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ABSTRACT

The research goal of this dissertation is to evaluate how the tonehole lattice cuto� frequency

a�ects the sound production and radiation of woodwind instruments. Below the cuto�, waves

entering the tonehole lattice are evanescent, where as above cuto� waves can propagate freely

within the lattice. Therefore, the low frequency response of the resonator that determines the

playing frequency of a woodwind is set by the length between the reed and the �rst open tone-

hole, while the high frequency response is governed by the remaining open toneholes downstream

on the instrument. A study of the cuto� frequency that separates these two bands is, in ef-

fect, a study of how this `unused' portion of the tonehole lattice may in�uence the sound of

the instrument. Following the work of Benade in the 1960s, studies on this subject have been

rare, despite its central importance to the sound of woodwind instruments. This dissertation

includes analytical, numerical, and experimental advances on the subject of the cuto� frequency,

approached in three published studies. In the �rst, cylindrical academic resonators are ana-

lytically designed to have speci�c cuto�s while maintaining the same �rst resonance frequency.

They are then compared using digital synthesis based on a physical model of the instrument.

The cuto� is found to have a modest impact on sound production, evaluated using the pressure

and �ow waveforms within the mouthpiece, where the greatest e�ect is a randomization of the

relative amplitude of even and odd harmonics above the cuto�. There is little evidence that the

`ease of playing' of the resonators is a�ected by the cuto�. In the second study, the academic

resonators are played by a musician using a clarinet mouthpiece during in situ measurements.

The radiated sound demonstrates a `region of reinforced spectra,' for which there is an amplitude

increase of both even and odd harmonics around the cuto� of each resonator. The third study

derives the cuto� theory for conical resonators and introduces new quantitative descriptors to

estimate the cuto� of acoustically irregular lattices. An analysis of the saxophone demonstrates

that the cuto� varies considerably over the �rst register of the instrument. The results also

demonstrate ways in which the theory of wave propagation in periodic media can succeed or fail

when applied to real instruments. Preliminary results for two additional studies are presented.

In the �rst, the methods developed for the saxophone are applied to another conical instrument,

the bassoon. The results show that, compared with the saxophone, the cuto� of the bassoon is

homogeneous across di�erent �ngerings of the �rst register. In the second, the e�ect of di�rac-

tion from a simpli�ed resonator is evaluated using a boundary element method. The results are

compared with a simpli�ed analytical radiation model and anechoic measurements, showing that

the more e�cient simple model is generally su�cient. This dissertation demonstrates ways in

which the cuto� a�ects both internal waveforms and, more importantly, the radiated sound�eld

of woodwind-type instruments. It also advances the theoretical basis for incorporating the cuto�

into a tonehole lattice conception, which is of practical use for instrument manufacturers.

Key words: musical acoustics; periodic waveguides; woodwinds; tonehole lattice cuto� fre-

quency
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RÉSUMÉ

L'objectif de cette thèse est de contribuer à évaluer comment la fréquence de coupure créée

par un réseau de trous latéraux ouverts dans un instrument de musique de la famille des bois

agit sur la production et le rayonnement du son produit par ces instruments. En dessous de

cette fréquence de coupure, les ondes pénétrant dans le réseau de trous ouverts sont évanes-

centes, tandis qu'au delà de cette fréquence les ondes peuvent se propager dans le réseau. Par

conséquent, la réponse basse fréquence du résonateur qui détermine la fréquence de jeu est di-

rectement reliée à la longueur entre l'anche et le premier trou ouvert, tandis que la réponse à

haute fréquence est déterminée par le réseau de trous ouverts. Une étude de la fréquence de

coupure séparant ces deux bandes de fréquence correspond donc à comprendre comment cette

partie �inutilisée� du résonateur joue sur le son produit. Depuis les travaux de Benade dans

les années 1960, les études sur ce sujet ont été rares bien qu'il s'agisse d'un sujet central sur

le son des instruments à vent. Ce manuscript comprend des études analytiques, numériques et

expérimentales relatives à la fréquence de coupure et est étayé par trois articles de revues. Tout

d'abord, des résonateurs cylindriques �académiques� sont conçus analytiquement de sorte à �xer

leurs fréquences de coupure tout en maintenant la première fréquence de résonance constante.

Ces résonateurs sont ensuite comparés en utilisant une synthèse numérique reposant sur un mod-

èle physique de fonctionnement. Un premier résultat est que la fréquence de coupure a très peu

d'e�et sur la production du son, calculée grâce à la pression et au débit interne dans l'embouchure

de l'instrument. Au delà de la fréquence de coupure, on assiste à une répartition aléatoire des

amplitudes des harmoniques pairs et impairs. Il y a donc très peu d'e�et de cette fréquence

de coupure sur la �facilité de jeu� d'un instrument. Dans une seconde étude, les résonateurs

sont réalisés physiquement et joués par un musicien grâce à l'ajout d'un bec de clarinette. Le

spectre externe présente une région où il y une augmentation du niveau des harmoniques, tant

pairs qu'impairs, au voisinage de la fréquence de coupure. La troisième étude étend la théorie

de la fréquence de coupure au cas de résonateurs coniques et introduit de nouveaux descripteurs

pour estimer la fréquence de coupure de réseaux acoustiquement irréguliers. Une analyse sur le

saxophone montre que la fréquence de coupure évolue de note à note au long du premier registre.

Nous montrons également dans quelle mesure la théorie de propagation d'ondes dans des milieux

périodiques peut fonctionner ou échouer dès lors que l'on s'intéresse à un instrument existant.

Des résultats préliminaires de deux autres études dont également présentés. La première concerne

le basson, pour lequel on applique les méthodes développées pour le saxophone. Les résultats

montrent que, contrairement au saxophone, la fréquence de coupure reste quasiment constante

tout au long du premier registre. La deuxième concerne l'utilisation d'éléments �nis de frontière

(BEM) pour étudier la di�raction d'un resonator muni de trous. Ce calcul est comparé avec celui

produit par un calcul analytique simple et une expérience en chambre anéchoïque, qui montre

qu'un modèle simple est su�sant. Dans cette thèse, nous montrons comment la fréquence de

coupure agit sur les formes d'onde et le spectre de la pression et du débit internes et plus signi-

�cativement sur le champ rayonné. Nous avançons également sur les bases théoriques permettant

d'inclure ce critère dans un objectif de conception, à destination des facteurs.

Mots clés acoustique musicale; guides d'onde periodiques; instrument de la famille des bois;

fréquence de coupure d'un reseau du trous latéraux
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Chapter 1
Introduction

This research begins with the question: what are the factors that balance sound produc-
tion and radiation of woodwind instruments? It is clear that both are necessary. An
instrument must function su�ciently well in order to be played by a musician, but it
must also sound good enough to be acceptable to the musician and audience alike. How-
ever, instruments evolved over centuries following a primarily empirical design process.
Manufacturers modi�ed instruments based on experience and intuition, and the modi�-
cations that `improved' the instrument in one way or another were generally favored. A
modern understanding of acoustics played a relatively small role in the evolution of mu-
sical instruments. Therefore, the acoustical analysis of sound production and radiation
of existing instruments is inherently an a posteriori study - an attempt to explain how
these are balanced which was not likely understood at the time of its conception.

Current knowledge of acoustics and access to scienti�c tools allows this question to
be treated in a new way. For example, sound production can be probed using various
synthesis algorithms to evaluate playing characteristics such as sounding frequency and
the emergence of higher registers. Modern computers and recording equipment allow
for easy spectral analysis of the radiated sound, which can be used as a quantitative
complement to the observations of a skilled listener. Lastly, the development in other
areas of physics over the last century, such as the theoretical basis of wave propagation
in periodic structures, can be applied to the study of musical acoustics. These relatively
new tools can be used to analyze the acoustics of empirically evolved existing instruments
in addition to aiding new instrument conception.

1.1 A bit of history

Treating woodwind tonehole lattices as a periodic structure that can be studied through
the perspective of wave propagation in periodic media began with Arthur Benade [1].
Based on his experience as a physicist, he observed a cuto� frequency type phenomenon
that is characteristic to periodic media in many di�erent �elds [2, p. vii-viii]. He came
to the conclusion that [3, p. 485]

...we can go so far as to use the cuto� frequency as a number that implies a
great deal about the entire musical personality of the instrument...

1



2 1.1. A BIT OF HISTORY

and used this hypothesis as the basis for many studies, up to his �nal, posthumous
articles [4, 5].

The cuto� observed by Benade separates the acoustical response of a woodwind res-
onator into two di�erent frequency bands. At low frequencies, below the cuto�, a wave
is not able to propagate in the portion of the instrument that has open toneholes, while
above the cuto�, waves are able to propagate within the lattice. The e�ect of these two
bands is readily observed through many measurable characteristics of the instrument [3],
for which many examples are provided in Chapter 2 of this dissertation.

Stop and pass bands of this type are observed in many areas of physics bene�ting
from a rich, interdisciplinary theoretical and practical development. As is often the case
for acoustics, these methods were developed in other disciplines of physics such as solid
state physics and the study of crystal lattices, and then applied to new areas such as
acoustics. In the foreword of his book [2, p. vii-viii], Brillouin observes

All problems discussed [in this book] deal with periodic structures of various
kinds, and they all lead to similar results: these structures, be they electric
lines or crystal lattices, behave like band-pass �lters. If energy dissipation
is omitted, there is a sharp distinction between frequency bands exhibiting
wave propagation without attenuation (passing bands) and those showing
attenuation and no propagation (stopping bands).

He continues with a short historical review of how this has been discovered in di�erent
disciplines. The application of this theory to woodwind toneholes by Benade follows a
path that is more general than the discipline of acoustics, let alone the niche of musical
acoustics.

Benade's studies on the cuto� generally fall into two categories: �rst as an immutable
characteristic of a resonator that is de�ned solely by its geometry, and second through
its in�uence on the spectral characteristics of internal waveforms and the sound radiated
from an instrument under playing conditions. A full account encompasses nearly three
decades of publications and presentations, many of which are vulgarizations targeted
towards intrepid musicians, not all of which will be presented here.

In the �rst category, Benade's contributions include a derivation for the cuto� based
on the geometry of a lattice of open toneholes, in addition to a derivation for how waves
propagate through a lattice of closed toneholes, a topic that is not treated in the current
work [1]. Also in this category, he observed that real instruments do not have geometri-
cally periodic lattices, so di�erent �ngering of an instrument may have a di�erent cuto�s.
From input impedance measurements, he estimated the cuto�s across the �rst register of
many di�erent instruments. From this, he produced charts of the cuto�s as a function
of �ngering, which can be used to compare subtle di�erences between instruments of the
same type, as well as identify global trends that distinguish di�erent instrument fami-
lies [3]. He comments that many instruments have very little evolution of the cuto� across
di�erent �ngerings,1 and postulates that this is a desirable quality in an instrument.

The second category of Benade's research on the cuto� involved the sound radiated
from real and �academic� resonators [7]. Many of these studies were qualitative, focusing

1However, Chapter 5 [6] of the current document provides a counter example for a common woodwind,
the saxophone.



CHAPTER 1. INTRODUCTION 3

musicians' response to changes in the cuto�. In one project, he modi�ed two B[ clarinets
in such a way that the cuto� of one was lowered by about 2 percent while the other was
raised by about 2 percent [8]. He had musicians with di�erent backgrounds play both
instruments and found that classically trained musicians preferred the instrument with
a lower cuto� and jazz musicians preferred the instrument with a higher cuto�, with
both groups deeming the other instrument unusable. In another study, he created an
�isospectrum clarinet� for which the cuto� changed with each note in such a way that
there were always (only) three strong input impedance peaks below the cuto� [9]. This
instrument is reported to sound particularly `dark' and the high notes `bright,' albeit
without elaborating on a criteria evaluating the sound. These types of experiments
provide strong qualitative evidence for the centrality of the cuto� in determining an
instrument's character, but fall short of establishing a direct, quantitative link. It is in
his �nal two articles that a quantitative assessment is attempted, �rst for a clarinet and
then for a saxophone [4, 5]. These studies are based on in situ measurements followed
by an analysis of the spectral characteristics of the radiated sound. While the results
are impressive and musically relevant, the fact that real instruments do not necessarily
have well de�ned cuto�s leads to a certain ambiguity of the results, particularly for the
saxophone.

In his dissertation research Worman, advised by Benade, approached the problem of
sound production in single reed instruments, including some discussion of the tonehole
lattice cuto� [10, 11, 12]. The e�ect of the cuto� frequency was evaluated using three
academic resonators that had respectively one, two, and three input impedance peaks
below the cuto�, and observing the pressure waveform inside the mouthpiece. The �rst
resonator had a nearly sinusoidal waveform, whereas the resonators with two and three
peaks became progressively more harmonically rich. This includes the growth of even
harmonics, attributed to the nonlinear coupling between odd harmonics [13]. He observes
that the `ease of oscillation' or `regeneration' appears to be proportional to the number of
input impedance peaks below the cuto�. This includes a discussion regarding the e�ect
of the input impedance peak harmonicity on the �exibility of playing frequency, also of
importance for higher registers [14]. However, Worman remarks that if there are too
many peaks below cuto�, which would be the case for a cylinder without a lattice, the
radiated tone becomes so rich in harmonics as to sound unpleasant or harsh. This is an
important comment regarding the competition between sound production and radiation,
directly linking the `ease of playing' and the produced sound, although he does not further
develop the subject.

Following these �rst two decades of research, some additional studies on the cuto�
were published by Kergomard and Keefe, among others, mainly focusing on its impact
on radiation [15, 16, 17] although with some aspects of sound production [18, 19, 20, 21].
More recently, Moers demonstrated the link between academic periodic lattices and the
complicated tonehole lattices of real instruments, a theoretical advance that opens many
possible research questions [22, 23]. Also relating to real instruments, Wolfe showed that
the cuto� of �utes has increased over centuries of instrument development, likely to match
changing musical needs and evolving timbre preferences [24].

Despite these more recent studies, the sustained level of interest in the tonehole lattice
cuto� frequency dropped drastically as the researchers after Benade carved out other
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areas of expertise. One is left with many analytical tools for understanding the tonehole
lattice cuto� and thoroughly convinced that it has a large impact on the character of
an instrument. However, the link between sound production and radiation is not fully
developed, nor has the theoretical basis for controlling the cuto� been explicitly adopted
by instrument manufacturers, although the cuto� may be accounted for in numerical
optimization of woodwind resonators [25].

This dissertation presents a series of studies that seek to un-
derstand the balance between sound production and radia-
tion of woodwind instruments approached using the theory
of wave propagation in periodic structures.

1.2 Document organization

The remainder of the manuscript is organized as follows:

Chapter 2: This chapter presents both the classical theory of the tonehole lattice cuto�
frequency in addition to developing new interpretations, particularly with respect to
comparing academic resonators with real woodwind instruments.

� First, the theory of acoustic propagation in periodic air columns is reviewed includ-
ing a derivation of the tonehole lattice cuto� frequency.

� Next, an exploration of how the cuto� a�ects wave propagation in simpli�ed res-
onators demonstrates the phenomena through controlled, academic examples. This
includes examples of internal characteristics such as the input impedance and re�ec-
tion coe�cient. External characteristics are also presented, such as the directivity
and transfer function between internal and external pressure and �ow variables.

� The �nal section repeats the above analysis for internal and external variables, but
this time applied to a clarinet. This is to highlight the ways in which the theory
of wave propagation in periodic media can succeed and fail when applied to real
instruments.

Chapter 3: [Article] The e�ect of the cuto� frequency on sound production of a clarinet-
like instrument

� An analytical model is developed for resonators with independently variable �rst
input impedance peaks and cuto� frequencies. The input impedances of three
resonators with the same �rst peak and 1.0, 1.5, and 2.0 kHz cuto�s are simulated.

� The internal pressure and �ow waveforms are simulated using digital synthesis.
The e�ect of the cuto� on sound production is evaluated by comparing the playing
frequency, spectral centroid, odd/even harmonic parity, and attack time.

Chapter 4: [Article] The link between the tonehole lattice cuto� frequency and clarinet
sound radiation: a quantitative study
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� Resonators with 1.0, 1.5, and 2.0 kHz cuto�s are manufactured and played using a
clarinet mouthpiece. The e�ect of the cuto� is evaluated using in situ measurements
and analyzed in terms of spectral characteristics of the radiated sound.

� Experimental results are replicated by simulation using a digital synthesis model
coupled with a simple analytic radiation model. Qualitatively similar results are
presented for the radiated sound of a real clarinet.

Chapter 5: [Article] On the tonehole lattice cuto� frequency of conical resonators:
applications to the saxophone

� The theory of acoustically regular lattices is derived for a conical lattice, including
the analytic formulation for designing resonators with variable �rst input impedance
and cuto� frequencies, as was done in Chapter 5.

� Then the theory is applied to the geometry of an alto saxophone. New descriptors
of the cuto� are developed to account tonehole lattices that are not strictly periodic,
as is the case for the saxophone.

Chapter 6: General conclusion and suggestions for future work

The Appendices: In addition to the main chapters of this dissertation, two projects
are presented in the appendices. Here, preliminary results are provided to demonstrate
additional topics and techniques used in this dissertation.

� Appendix A examines the passive radiation properties of the academic resonators
used in Chapter 4. A BEM radiation model that accounts for di�raction is compared
with a simple analytic radiation model and anechoic measurements.

� Appendix B applies the methods developed in Chapter 5 to the measured ge-
ometry and input impedance of a bassoon. Additional cuto� descriptors are also
introduced.



Chapter 2
Wave propagation in periodic acoustic lattices: applications

to woodwind resonators

The purpose of this chapter is to orient the reader to the topic of the tonehole lattice
cuto� frequency, and how it applies to woodwind instruments. This is accomplished in
three basic steps, involving a review of wave propagation in periodic waveguides, followed
by a series of examples of the implications of this theory using academic waveguides and,
in a third step, comparing the results demonstrated for the academic resonators to the
behavior of real instruments. This chapter does not attempt to provide a comprehen-
sive overview of the functioning of a woodwind instrument, and notably ignores any
detailed discussion regarding the coupling of the nonlinear excitation mechanism with
the resonator that facilitates auto-oscillation, for which there are many examples in the
literature [26] (see also [23, 27]). This aspect of musical woodwind acoustics is not par-
ticularly concerned with the details of the resonator: the primary importance of the
resonator feedback for auto-oscillation is limited to several of its lowest resonances. From
this perspective, the in�uence of the resonator is determined by the distance between
the reed and the �rst open tonehole while the lattice is essentially ignored. Here, the
purpose is to study the e�ect of the lattice, a rich topic on its own. Therefore, a detailed
development of the lattice theory is considered the to be foundational material of this
manuscript.

The �rst task in orienting the reader is a reproduction and synthesis of previous
research regarding acoustic waveguides from the literature. This is accomplished by
�rst presenting some necessary tools and notations, including the linear acoustic wave
equation and the transfer matrix method used to simulate acoustic waveguides. This for-
malism is then used to derive the acoustic propagation equations of a periodic waveguide,
which constitute the theoretical basis of the cuto� frequency of a tonehole lattice [3, 23,
p. 377]. Both of these are mature topics, having been developed in the beginning and
middle of last century. These sections serve two purposes: an explicit statement of the
simulation model, and a full derivation of the cuto� frequency, which is presented only
in abridged versions in the publications that make up this manuscript. From here, the
relevant bibliography becomes more recent with the introduction of a variation of the
transfer matrix method developed in the last decade that accounts for external tonehole
interactions [28]. This variation does not di�er fundamentally from the classic method,

6
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so the discussion in this text does not focus on the mathematical details. Instead, an
explanation is provided for how this variant may be exploited in ways that the classic
method can not, and why it is particularly suited for simulating periodic lattices. Finally,
a recent interpretation of the cuto� frequency links the classical theory of wave propa-
gation in periodic media to acoustic waveguides that are not geometrically periodic, but
are acoustically periodic, a result that provides the foundation for the research in this
dissertation [22, 23, p. 383]. Taken together, Sections 2.2 and 2.3 present the principle
concepts and su�cient mathematical details that link together these approximately 100
years of research.

The second task in orienting the reader is to demonstrate some of the characteristics
of wave propagation in periodic acoustic waveguides. This is accomplished by presenting
a series of examples that are chosen to illustrate these characteristics on internal and
external acoustic variables. Here, the academic resonators are designed using original
results which form part of the publication in Chapter 3 [29]. However, in Section 2.4, the
academic resonators are used to demonstrate characteristics of woodwind instruments
that have been known for decades [15, 17], in addition to new observations and contri-
butions. The purpose of this section is to provide very clear examples of cuto� behavior,
explore some of the di�erent possible data representations, and highlight some of the
possible pitfalls when studying the cuto�, all of which is to help the reader interpret the
results of subsequent chapters.

The third and �nal task necessary to orient the reader is to apply the above theory
to real woodwind resonators. Real instruments do not have geometrically or acoustically
periodic lattices and generally have other geometric features that are not accounted for
in the derivation of the cuto� frequency, so their acoustic response is in�uenced by ad-
ditional factors. This discussion is caste predominantly in comparison with the previous
theoretical considerations: in what ways does a real instrument resemble the academic
resonators, and in what ways do they di�er? Do the characteristics of a cuto� that are
easily recognized with academic resonators present in the same manner on a real instru-
ment, and in what ways might the observer be fooled by phenomena observed on real
instruments that are unrelated to the lattice? These questions are explored for both in-
ternal and external acoustic pressure and �ow variables. This is an important perspective
that allows the reader to di�erentiate between competing factors when considering a real
instrument.

2.1 The wave equation

The following exposition of wave propagation in acoustic waveguides and the derivation
of the cuto� frequency requires some equations from acoustics in �uid media.1 The
(linearized) hydrodynamic equations of acoustics in a homogeneous and quiescent �uid
without a source are

∂ρ

∂t
+ ρ0∇ · v = 0, (2.1)

1The following sequence of equations follows Pierce [30, p. 18], but the general derivation in various
forms dates back several centuries.
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ρ0
∂v

∂t
= −∇p, (2.2)

p = c2ρ, (2.3)

for acoustic pressure p(x, t), acoustic particle velocity v(x, t), acoustic density ρ(x, t),
ambient density ρ0, and speed of sound c. These equations are often referred to as the
Equation of Continuity (conservation of mass), Euler's Equation, and the Equation of
State. Through substitution, they may be used to derive the one dimensional plane wave
equation

∂2

∂x2
p(x, t)− 1

c2

∂2

∂t2
p(x, t) = 0, (2.4)

which has solutions of the form p(x, t) = Aej(x−ct) + Bej(x+ct), corresponding to the
superposition of outgoing and incoming waves. Here, A and B are amplitudes, j the
imaginary unit.

Assuming time harmonic signals, the frequency domain Helmholtz equation is

∂2

∂x2
P (x, ω) + k2P (x, ω) = 0, (2.5)

where P (x, ω) is the frequency domain acoustic pressure, ω = 2πf the angular frequency,
and k = ω/c the wave number. For the case of progressive waves, the frequency domain
acoustic velocity is V (x, ω) = P (x, ω)/zs where zs = ρc is the characteristic impedance
of air. The acoustic �ow U(x, ω) = V (x, ω)S is the acoustic velocity multiplied by a
surface S. Here, the surface is taken as the cross section of the duct at the location
for which V (x, ω) is de�ned. For the remainder of the manuscript the acoustic pressure
P (ω) and �ow U(ω) are the primary acoustic variables, treated in the frequency domain,
where the spatial dependency x is omitted in favor of a discrete spatial index w or n 2.
Additionally, the rest of the manuscript uses ρ instead of ρ0 to denote the ambient �uid
density because the acoustic �uctuation of density is no longer needed.

2.2 Modeling an acoustic waveguide

A tool used in the current work to calculate the response of an acoustic waveguide is
the Transfer Matrix Method (TMM) [31, 32] and a variant, the Transfer Matrix Method
with external Interactions (TMMI) [28]. Here, the basic equations for the TMM are
provided, which can be easily adapted for the TMMI with minimal modi�cation. None
of Section 2.2 is new with the exception of the adaption of the TMMI to simulate radiation
described qualitatively in Section 2.2.5.

For an acoustic waveguide with various basic elements (Section 2.2.1), the TMM uses
transfer matrices that have analytic solutions relating the input and output of each wth

element. The variables used in this work are acoustic pressure P (ω) and �ow U(ω),
although there exist analogous formulations for electrical and mechanical systems using

2The distinction between w or n is detailed in Section 2.2.4.
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voltage/current and force/velocity variables [33]. More generally, the TMM is suited to
resolve a wide range of wave propagation topics outside of acoustics, including elastic
waves, electromagnetic waves, and problems in quantum mechanics.

2.2.1 Passive response of a generic waveguide

The transfer of pressure and �ow across the wth-element is written generically(
Pw(ω)
Uw(ω)

)
= Mw(ω)

(
Pw+1(ω)
Uw+1(ω)

)
, (2.6)

where

Mw(ω) =

(
Aw(ω) Bw(ω)
Cw(ω) Dw(ω)

)
. (2.7)

The coe�cients Aw(ω), Bw(ω), Cw(ω), Dw(ω) depend on the geometry of the element and
generally vary with frequency f = ω

2π . Di�erent types of elements can be concatenated to
form more complex waveguides consisting of a total W elements. The pressure and �ow
variables at the input of the �rst element are related to the pressure and �ow variables at
the output of the W th element by the matrix multiplication of the transfer matrix across
each wth element (

P1(ω)
U1(ω)

)
= M(ω)

(
PW+1(ω)
UW+1(ω)

)
, (2.8)

where

M(ω) =
W∏
w=1

Mw(ω) = M1(ω)M2(ω)M3(ω) · · ·MW (ω). (2.9)

More generally, once the pressure and �ow is determined at one position it is possible
to calculate the pressure and �ow at any other location by accounting for the successive
impact of each intermediary element. The basic elements used in this work are cylindrical
ducts, conical ducts, discontinuities of the duct radius, and short branches that terminate
either in open space or a rigid cap, referred to as toneholes in the musical community.
Waves are assumed to propagate only along the axis of the waveguide. The curvature
seen on the saxophone, for example, is ignored [34]. If the element is reciprocal its
transfer matrix will have a determinant equal to unity and if the element is symmetric
then coe�cients Aw(ω) = Dw(ω) [35]. The current section treats only cylindrical ducts
with short branches that terminate in open space, because these are the building blocks
of an acoustically periodic cylindrical waveguide.

2.2.2 Basic acoustic elements

The transfer matrix M `(ω) for a lossless cylindrical duct of length ` and radius a is

M `(ω) =

(
cos(ω`/c) jzc sin(ω`/c)
j
zc

sin(ω`/c) cos(ω`/c)

)
, (2.10)
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`w−1 `w+1

aw−1

hw

bw

Pw−1(ω)
Uw−1(ω)

Pw+2(ω)
Uw+2(ω)

Figure 2.1: Schematic of a waveguide composed of three basic elements. The
(w − 1)th and (w + 1)th elements are identical cylindrical ducts with radii
aw−1 = aw+1 and lengths `w−1 = `w+1. The wth element is a tonehole with
radius bw and chimney height hw.

where zc = ρc/(πa2) is the characteristic impedance of the duct [36]. A tonehole with
radius b and chimney height h is treated as a shunt acoustic mass

Mh(ω) =

(
1 0

Y h(ω) 1

)
, (2.11)

where Y h(ω) = jωmh is the admittance of the tonehole with acoustic mass mh =
ρh/(πb2) [37, 38], see Figure 2.1. Implicit in this assumption is that the acoustic pressure
inside the main bore just to the left and right of the tonehole is continuous, and that the
acoustic �ow coming from one duct equals the sum of the �ow in the other two ducts.
More complete models of the tonehole exist, but the improvements concern mainly the
e�ect of closed toneholes. Because the cuto� arises from a lattice of open toneholes,
the simpler model is su�cient in the current work [39, 17, 40]. Similar matrices can be
written for other elements such as conical sections and radius discontinuities, but are not
necessary for the development of this topic [41, 42, 43].

2.2.3 Solving for pressure and �ow

As noted earlier, once the pressure and �ow at one location is known the pressure and
�ow at any other location can be determined. In general the pressure and �ow are not
known. However, the pressure and �ow within the waveguide can be solved at the input
of the wth element(

Pw(ω)
Uw(ω)

)
= Mw(ω)Mw+1(ω) · · ·MW (ω)

(
Zrad(ω)

1

)
, (2.12)

by imposing a radiation impedance Zrad = PW+1(ω)/UW+1(ω) at the output of the
last W th element. It is often convenient to ignore PW+1(ω) and UW+1(ω), and instead
use an analytic or numerical model for Zrad, for which there are many examples in the
literature. Unless otherwise noted, the TMM and TMMI (see Section 2.2.5) simulations
in this dissertation use an approximate formula assuming an un�anged radiating aperture
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of circular cross section for the radiation impedance [44].3

The special case w = 1 is often referred to as the input impedance of the waveguide
Zin(ω) = P1(ω)/U1(ω), but can be equivalently de�ned for any other element Zw(ω) =
Pw(ω)/Uw(ω).

2.2.4 A comment regarding notation: elements and cells

A note on notation is necessary at this point. In discussing the TMM, basic elements were
assigned the subscript w, and a �nite lattice is comprised of W elements. The remainder
of this exposition adopts the subscript n, which can correspond to the transfer across a
cell that is comprised of multiple basic elements. In Figure 2.1, for example, the transfer
from the input to the output of the cell can be written(

Pw−1(ω)
Uw−1(ω)

)
= Mw−1(ω)Mw(ω)Mw+1(ω)

(
Pw+2(ω)
Uw+2(ω)

)
, (2.13)

where Mw−1(ω) = Mw+1(ω) = M `(ω) account for the section of duct to the left and
right of the tonehole Mw(ω) = Mh(ω). Using n notation, the transfer across the same
cell simpli�es to (

Pn(ω)
Un(ω)

)
= Mn(ω)

(
Pn+1(ω)
Un+1(ω)

)
, (2.14)

where Mn(ω) = M `(ω)Mh(ω)M `(ω), see Figure 2.2. The input impedance to the nth

cell is Zn(ω) = Pn(ω)/Un(ω) The original notation using w is helpful to illustrate the
components of the TMM. The n notation, however, facilitates the introduction of cells
comprised of multiple elements as the basic building blocks of a lattice. This is important
because it is a necessary transformation used by the simulation method described in
Section 2.2.5, and because it casts the TMM into a form that can be applied to wave
propagation in periodic media, as is done in Section 2.3.

Pn−1(ω)
Un−1(ω)

Pn(ω)
Un(ω)

Pn+1(ω)
Un+1(ω)

P̂n−1(ω)
Ûn−1(ω)

P̂n(ω)
Ûn(ω)

Figure 2.2: The (n−1)th and nth neighboring cells of an in�nite, geometrically
regular lattice. Pressure and �ow variables inside the main duct are denoted
by P (ω) and U(ω), and in the toneholes by P̂ (ω) and Û(ω).

3This article proposes multiple approximations. The one used in this manuscript is Eq. (3) with the
non-causal model proposed in Table 1, which is appropriate for frequency domain analysis.
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2.2.5 External interactions

The TMM described above is simple, e�cient, and adequately relates Pn(ω), Un(ω)
and Zn(ω) at some location n to any other location in the waveguide for many musical
acoustics applications. However, in this dissertation, simulations are executed using the
Transfer Matrix with external Interactions (TMMI) [28], except when otherwise noted.
The TMMI operates in essentially the same way as the TMM: the pressure and �ow
variables are translated across discrete sections of a waveguide by including the in�uence
of individual elements whose contributions have analytic solutions. However, the TMMI
uses a coordinate system with pressure P̂n(ω) and �ow Ûn(ω) reference variables in the
toneholes shown in Figure 2.2, rather than within the bore of the main duct. This
facilitates some improvements over the TMM.

The TMMI was developed in order to more accurately simulate the input impedance
of a woodwind-type resonator by accounting for the mutual impedance of toneholes that
radiate into the same space [45, 46, p. 368], which is ignored in the TMM. Accounting
for the mutual impedance results in a subtle improvement over the TMM, with a greater
impact for resonators with closely spaced toneholes because the mutual loading is assumed
to be inversely proportional to the distance between toneholes.4 Accounting for external
interactions has a minimal e�ect at low frequencies for which the radiation is primarily
through the �rst tonehole, with only minor contributions from the remaining lattice. The
�rst several input impedance peaks are essentially unaltered in frequency, modulus, and
quality factor when comparing TMM and TMMI simulations [29]. In many cases only
the low frequency input impedance peaks are needed due to their strong impact on sound
production, in which case the TMM is a �ne choice due to its simplicity and e�ciency.
The TMMI has a stronger e�ect for frequencies above the tonehole lattice cuto� (see
Section 2.3), resulting in lower impedance peaks due to increased radiation [28, 29].
Therefore, the TMMI is an appropriate choice for input impedance simulations that
require accuracy above the cuto�.

The reference coordinates of the TMMI are convenient because they provide the acous-
tic variables P̂n(ω) and Ûn(ω) that correspond to the radiating apertures. As shown in
Chapter 4 and Appendix A, these variables can be used to generate a very simple ra-
diation model treating each �ow Ûn(ω) through the nth aperture as a monopole. The
external pressure PO(ω) at any observation point O is a simple superposition of the con-
tribution of each monopole [30, p. 189]. Although this radiation model ignores di�raction
of the resonator body and reduces each tonehole radiation to a monopole type source,
Appendix A demonstrates that the results are satisfactory in comparison with measure-
ments. A major advantage of this simple radiation model, available through the extension
by using the TMMI, is that it links the internal variables Pin(ω) and Uin(ω) to the external
variable PO(ω). This is an advantage when comparing sound production and radiation of
di�erent resonators and, to the best of the current author's knowledge, is a new extension
of the TMMI.

4The actual mutual loading is a more complicated expression relating the tonehole radius, inter-hole
spacing, and wavelength, but this approximation works reasonably well for woodwind type resonators.
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2.3 Acoustically periodic waveguides

In the previous section the TMM and TMMI were developed to translate acoustic vari-
ables Pn(ω) and Un(ω) across individual elements, or groups of elements, that constitute
a waveguide. The full system is resolved at any point by imposing a radiation condition
at the termination of the �nal element. This is a common approach for modeling the
passive response of an acoustic waveguide composed of a �nite number of elements.

The purpose of this section is to derive the equations relating to wave propagation
in a periodic medium [2, p. 17], and therefore the analysis is applied to an arbitrary
cell n and the neighboring (n − 1)th and (n + 1)th of an in�nite lattice [47, 23, p. 377-
384]. The relation between acoustic variables in an in�nite lattice is determined using
much of the same formalism as for a �nite lattice. One di�erence is that, in contrast
with the �nite waveguide, there is no meaning to imposing a �nal radiation impedance
because there is no last element. Instead, an iterative impedance is assumed such that
the input impedance into cells n and (n+ 1) is the same, justi�ed by the in�nite nature
of the lattice. From this assumption, the TMM formalism may be used to determine
propagation characteristics inside an in�nite waveguide from the geometry of a single
cell [1] ignoring thermoviscous and radiation losses. Sections 2.3.1 and 4.2.1 follow the
form of existing derivations, but include additional mathematical steps than are not
provided in previous articles and books for this speci�c problem [2, 3, 38, 23].

2.3.1 Geometrically periodic lattices

A periodic lattice can be designed using the transfer matrices for a length of cylindrical
duct M `(ω) and a tonehole Mh(ω) to generate a unit cell with transfer matrix

M cell(ω) = M `(ω)Mh(ω)M `(ω) =

(
A(ω) B(ω)
C(ω) D(ω)

)
, (2.15)

with generic coe�cients A(ω), B(ω), C(ω), and D(ω) that depend on the geometry of
the cell. The subscript n is not used with the matrix variables because all the cells are
identical. From Eq. (2.14)

Pn−1(ω) = A(ω)Pn(ω) +B(ω)Un(ω)

Un−1(ω) = C(ω)Pn(ω) +D(ω)Un(ω)
;
Pn(ω) = A(ω)Pn+1(ω) +B(ω)Un+1(ω)

Un(ω) = C(ω)Pn+1(ω) +D(ω)Un+1(ω).
(2.16)

Equations (2.16) are simpli�ed through substitution and setting A(ω) = D(ω) (symme-
try) and A2(ω)−B(ω)C(ω) = 1 (reciprocity) [23, p. 379],

2A(ω)Pn(ω) = Pn−1(ω) + Pn+1(ω)

2A(ω)Un(ω) = Un−1(ω) + Un+1(ω). (2.17)

From here, the analysis is continued in terms of the pressure variable, although it is equiv-
alent to continue with �ow. Solutions at the nth cell are assumed to be a superposition
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of forward and backward propagating waves

Pn(ω) = P+(ω)e−nΓ + P−(ω)enΓ, (2.18)

where Γ is the complex propagation constant of the lattice wave Pn(ω), and can strongly
vary with frequency. The conditions for propagation are evident in Eq. (2.18): if Γ
is purely imaginary the wave will propagate in the lattice from index 1 to index n.
However, if Γ is real + jmπ for an integer m, then the wave is evanescent. When losses
are ignored Γ is either purely real or purely imaginary for a given frequency, and when
losses are included Γ is typically complex with both real and imaginary components for
all frequencies. It is possible to derive an analytic formulation for Γ, in terms of the cell
geometry, and trace it through the complex plane to identify the frequencies for which it
changes from real to imaginary [23, p. 379].

The solutions at the (n− 1)th and (n+ 1)th cells are

Pn−1(ω) = P+(ω)e−(n−1)Γ + P−(ω)e(n−1)Γ,

Pn+1(ω) = P+(ω)e−(n+1)Γ + P−(ω)e(n+1)Γ, (2.19)

which, inserted into Eq. (2.17), yields

2A(ω)Pn(ω) = Pn(ω)eΓ + Pn(ω)e−Γ. (2.20)

Therefore, the propagation constant Γ depends on the matrix coe�cient A(ω) by

A(ω) =
1

2

[
eΓ + e−Γ

]
, (2.21)

and from the de�nition of the hyperbolic cosine,

A(ω) = cosh(Γ). (2.22)

Eq. (2.22) relates the wave propagation constant Γ, which describes the frequency de-
pendent wave propagation in the lattice, directly to the geometry of the constituent
cell described by A(ω). Following the evolution of A(ω) with frequency is su�cient to
determine the bands for which Γ is real and imaginary:

|A(ω)| < 1 : Γ is imaginary, the wave propagates
|A(ω)| > 1 : Γ is real + jmπ, the wave is evanescent
|A(ω)| = 1 : corresponds to cuto�.

(2.23)

Equivalent expressions can be found for an asymmetric cell by retaining A(ω) 6= D(ω) in
Eq. (2.17), in which case the left hand side of Eq. (2.22) is replaced by 1

2 [A(ω) +D(ω)] [48].
Equation (2.23) de�nes an important set of conditions used throughout this dissertation.
A lattice is said to have a stop band for frequencies corresponding to |A(ω)| > 1 because
a wave entering the lattice is evanescent. Conversely, a lattice is said to have a pass band
for frequencies corresponding to |A(ω)| < 1 because wave entering the lattice continues
to propagate [23, p. 379]. The frequency for which |A(ω)| = 1, referred to as the tonehole
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lattice cuto� frequency, separates these two bands.5 Evaluating the importance of the
cuto� on sound production and radiation is a key aspect of this research.

2.3.2 The tonehole lattice cuto� frequency of an in�nite, lossless lattice

In this section, the cuto� frequency is determined by tracing the evolution of A(ω) with
frequency. From Eqs. (2.10,2.11,2.15), the exact form of A(ω) is the product of the
transfer matrices across the components of a unit cell

A(ω) = 1− 2 sin2(ω`/c) + jY h(ω)zc sin(`ω/c) cos(`ω/c). (2.24)

From Eq. (2.23), the cuto� frequency occurs when |A(ωc)| = 1, so

2 sin2(ωc`/c) = jY h(ωc)zc sin(`ωc/c) cos(`ωc/c), (2.25)

which simpli�es to

cot(ωc`/c) =
2ωcmh

zc
, (2.26)

provided that the sine function is not equal to zero. This transcendental equation is
solved using a Taylor expansion of the cotangent

1

(ωc`/c)
=

2ωcmh

zc
+O(ωc`/c), (2.27)

and solving for ωc
ω2
c ≈

czc
2`mh

. (2.28)

Remembering the de�nition zc = ρc
πa2

and recognizing the acoustic compliance Ca = 2`πa2

ρc2
,

the cuto� frequency is written

fc ≈
1

2π

[
1

Camh

]1/2

. (2.29)

This is recognized as the Helmholtz resonance of the cell considering rigid boundary
conditions at the input and output locations n and n+ 1 with the main bore acting as a
compliant volume and the tonehole as a rigid acoustic mass [22, 49].

2.3.3 Geometric and acoustic regularity

The previous section follows a derivation for the cuto� frequency of an in�nite, periodic
lattice. It is interesting to compare the assumptions in Eq. (2.15) at the beginning and
the result for the cuto� frequency in Eq. (2.29). The derivation begins assuming a lattice
of repeating, geometrically identical cells. The derivation relies on this assumption to
relate the pressure and �ow variables between the (n− 1)th, nth, and (n+ 1)th elements.
Lattices of this form may be considered geometrically regular. However, the result in
Eq. 2.29 is cast not in terms of geometric variables, but in terms of acoustic mass and

5For a discussion on other stop bands see Section 2.3.4.
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compliance. An acoustical periodicity exists as long as the product of the acoustic mass
and compliance remains constant for all cells, forming an acoustically regular lattice [22].
Geometrically regular lattices are a subset of acoustically regular lattices, assuming that
the cells can be described by lumped elements.

The interpretation of acoustic regularity is important because it justi�es applying
the theory of wave propagation in periodic media to waveguides that are decidedly not
geometrically periodic, such as woodwind instruments. On real instruments, the size and
spacing of toneholes is generally not constant across the body of the resonator, and may
in fact vary considerably to achieve a desired intonation or timbre. The interpretation of
a woodwind resonator as a geometrically periodic lattice is not justi�ed. However, some
instruments, notably the clarinet, have tonehole lattices that demonstrate considerable
acoustic regularity. It is this interpretation of Eq. (2.29) that serves as a starting point
when applying the theory to musical instruments.

2.3.4 Nomenclature regarding stop bands, pass bands, and the re�ec-

tion coe�cient

Figure 2.3: Simulated (TMMI) input impedance of a lattice comprised of 100
identical cells and a cuto� frequency around 1500 [Hz]. Upper left: modu-
lus; lower left: argument; right: real and imaginary components. Also on
right, re�ection coe�cient modulus multiplied by input impedance modu-
lus maximum for readability. Below cuto� the impedance is predominantly
imaginary, indicating a reactive load, while above cuto� it is predominately
real, indicating transmission of energy. Numerically the lattice is `in�nite'
because a propagating wave is very strongly attenuated over the long prop-
agation distance. A `�nite' version of this lattice with 10 holes has a peak
structure above cuto� due to successive re�ections from the termination.

It is appropriate at this point to make a comment about vocabulary that sometimes
leads to miscommunication when discussing wave propagation in lattices. As explained
in Section 4.2.1, the lattice has a stop band below the cuto� and a pass band above
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Figure 2.4: The same representation as Figure 2.3, but here for a lattice
comprised of 10 cells. The peak structure above cuto� is due to resonances
that are proportional to the total length of the lattice.

the cuto�. Figures 2.3 and 2.4 show the input impedance modulus and argument (left)
and real and imaginary components (right) simulated for a 100 cell (`in�nite') lattice
and 10 cell (�nite) lattice. As seen in the right panels, the input impedance below the
cuto� is predominantly imaginary, suggesting a reactive load, while above the cuto� the
impedance is predominantly real, suggesting transmission of energy into the lattice. From
this interpretation the vocabulary `stop band' is clear: it is the frequency band for which
waves are not able to propagate into the lattice. However, the stop band of the lattice
appears as a pass band in the re�ection coe�cient

R(ω) =
Z(ω)/zc − 1

Z(ω)/zc + 1
, (2.30)

because most of the energy that is stopped at the input of the lattice (at the �rst open
tonehole) is strongly re�ected back into the resonator. The modulus of the re�ection
coe�cient, multiplied by the input impedance modulus maximum value for readability,
is plotted on the right panel in both �gures. In the current document stop and pass bands
will always refer to the response of a wave entering the lattice (�rst case), and never to
the apparent pass and stop bands of the re�ection coe�cient: the stop band refers to a
wave that does not propagate into the lattice and a pass band refers to wave that does
propagate in the lattice.

Note that Figure 2.3 is an idealized case due to the large number of cells. However,
it does not correspond directly to the results in Section 2.3 because the TMMI accounts
for thermoviscous losses and the theory is for a lossless lattice. For the 100 cell lattice,
the transmitted wave is strongly attenuated by thermovisous losses over the `in�nite'
propagation path. In contrast, peaks above cuto� in Figure 2.3 are due to re�ections
from the termination of the 10 cell lattice.
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Figure 2.5: Simulations of a lattice comprised of 100 identical cells and a
cuto� frequency around 1500 [Hz] (same as Figure 2.3). The re�ection coe�-
cient modulus (top) is simulated using the TMMI, while the wave propagation
constant Γ (middle) and phase velocity vp (bottom) are derived from the ge-
ometry of a constituent cell using Eqs. (2.22,2.24,2.33). The frequency range
is intentionally very large to capture additional stop bands at 5200 [Hz] and
10500 [Hz].

2.3.5 Other stop bands

In musical acoustics, the tonehole cuto� frequency is the one described by Eq. 2.29, or at
least an approximate, empirically observed version of this phenomenon. However, there
are other types of cuto� frequencies that may be observed with these types of periodic
lattices. In particular, additional stop bands at frequencies whose corresponding wave-
lengths are proportional to the inter-hole spacing have been observed in both simulations
and measurements. Figure 2.5 demonstrates these two types of stop bands using the
re�ection coe�cient modulus, the wave propagation constant Γ, and the phase velocity
vp (see Eq. (2.33)). The re�ection coe�cient is traced from the same TMMI simulation
used for the 100 cell lattice shown in Figure 2.3. The propagation constant and phase
velocity are properties that can be derived from the geometry of a single cell.

The second type of stop band typically spans several hundred Hz and is centered at
a frequency

fB =
c

λB
, (2.31)
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where
λB = 2 · 2` (2.32)

is recognized as the Bragg wavelength6 [2, p. 115]. Similar stop bands occur at integer
multiples of fB if the lattice is geometrically regular. The second stop band corresponds
to the case Γ = real +jaπ in Eq. (2.23), and at these frequencies the �ow through
neighboring toneholes have a phase shift of approximately π radians. It is also interesting
to note the variation of the phase velocity [2, p. 69]

vp = ω/Im[Γ], (2.33)

with frequency, notably that it is in�nite for the �rst and third stop bands, and null for
the second. This is irrespective of the fact that the �rst stop band is due to acoustic
regularity and the second and third stop bands are due to geometric periodicity. To
the author's knowledge this is a new observation, at least within the realm of musical
acoustics, but analogous systems may exist for electronic or crystalline structures.

In contrast with the tonehole lattice cuto� frequency fc, the second stop band is
due to the geometric periodicity of the resonator. This has an interesting consequence
for wave propagation in this type of waveguide: it is possible to independently vary the
two stop bands. The resonators used in this dissertation have fB > fc, and the input
impedance is characterized by a stop band for low frequencies up to fc, followed by a pass
band that is punctuated by several hundred Hz stop bands at integer multiples of fB.
This is characteristic of `clarinet-proportioned' geometrically regular resonators. With
more exotic choices of geometry it is possible to design resonators where fB < fc or
fB = fc. To the author's knowledge this is also a new observation.

Although this second type of stop band is interesting, it is not commonly discussed and
is probably irrelevant in musical acoustics. The toneholes in the lower range of a clarinet
are approximately 0.02 [m] apart, corresponding to fB ≈ 8.5 [kHz]. An additional stop
band at these high frequencies is unlikely to have a strong e�ect on the sound production
or radiation of an instrument. Furthermore, this stop band relies on geometric regularity,
which is not the case for most musical instruments. Therefore, the stop band centered at
fB is not treated any more in this dissertation, even though it is an interesting property
of this type of waveguide.

There are also stop bands relating to non-planar modes in the resonator. The `sloshing
mode' is the lowest non-planar mode, and has a cut on at fsloshing = 1.84c/a for speed
of sound c, radius a, and the coe�cient 1.84 is calculated from the Bessel function [50].
For a characteristic radius of the clarinet a = 0.0075 [m], this corresponds to a cut on
at approximately 13 [kHz], considerably higher in frequency than any of the following
analysis. Therefore, stop bands due to non-planar modes are ignored for the remainder
of the manuscript.

6A spatially periodic medium may exhibit a stop band for wavelengths that are twice (and integer
related wavelengths) the length of the periodic structure. This phenomena exists in many areas of
physics.
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Figure 2.6: The resonator orientation in polar coordinates with the origin at
the location of the �rst open tonehole (also see Figure 2.2). This coordinate
system is the reference used in Figures 2.8, 2.9, 2.10, 2.13, and Eq. (2.34).
Simulated directivity patterns assume rotational symmetry about the axis of
the resonator (implicit in the monopole radiation hypothesis), which is not
the general case for the measurements in Figure 2.13.

2.4 Implications of the cuto� frequency

Some general comments about the e�ect of the tonehole cuto� lattice frequency can be
made following the development of the cuto� in Section 2.2. This section returns to the
analysis of �nite resonators, but the analysis and de�nition in Eq. (2.29) for an in�nite
lattice is assumed valid provided there are at least several open toneholes. Consider
an academic resonator with a length of duct followed by a lattice of 10 identical cells
as shown to scale in Figure 2.6. The toneholes with inter-hole spacing 2` = 2 · 0.0163
[m] have dimensions b = 0.004 [m], h = 0.0098 [m], and the main duct with radius
a = 0.0065 [m] has a length L = 0.398 [m] before the �rst cell of the lattice. This
resonator, designed following the equations provided in Chapter 3 [29] and Chapter 4 [51]
is used to demonstrate typical cuto� behavior the remainder of this section as well as
Section 2.5.

2.4.1 Academic resonator: the e�ect of the cuto� on internal variables

To demonstrate the e�ect of a lattice on internal variables, the input impedance of a sim-
ple cylinder terminating in a radiation load is simulated along with that of the academic
resonator, as seen in Figure 2.7. Below cuto�, a wave entering the lattice is evanescent,
and either radiates from the �rst open tonehole or re�ects back into the resonator. This
is most clearly seen on the re�ection coe�cient, which has a value close to unity implying
that energy at these frequencies largely remains in the upstream portion of duct. The
consequence of this on internal variables is that the resonator appears to be truncated
(approximately) at the �rst tonehole, and the input impedance of the resonator resembles
that of a simple cylinder.

Above cuto� the wave propagates in the lattice and the input impedance is compli-
cated due to successive re�ections from subsequent toneholes and the termination of the
resonator, and undergoes additional thermoviscous losses due to the longer propagation
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Figure 2.7: A resonator with a tonehole lattice is compared with a simple
cylinder through TMMI simulation. Input impedance modulus and re�ection
coe�cient modulus on left, and a Nyquist (100-3000 [Hz]) representation on
right. All three demonstrate a change due to the tonehole lattice cuto�,
explicitly identi�ed as 1500 [Hz] on the two left panels.

path. The decreased values of the re�ection coe�cient above cuto� indicates that a much
smaller amount of energy is re�ected back into the resonator compared with below cut-
o�. This prevents the formation of strong impedance peaks, which explains the decreased
amplitudes of the input impedance peaks above cuto�. The Nyquist plot demonstrates
how the resonances of the cylinder remain orderly with increasing frequency while slowly
loosing energy to radiation and thermoviscous losses, compared with the academic res-
onator, which resembles the cylinder below cuto� but traces a complicated path above
cuto�.

2.4.2 Academic resonator: the e�ect of the cuto� on external pressure

The radiation properties of a lattice for frequencies above cuto� are considerably more
complicated than for below cuto�. Above cuto� there is ongoing wave propagation within
the lattice which results in radiation from all of the apertures. Therefore the resonator
appears as a collection of discrete sources (toneholes and termination) each with a distinct
frequency dependent amplitude and phase. This implies that the directivity of this lattice
is a complicated function of frequency above the cuto�, and may be compared with
collections of simple sources that have known solutions [52].

2.4.2.1 Transfer function from internal variables to external variables

One way to observe the e�ect of the cuto� on radiation is to observe its e�ect on the
transfer function between internal and external acoustic variables. Figure 2.8 shows the
TMMI simulated transfer function between internal acoustic �ow at the input of the res-
onator and the pressure at three external observation points, normalized by the maximum
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Figure 2.8: Transfer function (TMMI simulated) between external pres-
sure and (internal) �ow at the input of the resonator for observation angles
0, π/2, π [rad] and distance r = 1 [m], following the reference coordinates in
Figure 2.6. The monopole radiation below the cuto� and an indication of
the directivity at and above the cuto� are evident. Compare this �gure to
Figures 2.9, 2.10 and 2.13.

value. These simulations agree qualitatively to analytic calculations [15] and measure-
ments [16]. However, the comparison is not exact for several reasons: the geometry of the
resonators used in those two studies are di�erent from each other and di�erent from the
one shown here, so necessarily the results will not be identical. Additionally, the exact
observation location is not speci�ed in those two studies, so they can not be compared
directly with the two speci�c observation locations chosen here. Regardless, the general
trends are consistent between all three studies.

The transfer functions demonstrate some basic results regarding the in�uence of the
cuto� on radiation. The strong directivity at cuto� (and somewhat weaker above) is
seen as a nearly 30 dB di�erence between the observation locations. This leads to further
analysis of the directivity using the same simulation methods with a �ner angular spatial
discretization.

2.4.2.2 Directivity based on TMMI simulations

The far�eld directivity of the resonator in Figure 2.6 is simulated following the principles
in Section 2.2.5. The details of the simulation are omitted here because the goal is to
demonstrate general radiation characteristics of the resonator, not present the method-
ology of the radiation model which is provided in Chapter 4. The orientation is as shown
in Figure 2.6, with the origin at the left most tonehole. The directivity is simulated at
f = [250, 1587, 2520] [Hz] in order to compare with measurements of a real clarinet in
Section 2.5.2 that were not performed by the current author [53], see Section 2.5.2.2.

These plots demonstrate the three main directivity patterns associated with this type
of lattice. Below the cuto� there is low frequency monopole radiation from the �rst tone-
hole which deforms to produce strong directivity lobes perpendicular to the lattice at
cuto�, with a slight bias towards the termination of the resonator [3, 54]. The transition
from monopole to perpendicular lobes is relatively smooth, which has been veri�ed by
tracing the plots of intermediate frequencies. For frequencies well above cuto�, the direc-
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Figure 2.9: Far�eld directivity (normalized to the maximum value at each
frequency) of the resonator (fc ≈ 1500 [Hz]) depicted in Figure 2.6 and for
(from left to right) f = [250, 1587, 2520] [Hz] simulated using TMMI with
a simpli�ed radiation model. The plots demonstrate characteristic radiation
patterns below, equal to, and above the cuto�.
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Figure 2.10: Directivity of a equal amplitude, in phase monopole antenna
with 10 elements spaced 2 · 0.0163 [m] apart for (from left to right) f =
[250, 1587, 2520] [Hz]. This represents the simpli�ed antenna model of the
academic resonator depicted in Figures 2.6.

tivity is characterized by a complicated lobe pattern that evolves quickly with frequency,
but maintains the general shape (mostly forward pointing but also strong backward
pointing lobes) as the pattern for 2520 [Hz].

A similar resonator with a di�erent cuto� has the same type of directivity lobes,
which transition at the cuto� as shown in Figure 2.9 (this has been veri�ed through
simulation). This radiation pattern has practical use for real woodwind instruments
such as the clarinet: more or less high frequency content can be captured by choosing
a suitable microphone location. This is discussed by Benade for both musical [8] and
scienti�c [55, 56] considerations.

2.4.2.3 Directivity of an equivalent antenna

A crude approximation of the directivity may be found using antenna theory, treating
each tonehole as an identical monopole source and ignoring the termination of the instru-



24 2.5. THE CLARINET AS AN ACOUSTICALLY PERIODIC WAVEGUIDE

ment. Consider an antenna with N = 10 equal amplitude and in phase sources separated
by a distance 2`.7 The far�eld pressure of such an antenna aligned along the horizontal
axis is

P (k, θ) ∝ sin(10k` cos(θ))

sin(k` cos(θ))
, (2.34)

where k = ω/c is the wave number, and the source strength, spherical spreading, and
other constants are ignored [23, 57]. As for the simulations in Figure 2.9, the normalized
directivity of an antenna with ` = 0.0163 [m] is plotted for f = [250, 1587, 2520] [Hz] in
Figure 2.10.

The antenna simulation results in Figure 2.10 resemble the TMMI simulation results
in Figure 2.9 for frequencies up to the cuto�. However, some care must be taken in
this analysis. Here, the monopole-type radiation at f = 250 [Hz] is contingent on the
condition kG� 1 for a characteristic length G. A reasonable value for G might be 0.15
[m], or about half the length of the antenna. At f = 250 [Hz] kG = 0.69, which explains
the slight contraction of the directivity at angles θ = 0 and π [rad]: the radiating apertures
are too far apart relative to the wavelength to be considered a simple source. In the TMMI
model, the radiation is monopole-like because the �rst tonehole is the predominant �ow
source of the resonator, with very minor contributions from the remaining apertures of
the lattice. So, although these two methods produce similar results at low frequencies,
the interpretation is di�erent.

At cuto� the TMMI simulation and simpli�ed antenna model match very well. This
is physical: at cuto�, the phase velocity (see Eq. (2.33)) in the resonator is very high and
the ten holes are of nearly equal amplitude and phase, matching the hypothesis of the
antenna. The slight deformation of the TMMI simulated directivity in the direction θ = 0
[rad] is due to slight variations between toneholes in amplitude and phase, in addition
to the radiation from the termination of the resonator, both of which are ignored in
the antenna model. At frequencies well above the cuto� the two models diverge. This
is because the radiating apertures of the lattice no longer have equal amplitudes and
phases, which is a key assumption in Eq. (2.34). Furthermore, for frequencies well above
cuto�, the radiation is predominantly from the termination of the resonator, which is not
included in the antenna model [23, p. 819].

This exercise is informative because it demonstrates the strengths and limitations of
treating the tonehole lattice as an antenna of monopoles and applying classic directivity
equations. The low frequency results are misleading because they appear correct but do
not capture the correct physics of the radiation of the resonator. The use of antenna
theory is valid at cuto�, and fails at high frequencies. This particular interpretation of
the physical validity of antenna theory to describe a lattice of toneholes is, to the best
knowledge of the author, has not been previously published.

2.5 The clarinet as an acoustically periodic waveguide

The tonehole lattice cuto� frequency theory presented in Section 2.3 begins with the
assumption of an in�nite lattice of geometrically identical cells, is generalized to an

7A more complicated antenna could be implemented by allowing for di�erences in monopole amplitude
and phase, but it is still informative to demonstrate the simplest case.
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Figure 2.11: Measured input impedance of a B[ clarinet with 5 open toneholes
(written A, 196 [Hz] on left) and TMMI simulated input impedance of a
simpli�ed resonator (f1 = 182, fc = 1500 [Hz]) with 10 open toneholes on
right.

in�nite lattice of acoustically regular cells, and then shown to remain approximately
valid for �nite lattices. These last two steps are the basis for applying the theory of wave
propagation in periodic media to real woodwind resonators which are neither perfectly
periodic nor in�nite.

Woodwind instruments were developed over many years, and the geometry of the
tonehole lattice evolved empirically to achieve a desired intonation, timbre, and ease of
playing. Designing the lattice as a periodic waveguide with a well-formed tonehole lattice
cuto� frequency was not likely a conscious design objective for historic instrument manu-
facturers, although the cuto� frequency may have been accounted for indirectly due to its
e�ect on timbre. This particular behavior of periodic waveguides was observed in acous-
tical measurements of real instruments, and only then were the resonators interpreted
within the context of wave propagation in periodic media [1]. In this section, some of the
ways in which cuto� may be observed in real instruments are explored and compared
with the academic resonators and theory that were analyzed in detail in Section 2.4.

2.5.1 The cuto� frequency in�uence on internal variables of a clarinet

The cuto� of real woodwind instruments is typically observed on internal acoustic vari-
ables. A classic method [3] is to search for a perturbation of the modulus and argument
of the input impedance, which may be measured or simulated, and attribute this to the
cuto� of the tonehole lattice. Figure 2.11 shows the modulus and argument of a clar-
inet (measured) and the academic resonator from Section 2.4 (simulated) that has a �rst
impedance peak frequency and cuto� similar to the clarinet. This facilitates a comparison
between a resonator that is suspected of having a tonehole lattice cuto� (the clarinet) and
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one that has been speci�cally designed to have a cuto�. The measured input impedance
of the clarinet has a lower peak amplitude compared with the simulated academic res-
onator, possible due to losses in the adapter piece between the clarinet and measurement
device or the constant zc used to normalize the input impedance. Regardless of the
amplitude di�erence, the similarity between the curves is reasonable.

The cuto� of the academic resonator at fc = 1500 [Hz] is evident, seen as the point
where the modulus peaks diminish in amplitude and spacing. It is more apparent in the
argument, which responds dramatically at the cuto�.8 This demonstrates a common mis-
take: identifying a cuto� from only the modulus of the input impedance is not advisable
because it is only accurate to within the inter-peak spacing, and the natural decrease in
peak amplitude with frequency can also obscure the e�ect.

The clarinet presents similar behavior around 1400 [Hz], a reasonable candidate for
the cuto� of this �ngering. There is an additional `blip' of unknown provenance around
1100-1200 [Hz]. This demonstrates the di�culty of developing useful objective metrics
for identifying the cuto� of real resonators. The academic resonator has regularly spaced
peaks above cuto�, interpreted as the resonances associated with the total length of the
waveguide [17]. The clarinet has irregularly spaced peaks above the cuto�, likely due to
deviation from acoustic regularity of the lattice in addition to the frequency dependent
e�ective acoustical length of the bell.

These observations regarding the cuto� for a real instrument represent a `best case'
scenario. The e�ect of the cuto� on this �ngering, measured on this instrument, is
particularly clear. It is often less clear for forked �ngerings and lower notes for which
only a few holes are open. As noted earlier, the clarinet is more acoustically regular than
most woodwinds, and its cylindrical bore avoids many of the complications that arise
from conical bores [58]. Therefore, the discussion of Figure 2.11 is taken as a reference
for how a cuto� can look for a real instrument, with most subsequent comparisons failing
to achieve this clarity, a topic treated at length in Chapter 5.

2.5.2 The cuto� frequency in�uence on external variables of a clarinet

The e�ect of the lattice cuto� on radiation is considerably more complex for a real instru-
ment than it is for the academic resonator. One reason for this, as for internal variables,
is that real resonators are generally not strictly acoustically regular, and may not have
a strong cuto�. Even an acoustically regular (but not geometrically regular) lattice with
a very strong cuto� on internal variables may still exhibit complicated external charac-
teristics due to irregular spacing of the toneholes. Furthermore, toneholes of di�erent
sizes may not radiate uniformly [59], which may impact external characteristics such as
the directivity. Because real instruments have complicated, irregular geometries, it is not
simple to make general comments about the e�ect of cuto� on radiation.

2.5.2.1 Transfer function from internal variables to external variables

As for the academic resonator in Section 2.4, one way to view the impact of cuto�
on radiation is to study the transfer function between external and internal acoustic

8For the case of an in�nite, lossless lattice, the argument has a discontinuity at cuto�.
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Figure 2.12: Transfer function (measurement in anechoic conditions) between
external and internal pressure of a B[ clarinet in neutral (unpressed keys)
position. Two observation points at r = 0.67 [m] and angles 0, π/2 [rad]. Note
that this is a transfer function between pressure and pressure, not pressure
and �ow as in Figure 2.8. General trends remain true: monopole radiation
at low frequencies, and strong on-axis directivity at high frequencies.

variables. Figure 2.12 shows the measured transfer function between external and internal
pressure for a clarinet.9 The internal pressure is measured near the location of the
mouthpiece and the clarinet is in an neutral position with no keys depressed. Note
that in the simulations shown in Figure 2.8, the transfer function is between external
pressure and internal �ow, whereas the measurements were made with microphones so
the transfer function is between external and internal pressure (see Appendix A). At low
frequencies and assuming monopole radiation, a high external pressure corresponds to a
maximum of �ow through the �rst tonehole.10 Therefore, the peaks of the simulations
are at frequencies for which there is a maximum �ow through the �rst tonehole divided
by a minimum �ow at the input, similar to the input impedance. In contrast, the peaks
of the measurements are formed by a maximum �ow through the �rst hole divided by a
minimum in pressure in the mouthpiece, which does not occur at the input impedance
peak frequencies. This does not pose a problem, it simply must be understood when
interpreting the data.

Some of the characteristic features of the cuto� demonstrated in Figure 2.8 are also
observed in Figure 2.12. At low frequencies the two measurement points equidistant from
the �rst tonehole have nearly the same amplitude, suggesting monopole type radiation.
Figure 2.13 con�rms that this is not a coincidence due to sparse spatial sampling. The
higher pressures (about 5 [dB]) measured o�-axis between 1500 [Hz] and 1700 [Hz] resem-
bles that due to the cuto� at 1500 [Hz] in Figure 2.8. Lastly, above 2500 [Hz], the on-axis
microphone is a consistent �ve [dB] stronger than the o�-axis microphone, suggesting a
strong directivity, likely due to both the tonehole lattice and the bell. While none of these
characteristics are as clear as for the academic resonator, results obtained for resonators
with strong cuto�s help identify the e�ects of the cuto� in the more ambiguous case of

9These measurements were performed with the help of Romane Rosser during a 10 week internship
at LMA. Protocol details are provided in Appendix A.

10At low frequencies, the far�eld pressure radiated from a monopole may be approximated by the time
derivative of the acoustic �ow [30, p. 184].
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Figure 2.13: Directivity of a B[ clarinet for third octave bands centered at
f = [250, 1587, 2520] [Hz], measured under playing conditions in an anechoic
environment [53]. Reference plane is the same as for the simulations in Fig-
ures 2.9 and 2.10.

the clarinet.

2.5.2.2 Directivity based on measurements

It is also possible to compare the directivity of a clarinet with the academic resonator
either through simulation or measurement, although simulation is cumbersome due to the
increased geometric complexity. The measured directivity of a B[ clarinet, taken from a
publicly available data base [53], is shown in Figure 2.13 at third octave bands centered
at f = [250, 1587, 2520] [Hz]. The clarinet was played by a musician under a canopy of
microphones in anechoic conditions. Note that this is the only data presented in this
chapter under playing conditions, everything else has been about the passive response of
the resonator. Here, these third octave frequency bands are chosen to represent directivity
well below, comparable to, and well above the nominal cuto� of a clarinet at 1500 [Hz].
This �gure may be compared with the directivity of an academic resonator in Figure 2.9,
for which there are many similarities. A notable di�erence is the asymmetry along the
axis of the resonator that exists for the measurements but not the simulations. This could
be due to several factors, such as the presence of a musician in the anechoic chamber,
asymmetry of the instrument, key pads covering the instrument, or a limitation of the
monopole radiation assumption in the simulations. As with the transfer functions, a
qualitative comparison between the directivity of the clarinet and the academic resonator
is suggestive of a link between the cuto� frequency and radiation, demonstrating the
utility of �rst studying the phenomena on simpli�ed resonators.

2.5.3 The bell as a surrogate tonehole lattice

Another geometric di�erence between a real clarinet and the academic resonator is the
�aring bell at the end of the instrument. Due to its changing cross section, the bell a�ects
the acoustic response of the instrument in several ways [60]. A common explanation is
that the bell serves to smoothly match the impedance between the constrained interior of
the waveguide and the open environment, facilitating radiation [41, 42]. This is partially
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Figure 2.14: Measured input impedance of a B[ clarinet bell modulus and
argument (left) and real and imaginary components (right). Also on right,
re�ection coe�cient modulus multiplied by input impedance modulus maxi-
mum for readability. The acts as a high pass �lter by facilitating radiation
above 1000 [Hz]. This �gure may be compared to the in�nite lattice in Fig-
ure 2.3.

true, but primarily at high frequencies. It is generally not true for frequencies with
wavelengths that are long relative to the characteristic size of the bell G, determined by
the condition kG � 1. At these low frequencies, the bell does not act as an impedance
matcher, so the bell appears as a length extension to the main portion of the resonator.
It should be mentioned that this discussion is mainly relevant for the lowest �ngerings of
the instrument, for which there are very few open toneholes. The frequencies that are too
low to be e�ciently radiated by the bell are generally in the stop band of the tonehole
lattice, and will therefore not reach the bell if there are open toneholes.

Another e�ect of the bell is to serve as a surrogate tonehole lattice for the lowest couple
�ngerings on the instrument, for which there are not su�ciently many open toneholes to
create a lattice cuto� [61]. As described above, the bell acts as a high pass �lter, much
like the tonehole lattice. Figure 2.14 shows the measured input impedance of a B[ clarinet
bell. The impedance imposed by the bell is mainly reactive below 1100 [Hz], suggesting
that the energy at these wavelengths are largely re�ected back into the instrument. This
behavior is comparable to that of the `in�nite' lattice shown in Figure 2.3, with the
exception that bell is �nite so there are additional resonances above its cuto�.

Figure 2.15 shows the input impedance and re�ection coe�cient for the lowest note
(all holes closed) of a B[ clarinet with the bell and with the bell removed. Removing the
bell shortens the e�ective acoustic length and shifts the �rst impedance peak up by about
55 cents. The bell also decreases the amplitude of the �rst peak, presumably because the
long wavelength condition kG = 0.35 is not entirely satis�ed assuming a characteristic
length G = 0.1 [m], so the radiation at this frequency is increased by the bell. The
bell does provide a satisfactory cuto� type behavior, nominally around 1000 [Hz], seen
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Figure 2.15: Measured input impedance and re�ection coe�cient of a clarinet
(E3 written, 147 [Hz], no open toneholes) with the bell (black) and without
the bell (grey). The internal acoustic variables are impacted as if there was
a tonehole lattice, exhibiting a cuto� type behavior around 1000 [Hz].

mostly clearly in the input impedance argument and the re�ection coe�cient modulus.
It is generally assumed that this improves the homogeneity between the lowest notes
of the instrument and the rest of the register [62].11 While this is likely a good thing
from a perceptual perspective, the similar e�ects of the bell and lattice cuto� frequency
complicates the study the cuto� on its own.

One way in which the e�ect of the bell is very di�erent than the lattice cuto� is
its frequency dependent radiation pattern. The bell may have some directivity that
varies with frequency, but it is not likely to have the strong side lobes characteristic to a
lattice at cuto�, as demonstrated in Section 2.4.2. Therefore, the argument that the bell
acts as a surrogate lattice is largely reasonable for internal variables, but remains to be
demonstrated for the radiated sound �eld.

2.6 Discussion

The main goal of this chapter, as stated earlier, is to orient the reader to the tonehole
lattice cuto� frequency. The focus on the cuto� frequency, at the cost of discussing other
topics, is intentional: the treatment of woodwinds as periodic structures has been studied
only intermittently over the last several decades, and it is reasonable to assume that some
of its established implications may have been forgotten. However, the details provided in
the previous sections do not consider how the resonator might behave di�erently under
playing conditions. The following discussion is meant to demonstrate the role of the
resonator within the broader context of a woodwind instrument, in preparation for the

11Although the discussion of homogeneity of sound is subjective, and there are di�ering opinions [63].
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following chapters.
The theory and results developed in this chapter, with the exception of Figure 2.13,

are developed under the assumption that the resonator is passive and linear. This is a
reasonable assumption when the sound pressure level inside the resonator remains small
compared to atmospheric pressure [64]. However, under playing conditions the sound
pressure levels inside a woodwind can reach 170 [dB], which at about 6% of atmospheric
pressure is non-negligible, and can lead to nonlinear losses at the toneholes [65, 39, 66,
67]. This may be mitigated by undercutting the toneholes to prevent the generation of
turbulence [66, 68]. Note that, as seen in Figures 2.8 and 2.12, this high internal sound
pressure does not present a danger to the listener because woodwinds are ine�cient
acoustic radiators and only transmit a small fraction of this energy to the external sound
�eld. One way in which nonlinear e�ects may impact the current work is that the transfer
function between internal and external acoustic variables under playing conditions may
be somewhat di�erent than the transfer functions shown in Figures 2.8 and 2.12, which
were simulated and measured under passive and linear conditions.12 The formation of
shocks due to high sound pressure is not expected due to the relatively short length of
waveguide [70, 71].

A fully assembled (reed) woodwind instrument has, in addition to the resonator, a
mouthpiece and reed ensemble that is used to play the instrument. With the exception
of rarely used extended techniques, playing conditions imply that the reed is in a state of
auto-oscillation. In the case of a woodwind instrument, there are three main components:
the (quasi-) static energy source (pressure in musicians mouth), a passive resonator (the
body of the instrument), and a nonlinear valve (the reed) [7, 72]. Auto-oscillation is the
transformation of the (quasi-) static source energy into periodic acoustic energy [26]. For
a reed instrument, the pressure in the musicians mouth injects energy into the system,
and the vibration of the reed is regulated by the re�ections of traveling waves in the
body of the instrument, vibrating preferentially at frequencies near the input impedance
peaks [73]. In addition to being well represented in literature, the study of this dynamic
system is an ongoing topic of research and an important description of sound production
for many types of instruments.

The resonator is considered passive because it does not contribute energy as the
instrument is played, and only modi�es the response of the dynamic system by �xed
operations such as opening and closing keys [74]. This is why it is reasonable to model
it with static descriptors such as the input impedance and transfer functions: they are
immutable characteristics of the instrument.13 In contrast, the injection of energy and
the dynamic response of the reed is constantly evolving under playing conditions due
to deliberate and undeliberate actions of the musician, as well as changes in the envi-
ronment [75, 76]. Variables such as static mouth pressure, lip position, temperature,
humidity, and reed response can all in�uence characteristics of the produced sound such
as pitch, spectral content, and slowly varying (compared to the fundamental frequency)
temporal features [77, 78]. Therefore, the internal spectrum is determined by both the
variable control parameters of the reed/human system and the static characteristics of
the resonator sampled at the harmonics of the produced sound. The external spectrum

12Although one study found that playing dynamics does not a�ect the directivity [69].
13Without invasive procedures!



32 2.6. DISCUSSION

is the internal spectrum �ltered by transfer functions of the type shown in Figures 2.8
and 2.12.

The dual role of the resonator introduces a competition between sound production and
radiation. Energy at harmonics that are weakly transmitted to the external sound�eld
largely remains inside the resonator, leading to a reinforcement of reed vibration at these
frequencies. These harmonics will be strong in the internal spectrum, but less e�ciently
radiated by the resonator. In contrast, energy at harmonics that are e�ciently radiated
contribute less to reinforcing the reed vibration, and are therefore weaker in the internal
sound. However, these e�ciently radiated harmonics are not necessarily strong in the
external sound because they do not reinforce themselves in the internal spectrum, due to
their e�cient radiation. This competition is mentioned in the literature [8],14 but few
quantitative studies exist [4, 5]. A central goal of the manuscript is to study the role
of the cuto� frequency on this competition between sound production and radiation of
woodwind instruments.

14This particularly entertaining account is provided by Benade in the proceedings of a 1979 seminar
at the Royal Swedish Academy of Music: �Because of the weak radiation of the fundamental component
of the tone, it is strongly re�ected and comes back to give the reed vigorous instructions on how to
breed more of its kind. The second harmonic returns less strongly, and so breeds its replacement less
successfully at the reed. Continuing this line of thought shows that any components that happen to be
produced by the reed above the tone-hole cuto� frequency simply run down the bore and escape! They
do not return to breed, and so to strengthen their tribe.�



Chapter 3
The e�ect of the cuto� frequency on sound production of a

clarinet-like instrument

PREFACE

There are many di�erent possible approaches to studying the cuto� of a lattice. One
option is to design digital versions of `resonators' that have the desired cuto� behavior.
A hypothetical resonator with a cuto� could, for example, be modeled by the re�ection
coe�cient as an equivalent �lter that has a large modulus at low frequencies and which
rolls o� to a small modulus at high frequencies, corresponding to the stop and pass bands
of the lattice, respectively.1 Another option is to construct an arti�cial input impedance
using modal analysis, retaining only modes below the cuto� frequency [79, p. 269-297.].
While both of these approaches could be used to evaluate the e�ect of the cuto� using,
for example, digital synthesis [80, 81], they could lead to numerical problems such as
a non-causal impulse response. Additionally, because the position and geometry of the
radiating toneholes and termination of the resonator are not speci�ed, the results are
limited because they are not easily adapted to studying the radiation. For the same
reason, this type of methodology is limited to simulation because the cuto� frequency is
arti�cially imposed, rather than the response of a physically realizable resonator. Lastly,
the generalization of results found through this type of inquiry to real instruments is not
evident. Therefore, although this approach has some merits, it is abandoned due to these
restrictive limitations.

Once this perspective is understood, it becomes clear that it is necessary to develop
an analytic model of an acoustically regular lattice for which it is possible to �x a desired
cuto� frequency directly from the geometry. With a few exceptions, previous studies
deduced the cuto� of a lattice from a given geometry or acoustical response of a resonator,
rather than the guiding design criteria by which the geometry is then determined [12, 3,
61]. The basis for this was previously developed [23, 383], but it is necessary to complete
the model so that, in addition to the cuto�, the �rst impedance peak frequency can be
chosen by the correct length of leading duct. The results in this chapter provide the
formula for designing physically realizable resonators with independently variable �rst
impedance peak and cuto� frequency [29].

1For a discussion regarding the vocabulary conventions adopted for stop and pass bands, see 2.3.4.
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These analytically designed, simpli�ed resonators can then be used to evaluate the
e�ect of the cuto� frequency on sound production and radiation of woodwind-like instru-
ments, while limiting the complications that arise when using real instruments. The set of
possible �rst impedance peak frequency and cuto� frequency combinations is enormous,
but luckily the topic of the dissertation informs the decision, narrowing the values to the
range observed with existing instruments. In part because the resonators are cylindri-
cal, and in part because the clarinet is relatively well studied, frequencies similar to the
clarinet are prioritized: fundamentals at approximately 200 Hz and cuto� frequencies
between 1000 Hz and 2000 Hz [23, 383]. Because these resonators have been designed
analytically using simple manipulations of the resonator geometry, the characteristics
of the resonators (such as input impedance and re�ection coe�cient) can be simulated
using the simple and e�cient transfer matrix method, and physical prototypes can be
constructed using 3D printing or drilling through existing cylindrical ducts. These sim-
pli�ed resonators may be used to evaluate the e�ect of the cuto� frequency on sound
production and radiation by simulation and experiment.

The e�ect on sound production could be examined using an arti�cial blowing machine,
instrumented mouthpiece, or digital synthesis [82, 83]. These di�erent options all have
positive and negative attributes, and are more or less informative depending on the goal
of the study. Experimental methods are useful because the radiated sound�eld can be
directly measured, while the internal mouthpiece waveforms could be measured with an
instrumented mouthpiece, with either the control of an arti�cial blowing machine or a
skilled musician. However, it proves impractical to mount an experimental investigation
as the �rst step because to study many di�erent combinations of �rst impedance peak
and cuto� frequencies would require constructing a large number of resonators, and there
is no basis to guide the choice of a subset of representative resonators. Therefore, the goal
of the �rst study is to use digital synthesis with a wide range of resonators, and quantify
the e�ect on sound production by comparing the synthesized internal pressure and �ow
waveforms. Because there are many results that can be determined from the internal
waveforms alone, the e�ect on radiation is largely ignored at this point and addressed in
Chapter 4 [51].

The digital synthesis codes are based on solving a physics based model in the discrete
time domain [10, 84], rather than a frequency domain model such as the harmonic balance
method [85]. Therefore, the e�ect of the cuto� frequency can be analyzed in terms of
both frequency domain characteristics as well as transitory temporal characteristics. This
allows a more complete description of the e�ect of cuto� on sound production by including
characteristics that may be related to the `ease of playing' such as attack time, in addition
to intonation and timbre descriptors that can be extracted from the steady portion of
a produced tone. Although this study is not exhaustive, it provides a quantitative link
between the cuto� and sound production, and acts as a preliminary response to part of
the guiding question of this dissertation.
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Additional comments

This remainder of this chapter is a reproduction the published article:

E. Petersen, P. Guillemain, J. Kergomard, and T. Colinot. The ef-
fect of the cuto� frequency on the sound production of a clarinet-
like instrument. J. Acoust. Soc. Am., 145(6):3784�3794, 2019

Comments:

� Original abstract has been omitted.

� The term tonehole lattice cuto� frequency varies between chapters due
to evolving requirements of the research. Because this chapter treats
only the case of academic resonators, ambiguities regarding the cuto� of
real instruments are ignored. The cuto� is de�ned by acoustic regularity
of an in�nite, loss-less lattice (Chapter 2 Eq. (2.29), and Chapter 3
Eq. (3.3)) and assumed to be valid for the �nite, lossy lattices used in
the current chapter. For a more complete discussion of cuto� de�nitions,
see Chapter 5.
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3.1 Introduction

Reed instruments are typically characterized by two main components: the reed and �ow
rate as a nonlinear excitation mechanism and the main bore of the instrument as a passive
acoustic resonator that responds to and in�uences the excitation mechanism. Under
normal playing conditions the resonator responds to an injection of acoustical energy
from the exciter by radiating sound, but also facilitates the self-sustained oscillation of
the exciter [3]. The input impedance, determined by the speci�c geometry of the bore and
tonehole network, is a standard way to characterize the acoustic behavior of the resonator.
A resonator with a series of open toneholes exhibits a well-known behavior called the
tonehole lattice cuto� frequency, below which a lattice wave sampled at discrete points
is evanescent, while above, a lattice wave can propagate further into the bore [2, 1, 19].
Below the cuto� frequency the resonator has an e�ective length that is approximately the
length between the input and the �rst open tonehole. In the case of a cylindrical bore, due
to constructive interference of the re�ected waves, the input impedance is characterized by
well-de�ned, nearly harmonically spaced maxima expected of a quarter-wave resonator.
Above the cuto� frequency, the e�ective length of the resonator is a complicated function
of frequency, so there is less organized constructive and destructive interference, and the
impedance is characterized by attenuated peaks that are not harmonically related to the
�rst impedance peak.

It is often assumed that the cuto� frequency behavior is related to the perceptual
characteristics of the sound produced by an instrument [3, 24]. However, it is not known
precisely in what way the cuto� frequency a�ects the production and radiation of sound.
Therefore, it is worth investigating how the frequency at which cuto� occurs, and the
severity of the cuto� behavior on the input impedance, could impact the self-sustained
oscillation and the temporal and spectral characteristics of the produced sound. Similarly,
the cuto� frequency may impact characteristics of sound radiation such as directivity and
total radiated power with respect to frequency. The complicated behavior associated
with sound production and radiation are linked to one another through the competition
between the acoustical energy that is retained within the resonator, which facilitates
production, and that which is radiated into the surrounding environment.

The goal of this article is to evaluate how the cuto� frequency impacts di�erent as-
pects of sound production and timbre features. To reduce the number of parameters
that in�uence the acoustical behavior of a real instrument, the current work (except
Section 3.3.3) considers resonators composed of a cylindrical main bore terminated by a
lattice of geometrically regularly spaced toneholes. This simpli�ed version of a clarinet
resonator allows direct analysis of the e�ects of the cuto� frequency without added com-
plications such as irregular tonehole lattices, conical segments, and undercut toneholes,
as is the case for actual woodwind instruments.

Section 3.2 contains a review of the Transfer Matrix Method (TMM) [86, 87, 17] for
simulating the input impedance of a pipe, including the related Transfer Matrix Method
with external Interactions (TMMI) [28], which accounts for mutual radiation impedance
when there are more than a single radiating aperture (toneholes and open termination of
the main bore). Section 3.3 details the design and experimental veri�cation of a cylinder
and tonehole lattice resonator for which it is possible to specify both the frequency of the
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�rst impedance peak and the cuto� frequency. The e�ects on sound production, for three
di�erent resonators, are compared using digital synthesis in Section 3.4. The main focus
of this section is to characterize the internal sound �eld, as well as the transfer function
between internal and radiated time averaged intensity. Examples of synthesized pressure
and velocity waveforms are furnished as supplementary materials online. Conclusions
and proposals for future work are covered in Section 5.4.

3.2 Input impedance calculations via the Transfer Matrix Method and

the Transfer Matrix Method with external Interactions

While the TMM is elegant, simple, and e�cient, it ignores the e�ects of external inter-
actions due to toneholes radiating simultaneously into the same space. A variant of the
TMM is the Transfer Matrix Method with external Interactions (TMMI) [28, 23]. This
method accounts for propagation within the main bore while also accounting for the mu-
tual impedance between apertures (N toneholes and the bore end) that are assumed to
radiate into the same space, and therefore have a mutual in�uence.

The TMMI allows the calculation of the acoustic pressure vector P and the acoustic
�ow vector U through each aperture of the resonator. They are related to the source
term by

U = [I + Y(Z + B)]−1U s

P = Y−1(U s − U),
(3.1)

where U s is the source vector, of dimension N + 1 and with only one non zero element:
U s
n = δn,1. I is the identity matrix, and Y is a tri-diagonal admittance matrix, derived

from the 2x2 transfer matrices of the main bore between toneholes. A cylinder is added
to account for the section of pipe separating the mouthpiece from the �rst open tonehole
of a real instrument. B is the impedance matrix for the acoustic mass of each tonehole:
the de�nition includes many equations, and can be found in the appendix of Lefebvre
et al [28]. Z is the radiation impedance matrix. Along the diagonal, it accounts for
the classical self radiation impedance of each aperture, and for the mutual radiation
impedance between two apertures, it is assumed that they radiate as a monopole in an
half in�nite space [45, 28, 88]. The input impedance is calculated from the knowledge of
the quantities P1 and U1.

At low frequencies the monopoles can be assumed to radiate into a full space, however,
the uncertainty of the mutual loading approximation is greater than the factor of two
between half space and full space radiation.

The TMMI impedance calculation yields subtly di�erent results when compared with
that of the standard TMM, as seen in Figure 3.4. The two methods are in good agreement
at low frequencies. At higher frequencies, the TMMI reduces the height of the resonances
and reduces the depth of the anti-resonances, which can be interpreted as a reduction in
the standing wave ratio of the resonator and an increase of the radiation losses in the
system. Knowing P and U at the location of the toneholes allows for the calculation of
external values such as directivity and the pressure waveform at a given external location,
topics that are outside the scope of this paper but useful for future work.



38 3.3. ARTICLE 1

L

cell

N cell lattice

· · ·

` `

a

h

b

Figure 3.1: Pipe and lattice resonator (a) constructed from identical cells (b).

3.3 Resonator design

3.3.1 Periodic lattice of holes and resulting cuto� frequency

The basic resonator considered in the current work is designed to have a desired �rst
impedance resonance frequency at f1 and desired cuto� frequency at fc that can be ma-
nipulated independently from one another by varying the geometry. This is achieved by
concatenating a cylinder of length L, which largely determines f1, to a lattice of geomet-
rically regular toneholes that imposes the cuto� behavior at fc, as shown in Figure 3.1(b).
This is similar to the resonator design in the dissertation by Worman [12]. While not
explained in great detail, it is important to note that simple geometric calculations must
include low frequency length corrections, de�ned in Section 3.3.2, due to the lattice of
toneholes as well as the more familiar radiation length correction at each open tonehole.

The analytic formulations used in this method allow only for the frequencies f1 and
fc to be independently determined (see Eq. (3.2) and (3.4)). The second impedance peak
of two resonators with di�erent cuto� frequencies occur at nearly the same frequency
because there is very low inharmonicity due to the cylindrical portion of the resonator,
and the use of identical toneholes. Dimensions and acoustic features of sample resonators
are provided in Appendix 3.5.

3.3.2 Geometrically regular lattice

A geometrically (and therefore also acoustically) regular lattice is constructed by repeat-
ing the basic cell shown in Figure 3.1 (b) to create the lattice shown in Figure 3.1 (a).
If the cells are all identical and their number in�nite, the global cuto� frequency, which
can be estimated from impedance measurements or simulations, will be equal to the local
cuto� frequency. The local cuto� frequency is approximated by the Helmholtz resonance
of a single cell whose main bore is closed at the extremities,

ωc = 2πfc ≈
c

`

1√(
c
`

)2
mhCa + 1/3

, (3.2)

where Ca = 2`πa2/ρc2 is the acoustic compliance of the main pipe, mh = ρh/πb2 is the
acoustic mass of the tonehole, and a, `, b and h are the geometric dimensions of the cell
shown in Figure 3.1 (b) [22].
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The exact local cuto� frequency for a cell in an in�nite lattice can be calculated from

`

c
cot(k`) = ωmhCa, (3.3)

which is derived by solving the pressure and �ow transfer matrix equations assuming
either Dirichlet or Neumann boundary conditions within the main bore [23, 380]. This
exact form di�ers by less than 1% from the approximate form given in Eq. (3.2) for an
equivalent Helmholtz resonator of dimensions used in the current article.

To impose a desired local cuto� frequency it is su�cient to �nd a combination of
dimensions a, `, b, and h, accounting for the length corrections due to the inertial e�ect
of adjacent �uid and the radiation impedance of the tonehole, that result in the desired
resonance. Therefore, it is possible to design a lattice to have a desired global cuto�
frequency by manipulating the dimensions of the constituent cells to have the same local
cuto� frequency. To impose the frequency of the �rst impedance peak f1, a cylinder of
length L is concatenated to the lattice and treated like a quarter-wave resonator,

f1 =
c

4La
, (3.4)

where La = L + ∆` is an e�ective acoustic length that accounts for the presence of a
lattice of open toneholes. The lattice modi�es the radiation impedance of the cylinder
as a mass-like term, and is treated as a length correction

∆` = `

√
1 +

`2

c2
Camh, (3.5)

which must be included in addition to the physical length of the main cylinder when
determining the appropriate length that results in the desired frequency f1 [3]. A strong
cuto� frequency behavior is observed with as few as three open toneholes, however, the
frequency at which cuto� occurs tends to be somewhat higher than that calculated in
Eq. (3.2) when the lattice is comprised of a small number of holes, see Fig 3.2. Lattices
with 10 toneholes exhibit a very strong cuto� behavior at the desired frequency. Three
resonators, all with �rst resonance frequencies f1 = 170 Hz and with cuto� frequencies
fc = 1000, 1500, and 2000 Hz, are used frequently in the current paper and will therefore
be referred to as resonators R1.0, R1.5 and R2.0. All three have ten toneholes in addition
to the open termination of the pipe. The input impedance of all three were simulated
and two (R1.0, R2.0) were constructed physically (dimensions provided in Appendix 3.5)
and compared with simulation in Section 3.3.4.

3.3.3 Acoustic regularity

Although the analysis based on digital synthesis in Section 3.4.1 is limited to a tonehole
network composed of geometrically regular cells, Moers and Kergomard [22] show that
it is possible to de�ne an acoustic regularity for which each constituent cell has the
same Helmholtz resonance, but not necessarily the same geometry. In that article, they
consider the inverse problem of determining the division of an acoustically regular lattice
that results in the expected global cuto� frequency. In the present paper, the problem is
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Figure 3.2: Simulated impedance curves of resonators with f1 = 170 Hz,
fc = 1350 Hz, and varying number of toneholes (thin solid black: cylinder;
thick solid grey: 4 holes; thick dashed black: 10 holes; thick solid black:
20 holes). The cuto� frequency fc = 1350 Hz was chosen to occur at an
impedance minimum so that the e�ect on the next maximum can be more
easily distinguished. Lattices with 10 holes exhibit very strong cuto� behav-
ior.

solved directly by designing each cell to be geometrically di�erent, except the bore radius,
but have a common Helmholtz resonance, and therefore have an acoustic regularity that
results in the desired global cuto� frequency. The individual cells have identical main
bore internal radii a, and the tonehole radii and heights b, h taken from the clarinet
dimensions provided in Appendix A1 of Moers and Kergomard [22]. Once a desired
cuto� frequency is set, the length of pipe ` on each side of the symmetric cells is deduced
by Eq. (3.2). This acoustically regular lattice can then be constructed with a leading pipe
to create the desired �rst resonance peak described in Section 3.3.2. Figure 3.3 shows
that a global cuto� frequency is attained using an acoustically (but not geometrically)
regular lattice. As with a geometrically regular lattice, the low frequency behavior of the
acoustically regular lattice is largely unchanged between resonators with di�erent cuto�
frequencies. Speci�cally, the height and frequency of the �rst two impedance peaks
are negligibly di�erent for di�erent resonators. This similarity between geometrically
and acoustically regular resonators suggests that the choice to use geometrically regular
resonators in this work is a reasonable simpli�cation of real instruments, which exhibit
substantial acoustic regularity. Next, the e�ect of the order of acoustically regular cells
is examined by calculating the input impedance for randomized permutations of the cell
locations. Figure 3.3 demonstrates that the order of the cells in the lattice does not
greatly in�uence the frequency at which cuto� occurs and, as above, has a negligible
in�uence on the height and frequency of the �rst two impedance peaks. This is a result
of work by Fürstenberg [89] demonstrating exceptions to the nonexistence of pass bands
in an in�nite one-dimensional random medium [90, 22]. It is worth noting that, above
the cuto� frequency and up to approximately 2000 Hz, the impedance of each resonator,
regardless of the cell order, follows similar and slowly diverging paths. This is unexpected
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Figure 3.3: Multiple simulated input impedances for resonators with acous-
tically regular lattices and random cell orders (50 permutations). The target
frequencies are f1 = 170 Hz and fc = 1350 Hz.

and suggests that, for frequencies just above cuto�, the input impedance behavior is
determined by global features of the lattice. This is curious, but less relevant to the
case of real clarinets, which typically have a fairly regular progression from small, closely
spaced holes near the top of the instrument, to large and distantly spaced holes near the
bell.

3.3.4 Experimental results of a simple resonator

The simpli�ed pipe-lattice resonator described in the previous section was tested experi-
mentally by measuring the input impedance of two polyamide 6 tubes where the lengths
L and tonehole network geometries are designed to have �rst impedance resonances at
170 Hz and cuto� frequencies at 1000 Hz and 2000 Hz (R1.0, R2.0), according to Eq. (3.2)
and (3.4). The dimensions are summarized in Appendix 3.5. The input impedance was
measured using an impedance measurement device developed at CTTM [91]. Figure 3.4
shows that the target �rst impedance resonance and cuto� frequencies are attained by
both simulation and measurements. This demonstrates the relevance of the model and
accuracy of the measurement methodology. The better agreement between simulation
and measurement for the fc = 1000 Hz resonator is a consequence of the greater distance
between holes, and not a general trend related to the cuto� frequency of a resonator.
A second stop band in the impedance of R1.0 is visible around 2500 Hz both in the
simulation and measurement. The discrepancy between simulation and measurements at
high frequencies may be due to slight imprecision of the physical geometries of the ex-
perimental pipes, inaccuracies of the measurement hardware, or higher order phenomena
not included in the simulation. These di�erences do not a�ect the conclusions, which are
based on the location of the cuto� frequency and not the precise high frequency behavior.
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Figure 3.4: Input impedance of R1.0 (a) and R2.0 (b). Grey: TMM simula-
tion; dashed black: TMMI simulation; solid black: experimental.

3.4 E�ects of cuto� frequency using digital synthesis

Digital sound synthesis is a convenient method to evaluate the playing characteristics of a
real or hypothetical resonator, and to compare two or more di�erent resonators, because
it can synthesize time domain acoustic pressure and volume velocity waveforms inside the
mouthpiece for a wide range of control parameters. One can then compute descriptors of
the waveform that are used to quantify playing characteristics, with respect to the control
parameters, such as playing frequency, spectral centroid, and attack time. These playing
descriptors are functions of the dimensionless control parameters excitation pressure γ,
and embouchure ζ (de�ned below), but also are dependent on the reed parameters and
input impedance of the resonator [92, 93]. It is assumed that γ and ζ control timbre
features of a given instrument, and are therefore useful parameters to evaluate the con-
nection between sound production and sound descriptors. It is important to note that
synthesized waveforms do not necessarily match those of a real instrument because the
values of physical parameters, particularly regarding the reed dynamics, are not precisely
known. However, digital synthesis is a reasonable tool to compare the behavior of di�er-
ent resonators. The following sections are based on synthesis for resonators R1.0, R1.5

and R2.0 as de�ned in Section 3.3.2.
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3.4.1 Digital synthesis model

The digital synthesis model used in this work combines the discretization scheme of
Guillemain [92], with the use of the re�ection function to model the response of the
resonator [94, 95]. Its purpose is to solve, in the domain of time sampled signals, a
system of three equations and three unknowns giving the values at sample number n as
functions of the past known values of the three variables. For that purpose, we start
with the continuous time model describing the resonator, the reed dynamics, and the
nonlinear relationship between pressure and �ow in the mouthpiece.

3.4.1.1 Continuous time model

The continuous time reed instrument model used in this work is comprised of three
main equations (Eq. (3.7), (3.9), and (3.10)). The three variables are the dimensionless
pressure, �ow rate, and reed displacement, respectively

p̃(t) = p(t)/pM
ũ(t) = Zcu(t)/pM ,
x̃(t) = x(t)/H,

(3.6)

where Zc is the characteristic impedance, pM is the pressure di�erence needed to close
the reed completely in a static situation, and H is the distance between the tip of the
reed and the mouthpiece lay at equilibrium. The value x̃ = −1 corresponds to the closure
of the reed. The �rst equation corresponds to the movement of the reed which consists
of a damped spring-mass driven by the pressure di�erential between the mouth of the
musician and the mouthpiece{

1
ω2
r

d2x̃(t)
dt2

+ qr
ωr

dx̃(t)
dt + x̃(t) = p̃(t)− γ if x̃ > −1,

dx̃(t)
dt = 0 if x̃ < −1,

(3.7)

where ωr is the resonance angular frequency of the reed, qr is the damping coe�cient, and
the parameter γ = pm/pM is the dimensionless pressure in the mouth of the musician.
Following values similar to other articles [93], the synthesis results presented in this
paper assume ωr = 2πfr = 2π1500 (rad/s) and qr = 0.4 (dimensionless). The second line
of Eq. (3.7) corresponds to the limitation of the reed displacement by the mouthpiece
lay. There exist more re�ned models of the reed that include dynamical behavior and the
collision of the reed and the lay [96, 97, 98]. These models, however, are unnecessary for
the current work which aims to e�ciently compare the response of di�erent resonators,
not predict absolute behavior. The nonlinear relationship relating the input �ow u(t) as
a function of the pressure di�erential and the reed position is

ũ(t) = ub(t) + ur(t), (3.8)

where {
ub(t) = ζ(1 + x(t))sign(γ − p̃(t))

√
|γ − p̃(t)|,

ur(t) = λc
dx(t)
dt .

(3.9)
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The variable ζ = ZcwH
√

2/ρpM is the dimensionless embouchure parameter, depending
on the width w and height H of the reed channel cross section when the reed is at rest,
and is proportional to the square root of H because pM is a function of H. The total
�ow rate is the sum of the �ow computed from the stationary Bernoulli equation ub and
the �ow due to the movement of the reed ur, depending on the speed of the reed and a
parameter λc that characterizes the e�ective vibrating surface of the reed [99].

The third principle equation represents the passive role of the resonator and is ex-
pressed by its input impedance. Following McIntyre [26] and Gazengel [94], a straight-
forward change of variables in the Fourier domain, using wave variables rather than
Kirchho� variables, leads to the expression of the backward pressure wave at time t in
the temporal domain

p−(t) = (r ∗ p+)(t), (3.10)

where p−(t) = (p̃(t)− ũ(t))/2 and p+(t) = (p̃(t) + ũ(t))/2 are the backward and forward
pressure waves in the resonator. The operator ∗ represents continuous time convolution
and r is the re�ection function of the resonator, obtained from the input impedance by

r = F−1

(
Z(ω)− Zc
Z(ω) + Zc

)
, (3.11)

where F−1 is the inverse Fourier transform. The advantage of using the re�ection function
rather than the impulse response is that it is assumed to decrease much faster in time,
and can therefore be truncated to save computation time.

3.4.1.2 Discrete model

The continuous time model of the complete instrument is discretized so that temporal
synthesis can be simulated by a computer. Therefore, a strictly causal formulation must
be found so that every variable at a given time sample can be computed from the previous
values of all variables. Equation (3.7) is discretized using the �nite di�erence scheme [95],
such that

x[n] = b1rp[n− 1] + a1rx[n− 1] + a2rx[n− 2], (3.12)

where the tilde notation is omitted for dimensionless variables in the discrete formulation
(p[n] is the nth sample of the dimensionless pressure signal). The coe�cients b1r, a1r

and a2r are given in Guillemain et al [95]. In order to ensure the limitation of the reed
displacement, the following condition is added

if x[n] < −1, then x[n] = x[n− 1]. (3.13)

Once the position of the reed at sample n is known, the reed �ow is computed using the
�nite di�erence scheme

ur[n] = λ(x[n]− x[n− 1]). (3.14)
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The parameter λ = λcfs is �xed at the value −0.7 as in Coyle et al. [93] based on the
measurements available in the literature [99, 26, 100, 101]. The third equation involving
the re�ection function can be reformulated using the discrete convolution product

(r ∗ p+)[n] =
∞∑
i=0

r[i]p+[n− i], (3.15)

where r is the discrete version of the re�ection function, which is causal. For the numer-
ical application, the re�ection function is deduced from the computed input impedance,
which is windowed down to the characteristic impendance by 8 kHz, well below the �rst
nonplanar mode and following recommendations from Gazengel [94]. Above this fre-
quency the impedance is completed by the characteristic impedance until the Nyquist
frequency, before computing the re�ection function by inverse Fourier transform. Only
the �rst D = 3000 elements of the re�ection function are kept for the synthesis, chosen
to be long enough so that it does not disturb the low frequency content of the resonator's
response. Speci�cally, the impulse response is a sum of exponentially damped sinusoids
and this choice of D ensures that the time response of the lower mode, with the highest
quality factor, is not truncated. The backward pressure wave corresponds is written as

p−[n] =
D∑
i=0

r[i]p+[n− i]. (3.16)

Separating this equation into a strictly causal and an instantaneous part and substituting
for p and u, p−[n] becomes

1

2
(p[n]− u[n]) =

1

2
r[0] (p[n] + u[n]) +

1

2

D∑
i=1

r[i](p[n− i] + u[n− i]), (3.17)

where r[0] is the �rst sample of the discrete re�ection function. This yields p[n] as a
function of u[n] and the past of p and u

p[n] (1− r[0]) = u[n](1 + r[0]) +
D∑
i=1

r[i](p[n− i] + u[n− i]), (3.18)

The �nal pressure expression is as follows:

p[n] =
1 + r[0]

1− r[0]
u[n] +

1

1− r[0]

D∑
i=1

r[i](p[n− i] + u[n− i]). (3.19)

Using Eq. (3.19), it is possible to implement the temporal synthesis scheme described in
Guillemain et al. [95], because it is in the form p[n] = bcou[n] + V where V is a known
quantity at sample n.
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Figure 3.5: Synthesized (dimensionless) pressure (top) and �ow (bottom)
inside mouthpiece for resonators R1.0 (solid black), R1.5 (dash-dot gray),
and R2.0 (dashed black) in the time (left) and frequency (right) domains.
Control parameters are γ = ζ = 0.45, and reed resonance fr = 1500 Hz.

3.4.2 Results

Synthesized time and frequency domain waveforms of the internal pressure and �ow for
resonators R1.0, R1.5, and R2.0 are shown in Figure 3.5, and available to listen to on-
line [102]. The waveforms are taken from the periodic and steady state region of the
synthesis, which is calculated with control parameters γ = 0.45, ζ = 0.45. In this repre-
sentation the signals from the three resonators have been arbitrarily shifted in time by
less than one cycle, so that they overlay one another, facilitating visual comparison. The
timing di�erence of the pressure and �ow signals is small, and may result from a small
change in playing frequency. There is a subtle di�erence between both the pressure and
volume velocity for resonatorsR1.0, R1.5, andR2.0. The biggest visual di�erence is in the
volume velocity waveform, in which resonator R1.0 has larger amplitude and lower fre-
quency rippling when compared with resonators R1.5 and R2.0. A simple interpretation,
examined in Section 3.4.2.1, is that there is more energy in the high frequency harmonics
in the waveforms computed from resonators with higher cuto� frequencies. The height
of the peaks that are the main feature in the velocity waveform, corresponding to the
closing of the reed, also changes between the di�erent resonators.

3.4.2.1 Frequency domain characteristics

Frequency domain characteristics are computed directly from the steady state portion of
the synthesized waveforms p and u inside the mouthpiece, discarding the attack transient.
The playing frequency, fp, of resonators R1.0, R1.5, and R2.0, as a function of γ with
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Figure 3.6: Synthesized playing frequency in cents, normalized by the �rst
impedance peak frequency, for resonators R1.0, R1.5, and R2.0 with solid
black, solid grey, dashed black lines, respectively.

constant ζ = 0.45, are displayed in Figure 3.6. The values are presented in cents, relative
to the frequency of the �rst impedance peak, such that

fcents = 1200log2

(
fp
f1

)
. (3.20)

It is seen that resonators with higher cuto� frequencies also have playing frequencies
that are higher by a few cents. In the beating reed regime, approximately γ > 0.5,
the di�erence between resonators R1.0 and R2.0 is greater than �ve cents, therefore
possible large enough to be perceived by a human [103]. This is not due only to the
di�erence in inharmonicity between the �rst and second peaks, veri�ed through analytical
formulations [93], in which the inharmonicity of these resonators results in a maximum
of 2.5 cents di�erence between resonators R1.0 and R2.0. However, the tonehole lattice
also changes the inharmonicity of higher resonances of the input impedance below the
cuto� frequency. This could in�uence the playing frequency, particularly at high values
of γ and ζ.

To de�ne a single value descriptor, the spectral centroid [104], is calculated as

centroid =

M∑
m=1

f(m)G(m)

M∑
m=1

G(m)

, (3.21)

where G(m) is the single sided power spectrum corresponding to the Fast Fourier Trans-
form frequency bins f(m) up to f(M) = 8 kHz, at which point the assumptions made
in the impedance simulation regarding thermo-viscous losses and radiation are no longer
valid. This de�nition results in a single number for a given spectrum with units of Hz,
which follows the `center of mass' interpretation of the spectral content. The spectral
centroid values, normalized by the playing frequency at each combination of control pa-
rameter and for each resonator, are shown in Figure 3.7. The spectral centroid is higher
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Figure 3.7: Synthesized spectral centroid, normalized by the playing fre-
quency, for resonatorsR1.0, R1.5, andR2.0 with solid black, solid grey, dashed
black lines, respectively.

for resonators with higher cuto� frequencies, even after adjusting for the playing fre-
quency.

To evaluate the in�uence on the distribution of harmonics in synthesized signals,
the input impedance was simulated for a wide range of resonators with fundamental
frequencies of 20 consecutive semitones ranging from 110 to 330 Hz for all three cuto�
frequencies 1000, 1500, and 2000 Hz. This results in 60 simulated resonators: 20 of
each type R1.0,R1.5 and R2.0. The �rst impedance peak frequency is manipulated by
changing the length of the cylinder between the mouthpiece and the �rst open tonehole,
leaving the lattice of 10 open toneholes unchanged. Digital sound synthesis was then
calculated for the 60 resonators, using a beating regime value ζ = 0.45, γ = 0.55 in order
to generate more even harmonics. A peak detection scheme was applied to the spectra
of the internal pressure where the square and circular data markers correspond to the
odd and even harmonics. The results are plotted in Figure 3.8 for resonators of type
R1.0,R1.5 and R2.0 in top, middle, and bottom, respectively, and vertical lines denote
the cuto� frequency of the resonators used in each �gure.

For all resonators shown here, regardless of their cuto� frequency, the odd harmonics
that are below the cuto� frequency have approximately the same amplitude climbing the
semitone scale. Around and above the cuto� frequency the amplitudes of the odd har-
monics decreases, and the strong organization disappears as also seen in Figure 3.5, which
implies that the complicated input impedance above cuto� frequency has a randomizing
e�ect on the production of odd harmonics. This can be interpreted as the system no
longer behaving as a quarter-wave resonator at these frequencies. Additionally, the even
harmonics generally grow in amplitude as a function of frequency, and display a marked
increase in amplitude for frequencies higher than the cuto� frequency. This implies that
below the cuto� frequency, the spectral content of the waveforms produced by resonators
with di�erent cuto� frequencies is relatively similar, but that the high frequency spec-
tra, and hence the perceived sound, can be quite di�erent above the cuto� frequency.
Speci�cally, the plots show more energy in even harmonics above the cuto� frequency.

The same 60 resonators are compared in terms of the time averaged intensity at
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Figure 3.8: Synthesized (ζ = 0.45, γ = 0.55) spectra of the mouthpiece
pressure for resonators R1.0,R1.5, and R2.0 for 20 fundamental frequencies
ranging chromatically from 110 Hz to 330 Hz. Odd and even harmonics
denoted by squares and circles, respectively.

input of the resonators and the the time averaged intensity summed over each radiating
aperture, shown in Figure 3.9. The time averaged intensity is de�ned as

< Iin > =
1

2
Re[P0U

∗
0 ], (3.22)

< Irad > =

M∑
n=1

1

2
Re [PnU

∗
n] , (3.23)
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Figure 3.9: Time averaged intensity passing through the entrance of the
resonator (left) and the summed over ten toneholes and exit of resonator
(right). Resonators and synthesis control parameters are the same as in
Figure 3.8. The cuto� frequency for each set of resonators is marked by a
vertical line.

where M = N + 1 is the number of toneholes N plus the open end of the resonator.
This provides a direct comparison between the energy that remains inside the resonator
and contributes to the auto-oscillation and the total energy that exits the resonator.
A comparison of the left and right panels shows that the time averaged intensity of
the fundamental frequency at the input is on the order of 40 dB higher than the output,
suggesting that the resonators are ine�cient sound sources, regardless of cuto� frequency.
Note that the level of the fundamental frequency input intensity is not horizontal as it
is for pressure in the mouthpiece. The output intensity of the fundamental frequency
increases proportional to ω2. This is consistent with known monopole radiation e�ciency
and bolsters the claim that, below the cuto� frequency, the main radiating source can
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Figure 3.10: Synthesized pressure waveform and sum of time evolving har-
monics for resonator R1.0 with 5% and 95% thresholds marked.
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Figure 3.11: Synthesized attack time normalized by period of playing fre-
quency for resonators R1.0, R1.5 and R2.0 with solid black, solid grey, dashed
black lines, respectively. Variation in attack times due to cuto� frequency is
generally less than 10%.

be treated as a monopole at the location of the �rst open tonehole. Above the cuto�
frequency the time averaged intensity is approximately the same for the input and output.
This implies that the resonators are more e�cient sources above the cuto� frequency.

It is concluded that the cuto� frequency a�ects the spectral content of waveforms
within the mouthpiece by both demarcating the frequency at which even harmonics
develop, as well as shifting the spectral centroid higher for resonators with higher cuto�
frequencies.

3.4.2.2 Attack time

To evaluate the in�uence of the cuto� frequency on the transient portion of the wave-
form, the time evolution of the waveform as the musician increases the blowing pressure
from atmospheric pressure (γ = 0) to the steady state value of γ is simulated. To avoid
discontinuities in the onset pressure, the transition from γ = 0 to the steady state value
follows the curve of the �rst half of a Hann window. In the current work the duration of
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the transition is 201 samples, corresponding to about �ve milliseconds for a sampling rate
of 44100 samples per second. To de�ne the attack time, the time domain pressure signal
is decomposed into its constituent harmonics, each of which evolves as a function of time.
To include frequencies above the cuto� frequency of all resonators, 16 harmonics are
considered. The harmonics are calculated by an inverse Fourier transform on windowed
versions of the spectrum around each harmonic. This estimates the instantaneous ampli-
tude and frequency of each harmonic for the duration of the signal, including during the
attack transient. The sum of the squared amplitude of these bands is proportional to the
total energy in the signal at a given instant, and the energy in the steady state portion
of the signal can be determined by choosing this value well into the steady state portion
of the signal. The beginning of the attack is determined when the signal �rst passes a
threshold that is a speci�c, arbitrary fraction of the �nal value, and the end of the signal
attack is de�ned as the last time that the sum is outside a threshold from the steady
state value. Onset threshold values of 5 and 10 percent, and ending threshold values of
90 and 95 percent have been investigated. Figure 3.10 shows a typical pressure waveform
onset (in this case for R1.0), with the sum of the �rst 16 harmonics, normalized to have
a maximum value of unity, superimposed. The threshold at 5% and 95% are marked in
bold lines. It is found in this work that the attack time is linearly related to the choice
of threshold, and therefore any of these four choices (5-90, 5-95, 10-90, 10-95) is reason-
able for comparing the attack time of di�erent resonators. Figure 3.11 shows the attack
time normalized by the period of the playing frequency as a function of γ with constant
ζ = 0.45. Thresholds of 5% and 95% are used to de�ne the onset and saturation of the
waveform. The attack time of resonators R1.0, R1.5, and R2.0 are su�ciently similar as
to be di�cult to discern. The di�erence between attack times of di�erent resonators is
less than 10% of a period for γ > 0.5, and up to 2.5 periods for γ < 0.5. However, for
low blowing pressures the attack time is of the order of tens of periods, so the di�erence
of 2.5 periods is still a small percentage of the total attack time. It is concluded that the
cuto� frequency does not strongly impact the attack time of a given resonator which, in
a musical context, may be related to the ease of playing.

3.5 Conclusion

The acoustic resonators developed in this work are adapted for studying the e�ect of
the cuto� frequency on sound production and, potentially, radiation. The simple nature
of these resonators, for which it is possible to independently vary the frequencies of
both the �rst impedance peak and the cuto� frequency, is particularly useful because
the low frequency behavior (below cuto�) is largely the same for resonators with very
di�erent high frequency behavior. The data resulting from either digital sound synthesis
or experimental measurements can then be used to directly assess the e�ect of the cuto�
frequency on the sound production and resulting external sound �eld.

It is found that the cuto� frequency does a�ect the synthesized waveform within the
mouthpiece, particularly the spectral characteristics. Resonators with a higher cuto�
frequency have higher playing frequencies, and higher spectral centroids, when compared
with resonators with lower cuto� frequencies. Furthermore, even harmonics tend to be
excited above the cuto� frequency of a given resonator. However, the di�erences between
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internal waveforms in resonators with di�erent cuto� frequencies is subtle. Furthermore,
the cuto� frequency of a resonator is not found to have a signi�cant in�uence on the attack
time, showing that one measure of the �playability� of a clarinet-like instrument relies
more on the low frequency response of the resonator. This implies that an instrument
maker may be able to make modi�cations to the geometry of an instrument that results
in a di�erent cuto� frequency, without the risk of greatly changing the sound production
qualities of the instrument.

In contrast to the relatively small e�ect of the cuto� frequency on sound production,
the cuto� frequency has a larger impact on the high frequency spectral characteristics and
radiation. The radiation e�ciency, calculated as the ratio of the time averaged intensity
at the input of the instrument with that summed over the radiating apertures, is higher
above the cuto� frequency than below. Above the cuto� frequency the resonators produce
more even harmonics and radiate more e�ciently, implying that the cuto� frequency could
have a substantial impact on the perceived timbre of di�erent instruments, or di�erent
notes on the same instrument. This, along with the small impact on sound production,
indicates that the cuto� frequency may be used to change the timbre characteristics of
an instrument without altering its sound production qualities.

Future work includes extending the synthesis analysis to the external sound �eld
to evaluate the e�ect of the cuto� frequency on radiated sound, for which Figure 3.9
provides an initial answer. This includes directivity of the source due to multiple radiating
apertures. A characterization of the external sound �eld can then be compared with the
internal sound �eld to evaluate the competition between sound production and radiation
of clarinet-like musical instruments.
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Appendix

Two resonators were realized to experimentally verify the feasibility of designing res-
onators with independently chosen �rst input impedance peaks and cuto� frequencies.
The resonators were made by drilling holes in polyamide 6 tubes, the dimensions of
which are summarized in Table 3.1. The input impedance was then measured using the
impedance measurement device developed at CTTM in hemi-anechoic conditions [91].
Table 3.2 summarizes the �rst two impedance peak frequencies of resonators R1.0, R1.5,
and R2.0 used for the digital synthesis. The inharmonicity, in cents, is de�ned as

inharmonicity = 1200log2

(
f2

3f1

)
. (3.24)

Table 3.1: Dimensions for two prototype resonators with the �rst impedance
peak f1 at 170 Hz and cuto� frequencies fc at 1000 Hz and 2000 Hz. Simu-
lated and measured input impedance are provided in Figure 3.4.

Resonator L [mm] a [mm] ` [mm] b [mm] h [mm]
R1.0 436.7 7.0 32.8 4.0 8.4
R2.0 470.1 7.0 8.9 4.0 8.4

Table 3.2: Frequencies of the �rst two impedance peaks and inharmonicity
of resonators R1.0, R1.5, and R2.0.

Resonator fc [Hz] f1 [Hz] f2 [Hz] inharm [cents]
R1.0 1000 170 511.6 5.4
R1.5 1500 170 513.0 10.2
R2.0 2000 170 513.1 10.5



Chapter 4
The link between the tonehole lattice cuto� frequency and

clarinet sound radiation: a quantitative study

PREFACE

Chapter 3 demonstrates the e�ect of the cuto� frequency on sound production of
clarinet-like instruments. However, the main results are demonstrated for internal vari-
ables, and radiation is considered only in terms of time averaged intensity of the radiating
toneholes. This limits the scope of the study to conclusions about how the cuto� fre-
quency does or does not impact the sound production and internal spectral characteris-
tics, while ignoring the equally important aspect of how the cuto� impacts external, and
therefore perceived, characteristics of a clarinet-like instrument. The connection between
the internal variables and their external counterparts is an important continuation and
complement to the results in the previous chapter.

The e�ect of the cuto� frequency on the relationship between internal and external
variables can be assessed under two, not obviously related conditions: one where the
resonator is excited by a forcing source, such as a loudspeaker, that is not dependent
on the resonator feedback to maintain oscillation, and `playing' conditions where a reed
is in a state of auto-oscillation due to the feedback from the resonator1. Both methods
come with a host of potential di�culties. Additionally, the choice of method emphasizes
di�erent aspects of the link between internal and external variables, so the desired results
should be well de�ned in order to choose the proper methodology.

The �rst option could be implemented using a �ow source such as a compression cham-
ber and measuring or simulating the transfer function between the pressure or �ow inside
the resonator and the radiated pressure at external points in the room [15]. This method
provides considerable information about the resonator as a radiating sound source. One
advantage is that the transfer functions can be easily determined across a broad range of
frequencies, not only the playing frequency (and its harmonics) present during playing
conditions. The full band response (not just sampled by harmonics) provides a much
more detailed description of the resonators behavior. In particular, it resolves the peak
spacing above cuto� that are due to resonances that are proportional to the total length
of the resonator, including the lattice. Another advantage of this method is that a low

1The �rst case naively treats the loudspeaker as an ideal source and hybrid methods exist [105].
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internal sound pressure level can be maintained, eliminating concerns about the introduc-
tion of nonlinear phenomena provided the use of suitable post-processing methods. This
makes it easier to interpret the results, particularly when compared with linear models of
the transfer functions. The main disadvantage of using an independent source to excite
the resonator is that it is hard to interpret the results in terms of a musically realistic
situation, for which a clarinet is almost always played with a reed. A secondary disad-
vantage is that additional components must be manufactured to connect a compression
chamber to the resonator, and ideally the measurements would be made in an anechoic
environment which can prolong the experiment.

The external response of the resonator under playing conditions could be studied
using an arti�cial blowing machine, human musician, or through simulation by coupling
a synthesis model and radiation model [16, 106]. The advantage of this approach is
that the instrument is operating under conditions for how woodwinds are usually heard:
played with a mouthpiece and reed. Therefore, the results obtained through this method
may be more easily related to musically relevant characteristics, such as timbre. However,
measurements under playing conditions can be hard to interpret because there are many
more variables to consider compared with a passive response measurement. One major
limitation is that the reed and resonator are coupled during playing conditions, which can
make it complicated to isolate the e�ect of the cuto� frequency from properties (such as
natural resonance frequency) of the reed. Furthermore, the sound pressure levels inside
the resonator can be very high during loud notes, which could introduce nonlinear e�ects
at the toneholes that are not captured by a simple radiation model [107]. The excitation
source also matters: an arti�cial mouth is convenient for reproducibility, but may not
`play' the instrument in a musically informed manner, which diminishes the value of
this method. A live musician may play the resonator more musically, but not necessarily
reproducibly. The external environment must also be accounted for: an anechoic chamber
is not likely a good decision due to the strong directivity of the resonators, while the
laboratory spaces that often house arti�cial blowing machines may be problematic due
to small volumes and ventilation noise. A good option for measurements of a musician
playing in situ may well be a musically appropriate room such as a small recital or lecture
hall [55].

As detailed above, both of these options can provide insight into the e�ect of the
cuto� on the radiated sound�eld. The types of conclusions that can be made in both cases
depends on the method of study. Generally, the �rst option examines how the complicated
internal sound�eld transmits to the exterior sound�eld, while clearly demonstrating the
high frequency modes in the lattice. The second method hides much of the complicated
internal behavior, and instead demonstrates how the cuto� can be viewed as a �lter
between an internal complex harmonic signal and the exterior waveform. The two are
directly related, but can be more or less easily seen in the data depending on the chosen
method.

Therefore, the work in the preceding chapter, which focuses on digitally synthesized
signals under playing conditions, is better complemented by a study of the instrument
under playing conditions rather than a passive response measurement. One way to ex-
tend the previous work would be to perform measurements internal to the resonator using
an arti�cial blowing machine and comparing it with the simulated waveforms. This is of
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limited scope, however, because an accompanying external sound�eld measurement using
the arti�cial blowing machine is complicated due to the room acoustics of a laboratory
space and, more importantly, is very sensitive to microphone location due to the direc-
tivity of the resonators. Instead, the e�ect of the cuto� on sound radiation is evaluated
in situ under playing conditions by a live musician in a musically appropriate, medium
sized lecture hall, and supported by simulation [55, 4, 5]. This choice of methodology,
excitement mechanism, and environment allows con�dence that the results correspond
to a musically meaningful characterization of the cuto� frequency on sound radiation.
The results obtained through this type of study are likely applicable to other woodwind
instruments and may also apply to groups of woodwinds, such as in an orchestra.

Additional comments

This remainder of this chapter is a reproduction the article:

Petersen, Erik Alan, Colinot, Tom, Guillemain, Philippe, and Kergomard,
Jean. The link between the tonehole lattice cuto� frequency and clar-
inet sound radiation: a quantitative study. Acta Acust., 4(5):18, 2020

Comments:

� Original abstract has been omitted.

� The term tonehole lattice cuto� frequency varies between chapters due
to evolving requirements of the research. Because this chapter treats
only the case of academic resonators, ambiguities regarding the cuto� of
real instruments are ignored. The cuto� is de�ned by acoustic regularity
of an in�nite, loss-less lattice (Chapter 2 Eq. (2.29), and Chapter 3
Eq. (3.3)) and assumed to be valid for the �nite, lossy lattices used in
the current chapter. For a more complete discussion of cuto� de�nitions,
see Chapter 5.
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4.1 Introduction

Woodwind instruments are complex objects with geometries that have evolved through
empirical experimentation over centuries. The resonator bore can be predominantly cylin-
drical or conical, and many instruments terminate in a bell that has yet another cross
section pro�le. The position and size of the toneholes are chosen to balance intonation
and timbre, and each hole a�ects the in�uence of the others. While these geometrical
variations are often subtle, they may have a strong in�uence on the sound of an instru-
ment.

The playing frequency of a woodwind instrument is largely determined by the distance
between the reed and the �rst open tonehole, and to a �rst approximation the downstream
toneholes are ignored. However, in many instruments this `unused' lattice of toneholes
acts as an acoustic high pass �lter, thereby modifying the response of the resonator and,
eventually, the radiated sound [3]. The low frequency �rst hole approximation and the
high frequency lattice �ltering are separated by the tonehole lattice cuto� frequency fc,
and is due to the pass and stop bands of waves propagation in periodic media [2, p. vii-viii].
The existence of a cuto� frequency is a communality among many di�erent woodwinds
including the clarinet, saxophone, bassoon, and tárogató [3]. Some instruments, such
as the Kaval [108], even have additional toneholes that are never closed during normal
playing, which may have been introduced to serve as a lattice for the lowest notes of the
instrument.

The cuto� frequency is generally assumed to in�uence the sound that an instrument
makes, possibly even mapping to certain adjectives used by musicians to describe the
`character' of a given instrument. However, there are few quantitative links between the
cuto� and radiated sound [24, 60]. In his �nal article [5], Benade published a study
connecting room-averaged external spectra across the �rst register of the saxophone,
demonstrating a frequency band with increased radiation centered at what he calls the
`break frequency.' For the saxophone, he asserts that the break frequency in the spectra
of the radiated sound is related to the tonehole lattice cuto�. This interpretation is
complicated, however, because there is no rigorous de�nition of the cuto� frequency of
a real instrument. Furthermore, a recent article demonstrates that, in contrast to the
clarinet, the cuto� frequency of the saxophone varies considerably over the range of the
�rst register [6].

Attempts to study the tonehole lattice cuto� of real instruments generally fall either
into empirical or analytic methods, both of which have �aws. One empirical approach
is to de�ne the cuto� frequency from an input impedance measurement by identifying a
perturbation in the modulus or argument of the input impedance or re�ection coe�cient.
This is often done by human judgment, although it is also possible to apply arbitrary
thresholds, and both methods have merits and drawbacks. Analytic approaches can
be adapted from the theory of wave propagation in periodic media [1], although the
�nite and nature of the resonators complicates the analogy. Furthermore, the lattices
of real instruments are not typically periodic, so it is necessary to extend the theory
in one of several ways by considering, for example, pairs of adjacent toneholes [16].
One form of analysis may be more appropriate than another for a speci�c family of
instruments. An instrument with a high degree of acoustical regularity, such as the
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clarinet [22], seems more suitable for the analytic approach than an instrument that is
highly irregular, such as the bassoon. Furthermore, some instruments have cuto�s that
evolve in conjunction with the changing notes of a chromatic scale, such as the saxophone.
In this case an empirical approach may be more appropriate because the lattice is less
periodic (geometrically and acoustically) than a clarinet.

In order to avoid the inherent ambiguity surrounding the cuto� frequency of real
instruments, the current work starts with simpli�ed resonators that have been analytically
designed with constant chosen cuto�s. This has the advantage that external spectral
characteristics are expected to be directly linked to the cuto� frequency of the resonators.
However, because the cuto�s of the resonators used in these experiments are strong and
unambiguous, care must be taken when extrapolating to real instruments, which may have
ambiguous or di�use cuto�s as well as other competing behavior due to the conicity, the
bell, and additional geometric di�erences. Because it is di�cult to design and impractical
to construct conical resonators with strong cuto�s, the simpli�ed resonators used in this
study are cylindrical, and the results are mainly applicable to instruments in the clarinet
family.

The basic theory of tonehole lattice cuto� frequencies is reviewed in Section 4.2, and
applied towards the design of simpli�ed resonators with known cuto�s. Experimental
results of external sound �eld measurements using the simpli�ed resonators are discussed
in Section 4.3, with complementary simulations in Section 4.4. Application to a clarinet
recorded in anechoic conditions is treated in Section 4.5, followed by concluding remarks
in Section 5.4.

4.2 Basic theory

4.2.1 The tonehole lattice cuto� frequency

The cuto� frequency is determined by the geometry of a constituent cell of the lattice,
depending on the radius of the main bore, the tonehole radius, chimney height, and
inter-hole spacing, shown in Figure 4.1. The geometry of a lattice can be designed to
have a desired cuto� frequency [22, 23, 29]. While a true cuto� exists only for in�nite,
lossless lattices [2, p. vii-viii], a strong cuto� behavior can exist for �nite resonators
with at least two or three open toneholes. Furthermore, the theory is developed for
geometrically regular lattices consisting of repeating, identical cells, which is in contrast
with the geometric irregularity of real instruments. However, it has been shown that
an acoustic regularity may be achieved even for geometrically irregular lattices with no
adverse impact of the cuto� of the lattice, which reinforces the application of cuto� theory
to real instruments.2 It is convenient, though not necessary, to design the acoustically
regular lattice to also be geometrically regular. In this case, the cuto� frequency of the
lattice is achieved if the constituent cell is designed according to

fc =
c

2π

√
s

2`hS
, (4.1)

2A geometrically regular lattice has geometrically identical cells to form a periodic structure. An
acoustically regular lattice is formed by cells that all have the same acoustical response, but that are not
necessarily geometrically identical. Geometric regularity is a subset of acoustic regularity.
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Figure 4.1: Geometrical dimensions of a tonehole pair. When repeated, this
element forms a regular lattice with a cuto� frequency provided by Eq. (4.1).

where c is the speed of sound in air, s = πb2 is the cross section of the tonehole, S =
πa2 that of the main bore, h the height of the hole, and 2` the distance between two
subsequent holes. Equation (4.1) corresponds to the eigenfrequency of the cell assuming
rigid conditions at the extremities of the main bore [23, 383]. Variations of this formula
can be derived for more complicated geometries, including conical resonators [6].

For the purposes of this study, a lattice with at least �ve open toneholes designed
following Eq. (4.1) is considered to have a tonehole lattice cuto�, even though the theory
is derived under the assumption of an in�nite, lossless lattice. The resonators presented
in Section 4.2.2 and analyzed in Sections 4.3 and 4.4 follow this de�nition and are said to
have a strong cuto�, which can be clearly identi�ed to reasonable precision on measurable
characteristics such as the input impedance or re�ection coe�cient. Real instruments,
however, do not generally respect Eq. (4.1), and may only exhibit a weak or di�use
cuto� whose precise determination is not obvious from measurement or theory, but still
recognizable as an e�ect of the lattice.

4.2.2 Resonators designed to have cuto�s at chosen frequencies

Four resonators are designed and produced for this study. The resonators are built using
sti�, cylindrical plastic tubing, three of which are pierced with toneholes, resembling the
geometry of a clarinet. The fourth resonator is a simple cylinder without toneholes. A
clarinet mouthpiece can be inserted at the upstream end of the resonators. As for a real
instrument, the portion of the duct upstream from the lattice determines the playing
frequency of the highest note, and the lattice toneholes can be consecutively closed to
achieve lower notes. In contrast with a real clarinet, the size and location of the toneholes
are not designed to produce the notes of a speci�c musical scale, but rather to present
an acoustically periodic lattice that alters the high frequency response of the resonator.

All four resonators are designed to have the �rst impedance peak at approximately
185 Hz when all toneholes are open, and the three resonators with tonehole lattices have
cuto�s at 1.0, 1.5, and 2.0 kHz [29]. Each resonator, except the simple cylinder, has 10
toneholes. The input impedance and geometries of the resonators are shown in Figure 4.2
and Table 4.1, respectively. The cuto� is evident for the three resonators with lattices,
seen as a change in spacing and height of the impedance peaks. The regularly spaced
peaks characteristic of a quarter wavelength resonator are seen for the simple cylinder.

In order to maintain a strong cuto� for di�erent �ngerings, at least �ve consecutive,
downstream toneholes remain open for all measurements. This results in six possible
notes per resonator with fundamentals ranging from 114 Hz to 154 Hz under playing
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Figure 4.2: Simulated input impedance modulus for (top to bottom) res-
onators with fc = 1.0, 1.5, 2.0 kHz, and a cylinder with no tonehole lattice,
vertical o�set for clarity. Normalized by characteristic impedance zc of the
duct.

Table 4.1: Geometrical dimensions of three resonators with the same �rst
impedance peak f1 and di�erent cuto� frequencies fc. First peak and cuto�
frequencies in Hz, all other quantities in mm. The �rst hole is located at
L+ `. Consider ` = 0 for the cylinder.

R f1 fc L h a b `

R1.0 185 1000 398.8 9.8 6.5 2.5 16.3
R1.5 185 1500 417.0 9.8 6.5 4.0 16.3
R2.0 185 2000 426.0 9.8 6.5 5.8 16.3
Rcyl 185 � 450.0 � 6.5 � 0.0

conditions. Because the lattices are acoustically regular, each of these six notes has a
nearly identical cuto�.

4.2.3 Radiation characteristics above and below the tonehole lattice

cuto� frequency

The radiation of a resonator with a tonehole lattice has signi�cant di�erences for fre-
quencies below and above the cuto�. Below the cuto�, the wave does not propagate into
the lattice, so the resonator predominantly radiates as a monopole source from the �rst
open tonehole. Above the cuto�, the wave does propagate into the lattice and radiates
from subsequent toneholes and the termination of the resonator. The wave also re�ects
back into the resonator from the termination of the lattice [17, 23]. Above the cuto�, the
contributions from multiple radiating apertures create complicated radiation properties,
which can a�ect the directivity and e�ciency of the resonator.



62 4.2. ARTICLE 2

Figure 4.3: Spectrograms of six notes played in a descending scale using a
clarinet mouthpiece. Top panels at forte and bottom panels at piano playing
levels for resonators with, from left to right, fc = 1.0, 1.5, 2.0 kHz. The
analysis is performed on composite signals from the Neumann U87 and two
Neumann KM 184. Color map in decibels.

At the cuto�, the phase speed within the resonator is very high and the �ow through
the toneholes is nearly in phase, creating a strong directivity lobe perpendicular to the
lattice. Above the cuto�, the �ow through the toneholes is no longer in phase and the
radiation is characterized by complicated directivity lobes. Frequencies well above cuto�
propagate in the lattice and only weakly radiate from the toneholes, mainly re�ecting
and radiating from the termination of the resonator. For the simpli�ed resonators, the
cuto� frequency is at a rapid transition between these two frequency band behaviors,
while the distinction is more complicated for real instruments for which the inter-hole
spacing is not uniform and the di�erent tonehole radii in�uence the radiation e�ciency
of each source.
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4.3 External sound �eld measurements of simpli�ed resonators

4.3.1 Basis for measurement protocol

The methodology follows the protocol developed by Benade to measure the radiated
sound �elds of woodwind instruments, notably for the clarinet and saxophone [4, 5]. In
contrast with most acoustical measurement requirements, Benade realized that it is in-
formative to measure the spectral radiation characteristics of instruments in musically
appropriate environments. The de�ning sound features of an instrument family are eas-
ily identi�ed by experienced listeners regardless of the room in which they are played.
Benade concludes that the spectral characteristics that are relevant to human percep-
tion could also be measured in `normal' rooms, i.e. not under anechoic conditions, and
that the results describe the instrument under the same conditions for which an audi-
ence typically consumes music. To avoid complications due to the strong directivity of
many instruments, the instrument and microphone should be placed far apart, and both
should be slowly moving to introduce a type of `room averaging.' The protocol and its
implications are detailed in several documents [56, 55].

4.3.2 Details of measurements

The simpli�ed resonators are out�tted with a clarinet mouthpiece and a Plasticover
(RICO-RP05BCL200) strength 2 B[ clarinet reed in order to be played by a musician.
The room is a medium sized lecture hall with 122 seats on a steep incline and an ap-
proximate volume of 730 cubic meters. This room is chosen because it has light acoustic
treatment and is a reasonable example of a musically appropriate environment. This is
desirable because the purpose of the study is to identify global spectral characteristics of
the resonators in realistic playing conditions.

Each of the six notes with fundamentals ranging from 114 to 154 is played for approx-
imately 20 s for both forte and piano dynamics, subjectively determined by the musician.
In order to avoid inconsistencies due to strong directivity lobes of the resonator, the mu-
sician slowly sways the instrument back and forth with a period of about four seconds.
Four microphones are used to record the signal in the room: a DPA-4099 instrument
microphone attached to the resonator approximately 8 cm above the center of the lat-
tice, two stationary Neumann KM 184 (cardioid) microphones at a distance 8 m and
12 m from the musician, and a Neumann U87 (cardioid operating mode) at a distance
of approximately 4 m. The U87 is manually waved back and forth with an approximate
period of four seconds to provide some spatial averaging in the room. Therefore, there
are 152 distinct signals: 3 resonators with 6 notes each, plus the simple cylinder, each
with two dynamics, measured by four microphones. The data from the DPA is not used
in the analysis because, due to its position just above the lattice and in a directivity lobe
at cuto�, its data suggest a greater e�ect than what is measured by the more distant
microphones.

Preliminary results are shown as spectrograms in Figure 4.3. Resonators with fc =
1.0, 1.5, and 2.0 kHz are displayed from left to right, with forte playing levels on top
and piano playing levels on bottom. The measurements from the Neumann U87 and
two Neumann KM 184 are combined into a composite signal. The steady state portions
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Figure 4.4: Measured external spectra, averaged over six notes played on
each of three resonators with di�erent cuto� frequencies. Top panels depict
forte dynamics and bottom panels depict piano dynamics. Each box plot is
computed from the nth rank harmonic to present an averaged spectra that
is characteristic to the resonator across di�erent �ngerings with fundamen-
tals ranging from 114-154 Hz, and is positioned at the average frequency of
the respective nth rank harmonic. Data from manually waved microphone
(Neumann U87 4 m distance). Black: odd harmonics, red: even harmonics,
vertical line: cuto� frequency of the resonator. Box plots within hatched
area have atleast one harmonic near cuto�. Solid black and red lines trace
the median of each box plot. The median amplitude of the fundamentals are
normalized to 0 dB in each panel. Boxes span from 25th-75th percentiles and
thin lines show the span of the data ignoring outliers.

of each note are extracted from each microphone channel, highpass �ltered at 100 Hz
by the MATLAB highpass function, which uses a minimum-order �lter with a Kaiser
window resulting in a 60 dB stop band attenuation. The signals are then normalized by
their root-mean-square value 3. The power spectral density is calculated for successive
Hann-windowed segments of 213 samples using a 50 % overlap. The resulting spectra
from the three microphones are summed, normalized by the maximum value at each time
step, and plotted in decibel representation.

These spectrograms demonstrate room averaged characteristics of the sound �eld

3These signals will available online when the article is published.
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radiated by individual notes of each resonator. The average spectral centroid for the
resonators with fc = 1.0, 1.5, and 2.0 kHz cuto�s is 0.55, 0.94, 1.12 kHz at forte play-
ing levels, and 0.28, 0.22, 0.27 kHz at piano playing levels. This may be due to the
appearance of additional energy around the cuto� of each resonator. This possible rein-
forced frequency region, particularly in this representation, may be partially hidden by
the imparity between even and odd harmonics characteristic to cylindrical resonators.
Nonetheless, these spectrograms are suggestive of an in�uence of the cuto� on radiation,
although additional processing is needed to determine a quantitative link.

The data presented in Section 4.3.4 correspond to these three resonators. However,
in deference to the measurement protocol proposed by Benade, only the Neumann U87
data is included in the following analysis.

4.3.3 Data processing

The same signal treatment is used for three di�erent experiments in this study: in situ
measurements of simpli�ed resonators described in Section 4.3.2, the simulated repli-
cation of these measurements in Section 4.4, and anechoic recordings of a real clarinet
in Section 4.5. Some preliminary steps are necessary for the simulations and anechoic
recordings to reduce multiple channels of data into a single channel. These additional
procedures are outlined in Sections 4.4.3 and 4.5. Once reduced, all the data are processed
as follows.

The data of a given resonator consists of separate audio �les, one for each note that
is considered in the analysis. For each note, the signal is truncated to include only the
steady-state portion of the tone to discard attack and decay transients. Furthermore, each
signal has considerable variation in sound pressure level and timbre due to the directivity
of the resonator, movement of the player, movement of the measurement microphone,
and �uctuating control parameters. Therefore, the signal is analyzed in 0.5 s segments
and treated with a Hann window of the same duration. The spectra is generated using
the built-in MATLAB FFT, and handled to be proportional to units [Pa2/Hz]. The
harmonics in the spectra are then extracted using a peak detection scheme. Because the
quantity of interest is the spectral envelope, an exact calibration is not necessary and
results are depicted in normalized representations. This procedure is repeated for the
remaining notes for the resonator.

The basic data set for each resonator is now the harmonic frequency and amplitude
pairs at 0.5 s intervals for multiple �ngerings. To demonstrate the global radiation char-
acteristics of the resonator it is helpful to average the data. Several di�erent approaches
are used and described in the corresponding sections.

4.3.3.1 Measurement averaging

The signal from the Neumann U87 microphone used in Figure 4.4 is �rst treated following
the protocol described in Section 4.3.3. This results in approximately 240 `instances' of
the spectrum per resonator, calculated from six �ngerings, each with 20 seconds of data
divided into time frames of 0.5 s. In order to visualize the data, the statistical variation of
each harmonic is depicted using box plots. Each box corresponds to the nth rank harmonic
from all the �ngerings, excluding outliers. For example, the left-most black box in each
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panel depicts the amplitude variation of the fundamental for all six �ngerings, while the
left-most red box depicts the �rst even harmonics of all six �ngerings. The boxes are
positioned at the average frequency of the nth rank harmonic of the six �ngerings. The
lower and upper limits of the boxes mark the 25th and 75th percentiles. The median
value of the odd and even harmonics are traced in black and red, respectively. Because
this plot represents data with a large variation in amplitude, the upper contour of the
whiskers tend to match a naive inspection of the raw data.

4.3.4 The reinforced spectrum region of the radiated sound �eld

The external spectra for all three resonator cuto� frequencies for both forte (top) and
piano (bottom) dynamics are depicted in Figure 4.4. Below the cuto� of each resonator,
the even harmonics are several decades weaker than the odd harmonics, as is expected
of a quarter wave resonator. However, for the forte playing dynamic, the envelope of the
even harmonics increases with frequency towards a maximum value near the cuto� of the
resonator, above which the even and odd harmonics are equally strong. Although it is less
obvious in this representation of the data, odd harmonics are also reinforced, seen here
mainly by the envelope of the box plot whiskers. Figure 4.5, which uses the averaging
scheme described in Section 4.4.4, shows more clearly that the reinforced spectrum region
consists of both even and odd harmonics.

The lower panels of Figure 4.4 show that the e�ect of the cuto� is not as pronounced
for piano playing dynamics, although the cuto� of the resonator does in�uence the shape
of the spectral envelope. The slope of the envelope is much steeper than for the forte data
because a softly played note is generally not as harmonically rich as one that is played
loudly, and most of the energy is contained in the �rst several harmonics. Therefore, the
reinforced spectrum region is weaker because it falls in a frequency range that does not
have a lot of power in the internal waveform.

Repeating the same measurements with a simple cylinder (not depicted for brevity)
demonstrates that the reed resonance fr (see Section 4.4.2) may be a competing mech-
anism that can in�uence the spectral envelope. In particular, there is a convergence of
even and odd harmonics at approximately 1.5 kHz, despite no tonehole lattice. Addi-
tional simulations suggest that this convergence is due to the reed resonance. This could
be developed as a simple experimental method for coarsely estimating the resonance of a
reed. For real clarinets, the cuto� and reed resonance occur at approximately the same
frequency fc ≈ fr ≈ 1.5 kHz [109]. It is unclear how these parameters evolved towards
the same value, and to what degree this is intentional. A future project could address
how each parameter impacts the playability of an instrument.

4.4 External sound �eld simulations of simpli�ed resonators

The external sound �eld of simpli�ed resonators played with a clarinet mouthpiece mea-
sured in Section 4.3 is simulated by combining digital synthesis and a simpli�ed radiation
model. The external sound �eld simulations are implemented in two main stages. The
�rst computes the characteristics of the passive, linear resonators, yielding the input
impedance and transfer functions between the input of the resonator and each tonehole.
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The input impedance is then used with a digital synthesis code to simulate the pres-
sure and �ow waveforms inside the mouthpiece. The transfer functions calculated in the
�rst stage translate the �ow waveform inside the mouthpiece to the corresponding �ow
through each tonehole, which radiate into the surrounding space.

4.4.1 From TMMI to external sound �eld simulations of passive res-

onator

The resonators are modeled as passive, linear waveguides that can be characterized in-
dependent of the source signal. As a �rst approximation, nonlinear e�ects due to high
internal sound pressure levels as well as nonlinear e�ects in the toneholes are ignored.
Although the simulation model ignores the nonlinear e�ects in the toneholes, the qual-
itative agreement between simulation and experiment is satisfactory. While accounting
for these nonlinear aspects would likely improve the simulations, particularly at forte
playing levels, it is outside the scope of this article to develop the nonlinear tonehole
model, which is an open research topic.

First, the input impedance of the resonators is simulated using the Transfer Matrix
with External Interactions (TMMI) [28], which is related to the transfer matrix method
but accounts for external interactions of toneholes that radiate into the same space. Ac-
counting for mutual radiation impedance improves the simulation of the input impedance,
particularly above the cuto�.

In order to simulate the radiated sound �eld, the TMMI algorithm has been modi�ed
to compute the frequency domain pressure Pn(ω) and �ow Un(ω) at the nth aperture
(tonehole and termination of the resonator) resulting from an arbitrary source pressure
P s(ω) or �ow U s(ω) at the input. Therefore, the passive response of the resonator can
be described by a set of transfer functions between the input of the resonator and all
radiating apertures

Hn(ω) = Un(ω)/U s(ω). (4.2)

The far �eld external pressure at an observation point O is the superposition of the
contribution of each source term Un(ω)

PO(ω) =
N∑
n=1

jωρ
Hn(ω)U s(ω)

4πrn
ej(ωt−krn), (4.3)

where rn is the distance between O and the nth source, ω is the angular frequency, k the
wave number, c and ρ the speed of sound and density of air. Each source term is treated
as a monopole and di�raction due to the resonator is ignored. This development can
be used to simulate the radiation properties of the resonators regardless of the driving
source.

4.4.2 Digital sound synthesis

Digital synthesis is used to simulate the pressure and �ow inside the mouthpiece in the
discrete time domain. In this simulation, the action of the musician is represented by
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Table 4.2: Digital sound synthesis parameters pertaining to reed dynamics.
All unitless except fr, in Hz.

Notation fr qr Kc β η

Value 1500 0.4 100 5E-4 0.01

two dimensionless control parameters [77], de�ned by

γ =
pm
pM

, ζ = wHzc

√
2

ρpM
, (4.4)

where pm is the pressure inside the mouth of the musician, pM is the reference pressure
necessary to close the reed channel completely, w and H are the width and height of
the reed channel at rest, and zc is the characteristic impedance of the resonator. The
variables of the model discussed in this work are the reed displacement x and the acoustic
pressure ps and �ow us at the input of the resonator, given in dimensionless form by

x =
x̂

H
, ps =

p̂s

pM
, us = zc

ûs

pM
, (4.5)

where the hat notation signals the variable's physical value. The time-domain synthesis
scheme follows previous work [93].

In order to accurately represent the high frequency behavior of the resonator, a re-
�ection function formalism [94] is preferred over a truncated modal representation. The
re�ection function r links the re�ected wave p− = (ps − us)/2 to the outgoing wave
p+ = (ps + us)/2 through the relation

p− = r ∗ p+, (4.6)

where ∗ denotes the convolution product. Note that r is deduced from the input impedance
as the inverse Fourier transform of the re�ection coe�cient. In the discrete form, it is
truncated to the �rst 0.1 s, long enough to accurately represent low frequencies which
have the longest response due to weak losses.

The reed is modeled by a damped single degree-of-freedom oscillator. Its dimension-
less displacement from equilibrium follows the form

1

(2πfr)2
ẍ+

qr
2πfr

ẋ+ x = p− γ + Fc(x), (4.7)

where fr is the reed eigenfrequency and qr its damping coe�cient. The force Fc, account-
ing for the contact with the mouthpiece lay [98], is de�ned by

Fc(x) = Kc

(
x+ 1− |x+ 1|

2

)2

(1 + βẋ), (4.8)

with nonlinear sti�ness Kc and a damping coe�cient β. The nonlinear characteristic
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Table 4.3: Dimensionless control parameters used for digital synthesis follow-
ing Eqs. (4.10) and (4.11).

dynamic γc γa ζc ζa
forte 0.70 0.05 0.40 0.05
piano 0.50 0.05 0.40 0.05

derived from Bernoulli's law that determines the �ow through the reed channel is

us = ζ

(
x+ 1 + |x+ 1|

2

)
sign(γ − ps)

√
|γ − ps|. (4.9)

The nonsmooth functions in Eqs. (4.8) and (4.9) are regularized: the absolute values | · |
are replaced by

√
·2 + η [110]. The value of the parameters used to obtain the simulation

are summarized in Table 4.2.
The control parameters, corresponding to pressure inside the mouth γ and musicians

lips ζ, are slowly varied to approximate a real musician. A simultaneous variation of γ
and ζ over a T = 10 s signal follows the form

γ(t) = γc + γasin(2π · t/T ) (4.10)

ζ(t) = ζc + ζasin(4π · t/T ), (4.11)

where γc, γa, ζc, and ζa are constants, summarized in Table 4.3 for forte and piano
playing levels [111, 112]. The static portion of the control parameters are chosen to
create beating conditions for the forte playing level and to be near the threshold of
oscillation for the piano playing level [113, 114]. The control parameters are varied
slightly around static values using trigonometric functions because they are smooth, real
valued, periodic, and well-known. This is intended to mimic the measurement conditions
for which there was some variation in musician control due to the slow movement required
by the measurement protocol.

4.4.3 Combining digital synthesis and radiation models

The external sound �eld of the instrument under playing conditions is simulated through
the linear transformations of the waveforms inside the mouthpiece computed by digital
synthesis. The acoustic �ow us(t) in the mouthpiece produced by digital synthesis is
transformed to the frequency domain U s(ω), and the resulting �ow through each tonehole
is calculated using Hn(ω). The pressure p(t) at an observation point O is calculated as
the inverse Fourier transform of PO(ω), provided by Eq. (4.3).

Because each source term is treated as a monopole, the resonator is considered to
radiate symmetrically about its axis. Therefore, the external sound �eld is simulated in
two dimensions, with observation points O laying on a plane that includes the axis of the
resonator. The �rst open tonehole de�nes the origin and 100 equally spaced observation
points are de�ned along a circle with a 10 m radius centered at the origin.

This con�guration is treated as an approximation of the sound power of the source in
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Figure 4.5: Comparison between measured (solid) and simulated (dashed)
external spectra in a decibel representation for three resonators with cuto�s
fc = 1.0, 1.5, 2.0 kHz at forte playing conditions. Odd harmonics are depicted
in black and even harmonics in red. Synthesis control parameters provided
in Section 4.4.2.

an anechoic environment. The waveforms PO as simulated at each position O are summed
directly to produce a single composite waveform, which is processed as described in
Section 4.3.3. This approximates the spatial averaging of the measurements, and helps
avoid inadvertently favoring or neglecting frequency ranges that correspond to strong
directivity lobes of the resonator.

4.4.4 Comparison between measurements and simulation

The simulation results for the three simpli�ed resonators are presented in Figure 4.5,
which also includes the measurements from Section 4.3. The simulated results use the
synthesis parameters in Table 4.2 and musician control parameters corresponding to a
forte dynamic in Table 4.3. The odd and even harmonics have been averaged using MAT-
LAB function movmean with a �ve point window, and then smoothed. This averaging
allows considerable structure of the spectrum to remain in the plots while suppressing the
clutter of raw data points or box plots, making it easier to compare the four overlaying
curves.
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The most successful feature of the simulated curves is the increase in amplitude of
the even harmonics as they approach the cuto�. The reinforced spectrum region is not
evident in the simulated odd harmonics, although this could be due to the choice of
control parameters. The odd and even harmonic parity above 3.0 kHz (and continuing
o� the graph), is accurately simulated, although the total energy at high frequencies
is underpredicted compared to the measurements. This could be due to the model of
mutual radiation impedance between neighboring holes, which is known to in�uence the
total radiation of an acoustic source.

The simulations for the piano playing dynamic (not shown) do not correspond to the
measurements as well, although this could be due to inaccurate choice of musician control
parameters. However, the scope of this article is to investigate the e�ect of the cuto�
frequency on radiated sound, which has a greater e�ect at forte playing levels. Therefore,
the threshold for appropriate control parameters for a piano dynamic is not pursued.

Figure 4.6: Radiated spectra of a real clarinet measured in anechoic condi-
tions played at a forte level. Portions of the �rst (E3-E4), second (B4-A]5),
and third (D6-A]6) registers are plotted from top to bottom. Raw data
depicted by dark grey and light grey circles, plus their moving average by
black and red lines, for odd and even harmonics, respectively. Data accessed
through a publicly available data base [53].
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4.5 Radiated spectra of a clarinet

To contextualize the academic results of Sections 4.3 and 4.4, a similar analysis is applied
to a Herbert Wurlitzer Solistenmodell B[ clarinet using measurements from a publicly
available data base [53]. The data used in the current study consists of a 32 channel
microphone array in an anechoic environment, with each note of the instrument held
for approximately three seconds at a forte playing dynamic. As with the simulations
in Section 4.4, the total radiation of the instrument of a given note is approximated by
the sum of signals from di�erent measurement locations, in this case 32 channels in a
sphere around the clarinet. This composite signal of each note is processed following the
procedure described in Section 4.3.3.

The results for portions of three registers of the clarinet are shown in Figure 4.6.
The lowest notes of each register are neglected to ensure at least two open toneholes in
the lattice. The notes included in the analysis are, from panels top to bottom, E3-E4
(165-330 Hz), B4-A]5 (494-932 Hz), and D6-A]6 (1175-1865 Hz).

Qualitatively, the trends pertaining to the simpli�ed resonators are also present for
the real clarinet for the �rst and second registers. The even harmonics increase towards a
local maximum between 1.0 and 2.0 kHz, the nominal cuto� frequency of a clarinet. This
appears more clearly in the second register, possibly because the reinforced spectrum
region is produced by low ranking harmonics. The cuto� frequency is approximately
the same for the �rst two registers because the sound is �ltered by essentially the same
lattice. For the third register, the notes have fundamental frequencies that are near the
cuto� frequency of the lattice, so there is no consistent evolution towards a reinforced
spectrum region at the cuto� frequency.

Although the results of the clarinet are generally similar to the simpli�ed resonators,
it is not appropriate to make a direct comparison because a clarinet is not an acoustically
(or geometrically) regular resonator, so an exact lattice cuto� frequency does not exist.
For example, unlike the simpli�ed resonators, the even harmonics of the �rst register
continue to increase after the nominal cuto�, to a maximum at approximately 2.3 kHz.
This may be due to the bell of the clarinet, which has a resonance at 2.1 kHz and is not
included on the simpli�ed resonators.

The results from the real clarinet shown in Figure 4.6 are consistent with those re-
ported by Benade (Figures 6-10) [4]. The coherence between these results demonstrates
the robustness of his measurement protocol, which is considerably easier to implement
compared with a multiple channel anechoic measurement. Furthermore, the reinforced
spectrum region in the radiated sound �eld of the clarinet for both in situ and anechoic
measurements provides justi�cation for the anechoic simulation conditions in Section 4.4.

4.6 Conclusion

Simpli�ed clarinet-like cylindrical resonators radiate with a reinforced spectrum region
that appears near the cuto� frequency of the tonehole lattice. The reinforced spectrum
emerges as the even harmonics grow in amplitude to become equally strong as the odd
harmonics at the cuto�. This e�ect on the external sound �eld is a result of the geometry
of the lattice, and provides a direct link between the tonehole lattice and spectral char-
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acteristics of the radiated sound. The phenomenon is more pronounced at loud playing
dynamics, but also a�ects the spectral envelope for soft dynamics. Digital synthesis cou-
pled with a radiation model is su�cient to reproduce the measurement results through
simulation. Results from a real clarinet, recorded in playing conditions in an anechoic
chamber, demonstrate that a reinforced spectrum region also exists near the nominal
cuto� of a real clarinet.

A similar evolution of even harmonics in the external sound �eld was demonstrated
by Benade for the clarinet, along with the related break frequency for the saxophone.
However, because the saxophone is an acoustically irregular lattice, the link between the
tonehole lattice cuto� frequency and the region of reinforced spectrum is not conclusive.
Furthermore, because the saxophone is conical, the reinforced spectrum appears as the
odd and even harmonics both increase towards the approximate cuto�, in contrast with
the current study of cylindrical resonators, for which the increase is primarily observed
for the even harmonics. The e�ects of conical instruments on reinforced spectrum has
also been studied for another conical instrument, the bassoon [115].

As suggested by Benade, the tonehole lattice cuto� frequency is generally assumed to
in�uence the character of a woodwind instrument. This study provides one quantitative
link between the cuto� and external spectral characteristics that are measurable in mu-
sically appropriate environments. While a musician can manipulate the timbre of a note
by adjusting the blowing pressure and lip contact with the reed, the reinforced spectrum
at cuto� is a consequence of the resonator's geometry, which is decided by the manu-
facturer. This allows the possibility of using the cuto� as a design parameter for new
instruments. Future work could involve mapping the cuto� to perceptual descriptions of
timbre.



Chapter 5
On the tonehole lattice cuto� frequency of conical

resonators: applications to the saxophone

PREFACE

The articles in Chapters 3 and 4 are designed to complement one another by ad-
dressing two facets of the same question: how does the tonehole lattice cuto� frequency
e�ect sound production and radiation? To probe this question, both articles use the same
type of simpli�ed resonators for which the �rst impedance peak frequency and cuto� fre-
quency can be independently varied. The �rst article focuses on interior variables with
the main result that the cuto� does not strongly impact sound production, demonstrated
using digital synthesis. The second article focuses on exterior variables, in the form of
measured and simulated room averaged pressure �elds. The main results show that the
spectral characteristics of the radiated sound is strongly a�ected by the tonehole lattice
cuto�. Taken together, these articles form a quantitative link between the tonehole lattice
cuto� frequency and the sound production and radiation of a clarinet-like instrument.
A main conclusion is that the cuto� may be chosen by the manufacturer as a design
parameter to achieve a desired sound characteristic, without degrading the playability of
an instrument.

The current study addresses two major limitations of the preceding articles: they
both use simpli�ed, academic resonators to ensure a strong cuto� frequency behavior,
and all of the resonators have cylindrical bores. Before, the use of academic resonators was
justi�ed because the goal was to quantify the e�ect of the cuto� on sound production and
radiation, so a direct application to real instruments was not necessary. Furthermore,
the instrument that most resembles the academic resonators used in those chapters is
the clarinet, which is quite acoustically regular and has a cuto� behavior that matches
reasonably well with the theory of simpli�ed resonators [22]. Even simpli�ed conical
lattices are considerably more complex than their cylindrical counterparts, making it
harder to extrapolate their behavior to conical instruments. This chapter addresses both
of these limitations by extending the theory of acoustically regular cylindrical waveguides
to conical lattices, and probing the limits of this theory when applied to non-academic,
non-acoustically regular, conical resonators. This considerably widens the scope of the
dissertation to include conical instruments such as the saxophone, oboe, and bassoon.

Conical lattices are di�cult to analyze as a periodic medium because they cannot be
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constructed by identical, repeating cells. Due to the changing cross section of the bore,
successive cells will necessarily have di�erent input radii. For the same reason, it is im-
possible to have symmetric cells, because the input radius on one side is strictly di�erent
than the output radius on the other side. A generalization to conical resonators forces
the question [16]: can a conical lattice be considered a periodic waveguide when there
is no possibility for geometric periodicity? It is tempting to assume that the notions of
acoustical regularity, as detailed in Chapter 3 for cylindrical resonators, may be applied
directly to a conical lattice. This is not an obvious solution because that derivation begins
with the hypothesis of an in�nite, geometrically regular lattice, and only arrives at the
observation of acoustic regularity as an interesting interpretation of the �nal results [22].
In fact this interpretation is not essential in order to design a periodic cylindrical waveg-
uide: one could use geometric periodicity without ever understanding the implications of
acoustic periodicity. Here we show that, despite their inherent geometrical asymmetry,
the interpretation of acoustic periodicity is possible for conical lattices.

Extending the theory to lattices that are inherently asymmetric opens the analysis to
new ways of considering acoustic regularity. For example, because the unit T-cells of a
conical guide cannot be symmetric even if the lengths on either side of the hole are the
same, a logical development would be to break the symmetry even further and consider
T-cells with di�erent lengths of main duct on either side of the hole, as was done for the
clarinet [22]. Another option is to divide a lattice not in T-cells, but rather in Π-cells,
composed of two neighboring toneholes and the length of duct between them [16]. The
analysis of an acoustically regular lattice as a series of Π-cells is essentially the same as
with T-cells, and can also be applied to cylindrical lattices. Using Π-cells is particularly
appealing because the division of the lattice is unambiguous, unlike the arbitrary division
using T-cells. These extensions are the basis for a more comprehensive understanding of
acoustically regular conical waveguides.

The second goal of this chapter is to determine how the theory of wave propagation
in periodic media succeeds or fails when applied not to academic resonators, but rather
to real instruments that are not necessarily acoustically regular. A measure of acoustic
irregularity can be determined by how the eigenfrequencies of constituent cells (of what-
ever shape) vary across the length of the lattice. An acoustically irregular lattice does not
have a true cuto� frequency, but can exhibit an empirically determined cuto� within the
vicinity of the eigenfrequencies of multiple cells [16]. This can be viewed as a relaxation
of the formalism of wave propagation in periodic media: recognizing that an approximate
acoustic regularity is su�cient to impose a stop band in the lattice. The broader inter-
pretation of a lattice as approximately acoustically regular is an important link between
the simpli�ed academic resonators and the complicated lattices of real instruments.

Lastly, the question arises of how to empirically determine a cuto�. Many real instru-
ments, both cylindrical and conical, are not strictly acoustically regular, yet still exhibit
a cuto� frequency [3]. It is reasonable to search for a de�nition of the cuto� that relies
not on knowledge of the resonator geometry, but rather on measurable characteristics
of its acoustic response. This type of analysis is a useful complement to the theoretical
development of lattice cuto� frequencies because it corresponds to the behavior observed
on real instruments and is also relatively easy to implement. Often the cuto� frequency is
identi�ed by human observation of the magnitude of the input impedance, a method that



76

is both approximate and vulnerable to human inconsistency. This provides an approxi-
mation of the cuto� or, perhaps more accurately, is a frequency at which the resonator
behaves as if there is a tonehole lattice cuto�, even if there are other factors involved.
However, cuto�-like behavior can manifest on the input impedance that is due to the
presence of a bell, or the conicity of the resonator [41, 60]. Applying the formalism of
periodic media, combined with empirically observed phenomena, provides a more robust
description of the e�ect of the lattice. A comparison between empirically identi�ed and
theoretical cuto�s can help di�erentiate between the e�ects of various aspects of the
resonator, such as the lattice, conicity, and bell, that can cause a cuto� behavior. Un-
derstanding these causes is an important aspect of studying the cuto� of both cylindrical
and conical resonators, and a strategy to approach this problem is a key element of this
chapter.

This chapter extends the topic of this dissertation both in terms of theory and ap-
plication. The �rst is through the generalization of the tonehole lattice cuto� to conical
resonators. This is an exercise in developing the theory of wave propagation in periodic
media from one type of resonator to another, and remains mainly an academic subject.
The second part attempts to analyze a real saxophone using the theoretical results, as
well as empiric methods such as thresholds on the magnitude of the re�ection coe�cient.
The analysis is largely coherent between the theoretical and empiric methods. It is an
interesting result because the saxophone is quite acoustically irregular, but still exhibits
strong cuto� behavior, which is well captured by the di�erent forms of analysis. This
result is another justi�cation for applying the theory of wave propagation in periodic
waveguides to musical instruments with highly irregular lattices.

Additional comments

This remainder of this chapter is a reproduction the published article:
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5.1 Introduction

Woodwind instruments such as the clarinet and saxophone have resonators that are
composed of an acoustical duct for which the downstream section has a lattice of toneholes
that can be opened and closed to change the playing frequency of the instrument. At
low frequencies, the e�ective acoustical length of the resonator is de�ned by the distance
between the mouthpiece and the �rst open tonehole because an acoustical wave, upon
arrival at the tonehole, either radiates into the surrounding environment or re�ects back
into the main bore of the instrument. At higher frequencies, the wave is no longer
evanescent and propagates into the remaining lattice of toneholes. For a real instrument
of �nite length, the (approximate) tonehole lattice cuto� frequency separates these two
bands, although no de�nition is universally agreed upon and a precise de�nition does not
exist because the toneholes do not constitute a perfectly periodic lattice.

The tonehole lattice cuto� frequency has been studied for various instruments, par-
ticularly the clarinet, but relatively little application to the saxophone exists in the liter-
ature [22, 60]. In fact, in his book, Benade provides the input impedance and discusses
(approximate) cuto� frequencies for many instruments, including the clarinet, oboe, bas-
soon and tárogató, but not the saxophone [3]. The cuto� has also been studied for the
�ute [24]. It is generally assumed that the cuto� frequency has an impact on the tim-
bre or perceived `character' of a given instrument due to its in�uence on both sound
production and radiation, and is therefore of interest to both instrument makers and
musicians [3, 29].

A precise de�nition of the tonehole lattice cuto� frequency does not exist due to the
�nite and lossy nature of real instruments [2, p. vii-viii]. Therefore, only approximate
de�nitions exist, which may be either empirical or analytic. A summary of the notation
used in the current article is provided in Table 5.1. One way to de�ne the cuto� frequency
is to identify a disturbance in the measured or simulated input impedance or re�ection
coe�cient, and set an arbitrary threshold to distinguish between the pass and stop bands.
Often the disturbance is identi�ed visually from the input impedance, which introduces
questions about reproducibility, and the uncertainty can be on the order of the distance
between impedance peaks. Regardless, this is the most common method for identifying
the cuto� of woodwind instruments. A second empirical method to identify the cuto�
frequency uses measurements external to the instrument during playing conditions across
a large range of the instrument. From this, Benade de�nes a `break frequency,' and related
it to the cuto� frequency, which is at the intersection of the low frequency rise and high
frequency roll-o� of the spectrum envelope [5]. Both of these methods are prone to
ambiguous results for certain �ngerings and instruments. While empirically estimated
cuto� frequencies are often assumed to be due to the tonehole lattice, it is not always a
robust method because other components, such as the bell, can cause similar disturbances
in the input impedance.

Analytically, the global cuto� frequency fGc can be developed following the theory of
wave propagation in periodic media [2, p. 19], in which a cuto� frequency can be precisely
de�ned for an in�nite, lossless lattice. Here, local quantities corresponding to the unit
cells of the lattice de�ne the global cuto� frequency. In the case where the medium is
a column of air punctuated by toneholes, the lattice is divided into discrete elements
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Table 5.1: Summary of the di�erent types of cuto� frequencies used in the
current article.

Eq. Name and description

fTc (5.13)

The local cuto� frequency is the natural frequency of a T-cell with one
hole �anked by two lengths of bore that are closed at their extrem-
ities. The cell can be either symmetric (Eq. (5.13)) or asymmetric
(Eq. (5.27)). Because this is a local quantity, it has a corresponding
cell index n that is omitted to lighten the notation.

fΠ
c (5.26)

The characteristic frequency is the natural frequency of a Π-cell con-
sisting of two toneholes separated by a length of bore. Because this is
a local quantity, it has a corresponding cell index n that is omitted to
lighten the notation.

fGc �

The global cuto� frequency is a global property of a lattice for which
each element has exactly the same natural frequency, in which case
fGc = fTc = fΠ

c . It is only strictly valid for an in�nite, lossless lattice,
but it is a good approximation for a tonehole network with at least
three open toneholes and is used for �nite lattices in this article.

fRt (5.19)

The transition band is an approximation of the global cuto� derived
from the re�ection coe�cient. It de�nes a frequency band over which
the lattice appears to transition from below to above the cuto� fre-
quency.

A lattice is geometrically regular if every cell is geometrically identical. In this case
every cell has the same fTc (and fΠ

c ) and the lattice has a global cuto� fGc . This is
not possible for a conical lattice because no two cells can be identical due to the taper
of the bore.
A lattice is acoustically regular if every cell has the same local cuto� fTc (and fΠ

c ),
resulting in a global cuto� fGc . Conical bores can be acoustically regular because the
cross-section and chimney height of a tonehole can be modi�ed to account for the
changing cross-section of the main bore.

in the form of T-cells, a hole with �anking lengths of duct on either side, or as Π-cells
with two neighboring (partial) holes and the length of duct between them. For either
shape, an eigenfrequency can be calculated for each cell in the lattice, referred to as
the local cuto� frequency fTc and characteristic frequency fΠ

c , respectively. If each cell
in the lattice has the same eigenfrequency, then the lattice is considered an acoustically
regular (periodic) medium, and the lattice formally has a global cuto� frequency that is
equal to the common eigenfrequency of each constituent cell. Periodic cylindrical lattices
are easily designed by concatenating identical unit cells to form geometrically regular
lattices. For conical resonators, which cannot be geometrically regular due to the taper
of the main bore's internal radius, a lattice can be periodic following the interpretation
of acoustical periodicity. While these derivations are only strictly valid for an in�nite,
lossless lattice, the theory works well for lattices with as few as three toneholes.

The purpose of the current article is to generalize the theory of wave propagation
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Figure 5.1: Input impedance (modulus and argument) and re�ection coef-
�cient (modulus and argument) of an acoustically regular conical resonator
(solid black lines) with a �rst impedance peak at 177 [Hz] and a theoreti-
cal global tonehole lattice cuto� frequency at 750 [Hz]. A conical resonator
(dotted lines) with the same �rst impedance peak frequency but no tonehole
lattice is shown for comparison. The �rst three impedance modulus peaks are
marked by a solid black line (resonator with a lattice) and dotted lines (sim-
ple cone). The cuto� transition band fRt (de�ned in Section 5.2.4, Eq. (5.19))
is shown in shaded grey.

in periodic media from cylindrical to conical resonators. In a recent article, the current
authors present an algorithm for designing cylindrical resonators with independently
variable �rst impedance peak and global cuto� frequencies [29]. Analogous equations are
derived for conical resonators in Section 5.2. Section 5.3 applies the analysis of a conical
tonehole lattice to the geometry of a Bu�et Crampon alto saxophone. This section also
includes a comparison of the various cuto� frequency de�nitions and approximations as
they apply to simpli�ed resonators and the Bu�et Crampon alto saxophone. Conclusions
and perspectives are provided in Section 5.4.

5.2 Acoustically regular conical tonehole lattice

In this section a conical resonator is designed such that the frequency f1 of the �rst
impedance peak and the global tonehole lattice cuto� frequency fGc can be independently
varied. Inspired by the geometry of a saxophone resonator without a mouthpiece, this is
achieved by using a length of cone that ends with a series of acoustically regular lattice
cells. The input impedance peaks below the global cuto� frequency have relatively large
magnitudes that are approximately harmonically related to the �rst peak. Above the
global cuto� frequency the peaks and troughs are less pronounced and may not have the
same organized spacing in frequency. This is also seen in the re�ection coe�cient, which
has a value close to unity below the global cuto� frequency, and drops signi�cantly at the
cuto�. An example of a synthesized input impedance and re�ection coe�cient is shown
in Figure 5.1 and discussed in greater detail in Section 5.2.4.
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r1 = x1 + L+ `L1
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Figure 5.2: Schematic of a conical resonator with apex angle θ and a lattice
of toneholes. There is a length of duct L before the �rst symmetric T-cell
centered at r1 (left panel). The missing length of the cone is x1. The nth

T-cell, centered at rn, is �anked by cones of length `Ln and `Rn on either side
(right panel). The tonehole has cross-section sn = πb2n and chimney height
hn. The cross-section of the main bore under the tonehole is Sn.

In the following sections we derive the equations that describe the conditions for
acoustic regularity of a conical waveguide. The derivation uses T-cells as the basic element
of the lattice, although it is also possible to start with Π-cells.

5.2.1 Transfer matrix equations of a conical lattice

5.2.1.1 Basic equations

In the following derivation, a conical lattice is designed by concatenating n cells that
have a tonehole at the center and truncated cones of length `Ln and `Rn to the left and
right, as shown in Figure 5.2. The frequency domain Helmholtz equation for the acoustic
pressure P (r, k) is

∂2

∂r2
[rP (r, k)] + k2rP (r, k) = 0, (5.1)

where k = ω/c is the wavenumber with ω the angular frequency and c the speed of sound
in air. Thermoviscous and radiation losses are ignored. The acoustic velocity V (r, k) is
derived from the Euler equation, ∂rP (r, k) = −jρckV (r, k), where ρ is the density of air
and j the imaginary unit.

A small angle approximation of the apex angle θ is applied for the following derivation.
The approximation assumes that the di�erence between the spherical cap of a propagating
wave and a �at surface cross-section of the main bore can be ignored. Similarly, the
di�erence between a length along the axis r and its projection on the edge of the cone
is ignored. For a typical apex angle θ = 0.028 [rad] these approximations introduce less
than 0.1 % error for the surface and less than 0.5 % error for the lengths. The advantage
of this approximation is that it assumes planar waves, such that the pressure is constant
across a �at surface cross-section of the main bore, allowing the use of a simple tonehole
model.
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5.2.1.2 Transfer matrix across a single cell

The relation between pressure and velocity across a section of the waveguide is written
as a transfer matrix equation(

r1P (r1, k)

r1V (r1, k)− P (r1,k)
jckρ

)
= M1,2(k)

(
r2P (r2, k)

r2V (r2, k)− P (r2,k)
jckρ

)
, (5.2)

where the matrix M1,2(k) (written generically here, and with superscript labels and
subscript indices when referring to speci�c sections) has elements A(k), B(k), C(k), and
D(k) that correspond to the geometry of the waveguide sections. The transfer matrix
relating pressure and velocity across the nth cell (see Figure 5.2, right panel) centered
at rn is the product of the transfer matrices across the tonehole Mh

n(k) and the left and
right �anking conical sections ML

n (k) and MR
n (k),

Mn(k) = ML
n (k)Mh

n(k)MR
n (k). (5.3)

It is convenient, although not necessary, to consider `symmetric' cells (truly symmetric
cells cannot exist due to the taper of the main bore) for which `Ln = `Rn = `n

Mn(k) = M `
n(k)Mh

n(k)M `
n(k). (5.4)

The remainder of this derivation assumes symmetric cells, and asymmetric cells are
treated in Section 5.3.

The transfer across a truncated cone of length `n is

M `
n(k) =

(
cos(k`n) jρc sin(k`n)
j
ρc sin(k`n) cos(k`n)

)
. (5.5)

A tonehole is treated as a shunt acoustic mass: mn = ρhn/sn, where sn = πb2n is the
cross-sectional area of the tonehole and the chimney height hn includes the internal and
radiation length corrections. The transfer matrix across the nth tonehole is

Mh
n(k) =

(
1 0

Yn(k) 1

)
, (5.6)

where Yn(k) = 1/(jckmnSn) is the speci�c admittance of the tonehole.
The transfer matrix equation relating P (r, k) and V (r, k) from rn − `n to rn + `n

across the entire nth symmetric cell centered at rn is

(
(rn − `n)P (rn − `n, k)

(rn − `n)V (rn − `n, k)− P (rn−`n,k)
jckρ

)
=

Mn(k)

(
(rn + `n)P (rn + `n, k)

(rn + `n)V (rn + `n, k)− P (rn+`n,k)
jckρ

)
, (5.7)

whereMn(k) is determined by Eq. (5.4) using Eqs. (5.5) and (5.6), has elements classically



82 5.2. ARTICLE 3

denoted An(k), Bn(k), Cn(k), Dn(k) and its determinant is unity due to reciprocity.

5.2.1.3 From one cell to full lattice

The transfer matrix M for a lattice with N cells is the matrix product of the transfer
matrix of each cell

M(k) =

N∏
n=1

Mn(k) = M1(k)M2(k) · · ·MN (k). (5.8)

The resulting matrix

M(k) =

(
A(k) B(k)
C(k) D(k)

)
, (5.9)

has coe�cients A(k), B(k), C(k), D(k) that can be used to calculate global features of
the lattice such as the input impedance.

So far, the lattice modeled byM(k) is not necessarily acoustically regular and may not
have a global cuto� frequency. To create a lattice that is acoustically regular and exhibits
a global cuto� it is necessary to impose conditions on the local elements accounted for
by each cell Mn(k).

5.2.2 The cuto� frequency of an acoustically regular lattice

For the pressure P (r, k) de�ned at the input r = rn − `n of the nth cell, an acoustic
periodicity implies

2An(k)(rn − `n)P (rn − `n, k) = (rn−1 − `n−1)P (rn−1 − `n−1, k)

+ (rn+1 − `n+1)P (rn+1 − `n+1, k), (5.10)

which is derived from Eq. (5.7). An explicit expression for An(k) can be determined from
the geometry of each cell, and the frequency f = ck/(2π) that satis�es An(k) = Dn(k) =
±1 for a given cell is the local cuto� frequency fTc . When An(k) = ±1 occurs at the same
frequency for every cell, then the lattice is acoustically regular and has a global cuto�
frequency fGc , below which waves entering the lattice are evanescent [23, 381].

The transfer matrix elements An(k) and Dn(k) that de�ne the local cuto� of a cell
can be calculated directly from the geometry of the nth cell. Therefore, it is possible to
choose the cell geometry to achieve a desired local cuto� frequency. For a symmetric cell
de�ned by Eqs. (5.4),(5.5),(5.6) and setting An(k) = 1, a transcendental equation de�nes
the local cuto� in terms of cell geometry

cot(kTc `n) = 2kTc hnSn/sn, (5.11)

where kTc = 2πfTc /c. The local cuto� frequency is approximated using a Taylor expansion
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Figure 5.3: The transfer function between �ow through the �rst tonehole
and �ow through the nth (for n = 2 to 10) tonehole and open termination
of a conical lattice with fGc = 750 [Hz]. The lattice geometry is Resonator
1 in Table 5.2, and is the same lattice used for Figure 5.1 and the bottom
resonator in Figure 5.9.

of the cotangent in kTc `n

fTc =
c

2π`n

[
1√

2(hn/`n)(Sn/sn) + 1/3
+O((kTc `n)3)

]
, (5.12)

fTc =
c

2π`n

[
1√

2(hn/`n)(Sn/sn)
+O(kTc `n)

]
, (5.13)

where the approximations correspond to expansions retaining two and one terms, respec-
tively. Both of these expansions of the cotangent function are valid assuming (kTc `n)2 � 1,
for which the half-spacing between holes is much smaller than the wavelength at the lo-
cal cuto�, and the cell can be treated as a lumped element system. For a local cuto� at
900 [Hz] and a common inter-hole spacing 2`n ≈ 0.04 [m], (kTc `n)2 ≈ 0.1 and the condi-
tion is satis�ed. As for the case of a cylindrical cell [22], the local cuto� frequency can
be interpreted as the eigenfrequency of a single cell with Neumann boundary conditions
satis�ed at the left and right extremities of the main bore.

One way to quantify the tonehole lattice global cuto� frequency of an acoustically reg-
ular lattice is to examine the acoustic �ow U(ω) through each radiating aperture, relative
to the �rst tonehole. Figure 5.3 shows the transfer function HU

n (ω) = 20log10(Un(ω)/U1(ω))
for the acoustically regular lattice with geometry provided in Table 5.2, also depicted in
Figure 5.1 and the left panel of Figure 5.9. These simulations follow the method outlined
in Section 5.2.4. Below global cuto�, the �ow is predominantly through the �rst tone-
hole, with an exponential decay of approximately 4.8 [dB] (at 50 [Hz]) for each subsequent
tonehole. Above the global cuto�, the �ow is predominantly through the termination of
the lattice, with considerable contributions from multiple toneholes. This �gure is the
conical lattice counterpart to the results for measured [16, 17] and analytically studied
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cylindrical lattices [15].

5.2.3 From lattice to a saxophone-type resonator

To better mimic the acoustical behavior of a real alto saxophone, the resonator is de-
signed as a conical bore approximately 60 cm long that terminates in an acoustically
regular lattice designed following the method proposed in Section 5.2.2 using Eq. (5.13).
Dimensions of two possible examples are provided in Table 5.2. The upstream (closest to
the mouthpiece) section of the cone determines the low frequency resonances of the res-
onator, and the lattice of open toneholes modi�es the high frequency (above the global
cuto�) resonances by changing the e�ective acoustical length. It is possible to design
a resonator such that the frequency of the �rst impedance peak and the global cuto�
frequency of the lossless tonehole lattice can be varied independently [29].

The length of a lattice-less frustum (cone truncated on both ends) with a desired �rst
impedance resonance frequency f1 is

Le�(λ1, x1) = λ1

(
1

2
− 1

2π
arctan

(
2πx1

λ1

))
, (5.14)

where λ1 = c/f1 is the wavelength corresponding to the �rst impedance peak frequency
and x1 the missing length between the apex and small end of the frustum. At low
frequencies, a lattice of toneholes changes the terminal impedance of the cone by adding
a mass-like term that can be expressed as a length correction ∆`1 [23, 382]. This length
correction is a function of the �rst cell length `L1 and the wavelength λc at the local cuto�

∆`1(λc, `
L
1 ) = `L1

√
1 +

(
λc

2π`L1

)2

. (5.15)

The end correction term implies that a conical resonator without a lattice (but same f1)
should be slightly longer than the length between the input and �rst hole of a resonator
with a lattice. Therefore, the segment of the resonator before the lattice should have a
length

L = Le� − `L1 −∆`1, (5.16)

depicted in the left panel of Figure 5.2.
These equations provide the basic algorithm for designing a resonator such that the

�rst resonance frequency and the global tonehole lattice cuto� can be independently
varied. It is possible to conceive di�erent geometries that result in an acoustically regular
tonehole lattice with the same global cuto�. In the current work, the geometries are
inspired by, but not identical to, a Bu�et Crampon alto saxophone.

5.2.4 Simulated impedance of acoustically regular lattice and equiva-

lent truncated cone

The input impedance is simulated to demonstrate the validity of an acoustically regular
conical lattice design. The simulations are based on the Transfer Matrix Method with ex-
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Figure 5.4: The input impedance (modulus and argument) and re�ection co-
e�cient (modulus and argument), measured for the high C �ngering (written
pitch, 311 [Hz]) of an alto saxophone. The cuto� transition band fRt in grey.

ternal Interactions (TMMI), which is similar to the well-known Transfer Matrix Method,
but includes the mutual impedance of toneholes that radiate into the same space [28].
In contrast with the previous theoretical development, the TMMI simulations include
thermoviscous and radiation losses. The resonator has a �rst impedance peak at 177 [Hz]
and a global cuto� at 750 [Hz]. The geometry of this academic resonator and another
with a global cuto� at 1000 [Hz] is provided in Table 5.2.

Figure 5.1 shows the simulated input impedance

Z(ω) = P (ω)/U(ω), (5.17)

normalized by zc = ρc/(πa2
in) where ain = x1 tan(θ) is the radius of the entrance to the

bore, and the corresponding re�ection coe�cient

R(ω) =
Z(ω)/zc − 1

Z(ω)/zc + 1
. (5.18)

The e�ect of the global cuto� frequency can be identi�ed visually in the magnitude and
argument of both the input impedance and re�ection coe�cient. The large and regularly
spaced impedance peaks whose frequencies are determined by the upstream portion of
the resonator are obliterated above the global cuto� because the wave propagates into the
lattice and re�ections back into the bore are weak. Furthermore, above the global cuto�
the wave radiates from subsequent toneholes and experiences greater thermoviscous losses
due to the increased propagation distance within the bore. These combined e�ects result
in the disturbance seen in the input impedance and re�ection coe�cient.

Because the lattice is designed to have acoustically regular cells, the local (and there-
fore global) cuto� frequencies are, in principle, exactly 750 [Hz]. As noted before, it is not
always sensible to de�ne a precise, unambiguous de�nition of the cuto� from the input
impedance and re�ection coe�cient. Therefore, a transition band fRt shown in light grey
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is de�ned by

fmin ≤ fRt ≤ fmax, (5.19)

where the lower and upper bounds fmin and fmax correspond to the -3 and -6 [dB] roll
o� of the re�ection coe�cient. This is determined by the lowest frequencies that satisfy

|R(2πfmin)| =
√

2

2
(5.20)

|R(2πfmax)| = 1

2
. (5.21)

Although the thresholds are arbitrary, this transition band serves as an objective empiri-
cal estimation of the global cuto� frequency for the remainder of this article. Note that it
is distinct from a theoretically de�ned (global, local, or characteristic) cuto�, summarized
in Table 5.1.

The dashed curve in Figure 5.1 shows the input impedance of a cone which terminates
in a radiation load but no lattice. Its length is chosen so that the �rst impedance peak
frequency is the same as that of the acoustically regular resonator that terminates with
a lattice. This serves as a comparison to show which features of the input impedance
are due to the tonehole lattice, and which arise solely from the conical geometry. As for
the resonator with a tonehole lattice, the re�ection coe�cient of the simple cone also has
regularly spaced dips. This behavior is due to the conical geometry of the waveguide,
and is therefore seen in the simulations of both resonators, even below the global cuto�
frequency of the resonator with a tonehole lattice.

For the readability of Figure 5.1, the cuto� transition band fRt is not shown for the
lattice-less cone. However, if the de�nition was applied, the threshold conditions are
met for a range approximately 1250 to 2300 [Hz]. For this reason, the tonehole lattice
cuto� frequency of a conical resonator is di�cult to identify empirically in part because
there are multiple phenomena that lead to similar measured behavior: the tonehole
lattice, the conicity of the main bore, and the bell (not treated in the current article),
can all cause perturbations of the input impedance and dips in the re�ection coe�cient.
This may explain why there are comparatively few articles about the cuto� frequency
of conical instruments such as the saxophone, and demonstrates the utility of using
simpli�ed resonators to study the phenomenon. In particular, the features that are
evident in Figure 5.1 are helpful to guide the discussion for resonators that are not
strictly acoustically regular.

5.3 Application to the saxophone: acoustically irregular lattices

Real saxophones do not have strictly acoustically regular tonehole lattices. However,
cuto� frequency type behaviors are observed in the input impedance measurements for
many �ngerings of the saxophone, for which two examples are provided in Figures 5.4
and 5.5. In addition, the toneholes tend to increase in radius and inter-hole spacing
progressively along the resonator, which suggests an approximate acoustic regularity of
the type de�ned by Eq. (5.13). Therefore, it is still interesting to apply the theory of a
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Figure 5.5: The input impedance (modulus and argument) and re�ection
coe�cient (modulus and argument), measured for the G] �ngering (written
pitch, 246 [Hz].) of an alto saxophone. The cuto� transition band fRt in grey.
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Figure 5.6: Schematic of a tonehole Π-cell. Inter-hole spacing dn = `Rn + `Ln+1

is unambiguously de�ned.

tonehole lattice cuto� frequency to the saxophone.
A practical complication in assessing the acoustic regularity of a real instrument is

precising the geometry of the tonehole cells because the lattice cannot, in general, be
divided into symmetric T-cells. Can the geometry of a real saxophone be divided into
cells such that local cuto� frequencies can be determined? This question is explored using
Π-cells and asymmetric T-cells, and the methods are applied to the geometry of a Bu�et
Crampon alto saxophone [22].

5.3.1 Tonehole cell pairs

The �rst method to characterize the acoustic regularity of a lattice considers not the local
eigenfrequencies of constituent T-cells, but rather de�nes the characteristic frequency fΠ

c

(Eq. (5.25) and Table 5.1) of adjacent toneholes and the length of cone separating the
pair, often referred to as a Π-cell. This way, the characteristic frequency of each tonehole
pair in a lattice can be unambiguously calculated directly from the measured geometry
of an instrument. As for a lattice of T-cells, if each Π-cell in a lattice has the same
characteristic frequency then the lattice as a global cuto� fGc = fΠ

c .
If the eigenfrequencies of adjacent symmetric T-cells are equal
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fTc =
c

2π`n

[
1√

2(hn/`n)(Sn/sn)
+O(kTc `n)

]
(5.22)

=
c

2π`n+1

[
1√

2(hn+1/`n+1)(Sn+1/sn+1)
+O(kTc `n+1)

]
(5.23)

then their geometries are related such that

`nhn
Sn
sn

= `n+1hn+1
Sn+1

sn+1
=

c2

2(2πfTc )2
. (5.24)

As shown in Figure 5.6, the spacing between the two holes is denoted dn = `Rn + `Ln+1,
where the assumption of symmetric T-cells is no longer necessary. Retaining one term of
the Taylor expansion of Eq. (5.11) yields the characteristic frequency of a tonehole pair

fΠ
c =

c

2πdn

 1√
2
(
Kn +K

′
n+1

) +O(kTc `n)

 , (5.25)

where the dimensionless Kn = hn
dn

Sn
sn

and K
′
n+1 = hn+1

dn

Sn+1

sn+1
are introduced for brevity.

The subscript of dn does not increment to dn+1 for K
′
n+1 because it is the distance

between the nth and (n+ 1)th holes, which is a shared quantity. Retaining two terms of
the Taylor expansion yields the characteristic frequency

fΠ
c =

c

2π

2

dn
√

3

[(
1

3
+Kn +K

′
n+1

)/
[((1

3

)2
+

2

3

(
Kn +K

′
n+1

)
+ 2KnK

′
n+1

)2

− 4K2
nK

′2
n+1

]1/2

+O
(
(kTc `n)3

) ]
. (5.26)

If the lattice is acoustically regular then the characteristic frequency fΠ
c will be the same

for each pair of adjacent toneholes. If the lattice is not acoustically regular, as is the case
for a saxophone, then the variation of fΠ

c across the lattice can be treated as a measure
of the degree of acoustical irregularity of a tonehole lattice. This is di�erent from Keefe's
interpretation, in which the local cuto� frequency is de�ned by the characteristic fre-
quency fΠ

c of the �rst tonehole pair [16]. Here, all cells are considered and their variation
throughout the lattice is interpreted as a deviation from perfect acoustic regularity.

Figure 5.7 shows the results of this theory applied to the geometry of an alto saxo-
phone following a decreasing chromatic scale along the horizontal axis. For each �ngering,
the characteristic frequency fΠ

c of the �rst three pairs of open toneholes (when three are
available, the lowest notes of scale have only one or two tonehole pairs available) are
marked with circles and labeled in order with Roman numerals. The cuto� transition
band fRt is marked in light grey and asymmetric division (see Section 5.3.2) in dark grey.

There is considerable variation of fΠ
c from cell to cell, ranging from 500 [Hz] for cells
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Figure 5.7: Estimation of the cuto� frequency for each �ngering down to the
low C (written, 156 [Hz]) of an alto saxophone. Data markers correspond to:
the �rst three fΠ

c : I II III ; average of �rst three fΠ
c : 4 ; average of all fΠ

c

: ; asymmetric T-cells (see Section 5.3.2) : ; transition band fRt : .

near the end of the lattice up to 1500 [Hz] for the highest cells. This indicates that the
resonator cannot be considered acoustically regular. The variation is much greater than
for the clarinet, which has cuto�s that typically range from 1150 [Hz] to 1450 [Hz] [22]. A
visual inspection of the input impedance of all the �ngerings (not shown) con�rms that
the cuto� increases substantially with increasing notes on the scale.

The characteristic frequencies for the �rst three open tonehole pairs follow the same
downward trend as the measured global cuto� transition band for each �ngering. This
implies that an empirically observed cuto� on the input impedance or re�ection coe�cient
is largely determined by the upstream (closest to the mouthpiece) open toneholes of
the lattice for a given �ngering. It is worth remarking that the (approximate) cuto�
frequencies of the lowest notes in the scale are due to some combination of the conicity
and �are of the bell, and can not be interpreted as the result of a tonehole lattice because
there are not enough open toneholes to apply the theory of wave propagation in periodic
media. This ambiguity is mentioned in Section 5.2.4, and demonstrates again why the
tonehole lattice cuto� frequency is di�cult to interpret for conical resonators.

5.3.2 Iterative cell division

The second method iteratively divides a tonehole lattice into acoustically regular asym-
metric T-cells, as was done for the clarinet [22]. In contrast to Section 5.2, the tonehole
is not necessarily located at the middle of the cell. This is permissible because the impor-
tant acoustic components are the acoustic mass of the tonehole and acoustic compliance
of the main bore, neither of which, at low frequencies, is impacted by the location of the
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Figure 5.8: A �owchart of the asymmetric division algorithm described in
Section 5.3.2 used to divide the acoustically regular lattices shown in Fig-
ure 5.9 and alto saxophone in Figure 5.10.

tonehole. The derivation follows the same steps as that of Eq. (5.13), except that in the
asymmetric case the transfer matrix coe�cient condition for the local cuto� frequency is
|An(k) +Dn(k)| = 2 with An(k) 6= Dn(k).

The nth asymmetric cell with lengths `Ln and `Rn to the left and right of the tonehole
has a local cuto�

fTc =
c

2π(`Ln + `Rn )

[
1√

(hn/(`Ln + `Rn ))(Sn/sn)
+O(k`)

]
. (5.27)

As in Eq. (5.13), this is an approximate de�nition due to the number of terms retained
in the Taylor expansion in k` of the cotangent function.

A lattice can then be divided using iteration (see Figure 5.8) by choosing the initial
length `L1 for the �rst cell and imposing a local cuto� frequency fTc . Because the tonehole
dimensions are given, only `R1 can be varied to achieve the local cuto� frequency. The
length of the right portion of the �rst cell `R1 , along with the distance to the next hole
d1, determines the left section of the next hole `L2 , and so forth for the entire lattice, see
Figure 5.6. A division of the lattice is attempted for a wide range of initial lengths and
eigenfrequencies: `L1 ∈ [0, d1] [m] and fTc ∈ [0.1, 3] [kHz]. Although it is mathematically
possible for `Ln and `Rn to be complex, a lattice is only considered successfully divided if
all `Ln and `Rn are real and positive, ensuring a physically realizable lattice. A successful
division means that each cell of the lattice has the same local cuto� fTc , so the lattice is
acoustically regular with a global cuto� fGc at this frequency. Because the constituent
cells are allowed to be asymmetric, a single lattice can have a continuum of successful
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Figure 5.9: Cuto� frequencies found using asymmetric division (dark grey
region) of acoustically regular conical lattices with global cuto� frequencies
at 750 [Hz] (bottom) and 1000 [Hz] (top) for di�erent initial cell length `L1 .
The characteristic frequencies fΠ

c = fTc are marked by a dashed line, and the
cuto� transition band fRt by light shaded grey.

divisions, and the span of this continuum is interpreted as the breadth of admissible
frequencies for which the resonator can be considered acoustically regular.

The asymmetric division algorithm is applied to two acoustically regular lattices de-
signed following the criteria in Section 5.2.4 with global cuto� frequencies at 0.75 and
1.0 [kHz]. The dark grey region in Figure 5.9 depicts the continuum of successful asym-
metric divisions of the two lattices. Additionally, the tonehole pair characteristic fre-
quencies fΠ

c , marked as a dashed line, are all equal because the lattices are acoustically
regular so fTc = fΠ

c for all cells. The cuto� transition band fRt is shown in light grey.
These plots show the coherence between symmetric and asymmetric cells, tonehole pair
characteristic frequencies fΠ

c , and the re�ection coe�cient cuto� transition band fRt when
the resonator is acoustically regular.

The asymmetric division algorithm is applied to the geometry of a Bu�et Crampon
alto saxophone. Successful division of the lattice is only possible for select �ngerings,
all in the bottom range of the instrument. The reason for this is that several of the
lowest toneholes have highly irregular spacing, and the asymmetric division fails to �nd
a division of these cells for the eigenfrequencies possible for the upstream cells. This
implies that the method of asymmetric division may be better suited for resonators
that are highly acoustically regular, and application to the saxophone must be treated
carefully. However, if the lowest three holes are excluded from the algorithm, division is
possible for most notes. Division across all �ngerings is possible when only the �rst 5
tonehole pairs (6 toneholes) of each �ngering is included in the algorithm. The division
for �ngerings C and G] are shown in Figure 5.10, and their measured input impedance
and re�ection functions are provided in Figures 5.4 and 5.5, respectively. As before, the
cuto� transition band fRc is shown in light grey. The characteristic frequencies of the
�rst three cells are marked by circles (black, grey, white, respectively), the average of the
three by a triangle and the average of the whole lattice by a square.

Figures 5.4 and 5.5, corresponding to the high C and G] �ngerings, appear to be
quite di�erent. However, the results of the asymmetric division are quite similar: the C
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Figure 5.10: Comparison of three analysis methods. Successful asymmetric
division (dark grey region) of an alto saxophone high C on left (written pitch,
311 [Hz]) and G] on right (written pitch, 246 [Hz]) �ngerings for di�erent ini-
tial cell length `L1 . The �rst three tonehole pair cell characteristic frequencies
fΠ
c are denoted . The average of the �rst three Π-cells and of the
entire lattice are provided by 4 and . The cuto� transition band fRt is
shown in light grey.

�ngering division ranges between 940 and 1120 [Hz], and the G] �ngerings between 930
and 1140 [Hz]. The di�erence in the range of initial lengths `L1 is not important because
it is simply an arbitrary length of the resonator upstream from the �rst tonehole used
to initiate the algorithm. As long as the algorithm arrives at a successful solution, the
initialization does not matter because the degree of acoustic regularity is related to the
span of possible global cuto� frequencies, and not the initial length `L1 . Therefore, al-
though the continuum of successful divisions appear quite di�erent for the two �ngerings,
the span of admissible global cuto� frequencies are quite similar.

The cuto� transition band fRt is very narrow for the high C and relatively broad for
the G]. This is also evident in Figures 5.4, 5.5, and 5.7. Compared with other �ngerings,
the severity of the drop in the re�ection function for the C �ngering is unusually abrupt,
and the width of the cuto� transition band varies considerably between �ngerings.

5.3.3 Observations

Each type of analysis (fRt , f
Π
c , and asymmetric division of fTc ) applied to the saxophone

has advantages and disadvantages, and provides a di�erent nuance to wave propagation
in conical lattices. All three methods demonstrate an increasing cuto� for increasing
notes in the �rst register as seen in Figure 5.7, which is consistent with observations of
the input impedance of each note. This implies that all of these methods can be used to
analyze the cuto� frequency of an alto saxophone, and the choice depends on the speci�c
requirements of the study.

The cuto� frequency transition band and Π-cell calculations are likely the easiest
methods to analyze a lattice, requiring either an input impedance measurement or the
lattice geometry. These avoid complications that can arise using asymmetric division,
such as the choice of how many cells to include when attempting to divide a highly
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irregular lattice. The transition band is particularly appealing in the case of real wood-
wind instruments because it directly measures a cuto� behavior of the resonator, with
no assumptions about acoustic regularity. However, it is not clear how well this method
would work for other instruments, and it is possible that the thresholds would need to
be adjusted for di�erent instrument families.

5.4 Conclusion

This article provides some insights into why the cuto� frequency due to the toneholes
of the saxophone is understudied compared with other instruments. The impossibility
to de�ne symmetric cells in a conical geometry is a di�culty that hinders all attempts
of analytical study. An acoustic regularity can be de�ned to overcome the inherent
geometric irregularity of a conical tonehole lattice, which can be used to design lattices
to have a desired local cuto�. Even then, intrinsic acoustical characteristics of cones lead
to more di�use cuto� behavior than with cylinders. For real instruments, the in�uence of
the bell, particularly for the lowest notes on the instrument, may contribute to the di�use
cuto�. Further work on this topic could include an investigation into the parameters that
in�uence the e�ciency of the cuto�, particularly for non-cylindrical resonators.

It is generally assumed that the cuto� remains fairly constant for di�erent �ngerings of
a given instrument. Benade provides �gures showing this phenomena for both cylindrical
and conical instruments; the oboe, bassoon, and clarinet [3]. As seen here, the cuto� of the
saxophone varies considerably across the range of one octave. Many notes, particularly
in the higher range of the register starting around F (written pitch, 208 [Hz]), have only
two impedance peaks to collaborate with the reed. Below F some notes have three or
four strong impedance peaks, while the lowest notes with only one or two holes open have
many more undisturbed impedance peaks. It would be interesting to study this in terms
of perceived homogeneity of the timbre in the radiated sound �eld for di�erent notes on
the instrument. In link with sound production features, future studies could evaluate the
role of the instrument maker in consciously setting the cuto� properties of the tonehole
lattice, notably in compromise with the other design parameters.

Appendix

Table 5.2 provides the geometries for the two acoustically regular lattices used in this
article. Both are used to test the asymmetric iterative division algorithm, Figure 5.9,
described in Section 5.3.2. The simulated input impedance and re�ection coe�cient of the
�rst resonator, shown in Figure 5.1, demonstrates the methodology of designing a conical
resonator with an acoustically regular lattice presented in Section 5.2. The equivalent
�gure for the second resonator is not included to omit redundancy.

Both resonators have an apex angle θ = 0.028 [rad] and in input radius ain =
6.25 [mm], corresponding to the geometry of the alto saxophone analyzed in Section 5.3.
The equations governing an acoustically regular lattice provide a wide range of options
for the geometry of the toneholes. The geometries presented here attempt to follow
general trends of an alto saxophone, although they are necessarily di�erent because the
saxophone is not acoustically regular.
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Table 5.2: Dimensions of two acoustically regular resonators with di�erent
�rst impedance peak and theoretical global cuto� frequencies. Both res-
onators have an apex angle θ = 0.028 [rad] and input radius ain = 6.25 [mm].
The distance from the input to the nth hole is denoted wn = rn − x1, where
x1 is determined from the the apex angle and input radius.

Resonator 1: f1 = 177 [Hz], fc = 750 [Hz]
hole n wn [mm] an [mm] bn [mm] hn [mm]
1 712.9 26.2 10.5 13.2
2 744.5 27.1 12.3 15.4
3 779.4 28.1 14.4 17.0
4 818.0 29.2 16.5 17.9
5 860.6 30.4 18.9 18.0
6 907.7 31.7 21.5 17.4
7 959.7 33.1 24.3 15.8
8 1017.3 34.7 27.4 13.2
9 1080.9 36.5 30.8 9.6
10 1151.2 38.5 34.6 4.8
end 1188.0 395.2 � �

Resonator 2: f1 = 304 [Hz], fc = 1000 [Hz]
hole n wn [mm] an [mm] bn [mm] hn [mm]
1 355.7 15.6 6.2 14.9
2 376.7 16.2 7.2 16.3
3 400.0 16.8 8.2 17.2
4 425.7 17.5 9.3 17.8
5 454.1 18.3 10.6 17.8
6 485.5 19.1 11.9 17.4
7 520.3 20.1 13.4 16.4
8 558.6 21.1 15.0 14.8
9 601.0 22.2 16.8 12.7
10 647.9 23.5 18.8 9.9
end 672.5 24.2 � �



Chapter 6
Conclusion and future work

This dissertation contributes to the general knowledge of how the tonehole lattice cuto�
frequency a�ects the sound production and radiation of woodwind instruments, presented
through three peer reviewed articles in addition to previously unpublished results. This
research serves two interests: the academic goal of fundamental research and the industry
goal of scienti�cally guided instrument design, for which an attempt is made to treat
both aspects in each chapter. Due to the article style composition of this manuscript,
some global ideas that are presented individually across di�erent and are grouped and
synthesized here.

� A thorough theoretical exposition of periodic acoustic waveguides as applied to
woodwind-type resonators is provided in Chapter 2. The detailed comparison be-
tween academic resonators and a real clarinet demonstrates the applicability of the
theory to real instruments, which provides context for interpreting the results of
prior studies in addition to guiding future research on the topic.

� The design protocol of the academic resonators proposed for cylinders in Chap-
ter 3 and for cones in Chapter 5 for which it is possible to independently vary the
�rst input impedance peak frequency and the cuto� frequency is, to the author's
knowledge, a signi�cant contribution to this �eld. These resonators can be used
to study the e�ect of the cuto� from an academic perspective in addition to being
incorporated as a design criteria for new instruments by instrument manufacturers.

� Collectively, Chapters 3 and chapter 4 provide quantitative results linking the ef-
fect of cuto� on sound production and radiation for cylindrical resonators. The
cuto� frequency has a direct impact on the spectral characteristics of the pressure
waveforms in the mouthpiece and the radiated sound�eld, demonstrated for the
�rst time using both simulations and measurements.

� The derivation of acoustically periodic conical waveguides is, to the author's knowl-
edge, a new development in the analysis of periodic media. It is conceivable that
this result could be adapted to other areas of acoustics.

� This work contributes the interpretation of acoustically irregular lattices to describe
woodwind resonators. Acoustic regularity is an important link between geometri-
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cally regular academic lattices and geometrically irregular woodwinds resonators.
This notion is easily applied to some instruments, such as the clarinet, but is insuf-
�cient to describe instruments like the saxophone which are neither geometrically
nor acoustically regular. Discussing the saxophone from the perspective of its de-
viation from acoustic regularity helps frame that instrument within the context of
tonehole lattice cuto� frequencies. In particular, a resonator that has an acous-
tically irregular lattice can still exhibit cuto� type behavior when there is a slow
evolution of the local cuto� frequencies of neighboring cells in the lattice.

� As part of studying acoustically irregular lattices, this work de�nes and explores
the utility of multiple cuto� descriptors. This is useful because no agreed-upon
de�nition of the cuto� exists for �nite, lossy resonators. While none of the so-
lutions proposed in this dissertation are appropriate for all types of resonators,
they contribute as a set of objective cuto� descriptors which can be applied to real
resonators for which the theory of periodic media is only approximate.

These projects were completed using a combination of analytical formulations, sim-
ulation, and experimental work, each chosen to identify a di�erent aspect of the cuto�
frequency, or to validate the results found using one of the other methods. The results
demonstrate that the e�ect of the cuto� on the passive response of a resonator as well
as sound production and radiation can be identi�ed by all three types of study, each of
which highlights di�erent aspects of its in�uence.

While the results of these projects clearly demonstrate in quantitative terms how the
cuto� e�ects woodwind type instruments, an emerging theme is that the cuto� of real
instruments is often ambiguous and approximate. This is because instruments were not
historically designed to be acoustically regular, and the analysis of woodwind resonators
from the perspective of periodic waveguides sometimes succeeds, and other times fails.
Furthermore, there are other factors that can contribute to a cuto� type behavior that is
not due to the lattice of toneholes. This does not diminish the importance of the cuto�
or invalidate the interpretation of woodwind resonators as periodic waveguides, but it is
important to keep this distinction clearly in mind.

Preliminary results for two additional studies are provided in Appendix A and Ap-
pendix B. The �rst is a complementary study for Chapters 3 and 4, linking the internal
and external acoustic pressure in terms of a transfer function. One goal of this project is
to `complete' the description for how the cuto� a�ects sound production and radiation,
acting as bridge between the two studies. Appendix B presents preliminary results that
complement Chapter 5, this time with applications to the bassoon. This work demon-
strates that the methods developed for the saxophone are robust when applied to another
instrument, an important result that exempli�es the generality of the methodology.

Developing both of these appendices is a natural place to begin for future research.
For example, as an extension of Appendix B, an attempt could be made to identify more
robust descriptors that work with a greater number of instruments, or to describe dif-
ferences between instruments in the same family such as the various saxophones. The
descriptors could be made more illustrative by incorporating multiple bands of the re-
�ection coe�cient in order to quantify the e�ciency, or severity, of the lattice cuto�.
Additionally, the descriptors could be used for automated detection of the cuto�. This
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could be used to incorporate the cuto� in an optimization cost function for numerically
aided instrument design.

There are many additional research topics that could continue the work in this disser-
tation. Some of these remain very close to the core topics treated here, while others are
broader and would require considerable more work and collaboration with researchers in
adjacent �elds. As mentioned in Chapter 2, the role of the bell as a surrogate tonehole
lattice is not fully established. It has already been mentioned that the bell likely in�u-
ences sound production much like a lattice for the lowest notes of the instrument, but
this could be developed to see how the bell di�ers from a lattice in terms of radiation.

It would also be interesting to trace the evolution of the cuto� frequency from histor-
ical to modern instruments, as was done for �utes [24, 116] and other acoustic quantities
for stringed instruments [117]. Baroque, classical, and modern �utes have successively
higher cuto�s due to an increase in the number and average radius of toneholes, and it
is not unreasonable to expect this trend to be true for other woodwinds. This type of
study could demonstrate (unconscious?) strategies adopted by manufacturers to achieve
a satisfactory instrument, appropriately balancing competing requirements such as proper
intonation, ease of playing, ergonomics, and radiation. This would be interesting to do
in tandem with a study the interaction between the cuto� and reed resonance. From a
broader perspective, one could ask if the perceptual e�ects of the cuto� evolution is mir-
rored in other instruments families, such as the strings or percussion, or even in evolving
musical styles.

Lastly, and perhaps the most interesting, is to evaluate the e�ect of the cuto� on
perceived characteristics of an instrument through subjective listening experiments. For
example, one could try to map musician adjectives to the radiated sound of instruments
with di�erent cuto�s. Another open question relates to the importance of cuto� on
perceived homogeneity across the �rst register of an instrument: each note of the clarinet
has nearly the same cuto�, while the cuto� varies substantially across the register of the
saxophone. How this in�uences perceived characteristics, and whether one or the other
is a desirable trait, is unknown.

In a very general sense, this dissertation began with the general assumption that the
cuto� has a large in�uence on the perceived characteristics of a woodwind instrument.
The di�erent studies provided in this manuscript demonstrate quantitative links between
the cuto� on linear characteristics of a resonator and its e�ect on sound production and
radiation. Future work should evaluate the perceptual importance of these e�ects, in ad-
dition to incorporating the cuto� as a design parameter while developing new instrument
and modifying existing models.



Supplementary material A
Passive response of resonators: simulations and

measurements

In Chapter 4, the e�ect of the cuto� on the radiated sound �eld is evaluated using in situ
measurements under playing conditions. This is defended as a reasonable measurement
protocol when the experiment is designed to give musically relevant results. However,
some aspects of the e�ect of cuto� on radiation that constitute a more basic acoustical
description of the resonator are obscured in that type of experiment. In particular, the
e�ect of cuto� on external characteristics, such as radiation e�ciency and directivity, are
purposely ignored in Chapter 4. These topics are addressed in the current appendix.

In contrast with Chapter 4, the e�ect of the cuto� frequency on basic radiation prop-
erties is more easily studied by stimulating the resonator in the absence of auto-oscillation
and under anechoic conditions, while keeping the source and receivers stationary in space.
This allows for a detailed picture of the transfer between internal and external acoustic
variables, with a much greater frequency resolution than that provided by the harmonics
of an instrument under playing conditions. The measurement protocol is considerably
more involved: the resonator is stimulated by a compression driver, a connection piece
is 3D printed, multiple microphones must be calibrated, and the data acquisition equip-
ment and ampli�ers are in a control room while the measurements are performed in an
anechoic chamber. However, the added e�ort is justi�ed because it provides a deeper un-
derstanding of the e�ect of cuto� on radiation in addition to validating the simulations
used in Chapter 4 [118]. The measurement results combined with an analytic simulation
encourages additional simulation techniques, for which preliminary results are reported
at the end of the appendix.
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Additional comments

The remainder of this appendix is a partial reproduction and substantial
extension of the conference proceedings:

E. Petersen and R. Rosser. External sound �eld simulations and mea-
surements of woodwind resonators. In Proceedings of ISMA 2019 In-
ternational Symposium on Music Acoustics, pages 58�61, 2019 Interna-
tional Symposium on Musical Acoustics, Detmold, Germany, Sept. 2019.

Comments:

The methodology and results presented here are currently in an un�nished
state. In particular, additional details on the measurement procedure and
the BEM simulations are needed to complete the description. However, the
results appear promising and relevant to the main text of this dissertation,
and are therefore worth reporting within the context of an appendix. The
author intends to further develop the work.



100 A.1. ANALYTICAL SIMULATIONS

A.1 Simulation of external sound�eld

In order to predict the radiating characteristics of a resonator, the transfer function
between a source inside the resonator and an external observation point is simulated. The
simulation relies on the Transfer Matrix Method with external Interactions (TMMI) [28],
a variant of the classic Transfer Matrix Method (TMM). This is the same method used
in Chapter 4, but adapted in order to be compared with measurements.

The TMMI is designed to simulate the input impedance of a resonator by assuming
a �ctitious �ow source U s(ω) and calculating the resulting pressure and �ow Pn(ω) and
Un(ω) at each nth radiating aperture, accounting for the mutual radiation load between
sources that radiate into the same space. An intermediate transfer function between the
source �ow and tonehole �ow is

HU
n (ω) = Un(ω)/U s(ω), (A.1)

where U s has equal amplitude and phase for all frequencies. It is numerically equivalent
to calculate a transfer function using a source pressure P s with equal amplitude and
phase for all frequencies

HP
n (ω) = Un(ω)/P s(ω). (A.2)

Ignoring the presence of the body of the resonator, the holes can then be approximated
as an array of monopole sources. The pressure at some observation point O is the
summation of the contributions of each Un, accounting for a propagation delay and
spherical spreading:

PO(r, θ, ω) =

N∑
n=1

jωρ
HP
n (ω)P s(ω)

4πrn
ej(ωt−krn), (A.3)

where rn is the distance between the nth hole and O [30, 189]. This model assumes
anechoic conditions and ignores absorption in air. The corresponding transfer function
is

HP
O(r, θ, ω) =

PO(r, θ, ω)

P s(ω)
. (A.4)

While it may be more physically relevant to calculate PO(r, θ, ω) from a �ow source term
U s(ω), the remainder of this appendix uses a pressure source term P s(ω) which is more
convenient for comparing with measurements.

A.2 Experimental design

The simulated transfer functions are validated by measurements performed in the LMA
anechoic chamber. Internal and external pressures corresponding to the simulated PO(r, θ, ω)
and P s(ω) are measured, from which the transfer functions are calculated in the form of
Eq. (A.4). Note that in this case the source term P s(ω) does not have equal amplitude
and phase for all frequencies as it does in the simulations. The resonators used in the
current appendix are the same as those used for the in situ measurements in Chapter 4,
although only the results corresponding to the resonator with a 1000 [Hz] cuto� are pre-
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SourceP s(ω)O2 O5O4Resonator

Figure A.1: Experimental installation with camera facing along the −x2 axis;
the perspective is the opposite from that shown in Figure Figure A.2. The
resonator is positioned vertically (lattice on the upper half) on top of the
compression chamber and adapter piece ensemble and microphones O2, O4,
and O5 are visible. There are absorption wedges under the grated �oor. The
equipment is supported on a grated table, covered with a sheet of foam.

sented here in order to be compared with additional simulations in Section A.4. However,
the trends observed on the radiation of this resonator are representative of the resonators
with 1500 [Hz] and 2000 [Hz] cuto�s.

The resonators are connected to a compression chamber using a 3D printed adapter
piece shown in Figure A.1. There is a six [cm] section of cylinder with a 7.45 [mm] interior
radius that is inserted into the part of the resonator that accepts a mouthpiece, with a
microphone mounted at the midpoint. Upstream from the cylindrical portion the adapter
�airs slowly to match the mouth of the compression driver. The pressure measured by the
interior microphone is treated as the source pressure P s(ω) in Section A.1. The radiated
pressure was measured at �ve external locations, the positions of which are shown in
Fig. A.2.

The anechoic chamber has acoustic wedges on all four walls as well as the ceiling
and �oor. However, the metal grating that allows the experiment installation was not
removed, which could introduce di�raction. Foam was placed on the ground between
the table and the furthest microphone in an e�ort to mitigate this problem. The res-
onator/adapter piece/compression driver ensemble was placed on a grated table, along
with the microphone conditioners, also covered in foam. The rest of the data acquisition
chain was located in a pilot room. Microphone calibration was veri�ed using a 1 [Pa] at
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1 [kHz] pistonphone.

A.2.1 Reference coordinates

The resonator is positioned vertically with the lattice above the leading duct. The co-
ordinate system is referenced relative to the center of the �rst open tonehole, on the
`surface' of the exterior of the resonator. The center of the nth tonehole (for n = 1 to 10)
is located at [0, 0, (n-1)0.0326] [m]. The center of the termination is located at [-0.0163,
0, 0.3097] [m], where the negative x1-coordinate o�set relative to the toneholes is due to
the radius and wall-thickness of the resonator. The equivalent monopole source terms
described in Section A.1 are centered at these coordinates.

Note that the transfer functions to locations O2, O4, and O5 should all be very
similar due to the approximate rotational symmetry of the resonator. Deviation from
this rotational symmetry is due to the non-zero x1 coordinate of the termination of the
resonator, any directivity that may exist for the toneholes, and di�raction due to the
body of the resonator. The analytic simulations are only able to account for the �rst of
these three causes.

All the observation points except O3 have negative x3-coordinates because this setup
was also used for other resonators with di�erent tonehole locations. The resonators were
changed but the microphone locations remained �xed. For each resonator, the coordinate
system is de�ned relative to the �rst tonehole, leading to the unintuitive negative x3

values. Furthermore, the reported microphone coordinates likely have a large degree of
error. This is one aspect of the measurement setup that needs improvement. However,
the results in Section A.3 suggest that these discrepancies are not very detrimental.

A.2.2 Excitation signal and processing

Pure sinusoidal excitation signals sent to the compression driver are used to stimulate
the resonator from 100 Hz to 4000 Hz in steps of 10 Hz. The internal sound pressure level
is approximately 120 [dB], between the levels typically used to measure the linear input
impedance and nonlinear playing conditions. This signal is used instead of a frequency
sweep because the radiation from the resonator is very weak: the coherence function
calculated using a sweep type signal was only robust in the vicinity of the impedance
peaks [120]. The measured signals are band �ltered from 50 Hz to 6000 Hz and windowed
to retain only the stable portion of the signal ps(t). Peak amplitudes of the ith harmonic
are extracted using synchronous detection

PO(r, θ, ωi) = |2 < pO(r, θ, t) · ejωit >|, (A.5)

for the external measurements and

P s(ωi) = |2 < ps(t) · ejωit >|, (A.6)

for the internal measurement. This method is valid because the frequencies are precisely
known and stable. In the following analysis only the fundamental frequency (i = 1) is
considered because there is very little energy at higher harmonics. As with the simula-
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O1

O2

O3

O4

O5

x2

x1

x3

x1 x2 x3

O1 3.95 0.00 −0.015
O2 0.63 0.00 −0.02
O3 −0.016 0.00 0.65
O4 −0.63 0.00 −0.02
O5 0.00 −0.63 −0.02

Figure A.2: The reference coordinate system is centered in the location of
the �rst tonehole with the lattice extending along the positive x3 axis. The
schematic is to scale except point O1, which is farther in the room than it
appears here. All units are in meters.

tions, the measured transfer function between internal and external pressure is de�ned
by Eq. A.4.

A.2.3 Internal and external pressure

The measurement results of the resonator with a cuto� at 1000 [Hz], processed using
Eqs. A.5 and A.6, are shown in Figure A.3. Due to a limitation of hardware, the �ve
microphone locations were divided into two con�gurations: O1, O2, and O3 (left panel),
followed by O2, O4, and O5 (right panel). In addition to the internal microphone, position
O2 remains �xed between the two con�gurations as a control.

This relatively unprocessed representation of the data is informative about the ra-
diation characteristics of these academic resonators. Most striking is their ine�cient
radiation, with approximately 40 to 90 [dB] di�erence between the internal microphone
and the microphones less than 1 [m] away from the �rst open tonehole. The very simi-
lar measurements at low frequencies demonstrates the monopole radiation below cuto�,
where the vertical o�set of O1 is due to spherical spreading. The strong directivity lobe
perpendicular to the lattice at cuto� is seen by the high amplitudes measured by all mi-
crophones except O3, which is not in same plane. The right panel shows slight frequency
dependent di�erences between O2, O4, and O5. This is likely due to the asymmetry
discussed in Section A.2.1
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Figure A.3: Measured pressures for internal and external microphones. Two
rounds of measurements correspond to two microphone con�gurations (see
text for details). The black curves and the red curves correspond to micro-
phones that are identical for the two con�gurations. The pressures shown in
the right panel correspond to the nearly axis-symmetric locations.

Figure A.4: Transfer function results for simulations in blue and measurement
results in black for positions O1, O2, and O3.
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A.3 Simulation and measurement results

The simulated (Eq. (A.4)) and measured transfer functions for locations O1, O2, and O3

are plotted in Figure A.4. Each panel is normalized by the maximum of the simulated
curve. The simulations are in good agreement with the measurements. Around the
cuto�, the simulations tend to predict peaks at slightly higher frequencies than those
that are measured. The cause of this is unknown, although similar discrepancies are seen
between the simulated and measured input impedance. It is not unreasonable to expect
the frequencies for which there is a large transition in acoustic response of the resonator
to be particularly sensitive to model errors such as assumed radiation impedance and the
model of the tonehole acoustic mass, for instance.

There are also some discrepancies at high frequencies for O1. This appears to be
measurement noise. Figure A.3 shows that the sound pressure level measured by this
microphone at those frequencies is approximately 40 [dB]. Furthermore, the metal grating
of the �oor in the anechoic chamber was not removed for these measurements, possibly
leading to di�raction [121]. Despite these di�erences, the simulations compare favorably
with the measurements.

There are two subtleties worth a reminder at this point: the �rst is the di�erence
between transfer functions that use pressure and transfer functions that use �ow as the
interior variable, while the second relates to how the reference plane of the internal micro-
phone a�ects the results. Physically, the resonator/adapter piece/compression driver has
an acoustic response that relates to the entire ensemble of equipment. Input impedance
peaks (at low frequencies) of this system occur for frequencies where U1(ω) is large and
U s(ω) is small, corresponding to the quarter wave resonator model. These peaks also
correspond to peaks in the transfer function HU

O (r, θ, ω) = PO(r, θ, ω)/U s(ω) because the
radiation strength of a simple source n is proportional to its �ow Un(ω). In contrast,
the transfer function HP

O(r, θ, ω) = PO(r, θ, ω)/P s(ω) has peaks when PO(r, θ, ω) is large
and P s(ω) is small. This condition corresponds to a half-wave length interpretation, such
that the �rst peak in HP

O(r, θ, ω) should be approximately double the frequency of the
�rst peak in HU

O (r, θ, ω).

This is re�ected in the measurements and simulations: the �rst peak in HP
O(r, θ, ω)

occurs around 350 [Hz] while the �rst input impedance peak at the plane of the driver
is about 165 [Hz]. This introduces the second subtlety. It is normal that the �rst peak
in HP

O(r, θ, ω) is at a frequency that is more than double the �rst input impedance peak
frequency for two reasons. The �rst is that there is a cross section change between the
adapter piece and the resonator, which makes the quarter- and half-wave resonator de-
scriptions less accurate. The second reason is that the physical resonance of the ensemble
is determined from the surface of the vibrating membrane, where as the internal acoustic
variable P s(ω) is measured about 10 [cm] downstream from the membrane. The e�ective
quarter-wave length of the whole system from the loudspeakers perspective is slightly
longer than the e�ective half-wave length measured by the internal microphone, result-
ing in a �rst maximum of HP

O(r, θ, ω) that is more than double the �rst maximum of
HU
O (r, θ, ω). These are not meant to be new observations, but serve as a reminder when

interpreting the following �gures.
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A.4 Preliminary results: additional simulations

The simulation and measurement results presented in Sections A.1, A.2, and A.3 are part
of a project that is not yet complete. This work is complemented by additional numerical
simulations for which preliminary results are presented in the current section. These
numerical simulations are based on internal LMA boundary element method (BEM) codes
known as FELIN. A detailed explanation of how these codes di�er from commercial BEM
software packages is provided in a recent Journal of the Audio Engineering Society [122].

A.4.1 Mutual radiation impedance

The numerical method is �rst used to estimate the mutual impedance between apertures
radiating into the same space in order to compare with the analytic model. In the TMMI
simulation, mutual impedance between the nth and mth (m 6= n) toneholes is

Znm = jkρc
e−jkdnm

4πdnm
, (A.7)

where dnm is the distance between the two apertures (see [28] Eq. 16). The factor 4 in
the denominator corresponds to radiation in full space and can be replaced by a factor
2 for radiation in half space. The mutual impedance of nearby toneholes is greater than
those that are distant. An N by N radiation impedance matrix has self impedance terms
(m = n) on axis and mutual impedance terms o� axis, which can be set to zero to neglect
their contribution.

The numerical BEM computation reconstructs the elements of the N by N matrix
from the geometry of the resonator. The surface is divided into a mesh and the pressure
at the surface of the n′ element plus any contribution from the m′ element is

Pn′(ω) = Zn′n′(ω)Un′(ω) + Zn′m′(ω)Um′(ω) (A.8)

where Zn′m′(ω) is the mutual impedance between the two elements. The total pressure
at the n′ element is the sum of its own contribution and all other m′ elements. Elements
that are not at the location of a tonehole have a velocity equal to zero. Due to the �ne
mesh necessary to resolve frequencies above cuto�, the number of elements n′ and m′ is
much greater than the analytic N by N matrix.

It is assumed that at any point in time the pressure is uniform across the surface of
a tonehole, equal to the average of the constituent elements. Additionally, the velocity
is assumed to be constant across the surface of the tonehole and equal to the average of
the �ow at each element divided by its area. These terms are used to reconstruct the N
by N mutual impedance matrix using a numerical simulation that does not assume each
tonehole acts as a monopole while also accounting for the presence of the resonator.

There are now four distinct impedance matrices to account for radiation into the
same space: the analytic expression for mutual impedance in full space radiation (Eq. A.7
with a factor 4), the analytic expression for mutual impedance in half space radiation
(Eq. A.7 with a factor 2), ignoring mutual impedance by using a diagonal matrix, and
the numerically calculated mutual impedance matrix.
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Figure A.5: Input impedance and re�ection coe�cient modulus using four
mutual impedance approximations: analytic for radiation in full space,
half space, no mutual impedance, and a numerically calculated mutual
impedance.

The rounded form the resonator is approximated using only �at surfaces such that
the cross-section is a decagon. This allows the toneholes to �t entirely within one surface.
The surface of this object, including the toneholes, is described by a N=5524 element
mesh. The impedance matrix is calculated at a rate of approximately one frequency per
15 minutes.

A.4.2 The in�uence of mutual impedance on internal variables

The input impedance and re�ection coe�cient can be calculated by the TMMI using
these four mutual impedance approximations. Figure A.5 shows the input impedance
modulus focusing on the frequency range around cuto� on the left panel and the re�ection
coe�cient modulus over a larger frequency range on the right panel. Several trends
emerge: above cuto�, the input impedance peaks calculated using the numerical mutual
impedance terms are shifted approximately 10 [Hz] lower in frequency compared with the
analytic results, corresponding to approximately 20 cents at 1000 [Hz] The resonances
above cuto� are related to the total length of the resonator, so appears that the numerical
model predicts a slightly longer e�ective acoustic length at the termination of the lattice.
It is not appropriate to compare peak amplitudes between the numerical and analytic
simulations because the numerical values were calculated for 10 [Hz] frequency steps, and
do not fully resolve the input impedance peaks.

Due to the greater computational e�ciency of the analytic method the simulations
are calculated with 1 [Hz] frequency steps, which allows for a comparison of the peak
amplitudes for the three analytic mutual impedance hypotheses. In particular, below
cuto� they are all nearly identical, with less than 0.1 [dB] di�erence in amplitude for the
�rst input impedance peak. At and above cuto� the input impedance peak amplitudes
vary by 3-4 [dB]. Accounting for no mutual impedance results in the highest peaks and
accounting for radiation in a half space results in the most attenuated peaks. This
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Figure A.6: Simulated transfer functions for location O3 using a monopole
radiation model with analytic mutual impedance (blue), monopole radiation
model with numeric mutual impedance (red), and numeric radiation model
with numeric mutual impedance (black). Bottom panels are expanded views
of top panel.

particular resonator is a subdued example of these di�erences due to the relatively large
spacing between toneholes. Figure 3.4 in Chapter 3 shows a more extreme example.

The re�ection coe�cient modulus shows that, above cuto�, the numerical results
appear to be bounded by the most extreme analytic assumptions: that of no mutual
impedance and that of half space radiation. As for the input impedance modulus, the
exact amplitude of deep dips may be misleading due to insu�cient frequency resolution
of the numerical method. A suitable interpolation of the numerical mutual impedance
will be useful for future analysis.

These are some examples of how the mutual radiation impedance conditions can
e�ect simulations of internal variables. It may also be of interest to study the e�ect of
the mutual impedance model on phase and group velocity within the lattice.

A.4.3 Di�raction due to resonator body

The BEM codes can also be used in a hybrid approach to estimate the e�ect of di�raction
due to the presence of the resonator on the transfer functions between internal and
external pressure. As a reminder, the simulations in Section A.1 calculates the �ow in
each tonehole using the TMMI. Then, the �ow in each tonehole is replaced by a monopole
with an equivalent �ow, ignoring both the body of the resonator and any directivity that
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the tonehole may have. The external pressure is then simply the sum of each monopole
contribution assuming wave propagation in free space. To improve this simulation, the
radiation portion of the simulation is performed using the BEM codes which account
for the body of the resonator. This is a hybrid approach because the tonehole �ow is
provided by the TMMI calculations. The transfer functions can now be simulated using
any of the four mutual impedance estimations with either the analytic and numerical
radiation models.

Figure A.6 shows the results for location O3 using the analytic radiation model and
analytic mutual impedance (assuming full space radiation), the analytic radiation model
with the numerical mutual impedance, and the numerical radiation model with numerical
mutual impedance. The bottom panels show a closer view for frequencies well below cuto�
(left) and frequencies near cuto� (right).

Below cuto�, all three mutual impedance estimations and both radiation models
simulate essentially the same transfer functions. Above cuto�, the di�erences between
the black, blue, and red curves can be attributed to the e�ect of the mutual impedance
models or radiation models. The di�erence between the blue and red curves demonstrates
a relatively small in�uence of the mutual impedance models on the transfer function. The
larger o�set of the black curve indicates a greater impact due to the radiation model. As
for the internal variables, the numerical mutual impedance calculations result in peaks
that are shifted lower in frequency by about 10 [Hz], seen on both the black and red
curves.

In order to quantify the vertical o�set created by each simulation, a descriptor based
around the root-mean-square (rms) value of each peak region is de�ned. The transfer
function is separated into bands that are de�ned by the local minima between peaks, and
the rms value is calculated for each peak band. This is viewed as a crude approximation
of the di�erence in simulated radiation e�ciency. This construction is useful because a
simple subtraction of one transfer function curve from another yields distorted results
due to the o�set of the peak frequencies.

Figure A.7: Root-mean-square of peak bands for locations O3, O2, O4, and
O5. The colors correspond to the same mutual impedance and radiation
models in Figure A.6.
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The results are shown in Figure A.7 for positions O3, O2, O4, and O5, where the
colors correspond to the legend in Figure A.6. In all four panels the blue and red curves
are more similar to each other than to the black curve, except possibly at the cuto�,
indicating that the radiation model has a greater in�uence on this descriptor than the
mutual impedance model.

The right three panels correspond to the microphone locations for which the analytic
radiation model is least suited, as discussed in Section A.2.1. For these locations, the
three microphones are in the same plane, equidistant from the origin of the coordinate
system. The analytic radiation model predicts nearly symmetric radiation about x3-axis,
where any deviation from symmetry is due to the termination of the lattice located at
[0, 0, -0.0163] [m]. The slight di�erences between the red curves (or blue curves) across
these three panels indicates the slight deviations that the analytic radiation model is able
to predict due to the o�set of the termination of the lattice. The change of the black
curve across the right three panels demonstrates the relatively large di�erences that the
numerical radiation model is able to simulate because it accounts for any directivity of
the toneholes and di�raction from the resonator body.

A.5 Discussion and future work

The results in Sections A.3 and A.4 are generally coherent with one another. The �rst
shows that the analytic simulations match the measurements reasonably well. A deeper
analysis to determine if the numerical simulations provide a better match with the mea-
surements is an ongoing aspect of this project. However, a major conclusion of these
results is lost when quantifying the di�erences between the simulations: all of them
match the measurements with reasonably accuracy, but the analytic simulation in Sec-
tion A.1 is both easier to implement and executes on the order of 106 times faster than
the numerical method. From this perspective, the desired results will determine which
method is most appropriate for a given study.

Related to this, one complication that arises when comparing di�erent mutual impedance
and radiation models is the coarse frequency spacing of the numerical simulations. These
could be overcome by launching a numerical simulation for approximately �ve weeks. A
better option may be to use a peak �tting scheme to interpolate between data points,
the method that will likely be employed in the continuation of this project. This will
facilitate a more detailed analysis of peak frequency and amplitude, possibly demonstrat-
ing that two of the three results (two simulation methods, one measurement) are more
similar than the third.

In addition to re�ning the numerical simulations, the project would bene�t from some
additional measurements. In particular, an additional measurement location O6 located
at [0.00, 0.63,-0.02], corresponding to the `mirror' image of O5, would be interesting
because both the analytic and numerical radiation models predict identical results O5.
Any measured di�erence will indicate what room e�ects might be present in the mea-
surements. However, the di�erences could arise from a large number of causes such as
asymmetry of the measurement table, the presence of the microphone conditioners (al-
ready covered with foam), microphone calibrations. These sources of error, which were
reasonable to ignore before, could complicate the analysis.



SUPPLEMENTARY MATERIAL A. ADDITIONAL RADIATION TOPICS 111

It would also be interesting to repeat the measurements using sound pressure levels
corresponding to forte playing levels of a clarinet. The measurements presented here were
repeated at internal sound pressure levels approximately 10 [dB] above and below those
shown in Figure A.3 without a substantial change in the resulting transfer functions.
However, internal sound pressure levels corresponding to forte playing levels, at perhaps
170 [dB], have not yet been tested. This could have an impact on the transfer functions
due to nonlinear behavior of the toneholes. However, this would require a review of the
experimental setup to prevent possible damage to the equipment.

Another extension of this project is to further exploit the custom BEM codes, which
are designed to calculate the radiation modes of an object [123, 124, 125]. The modes
are weighted by near �eld measurements and are then used to simulate far �eld radiation
patterns. As before, this is a hybrid approach in that uses measurements to calibrate
the numerical model. This would provide more detailed directivity patterns than those
that can be calculated from Eq. (A.4), accounting for the directivity of the toneholes and
di�raction from the body of the resonator. However, this methodology is an active area of
research and it is unknown how it will perform when applied to musical instrument type
sources. If successful, it may be a useful when very detailed simulations are necessary,
for example in auralizations.



Supplementary material B
Cuto� of the bassoon

Chapter 5 derives the theory of wave propagation in periodic media for the case of a
conical resonator, and then applies it to the bore of a saxophone. In order to better
understand the saxophone as a periodic waveguide, it was helpful to develop several
additional methods to analyze the acoustical periodicity (and deviation from acoustical
periodicity) of the tonehole lattice. The conclusion is that the bore of a saxophone has
some properties that allow it to be treated as an acoustically regular conical resonator,
but that a more nuanced approach recognizes the gradual change in cuto� frequency
across the range of the resonator as a de�ning acoustic characteristic that distinguishes
it from other woodwind instruments.

The purpose of this supplementary material is to present some preliminary results of
a study determining the generality of these methods when applied to other woodwind
resonators. Here, the bassoon is chosen as the object of analysis for both scienti�c and
practical reasons. In order to compare with the results from the saxophone, only conical
instruments were considered. Furthermore, the bassoon has a very modest bell pro�le
which, for reasons detailed in Chapter 2 (Section 2.5.3), is bene�cial when trying to isolate
the e�ects of the tonehole lattice cuto� from other geometric in�uences. A practical
reason for choosing the bassoon is that much of the experimental data, including detailed
geometry measurements, input impedance measurements, and radiated sound using an
arti�cial mouth, had already been collected by Vincent Turcotte, a collaborator on the
project.
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Additional comments

The remainder of this appendix is a partial reproduction and partial extension
of the conference proceedings:

E. Petersen, V. Turcotte, and T. Colinot. Objective metrics to iden-
tify the tonehole lattice cuto� frequency of conical instruments, Fo-
rum Acusticum, Lyon, France, Dec. 2020 (originally April, 2020).

Comments:

The notation has been modi�ed from the original proceedings to be consistent
with Chapter 5.

The methodology and results presented here are currently in an un�nished
state. The author expects to further develop the work in this appendix for an
upcoming article.
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B.1 Review and development of quantitative cuto� descriptors

In this section, the tonehole lattice cuto� frequency of a bassoon is quantitatively es-
timated using the methods proposed in Chapter 5. The methods developed for the
saxophone are modi�ed in order to be applied to the bassoon which, although also con-
ical, has a very di�erent geometry from the saxophone. In particular, the apex angle
of the bassoon is approximately half that of the saxophone, resulting in a much smaller
change in cross-section across the length of the main bore. Additionally, the �are of the
bell is less pronounced on the bassoon. Lastly, the bassoon is approximately 2.5 times
longer than an alto saxophone, folding back on itself at the boot joint in order to be
manageable by the musician. This leads to some peculiarities regarding the toneholes,
such as chimneys that are several centimeters long and multiple toneholes for the same
note in addition to acoustical e�ects [126]. Given the considerable di�erences with the
saxophone, it is not clear a priori how well the methods developed in Chapter 5 will work
when applied to the bassoon, a question that is explored in this section.

B.1.1 Bassoon speci�c modi�cations of quantitative descriptors devel-

oped for the saxophone

The three descriptors developed in Chapter 5 to determine the cuto� frequency of a
geometrically irregular tonehole lattice are the geometrically determined T-cell resonance
fTc found by asymmetric division of the lattice, the Π-cell characteristic frequencies fΠ

c ,
and the empirically derived cuto� transition fRt . For a review of these terms see Chapter 5
Table 1.

The three descriptors are modi�ed in order to be applied to the bassoon. Due to the
strong geometric variation of the lattice, the asymmetric division is successful when only
the �rst three open toneholes are included in the algorithm. This is in contrast with the
saxophone, for which the lattice can be divided accounting for six toneholes. Considering
only the �rst three toneholes of the lattice is a weaker application of the asymmetric
division, although the results in Chapter 5 suggest that the �rst several toneholes have
the largest in�uence on the cuto� behavior of a lattice, providing some justi�cation for
this modi�cation.

The transition band de�nition is also modi�ed in order to work with the input
impedance measurements of the bassoon, which di�er considerably from the alto sax-
ophone studied in Chapter 5, in part due to larger losses associated with a small average
cross-section of a long acoustical duct. The input impedance of the �rst register �nger-
ings of the bassoon are measured using an impedance measurement system adapted for
woodwind instruments [127]. The re�ection coe�cient of the resonator is obtained from
the input impedance

R(ω) =
Z(ω)/Zθ(ω)− 1

Z(ω)/Zθ(ω)∗ + 1
, (B.1)

where the ∗ denotes the complex conjugate and

Zθ(ω) =
ρc

S

1

(1 + 1/j(ω/c)x)
, (B.2)
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Figure B.1: Measured input impedance modulus (left) and re�ection coe�-
cient modulus (right) for the E �ngering of the bassoon. The cuto� descriptor
de�ned by Eq. (B.3) is marked by a vertical red line, and corresponds to the
asterisks in Figure B.2.

is a frequency dependent characteristic impedance accounting for wave propagation in a
conical bore with an input half-angle θ and missing length x.

The alternative de�nitions provided in Eqs. (B.1) and (B.2) are introduced as an
attempt to understand the ripples in the re�ection coe�cient at low frequencies under
the hypothesis that they are due to spherical wave propagation in the conical duct.
As seen in Figure B.1, this new de�nition does not completely mitigate the rippling at
low frequencies. One possible explanation is that the CTTM sensor measures the input
impedance at the plane where the conical bore is conjoined to the cylindrical cavity of the
measurement device, where there may be a combination of propagating and evanescent
modes. This is an interesting topic for further investigation.

In contrast with Chapter 5, the re�ection coe�cient transition band is replaced by
a single value. This is intended to simplify the results shown in Figures B.1 and B.2.
The threshold is set at half of the maximum value of the re�ection coe�cient modulus
|R(2πf)|max, and the estimate of the cuto� fRt is the lowest frequency such that

|R(2πfRt )| = 1

2
|R(2πf)|max. (B.3)

Because the re�ection coe�cients calculated from the input impedance measurements do
not achieve unity below the cuto�, possibly due to greater losses along the long bore
of the instrument or the normalization of the input impedance, the threshold is de�ned
relative to the maximum value.

The results of this descriptor applied to the E �ngering (82 [Hz]) are marked as a
red line in Figure B.1. The descriptor is de�ned from the re�ection coe�cient modulus
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Figure B.2: Comparison of the three cuto� estimations applied to the bas-
soon. Circled I, II, III correspond respectively to the characteristic frequency
fΠ
c of the �rst, second and third Π-shaped cells. For each �ngering, trian-
gles mark the average of the �rst three characteristic frequencies and squares
mark the average of all characteristic frequencies. Gray bars show the in-
tervals of successful test cuto� values in the asymmetric division algorithm.
The red asterisks mark the re�ection coe�cient fRt de�ned by Eq. (B.3). The
relatively constant cuto� across �ngerings is in contrast with the results of
the saxophone, Chapter 5 Figure 7, noting that the orientation of �ngerings
is reversed.

(right panel) but also plotted on the input impedance modulus (left panel).

B.1.2 Comparison of descriptors over �rst register

The three cuto� descriptors are computed for 18 �ngerings in the �rst register of the
bassoon, from C (65 [Hz]) up to F (175 [Hz]). The two lowest �ngerings, producing to
the notes B[ (58 [Hz]) and B (62 [Hz]), are excluded because they only have zero and
one open tonehole. Figure B.2 shows that the cuto� metrics overlap reasonably well for
most �ngerings. A full study would be needed to know whether this is the case for other
instruments, and how it depends on the chosen thresholds. The asymmetric division
algorithm provides a cuto� interval �ner than the spread of characteristic frequencies for
most �ngerings. Overall, the cuto� estimates show an almost constant trend, between 400
and 600 Hz, for all of the �ngerings, which is coherent with previously reported values [3,
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128, 129]. Note that the trend is markedly di�erent on another conical woodwind, the
saxophone, where the cuto� increases progressively for higher �ngerings [6].

B.2 Conclusions

The cuto� frequency estimates developed for the saxophone can be used to characterize
the cuto� of the bassoon with relatively minor adaptations. The results for the bassoon
show that both local and global type cuto� estimates are coherent with one another,
and demonstrate that the cuto� falls within 400 and 600 [Hz] across the range of the
�rst register. The homogeneous cuto�s across �ngerings is in accordance with the results
reported by Benade [3]. This is a useful result because it shows that the new descriptors
match existing results for the bassoon, which bolsters their use on the saxophone, an
instrument for which research of the cuto� has been rarely published.

This work adds to the results in Chapter 5 by applying previously developed cuto�
descriptors to a bassoon. As in Chapter 3, digital synthesis was used to evaluate the
e�ect of the cuto� on sound production of acoustically regular conical lattices. However,
those results will be presented at a conference and are not reported here because the
current author is not the �rst author of the submission [130].
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The research goal of this dissertation is to evaluate how the tonehole lattice cuto� frequency a�ects the sound production and

radiation of woodwind instruments. Below the cuto�, waves entering the tonehole lattice are evanescent, where as above cuto� waves

can propagate freely within the lattice. Therefore, the low frequency response of the resonator that determines the playing frequency

of a woodwind is set by the length between the reed and the �rst open tonehole, while the high frequency response is governed by

the remaining open toneholes downstream on the instrument. A study of the cuto� frequency that separates these two bands is, in

e�ect, a study of how this `unused' portion of the tonehole lattice may in�uence the sound of the instrument. Following the work of

Benade in the 1960s, studies on this subject have been rare, despite its central importance to the sound of woodwind instruments.

This dissertation includes analytical, numerical, and experimental advances on the subject of the cuto� frequency, approached in three

published studies. In the �rst, cylindrical academic resonators are analytically designed to have speci�c cuto�s while maintaining

the same �rst resonance frequency. They are then compared using digital synthesis based on a physical model of the instrument.

The cuto� is found to have a modest impact on sound production, evaluated using the pressure and �ow waveforms within the

mouthpiece, where the greatest e�ect is a randomization of the relative amplitude of even and odd harmonics above the cuto�. There

is little evidence that the `ease of playing' of the resonators is a�ected by the cuto�. In the second study, the academic resonators

are played by a musician using a clarinet mouthpiece during in situ measurements. The radiated sound demonstrates a `region of

reinforced spectra,' for which there is an amplitude increase of both even and odd harmonics around the cuto� of each resonator.

The third study derives the cuto� theory for conical resonators and introduces new quantitative descriptors to estimate the cuto� of

acoustically irregular lattices. An analysis of the saxophone demonstrates that the cuto� varies considerably over the �rst register of

the instrument. The results also demonstrate ways in which the theory of wave propagation in periodic media can succeed or fail when

applied to real instruments. Preliminary results for two additional studies are presented. In the �rst, the methods developed for the

saxophone are applied to another conical instrument, the bassoon. The results show that, compared with the saxophone, the cuto�

of the bassoon is homogeneous across di�erent �ngerings of the �rst register. In the second, the e�ect of di�raction from a simpli�ed

resonator is evaluated using a boundary element method. The results are compared with a simpli�ed analytical radiation model and

anechoic measurements, showing that the more e�cient simple model is generally su�cient. This dissertation demonstrates ways in

which the cuto� a�ects both internal waveforms and, more importantly, the radiated sound�eld of woodwind-type instruments. It also

advances the theoretical basis for incorporating the cuto� into a tonehole lattice conception, which is of practical use for instrument

manufacturers.

Key words: musical acoustics; periodic waveguides; woodwinds; tonehole lattice cuto� frequency

L'objectif de cette thèse est de contribuer à évaluer comment la fréquence de coupure créée par un réseau de trous latéraux ouverts

dans un instrument de musique de la famille des bois agit sur la production et le rayonnement du son produit par ces instruments.

En dessous de cette fréquence de coupure, les ondes pénétrant dans le réseau de trous ouverts sont évanescentes, tandis qu'au delà de

cette fréquence les ondes peuvent se propager dans le réseau. Par conséquent, la réponse basse fréquence du résonateur qui détermine

la fréquence de jeu est directement reliée à la longueur entre l'anche et le premier trou ouvert, tandis que la réponse à haute fréquence

est déterminée par le réseau de trous ouverts. Une étude de la fréquence de coupure séparant ces deux bandes de fréquence correspond

donc à comprendre comment cette partie �inutilisée� du résonateur joue sur le son produit. Depuis les travaux de Benade dans les

années 1960, les études sur ce sujet ont été rares bien qu'il s'agisse d'un sujet central sur le son des instruments à vent. Ce manuscript

comprend des études analytiques, numériques et expérimentales relatives à la fréquence de coupure et est étayé par trois articles de

revues. Tout d'abord, des résonateurs cylindriques �académiques� sont conçus analytiquement de sorte à �xer leurs fréquences de

coupure tout en maintenant la première fréquence de résonance constante. Ces résonateurs sont ensuite comparés en utilisant une

synthèse numérique reposant sur un modèle physique de fonctionnement. Un premier résultat est que la fréquence de coupure a très

peu d'e�et sur la production du son, calculée grâce à la pression et au débit interne dans l'embouchure de l'instrument. Au delà de

la fréquence de coupure, on assiste à une répartition aléatoire des amplitudes des harmoniques pairs et impairs. Il y a donc très peu

d'e�et de cette fréquence de coupure sur la �facilité de jeu� d'un instrument. Dans une seconde étude, les résonateurs sont réalisés

physiquement et joués par un musicien grâce à l'ajout d'un bec de clarinette. Le spectre externe présente une région où il y une

augmentation du niveau des harmoniques, tant pairs qu'impairs, au voisinage de la fréquence de coupure. La troisième étude étend

la théorie de la fréquence de coupure au cas de résonateurs coniques et introduit de nouveaux descripteurs pour estimer la fréquence

de coupure de réseaux acoustiquement irréguliers. Une analyse sur le saxophone montre que la fréquence de coupure évolue de note

à note au long du premier registre. Nous montrons également dans quelle mesure la théorie de propagation d'ondes dans des milieux

périodiques peut fonctionner ou échouer dès lors que l'on s'intéresse à un instrument existant. Des résultats préliminaires de deux

autres études dont également présentés. La première concerne le basson, pour lequel on applique les méthodes développées pour le

saxophone. Les résultats montrent que, contrairement au saxophone, la fréquence de coupure reste quasiment constante tout au long

du premier registre. La deuxième concerne l'utilisation d'éléments �nis de frontière (BEM) pour étudier la di�raction d'un resonator

muni de trous. Ce calcul est comparé avec celui produit par un calcul analytique simple et une expérience en chambre anéchoïque,

qui montre qu'un modèle simple est su�sant. Dans cette thèse, nous montrons comment la fréquence de coupure agit sur les formes

d'onde et le spectre de la pression et du débit internes et plus signi�cativement sur le champ rayonné. Nous avançons également sur

les bases théoriques permettant d'inclure ce critère dans un objectif de conception, à destination des facteurs.

Key words: acoustique musicale; guides d'onde periodiques; instrument de la famille des bois; fréquence de coupure d'un reseau du

trous latéraux
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