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CHAPTER 1

Introduction

1. Geometric structures and locally homogeneous triples. Motivation

The concept of model geometry introduced by William Thurston [Th] plays a
fundamental role in modern Differential Geometry:

DEFINITION 1.1. An n-dimensional model geometry is a pair
(X,a:Gx X — X),

where X is a simply connected n-dimensional manifold, G is a Lie group, and « is
an effective, transitive action with compact stabilizers.

The condition on the compactness of the stabilizers has an important conse-
quence:

REMARK 1.2. Let (X,a: G x X — X) be a model geometry. Then X has an
a-invariant Riemannian metric. Any such a metric is homogeneous, in particular
complete.

Many authors implicitly require that G is connected. Under this assumption it
follows that all the stabilizers G, x € M are also connected [Fi, Proposition 1.1.1].

We will not adopt this convention, but (since we focus on geometric structures
on orientable manifolds) we will assume that G acts by orientation preserving dif-
feomorphisms.

We have a natural notion of isomorphism (equivalence) between two geome-
tries (see [Sc, p. 474]1). A fundamental problem in the theory of geometric struc-
tures is the classification of n-dimensional geometries, for a given dimension n, up
to equivalence.

Let (X,a:Gx X — X), (X, : G x X - X) be two model geometries with
the same underlying manifold X. We say that (X, o’ : G’ x X — X) is larger than
(X,a:GxX = X) (or (X,a: GXx X = X) is contained in (X, o : G’ x X = X)),
if G is a Lie subgroup of G’ and « is the restriction of o’ to G x X. A geometry
(X,a: Gx X — X) is called mazimal if, for any larger geometry (X, o/ : G' x X —
X), one has G = G'. Any model geometry (X,«a : G x X — X) is contained in a
maximal geometry [Fi, Proposition 1.1.2].

Let (X,a : G x X — X) be an n-dimensional model geometry, and G, be
the pseudogroup of transformations of X which are restrictions (to open sets) of
diffeomorphisms ¢, : X — X.

DEFINITION 1.3. Let (X, : GxX — X) be an n-dimensional model geometry,
and M be a differentiable n-manifold. A geometric (X, a)-structure on M is a
differentiable G -structure on M, i.e. a maximal Gy -atlas A on M.

A differentiable manifold which admits a geometric (X, «)-structure will be
called (X, «)-geometric manifold. Note that

9



10 1. INTRODUCTION

REMARK 1.4. Let (X, : G x X — X) be a model geometry. The following
conditions are equivalent:

(1) G has a discrete group I" such that the right coset space I'\G is compact.
(2) G has a discrete group I' such that X/T" is compact.
(3) There exist compact (X, a)-geometric manifolds.

Since in this thesis we are interested in the class of compact geometric mani-
folds, the model geometries satisfying these three equivalent conditions will play an
important role. Such a model geometry will be called model geometry with compact
quotients.

Fixing an a-invariant Riemannian metric g on X (see Remark [1.2), we see
that (X, a)-structure A on M yields a Riemannian metric g4 on M which is locally
homogeneous, i.e., for any pair (x,2’) € M x M there exists open neighborhoods
U >z, U > and an isometry ¢ : U — U’ with ¢(x) = 2’.

Conversely, any compact locally homogeneous Riemannian manifold is geomet-
ric. More precisely:

REMARK 1.5. Let (M, g) be a compact, connected, orientable, locally homoge-
neous Riemannian manifold, and 7 : M — M be its universal cover. There exists
a model geometry (M,a: G x M — M) and a geometric (M, a)-structure on M.

This is a well-known, classical result in the theory of geometric manifolds.
Since the strategy of the proof will play an important role in this thesis, we ex-
plain briefly the argument: Putting § := 7*g, we obtain a complete, simply con-
nected Riemannian manifold (M, §), which will also be locally homogeneous. A
well known theorem of Ambrose-Singer [AS]], [Si] implies that (M ,g) is homo-
geneous, in particular M admits a connected transitive group of isometries. In
particular the group Iso™ (M, j) of orientation preserving diffeomorphisms will act
transitively on M, and the obtained pair (M, : Iso™ (M, §) x M — M) will be a
model geometry, and M obviously has a geometric (M, o)-structure.

We emphasize the crucial role of Ambrose-Singer’s theorem in this proof. It is
easy to prove that a real analytic locally homogeneous, complete, simply connected
Riemannian manifold is homogeneous. This follows from [KN|, Theorem 6.3]. The
statement also holds in the differentiable category, but the proof, due to Ambrose-
Singer, is much more difficult (see section [2]in Chapter[5). We will come back later
to this important detail, and the role of Ambrose-Singer’s techniques in our thesis.

REMARK 1.6. In general the model geometry given by Remark is not max-
imal. Therefore, in general a locally homogeneous metric on a compact manifold
M might not be induced by a geometric structure associated with a maximal ge-
ometry with underlying manifold M. For instance the Berger metrics [Be] on S3
are locally homogenous, but (excepting the standard constant curvature metrics)
are not induced by a geometric structure associated with a maximal geometry.

A Berger metric on S® can be constructed using a constant curvature metric
on S%, and a homogeneous connection on the Hopf bundle S* — S2, which is
a principal S'-bundle on S2. One of the goals of this thesis is to generalize this
construction, and to prove effective results on the classification of locally homo-
geneous (geometric) compact manifolds obtained using connections on principal
bundles over a given geometric base. The main concept introduced and studied in
this thesis is
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DEFINITION 1.7. Let M be a differentiable manifold and K a Lie group. A
locally homogeneous triple with structure group K on M is a triple (g, P 2 M, A),
where p : P — M 1is a principal K-bundle on M, g is Riemannian metric on M,
and A is connection on P such that the following locally homogeneity condition is
satisfied: for every two points x, ' € M there exists an isometry ¢ : U — U’
between open neighborhoods U > xz, U’ > x' with p(x) = 2/, and a @-covering
bundle isomorphism ® : Py — Py such that ®*(Ay/) = Ay.

In these formulae, for an open set U C M, we use the subscript ;; to denote
the restriction of the indicated objects to U. For connections on principal bundles
we adopt the conventions of [KN], so in Definition the symbol A stands for a
K-invariant horizontal distribution of P. We will denote by Vp C Tp the vertical
distribution of P.

Fix now an inner product {-,-) on the Lie algebra ¢ of K, and let g4 be the
Riemannian metric on P characterized by the conditions

(1) The canonical bundle isomorphism Vp ~ P x t is an orthogonal bundle
isomorphism with respect to the inner products defined by g4 and (-, -)).

(2) The restriction of p, to the subbundle A C Tp gives an orthogonal bundle
isomorphism A — p*(Ths),

(3) The direct sum decomposition Tp = A & Vp of the tangent bundle T is
ga-orthogonal.

The following remark gives the motivation for introducing and studying locally
homogeneous triples:

REMARK 1.8. Let (g, P 2 M, A) be a locally homogeneous triple with struc-
ture group K, and let {-,-) be an ad-invariant inner product on €. Then g4 is a
locally homogeneous Riemannian metric on P.

We are interested in the important case when K is compact. In this case an
ad-invariant inner product (-, -) on ¢ exists and, according to Remark|[L.5} the total
space P will be a geometric compact manifold. Therefore a locally homogeneous
triple with compact structure group K gives a geometric principal bundle over a
geometric base; this justifies the title of our thesis.

The class of geometric manifolds obtained using locally homogeneous triples is
larger than one might think: recall that in dimension 3 there exists (up to equiv-
alence) eight maximal model geometries which admit compact quotients: E3, S3,

H?, S x R, H? x R, SL»(R), Nil and Sol. We refer to [Thl]l, [Sc] for the explicit
description of the pair (X, ) corresponding to each symbol above.

Excepting H? and Sol, for any model geometry (X, «) in this list there exist
compact 3-manifolds with a geometric (X, «)-structure which are associated with
locally homogeneous triples with structure group S!. For instance any non-trivial
St-bundle over a Riemann surface of genus g has a geometric (X, a)-structure,
where

(1) (X,a)=S3wheng=0,
(2) (X,a) =Nilwheng =1,

(3) (X,a) = SLy(R) when g > 2.
The trivial S*-bundles over Riemann surfaces have geometric structures with
model geometry S? x R, E3, or H? x R. Moreover any S!-bundle over a Riemann
surface has a geometric metric which is associated with a locally homogeneous
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triple in the sense of Definition These examples shows the abundance of geo-
metric principal bundles in the class of geometric manifolds.

At the end of this introductory section we explain the motivations behind our
interest in locally homogeneous triples and their classifcation:

(1) Locally homogeneous triples give a large class of interesting geometric
manifolds in any dimension.

(2) The classification of locally homogeneous triples with fixed structure group
K on a given base M leads to interesting moduli spaces, so it is related to
gauge theory.

(3) The methods used in chapter [2, in which we give an infinitesimal charac-
terization of the homogeneity condition for triples, are very general and
can be used for the classification of other classes of locally homogenous
structures on manifolds, e.g. for locally homogenous triples consisting of
a Riemannian metric, a Spin°®-structure and a spinor.

2. Preliminary definitions and notations

Let (N, h) be a Riemannian manifold, and let G C Iso(N, k) be a closed sub-
group of the group Iso(V, h) of isometries of (N, h). Let K be a compact Lie group,
and ¢ : Q@ — N be a principal K-bundle on N. The group of G-covering bundle
isomorphisms of ) is defined by

Ga(Q) ={(D,9)| p € G, D:Q — Q is a p-covering bundle isomorphism }.

The group G (Q) has a natural topology (induced by the weak C*°-topology [Hi,
section 2.1]), and fits in the short exact sequence

{1} = 6(Q) = Ga(Q) & G — {1},

where G(Q) is the gauge group of @ [DKI], [Te], i.e. the group of id-covering
bundle automorphisms of ). Let now I' C G be a subgroup of G acting properly
discontinuously on N. The quotient M := N/I' comes with a natural Riemannian
metric, such that the canonical projection 7 : N — M becomes a locally isometric
covering projection. Denote by g this Riemannian metric on M induced by A via 7.

Suppose now the group epimorphism p~!(I') — T has a right inverse, i.e. that
there exists a group morphism j : I' — G(Q) such that poj = ¢p, where op : T' - G
is the inclusion monomorphism. If this is the case, we will obtain the commutative
diagram

(1} — 6(Q) — Ge(Q) X~ G — {1}

x e 1)

r
The group I' acts (via j) on ) by bundle isomorphisms, and the quotient P := Q/I"
will be a principal K-bundle on the quotient manifold M.
Let now B be a connection on () satisfying the following invariance condition:
Any element ¢ € G has a lift in Ga(Q) which leaves B invariant. (Cq)

In this case we obtain a short exact sequence

{1} - 6%(Q) = G5 (Q) 2= G — {1},
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where GP(Q) (GE(Q)) is the stabilizer of B in the gauge group G(Q) (respectively
in the group G (Q)). If, moreover, we can find a liftj : ' — GZ(Q) of the inclusion
monomorphism ¢ : I' — G, we will obtain the diagram

(1} — 65(Q) — 68 22 ¢ —» (1}

\ e &)

r
and the quotient bundle p : P = Q/T' — N/T' = M will come with an induced
connection, which will be denoted by A.

DEFINITION 2.1. The triple (g, P 2 M, A) obtained in this way will be called
the T-quotient of (h, Q- N, B) associated with the liftj: T — GE(Q) of pp.

Note that condition (C¢) has an important gauge theoretical interpretation (see
[BiTe] for details): Let B(Q) := A(Q)/G(Q) be the moduli space of all connections
on @, where A(Q) denotes the space of connections on ). A connection B’ on
a principal K-bundle Q' ~ Q yields a well defined element [B’] € B(Q) in the
following way: we chose a bundle isomorphism ¢ : Q@ — @', and we put [B] :=
G(Q) - ¢¥*(B’). This gauge class will be independent of 1. On the other hand, since
G is connected, we have ¢*(Q) ~ @ for any ¢ € G. Therefore, for any B € A(Q)
and any ¢ € G, the pull-back connection ¢*(B) € A(p*(Q)) defines a gauge class
©*[B] € B(Q). In other words, we obtain a well-defined action of G on the moduli

space B(Q).

REMARK 2.2. A connection B € A(Q) satisfies condition (Cg) if and only if
the gauge class [B] € B(Q) is G-invariant.

REMARK 2.3. If G acts transitively on N, then

e The pair (@, B) is homogeneous with respect to the Lie group G5(Q).
This Lie group is an extension of G by the compact group GZ(Q) (which
is isomorphic to a closed subgroup of K).

e The quotient triple (g, P 2+ M, A) is locally homogeneous.

The first goal of this thesis is to prove that, under certain (very general) condi-
tions, all locally homogeneous triples can be obtained in this way. More precisely,
any locally homogeneous triple on M can be obtained as the quotient of a homo-
geneous triple on M. Then we will use this result to obtain explicit classification
theorems for locally homogeneous triples.

3. The approach. Presentation of results

Our method for the classification of locally homogeneous triples on compact
manifolds has two main steps:
(S1) Prove that any locally homogeneous triple on M is obtained as a quotient of a
globally homogeneous triple on the universal cover M.
(S2) Use Biswas-Teleman’s description [BiTe] of the moduli space of homogeneous
connections on a manifold endowed with a transitive action.
(S1) The first step is a special application of the following natural, general idea:
reduce the classification of a class of locally homogeneous objects on M to the clas-
sification of a class of (globally) homogeneous objects on the universal cover M.
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Suppose for instance that M is compact, and ¢ is a locally homogeneous Riemann-
ian metric on M. Then the induced metric § on M will be locally homogeneous
and complete, hence homogeneous by the well-known theorem of Ambrose-Singer
mentioned above. Therefore, using the correspondence g — §, the classification
of locally homogeneous Riemannian metrics g on M reduces to the classification
of homogeneous metrics § on M for which the isometry group Iso(M, §) contains
the covering transformation group of the universal cover M — M. We will prove
a similar result for locally homogeneous triples. Let 7 : M — M be the universal
cover of M, and let T" be the corresponding covering transformation group,

THEOREM 3.1. Let M be a compact manifold, and K be a compact Lie group.
Let m : M — M be the universal cover of M, T' be the corresponding covering
transformation group. Then, for any locally homogeneous triple (g,Pi> M, A)
with structure group K on M there exists

(1) A connection B on the pull-back bundle Q := 7*(P).

(2) A closed subgroup G C Iso(M,7*(g)) acting transitively on M which con-
tains T' and leaves invariant the gauge class [B] € B(Q).

(3) Aliftj: T — GE(Q) of the inclusion monomorphism v : I' — G, where
GE(Q) stands for the group of automorphisms of (Q, B) which lift trans-
formations in G.

(4) An isomorphism between the T-quotient of (7*(g),Q, B) and the initial
triple (g, P 25 M, A).

Therefore, any locally homogeneous triple on M is the quotient of a globally
homogeneous triple on the universal cover M.

(S2) The group G := GE(Q) whose existence is given by Theorem is a Lie
group which fits in the short exact sequence

{1} = 6%(Q) = GE(Q) 7 G — {1}, 3)

where GB(Q) is the stabilizer of B in the gauge group G(Q) of . The connection
B is GB(Q)-homogeneous and, in principle, one can use the results of [BiTe] for
the classification of homogeneous connections.

REMARK 3.2. An important difficulty arise: one has first to classify all possible
Lie groups G‘, admitting G as a quotient, which intervene in an exact sequence of
the form . In other words the pull-back pairs (@), B) we want to classify are not
necessarily G-homogeneous, but homogeneous with respect to an extension Gof G.

Fixing a point yo € Q the stabilizer GZ(Q) can be identified with a closed
subgroup L C K, and the conjugacy class of L is independent of y,. This conju-
gacy class will be called the conjugacy class associated with (the stabilizer of) the
connection B.

It is important to point out that only a very small class of conjugacy classes
of closed subgroups of K are associated with connections in principal K-bundles.
The reason is the following: the stabiliser of a connection B is the centralizer of its
holonomy subgroup (see section[5[1.4). Therefore, if L C K is associated with (the
stabilizer of) B, then it coincides with the centralizer of Lie subgroup of K. Such a
subgroup of K, and also its conjugacy class, will be called admissible. For instance
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ExAMPLE 3.1. For K = SU(2) we have only three admissible conjugacy classes
of subgroups: the class of the center Z(SU(2)) = {+I>}, the conjugacy class of a
maximal torus of SU(2) (which is isomorphic to S'), and the conjugacy class of
SU(2).

For K = SO(3) we have five admissible conjugacy classes: the conjugacy class
of the trivial subgroup, the conjugacy class of a subgroup isomorphic to O(1) = pa,
the conjugacy class of a maximal torus of SO(3), the conjugacy class of a subgroup
isomorphic to O(2), and the conjugacy class of SO(3).

For an arbitrary compact Lie group K, the minimal admissible conjugacy class
is {Z(K)}, and the maximal admissible conjugacy class is { K'}. If the stabiliser of
a connection A is minimal (coincides with Z(K)) A is called érreducible.

Our method for the classification of locally homogeneous triples on an ori-
entable, compact, connected manifold M consists of the following:

(1) Classify all homogeneous metrics § on M admitting a closed, group of
orientation-preserving isometries G C Iso™ (g, M) which acts transitively
on M and contains I'. In many interesting cases these conditions imply
G =Tso™ (g, M) (see sectionCh. 4).

(2) For any pair (g, G) as above classify all Lie group extensions

{1} =L —G—G— {1}, (4)

where L is an admissible subgroup of K, and all lifts j : I' — & of the
embedding i : I' — G.

(3) For any such extension classify, up to isomorphism, all G-homogeneous
pairs (Q, B) on M. This classification is obtained using Biswas-Teleman
theorem [BiTe, Theorem 12]. Select the G-homogeneous pairs (Q, B)
whose stabilizer is L, and such that G acts effectively on Q.

For any Lie group extension of the form we obtain a family of triples
(3,Q, B), where j : I' — G is a lift of «p, and (Q, B) is a G-homogeneous pair
on M. Any such triple yields a locally homogeneous triple (g, P, A) obtained as the
I-quotient of (@, B) via j. The main Theorem shows that all locally homoge-
neous triples on M can be obtained in this way. We will illustrate our method for
the classification of locally homogeneous triples with structure groups S!, PU(2) on
hyperbolic Riemann surfaces. We will see that:

(C1) The isomorphism classes of locally homogeneous S*-triples with fixed Chern
class ¢;(P) = c correspond bijectively to the points of the corresponding
moduli space of Yang-Mills connection (which is a torus of dimension 2g).

(C2) The isomorphism classes of locally homogeneous PU(2)-triples (g, P, A) with
A flat, correspond bijectively to the points of the space of conjugacy classes
of representations 71 (M) — PU(2)

(C3) The isomorphism classes of locally homogeneous PU(2)-triples (g, P, A) with
7m*(A) irreducible can be identified with (0, o).

The PU(2)-triples given by the third statement have not been considered in
the literature before (to our knowledge). This leads to interesting locally homo-
geneous (hence geometric) 5-dimensional manifolds, which are fibre bundles over
hyperbolic Riemann surfaces. We will come back to these family of triples in future
research. One can ask interesting questions about these triples, for instance: study
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the Ricci flow on these geometric 5-dimensional manifolds.

The thesis is organized as follows: In Chapter [2| we prove Theorem [3.1]in the
general framework of C* triples. The proof is based on the following characteriza-
tion of locally homogeneous triples:

THEOREM 3.3. Let M be a connected manifold, (g, P 2> M, Aq) be a triple
consisting of a Riemannian metric g on M, a principal K-bundle P on M, and a
connection Ag on P. Denote by Cy € A(O(M)) the Levi-Civita connection on the
orthonormal frame bundle O(M) of (M, g). The following conditions are equivalent:

(1) (g, P M, Ap) is locally homogeneous.
(2) (9, P M, Ap) is infinitesimally homogeneous.
(8) There ezists a pair (C, A) € A(O(M)) x A(P) such that

VORC =0, VOTC =0, VOAFA =0, VO4(A— Ag) =0.

In this statement we have denoted by R® (T°“) the curvature (torsion) of the
connection C' on O(M), and by F4 the curvature of the connection A on P. The
concept of infinitesimally homogeneity for triples is inspired by Singer’s notion of
infinitesimally homogeneous Riemannian metrics [Si], [NT]. Taking into account
the role of Singer’s indeas in our thesis, we inserted a section in the Appendix in
which we explain briefly the method of proof of this important result.

In Chapter[3|we give a (much simpler) proof of Theorem|3.1]in the real-analytic
framework. The main idea in this chapter is to reduce the problem of extending
bundle morphisms, which are compatible with a pair of connections, to an exten-
sion problem for parallel sections.

In Chapter 4 we make use of our main theorem to classify locally homogeneous
triples on hyperbolic Riemann surfaces.

Chapter[5]is an appendix containing definitions and results used in our proofs.
The results presented in the appendix are known, of general interest, but not easily
available in the literature.



CHAPTER 2

Locally homogeneous and homogeneous triples. The
differentiable case

1. Infinitesimally homogeneous sections in associated bundles

Let M be a differentiable n-manifold, and L(M) be its frame bundle. Let K
be a Lie group, ¢ its Lie algebra, » : K — GL(n) be a morphism of Lie groups,
7 : P — M be a principal K -bundl over M, and f : P — L(M) be an r-morphism
of principal bundles.

Let V be a finite dimensional vector space, p : K — GL(V') be a morphism of
Lie groups, and F := P x, V be the associated vector bundle. Put

Wijpq := (Rn)@ ® (Rn*)®j ® Ve @ V*®d )
and let R
R: K — GL(Wiqu)
be the linear representation induced by r and p. The corresponding infinitesimal
action ¢ — gl(W;;,,) defines a K-invariant pairing
K X Wiqu — Wiij7 (5)
which induces a paring of associated vector bundles
ad(P) x (T} @ (Aj)® @ E®P @ E®*) — Ty @ (Aj)® @ E® @ E®* (6)
The pairings (5), (6) will be denoted by (b,n) — b -7 to save on notations. For
instance, the pairing
ad(P) xar ({A4 )% @ E) = (A4} 0 B )
is given by the formula
J
(b-n)(wy,...,w;) :=b- (n(wy,...,wj)) — Zn(wl,...,hwi,...,wj).
i=1
The fact that is K-invariant, has an important consequence:
REMARK 1.1. The pairing @ is parallel with respect to any connection on P.
We shall also need the pairing
({AM}®F @ad(P)) xar (A} © B) 5 {A )V 0 B
given by
(u@b) - n:=u®(b-n).
IThe results of this section will be applied later taking K = O(n) x K, P = O(M) X P,

where P is a principal K-bundle over M as in Chapter This justifies the notations IA(, P used
in this section.

17



18 2. THE DIFFERENTIABLE CASE

In other words, for 3 € {AL}®* @ ad(P,) and € {A}}®7 @ E,, one has
B-n)(v1, ..., v, w1, .., W) = {ﬁ(vl,...,vk) -n}(wl,...,wj) =

J 8
:B(vl,...,vk)~77(w1,...,wj)—Zn(wl,...,ﬁ(vl,...,vk.)~wi,...,wj). ®
i=1

For a tensor monomial 8 = (w1 ® - -+ ® wy) ® b with w; € Al and b € ad(P),, one
has

(Wi®  @uwy)@b) n= (w1 @ Qwg) @ (b-7).
For a connection B € A(P) we define the following associated linear connec-
tions:

e VB is the linear connection on T} associated with f,(B). This connection
corresponds (via the the isomorphism P x, R* ~ Ty, induced by f) to
the linear connection associated with B on the associated vector bundle
P X, R™.

e V7 is the linear connection on E = P x, V associated with B.

e V2 is the linear connection on ad(P) = P x4 ¢ associated with B.

. Vg-pq is the linear connection on T} ® (A},)®7 @ E®P @ E®*1 associated

with B. In other words
B B\®i1 B\*®j B Bx
Viqu = (V! )® ® (VB) ®i g (V! )®p® (V2) ®q

Taking into account Remark [I.1]it follows

REMARK 1.2. For any x € M and tangent vector £ € T, M the following Leibniz
rule holds:

vg'pq,f(b ) = (vaféb) n+b- vgz)qén'
In particular one has

Videlb- X) = (VEeb) - X +b- (VP X),
for any pairs (b, X) € T(ad(P)) x X (M), (b,y) € T'(ad(P)) x T(E).
Using tensor product of connections we obtain connections (V,2)®/ @ VB,
(V;F)®7 © V5 on the vector bundles {A},}%7 @ E, {A},}®7 @ ad(P).

Using the pairing (8) we obtain the following variation formula for the connec-
tion (V,2)®7 ® VP with respect to B:

REMARK 1.3. Let B € A(P) and 3 € A'(ad(P)). Put B’ := B + 3. For any
n € I'({A};}®/ ® E) one has

(W) @ V)0 = (%)™ @ VE)n+6-1. (9)
In other words, for any € M and ¢ € T, M one has
(V¥ @V )n = (%)™ @ %P) m+ B - n.

LEMMA 1.4. (Leibniz formula) With the notations introduced above the follow-
ing holds: For any 8 € T ({A},}®* ®ad(p)), n e I({A}}¥ ®E), and any tangent
vector £ € T, M one has

(V= @NP) (8-1) = (W@ VD) B) -n+5- (M) ©V)n. (10)
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PROOF. We give the proof in the case k£ = 1, which will be used later. We may
suppose that ﬂ is tensor monomial, so it has the form 8 = w®b, where w € ['(A},),
and b € T'(ad(P)). Using Remark [1.2) . 2| we obtain

(W2 @2 (8-n) = (W) @ VP) (web)-1)
=((%) @ (%)¥ @ V) (we (b-m)
=ViZw® (b n) +wd (V) -n+b- (G @ VP)en)
—(Virw@b+w® V) - n+ (web) - (V)™ @ VP)en)
=((WF @ VL) B) -n+ 8- (V)™ @ VP)en).

Let By be a fixed connection on P, and ¢ € I'(E). Put
o) = (W)Y 0GP @ @ (U © GP) (V)0 € (M) @ E).
For any k € N and z € M we put
b2 (k) == {b € ad(P,)| b- O'B =0for0<i<k},

and note that h7 (k) is a Lie subalgebra of ad(P,). One has h(k + 1) C b (k) for
any k. Put

k7 :=min{k € N| p%(k + 1) = b (k)} .

Any K-equivariant isomorphism 6 : P, — P,, defines linear isomorphisms

Ov : By — Ey, 04 ad(P,) — ad(Py).

and (via the bundle morphism f) it also defines a linear isomorphism
Onr : T, — Ty .

Denote by ¢* the induced isomorphism {AL}** @ E, — {AL1}®* @ E, . We can
now define

DEFINITION 1.5. Let By be a connection on P. A section o € T'(E) is called
infinitesimally homogeneous with respect to BO if for any pair (z,x') € M x M
there exists a K - equivariant isomorphism 0 : P, — P, such that

0 ({o}.)={oW}  for0<i<kf+1. (11)
Let 6 : P, — P, be a K-equivariant isomorphism such that (11)) holds. Then
0; applies isomorphically h7 (k) on hZ, (k) for 0 < k < k7 + 1. This implies

REMARK 1.6. Let o € I'(E) be an infinitesimally homogeneous section with
respect to Byp. Then k7 is independent of x.

We will denote by k£ the obtained constant.

PROPOSITION 1.7. Suppose that o is infinitesimally homogeneous with respect
to By. Let B € A(P) be a connection such that
(VB @ V2)oW =0 for0 <k <k® +1. (12)
Then

(1) The union b7 :=J, ¢y, b3 (k7 +1) is an Vo -parallel subbundle of ad(P P).
(2) One has (V;P @ V2)(B — By) € (A}, ®A ®h7).
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PROOF. (1) Let v:[0,1] — M be a smooth path in M. It suffices to note that,
by Remark the parallel transport with respect to the connection Va% maps
isomorphically hZ(o) onto h‘;(l).
(2)Put 8:=B—By € Al(ad(P)). Using Remarkwe obtain, for 0 < k < k% +1
k k k k+1 k

0= (VD) & VP)og) = (NP @V )y +8-05) = o™ +8-0f) . (13)
Let z € M, £ € T,M. Taking 0 < k < k%, applying ((V,7)®* ® V.2)¢ on both
terms of , noting that for these values of k the first term on the right will still
vanish, and using the Leibniz rule (Lemma , one obtains

(V2@ VD)eB) o) =0 for 0<k <k”.

ad

Taking into account formula it follows that, for any v € T, M one has
(VP @ V)eB) (v) -a™ =0.
Therefore for any (§,v) € T, M x T, M one has
(WP @ V2)B)(€v) € b7 (K]) = b7 (kT +1),
which shows that
(Vir @ V2)8 € T(Aly @ Ay @ b7 (k7 + 1) = T(Aly @ A}y @57).
|
The following result shows that, assuming that K is compact, any connection
B satisfying can be modified, by adding a section in I'(A}; ® ), such that the

modified connection B still satisfies (12)), and also satisfies (V2 @V ?)(B—B) = 0,
which is a much stronger property than Proposition[1.7] (2).

PROPOSITION 1.8. Suppose that o is infinitesimally homogeneous with respect
to By. Let B € A(P) be a connection such that

(V) @ V2)oW =0 for0<k <k® +1.

Suppose that K is compact. Then there exists a section 3 € (A}, ® h7) such that
the connection B := B + 3 has the properties:

(1)
(%) @ V) (05) =0 for 0< k< k7 +1. (14)

(2)
(Vi @ V7)(B — Bo) = 0. (15)

PROOF. Note first that, in fact, for any 8 € I'(A}; ® h?) the connection B :=
B + 0 has the property . The problem is to find 8 such that the second
conclusion holds.

Since K is compact, we can endow its Lie algebra with an ad-invariant inner
product. Therefore ad(f)) becomes an Euclidian vector bundle, and any connection
on P induces an Euclidian connection on ad(f)). We obtain orthogonal decompo-

sitions
ad(P) = b @ (h7)*, (16)
A @ad(P) = (M @b%) @ (A @ (b)) (17)
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Put b := 8B — By, and let
b="b"+0b"
the decomposition of b with respect to the splitting . We define
B:=98B-bt =By+b".

Since b’ is a section of h7, we see that the new connection B := B — b’ still satisfies
. On the other hand, by Proposition the decomposition is parallel
with respect to any connection B on P which satisfies 1) Similarly, for any
such connection the decomposition will be (V2 @ VP)-parallel, in particular
AL, ®(57)t is a (VP @ VP)-parallel subbundle of A}, ® ad(P). Since b” is a section
of A}, ® (h7)1 we obtain

(Vi ® Vi)eb” € D(Aly @ Ay @ (h7)*) VE € Tas .
On the other hand, taking 8 = b” in Proposition we obtain
(VE @Vt e T(Al; @ Al @ 57) VE € Tar.

Therefore (V? ® V5):b” = 0. But b’ = B — B.
|

We prove now that a connection 8 satisfying the hypothesis of Proposition (1.8
exists always. Therefore, under the additional assumption that K is compact, we
will obtain the existence of a connection B satisfying the conclusion of Proposition

L8

PROPOSITION 1.9. Suppose that o is infinitesimally homogeneous with respect
to By. There ezists a connection B € A(P) such that

(VB @ VE)olh) =0 for0<k<h”+1.
PROOF. We use the infinitesimal homogeneity condition to obtain a Lie sub-

group K C K and a principal R-bundle B C P (a reduction of the structure group
of P from K to 8) such that the sections Jg? (0 <k <k%+1) are all defined by
constant R-equivariant maps on . It will follow that all theses sections are parallel
with respect to any connection on B3, so the claim will follow by choosing B to be
a connection on P associated with any connection on L.

For x € M we will identify the fibre L(M ), of the frame bundle L(M) with the
space of linear isomorphisms R™ — T, M. Therefore, with the notations introduced
at the beginning of this section, a point y € P defines a linear isomorphism

fy):R*" > T, M.

(k)
B

Using the k-order covariant derivative o3 of o we obtain a K -equivariant map

or 1 P — LF(R™, V)
defined by the formula
oW (FW)ED, - FWE) =y, or®)(Ers . 0]
(k)
B

In other words, ¢ is the equivariant map P — L¥(R™, V) associated with o X
regarded as a section in the associated bundle

(M)®* @ E =P x, LFR", V).
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Put W := @g:&l LF(R™, V) and define a K-equivariant map ® : P — W by
®(y) == (r(Y))o<k<ho+1 - (18)

Since the section o € I'(E) is infinitesimally homogeneous, it follows that ®(P)is a
single K-orbit of W. Indeed, let zg € M, yo € P,,. For a point y € P, let = = 7(y)
and 6 : ch0 — P, bea K- equivariant isomorphism such that
k (k) (k) o
0" ({opy },,) = 105y}, for 0 <k <k? +1. (19)
(see Definition . This implies the equality

[0(y0), ex(yo)] = [y, er(y)]
in P, X i L*(R", V). Choosing a € K such that 0(yo) = ya, we obtain
or(y) = apr(yo) for 0 <k < k7 +1,
which shows that y € K ‘I>A(y0). Therefore ®(P) c K®(y,). Using the K-equivariance
property of ® we get ®(P) = K®(yp), as claimed. Put
R= Koy, Bi=2 " (B(w0)) -
Using a well-known theorem in the theory of fibre bundles (see Lemma below),

it follows that 93 is a &-reduction of P. Since ® is obviously constant on B, it follows
that the restrictions ¢y o are all constant on B, so the corresponding sections will

be parallel with respect to any connection on 3. Therefore 01(5?0) will be parallel

with respect to any connection B on P which is associated with a connection on

P
|

LEMMA 1.10. Let: P — M be a principal K -bundle over a manifold M, and
let R be a closed subgroup of K. There is a bijection between the set of R-reductions
of P and the set of pairs

(p,u) € T(M, P x . (K/8)) x (K/8).
The R-reduction associated with a pair (p,u) is the pre-image ®~1(u), where
P . I:) — K/ﬁ
is the equivariant map associated with .
PROOF. See the proof of [KN| Proposition 5.6]. [ ]
Combining Proposition [1.8]and Proposition[1.9| we obtain the main theorem of
this section

THEOREM 1.11. Suppose that o is infinitesimally homogeneous with respect to
By and the structure group K is compact. Then there exists a connection B € A(P )
with the properties:

(1)
(VE)®* @ VE) (o)) =0 for 0 <k < k" +1. (20)

(2)
(ViZ @ V2)(B - By) =0. (21)
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2. Infinitesimally homogeneous triples

Let (M, g) be an n-dimensional Riemannian manifold, K be a compact Lie
group, P be a principal K-bundle on M, and A, be a connection on P. Put

K:=0(m)x K, P:=0M)xy P, V:i=R")%q(R™)*?c¢t).

Note that K comes with obvious representations r : K — GL(n), p : K — GL(V),
and P comes with an obvious bundle morphism f : P — L(M) of type r given by
the projection O(M) xp P — O(M) C L(M).

The connection on the principal bundle O(M) which corresponds to the Levi-
Civita connection will be denoted by Cj. The Riemannian curvature R of g will be
regarded as a section of (A},)®*, and the curvature F4° of A, will be regarded as
a section of the vector bundle A%, ® ad(P) C (A},)®? ® ad(P). The pair (R, F4°)
can be regards as a section in the associated vector bundle E := P x % V. Note also
that P comes with a connection B, defined by the pair (Cy, Ag).

DEFINITION 2.1. The triple (g, P 25 M, Ay) will be called infinitesimally homo-
geneous if the pair (R, FA) (regarded as a section in the associated vector bundle
E = P x; V) is infinitesimally homogeneous with respect to By in the sense of
Definition[1.5 .

This condition can be reformulated explicitly as follows:

Let V©° denotes the Levi-Civita connection of g on M and, let V4° denote the
associted connection on adjoint bundle ad(P). We will denote by V040 the tensor
product connection V¢ @ V40 on A2, @ ad(P). More generally, we obtain a tensor
product connection (V©040)i = (V©0)@(i=1) gy 4o on (A} )20-D @ A2 @ad(P).
For x € M let so(T,) be the Lie algebra of skew-symmetric endomorphism of the
Euclidian space (7%, g..). For any k € N and = € M we define

b4 (k) = {(u,v) € s0(Ty) @ ad(Py)| u- (V)'R), =0,
(u,v) - (VoAo) FA) =0for0<i<k},
and note that h%“o (k) is a Lie subalgebra of so(7}.) @ ad(P,). For any k one has
b7 (k+1) C b3 (k).
Put
kA0 = min{k € N| p24 (k + 1) = 270 (k)} .

With these definitions we see that

REMARK 2.2. The triple (g, P 2 M, Ay) is infinitesimally homogeneous if and
only if for any (z,2') € M x M, there exists a pair (f,¢) where f: T, M — T, M

is a linear isometry, and ¢ : P, — P, is K-equivariant isomorphism, such that for
any 0 < k < kg’AO + 1 one has:

(1) FI(VEO)R), ) = (V)'R),,-
(2) (1, 6)(VOPR) ) ) = (T o),
The second condition can be reformulates explicitly as follows: (V¢040)k 4o

is a section of the vector bundle (A};)®* ® A%, ® ad(P). The fiber ad(P), at x of
the adjoint bundle ad(P) is given by

ad(P), = Py xc ¢ =Tx Xt/
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so a K-equivariant isomorphism ¢ : P, — P, induces a linear isomorphism
ad(¢) : ad(P), — ad(P),

by the formula [y,a] — [¢(y),a]. The second condition in Remark can be
written as

(VAN FAY) (f(v1),..., f(uk), f(wr), f(ws)) =
= ad(¢) ((VEoA)FFA0), (v, ..., g, w1, w2))
in ad(P), for any tangent vectors v; € T, M, w1, wy € T, M .

The isomorphism pair (f, ¢) defines a Lie algebra isomorphism
so(Ty) ® ad(Py) — so(Ty) ® ad(Py ),
which isomorphically maps h%“° (k) onto h%*° (k) for 0 < k < k940 4 1. This
implies

REMARK 2.3. Let (g, P2 M, Ag) be an infinitesimally homogeneous triple.
Then kg4¢ is independent of z. We will denote by k940 the obtained constant.

Applying Theorem to our situation we obtain:

THEOREM 2.4. Let (g, P 5 M, Ay) be an infinitesimally homogeneous triple on
M. Then, there exist a pair of connection B = (C, A) € A(O(M)) x A(P) = A(P)
with the following properties:

(1)
VER=0, VE4F4 =0, VE(C -Cy) =0, VYA - 4y)=0.

(2)
vere =o0, VYR =0, V94F4 =0,

In these formulae R, TC stand for the curvature, respectively the torsion
tensor of V.

PROOF. Let o be the section of E := P Xz V defined by the pair (R, F40).

Theorem gives a connection B = (C, A) € A(O(M)) x A(P) = A(P) such that
(VD) @ VP)(of) = 0for 0 <k <k 41, (VP @ VE)(B - By) =0.
In particular, for k£ = 0 we obtain (V2)(R, F4°) =0, i.e.
VR =0, VEAF4 = .

The difference B — By can be identified with the pair (C' — Cy, A — Ap). Therefore
the above formula gives

VOO -Cy) =0, VYA - A4y) =0,

which proves (1). For (2) note first that T is the image of C' —Cj under the bundle
isomorphism A'so(Ta) — L2, (T, Tar) given by S +— T, where

To(X,Y) = S(X)(V) - S(OV)(X).
This isomorphism is induced by an O(n)-equivariant isomorphism
R™ @ so(n) — L2, (R™,R™).

a.
So it is parallel with respect to any metric connection on M. Therefore, the condi-
tion V¢ (C — Cp) = 0 is equivalent to VT = 0. Using VETC =0, V’R = 0, it
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follows VERY = 0 [TV], Page. 14].

Now, in order to prove that VE4F4 =0, put a := A — Ay. Therefore we have,
VOARA =0, V9l =0.
Using [Te| Proposition 3.2.8] we have
FAo — pA—a — pA _ g4q 4 %[a Aal. (22)
Let X, Y, Z € X(M) be arbitrary vector fields on M. We have
(d%a)(X,Y) = Vi (a(Y)) - V¥ (a(X)) — o[X,Y]). (23)
Using the fact that a € A'(ad(P)) is VE4-parallel, we obtain
0= (VHa)(X,Y) = (V§"a)(Y) = Vi (a(Y)) — a(VKY). (24)
Using and to obtain,
(@4a)(X,Y) = a(VRY) - o(VEX) - o([X,Y]) =a(T9(X,Y)).  (25)
On one hand
0= (VE'a)(T(Y, 2)) = VR (T(Y, 2)) = (VKT (Y. Z)),  (26)
and on the other hand and imply that
(Va2 a)(X,Y, 2) = Vi ((d*a)(Y, Z)) — (") (VRY, Z) — (d"a)(Y, VK 2)
= VR (a(T(Y, 2))) - a(T9(VKY, Z)) — (T (Y, VK 2))
= a(VKT(Y, Z)) - a(TC(VRY, 2)) — a(T(Y, VK Z))
a(VSTO)Y, 2)) = 0.

Finally, if we put n = %[a A @], then for any Y, Z € X (M)
2(Y, 2) = [a Aal(Y, Z) = [a(Y), a(Z)] - [a(Z), a(Y)] = 2[a(Y),a(Z)].  (27)
Therefore,
VAW, 2)) = Vi (a(Y), a(Z)]) = [V4(a(Y), a(Z)] + [a(Y), Vi (a(2)]. (28)
Using , and we obtain
(VY. Z2) =V (Y, 2)) = n(VKY, Z) = (Y, V§ Z)
=[V&(@(Y)),a(Z)] + [a(Y), Vi (a(Z2))] = [a(VSY), a(Z)]
—[(Y),(V§2)] = [(V§ ) (Y), a(2)] + [a(Y), (V§ ) (2)] = 0.

Therefore VEAFA = 0 as claimed. [ |

Using Singer’s theorem (see Chapter [5/2.9) we obtain

REMARK 2.5. Let (g, P2 M, Ay) be a infinitesimally homogeneous triple.
Then (M, g) is locally homogeneous.
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A pair (C, A) € A(O(M)) x A(P) defines in a canonical way a linear connection
V = V°“ on the tangent bundle Tp. This construction will play an important role
in our arguments, so we explain this construction in detail:

Recall that, in general, we identify a connection on a principal bundle with the
corresponding horizontal distribution. Using the bundle isomorphism

J: p*TM — A
(defined by the inverse of p.|,), we obtain a linear connection
VA = J(p*vO)
on the horizontal subbundle A C Tp. Its curvature V" is given by
FY"" = i (RY)),

where j : gl(p*(Tw)) = p*(gl(Tar)) — gl(A) is the bundle isomorphism induced by
J.

On the other hand we can define a linear connection V**# on the vertical bun-
dle Vp via the canonical bundle isomorphism Vp >~ P x t. More precisely, if a”,
b# denote the fundamental fields corresponding to a,b € ¢ and if X denotes the
A-horizontal lift of X € X(M), then we define

Vo = [a,0]%, VAa® = 0.

Using the direct sum decomposition 7p = A @ Vp, the linear connection V¢4
on the horizontal subbundle A, and the linear connection V¥4 on vertical sub-
bundle Vp, we obtain a linear connection V = V¢4 := V¢4 ¢ v»4 on P. The
connection V has the following properties:

PROPOSITION 2.6. Let V = V4 be the linear connection on the tangent bundle

Tp defined as above. Let a¥, b* be the fundamental fields corresponding to a,b € ¥,
and let X, Y denote the A-horizontal lifts of XY € X(M). Let Z € X°(P) be a
vertical vector field on P. Then one has

(1) VY = (V$Y)™.

(2) ? a# =V X =0,

(3) Va#b# la, b]#.

(4) ViZ =[X,Z2].

(5) ?a#Z = a7, Z].

PRrROOF. The first three properties follow from the definition of V. We prove
(4). Since Z € XV(P) is a vertical vector field, there exists a family of fundamental

fields bﬁ ...,b¥ and a family of differentiable functions fi,..., f. on P such that
Z=%" fib¥. Therefore, we have

r

VeZ =V I fbf =Y (RUWE + fivgf) =3 X

i=1 i=1 i=1
Also we have
=[X Zflb# Z X(fabf + filX, 07 :ZX fvy
i=1 i=1

which proves (4).
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To prove (5) let Z =", fibfﬁ be as above. We have
VarZ =z 3 fib] = (a®(f)b] + £iV,b])
i=1 i=1
i=1 1=1
|

The space A°(ad(P)) has a natural Lie algebra structure, and can be identified
with the Lie algebra of the gauge group G(P) = I'(M, P xaq K) of P. For an
element v € A%(ad(P)) we define a vertical vector field £ € X*(P) by

d
&r=—| {yexp(tr(y))}
dt |;=o
The next lemma gives two important properties of the vertical vector field £”.

LEMMA 2.7. Let p : P — M be a principal K-bundle and A a connection on
P. Let a € ¢ and let X be the A-horizontal lift of vector field X € X(M). For any
section v € A%(ad(P)) one has

[, =0, [X,] =75
ProoF. To prove the first formula let (¢;):er be the one parameter group
of diffeomorphisms associated with the fundamental field a#. Therefore one has
vt(y) := y exp(ta). Let (fs)ser be the one parameter group of diffeomorphisms

associated with the field ¢”. By [KN| Proposition 1.11] one has [a#,£”] = 0 if and
only if p; o fs = fs o ¢ for every s and t. But for each y € P one has

[s(ei(y)) = fs(y exp(ta)) = fs(y) exp(ta) = ¢1(fs(y)) -
because fs is a bundle isomorphism, so it commutes with right translations.

To prove the second formula, let ¢t — x; = z(t) be an integral curve of X
defined for ¢ € (—e,¢) for some £ > 0 with the initial condition x(0) = xg. The
A-horizontal lift ¢ — y, of the path ¢ — x; through a point yy € P,, is the integral
curve of X with initial condition y(0) = yo. A smooth section v € A%(ad(P)) can
be regarded as a K-equivariant map v : P — €. Put a; := v(y¢) € ¢ and note that,
for each t € (—¢,¢), the vertical vector field §;, is defined by

d
§p = (at)i = :O{yt exp(sa;)} .

Let (8t)te(—e,e) be the one parameter group of local diffeomorphism associated with
X. We have

[X.€")y, = lim (€% — (B).(€2.,)}

t—0 t
1
= lim —{(a0)}, — (B)+ (a0} ,}

Since, (ﬁt)*(a,t)f_t = (a_¢)# we have
5 1 1
(X, €]y, = lim ;{(GO)Z%] —(a-0)f} = {}g% ;(ao —a_)} = {(a)i=0}],

d ~ o
= {av(yt)t:o}i) = {dl/(XyO)}jf) = {vf)“(yo ’/}zﬁ — V¥u0",
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|

PROPOSITION 2.8. Let v € A%(ad(P)) be a section of the adjoint bundle and
denote by £ the corresponding vertical field. Let X be the A-horizontal lift of the
vector field X € X (M) and let a” denote the fundamental vector field corresponding
to a € £. Then we have

Vi =¢V%7, Vst = 0.

PROOF. The result follows from Proposition 2.6 and Lemma [2.7]
|

The following theorem states that if V¥R = 0, VETC = 0, V¢4F4 = 0, then
the associated connection V = V¢4 satisfies the hypothesis of the Singer Theorem
(see Theorem[2.9]in Chapter [5):

THEOREM 2.9. Let (C, A) € A(O(M)) x A(P) such that VCR® =0, VETC =
0, VEAFA = 0. Then, the associated connection V = V4 satisfies the following
conditions: ) )

VRY =VTV =0.
PROOF. Since the connection V¥4 on Vp ~ P x ¢ is flat, we have
S - v, A -

RY =j(p"(RO) @ F¥"" = j(»*(RY)).
Since gl(A) is a V-parallel subbundle of gl(Tp), and the curvature tensor RC is
V¢ -parallel one has

V(i(p*(RY)) = VA (0" (RY)) = § (" (V) (i("(RY))) =

=i (" (V)@ (R)) = j(p"(VERT)) =0.

In this formulae we used the same symbols for the connections induced by v,
V¢ on the bundles of endomorphisms. The claimed formula VRY = 0 is proved.
For the second, denote the torsion tensor of linear connection V by T to save on
notation. Let a#, b# be the fundamental fields corresponding to a,b € ¢, and let
X, Y denote the A-horizontal lifts of X, Y € X(M). Using the properties of V
given by Proposition and formula [GH, P. 257] for the vertical component of
the Lie bracket of two horizontal lifts, we obtain the following formulae:

(i) T(X,7) = Vo — Vo X — [X,7] =

— (VSY = VEX — [X, Y])~ + 67 (00 = 7C(x, Y~ 4 g7 (),

(ii) T(a#,b%) = Vb — Viywa® — [a¥ ,b%] = [a¥,b7].

(iii) T(X,a#) = Vga# — Vs X — [X,a#] = 0.
It suffices to prove (VT')(U,V,W) = 0 for vector fields U, V, W € X(P) in the
special cases when each one of these three vector fields is either a horizontal lift, or
a fundamental field. We have

(VuT)(V,W) = VyT(V,W) = T(VyV,W) = T(V,VyW). (29)
(1) Suppose U =X,V =Y, W = Z. Then

VuT(V.W) = V¢ (TOY, 2)%) + €77 D))

30
= (VSTO(Y,2))" + 73002, .
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In the same way one obtains
T(VuV, W) = (T9(V§Y, 2))™ + 7 (V502 (31)

T(V,VyW) = (T°(Y,V§2))~ + € V52, (32)
Using the equations , , , and Proposition we obtain
(VuT)(V,W) = VyT(V.W) = T(VuV,W) = T(V,VyW)
= (VKTC(Y, 2))~ = (TC(VKY. 2)) — (T9(Y, V& Z))~
+ ng}FA(Y,Z) _ EFA(VgY,Z) _ gFA(Y,VE'(Z)

— ((VCTC)(X7 Y'7 Z))N + g(ngFA)(Y,Z) .

Since VETC = 0 and VE4F4 = 0, the right hand side of the above
equation vanishes.
(2) Suppose U = al, V=08 W = ¢!, where a, b, ¢ € £. By the Jacobi identity

(Vi T) (b, %) = Vo T(0F, ) — T(V 2 b*, ) — T(b*, V 2¢F)
= (la, [b, ] + [b, e, al)] + [e, [a,B])* =0

(3) Suppose U = a* and V =Y, W = Z are the A-horizontal lifts of vector
fields Y, Z € X (M), then using Proposition we obtain

Var (TOY, 2))~ + 70D T(V,uY,2) = T(V,Vyr Z) = 0.

(4) In any other cases the claim follows from the definition of V.
|

Recall that the space of connections A(P) is an affine space with model space
Al(ad(P)) [DKI, [Te]. For a connection Ay € A(P), and a 1-form a € A'(ad(P))
the connection form wy of A := A+« is given by ws = w4, + o, where the second
term on the right as been identified with the associated tensorial 1-form of type ad
(see [KN, Example 5.2 p.76]) on P. In other words, for a tangent vector v € T, P
the element «,(v) € £ is defined by the equality a(p.(v)) = [y, oy (v)] € ad(Pp(y))-
In other words, regarding a(p.(v)) as a K-equivariant map P,y — ¢, one has

ay(v) = a(p.(v))(y)-

LEMMA 2.10. Let A= Ao+ a. Let Z € X(M), Z40 be its Ag-horizontal lift,
qnd Z be its A-horizontal lift (which coincides with the A-horizontal projection of
Z40). Then

7= 0 _gal)

PrROOF. For any field X € X(}D) the A-horizontal projection of X is given by
XA = X —¢waX) If now X = Z4°, we have ws,(X) = 0, so for any y € P we
have wa 4 (X) = ay(X) = a(Z)(y). [ |

LEMMA 2.11. Let (C, A) € A(O(M)) x A(P) such that

VECRC =0, VOTC =0, VEAFA =0, VE4YA - Ap) =0.
Then the distributions A, Ao are V-parallel.



30 2. THE DIFFERENTIABLE CASE

PROOF. To prove that A is V-parallel, let X be the A-horizontal lift of vector
field X € X(M). We have to show that for any Y € X(P) the vector field Vy X
is A-horizontal. If Y := Z is A-horizontal lift of a vector fields Z on M then Vy X
is A-horizontal lift of V{X. If Y € I'(Vp) is a vertical fields, then Vy X = 0 and
therefore Vy X € T'(A).

For the second property, we will denote by Z4° the Ay-horizontal lift of a
vector field Z € X(M). Since the vector fields of the form Z4° generate T'(Ag) as a
C*>(P,R) module, it suffices to prove that, for any Y € X(P), Z € X(M) one has
Vy (Z4) € T(A4p). By Lemma we have

7= 7 _go2),

If Y = U is the A-horizontal lift of a vector field U € X(M), then, using the
parallelism assumption V¢4a = 0, the definition of V, and Proposition we
obtain:

VyZ% =y (Z + €)= (VGZ) + V@)

= (V2) + 7@ — (v7Z) + (V62

But, by Lemma the right hand side of the above equation is the Agp-horizontal
lift of V§ Z, which proves the claim in this case. If now Y = a# is a fundamental
field, then

Vy Z4 = Vou (Z +£49)
= ?G#Z + @a#fa(z) .

Using the Proposition we obtain V42 = 0. Also, since a(Z) € A%(ad(P))
one can use the Proposition to see that V,x£%%) = 0. Therefore in all cases
Vy Z40 is Ap-horizontal. [ |

In conclusion, using Theorem Theorem Lemma and Proposition
2.6l we obtain

THEOREM 2.12. Suppose that the triple (g, P 2> M, Ag) is infinitesimally ho-
mogeneous. There exists a pair (C,A) € A(O(M)) x A(P) such that

VORC =0, VOTC =0, VEAFA =0, VO (A - 4g) = 0.

The linear connection V = V4 on Tp associated with this pair has the prop-
erties:

(1) VRV =VTV =0, -

(2) The vector fields a* are V parallel along the A-horizontal curves.

(3) The distributions A, Ao are V-parallel.

3. The main theorems

We begin by recalling the results proved in [KN|, Ch.VI Section 7] on the exis-
tence and extension properties of local affine isomorphisms with respect to a linear
connection satisfying the conditions VRY = 0, VIV = 0. Compared to [KN], our
presentation uses a new formalism: the space of germs of V-affine isomorphisms.

Let M be a differentiable n-manifold, and let V be a linear connection on M
satisfying the conditions VRV = 0, VI'V = 0. Let &V be the space of germs of
V-affine isomorphisms defined between open sets of M, and let s : GV — M,
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t: 8V — M be the source, respectively the target map on this space. &V has a
canonical structure of a differentiable manifold and, with respect to this structure,
s and t are local diffeomorphisms.
A germ ¢ € GV defines an isomorphism ¢, : Ty, M — Ty, M with the
property
@*(RZVJ)) - Rfv(</>)7 @*(Tsv(so)) - thp) :

Conversely, [KN, Theorem 7.4] can be reformulated as follows

REMARK 3.1. Let (u,v) € M x M. For any linear isomorphism f : T,M —
T, M satisfying

FRY)=RY, f(I)) =17 (33)

there exists a unique germ ¢ € (s,t)~*(u,v) (of a V-affine isomorphism) such that

(‘Pf)* = f.

Letnowo : MxM — M, 7 : M xM — M be the projections on the two factors,
and let Iso(o* (Thr), 7*(Th)) € Hom(o*(Thr), 7*(Thr)) be the (locally trivial) fibre
bundle of isomorphisms between the two pull-backs of T},. Conditions (33) define
a closed, locally trivial subbundle SV C Iso(o*(Tar), 7*(Tar))- Remark shows
that

REMARK 3.2. The natural map § : &Y — SV given by ¢ — ¢, is bijective.

This map is an injective immersion, and it is bijective, but it is not a diffeo-
morphism. &V can be identified with the union of leaves of a foliation of SV with
n-dimensional leaves. The topology of &V is finer than the topology of SV. The
leaves of this foliation are the integrable submanifolds of the involutive distribution
DV C Tgv defined in the following way: Let f € SV. Put u := o(f), v := 7(f),
¢ := 0~ 1(f). For a tangent vector £ € T, M, let v : (—¢,e) — M be a smooth curve
such that y(0) = wu, 4(0) = £. Using parallel transport with respect to V along
the curves ~, ¢ o v we obtain, for any sufficiently small ¢ € (—¢,¢), isomorphisms
ap : TyM — T,Y(t)M, by : TyM — Tap('y(t))M- Define

d

A(©) = | _ (o foar) € Tan(SY).

The distribution DV is defined by
DY = {M (&) £ € TopyM}.

The curve t +— b; o f o a; ' will be an integral curve of this distribution. Note that
we may take + to be the V-geodesic with initial condition (u,¢) , and then p o~y will
be the V-geodesic with initial condition (v, f(£)). Using this remark, we obtain

REMARK 3.3. Let o € 8V, and € € Ts(p)- Suppose that V-geodesics v, n with
initial conditions (s(¢),&), (t(¢), ¢«(§)) respectively can be both extended on the
interval (v, 8) 3 0. Then 7 has a smooth lift in &V with initial condition ¢ via the
source map 5 : GV — M.

Using this remark one can prove:

PROPOSITION 3.4. Let V be a connection on a connected manifold M such
that VRY = 0, VTV = 0. Suppose that V is complete. Then the source map
5: 6V — M is a covering map. In particular, when ¥V is complete and M is simply
connected, any element ¢ € &Y extends to a unique global V-affine isomorphism
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M — M. In particular, for any pair (x,z’) € M x M there exists a unique global
V-affine isomorphism mapping x to x’.

PRrROOF. It suffices to note, that for a V-convex open set U C M the following
holds: any germ ¢ € &Y with s(p) € U has an extension on U. The point is that,
since V is complete, for any geodesic v : (o, 3) — U passing through s(y), the
composition ¢ oy can be extended on the whole (o, 8). Therefore all V- geodesics
in U passing through s(¢) admit lifts with initial condition . Using these lifts it
follows that the connected components of s~ 1(U) are identified with U vias. ®

An important special case (which intervenes in the proof of Singer’s theorem)
concerns a connection V satisfying the conditions VRY = 0, VI'V = 0 which is a
metric connection, i.e. there exists a Riemannian metric g on M such that Vg = 0.
In this case one defines submanifolds

V. v ; : v._ V| g :
&, :={p €& p.isanisometry}, S :={f € S"| f is an isometry}

of &V, SV respectively. & is open in V. In other words S is a union of integral
submanifolds (of maximal dimension) of the involutive distribution DV. On the
other hand, an important result in Riemannian geometry states [TV, Proposition
1.5]:

PROPOSITION 3.5. Let (M, g) be a complete Riemannian manifold. Then any
metric connection V on M is complete.

Using these facts Proposition [3.4] gives

COROLLARY 3.6. Let (M, g) be a connected Riemannian manifold endowed with
a metric connection V such that VRV = 0, VTV = 0. Suppose that (M,g) is
complete. Then the source map s : va — M is a covering map. In particular, when
(M, g) is complete and simply connected, any element p € 657 extends to a unique
global V-affine isometry M — M. In particular, for any pair (z,2') € M x M
there exists a unique global V-affine isometry mapping x to x’.

Now we come back to the connection V = V¢4 on Tp associated with a pair
(C,A) € A(O(M)) x A(P) satisfying the conditions

VORY =0, VOTY =0, VE4P4 =0, VO4(A - Ag) = 0.

We know that VRY = 0, VTV = 0, so all constructions and results above apply to
V. Using the additional structure we have on P (the K-action, the two connections
A, Ay, and the metric ¢ on P/K) we will define an open submanifold GZK of
SV consisting of germs of affine transformations which are compatible with this
structure: o

Since V is K-invariant, the manifolds &V, SV come with natural right K-
actions given by (¢, k) = Ry 0o po R.Y, (f k)~ (Ry)« o f o (R} '), and the maps
5t:6V 5P, o, 7:5V P are K-equivariant.

We define a submanifold Sy , € SV by

Sy i ={f € SV| f(Ao(p)) = Ar(p)s F(Aoo(r)) = Aor(p)s
f(af(f)) = af(f) Va € ¢, f induces an isometry T}, (r))M — Tpr(5)) M} .
(34)
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LEMMA 3.7. SZK is K-invariant, and is a union of integral submanifolds of
the distribution DV. In particular GZK = (5‘1(S’ZK) 1s a K-invariant open sub-
manifold of GV .

Proor. We have to prove that for any f € SZK one has Dy C TfSZK, ie.
that for any £ € T,,(s) P we have \¢(&) € TfSZK . It suffices to prove that for any
a € £ and any ¢ € Tp,(r))M one has (denoting by (,(s) the A-horizontal lift of ¢
at o(f)): . ) i

)\f(af(f)) S TfSZK , )\f(Ca(f)) S TngV,K .
The first formula is obtained using the curve ¢ — o(f)exp(ta), and the second is
obtained using the curve t — fj,(s)(t), where n : (—e,e) — M is a VZ-geodesic
such that n(0) = p(a(f)), 7(0) = ¢. One uses the fact that the vector fields a” are

V-parallel along A-horizontal curves, and that the distributions A, Ag is V-parallel.
|

LEMMA 3.8. The restrictions,

(poa,pOT)‘SeK:SZK%MxM,(pospot) 9 .GZK%MXM
g, g

are surjective.

PRrROOF. Let xg, 1 € M, and let n : [0,1] — M be a smooth path in M such
that 1(0) = z¢, 7(1) = z;. Choose a point yo € Py,, let 7 be the A-horizontal
lift of  with the initial condition 7(0) = yo, and let y; := 7j(1). Using V-parallel
transport along 7], we obtain an element f € SV with o(f) = yo, 7(f) = y1. Using
Theorem , we see that f € SZK [ |

THEOREM 3.9. Let M be a connected manifold, (g, P2 M, Ag) be a triple
consisting of a Riemannian metric g on M, a principal K-bundle P on M, and a
connection Ay on P. Denote by Cy € A(O(M)) the Levi-Civita connection on the
orthonormal frame bundle O(M) of (M, g). The following conditions are equivalent:

(1) (g,P 2 M, Ag) is locally homogeneous.
(2) (g,P 2 M, Ay) is infinitesimally homogeneous.
(8) There ezists a pair (C, A) € A(O(M)) x A(P) such that

VERC =0, VOTC =0, VE4FA =0, VO4(A - Ag) = 0.

PROOF. The implication (1)=>(2) is obvious, and the implication (2)=-(3) stated
by Theorem [2.4] For the implication (3)=(1), let V be the connection associated
with the pair (C’, A). Let (xg,21) € M x M. By Lemmathere exists ¢ € SZK
such that yo := s(¢) € Py, 11 := t(p) € Pp,. The orbit K is a submanifold
of GV i Which is mapped diffeomorphically onto yoK via s, and onto y; K via t.
Usmg [God Théoreme 3.3.1] it follows that there exists an open neighbourhood
HC vaK of K in GV k¢ Which is mapped injectively onto an open neighbour-
hood U of yyK via s, and is mapped injectively onto an open neighbourhood V of

y1 K via t. Since K is compact, we may suppose that 4 (hence also U and V) is
K-invariant. $ defines a K-equivariant, V-affine isomorphism &/ — V which maps
Aoy onto Apy and induced an isometry p(if) := U — V := p(V). This shows that
(9, P2 M, Ap) is locally homogeneous. [ ]
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For the case when (M, g) is complete, we have

THEOREM 3.10. Let (g, P 2> M, Ay) be a locally homogeneous triple with M
connected. If (M,g) is complete, then the map GZK/K — M induced by s is a
covering map. If (M, g) is complete and M is simply connected, then any germ
p e GZK can be extended to a unique bundle isomorphism ® : P — P which covers
an isometry M — M, and has the property ®.(Ag) = Ag. In particular, for any
(x,2') € M x M there exists such a bundle isomorphism with ®(P,) = Py.

ProoOF. We use the same method as in the proof of Proposition Corollary
The fact that GZK /K — M is a covering map is obtained using parallel

transport with respect to V along A-horizontal lifts of V¢-geodesics in M. [

We can prove now our main theorem stated in the introduction

THEOREM 3.11. Let M be a compact manifold, and K be a compact Lie group.
Let m : M — M be the universal cover of M, T be the corresponding covering
transformation group. Then, for any locally homogeneous triple (g,Pi> M, A)
with structure group K on M there exists

(1) A connection B on the pull-back bundle Q := 7*(P).

(2) A closed subgroup G C Iso(M,7*(g)) acting transitively on M which con-
tains T' and leaves invariant the gauge class [B] € B(Q).

(3) Aliftj: T — GE(Q) of the inclusion monomorphism ur : I' — G, where
GE(Q) stands for the group of automorphisms of (Q, B) which lift trans-
formations in G.

(4) An isomorphism between the T'-quotient of (7*(g),Q, B) and the initial
triple (g, P 2> M, A).

PROOF. Let G C Iso(M, §) be the subgroup defined by
G:={ye Iso(M,§)| 3 : Q — Q t-covering bundle isom., ¥*(B) = B}.
Using the fact that K is compact, it follows by Lemma below, that G is a

closed subgroup of the Lie group}so(M , §)~. Note that Lemma applies because
the action of the Lie group Iso(M,§) on M is smooth.

Applying Theorem to (7*(g), @, B), it follows that G acts transitively on
M, and leaves invariant the gauge class [B]. Moreover, the definition of G shows
that it contains I". The lift j is obtained as follows: for ¢ € T" we define j(¢) : Q@ — Q
by
1(0)(Z,y) := (p(2), y)V(T,y) € Q:= M Xz P.
Note that the map I' 3 ¢ — j(¢) € GE(Q) is group morphism (as required). [ ]

LEMMA 3.12. Let M be a differentiable manifold, K be a compact Lie group,
p:P— M,p : P — M be principal K-bundles on M, and A € A(P), A’ € A(P')
be connections on P, P’ respectively. Let o : L x M — M be a a smooth action
of a Lie group L on M. Forl € L denote by v, : M — M the corresponding
diffeomorphism. The subspace

Laa :={l € L| 3% € Hom,, (P, P") such that ®*(A") = A}

1s closed in L. In the special case P = P', A = A’, the obtained subset La is a
Lie subgroup of L.



3. THE MAIN THEOREMS 35

PROOF. Let (I,)nen be sequence in L 44/ converging to an element lo, € L.
We will prove that loo € Lga.

Let V C T.L a sufficiently small convex neighborhood of 0 in the tangent space
[ =T.L of L at its unit element e, such that the exponential map exp : T.L — L
induces a diffeomorphism E : V — U. The map 7 : [0,1] x U — U defined by

n(t,0) = BB~ (1))
is a smooth homotopy joining the constant map e on U to idy. Moreover one has

limn(t,l) =e (35)
l—e

uniformly on [0, 1]. For any [ € U and € M we obtain a smooth path 7% : [0,1] —
M given by
Yo (t) = oy (@)
which joins x to ¢;(x). For [ € U denote by 4! : [0,1] x M — M the map
(t,z) = 7L (t). Denoting by pas : [0,1] x M — M the projection on the M-factor,
and using we get
lim ’}/l =DPm (36)

l—e
in the weak topology C$°([0,1] x M, M).
Fix any connection B’ on P’. For any | € U we get a ¢;-covering automorphism
U; € Homy, (P’, P’) defined by
Viy') = {2 by

where {7;,@,)}5/ is the B’-horizontal lift of ’Y;l,/(y/) with initial {’y}lj,(y,)}f,/ 0) =y
Using we get

lim \I/l = idp/ (37)
l—e

in the weak topology C°(P’, P’). Put
A= lool L

Since limy, .o lny, = loo We may suppose that A, € U for any n. Let &, €

Hom,, (P, P’) such that ®;,(A’) = A, and note that
¥, =W, od,
is a ;__-covering bundle morphism with the property
(Zn)«(A) = (Ty,)«(A).
Using and lim,, .., A\, = e, we obtain
lim (£,).(A) = 4’

n—oo

in the Fréchet affine space A(P’). The claim follows now from Lemma below.
|

LEMMA 3.13. Let K be a compact Lie group, p : P — M, p' : P’ — M’ be
principal K-bundles on M and M’, and A € A(P), A’ € A(P') be connections on
P, P’ respectively. Let ¢ : M — M’ be a smooth map and (), be a sequence
in Homy (P, P") such that lim,, o ®3(A") = A. Then there exists a subsequence
(P, )k of (Pn)n which converges (in the weak C*-topology) to a morphism @ €
Homy (P, P") satisfying ®% (A’) = A.
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ProOOF. It suffices to prove the claim in the special case when M' = M,
@ = idps. Indeed, using Remark (see section we obtain morphisms ®9 €
Homyq,, (P, ¢*(P’)) such that

lim (29" (¢7(4') = A

Since the bijection given by Remark is a homeomorphism with respect to the
weak C*°-topology it suffices to prove the claim for the sequence of id;-covering
morphisms (®Y),,.

From now we suppose that M’ = M, ¢ = idy, ®,, € Homig,, (P, P’). We will
use ideas form gauge theory [DK] section 2.3.7]. Note that

F, :=®' 0 ®, € Homyq,, (P, P) = G(P) =T(P x, K),

where G(P) is the gauge group of P and ¢ : K — Aut(K) is the interior mor-
phism defined by «(k)(u) = kuk~!. Therefore we have a sequence (F},), of gauge
transformations of P with the property

ILm (Fp)«(A) = 7 (A") =: A;. (38)
Fix an embedding p : K — O(N), and let E := Px,R" be the Euclidian associated
bundle. Any gauge transformation F € G(P) can be identified with a section in
the endomorphism bundle End(E), and via this identification one has

F.(A)=A— (VAF)F 1,

where V4 is the linear connection induced by A on End(E). Therefore, putting
B, = (F.)«(A), we get

VAE, = (A- B,)F, (39)
where, by ,
lim B, = A, (40)
n— o0

in the Fréchet C*°-topology of the affine space A(P). Since K is compact, F, is
uniformly bounded on M. On the other hand by the sequence (A — By,), is
bounded in the Fréchet space I'(A}; ® ad(P)) C I'(A}; ® End(FE)). Using (39) and
a standard bootstrapping procedure we see that all partial derivatives of F,, (with
respect to local coordinates in M and trivializations of P) are uniformly bounded
on any compact subset of M. Using a well-known combination of the Arzela-Ascoli
theorem and the diagonal argument we obtain a subsequence (F,, )i of (F},) which
converges in I'(End(E)) (with respect to its Fréchet C*°-topology) to a section
Fy € T'(End(FE)). Since p(K) is closed in gl(NV,R), it follows that G(P) is closed
in I'(End(FE)), hence Fow € G(P). Replacing n by nj and taking k — oo in we
get VAF,, = (A — A))Fy, ie. A = (Fx)«(A). It suffices to put b, =P10F,,,
P =Py o F. |

REMARK 3.14. Theorem yields a closed subgroup G C ISO(M ,§) which
acts transitively on M. In general this group will not be connected. The connected
component Gy C G of id € G still acts transitively on M (see Lemma below)
but, in general, it will not contain I"'. On the other hand, if M is orientable it
follows that G NIso™ (M, §) still satisfies the conclusion of the theorem. Therefore,
under this assumption Theorem holds with G C Iso™ (M, §).
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REMARK 3.15. With the notations of Remark [3.14] put T’y := T'NGy. It is easy
to see that I'o0\Gp can be identified with the connected component of I' € T'\G,
therefore the compactness of I'\G implies the compactness of I'g\Gy. This shows
that G is a connected, subgroup of Iso™ (M , ) which acts transitively on M and is
unimodular. In many interesting cases these properties implies Gy = Iso™ (M ,4)-

LEMMA 3.16. Let (M,g) be a complete, connected Riemannian manifold, and
G C Iso(M,g) be a closed subgroup of the group of isometries Iso(M,g). If G
acts transitively on M, then the connected component of identity Gy C G also acts
transitively on M.

PRrROOF. For every class { € G/Gy, choose a representative ¢ € €. In other
words one has
§ = Goye Y€ € G/Go,
hence G = UgeG/Go Gove. Fix g € M. Since G acts transitively on M, we have
M = Gzqg. Therefore
M= [J Gove(xo)- (41)
£€eG/Go
But Gy is a closed subgroup of Iso(M, g), hence its action on M is proper [Ral
Theorem 4]. Therefore the Go-orbits are embedded closed submanifolds of M. If
(by reductio ad absurdum) the Gp-action on M were not transitive, all these orbits
would be submanifolds of dimension strictly smaller than dim(M). But the quotient
set G/Gy is at most countable, hence formula would lead to a contradiction.
|

Theorem [3.11] shows that:

COROLLARY 3.17. Let M be a connected compact manifold, and K be a compact
Lie group. Let T : M — M be the universal cover of M, T be the corresponding cov-
ering transformation group. Then any locally homogeneous triple (g,Pi> M, A)
with structure group K on M can be identified with a I'-quotient of a homogeneous
triple (§ = 7*(g), Q := n*(P) < M, B) on the universal cover M.






CHAPTER 3

Locally homogeneous and homogeneous triples. The
real-analytic case

The main result of this chapter is Theorem [3.11]of Chapter[2]in the real analytic
category. The proof is based on an extension theorem (Theorem for real an-
alytic locally defined bundle morphisms which are compatible with a real analytic
connection. The main idea in the proof of this extension theorem is to reduce the
extension problem for bundle morphisms (which are compatible with a pair of con-
nections) to an extension problem for sections in an associated bundle (which are
parallel with respect to an associated connection). The proofs make use of [KN|,
Lemma 2, p. 253] for analytic maps between manifolds endowed with analytic
distributions, so the analyticity condition plays a crucial role. The results in this
chapter appeared in [Bal.

1. Extension of local parallel sections

1.1. The space of parallel sections. Let p : P — M be a real analytic
principal K-bundle over a real analytic manifold M. Let A : K x F — F be
an analytic action of K on an analytic manifold F, and let £ := P x, F be the
associated bundle with fibre F. Let £ % M be the projection map of the étale
space of the sheaf of (locally defined) analytic sections of the bundle pg : E — M.
In other words, a point of £ is a germ [s], where z € X, and s € I'*"(U, E) is an
analytic section defined on an open neighbourhood U of x in M. Two pairs

(s:U— E,x), (§:U — E,x)

define the same germ (hence one has [s], = [s'],) if + = 2’ and there exists Uy C
UNU' such that sy, = s'|,. The projection map y is given by [s], ~— . The space
£ has a natural structure of a real analytic manifold, which is Hausdorff, but does
not have countable basis. The topology of £ can be easily described as follows: Any
section s € I**(U, E) defines a section 5 : U — £ of £ £ M given by

s(@)=1[s:U — E,'].
The sets of the form 3(U) (where U is open in M and s € T'**(U, E)) give a basis
for the topology of £. Note also that, for any open set U C M, the restriction
5wy : 8(U) — U is a real analytic diffeomorphism.
Let now A be a real analytic connection on P, and let I'* C Tg be the associ-
ated connection on the associated bundle E. Denote by £4 C & the open submani-

fold of £ whose points are germs of I'A-parallel sections, and by p* : £4 — M the
restriction of i to £4. With these notations we state

THEOREM 1.1. Suppose that M is connected. If E is non-empty, then the map
[LA A 5 Misa covering map.
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Proor. We will prove that p# satisfies condition (1) in Lemmabelow. Let
xg € M, and let h : Uy — B(0,7) C R™ be local chart of M around zg such that
h(zo) = 0. We will show that p4 maps diffeomorphically any connected compo-
nent of (u4)~!(Uy) onto Up. Using Lemma below, we obtain, for every point
0 = [5]zo € (1)1 (x0) a ['A-parallel section s, : Uy — A defining the germ o. We
claim that the connected components of ()~ (Up) are precisely the sets 5, (Up),
which are obviously mapped diffeomorphically onto Uy via u”. We will first prove
that

Claim: The family (5,(Up))se(ua)-1(zo) 18 @ partition of (u)~1(Up).

Indeed, we obviously have 3,(Up) C (u?)~(Up) for any o € (u*)~(zo), hence
U %W c @) (o)

o€(ut) = (z0)

The opposite inclusion is obtained as follows: let v € (u?)~1(Up), therefore there
exists z € Uy and a ['*-parallel section s defined around z such that v = [s],. Note
now that the pair (z,Up) also satisfies the assumption of Lemma[L.3| because there
obviously exists a chart h, : Uy — B(x,r) such that h,(z) = 0. Therefore the germ
v extends to a ['A-parallel section s, : Uy — E. Note that [s,]., € (u?) ™ (z0),
and that the sections s, S50 ]a coincide, because they are both parallel and their
germ at xo coincide. This proves that v € 3, (Up), which proves the inclusion

(u™) ™1 (Uo) C U 54(Uo).
o€(pt)= (zo)
In order to complete the proof of the claim, it remains to note that the sets §,(Up)
are pairwise disjoint. This follows using unique continuation for parallel sections.

Note now that any set 3,(Up) is open in (u?)~1(Up). Using the claim we see
that any such set is also closed in (1)~ (Up) (as complement of an open set). Since
any such set is obviously connected, the theorem follows by Lemma [1.2

|

LEMMA 1.2. Let M, N be differentiable manifolds, and f : N — M be a locally
diffeomorphic map satisfying the following properties:

(1) any point xy € M has an open neighborhood Uy such that, for any con-
nected component Uy of f~1(Uy), the map Uy — Uy induced by f is a
diffeomorphism,

(2) N is non-empty and M is connected.

Then f is a covering projection.

Usually in the definition of a covering projection, condition (1) and the surjec-
tivity of f are required. In our case, since N is non-empty and M is connected, the
first condition implies the surjectivity of f.

LEMMA 1.3. Let 9 € M, let [s]y, € (1)~ (x0), where s : U — E is TA-
parallel, and let h : Uy — B(0,r) C R™ be an analytic local chart of M around
xo such that h(xg) = 0. Then e := [s],, evtends to a TA-parallel section sy €
ran(Uy, E), i.e. one has e = [so|z,, for a T*-parallel section sq € T**(Uy, E).
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PROOF. Let s : U — FE be a I'A-parallel section defining the germ e, where U
is an open neighborhood of 2y in M. Let € € (0,7) be sufficiently small such that
U. := h™1(B(0,e)) C U. We will construct a real analytic section sy € " (Uy, E)
whose restriction to U, coincides with s|;;_. Using [KIN, Lemma 2, p. 253] it follows
that sg is T'A-parallel, which completes the proof.

The construction of sy uses parallel transport along “radial” curves in Uy. More
precisely, for any u € Uy define the path ~,, : [0,1] — Uy by

Yu(t) =07 (th(w)),

and note that 7, is a path in Uy joining xg to u. Put ey := s(xg) € E,. For
any u € Up let 7, : [0,1] — E be the T'A-horizontal lift of 7, : [0,1] — M with
initial condition %, (0) = eo (see section [L.1)). Therefore, 7,(0) = eq, and for every
t € [0,1], one has

d . -
a%(t) € P:x?u(t)a PE ©Yu(t) = Yu(t).

Using the analycity of the map (¢,u) — 7,(¢), and a standard theorem on the
analycity of solutions of ordinary differential equations with respect to parameters,
we see that the map u — so(u) := 4, (1) is analytic. On the other hand one has

(e © s0)(u) = pe(u(1)) = (1) = u.

It remains to prove that so|;. = s|y.. For this, it suffices to note that for any
u € U. the paths sg 0 v,, 507, are both I'*-horizontal lifts of 7, with the same
initial condition eq.

|

1.2. The extension theorem for local parallel sections. In this section
we prove an extension theorem for locally defined parallel sections in analytic as-
sociated bundles. This result can be obtained using analytic continuation along
paths. This method is used for instance in [KN] for the problem of extending affine
mappings and isometric immersions. We will use a different method, which is base
on Theorem [I.1] proved in the previous section.

THEOREM 1.4. Let p : P — M be a real analytic principal K-bundle over a
real analytic manifold M, A : K X F — F a real analytic action of K on a real
analytic manifold F', and E := P X, I the associated bundle with fibre F. Let A
be an analytic connection on P and T4 C Tg the associated connection on E.

If M is simply connected, then any I'*-parallel section s : U — E defined on
a connected, non-empty open set U C M admits a unique T4 -parallel extension on
M.

PRrOOF. The I'“-parallel section s defines a section § € T'(U,£4). Let C C £4
be connected component of £4 which contains the image 3(U) of 5. By Theorem
we know that p4 : €4 — M is a covering projection, hence the restriction
e : C — M of u to C will also have this property.

But M is simply connected, hence this restriction will be an analytic diffeomor-
phism. The inverse map (MA\C)_l : M — C C &4 will define a parallel extension
of s. ]
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2. Extension of bundle isomorphisms

We will prove first an extension theorem for locally defined, id-covering bundle
isomorphisms intertwining two global connections:

THEOREM 2.1. Let p: P — M, p' : P/ — M be real analytic principal K-
bundles over a real analytic manifold M, and A, A’ be analytic connections on P,
P’ respectively. Let U C M be a nonempty, connected open set, and ® : Py — P,
be an idy-covering analytic isomorphism such that ®*(Ay) = Ay.

If M is simply connected, then ® has a unique id-covering analytic extension
®: P — P’ such that ®*(A") = A.

PRrOOF. For a point x € M let I(P, P'), be the set of all isomorphisms ¢ : P, —
P! of right K-spaces. Fixing a pair (y,y’) € P, X P/, we obtain a diffeomorphism
I(P,P'), ~ K. The union

I(P,P):= ) I(P,P),
zeM

has a natural manifold structure, and the obvious projection I(P, P') — M is a
locally trivial fibre bundle over M with fiber K. More precisely one can identify
I(P, P’) (as a bundle over M) with the associated bundle

(P xy P %, K,
where P x s P’ is regarded as a principal (K x K)-bundle over M, and
T:(AxK)xK—>K
is the action of K x K on K defined by
7((k1, k), k) := kokkt.

The pair of connections (A4, A") defines a connection A x A" on the product principal
bundle P x s P’. For a pair (y,y’) € P X P’ the horizontal space (4 x A’)
is just

(y:y")

{(0,0) € Ay x AL| pa(v) = p, ()},
The data of an idy-covering morphism ® : Py — P/, is equivalent to the data of a
section s® € T'(U,I(P,P")) (see Proposition in the Appendix) . Moreover, by
the same proposition, one can prove that ®*(A’) = A if and only if the section s®
is FAXA/—parallel. With this remark the theorem follows from Theorem |

We can treat now the general case of a locally defined bundle morphism cover-
ing a globally defined map between the base manifolds:

THEOREM 2.2. Let p : P — M, p' : P' — M’ be real analytic principal K-
bundles, and A, A" be analytic connections on P, P’ respectively. Let ¢ : M — M’
be a real analytic map, U C M be a non-empty, connected open set, and ® : Py —
P’ be a p-covering analytic morphism such that ®*(A") = Ay.

_ If M s simply connected, then ® has a unique p-covering analytic extension

®: P — P for which ®*(A") = A.

PROOF. By Remark[I.4]in section[I.2] the data of a ¢-covering analytic bundle
morphism ¢ : Py — P’ for which ®*(A’) = Ay is equivalent to the data of an idy-
covering analytic bundle isomorphism @ : Py — ¢*(P’)y for which ®§((p*A')y) =
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Ay. Here we denoted by ¢*(P’) the bundle on M obtained as the pull-back of P’
via o : M — M’. In other words one has

QD*(P/) =M X m Pl
regarded as a principal K-bundle on M via the projection on the first factor. Sim-
ilarly ¢*(A’) stands for the pull-back connection of A’ via ¢. The connection form
of this pull-back connection is the pull-back of the connection form of A’ via the
second projection M X, iy P" — P'.

By Theorem it follows that there exists an id,;-covering analytic bundle
isomorphism ®q : P — ¢*(P’), which extends ®( such that

(P0)"(¢*(4)) = A.

But the data of such an isomorphism is equivalent to the data of a -covering
analytic bundle morphism ® : P — P’ such that ®*(A4’) = A. [ |

3. Analytic locally homogeneous triples on compact manifolds

Using our results we can now give a new proof (valid in the real-analytic frame-
work) of our main theorem (Theorem [3.11). More precisely we prove:

THEOREM 3.1. Let M be a compact real analytic manifold, and (g, P X M, A)
be a real analytic locally homogeneous triple on M, where P25 M is a K -principal
bundle with K compact. Let 7 : M — M be the universal cover of M, T be the
corresponding covering transformation group, § = 7*(g), q¢ : Q := 7 (P) — M,
and B := 7*(A). Then there exists

(1) A closed subgroup G C Iso(M,§) acting transitively on M which leaves

invariant the gauge class [B] € B(Q) and contains T,
(2) Alifti:T = GE(Q) of ur : T — G.

PROOF. Let G C Iso(M, §) be the subgroup defined by
G:= {1/) € Iso(M,§)| 3T : Q — Q t-covering bundle isom., U*(B) = B}.

Using the fact that K is compact, it follows by Lemma of Chapter [2] , that
G is a closed subgroup of the Lie group Iso(M, g). Note that Lemma applies

because the action of the Lie group Iso(M, g) on M is smooth. Using Theorem
one can prove that G acts transitively on M as follows:

We have to show that for any two points z, 2’ € M there exists ¥ € G such
that ¢(Z) = &. Put z := n(&), 2’ := n(&). Since (g,P % M, A) is locally
homogeneous, there exists open neighborhoods U, U’ of x and 2/, an isometry ¢ :
U — U’ with p(z) = 2/, and a ¢-covering bundle isomorphism @ : Py — Py such
that ®*(Ay/) = Ay. We can assume of course that U and U’ are simply connected.
Let U (U’) be the connected component of 7= (U) (respectively 7' (U”)) which
contains Z (respectively #'). The map 7 induces diffeomorphisms U ~ U, U’ ~
U’, and 7-covering bundle isomorphisms Q7 ~ Py, Qg ~ Pys. Using these
identifications we obtain:

(1) an isometry ¢ : U — U’ with @¢(&) = &/,
(2) a ¢-covering bundle isomorphism & : Qy — Qg with the property

®*(Bg,) = Bg.
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Since M is simply connected and complete, we obtain a global isometry
v M— M
extending ¢ (see [Si], [KN| Theorem 6.3]). Applying Theorem we obtain a

y-covering bundle isomorphism ¥ : @ — @ such that ¥*(B) = B. Therefore one
has ¥ € G. Since ¥(&) = ' transitivity is proved.

Using the same arguments as in the proof of Theorem [3.11] we complete the
proof. [ |



CHAPTER 4

Examples and applications. Moduli spaces of locally
homogeneous triples on Riemann surfaces

Many of the results presented here will appear in [BaTe].

1. Homogeneous connections. The moduli space of Biswas-Teleman
We begin with the following

DEerINITION 1.1. [Yal p. 30] A pair (G, H) consisting of a Lie group G and a
closed subgroup H C G is called reductive if h has a adpy-invariant complement in

g.

Note that any pair (G, H) with H compact is reductive. Let (G, H) be a re-
ductive pair. An adpy-invariant complement s of h in g defines a left invariant
connection on the principal H-bundle G — G/H.

Let (G, K) be a pair of Lie groups, and H be a closed subgroup of G. Put

A(G,H,K) := {(x, 1) € Hom(H, K) x Hom(g/b,¥) : ppoady = ady ) op,Vh € H}
Following [BiTe]] we define

MG, H,K) =G HK))
where K acts on Hom(H, K) x Hom(g/b, £) by

k- (X, 1) = (ko x,adk o ),
leaving the real algebraic variety A(G, H, K) C Hom(H, K) x Hom(g/b, £) invari-
ant. M(G, H, K) will be called the moduli space associated with (G, H, K).

Let now N be connected differentiable n-manifold, G' a connected Lie group
and o : G x N — N be transitive left action of G on N. Fix 2o € N, and let
H C G be the stabiliser of zy in G. The map g — gz induces a diffeomorphism
G/H — N, and G can be regarded as a principal H-bundle on N.

We will denote by oy : N — N the diffeomorphism associated with g € G.
Let K be a Lie group. We are interested in the classification (up to isomorphism
in the obvious sense) of triples (P, A, ), where P is principal K-bundle on N, A a
connection on P, and § : G x P — P a G-action on P by K-bundle isomorphisms,
which covers a and is compatible with A. In other words j is a G action on P such
that

(1) For any g € G, the associated diffeomorphism /3, is an «,-covering bundle
isomorphism.
(2) For any g € G, 3, leaves the connection A invariant, i.e. 5; A = A.

)

DEFINITION 1.2. [BiTe] A triple (P, A, B) satisfying the above conditions will
be called a G-invariant (or G-homogeneous) K -connection on N.
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The group G acts on the set of all gauge classes of K-connections (on principal
K-bundles) on N [BiTe]. If (P, A, 3) is G-homogeneous K-connection, then the
gauge class [A] is G-invariant, but, in general, the G-invariance of [A] does not
imply the existence of an action 8 for which (P, 4, 3) is G-homogeneous. The
classification of G-homogeneous K -connections is substantially more difficult than
the classification of G-invariant gauge classes.

We will denote by ®,_ i the set of isomorphism classes of G-homogeneous K-
connections on N.

THEOREM 1.3. Suppose that o : G x N — N is a transitive action of G on
N. Fiz g € N, and let H C G be its stabiliser. Suppose that the pair (G, H) is
reductive. Then there exists a natural identification M(G, H,K) — ®q k.

The identification given by Theorem 1.3]is explicit. A pair (x,x) € A(G, H, K)
defines a principal K-bundle P, endowed with an a-covering G-action by bundle
isomorphisms, and an invariant connection A, , on this bundle. P, is just the
associated bundle G x, K. This bundle comes with a distinguished point y, :=
[ec, ex]- Identifying the tangent space T, N with s one has an explicit formula for

the curvature form Fs_, at the point yg € Py:

Py pu(u,v) = =xa ([, 0]") + [1(u), p(0)] = pa([u, 0]) - (42)

where u, v € T, (Py). Since A, , is G-invariant, this formula determines the
curvature of A, , at any point.

1.1. Examples: PSL(2,R)-homogeneous connections on the hyper-
bolic plane. Let H be the hyperbolic plane. We recall that the group of orientation
preserving isometries of H can be identified with G := PSL(2,R). Choosing a base
point zy € H in a appropriate way, the stabiliser H = G, will coincide with the
image of SO(2) in PSL(2,R) (which is the quotient SO(2,R) by {£I,}). Therefore

n={n= (SR i)

Identifying g with sl(2,R), we have h = R <(1)

te [07277]} C PSL(2,R). (43)

-1
0

(R
v (1 9) =0 B) o= (1 0)

[a,b] = 2¢, [a,c] = —2b, [b,c] = —2a.
The action ady on s is given by

_ cos(t) —sin(t)) (u u 2
adp, (ub + ve) = (b, ¢) (sin(t) cos(t) v v ) € R,
so H acts on s by rotations. Let K be Lie group. Identifying H with S* via the map

h: — €*, we obtain an identification

A(PSL(2,R), H, K) = {(x, ) € Hom(S!, K) x Homg(s, £)| pu € Hom, (s,€)}, (44)

) , and an ady-invariant com-

plement of § in g is
Put

We have
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where
Homy, (s,€) := {u € Homg(s, )| o Re = ad,)u V¢ € S'}.
In this formula we used the notation
‘ _ _ cos(t) —sin(t)\ (u

Rit (ub + ve) = ady, (ub + ve) = (b, ¢) (sin(t) cos(t) o)
We identify Homg (s, £) with the complexification £ of £ using the isomorphism I :
Homg (s, €) — €€ given by I(u) = p(c) +iu(b). Using the identity I (o R¢) = CI ()
and putting

€ :={Z et ady)(2) =(Z, V(€ 8"}

(the maximal complex linear subspace of £* on which S! acts with weight 1 via
ad,), we obtain a further identification

A(PSL(2,R), H, K) = {(x, Z) € Hom(S", K) x €| Z € £7}. (45)

For k € Z let x : S* — S! be the group morphism defined by x(¢) = ¢*, and
let
7:8' = SU(2), 0:S' = PU(2) = SU(2)/{+,}
be the standard monomorphisms S! — SU(2), S! — PU(2) given respectively by:

r©:=(§ 8). e = e,

The image of 7 (0) is a maximal torus of SU(2) (respectively of PU(2))), and any
monomorphism S! — SU(2) (S! — PU(2)) is equivalent with 7 (§) modulo an
interior automorphism of SU(2) (respectively PU(2)). Moreover, any morphism
x : St — SU(2) (x : St — PU(2)) is equivalent with a morphism of the form 7, :=
7 o xk (respectively 6y := 6 o xx) with £ € N (modulo an interior automorphism).
Using these remarks we obtain

M(PSL(2,R), H,S") = {[x#,0]| k € Z} . (46)

It is important to describe explicitly the homogeneous PSL(2, R)-connection which
corresponds to the class [y, 0]. For k = 1 the bundle P,, can be identified with the
St-bundle PSL(2,R) — PSL(2,R)/H = H, which is the principal bundle of unit
length tangent vectors of H or, equivalently, the principal bundle associated with
the oriented Euclidian 2-bundle T. The connection A,, o coincides with Levi-
Civita connection Cy of this principal bundle [BaTe]], which is obviously PSL(2, R)-
homogeneous. The connection A, ¢ can be identified with the tensor power C*
of this S'-connection.

REMARK 1.4. Let I" C PSL(2) be a discrete subgroup acting properly discon-
tinuously on H with compact quotient, and let (M, gpr) be the hyperbolic Riemann
surface M := H/T'. The I'-quotient of (P,,,Cn) can be identified with (Pas, Car)
where Py is SO(2)-frame bundle of M (regarded as a principal S'-bundle), and
Cy is the Levi-Civita connection of the hyperbolic Riemann surface M. Similarly
the T-quotient of (Py,, A, o) can be identified with the tensor power (P5*, CTF).
The Chern class of PO" is k(2 — 2g).

In this way (using quotients of PSL(2, R)-homogeneous S*-connections on H)
we obtain only very special locally homogeneous S!-triples on M: only the ten-
sor powers of the canonical locally homogeneous triple (gas, Par, Car) given by the
Levi-Civita connection on M. In the next section we will see that any S!-triple
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(g, P, A) with A Yang-Mills is locally homogeneous, and we will show how all
these Yang-Mills triples can be obtained as quotients of homogeneous connections
on H. We will have to replace the group PSL(2,R) by an S'-extension of it (see

Remark [3.2]in Section [3| Chapter [I).

In a similar way we obtain:
M(PSL(2,R), H,SU(2)) = {[7%,0]| ¥ € N}.
This shows that any PSL(2, R)-homogeneous SU(2)-connection on SU(2) has a

PSL(2,R)-homogeneous S*-reduction, so it coincides with the SU(2)-extension of
a PSL(2, R)-homogeneous S!-connection.

The case K = PU(2) is more interesting: for k € N\ {1} one has Homg’;‘ (C,¢) =
{0}, but
Hom} (s, ) = Cpo, (47)
where pg : 5 — su(2) is given by

o (ub + ve) = (_(

In (47) we have used the complex structure on Hom(s,su(2)) given by the iso-
morphism [ : Hom(s,su(2)) — su(2)® introduced above. The centraliser of 6, is
im(6;) ~ S', and it acts with weight 1 on the complex line Homgl1 (s,t). This shows

that

0 U+ v
u — i) 0

M(PSL(2,R), H,PU(2)) = {[0k,0]] k € N} UM,
where

Ml = {[91,7”#0]‘ re (07()0)} ~ (0700).
The curvature of the connection Ay, ,,, can be computed using formula (42),
and the result is

Fyy rpo(byc) = (1 +72) <2OZ _022.> . (48)

2. Locally homogeneous S! and PU(2)-triples on hyperbolic Riemann
surfaces

We start with a simple consequence of Theorem [3.9| of Chapter

PROPOSITION 2.1. Let (M, g) be a connected, oriented, compact Riemann sur-
face endowed with a Riemannian metric with constant curvature, let P a principal
St-bundle on M and A a connection on M. Then (g, P, A) is locally homogeneous
if and only if A is Yang-Mills.

PROOF. Recall that, by definition, an S'-connection A is Yang-Mills if and
only if its curvature Fs € iA?(M) is harmonic [DK], [Te]. Writing F4 = ifavol,,
with f4 € C*°(M,R), we see that A is Yang-Mills if and only of f4 is constant.
Therefore, if (g, P, A) is locally homogeneous we see (using the fact that vol, is
invariant under isometries up to sign) that |fa| is constant, so f4 is constant, so
A is Yang-Mills. Conversely if f4 is constant, then Fj is V¢ ® VA-parallel, so
(g, P, A) is infinitesimally homogeneous, so locally homogeneous by Theorem of
Chapter [ |
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This shows that, for a fixed integer k& € Z, the set of isomorphism classes of
locally homogeneous triples (g, P, A) with ¢;(P) = k can be identified with the
moduli space of Yang-Mills connections on a Hermitian line bundle of Chern class
k, which is a torus of dimension 2¢ (see [Tel).

The Yang-Mills S*-connections on hyperbolic Riemann surfaces can be obtained
as quotients of homogeneous S'-connections on H as follows (see [BaTel):

Let ¢ : PSL(2,R) — PSL(2,R) be the universal cover of PSL(2,R), and let
be the generator of ker(q) = 71 (PSL(2,R)) given by [0, 2] 3 ¢ — h, (see (43)). For
any a € R define the group G, by

, _PSL(2,R) x S! _
Ga = /{ ,Yk’e—erakz)‘ kc Z} .

We obtain a short exact sequence
1824 G, - PSL(2,R) — 1

where ju(2) = [e,2], qa([7.¢]) == (7). The pre-image i = q~'(H) C PSL(Z R)
can be identified with the universal cover of H, and is isomorphic to R. We write
this group as H = {h;| t € R}, where ¢ — h; is a group isomorphism, and /; is a
lift of h;. Therefore v = hox. The pre-image H, = q; ' (H) can be identified with
the quotient

1
i, e ke 2y
This group is abelian, and fits in the short exact sequence

1St e A2 g,

where i,, p, are defined as j,, q,. This short exact sequence has a left splitting
Xa : H, — S given by
Xa([he,¢]) = e"C,

so H, ~ S' x S'. We endow H with the action o, : G4 x H — H induced by the
standard PSL(2, R)-action via ¢,. The stabiliser of zy is the group ¢, Y(H) = H,.
According to the general Theorem | the pair (xq,0) defines a G,-homogeneous
connection (P, , Ay, 0, Ba). We refer to [BaTe] for the following result, which de-
scribes all Yang-Mills S!-connections on hyperbolic Riemann surfaces as quotients
of homogeneous connections on H.

PROPOSITION 2.2. Let T' C PSL(2) be a discrete subgroup acting properly dis-
continuously on H with compact quotient, and let (M, gnr) be the hyperbolic Rie-
mann surface M = H/T'. Let P be a principal S'-bundle on M, and A be a
Yang-Mills connection on P. Put a := ;17(50) There exists a liftj : T’ — G of the

embedding monomorphism I' — PSL(2, ),‘and an isomorphism

(P A) ( Xa? Xav /F
where I' acts on Py, viaj.

Note that, by Proposition and Remark[3.15] this result describes all locally
homogeneous S'-triples on hyperbolic Riemann surfaces as quotients of of homo-
geneous connections on H on hyperbolic Riemann surfaces.
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In a similar way we obtain the classification of all locally homogeneous PU(2)-
triples [BaTe]:

PROPOSITION 2.3. Let I' C PSL(2) be a discrete subgroup acting properly dis-
continuously on H with compact quotient, and let (M, gnr) be the hyperbolic Rie-
mann surface M = H/T. Let P be a principal PU(2)-bundle on M, and A be a
locally homogeneous connection on P. Let B be the pull-back connection on the
pull-back bundle @ on H. Then

(1) If B is irreducible (i.e. it has trivial stabiliser), then there exists r > 0
and an isomorphism between (P, A) and the I'-quotient of (Pa,, Ag, ruo)-

(2) If the stabiliser of B is S', then (ga, P, A) can be identified with the
PU(2)-extension of a locally homogeneous S*-triple.

(3) If the stabiliser of B is PU(2), then A is flat, so the pair (P, A) is defined
by a representation T (M) =T — PU(2).



CHAPTER 5
Appendix

1. Connections in associated bundles. Bundle isomorphisms

1.1. Parallel transport in associated bundles. Let M be a differentiable
n-manifold, K be a Lie group, and p : P — M be a principal K-bundle on M,
endowed with a connection A. Let « : [tg,t1] — M be a smooth curve in M. By
a well known, fundamental theorem in Differential Geometry it follows that any
point uy € P, = p~*(a(ty)) there is a unique horizontal lift a, : [to,t1] — P
such that «,, (o) = uo [KN|, Proposition 3.1].

We also have an existence and unicity horizontal lift theorem for associated
bundles. More precisely, let p : P — M be a principal K-bundle endowed with a
connection 4, X : K x ' — I be a smooth action of K on a differentiable manifold
F, and let F := P x, F be the associated bundle with fibre . The connection A
is a horizontal rank n-distribution on P, which defines in the obvious way a rank
n-distribution on P x F, whose projection on £ = (P x F')/K is a well defined
horizontal rank n-distribution on E. This distribution will be called the connection
on E induced by A, and will be denoted by I'4. With this definitions we have:

ProrOSITION 1.1. Let p : P — M be a principal K-bundle endowed with a
connection A, A\ : K X F' — F be a smooth action of K on a manifold F, and
let E := P x) F be the associated bundle with fibre F. Let « : [to,t1] — M be a
smooth curve in M. For any point ey € Fq(,) there is a unique I'A-horizontal lift
Qe : [to, t1] = E such that ae, (to) = ep.

A proof of this results is sketched in KN, p. 88]. In this section we give a
detailed proof for completeness.

PROOF. The Lie group K acts freely on P x F' from the right by
(u,y, k) = (uk, k™ y).

By definition the associated bundle E' := P X, F' is the quotient manifold (Px F)/K,
and the projection ¢ : P X F' — F is principal K-bundle, which comes with a natural
connection B given by

B( )y = A, x TyF V(U,y) € PxF.

uy

The bundle projection p : P — M induces a locally trivial submersion pg : E — M,
such that the following diagram is commutative:

PrxrL1.E

NS

PP oar.

51
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In other words the quotient map ¢ : P x F' — FE is fiber preserving map over M. For
a pair (u,y) € P x F put [u,y] := q(u,y). With this notation the map pg : E - M
is given by pg([u,y]) := p(u). By the definition of I'4, for a point e := [u,y] € F
we have
Ff = Q*(u,y)(Au X {Oy})

where {0,} is the zero subspace of T, F. Put zo := a(to), and let ey = [ug, yo] be a
point in the fiber E,,. It follows ug € p~*(z0).

By the classical horizontal lift theorem [KIN| Proposition 3.1], there exists
a A-horizontal lift a,, : [to,t1] — P. Therefore for every t € [to,t1] we have
o, (t) € Aa, (1)- 1t suffices to note that the curve ae, : [to,t1] — E defined by

Qe (t) = [auo (t)v yO]
is a ['4-horizontal lift of « satisfying the initial condition av, (to) = eo.
To prove unicity, let 3 : [to, 1] — E be a ['*-horizontal lift of a with 3(¢y) = eo,
and let
ﬁ("ovyﬂ) = (ﬁ(lzoyyo)’ﬂ(Fuo-,yo)) : [t07t1] - Pxr
be a B-horizontal lift of 3 satisfying the initial condition By, y.)(t0) = (uo, o).
Since B(y,,y,) is a B-horizontal curve, it follows that

6Eu0,y0)(t) € Bﬁ(uo,’yo)(t) vt e [t07t1]7 (49)
and, since B(yq,y,)(to) = (u0,%0) is a lift of a I'“-horizontal curve, it follows that
Blumor @) € {(@) N}, Ve fto,0] (50)

But it is easy to show that the intersection B N (q.)~(I'4) of the distributions B,
(g.) (') C Tpyr coincides with the distribution A C Tpyp given by

A(u,y) = Au X {Oy}
Therefore, by , it follows that 6(‘20,%) is A-horizontal, and ﬂfumyg) is con-
stant. Using the unicity part of [KN|, Proposition 3.1], we obtain B(P

hence By.y)(t) = (Quo (t),%0), hence By, yo) = ey

wo,yo) Qug s

REMARK 1.2. A similar theorem holds for general fiber bundles endowed with
a connection, but one has to assume that the fiber is compact [Mol.

1.2. Pull back bundles and pull back connections. Let M and M’ be
smooth manifolds, K a Lie group, and ¢ : M — M’ be a smooth map. Let p’ :
P’ — M’ be a principal K-bundle on M’. Recall that the pull-back bundle ¢*(P’)
is defined by

9" (P') = M xar P' = (¢ x ') (Awr),
where ¢ x p’' : M x P’ — M’ x M’ denotes the product map, and Ay;r € M’ x M’
is the diagonal submanifold. One can check that ¢ x p’ is transversal to A/, hence
M x s P’ is a submanifold of M x P’, whose tangent space at a point (x,y’) is

Ty (M xpp P') = {(u,w) € TM x TP" | ¢, (u) = p,(w)}.
Note that set theoretically one has

o' (P) = || Pl

xeM
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The projections p; : ¢*(P') — M’, ps : ¢*(P') — P’ fit in the commutative diagram

o' (P) P2 P

pll p’l
M2 M
in which p; is a K-principal bundle on M with respect to the right K-action in-

duced from P’.

Let A’ be a connection on P’ and w? € A'(P,¢) its connection form. By
definition the pull-back connection ¢*(A’) is the connection on ¢*(P’) defined by
the connection form p3(wA’). With this definition we have for any pair (z,y') €
@ (P'):

O (A) @y = {(u,w) € TyM X Ty (P)| @ua(u) = ply (w), we A}
= {(u,w) € T, M x A/| pur(u) = pl, (w)}.

DEFINITION 1.3. Let M, M’ be smooth manifolds, K a Lie group, and o : M —

M’ be a smooth map. Let P 2> M, P' X5 M’ be principal K -bundles on M, M’

respectively. We denote by Homy (P, P') the set of ¢-covering bundle morphisms
P — P’ which are compatible with the group morphism idx [KINJ section 1.5].

For a morphism ® € Hom, (P, P’) and a connection A" on P’ one defines the

pull-back connection ®*(A’) using the connection form ®*(w4’) [KN, Proposition
6.2].

REMARK 1.4. With the notations above the following holds:
(1) The map Hom, (P, P') — Homiq,, (P, ¢*(P’)) given by & — &, where

Do (y) == (p(y), 2())
is bijective.
(2) For any connection A" on P’ and bundle morphism ® € Hom, (P, P’) one

has
7 (A') = @5(p"(A)).

1.3. Bundle isomorphisms compatible with a pair of connections. Let
P, P’ be K-principal bundles over a manifold M, and let (4, A") € A(P) x A(P’)
be a pair of connections. The goal of this section is the proof of Proposition [1.6]
which shows that the data of an id-covering bundle morphism ® : P — P’ with
the property ®*(A’) = A is equivalent to the data of an (A, A’)-parallel section
in a bundle I(P, P') associated with the fibre product P x,; P’ and the action
7: (K xK)x K — K given by ((ky,k2), k) — kokk] ' (see section. The first part
of the following proposition is well-known. The second part can be checked easily.

ProprosSITION 1.5. Let p: P — M be a principal K-bundle, o : K x F — F
be a smooth left action of K on a manifold F', and E := P X F be the associated
fiber bundle with fiber F. Denote by CX (P, F) the space of smooth K -equivariant
maps P — F':

CE(P,F):={0:P— F|o(yk) =k lo(y) Yy e P, Vk € K}.
Then
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(1) The map F :CK(P,F) = T'(M,E) given by
0 Sy, So(x) = [y,0(y)], wherey € Py,
18 bijective.
(2) Let 0 € CX(P,F), A be a connection on P, and T'* be the induced con-
nection on E. The following conditions are equivalent:

(i) The section s, is T'A-parallel.
i e restriction of 0.y, to the horizontal distribution of A vanishes.
ii) Th tricti y to the horizontal distributi A ish

PROOF. (1) This result is well known. We mention only that the inverse of F
is the map s — o° where, for a section s € I'(F), the equivariant map o* is defined
by the identity

s(p() = [y, o°(y)], Yy € P. (51)

(2) Let g : P x F — E be the quotient map. By we know that

so () = [y, 0(y)] = a(y, o (y)). (52)
Let v e T, M, y € p~!(z), and let w be a lift of v in T, P. Using (52) we obtain
easily:

S*m(v) = Q*(y,o(y))(wa U*y(w)) (53)
Recall that, by the definition of I'4, we have Qu(y,o(y)) (Ay x{0}) = F;‘(m). Therefore,
A

if 0,14 = 0, then, choosing w to be the horizontal lift of v at y, we get s, (v) € L)
Conversely, supposing that for every v € T,, M we have s..(v) € Ff(m), we show that
0414 =0. Let y € P, w € Ay, and v = p,(w). Using again we see that

54 (v) = g (w, 04 (w)) € g (Ay x {0}).
Therefore, there exists u € A, such that

(w = u,0.(w)) € ker(qu(y,o(y))-
The projection on the first factor induces an isomorphism ker(g.(y.»(y))) — Vi,

where V,, C T, P denotes the vertical tangent space at y. Taking into account that
w—u€ A, wegetw—u=0, and o.(w) =0. [ |

PROPOSITION 1.6. Letp: P — M, p' : P — M be K-principal bundles over
M, and let I(P, P’") be the associated bundle (P Xp; P') x. K. There exist a nat-
ural bijection S : Homyq(P, P") — T'(M,I(P, P')) between the space of id-covering
K-bundle isomorphisms and the space of sections T'(M,I(P,P")) with the follow-
ing property: For any pair of connections (A, A") € A(P) x A(P') the following
conditions are equivalent:

(i) ®*(A") = A.
(ii) S(®) is TA*A _parallel.

PrRoOOF. By Proposition the space of sections I'(M, I(P, P’)) is naturally
identified with the space CK*X(P x s P’ K) of (K x K)-equivariant maps P Xy
P’ — K. Using this identification we will define a natural bijection

S : Homiq (P, P') — C**5(P x P/, K).

Let ® € Homyq(P, P'), and (y,y') € P xp P'. Since ®(y) and ¢’ are in the same
fiber, there exists a unique element o®(y,y’) € K such that ®(y) = y'.0c®(y,y’). It
is easy to see that the map P x P’ 2 (y,y') — 0% (y,y/) is (K x K)-equivariant,
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hence it gives an element 0® € CEK*XX(P x,; P, K). Therefore, by definition, we
get the identity

O(y) =y 0% (y,y). (54)
Conversely, for an element o € CE*E(Px, P', K), it is easy to check that the right
hand side of depends only on y and defines an id-covering bundle morphism
P — P'. Our bijection S is ®  o®.

We prove now that, for any pair (4, A") € A(P) x A(P’), the conditions (i),
(ii) are equivalent.

(2) Let ® € Homyq(P,P’). Let A : P’ x K — P’ be the right action of K
on P'. For a pair (y',k) € P’ x K denote by A\ : K — P', Ay : P’ — P’ the
corresponding maps obtained from A by fixing an argument. Using we obtain
for a pair (w,w’) € T(P xp P')

Buy(w) = (Ny)w0Z (w,w") + (Mg () (). (55)

Let H C Tpx,,pr be the (A, A')-horizontal distribution. Recall that one has

Hyyy = Ay X1,m A Suppose that o¥[y = 0, let w € A, and let w’ be the
A’-horizontal lift of p.(w). Using we obtain

(I)*y(w) = ()‘o"’(y,y'))*(w/) €A = A{b(y)

v .o®(y,y)

Therefore ®.,(A,) = Aj,. Since this holds for any (y,y’) € P xu P' we get
d*(A’) = A, as claimed. Conversely, suppose ®*(A’) = A. Then for any (w,w’) €

H(y,y’) we have
Ay )55 (w,0') = =(Ago () (w') + Py (w) € Al

where the left hand side is vertical, and the right hand side is A’-horizontal. This
®

implies (A, )«0® (w,w’) = 0, hence o (w,w’) = 0. [ |

1.4. The stabilizer of a connection. Let 7 : P — M be a principal K-
bundle over M. A gauge transformation of P is a id;-covering bundle isomor-
phism f : P — P such that for all (y,k) € P x K, f(yk) = f(y)k. The gauge
transformations of P form a group, called the gauge group of P, and is denoted by

Gg(P).

Let Ad : K x K — K be the action of K on itself defined by (k, k') — k~'k'k.
The space of all Ad-equivariant maps ¢ : P — K is defined by

CE(PK)={p:P— K|o(yk) =k 'oy)k Yy € P,Vk € K}.

The space CX (P, K) has a group structure inherited from K and can be iden-
tified with G(P) in a natural way. For any ¢ € CX (P, K) the corresponding gauge
transformation is defined by f¥(y) = ye(y). Conversely, if f € G(P), define
o/ : P — K by the relation f(y) = yo/(y). Also there exists a natural identifica-
tion between the space CX (P, K) and the space of smooth sections of the associated
bundle P x g K — M.

The space of connections on P, denoted by A(P), is an affine space modeled
on the vector space A'(adP) ~ Al (P, ¢) [DKI, [Te]. The gauge group G(P) acts
on A(P) by (f, A) — f.A. The next proposition is stated in [DK] (see [DK, Lemma
4.2.8]) but the proof is left to the reader as an “exercise". We give a proof below:
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PROPOSITION 1.7. Suppose that M is connected. Let A € A(P) be a connection
on P, GA(P) denote the stabilizer subgroup of A in gauge group G(P) and Hol;‘(J
be the holonomy group of P with respect to connection A at a fized point yg € P.
The evaluation morphism ey, : G(P) — K given by f — ¢/ (yo) maps GA(P)
isomorphically onto the centralizer Zy (Hol,j(J ) of Hol,ﬁo in K.

PROOF. Put zg := 7(yp). Let P;}) denote the holonomy bundle of A through
Yo € Py, [KN, p. 85]. This bundle is the submanifold of P consisting of all points
y € P which can be joined to yo by a smooth A-horizontal curve. Let v : [0,1] — P
be a A-horizontal curve with initial point v(0) = yo. Let f € G. We claim that
f € G4 if and only if ¢f is constant on P;(‘). Indeed, if f € G then the curves fo~y
and R (y,) © 7 are both A-horizontal with the same initial point f(yo). Thus for
any t € [0, 1] we have

V()@ (1(1) = F(1(1) = Rt () (1(1)) = 7(8) 27 (30)- (56)

Therefore of (7(t)) = ©f (o), so ¢7 is constant on P!f’.

Conversely, if ¢f is constant on P;(‘), it will be constant on any A-horizontal
curve v with 4(0) = yo. Thus for any ¢ € [0,1] we have ¢(y(t)) = ¢(yo) and
thus is satisfied. Therefore f o~ is A-horizontal for any A-horizontal curve y
with (0) = yo. Since A is invariant, it follows that f o is A-horizontal for any
A-horizontal curve v with v(0) € P,,. Since M is connected, for any y € P and
any v € A, there exists an A-horizontal curve v : [0,1] — P such that v(0) € Py,
and, v(1) =y, (1) = v. Therefore the claim is proved.

We have to prove

(1) the restriction e, lg4(p) Is injective,
(2) €yo(GH(P)) = Zxc(Holy, ).

For the first claim, f € GA(P) such that ¢/(yo) = ex. Then ¢/ = ex on
P;{‘). Since ¢f is K-equivariant, it follows that ¢/ = ex on the whole P. For
the second claim, let z € Zx(H). Define ¢, : PyA0 — K by ¢(y) = z. This map
is HolﬁJ -equivariant. Thus ¢, : Plf] — K has a unique K-equivariant extension
¢ : P — K. Let f € G(P) such that ¢/ = . The restriction of ¢/ on P£ is
constant, so f € GA(P).

|

2. Infinitesimally homogeneous Riemannian metrics. The theorem of
Singer

Let (M, g) be a Riemannian manifold endowed with a locally homogeneous
metric. This means that, for any pair (z,2’) € M x M there exists open neighbor-
hoods U  z, U’ 5 2’ and an isometry f : U — U’ such that f(x) = 2'.

A natural question is: under which conditions on (M, g) can one prove that
any local isometry f : U — U’ as above, with U, U’ connected, can be uniquely
extended to a global isometry f : M — M. The answer is given by the following
theorem of Ambrose-Singer [JAS], [Sill:

THEOREM 2.1. Any locally homogeneous, connected, simply connected, com-
plete Riemannian manifold is globally homogeneous.
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If (M, g) is a real analytic Riemannian manifold this result follows from a well-
know extension theorem for local isometric immersions KN, Theorem 6.3]. The
result holds in full generality in the category of differentiable Riemannian mani-
folds, so real-analyticity is not necessary. The proof in the differentiable category is
much more difficult and requires new ideas. Since these techniques play an impor-
tant role in Chapter[2] we explain here, in an original way, the strategy of the proof.

An important ingredient in Ambrose Singer’s proof is the following classical
result [KN| Theorem 7.4, Theorem 7.8, Corollary 7.9].

THEOREM 2.2. Let M and M’ be a differentiable manifolds endowed with linear
connections V, V'. Assume: VTV = 0, VRV = 0, V'TV =0, V'RV = 0.
Let F : TyyM — Ty M’ be a linear isomorphism such that F(Ty) = Taz/ and
F(R_TVO) = RZ{;. Then there exists an affine isomorphism f : U — U’ of an open
neighborhood U of x¢ onto an open neighborhood U’ of x|, such that f(xo) = x{, and
that fig, = F.

If, moreover, M and M’ are simply connected and (M,V), (M', V') are com-

plete, then there exists a global affine isomorphism f: M — M’ such that f(xg) =
xy and that feg, = F.

In this theorem we used the notations
TV € A°(L2(Ta, Tur)) , RY € A%(gl(Twr))

for the torsion, respectively the curvature tensor of V. Note that this theorem holds
for arbitrary linear connections, not only for metric connections. In the special case
(M,V) = (M',V') one obtains [KN, Corollary 7.91:

COROLLARY 2.3. Let M be a connected differentiable manifold endowed with
a linear connection. Let V, T, R be the covariant derivative, torsion, respectively
the curvature of this connection. Suppose that VI' = 0, VR = 0. For any pair
(xo,2y) € M x M there exists open neighborhoods U 3 zg, U' 3 xj, and an affine
isomorphism f : U — U’ such that f(xo) = x.

If, moreover, M is simply connected and (M, V) is complete, the group of affine
automorphisms of (M, V) acts transitively on M.

This important result follows from Theorem using a linear isomorphism
F: T, ,M — T,; M obtained by parallel transport along a curve joining z, to (.

This result is applied in the special case when M is endowed with a Riemannian
metric g, and V is a metric connection (but not necessarily the Levi-Civita connec-
tion of g). The conditions concerning the completeness of the connection V is
equivalent to the completeness of g [TV, Proposition 1.5]:

PROPOSITION 2.4. Let (M,g) be complete Riemannian manifold. Then each
metric connection V on M is complete.

Combining these results we obtain the following important homogeneity crite-
rion for Riemannian manifolds:

PROPOSITION 2.5. Let (M, g) be a connected, simply connected, complete Rie-
mannian manifold endowed with a linear metric connection ¥V such that VTV =0,
VRY =0, then (M, g) is homogeneous.
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As explained above the homogeneity of M follows from the classical results
proved in [KN]. However the method of Ambrose is more effective: it gives an
explicit construction, in terms of a connection V satisfying the hypothesis of of
Lie group G acting transitively and effectively on (M, g) by isometries:

Let O(M) be the bundle of orthonormal frames of (M, g), and fix u € O(M).
Let Py denote the holonomy bundle of V through u. P is the submanifold of
O(M) consisting of all points v’ € O(M) which can be joined to u by a smooth
V-horizontal curve. Ambrose and Singer showed that G = PV has a natural Lie
group structure, and it acts on M as an effective, transitive group of isometries
([AS], [TV, Theorem 1.18]).

The main difficulty in the proof of the Ambrose-Singer theorem is the construc-
tion of a metric connection V satisfying the hypothesis of the homogeneity criterion
For this construction one needs a condition on g which is apparently weaker
than (but a posteriori equivalent to) local homogeneity. In order to introduce this
condition we need some preparations:

For a Riemannian manifold (M, g), a point ¢y € M and a non-negative integer
k € N let g(xo; k) be the Lie subalgebra of so(7,, M) defined by

o(wo; k) := {F € s0o(Ty,M)| F - D'R,,, =0 for0 <i <k}.

Since g(zo; k + 1) C g(xo; k) for any k € N, there exists a first non-negative integer
kg, such that, g(zo; k%) = g(xo; kg, + 1). With this notation we can define

DEFINITION 2.6. Let (M, g) be a Riemannian manifold, and let D, R denote
the covariant derivative associated with the Levi-Civita connection of g, and the
Riemannian curvature tensor. (M,g) is called infinitesimally homogeneous if for
any pair (zo,x() € M x M, there exists a linear isometry F : Tpo M — Ty M such
that

F*(D'Ry;) = D'Ry, for 0<i<kj +1. (57)

The linear isometry F' : T,,M — T,, M defines a Lie algebra isomorphism
s0(Ty, M) — so(T,; M) which applies isomorphically g(zo; k) onto g(xg; k) for each
0 <k < kg, + 1. This implies

REMARK 2.7. If (M, g) is infinitesimally homogeneous, then £  is independent
of xg. We will denoted by kY9 the obtained constant.

REMARK 2.8. If (M, g) is locally homogeneous, then it is also infinitesimally
homogeneous.

The difficult part of the proof of the Ambrose-Singer Theorem is the following
theorem of Singer [ISi]:

THEOREM 2.9. Let (M, g) be an infinitesimally homogeneous Riemannian man-
ifold. Then there erists a Rimannian connection ¥V on M such that VTV = 0,
VRY =0.

ProOF. This construction of V is obtained in two steps:

S1. Construct a Riemannian linear connection ® with respect to which the tensors
D'R are parallel for 0 <i < k9 + 1.
This connection will be obtained using a reduction of the structure group of O(M)
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from O(n) (where n := dim(M)) to a carefully chosen Lie subgroup H C O(n).
For x € M we identify the fiber O(M), with the manifold of linear isometries
u:R™ = T,. A point u € O(M), defines an isomorphism

7 : LTy, R) — L*(R™,R).
Here we used the notation L*(V, W) for the space of k-multilinear maps
Vx .- xV-o>W.

The covariant derivative D' R is a section in the bundle (A},)®‘® L*(Tys, R). There-
fore, for any i € N we obtain a map

¢; : O(M) — L'(R™, L*(R™,R)) ~ L*T(R" R)

given by
di(u) (&, ..., &) =T ((D'R)(u(&1), ..., u(&))) -
Now define the O(n)-equivariant map
kg+1
®:0(M) — € L'(R", L*(R",R))
=0
by
O(u) == (¢i(u))o<i<roti -

The main observation in this first step of the proof is: since (M, g) is infinitesimally
homogeneous with associated constant k9, the image ®(O(M)) is an orbit with
respect to the natural O(n) action on the vector space

kg+1

P L'®r", L* (R, R)).

=0
Fixing ug € O(M), denoting by H the stabiliser of ®(ug) in O(n), identifying
®(O(M)) with the homogeneous space O(n)/H, we obtain (see [KN|, Proposition
5.6]) a H-reduction

Q=& H(D(ug)) € O(M)

of O(M). With this definition we see that the restriction ®|y is constant. This
shows that, identifying (A},)®® ® L*(Ths,R) with a vector bundle associated with
9, the sections D'R (0 < i < k9 + 1) are B-parallel, for any connection B on
9. It suffices to define ® to be the linear connection on Ty, associated with any
connection 9B on 9, and the first step is complete.

S2. Finding B € A'(so(T)) such that V := D + 3 satisfies the conclusion of
Theorem 2.9

In this step we use essentially the definition of k9. For any £k € N and z € M
put

g2 (k) :={b €s0o(T,M)| b- (D'R), =0 for 0 <i <k},
where b — b- stands for the infinitesimal action of the Lie algebra so(7T,M) on the
tensor algebra of T,, M. Since the sections D*R are ®-parallel for 0 < i < k9 + 1, it

follows that
g(k) = | ga(k)
zeM
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is a D-parallel subbundle of so(T;) for any 0 < k < k9+1. Moreover, the definition
of k9 gives the equality g(k9) = g(k9 +1). Put g := g(k9 4+ 1) to save on notations,
and let g be the orthogonal complement of g with respect to the standard inner
product on so(Ty). Let b:=D — D € Al(so(Th)), and let

b=10b"+1b"
be the decomposition of b with respect to the orthogonal decomposition
Al @so(Ty) = (M @g) @ (A @g). (58)

Put V=9 —b' = D+ b". Since D(D*R) =b'- (D*R) =0for 0 < k < k9 + 1 it
follows that one also has

V(D*R) =0for 0<k <k +1, (59)
in particular the orthogonal decomposition
so(Tu) =g@ g (60)

is both ® and V-parallel.
We use now the formula

0=V(D*R) = (D +1b")(D*R) = D*"'R +b" - (D*R) for 0 < k < k9.

Applying V¢ on both sides (for a tangent vector £ € T, M), one proves that Vb” is
a section of

Ay @A, @g(k)) =N, @A, ek +1)=A, @A, @9
(see section for details and a generalization of this argument). But, since the
decomposition is V-parallel, and b” € T'(A! ® g*) it follows that Vb is also
a section of A}, ® A}, ® gt. Therefore Vb” = 0. This gives VTV = 0. Taking
k=0in we also have VR = 0. Expressing RV in terms of R and b”, and using

again Vb” = 0, we obtain VRV = 0. Therefore, taking 3 := —b’, the connection
V :=® + [ satisfies the conclusion of Theorem [2.9 [ |

Using now Corollary[2.3]and the homogeneity criterion[2.5 we obtain [Si, Main
Theorem, p. 692]:

COROLLARY 2.10. A Riemannian manifold (M, g) is infinitesimally homoge-
neous if and only if it is locally homogeneous. Any connected, simply connected,
complete infinitesimally homogeneous Riemannian manifold is homogeneous.
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