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Résumé

L’objectif de cette thése est d’étudier le comportement en temps long de certains proces-
sus de Markov déterministes par morceaux (PDMP) dont le flot suivi par la composante
spatiale commute aléatoirement entre plusieurs flots possédant un unique équilibre attrac-
tif (éventuellement le méme pour chaque flot). Nous donnerons dans un premier temps
un exemple d’étude d’un tel processus construit dans le plan a partir de flots associés a
des équations différentielles linéaires stables ou il est déja possible d’observer des com-
portements contre-intuitifs. La deuxiéme partie de ce manuscrit est dédiée a ’étude et la
comparaison de deux modéles de compétition pour une ressource dans un environnement
hétérogéne. Le premier modéle est un modéle alétoire simulant I’hétérogénéité temporelle
d’un environnement sur les espéces en compétition & I'aide d’'un PDMP. Son étude uti-
lise des outils maintenant classiques sur I’étude des PDMP. Le deuxiéme modéle est un
modéle déterministe (présentant sous forme d’un systéme d’équations différentielles) mo-
délisant I'impact de I’hétérogénéité spatiale d’un environnement sur ces mémes espéces.
Nous verrons que malgré leur nature trés différente, le comportement en temps long de ces
deux systémes est relativement similaire et est essentiellement déterminé par le signe des
taux d’invasion de chacune des espéces qui sont des quantités dépendant exclusivement des
paramétres du systéme et modélisant la vitesse de croissance (ou de décroissance) de ces
espéces lorsqu’elles sont au bord de ’extinction.

Mots clés :  Processus de Markov déterministes par morceaux ; Comportement en temps
long ; Modéle de compétition ; Chemostat ; Gradostat



RESUME




Abstract

The objective of this thesis is to study the long time behaviour of some piecewise deter-
ministic Markov processes (PDMP). The flow followed by the spatial component of these
processes switches randomly between several flow converging towards an equilibrium point
(not necessarily the same for each flow). We will first give an example of such a process
built in the plan from two linear stable differential equations and we will see that its stabi-
lity depends strongly on the switching times. The second part of this thesis is dedicated to
the study and comparison of two competition models in a heterogeneous environment. The
first model is a probabilistic model where we build a PDMP simulating the effect of the
temporal heterogeneity of an environment over the species in competition. Its study uses
classical tools in this field. The second model is a deterministic model simulating the effect
of the spatial heterogeneity of an environment over the same species. Despite the fact that
the nature of the two models is very different, we will see that their long time behavior is
very similar. We define for both model several quantities called invasion rates modelizing
the growth (or decreasing) rate speed of a species when it is near to extinction and we will
see that the signs of these invasion rates fully describes the long time behavior for both
systems.

Keywords : Piecewise deterministic Markov processes; Long time behaviour ; Compe-
tition model ; Chemostat ; Gradostat



ABSTRACT




Table des matiéres

Introduction 11
1 Introduction générale 13
1.1 Processus de Markov . . . . . . . . . . . . ... 13

1.2 Processus de Markov déterministes par morceaux . . . . . . .. . ... ... 15
1.3 DMotivations et résultats . . . . . . ... 17
1.3.1 Systémes linéaires planaires aléatoirement commutés. . . . . . . . . . 18

1.3.2 Modéles de compétition aléatoirement commutés . . . . . . .. . .. 21

1.3.3 Modéle de compétition du gradostat général & deux espéces . . . . . 23

2 A note on simple randomly switched linear system 31
2.1 Introduction . . . . . . . . . ... 31
2.2 Study of the angular process . . . . . . . . ... 35
2.3 Stability of the switched process. . . . . . . . . . ... ... ... ... 38
2.4 A quick look at the associated deterministic process . . .. .. ... .. .. 41
2.5 A way to obtain several blow up areas . . . . .. ... ... L. 42
2.6 Behaviour of the switched system with two centers of attraction . . . . . . . 47

3 Comparison of two chemostat-like models simulating environment hete-

rogeneity 53
3.1 Introduction . . . . . . . . . . . .. 53
3.1.1 Random temporal variation : model and main results . . . . . . . .. 56
3.1.2  Spatial heterogeneity : model and main results . . . . ... .. ... 59
3.2 Mathematical study of the probabilistic model . . . . . . . .. .. ... ... 65
3.2.1 Computation and study of the invasion rates . . .. ... ... ... 65
3.2.2  Study of the long time behavior . . . . . . . ... ... ... 76
3.3 Mathematical study of the deterministic model . . . . . ... .. ... ... 83
3.3.1 A graphical caracterisation of the equilibria and their stability . . . . 84
3.3.2  Proof of the theorem 3.1.15 . . . . . . .. .. .. ... ... ..... 91



TABLE DES MATIERES

3.4

3.5

Index

Numerical comparison of the invasion rates . . . . . .. .. ... ... ... 96

3.4.1 Comparison of the invasion rates when only one species in introduced 96

3.4.2 Comparison of the invasion rates in the two species case . . . . . . . 100
3.4.3 Concluding remarks . . . . . ... ... 104
A sufficient condition for the existence of the bi-stability in the deterministic
model . ..o 105
3.5.1 Full description of the system without exchanges . . . ... ... .. 108
3.5.2 Bi-stability for small exchanges . . . . . . .. .. .. ... ... ... 113
125

10



Introduction

Cette thése porte sur I'étude du comportement en temps longs de processus de Markov
déterministes par morceaux plus couramment appelés piecewise deterministic Markov pro-
cesses dans la littérature et usuellement abrégé en PDMP. Cette classe de processus a été
introduite en 1984 par Davis dans |[Davis, 1984|. Les PDMP apparaissent naturellement
dans la modélisation de nombreux phénoménes biologiques et écologiques mais également
en informatique ou en finance ce qui a favorablement encouragé leur étude durant les
derniéres décennies.

Un PDMP est un processus suivant une dynamique déterministe (généralement associée
a une équation différentielle) entre des temps de sauts aléatoires. A chaque de temps de saut,
le processus change aléatoirement de position. Dans ce manuscrit, nous nous intéresserons
plus particuliérement a une certaine sous-classe de ces PDMP. Les processus de cette sous-
classe possédent une composante spatiale continue et une autre composante discréte. La
composante discréte détermine le flot déterministe suivi par la composante spatiale et ¢’est
cette méme composante discréte qui change aléatoirement a chaque temps de saut. Nous
appellerons ces processus les SPDMP pour switched PDMP.

Dans ce manuscrit nous nous intéressons au comportement en temps long de certains
SPDMP construits & partir de flots stables. Plus particuliérement, en supposant que plu-
sieurs flots convergent vers le méme et unique attracteur, est-ce que le SPDMP associé
converge vers cet attracteur? Il s’avére que la réponse est souvent négative et dépend
fortement des champs de vecteurs mais aussi de la vitesse de commutation.

Ce manuscrit se divise en trois parties. Dans la premiére partie, nous reviendrons brié-
vement sur les définitions de processus de Markov et nous donnerons une définition ma-
thématique des PDMP ainsi que quelques résultats qui seront largement utilisés dans la
suite. Dans la deuxiéme partie, nous étudions de maniére exhaustive un SPDMP planaire
construit a partir d’équations linéaires stables mais pouvant exploser suivant le choix de
la vitesse de commutation. La troisiéme partie consiste en ’étude et la comparaison de
deux modeles construits a partir des équations du chemostat (voir [Hsu, 1978]) et modéli-
sant & leur modeste échelle 'impact de I'environnement sur un systéme de compétition de
deux espéces pour une ressource. Le premier modéle est un SPDMP dont la construction
et 'étude ont été fortement inspirées de [Benaim et Lobry, 2016| et qui simule les varia-
tions aléatoires de ’environnement. Le deuxiéme est un processus déterministe adapté des
équations du gradostat (voir [Smith et Waltman, 1995] pour plus d’informations) simulant
I’hétérogénéité d’un environnement.

Ce mémoire a été principalement écrit a partir des articles suivants :
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INTRODUCTION

— A note on simple randomly switched linear systems
— Comparison of the global dynamics for two chemostat-like models : random temporal
variation versus spatial heterogeneity.

12



Chapitre 1

Introduction générale

L’objectif de ce chapitre est de donner les outils permettant de comprendre les études de
processus effectuées dans les chapitres suivants. Nous donnerons tout d’abord une définition
précise des PDMP avant de décrire les outils principaux permettant leurs études.

1.1 Processus de Markov

Les PDMP sont des cas particuliers de processus de Markov. Par conséquent, nous reve-
nons briévement sur leur définition dans cette partie (pour de plus amples détails, consulter
[Ethier et Kurtz, 1986]). Soit (X;) un processus aléatoire défini sur un espace probabilisé
(Q, F,P) a valeurs dans R. Notons F; la tribu engendrée par la famille (X)o<s<;. Alors
(X¢) est un processus de Markov si :

E(f(Xt+s)|]:t) = E(f(Xt+s)|Xt) (1~1)

pour toute fonction mesurable bornée f et tout temps positifs s, t. On dit communément
que I’évolution future d’un processus de Markov ne dépend du passé que par son état
présent.
On associe au processus de Markov (X;) son semi-groupe noté (P;) qui est une famille
d’opérateurs définie par :
P f(z) = E(f(X¢)|Xo = )
pour tout  dans R? et pour toutes fonctions borélienne et bornée f.

Remarque 1.1.1. Le calcul suivant montre que (P;) est un semi-groupe. Soit x € R? et f
une fonction borélienne bornée, on a pour toutt, s >0 :

Frysf(2) = E(f (Xits)[ Xo = 2)
E(E(f(XtJrsu:s)‘XO = :L‘)
E(E(f(Xt+s|Xs)‘X0 = $)
= E(Psf (X¢)| Xo = )

= P, o Py f(x).

La relation Pyys = P, o Ps est appelée la relation de Chapman-Kolmogorov.

13



1.1. PROCESSUS DE MARKOV

Le semi-groupe caractérise la loi d’'un processus de Markov en un temps ¢. Si p est une
mesure de probabilité, on notera :

u(f) = / fdi et uP, = £(Xi|Xo ~ p).

On a la relation suivante :
w(Bef) = nP(f). (1.2)
En effet :

[ fdup = B(F(0)) = BE(XDIX0) = B X0)) = [ P

On dira qu'une mesure de probabilité p est une mesure invariante pour un processus de
Markov (X}) si et seulement si pour tout temps ¢, X; est distribué selon p lorsque Xy est
distribué selon y :

vVt >0, upP;=pu.

Lorsqu’on étudie un processus de Markov, on s’intéresse toujours a I’éventuelle existence
et unicité de sa mesure invariante ainsi qu’a sa convergence vers cette mesure invariante.
En effet, lorsque ces propriétés sont vérifiées, cela permet de comprendre le comportement
limite du processus ou de quantité lui étant reliées.

Le semi-groupe d’un processus de Markov est caractérisé par son générateur infinitési-
mal L qui est rigoureusement défini par :

Lf =lim2 =7
t—0 ¢

ou les fonctions f sont dans le domaine du générateur L noté D(L) qui contient I'ensemble
des fonctions f pour lesquelles cette limite existe. Pour toutes fonctions f dans D(L), P, f
est également dans D(L) et le générateur infinitésimal L vérifie les relations suivantes :

t
LPf=PLf. Pf=f+ [ LPfds
0
Un processus de Markov est caractérisé par la donnée de son générateur infinitésimal.
L’avantage de travailler avec ce dernier est que, contrairement au semi-groupe, il est géné-

ralement explicite et permet de faire des calculs. Nous utiliserons abondamment dans ce
manuscrit la propriété suivante.

Proposition 1.1.2. Soit (X;) un processus de Markov de générateur infinitésimal L.

p est une mesure invariante de Xy < Vf € D(L), /Lfdu =0.

Démonstration. Si p est une mesure invariante de (X;), on a vu que V¢ > 0, uP; = p. On

a donc Vf € D(L) :
/fd(uPt) —/Ptfdu—/fdu-

14



1.2. PROCESSUS DE MARKOV DETERMINISTES PAR MORCEAUX

Donc : )
[ ets = pan=o

Et donc par convergence dominée on a :

/Ptftfdum/Lfduzo.

Si [Lfdp =0, on écrit :

/(Ptf—f)du://OtLPsfdsdu:/Ot/LPSfdpds:O.

Nous allons dans la prochaine section introduire les processus de Markov déterministes

O]

par morceaux qui sont au coeur de ce manuscrit.

1.2 Processus de Markov déterministes par morceaux

De maniére générale, un PDMP est décrit par la donnée de trois objets :
— Un flot ¢ : (R x RY) — R? associé¢ & un champ de vecteurs F : R? — R? donnant le
comportement déterministe du PDMP entre les temps de saut,
— Un taux de saut A : RY — R, qui permet de décrire la loi de la durée entre deux
temps de sauts.
— Un noyau de transition Q : R% — P définissant la facon dont le PDMP saute lorqu’il
arrive a un temps de saut.
Concrétement, la trajectoire d'un PDMP (X;) de valeur initiale Xo = z est décrite de la
maniére suivante. Le premier temps de saut T; est défini par sa fonction de répartition :

t
YVt >0, P(Ty <t|Xo=z)=1—exp (—/ A(cp(s,x))ds) .
0
La trajectoire de (X¢) entre 0 et T est donnée par :

t,x) sit<T
VOStSTl,XtZ{(p( ) '
Y7 sinon

oul la variable aléatoire Y7 est définie par :

v € B, B(f()|Ti, Xo=1) = / FW)Qe(T1,z), dy).

En partant de X7,, on définit de la méme maniére un nouveau temps de saut 75 et la
position Y5 aprés le saut et ainsi de suite.

Remarque 1.2.1. Lorsque le tauz de saut A est constant, les temps intersauts suivent des
lois exponentielles.

15



1.2. PROCESSUS DE MARKOV DETERMINISTES PAR MORCEAUX

Dans tout le manuscrit, nous ferons 'hypothése classique que quel que soit le temps ¢,
le nombre de sauts entre 0 et ¢ est fini ce qui assure que le processus n’explose pas. Cette
hypothése sera immédiatement vérifiée par les processus étudiés dans les Chapitres 2 et
3. Les PDMP ainsi définis sont des processus de Markov et vérifient la propriété forte de
Markov.

Proposition 1.2.2. Le générateur infinitésimal du PDMP (X;) est donné par :
Li(z) = (F(@), V(@) + Aa) [ (F) - @)Qa.dy)

pour toutes fonctions f : R — R bornée de classe C'.

Dans ce manuscrit nous nous intéresserons exclusivement & une classe de PDMP de la
forme (X, I;). La premiére composante (X;) est une composante spatiale évoluant dans
R? suivant le flot d’un champ de vecteur déterminé par la deuxiéme composante discréte
(Iy). La trajectoire de (X;) est alors continue et présente des “brisures” qui correspondent
a un changement de flot lorsque ([;) saute. Le générateur infinitésimal d’un tel PDMP est
donné par :

Lf(w,i) = (F(,4), Vo f(,1) + A, 8) Y (f(2,§) = f(2,0)Qz, 1, )
J#i

Nous appelerons ce type de processus switched piecewise deterministic Markov processes

abrégé en SPDMP. Nous finirons cette partie en donnant divers exemples de SPDMP issus

de la modélisation. Le lecteur intéressé pourra également consulter les articles [Malrieu, 2015]
ainsi que [Cloez et al., 2017] qui décrivent des exemples de tels processus et donnent les

clés de leurs études.

Exemple 1.2.3. Dans [Fontbona et al., 2016/, les auteurs modélisent la chimiotaxie d’une
bactérie sur l’axe réel contenant des nutriments a son origine. En notant Xy € R la position
de la bactérie et Vi € {—1,1} sa vitesse, on construit le SPDMP (Xy, Vi) par son générateur
nfinitésimal :
of
Lf(.%’, U) = U'% + (a(x)ﬂxv>0 + b(x)]lxv<0) (f(l‘, _U) - f(ZU,’U))

ot a et b sont deux fonctions positives. Concrétement, le tauz de saut dépend de la posi-
tion de la particule mais également du fait qu’elle s’éloigne du nutriment ou qu’elle s’en
rapproche.

Exemple 1.2.4. Dans [Fetique, 2017], on s’intéresse également au déplacement d’une bac-
térie dans R% en présence d’un nutriment placé & lorigine et agissant comme un attracteur.
La bactérie se déplace de maniére linéaire a la vitesse v € B(0, 1) durant un temps aléatoire
avant de changer de vitesse selon un noyau Q(x,v,.). Le générateur du processus (X, Vi)
modélisant le déplacement de cette bactérie est donné par :

Lf(z,v) = (v,Vaf(z,i))+ )\(m’,v)/ (f(z,v) = f(z,v)) Q(z,v,dV).

16



1.3. MOTIVATIONS ET RESULTATS

Exemple 1.2.5. Dans [Costa, 2016] lauteur s’intéresse a la dynamique d’une commu-
nauté de proies et prédateurs dans laquelle la population des prédateurs évolue plus vite que
la population des proies. On note Ny € N* le nombre de proies au temps t et H € R la
densité de prédateurs au temps t. A un nombre N fixé de proies, la densité de prédateurs
H; suit la dnamique induite par ’équation différentielle suivante :

Hy = Hy(rB.N — D — C.Hy)

our, B, D et C sont des constantes propres & la communauté étudiée. La population des
prédateurs évoluant plus vite que la population des proies, on modélise la dynamique de la
communauté par un SPDMP (Hy, Ny) dont le générateur infinitésimal est donnée par :

Lf(h,n) = 8—f(h,n).h(rB.n — D —C.h)+bn(f(h,n+1)— f(h,n))

Oh
n(d+cn+ B.h)1,>2 (f(n —1,h) — f(n,h))

ou b, ¢ et d sont d’autres constantes propres & la communauté étudiée.

1.3 Motivations et résultats

On considére un SPDMP construit a partir de champs de vecteurs F;. En supposant que
chaque champ de vecteurs F; posséde un unique équilibre stationnaire asymptotiquement
stable, le SPDMP ainsi construit posséde-t-il une mesure invariante 7 Si oui est-elle unique
et peut-on estimer la vitesse de convergence du processus vers celle-ci 7 Supposons de plus
que ces équilibres stationnaires soient le méme pour chaque Fj, le processus converge-t-il
presque stirement vers cet équilibre 7

Dans |Benaim et al., 2012|, les auteurs donnent une condition forte sur les champs de
vecteurs F; pour que le SPDMP associé posséde une unique mesure invariante :

(x — ', Fiy(z) — Fi(2')) < oz — 2|2 (1.3)
En appelant ¢' le flot associé¢ au champ de vecteurs F;, (1.3) implique que :
ot (z) — i) < e i)z — 2| Va,2’ e R? et ¥t > 0. (1.4)

Par conséquent, en supposant que «; ne dépend plus de ¢ et que les champs de vecteurs
F; ont le méme équilibre stationnaire z., alors (1.4) entraine que le SPDMP converge vers
Zeq Presque strement.

Cependant ces conditions ne sont pas nécessaires et plusieurs articles ont depuis mis
en évidence des SPDMP construits & partir de champs de vecteurs stables mais qui ne
possédent pas de mesure invariante. L’objectif initial de cette thése est de construire et
d’étudier de tels SPDMP afin de mettre en évidence la diversité des comportements en
temps longs qu’il est possible d’obtenir en faisant commuter des champs de vecteurs stables.
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1.3. MOTIVATIONS ET RESULTATS

1.3.1 Systémes linéaires planaires aléatoirement commutés.

Soient Ag et A; deux matrices Hurwitz de M4(R) (leurs valeurs propres sont a parties
réelles strictement négatives) et (I;) une chaine de Markov simple sur F = {0,1} de taux
de sauts A\g, A1. On construit le SPDMP (X, I;) en imposant que la composante spatiale
(X¢) soit solution de 'équation différentielle :

{Xt = AL X, th >0 (15)
Xo=x2p€R
Il est clair qu’en I'absence de commutation, les solutions a cette équation différentielle
tendent vers 0 & une vitesse exponentielle. Cependant il a été montré dans divers articles
(voir [Benaim et al., 2014] et [Lawley et al., 2014]|) qu’il était possible de bien choisir les
matrices Ap et A; afin que le SPDMP (X, I;) explose presque stirement pour certaines
valeurs des taux de saut \g et Aq.

Dans |[Lawley et al., 2014], les auteurs construisent un tel SPDMP dont la composante
spatiale X; est dans R?” dont le comportement en temps long alterne entre stable et explosif
lorsque le taux de saut du processus de saut I; augmente. Nous nous sommes alors demandé
8’1l était possible de faire de méme mais pour un SPDMP & composante spatiale dans le
plan R2.

Pour a > 0 and b > 1, On considére les matrices suivantes :

—a b —a 1
_ — b
AO = <_11) _a) et A1 = (—b _a) .

Grace a ces deux matrices, on peut définir le SPDMP (X, I;) comme énoncé plus haut
dans I’équation (1.5) ou on rappelle que (I;) est une chaine de Markov sur £ = {0,1} de
taux de saut g, A;. On va poser \g = fu et \y = S(1 —u) avec 5 > 0 et u €]0,1[. La
composante spatiale X; suit une spirale dans le sens horaire durant un temps aléatoire de
loi exponentielle avant de sauter vers une autre spirale comme décrit dans la figure 1.1.

Ce processus a un comportement trés riche lorsque 1’on suppose que I; est une fonction
déterministe périodique. En effet, il est assez facile de se convaincre au moins sur un
schéma que lorsque la période de I; augmente, le comportement limite de X; alterne entre
des phases stables et des phases explosives. Intuitivement, on pourrait s’attendre & observer
le méme comportement en supposant que (I;) est une chaine de Markov.

On définit : )
xi=x(ab ) = lim S log (X)) s (16)
dont on prouvera l’existence dans le Chapitre 2. On peut constater que le signe de xy donne
le comportement en temps long du processus. En effet, si y est positif, la composante

spatiale X; explose presque stirement alors que si x est négatif, X; tend vers 0 presque
stirement.

Le résultat principal du Chapitre 2 est le suivant.
Théoréme 1.3.1. Pour tout u €]0, 1],
(1) Va,b>0, x(a,b,p,u) — —a quand B — 0 ou f — +o0.
(ii)  Pour tout S,u > 0 il existe a > 0 et b > 1 tel que x(a,b, 5,u) > 0.

18



1.3. MOTIVATIONS ET RESULTATS

FIGURE 1.1 — Un exemple de trajectoire du processus (X, I3).

On peut simuler numériquement le signe de x comme on peut le voir sur la figure 1.2.
On peut également donner le signe de y dans le plan (f,u) comme on peut le voir sur la
figure 1.3. Sur cette derniére, on peut voir que le signe de x est positif dans un compact.

Ces graphiques combinés au Théoréme 1.3.1 montrent que ce processus ne répond pas
a nos attentes en terme de comportement alternatif. Il existe au maximum une unique zone
connexe de paramétres pour le taux de saut de (I;) pour laquelle le processus (X;) explose
alors que dans le cas o (I;) est une fonction périodique, il peut y en avoir autant que ’on
veut.
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1.3. MOTIVATIONS ET RESULTATS

2.5e-01

2e-01

1.5e-01

le-01

5e-02

0e00

-5e-02

-le-01

-1.5e-01

FIGURE 1.2 — La fonction § — x(0.15, 3, 3,0.5) ou x est donné par (1.6)

12

11

10

FIGURE 1.3 — Signe de G : (B,u) — x(0.1,2.5,5,u). La courbe représente les point
(8,u) pour lesquels x(0.1,2.5, 5,u) = 0. Le signe de G est positif a 'intérieur et négatif a
I’extérieur.
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1.3. MOTIVATIONS ET RESULTATS

1.3.2 Modéles de compétition aléatoirement commutés

En biologie, le principe d’exclusion compétitive stipule que deux espéces ayant les
mémes besoins écologiques ne peuvent pas coexister indéfiniment dans un environnement
homogéne. De nombreux modéles de compétition satisfont ce principe, I'un des plus connu
est le modéle de compétition proie/prédateur de Lotka-Volterra. La biodiversité observée
dans certains milieux ne pourrait donc s’expliquer que par leur hétérogéneité qu’elle soit
spatiale ou temporelle. Afin de modéliser les fluctuations temporelles d’un environnement,
on va commuter suffisamment vite les flots suivis par les densité des espéces pour observer
de la coexistence ou au pire I’extinction de ’espéce qui a priori était meilleure compétitrice.

Dans [Benaim et Lobry, 2016, les auteurs construisent et étudient un SPDMP (Uy, V4, )
évoluant dans Ry x Ry x {0,1} ot (I;) est une chaine de Markov simple sur {0,1} de taux
de sauts Ao, A1 et Uy, V; (les tailles des populations u, v) suivent les flots de deux équations
de Lotka-Volterra : )

{m:%mu—%m—mm
Ve=81,Ve (1 — e, Uy — dp, Vy)

Ils montrent qu’il est possible de choisir deux systémes de Lotka-Volterra favorables a
I’espéce u et un bon taux de saut tel que le systéme commuté soit finalement défavorable
a l'espéce u.

Nous avons voulu effectuer la méme étude pour un modéle de compétition légérement
plus complexe, le modéle de compétition, avec une unique ressource, du chemostat. Le
chemostat se présente sous la forme d’une cuve ol deux espéces u et v sont en compétition
pour une ressource R. Dans un chemostat €, on note ¢ le taux de dilution commune des
espéces u et v ainsi que celui de la ressource R. On note Ry le taux de concentration de
ressource entrant dans la cuve et pour toute espéce w € {u,v}, fy, le taux de croissance de
I’espéce w. Nous supposerons toujours que les fonctions f,, sont de la forme :

_ayR
by + R

fuw(R)

oll a,, est le taux de croissance maximale de ’espéce w et b, est la constante de Michaelis-
Menten de ’espéce w.

Notons U(t), V(t) et R(t) les concentrations des espéces u, v et de la ressource R.
L’évolution de ces différentes concentrations dans le chemostat € est donnée par le systéme :

R(t) = 6(Ro — R(t)) — U(t) fu(R(t)) — V() fo(R(t))
U(t) = U(t) (fu(R(t)) - 6) (1.7)
V(t) = V() (fo(R(t) = 6).

Notons :

R, — al;“’fs if gy >0
400 if a, < 6,

la concentration de ressource satisfaisant f,,(R) = ¢ (si possible). Cette quantité R,, est
interprétée comme étant la concentration minimale de ressource nécessaire a ’espéce w
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pour survivre. L’espéce qui a le moins besoin de ressource pour survivre est la meilleure
compétitrice au sein du chemostat.

Nous avons le théoréme suivant (|Hsu, 1978|,[Hsu et al., 1977|) :
Théoréme 1.3.2. Supposons que R, < R, et R, < Ry (l’espéce u est donc la meilleure
compétitrice). Alors les solutions de 1.7 avec condition initiale U(0) > 0 satisfont :

lim R(t) = Ry,
t——+o0
lim U(t) = Ry — Ry,

t—+o00

lim V(t) =

t—+o00
Le chemostat satisfait donc le principe d’exclusion compétitive : si u est meilleur com-
pétitrice que v, 'espéce v finira par s’éteindre.
Pour simuler I’hétérogéneité spatiale de 'environnement dans lequel évoluent nos deux
espéces u et v ainsi que la ressource R on va commuter aléatoirement le chemostat dans

lequel elles évoluent. Fixons deux chemostats el et 2. Les paramétres du chemostat &/
seront notés (RO, 5. al, al, b, b])

En appelant Uy, V; les concentrations des espéces u, v et R; est la concentration de la
ressource, on construit le SPDMP (Ry, Uy, V4, I;) par le systéme suivant :

Ry = 6" (Ry = Ry) = Unfy' (Re) = Vify' (Ry)
Uy = Up(fiH(Ry) — &™) (1.8)
Ve = Va( /! (Re) — 6™)

ot (I;) est une chaine de markov sur I'espace d’état {1,2} de taux de saut ! et \2.

Dorénavant nous appelerons (Z;) le processus (R, Uy, Vi, I1). En 'absence de spécification,
on supposera toujours que les concentrations initiales Uy et Vj sont strictement positives.

On montrera qu’on pourra toujours supposer que le processus (Z;) est inclus dans un
compact M de Ri x {1,2}, et on notera les espaces d’extinction de I'espéce w :

w = {(r,u,v,i) € M|w = 0}.

Afin de décrire le comportement du processus (Z;) sur M, dans [Benaim et Lobry, 2016/,
les auteurs suggérent d’étudier les taux d’invasion des deux espéces u et v définis par :

Ay = / (F.(R) — 87) dtas,

ol pgr est la mesure invariante du processus (Z;) restreint a M,,. Le taux d’invasion A,
peut étre vu comme le taux de croissance exponentiel de la concentration en espéce w
lorsque celle-ci est trés faible. En effet, d’aprés (1.8), on a au moins formellement que :

@: I
Uy “

/ds-/A
11 Uy = A(Z)d
gog t—t/(s)S
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D’apres le théoréme ergodique, il vient :
1
n logUy — /.A(z)du(z),

oll 41 est une mesure invariante du processus (Z;). On définit A, = [ A(2)dpy(2) ot py est
la mesure invariante de (Z;) restreint a M,,. Lorsque Uy est proche de 0, et étant donné
que le processus (Z;) est un processus de Feller, il vient que si A, < 0, la concentration
U; diminue lorsqu’elle est basse et si A, > 0, la concentration U; augmente lorsqu’elle est
basse.

Assertion 1.3.3. Nous appelerons (H,,) l'assertion qui est vraie si et seulement si l'une
des assertions suivante est vraie :
— (i) 3j € {1,2} tel que & est défavorable a l’espéce w.
— (i) 3s € (0,1) tel que le chemostat moyen €5 est défavorable a l’espéce w (voir la
remarque 3.2.7 pour une définition plus précise du chemostat moyen).

Nous montrerons dans le chapitre 3 le théoréme suivant qui donne le comportement en
temps long du processus (Z;).

Théoréme 1.3.4. Les signes des taur d’invasion A, A, caractérisent ’évolution des
concentrations des espéces u et v :
— Si Ay >0, Ay <0 et (Hy) est vraie alors on a extinction de l'espéce v : V; — 0
presque stirement.
— Si Ay, <0, (Hy) est vraie et Ay, > 0 alors on a extinction de l'espéce w : Uy — 0
presque stirement.
— Si Ay <0 et Ay <0 alors une des deux espéces disparait presque strement. On dit
qu’on est dans un état de bi-stabilité.
— Si Ay >0 et Ay > 0 alors on a coexistence des deux espéces.

Nous donnons sur la figure 1.5 un exemple numérique montrant qu’il est effectivement
possible de choisir des chemostats !, €2 ainsi que des taux de saut A\', \? nous permettant
d’observer chacuns des cas de ce théoréme.

1.3.3 Modéle de compétition du gradostat général a deux espéces

Dans la partie précédente, nous avons proposé et étudié un modeéle permettant de
comprendre I'impact de 'hétérogénéité temporelle sur I’évolution de deux espéces en com-
pétition dans un chemostat. Le gradostat, introduit par Lovitt et Wimpenny dans leur
article [Lovitt et Wimpenny, 1981] est un modéle de compétition permettant de modé-
liser I’hétérogénéité spatiale d’'un environnement sans perdre la spécificité des équations
du chemostat. Il a depuis été largement étudié dans la littérature et on pourra consul-
ter [Smith et Waltman, 1995] pour une premiére revue des divers résultats obtenus a leur
sujet.

Nous construisons ici un modéle simple de gradostat. Prenons deux chemostats ! et &2
dans lesquels deux espéces u et v sont en compétition pour une ressource R et autorisons
les échanges de matiére entre les deux cuves. Notons M’ le volume du chemostat j, @ le
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u Q v

FIGURE 1.4 — Schéma représentant les échanges de matiére entre deux cuves.

débit entre les deux cuves et U7(t) la concentration de I’espéce u dans la cuve j au temps
t (voir figure 1.4). Il vient que :

U'VYY(t) = —QU' () + QU(t)
UV (t) = QU () — QUA(1).

En notant M = % on a alors :

{ UL(t) = =AU (t) + MU (t) L9)

U2(t) = AU () — N2U2(1).

On va noter V7(t) la concentration de I'’espéce v dans la cuve j au temps t et R’(t) la
concentration de la ressource dans la cuve j au temps ¢. On notera également {j, j} = {1, 2}.
Le systéme d’équation différentielles régissant 1’évolution des différentes concentration au
sein du chemostat est alors donné par :

Ri(t) =& (R) — RI(t)) — U7 () f(RI (1)) — pf( RI (1))~ NRI () + VRI(t)
U’J‘(t>=U<>< FURI (1) = 67)=NUI(t) + N U (t) (1.10)
Vi) = VI ()(f1 (R () — /) =M VA (t) + MV(t).

ou la partie en gras est le terme de transfert donné par (1.9).

Pour s’affranchir des notations d’indices un peu lourdes nous allons noter R(t) =

(50 v = (320) v = (). o= (). 5= (2) o st -
( E ;) De plus, en écrivant que A = sX\ et A2 = (1 — s)X avec X > 0 et s €]0,1]

on posera K = 8 ® ). Par convention ) (Y) = (“Y). On a alors une écri-
s—1 s—1 x z Tz
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ture simplifiée du systéme d’équation différentielle :

R(t) = 6(Ro — R(t)) = U(t) fu(R(1)) = V(£) fo(R(1)) + AKR(t)
U(t) = U(t)(fu(R(t)) — 8) + AKU(t) (1.11)
V(1) = V()(fo(R(t) = 8) + AKV(2).

Nous supposerons toujours que la condition initiale est dans (R?h*)?).

Il est aisé de montrer que la quantité X(t) = R(t) + U(t) + V(¢) tend vers un vecteur
constant g € (Ri)z lorsque t tend vers l'infini. Cette remarque permet de réduire le
systéme différentiel ci-dessus en un nouveau systéme différentiel donné par :

{ U(t) = Ut)(fu(So — U(t) = V(1)) = 8) + AKU (%) (1.12)

V(1) = V() (fo(So = U(t) = V(t) = 8) + AKV(2).

Ce nouveau systéme différentiel posséde le méme ensemble d’attracteurs (ou ensemble
omega-limite) que le systéme différentiel (1.11).

De plus, le systéme dynamique (1.12) a pour autre propriété remarquable d’étre forte-
ment monotone selon un certain ordre (voir [Smith et Waltman, 1995] pour plus de préci-
sions). Cette propriété conditionne fortement le comportement en temps long des solutions
de (1.12), en particulier, pour presque toutes condition initiales, les solutions de (1.12)

convergent vers un point stationnaire (le lecteur intéressé¢ pourra regarder 'appendice C
de [Smith et Waltman, 1995]).

Par conséquent, d’aprés les remarques précédentes, pour étudier le comportement en
temps long de (1.11), on se concentre sur la recherche et I’étude de la stabilité asymptotique
des solutions stationnaires de (1.12) c’est a dire de couples (U, V) € (R%)? satisfaisant :

U(fu(S0—U—V)=68)+AKU =0

V(fs(So—U—V)=6)+AKV = 0. (1.13)

H(U,V):O@{

Une solution stationnaire (U, V') satisfaisant U > 0 et V' > 0 sera appelée une solution de
coexistence.

La recherche de solutions de coexistence dans le gradostat (ou de ses modéles déri-
vés) n’est cependant jamais aisée et des arguments de degrés topologiques sont souvent
utilisés dans la littérature pour, soit montrer leur existence, soit caractériser leur nombre.
On pourra consulter [Smith et Waltman, 1995| dans le cas du gradostat simple ou encore
[Castella et Madec, 2014| dans le cas d’un modéle avec diffusion.

Nous donnons cependant dans le chapitre 3 une méthode purement graphique permet-
tant de connaitre le comportement des solutions de (1.12) a partir des seules données des
chemostats &/ et de la matrice de transfert K. Cette méthode peut étre essentiellement
ramenée & I'étude du signe de deux quantités que I’'on appelera encore les taux d’invasion
des espéces u et v et que I'on notera I'y, et T',,.

Définissons la matrice suivante :

v (B U=V =gt = Al
w )\2 fq%(z% _ U2 _ V2) _52 _ )\2
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de sorte que :
HU,V)=0< M,(U,V).U =0et M,(U, V).V =0.

On se placera toujours dans le cas ou le systéme (1.13) posséde au moins trois solutions.
La premiére, Ey = (0,0) que 'on appellera la solution triviale, la seconde E, = (U,0) et
la troisieme E, = (0, V') que 'on appellera les solutions semi-triviales. On montrera que la
stabilité des solutions semi-triviales caractérise le comportement des solutions de (1.11).

Proposition 1.3.5. Soit E, = (U,0) une solution semi-triviale. Sa stabilité est donnée
par le signe de la plus grande valeur propre de la matrice M,(Xo — U,0) que l’on notera
I'y. Le méme énoncé est valable pour la solution semi-triviale E,,.

Remarque 1.3.6. Si I'y, > 0, E, est instable (donc V(t) s’éloigne toujours de 0). Si
I'y <0, alors Ey est stable (donc V (t) est attiré par 0). C’est pour cela que l’on se permet
d’appeler Ty, le tauxr d’invasion de [’espéce v.

On obtient un théoréme ressemblant sensiblement au théoréme obtenu pour le SPDMP
construit dans la partie précédente mais avec une différence dans le cas ou les taux d’inva-
sion n’ont pas le méme signe.

Théoréme 1.3.7. Le signe des taur d’invasion caractérisent les solutions de l’équation
(1.11) -
— Sil'y >0 ety >0, alors les solutions semi-triviales sont instables mais il existe
une unique solution de coexistence et elle attire presque toutes les solutions de (1.11).
— Sily <0 ety <0, alors les solutions semi-triviales sont stables et il n’existe par
de solutions de coexistence. Les solutions de (1.11) sont presque toutes attirées par
l'une ou lautre des solutions semi-triviales selon la position de la condition initiale.
On est dans un cas de bi-stabilité
— Si Ty >0e 'y <0, alors E, est stable et E, est instable. S’il n’existe pas de
solutions de coexistence, alors E,, attire presque toutes les solutions de (1.11). Sinon,
il existe deux solutions de coexistence, l'une est stable et l'autre est instable. Les
solutions de (1.11) sont presque toutes attirées par E, ou la solution de coexistence
stable selon la position de la condition initiale (encore un cas de bi-stabilité)
— STy <0etly > 0, alors E, est instable et E, est stable. S’il n’existe pas de
solutions de coezistence, alors E, attire presque toutes les solutions de (1.11). Sinon,
il existe deux solutions de coexistence, l'une est stable et l'autre est instable. Les
solutions de (1.11) sont presque toutes attirées par E, ou la solution de coexistence
stable selon la position de la condition initiale (encore un cas de bi-stabilité).

On constate que dans le cas ol les signes des taux d’invasion sont opposés, deux solu-
tions de coexistence peuvent exister ce qui constitue une différence majeure avec le pro-
cessus aléatoire. On verra qu’il est numériquement possible de faire apparaitre ce cas de
figure (voir figure 1.6). Nous donnons dans la figure 1.5 un exemple numérique montrant
que tout les autres cas de figures donnés dans le théoréme précédant peuvent survenir.

Nous proposons dans le chapitre 3 une investigation numérique afin de comparer le
comportement des taux d’invasion probabilistes A, et A, avec le comportement des taux
d’invasion déterministes I'y, et T',,.
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F1GURE 1.5 — Exemple numérique donnant le signe des taux d’invasion dans le cas pro-
babiliste (& gauche) et le cas déterministe (& droite) dans le plan des paramétres de saut
pour le modeéle probabiliste et le plan des paramétres de diffusion pour le cas détermi-
niste. Les courbes continues bleues (resp. pointillées rouges) sur les graphiques extrémes
correspondent aux lignes de niveau zéro des taux d’invasion de 'espéce u (resp. v). Dans
chaque zone le signe des taux d’invasion est constant et est donné par un couple de signes.
Le premier signe donne le signe du taux d’invasion de l'espéce u, le deuxiéme signe donne
le signe du taux d’invasion de ’espéce v. Dans les graphiques centraux sont esquissés les
fonctions de consommation de l'espéce u (resp. v) en couleur bleue (resp. rouge) dans les

cuves 1 et £2.
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FIGURE 1.6 — Apparition d’une petite zone de bi-stabilité dans une zone ou les taux d’in-

vasion sont de signes opposés.
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Et nous finirons ce manuscrit en donnant une condition suffisante sur les chemostats
el et €2 pour qu’il puisse exister un état de bi-stabilité pour le systéme communiquant
associé.
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Chapitre 2

A note on simple randomly switched
linear system

This chapter is taken from an article written in 2016 entitled /A note on simple ran-
domly switched linear system.

2.1 Introduction

Let (I;) be a continuous time Markov chain defined on the space of states {0,1}. We
call \; the jump rate of the process (I;) from state i to state 1 — 7. The invariant measure
of (I;) is given by :

A1 Ao

do +
Ao+ A1 0 Ao+ M
Set Fp, Fi : R* — R two smooth functions with d > 1.

We define (X¢)i>0 as the solution of the following differential equation :

{ Xy = F,(Xy)

1.

2.1
X, € RY 21)

The process (X¢, 1) belongs to the set of Piecewise Deterministic Markov Process (PDMP)
which is a wide class of random processes introduced by Davis [Davis, 1984|. Processes
defined by (2.1) play a role in the modelization of problems in various fields such as,
molecular biology [Radulescu et al., 2007] or population dynamics [Benaim et Lobry, 2016]
for example. Those processes are easy to define but the study of their behavior is never
clear. More particularly, their stability is not clear even if the associated vector fields of Fy
and F) are stable. In [Benaim et al., 2012], the authors prove that if the vector fields F;
satisfies :

3a(i) >0, Va,y eR? (Fi(z) — F(y),z —y) < —ali)|z —y|?, (2.2)

then there exists a unique invariant measure p for the process (X¢, It)+>0 and moreover the
law of (X, I;) converges at an exponential rate to p for a given metric on the set of laws.
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The goal of this note is to study simple systems which does not satisfy hypothesis (2.2).
More precisely, we are here interested in the long time qualitative behaviour of the random
switched process (Xy, I;)>0 € R? x {0, 1} solving the equation

{ Xt = AI,, (Xt - blt) (2.3)

Xo = o,

where Ay, A; are dxd real Hurwitz matrices (the real part of their eigenvalues are negative),
bo, b1 € R% and (I}) is a Markov process on E = {0, 1} with constant jump rates Ag, A1. The
process ((X¢, It))e>0 is a piecewise deterministic Markov process as defined in [Davis, 1984].

Without assumption (2.2), the process (X;, I;) can enventually explode if the parame-
ters are well chosen. For example, in the two dimensional case where the constants by, by
are equal to zero and the switch rates Ao, A\; are equal, the articles [Lawley et al., 2014]
or [Benaim et al., 2012] show that the behavior of the process (X, I;) may be surprising :
according to the value of the switching rate A, the process can either blow up or go to zero.

When (I;) is a function I : Ry — {0,1}, (X¢) is deterministic and can be computated
by solving (2.3). In this case, (I;) is called a deterministic control. In Section 6, after
showing a similar convergence as (2.20) for small jump rates, we will show that there is a
connection between the existence of an explosive trajectory (with a deterministic control
(I;)) and the properties of the invariant measure, if it exists, in the random case ((I;) is a
Markov chain).

Let us call Ty = 0, T4, ..., T,, the jump times of the process (X;) and 79, 71, ..., Tp,
the interjump times following an exponential law of parameters Ag and A; alternatively.
Let us define Y;, = X7, . By simply solving Equation (2.3) between each jumping time we
obtain :

Y, = eT”JrlAleT"AOYn_l —e™thy + by.

This kind of stochastic equation have been the object of numerous research. Applying
Kesten’s renewal theorem to the discrete process (Y;,) will give some informations about
the tail of the invariant measure of (X;) (see [Kesten, 1973| for the main article, see
[Alsmeyer et Mentemeier, 2012|, [De Saporta et al., 2004] for different formulations of the
same theorem). We will prove in Section 6 the following result.

Theorem 2.1.1. If there is no deterministic control that makes the deterministic process
associated to (Y;) explodes, then there exists an invariant measure p for the process (X, It)
solution of (2.3) and the support of u is necessarily bounded.

In the other hand, we assume that the process (Xy, Iy) has an invariant measure and
that there exists a deterministic control such that :

3k € 2N+1 such that Yo € Sq_1, 3o, t1, ..., tg > 0 such that ||+ . el An oMoz || > ||z

(2.4)
We call B = €™k .. .eMAne™4 and By, By, ..., By n random variables i.i.d following
the law of B. We also assume that :
B,...B
I;lg())( P <M € U) >0 for all x € Sq_1 and any open ) # U C Sq_1. (2.5)
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P(Bp, -+ Bo € *) 2 701, (o)A for some I'y € GL4(R), ng € N and ¢,79 > 0. (2.6)

where X\ is the Lebesque measure on R™. Under these assumptions, there exists a unique
invariant measure p for the process (Yy) and it has a heavy tails :

dp1 > 0 such that VO < p <p1 E,[|Y]]P] < 400 and ¥p > p1  E,[|Y|P] = +oc.

Before jumping into this theorem, we will first go back on the case with by and by
equal to zero in (2.3). In the two dimensional case, the asymptotic behaviour of such
processes when (I;) is any deterministic function is now understood. Given two matrices
in Ms(R), [Balde et al., 2009] gives a necessary and sufficient condition for the existence
of a deterministic function (I;) that produces a blow up.

In [Lawley et al., 2014], the authors build a randomly switched system living in the
space R?" which behaviour comes down to alternating blow up periods and stable periods
a finite number of times as the jump rate grows. A question raised from this works is
the existence of a planar randomly switched system which behaviour is also alternating
between blow up periods and stable periods.

For a > 0 and b > 1, set the two real matrices :

Thanks to these two matrices, we define the continuous process ((Xy, I;))i>0 € R? x
{0,1} solution of :

{x:M& @)

Xo = o,

where (I;) is a Markov process on E = {0, 1} with constant jump rates Ao, A;. Set \g = Su
and A\ = B(1 —u) with 8 > 0 and u € (0,1). The path of X; follows a spiral clockwisely
during a random time with exponential law of parameter \; before switching on an other
spiral as described in Figure 1.1.

This process has a richer behavior in the deterministic case than the processes studied
in [Lawley et al., 2014] and [Benaim et al., 2012]. If (I;) is a periodic deterministic control
function, we will see in Section 4 that the behavior of (X, I;) is alternating between blow
up periods and stable areas as the period of (I;) increases. Intuitively, one can expect to
have a similar behavior if (I;) is a Markov chain.

We define :
. 1
xi=x(a,b,6,u) = lim log (X)) as (2.8)

which sign gives the long time qualitative behaviour of the process. Indeed if x is positive
then the system explodes almost surely whereas if x is negative the system is stable and
goes to zero almost surely.

The main result of this note is the following which is similar to the main result in
[Lawley et al., 2014| except that here the jump rates can be different :
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FIGURE 2.1 — The function 5 +—— x(0.15,3, 3,0.5) where x is given by (2.8)

Theorem 2.1.2. For any u € (0,1),

(i) Va,b>0, x(a,b,p,u) — —a when B — 0 or  — +oc.
(ii) For every B,u > 0 there exist a > 0 and b > 0 so that x(a,b, 5,u) > 0.

In Section 2, we establish an explicit expression of the function x. In Section 3 we use
it to prove Theorem 1.1.

The explicit expression of y obtained in Proposition 2.2 allows us to compute numeri-
cally the function y (See Figure 2.1). It is also interesting to show the sign of the function
x according to # and u as we can see in Figure 2.2. In this figure, we can see that for (5, u)
in a compact, our system explodes when ¢ goes to +00. We can see the same behaviour in
the process studied in [Lawley et al., 2014]. But this is different from what we can observe
in [Benalm et Lobry, 2016] and [Benaim et al., 2014] where the explosion happens for
large enough.

This graphics combined to Theorem 1.1 shows us that this process does not meet our
expectations. There is a unique area of blow up whereas the deterministic periodic process
has several blow up periods (see Section 4). It seems that, in the case of the random pro-
cess, the variance of the waiting time in each state is too high to select precisely the good
jump times that would allow it to have several blow up periods.

We will see in Section 5 a simple way to lower the variance of the waiting time without
complicate too much the process, but first, in Section 4 we will give an interesting result
about the deterministic process associated to our system.
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2.2. STUDY OF THE ANGULAR PROCESS
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0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

FIGURE 2.2 — Sign of the function G : (5,u) — x(0.1,2.5, 8,u). The curve is the set of
points (8, u) such that x(0.1,2.5,8,u) = 0. The sign of G is positive inside and negative
outside.

2.2 Study of the angular process

In order to study our process ((X¢,It))r>0 we use the polar coordinates for X;. As a
start, and as in [Lawley et al., 2014], let us look at the case of the deterministic process.
Let A be a 2-sized squared matrix and € R?\{0}. We set (x;):>0 the solution of the

ODE :
{ oy = Axy for all ¢t > 0,

Trog = 2.

If x is nonzero, then it is also true for any x; with ¢ positive. So we can define the polar
coordinates (r¢,0;) of x;. We call ey the unitary vector (cosf,sinf) and u; = eg,. Then
xy = ryug. As r? = (x4, 1,), we obtain the relations :

rere = (Te, Axy)

A(rtut) = i)t = hut + T‘tﬂt.

And then we have :
7'"15 = rt<ut, Aut) (29)

’l'j,t = Aut — (ut,Aut>ut. (210)

Let us write the equation (2) with the angle 6;. As u; = ét€9t+7r/2, by making the scalar
product of (2) with eg, | /2, we obtain :

ét = <A€9t’69t+ﬂ'/2>’ (211)
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2.2. STUDY OF THE ANGULAR PROCESS

We use now the polar coordinates in order to study the process ((X¢, I3))i>0. Between
the jumps, the process follows the flow determined by A € {Ap, A1}. From Equation
(3), the development of # is deterministic and does not depend on r. As a consequence,
the processes ((©y,It))i>0 and ((Uy, It))i>0 are piecewise deterministic Markov processes
on R x {0,1} and S; x {0,1} respectively. The principal interest of the study of these
processes lies in the fact that the development of (R;);>¢ is determined by that of the
process ((O¢, It))+>0 as shown by Equation (1). Indeed, by solving (1) between the jumps
and by calling A(6,7) = (A;eq, ep), we obtain :

R; = Rpexp </OtA(@S,IS)ds> . (2.12)
So, as suggested by Equation (4), in order to study the behaviour of (R¢):>0 we are
going to study the process ((©¢,I;)):>0 and particularly its invariant measure.
Lemma 2.2.1. The invariant measure p of the process ((O¢, It))t>0 is given by,
p(do, i) = pi(0)do
where

_ 2 g, = G pedo,
pO_dO P1 = dl )

do() = —bsin*() — %COS2(9) and di(0) = —% sin?(#) — beos?(6);

®(0) = (K + / 6 BC(1 — u) ! e—ﬁv(ooda) B(0).
0 dl(a) ’

v 1s the primitive null in zero of the function — (—

do dq

K and C are two explicit constants.
Proof. We define, for i € {0,1},
d;(0) = (Ajeq, €9+7r/2>.
Let (P;) be the semigroup of the process ((©¢, It))t>0. Recall that :

Py = E[f(©4,1;)|6¢ = 0, Iy = i].

Its infinitesimal generator L is defined by Lf = %ir% & ”;_f for any smooth function f. L is
_>
given by :
. 0 . : .
LF0,1) = di(0) 20 (0,0) 4 X (70,1 — 1) — 7(0,)). (2.13)

In our study case, the functions d; are given by :
.2 L 9 L. o 2
do(0) = —bsin“(0) — 5 €08 (0) and di(0) = —5 sin (0) — beos“(0).
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2.2. STUDY OF THE ANGULAR PROCESS

We notice that the functions d; are negative and non constant. This implies that the process
((Ut, It))+>0 is recurrent, irreducible and it has a unique invariant measure. We want to
write it as follows :

wu(do, i) = p;(0)de. (2.14)

where pg and p; are two 27-periodical continuous functions.
In this case, for every good function f defined on S; x {0, 1}, we have :

/ LE(, 3)du(6,7) = 0.
SlX{O,l}

Let f be aC! function defined on Sy x {0, 1}. Injected in the previous formula, the expression
(6) allows us to obtain :

2

/27r LF(8,0)p0(6)d6 + / Laf(8,1)p1(8)d6 = 0. (2.15)
0 0

Assume initially that Vi, f(0,i) = f(6). So, by injecting in (6), and after integrating by
parts, we obtain :
dopo + dipr =C (2.16)

where C' is a negative constant depending only of the parameters of the problem a, b, u
and (5.
Assume now that f(6,0) = f(#) and f(6,1) = 0. The same way, we obtain the relation :

(dopo) = (1 —u)Bp1 — uBpo.

Set ® = dypo. By using the relation (7), we can write the last equation as a linear differential
equation :

1 —u)Jr BC(1 —u)‘
dy dy
This differential equation is easily solved, we obtain :

o = —ﬁ@(d% + (2.17)

0
o(0) = (K + / BO(1 — ) e—ﬁv(a)da> Pu(0)
0

1
di(a)
where K is an integration constant and v is the primitive null in zero of the function
—(z + 1;—1“) We can express v explicitly on the interval (=3, 7) :

1
v(0) = warctan(btan(d)) + (1 — u) arctan(g tan(0)).

We extend v to RT by continuity.
The constants C' and K are left to calculate in such a way that p is a probability measure.

So :
27

2m
(i) po and p; are non negative, (ii) / po(0)de +/ p1(0)do = 1.
0 0

The condition (i) gives us the following condition on ® : C' < ® < 0. By developping this
inequality, we obtain :

o 1 K 0 1
vh € RT. ¢ PV _ / 1—)— B = _/ 1 — ) —— e B gp,.
0 e , € OB( w) N )e da>C> 05( u) N )e do
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2.3. STABILITY OF THE SWITCHED PROCESS

As 8 — 400, we obtain :

K > 1
31— —Bv(a) 14
- B( u)/o dl(a)e da

In the sequel, we will call xk = % In order to find K, we use the condition (ii) and we get
easily :

% - /027r {eﬂv(e) (1 + bl ~u) /06 dlza)e_ﬁv(a)da) (dob) - d119)) " ﬁdlt@] v

We finally get expressions of pg and p;. Reciprocally, we check that the functions we
obtained are solutions of our problem (one has to check the 27-periodicity of these func-
tions). O

We want now to describe the stability of our switched process according to the jump
parameters u and 3, and to the parameters of our matrices a and b. It appears thanks to
Formula (4) that the following quantity :

x(B) = lim 1log <Rt> = lim 1( t.A(@s,Is)ds)
Ry 0

is worth studying because not only its sign gives the behaviour in large time of our process
but also, thanks to the Ergodic Theorem and the previous Lemma, we will obtain an
explicit expression of .

Proposition 2.2.2. The function x can be calculated explicitly according to the data of
the problem :

=—-a—(1- K (b;%) ” in 1 1 Bu(6) % em )
x=—-a—(1—-u)BrK 5 /0 sin(26) <d0(9) + d1(9)>€ /0 () da | ab.

Proof. Since we have :
1 Ry, 1/( [
~log(—=) =~ I ,
Josh =1 ([ ae.1)as)

the Ergodic Theorem tells us that (we identify 6 with ey) :

% ( /0 tA(@S,Is)ds> — " A(0,7)dp(8, 1) = X

—>000

Lemma 2.1 gives us the explicit formulation of the invariant measure of the process ((©¢, It))¢>0
which allows us to obtain the claimed expression for x. O

2.3 Stability of the switched process

In the previous section, we obtained the explicit expression of y. We are now going to
give some results on the asymptotic values of x.
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2.3. STABILITY OF THE SWITCHED PROCESS

Theorem 2.3.1. For any u € (0,1),

(i) Ya,b>0 x(a,b,B,u) — —a when  — 0 or f — 4o00.
(ii) For every B,u > 0 we can choose a >0 and b > 0 so that x(a,b, 5,u) > 0.

Proof. (i) One can find an other way to prove this result in [Lawley et al., 2014] in a more
general way.
In order to study the limit of x in 0, we study the limit of —% =6(1—u) OOO %da

0. We notice that :

+00 o—Bu(a) I pliD)m —po(a)
——da = da
/o dy(c) ;/z di(a)

n

> . - e—ﬁ’U(O&)
= Z 65”/ da because v(a+ 1) =v(a) + 7
i—0 o di(a)

1 T o—PBu(a)
= / da.
1—e b7 [, di(a)
Multiplicating by S(1 —wu) and observing the presence of a rate of increase we get :

S P
1-— ——doa —> da = 1.
d “)/o i) T R /odl(a) o

We finally can say that :

(9] e—ﬂv(a)
V0, (ﬁ(l — U)/e () da) 5:>Ol.

/027r sin(20) (dob) + dlb)) dd =0

and the product kK is bounded as f — 0, we deduce that x () — 0 when  goes to 0.
The limit of x at 400 is obtained using the Laplace method :

Moreover, as :

o0 ,—pu(a) (1 —u)e @
v, B(1 - ) /9 d1(@) do d1(0)0'(0)

From this relation, we obtain that x and K converge when 5 goes to +oo and, by dominated
convergence,

27 . 1 1 () S e*ﬂv(a)
/0 sin(26) <d0(9) + d1(9)> e B(1 —u) (/0 7(11(04) da) do ,B—>—+>oo 0.

So we finally conclude that x goes to —a when 3 goes to +oc0.

(ii) We will now show that for any parameter 3, we can choose b large enough and a small
enough so that the process goes to +0o0 almost surely (ie x(8) > 0). We can write the
function x as follows :

\(B) = —a+ K /0 " (6)g(6)d6

39



2.3. STABILITY OF THE SWITCHED PROCESS

because the function under the integral is m-periodic and where :

1. . 1 1
f(0)=(b- 5)5111(29) (do(G) + d1(0)> ,

+o00 e*ﬁv(a)d
_ _Buo) e di (o)
9(0) = ()W
0 di(a)

Finally we write x as follows :

-t K /0 * 1(0) (9(6) — g(x — 0)) B

A straightforward computation leads to :

4b2 %
/ 1 —1)? (‘7+1)

We then conclude that :

where v = 1+(b Ty

/2 f(0)dd — —oo when b goes to + oo.
0

In order to determine the limit of g when b goes to +0o we rewrite g as follows using the
same method as before :

e—Bv(a)
g(0) = eBvO) | 1 — (1- _Bﬂ) fo dl(a da
Jo d1 () doy
) ! ~prlag
- e a
= 661}(9) 1— (1 _ e—BW) (:r COSZ(Q)-Fb% sin?(a)
- =B da

0 cos2((;v)—i-bi2 sin? (o)
Using the fact that :

v(0) — Titoe (0, 3)

b—+oo 4
3 ™
U(e) b_:)wzlfee( 2),

it is now easy to see that :

g(0) — Piif 0 e (0, f)

b——+o00

glr —0) — e P ife e (0, —)

b—+00
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2.4. A QUICK LOOK AT THE ASSOCIATED DETERMINISTIC PROCESS

Since K < 0, we can conclude that for b large enough,

K / * 1(0) (9(6) — g(m — ) d > 0.
0

So for an appropriate choice of a, we see that x(f) > 0 inducing that the process explodes
almost surely for this § and a with b large enough. O

2.4 A quick look at the associated deterministic process

The deterministic switched system can be introduced as follows :

{xo € R2\(0,0) 2.18)

Ty = Ay,

where (v;) € F(R4,{0,1}) is the control function. The behaviour of these systems is well
known, see |Balde et al., 2009] for more details. Consequently, for our choice of matrices,
we know that there exist a worst trajectory, that is to say, a choice of the control function
v that makes the system explode, and this control is periodic.

Let us define (v¢) a m-periodical process satisfying :

1
vVt € [0,7), vy =10

up
1 1
’ =1
v [uﬁ’ u(l— U)ﬁ)’ o
We denote x?(8) = tgnoo% log <|‘|I§S||||>'

By simply solving the equation for the process (x;) and calculating the matrices exponential
we obtain :

Ty = e_atBEN(t)H (at)BfN(t) (TN(t)) T Bfl (Tl)
where

Bo(t) = et — < cos(t) bsin(t)> and  By(t) = et — < cos(t) isin(t)>’

—+sin(t)  cos(t) —bsin(t)  cos(t)

N(t) is the number of jumps of the deterministic process before t and 71, 72, ...,7n () the

time spent in the states &1, &2, ..., (), Engy+1 DY v(1).
We have the surprising following result :

Proposition 2.4.1. x%(B) almost surely does not depend on the initial value xq.

Proof. Although this result is true for any u € (0, 1), for sake of simplicity, we will prove it

only for the case u = % where the computation is not heavy. In order to prove this result,

we first notice that :

L BB Kol
g ("R ) e )
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2.5. A WAY TO OBTAIN SEVERAL BLOW UP AREAS

where 7 = % Let us calculate the matrix :

cos?(7) — b2 sin(r sin(27
Bo(m)Ba(7) :( (—()anla)(%) " 0082(70)—5322 Si)ﬂQ(T))

where C' = %(b + %) > 1. We calculate the characteristic polynomial of this matrix and we
obtain :

X% 4+ X(4C?%sin®*(1) —2) + 1 =0.

By a simple analysis of this polynomial, we can show that there exists two real eigenvalues
if 2C%sin?(7) — 1 > 0 and two joint complex eigenvalues if 202 sin?(7) — 1 < 0, concluding
that our matrix is diagonalisable in C. So there exists P € GL2(C) such that :

(B1(7)Bo(r))" = P! (AO? A%) P

Let us now write :

o (SBE) (3 3) )

1 ) (1)

If the factor 4C?sin?(7) — 2 # 0 then one of the eigenvalues is superior to the other in
absolute value, for example |A;| > |A2|. In this case, if  # 0 ie X ¢ E), the characteristic
space of the eigenvalue Ag :

1 [[Bo(m)B1(n)]" Xol[ | _ 1
5 log< 0 ||)§0|| 0 > = Elog|>\1| +o(1).

If z=0i.e. XQ€E>\2:

1 [[Bo(1)Bi(T)]" Xol[\ _ 1
5 log( 0 ||)é0|| 0 > = §10g|>\2| +o(1).

If the factor 4C2sin?(7) — 2 = 0 then for every X :

1 (Bo(n) By (1)) Xl
2nrlog< 1%l )

1
— L log ] + o(1).
2T

Figure 2.3 illustrates Proposition 4.1.

2.5 A way to obtain several blow up areas

One of the expectations of this article was to get a planar linear switched system whose
X function admits several blow up areas. A quick look at the deterministic case (2.3) allowed
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us to believe that it could be possible with our system. Unfortunately the simulation we
can see in Figure 2.1 seems to show that we did not manage to succeed. We slightly modify
the jump times in order to mimic the deterministic evolution (2.18).

Let u = % (for sake of simplicity) and let n be a stricly positive integer. We now define
the piecewise deterministic Markov process ((X{', I}"))i>0 as follows : (I;)¢>0 is a continuous

time Markov process defined on the state space {0,1,2,...,2n — 1} with a constant jump

rate ”76 and a jump mesure :

Q(i, ) = 5i+1 if 4<2n—1,
Q(2n —1,.) = do.

And we define (X}*):>0 as the solution of :
t
X; = XP +/ Ay, Xds.
0

This process looks like (2.3). The difference lies in the fact that, instead of waiting for an

exponential time of parameter g before jumping from a matrix to the other, the process

waits for a time following a Gamma law of mean % and variance niﬁz'
The next result compares the stochastic process to the periodic one.

Lemma 2.5.1. For every T > 0, the process (X{")o<i<T uniformly converges to the deter-
ministic process (Xt)o<t<r solution of (2.18).

Proof. Let us call N™(t) the number of jumps before ¢ of the process (I}*), 7", 73, ...,TJT\L[(t)

are the interjump times, they follow a gamma law of mean % and variance %52 We denote
ap =t — 0D We finally call €7, &7, €41 € 0,1} the states.

By simply solving the equation for the process (X;') and calculating the matrices expo-
nential we obtain :

X' = e By, ), (a8) By ) (Thonn) - Bey (71)

where

Bo(t):< cos(t) bsin(t)> and Bl(t):( cos(t) })sin(t))'

—+sin(t)  cos(t) —bsin(t) cos(t)
Let us call N(t) the number of jumps of the deterministic process. We have :

1 1

X = eiathN(t)-‘rl (at)BﬁN(t) (E) e 'B& (B)

We form the difference :

) H1Xoll

| =

HXI;” - Xt” < ]lN"(t):N(t) HB&ﬁ(tHl (CL?) R B{f” (7-{1) - B§N<t)+1 (at) - BE1(

—~

)HIXoll-

1
Fhnn N1 By, (08) - Bep (11') = Bey gy (at) -~ By 3
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2.5. A WAY TO OBTAIN SEVERAL BLOW UP AREAS

We can prove by induction on N (t) that :

1 . -
HBQ\L]@)H (af') -+ Bep(T1') — By (ar) - Bgl(B)H — 0 in probability.

The case N(t) = 1 shows us what happens :

Bt = 70)Be, () = Bes (¢ = 5)Bey ()1 < 1B, (¢ = )l Bey () — Be, ()]
+1Bey(5) = Beo(r) 156 ()]
< Ci|ln — ;

By using the inequality of Bienaymé-Tchebychev, we gain the claimed convergence. Mo-
reover we can say that this convergence also holds in L' as the random variable is bounded
because our process does not explode in a finite time.

We prove now that P[N"(t) = N(t)] — 1 when n goes to +oo. First, let us write that
N(t):pandt:%+nwher60§n< % We have :

PIN"(t) =p] =P[r + 7o+ oo +7p < E <71+ oo+ Tp + Tpt]

D p+1
:Plogt—zn andt<ZTi]
=1 =1
D p+1 P
:P[Zn—g <77]IP t<Y 7| OSt—ZTi].
=1 =1 =1

The first probability goes to 1 when n goes to +o0o thanks to the Bienaymé-Tchebychev
inequality and the other probability is nonzero. This means that we have the claimed
convergence : P[N"(t) = N(t)] — 1 when n goes to +oo.

Back in the inequality, we take the expectation and using the previous results we prove
that E[|| X}* — X¢||] goes to 0 uniformly on [0,T].

O
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FIGURE 2.4 — For a = 0.15, b = 3 and n = 50, a second blow up area appears in x.
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2.6. BEHAVIOUR OF THE SWITCHED SYSTEM WITH TWO CENTERS OF
ATTRACTION

2.6 Behaviour of the switched system with two centers of
attraction

In this section we will have a discussion on the process (X, I;) defined by the system

(2.3) :
{Xt = Ar,(X¢ - br,) (2.19)

Xo = o,

where Ap, A1 are d x d real Hurwitz matrices (the real part of their eigenvalues are
negative), by # b € R? and (I;) is a Markov process on E = {0,1} with constant jump
rates Ao, A1. Recall that \g = fu and A\; = f(1 — u) with > 0 and u € (0, 1).

Fori=0,1and 2z € RY let t > 0~ ¢i(z) the solution of &; = A;(z; — b;) with zg = .
Remark 2.6.1. There exists C > 1 and n > 0 such that, for allt > 0,

[ gi(x) — bi|| < Ce ™| — by]].

Recall that in [Benalm et al., 2012|, the authors show that under assumption (2.2),
the process (X¢, I) solution of (2.1) has a unique invariant measure g and moreover, the
following convergence holds for a certain distance made of a mixture of the Wasserstein
distance and the total variation distance, W), :

Wy (e, ) = inf ((B(X = X'P)» +P(I£T), (X, 1)~ p (X I)~ ) —5 0

t——+o00

(2.20)
for some p > 1 and where p; is the law of (Xy, I}).

Recall that the Wasserstein distance W), between two laws v and v on R? is defined
by :

1
Wy(v,V/) = int < / |l — 2'||PII(dz, dac')) ’

where the infimum runs over all the probability measures IT with marginals v and v/ (such
measures are called couplings of v and /).

The total variation distance TV between two laws v and 1/ on R? is defined by :
TV(v,V)=min (P(X #Y), X ~v Y ~ /).

We first give a result similar to the one obtained in [Benaim et al., 2012| concerning the
convergence in distance W, (2.20) for the process (X, I;) solution of (2.3) for small values
of the parameter 5.

Proposition 2.6.2. Set v, v, the laws of the processes (X, It) and (X}, I]) with initial
law vy and v). For some (3 small enough and p > 1 we have the following convergence :

Wy (v, ) tjm 0.
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ATTRACTION

Proof. We will proceed by coupling two paths (Xy, I;) and (X7, I]) starting from (z,4) and
(«',1) choosing the same jump times i.e. the same process (I;),~,. Then, the difference
Dy = X; — X is solution of : a

Dy = Ay, Dy. (2.21)

Note that the jump rates Ag and A; do not depend on the position X;. Hence, if the
initial discrete components are different, one has to wait for a random time 7" following an
exponential law of parameter \g + A1 and then, they can be chosen equal for all ¢t > T

We assume that the initial discrete components are equal. Denote by N; the number
of jumps for (I}),~, before time t. One can verify that I; = (—1)™ 1. As a consequence,
since D is solution of (2.21), it comes :

Dt = exp ((t — TNt)ATNt) exXp ((TNt — TNt—l)AINt71> < XD ((TQ — TI)AIT1> exXp (TlA[O)D().
Using Remark 2.6.1, one has
1D < G+ Dy

If the jump rates of I are equal, (Ag = A\; = A), then (Nt)t20 is a simple Poisson process

and
DI < Coxp (- (0= M=) Yool

This ensures that when A and p are sufficiently small one can establish convergence in W,
distance (see [Bardet et al., 2010],[Benaim et al., 2012|).

If the jump rates are not equal, (/Ny),~ is not a Poisson process. For a fixed ¢ € R, let
us define G;(t) = E;(c™t). Then, if T is the first jump time,

Gr(t) = E1 (M lgr<y) +Ei (M lrsy)

t
= / cGo(t — s)Ae M3ds + e M1,
0
As a consequence, thanks to an integration by parts,
t
G (t) = cGo(0)Ae ™ + ¢ / Gyt — s)Ae M8ds — Aje M
0

t t
= chje M 4 c[—Go(t - s))\le_’\lt} 0 c/ Golt — s)X2e M3ds — Aje~ M
0
= —)\1G1(t) + AchQ(t).

Notice that, if A\; = Ag, one recovers that Gy(t) = G1(t) = exp(At(c — 1)). In the general
case, Gg and (G are solutions of

y" + ()\0 + Al)y/ + )\0)\1(1 — 02)y =0

with respective initial conditions G;(0) = 1, G;(0) = Ai(c — 1).
After solving this simple equation, it also comes that for A and p small enough, we can
establish convergence in Wasserstein distance. O
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Corollary 2.6.3. For 3 small enough, the process (X, I;) admits a unique invariant mea-
sure v.

Remark 2.6.4. By generalising the polar decomposition of section 2 for the dimension d,
one can write Dy = RyU; with Ry > 0 and Uy € S?1. The same kind of computation will
qgive :

t
Ry = Rpexp </ A(US,IS)ds>.
0

t 1/p
\ij(t) = ;Pp |:E(u,z) <6Xp (p/() A(USa Is)d5>>:| :
ueSt1=0,1

Thanks to Markov property, the function V), is under additive : W,(t + s) < W,(t)W,(s).
As a consequence, there ewists x, such that

Let us define :

.1
Xp = tliglo n log W,().

Moreover, Jensen’s inequality ensures that x, > x. As a consequence, it is possible that
Xi — 0 a.s. with x, > 0 for some p > 0.

Remark 2.6.5. It is not easy to determine the sign of the Lyapunov exponent xp.

We are now interested in the invariant measure, if it exists, of our process (X)i>0
solution of (2.3). Let us call Tp = 0, T4, ..., T, the jumping times of the process (X;) and
T0, T1, ---, Tn, the interjump times following an exponential law of parameters Ao and A;
alternatively. Let us define Y,, = Xp, . By simply solving the equation 2.3 between each
jumping times we obtain :

Y, = eTnttdigmAoy, | oTntipg 4oy

Applying Kesten’s renewal theorem ([Kesten, 1973|) to the discrete process (Y;,) will give
some informations about the tail of the invariant measure of (X;).

Theorem 2.6.6. If there is no deterministic control that makes the deterministic process
associated to (Yy) explodes, then there exists an invariant measure p for our process and
the support of u is necessarily bounded.

In the other hand, we assume that x < 0 and that there exists a deterministic control
such as :

3k € 2N+1 such that VY € Sq_1, Ito, t1, ..., t, > 0 such that |41k ...t Anetodog|| > ||z]|.

(2.22)
We call B = €™k ...eMAne™4 qnd By, By, ..., By n random variables i.i.d following
the law of B. We also assume that :

B,..B
max P (Oi € U) > 0 for all x € Sq_1 and any open ) # U C Sq_1. (2.23)
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P(Bp,..-Bo € .) = 70lB, (o)A for some Iy € GL4(R), no € N and ¢,y > 0. (2.24)

where X is the Lebesque measure on R"™. Under these assumptions, there exists a unique
invariant measure p for the process (Yi) and it has a heavy tails :

dp1 > 0 such that VO < p < py E,[[|Y]]P] < 400 and Vp > p1  E,[|Y|P] = +oo.

Proof. Let x € Sg_1. There exist tg, t1,... ,tx > 0 such as :
|tk . efrAn efodio z|| > (2.
Consequently, by continuity, there exist € > 0 and § > 0 such as :
Vs; € Jy = (ti— 0,t; +0), || ... estAiesodo| > 1 4 ¢

Let us write B = eT’“A’k...eTlAleToAO, where 19, 71,... ,7x are k 4+ 1 random exponential
variables. We have :

E [HBHP] > E []lTkeJk o lreq ]lTOGJOHBHp]
> P(Tk S Jk) .- -[P’(Tl S Jl)P(TO = Jo)(l + e)p_

As 1y, 7,... ,7;, are k + 1 exponential random variables,
P(r € Jg)---P(m € J1)P(70 € Jp) > 0.

Consequently :
E[IB|P] — oo,
p——+o00
meaning that there exists 1 > 0 such as E[||B||*'] = 1. Consequently, if the process (Y;)
does not explode, [Alsmeyer et Mentemeier, 2012] ensures that under the invariant measure
Bt .
P(IYN > r) ~ T

It implies that p has finite moments of order p < x7. ]

Remark 2.6.7. In dimension 2, hypothesis (2.22) can be verified using the criteria in
[Balde et al., 2009] which gives the existence of an explosive control for the switched system.
In higher dimension, no general result gives this information.

Remark 2.6.8. Hypotheses (2.23) and (2.24), directly extracted from a version of Kesten’s
renewal theorem in [Alsmeyer et Mentemeier, 2012/, tell us, basically, that the process (Y)
creates density according to the Lebesgue measure and its projection on the sphere Sg_1 is
a recurrent irreducible process. These hypotheses are not easy to check in the general case.

Corollary 2.6.9. If there exists a deterministic control that makes the system explode from
one of the stable point by or by, then, since Ay and Ay are Hurwitz, the invariant measure
has a heavy tails.
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Example 2.6.10. In dimension 3, it is possible to create an example satisfying Theorem
6.5 by picking the following matrices :

—a b 0 -1 0 0
Ay = —% —a 0 and Ai1=| 0 —-a b
0 0 -1 0 -1 —a

When we consider each system X; = A; X, separately, one can check that, when a < 1, the
projection of (X;) on the sphere tends to a different ecuador. Consequently, using results
in [Bakhtin et Hurth, 2012, it is possible to show that the process (Xi) solution of (2.3)
satisfies hypothesis (2.23) and (2.24).
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Chapitre 3

Comparison of two chemostat-like
models simulating environment
heterogeneity

This chapter is the extended version of an article written in 2018 in collaboration with
Sten Madec from the Tours University entitled Comparison of the global dynamics for two
chemostat-like models : random temporal variation versus spatial heterogeneity.

3.1 Introduction

The chemostat is a standard model for the evolution and the competition of several
species for a single resource in an open environment. Its studies as well as that of its many
variants has been widely explored for fifty years. One can read Smith and Waltman’s book
([Smith et Waltman, 1995]) which gives an overview of the complexity and variability of
this research domain. There are numerous applications for the chemostat. For example,
in population biology, the chemostat serves as a first approach for the study of natu-
ral systems. In industrial microbiology, the chemostat offers an economical production of
micro-organisms.

The chemostat is known to satisfy the principle of exclusive competition which states
that when several species compete for the same (single) resource, only one species survives,
the one which makes the “best” use of the resource ([Hsu, 1978, Hsu et al., 1977]). Though
some natural observations and laboratory experiences support the principle of exclusive
competition, the observed population diversity within some natural ecosystems seem to
exclude it. In order to take account of the biological complexity without excluding the
specificity of the chemostat, various models has been introduced (|Loreau et al., 2003| for
example).

The observed biodiversity could first be explained by the temporal fluctuations of
the environment. This idea has been explored in the ecology literature (see for example
[Chesson, 2000], [Chesson et Warner, 1981]). Applied to the gradostat, this idea gave the
following article [Smith et Waltman, 2000] where the authors study the general gradostat
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with a periodic resource input. However, temporal fluctuations of an environment are most
likely random. From this assumption comes the idea of studying an environment fluctuating
randomly between a finite number of environments. In [Benaim et Lobry, 2016], the au-
thors gives a complete study for a two-species Lotka-Volterra model of competition where
the species evolve in an environment changing randomly between two environments and
prove that coexistence is possible.

In order to take account of the biological complexity without excluding the specifi-
city of the chemostat, Lovitt and Wimpenny introduced the gradostat model (in their
article [Lovitt et Wimpenny, 1981]|) which consists in the concatenation of various che-
mostats where the adjacent vessels are connected in both directions. The resource out-
put occurs in the first and last chemostats of the chain and those in between exchange
their contents. The case where two species evolve in two interconnected chemostats is
understood in various cases, one can read [Smith et Waltman, 1991], [Gaki et al., 2009,
[Rapaport, 2017| for more references. Some other chemostat-like partial differential equa-
tions has been introduced to take account of the environment heterogeneity (one can see
[Castella et Madec, 2014|,|Castella et al., 2016] for example).

From now on, we will consider two species v and v competing for a resource R. In a
chemostat ¢, we will note § the common dilution rate for each species and the dilution rate
of the resource, Ry the constant input concentration of the resource in the vessel and for
each species w € {u,v}, f,, the growth rate for the species w. The function f,, depends
on the resource concentration R. Note that according to the models, f,, can have different
expressions. We will pick here the most common expression for f,, which is Michaelis-

Menten’s one : R
Aoy
w(R) = )
Fu(R) by + R

where a,, is the maximum growth rate for the species w and b,, is the Michaelis-Menten
constant of the species w.

Note U(t), V(t) and R(t) the concentrations of the species u, v and the resource R.
The evolution of these different concentrations in the simple chemostat ¢ is given by the
equations :

(3.1)

Let us note :

R — al;“’f(s if ay, >0

v 400 if a, < 6,
the concentration of resource satisfying fi,(Ry,) = 0 (if possible). This quantity R,, can be
interpreted as the minimal concentration rate needed by the species w to have its population
growing. The species which needs the less resource to survive in the environment is the

best competitor.

It is well known that the simple chemostat satisfies the principle of exclusive competi-
tion : only the best competitor survives. The following theorem ! illustrates this statement

1. There exists various modifications of the theorem 3.1.1. In particular, the competitive exclusion
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(see [Hsu, 1978, Hsu et al., 1977]).
Theorem 3.1.1 (Competitive Exclusion). Suppose that R, < R, and R, < Ry (u is the
best competitor). The solutions of (3.1) satisfy :

t—+00

Remark 3.1.2. Let us write :
X(t)=R(t)+U(t)+ V(t).

Considering that the dilution rate is the same for every species and the substrat, it is easy
to see that X2 satisfies the following differential equation :

It comes that %(t) t—+> Ry. Hence, assuming that the dilutions rates are the same for
—+400

every species and the resource is a strong hypothesis that allows us to do the variable
change R(t) = X(t) — U(t) — V().

In this paper, we consider two chemostats e' and €. The parameters of the chemostat &7
will be noted (Ré, &, a{t, a%, b{;, b{,) Note that in all the article, the subscripts of a parameter
or a variable will always make reference to the species and the exponent will always make
reference to the environment. If w € {u,v} is a species we will note w € {u,v} the other
species. With these two chemostats, we build two competition models.

The first model is a probabilistic one. In this model the chemostat where the two
species and the resouce evolve is alternating randomly between ¢! and 2. Assuming that
the species and resource live in €' at ¢ equal 0, we wait a random exponential time of
parameter \! before switching to the chemostat 2. Then, we wait an other independent
random exponential time of parameter A\? before switching back to !, and so on.

The goal here is to model time variations of the environment the species and resource
evolve in. Mathematically, we build here a random process which study is totally different
from the gradostat model. In [Benaim et Lobry, 2016], the authors study a similar process
for a Lotka-Volterra competition model and we claim that it is possible to adapt their
techniques to the slightly more difficult chemostat switching competition model.

The second model is a gradostat-like model where the two chemostats €' and &2
are connected and trade their content at a certain speed A\. Mathematically, this model
is a differential equation system which models space heterogeneity in a biosystem (see
[Lovitt et Wimpenny, 1981] for some mathematical results on the behavior of such sys-
tem).

The goal of this chapter will be to compare the long time behavior of these two different
systems. For each model we give a mathematical definition for what we will call the invasion
rate of the species, noted A,, for the species w in the probabilistic 2. Given the mathematical

principle holds true for general increasing consumption function f,, verifying f.,(0) = 0.
2. In the deterministic case the invasion rate of the species w will be noted I',,. However, we only refer
to A, in the introduction.
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difference between the two models, the definition of these invasion rates will be different
for each model. However, we will see that for each model, the signs of A, and A, essentially
determine the state of the system at the equilibrium.

We show that, if A,A, > 0, then for any positive initial condition only the two following
behavior can happen for the two models.

— If Ay, < 0 and A, < 0O there is extinction of either species u or species v This
configuration will be called the bi-stability.
— If A, > 0 and A, > 0 there is coexistence of both species at any times.

In contrast, when A,A, < 0, the possibilities are not exactly the same for the two models.
For instance, if A, > 0 and A, < 0. Then in the probabilistic model there is always
extinction of species v but for the deterministic model there is either

— Extinction of species v (for all initial condition in the positive quarter plane).
— Extinction of species v or coexistence (depending on the initial condition in the
positive quarter plane).

Consequently, comparing the two models will be essentially done by comparing the
evolution of the two different definitions of these invasion rates according to the parameter
A. An analytical and a numerical comparison of these invasion rates is done in section 3.4.
In particular, we show, for the two models, that even if the two environments are favorable
to the same species, then the two species may coexist or, worse, the other species is the
only survivor.

3.1.1 Random temporal variation : model and main results
3.1.1.1 The probabilistic model : a PDMP model

As stated before, we pick two environments ! and €2 and we model the environmen-
tal variation of a biosystem by randomly switching the chemostat the two species and
the resource evolve in. This idea and its mathematical resolution has been introduced
in [Benaim et Lobry, 2016]. In this previous article, the authors exhibit counterintuitive
phenomenon on the behavior of a two-species Lotka-Volterra model of competition where
the environment switches between two environments that are both favorable to the same
species. Indeed, they show that coexistence of the two species or extinction of the species
favored by the two environments can occur.

We consider the stochastic process (Ry, Uy, V;) defined by the system of differential
equations : .
Ry = 6"(RY — Ry) — Upfli(Re) — Viflt(Ry)
U = Us(fat (Ry) — 6™) (3:2)
Vi = Vi(fH(Ry) — 8")

where (I;) is a continuous time Markov chain on the space of states F = {1,2}. We note A\!

and A2 the jump rates. Starting from the state j, we wait an exponential time of parameter
. —_ 2 1

M before ‘jumping to the state j. The invariant measure of (I;) is ﬁAl + ﬁAQ

(where AJ is the Dirac measure in j).

Let us note the jump rates : A! = s\ and A2 = (1 — s)\ with s € (0,1) and A > 0.
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Parameter s (respectively 1 — s) can be seen as the proportion of time the jump process
(I;) spends in state 2 (respectively 1). The parameter A will be seen as the global switch
rate of ().

The process (Z;) = (R, U, Vi, It) is what we call a Piecewise Deterministic Markov
Process (PDMP) as introduced by Davis in [Davis, 1984].

Let us call :
min(RY, R3)

3
K ={(r,u,v) e Ry, 5

<r4+u+t+v< QmaX(R(%aR(%)}v
and
M=K x {1,2}.

According to remark 3.1.2, Z; will reach M for any initial condition Zy € RT‘I x {1,2}.
We can then assume that Zy € M and, as a consequence, M will be seen as the state space
of the process (Z;).

We will call the extinction set of species w the set :
Moy = {(r,u,v,i) € M, w =0},
and the extinction set :

Mo = | Mo
w

It is clear that the process (Z;) leaves invariant all the extinction set and the interior set
M\ M.

In order to describe the behavior of the process (Z;) when Zy € M \ My, the article
[Benaim et Lobry, 2016 suggests to study the invasion rates of species w defined as :

M= [ (1500 = 8 du(R. ) + [ (F2(R) ~ 6°) du(R.2),

where £ is an invariant probability measure of (Z;) on My .

Remark 3.1.3. The idea behind the definition of the invasion rate A, (same for A,) is
the following. From (3.2) comes :

Yt _ plpy) = ot = A(z)

Ut
/gids :/.A(Zs)ds
1 1
n log Uy = n A(Zy)ds.
Formally, the ergodic theorem allows to write :
1
i log Uy — /A(z)du(z),
where 1 s an invariant measure for the process (Z;). If p is an invariant measure of (Zy)

on My, we define Ay, = [ A(z)du(z). By Feller continuity (see [Benaim et al., 2014]) it
comes that A, can be seen as the exponential growth rate of Uy when Uy is close to zero.
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As stated in this previous remark, A, can be seen as the exponential growth rate of
the concentration of the species w when its concentration is close to zero. If A,, > 0, the
concentration of w tends to increase from low values and if A,, < 0, the concentration of
w tends to decrease from low values.

We are interested in the long time behavior of the concentration of the species u and v.
In [Benaim et Lobry, 2016|, the authors show that the signs of the invasion rates characte-
rizes the long time behavior of the randomly switched Lotka-Volterra model of competition.
It is expected to have the same result in the chemostat case. We expect the two following
behavior for the concentration of the species u and v :
— Species w € {u,v} goes to extinction if W; — 0 almost surely for any initial condi-
tion Zy € M\ M.
— We have coexistence of the two species when the two species do not go to extinction
for any initial condition Zy € M\ Mpy. In this case, any invariant measure of (Z;) is
supported by M\ M.

3.1.1.2 Long time behavior when only one species is introduced

Assume that species W is not in the system (W; = 0). Then, the process Z; = (Ry, Wy, I;)
satisfies :

(3.3)

{ Ry = 6"(R — Ry) — Upfli (Ry)
Wy = Wi(filt(Ry) — 6™)

In order to enphasize the fact that species w is absent of the system, let us define :

Ag:/(f;,(R)—al)dug(R, 1)+/(fi(R)—52) diiy (R, 2),

where 10, will be proven (see Section 3.2) to be the unique invariant measure of the process
(Z) restricted to Moy .

The first result which is similar to the main result in [Benaim et Lobry, 2016] is :

Theorem 3.1.4. The sign of the invasion rate AO, characterizes the evolution of the species
w

1. If A% < 0 then species w goes to extinction : Wy — 0 almost surely.

2. If AY > 0 then species w perpetuates.

3.1.1.3 Long time behavior when two species are introduced

We will assume that R} = RZ = Ry. As a consequence, according to remark 3.1.2, the
sum Y; = Ry + Uy + V; goes exponentially fast to Ry. Recall that the process Z; =
(R, Uy, Vi, 1) satisfies equation (3.2) and that :

M= [ (AR =8 dua(R D) + [ (FR) = 8) dsa(R.2),
where f1,, is an invariant measure of (Z;) restricted to Moy .
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We will also assume that the two species u and v can enter in competition in each
vessel el and £2. Mathematically, this assumption means that for all w € {u,v} and for all
J € {1, 2}, the equation fﬂ,(r) = 47 has a unique positive solution noted R’,, and moreover
Rl, < R).

Assertion 3.1.5. Let us note (Hy,) the assertion which is true if and only if one of the
following assertion is true :
— (i) 35 € {1,2} such that &7 is unfavorable to the species w.
— (i) s € (0,1) such that the averaged chemostat €5 is unfavorable to the species w
(see remark 3.2.7 for a precise definition of the averaged chemostat).

Once again, the signs of the invasion rates A,, A, fully describe the long time behavior
of the process :

Theorem 3.1.6. The sign of the invasion rates Ay, A, characterizes the evolution of the
species :
1. If Ay > 0 and Ay < 0 and (H,) is true then species v goes to extinction.
2. If Ay, <0 and (H,) is true and A, > 0 then species u goes to extinction.
3. If Ay, <0 and Ay < 0 then of one the species goes to extinction (bi-stability state).
4. If Ay > 0 and Ay > 0 then there is coexistence of both species.

See section 3.4 for a numerical investigation over the signs of these invasion rates. We
will show numerically that for any couple of signs (x,y) € {+,—} there exists pair of
chemostats €', €2 such that (Sign(A,), Sign(A,)) = (x,%). Hence, it is possible to pick
chemostats e! and €2 such that for some values of the switching rate A\, A, < 0 : switching
between two environments favorable to species u can surprisingly make it disappear.

3.1.2 Spatial heterogeneity : model and main results
3.1.2.1 The deterministic model : a gradostat-like model

The gradostat model is obtained by connecting the two chemostats €' and 2 and
allowing them to trade their content.

Note VI the volume of the chemostat €/ and @ the volumetric flow rate between the
two vessels and U’ (t) the concentration of the species u in the chemostat ¢/ as shown in
figure 3.1.

It comes :

{ UV (t) = —QU(t) + QU2 (2)
(UAV2)(t) = QU (t) — QU(1).

Which implies the following differential equation on the concentrations :

oy @ Q
U2(t) = WUl(t) - WU2(zt).
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u Q v

FIGURE 3.1 — Material flow between the two vessels.

We will note M = % Similarly, we note V7(t) the concentration of the species v in the
chemostat j and R’(t) the concentration of the resource in the chemostat j. We will also

note 7,7} = {1,2}.
The evolution of the gradostat is described by the following system of 6 differential
equations :

Ri(t) = 8(R™ — R (1)) = U7 (0) fA(RO (1) = VI (D SL(RI (1)) + N (RO (1) — R (1))
)

Ui(t) = UI(t)(fI(RI (1) — &) NI () — U9 (1)
Vi(t) = VI(6)(fI(R(t) — &) + N (VI(t) - VI(1)).
(3.5)

The part with A/ in factor comes from the transfer equation (3.4) and the other part comes
from the chemostat equation (3.1).

Notation 3.1.7. Let us write R(t) = <R1(t)>, Ut) = <U1(t)>, V(t) = <V1(t)>,

R2(t) U2(1) V2(t)
Ry = (g%) 0 = (gl) and fu(R) = (ﬁ’gg;;) Moreover, by noting \' = s\ and

/\2:(1—8))\ with A > 0 and s € (0,1) we will call K = <—SS l—s).

s—1
Moreover, by convention we have<w> <y> = <wy)
x z xz

Thanks to these notations, the system (3.5) reads :

R(t) = 6(Ro — R(t) = U(t) fu(R(t)) + AKR(t)
U(t) = U(t)(fu(R(1) — 0) +AKU(t) (3.6)
V(t) = V() (fu(R(t) - 0) +AKV(1).

The initial value will be taken in the set (R4)? x (R*)? x (R*)2.
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1
Remark 3.1.8. Set ¥J(t) = RI(t) + UJ(t) + VI(t). It is easy to see that X(t) = (2 (t))
satisfies the linear differential equation :

B(t) = (AK + A)X(t) + 0 R,
&0
where A = (O 52).

The matriz A\K + A has two real negative eigenvalues. Hence 3(t) goes to an equilibrium
> when t goes to to +o0o where ¥ is solution of the equation :

(AK + A) Y + Ry = 0.

El
== ()
 A25'R} + A62R2 + 5'6°R)
ALG2 4+ A2 + 5162
Since every trajectory is asymptotic to its omega limit set, it is important to study the

system on this set. As a consequence, in all the following our attention will be focused on
the system reducted to this invariant set :

Ut) =Ut)(fu(S = U(t) = V(t)) — 8) + AKU(t)
V(t) = V() (fo(Z = U(t) = V(1) = 8) + AKV (¢).

That is :

where,

i

(3.7)

With initial condition in the set (R%)? x (R%)2.
We are interested in the long time behavior of the solution of this differential system.
It is proven in [Smith et Waltman, 1995|, [Smith et Waltman, 1991], using strongly the
monotonicity of the system, that any trajectory of (3.7) goes to a stationary equilibrium
when the consumption functions f7, do not depend on the vessel /. Their proofs are mainly
based on the study of the existence and stability of stationary solutions and on general
result about monotone system.
This strategy is still working in the case of vessel-dependent consumption function fﬂ,,
the main additional difficulty being that the structure of the stationary solutions is richer
when the functions f;, do depend on j. We do a complete description of the stationary
solution detailled in section 3.4. This description relies on the construction of different
functions defined on the interval [0, R}] which intersections in a certain domain of the
plane [0, R}] x [0, R3] gives the existence and stability of stationary solutions for (3.7).
The main idea of the construction of these functions is the following :
1. If the species w survives at the equilibrium, then 0 is the principal eigenvalue of the
matrix A,(R) = fu(R) — 6 + AK which implies that R = (R, R?) belongs to the
graph of a function F,.

2. If the species w survives (without competition) then W = Ry — R is the principal
eigenfunction of A, (R) and then R = (R!, R?) belongs to the graph of a function
Guw-
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3.1.2.2 Long time behavior when only one species is introduced

Assume that @ is not in the system (W (0) = 0). In this particular case, it is possible to
study the behavior of the system. Without competition, the differential equation describing
the evolution of the system is :

U(t) =Ut)(fu(E - U(t)) = 8) + AKU(t) (3-8)

with initial condition in R%?.

An adaptation of the proof in [Smith et Waltman, 1995| shows that any trajectory of
this previous differential equation goes to a stationary point. Let us call Fy = 0. Ej is the
trivial stationary equilibrium of the system (3.8) and its linear stability gives the behavior
of the solutions of (3.8) :

Theorem 3.1.9. The stability of Ey characterizes the behavior of (3.8) :
— If Ey is a locally attractive equilibrium point, then it is the only stationary point and
any trajectory is attracted by Ey for any initial condition in Riz.
— If Ey is an unstable stationary point, then there exists a unique stationary point
E, =W € (R%)%. Moreover E,, is a global attractor in (R%.)? for the system (3.8).

Note that a stationary point for equation (3.8) satisfies the equation :
FU)=U(fu(2—-U)—46)+AKU = 0.

The Jacobian matrix of F taken at Ejy is :

Tiyly 51 1 1
A (fw(z )~ 8= fg)(EQ))\ 62)\2>' (3.9)

We define the invasion rate I'), of the species w as the maximum eigenvalue of the matrix

1

From the previous theorem it comes :

P = 814 2) = 0 = A 0 (L) — 01 = F3 )+ 2 anae)
(3.10)

Corollary 3.1.10. The sign of T characterizes the behavior of the system (3.8) :
— TV < 0 = estinction of the species w for any initial condition in Ri’Q.
— TY > 0 = persistence of the species w for any initial condition in R’f.

3.1.2.3 Long time behavior when two species are introduced

For sake of comparison with the probabilistic case, we set Ry = R(l) = R(Q) even if compu-
tations are possible when these two quantities are different. In the case where the consump-
tion functions ffu does not depend on the vessel €/, it is proven in [Smith et Waltman, 1995]
that any trajectory of (3.7) goes to a stationary point. We will see that this is also the case
when the consumption functions depend on the vessel.
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Since it is assumed that R(l) = Rg, according to remark 3.1.8, ¥ = Ry. Hence, the
stationary solutions of (3.7) satisfies the following equation :
U(fu(Ro—U—-V)—=6)+AKU =0

V(fU(RO_U_V)_(S)"F)\KV:O. (3.11)

H(U,V)ZO@{

We will see that the study of the existence and stability of these solutions is crucial in the
understanding of the long-time behavior of the solutions of (3.7).

Set Ey = (0,0). Ep is the trivial stationary equilibrium. The jacobian matrix of H in

Ey is :
A, O

(B~ X Al
v 22 f2(Ro) — 62— X2 )"

Remark 3.1.11. Note that A, is the jacobian computed in the single species case (see
(3.9)) seen in the previous subsection and evaluated at the trivial stationary point.

where :

If both A, and A, have negative eigenvalues then Ej is a locally attractive stationary
point, and there are no other stationary equilibrium point.

If A, has at least one positive eigenvalue, then FEj is unstable. As a consequence,
theorem 3.1.9 from the previous subsection gives the existence of a unique semi-trivial
stationary equilibrium FE, = (U, 0). Likewise, if A, has at least one positive eigenvalue, we
define E, = (0, V) as the other semi-trivial stationary equilibrium.

Proposition 3.1.12. According to [Smith et Waltman, 1995/, we have :
— If By, and E, does not exists, then Ey is a global attractor.
— Let {w,w} = {u,v}. If E,, exists and Fg does not exists, then E,, is a global
attractor.

Hence, the most interesting case holds when both E, and FE, exists. In that case, it is
possible to have coexistence stationary solutions which may be stable or unstable.

We will take the following notations for the stationary equilibria of (3.7). Let w € {u,v}.
When the semi-trivial equilibrium FE,, exists, the concentration of the species w at this
equilibrium will be plainly noted W and the resource concentration will be noted R,, and
satisfies R,, = Rop — W. A stable (resp. unstable) coexistence stationary equilibrium will be
noted E.s = (Ues, Ves) (resp. Eey = (Uey, Veu) ) and it satisfies Ugs > 0 and Vg > 0 (resp.
Uew > 0 and Vg, > 0 ). The resource concentration at this equilibrium will be noted Rs
(resp. Rey).

The stability of the semi-trivial stationary equilibrium can be given by a straightforward
computation of the jacobian of H evaluated at E, and E, (for more explicit details, see
Section 3.4). Define the following matrix :

(RL) — 6" —A! Al >

fL
() = (F) FA(RE) - 62— X

It will be proven that the sign of the eigenvalues of Mw(R,,) gives the stability of the
semi-trivial equilibrium FE,,.
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Definition 3.1.13. Let us note I'y, the mazimum eigenvalue of the matriz M,,(Ry). The
quantities Iy, will be called the invasion rates of the species w.

Remark 3.1.14. Let us explain the designation “invasion rate” for T'y. If T'y > 0, it
means that the semi-trivial equilibrium E, = (U, 0) is unstable. Consequently, according to
previous remark, it means that 0 is un unstable equilibrium for the differential equation :

V(t)=V(Et) (fo(Ro—U—=V(t)) —8) + AKV(2).

Hence, from a small initial value on V, V will increase (invade the environment). On the
contrary, if Ty, < 0, the semi-trivial equilibrium E, = (U,0) is stable. Hence, from a small
initial value on V', V will go to O (disappear from the environment).

The signs of the invasion rates I'y, give the stability of the semi-trivial equilibrium Fg
but we will see that they also determine the existence and stability for coexistence statio-
nary equilibrium. In section 3.3 we give a full characterization of the stationary solutions
and their stability.

Moreover, the system (3.7) has a monotonic structure®. This monotonic structure is
a very strong property which reduces the possibilities for the global dynamics of the sys-
tem. In particular, for almost every initial condition, the trajectory of the solutions of
(3.7) goes to a stationary equilibrium (see [Smith et Waltman, 1995|, appendix C). Hence,
using the result from the section 3.3 and the same arguments that the ones stated in
[Smith et Waltman, 1995|, we obtain theorem 3.1.15 which describes the possible dyna-
mics of (3.7).

Theorem 3.1.15. Assume that the two semi-trivial stationary equilibrium E, and E,
exist.

1. If Ty > 0 and Ty, > 0, then the solutions of (3.7) go to the unique coexistence
equilibrium E* which is linearly stable for almost every initial condition.

2. IfT'y, <0 and T'y, < 0, then there exists an unstable coexistence solution E.,. Mo-
reover, the solutions of (3.7) go either to E, of to E, (for almost every initial
condition) depending on the location of the initial value according to the basin of
attraction of the two semi-trivial equilibrium. The system is said to be in a bi-stable
case.

3. Let {w,w} = {u,v} and suppose that I'y; < 0 and I'y, > 0. Then either :

(a) There is not coezistence stationary equilibrium. In that case, any solution of
(3.7) converges to E,, for almost every initial condition.

(b) There exist two coexistence stationary equilibrium : one stable E.s and one uns-
table E,. Any trajectory of (3.7) go either to E.s or to Ey (for almost every
initial condition) depending on the location of the initial value according to the
basin of attraction of the two stable equilibria. The system is said to be in a
bi-stable case.

Remark 3.1.16. When the consumption functions do depend on the vessels €7, the case
where both E, and E, are stable can happen which is not the case if they do not depend on
the vessel (proven in [Smith et Waltman, 1995]).

3. with respect to the order (a1,b1) <k (az,b2) iff a1 < a2 and by > b2, see [Smith et Waltman, 1995]).
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The proof of this theorem relies on the construction of four functions called F,,, F), and
Gu, Gv on the quarter plane (R', R?) and depending only on the parameters of the system.
The different intersections of these functions fully describe the existence and stability of
the stationary equilibria for (3.7) according to the following criteria :
The coordinates (R}, R2) of the only intersection between F,, and g,, matches the
resource concentration for the semi-trivial equilbrium FE,,.
If R2 < Fz(RL) then E, is asymptotically stable. If R2 > Fg(RL) then E,, is
linearly unstable.
Any intersection between F, and F), located between the curves of g, and g, is
associated to an admissible stationary equilibrium. There can be at most two inter-
sections between F,, and F,.
If we sort the abscissa of the previous intersections, then the following rule gives the
linear stability of their associated stationary equilibrium. Let E be a linearly stable
equilibrium (resp. unstable) and note R} the abscissa of its associated intersection.
Then the equilibria associated to the closest abscissa to R}E are linearly unstable
(resp. stable).
We show in figure 3.2 that every case may happen.

3.2 Mathematical study of the probabilistic model

3.2.1 Computation and study of the invasion rates

Recall that we defined the invasion rates in the probabilistic model by :

No= [ (R~ 3 dp(r 1)+ [ (7200) ~ ) du(r,2),

where f is an invariant probability measure of the process (Z) on M ,,. The sign of the
invasion rates will be proven to give the asymptotic behaviour of the probabilistic system.
Hence a thorough study of these quantities is needed which will be the case in this section.

3.2.1.1 Only one species is introduced

Assume that species W is not in the system (W; = 0). Then, the process Z; = (R, Wy, I;)
satisfies :

{ Ry = 6"(RY — Ry) — Uy fl (Ry) (3.12)

Wy = We(fu (Re) — 6™)

In order to emphasize the fact that species w is absent of the system, let us define :
A = [ b =+ [ (73 - ) aud(m.2)

where ¢ is an invariant measure of the process (Z;) restricted to Mg ,.

Theorem 3.2.1. Let us assume that R} < R3 and set 7 = :S\—j The process (Zy) has a
unique nvariant measure when it is restricted to My .,. The invasion rate of species w s
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a - Typical coexistence case. R, is associated b - Typical bi-stable case. R, is associated to
to a globally stable coexistence
stationary equilibrium.
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¢ - Typical extinction case. Species u
goes to extinction.

an unstable coexistence stationary
equilibrium. E, and E, are stable.
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d - Rare bi-stable case. R.s is associated
to a stable equilibrium. R, is associated to
an unstable equilbrium. F, is stable,

FE, is unstable.
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FIGURE 3.2 — The graph of the functions F, and g, w € {u, v} are sufficient to describe
the global dynamics of (3.7). The precise definition of the function F,, and g, is given in

section 3.3.
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given by :
o _ v+

EADYEDY

Where B is a random variable following a Beta law of parameters (v*,42) and :

E[®(B)].

O(z) = 6%(1 —2) (f' (RE — RY)x + RY) — 6") + 6 (f2 (R} — RY)x + RY) — 6%) .

Proof. Recall that only one species is introduced in our system. The invasion rate A is

defined by :
A= [ (1R =) du () + [ (F2(R) - 8) it (R.2)

where 0 is an invariant measure of the process (Z;) restricted Mo,w. On Moy, (Z;) =
(R, 0) satisfies : ‘
Ry = 6" (Rl — Ry).

Its infinitesimal generator is given for any good functions f by :
Lf(r.i) = 8'(Ry = r)f'(r.) + AL (f(r,0) = £(r,1)).

It is clear that for ¢ large enough, (R;) lives in [R}, R3]. By compacity, there exists an
invariant measure for (R;) and it is unique because the process is recurrent.

The unique invariant measure pO, satisfies :
vf € C(R), R3)), / Lf(ryi)dp, = 0. (3.13)

We search pd, of the shape uS (dR,j) = p’(R)1;dR. It gives in 3.13 :

R3
[ 6 (R = Ry (R N (R 2) = £ 1) ! (R)aR+
0 (3.14)

7
[ @R = Ry (R X (R 1) = £(R.2) p*(R)IR =0,

Assume that f(x,j) = f(x). It gives in 3.14 :

/ G R - RFR) P Ry
R}
R2

[ = Ry () gy = .

1
0
An integration by parts gives :

[81(RS — B)F(R)p (R)] gt + [6%(RE — R)/(R)p*(R)]

K3
- /R - f(@) (6" (RS = R)p (R)) + (6°(R§ — R)p*(R))') dR = 0.
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it seems “natural” that p’ (Rg) = 0 according to the dynamics of the process (R, I).
Assuming this, a classic density argument gives :

' (Ry — R)p"(R) + 8*(R* — R)p*(R) = K.
And K = 0 since we assumed that p (Rg) =0so0:
YRy — R)p'(R) 4 6*(R* — R)p*(R) = 0. (3.15)
Now, assume that f(R,1) = f(R) et f(R,2) =0. It gives in 3.14 :
Rj Rj
/ (6" (RY — R)J'(R) — N F(R)) p! (R)R + / X2f(R)p*(R)AR = 0.
Ry Ry
An integration by parts gives :
3
F(®) (=(6"(Ro — R)p'(R)) = N p'(R) + X*p*(R)) dR.
RO
The same density argument as before gives :

—(8'(Ry — R)p'(R))' = A'p!(R) + N°p*(R) = 0.

Hence :
—0'(Ry — R)p" (R) + 6'p'(R) — X'p'(R) + \?p*(R) = 0.

Equation 3.15 gives :

YR - RY)
2 0) 1
R) = ———p (R).
As a consequence, p' satisfies the differential equation :
1 AL A2
/1 1
R R — = 0. 3.16
R O e =R =) 210

Solving 3.16 gives the explicit expression for p! :

2

1
p'(R) = C(R— Ry 7™ " (R — R)7.

Hence,
2 gt
p~(R) = Cﬁ(

Al 2
o

R~ RY)"T (R} — R)? ",

where C' is a constant. The value of C is determined by the fact that u is a probability
measure :
3 Rj
/ pl(R)dR—i—/ P?(R)dR = 1.
Rj R;
As a consequence :
R2 Al 1
5T

2
c ((R— RYSTURE — R)¥ 4 (R RY)
R

AL
ST

)‘2
(R% - R)621> dR = 1.
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Now that uY has an explicit expression we can compute A :
Rg N 1 22
A =8 [ (R) ~ 8B~ B (B - R R
Rl
2
’ 051/ (F2(R) ~ 8)(R ~ By (R — R)¥~dR
R}
We do the variable change = = ; . Set 7 6—; and gl (z) = f,((R2 — Rb)z + R)) :

A= C(R% — Ré)’yl—i-fﬂ /1 [52(9110(x) o 51)(1 B :L‘) + 51(9120(56) . 52)1’] $71_1(1 o x),yQ_ldx
0

One can recognize a part of the density of the Beta law of parameters (y',~?). Using
the same variable change for the expression of C and some classical properties of the

beta function (like B(z,y) = B(y,x) and B(z,y + 1) = If_yB( y)), the expression of A
becomes :

1.2 1 -1 2 4
7ty 2,1 1 1.2 2y 1@ T (L—=)7
- A1+)\2/0 [5 (gw(x)_é )(1_$)+5 (gw($)—5 ).%'] B(’)/l,’)/Q) dx
Set ®(x) = 6%(gL(z) — 1) (1 — ) + 81 (g2 (z) — §2)x, then :

1 2
Tt

0 = 2k [®(B)] (3.17)

where B is a random variable following a Beta law of parameter (y!,~?). O

Remark 3.2.2. If R} = R3 = Ry then one can easily check that (A, is the Dirac measure
ona):

dusy (R, ) = (1 — 8)A(Ro,1) + 8A(Ry,2)-

As a consequence, the invasion rate of the species is :
Ay = (1= ) (fu(Ro) = 0") + 5 (fa(Ro) — 6%) .

Our expression of the invasion rate is similar to the one obtained in [Malrieu et Zitt, 2016]
for the invasion rates defined in the Lotka-Volterra switching system introduced in the ar-
ticle [Benaim et Lobry, 2016]. In order to study the invasion rate they use the following

property :

Proposition 3.2.3. (Convex order between Beta laws). Assume that X and X' are two

random variables following Beta laws of parameters (a,b) and (a’,V'). Ifa < d', b < b and

/ .
15 = arry then for any conver function ¢ :

E[¢(X")] < E[¢(X)].

Proposition 3.2.4. The invasion rate AY is monotonous acording to the variable .
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Proof. We proved that :
o _ 7+
RERPUNIDY

Recall that v!(s, \) = £ and (s, \) = (15728». It comes that :

-t
Hence, property 3.2.3 ensures that if B and B’ are random variables following Beta laws

of parameters (y!(s, \),72(s,A)) and (v!(s, \'),7?(s, \)) with A < X then for any convex
function ¢ :

E[®(B)].

El¢(B")] < E[¢(B)].
As a consequence, establishing the convexity (or concavity) of the function ® can give the
monotonicity of A according to the global switching rate A.

Recall that :
®(z) = 62(1 — ) (fL (RE — RY)x + RY) — 6%) + 6" (f2 (R} — RY)x + R) — 0%) .
Here the convexity (or concavity) of ® is not clear and will be checked by straight compu-
, i :

. T R
J — Gw ) = Pw__ = 0 :
tation. Set o/ = %%, B TE-R and r TRl It comes :

®(z) = 0162 <(1—x) (M—l) +x(m—1>).

Set t =x+r (t €[r,1+r]). It comes :
D(t) alt a’t
t) = =—=5=(1 )| =——-1 t— — 1.
o) =5ip = =0 (G 1) 00 (5
A straight forward computation gives the derivatives of g :
alpl alt a?p? a’t
ﬁ12_ T T =) 622+ 2
(t+ph2 B+t (t+p%)? B2+t

gt)=Q0+r—1t)

and

g'(t) _ —a!pt 1 +r+ B+ B +0’B(r + B2)(t+ B1)°
2~ (6 + B30 + P2 |
Set L' = oY1+ 7+ BY) and L? = o232, Tt comes :

(e = L8t 4 g1y 4 527
— (L2 _ Ll)t3 +3 (,81L2 _ ,82.[/1) t2 +3 ((B1)2L2 _ (ﬁ2)2L1) t+ (ﬁl)SLQ _ (ﬁZ)?;Ll.

Set L = ﬁ—f and 8 = g—;, it comes :

ht) = (6%)° (<L 1) (;)3 £3(LB-1) (;)2 #3207 1) (§) + L0 - 1) .

The study of the polynomial P = (L —1)X3 +3(L3 — 1) X2+ 3(L(B8)?> — )X + L(B)3 -1
will give the sign of the second derivative of ®.
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Lemma 3.2.5. P has a unique root on R and its expression is :

’B ‘ 2 Lﬁ—l

X, = .
0 L—1

Moreover, Xg < 0.

Proof. The existence and expression of Xy is obtained by a straight forward computation
using the classical method of resolution for third degrees polynomial equations.

We study the sign of Xy by reviewing the different cases. One can check that :

-1
X_i L—L)—Li—l.
0 ' 3 3 L_l
1fL>1andﬁ>1,X0:%(L% L§—L)—1<o.
WL<landfB<1,Xo=1% (-Li-Li-L)-1<0.
1—

fL>1and 8<1, Xo= =5 (*L%*L%+L)*1:(1*ﬁ)f(L)*].. One can check
that for all L > 1, f(L )<11mplying that Xg < —8 < 0.

IfL<1and B >1, Xo——( Ls — L§+L)71:(,Bfl)f(L)fl.OnecancheCk
that for all 0 < L < 1, f(L) < 0 implying that Xy < —1 < 0. O

It comes from this previous lemma that the second derivative of ® has a constant
sign on [0,1] implying that @ is either convex or concave on [0,1]. So AY is monotonous
according to 3.2.3. ]

In Section 4, we will compare the behavior of the probabilistic definition of the inva-
sion rate with the deterministic one. In order to have a discussion on the limits of these
quantities, we compute here the limits of AY.

Proposition 3.2.6. The following limits are computable :

lim A) = (1 —s) (fu(R®) —8") + s (f2(R>) —6?).

A—+400
0o (1—8)8'Ri+s62R2
where R = T=asiTseT
Moreover :

lim Ay, = (1= ) (fu(Rg) = 0") + 5 (fu(Rg) = 6%)

Proof. Recall that we obtained an expression of A% depending on a Beta law :

’Y +7°

where B is a Beta law of paramaters (y!,~?).
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To obtain the limits of A%, one has to recall that a Beta law of parameters (ut, (1 —u)t)
converges in law to :

1 —u)Ag+uA; whent — 0
(1— )20 + uly 19
0, when t — +o00
The announced limits immediatly come from this statement. O

Remark 3.2.7. Let us note €, the averaging of the two chemostats €' and £2. Formally
gs = (1 — s)e! + se2. The associated differential equation modelizing the behavior of the
different concentrations in €5 is given by :

{Rzﬁ%—R%%me (319)

U=U(fu(R) - 9).

Where 6 = (1 — 8)6* + 862, fio = (1 —8)fL + sf% and :
- (1— 5)511?1) + 552R3‘

According to theorem 3.1.1, species w survives in &5 if and only if fw(Ro) — 6 > 0. And it
is easy to check that )\Iim A = f,(Ro) — 6.
—+00

Remark 3.2.8. The fact that the limit of A% matches the condition given in theorem
8.1.1 is not an accident. Indeed, it is a known fact that the law of the solutions of a
randomly switched differential equation converges towards the law of solutions of the avera-
ging of these differential equations when the switching rate goes to infinity. One can check
[Strickler et Benaim, 2017] (Lemma 2.13) for a clean proof of this statement.

3.2.1.2 Two species are introduced

Since we assume that R} = R3 = Ry, according to remark 3.1.2, the quantity ¥; =
Ry + U, + V; goes exponentially to Rg. As a consequence, for ¢ large enough, the marginal
law of (U, Vi, 1) of the process (Zy) = (R, U, Vi, It) matches the law of the process
(Z:) = (U, Vi, It) solution of the following differential system :

{Urzm(§U%—U%-WW—ﬁ) (3.20)

Vi = Vi(fl(Ry — U, — V3) — 1)

The process (Z;) evolves on the space M = {(u,v,i) € R?2 x {1,2} | Ir, (r,u,v,i) € M}.
We will also assume that the two species u and v can enter in competition in each
vessel ! and 2. Mathematically, this assumption means that for all w € {u, v} and for all

J € {1,2}, the equation f,(r) = 87 has a unique positive solution noted RY,, and moreover
Rl, < R).

Theorem 3.2.9. The invariant measure [, of (Z) restricted to ngw 18 unique. The
invasion rates Ay and A, are computable and their explicit expressions is given by :

o L h@gu()e @ d
YT @) ds
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Where :
(f2(Ro — x) — 6°)| fa(Ro — ) — 6 + (fo(Ro — ) — 6")| fa(Ro — ) — 07|
| fi(Ro — ) — 0| + | f2(Ro — ) — 62|
|fu(Ro —x) — 6"|| fa(Ro — x) — 67|
X

ho(z) =

gu(@) = (|fu(Ro — x) = 6" + | f5(Ro — ) — &%)

and

Hy(x) = —(wy By, + winB2) log(z) + wyyay, log ((by, + Ro — )| fu (Ro — ) — 6'|)
+ w?vozfu log ((b?u + Ry — 1:)|f3)(R0 —x)— 52|) .

The constants are defined by :

o bl
Yl — i
;N _ Rl
’yw_é‘jRo—R‘Z’U’
wl_i Rzlu w2—1_8 R%v
w_élRo—R%U’ wos2 Ry — R%’
ol = @i
w ] -

Ay — 07
. Ro
B =1+

bw

Proof. We will show how to compute A,. The expression of A, will come by interverting
the species subscripts. The strategy of the proof is globally the same as in the case where
only one species is introduced in the system. According to 3.20 :

Auz/(fvl(Ro—U)—dl)du(U, 1)+/(f3(RO—U)—52) du(U,2).

Where p is the invariant measure of the process (Uy, V4, I;) when V; = 0 (where the unicity
of u comes from the previous one species case). Since V; = 0, the process (U, I;) is solution
of the differential equation system :

Up = Ui(flt(Ry — Uy) — 61). (3.21)

The process (U, I;) is a piecewise deterministic Markov process. Recall that R}, satisfies
fo(RL) — 67 =0. Set U/ = Ry — RJ, and assume that U' < U?. Since the functions f; are
growing, we can assume without loss of generality that the process (Uy, I;) evolves on the
state space [U', U?] x {0, 1}. Its infinitesimal generator is :

Lf(w,3) = (o — )~ &) L, ) 4 N (7(0,) = 7(0,))

The unique invariant measure p of the process (Uy, I;) satisfies :

/ LU, )u(dU, j) = 0. (3.22)
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Lemma 3.2.10. The invariant measure is given by :

u(dU, §) = P (U)L;dU

where :

1 (b + Ro — U)Vlal(bi + Ry — U)72a2 1 1ylal—1) ¢2 217202
p(U)=C U7 B 7262 +1 | fu(Ro—U)—6" | fo(Ro—U)—67]
and

2 (by, + Ry — U)Vlal(bi + Ry — U)72a2 1 1iytal| p2 2172021
p (U)=C | fu(Ro—U)—=0" |7 [ f,(Ro—U)—0"[" :

U,y151+,y252+1

C is the normalization constant and :

N R
e —
6 Ry — RJ,
J
Oéj: 4au
al, — 67’
_ Ry
] — -
B =1+ b

The proof of this lemma is similar to the one for the case where only one species is
introduced in the system except that the computation is slightly more dense. We define
the following functions for U € (U, U?) :

|fa(Ro —U) — 6| f2(Ro — U) — 62
U

g(U) = (If3(Ro —U) = 8" + | f2(Ro — U) — 6%|)

HU) = —(w'8" + w?B?)log(U) + w'a' log (b, + Ro — U)| fs(Ro — U) — 6'|)
+w?a®log ((b2 + Ry — U)|f2(Ro — U) — 6°|)

where : . )
S R 1-—
el fu o 178 By
47 Ry — RL, 62 Ro— R?
One can check that the normalization constant C can be written :
1
C =

Jg 9@y WIau
Moreover, if we define :

(f2(Ry —U) = 6*)|fu(Ro —U) = 8| + (fy(Ro —U) = 8")|f2(Ro — U) — &°|
|[fa(Ro — U) — 0 + [f2(Ro — U) — 92|

We obtain the claimed expression for A, :
T U gy Wiay
St 9@y Wiau

h(U) =

Ay
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Once again we compute the limits of A,,.

Proposition 3.2.11. The following limits are computable :

lim Ay = (1—s) (FL(RY) - 8") + s (FLRY) - 62)

A—400

where RY° is the unique positive solution of the equation :

(1 - 8) (F(R) — %) + s (f2(R) — %) = 0.

Moreover :
lim Ay, = (1= w) (fu(Rg) = 0") + s (f(RE) - 0%).
where o
) bl,67 ' ) ; )
) = T 5 is the solution of the equation f)(R) — 67 = 0.
ay — 07

Proof. The limit in 400 is again a consequence of the averaging phenomenon proved in
[Strickler et Benaim, 2017]. However, before taking notice of this strong result, we gave a
pure computational proof of this limit which we give now.

Set w = v and let us show that :

lim A, = (1—s) (fA(R) — 6') + s (FRY) - 82).

A—~+00

with RJ° unique positive solution of :

(1=9) (fu(R) = 0") + s (fa(R) = 6%) = 0.

The proof for A, is the same after changing the subscripts. Recall the shape of the expres-
sion for A, :
A _ S @gu@)eDau

Y [ gu(U)erU)qU

A classic convergence result gives that if the function H, admits a unique maximum on
the integration domain,

Ay, — hy(argmax(Hy)).

A—+00
As a consequence we have to study the function H, on the interval (U', U?). Recall that :
H,(U) = —(w'B' + w?B%) log(U) + w'a' log (b, + Ro — U)|fi(Ry — U) — &)
+w?a®log (b7 + Ro — U)| f2(Ro — U) — 6°|)

with :
., s RL s 1—-s RZ
w ==, wW=—m—,
6! Ry — RL 62 Ro— R2
Oéj: .ai
al, — 67’
. Ro
)
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One can check that H, can be written :

Hy(U) = —(wy B + wiBa) log(U) + wyon, log ((ay — 6")|Ro — U — Ry|)
+wiazlog ((a2 — 6%)|Ry — U — R2)).

Since R = Ry — U,

H,(R) = —(wiB) + wiB2) log(Ro — R) + wyay, log ((al, — 6)|R — Ry}|)
+w2allog ((a2 — 6%)|R — R2)).

Hence :
141 2 92 1.1 2 2
“ Ry — R R—R. R- R%
141 1.1 2 92 2 2

Ry—R R—R. Ry—R  R—R?

A straightforward (but tricky) computation using the expressions for the constants wZJ, o

and 37, shows that :

1 s 1-—s
H! = .
O = e (= )
As a consequence :

H!(R) = 0 on the interval [R}, R?] <= (1 — s)(f}(R) — 6') = —s(f3(R) + 6%

= (1-35) (fo(R)— ") +s(f2(R)—0*) =0
< R=R;.

Recall that :

(f2(Ro —U) = 6*)|fa(Ro —U) = 6|+ (f3(Ro — U) — 8")| f2(Ro — U) — &°|

ho(U) = |fL(Ro —U) — 6" + | f2(Ro — U) — 6]

It comes hy(Ry — RY°) = (1 —s) (fa(RY) — 0') + s (f2(RY) — 62).

3.2.2 Study of the long time behavior

We give in this subsection the idea of the proof of the theorems giving the long time
behavior of the switched processes. The development of these proofs follow the same path
as the one in the article [Benaim et Lobry, 2016] and uses both the analytical properties
of the invasion rates given in 3.2 and the following lemma 3.2.12.

Recall that the process (Z;) = (Ry, U, Vi, 1) is defined by the following differential
system : .
Ry = 6" (Ryf = Ry) = Usfy! (Ry) = Vif,' (Rr)

U = Us(fat (Ry) — 6™) (3.23)
Vi = Vi(flH(Ry) — 6™)
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where (I;) is a continuous time Markov chain on the state space {1,2} and jump rates
Al = s\, A2 = (1 — s)\ with s € (0,1) and A > 0. The process (Z;) evolves in a compact
space M defined by :
M =K x {1,2},
where
min(R}, R3)
2

We define the invasion rate of species w € {u,v} by :

K = {(r,u,v) € R3 | <r4u+v < 2max(Ry, Rj)}

M= [ (AR =8 du(R ) + [ (F2(R) — 6%) du(R.2),

where £ is an invariant measure of (Z;) restricted to My .

Lemma 3.2.12. Assume that |Ay| > oy > 0, then it exists Ty, > 0, 0y > 0, € > 0 and
0 < py <1 such that : Vz = (r,u,v,i) € Mg, = {(r,u,v,i) € M,0 <w < e},

@ mLOZhE o,

(it)  Pr, (") (2) < pye’ @)
where Fy,(z) = —sign(Ay) log(w).

Proof. This proof is taken from [Benaim et Lobry, 2016]. Let w € {u, v} and let W; be the
concentration of species w at time ¢. Assume that A,, < —ay, < 0 (the proof is the same if
Ay > aqy > 0).

(1) VZoy = z = (r,u,v,i) € M with w # 0 on a:

Wt _ I
Wt - fw (Rt) =40
Hence : .
Fy(Zy) — Fy(z) = / H(Zy)ds, (3.24)
0

where H(r,u,v,i) = fi(r) — 6"
Set T' > 0. Taking the expectation of the previous equation and dividing by T leads

to :
PrF,(z) — Fy(z) 1

T
T = T/o P;H(z)ds.

Define p3.(.) = %fOT Py(z,.)ds, it comes :

PTFU)(Z) — Fw(z) _ /Hd,u%

T

This quantity is continuous according to z (by Feller continuity), as consequence it is
enough to prove the announced inequality for z € My ,, and show the existence of T}, and
ew by continuity. The set {u%} (indexed by z € My,,) is a compact set of measures. Any
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sub sequence of this set goes to the invariant measure of (Z;) restricted to My, noted p.
As a consequence :

lim /HduT—/Hd,u A< —q,

T—4o00
which proves inequality (7).
(i1) In 3.24, we apply the function w +— e* and it comes that :

OFw(Ze) g=0Fu(z) _ 0[5 H

Taking the expectation leads to :
PT(eer)(Z) — e@Fw(z)el(G,z)’
where (0, z) = log (Ez(ee Jr H(Zs)ds))'

Note that 6 — (6, z) is the logarithm of a laplace transformation. Hence, it is conti-
nuous, convex and satisfies :

1(0,2) =0

gé < / H(Z ) — PrFy(z) - Fu(2)

2

o< G0 < ([ mzas?) < iy

where ||H||o = sup|H(z)|. Hence, thanks to Taylor-Lagrange inequality and the inequality
zeM

and,

and finally,

(i) it comes that Vz = (r,u,v,i) € Mg, :

0
16,2) < TO(~a+ | HILTY).
which proves (i) if we take 0, = Tw\(lliﬁﬂ"’ and p,, = 2||_§|7|*’2 . O

3.2.2.1 Long time behavior when only one species in introduced

Assume that only species w is introduced in the system. The following theorem gives
the long-time behavior of the process (Z;) according to the sign of the invasion rate AY.

Theorem 3.2.13. The sign of the invasion rate AY characterizes the evolution of the
species w :

1. If AS < 0 species w goes to extinction : Wy — 0 almost surely.

2. If A?U > 0 species w perpetuates.

Proof. (i) If AY > 0, then according to [Strickler et Benaim, 2017], the process is stochas-
tically persistent implying that the species w do not disappear from the environment. (i7)
Assume now that A% < 0. We want to prove that W goes to zero almost surely.

Recall that lemma 3.2.12 defines a function F,, and the constants o, €y, Gw, pw and
Tw. In all the proof, we will ignore the subscripts for the sake of simplicity. The proof is
divided in three steps :
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— First we prove that starting from any point of M, there is a positive probability

such that (Z;) enters Mg/j
— Note A = {lim sup@ < —a}. We prove that for any z € Mgfvﬂ, P.(A) > ¢ > 0.
t—4o00 ’

— Finally we show that P,(A) = 1 which implies that W; goes to zero almost surely.

In all the proof we consider the process (Z;) = (R, U, Vi, I;) in order to treat
the case where w is any of the species u or v. But recall that we assume that
species W is not in the system. So W; = 0.

Step one. Let us show that for any z € M :

Je > 0, Pz<7'€i72 < +0) > ¢,

where 7272 =min{k € N, Zyp € Mg/u?} and T, ¢ are defined in lemma 3.2.12. To prove this
statement we need to be able to build a deterministic trajectory for (Z;) (we pick manually
the jumping times) such that (Z,,) is in Mg/uf for any initial condition z € M and n large
enough.

There are two cases : If the environment i € {1,2} is unfavorable to species w, then if
(Z;) follows for enough time the dynamics of €%, then (Z;) will land on M&/j for any z.

Hence, by compacity there exists an integer kg such that :

Vz e M, Vk > ko, @i}(r,u,v) e {(r,u,v) € R% ,w < %},

where ®¢' is the flow of the chemostat ¢'. As a consequence, for all z € M,
P(Zy,r € MS,/j) > PVt < kT, Ii=illo=1i)=e " >c>0

which is what we wanted to prove.

In the other hand, if both environments are favorable to species w, then we use the
monotonicity of A% to make the following statement. Since the two environments are favo-
rable to species w, A% (A = 0) > 0. Moreover AY is monotonous according to A and A% < 0.
It comes that EI_E AY < 0. Hence according to remark 3.2.8, the average chemostat e is

oo

unfavorable to species w.

As a consequence, by compacity, there exists an integer kg such that :
€
Vze M, Vk > ko, Opp(r,u,v) € {(r,u,v) € R w < 5},

where ®°¢ is the flow of the average chemostat ¢, defined in 3.2.8.

Let us show that there exists a constant ¢ > 0 such that :
Vze M, P.(Zyre M) >e.
Assume that this is not the case :

Ve>0, 3z€ M, P,(Zyr € M&{f) <ec.
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By taking ¢ = 1, we build a sequence (z,) of M such that :

n?

€/2
P, (ZkoT € MO,CU) +_oo> 0.

The set M is compact, as a consequence, it exists a sub-sequence (zy,) of (z,) converging
towards a limit z* = (7*,u*,v*,7*) in M. According to Feller continuity, for any continuous
function f :

E(f(ZkoT‘ZO = Zm) - IE(f(ZlcoT|ZO = Z*)'
The law of Z,r starting from z,, converges towards the law of Zj, 1 starting from z*. The
Portmanteau’s theorem implies that :
. €/2 €/2
hmﬂgnﬂ?’zm (Zror € My'y) = Pox(Ziyr € My'y)-
Hence :
P.-(Zy,r € Mg!2) = 0.

However, the set {®7*(r*,u*,v*),t > 0} x {1,2} is in the topological support of the law of
(Z:) (according to theorem 3.4 of [Benaim et al., 2015|) which leads to a contradiction.

Step two. Set A the event :

A = {lim supF(tZt) < —a}.

t—4o00 o

Let us prove that for any z € M2 P.(A) > ¢ > 0.

O,w?

Set X, = e?F(%k1) - According to lemma 3.2.12 we have :

Pr(e?)(z) < pe®F),

Hence :
E(X1|Xo) < pXo.

Let us show that Xj,out (Where x Ay = min(z,y)) is a super martingal. Because (Z;) is
a Markov process and thanks to lemma 3.2.12, it comes that if k — 1 < 724 :

E(Xg| Fr—1) = Pr(e”)(Zp_1yr) < pe?" P01 < X5 5.
andifk:—lZTEOUt :

E(Xk/\.rsout

.kal) = ]E(XTc?“t"kal) - XTsout - X(k,l)/\rgut.
As a consequence, for all z € K /5 :

0
]Ez(Xk/\Tgut]ngut<oo) S XO = eeF(Z) g (g) .

Let us take k to +00. Thanks to the dominated convergence theorem, it comes that :

0 out € 0
g ]P)Z(TE < OO) S EZ(XTg“t]ng“t<oo) S 2 .
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Hence : 1
e = ? =cCc1 > 0.
Define :

M, = Z(F(ZkT) = PrF(Zg—1r))-
k=1

M, is a martingale. It satisfies the hypothesis of the strong law of large numbers applied
to the martingales, then % — 0. We write :

M, F(Zy) 1< (F(Zw)—PrF(Zwr)\ PrF(z)
- nTT +nz< kT TT kT>_ TnT '

k=1

Making n going to 400 and thanks to assertion (i) from lemma 3.2.12 and conditionnaly
to the fact that (Z;) does not leave Mg, it comes :

im sup
notoo NI

< —a.

Set C = sup{fi(r) — &, (r,u,v,i) € M}, the mean value theorem gives :
F(Zyryt) — F(Zyr) < Ct.

Hence :

F(Zy)

lim sup < -«

t——+o00

almost surely on the event {7°% = +00}. As a consequence,

Vze M2 P.(A) > e > 0.

0,w>
Step three. From the two previous steps, it comes :
Vz e {(r,u,v,i) € M,w # 0}, P,(A) > ccy.
As a consequence :

14= lim P,(A|F) = tl;{i-nooPZt (A) > cay

t——+o0

where the first equality is a consequence of Doob’s Martingale convergence theorem and
the second iequality comes from the Markov property. It finally comes that :

Vz e {(r,u,v,i) € M,w # 0}, P,(A)=1
which concludes the proof. O

Remark 3.2.14. This theorem states that if both chemostats are favorable to species w but
there exists s € (0,1) such that the averaged chemostat €5 is unfavorable to species w, then
for some (A, s) well chosen, species w might disappear from the switched system.
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3.2.2.2 Long time behavior when two species are introduced

Recall that we assumed that both species can enter in competition in each chemostat.
We will now give the precise statements of the theorem 3.1.6 given in introduction.

Assertion 3.2.15. We will call (H,,) the assertion which is true if and only if one of the
following assertions are true :

— (i) 35 € {1,2} such that &7 is unfavorable to the species w.

— (ii) 3s € (0,1) such that the averaged chemostat €5 is unfavorable to the species w.

Theorem 3.2.16. The sign of the invasion rates A, A, characterizes the evolution of the
species :

1. Ay >0 and Ay <0 and (H,) is true = extinction of species v.

2. Ay <0 and Ay, > 0 and (Hy) is true = extinction of species u.

3. Ay <0 and Ay < 0 = extinction of one species (bi-stability state).

4. Ay >0 and Ay, > 0 = coexistence of both species.

Proof. The point 4 is also a consequence of the fact that if A, > 0 and A, > 0, then the
process (Z;) is stochastically persistent.

Points 1 and 2 are the same after interchanging the species, hence, we just need to show
how to prove point 1.

Note :
Tm —min{k € N, Zyr € Mgw}
TOUt = min{k € N, Zwr € M \ Mow}
The prove almost follows the same path as the proof of the first assertion of 3.2.13 :

— First, we prove that E.(79% ) < +oo for all z € ME“ \MO

— Then we prove that startmg from any point of M \ MQU, there is a positive proba-
bility such that (Z;) enters M “/2

— Note A = {lim supF”(Zt) < —av}. We prove that for any z € ngj/z, P.(A) > ¢ > 0.
t—4o00 ’
— Finally we show that P,(A) = 1 which implies that V; goes to zero almost surely.

Step one. Let us show that for all z € Mgz \ Mo, B, (rout ©) < +oo.
Set Ly = Fu(ZkTu + ko, T,. From lemma 3.2.12, one can show that (Lk/\,[-gug ) is a
non-negative supermartingale. Hence, for all z € ME?O \ Mg}u : h
T (k ATYE) < Ex(Lpnrgu ) < Lo = Fu(2).
As a consequence :

Fu(2)
EZ(TI‘ZZZ) < OZLTu < 400

Step two. The fact that assertion (H,) is true allows us to prove, exactly like in 3.2.13,
that there exists ko € N such that for all z € M\ MY :

PZ(Z]COTU € MEU/Q) >c>0.
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Hence, thanks to the first step, it comes that previous inequality holds true for any z €
M\ M,p.

Step three and four. Exactly like in the proof of 3.2.13. O

Remark 3.2.17. Hypothesis (H,,) states that it is possible to choose the jump times of the
PDMP (Z) in such a way that Wr is as close to zero as we want for T large enough. We
saw in the proof of theorem 3.2.13 and theorem 3.2.16 that when the invasion rate of the
species w s negative, it is crucial to find such jump times in order to prove that W, tends
to zero.

In the one species case, we proved that AY is monotonous according to the switching rate
A smplying that Hy, is true. In the two species case, we were unable to prove that the invasion
rates are monotonous according to A. However, after various numerical simulations, it
appears that this property might be true. As a consequence, it would imply that if Ay is
negative then Hy, is true which would simplify theorem 8.2.16.

3.3 Mathematical study of the deterministic model

In this section we study the behavior of the solutions of the differential system (3.6)
modelizing the gradostat-like system :

R(t) = 6(Ro — R(?)) = U(t) fu(R(2)) + AKR(t)
U(t) = Ut)(fu(R(t)) — ) +AKU(t) (3.25)
V() = V(#)(fo(R(1) = 0) +AKV(2),

where the initial value is taken in the set (R*)3.

In [Smith et Waltman, 1995], it is proven that the solutions of the simple gradostat
system of differential equations necessarily go to a stationnary equilibrium point. They use
the fact that the system has a strong monotonous structure according to a certain order.
It happens to be still the case for the gradostats-like model we introduced in this chapter.

Hence, in order to study the behavior of the solutions of (3.6), one has to study the
existence and stability of the stationnary equilibria of this differential system.

Recall that, thanks to the variable change > = R + U + V, it is equivalent to the
research of the stationnary equilibria of the system (3.7) :

{ Ut) =U(t)(fu(E = U(t) = V() = 8) + AKU(t) (3.26)

V(t) =VO)(fo(E - U{) = V(1) = ) + AKV(t)

with initial condition in the set (Riz)g.
We assumed that R} = R3, hence, the stationnary equilibria of (3.7) satisfy the follo-
wing equation (3.11) :

U(fu(Ro—U —V) =8+ AKU =0

V(fo(Ro—U—-V)—=68)+AKV = 0. (3.27)

H(U,V)zO@{

83



3.3. MATHEMATICAL STUDY OF THE DETERMINISTIC MODEL

We will give in this section a complete description of the stationnary solutions of (3.7)
which will be synthetized in a graphics depending only on the parameters of the two
chemostats €' and 2.

3.3.1 A graphical caracterisation of the equilibria and their stability

In this section, we construct a graphical approach in the plan (R', R?) which contains
all the information about the non negative stationary solution and their stability. This
approach is based on the construction of four functions F,, and g, w € {u,v} described
below.

For the sake of simplicity we will note :
XJ(RY) = fl(R)) — &7 (3.28)

Any non-negative stationary equilibrium (U, V') of the differential equation (3.7) is
solution of the system (3.11) which can be written :

{AU(R)U: 0

Ay(R)V =0 (3.29)

where, according to remark 3.1.2, we have R = Ry — U — V € [0, Ro] and the matrices
Aw(R) are defined by :

XL(R) — Al Al
ot = (MR )

Recall that for any w € {u,v}, we note W € {U, V'} the concentration of the species w.
Let (U, V) be a stationnary equilibrium of (3.29). If W # 0, it implies that det (A, (R)) =0
which reads explicitly :

(Xo(RY) = A1) (X2(R?) =A%) = AA% (3.30)

Hence, if the species w survives at the equilibrium, it implies that the resource concentration
at the equilibrium (R!, R?) is located on a one dimensional curve in the plane (R!, R?). It
appears that this curve is the graph of a decreasing function F), defined on a domain D, :

(R, R?) satisfies (3.30) < R! € D, and R* = F,(R").

Moreover, these functions F,, may be explicitly computed as it is stated in the following
proposition 3.3.1.

1,2
;\_/}\1- Define :

Proposition 3.3.1. Let w € {u,v} and g: =+ g(x) = N2 +

Dy = {r € [0, Ro], X1(r) = \' <0} and F, = (X2) " ogo X[

Now, suppose that there ezists a non-negative solution (U,V') of (3.29) such that the
species concentration W € {U,V'} is non zero. Then,

R' € Dy, and R? = F,,(R")
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Proof. First, assume that there exists a non-negative stationary equilibrium (U, V). The
resource concentration is given by R = Ry — U — V. Then, for W € {U,V'} non zero we
have :

Aw(R)W = 0. (3.31)

With this notation, (3.31) reads

1 1 1 1 1 2 _
{(Xw(R)—A)W + A W2 =0 (332)

MW+ (X2(R?) — ) W2 =0.
Since Wt >0 and W2 > 0, we obtain Wt >0 and W2 > 0 which yields :
(Xa(RY) —AY) <0,

Moreover, (3.32) implies that 0 is an eigenvalue of A,,(R) implying that det (A, (R)) =0
which reads explicitly :

(XL(RY) = A1) (X2(R?) - 2%) = AN (3.33)

Finally, we define
Dy ={r>0, X.(r)-A' <0}

and the function F,, such that :
(Xa(RY) = A1) (X2 (Fu(RY)) =A%) = A2
The function X2 being injective, the function F,, reads shortly :
Fp=(X2) " ogoX,
wherein we have set the function g as :

AtA2

=\ .

O]

Remark 3.3.2. The functions X3, being increasing and the function g being decreasing,
the identity X2 o F,, = go X\ implies that the functions F,, are strictly decreasing on their

definition set. Moreover it evists (mL, m2,m3, mt) € R* such that :

mbx +m?
my,T + My,

The explicit formula of these parameters is useful in order to obtain numerical examples
but it is not needed in the theoretical purpose, hence, we then omit it.
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At this step, we see that it is necessary that the resource concentration at the equi-
librium R = (R!, R?) belongs to the graph C, = {(r, Fx(r)), r € Dy} for the species
w € {u,v} to survive. But this is not a sufficient condition. Indeed, the definition of the
functions F,, only matches the fact that 0 is an eigenvalue* of the matrix A, (R).

The analysis of the corresponding eigenvector (associated to the dominant eigenvalue
0) will give us a sufficient conditions for a point of the curve to be a semi-trivial equilibrium
(proposition 3.3.4) or a coexistence equilibrium (proposition 3.3.6).

For instance, assume that (U, V') is a non-negative equilibrium of (3.29). If W € {U,V'}
is non zero, then R = (R', R?) € C,, and W is a positive eigenvector of the matrix A, (R)
for the eigenvalue 0. It follows that there exists some scalar p,, > 0 such that :

1
W= (s ) (334
1

R2> =R=Ry—-W

If (U, V) is the semi-trivial solution associated to the species w, we have <
and it comes that : )
R?> =Ry + 1 (fo - RY) (XL (RY) — A1),

This lead us to define, for w € {u, v}, the functions g,, (defined on D,,) by :

1 1 1
gw(r) = Ro + ﬁ(Ro —7) (Xu(r) = A1)
Lemma 3.3.3. Let w € {u,v}. The function g, is increasing on the set D,,. Moreover,
1
if the semi-trivial stationary equilibrium FE,, exists then the concentration R, = <g§”)
w

associated to E,, satisfies g(RL) = R2,.

Proof. The fact that g, (RL) = R2 follows from the very definition of g,,. A direct compu-
tation gives

XL(r)— M xXV(r)
/ _
() =~ (Ry — )=,
Since XL (R) — A <0 for r € D,, it comes that g,, is increasing on D,,. O

We can now state the graphical characterization of the semi-trivial solution.

Proposition 3.3.4. Let w € {u,v}. The semi-trivial solution Ey, exists if and only if there
exists 11 € Dy, such that Fy, (1) = gy (1) := r2. In that case E,, is unique and the resource
concentration at Ey, is Ry, = (RL, R%) = (r},r?).

Proof. The characterization of R, is a direct consequence of the proposition 3.3.1 and
the lemma 3.3.3. The uniqueness follows from the fact that r — ¢, — F}, is increasing on
D,. O

4. Indeed, on D,, the eigenvalue 0 is the principal eigenvalue of A, (R), and by the Perron-Frobenius
theorem, it is associated to a positive eigenvector which is nothing but U.
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Previous proposition gives the complete graphical characterization of the semi-trivial
equilibria of (3.29). Let us now study the case of the coexistence stationary equilibria. It
follows immediately from the proposition 3.3.1 that if there exists a coexistence stationary
equilibrium, that is a positive solution (U, V) to (3.29), then there exists R! € D, N D,
such that :

FU(R}:) = Fv(Ri) = Rg'

According to remark 3.3.2, the following lemma holds.

Lemma 3.3.5. Suppose that F,, # F,,. Then there are at most two coexistence stationary
equilibrium for the gradostat.

There are at most two intersections between the curves of F,, and F, but these inter-
sections are not necessarily associated to a positive solution of (3.29). Indeed, if Fy,(R') =
F,(R') then the coefficients of the eigenvectors are not necessarily of the same signs.

The following proposition gives a good location for an intersection between the curves
of F,, and F, to be associated with an admissible stationary equilibrium solution of (3.29).

Proposition 3.3.6. Let R. be an intersection between the curves of F, and F,. R. is
associated to an admissible coexistence stationary equilibrium if and only if :

(R, —R}) (R2— R2) <0,
and R, is in the rectangle K defined as :
K = [min(Ry, R}), max(R,, R,)] x [min(R}, R,), max(Ry, R})].
Proof. Let us define, for each semi-trivial equilibrium the following sets of [0, Ro]? :
K= {(RR) € [0.RJ, (R, R') (R R?) <0}

A representation of K, can be found in the following figure 3.3.

We first prove that any intersection R, between the curves of F;, and F, is in K, N K,,.
Recall that R,, is the associated resource concentration for the semi-trivial stationary equi-
librium E,,. According to (3.31), R, is associated to a stationary coexistence equilibrium
only if det(A,(R.)) = 0 and det(A,(R.)) = 0. But we also know that det(A,(Ry)) =0
and det(A,(R,)) = 0 which finally implies that :

u (& u

(Xo(RY) — M) (X2(R2) — N2) = (X (RY) — A1) (X2(R2) — A?).

v (& v

(Xa(RY) =AY (XH(R2) — N?) = (X5(Ry) — AY) (X2(R2) — %),

The fact that the functions X&(Rj ) — M are increasing gives us that necessarily R, €
K,NK,.

The concentration (Ue, V.) associated to the concentration resource R, are respectively
eigenvalues of the matrices A,(R.) and A,(R,) for the eigenvalue zero. It is easy to check
that the associated eigenvectors of these matrices are of the shape :

U= [ (—(X&(I;Z) _ )\1)> and V' = Ho (—(Xq}(f)%;;) - Al))
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35 ]

R R,

Fi1GURE 3.3 — Shape of the set K.

with 1, € R. Recall that according to remark 3.1.2, U.+V, = Ryp— R.. It comes immediately
that the coefficients p,, and pu, are solution of an inversible system which gives :

) (oxtnn -)
UC = Uy and ‘/:3 = Wy
: (—«x&an——Aw SRS ARPY
where the coefficients p,, and pu, are given by :

_ 1
= XI(RD - xR

Hw g@(Ri) - R<2:) .

We know that X! (R!) — Al < 0 for each i. As a consequence, (U, V,) is an admissible
coexistence stationary equilibrium if and only if g, > 0 and w, > 0. Hence, if R, is
associated to an admissible coexistence stationary equilbrium, we have :

min (gu(R¢), go(R)) < R < max (gu(R}), gu(RY)) -
Consequently, R, is associated to an admissible equilibrium if and only if,
RoeO=K,NK,NJ (3.35)
where,
J={(R",R?) € [0,Ro]’, min (g.(R"), g,(R")) < R> < max (gu(R"), g.(R"))}.
Recall that the functions g, are defined by :

XL(R) -\

gulR) = Ry + (Ro — R) =20
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We just saw that if R, is associated to an admissible coexistence stationary equilibrium,
then R. € O (it is the condition (3.35)). Consequently, properties on the functions g,
allows the following statements :

If (R, — R}) (R2 — R%) > 0, it can be checked that © = &, implying that R, does not
exist. See figure 3.4 for an illustration of this case.

3.5 o
31 K.NK,
RZ
25 b
% 2
1.5 o
2
) R, R
K.NK,
0.5 A
9
R, R}
Y T T T T T
0 0.5 1 15 2 25 3 3.5 4

FIGURE 3.4 — K, N K, is not between the curves of g, and g,.

If (R, — R}) (R2 — R%) <0, then © C K where K is the rectangle defined by :
K = [min(R}, R}), max(Ry, R;)] x [min(R2, R}), max(R,, R})].

See figure 3.5 for an illustration of this case.
O

Corollary 3.3.7. Assume that R, is associated to an admissible coexistence stationary
equilibrium. Then :

R! < R! & X}(RY) > X1(R)).

Proof. Assume that R, < RZ. Proposition 3.3.6 implies that R? > R2. The functions
gw are increasing on the set [RL, R2] and g,(R}) > g,(R}) because g,,(RL) = R2. As a
consequence,

90(R:) < RZ < gu(R;).
In the proof of the proposition 3.3.6, we computated the coexistence stationary equilibrium

associated to R, and found out that U, and V, satisfy (3.34) where

1
Hwo = XL(RY) — XL(RY) (gﬁ(Ri) - RE) )
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S

2
2.5 4 Ru

R2

FIGURE 3.5 — Example of a non empty ©.

Since U, > 0 and V, > 0, we have j,, > 0 and g, > 0 which yields X} (R}) > X}(R!). O

To summarize, we can tell if an intersection R. between the curves of F,, and F, is
associated to an admissible coexistence stationary equilibrium. We are now going to give
criteria for the existence of coexistence stationary equilibrium according to the stability of
the semi-trivial equilibria F, and FE,,.

Proposition 3.3.8. The semi-trivial equilibrium E,, is stable if and only if F(RL) > R2,.

Proof. The stability of E,, can be read on the Jacobian of H evaluated in E,,. For sake of
simplicity we will do the proof for F,. A straightforward computation gives :

DH(U,0) = (A B)

0 C
where,
= (XuBy) =N = U (R,) Al
A? Xo(R2) — N = U2 (RY)
and
c— X&(R}L) Y Al
- A2 X2(R2) - \2)

A simple computation using the fact that :
(XL = ') (X3(R2) = X2) = AL,

and X! (R!) — A" < 0 allows us to state that the real parts of the eigenvectors of A are
negative. As a consequence, F, is stable if and only if the eigenvectors of C' have negative
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real parts which gives the announced inequality (recall that F, = (X2)~! o go X! where
g(z) = 22 4 )\1>\2x). ]

-

Remark 3.3.9. Let us note I'y, the mazimum eigenvalue of the following matriz :

Xy (Rg) = A1 Al
N2 Xa(RE) =)

Then according to the previous proof, the sign of I'y, determines the stability of the semi-
trivial equilibrium Eg :

— IfT'y, > 0, then Eg is unstable.

— IfT'y, <0, then E is stable.

3.3.2 Proof of the theorem 3.1.15

We can now prove theorem 3.1.15 which can be written as follows according to remark
3.3.9:

Theorem 3.3.10. Assume that the two semi-trivial stationary equilibria B, and E, exist.

1. If B, and E, are unstable, then any solution of (3.7) goes to a unique coexistence
equilibrium E.s which is linearly stable.

2. If Ey, and E, are stable, then there exists an unstable coexistence solution E,.
Moreover, the solutions of (3.7) with initial data different from E., goes either to
E, or to E, depending on the location of the initial value according to the basin of
attraction of the two semi-trivial equilibrium. The system is said to be in a bi-stable
case.

3. Let {w,w} = {u,v} and suppose that E\, is stable and Ey is unstable. Then either :

(a) There is not coexistence stationary equilibria. In that case, any solution of (3.7)
converges to E,,.

(b) There exist two coexistence stationary equilibrium : one stable E.s and one uns-
table Ey,. Any trajectory of (3.7) with initial data different from E., goes either
to E.s or to E, depending on the location of the initial value according to the
basin of attraction of the two stable equilibria. The system is said to be in a
bi-stable case.

Proof. Let us assume that R. < RL. The existence of a coexistence stationary equilibrium
is a simple consequence of proposition 3.3.8 and the intermediate value theorem. Let us
prove it if £, and E, are both stable, then according to proposition 3.3.8, Fir(RL) > R2,
for each i. Since R2, = F,,(RL), it comes that :

Fu.(RY) — Fy(RY) > 0 and F,(R.) — F,(R}) > 0.

Hence, the intermediate value theorem implies that F;, and F, have an odd number of
intersections. According to proposition 3.3.5, there are at most two intersections between
the curves of F,, and F,. As a consequence there exists a unique R} € [R}, Rl] such that
F.(R}) = F,(R}). Since the functions F,, are decreasing, one can check that R > R? and
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FIGURE 3.7 — R, is associated to an unstable coexistence stationary equilibrium.

that R? € [R2, R2]. Hence, proposition 3.3.6 implies that R, is associated to an admissible
coexistence stationary equilibrium. Figure 3.6 and figure 3.7 come as an illustration for
this statement.

The stability of the coexistence stationary equilibrium is a bit more difficult to obtain
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and will have to be checked on the jacobian of H evaluated in (U, Ve). A straightforward
computation gives :

Xy =M =8, At —Ba 0
R R A g2
D/H(UCa VC) = _51 0 x1_)\1_3g! AL
Ov —,82 Y )\2 Y X2 o )\2 12
where :

Xi, = fi(Rl) — & and ], = Wi fi) (RY).
First, note that :
X —MN <0
Bl >0
(Xo — A1) (X2 =A%) = AT\
Also note that DH(U., V;) is an irreducible matrix and it can be written :

ouw.vo = (¢ p).

where A and D are irreducible square matrices with nonnegative off diagonal elements and
B <0, C <0 (in the sense that all of their coefficients are non positive).

Let us call s(DH(U,, V,)) the maximum real part of the eigenvalues of DH (U,,V,). In
[Smith et Waltman, 1995]|, the authors use the very strong following property dealing with
these kind of matrices (that can be found in [Berman et J. Plemmons, 1994]) : we consider
the following transformation of DH(U,, V;) :

DAL V) - (_AC —;’).

Then s(DH (U, V.)) < 0 if and only if (—1)*d;, > 0 for k € {1,2,3,4} where d; is the i-th
principal minor of DH(U,, V).
As a consequence, the signs of dy, da, d3 and dy will give us the stability of DH(U,, V,).
We start with d; = X! — A! — Bl which is clearly negative. Next, it comes that :
XL\t —pl Al
e xe- g
= Bu(X5 = A = Bu(Xy = A+ 8,8 > 0

dy =

An other straightforward computation gives :

Xl o )\1 o ,61 )\1 51
ds = N2 X2 )22 0
ek 0 Xy = A =5

= —BBh(X2 — N = B2) + (X — BL — A)dy
= =B, (X7 = M) (X, — AN = BH(X, = AD(X, =AY
+ BLBH(Xy — AN + B (X — A < 0.
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Obtaining the sign of d4 requires heavy computations. As in [Smith et Waltman, 1995],
we obtain an explicit expression for dy :

Lemma 3.3.11.
dy = BLAZ[(X2 = A2) (X2 — A1) = AIAZ) 4 3280 (X1 — A1) (X2 = 22) — ATAZ].

Proof. A straightforward computation gives :

X!\l -l Al 1 0
P U R 0 2
! Bl 0 X; =M —pl A
0 e A2 X7 =N - 53
= 2Dy — N’Dy + (X2 — \? — $%)d3
where,
Xy — A =B, By 0
D, = A2 0 B2
/Bl Xl o )\1 o 51 )\1
= —B(Xy = AD(Xy = AN + BRB.(Xy = A1) + B28, (X, — A1) = 1IN
and,
XL\ —pgl A 0
D A2 X2 -N -8 B
ek 0 Al

= —ABu(XG =A%) = NBU(Xy = A1) + NUBLBL 4 N BBy
By making good use of the relation (X} — A1) (X2 — M%) = A'\2, one can check that :

dy = BuBy [(X5 =A%) (Xg = A1) = AN+ 828, [(Xy — AT) (X7 — %) = ATN7T.

O

The sign of dy4 is not trivial at all and its study will require a transformation of its
expression. Since (X} — A1)(X2 — M%) = A)\2, one can write that :

dy = 3,8, [(X5 — ) (X, -

M) = (X = A1) (X =A%)
+ 828 [(Xy —

M) (X7 = 2%) = (X = A1) (X7 =A%)
Implying that :

di = — (X, = X)) (BLB3 (37 = X°) = B2, (X3 = \°))

Recall that 34, = U§°f% (R%). According to equation (3.34),
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and the coefficients p,, are positive. From this relation comes that :
Buby = —pupte(Xy = XD £/ (R)fY (RZ) and B85 = —papn(Xy — A i (R2) £, (Re).
For the sake of simplicity we will note fJ, for fﬂ,/(RZ). It comes :
dy = prapio(Xy = Xp) (£ £ (X0 = 22) (Xy = A1) = 1) (Xu = A1) (X5 =A%) .

Using once again the relation (X} — A)(X2 — A2) = A\? gives :
X fl/f2/ Xl _ )\1 2
2 2/ £1 1 u Jv U
d4:/«4uﬂv)\ )\ f/f/( _XU) (fg/f%/_ X&—)\l .

We are going to express the derivatives of the functions fﬂj using the functions F,,. It starts
from a relation we already proved :

(XL(RY — MY (X2(R?) — \%) = A\? & R? = F,(RY).
It comes that :
(Xo(RY) = AD(XL(F(RY)) =A%) = A%
Derivating by R! gives :
f&}/(Rl) _ (Rl) thu(Rl) B )‘1
WP (RY) XL (R (RY) = 2
Since R? = F1(R}) = F»(R}) it comes that :
fllf2/ F{(Rl) Xl _ /\1 2
fEF T Fy(RY < - Al) |

Hence,
L XLt F!(R})
d—uv/\)\22/ X2_Xl u\"rc/ _ 1] .
4 lu’ /’L f v _Xl Al ( u ’U) Fé(Ré)

As a direct consequence, the sign of d4 is given by the sign of the quantity :

/ 1
) - (x2 - x2) (B 1),

Moreover corollary 3.3.7 gives us a better understanding of this sign :

/ 1
sign(ds) = (R} — R)) (?Eﬁli ) 1) |

Let us assume that R. — RL > 0. We will now show how the stability of the semi-trivial
equilibria F, and F, influence the stability of the coexistence stationary equilibrium when
it exists.

If F, and FE, are stable, then according to proposition 3.3.8, we have :

Fu(RL) — Fy(RY) > 0 and F,(R}) — F,(RL) > 0.
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And we already know that there exists a unique intersection between the curves of F, and
F, in the interval [RL, Rl]. A simple analytic consequence of these facts is that F)(R}) <
F!(R!) and since the functions F), are decreasing it comes that :
Fy(Ry)
Fy(Re)

—-1<0.

Thus d4 < 0 which implies that the unique coexistence equilibrium is unstable. (And the
proof is the same if we suppose that R, — RL < 0. This reasoning also proves the stability
property of the coexistence stationary equilibrium in the other cases which concludes the
proof. O

3.4 Numerical comparison of the invasion rates

In this section, we want to discuss the similarities and the differences between the two
models introduced in this chapter. According to section 3.2 and section 3.3 the sign of the
invasion rates characterizes the long time behavior of these models. As a consequence, we
compare the two models by comparing their invasion rates.

3.4.1 Comparison of the invasion rates when only one species in intro-
duced

Assume that only species w is introduced in the systems. Let us recall the following
propositions dealing with the invasion rates in the different models and their properties.
First the probabilistic invasion rates :

Theorem 3.4.1. Let us assume that Ry < R3 and set v/ = 3\—5 The process (Zy) has a

unique invariant measure when it is restricted to Mo ,,. The invasion rate of species w is
given by :

1 2

AO _ Y +V

w1 + )2

Where B is a random variable following a Beta law of parameters (v*,v2) and :

®(z) =6*(1—2) (f' (R§ — Ry)x + Ry) — ') + &'z (f2 (R§ — Ry)x + Ry) — 6°).

E[®(B)].

Proposition 3.4.2. The invasion rate AY, is monotonous acording to the variable \.

Recall that we gave an explicit expression for the invasion rate for the deterministic
case in section 3.2.1 (see (3.10)).

Proposition 3.4.3. The invasion rate of the only species w is given by :

1
18 = 5 (A0 = 81+ %) - 82— N = 0 4 U — 01— ) + 097 + 4 )
where ¥ is given in remark 3.1.8 by :

1 2261 RL4-A162R2+61 52 R}
Y — < > _ XL 67425145152

32 A26 RE4 AL 62 R2 46152 R2
N 6T FNZ5T 16152
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We give, in the following proposition, the limits behavior for the two invasion rates :

Proposition 3.4.4. The following limits are computable :

: 0 _ 13 0 _ _ 1 ooy _ 1 2 ooy _ 52
)\EIJ’I:IOOAHJ - )\ETOOFU) - (1 S) (fw(R ) 0 )+S (fw(R ) 0 )

(1—s)0' R} +s6%R2

where R = (T=5)81 7507 0. The behavior of the two model is the same when X\ is large

enough.

Moreover :
;in%l\?u = (1—5) (fu(Ro) = 0') + s (f2(RE) — &%),
%
Hm I = max (fy,(Ry) — 6", fo(RG) — &%) .
A—0

We now show numerical simulations of the functions A and I'? in order to compare their
behavior for intermediate values of A. We will see that both invasion rates is globally very
similar. However, the behaviour for A small can be completely different not only because
the limits of A and T'? are not the same but also because I'’ is not necessarily monotonous
for A small.

The interesting case when only one species is introduced in our systems is when the
agregated chemostat €, is unfavorable to the introduced species whereas one of the che-
mostats €' and €2 is favorable to it. Indeed, in this configuration, the sign of the invasion
rates may change according to A\. We will give two sets of numerical simulations for two
sets of data II; and Ils defined by :

IT; I,
(a',a?) = (1.1,2) (a',a?) = (1.1,2)
(b,02) = (0.4, 4) (b1, b?) = (0.05,2)

(61,6%) = (1,1) (61,6%) = (1,1)
(R}, R3) = (10,1) | (R}, R%) = (0.55,2.1)

Remark 3.4.5. Note that in all the following figures, the blue color will make reference to
the probabilistic system and the red color will make reference to the deterministic system.

One can check in figure 3.8 that for the set of data IIy, ! is favorable to the introduced
species and 2 is not. For the set of data II, both chemostats are favorable to the introduced
species.

Figure 3.9 shows that for s = 0.5, the agregated system ¢, is favorable to the species
for the set of data II; but it is unfavorable to the species for Il :

Figure 3.10 gives the shape of the functions A? and T'° for s = 0.5. Evolution of both
curves seem very similar althought the behavior for A small can be totally different implying
that the nature of the probabilistic system is different from the deterministic system.

We can plot in the plane (s,A) the zero contour lines of the invasion rates for the
deterministic model and the probabilistic model as shown in figure 3.11. In each zone of
this figure, the sign of the pair (A", T'?) is constant and is plainly indicated by a pair of
signs.
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Consumption function in the vessel 1 for II; Consumption function in the vessel 2 for II;
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FIGURE 3.8 — The consumption functions in the different vessels for II; and II,.
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FIGURE 3.9 — The averaged consumption functions for ITy and Ils.
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Evolution of the invasion rates for Iy Evolution of the invasion rates for I,
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FIGURE 3.10 — Evolution of the invasion rates for II; and II.
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FIGURE 3.11 — Contour lines of the invasion rates for II; and Ils.
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Remark 3.4.6. These numerical simulations show that the long time behavior of our two
models 1s globally the same. The transitions between the survival areas and the exctinction
areas are very similar except for \ close to zero where there can be a huge difference between
the two models (see 1 typically). This difference if mostly due to the fact that the limits
of the probabilistic and deterministic invasion rates as A goes to zero are not the same.

3.4.2 Comparison of the invasion rates in the two species case

We can now have a qualitative discussion on the behavior of the invasion rates when two
species are introduced in our models. Once again, we recall their expressions and properties.
Recall that we assumed that R(l) = R%. First the probabilistic case :

Theorem 3.4.7. The invariant measure fu, of (Z;) restricted to Mo, is unique. The
invasion rates Ay, and A, are computable and their explicit expressions is given by :

o I @)=
Y [ gwl(a)eMe@)de
Where :
() = (fa(Ro — x) = 6*)| fa(Ro — ) = 0" + (fu(Ro — x) — 6")| fa(Ro — x) — 0|

|fo(Ro — ) = 01| + | f3(Ro — x) — 62|

|fu(Bo — x) — 81| f5(Ro — x) — &7

X

guw(@) = (|fu(Ro — x) — 6| + | fo(Ro — z) — 6°[)

and

Hy(z) = —(wy B, + wiBe) log(x) + wyay, log (b, + Ro — )| fo (Ro — x) — 6'])
+ w?yai} log ((b?u + Ro — x)|f3)(R0 —x)— 52|) .

The constants are defined by :

|t

Yoal,—

j N R

wa*(szO_R%)a

wl—i Rllu s 1-—s R%U

w_élRo—R}U7 W g2 Ry — R2’
J

. Ay

‘7: ]

Y aly — 87’

. Ro

T}

Recall that we gave a definition of the invasion rates I'y, in section 3.2.2.
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Proposition 3.4.8. Note R,, the resource concentration for the semi-trivial stationary
equilibrium E,,. By definition 'y, is the mazimum eigenvalue of the matriz :

Mis(Ru) = (f&)(Rb) — ot -\l AL > |

X JR(RZ) ~ 8%~ X

Though it is possible to compute R, the complexity of its expressions does not make
it interesting to give it formally. However its explicit expressions is used in the numerical
simulations. Once again we give the limits of the invasion rates :

Proposition 3.4.9. The following limits are computable :

lim Ay, = lim Ty = (1—s) (fi(RY) — ") + s (fA(RY) — 67).

A—>+oo A—+oo v
where RSy is the unique positive solution of the equation :
(1 - 5) (FE(R) = 0Y) + 5 (JA(R) — 8%) =0
Once again the behavior of the two models is the same for X\ large enough. Moreover :
limAy = (1~ s) (fu(Rgo) = 0') + 5 (f3(RZ0) — 6°)
lim I, = max (fu(Ri0) — 6", fa (R o) — 6°).

where ,
A b, 67 . .
R} o= T 5 is the solution of the equation f)(R) — ¢’ = 0.
) aw Y

Let us now compare the probabilistic and the deterministic dependance of the invasion
rates with respect to A and s within the two models on particular example. In all the
following figures, the blue color is associated to the species u whereas the red color is
associated to the species v. The different couple of signs give the couple of signs of the
invasion rates (A, A,) in the probabilistic case and (I',,I';) in the determinisctic case.
Recall that according to theorem 3.2.16 and theorem 3.1.15 the sign of the invasion rates
gives information on the long time behavior of each model.

The huge difference between theorem 3.2.16 and theorem 3.1.15 lies in the case where
the invasion rates do not have the same sign. In the probabilistic case, it is an extinction
case where the disappearing species is the one with the negative invasion rate. However,
in the deterministic case, it is possible to have bi-stability or extinction when the invasion
rates are of opposite signs. We show in the following figure 3.14 that in the area of the
plane (s, A) where the invasion rates are of opposite signs, a little area of bi-stability may
appear.
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a - Typical coexistence situation. b - Typical bistability sitation.
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60| : g ' 160
: 1
1
(+,-) ' 1
td () 19 “ 1 sof ! 1plfmmmmm ! 150
1 : 1 1
1' ! 1' : A
401(=+) af (+,-) (= +) || (+:=) {40
(= +) (= +) i .
0 L L ! 0 n L 1
0 5 10 15 20 A ! 0 5 10 15 20 1
Vessel 2 30} . Vessel 2 1 130
! . ; . ! ; ; — !
| 4 b 1 P 1
I 1 /z 1
i 201 1 E . h 120
[ I S 1 i !
I 1
I i 52 A h
| ! | 10} ! 1 )/ LA )0
1 d 1 (+,+) ! 1
(+,+) ’
! N ) ! (+,4)
' 0 L L [ “( ) 0 . .
0 1 0 5 10 15 20 O i 0 10 5 10 15 20 O 1
S R s s R S

FIGURE 3.12 — a - (al,a2,al,a?) = (4.2,4,2.1,2), (b1, 02,b1,62) = (5,5,0.5,0.5),
(61,6%) = (1.9,1.5) and Ry = 8. b - The role of species are reversed between the ves-
sels. (al,a2,al,a?) = (4.2,2,2.1,4), (bL, 62,61 02) = (5,0.5,0.5,5), (6',6%) = (1.7,1.5)

and R() = 8.
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FIGURE 3.13 — Zero contour lines when the two vessels are favorable to the same spe-
cies. (al,a2,al,a?) = (3.5,2.5,1.25,7), (bL,b2,b}, b2) = (8.75,0.125,1.125,3.75), (§',8%) =
(1,2) and Ry = 7.
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3.4.
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FIGURE 3.14 — Zoom on the odd bistable area in a (+,—) area for the deterministic mo-
del. (a},a?,al,a?) = (3.7,3.6,4.4,2.5), (b, b2, bL,02) = (1.55,3.55,3.6,0.4), (6,0%) =

(2.5,1.1) and Ry = 20.
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3.4.3 Concluding remarks

Let us conclude on the similarities and differencies between the two models we studied
in this chapter. For each models we gave a definition of the invasion rates of the introduced
species which depend only on the parameters of the systems. Despite the differences of
their mathematical nature, theorem 3.2.16 and 3.1.15 show that the long-time behavior
of the two models only depend on the signs of the invasion rates. Hence, we decided to
compare the two models by comparing the behavior of the invasion rates according to the
parameters (s,\) (where \! = s\ and A2 = (1 — s))). In the probabilistic case, (\!, \?)
are the parameters of the Markov chain governing the switching between the environments
whereas in the deterministic case, (A!, A\?) are the exchange parameters between the two
vessels.

From the previous theorems and numerical simulations come the following similarities

between the two models :

— When the invasion rates are positive (resp. negative) for u and v, the probabilistic
system and the deterministic system are in a coexistence state (resp. bistable state).
Moreover, we proved numerically that it is possible to have bistability with two
introduced species and two vessels. This numerical result is similar to the result of
[Hofbauer et So, 1994] where they proved in their particular case (dilutions rates
and consumption functions not depending on the vessel, two introduced species)
that at least three vessels are needed for the existence of an unstable coexistence
equilbrium.

— The limits of the invasion rates when A goes to infinity are the same for both
models. We saw that the reason behind this result is the averaging phenomenon
occuring when A is large enough implying that both systems behave like the averaged
chemostat €,. Graphically, we see that the zero contour lines of the invasion rates
are really alike for A\ large enough and have the same asymptote when A goes to
infinity.

The main differences between our competition models are the following :

— In the probabilistic model, when the invasion rates have opposite signs, only one
species survives, the one with the positive invasion rate. However, in the determinis-
tic model, when the invasion rates have opposite signs, it is possible for the system
to be in an “odd” bistable state where one of the stable stationary equilibrium is a
coexistence equilibrium.

— The most important difference between the two models occurs when A is close to
zero because the limits of the invasion rates when A\ goes to zero are different. We
can interpret this difference by the difference of nature of the two models when A
is very small. For the probabilistic model, A very small implies that the process
follows for a very long time the flow of each chemostat €' and €2 and the invasion
rates measures the averaging of the behavior of each flows. But in the deterministic
case, when A is very small, there are almost no exchanges between the two vessels
implying that the system almost behaves like two isolated chemostats.

We give here a little discussion over the parameter restrictions we did on our models.

First, note that the most important parameters involved in the heterogenity of our two
models are the quantities R}, which are the minimum resource quantities needed by species
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w to survive in the vessel j (when the vessels are isolated). Recall that R}, is solution of
the equation :
fu(R) =6, =0

where fﬂ, are the consumption functions and &), the dilution rates. As a consequence,
allowing the consumption functions or the dilution rates to depend on w and j is the
easiest way to allow the parameters R, to be different according to w and j.

Note that in the probabilistic model we had to assume that the ressource entries R%
are equal in order to reduce the system and do some computations. But this hypothesis is
not necessary in the deterministic model where we claim that the computations are still
possible. In fact, in [Smith et Waltman, 1995], the authors model the environment hetero-
geneity with a different resource input for each vessel, and thanks to this heterogeneity,
a coexistence stationary equilibrium may appear. In our case, we model the environment
heterogeneity by taking vessel dependant consumption functions and dilution rates.

In all the chapter, we decided that only the consumption functions will depend on w and
7 while the dilution rates only depend on the vessel j. This hypothesis is crucial because
it allows us to reduce the systems of differential equations (thanks to the variable ¥) into
a monotonous system, ultimately leading to the long-time behavior theorems. However, it
was not a natural choice in the deterministic model because in the gradostat applications,
the consumption functions do not depend on the vessels but only on the species. As a
consequence, this hypothesis took us away from the gradostat context (and its application
in the industry for example) to bring us in a more theoretical ecological study of the spatial
heterogeneity.

Nonetheless, the approach with the functions F,, and g, might lead to the obtention
of the existence and stability of the stationary equilibria of the gradostat-like model when
the dilution rates also depend on the species and can be the subject of some future work.

3.5 A sufficient condition for the existence of the bi-stability

in the deterministic model

The numerical simulations showed that is is possible to pick wisely the chemostats €', €
and the rates A', A% such that the systems (probabilistic or deterministic) are in a bi-stable
state. In the deterministic case, the question of the existence of bi-stable state is a hard
question, only few articles shows that it is numerically possible and in complicated cases
(see |[Hofbauer et So, 1994] for example). We will give in this section a surprisingly compu-
tational proof of the existence of the bi-stability for the gradostat-like system introduced
in section 3.1.2.

Set ¢, and ¢, in Ry the bifurcation parameters. We are interested in the stationary
equilibrium of the following equation :

(3.36)

{ U(t) = U(t)(cufu(Ro — U(t) = V(1)) — 6) + AKU(¢)
V(t) =V(t)(cofo(Ro = U(t) = V(1)) — 6) + AKV (2),

We will still call Ey = (0,0) the trivial stationary equilibrium. We will note Ey(c,) and
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E,(cy) the semi-trivial stationary equilibrium and FE.(c,, ¢,) a coexistence stationary equi-
librium.

In [Castella et Madec, 2014] bifurcation techniques are used to construct coexistence
solutions in a chemostat-like model with species dependent diffusion rates. But the results
of these article are extended to our simple gradostat system (3.36) (see [Madec, 2011]).
The following theorem holds.

Theorem 3.5.1. [t exists ¢) such that E,(c,) exists if and only if ¢, > 3.
It exists ¢ such that Ey(c,) exists if and only if ¢, > cJ.

Remark 3.5.2. According to theorem 3.1.9, ¢ is the smallest value of ¢, for which the
following matrix has zero for eigenvalue :

_ (fA(Ro) =5t = N Al
Mo = < 32 12 (Ro) = 8% - v) |

Let us note Cy = {(cw, Fw(cw)), cw > ¢} the subsets of semi-trivial solutions. Next
theorem gives the existence of coexistence stationary equilibrium.

Theorem 3.5.3. (Coexistence solutions)
— Set ¢, > . It exists ¢ = ci(cy) > O and ¢ = ¢ (cy) > O such that, if we note

¢, = max(c), cy*) and ¢, = min(c}, ¢*) it exists a function :

Be, : ¢y € (o, Gy) — Eeley, cy).
Moreover Be,(c}) € C1, B, (c}*) € Ca.

— Set ¢, > . It exists ¢, = ci(cy) > ¢ and ¢ = ¢ (cy) > ¢ such that, if we note

¢, = max(c}, c;*) and ¢, = min(c}, ¢*) it exists a function :

Be, : ¢y € (cu,Cu) — Eelcy, cy).
Moreover B, (c}) € Cy, Be,(c})) € Cy.

Remark 3.5.4. It comes that in this simple case, c}, is the smallest value of ¢y, for which
the invasion rate I'y, = 0 (and ¢ is the mazimum value). Recall that Ty, is the smallest
eigenvalue of the matriz :

My () = (ol 0 =X e

A2 cwfi(R%) — 62 =\
where Ry is the resource concentration associated to the semi equilibrium Eg(cw).

Let us call © the domain of the plane (¢, ¢;,) where previous theorem gives the existence
of at least one coexistence stationary equilibrium. The following theorem gives us more
informations on the shape of this domain ©.

Theorem 3.5.5. The following properties holds :

— i (cy) (resp. ¢ (cy)) satisfies (i (cy)) = ¢y (resp. ci(ci(cy)) = ¢).
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FI1GURE 3.15 — Example of shape of the domain ©.

— The functions ¢, € (2, +00) + ck(c,) and ¢y, € (), +00) + ci(cy) are continuous
and increasing. Moreover
: * _ 0 : * _ . * _ 0 : * _
timcife) = by |l cile) = o0, limcj(e) = b |l cilc) = +oc
— Call®_ = {(cu;cv), cu < clcy) et ey < cplcu)ts O = {(cus o), cu > () and ¢, >

ci(cy)} and ©® = ©_UOBO,. Then © is a connected set and for all (cy,c,) € O, there
exists at least one coexistence stationary equilibrium.

Remark 3.5.6. According to theorem 3.1.15 in the area © there exists a unique coexis-
tence stationary equilibrium. Moreover, in ©_, this equilibrium is unstable and in O, this
equilbrium is stable (indeed, the semi-trivial equilibrium Fg(cy) is unstable if and only if
cw > y(cw) ).

The diagram of bifurcation of the system is the graphic representation of ¢}, and ¢ in
the plane (¢, ¢,) (see figure 3.15).

We will see in the following that it is possible to define the quantities ) and ¢, for A
equal 0. Moreover ¢, and ¢, are proven to be regular in A = 0 in [Madec, 2011|. Hence,
the relative positioning of the curves of ¢}, and ¢}, for A equal 0 determines the relative
positioning of the curves of ¢}, and ¢}, for A small enough.

In this section, we claim that if the curves of ¢, and ¢}, for A equal 0 cross themselves
in a good area of the quarter plane R%_ then ©_ # () for A small enough.
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Set A equal 0. Since there are no transfer of material between the two vessels, the study
of the system limits itself at the study of the evolution of two simple chemostat. The species
w enters in competition in the chemostat j if and only if R}, < Ry where,

bl 67

Cow@ly — 07

RI =

This condition defines two constants 02,’1 and 02;2 such that species w enters in com-
petition in the chemostat j if and only if ¢, > co’. Calling A = min(c%l,c%2) and
= max(cg}l, c?f), it comes that the semi-trivial stationary equilibrium E,, exists if and
only if ¢, > 2.

Define P = (%, +00) x (¥, 4+00).

The following theorem gives a sufficient condition over the curves of ¢ and ¢}, (taken
at A = 0) for which the system can be in a bi-stable state for A small enough for some good
values of (cy, ¢y).

Theorem 3.5.7. If the curves of ¢}, and ¢ for A = 0 admit a unique intersection (¢, c})

in the quarter plan P defined previously, then for any rate X small enough, the area ©_ # ()

and appears from the intersection (¢, cl).

We give here a numerical example in order to illustrate this theorem. Set (a{u)lngQ =

3.5 25 i (875 0.125 1oy B _
(1.25 7 )’ (bw)i<ij<z = <1_125 3.75>7 (0%,0°) = (1,2) and Ry = 7. Figure 3.16

shows the bifurcation diagram for A = 0. Figure 3.17 shows the bifurcation diagram for
A = 1 where we can see a small area of bi-stability.

The two following subsections are dedicated to the proof of this theorem.

3.5.1 Full description of the system without exchanges

According to theorem 3.1.1, the expressions for ¢, and c;; are :
0 ¢*(¢y,0) = inf{cy, Ij such that R(c,) < R}(cy)}
Ve, > @ ci(cy,0) = inf{c,, 3j such that Rg(cv) < R{(Cu)},

Ve, > &

with :

) = inf{e,, 37 such that RI(c,) < Ro}

) = inf{e,, 3j such that R}(c,) < Ro}.
A simple computation show that :

ot 52 >
0 . : 0,1 0,2

= min , = min (¢, ", ¢;/

b= min 70y o) = min (414

1 2
0 i 0 ) = min (cg’l, c2’2) .

v = min (f& (Ro)’ 72(Ro)

C

C
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FIGURE 3.16 — for A = 0 in blue ¢}, and in red cj;, in abscissa ¢, and in ordinate c,.

We will note :

o (51 52
C“‘““X(ﬁa%rfaRw)
&ﬂm<& y)
v fE(Ro)’ f2(Ro)

In order to compute c;(cy,0) and ¢j(cy,0), we have to look closely to the curves ¢’ cor-
responding to the set of points (cy, ¢,) satisfying R](c,) = R3(c,). It appears that in this
case, they are straight lines of equation :

. 59 alb) -

7 . _ _ uvvyv Vi u v
Cren=—gon =g 7t =5

fv(R1> buay u Qv

and equivalently :

. 5 dv, b
7 . _ _ vYu 9 v u
Clicy = = Gyt 4} R

fu(Rg) byay vy,

Note that C7 is well defined only for ¢, > c?jj and ¢, > cg’j .
Yy
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35

25

15+

FIGURE 3.17 — for A = 1 in blue ¢}, and in red ¢}, in abscissa ¢, and in ordinate ¢, (The

v
point shows the intersection between the curves of ¢, and ¢ for A = 0).

We will call v/ the slope of C7 :

albl,  f2(0)

J = =

el fi(0)

The curve C/ marks, for the chemostats j, the border between the set of parameters
for which species u survives and species v goes to extinction and the set of parameters for
which species v survives and species u goes to extinction.

Remark 3.5.8. Ifu' # u?, C' and C? admit a unique intersection point which coordinates

+ .+ .
(¢, ef) are
b2 —b2 2 bl —bl
51 u v 5 u v
e T
u ayby _ agby
ayby,  a3by
and
b2 —b2 2 b} —0bl
51 v w 5 v u
S T
L
ayby  aiby

Note that at the intersection, Ri(ct) = Ri(c}) and R3(ct) = R3(c}).
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1.8
1.6
1.4

1.2 A

10 o]

0.8 )
c2_Oprime

wlld |B | B

0.4

c1 0 c1_Oprime
0 T T T T T T T T
0 0.2 0.4 0.6 0.8 1 12 1.4 1.6 1.8 2

We divide the plane (cy, ¢,) in nine areas like in figure 3.5.1.

Remark 3.5.9. Assume that 2 = cg’l. Then in the areas 2, 5 and 8, species u can survive

only in the chemostat 1. In the areas 4, 5 and 6, species v can survive only in the chemostat
1. The graphic representation of the quantities c), and c}, looks like 3.18.

Remark 3.5.10. Assume that O = cg’g. Then in the areas 2, 5 and 8, species u can

survive only in the chemostat 1. In the areas 4, 5 and 6, species v can survive only in the
chemostat 2. Therefore, area b is a coexistence area for the globallity of our system. The
graphic representation of the quantities c;, and c;, looks like 3.19.
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FIGURE 3.18 — For A =0, in blue ¢}, and in red ¢}, in abscissa ¢, and in ordinate ¢,
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FIGURE 3.19 — for A = 0 in blue ¢}, and in red ¢}, in abscissa ¢, and in ordinate ¢,
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3.5.2 Bi-stability for small exchanges

Here is another formulation for theorem 3.5.7 using the quantities defined in previous
subsection.

Theorem 3.5.11. Assume that u' # u?. If the intersection point (¢}, c;) is in area 9 then

u v
for X smal enough, it exists parameters (cy, cy) for which the system is bistable.

Proof. The proof is totally computational. For the sake of readability we will cut it in three
parts. A point (¢, ¢,) satisfying for A > 0 :

(v, \) > ¢y, and  c(cy, A) > ¢y,

is in a bi-stable area. We are going to search (cu, a,) € R? such that if :
(2)=(F) ()
Cy cy Qy

ey, \) > ¢y and  c(cy, ) > .

then :

First step :

We are going to develop ¢} (cy, A) and ¢ (cy, A) at A = 0.

In order to compute ¢ (same way for c;), we linearize the system around the semi-trivial
equilibrium point (R, U,0) and we look at the eingenvalues of the matrix :

- cofHRY) — 6t — A A
M) = < A e f2R?) — 5% - A) |

Where U is the non zero solution of the equation U(c, f,(R) —6) + AKU = 0 and R =
Ry —U).

For A > 0, ¢(cy, A) is the smallest value of ¢, for which this matrix is not reversal
(admits 0 as eigenvalue). As a consequence, the limited development of R is required.
Since R = Ry — U, the development of U in A = 0 will be computated.

U is solution of F1(\,U) = U(cyfu(R) — ) + AKU = 0. More precisely, U is solution
of :

1 1 1 1 2 1
v = (B ) -

in order to use the implicit function theorem, one has to compute the jacobian of F} in
regards with U :

 feufi(Ro—UY) =" —Uleufl (Ro —UY) — A p)
dF (A U) = < A cufi(Ro—U?) — 8% —Ucufd (Ro — U?) — X
Therefore : . Ui
_ -U Cuful(Ru) 0
dFl(OaU) - ( 0 _U2Cuf3/(R3)
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which is reversal (where R), = RJ,(0) = %). As a consequence, it exists a neighborhood

X of (0,U(0)), a neighborhood Y of 0 and g : Y — R? such that :
VAU € X, F(AU) =0 U=g()),
and since h(\) = F1()\,g(\)) =0, 1/(0) = 0 which gives :

U2 - UV | (~Ulenfl(Ry— U 0
<U1 - U2> * ( ! é o ~U2cu f2(Ro — UZ)) 70 =0

As a consequence :
T U12_U1 T 1
o0 - (T ) - (1),
U2, [7 (Ro—U?) P
And obviously U(X) = U + Ag’(0) + o(A\). Now we can look at the matrix :

_ (ol d(Ro = U () = 6 = A A
MW—< " %m%—WM»4”ﬂ>

Let us write U7 (A\) = U7 + pI A + ¢/ A2 + 0(\?), the development of this previous matrix at
the second order gives (remind that Ry — U’ = RY,) :

(1A - XD 4 o(N?) A
M) = < \ 2= AC2 - X2D? 4+ 0(N2))

. . . . = . 4l pId

where C} = p]Cvff,’(le) +1= UJU_]'UJ ZS;E’EE; + 1. This constant depends on ¢,. We will
see later that it will be factor of a order 1 term which makes it pointless to develop. Hence,
set : _ ' ' '
Uy — Uy i fin (i)

UL cEfIl(RL)

Cl =

+1

where Uy, and R}, are taken for ¢, = c}.

The characteristic polynomial of the matrix M () is (we ignore the subscripts in the
constants C} as an attempt to lighten up the computations) :

L_ACY = A2D! +0(\2) — X A

P = det(M(3) - X15) = |/ A f2=AC? = A2D2 4 o(X?) — X

After straight computation, one can get that :

P:X2+X(>\(Cl +02)+>\2(D1 +D2) _fl _f2)+f1f2 —)\(le2+02f1)
o )\2(le2 +D2f1) +)\20102 . )\2 +O()\2)

The discriminant equals :
A= ("= ((f' = f2) —2XMC" = C?) = 2X3(D' — D?)) + A*(C' — C*)* + 4X% + o(\?).
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Recall that we search the development of ¢ (c,, A) where ¢, = ¢ + Aay,. Let us write :
ey = ci(cuy A) = cf + hy(X) + o(N).
Recall that f! = ¢, fL(RL) — o'. Moreover R. = RL(c,) = RL(c} + Aa,). Hence :
= o (£ (Ry(e)) + Aawmy) = 8 +0(N),

L comes from the development of fL(RL(c,)) with respect to A. Straight compu-

tation gives :

where m

=l o (Ry(el)) = 8 + Aawmpey + ho(A)fy (Ry(e)) + o(A)

hy (A
= dagmlet + ( )51 +o(N)

al
Hence :
1 2 Y + 1 2 hv()\) 51 52 A
f _f - aucv(mv_mv)+ Cj ( - )+0()

Y+ 2 = hawe (mh +m?2) + h”(f) (61 +6%) + o(N)
Cy

Using these results allows to compute the development of A at the second order :

(6F —6%) — (O} — 03)>2 +4M% 4 o(\?).

A= <)\aucj(m3} —m?) +

As a consequence the eigenvalues of M (\) at the first order are :

1 .
x=1 (_A(c; 102) 1 Aot (mb +m2) + 2N g1y 52y 4 \/A> o).
Cy

Writing X = 0 gives us a second order equation for h,(\) :

2
51o2 (Z@) - ht;(f) (Aawct (3'm2 + 6°my) — M6'CE + 62Cy))

+mim2(Aaue)? + CLCINE — N2 — Nayel (mlC? + m2Cl) = 0.
A straight computation gives the discriminant of this new equation :
A = (Aayet (5'm? — 82ml) — A(6'C2 — 52C1))% + 461622,
hy(A) is the smallest solution of this equation :

c
T 25162
- \/(Aaucj((slmg — 82ml) — A(81C2 — 82C1))* + 451822 ).

ho(N) ( =daye (8'm2 + 8*ml) + \(0'C? + 62C))
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Symetrically, ¢ (¢ + Ay, A) = ¢F + hy(N) + o(N) with :

_
26152

hu(A)

( =dape (tm2 + 6%mb) + \(61C? + 62C))

—\/ Qaet (81m2 — 02ml) — A§1C2 — 52C1))° + 4616202 ).

Let us now compute the explicit value of m,. Recall that f3, (R%(c@)) = fﬂ;(R%(cw)) +
Aagmi, +o(N). For sake of simplicity, we compute the value of ml and we will deduce from
it the general value of m7,. Let us first develop R}(c,) = RL(cl + My, :

Ri(cf[ + zay,) =

Hence :

fz}(Ri(Cﬁ) = fz}

blot

(ci 4+ A, + o(N))al — ot

Lot

cral + Aayal —
by 61

ot +o(N)
1

+

(7

b

X
cpal — ot 14

151 1
2,0 a

Aayal, + O()\)

e al—61
1

_ pl ay

-0

u

Ry, — Aoy Ry —

Ua’u

2 £4'(0)

R — Xay,(RL)

(7L - 2o (R)?

= fy (Ry) — Aaw(Ry)?

We note that :

o (Ry) =1 (Ry)

1

Cy
1

Cy

e

o

+ 171
Cy avbv

!+ R1)?

11 % bigl +o(N)

2+ o)

U
f“(;go) + 0()\)>

12O gty + o).

ol

cralR} 1 b
b+ RL R B+ R
v v (% v (%
Xdlxixbl ey ay Ry 1
R " b+ R)  cfalR}
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After simple computations (using R} = R1) :

(0
()2 FV(0)

As a consequence m] . ]
£

(ci)? f2/(0)
We can give fresh expressions for h,(\) and h,(\) :

A m2  ml c? ¢l
) =50 —anted? (g + 5 ) el (5 + 5

A 2 1 CQ Cl
ha(X) = §( —ay(ch)? (7?2” + m”) +cf (” + ”)

51 52 st

— \/(—au(cff)Q <T(?2% - 7;?’) + b <§§ - ;?))2 —1—4(03')2517152 ).
Recall that v/ = % = fg:gg;, we have :

hi(\) = %( o (u +u1) +cf <§§ + ?;)

Recall that

Ci = w Wl W)y,
Up ol (By)
Using the fact that fi (RL) = (;—;) m we obtain :

, Tyl et
C{U:Uw 4Uw%fwl(0)+1.
Uy ()

w
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IN THE DETERMINISTIC MODEL

. U]fin
Set 7 = — 7+ we have :
1

4 . et , 1
C{L:’y]ujz%—i—l and C :'yj—c
(2

+

u
-— + 1.
uwl f

Second step : Recall that we search (av,, ;) € R? such that for A small :

cieh + A, A) > ¢f +da, and (e + Aaw, A) > ¢ + A,

which means :

hi(A) +0o(A) > Aoy, and  ha(A) + o(A) > Aay.

Hence, we seek (o, a,) € R? such that :

02 Cl
g1(au, @) = o (u? + ul) = 20y + cf <52 + 51)

2 CL\\° 1
—\/(@U(u2—u1)—|—cf{ ((é‘—ﬁ‘)) +4(cf{)2m>0,

1 1 02 Cl
QQ(OZU,OZU) = Oy <u2 + u1> — 2a, + Cj (5;} + 6;)

11 L (02 O\ 1

It is clear that for any a,, the function «, — g1(ay, ) is increasing and the function
ay — ga(ay, ay) is decreasing. Moreover :

and,

Oév]i)II—loogl(Cyu7 a’U) - Oévll;a“tl‘oogl (QU7 a'U) - +OO
avlirgoog2(au’ Oév) = oo avlirlﬂkoog2(au’ Oév) -

Thus, by continuity, this proves the existence of X, () and X,(«,,) satisfying :
g1(a, Xu(ay)) =0 and  go(ay, Xy(aw)) = 0.

It comes that if X, (o) < Xy(ay,), then for any «,, in the interval (X, (o), Xy(ay,)), our
system of inequations is satisfied et the proof of the theorem is complete. Hence, we have
to prove that there exists values of a,, such that X, (a,) < X, (aw,).

Third step : First let us compute X, (o) (the explicit value of X, (c,) is clear).

c? cCl
g1, ay) = 0 & ay(u? +ul) — 204, + cF (5; + 5?) N

2 C\\? 1
\/(@U (u2 —ul) +cf (62 — 51)) +4(cqf)2w.
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In order to solve this equation, we square the equation and we solve the appearing second
order equation. We obtain two solutions :

1 Cl C2
XE(ay) = Sl (au(u2 +ut) —¢f <u261 + u152>)

Ch G2\ 1
+ \/<au(u2 —ul) —cf (u25;‘ - ulég)) + 4u1u2(c$)2—5152.

It is clear that XT > X~ and one can check that X, = X :
1 Cl C?
Xulay) = 517 (au(u2 +ul) —cf <u25f + ul(é‘))

i 2\’ 1
+ \/<au(u2 —ul) —¢f <u261‘ — U15;)> + 4u1u2(cf[)2—5152.

Xy(aw,) is given by :

1

cy Gy
Xy(ay) = uli? (Olu(u2 +ub) + utulel (62 + 61>>

cz_ChyY 1
B \/(%(u2 —ul) —ulie (52 B 51)) + 4(u1u20ff)25152'.

We want to prove that there exists values of o, such that X,, < X,. We form the difference :

H(aw,) = 2u1u2(Xv(au) — Xu(aw))

c? ci Cl C?
— UI’LLQC:_ <(5;) + 51’) + c;f <u26f + u1(5§”>

2 1\ 2
— \/(@u(zﬂ —ul) —ulu2ch (f;; - ?f)) + 4(u1u203)251—152

Cl 2\ \? 1
— \/(au(zﬂ —ul) —cf <u25;‘ — UI(S;>> + 4u1u2(c$)2w.

Studying this function will prove that its maximum is positive. Let us note arbitrarily :

Ci Cl
_ +.24 _ 1.2 +92
CL—CuU ﬁ C=U U C’U 571,
C? C?
141 1,2 2
b:c:[u(s—2 d:uucjﬁ,
ulu? 1
A=2c B = 2ulu?ct ,
“V 0to? Y V152

So that if z = v, (u? — ul) :

H(z)=a+b+ct+d—/(z—(a—b)2+A2—/(z— (d—c))? + B2
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Simple computation show that this function admits a unique maximum achieved in :

a(d—c)+B(a—b)'

M A+ B

This maximum is :

H(zy)=a+b+ct+d—/(A+B)2+(d—c—a+b)2

Notice that :

1 1 2 1 1 1 2 1
a+b+c+d:u1“20$%+ulu203%~|—u20j[75—1i_ +ulc:[7;2_ .
But : ) | .
) Ul —u’ U’
Y rl= " 41="=>0
Ul Uu

Soa+b+c+d>0. We can write :

H(zy) >0 (a+b+c+d)?>(A+B)?*+(d—c—a—b)?
s 4(b+d)(a+c) > (A+ B>

Notice that :

1 2

u u
b+d:§(72+1)(u2ci—l—cj[) and a—|—c:ﬁ('yl—|—1)(ulcj+c:).
Hence :
utu? w2

1
+2utulel ——)%

H(zp) >0 4 5152 UW

s () (D) e+ (ulef +ef) > (26

Since (y! +1)(y? + 1) = 1, computation shows that :
H(zp) > 0 < el (Vu2 — vVul)? > 0.

which is true and conclude the proof.
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Résumé :

L’objectif de cette thése est d’étudier le comportement en temps long de certains processus de
Markov déterministes par morceaux (PDMP) dont le flot suivi par la composante spatiale commute
aléatoirement entre plusieurs flots possédant un unique équilibre attractif (éventuellement le méme
pour chaque flot). Nous donnerons dans un premier temps un exemple d’étude d’un tel processus
construit dans le plan a partir de flots associés a des équations différentielles linéaires stables ou il
est déja possible d’observer des comportements contre-intuitifs. La deuxiéme partie de ce manuscrit
est dédiée a ’étude et la comparaison de deux modéles de compétition pour une ressource dans
un environnement hétérogéne. Le premier modéle est un modéle alétoire simulant I'hétérogénéité
temporelle d'un environnement sur les espéces en compétition & l'aide d’'un PDMP. Son étude
utilise des outils maintenant classiques sur I’étude des PDMP. Le deuxiéme modéle est un modéle
déterministe (présentant sous forme d’un systéme d’équations différentielles) modélisant I'impact
de T'hétérogénéité spatiale d’un environnement sur ces mémes espéces. Nous verrons que malgré
leur nature trés différente, le comportement en temps long de ces deux systémes est relativement
similaire et est essentiellement déterminé par le signe des taux d’invasion de chacune des espéces
qui sont des quantités dépendant exclusivement des paramétres du systéme et modélisant la vitesse
de croissance (ou de décroissance) de ces espéces lorsqu’elles sont au bord de Pextinction.

Mots clés :

Processus de Markov déterministes par morceaux ; Comportement en temps long; Modéle de
compétition ; Chemostat ; Gradostat

Abstract :

The objective of this thesis is to study the long time behaviour of some piecewise deterministic
Markov processes (PDMP). The flow followed by the spatial component of these processes switches
randomly between several flow converging towards an equilibrium point (not necessarily the same
for each flow). We will first give an example of such a process built in the plan from two linear
stable differential equations and we will see that its stability depends strongly on the switching
times. The second part of this thesis is dedicated to the study and comparison of two competition
models in a heterogeneous environment. The first model is a probabilistic model where we build a
PDMP simulating the effect of the temporal heterogeneity of an environment over the species in
competition. Its study uses classical tools in this field. The second model is a deterministic model
simulating the effect of the spatial heterogeneity of an environment over the same species. Despite
the fact that the nature of the two models is very different, we will see that their long time behavior
is very similar. We define for both model several quantities called invasion rates modelizing the
growth (or decreasing) rate speed of a species when it is near to extinction and we will see that
the signs of these invasion rates fully describes the long time behavior for both systems.

Keywords :

Piecewise deterministic Markov processes ; Long time behaviour ; Competition model ; Chemo-
stat ; Gradostat
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