9286-6. URL https://doi-org.
ezproxy.unilim.fr/10.1007/978-1-4684-9286-6.

J. W. Anderson. Hyperbolic geometry. Springer Undergraduate Mathematics
Series. Springer-Verlag London, Ltd., London, second edition, 2005. ISBN
1-85233-934-9.

D. Armentano, C. Beltran, P. Biirgisser, F. Cucker, and M. Shub. Condition
length and complexity for the solution of polynomial systems. Found.
Comput. Math., 16(6):1401-1422, 2016. ISSN 1615-3375. doi: 10.1007/
s10208-016-9309-9. URL https://doi-org.ezproxy.unilim.fr/10.1007/
$10208-016-9309-9.

M. Badiale and G. Tarantello. A Sobolev-Hardy inequality with applications
to a nonlinear elliptic equation arising in astrophysics. Arch. Ration. Mech.
Anal., 163(4):259-293, 2002. ISSN 0003-9527. doi: 10.1007/s002050200201.
URL https://doi-org.ezproxy.unilim.fr/10.1007/s002050200201.

179


http://www.sciencedirect.com/science/article/pii/S0166864114004258
http://www.sciencedirect.com/science/article/pii/S0166864114004258
https://doi-org.ezproxy.unilim.fr/10.1007/978-1-4684-9286-6
https://doi-org.ezproxy.unilim.fr/10.1007/978-1-4684-9286-6
https://doi-org.ezproxy.unilim.fr/10.1007/s10208-016-9309-9
https://doi-org.ezproxy.unilim.fr/10.1007/s10208-016-9309-9
https://doi-org.ezproxy.unilim.fr/10.1007/s002050200201

Bibliography

7]

8]

[10]

[11]

[13]

[14]

[15]

T. Banchoff and S. Lovett. Differential geometry of curves and surfaces. CRC
Press, Boca Raton, FL, second edition, 2016. ISBN 978-1-4822-4734-3.

M. Bauer, M. Bruveris, P. Harms, and P. W. Michor. Vanishing geodesic
distance for the Riemannian metric with geodesic equation the KdV-equation.
Ann. Global Anal. Geom., 41(4):461-472, 2012. ISSN 0232-704X. doi: 10.
1007/s10455-011-9294-9. URL https://doi-org.ezproxy.unilim.fr/10.
1007/s10455-011-9294-9.

M. Bauer, M. Bruveris, P. Harms, and P. W. Michor. Geodesic distance
for right invariant Sobolev metrics of fractional order on the diffeomorphism
group. Ann. Global Anal. Geom., 44(1):5-21, 2013. ISSN 0232-704X. doi:
10.1007/s10455-012-9353-x. URL https://doi-org.ezproxy.unilim.fr/
10.1007/s10455-012-9353-x.

C. Beltran and A. Leykin. Robust certified numerical homotopy tracking.
Found. Comput. Math., 13(2):253-295, 2013. ISSN 1615-3375. doi: 10.1007/
s10208-013-9143-2. URL https://doi-org.ezproxy.unilim.fr/10.1007/
$10208-013-9143-2.

R. Bhatia. Matriz analysis, volume 169 of Graduate Texts in Mathematics.
Springer-Verlag, New York, 1997. ISBN 0-387-94846-5. doi: 10.1007/
978-1-4612-0653-8. URL https://doi-org.ezproxy.unilim.fr/10.1007/
978-1-4612-0653-8.

E. Binz and H. R. Fischer. The manifold of embeddings of a closed manifold.
In Differential geometric methods in mathematical physics (Proc. Internat.
Conf., Tech. Univ. Clausthal, Clausthal-Zellerfeld, 1978), volume 139 of
Lecture Notes in Phys., pages 310-329. Springer, Berlin-New York, 1981. With
an appendix by P. Michor.

P. Bonnelie. Déformations libres de contours pour 'optimisation de formes et

application en électromagnétisme. PhD thesis, Université de Limoges, 2017.

H. Brezis.  Functional analysis, Sobolev spaces and partial differential

equations. Universitext. Springer, New York, 2011. ISBN 978-0-387-70913-0.

D. Bucur and G. Buttazzo. Variational methods in some shape optimization
problems. Appunti dei Corsi Tenuti da Docenti della Scuola. [Notes of Courses

Given by Teachers at the School]. Scuola Normale Superiore, Pisa, 2002.

180

Distance, geometry of the set of curves and optimal trajectories


https://doi-org.ezproxy.unilim.fr/10.1007/s10455-011-9294-9
https://doi-org.ezproxy.unilim.fr/10.1007/s10455-011-9294-9
https://doi-org.ezproxy.unilim.fr/10.1007/s10455-012-9353-x
https://doi-org.ezproxy.unilim.fr/10.1007/s10455-012-9353-x
https://doi-org.ezproxy.unilim.fr/10.1007/s10208-013-9143-2
https://doi-org.ezproxy.unilim.fr/10.1007/s10208-013-9143-2
https://doi-org.ezproxy.unilim.fr/10.1007/978-1-4612-0653-8
https://doi-org.ezproxy.unilim.fr/10.1007/978-1-4612-0653-8

Bibliography

[16]

[17]

[18]

[19]

[20]

[21]

22]

F. Bullo, J. Cortés, and S. Martinez. Distributed control of robotic networks.
Princeton Series in Applied Mathematics. Princeton University Press,
Princeton, NJ, 2009. ISBN 978-0-691-14195-4. doi: 10.1515/9781400831470.
URL https://doi-org.ezproxy.unilim.fr/10.1515/9781400831470. A

mathematical approach to motion coordination algorithms.

H. Busemann. The geometry of geodesics. Academic Press Inc., New York,
N. Y., 1955.

J. Canny. The complexity of robot motion planning, volume 1987 of ACM
Doctoral Dissertation Awards. MIT Press, Cambridge, MA, 1988. ISBN 0-
262-03136-1.

P. Cardaliaguet, G. Carlier, and B. Nazaret.  Geodesics for a class
of distances in the space of probability measures. Calc. Var. Partial
Differential Equations, 48(3-4):395-420, 2013. ISSN 0944-2669. doi: 10.1007/
s00526-012-0555-7. URL https://doi-org.ezproxy.unilim.fr/10.1007/
s00526-012-0555-7.

V. Cervera, F. Mascaré, and P. W. Michor. The action of the diffeomorphism
group on the space of immersions. Differential Geom. Appl., 1(4):391-401,
1991. ISSN 0926-2245. doi: 10.1016/0926-2245(91)90015-2. URL https:
//doi-org.ezproxy.unilim.fr/10.1016/0926-2245(91)90015-2.

C. Chicone. Ordinary differential equations with applications, volume 34 of
Texts in Applied Mathematics. Springer, New York, second edition, 2006.
ISBN 978-0387-30769-5; 0-387-30769-9.

G. Coeuré.  Analytic functions and manifolds in infinite dimensional
spaces.  North-Holland Publishing Co., Amsterdam-London; American
Elsevier Publishing Co., Inc., New York, 1974. North-Holland Mathematics
Studies, Vol. 11.

R. Coleman. Calculus on normed vector spaces. Universitext. Springer, New
York, 2012. ISBN 978-1-4614-3893-9. doi: 10.1007/978-1-4614-3894-6. URL
https://doi-org.ezproxy.unilim.fr/10.1007/978-1-4614-3894-6.

G. Corach, H. Porta, and L. Recht. Convexity of the geodesic distance on
spaces of positive operators. Illinois J. Math., 38(1):87-94, 1994. ISSN 0019-
2082. URL http://projecteuclid.org.ezproxy.unilim.fr/euclid.ijm/
1255986889.

Distance, geometry of the set of curves and optimal trajectories 181


https://doi-org.ezproxy.unilim.fr/10.1515/9781400831470
https://doi-org.ezproxy.unilim.fr/10.1007/s00526-012-0555-7
https://doi-org.ezproxy.unilim.fr/10.1007/s00526-012-0555-7
https://doi-org.ezproxy.unilim.fr/10.1016/0926-2245(91)90015-2
https://doi-org.ezproxy.unilim.fr/10.1016/0926-2245(91)90015-2
https://doi-org.ezproxy.unilim.fr/10.1007/978-1-4614-3894-6
http://projecteuclid.org.ezproxy.unilim.fr/euclid.ijm/1255986889
http://projecteuclid.org.ezproxy.unilim.fr/euclid.ijm/1255986889

Bibliography

[25]

[26]

28]

[29]

[30]

[31]

[33]

[34]

M. D. Crossley. Fssential topology. Springer Undergraduate Mathematics
Series. Springer-Verlag London, Ltd., London, 2005. ISBN 978-1-85233-782-
7, 1-85233-782-6. doi: 10.1007/1-84628-194-6. URL https://doi-org.
ezproxy.unilim.fr/10.1007/1-84628-194-6.

I. Danaila, P. Joly, S. M. Kaber, and M. Postel. An introduction to scientific
computing. Springer, New York, 2007. ISBN 978-0-387-30889-0; 0-387-
30889-X. doi: 10.1007/978-0-387-49159-2. URL https://doi-org.ezproxy.
unilim.fr/10.1007/978-0-387-49159-2. Twelve computational projects
solved with MATLAB.

F. de Gournay, G. Allaire, and F. Jouve. Shape and topology optimization
of the robust compliance via the level set method. ESAIM Control Optim.
Calc. Var., 14(1):43-70, 2008. ISSN 1292-8119. doi: 10.1051/cocv:2007048.
URL https://doi-org.ezproxy.unilim.fr/10.1051/cocv:2007048.

M. P. do Carmo. Differential geometry of curves and surfaces. Prentice-Hall,
Inc., Englewood Cliffs, N.J., 1976. Translated from the Portuguese.

R. D. Driver. Ordinary and delay differential equations. Springer-Verlag, New
York-Heidelberg, 1977. ISBN 0-387-90231-7. Applied Mathematical Sciences,
Vol. 20.

L. P. Eisenhart. A treatise on the differential geometry of curves and surfaces.
Dover Publications, Inc., New York, 1960.

H. I. Eliasson. Geometry of manifolds of maps. J. Differential Geometry,
1:169-194, 1967. ISSN 0022-040X. URL http://projecteuclid.org.
ezproxy.unilim.fr/euclid. jdg/1214427887.

R. Engelking. Outline of general topology. Translated from the Polish by K.
Sieklucki. North-Holland Publishing Co., Amsterdam; PWN-Polish Scientific
Publishers, Warsaw; Interscience Publishers Division John Wiley & Sons, Inc.,
New York, 1968.

D. Estep. Practical analysis in one wvariable. Undergraduate Texts in
Mathematics. Springer-Verlag, New York, 2002. ISBN 0-387-95484-8.

M. Fabian, P. Habala, P. Héjek, V. Montesinos, and V. Zizler. Banach
space theory. CMS Books in Mathematics/Ouvrages de Mathématiques
de la SMC. Springer, New York, 2011. ISBN 978-1-4419-7514-0. doi:

182

Distance, geometry of the set of curves and optimal trajectories


https://doi-org.ezproxy.unilim.fr/10.1007/1-84628-194-6
https://doi-org.ezproxy.unilim.fr/10.1007/1-84628-194-6
https://doi-org.ezproxy.unilim.fr/10.1007/978-0-387-49159-2
https://doi-org.ezproxy.unilim.fr/10.1007/978-0-387-49159-2
https://doi-org.ezproxy.unilim.fr/10.1051/cocv:2007048
http://projecteuclid.org.ezproxy.unilim.fr/euclid.jdg/1214427887
http://projecteuclid.org.ezproxy.unilim.fr/euclid.jdg/1214427887

Bibliography

[35]

[36]

[38]

[39]

[40]

[41]

[42]

10.1007/978-1-4419-7515-7. URL https://doi-org.ezproxy.unilim.fr/
10.1007/978-1-4419-7515-7. The basis for linear and nonlinear analysis.

M. Farber. Topological complexity of motion planning. Discrete
Comput. Geom., 29(2):211-221, 2003. ISSN 0179-5376. doi: 10.1007/
s00454-002-0760-9. URL https://doi-org.ezproxy.unilim.fr/10.1007/
s00454-002-0760-9.

M. Farber. Invitation to topological robotics. Zurich Lectures in Advanced
Mathematics. European Mathematical Society (EMS), Ziirich, 2008. ISBN
978-3-03719-054-8. doi: 10.4171/054. URL https://doi-org.ezproxy.
unilim.fr/10.4171/054.

M. Farber, S. Tabachnikov, and S. Yuzvinsky. Topological robotics: motion
planning in projective spaces. Int. Math. Res. Not., (34):1853-1870, 2003.
ISSN 1073-7928. doi: 10.1155/S1073792803210035. URL https://doi-org.
ezproxy.unilim.fr/10.1155/S1073792803210035.

G. Farin. Curves and surfaces for computer-aided geometric design. Computer
Science and Scientific Computing. Academic Press, Inc., San Diego, CA,
fourth edition, 1997. ISBN 0-12-249054-1. A practical guide, Chapter 1 by P.
Bézier; Chapters 11 and 22 by W. Boehm, With 1 IBM-PC floppy disk (3.5
inch; HD).

J. Gallier. Curves and surfaces in geometric modeling. The Morgan Kaufmann
Series in Computer Graphics and Geometric Modeling. Morgan Kaufmann,
San Francisco, CA, 2000. ISBN 1-55860-599-1. Theory and algorithms.

F. R. Gantmacher. The theory of matrices. Vols. 1, 2. Translated by K. A.
Hirsch. Chelsea Publishing Co., New York, 1959.

H. Glockner and K.-H. Neeb. Diffeomorphism groups of compact convex
sets.  Indagationes Mathematicae, 28(4):760 — 783, 2017. ISSN 0019-
3577. doi: https://doi.org/10.1016/j.indag.2017.04.004. URL http://www.
sciencedirect.com/science/article/pii/S0019357717300320.

G. H. Golub and C. F. Van Loan. Matriz computations. Johns Hopkins Studies
in the Mathematical Sciences. Johns Hopkins University Press, Baltimore,

MD, third edition, 1996. ISBN 0-8018-5413-X; 0-8018-5414-8.

Distance, geometry of the set of curves and optimal trajectories 183


https://doi-org.ezproxy.unilim.fr/10.1007/978-1-4419-7515-7
https://doi-org.ezproxy.unilim.fr/10.1007/978-1-4419-7515-7
https://doi-org.ezproxy.unilim.fr/10.1007/s00454-002-0760-9
https://doi-org.ezproxy.unilim.fr/10.1007/s00454-002-0760-9
https://doi-org.ezproxy.unilim.fr/10.4171/054
https://doi-org.ezproxy.unilim.fr/10.4171/054
https://doi-org.ezproxy.unilim.fr/10.1155/S1073792803210035
https://doi-org.ezproxy.unilim.fr/10.1155/S1073792803210035
http://www.sciencedirect.com/science/article/pii/S0019357717300320
http://www.sciencedirect.com/science/article/pii/S0019357717300320

Bibliography

[43]

[44]

[45]

[46]

[47]

[48]

[49]

J. Gravesen. Adaptive subdivision and the length and energy of Bézier
curves. Comput. Geom., 8(1):13-31, 1997. ISSN 0925-7721. doi: 10.
1016,/0925-7721(95)00054-2. URL https://doi-org.ezproxy.unilim.fr/
10.1016/0925-7721(95)00054-2.

J. Gravesen. De Casteljau’s algorithm revisited. In Mathematical methods
for curves and surfaces, II (Lillehammer, 1997), Innov. Appl. Math., pages
221-228. Vanderbilt Univ. Press, Nashville, TN, 1998.

J. K. Hale and S. M. Verduyn Lunel. Introduction to functional-differential
equations, volume 99 of Applied Mathematical Sciences. Springer-Verlag, New
York, 1993. ISBN 0-387-94076-6. doi: 10.1007/978-1-4612-4342-7. URL
https://doi-org.ezproxy.unilim.fr/10.1007/978-1-4612-4342-7.

R. S. Hamilton. The inverse function theorem of Nash and Moser. Bull.
Amer. Math. Soc. (N.S.), 7(1):65-222, 1982. ISSN 0273-0979. doi: 10.1090/
50273-0979-1982-15004-2. URL https://doi-org.ezproxy.unilim.fr/10.
1090/S50273-0979-1982-15004-2.

B. Hartley and T. O. Hawkes. Rings, modules and linear algebra. A further
course in algebra describing the structure of Abelian groups and canonical

forms of matrices through the study of rings and modules. Chapman and

Hall, Ltd., London, 1970.

J. Haslinger and R. A. E. Makinen. Introduction to shape optimization,
volume 7 of Advances in Design and Control. Society for Industrial and
Applied Mathematics (STAM), Philadelphia, PA, 2003. ISBN 0-89871-536-9.
doi: 10.1137/1.9780898718690. URL https://doi-org.ezproxy.unilim.
fr/10.1137/1.9780898718690. Theory, approximation, and computation.

F. Hiai and D. Petz. Introduction to matrix analysis and applications.
Universitext. Springer, Cham; Hindustan Book Agency, New Delhi, 2014.
ISBN 978-3-319-04149-0; 978-3-319-04150-6; 978-93-80250-60-1. doi: 10.1007/
978-3-319-04150-6. URL https://doi-org.ezproxy.unilim.fr/10.1007/
978-3-319-04150-6.

R. A. Horn and C. R. Johnson. Matriz analysis. Cambridge University Press,
Cambridge, second edition, 2013. ISBN 978-0-521-54823-6.

184

Distance, geometry of the set of curves and optimal trajectories


https://doi-org.ezproxy.unilim.fr/10.1016/0925-7721(95)00054-2
https://doi-org.ezproxy.unilim.fr/10.1016/0925-7721(95)00054-2
https://doi-org.ezproxy.unilim.fr/10.1007/978-1-4612-4342-7
https://doi-org.ezproxy.unilim.fr/10.1090/S0273-0979-1982-15004-2
https://doi-org.ezproxy.unilim.fr/10.1090/S0273-0979-1982-15004-2
https://doi-org.ezproxy.unilim.fr/10.1137/1.9780898718690
https://doi-org.ezproxy.unilim.fr/10.1137/1.9780898718690
https://doi-org.ezproxy.unilim.fr/10.1007/978-3-319-04150-6
https://doi-org.ezproxy.unilim.fr/10.1007/978-3-319-04150-6

Bibliography

[51]

[52]

[53]

[55]

[57]

[59]

[60]

S. H. Joshi, J. Su, Z. Zhang, and B. Ben Amor. Elastic shape analysis of
functions, curves and trajectories. In Riemannian computing in computer

vision, pages 211-231. Springer, Cham, 2016.

J. L. Kelley. General topology. D. Van Nostrand Company, Inc., Toronto-New
York-London, 1955.

P. a. Kiciak. Geometric continuity of curves and surfaces, volume 25 of
Synthesis Lectures on Visual Computing. Morgan & Claypool Publishers,
[Williston], VT, 2017. ISBN 978-1-62705-905-3; 978-1-62705-467-6.

W. Klingenberg. Lectures on closed geodesics. Springer-Verlag, Berlin-
New York, 1978. ISBN 3-540-08393-6. Grundlehren der Mathematischen
Wissenschaften, Vol. 230.

S. Kobayashi and K. Nomizu. Foundations of differential geometry. Vol. 1.
Wiley Classics Library. John Wiley & Sons, Inc., New York, 1996. ISBN 0-
471-15733-3. Reprint of the 1963 original, A Wiley-Interscience Publication.

S. Kobayashi and K. Nomizu. Foundations of differential geometry. Vol. II.
Wiley Classics Library. John Wiley & Sons, Inc., New York, 1996. ISBN 0-
471-15732-5. Reprint of the 1969 original, A Wiley-Interscience Publication.

A. Kriegl and P. W. Michor. The convenient setting of global analysis,
volume 53 of Mathematical Surveys and Monographs. American Mathematical
Society, Providence, RI, 1997. ISBN 0-8218-0780-3. doi: 10.1090/surv/053.
URL https://doi-org.ezproxy.unilim.fr/10.1090/surv/053.

S. Lang. Undergraduate analysis. Undergraduate Texts in Mathematics.
Springer-Verlag, New York, 1983. ISBN 0-387-90800-5. doi: 10.1007/
978-1-4757-1801-0. URL https://doi-org.ezproxy.unilim.fr/10.1007/
978-1-4757-1801-0.

S. Lang. Differential and Riemannian manifolds, volume 160 of Graduate
Texts in Mathematics. Springer-Verlag, New York, third edition, 1995. ISBN
0-387-94338-2. doi: 10.1007/978-1-4612-4182-9. URL https://doi-org.
ezproxy.unilim.fr/10.1007/978-1-4612-4182-9.

W. F. Langford and P. Yu, editors. Computation of normal forms and
applications. Watam Press, Waterloo, ON, 2001. Dyn. Contin. Discrete
Impuls. Syst. Ser. A Math. Anal. 8 (2001), no. 4.

Distance, geometry of the set of curves and optimal trajectories 185


https://doi-org.ezproxy.unilim.fr/10.1090/surv/053
https://doi-org.ezproxy.unilim.fr/10.1007/978-1-4757-1801-0
https://doi-org.ezproxy.unilim.fr/10.1007/978-1-4757-1801-0
https://doi-org.ezproxy.unilim.fr/10.1007/978-1-4612-4182-9
https://doi-org.ezproxy.unilim.fr/10.1007/978-1-4612-4182-9

Bibliography

[61]

[62]

[63]

[64]

[67]

[68]

[69]

J. M. Lee. Introduction to smooth manifolds, volume 218 of Graduate Texts
in Mathematics. Springer, New York, second edition, 2013. ISBN 978-1-4419-
9981-8.

X. Liao and P. Yu.  Absolute stability of nonlinear control systems,
volume 25 of Mathematical Modelling: Theory and Applications. Springer,
New York, second edition, 2008. ISBN 978-1-4020-8481-2. doi: 10.1007/
978-1-4020-8482-9. URL https://doi-org.ezproxy.unilim.fr/10.1007/
978-1-4020-8482-9.

J. Lines and A. Bagnall. Time series classification with ensembles of
elastic distance measures. Data Min. Knowl. Discov., 29(3):565-592, 2015.
ISSN 1384-5810. doi: 10.1007/s10618-014-0361-2. URL https://doi-org.
ezproxy.unilim.fr/10.1007/s10618-014-0361-2.

D. Marsh. Applied geometry for computer graphics and CAD. Springer
Undergraduate Mathematics Series. Springer-Verlag London, Ltd., London,
second edition, 2005. ISBN 1-85233-801-6.

J. E. Mclntyre. Guidance, flight mechanics and trajectory optimization. Vol.
VII: The Pontryagin maximum principle. Report No. SID 65-1200-7. NASA
CR-1006. National Aeronautics and Space Administration, Washington, D.C.,
1968.

D. R. Merkin. Introduction to the theory of stability, volume 24 of Texts in
Applied Mathematics. Springer-Verlag, New York, 1997. ISBN 0-387-94761-
2. Translated from the third (1987) Russian edition, edited and with an
introduction by Fred F. Afagh and Andrei L. Smirnov.

P. Michor. Manifolds of smooth maps. III. The principal bundle of embeddings
of a noncompact smooth manifold. Cahiers Topologie Géom. Différentielle,

21(3):325-337, 1980. ISSN 0008-0004.

P. W. Michor. Manifolds of differentiable mappings, volume 3 of Shiva
Mathematics Series. Shiva Publishing Ltd., Nantwich, 1980. ISBN 0-906812-
03-8.

P. W. Michor and D. Mumford. Vanishing geodesic distance on spaces of
submanifolds and diffeomorphisms. Doc. Math., 10:217-245, 2005. ISSN 1431-
0635.

186

Distance, geometry of the set of curves and optimal trajectories


https://doi-org.ezproxy.unilim.fr/10.1007/978-1-4020-8482-9
https://doi-org.ezproxy.unilim.fr/10.1007/978-1-4020-8482-9
https://doi-org.ezproxy.unilim.fr/10.1007/s10618-014-0361-2
https://doi-org.ezproxy.unilim.fr/10.1007/s10618-014-0361-2

Bibliography

[70]

[71]

73]

[74]

[75]

78]

B. Mohammadi and O. Pironneau. Shape optimization in fluid mechanics.
In Annual review of fluid mechanics. Vol. 36, volume 36 of Annu. Rev. Fluid
Mech., pages 255-279. Annual Reviews, Palo Alto, CA, 2004. doi: 10.1146/
annurev.fluid.36.050802.121926. URL https://doi-org.ezproxy.unilim.
fr/10.1146/annurev.fluid.36.050802.121926.

B. Mohammadi and O. Pironneau. Applied shape optimization for fluids.
Numerical Mathematics and Scientific Computation. Oxford University Press,

Oxford, second edition, 2010. ISBN 978-0-19-954690-9.

H. P. Moreton and C. H. Séquin. Minimum variation curves and surfaces

for computer-aided geometric design. In Designing fair curves and surfaces,
Geom. Des. Publ., pages 123-159. STAM, Philadelphia, PA, 1994.

J. D. Murray. Mathematical biology. I, volume 17 of Interdisciplinary Applied
Mathematics. Springer-Verlag, New York, third edition, 2002. ISBN 0-387-
95223-3. An introduction.

R. M. Murray and S. S. Sastry. Nonholonomic motion planning: steering using
sinusoids. IEEE Trans. Automat. Control, 38(5):700-716, 1993. ISSN 0018-
9286. doi: 10.1109/9.277235. URL https://doi-org.ezproxy.unilim.fr/
10.1109/9.277235.

R. N. Murray, Z. X. Li, and S. S. Sastry. A mathematical introduction to
robotic manipulation. CRC Press, Boca Raton, FL, 1994. ISBN 0-8493-7981-
4.

G. Rein. Collisionless kinetic equations from astrophysics—the Vlasov-
Poisson system. In Handbook of differential equations: evolutionary equations.
Vol. III, Handb. Differ. Equ., pages 383-476. Elsevier/North-Holland,
Amsterdam, 2007. doi: 10.1016/S1874-5717(07)80008-9. URL https:
//doi-org.ezproxy.unilim.fr/10.1016/S1874-5717(07)80008-9.

J. Richter-Gebert. Perspectives on projective geometry. Springer, Heidelberg,
2011. ISBN 978-3-642-17285-4. doi: 10.1007/978-3-642-17286-1. URL https:
//doi-org.ezproxy.unilim.fr/10.1007/978-3-642-17286-1. A guided

tour through real and complex geometry.

I. K. Sabitov. Isometric immersions and embeddings of locally Euclidean
metrics, volume 13 of Reviews in Mathematics and Mathematical Physics.

Cambridge Scientific Publishers, Cambridge, 2008. ISBN 978-1-904868-62-0.

Distance, geometry of the set of curves and optimal trajectories 187


https://doi-org.ezproxy.unilim.fr/10.1146/annurev.fluid.36.050802.121926
https://doi-org.ezproxy.unilim.fr/10.1146/annurev.fluid.36.050802.121926
https://doi-org.ezproxy.unilim.fr/10.1109/9.277235
https://doi-org.ezproxy.unilim.fr/10.1109/9.277235
https://doi-org.ezproxy.unilim.fr/10.1016/S1874-5717(07)80008-9
https://doi-org.ezproxy.unilim.fr/10.1016/S1874-5717(07)80008-9
https://doi-org.ezproxy.unilim.fr/10.1007/978-3-642-17286-1
https://doi-org.ezproxy.unilim.fr/10.1007/978-3-642-17286-1

Bibliography

[79]

[81]

[82]

[83]

[84]

T. W. Sederberg. Applications to computer aided geometric design. In
Applications of computational algebraic geometry (San Diego, CA, 1997),
volume 53 of Proc. Sympos. Appl. Math., pages 67-89. Amer. Math. Soc.,
Providence, RI, 1998. doi: 10.1090/psapm/053/1602355. URL https:
//doi-org.ezproxy.unilim.fr/10.1090/psapm/053/1602355.

G. E. Shilov. Linear algebra. Dover Publications, Inc., New York, english
edition, 1977. ISBN 0-486-63518-X. Translated from the Russian and edited
by Richard A. Silverman.

J. Sokot owski and J.-P. Zolésio. Introduction to shape optimization, volume 16
of Springer Series in Computational Mathematics. Springer-Verlag, Berlin,
1992. ISBN 3-540-54177-2. doi: 10.1007/978-3-642-58106-9. URL https:
//doi-org.ezproxy.unilim.fr/10.1007/978-3-642-58106-9. Shape

sensitivity analysis.

M. Spivak. A comprehensive introduction to differential geometry. Vol. I.
Publish or Perish, Inc., Wilmington, Del., second edition, 1979. ISBN 0-
914098-83-7.

M. Spivak. A comprehensive introduction to differential geometry. Vol. II.
Publish or Perish, Inc., Wilmington, Del., second edition, 1979. ISBN 0-
914098-83-7.

M. Spivak. A comprehensive introduction to differential geometry. Vol. III.
Publish or Perish, Inc., Wilmington, Del., second edition, 1979. ISBN 0-
914098-83-7.

M. Spivak. A comprehensive introduction to differential geometry. Vol. IV.
Publish or Perish, Inc., Wilmington, Del., second edition, 1979. ISBN 0-
914098-83-7.

M. Spivak. A comprehensive introduction to differential geometry. Vol. V.
Publish or Perish, Inc., Wilmington, Del., second edition, 1979. ISBN 0-
914098-83-7.

J. Stoer and R. Bulirsch. Introduction to numerical analysis, volume 12 of
Texts in Applied Mathematics. Springer-Verlag, New York, third edition,
2002. ISBN 0-387-95452-X. doi: 10.1007/978-0-387-21738-3. URL https:
//doi-org.ezproxy.unilim.fr/10.1007/978-0-387-21738-3. Translated
from the German by R. Bartels, W. Gautschi and C. Witzgall.

188

Distance, geometry of the set of curves and optimal trajectories


https://doi-org.ezproxy.unilim.fr/10.1090/psapm/053/1602355
https://doi-org.ezproxy.unilim.fr/10.1090/psapm/053/1602355
https://doi-org.ezproxy.unilim.fr/10.1007/978-3-642-58106-9
https://doi-org.ezproxy.unilim.fr/10.1007/978-3-642-58106-9
https://doi-org.ezproxy.unilim.fr/10.1007/978-0-387-21738-3
https://doi-org.ezproxy.unilim.fr/10.1007/978-0-387-21738-3

Bibliography

[88] I. Streinu. A combinatorial approach to planar non-colliding robot arm
motion planning. In 41st Annual Symposium on Foundations of Computer
Science (Redondo Beach, CA, 2000), pages 443-453. IEEE Comput. Soc.
Press, Los Alamitos, CA, 2000. doi: 10.1109/SFCS.2000.892132. URL
https://doi-org.ezproxy.unilim.fr/10.1109/SFCS.2000.892132.

[89] M. Umehara and K. Yamada. Differential geometry of curves and surfaces.
World Scientific Publishing Co. Pte. Ltd., Hackensack, NJ, 2017. ISBN 978-
981-4740-23-4. doi: 10.1142/9901. URL https://doi-org.ezproxy.unilim.
fr/10.1142/9901. Translated from the second (2015) Japanese edition by

Wayne Rossman.

[90] M. A. van Wyk and W.-H. Steeb.  Chaos in electronics, volume 2
of Mathematical Modelling: Theory and Applications. Kluwer Academic
Publishers, Dordrecht, 1997. ISBN 0-7923-4576-2. doi:  10.1007/
978-94-015-8921-5. URL https://doi-org.ezproxy.unilim.fr/10.1007/
978-94-015-8921-5.

[91] F. Verhulst. Nonlinear differential equations and dynamical systems.
Universitext. Springer-Verlag, Berlin, second edition, 1996. ISBN 3-540-
60934-2. doi: 10.1007/978-3-642-61453-8. URL https://doi-org.ezproxy.
unilim.fr/10.1007/978-3-642-61453-8. Translated from the 1985 Dutch

original.

[92] J. von Neumann. Collected works. Vol. VI: Theory of games, astrophysics,
hydrodynamics and meteorology. General editor: A. H. Taub. A Pergamon
Press Book. The Macmillan Co., New York, 1963.

93] F. W. Warner. Foundations of differentiable manifolds and Lie groups. Scott,

Foresman and Co., Glenview, Ill.-London, 1971.

[94] K. J. Worsley. Boundary corrections for the expected Euler characteristic of
excursion sets of random fields, with an application to astrophysics. Adv. in
Appl. Probab., 27(4):943-959, 1995. ISSN 0001-8678. doi: 10.2307/1427930.
URL https://doi-org.ezproxy.unilim.fr/10.2307/1427930.

[95] L. Younes. A distance for elastic matching in object recognition. C. R. Acad.
Sci. Paris Sér. I Math., 322(2):197-202, 1996. ISSN 0764-4442.

[96] L. Younes. Computable elastic distances between shapes. SIAM
J. Appl. Math., 58(2):565-586, 1998.  ISSN 0036-1399.  doi: 10.

Distance, geometry of the set of curves and optimal trajectories 189


https://doi-org.ezproxy.unilim.fr/10.1109/SFCS.2000.892132
https://doi-org.ezproxy.unilim.fr/10.1142/9901
https://doi-org.ezproxy.unilim.fr/10.1142/9901
https://doi-org.ezproxy.unilim.fr/10.1007/978-94-015-8921-5
https://doi-org.ezproxy.unilim.fr/10.1007/978-94-015-8921-5
https://doi-org.ezproxy.unilim.fr/10.1007/978-3-642-61453-8
https://doi-org.ezproxy.unilim.fr/10.1007/978-3-642-61453-8
https://doi-org.ezproxy.unilim.fr/10.2307/1427930

Bibliography

1137/50036139995287685. URL https://doi-org. ezproxy.unilim.fr/10.
1137/50036139995287685.

[97] L. Younes. Shapes and diffeomorphisms, volume 171 of Applied Mathematical
Sciences. Springer-Verlag, Berlin, 2010. ISBN 978-3-642-12054-1. doi: 10.
1007/978-3-642-12055-8. URL https://doi-org.ezproxy.unilim.fr/10.
1007/978-3-642-12055-8.

190 Distance, geometry of the set of curves and optimal trajectories


https://doi-org.ezproxy.unilim.fr/10.1137/S0036139995287685
https://doi-org.ezproxy.unilim.fr/10.1137/S0036139995287685
https://doi-org.ezproxy.unilim.fr/10.1007/978-3-642-12055-8
https://doi-org.ezproxy.unilim.fr/10.1007/978-3-642-12055-8




Titre these anglais: Distance and geometry of the set of curves and
approximation of optimal trajectories

Abstract: Optimization problems on the set of curves appear in many fields of
applications such as industry, robotic, path-planning and aerospace. This thesis
is devoted to study the set of curves and propose a general method for trajectory
optimization problems, autonomous ODEs and control of autonomous ODEs. In
the first part, we provide a normalization of parametrized curves up to increasing
diffeomorphism and use it to define a distance between curves. Then, we study
topologies and differential structures on the set of curves. The second part defines
a norm on spaces of piecewise cubic Bézier curves and estimates equivalence
constants for this norm and some classical norms. The last part proposes a
general method to approximate optimal trajectories using piecewise cubic Bézier

curves. This idea is applied to autonomous ODEs and control of autonomous
ODEs.

Keywords: the set of curves, Bézier curves, piecewise Bézier curves, distance,
norm, normal form, normalization, autonomous ODE, control of autonomous
ODE, optimal trajectory, orbit.




Titre these francais: La distance et la géométrie de ’ensemble des
courbes et ’approximation des trajectoires optimales

Résumé:

Les problemes d’optimisation sur l’ensemble des courbes apparaissent dans
de nombreux domaines d’applications l'industrielles comme la robotique, la
planification de mouvements et l'aérospatiale. Dans cette these, nous nous
étudions I’ensemble des courbes et proposons une méthode générale pour problemes
d’optimisation de trajectoires, équations différentielles ordinaires autonome et
commande des équations différentielles ordinaires autonome. Dans la premiere
partie, nous fournissons une normalisation des courbes paramétrisées sous ’action
des difféomorphismes croissants et nous utilisons cette normalisation pour définir
une distance entre les courbes paramétrées. Nous étudions ensuite la topologie
et la structure différentielle sur ’ensemble des courbes. Dans la seconde partie
nous définissons une norme sur l'espace des courbes de Bézier cubique par
morceaux et nous estimons quelques constantes d’équivalence pour cette norme
et certaines normes classiques. La derniere partie de cette these est propose
une méthode générale pour approximer des trajectoires optimales en utilisant des
courbes de Bézier cubiques par morceaux. Cette idee est appliquée aux équations
différentielles autonomes et au controle des équations différentielles autonomes.

Mots clés : ensemble des courbes paramétrées, courbes de Bézier, courbes de
Bézier cubiques par morceaux, distance, norme, forme normale, normalisation,
équations différentielles autonome, controle des équations différentielles autonome,
trajectoire optimale, orbite.




