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Resumé

Dans cette these on étudie les effets de taille finie au-dessus de la dimension critique
supérieure d.. Les effets de taille finie y ont longtemps été incompleétement compris,
en particulier vis-a-vis de leur dépendance en fonction des conditions aux limites. La
violation de la relation d’échelle dite d’hyperscaling a été I’'un des aspects les plus évidents
des difficultés rencontrées. Le désaccord avec le scaling usuel est di au caractere de
variable non pertinente dangereuse du terme de self-interaction dans la théorie en ¢?.
Celle-ci était considérée comme dangereuse pour la densité d’énergie libre et les fonctions
thermodynamiques associées, mais pas dans le secteur des corrélations. Récemment, un
schéma nouveau de scaling a été proposé dans lequel la longueur de corrélation joue
un role central et est également affectée par la variable non pertinente dangereuse. Ce
nouveau schéma, appelé QFSS, est basé sur le fait que la longueur de corrélation exhibe
au lieu du scaling usuel £ ~ L un comportement en puissance de la taille finie £ ~ LS.
Ce pseudo-exposant critique ¢ est lié & la dimension critique supérieure et a la variable
dangereuse. Au-dessous de d., cet exposant prend la valeur ¢ = 1, mais au-dessus, il

vaut @ = d/d..

Le schéma QFSS est parvenu a réconcilier les exposants de champs moyen et le Finite-
Size-Scaling tel que dérivé du Groupe de Renormalisation pour les modeles avec interac-
tions a courte portée au-dessus de d. en conditions aux limites périodiques. Si ¢ est un
exposant universel, la validité de la théorie doit toutefois s’étendre également aux condi-
tions de bords libres. Des tests initiaux dans de telles conditions ont mis en évidence de
nouvelles difficultés : alors que le QFSS est valable au point pseudo-critique auquel les
grandeurs thermodynamiques telles que la susceptibilité manifestent un pic a taillle finie,
au point critique on a pensé que c’était le FSS standard qui prévalait avec les exposants
de champ moyen et £ ~ L. On montre dans ce travail qu’il en va différemment de la sit-
uation au point critique et qu’a la place ce sont les exposants gaussiens qui s’appliquent
en l'absence de variable non pertinente dangereuse. Pour mettre en évidence ce résultat,
nous avons mené des simulations de modeles avec interactions a longue portée, qui peu-
vent étre a volonté étudiés au-dessus de leur dimension critique supérieure. Nous avons
aussi développé une étude des modes de Fourier qui permet de fournir des exemples de

quantités non affectées par la présence de la variable non pertinente dangereuse.



Abstract

In this project finite-size size scaling above the upper critical dimension d. is investigated.
Finite-size scaling there has long been poorly understood, especially its dependency on
boundary conditions. The violation of the hyperscaling relation above d. has also been
one of the most visible issues. The breakdown in standard scaling is due to the dangerous
irrelevant variables presented in the self-interacting term in the ¢* theory, which were
considered dangerous to the free energy density and associated thermodynamic func-
tions, but not to the correlation sector. Recently, a modified finite-size scaling scheme
has been proposed, which considers that the correlation length actually plays a pivotal
role and is affected by dangerous variables too. This new scheme, named QFSS, con-
siders that the correlation length, instead of having standard scaling behaviour £ ~ L,
scales as & ~ LY. This pseudocritical exponent is connected to the critical dimension
and dangerous variables. Below d. this exponent takes the value ¢ = 1, but above the

upper critical dimension it is ¢ = d/d..

QFSS succeeded in reconciling the mean-field exponents and FSS derived from the
renormalisation-group for the models with short-range interactions above d. with pe-
riodic boundary conditions. If 9 is an universal exponent, the validity of that theory
should also hold for the free boundary conditions. Initial tests for such systems faced
new problems. Whereas QFSS is valid at pseudocritical points where quantities such
as the magnetic susceptibility experience a peak for finite systems, at critical points
the standard FSS seemed to prevail, i.e., mean-field exponents with & ~ L. Here, we
show that this last picture at critical point is not correct and instead the exponents that
applied there actually arise from the Gaussian fixed-point FSS where the dangerous
variables are suppressed. To achieve this aim, we study Ising models with long-range
interaction, which can be tuned above d., with periodic and free boundary conditions.
We also include a study of the Fourier modes which can be used as an example of scaling

quantities without dangerous variables.
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Chapter 1

Introduction and outline

Phase transitions can be categorised in two types: first-order transition and con-
tinuous, depending on the behaviour of certain observables near to the transition
point. At a first-order phase transition, quantities such as the internal energy, the
first derivative of the free energy, experience a sudden change as a certain parame-
ter (e.g., temperature) is tuned. This occurs, for example when a solid is heated up
and melted to a liquid, or to a vapour as the system changes its internal structure
at a molecular level. By contrast, at continuous transitions the internal energy
is continuous across the transition. But its derivative, the specific heat, may ex-
perience a non-analyticity, such as a divergence, there. These are sometimes also

referred to as first- and second-order phase transition, respectively.

The macroscopic critical behaviour of such for many-body particles systems de-
pends only on a limited number of properties. These include the dimensionality of
the systems, any symmetries of its Hamiltonian and on the range of inter-molecular
forces. Critical behaviour is independent of many other system properties includ-
ing the geometry of the microscopic substrate (whether it is a square or triangular

lattice) and the boundary conditions.
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Systems which manifest such phase transitions contain huge (infinite) numbers of
degrees of freedom, and have to be examined from the statistical physics point
of view. Such complexity can be characterised through thermodynamic density
functions. Within these types of transitions one finds that physical systems of a
priori different natures can be described by the same scaling power-laws. In that
case we say that they belong to the same universality class. For example although
superfluity, superconductivity and ferromagnetism are very different physically,
such systems can belong to the same universality class provided they have the

same dimensionalities, symmetries and range of interactions.

After the invention of modern computers and their continuous development, com-
puter simulations rapidly spread in science and technology as an alternative to
experimental research as a means to verify (and falsify) theoretical work. Thanks
to their great versatility, computer simulations have become an essential tool for re-
search. Nowadays computational work is considered one of the pillars of research
together with the experimental and theoretical work. Specially for condensed
matter physics computer simulations are indispensable because of the enormous
numbers of constituent particles comprising such systems. As a result, many
new techniques have been developed and optimized. With such strong compu-
tational techniques, we can use stochastic techniques though Monte Carlo (MC)
algorithms, which allow us to simulate many-body spin systems, and so reproduce

its behaviour in order to study critical phenomena.

The motivation for this work is to achieve a better understanding of the critical
phenomena that happens at phase transitions above the upper critical dimension
where mean-field theories apply. Concretely we focus on ferromagnetic spin mod-
els which experience a continuous phase transition where quantities such as the
correlation length diverge at the critical point. This project aims to investigate a
new picture for the critical phenomena above the upper critical dimension, gath-

ering together theory and simulation work. It is divided into chapters are given
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by the following structure.

In Chapter 2 we revisit the finite-size scaling (FSS) above the upper critical dimen-
sion d.. There we shall show the breakdown of standard scaling behaviour is caused
by dangerous irrelevant variables (DIVs) which arise from the self-interaction term
in the ¢* theory. In fact, in the regime above d., scaling should be compatible
with predictions coming from mean-field theory (MFT). Standard renormalisation-
group (RG) theory, which is strongly supported by many other studies and widely
used successfully in many different models, is not directly able to achieve this
without the introduction of DIVs. We will demonstrate that DIVs are essential to
derive both the scaling laws for the infinite-volume system in the thermodynamic

limit as well as the finite-size counterpart laws for systems of finite volume.

In Chapter 3 we introduce the numerical techniques used in this work and how they
apply to Ising models with long-range interactions (LRIM). As an introduction to
the MC simulations, we recall the Metropolis algorithm. This is followed with the
implementation of different cluster algorithms, such as the multicluster Swendsen-
Wang or the single-cluster variant named the Wolff algorithm, which is employed to
simulated the 5D Ising model with nearest-neighbours interactions, named in this
project as short-range Ising model (SRIM). Then, we proceed to describe a new
variant of the algorithm suitable to simulate systems with long-range interactions.
We also show how to implement the correct set up of periodic boundary condition
(PBCs) for LRI models, through the Ewald sum method. Some aspects about
the estimators, autocorrelation times, error treatment and reweighting method

are shown too in this chapter.

In Chapter 4 we analyse FSS for the LRIM above d.. We include the 5D SRIM
which can be understood as a particular case of LRIM. Different boundaries condi-
tions are analysed, namely periodic and free boundary conditions (written PBCs

and FBCs, respectively). Quantities such as magnetisation, susceptibility and
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correlation length, among others, are studied to determine their power-law scaling
behaviours in finite systems. In order to understand deeply the consequences of

DIVs we also focus on the study of the Fourier modes of the theory.

In Chapter 5 we study the zeros of the partition function. The zeros located in
the complex plane for the external magnetic field are named Lee-Yang zeros, and
the complex temperature plane are named Fisher zeros. The scaling of these zeros
follow the corresponding F'SS, above d. these scaling are predicted to follow QFSS

in line with chapter 4.

In Chapter 6, the project finishes with the study of LRIM at the critical dimension
where multiplicative logarithmic corrections are expected to the leading power
laws. There the logarithmic counterpart for the ¢ exponent claimed in chapter 4,

appears as ¢ giving a behaviour to the correlation length as ¢ ~ L(In L)é.

In Chapter 7, we discuss the conclusions.



Chapter 2

Revisiting the finite-size scaling
above the upper critical

dimension

2.1 Introduction

The renormalisation-group was invented over four decades ago [1, 2|. Since then, it
stands as one of the pillars of modern physics. Given its fundamental importance,
there should be no doubt about its correctness, completeness and validity. FSS
is derived from RG considerations [3-5], despite in fact that it was heuristically
introduced [6] before in terms of scaling hypothesis. Therefore, if the RG formalism
is correct and fully understood, FSS should be too. However, for a long time, FSS

had not been completely understood above the upper critical dimension d..

In particular, it had been supposed that some important features of MF'T prevail
above the upper critical dimension. However, these fail to deliver the correct scal-
ing predictions. This results in a mismatch of the scaling predicted by MFT and
the predictions by RG. The situation is especially puzzling in systems with open

5
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boundary conditions. The breakdown of the mean-field scaling is connected to the
violation of the hyperscaling relation, which in turn is attributed to the critical

role of dangerous irrelevant variables in the renormalisation-group approach [7].

In an early attempt to repair F'SS above d., Binder et al. introduced a new entity
called the ‘thermodynamic length’ which scales as the system extent L above d.
and as the usual correlation length below d. [8-10]. Although this new artefact
worked, in the sense that it delivered the correct scaling behaviour for finite-size
systems, it was phenomenological, rather than fundamental. Binder summarised
the situation as “a rather disappointing state of affairs - although for the ¢* theory
in d = 5 dimensions all exponents are known, including those of the corrections
to scaling, and in principle very complete analytical calculations are possible, the

existing theories clearly are not so good”.

Therefore a revisiting of the foundations of the theory was merited, in order to
reconcile, not only in a phenomenological way, the FSS associated the RG with
the MFT. This chapter follows the lines of the new theory and reports on the
introduction of a new universal pseudocritical exponent ¢ (‘koppa’) which modifies
the scaling of the correlation length as ¢ ~ LY. This new idea, proposed by Berche
and Kenna [11], also modifies FSS to a new scheme called Q-finite-size scaling
(QFSS). It plays an essential role in restoring the compatibility of the MFT and
the RG.

The chapter is arranged as follows. In section 2, a brief introduction to second-
order phase transitions is given. Section 3 recalls the scaling hypothesis and the
main field theories. In section 4 a brief summary of the old scheme of FSS is given,
together with a discussion of its strengths and weaknesses. The QFSS theory is
introduced in section 5. To focus on the main, crucial points of the new scheme, we
restrict our presentation to the ferromagnetic short-range interaction Ising models.

The theory can easily be extended to other models. For example, to study critical
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phenomena above the upper critical dimension in a physically realisable setting
one can introduce the long-range interactions into the Ising model. These lead
to a reduction in the critical dimensionality so that even 1D, 2D and 3D can fall
above d.. Such systems are experimental accessible, introducing a new level of
importance to FSS theory in high dimensions. We present the full analysis of

QFSS in Chapter 4.

2.2 Scaling at continuous phase transitions

Here we focus on ferromagnetic systems which manifest second-order or continuous
phase transitions. The archetypal model for the study of such critical phenomena is
the Ising model. Such phase transitions are characterized by a loss of spontaneous
magnetisation at the critical point, while some other observables, such as magnetic
susceptibility, heat capacity and correlation length, experience a divergence. This
behaviour at the critical point occurs in the thermodynamic limit; in finite systems
these singularities are modified to finite peaks, the positions of which are shifted

away from the critical temperature.

2.2.1 Thermodynamic and correlation functions

In order to give a brief description in the simplest manner, we use a d-dimensional
SRIM, concretely the nearest-neighbour Ising model as example. In this study we
consider only simple structures for substrates on which the Ising spins reside. To
this end, the spins s; are located at the sites 7, of a lattice so that every site is
spaced a distance a from its 2d neighbours. That means a chain for 1D, a square
lattice for 2D, a cubic lattice for 3D and hypercubic lattices for 4D and so on.
The number of particles (Ising spins) is N = L% and the volume for such systems

is V = Na®. We henceforth set a = 1 to avoid having to track the constant when
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it plays no role in our considerations. The partition function of a finite system is

given by

Zy =y e Ml (2.1)

{si}
where the Hamiltonian is the total energy of a given configuration {s;} with 5 =

1/kgT, where kg is the Boltzmann constant. For the simplest Ising model,

H=—J> sis;+ Y Hs (2.2)
(@.5) i

where the sum (i, j) only extends to nearest neighbours, the coupling J is a con-
stant (in other models it can depend on some special features and then it could be
inside the sum), and H; is the external magnetic field at site i. Then the Helmholtz

free energy is related to the partition function through
FL = —k‘BTanL. (23)

The internal energy Uy, is given by Uy = F, + TS, where Sp = —0F, /0T is the

entropy. Thus
oFy
U,=F,—T—. 2.4
L= F - T 2.4

In statistical mechanics the expectation value of the total energy is (E) = Uy, so

if the system does not have any external magnetic field H; = H = 0,

(E) = —% InZ;. (2.5)

Intensive quantities are more useful to describe the thermodynamic systems, so

one defines

F
fo="2 and ey = ﬂ, (2.6)
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respectively. Then we can derive the specific heat capacity from wuy:

~ Odep  kpf?

= L = (5 - (B)?). 2.7

C

This is a measure of the fluctuation in the configurational energy about the mean.

Another important observable is the total magnetisation given by

M=>"s. (2.8)

The definitions for the magnetisation and the susceptibility are, respectively,

my = -2 _ D 2.9)
o= M B () - (M) (2.10)

The correlation function G(r) and the correlation length £;, are also crucial when
describing critical phenomena. They are usually expressed in the thermodynamic
limit, L — oo, as

,

G(r) ~r "D LTJ . (2.11)

Two regimes can be distinguished; when r > £, the function on the right-hand
side takes the form D [r/{] ~ exp (—7r/éx). When r < £, the correlation decay
becomes G(r) ~ r? instead. In the spin model the correlation function is given in

terms of connected and unconnected versions, and both definitions are respectively

Ge(ri,ry) = (sisy) — (s:)(s), (2.12)

Gu(ri,r) = (sis5), (2.13)
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where r; is the position of the ¢th spin s; in the lattice site. The connected function
can be obtained from the energy function as

1 9%

GC<T7;, ’I"J) = _B_NW

(2.14)

2.2.2 Scaling and critical exponents

Physical systems which exhibit different phases of state have a transition between
phases at the Curie or critical point. The critical point is not universal but scaling
behaviour near to these transition points allows one to define the universality class
that they belong to. In order to conveniently describe these features near to the
critical point we define the reduced temperature as a dimensionless parameter

which vanishes at the critical point. It is given by

(2.15)

The other variable that controls the scaling of the observables at a phase transition

is the reduced external magnetic field given by

h= (2.16)

SE

Near the transition point there is a set of observables, that yields crucial informa-
tion about the system and the consequences of the phase transition. These include
the internal energy; specific heat capacity; magnetisation with A = 0; magneti-
sation at the critical point, which depends on the external magnetic field, and
the susceptibility. In an ideal case as the thermodynamic limit, when the size of

the system is infinite (as indicated by the subscript), those observables behave in
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terms of ¢t and h

eoo(t,0) ~ [t|'7 (2.17)
coo(t,0) ~ [t (2.18)
Moo(t,0) ~ [tP (2.19)
Mao(0,h) ~ |h|Y° (2.20)
Xoo(t,0) ~ [t|77. (2.21)

These five quantities give us information about the energy and magnetic sectors
and the parameters «, 3, v and ¢ are critical exponents. To probe the correlation

sector too we introduce two more critical exponents:

€oo(t,0) ~ 17, (2.22)

Goo(r) ~ p(d=24m), (2.23)

2.2.3 Scaling relations

The six critical exponents defined here are related to each other in such a way that
only two are independent. The scaling relations which link the critical exponents

were discovered in the 1960s. These famous expression are:

vd =2 —a, (2.24)
284+y=2—aq, (2.25)
B —1) =, (2.26)
v(2—1n) =1. (2.27)

The hyperscaling relation Eq.(2.24), developed by Widom, it is the only one that

contains the dimension of the system. Originally proposed by Essam and Fisher,
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Eq.(2.25) is also associated with Rushbrooke, who rigorously proved a related in-
equality. Eq.(2.26) put forward by Widom and proven by Griffiths, who gives it
its name. The last relation, Eq.(2.27), was derived by Fisher through the dissi-
pation and fluctuation theorem. Above the upper critical dimension, the Landau

mean-field exponents obey all these relations apart from hyperscaling.

2.2.4 Fundamental theory of phase transitions

If one considers the complex variables for § and h, one finds for finite-size systems
that the partition function vanishes at certain values. In the 1950’s, Lee and Yang
studied in detail the zeros for the Ising model in the complex-h plane. Published in
[12, 13] under the inspiration of the fundamental theorem of algebra, it conformed
a theory of complex zeros of the partition function may be called the fundamental
theory of phase transitions [14]. They found that as the system approaches the
thermodynamic limit, its zeros condense onto curves which may impinge onto the
real axis. For T" > T,, the closest part respect to the real axis of these curves
is denominated Lee-Yang edge hy . For second-order phase transitions it scales

toward the critical point following this power law

hyr ~ t2, (2.28)

where A is the gap exponent. Same idea was then used by Fisher later on in [15]
to perform the study for zeros in the complex-3 plane, since then known as Fisher

zeros. These zeros pinch the real axis at T, in the thermodynamic limit.

2.2.5 Finite-size scaling hypothesis

The description above only applies for infinite volume systems. The effects of finite

volume are to shift the critical point and to change divergences into peaks. The
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shifted point depends on the system size L and is called the pseudocritical point
Tr. The FSS hypothesis resides in the relation between the scaling functions in
the thermodynamic limit with their finite-size counterparts, where long-distance
behaviour is controlled by the ratio of the two length of the system L and &..
Let P(t,h) describe a generic observable scaling, setting A = 0 for simplicity, the
relation is given by

Pulty) _ o, [ L

=5 em) (2:29)

where t;, = |11, /T. — 1] is the reduced pseudocritical temperature. In the thermo-
dynamic limit the scaling P (t) ~ |t|7°. One fixes the scaling ratio z = L/.(t).
Then from Eq.(2.22) one finds that |t| ~ 2!/YL~'/*. Introducing this relation into
Eq.(2.29), thus

Pp(tr) = Po(zY"L7YV")E, () ~ LP/". (2.30)

This scaling Pp(t) ~ LP/” actually not only describes the critical phenomena at
the pseudocritical point, but also in a narrow neighbourhood [16]. This region is
called scaling window and it can also include the critical point, delivering then a
similar scaling for both critical and pseudocritical point. In conclusion, inside the
scaling window one is allowed to replace the &, by system size L. Therefore the

FSS of the different observables are given by

c(ty) ~ LoV, (2.31)
my(ty) ~ L7, (2.32)
xe(ty) ~ L7, (2.33)
&lty) ~ L, (2.34)
hi(ty)) ~ L72/7. (2.35)

Where h} corresponds to the first Lee-Yang zero. As the system get closer to the

infinite volume, the ¢, is driven to the critical point following a scaling power law
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which is characterised by the shift exponent A
tp ~ L. (2.36)

The scaling window associated to P, is described by a rounding exponent 6. The
rounding may be defined in terms of the width between the half heights of the

finite peak in the susceptibility,
AT ~ L7°. (2.37)
These two exponents are predicted from standard F'SS to take

1
A:

1
— and 0=—, (2.38)
v

v
which makes automatically A = 6. However, these relations are not always satisfied

and may depend on boundary conditions. Specially above d., A and 6§ do not

manifest such standard form.

2.3 Widom’s scaling and field theories

In order to describe critical phenomena for phase transitions, Widom, a pioneer of
the scaling theories, proposed that the observables should be described by homoge-
neous density functions. Another crucial step was the achievement of description
of critical phenomena which produce critical exponents and their relations through

simple theories, such as mean-field or Landau theory.
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2.3.1 Widom’s scaling ansatz

Widom’s scaling ansatz was applied for the first time to the magnetisation [17],
() = 1M (2.39)
(o.9) Y |t|A Y

for the regime t — 0% and h — 0. If its argument is set to a constant and so
[t| ~ h'/2, the magnetisation can be re-expressed as meo(t,h) ~ h#/2 = pl/d
and so the gap exponent identified as A = 9. Since the magnetisation must be
derivable from the energy, Widom proposed that singular part of the free energy
density is

foolt, h) = [t]*Fy (%) , (2.40)

with the assumption that free energy also scales as the inverse correlation volume

foo(t, h) ~ €21, (2.41)

To describe completely scaling behaviour of the system an analogous formalism is
used for the correlation function

1
rd—2+n

Goo(r,t, ) ~ G. [T h } . (2.42)

£l

With this set of thermodynamic functions, the scaling relations in the last section
can easily be found [18]. The hyperscaling relation is obtained setting h = 0 in
Eq.(2.40) and (2.41), and using £ ~ [t|7¥, then vd = 2 —«a. The magnetisation is
derived differentiating once Eq.(2.40) respect to the h, comparing with Eq.(2.39),
one gets A = [+ . The susceptibility, differentiating the energy twice. To derive

the Fisher’s relation one starts from the fluctuation-dissipation theorem

Yoolt) = /0 ™ i Goo(r,1,0), (2.43)
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where the integral is bounded by the correlation length. Introducing firstly the

correlation function by Eq.(2.42) and replacing secondly the argument by the ratio
T = r/goo (t)7

oo 1
Xoo(t) = /0 dr r' "G, E} = 530_77/0 dx x*7"G.[z]. (2.44)

In this sense, as Yoo ~ &2, one only has to replace both observables by their

oo )

scaling relation to identify v = v(2 — ) [19].

2.3.2 Mean-field theory

As the name implies, in MFT an average field m, replaces the various values of the
magnetisation, making the model solvable as we shall now show. The Hamiltonian
of the Ising model given by Eq.(2.2) is transformed by replacing s; — my + ds;,

where my = (s;) and ds; is the fluctuation term. The Hamiltonian is then

H=JY (mp+3s)(my+6s;)) —HY _si. (2.45)
(4,3) i

This Hamiltonian can be partitioned in two pieces, H = Hyr + AH. The leading

term up to first order corrections

Hur = Jm%Zl—QJmLZsi—HZsi, (2.46)
(4,9 (4.4 i

is kept and the second order term of fluctuations,

A =—T 8s:i0s;, (2.47)
(i.9)
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is dropped. The number of interactions per particle in the nearest-neighbour

version is given by the coordination number ¢ = 2d. One can simplify Hyr to

Hngr = gNJmi —(qJme + H) Y sy, (2.48)

7

where we have used >, 1 =¢N/2 and }_, ;s si = (¢/2) 3_,, s;- This mean-field
Hamiltonian allows one to compute analytically the partition function since it

looks like a single-body interaction, and one finds
Znr = e~ 3970 (2 cosh[BH + qBJmy))" . (2.49)
After computing the energy from Eq.(2.3)
far = ngi — kpT'In[2cosh(BH + gBJmy)], (2.50)

and differentiation respect to h, the widely known expression for the MF magneti-

sation is recovered,

my, = tanh[SH + ¢B8Jmy)]. (2.51)

To check that this model has a phase transition, one only has to make a Taylor

expansion of tanh™*[my],

1
mL+§m3 +...=BH 4+ qBJmy, (2.52)

then set H = 0, and observe that the only solutions that are delivered, apart from
myp =0, are

myp = ++/3(¢8J — 1). (2.53)

There are only real solutions when 5 > 1/Jgq. That means that MFT reproduces
a phase transition for a non-zero temperature and the critical point is given by

Be =1/qJ. So even when H = 0, the system presents a magnetisation for 7' < T,
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and zero-magnetisation for T > T..

The value of the critical exponents can be identified as follow: from the solution
for the magnetisation in Eq.(2.53) one identifies § = 1/2; differentiating Eq.(2.52)
with respect to H, one finds xr(1 — 3/8.) + m2xr + ... = [ and consequently
this leads to v = 1; if one considers Eq.(2.52) at critical isotherm g = f,, the
magnetisation up O(m?) takes the form m3 = 38.H and leading § = 3; finally

differentiating twice Eq.(2.50) respect to temperature leads to aw = 0.

Another way to approach the solution is just make an expansion of the energy,
Eq.(2.50), so

kgT

Y 2.54
12m+ (2.54)

k
fur = —kpTIn2 — Hm + 7B(T — T.)m? +

When the m vanishes zero above the critical point, the energy of the systems
is just fup(T > T.) = —kpTIn2. Starting either from the energy or magnetic
expansion, when deriving the other observables such heat capacity, susceptibility,

etc., one finds same scaling expression and same mean-field exponent values.

2.3.2.1 Ginzburg criterion

In order to know how good was the mean-field approximation, one can analyse the
term of the Hamiltonian that was neglected, AH in Eq.(2.47). The fluctuation
can be rewritten as ds; = s; — my, so the product of the fluctuations is just the
correlation function, ds;ds; = (s; —my)(s; —my) = Gr(r;, ;). One can use the

fluctuation dissipation theorem Eq.(2.43) to compute the fluctuation term,

= _JZGL THTJ 2; (255)
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The Ginzburg criterion states that AH < Hur so xr/8 < L¢m?. In the thermo-

dynamic limit where L is replaced by the &, this is

Xoo

a < &m? . (2.56)

This inequality brings another for the exponents, namely vd > 20 +v = 2 — «,
which implies that the mean-field approximation is good enough everywhere above

the upper critical dimension d > d., d. = 4 for the Ising model.

2.3.3 Landau and Ginzburg-Landau-Wilson ¢* theory

To construct a field theory to describe the phase transition and to be able to
generate the symmetry breaking, Landau proposed to adapt Eq.(2.54). This is
written in terms of the order parameter ¢, responsible for generating the spon-
taneous symmetry breaking and it can be cut off to order ¢* around the critical
point. The energy expression now is replaced by a functional action, which has

absorbed the 3 factor, so it is given by

() ()

F(t,higo) = folt,h) + —5—05(t, h) + ———¢(t, h) — ho(t, h).  (2.57)

The action is imposed to be invariant to a spatial or space-time transformation of
the order parameter ¢y — —¢o. In order to minimize the action in terms of the

order parameter one imposes

(% = ro(t, ) o(t, h) + ult, h)@3(t, h) — h =0 (2.58)
% = ro(t, ) + 3u(t, h)¢2(t, h) > 0. (2.59)
0

Two main results can be found, firstly ¢g = 0 if rg > 0 and the secondly ¢y, =

—ro(t)/u(t) if ro < 0. The second result generates the symmetry breaking
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and so can be associated with the phase transition. Both solutions satisfy the
minimum condition. For nonzero ¢, solutions the terms ry, which changes sign
when crossing the critical point, and u can be expanded in a Taylor series in terms

of t.

To(t) = 7’01t -+ 7’02t2 + ... s (260)

u(t) = wo+ut+..., (2.61)
and so the first order expansion for the solution takes the form

do = £ | HV2 4. (2.62)
Ug

One readily identifies the critical exponent 5 = 1/2. Using the thermodynamic
relations one can easily find all the rest of the critical exponent which take the

mean-field values.

A refined and general version of Landau theory, which also tracks the fluctuation
of the fields is the Ginzburg-Landau-Wilson ¢* theory. The Hamiltonian includes

now a kinetic term and a general external magnetic field,

Slol = [ e (fperte) + 5IVomP + o) — hirlo)) . (209

For the continuous systems the partition function is given by a path integral
Z[H] = / D¢ e, (2.64)

where D¢ denotes all possibles states. To handle the fluctuations we are interested
explicitly in the external source h(r). The energy is given F[h| = —In Z[h] and

so the magnetisation is nothing other than m(r) = (¢(r)) = —dF[h]/dh(r). Then
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the connected correlation function is given by

S°F[h)  om(r)

Grx) = S moh) ~ shir)’

(2.65)

On the other hand, if we consider the Gibbs free energy, given by the Legendre
transform

Tlm] = / d' m(r)h(r) + Flh), (2.66)
one can find as 6I'[m]/dm(r) = h(r), so that

6’T[h]  Oh(r)
sm(r)om(r’) — dm(r')

=G (r,1). (2.67)

Hence the fluctuation for m(r) and h(r) are reciprocally connected by the corre-

lation function.

2.4 Dangerous irrelevant variables

We have seen that theories above the upper critical dimension give critical be-
haviour which is dimension independent. In fact, the discrete Hamiltonian for the
d-dimensional SRIM Ising model in terms of spins s; in Eq.(2.2) can written as a

field action via the Hubbard-Stratonovich transformation. We consider, the action
r c u
St6) = [ e (fo+ 26 + 5IT0P + 50" — ho). (2.68)

where the terms inside from left to right are the free energy fy, the term related to
the reduced temperature rq, the kinetic term with coefficient ¢, the self interaction

term in u, and the external magnetic field h.

In order to find the fixed-points and the FSS, Kadanoff implemented in the 1960’s
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a methodology called “Block-Spin” that was the base for RG theory. This tech-
nique reduces the large number of degrees of freedom due the huge number of
particles involved. To achieve such an aim, in consecutive steps, ones transforms
a group of spins into an effective one, so one reduces the number of particles from
N to N’. The idea is about of rescaling the Hamiltonian Hy(J, T) — H'n:(J', T")
and then following the fluxes of the variables to find the fixed points. The gener-
alization of this method became Wilson’s RG approach. The rescaling is given by
a rescaling factor b that transforms L to L', where L' = b~'L. One also rescales
the Hamiltonian keeping the partition function fixed Z}[H'] = Z[H]. Hence the

energy, for example, is found to scale as f} [H'] — L2 fL[H].

One can obtain the scaling dimensions at the Gaussian fixed point derived by
RG simply rescaling the Hamiltonian in Eq.(2.68) following from power counting.
For example, we consider the rescaling for the term d?2/|V'¢/|> — d?z|V¢|* with

x' = x/b. This is visualised as
A |V > = b2 d% | V)P = dz| Ve, (2.69)

finding that the order parameter scales as ¢/ = b%¢ with d, = d/2 — 1. Di-
mensional analysis for all the other terms delivers: for the free energy f) = b%fo;
the coefficient proportional the reduced temperature rescales following rj, = b¥r;
the self interacting term follows v/ = b¥»u; and external source h' = b¥*h. The

eigenvalues are

Cd+42

Y =2, Uh=—, Yo =4 —d. (2.70)

The ones that control the flow towards the fixed point are those y; > 0. One
clearly identifies y; > 0 and y; > 0 as relevant. The exponent y, is irrelevant in
the RG sense above the upper critical dimension d = 4. However, and as we shall
see, it is also dangerous to set the associated variable u to zero. We first explore

the case where w is zero.
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2.4.1 Finite-size scaling for Gaussian model

Considering ¥, < 0 as an irrelevant variable above the upper critical dimension
for the fixed points, one may expect one can drop the ¢* term in order to simplify
the model. In this way the action Eq.(2.68) becomes the so-called Gaussian or

free field theory model, given by
T c
Slel = /dd:c (fo+ 2O+ 5 Vel - ho). (2.71)

which is governed by a Gaussian fixed point. Its homogeneous thermodynamic

functions are found to be

fr(t,h) = b “Fp (bt b h), (2.72)
Er(t,h) = bEp(b"t, b h), (2.73)
gr(t,h,x) = b %G (b 'x, bt b h), (2.74)

where they do not depend on u, and F', = and G are universal functions. Us-
ing the thermodynamic relations for the magnetisation m; = —0df;/0h, for the
heat capacity c;, = 8 f1/0t?, etc., one obtains the critical exponents in terms of

eigenvalues, these relations are given by

2y — d d—
=20 g= = (2.75)
Yt Yt d—yn
2 — d 1
L n=d—2y,+2. (2.76)
Yt Yt

At this points if one replaces the eigenvalues for those values found in Eq.(2.70),

one obtains
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where only v = v, vT = v and ' = 5, i.e., coincide with the Landau or MF values.
The rest do not match the MF values, and hence they do not describe correctly
critical phenomena above d.. For reasons discussed in Chapter 4, we label them
here with a { index to indicate that they come from the Gaussian model. That will
allow us to distinguish them from the MF exponents. To complete the Gaussian

model one can derive the scaling relations for magnetisation and susceptibility

my(t,h) = oMY (6, ), (2.79)

XLt h) = o] (5t bR, (2.80)
Setting b = L and h = 0 the F'SS functions for such observables are given by

mi(t) = L~MoMb(bt) ~ LD (2.81)

Xp(t) = Ll () ~ L2 (2.82)

As expected these results are inappropriate above d,., but in fact they will help us
to understand the scaling picture for system with open boundaries, so for these
reason we will call this scaling type as Gaussian finite-size scaling or GFSS, scaling

derived from the Gaussian fixed-point exponents.

2.4.2 Finite-size scaling for ¢* theory

As we have seen for the Gaussian model, in order to have a proper description of
the phenomena u has to be taken into account even under its condition of irrelevant

variable, that is why it is called dangerous irrelevant variable. Henceforth, one has
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to include the v dependence into the thermodynamic functions, so

fr(t hyu) = b 9Fp (bt b h, b ), (2.83)
SL(t,h,U) = EL/b(bytt,byhh,byuu), (284)
gr(t,hyu,x) = b %Gy (b7 x, bUt, bV h, b ). (2.85)

These expressions for the regime below d. present Wegner corrections due to the
deviation of the fixed point, which is named Wilson-Fisher fixed point and the
responsible of producing non-trivial critical behaviour [20]. To treat the DIV we
follow the methodology suggest by Binder et al. [21], based on Fisher’s formulation
of DIVs. We assume that Fp(z1,%2,23) = a4 Fp (2125, 202%’).  Applied to

Eq.(2.83), it transforms as

fr(t,h) =b"" Fp,(bYit, b¥h), (2.86)

where d* is the effective dimension and y;’s effective eigenvalues now related to

the originals through

d = d— p1yu, (2.87)
Yo = Yt DY, (2.88)
Yn = Yn T DsYu- (2.89)

We differentiate Eq.(2.86) to get the other thermodynamic functions, in order to

obtain the critical exponents in terms of the effective ones. That delivers

d* d* _ *
a = ) /6 - *yha (290)
Yt Yy
_ 25— d 1_4 4 (2.91)
yi 5y
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To render these compatible with the MF values « =0, 3 =1/2, 7 =1 and 6 = 3,

we require that
L, a . 3dr
V= and  y; = T (2.92)

The RG results for such systems delivers d* = d [21], three arguments are given in
[21]. They have to be compared with the mean field exponent so p; = 0 ps = —1/2

and ps = —1/4. So the transform end up in the following relation [22-24]

y=m— =5 === (2.93)

A similar argument for the singular part of the correlation length gives

Er(t, h) = b T OVE (BT RYug pUntasvup), (2.94)

The correlation sector was thought to not be affected by DIVs, since £ was thought
to be always bounded by L and so one sets ¢ = 0 [25]. The arguments in =
should be coherent with those from the energy, then ¢o = py and q3 = p3. After

the transformation the thermodynamic functions are given by

fr(t hy) = b 9Fy (b9t b h), (2.95)
En(t,h) = bZp,(bYt, bvh), (2.96)
gr(t,h,x) = b %Gy~ x,bYt, b h). (2.97)

We can now derive the thermodynamic functions for the magnetisation and sus-

ceptibility to see the effectiveness of this transformation,

mp(t,h) = b My (bt bUih), (2.98)

Xp(t h) = b WXy (Bt BRh). (2.99)
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Ifonesetsb=L and h =0

mp(t) = L Vi Myp(bit) ~ L7 (2.100)

xp(t) = L™xy,(bvt) ~ LY2. (2.101)

These expression are the FSS predictions from RG theory. The shift exponent
is also affected by DIVs, the pseudocritical point scales as t;, ~ L™% = L~%/2,
leading a A = d/2. This occurs since one expects a peak for the susceptibility
corresponding to %‘t:t , = 0, then X7, has to vanish there. The only possibility
is that making its arguments to take constant value bY:t; = ¢, then the relation

for the shifting is straightforwardly extracted. The shift exponent then does not

satisfy the standard prediction A = 1/v.

Despite the fact that the transformation incorporated DIVs, the FSS in the RG
scheme is still presenting a mismatch with the FSS hypothesis in the Landau or

MF scheme as we shall see next.

2.4.2.1 Breakdown of renormalisation group and mean-field theory

The mismatch of the current picture both for RG as for the MF'T is manifest in
their FSS are not compatible each other, when in fact both scaling approaches
should describe the same critical phenomena. There are many studies that sup-
ported the RG predictions over those from MFT [24, 26]. However, one extraor-
dinary result that could not be explain by the current picture of standard FSS
or MFT was the scaling of the correlation length. Specially the widely stud-
ied 5D SRIM, was shown following a scaling &, ~ L%* [11]. Ising models with
higher dimensionalities with PBCs also present such particular scaling anomaly
with correlation lengths scaling in a power law higher than linear with the system

size [5, 27-33]. In Ref. [11] was shown that this picture is also true for FBCs at
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pseudocritical point. Then both are part of an unsatisfactory theory. To illus-
trate this issue we derived the prediction for the scaling of the magnetisation and

susceptibility as an example,

mu(t) ~ [PIL/E O] ~ L~ L, (2.102)

xe(t) ~ 7L/ ~ L~ L2 (2.103)

As we pointed out before these expressions are incompatible with those from RG
in Eq.(2.100) and (2.101). The shifts are also controversial, the FSS hypothesis
allows us to replace £, by L and in that sense one obtains t; ~ Sgl/y = L,
leading A = 1/v. A phenomenological solution was given by Binder to correct this
mismatch with the introduction of the ‘thermodynamic length’ that is given in the

last subsection.

2.4.2.2 Breakdown of hyperscaling

The hyperscaling relation became one of the main representative issues above d.
together with the mismatch of scaling predictions. To derive the hyperscaling
relation one uses Eq.(2.41), and using Eq.(2.22) and then differentiate twice the

energy with respect to reduced temperature to get the heat capacity,
Coo = [t| %72 (2.104)

Considering then the scaling Eq.(2.18), immediately the hyperscaling relation,
vd = 2 — «, is obtained. This expression seems to hold systematically for every
model below the critical dimension, and even at d = d.., but above the upper critical
dimension it breaks down. This is known as the violation of the hyperscaling
relation. Mean field exponents seem to not satisfy this expression because of the

variable of d. In fact, one could guess that actually the expression should be
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vd. = 2 — «, but there was no a clean method to extract it, rather one could

propose an inequality, vd > 2 — a.

2.4.2.3 Fisher’s scaling relation

The anomalies associated with the F'SS do not only happen in the scaling of the
observables or the violation of hyperscaling: Fisher’s scaling relations also needs to
be revisited. A negative value for the anomalous dimension for the 5D SRIM was
reported by Baker and Golner [34] and also for the long-range models by Nagle
and Bonner [35]. This conflicts with the prediction n = 0 from Landau theory.
We consider, with external source h = 0, the fluctuation-dissipation theorem for

finite-size system:

xL(t) = /L dr rtG(r, ). (2.105)

a
Here a is the lattice spacing. In principle, one can drop the lower limit of the
integral assuming that the a-dependence only delivers corrections to the scaling.

Introducing scaling relation for the correlation function from Eq.(2.42),

XL@):léLdTTngi(éi). (2.106)

We can transform this integral by considering the ratio z = /£y, so that

L/¢r
xL(t) = i‘”b/n dz ' 7"Gy (). (2.107)
0
For d < d. one finds
Yooy, (2.108)
v

which is the Fisher scaling relation. However for d > d,, as x; ~ L%? and &, ~ L,
one finds instead

(2.109)

d
_o_ 2
" 2
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Indeed this relation has not completely been understood. Luijten and Blote in

[36] called this 77 to distinguish from 7.

2.4.2.4 Thermodynamic length

In line with the belief that the correlation length is not affected by DIVs, Binder
proposed the concept of thermodynamic length in [8, 9] to repair FSS above d..
This new entity ¢, whose name comes from the role it plays in thermodynamic

functions, is supposed to scale as
loo ~ [t| 7V, (2.110)

Applying this new concept to repair the FSS for the observables above d,.

Po() _ g (i) . (2.111)

For example the scaling for the magnetisation is clearly fixed

L ) L )
s = OFn (7 ) = W () ~ 270 2112

However, and despite the fact that the thermodynamic length successes to reconcile
the MF exponents with the RG, still just an phenomenological artefact, and it does

not arise from microscopic considerations.

2.5 Q-finite-size scaling

Now that we have presented the main issues of the standard FSS, it is the right
time to introduce modified or Q-finite-size scaling (QFSS). DIVs seem to take a

crucial part in the scaling above d., this allow us to consider to extend the usage
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of DIVs to the correlation sector, in contrast with the standard belief [37-40]. We
may construct a natural description and development of QFSS if we suppose that

the correlation sector also is affected by DIVs. Revisiting Eq.(2.94), we write
fL(t, h) = b1+QIqub/L(byt+q2yut’ byh+q3yuh)’ (2.113)

where these g; are related with the p;. Indeed ¢ = py and ¢3 = p3, but concerning
p1 = 0, was also supposed ¢; = 0. Here, where the ansatz takes place, instead we
suppose ¢; # 0. In fact, we supposed that 1+ q1y, = d/d., given a ¢; = —1/4.

These new entity that will be denoted as,
?=—, (2.114)

which is pronounced as ‘koppa’. This is a new pseudocritical exponent, which
governs the correlation length. In this manner, we propose a new ansatz for the

scaling of the correlation length,
EL(t,h) = BYEy L (bYt, bih). (2.115)

The fact that we consider this exponent as a part of the correlation length will
derive a reconciliation for the FSS hypothesis and from the F'SS derived from RG,

reuniting them with MF.

2.5.1 The pseudocritical exponent @

All these manuscript is base on the base on the introduction of the DIV in
Eq.(2.113), a crucial point in the development of the QFSS theory. The pecu-

liarity of this exponent ¢, the reason because it is called pseudocritical, is that it
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is only manifested above d., in the MF regime. In fact

1 ifd<d,.
Q= (2.116)

di it d > d..

C

A priori these two regimes of scaling can be seen as imposed, but in fact as a

natural entity it also can be seen as the ratio between the thermal exponents,
=== —. (2.117)

Then when the system is below the d. the DIV stops being dangerous, so y; — v
and it leads ¢ = 1. So one does not have to imposed anything further than the

first consideration &, ~ LY.

2.5.2 Mean field and hyperscaling reconciliation

The first results quickly start to show up. As &, ~ LY, L ~ £Y/9, and consequently

the energy (h = 0) scales as the inverse correlation critical volume

foolt) ~ &M% = ¢ 1. (2.118)

Again differentiating replacing &, ~ [t|"“the energy twice respect to the temper-

ature, the heat capacity co ~ t%/%72 immediately we get the QFSS hyperscaling
relation

vd

3 =2—aq, (2.119)

that incorporates the ¢ exponent, and now it holds at any dimension above the
upper critical dimension. Also as ¢ = d/d. we have the alternative hyperscaling
relation vd. = 2 — a naturally. Furthermore the QFSS relations deliver a correct

expression for the observables when considering £.,(t) ~ LY. We show that the
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magnetisation and susceptibility now deliver RG scaling Eq.(2.100) and (2.101),

mo(t) ~ [tP[LY /e ()] P/ ~ LT~ L7, (2.120)

xo(t) ~ [t|LY e ~ LY~ L2, (2.121)
Hence, in general the equation Eq.2.30 is modify as follow
Pr(tr) = Poo(aV LYY Ey(x) ~ L5/, (2.122)

with & = L¥/&,(t). The shift ) is also recovered from RG since t ~ L™ = L=%2,

and A =9/v =d/2.

2.5.3 A new Fisher scaling relation

Another piece of the puzzle that these new considerations can fix is the well known
problem about the negative value of the anomalous dimension in 5D and the 7
exponent. In order to clarify that issue, we revisit the fluctuation-dissipation

theorem, but before we consider that the correlation length can also be written as
de — 4, (2.123)
Hence, following our earlier hypothesis, the correlation function should also be

governed by DIV in the QFSS scheme. Under that consideration, it is given by

Go(0,7) ~ 7= (@=2419) D (%) , (2.124)

where 7 and it is a relative of 9. Then integrating over the space, the susceptibility
is now given by

r

wO ~ [ oy (5) =2 [ Doty (2.125)



Chapter 2. Rewsiting the finite-size scaling above the upper critical dimension 34

from new expression for the Fisher’s relation can be extracted,
e =2— 9. (2.126)
v

This n¢ is nothing other than 7, since ng = 2 — d/2 for MF regime. In the QFSS
picture it is extracted from a natural way. This anomalous dimension can also be

related to n through

ng =2+9(n—2). (2.127)

It automatically gives an explanation why the negative values for anomalous di-

mension appear above d. shown in [34-36].

2.6 Conclusion

F'SS, which was poorly understood above d. for many years, can now be understood
in a simple and natural way through QFSS. This picture relies on the fact that the
correlation sector is also affected by DIVs, which give rise to the new exponent ¢
through the scaling for the correlation length &, ~ L%. This not only repairs the
scaling behaviour for the others observables reconciling the RG and the MFT, but
also it fixes the hyperscaling relation for any dimensionality above d. in a modified
relation vd/9 = 2 — a. It also resolve the nature of the 7 and its negative values
for 5D SRIM, giving to it a new Fisher relation n¢ = 2 — 9y/v. State that these

results were published in Ref.[11, 41-44] and form the background to this thesis.



Chapter 3

Numerical techniques for

simulations

3.1 Introduction

The aim of this chapter is to give a description for the main numerical techniques
that have been used for the research reported in this thesis. These numerical tech-
niques not only include the algorithms that were used to simulate ferromagnetic
systems, but also the Ewald summation method for slowly convergent sums that
appear in the long-range interaction systems, the data processing together with

the error analysis and the reweighting methods.

The main most popular techniques widely used for classical particle systems are
the Monte Carlo (MC) method and the molecular dynamics method, many other
techniques are used for quantum systems, solids, etc. Each method has is own
motivation and target. MC uses a stochastic approach, thus exploring all the
configuration space of the systems. The molecular dynamics method is required
to explore the time evolution of many-body systems. So these methods are com-

plementary to each other. One wisely chooses the methodology more suitable to

35
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study a specific system, some complex problems could even require both meth-
ods. In this thesis we focus on ferromagnetic systems above the upper critical
dimension. The features of these systems depend on control parameters such as
temperature, and one can measure their properties through observables such as
the magnetisation. We are interested in generating different equilibrium config-
urations for these systems at specific temperatures to perform measurements of
these observables through statistical averages. This is implemented by MC, which

allows us to generate stochastic processes.

The ferromagnetic spin systems simulated in this project are the SRIM given by
the Hamiltonian in Eq.(2.2) and the Ising model with long-range interactions given
by

H=—> Jysis;+ Y Hs;, with Jj; =1, (3.1)

v
1<j %

where 7;; is the distance between two spins. The details of this model will be

discussed in chapter 4.

This chapter is structured as follows: in section 2 there is a summary of basic
aspects of the MC method, and recent developments of cluster algorithms for
long-range interacting systems; section 3 contains the explanation for how to set
up properly the periodic boundary conditions for long-range systems; the method-
ology used for the data analysis is contained in section 4; finally in section 5 the

discussion is reported.

3.2 Monte Carlo algorithms

In a many-body spin system, in terms of a continuum model with fields ¢, the

expectation value for an observable O is calculated through the path integral

(0) = % / Do O e P9 (3.2)
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where D¢ contains all the possible configurations and Z denotes the partition

function. For discrete spin variables {s;}, the last equation is replaced by
1
(0) =~ {Z} O({s}) e M, (3.3)

where now the sum runs over all the possible discrete states. Calculating Z exactly
is usually not possible for many-body systems due the difficulty of an exponentially
growing number of states. Hence, the canonical probability of one state {s}, which
is given by,

1

bs = Ee—ﬁE[s]7 (34)

can not be calculated either. Thus, one aims to find a computational method
that allows to sample the configuration space to perform correct average in a
simple way. MC simulation is based on the Markov chains, a stochastic process
which allows one to generate series of consecutive states in order to reproduce the
behaviour of a many-body system [45]. The generation of a new state is randomly
created only taking into account the previous state. One of the most widely MC
simulation method specially for many-body spin system, but not only applicable

in this field, is the algorithm developed by Metropolis et al. published in Ref. [46].

3.2.1 Estimators and autocorrelation times

As we are interested in the study of spin systems, the subsequent generated states,
i.e., successive spin configurations are generated following the Boltzmann distribu-
tion. This conforms the important sampling and it is fundamental in MC simula-
tions, because it allows one to estimate the expectation value (O) in a simple way.
This estimation is simply approximated given by the average over the Markov

chain

0)=0=:3"0. 35
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with N measurements. This expected value actually contains random statistical
fluctuations around its theoretical value. The fluctuations decreases with increas-

ing N. The associated variance is

g = (0%) — (0)*. (3.6)

If one considers to measure the observables at every consecutive state, that prob-
ably leads an incorrectly estimation of the errors. This can be a consequence of
the statistical dependence between two consecutive states and/or a lack of ther-

malisation. One needs then to take into account these details.

Thus, there are two main time scales associated with a MC simulation to ex-
amine, the thermalisation and the autocorrelation time. The first one refers to
the numbers of MC sweeps that the system has to be updated until it reaches
equilibrium. That occurs when the energy oscillates around the expectation value
following a Gaussian distribution. Once the system is thermalised one can safely
proceed to sample and so the thermal average given by Eq.(3.5) will be a reli-
able approximation. Secondly, the autocorrelation time regards, once the systems
is in a stationary state, how many sweeps one has to wait until a uncorrelated

measurement can be sampled.
The definition of the correlation function, for a generic observable O sampled at
the times ¢ < j, is given by

A(i, 7) = (0:05) = (0:)(0;). (3.7)

The sampling is considered to be performed in the equilibrium state. Hence, this
implies that (O;) = (O;) and moreover time translation invariance and so the

correlation only depend on the ‘distance’ of two samples. The last expression can
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then be normalised taking the form of

(0:0i41) — (0y)*
(07) —(0;)? 7

A(k) = (3.8)

where k is the separation between two measurements and A(0) = 1. The autocor-
relation function is expected to decay exponentially as k grows. It approximately

can be written as
A(k) ~ Age=F/mexr with klim Ak) =0 (3.9)
—00

This decay is driven by the elapse of measurements or ‘time’ called exponential
autocorrelation time 7.y,. Nevertheless, this picture is only true if A(k) is purely
exponential. Otherwise, in general it is used the ‘integrated’ autocorrelation time

Tint [47] which is defined as

Tint = % - gA(k) (1 - %) . (3.10)

For enough measurements N, as A(k) rapidly decays, it makes in the decaying

regime k < N and so the factor k/N can be neglected. Thus,

Tint % +) Ak). (3.11)

Once Ty, is estimated, one should let the system update for 27, to make sure that
two subsequent measurements will be approximately uncorrelated [47]. Sampling
following this prescription one can easily estimate the number of effective samples

Neg given by a MC simulation with N sweeps, this is

< N. (3.12)
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Therefore, the error associated with the thermal average in Eq.(3.5) depends on

the number of effective samples,

1
€6 =1/05 ~ Naws (3.13)

3.2.2 Metropolis algorithms

As an introduction to MC simulation we shall present the Metropolis algorithm.
In order to illustrate the bases of the MC algorithms we start from Markov chains
considerations. We restrict this presentation in many-body spin systems, but it
can be extrapolated to a widely range of complex systems out of physics that
presents critical phenomena. The phase space is the configuration space for spin
systems {s;}. The Markov chain is implemented considering that the system
evolves from a state {s} to successive state {s'} through the transition operator
W (s'|s). In equilibrium the system must be time-invariant, so one demands that

the probability between the transition of two states follows this relation
psW(s'|s) = ps W (s|s). (3.14)

This is known as detailed balance. The equilibrium probability distribution for

the state s is given then by
pe =Y pW(s]s), (3.15)
{s}

where ) . W(s|s) = 1 must be satisfied. The transition matrix W (s'|s) is deter-
mined by
W(s'|s) = R(s'|s)A(s|s), (3.16)

a composition between a proposal matrix R(s|s) which designates the next state

with following a conditional probability, and an acceptance matrix A(s’|s) which



Chapter 3. Numerical techniques for simulations 41

decides if to accept the change. Here, we consider that successive states for our
many-body spin system follow a random conditional probability and so R(s'|s) is

symmetric, and applying Eq.(3.14) one obtains that the acceptance ratio given by

ASls) _ Py _ —pr-m), (3.17)

A(sls)  ps

Unfortunately this equation has multiple solutions. However, Metropolis et al.

proposed the following solution

A(d|s) = (3.18)

which can be summarised in a compact form

A(5'|s) = min [e 72 1], (3.19)

where A = E'—FE. The solution for such process conform the Metropolis algorithm
and can be summarised as follows: accept the proposal to move from the state

s — &' if the energy is minimised. Otherwise, accept with probability A = e=#4.

The validty of the Metropolis algorithm is proven, nevertheless it experiences a
slowing down near to the critical point. The autocorrelation time can empirically

be related to the correlation length [48] by

T~ &%, (3.20)

where 2 is named dynamical exponent. Hence, and although the correlation length
does not diverge for finite systems, it does experience a peak that can directly lead
to a dramatical increment on 7. For the 2D SRIM or for the mean-field region

this dynamical exponent takes z &~ 2, respectively in Ref. [4, 49].
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3.2.3 Cluster algorithms

The motivation to find new algorithms to reduce the slowing down that the
Metropolis suffers, lead to the implementation of a number of non-local new meth-
ods about thirty years later, by the late 80s. Then the first generation of cluster
algorithms were developed based on the Fortuin-Kasteleyn representation, and
this new method reduced drastically the slowing down by reducing the autocorre-
lation time, thus speeding up the collection of data near to transition points. In
these cases the dynamical exponent was reduced from z =~ 2 to z ~ 0.25 for the

2D SRIM [50] and to z = 0 for the mean-field models [51, 52].

The multicluster algorithm was the first to come out, developed by Swendsen and
Wang [53], based on the growing of several clusters in each MC sweep. Later
on, a faster variant was proposed by Wolff [54], using a single-cluster algorithm
version. Despite in fact the slowing down near the transition point is dramatically
reduced, the runtime of these algorithms still in order O(Ny). In the SRIM like
the classic Ising model with nearest-neighbour interaction with N particles, this
order of runtime is not very relevant, since N, = 2N the algorithm becomes
O(N). However, for the long-range interaction models, the number of bonds is
given by N, = N(N —1)/2 instead. This makes such algorithms very costly, O(N?)
runtime, and consequently, computationally very expensive and quite inaccessible.
Nevertheless, new branch of updates have been developed in the two last decades

to overcome such runtime problems.

3.2.3.1 Swendsen-Wang algorithm

The multicluster algorithm, also called Swendsen-Wang (SW) algorithm, is based
on the percolation bond representation for spin systems given by Fortuin and
Kasteleyn [55, 56]. The Fortuin-Kasteleyn (FK) representation works on the direct

product of spins {o,} and graphs {g,} phase space, where [ is the bond index,
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instead of the conventional phase space of spins {s;} placed at site i. The discrete

version of the partition function can be rewritten as

N,
Z=>"1] %SSJ_ZﬁeﬂJm, (3.21)

{s:i} i<y {o¢} =1

where o, = s;s5; and the coupling J, = J;;. Here, we have considered a general
system where all bonds J;; might be present, reflected in the [, ~; term. The
further considerations do not depend on the nature of the interaction and is easily
adapted for systems with nearest-neighbour interactions. The partition function

under the FK representation is given by the following transformation

7 - Z B i< Jijsisi — Z H e 1 — pz +pf(50e 1] (3.22)

{si} {o:} ¢
- ZZH P[(1 = pe)dge0 + Pedge1 8,1, (3.23)
{Uz} ge

where the terms have been written in terms of the probability to activate a bond
pe = 1 —e 2 and the Y 4, Tuns over all possible graph configurations. In a

compact form, the partition function for FK representation can be written by

Ny
7= wlong) with  w(ong) =[] Ao, 9)Vilge), (3.24)
{oe} e (=1

where two functions on the right side are

0 ifo,=—-1and g, =1,
Aoy, go) = and  Vi(gy) = (ezﬁ‘]‘ —1)%.  (3.25)

1 otherwise,

After a starting configuration of spins is set up, this algorithm works for one MC

seep following these steps:

1. Check all the bonds, one by one.
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2. If o, = 1, activate the bond, i.e., go = 1 with probability p, = 1 — e~ 287,

3. Identify all clusters checking the activated bonds in step 2, but also

considering single spin clusters.

4. Flip each cluster with probability 1/2.

The cluster flips considered in this algorithm allows to reduce the correlation
between two consecutive sweeps. This is translated in a dramatical reduction of
slowing down. Moreover, this algorithm also guarantees the detailed balance and
ergodicity [53]. However, since we have to check all the bonds, this algorithm is
still having a O(N,) runtime. Furthermore, building the cluster hierarchy may
cost another O(N,) runtime process. For the SRIM models, that is actually not a
problem, but for the LRIM it is.

As a complement for the MC algorithm, we discuss how the cluster identification
in step 3. above is actually performed. The main algorithms to identify the cluster
structure are given by breadth-first search (BFS) and depth-first search (DFS), as
well as the commonly used Hoshen-Kopelman algorithm [57] which is, however,
not explained here. BFS and DFS are similar methods. Let us say that we have for
example a cluster graph as the one shown in Fig. 3.1. The BFS works as follows,
starting from node 1, we follow all the possible diversions, prioritizing the lower
labels, in each step and so on. That lead us to add the spins to the cluster in
this order {1}, {26}, {3457}, {8} and the final hierarchy is also given in Fig. 3.1.
The DFS works as follows, starting from one node it chooses one possible path in
every diversion that it finds until a death path is found; then it steps back to last
diversion and chooses another possible path that was not explored and so on until
all elements of the cluster are visited. In this case presented in the last figure,
it starts from the node 1 and follow the path 23654, once it returns to the last
diversion, and continues the new path, in this case 78. The hierarchy is plotted in

Fig. 3.1 too.
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cluster graph

Figure 3.1: The left image shows an example of cluster graph. The middle
image represents a tree structure of the last graph given by BFS, and the
right image shows a tree constructed using DFS.

3.2.3.2 Wolff algorithm

For the single-cluster variant, or Wolff algorithm, one expects an improvement of
runtime since longer cluster are flipped on average, but it still scales with O(1Vy),

so similar to the SW. The MC Wolff sweep is given by these steps:

1. Choose randomly one spin s;.

2. Check all its interacting neighbours s;’s and with probability p = 1 —

e~?%7i add them to the cluster stack if s; = s;.

3. If new spins were added to the stack, repeat step 2 with those spins.

Continue this loop until all the spins in the stack check its neighbours.
4. Flip the cluster.
To make sure the first spin of the stack is not added again, at the moment that it

is chosen, flip it and just save the last value to compare the rest of the elements

of the lattice [58].
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3.2.4 Algorithms for long-range interactions

As we have seen, the Wolff and the SW algorithm are problematic for the LRIM,
since they perform sweeps in a very costly runtime of O(N?) operations. The
advantage of the cluster algorithms is given by the reduction of critical slowing
down caused by the divergence of the correlation length. For these reasons an

improved algorithms are needed in order to reduced their runtime.

The first efficient update, made for the Wolff version, came from Luijten and
Blote [59]. The full configuration update can be performed in O(N log N). This
tremendous speed-up is achieved because this algorithm, instead of checking all
the N — 1 neighbours of a given spin when growing the cluster, directly samples
from the cumulative distribution of activating bonds. In this manner, it is decided
at which distance the next spin will be successfully added. This fast Wolff version
allows one to explore the nature of systems with long-range interactions. Some

recent studies using this method are from Parisi et al. [60] and Picco [61].

The second update, that was the main algorithm used in this thesis, is the mul-
ticluster update recently published by Fukui and Todo [62]. This new update is
also based on the FK representation and achieves a O(N) runtime per MC sweep,
improving the speed-up of the Wolff version. To conclude with the MC algorithms

we shall also present, a single cluster variant of this last algorithm.

3.2.4.1 Luijten-Blote update: O(N log N)

Luijten and Blote, in 1995, published a very fast method based on the Wolff algo-
rithm but using cumulative distribution. The main idea is to compute a cumulative
bond probability to estimate which neighbours will be chosen as candidates to be
added to the single cluster. In that manner, once the spin s; is randomly chosen we

can calculate who will be the next candidate s;, jumping j — ¢ spins. We consider
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the simplest case of a one-dimensional (1D) model with PBCs to simplify the idea
of the algorithm. The probability to be added to the cluster for two particles, with

same spin value, is then given by
pi=1—e P, (3.26)

here r; denotes the distance between both spins and the coupling is consider to
take the form of a power-law decay J; =, (@+o) The probability to chose the first

spin in the nth position after jumping n — 1 spins is

n—1

P(n) =pu [[(1 = pm)- (3.27)

m=1

The cumulative bond probability is then just

C(j) =Y _ Pn). (3.28)

In order to choose how many spins will be jumped, a uniform random number
x € [0,1) is thrown. So if C(j — 1) < 2 < C(j), then j — 1 spins will be jumped.
For the distance of the successive candidates k, the probability of jumping other
k — 7 — 2 spins is,

Pi(k) = pi ]:[ (1 = pm)- (3.29)

m=j+1

The cumulative bond probability is then given by

Cj(k) = Pj(n). (3.30)
n=j+1
For the 1D model, last expression can be computed, and takes a simple form of

Cj(k) =1 —exp (—25 > Jn> . (3.31)

n=j+1
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For this simple case, even C;(k) functions for two different distance can be related

to each other in terms of Eq.(3.28). Thus

C(k) = CU) + 1 = C(HIC;(k). (3.32)

In this way, to pick next candidate only a slightly modification in the random
number has to be done. That is just shift the range of the random number z to
2’ € [C(j),1), the transformation is given by 2’ = C(j) + [1 — C(j)]x. To use this
method one has to create a lookup table containing all the possible cumulative
bond probabilities. Since the C'(k) depend on 3, it is required to set up a lookup
table for each different temperature. The MC sweep for this algorithm follows

these steps:

1. Chose randomly a spin.

2. Generate random number and choose a spin following the cumulative
distribution, if it has the same spin orientation add it to the cluster. Compute
then who will be the next to be checked. Continue until to the maximum

distance allowed is achieved

3. Check next spin that was added to the cluster, repeat 2 until no more

spins are added to the cluster and everyone is already checked.

2. Flip the cluster.

For models with d > 1 one can not longer apply the look up table method, but in
Ref. [58] a simple solution was proposed. Despite in fact that we do not use such
algorithm in this work and we shall not go further into details, we can illustrate

the idea to compare with the method proposed later in this manuscript.

To overcome this problem, Luijten and Blote proposed a continue cumulative bond

probabilities replacing the complex sum for d > 1 in Eq.(3.31) by a d-dimensional
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integral in order to be able to give a close expression for the sum. They replaced
the coupling in Eq.(3.1) by an easily closed but similar decaying expression arguing
that it should only affect the non-universal quantities such as the critical points,
but should leave the critical exponents invariant. They then proposed an effective

continuous coupling given by an integral, that for the 2D model takes the form
. raty ryty it
Jij = / 1 dx/ dy (2 +y*) 2, (3.33)
rz—3% ry—3

where 7, and r, are the distance between two particles in the axis x and y respec-
tively. This construction does not affect the behaviour of the scaling and so the
FSS derived from RG. This expression is easily generalizable to a d-dimensional

model.

3.2.4.2 Fukui-Todo update: O(N)

The simulations for the present project were implemented using on O(N) cluster
MC method specially developed in Ref. [62] for spin systems with long-range in-
teractions, we shall name it the Fukui-Todo (FT) update. Cluster identification is
performed by a special variant of tree-based union/find O(log N) algorithm. This
MC method chooses a concrete number of events to activate bonds according to a
Poisson distribution. This FT update also requires a lookup table, but in his case
it will be independent of . In this manner only one lookup table is required in
the beginning of the simulation. Such lookup table is created with the Walker’s
method of alias [63], that samples from a discrete distribution of probabilities is
detailed in appendix A. The method is based on the FK representation, but re-
places the binary bond variables, corresponding to active and deactivate states,

by arbitrary positive integers according to a Poisson distribution. The argument
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starts considering the Poisson distribution itself,

e ANE

£l ) = S

(3.34)

where k denotes an integer and A, the mean. As the sum for all probabilities is

one, and f(0,\) = e™*, hence the sum for all positive ks is exactly

S fk AN =1-e? (3.35)

o0
k=1
This expression can clearly be associate with the probability to add a bond, p, =
1—e~%7¢ given by the SW algorithm, so in this case one can set A = A\, = 23.J,. The
activation of the bonds is made, if o, = 1, throwing a random integer number for
each bond from the Poisson distribution. This is an extended FK representation,
where the binary graph space {g,} is transformed into a integer Poisson numbers
space {k¢}. At this point, it seems that one does not have any gain, but actually
the Poisson distribution have the following property: the product of different
Poisson distributions with mean A; conform a new Poisson distribution with mean
A=), N, ie., given by the sum of the previous means. Hence, only one Poisson
distribution is necessary to create statistically uncorrelated events instead of using
each distribution separately. Thus, one can gather all the cumulative probabilities

summing all A\;’s in a single Poisson distribution with mean

Mot = D A =28 " Jy =281 (3.36)
1 12

The essence of this extended FK representation is shown through the following,

the probability to assign a k; to a each bond is given by

Ny

ko, A) = —————— [ ] A 3.37
L1720 kllkz!...ko!H ¢ (3:37)

/=1 /=1
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This probability is transformed to be given by only one Poisson number ki, =

> ¢ ke, introducing from Eq.(3.34) f(kot, Atot)s

Ny

ktot
[L ke 20) = o o) ™5 ,H(Amt) . (3.38)

(=1

The k, events are distributed following a weighting given by the ratio \p/Aoy =
Jo/ Jior- This result, allow us to make a § independent lookup table using Walker’s
method of alias for the distribution J;/Jiox which can be constructed in O(N)
runtime. For such FK representation the partition function is described in terms

of o, and k, as follow

Z = ZZHAO’E,/@VZ/{:@ ZHiA@,mwk@) (3.39)

{00} k =1 {00} £=1 ko=

where

0 ifo,=—1and k, > 1, 5 ks
A(O-Ev kjf) = and ‘/K(ke) — e—ﬁjg( 5]{{?) .
A

1 otherwise,

(3.40)

A sweep of the F'T algorithm can hence be summarised as follows:

1. A random non-negative integer k is generated by Poisson distribution with

mean /\tot-
2. Perform the following loop & times.

(a) In general case:

i. Choose a bond ¢ with probability proportional to J;/Jio; by using
Walker’s method of alias with an order of inputs N, ~ N2,
ii. If that bond was not chosen yet and both spin are in the same

direction, then activate bond ¢. Otherwise do nothing.

(b) If it is allowed to use symmetries, as translational invariance:
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i. First choose a site ¢ with uniform random number from the interval
[1, N], then choose another site j with probability Ji;/ >, Jij.
In that case it is even possible to reduce the Walker’s method of

alias approximately to N inputs that critically reduces the storage.

3. Flip each cluster with probability 1/2.

Both FT and Luijten-Béte algorithms do not provide any expression to compute
the exactly value of the energy per MC sweep in the same order of performance
O(N). Nevertheless, this FT update can estimate the thermal average energy
with no extra time after all MC sweeps. In the FK representation every activation
of the bond is related to the energy. If one differentiate the partition function in

order to have an energy-like expression,

N —% In (Z;W(C, k)> (3.41)

_ Yook 2 o(Je—ke/B)W (e, k) (3.42)

> 2 Wie k)
Jrot — %<K>MC (3.43)

where Jioy = > ,Jp and K = >, k,. Furthermore, the heat capacity can also
be computed without any extra effort. The relation with the energy is given by

c=—(B?/N)OE/OB. Hence, in terms of thermal averages the heat capacity is

(Onc = —%2 (%UGMC - <(Jmt — %K)2> - <Jmt — %>MC>(3.44)

1
= & (B0 = (K)tie = (K)uic) (3.45)
One can observe that in this FK representation the capacity is not just the variance

of the energy, rather it comes up with an extra linear term (K)yc.

To complete the algorithm will introduced an efficient tree-based union/find tech-

nique, which included the pass-compression, used for systems with long-range
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interactions. This given by Newman and Ziff [64] and it has a performance of
O(log N). The idea to develop such technique resides in the manner that the
spins and the clusters are labelled. Firstly one considers each spin as a single-
cluster which is labelled by 1, the initial size of the cluster, so each spin is initially
its own root. When a bond is activated, binding two spins, one searches the root
of both spins following an ascending path towards the root. Then, following the
inverse path one points each spin through such path to the root. One can face dif-
ferent situations for the bonds: if one finds that both spins, referred to the bond,
have the same root one does nothing; otherwise, if the root sites are different one
checks the cluster size stored in both the roots, and then one adds the smaller
cluster to the larger one. In case that the sizes of corresponding clusters are the
same, one can randomly attach one to the other. When attaching the cluster trees

one updates the survivor cluster summing the both cluster sizes given by the roots.

3.2.4.3 Fukui-Todo single-cluster update: O(N)

Here, we present what should be an even faster cluster algorithm, based on the
same idea as the F'T update and working in the same extended FK representation,
but in this case applied for the single-cluster version. Two aspects are making this
cluster update more suitable and faster for the LRIM with PBCs. Firstly, it is more
efficient since the autocorrelation time is reduced, and consequently the slowing
down. This will be discussed further in the data analysis section 3.4. Secondly,
since it is a single cluster, a search algorithm for the identification of the cluster
is unnecessary. In the scheme we construct this single-cluster version as follows.
Instead of using a single Poisson distribution with mean A, we associate a Poisson
distribution of events per spin with mean \,,, = Aot /N = 28Ji0t/N = 20J,, where
Am and J,, correspond to the average. We start picking one random spin, and
then applying the Wolff algorithm, in that sense we focus only in the construction

of one of all possible clusters that could be generated during the FT sweep. This
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actually delivers an underestimation of the associated events per spin, as it only
takes into account the probability of adding bond from the spins inside to the
cluster to those outside, and ignoring the probability to be added one of the inside
by those from outside. To correct this problem we consider the graph in Fig. 3.2,
where a simple cluster structure is given, divided into three clusters given by violet
and blue colours. The probability that one activated bond is added to the cluster is
Pm = 1 —e~2%7m but this probability is from the spin that is already in the cluster
toward the one that is outside. This is shown through the orange arrow from
spin A to B or C. Hence, we also consider the probability from the spin outside
to add a spin of the cluster shown with the orange arrows from B or C towards
A. One then considers that probability for such technique has to be modified as
Pm = 1 — e #/m and then the Poisson distribution has to be generated with a

mean

Am = 48, (3.46)

The red arrows in Fig. 3.2 that link the spin A and D show the similar situation
but with spins that already belong to the cluster. The consideration of modifying
the mean )\, does not alter the situation here because repeating the events for the

bonds already added is irrelevant for the extended FK representation.

The Wolff version as we mentioned has some advantages as the reduction of the
autocorrelation time, but unfortunately, the lack of translational invariance with
FBCs makes this algorithm inappropriate for such boundaries. The energy can not
easily be computed as in the FT multicluster update due to the modification of the
events per spin and consequently it needs further study. Its steps are summarised

following:

1. Choose randomly one spin s;.

2. Throw a k; random integer numbers from a Poisson distribution with

mean A, = 48y /N.
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Figure 3.2: A simplified sketch of typical cluster distribution is shown.
There are represented three cluster given by violet and blue colours, which
represent the different spin orientation. The orange and red arrows rep-
resent the duplicity of the interaction between spins inside (A and D) or
outside of the cluster (B and C) respectively.

3. Try k; times to recruit elements for the cluster, and add them if they have

same orientation.

4. Repeat step 3 with all the new members of the cluster until everyone is

checked

5. Flip the cluster

3.2.5 Introducing an external magnetic field

In this subsection we present the generalisation of the cluster algorithm for sys-
tem in an external magnetic field, it can be found in Ref. [65]. In this project
we only consider systems with constant external magnetic field. The inclusion of
such field for the Metropolis update is straightforward, but in the long-range in-
teractions scheme it is more difficult, specially in terms of runtime efficiency. Here
we show how to perform the modification of the SW and Wolff algorithm within
the FT update. One can naively think to modify the probability to activate a
bond following p;; = (1 — e 27ithsi) hut unfortunately this fails. For the cluster

algorithms we can not just apply this probability of activation because then the
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detailed balance will not be satisfied, that can be seen once the cluster is flipped
and then the external field term is changed. Instead, the Hamiltonian is written
as the sum of two parts as H = F + F where F = — ZZ] Jijsisj and F'=h) . s;,

and the canonical probability for one state {s;} is written as
Ds = le’ﬁ(E’F) (3.47)
S Z Y

Then, the acceptance ratio is constructed using the transition matrix W(s'|s),

W(s'ls) _ps _ —sap-par (3.48)

Here Ap = F' — F and Ap = F' — F. In that sense, W(s'|s) can be factorised in
the product of the corresponding internal energy, related to E, and energy given

by the inclusion of the external magnetic field F,
W(s'|s) = Wg(s'|s)Wr(s'|s) (3.49)

and then the acceptance ratio can be split in two process

Ar($ls) _ -par (3.50)

This gives us the advantage to split the MC sweep in two steps. This is that
one can still using cluster algorithms, in terms of bond activation and cluster
identification, for the internal energy E avoiding so the slowing down. However,
the F' term energy has to be implemented as Metropolis algorithm reducing the
efficiency of the runtime. Despite in the fact that detailed balance is satisfied, as
one can not control the cluster size, one can not control the rejection ratio. That
makes this algorithm very inefficient if one introduces a strong external magnetic

field. The modified algorithm sweep follow the next steps
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1. Follow the sweep steps for the SW or Wolff algorithm, updated with
the F'T variant if we are working with long-range systems, but stop before

flipping the clusters.

2. Select each cluster according to the field energy with pp = e #2# where
Apr correspond to the change of the energy for each cluster. Those selected

are flipped with probability 1/2.

Regarding the step 2, the energy associated with the external field is very simple,

one just has to multiply the magnetic field h by the size of the respective cluster.

3.3 Periodic boundaries for long-range interac-

tions

Although setting up PBCs for SRIM can be done in a simple way, we can imagine
a circle for 1D system or a a torus for a 2D model, for the LRIM this consideration
is not enough to approach the thermodynamic limit. In such circumstances the
FSS derived from that might not correspond to the ideal case. Indeed, for LRIM
one demands that the interaction has to be extended to an infinity distance. The
proper implementation for PBCs in systems with such long interactions is carried
out with the introduction of extra lattices, called replicas. We shall show the

difference between considering replicas or not for PBCs.

If one does not consider replicas, i.e., a naive approach of PBCs setup is straight-
forward. One simply uses the shortest possible distance within the lattice. For

the 1D systems this result in

rij = min(|i — j[, L — |i — j|). (3.51)
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For d > 1 it is easily generalizable. This set up is problematic since the long-range
interactions are restricted by a finite system. Considering systems with extent L
we only allow the interactions to go distances of up to L/2, so the interaction is
strongly dependent on the system size. For slowly decaying interactions, corre-
sponding to values of ¢ < 2, this consideration might lead to a model far away
from the thermodynamic limit. In that sense, these considerations make this naive
approach PBCs very close to the FBCs case. There, the interactions only go to
a maximum distance of L. In Fig. 3.3 one can observe that the pseudocritical
points occur far away from the critical point for the naive approach with PBCs
as well as with FBCs. In the lower panel, we show that they follow same FSS at
T.. When one use replicas on the other hand, the system is driven near to the

thermodynamic limit and experiences an expected FSS at T..

In Fig. 3.4 we show FSS at the critical point for susceptibility and magnetisation
for some few system sizes. One sees that if one increases the number of replicas n,
the system gradually crosses over from FBCs to the PBCs scaling. The number of
replicas considered go from n = 10% to 10%°. We can observe that from 10?° replicas
the QFSS is recovered. It might then give us an estimate the required system
size that one should consider to have QFSS for FBCs at T, that is presumably

unachievable to simulate nowadays.

Now we will show how to set up PBCs for systems with such interactions in-
troducing an infinite number of replicas. This technique is based on computing
an effective coupling that is extended to infinite range. When introducing the

replicas, the raw interaction coupling J;; in Eq.(3.1), is transformed to

o0

Ji= Y [ri—1;+nL~@), (3.52)

n=—oo

where n is the d-dimensional vector label for the nth lattice replica considered.

For o < d/2 last expression for the effective coupling is a very slowly convergence
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Figure 3.3: The top panel shows the susceptibility as a function of tem-
perature, for a system with L = 21° spins with three types of boundary
conditions. The bottom panel shows FSS of the susceptibility at 7T,.. The
naive approach with PBCs gives a similar behaviour that FBCs.
for the system with PBCs with replicas, ‘PBCs + replicas’, follows the
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expected scaling above d, which is yz ~ L%2.

sum. Then, in general it can not be computed or properly approximated using a

cut off.

The only case that the effective coupling J;; can analytically be summed in an

exact way is in 1D. This involves the Hurwitz zeta function [66]

C(s,9) = (q+k)".

k

o0

0

A closed expression for the 1D effective coupling is hence given by

Tij

o (cfrea eeliem- 1))

L L

(3.53)

(3.54)
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Figure 3.4: FSS of magnetization and susceptibility in terms of number
of replicas. For low number of replicas a GFSS is obtained, but as the
number of replicas increases QFSS is approached.

where we have been included the condition of minimal distance from Eq.(3.51).
Unfortunately for d > 1 is not possible to achieve such a closed expression, and
hence requires the introduction of a complex summation method with is discussed

below.

In this project, as we are also interested in the d-dimensional systems with PBCs
and their comparison with the corresponding FBCs systems, we use a summation
technique in order to compute Eq.(3.52). The complete description of method,

the Ewald summation, is given in appendix B. Applying the Ewald method the
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effective coupling is transformed into a sum of three parts,

1 I [E2, o?r + nL|?]
Jij(r, k) = ]<Z |27,+nL|d+cr

d
T2 k. o k? 22 )
(2.5 § O'F o AT .
+ QGLdZe k { 2,4a2}+0_ma , (3.55)

Where I'[a, b] is the incomplete gamma function. The first sum resides the real
space, the second term lies on the reciprocal space. The sum is completed with a
third independent term. Hence, the sum has been converted in a fast convergence
sum. The Ewald method performs the transformation using an incomplete gamma
function which when the sum is split in two parts, brings an auxiliary parameter «,
which has to maximise J;;(r, k). This o parameter takes different value for every
different distance, so one must compute it for all possibles distances. Regarding
the cutoffs that appear in the last equation, they are reduced to a couple of tens,

and specially the sum in the reciprocal space can completely be neglected.

3.4 Data analysis

An accurate and reliable data analysis is essential to give strong support to our
theories, so here we present the data analysis techniques carried out for this work.
We describe the main issues about the data correlation and error estimation and
the tools for a correct set up of the simulations and data collection. We follow,
as a guide, the notes of Janke in [47] and then we will introduce the reweighting

method developed by Ferrenberg and Swendsen [67].

3.4.1 Thermalisation and autocorrelation times

The thermalisation process of a given spin system depends on the starting spin

configuration. In Fig. 3.5 we illustrate the thermalisation process for a 5D SRIM
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Figure 3.5: Thermalisation process of the 5D SRIM, simulated using the
Wolft algorithm, is shown. The upper and lower images show the equili-
bration of the energy and magnetisation respectively. Both plots show the
repercussion of choosing different starting spin configuration, where the
blue and red lines refer to low and high temperatures respectively.

simulated using the Wolff algorithm. There, we plot the energy and the magneti-
sation in terms of MC sweeps. If the starting spin configuration has been chosen
completely at random =+1, the system will start from high temperatures, 7" > T..
In such case, the quantity of sweeps needed to equilibrate the system is a bit less
than the total number of spins. The thermalisation process can actually be sped
up if one starts the system at low temperatures T' < T, i.e., from a completely

ordered spin configurations starting.

The LRIM presents a special behaviour, the fluctuations suffered in the energy,
and also in the magnetisation, are quite important. A very few sweeps seem to be
needed to achieve a stationary state. In every MC sweep, due the nature of the

long range interaction each particle can access immediately each other member of
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Figure 3.6: Thermalisation process of the 1D LRIM, simulated using the
FT algorithm, is shown. The upper and lower images show the equilibra-
tion of the energy and magnetisation respectively. Both observables show
that the equilibration time is barely perceptible. Indeed there it is, but
the nature of the long-range interactions plus the cluster update method
allow the system to experience a very fast equilibration. The blue and red
lines refer to different starting spin configuration given by low and high

temperatures respectively.

the system, achieving thermalisation very quickly. It is visible from the plot in

Fig. 3.6, it is indeed practically impossible to distinguish a distinct thermalisation

phase.

Another important feature of simulations is the cluster dynamics since the dy-

namical exponent z drives 7 through the correlation length. So, we have also

investigated the F'SS for 7, for three kinds of cluster algorithm updates for 1D

LRIM with PBCs for two values of ¢ = 0.1,0.2 above d.. These three updates

are Luijten-Bote (LB), Fukui-Todo (FT) and FT single-cluster or Wolff version

(FW). The dynamical exponents were analysed for the Potts model by Baillie and
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Coddington in [50]. Persky et al. in [52] looked to the complete graph model,
i.e., the MF region, and they found 7 = 1 for the SW algorithm and 7 = 0 for
the Wolff algorithm. In this project we have analysed the 7 for the LB, F'T and
FW algorithm at T.. The results plotted in Fig. 3.7 show that 7 ~ 0.2 for the FT
variant, and corresponding values are 7 ~ 0 for LB and FW variants. They seem

to be independent of the strength of the interaction given by ¢ in the MF regime.
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Figure 3.7: The scaling of the integrated autocorrelation time is plotted
of the 1D LRIM with PBCs for two o values, 0.1 and 0.2. For the three
cluster updates: The Wolff versions have a dynamical exponent close to
zero, however the SW Fukui-Todo shows a z ~ 0.2.

Finally, in order to see the difference among the runtime given by different algo-
rithm, we plot in Fig. 3.8 the performance of the Metropolis (MT), Wolff (WO),
Luijten-Béte (LB), Fukui-Todo(FT) and FT Wolff version (FW) for 1D LRIM
with PBCs with ¢ = 0.1. One can observe the performance in terms of time per
sweep and time per sweep and spin versus the system extent. We can observe the
three regims of runtime O(L?), O(LIn L) and O(L) respectively in MT, LB and

FT. Specially we can notice the fast behaviour of the FW.

3.4.2 Error analysis

Despite in fact that sampling data is performed according to an accurate estima-

tion of autocorrelation time, some minor correlations are always presented in the
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Figure 3.8: These two figures show the runtime for different algorithms.
In the top image the time per sweep is plotted versus the system size, and
in lower image contains the time per sweep and particle.

measurements. The binning analysis is simple but is not very accurate to esti-
mate the errors, specially for such observables that are not a linear combination
of directly measured quantities. Thus, the error analysis carried out in this work
is based on the jackknife analysis, a refined method based on the binning analysis.
The jackknife analysis is capable of taking into account the possible correlations

that could remain between two samples.
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3.4.2.1 Binning analysis

The binning analysis consists in dividing all the N measurements into small blocks
Np of length k. One makes the average according to
k

1
Opn==Y Opmpsi  with n=1_.. Ng (3.56)

To make sure the data within the blocks are uncorrelated one has to require k£ > 7.

The error for the binning analysis is given by

Ng
1 _
€B NB(NB _ 1) n§:1:( B, B) ( )

3.4.2.2 Jackknife analysis

The jackknife method uses the binning analysis, but considering a larger number
of samples k for the blocks Ng. Those blocks are used to compute the jackknife

blocks Oj;,, which contain N — k measurements,

~ NO—kOg,

Ojn = =5 (3.58)

One considers larger NV, blocks to reduce the error in the binning blocks, this
together with the jackknife blocks overestimates its error, and so it has to be

corrected by (Np — 1)? factor. The error is finally given by

Np
Np—1 7
€ = ?v : ;le (O —0;)°. (3.59)

3.4.3 Reweighting method

In order to save computational resources and time, the reweighting method is a

very useful tool to reuse the amount of information saved inside the measurements
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in a MC simulation. This technique uses the properties of the canonical ensemble
that allows us to extrapolate numerical results at a new temperature near to the
previous temperature simulated. This method is specially useful to find the finite-

size transition points.

In the canonical ensemble, the probability to stay in a certain state {s} with energy
E at 3 is given by pg ~ e PF. Following that consideration, one can find that the

probability of a state at the same E at another inverse temperature /3’ is given by
pa = Ae” PP Ep,, (3.60)

where A is a constant given by both inverse temperatures. In that sense, we can

compute the partition function as

ZB, = /ds pp = /dSAe(BIB)Epg = AZ5<€7(6/7@E>5- (361>

The value for the constant A is obtained as

Zﬁ/ 1

A= —
Zg (e==AE)

(3.62)

as a result, the expectation value for an observable at another temperature /3’ is

given by,
]_ <067(IBI75)E>5
<O>Bl = ZB/ /dS O(S) Ppr = m (363)

Despite in fact that the above equation considers any 3’ and this expression go
along all the configuration space, one can not apply such expression to MC sim-
ulations. This is because one can not generate all possible states in a reasonable
computational time. For example for our case, there are 2V possible states. Rather
we use the MC measurement space

Z’i Oie_(ﬁl_ﬁ)Ei
<O>,3’ = (B —B\E,

(3.64)
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where ¢ is the state sampled in the MC simulation. However, it has a limitation
due to the computational method, and it is impossible to access all possible states,
consequently it reduces the extrapolation function Eq.(3.64) to be only suitable in

inverse temperatures 3’ close to 3, where the spin configuration are similar.

To compute the associated error one can use the jackknife method, keeping in mind
that the error will increase as we move away from the computed temperature. One
can use this method to find effectively the pseudocritical point recursively together
with MC simulations. We can conclude th reweighting method is ideal and handy

to save simulation effort, but weak comparing with proper simulated results.

3.4.3.1 Histogram reweighting method

To use a smaller storage requirement and to low the time spent in the reweighting
method, one can use histograms based on energy levels instead. If this energy
levels still requiring a considerable amount of storage, one can divide the energy
in certain numbers of bins, despite in fact it will deliver binning errors. In that
case the formula follows

<O> _ ZE O(E)hﬂ'(E)e_(ﬁ/_B)E
T Sphe(B)e TAE

(3.65)

where hg (E) is the density of states for a given energy. One also in interested in
including external magnetic field, then one rather has to consider magnetisation

dependence for the density states hg (E, M).

3.4.3.2 Reweighting method for Fukui-Todo update

For the F'T update it is not able to have a direct measurement of the energy in a
MC steps if we want to keep the computational effort per update of order O(N).

However, the energy is actually given in terms of bond activation g, and positive
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Poisson integers given by k;, for the extended FK representation that is used by the
FT algorithm. Then, we can luckily write down a reweighting equation specially
for such technique. From its partition function, written in Eq.(3.39) and (3.40),

one extracts that the canonical probability is

Pp = Z ﬁA(U@, k@)%(’@) = Z ﬁA(Uz, k@)e_ﬁjgw. (3.66)

k!
k (=1 k (=1

Then, the probability of a state at another inverse temperature [ at the same

energy, for such representation is simplify to

1\ ke
Py = Ae~(B'=B)Jrot (%) s, (367)

where now the term e~(¥—#7ot does not depend on the configuration and can be
absorbed by the constant. Following the same argument as before we arrive that

the reweighting formula looks like

(0)y = 2O (3.68)

2B/ B)
where K; = >, kj, i.e., sum for all active bonds for a given MC sweep and
refers to the such sweep. If we want to extrapolate the energy we only have to
set O; = K;, and then to apply the formula £ = Jix — (K)// given in Eq.(3.41).
In Fig. 3.9 we can observe how is the performance of this reweighting method
compared with the standard one. We can notice that because of similarity of the

spin configuration for high energies the energies fit further for high energies.

3.5 Conclusion

In this chapter we have shown the methods and techniques that were applied in

order to produce reliable data through the simulations that this work contains. We
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Figure 3.9: The reweighting method result is shown in this plot. We

chose the T, point to perform one run and extrapolate the rest.

The

black squares represent the results from simulation, and the blue line the
reweighting method for using the energy rew., and the red line using the
k’s rew. from modified FK representation.

have also given the details of a very important update for the cluster algorithm

for systems with long-range interactions showing that the speed of computation

can be lowered even more from the algorithm developed by Luijten O(N In N) to

O(N) thanks to the update proposed by Fukui and Todo. Furthermore we have

proposed a single-cluster variant for the F'T algorithm. As well we have shown how

to perform a proper summation for slow-convergence sums, applying the Ewald

sum method, to allow us to compare in a proper way the system with FBCs and

PBCs. Finally we also gave a reweighting method tailored to the F'T update and

showed that for a very close temperature using the active bond number K is as

accurate as using the energy per sweep.



Chapter 4

Analysis of Q-finite-size scaling

for Ising models

4.1 Introduction

In Chapter 2 we revisited critical phenomena above the upper critical dimension,
comparing the FSS derived by the RG and by MFT. We have seen that incorpo-
rating DIVs into the correlation sector is crucial to develop a new scheme, namely
QFSS, and so reconcile the RG and MF. The aim of this chapter is then to check
our scheme in ferromagnetic systems above d.. To achieve our objective we have
simulated the LRIM for several dimensionalities and studied the well-known 5D
SRIM, which has been the focus of a long-lasting debate about the nature of F'SS
above d.. These two kinds of ferromagnetic systems belong to the same univer-
sality class and so they should experience similar scaling behaviours. Indeed, the

universality class can also include other type of systems such as fluids [68].

Our contribution [43] sparked a recent debate about the nature of non-zero Fourier
modes [44, 69]. It was believed that the non-zero modes, which should not contain

DIVs, must follow the Landau MF theory with standard FSS and £ ~ L. We show

71
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that this picture is still incompatible with both numerical simulations and with
RG theory. Instead, when the DIVs are suppressed what one expects is Gaussian-
fixed point exponents. The FSS associated with those exponent is named here as
Gaussian FSS (GFSS). The confusion arose because some exponents take same
values e.g. v' = ~. We shall illustrate the actual picture for non-zero modes, the
GFSS as a complement of QFSS, and its limitations. So in that sense we replace

the standard F'SS and it breakdowns by the combination of QFSS and GFSS.

The d-dimensional LRIM, with N = L¢, considered in this project are described

by the Hamiltonian,

J

H=— Z Jijsisj + Z Hi3i7 with Jij = |ri — rj|d+g'

i<j i

(4.1)

The coupling J;; is an algebraically decaying function; it depends on the distance
between two spins located at lattice positions ¢ and 7. The system has to satisfy the
non-divergence of the energy, so that it is required that ¢ > 0. In the ferromagnetic
case, here considered, the spins can only take values +1 and the coupling J > 0.
The term H; is the external magnetic field. The first sum in Eq.(4.1) runs over
all the possible interactions, or bonds of the system of which there are N, =

N(N - 1)/2.

The richness of the physics of this kind of LRIM gives us an important tool for
the study of critical phenomena for continuous phase transitions, and specially in
the regime above d.. The strength of the interaction can be regulated through
the o parameter, and if one properly tunes the strength, one can drive the system
to different scenarios where different approximations are taken to describe the

system.
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The discrete Hamiltonian for the LRIM in Eq.(4.1), expressed as ¢? theory, is
given by corresponding Ginzburg-Landau-Wilson action

Sle] = /ddaz (fo + T—2°¢2 + §!v¢|2 + %& —ho+co / ddx’gb—gz’/) . (4.2)

|X _ Xl|d+a

Here, ¢ = ¢(x) is the order parameter and the last term contains the long-range
interactions. The factors ¢ and ¢, are constants. The Hamiltonian for the 5D
Ising model with nearest-neighbour interactions is easily recovered setting c, = 0.
The physics of the long-range interactions model was firstly studied by Fisher,
Ma and Nickel in [70]. They applied a treatment of RG theory finding that the
critical dimension depends on the control parameter, d. = 20. In other words, for
a dimension d, there is a critical oy = d/2. That allowed them to find the fixed

points, identifying three different regimes that are mapped in Fig. 4.1:

» for 0 < 0 < oy = d/2, the system is above d.. One finds a stable
Gaussian fixed-point, where critical phenomena are described by MFT. The

MF critical exponents are found to be

: n=2-o. (4.4)

? S (4.5)

» for d/2 < 0 < o = 2 the critical exponents depend on o, so non-MF

exponents are expected.
» for o0 > 2, the interaction is so strong that the systems behaves as SRIM.

Despite the fact that in this work we do not consider the regime below d. and

so we do not discuss the scaling details there, it is worth briefly mentioning some
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Figure 4.1: Map representing the different regions of the LRIM. The black
line splits the regions in the mean-field and non-mean-field behaviour.
In the long-range interactions regime MFT takes over. The long-short-
interaction (LSRI) regime requires a perturbative expansion to the MFT
due to the non-triviality of the fixed point there. For ¢ > 2 the short-
range interaction (SRI) is recovered. Finally the squares denote the critical
dimension regime which manifests logarithmic corrections.

important issues about the various regimes discussed above. A long-lasting debate
for the description of critical phenomena at the lower critical o7, has been continued
lately. The question is where, in fact, is the precise value at which one recovers
the SRI behaviour. This was recently discussed and summarised by Parisi et al.
in [60]. It is claimed that the lower critical range is rather o = 2 — nsg [71, 72],
where the corresponding d-dimensional SRI universality class is the correlation
function exponent nsg. In particular, for d = 1 this implies o, = 1, in agreement
with exact results for this specific case [73]. Recent discussion have focused on the

location of, and behaviour at, the lower critical oy, [60, 61, 74, 75].

In line with the regimes given by the LRIM, this can actually be seen as a general
formalism that also includes the SRIM. To recover scaling behaviour for the SRI
systems one only has to replace o by o7, = 2 in the critical exponents. In this way
d. = 207, = 4 and the MF exponents are easily recovered for the SRIM above d..
The algebraically decaying interaction for long-range interactions systems allow
us to consider them above d., i.e., in the MF regime. We focus then on the

study of the 5D SRIM, and the 1D, 2D and 3D LRIMs for such regimes. To
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give a complete investigation we have studied systems with both periodic and
free boundary conditions (FBCs and PBCs). In this manner, we can investigate
the universality of the pseudocritical exponent ¢ and the fundamental role of the

correlation length as influenced by DIVs.

This project involves computational work, so we have performed simulations of
the 1D, 2D and 3D LRIMs using the Fukui-Todo Swendsen-Wang algorithm. For
systems with PBCs we have simulated systems sizes from approximately N = 128
to 262144, using the effective summed coupling in Eq.(3.55) extracted from the
Ewald method. Simulating systems with FBCs requires more memory due the
lack of symmetries for the speed-up long-range interactions algorithms presented
in chapter 3. Hence, we have simulated smaller system sizes with FBCs, approxi-
mately from N = 128 to 32768. The o values considered here are ¢ = 0.1 and 0.2
for one, and two dimensional cases and ¢ = 0.1 and 0.3 for the three dimensional
case, very deep in the mean-field region o < d/2. We have also simulated the 5D
model with nearest-neighbour interactions, which corresponds to the SRIM, with
PBCs and FBCs. The simulations were carried out using the Wolff cluster algo-
rithm, considering system sizes from L = 20 up to 48 for both kinds of boundaries
applied. Equilibrium times and measurement frequencies were set according to an
analysis of integrated autocorrelation times and the jackknife method to take into
account the correlation in the data following the description of data analysis in
Chapter 3. The resulting set up, was around 10°> Monte Carlo steps for thermal-
isation, followed by 3 x 10° measurements. In order to find the critical point, we
use the scaling through the pseudocritical temperatures which are defined when
X, has its maxima,

Ty, = argpmax x (7). (4.6)

We have run several times each simulation for each system size, using the reweight-

ing methods to identify the peak of y.
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This chapter is mainly divided into two major parts. Firstly, in section 2 we
analyse the LRIM and 5D SRIM with PBCs and secondly with FBCs in section 3.
section 4 contains the scaling analysis when an external magnetic field is included

to the model. Finally section 5 contains the conclusion.

4.2 Periodic boundary conditions

We start our analysis with PBC systems. In order to give a complete description
we present the forms of the thermodynamic homogeneous functions from the RG
equations. If one imposes PBCs, one can easily transform the Hamiltonian in

Eq.(4.2) to its Fourier counterpart. This takes the form

1 Uu
Sl =52 (o + e+ ek7) Gt 773 D dmbadiati +hL G0, (4.7)
Kk k1.ko.ks
where ky; = —k; — ko — k3. Choosing the rescaling factor as b, if we rescale

all the terms inside the Hamiltonian above, one can notice that the term which
leads the behaviour in the LRIM is now the k? over the kinetic term k2. In that
sense, rescaling the momentum k’ = kb and apply it to the long-range interactions
term k7 give us a rescaling relation for the field that is ¢}, = b~7/2¢y. Then,
the other terms rescale as k' = 0° %k for the kinetic term, as 7, = b%rq for the
reduced temperature term, as k' = b4t9)/2h for the external magnetic source, and
uw = b** 9y for the self interaction term. The eigenvalues associated with their
rescaling are
_d+o

Yy = 0o, Yu = 20 — d, Yn = 5 (4.8)

As we have seen in Chapter 2 for the SRIM, v, is still behaving as dangerous

irrelevant variable for the LRIM above d. when o < d/2.
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4.2.1 The zero mode ¢,

The Fourier modes are the components fields ¢y of the action in the reciprocal
space in Eq.(4.7). For systems with PBCs the zero mode ¢y has a very important
role since it is straightforwardly related to the DIV sector above d.. The action in

the Fourier space can also be rewritten as

1 3u 2\ Lo u oy
Sle] =~ 5 (7’0+m§0|¢k| )%er%
1
£ 3 D0+ clkf?) + o)l éuf? = ALY, (4.9)
K0

where the ¢y mode has been formally separated out. In this form, one can notice
the nature of the particular scaling that is characterized by DIVs through the
connection with the zero mode. Keeping aside the external-field term, ¢y and u
always appear together. To show the special behaviour for the zero mode, one can
compute its expected value ($3), noticing that (¢y) = 0 by symmetry. Noticing the
partition function Z given in Eq.(2.64), the square expectation value is computed

through
@) =27 [ Do dhexp(~Sian). (4.10)

Setting £ = 0 in for the average and neglecting other terms with k& # 0, the zero

mode takes the form

r Ld Ks [L;r%}

2 0 1 U

= -1 4.11

<¢0> 2u Kl |:L;7’8:| ) ( )
1 u

where K3/, and K/ are the modified Bessel functions. One can then state that

the leading scaling behaviour is given by

T()Ld
(65) ~ 5. ~ L% (4.12)



Chapter 4. Analysis of QFSS for Ising models 78

There, we have replaced rq by ¢, then used the scaling power law for the correlation

length &€ ~ ¢t~ and we have finally introduced the QFSS ansatz & ~ LF.

However, if one considers that u — 0, the last ¢* action transforms into the
Gaussian action, simpler model, given by
1 g
S[o) =5 D (o + clkl*) + co [k|") k. (4.13)
k
Either computing Eq.(4.10) for this Gaussian model or taking the limit for Eq.(4.11)
when u — 0, one gets this scaling behaviour for the zero mode

(62! = lim(d) = — ~ L. (4.14)
u—0 0

We applied the same relations than we used to obtain Eq.(4.12), but in this case
the scaling for the correlation length follows £ ~ L. DIVs always need to be
taken into account in order to describe properly the critical phenomena above d,,
nevertheless we will see some regimes where u is suppressed as the at the critical

point for systems with FBCs, or in the scaling of the non-zero modes.

4.2.2 RG equations and free energy density

If one applies the RG theory, one gets the direction of the fluxes and so the fixed
points for the model as shown in Ref.[4, 70] by Fisher, Ma and Nickel. Here, we use
as a guide the work done by Luijten and Blote in [36, 58]. The RG method for the
LRIM with PBCs leads the following system of first-order differential equations

for the ry and w variables, with [ = In b,

d
ﬁ = o1+ 3au(c —19), (4.15)
d

Y e — 9au. (4.16)

dl
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Here we denote € = 20 — d, and a and c are constants. Above d., one then applies

€ < 0. The solution for the second equation is

_ ﬂed
1+ 9ate! (ef — 1)’

u(l) (4.17)

where @ = u(l = 0). The solution for the other equation, in terms of leading order

u(l) and in a compact form, is

~ 3acu u(l) 5 3acu(l)
) = e —— ) - —=
roll) c (T0+d—0) (edu) d—o’

= ¢ (7 + aa) (“(l)> : + au(l) (4.18)

el

with 7o = r9(l = 0) and @ = —3ac/(d— o). These two functions u(l) and ry(l) con-
trol the flow towards the fixed point. Above d. these variables flow to a Gaussian
fixed point which is stable. The RG exponents y; = 0 and y, = € = 20 — d are
immediately identified in Eq.(4.18). The scaling of the free energy of the system
is constructed through the variables ro(l) and w(l) and its derivatives. Hence, the

free energy density function, up to leading order, is given by
fL(t, h, u) = bid];L/b (byt [t + dubyu*yt], byhh, by“u) + §L. (419)

The functions fL s and gp, respectively are the singular and analytical part of the
free energy. For temperatures below the critical point the free energy becomes
singular at u = 0, leading to the breakdown of FSS. To overcome this problem one
has to rescale the singular part of the free energy in terms of DIVs [58] to take

them into account. One considers this approximation

o

fL/b(t, h,u) ~ ln/ d¢ exp [ro¢” — ug' + ho] . (4.20)

— 00
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Then one rescales the field absorbing DIVs, ¢'* = u¢*. The free energy is now
given by

Frpt', n') ~ ln/ d¢' exp [ro¢? — ¢ + 1'¢']. (4.21)
Where the reduced temperature term and the external magnetic field have respec-

tively been rescaled as ¢’ = tu~"/? and ' = hu~'/*. In this manner, the singular

part of the energy takes the full dependence of DIVs in a implicit manner. Hence,
FL/b(tlﬂh/) + 9o = .]EL/b(t> h7u> +§L> (422>

where gg does not contain any further relevant information about the scaling or
DIVs, and so it can be omitted [4, 76]. Then the free energy density is given by

the rescaled version, with the information implicitly in ¢ and A,
fo(t,h) = b_dFL/b (by:u_l/z[t + aub?¥ Y], by;u_l/"‘h) , (4.23)

with the rescaled exponents y; = d/2 and y; = 3d/4. Indeed, this energy function
is similar to Eq.(2.95), but is a more complete version due the consideration of

first-order corrections.

4.2.3 Shifting, rounding and heat capacity scaling

The first results, presented here, are those from the energy sector involving the shift
and rounding exponents and the scaling for heat capacity. The scaling relation
for the pseudocritical temperature, approaching the critical point, is extracted
by the first argument of density energy function in Eq.(4.23). The subsequent
derivatives from the free energy, as the heat capacity or the susceptibility depend
on the same arguments too. Hence, the universal function for the susceptibility
Xp (WY w2 [t + aubv= =], bWhu~'/*h), has to satisfy %XL/b =0 at T}, where the

peak is manifested. The solution is that the first argument takes a constant value
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Figure 4.2: FSS for the shift and rounding exponents above d.. for the 1D
LRIM with PBCs for two ¢ values 0.1 and 0.2. Top figure shows that the
pseudocritical points scale as t;, ~ L~? following the dashed line. The
bottom figure shows the scaling for the rounding, following ATy, ~ L~/2
denoted by the dashed line. QFSS predictions match perfectly such scaling
behaviours.

z. Then b¥ u='2[t + Gub¥« Y] = ¢ with b = L. Hence, for the LRIM above d, the

scaling up to the first-order is given by an expression as
tp=coL™(1— ¢ L7) (4.24)

where A =y = d/2 is the shift exponent and w = —y; — y, + y: = d/2 — o is the

shift first-order correction.

After the Ty, points for different system sizes are found, we proceed to find the
critical point T, recalling t;, = T /T. — 1. We have fitted these points to the
scaling expression

T, =T.— 2L (1—=zL"), (4.25)
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Figure 4.3: FSS first-order correction for the shift in 1D LRIM with PBCs
for two o values. In the top image the ¢; has been normalised by the

predicted scaling t, ~ L™1/2

, and the y-axis have also been rescaled by its

corresponding w = 0.4 and 0.3 for 0 = 0.1 and 0.2 respectively. The points
follow the straight lines denoted by dashed lines. The image below shows
the first correction to scaling with another kind of scaling correction w = 1.
This correspond to the typical scaling correction ¢t ~ L™%2(1 + AL™' +
O(L7?)), in order to emphasise the validity of the theoretic corrections in

the top image.

but firstly neglecting the corrections corresponding to z; and w = 0 (the constant

2o is already multiplied by T.). Using 1., zp and \ as free parameters, we have

checked that the results are in the proper range of values. Then we have imposed

A to its theoretic value and we have estimated 7.. Then we have imposed T,

and estimated . As well, in every fit we have removed the small system sizes

to avoid an excess of corrections, until the fit satisfied a minimum fit quality

given by the x? test. We have fitted the rounding only to the leading scaling

AT, ~ L% = L=%2. Those results are contained in Table 4.1 and they can

be seen in Fig. 4.2. We have also estimated the first-order corrections fitting
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Figure 4.4: Normalised scaling for the heat capacity in 1D LRIM with
PBCs for 0 = 0.1. The image are in favour of the MF value o = 0 with
the QFSS prediction for A = d/2, as the lines clearly collapse.

Eq.(4.24) following the similar procedure as before but with more parameters. The
results containing the corrections are gathered in Table 4.2. In Fig. 4.3 we can
observed that the corrections are correctly described by the theoretic prediction

from Eq.(4.24).

Table 4.1: Results corresponding to the temperature sector for LRIM. For
different dimension d and o values. We have estimated the critical points
and the exponents for shift A and the rounding 6.

d] o T, N=d/2 | 0=d/2
| | 0.1 21.0013(3) | 0.499(1) | 0.503(5)
0.2 | 10.8421(2) | 0.501(1) | 0.488(9)
5 | 0-1]65.3381(6) | 0.993(5) | L.0OL(8)
0.2 | 33.8384(5) | 0.993(4) | 0.995(6)
o | 0.1 ] 129.415(1) | 1.493(6) | L.484(9)
0.3 | 45.5543(6) | 1.487(7) | 1.491(8)
5| 2.0 | 8.77847(1) | 2.437(8) | 2.481(7)

To conclude the energy sector analysis, we investigate the heat capacity too. For
the 1D LRIM with ¢ = 0.1 in PBCs we can observe in Fig. 4.4 how the lines
collapse under a scaling using QFSS predictions. Up to leading order, the heat

capacity scale approaching a constant behaviour since a = 0,

CL(t) ~ ZoL?a/V = 20- (426)
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Table 4.2: Results corresponding to the temperature sector for LRIM.
Different dimension d and ¢ values where analysed. We have estimated T,

and the exponents for shift A\ and its first-order correction w.

d| o T. A=d/2 |w=d/2—0
[ 0.1]21.0000(3) | 0.500(2) | 0.41(3)
0.2 | 10.8419(5) | 0.503(4) | 0.32(4)
, | 0-1]653376(9) [ 0.998(3) | 0.86(9)
0.2 | 33.8397(5) | 1.000(3) | 0.82(9)
5 | 01 129.431(2) | 1500(5) | 1.51(20)
0.3 | 45.5541(8) | 1.500(6) | 1.20(20)
51 2.0 | 8.77846(2) | 2.502(1) | 0.491(1)

4.2.4 Magnetization and susceptibility

10 E\ L s B B S S B B
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Figure 4.5: Normalised scaling for magnetisation and susceptibility for
the 1D LRIM with PBCs. In both images the two observables have been

normalised following QFSS, the lines visibly collapse.
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The magnetisation and susceptibility are respectively given in terms of energy

density Eq.(4.23) with b = L by

mp(t) = —% = LM (LY u™ %, L¥hu™"h) (4.27)
2
Xr(t) aa;{f = L2 X (LYiu %, LV~ 40 (4.28)

where ¢t = t + auL¥»~¥. Expanding both universal functions M and X up to
first-order corrections and expressing the scaling dimensions in terms of critical

exponents, they take the form

mp(t) = 2L (14 2 L), (4.29)

xo(t) = ZLYY(14 3 L7%). (4.30)

The validity of QFSS can be seen in the normalised plots for the my and x in
Fig. 4.5. The complete results for PBCs are gathered in Table 4.3. For this case
we have only estimated the corrections for the 1D model. These corrections are
extracted for the my at T, points, where the corrections are stronger than at T..
We have found w(oc = 0.1) = 0.43(4) and w(0.2) = 0.36(4). For x. at Ty, these
corrections are w(oc = 0.1) = 0.41(3) and w(0.2) = 0.36(6). These results are
plotted in Fig. 4.6 and 4.7, where the validity of the theoretical corrections are
visible. The scaling for the magnetization of the 5D SRIM with PBCs was already
verified in favour of QFSS [77-79].

4.2.5 Correlation function and correlation length

The most relevant new features of QFSS are related to the correlation sector, due
to the crucial role that the correlation length plays and the anomalies with the

correlation function scaling with 79. A modified Ornstein-Zernicke form of the
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Figure 4.6: FSS for magnetisation for the 1D LRIM with PBCs. In the
top image the magnetisation clearly scales as my ~ L~Y* following the
dashed line. The bottom image shows the normalised magnetisation versus
the expected scaling for the first-order corrections. Through this rescaling
one expects a linear behaviour which is manifestly visible for the dashed
lines. The respectively w values for ¢ = 0.1 and 0.2 are w = 0.4 and 0.3.
propagator [80],
A 1
G(k) ~ ————F—, 4.31
(¥) m? + k? + k° (431)

where for 0 < 2 shows that the k7 is the dominant long wavelength contribution.

Hence, the correlation length can be estimated from [81]

1
_1] |

Here, kuyin = 27/ L is chosen to be the smallest wave vector for the periodic lattice.

1
 2sin(kmin/2)

G(0)
é(kmin)

r(t,h) (4.32)

The scaling of the correlation length ¢ for the LRIM, can be derived from the last
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Figure 4.7: FSS for susceptibility for the 1D LRIM with PBCs. In the top
image the susceptibility clearly scales as yz, ~ L'/? following the dashed
line. The bottom image shows the normalised susceptibility versus the
expected scaling for the first-order corrections. Through this rescaling one
expects a linear behaviour which is manifestly visible for the dashed lines.
The respectively w values for ¢ = 0.1 and 0.2 are w = 0.4 and 0.3.

expression with G(0) = (¢o) ~ L%?, one finds

Q=

GoL? o
= 1} ~ (L2 = L) e (4.33)

Ep(t,h) ~ L |:GminLJ

For universal functions one expects a crossing point near to the critical point.
In the upper plot in Fig. 4.8, one can observe that if the universal function
Zr ~ &/L%, up to minor corrections, is plotted as a function of temperature,
a crossing point near T, is shown. In the lower picture one observes the QFSS
for the correlation function at x = L/2 is collapsed. In Fig. 4.9 we have also
plotted &, and G(L/2) in terms of system size. One can observe in both plots

strongly support QFSS, specially for the correlation length where the slope show
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Table 4.3: This table gathers some of the simulation results with PBCs
for the scaling exponents and compare them with QFSS predictions. The
observables analysed are mj ~ L~/ y, ~ L%/ ¢ ~ LY and

Gr(L/2) ~ Ld=2+19),

d] o | T [eB/v=d/A | syjv=di2 e =d/d, | d—2+ e = d/2
01 LL. | 0.248(1) 0.503(2) | 5.03(2) 0.493(3)
L [T 0248(T) 0.504(2) | 4.96(3) 0.496(1)
0o | L | 0:249(T) 0.504(2) | 2.49(2) 0.490(2)
ST, | 0.246(1) 0.508(2) | 2.50(2) 0.491(4)
o L | 0502(D) 1.000(5) | 9.96(3) 0.997(8)
o | [ Tu| 0.496(1) 1.007(5) | 9.95(4) 0.984(3)
0o | L | 0-496(1) 1.004(5) | 5.04(4) 0.984(3)
ST, | 0.492(1) 1.008(5) | 4.99(4) 0.973(9)
01 LL. | 0.749(2) 1.512(8) | 15.07(5) 1.484(12)
oL [Tu| 0.743(3) 1.513(9) | 15.04(6) 1.489(11)
05 L | 0.752(4) 1.504(7) | 4.98(5) 1.495(9)
2T, | 0.744(4) 1511(9) | 4.96(4) 1.486(12)
s o0 [ Ze | 125(1) 249(3) | 1.25(1) 2.49(2)
YT T 122(0) 243(8) | 1.23(1) 2.46(3)

straightforward the value of ¢ for two values of o, ¢ = 5 and ¢ = 2.5 respectively

for 0 = 0.1 and 0.2.

The scaling behaviour for the correlation function was also an open debate, but
the predictions by QFSS prevails with G(L/2)~%2, with d — 2+ n # d/2 and
indeed d —2+mne = d/2 [11, 43]. The decaying of G(z), in terms of lattice position
x is still unclear, hence it is also investigated here. We have plotted in Fig. 4.10
the unconnected and the connected correlation function, G and G, respectively,
for 1D LRIM with PBCs o = 0.1 for L = 2?°. One can argue that the behaviour
associated with QFSS appears in G due the zero mode, otherwise for G, which the
zero mode is suppressed should not contain such QFSS behaviour. One actually
can observe a crossover between the QFSS and the FSS for both G(z). It seems
that for short distances FSS is leading the behaviour but in a middle region QFSS

appears to prevail there.
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Figure 4.8: Normalised scaling for the correlation length and correlation
function for the 1D LRIM with PBCs. In the both images these two ob-
servables have been normalised following QFSS. For the correlation length
a plot of the universal function 2, ~ &, L7 clearly exhibit a crossing point
at T, =~ 21, the corresponding critical temperature for ¢ = 0.1. Under this
rescaling the correlation function collapses into a single curve.

4.2.6 Non-zero modes

For systems with PBCs the other Fourier modes, apart from the zero mode, ¢xo
are not projected to the real magnetisation and a priori less interesting, but these
modes can actually become a tool to test the theory, if one wants to see the con-
sequences of DIVs being suppressed. To simplify the notation we label the modes
regarding if they are influenced or not by DIVs. In this manner, the Q-modes will
be those modes that follow QFSS and so are affected, the modes following GFSS

will be labelled as G-modes. For PBCs the magnetisation modes are given by

nm:w@=</mxwmma», (434)
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Figure 4.9: FSS for the correlation sector for the 1D LRIM. In the upper
image the correlation length clearly scales as &, ~ LT with ¢ = 5 for
the system with ¢ = 0.1 denoted by the short dashed line and ¢ = 2.5
for ¢ = 0.2, denoted the long dashed line. The lower image shows the
correlation function scaling as G,(L/2) ~ L~/2 for the dashed line. Both
are manifestly in favour of QFSS.

where ¢y (z) = ek

is standing wave in the periodic case, but it depends on the
nature of the boundaries. The brackets indicate the thermal average with the
Boltzmann weight corresponding to the action. The equilibrium magnetisation is

then
m = </ddx Z¢k¢k(x)>. (4.35)

The Q-modes acquire nonvanishing expectation values and have projections onto
the equilibrium magnetisation as discussed by Rudnick, Gaspari and Privman in
[82] and lately by Wittmann and Young in [69]. Going to the detail now, one

has to be careful when measuring the magnetisation modes during the simulation.
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susceptibility for 1D LRIM with PBCs. In both image these two observ-
ables has been normalised following GFSS, the lines visibly collapse.
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Firstly, one considers the transformation of the spins
-1

Sy = Z ekng (4.36)

n=0

where n is the position of the spin over the lattice and k = 27/ Lk with k =

0,...,L —1. Its inverse transformation is
= )
S, = i e kG, (4.37)
k=0
The magnetisation mode is,
1 -

The nature of the mode can easily be observed. The only contribution to the real
magnetisation is given by the Sy mode, all the rest do not contribute. Exactly the

same happens to the susceptibility modes, which are defined as

Xic = L |muc?). (4.39)

where the brackets are the thermal average. This yx modes are related with the
correlation functions in the following manner: the connected one can be written

as Ge(si, sj) = (sis;) —m?, and then its Fourier transform is

Gelk) = L™YIS%) (4.40)

with S! = S; —m. The transform of the unconnected one is given by

G(k) = LS [?). (4.41)

These two functions G.(k) and G(k), in Fourier space, are exactly the same if

k # 0. The difference resides in the zero mode, that makes G(0) # G(0). In fact
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G.(k) = 0 and G (k) = L%m?). Hence
Gu(k) = Xk (4.42)

Going back to the magnetisation, Eq.(4.34) is not a good definition for MC sim-
ulation since its thermal average vanishes, (m) = 0. Instead, one has artificially

break the symmetry and to consider (|m|), and

[mucl = L™ Sul) = L7 Y plx)va(x))), (4.43)

where p(x) is the local oriented spin per site, so the average magnetisation per

spin along the lattice size position, and it is defined by
pi(x) = (Sx(sign[M] + dnr0)), (4.44)

where M = Y Sy. The magnetisation then is easily recovered asm = L™ Y jiy.
This p(x) variable it is not very useful for PBCs because in such conditions the
average per spin just take the average of the system and so p(x) = (|m|). However

for FBCs it will be very useful to see the profile distribution.

Having clarified how to manage the various Fourier modes my and xx in the com-
putational scheme, we next give the F'SS for each observable. The standard picture
for G-modes, where MF prevails above d. even though DIVs are suppressed, is in-
correct. In particular, Wittmann and Young in [69] claimed that the susceptibility
exponent, v, maintains the mean field value v = 1. We claim here that the picture
is incomplete. Indeed when no DIVs are involved one expects a Gaussian fixed-
point, delivering a Gaussian exponent. Analysing the susceptibility is not enough
since v1 = 1 has the same value as mean field. Hence, in order to validate our
claim we look at the magnetisation since 3 # 7. In fact, the prediction for such

observables for the G-modes with Gaussian fixed point exponent are found to be



Chapter 4. Analysis of QFSS for Ising models 94

for the LRIM.

Hence one can state that the Q and G modes follow different thermodynamic

functions. To distinguish these two behaviours for the moments, once can refer

keG. So
fot hyu) = b Fy, (b9t b9h), (4.45)
fL(t hou) = b, (bt b h). (4.46)

For the magnetisation and susceptibility, the G-modes scale respectively

T

my(t) = —%:L—dﬂwﬁ (bYet, b9 h) ~ L~(=0)/2, (4.47)
82 T

XL = —a;{ff = L™ X (bt 09 h) ~ L° (4.48)

The considered modes analysed here, for systems with PBCs, are defined by the
shortest reciprocal vector. The first component takes 1, and the rest zero. For 1D
this is ky = 1, for 2D ky = [1,0], for 3D k; = [1,0, 0] and for 5D k; = [1,0,0,0,0]
respectively. In Fig. 4.11 we plotted the renormalised scaling for the first non-zero
modes of the magnetization and the susceptibility in terms of closeness to the
critical point for 1D LRIM. The FSS for such modes are plotted in Fig. 4.12 and
the values for their slopes are written down in Table 4.4. One can observe that the
results clearly follow the scaling predictions presented in Eqgs.(4.47) and (4.48).
This shows that the correct picture there is the GFSS instead of the standard FSS
when DIVs are suppressed. The distinguishing was possible for the magnetisation

due the difference in the value held for the 8 which is o dependent.
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Figure 4.12: FSS in the magnetisation sector for non-zero modes for the

1D LRIM with PBCs.

clearly scales as m;

T

In the top image the first magnetisation mode
~ L~(@=9)/2 In the bottom image the first suscepti-

bility mode clearly scales as XTL ~ L?. Both manifestly in favour of GFSS
instead of the standard FSS.

4.3 Free boundary conditions

The Ising model with free boundaries above d,. is a widely studied problem, spe-

cially for the SRIM [11, 69] but it is not completely understood there.

One of the main issues with such boundaries is how to track the influence of the

edges on the scaling of whole system. For the SRIM the particles in the edges have

fewer interactions than those in the bulk. But for LRIM imposing FBCs does not

affect the number of bonds, since all particles interact with all other.
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Table 4.4: This table gathers the simulation results with PBCs for the
magnetisation and susceptibility scaling exponents for the first non-zero

mode. They should be compared GFSS predictions. The observables
should follow: m} ~ L=8"" and x! ~ L7/

dl o | T |Bl/v=d-0)2]v/v=0
o1 L 0.443(2) 0.104(1)
LT 0.446(1) 0.108(1)
oy LT 0.396(1) 0.209(2)
T 0.393(1) 0.213(1)

o L 0.943(1) 0.113(2)
LT 0.940(2) 0.120(2)
0y L 0.891(3) 0.216(2)
2T 0.889(1) 0.222(2)

o1 LT 1.433(5) 0.126(6)
T 1.432(5) 0.140(6)
N 1.333(6) 0.328(6)
2T 1.330(6) 0.347(6)
o LI 1.50(2) 2.01(5)
YT 1.50(2) 2.02(6)

The LRIM action for open boundaries is transformed to Fourier space through the
sine transformation given by
L d
F(k)=>_ f(ry) [ ] sin (kurin) (4.49)
: o

=1

where k, = /(L + 1)n, with n, = 1,..., L. Its inverse transform is given by

f@)=> Fl)]] \/% sin (7, kn ) - (4.50)

With this transformation the boundaries are successfully implemented because
F(0) = F(L +1) = 0. In this context there are no zero mode, nevertheless we
shall see then that the connection with DIVs will be through the parity of the

modes.

With the sine transform, one can perform a perturbation expansion for the FBCs

following the Rudnick-Gaspari-Privman steps in Ref. [82], and then the action
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takes the form

516 = & 3 (ro 4+l + e if7) i (—) hzd)kn—]
k ke@  j=1
u

+ﬁ Z Ak1,kz,k3,k4¢k1 ¢k2¢k3¢k47 (451)

ki ,k2,ks kg

where the A’s are momentum conserving factors. In this case the DIVs for the self
interaction term will affect the modes which couple to h, driven them by QFSS.
The others, out of the influence for DIVs will follow GFSS. One can deliver the
susceptibility from the integration of Gaussian model, after setting h = 0. There
|k|° term dominates over k%, that allows us to neglect the term k2, set ¢ = 0 and

to simplify ¢, = 1. In that sense

x = L dwln (/D¢ eSW) (4.52)

_ (%) éﬁ; — |k|g H = (4.53)

Taking the limit at T, ro vanishes and then y ~ L? independent of the parity of k
and so not affected by DIVs. However, at pseudocritical point where the finite-size
counterparts of phase transitions occur, for FBCs that happen faraway from T,
all the rest of the scaling observables drive to the QFSS were DIVs prevail. The
FSS for T, does not match since it is out of the scaling window. One can observe

that in the upper image of Fig. 3.3.

4.3.1 Bulk definition for the SRIM and LRIM

For the 5D SRIM the nature of the interactions allow us to define a core. For 1D
SRIM system with extent L, only the particles in the tip suffer the edge effect, and
so the bulk contain L, = L — 2 particles. So for the 5D SRIM N, = L} = (L —2)?

that in terms of proportion in (1 —2/L)°. Here we have simulated lattices from



Chapter 4. Analysis of QFSS for Ising models 98

L = 8 to L = 48, hence the proportion goes from 24% to 80% in the best case.
That means that strong correction may come in the FSS. To reduce the problem
we define the core has the L. = L/2 that goes from the L/4 to 3L/4 of the sites
lattice. According to the core statistics one will also have my, and x, . In the

tables the will be denoted by C, and A when all the spins are taking into account.

The FBCs can lead to very strong corrections to the expected scaling behaviour.
This feature is because the whole system is a mixture between the bulk scaling
and the surface scaling. The SRIM specially suffers this behaviour and one need to
separate and treat differently the scaling for the bulk and for the surface. However,
the nature of the long-range interactions gives rise to a complex relation between
the boundary terms and the bulk. In Fig. 4.13 we have plotted the magnetisation
distribution p(x) for 1D LRIM with PBCs and FBCs and at both 77, and T..
There we can observe that for PBCs the behaviour is clear, up to fluctuation, all
the spins take a thermal average of the thermal magnetisation. For FBCs the
magnetisation depends on the lattice position but only at 77, however at T, the
magnetisation take a very low value and the dependence seems to disappear. Since
one can not determine a distance where the surface vanishes and when the bulk

start we can reinforced from Fig. 4.14, where uyx has been plotted along x axis.

- 1D LRIM 6=0.1 L= 512 IS
0.4¢ — PBCatT -

— PBCatT,

©

X/L

Figure 4.13: Comparison of the magnetisation profiles for the 1D LRIM
with FBCs and PBCs at both T}, and T,.
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Figure 4.14: The bulk profile is plotted for 1D LRIM with FBCs at T7.
The top figure shows the magnetisation profile per spin uy(z). The bottom
figure the rescaled profile over the total magnetisation uy(z)/my has been
depicted showing the impossibility to define a bulk.

4.3.2 Shifting, rounding and heat capacity scaling

We perform a similar analysis to that carried out for systems with PBCs. We fit

the shifting to the following function for the models with FBCs

T.— Ty = 2L 1+ L™%).

(4.54)

This expression is given in terms of the difference between the pseudocritical point

for system with FBCs and the critical point computing from the PBCs analysis.

For such boundaries we found that A = 1/v = o, and the first-order correction

can not be consider as such since the fitting gives us the value w ~ 0. In Fig. 4.15

we plotted the shifting and the rounding for the 1D LRIM. Table 4.5 contains all



Chapter 4. Analysis of QFSS for Ising models 100

the numerical results for the critical point, shifting and rounding for several low-
dimensionality LRIM and the 5D SRIM. The scaling relations at the pseudocritical
point, as we see, are not influenced by DIVs. On the other hand the rounding is
still controlled by them and so following QFSS, in contradiction with the standard
FSS. In that sense, the rounding, or in other words, the scaling window converges
to zero faster than the approach the critical point. We concluded that indeed the
scaling relations are not given by the Landau mean-field exponents rather, they
are given by the Gaussian FSS which implies AT = 1/v = o, both have the same

prediction for the shift exponent though.
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Figure 4.15: FSS for the shift and rounding exponents above d. for the
1D LRIM with FBCs for two ¢ values 0.1 and 0.2. Top figure shows that
the pseudocritical points 17, scale as T, — T, ~ L~7 following the dashed
lines. The bottom figure shows the scaling for the rounding, both scaling
approaching AT;, ~ L~'/2 denoted by the dashed line. GFSS takes over
pseudocritical points and QFSS fits for the rounding.

Here, in the energy sector the things are not very clear because the singular part
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Table 4.5: Results corresponding to the temperature sector for the LRIM.
For different dimensions d and o values. We have computed for the FBCs
the shift and rounding exponent.

d| o T. M=0c [0=d/2
| [0.1]21.0013(3) | 0.106(1) | 0.43(1)
0.2 | 10.8421(2) | 0.200(2) | 0.48(2)
, | 0-1]653381(1) | 0.107(1) | 0.81(5)
0.2 | 33.8384(1) | 0.211(2) | 0.83(4)
5 | 0.1 [ 129.415(1) | 0.102(1) | 1.38(6)
0.3 | 45.5543(1) | 0.304(1) | 1.40(7)
5 2.0 | 8.77847(1) | 2.008(7) | 2.38(6)

of the energy density is not properly fitting the predictions for such phenomena
correctly. On one hand at T}, the energy scaling should show a difference of scaling
in the slopes given by the consideration of different o values in the upper image
of Fig. 4.16. However, in the lower plot corresponding to the heat capacity at 77,
the slopes go flat following the expected o = 0. In contrast, the internal energy
at T, for the LRIM with PBCs is just flat as it is shown in Fig. 4.16. With this
argumentation one can state that the flat slope shown by the capacity at T, does
not really show o = 0, since scaling for the internal energy ey, ~ LU~%/V is not

satisfied.

4.3.3 Magnetization and susceptibility

The analysis of the magnetisation sector for systems with FBCs allows us to dis-
tinguish among QFSS, the Landau mean-field exponents with its derived FSS and
Gaussian fixed-point exponents with GFSS at the critical point. For the magneti-
sation these three scaling manners are respectively given by my ~ L~/ = [=d/4,
my, ~ L7P/" = L79/2 and m} ~ L=F"/v = [~(@=9)/2 For the susceptibility they
follow x ~ L%/ = L2 x; ~ L/" = L7 and x} ~ L' = L. In Fig. 4.17
we plotted the magnetisation and the susceptibility scaling behaviour for the 1D
LRIM with FBCs with two values of o = 0.1 and 0.2. The conclusion extracted

for such figure is clear, QFSS predictions are valid at the pseudocritical point, i.e.,



Chapter 4. Analysis of QFSS for Ising models 102

7\\\\\\ T T T TTTTT ‘ T T \\\\L
L 1D LRIM FBC E
o o=0latT,
100; ) G:O.latTL 3~_§§~§ s .
t|a o=02atT | TTE=J %5 B
=02atT TR -a g ]
| r| < o=0 L E
<5 == 02 ﬁ‘ﬁg-_‘ i
- A A & A A A A A LA AL 1
-1
10 E e ©6 © 6 © © © o o6 oo E
L1l ‘ Il Ll 1111l ‘ Il Il \\\\\7
2 4
10 10
— ‘ T ‘ —
10°F . & ® © 8 & & So8aes i
- [ o o=01latT,
_1’ o o=0l1atT 1D LRIM FBC
10 ' F | » o=02atT, =
o F | < o=02atT, 3
i P O S
2| |
10 o
C e © e e ° e Se%e®
-3 | |
10 2 4
10 10

Figure 4.16: FSS for the internal energy and heat capacity in 1D LRIM
with FBCs with two o values 0.1 and 0.2. In the top image the energy
scales close to e, ~ L7 for T}, and it clearly does not have any L depen-
dence. Hence, the slopes for the heat capacity, in the bottom image, show
no scaling dependence with L and deliver a = 0.

inside of the scaling window. At the critical point, which is outside of the scaling
windows, as 7 = 7' one can’t distinguish which FSS is taking over, however the
magnetisation is in favour of the GFSS. The estimation of the slopes for the other
models such 2D and 3D LRIM and the 5D SRIM are written down in table 4.6.
Despite in fact that Landau exponents were obtained for the susceptibility at the
critical point for 5D SRIM with FBCs in Ref. [83-85], the conclusion delivered
here is clear. The coincidence of the value v! = v makes the susceptibility a bad
quantity to distinguish standard FSS from GFSS. However, the magnetization
scaling with 87 # S follows GFSS at the critical point as is shown in the tables
and figures. Inside of the scaling window QFSS is the correct scheme, but outside,

the influence of DIVs disappears invalidating the mean-field exponents in favour
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Figure 4.17: FSS for the magnetisation sector for the 1D LRIM with
FBCs. In the top image the magnetisation clearly scales as my ~ L~%4
at T, and mTL ~ L~@=9)/2 at T.. In the bottom image the susceptibility
clearly scales as y; ~ L%? at T}, and XE ~ L% at T.. These results in

favour of QFSS at T, and GFSS at T..

of GFSS.

4.3.4 Correlation function and correlation length

Here we use the Fourier transform for free boundary conditions in order to compute

the correlation function and the correlation length Hence, the correlation length

can be estimated from [81]

gL(tv h) = !

~ 2sin(kyin/2)

G(k2)

Gl 1] g

(4.55)

Here, kyin = m/(L+1) is chosen to be the smallest wave vector for the open lattice.
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Table 4.6: This table gathers some of the simulation results with FBCs
for the scaling exponents and compared with QFSS and GFSS predictions.
The observables should follow QFSS: my ~ L=%/" yp ~ LY/ & ~ LY
and G (L/2) ~ L™@=2419): or GFSS: mi ~ L8 I ~ 1/ ¢l ~ L
and G (L/2) ~ L~(d-2+0)

d T Bllv=(d-0)2] v/v=0 =1 |d-2+n=d-o
’ Blv=dji | ey/v=dj2 | e =dj20 | d—2+ng =d/2
o1 L 0.450(4) 0.009(1) | 1.01(3) 0.86(6)
T 0.233(4) 0.522(3) | 4.03(7) 0.487(5)
0o L 0.401(3) 0.200(1) | 1.03(2) 0.83(6)
C T 0.230(4) 0.225(5) | 2.21(4) 0.483(6)
01 L 0.949(1) 0.094(2) | 1.07(7) 2.07(9)
T 0.501(1) 0.085(2) | 7.48(4) 0.954(3)
0o | L. 0.897(1) 0.108(2) | 0.95(6) 1.70(9)
C T 0.494(1) 0.094(2) | 3.97(4) 0.974(3)
o1 L 1.446(2) 0.102(1) | 0.92(6) 3.2(4)
o [T 0.778(1) 1.408(2) | 13.94(6) 1.55(2)
03 L 1.371(2) 0.267(2) | 0.94(6) 3.1(4)
2Ty 0.791(7) 1.383(2) | 4.66(3) 1.54(3)
0o LL 1.70(3) 1.67(6) | 0.98(3) 3.3(1)
LT 1.65(6) 2.03(6) | 1.19(6) 2.43(2)
5o | L 1.57(3) 2.06(8) - -
VT 1.36(8) 2.51(2) - -

The analysis of the correlation sector for systems with FBCs does not allow us
to distinguish between standard FSS and GFSS. Nevertheless, QFSS takes over
the scaling window here too as expected. The overlap standard FSS and GFSS
can be shown as follows. For the correlation length both scaling are given by
€L ~ L, in the same line as n = n' the correlation function at r = L/2 scales
as G(L/2) ~ L=9=)_ In Fig. 4.18 we plotted for both quantities their scaling
behaviour for the 1D LRIM with FBCs with two values of o = 0.1 and 0.2. The
estimation of the slopes for the other models such 2D and 3D LRIM and the 5D
SRIM are written down in table 4.6. Hence, These observables can’t be used to

observed the subtle scaling. On the other hand, the validity of QFSS at T} is

proven.

As we discuss in the PBCs, one observes different regimes between GFSS (we

already discarded standard FSS) and QFSS independent if considering connected
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Figure 4.18: FSS for correlation sector for the 1D LRIM with FBCs. In
the top image the correlation length scales close to &, ~ LY at T}, and
52 ~ L at T.. In the bottom image the susceptibility clearly scales as
GL(L/2) ~ L~%? at T}, and roughly G1(L/2) ~ L% at T,. Manifestly in
favour of QFSS at T, and roughly GFSS at T..
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Figure 4.19: Correlation function in terms of distance for the 1D LRIM
with FBCs. The dashed lines shows the QFSS and the GFSS. For such
small system with FBCs, one can observe a a QFSS at T} rather than
GFSS. For the scaling at T, GFSS seems to dominate in all the regime.
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or unconnected correlation functions. For the FBCs one observes more subtle
aspects. In fact, after the scaling at T, is suspected as GFSS, one can speculate
how G, or G will look in such special boundaries. The answer is plotted in Fig. 4.19,
at pseudocritical point some crossover with GFSS and QFSS is expected, but at
T., out of the scaling windows the influence of DIVs disappears and one then
expects a pure GSS behaviour that is shown such figure. This result should be
clearly seen in systems with larger sizes than those simulated here, L = 2°, where
the crossover is not specially clear. However, QFSS is not definitely expected at

the critical point.

4.3.4.1 Fourier modes

The Fourier modes for the systems with FBCs are slightly more complicated than
with PBCs. That is given by the sine transform, that couple the modes with DIVs

in terms of the parity. The magnetisation modes are given for such boundaries by

m(k) = % <Z ITs sm(kyri,y)> . (4.56)

The zero modes simply vanish for FBCs. Moreover, those modes with odd parity
have a projection onto the real magnetisation and consequently follow QFSS. By
contrast the even modes do not experience such a projection and the DIV depen-
dence vanishes giving GFSS. Actually this is only true at T}, because for FBCs T,

is out of the scaling window and then does not depend on the parity for the modes

that they will follow GFSS.

The modes analysed here correspond to the two first modes, first odd modes
allowed in the Fourier space with FBCs is which contain al the elements of the
vectors equal to 1. They take k; = 1 for the 1D system, and [1,1], [1,1,1] and
[1,1,1,1,1] for 2D, 3D and 5D systems respectively. The first even mode consider

here is the one that takes a 2 in the first element of the vector. They are ky = 2
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for 1D system, and [2,1], [2,1,1] and [2,1,1,1, 1] for the 2D, 3D and 5D systems
respectively. The numerical results extracted from the simulations are gathered
in Table 4.7. The plot in Fig. 4.20 shows the magnetization and susceptibility

modes.

Again to get a non vanishing m;, for MC simulation, the thermal average is over

> . (4.57)

The susceptibility definition is not affected by that since yi = L{|my/|?). Re-

m(k)| = 75 < S I1 sisintors,)

garding to the local spin magnetisation p(x), one can also extract their related
modes. In that particular case, the nonvanishing modes are only those that have
the projection onto real magnetisation, the rest are just fluctuations around zero.

This transformation is given by

(k) = % STt sinior, ) (4.58)

The comparison between the odd and even modes, for 1D LRIM with FBCs at 77,
for systems size L = 512, are plotted in Fig. 4.21. One can observe there that only

the odd modes have a projection to the real magnetisation, and the even modes.

4.4 The LRIM with external magnetic field

To give more support to this project statement, the new scaling ansatz for the
correlation length and its related ¢ exponent, we study the critical phenomena in
terms of the external magnetic field scaling. The aim is to show that the correct
picture above d. compatible with RG is only QFSS in all the schemes. We also
shows that the special case for FBCs at the critical point where DIVs are not

expected, the FSS there is predicted by GFSS, in concordance with the result
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Figure 4.20: FSS for the magnetisation sector for two first modes for
the 1D LRIM with FBCs. In the top image first magnetisation mode
clearly scales as m} ~ L==9/2 and at Ty, following m; ~ L~%* and
the second modes scales at T, and at 17, as GFSS. In the bottom image
first susceptibility mode clearly scales as XTL ~ L% and at T} following
XL ~ L2 and the second modes scales at T.. and at T;, as GFSS too.

showed in Chapter 4 regarding to the non-zero modes. In this sense, one should
able to distinguish, for example, the MF scaling for the magnetisation with 6 = 3
from the Gaussian with 6" = (d + o)/(d — o).

To simulate the LRIM with external megntic field h, we have used the update of

the cluster-algorithm for the Fukui-Todo version that is explained in Chapter 3.

4.4.1 Scaling

In Chapter 3, we had ignored the scaling of the observables in terms of external

magnetic field A, since we had focused on FSS without external field. However,
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Figure 4.21: Profile for magnetisation for thelD LRIM with FBCs. The
top picture shows the contribution of the first three odd modes to the
magnetisation profile. In the middle plot a log scale has been applied
to y-axis make visible the comparison between the k; and ky modes. The
bottom image shows the fluctuation around zero for such even modes whose
projection do not contribute to the real magnetisation.

we now consider the critical phenomena in terms of A # 0 at the critical point
t = 0. In the thermodynamic limit, the observables are given by the following
scaling relations. For the energy sector the energy density and the heat capacity
scale as

eas(0, ) ~ IS, Coo(0, h) ~ B0, (4.59)
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Table 4.7: FSS for the first two modes for LRIM with FBCs for magneti-
sation and susceptibility. Odd modes k; follow QFSS and the even modes,
GFSS.

ky ko
d| o | T [ep/v=d/d|ey/v=d2| BT /v=(d—0)/2]|vy/v=0
0.1 T. 0.453(2) 0.093(3) 0.449(4) 0.100(3)
1 T T 0.249(1) 0.501(7) 0.396(4) 0.206(4)
0.9 T, 0.401(3) 0.197(4) 0.403(4) 0.200(4)
T T, | 0.255(4) 0.491(5) 0.360(4) 0.273(4)
0.1 T, 0.945(2) 0.08(1) 0.968(4) 0.06(1)
5 T T, 0.547(2) 0.96(2) 0.809(4) 0.34(4)
0.2 T. 0.921(3) 0.17(2) 0.911(4) 0.17(2)
T Tp | 0.525(1) 0.97(1) 0.953(4) 0.42(2)
01 T, 1.446(2) 0.102(1) 1.51(4) 0.05(4)
3 T Tp | 0.778(1) 1.408(2) 1.28(6) 1.40(5)
0.3 T. 1.371(2) 0.267(2) 1.45(5) 0.05(4)
T TL | 0.791(7) 1.388(2) 1.27(5) 1.45(5)
5190 T. 1.66(6) 1.67(6) 1.53(1) 2.00(3)
T T 1.64(6) 2.03(5) 1.60(5) 1.77(5)
The magnetic sector is given by
Moo (0, h) ~ W/, Xoo(0, h) ~ RY°~L, (4.60)
Finally, the correlation length scales as
£oo(0,h) ~ h77e. (4.61)
These exponents are related with the others [86] by
r+1) _ (r+2) _
=2 N .= —2+ N Ve =3 (4.62)

with the gap exponent A = [ + ~. These exponents can be found in Abe’s
publication in [87] (carefully noting the Abe’s exponents App. = 2A), in Suzuki’s

[80] or in the paper by Domb and Gaunt in [88].

In the MF regime for the LRIM one recalls the values of the exponents, v = 1,
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f=1/2,9 =3 and v = 1/0. So the gap exponent A = 3/2. Hence, the last
exponents related to the critical phenomena for external field take the following
values

2
€=3 a. =0, Ve = —. (4.63)

For the special case which is given by the Gaussian fixed point so that the scaling
belongs to GFSS, the critical exponents are v = 1, 87 = (d — 0)/20, 6T = (d +
0)/(d — o) and v = 1/o. The corresponding gap exponent is AT = (d + 0)/20.

The exponents in Eq.(4.62) take the following values

d— 20
2
d+o

. ul= : (4.64)

T —
Qe d+o

4.4.2 QFSS for PBCs and FBCs

To show all the possible scaling schemes, QFSS with DIVs and GFSS with non-

DIVs, we recall the free energy densities. In terms of DIVs we write
fo(t,h) = b~ Fy, (0¥t 0%R), (4.65)

with y; = d/2 and y; = 3d/4. The corresponding free energy in terms of non-DIVs
for Gaussian scaling is

fit.h) =b"4F}

by (Bt bR, (4.66)

with y, = 1/0 and y, = (d + 0)/2. We will follow this notation along this section
to distinguish both type of scaling. we will see the finite-size effects are quite

considerable in the behaviour of the observables in terms of h.
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4.4.3 Energy and heat capacity

We are interested in the scaling of the internal energy that is obtained by differ-
entiating the free energy with respect to ¢, and then setting ¢ = 0 and replacing
b= h1v,

er(0,h) = RO 4, (BYRR) (4.67)

or with b = h~'/¥ for the Gaussian case
er(0,h) = hUwlmyt (berh). (4.68)
One finds respectively the scaling for both schemes in terms of A

er(0,h) ~ hlvvL = p2/3 (4.69)

eTL(O, h) ~ pld=ye)/yn — p2(d—0)/(d+0o) (4.70)

in the sense that b = L. The internal energy scaling is plotted in Fig. 4.22 for the
1D LRIM with ¢ = 0.1 and L = 8192. The validity of QFSS at T}, and at T, for
systems with PBCs is clearly shown. This scheme is also contrasted with FBCs
at Ty, in concordance with the conclusions in the Chapter 4. The expected GFSS
at T, for those systems with FBCs is also corroborated. Similar analysis is done

for the heat capacity

cr(0,h) = RO, (Bih) (4.71)

ch(0,h) = nl=lmct (pon) . (4.72)
One finds respectively setting b = L,

cr(0,h) ~ R0 = O, (4.73)

CTL(()’ h) ~ hld=2u/un — p2(d=20)/(d+0) (4.74)



Chapter 4. Analysis of QFSS for Ising models 113

T T T T T T UL

N 13 PR
102 — 1D LRIM 0=0.1 L=2 //‘; e q
/‘a_’,”
§£:§’
g =
—~ g8 x
= g Q,@,—E’a o? [ FBCatT
T i i a7 . FBCatT
100— sef gﬁ,s s Ll -
5t o8 5-=-" A*A v PBCatT,
At W s PBCatT,
NN NN P —_—
E 7 —.. pAdoNdo)
7
10, 1 0 1 2
10 10 10 10 10

Figure 4.22: Internal energy scaling in terms of A for the 1D LRIM with
o = 0.1 for L = 512. With PBCs at T}, and T, and also with FBCs at T,
the scaling observed e ~ h?/3 is compatible with the QFSS. With FBCs at
T, the scaling observed is given by GFSS where ef ~ p2(d=0)/(d+a),

4.4.4 Magnetization and susceptibility

The scaling of the magnetisation and the susceptibility in terms of A also follows
different scaling depending on the influence of DIVs. Their sets for both kind of

scaling, with the same setting up as the internal energy, are given by

mr(0,h) = A9y (B0D) (4.75)
mp(0,h) = hUw/vpML (b, (4.76)
x(0,h) = AL, (BER) (4.77)

XL(Oh) = eyl (). (4.78)
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One respectively finds setting b = L,

mL(O, h)
m! (0, h)
XL(07 h)

X5(0,h)

~  hld=yn)/yn
~  hd=2yn)/yn —

RV = p1/3,

hld=2y3) /v, — h_2/3,

— pla=o)/(dto)

h—20/(d+a) )

These scaling predictions are supported by the plots in Fig. 4.23.
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Figure 4.23: Magnetization ans susceptibility scaling in terms of A for
the 1D LRIM with ¢ = 0.1 for L = 512. With PBCs at T}, and T, and
also with FBCs at T}, the scaling observed my ~ h'/3 and x. ~ h=2/3 are
compatible with the QFSS. With FBCs at T, the scaling observed is given
by GFSS where m!| ~ h(@=9)/(d+9) and y} ~ p=20/(d+o),
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4.5 Conclusion

As a core of this thesis, this chapter contains the more relevant results from the
study of the finite-size scaling above d.. We have analysed in detail the long-range
interacting ferromagnetic Ising model for the one, two and three dimensional sys-
tems with o < d/2, and together with the 5 dimensional Ising model with nearest-
neighbour interactions denoted as SRIM with ¢ = 2. Both of this system were
also analysed with two kind the boundary conditions, PBC and FBCs. Thereby
for the PBCs, where the system is very close to same conditions like the ther-
modynamic limit, every scaling law is rather clear and undoubtedly in favour of
the modified finite-size scaling. Instead, when the FBCs were imposed, far away
from the thermodynamic limit not everything seems to satisfy the finite-size scal-
ing theory or either the normalisation group theory. In fact along this chapter
we have shown how the non-zero modes, in principle they were very relevant, can
explain the finite-size scaling for the critical point at FBCs and so they reconcile
the Gaussian scaling laws. So that supports the QFSS where above upper the
critical dimension there are no ambiguity since when QFSS is absent we can not
recover F'SS with Landau exponent. We recover Gaussian scaling instead. Clearly
supporting the modified finite-size scaling, where the fundamental new features
arising from the fact that the dangerous irrelevant variable affects with no doubts
the correlation sector. Hence, the pseudocritical exponent ¢ = d/d, for the scaling
behaviour of the correlation length, & ~ L?, claimed as universal and together with
the new companion for the anomalous dimension exponent, 7¢, which solves the
puzzle around the negative anomalous dimension for the 5D Ising model, should
contribute to understanding such phenomena in a simple and clear way by replac-
ing the standard finite-size scaling. The resultant picture for the modes is gather
in table 4.8, which divided the Fourier modes into dangerous and non-dangerous

sectors.
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Table 4.8: The partitioning of Fourier modes into dangerous (Q) and
non-dangerous (G) sectors of the model.

PBCs FBCs
k—%r(nl,...,nd) :Lil(nl,...,nd)
Q (DIVs): | G (Non-DIVs): | Q (DIVs): | G (Non-DIVs):
All n, =0 | Any n, # 0 All n, odd | Any n, even
FSS |m~L% |m~L " m~L % |[m~L
at Tp, XNL% x ~ L° XNL% x ~ L°
FSS |m~L% |m~L " m~L % [ m~ L
at T, XNL% X ~ L° x ~ L° x ~ L°

Finally, the inclusion of the external magnetic field in the analysis of the LRIM

allowed us to restate the validity of the QFSS for systems with PBCs and the

description at pseudocritical points for those with FBCs above the d.. On the

other hand, the expected GFSS predictions for system with FBCs at critical point

is also contrasted. This illustrated the replacement of the standard F'SS by the

combination of QFSS and GFSS.



Chapter 5

Partition function zeros of the

LRIM

5.1 Introduction

This chapter complements the analysis for the LRIM above d. carried out in
Chapter 4, by studying FSS of the partition function zeros in order to give stronger
support to QFSS. An alternative approach the study of critical phenomena is to
perform an analysis of the zeros of the partition function. As mentioned in Chapter
2, the ‘fundamental theory of phase transitions’ is the basis for the description of
the scaling behaviour of the zeros which approach the real axis at the critical point

in the thermodynamic limit.

The main idea behind this approach is that the zeros of the partition function lie in
the complex plane of a parameter entering the partition function (i.e., temperature
or external field). The first to develop this theory were Lee and Yang [12, 13], who
studied the ferromagnetic case by looking at the partition function as a polynomial
in terms the of external magnetic field. Following a similar idea, Fisher focused
on the study of the zeros for the temperature complex plane [15]. Many studies
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have since been carried out in this topic. For example, an investigation for Fisher
zeros in the mean-field region can be found in Ref. [89] and for gauge models in

Ref. [90].

The partition function Z; = Z{Si} e PMlsil is defined in real space. It can be

re-expressed in terms of energy and total magnetisation

Z, =Y p(E,M)e PFHM, (5.1)

E,M
where p(E, M) is the density of states. If one relaxes the demand that 5, h € R
by extending them to the complex plane, i.e. §,h € C, for finite-size systems
the partition function vanishes for specific values of § and h. These vanishings
represent the roots of the partition function and are called zeros. Hence one can
express the partition function in terms of the set of Fisher or Lee-Yang zeros,

respectively {z;} and {h,},

Zi(2) = (D) [ [z = %(L),  Zulz) = A2) [ [(h = hy(L)), (5.2)

J J
where A,(z) and Ap(z) denote non vanishing smooth functions. From the first

factorised representation for complex variables the free energy in terms of Fisher

zeros is given by

fr(z) =L %InA.(2) + L™ Z In(z — z;(L)). (5.3)

J

Analogously the expression in terms of Lee-Yang zeros is obtained replacing z;
by h;. The first term of the last equation contributes to the non-singular part of
the energy. Singular behaviour is associated with the second term. The zeros z;
approach the critical point in the real axis with a angle ¢. In principle, one expects

that the number of zeros depends on the system size. Differentiating twice the
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singular part of the free energy with respect to ¢ one obtains the heat capacity,
e, =L""Y (z— (L) (5.4)
J

On the other and, differentiating the free energy twice with respect to h one obtains

the expression for the susceptibility,

YL = L‘dZ(h — hy(L))72. (5.5)

This chapter is divided in two main sections and the conclusion. The Section 2
contains the QFSS analysis of the Fisher zeros. In section 3 we analyse the QFSS

of the Lee-Yang zeros. Finally, section 4 contains the conclusion.

5.2 Fisher zeros

To derive QFSS for Fisher zeros we use Abe’s prescription presented in Ref. [87].
Let

zj = 2. +1je, (5.6)

where z. is the critical point, r; is the distance to the jth zero and ¢; the angle
between them. If this notation is introduced in Eq.(5.4), the heat capacity is

expressed as

e, =L Z(rjewj)*?. (5.7)

Assuming that the main contribution is given by the lowest zeros, one obtains
[91] ¢z ~ L% 2. Isolating 1, and introducing QFSS for the heat capacity c;, ~
L—‘Pt)c/u7

r3(L) ~ LY/, (5.8)
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From the hyperscaling relation vd/? = 2 — «, one then finds that the QFSS for
is given by

r(L) ~ L%, (5.9)

The prediction of the scaling for Fisher zeros in terms of GFSS is

r(L) ~ L7V, (5.10)

5.2.1 Numerical determination of Fisher zeros

The numerical determination of the positions of the Fisher zeros is carried out using
a reweighting technique. The data for this method is given by a MC simulation.
In this case, one can’t efficiently use the Fukui-Todo update because the exact
energy per sample is required. One can’t use the activated bonds to extrapolate
the energy and rather as one needs to compute the exact value of the energy
that has a O(N) runtime. Consequently it reduces the maximum system sizes

achievable to L = 214,

The methodology, following the guides from Ref. [92], is as follows: one considers
the partition function in Eq.(5.1) with H = 0, and extends the inverse temperature

in the complex plane, § = n 4 €. The partition function takes the form of
Z(B) =Y p(E,pe”"OF =% p(E, B)e " (cos[¢E] — isin[¢E]),  (5.11)
E E

where p(F, §) is the density of states. One defines a normalised version for last

equation by R(n,&) = Z(B)/Z[Re(p)]. Explicitly this is

S op(E, B)e " (cos[¢E] — isin[E])
o) = S p(E,B)e”

= (cos[¢El), — i(sinlE]),. (5.12)
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where (...), is the thermal average given by 7. The first Fisher zero, for example,
is expected to appear close to the pseudocritical point and one then has to perform
MC simulation at 5, = 1/T}, constructing its related p(FE, ;). For this zero or
in general, to locate the zeros, one considers the points that make (cos[¢El), and
(sin[{ E]),, vanish, their overlap satisfies R(n, {) = 0 delivering the estimation of the
position of the zero. There are two ways to extract the zeros, one is identifying then
graphically. In Fig. 5.1 and 5.1 we can observe the vanishing point for both cosine
and sine parts depicted by red and green points respectively. This methodology
depends on size of the grid considered; big grid sizes deliver large errors and small
grid sizes deliver, on the other hand, a costly runtime. The precision also is
related in the manner that one constructs the density of states, that works with
finite precision depending on the MC samples taken or adding a binning error if
one decides to use histograms. Despite these sources of errors, the graphical search
of zeros is a very useful technique as a first approach. To get better precision, the
second methodology employed the AMOEBA search algorithm [93], a searching

technique to find zeros in a 2D plane.

The typical picture for the zeros is given by the upper plot in Fig. 5.1, where MC
simulations were used to identify the first zeros of the 5D SRIM. Here, we also use
the same procedure to find the zeros for the LRIM. The results of the plots for
LRIM surprisingly look slightly different above the critical temperature from those
from the SRIM. To show that indeed this different form is also correct, we have
computed all the possible states for very small system size, the usual picture then
takes the form of the lower plot in Fig. 5.1 above d. for LRIM. This difference is
due to the large amount of the energy configuration that a LRIM can take for the
similar spin configuration, even manifesting the possibility to take positive values

of the energy in some spin configurations.

We are interested in the scaling of those zeros. There are two ways to represent

the Fisher zeros, implicitly in the S-complex plane referenced in plots as Fig. 5.1
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Figure 5.1: The upper image shows the graphical scan of Fisher zeros for
5D SRIM from a MC simulation. The lower image shows the graphical
scan for 1D LRIM from an exact small system size

or explicitly in terms of partition-function zeros z (see Eq.(5.2)). We consider

z; = exp(—f;), where the j is the position of the Fisher zero. In this manner, to

find the F'SS for the zeros one is interested in the scaling of the real and imaginary

parts, respectively

Re(z;)

Im(z;)

exp(—7;) cos(w;)

exp(—7;) sin(w;).

(5.13)

(5.14)

The modulus is of these variables is z; = exp(—7;) and the critical value is given

by z. = exp(—p.). The interested FSS is exactly through the scaling behaviour

of |Re(z;) — z.| and Im(z;). They are plotted for 1D LRIM for ¢ = 0.1 for
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PBCs and FBCs in Fig. 5.2. The upper image can be related to the shift since

IRe(z;) — 2| ~ L=%2 for PBCs and |Re(z;) — z.| ~ L= for FBCs. On the other

hand, the imaginary part scales as Im(z;) ~ L=%?2_independently of the boundary

conditions.
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Figure 5.2: FSS for the first and second Fisher zeros for 1D LRIM with
PBCs and FBCs for o = 0.1 in terms of |[Re(z;) — z.| and Im(z;).

5.2.2 Impact angles

The impact angles can be given either in terms of z or 3. Here we shall follow the

notation given from Gordillo et al in [92]. For those in the S-plane:

» ¢;.(2): angle between z.-jth zero line and the z-axis.

> ¢12(2): angle between z;1-25 line, and the z-axis.

» ¢,.(5): angle between line f.-jth zero and the [-axis.
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» ¢12(0): angle between (;-f5 line and the S-axis.

The results for the 1D LRIM for ¢ = 0.1 with PBCs and FBCs are plotted in
Fig. 5.3. There, one can observe the scaling of the angles defined before such ¢,
¢2.. and ¢ 9 for z and B variables. Meanwhile the impact angle for the system

with PBCs approaches angles close to 45°, for FBCs the angles converge to zero.
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Figure 5.3: The plot in panel a) and b) show the impact angle in terms
of system size for the first and second zeros respectively. The plot in panel
c) shows the angle between the first and second zeros. For the system
with PBCs the set of the first zeros appears to approach an angle of 45°.
For systems with FBCs, the impact angle for the first and second zeros
appears to vanish. The impact angle between the first and second zeros
is more unstable, but the tendency is clear, for PBCs the angles seem to
converge to some value around 45° and for FBCs the angles tends to zero.

There is not a complete F'SS theory for the impact angles of Fisher zeros. Nev-
ertheless, they can be linked with the shift, v and ¢ exponents above d.. The

angle is expected to scale following the ratio of the imaginary and real part of the
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lowest-laying zero [92],

Imz; L%/
tan ¢ ~ ~CLMY 5.15
MO Re(er) — 2] I * (519)

With this prescription and comparing Fig. 5.2 with those results in Fig. 5.3 we
concluded that the impact angles, similarly to the shifting exponent, depend on
boundary conditions. Whereas Imz; is located very close to T}, i.e., inside the
QFSS window, the term Re(z;) is far away from 7, for systems with FBCs and
consequently, outside of the scaling window and the influence of DIVS. The impact
angles for PBCs should approach /4 since A = ¢/v leading tan ¢ ~ C', whereas
for the systems with FBCs AT = 1/v < 9/v and its impact angles should converge
to zero since tan ¢ ~ 0. These results are compatible with the simulation results

plotted in Fig. 5.3.

5.3 Lee-Yang zeros

We now proceed to study the complex h-plane zeros corresponding to the external
magnetic field, changing consequently the notation from z to h in Eq.(5.2). In the
thermodynamic limit close to the critical point these Lee-Yang zeros terminate at
the so-called Lee-Yang edge, which scales as hedge () ~ t», where the gap exponent
A = 6 = 3/2 in mean-field regime. For finite systems the zeros form a discrete
set distributed on the imaginary-h axis. They are labelled as h;(L,t) where j is

an integer that records the closeness to the real-h axis so that.

To obtain the FSS for the Lee-Yang zeros one recalls Eq.(5.5) and follows the same
argumentation made for the Fisher zeros. The susceptibility is given by the scaling
of the first zero [91]

xz =~ L™h2 (5.16)
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We isolate hq, and introducing the QFSS for the susceptibility y; ~ L%/
h2(L) ~ L~ G/vtd), (5.17)

Using the hyperscaling and Rushbrooke relation together vd/9 = 25 + 7 and the

relation for the gap A = § + v , one finds that the QFSS for h; is given by
(L) ~ L8 — =34/ (5.18)
Otherwise, considering the GFSS picture, the zeros behaves as
r(L) ~ LAY = [ 73972, (5.19)

We have seen that the inclusion of DIVs breakdown of the standard FSS. This
also includes the scaling of the Lee-Yang zeros. This was also shown for the 5D

SRIM in [11].

5.3.1 Numerical determination of Lee-Yang zeros

With these considerations, the interest here is to see how the Lee-Yang zeros
scale when approaching the real axis in terms of system size. To achieve that,
we use reweighting method in the Eq.(5.1) using the complex external magnetic
field as h = h, + ih;. In that sense, the normalized partition function is given by
R(B,h) = Z(B,h)/ZL(B,h,). All the cases considered here obey the Lee-Yang
theorem and hence the zeros in h-plane are pure imaginary. This is translated
to an impact angle of /2. In conclusion, one can set h, = 0 and only consider
variation in h;. then
Roo — SrarPUE M) cos(hib) + isin(hM)
Z(B,0)
= (cos(h;M)) + i(sin(h;M)) (5.20)
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where the sine term can be neglected because of parity (sin(h;M)) = 0. Hence,
one just finds the Lee-Yang zeros when the cosine terms vanishes. In Fig. 5.4 one
observes the FSS at T}, and T for the first two zeros h; and hy for the 1D and 2D
LRIM with PBCs and FBCs, with ¢ = 0.1 for both systems. The scaling showed
is clearly in favour of QFSS, where the predicted scaling is h o ~ L34 over of

the standard Landau which predicts hy o ~ L7372,
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Figure 5.4: FSS of the first two Lee-Yang zeros for LRIM at T} with
PBCs and FBCs and at T, with PBCs. The upper image shows 1D model
and the bottom image the 2D model, both with o = 0.1. These results are
clearly in favour of QFSS, which predicts h; ~ L~3%/4.

5.4 Conclusion

In this chapter we have seen that FSS for the Fisher and Lee-Yang zeros are fully

compatible with QFSS, and indeed they also required the introduction of ¢ in the
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correlation length in order to reconcile RG with the MF exponents. The impact
angle for the Fisher zeros, as it was shown, depend on the boundary conditions.
For systems with PBCs the impact angle approximates to 7/4, a earlier estimate
for such angle in the MF regime. However the impact angle for systems with FBCs
converge to zero due to the difference of the scaling between the imaginary and

the real part of such zeros.



Chapter 6

Logarithmic corrections for QFSS
at the upper critical dimension
for the Ising model with

long-range interactions

6.1 Introduction

In this chapter we consider critical phenomena at the upper critical. The Gaus-
sian fixed point there becomes marginally stable and this introduces multiplicative
logarithmic corrections to the power laws. The correlation length, in such scheme,
experiences a logarithmic counterpart ¢, in line with ¢ in the QFSS. This consider-
ation already was presented in Ref. [94-96] (through the symbols ¢ and counterpart
q), and lately in terms of QFSS, where ¢ formally appeared in [41]. The counter-
part related to n¢ for the Fisher scaling, named 79 was numerically corroborated

for the 4D SRIM in [42]. Herein, we aim to numerically test the prediction given

129
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by the last references and so we focus on the main logarithmic counterparts for

the LRIM with PBCs and FBCs.

This chapter is divided as follow. Section 2 contains the logarithmic scaling cor-
rections. In section 3 QFSS at d. is presented. Section 4 contains the relations for
the logarithmic counterpart for the exponents. In section 5 the solutions for the
RG equation for the marginal case are derived. In section 6 the main numerical

results are shown. Finally in section 7 the conclusion is given.

6.2 Logarithmic scaling corrections

The multiplicative logarithmic corrections, that appears at d., modify the power-
law scaling for the observables, in terms of ¢ and h, as follows. The internal energy

and the heat capacity are affected as

eoo(t,0) ~ t7%|Int|%, eeo(0,h) ~ h|Inhl, (6.1)

Coo(t,0) ~ ¢ Int|® Coo(0,h) ~ h7%|Inh|%. (6.2)
The magnetisation and the susceptibility are given by

Moo(t,0) ~ t°|Int|?, Moo(0,h) ~ K9 In ), (6.3)

Xoo(t,0) ~ t77|Int[, Xoo(0,h) ~ B Inhf’. (6.4)
The correlation length and the correlation function follow

Eo(t,0) ~ t7¥|Int|”, £5(0,h) ~ h™"|In h|>, (6.5)

Goo(r,1,0) ~ 77 @240 |7, (6.6)
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Finally, the Lee-Yang edge, and so the scaling for the zeros, is affected

ryL(t) ~ 2] Int|?. (6.7)

6.3 Q-finite-size scaling

Here, the correlation length still plays a crucial role because at d = d, it takes
logarithmic corrections given by the marginal value of the self-interaction term.
Meanwhile ¢ = 1, the counterpart ¢ is controlling the behaviour of the correlation
length following

¢ ~ LIInL|°. (6.8)

Either using RG or F'SS hypotheses in terms of QFSS, i.e. where & can be replaced
by L|In L|§’ in the scaling window regime one can obtain the scaling for the other
observables, as is shown in Ref. [94, 96] by Kenna, Jhonston and Janke. For the
magnetisation, susceptibility and Lee-Yang edge the associated QFSS takes the

form of

my ~ L5|InL[F5E (6.9)
ol 2 07(';)
xe ~ Lv|lnL]"™7 (6.10)
R
riy(t) ~ L7v|lnLIATAST (6.11)

Other quantities such as the scaling of the pseudocritical point are also affected

by logarithmic corrections. The shifting is now given by

-9

tr ~ LML ~ L v|InL|™ (6.12)
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where the hatted shift exponent is

>
|
-QO>

>
I

(6.13)

6.4 Relations for hatted critical exponents

The hatted exponents presented before are also related to each other. These rela-
tions can be found differentiating the subsequent observables from the thermody-
namic functions as it has been doing along this manuscript. They are contained

in [94, 97]. The relations are the following

1+d%—7) ifa=0and ¢ #7/4

G = : (6.14)

d(® — D) otherwise .
28 —4 = d$—0), (6.15)
BE—1) = d0—4, (6.16)
n = 4—-0v(2-mn). (6.17)

In the QFSS scheme there are also the corresponding counterpart 7q, derived
from the fluctuation-dissipation at d. in [42]. The added relations for the hatted

exponents in QFSS are

(6.18)

2>

I
—
[\

|

R
~—
>
—+
\;>

(6.19)

2>
Il
~—~
[\]
|
=
-0
S~—
—~
>
|
0>
~
+
=
0O

fie = N+ (2—n)9. (6.20)
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For those exponents identified for the scaling associated with systems with external

magnetic field, that have not been included above, the relations are given by

. _ G+DB-9)

— Tt (6.21)
. (B
G = Fro T (6.22)
o = d§—p), (6.23)
A = p—34. (6.24)

The values for these hatted exponents for the LRIM are found to be

1 A 1 1 . 1
A — _ — - N = — 5 == - 625
a 37 5 9 fY 37 3’ ( )
1 1 1 6—o0o
e e — AC = -, y, = it AC = 5 2
¢ 3’ Qe = 3 YT 3, og (6:20)
. . 1
A =0 = — =0 e = = 6.27
, V= o 7 Mg (6.27)

All these results are, together with other models at d., in Ref.[86].

6.5 Solution for the RG equations

We proceed to construct the thermodynamic functions for the marginal case oy =
d/2, i.e., at d = d.. We follow the steps given by Luijten in [58] as was presented
in chapter 4 for the case above d.. The RG equations, given in Eq.(4.15) now take
€ =20 —d = 0. Hence,

dr

d_lo = o1y + 3au(c —rg)

d

d_llb = eu— 9au? = —9au’. (6.1)

One solves first the equation related to u. Then one introduces u(l) in the differ-

ential equation of ry. Solving this system of first order differential equations, the
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corresponding solutions, up to order u(l), are

u(l) = T 5l (6.2)

ro(l) = [Fo — au e”'[1 + Bulnb] ™5 +

au
1+ Balnd’
denoting @ = w;—o and 7 = r;—g. The tilde variables follows the notation in chapter
4, they are 3 = 9a and & = —3ac/(d — o) respectively. The logarithmic correction
can clearly be identified in the last equation. For set of variables u(l) and ro(()

one constructs the free energy density up to leading order [58],

t + aa[l + fulnb) 2
fL(tu h, U) — bide/b vt + O[U[ j— Bu nl ] 7 byhh, #
L+ Balnb)s 11 fulnb
+ gL(tv h)“): (64)

where fr,(t, h,u) is the singular part and g (¢, h, u) is the analytic part. To treat
correctly and take into account the u variables to obtain the correct FSS, one has
to rescale the free energy density as was done in chapter 4 through Eq.(4.20) and

(4.21). In that sense, one obtains a rescaled version of Eq.(6.4)

~_ = _9 & — 1
F(t b 1/L) = b, bytt -+ ozu[1~+ Bu lnlb] ,byhh[l + pulnb]s  (65)
[1+4 Bulnb] s ul/t

The shifting can be extracted setting the first argument to a constant value c
since the first derivative of susceptibility or the heat capacity should vanish at the
pseudocritical point where it experiences a maximum. In that sense, and setting

b = L, the shifting is given by

t, = cev/ul ?[1 + Buln L] (1 - %[1 + Bu 1nL]-%> . (6.6)
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6.6 Results for PBCs and FBCs

In this section we show the numerical results for the LRIM system at d. with PBCs
and FBCs. We have used the same simulation method and the same configuration
for the set up of the PBCs as was done for those results presented chapter 4 and

5. The critical points were also found using the FSS for pseudocritical points.

6.6.1 Magnetization and susceptibility

Here, we show the logarithmic corrections for the scaling of the magnetisation and

the susceptibility. The expected behaviour for such observables are respectively

my o~ L¥A(In L)AHBO-D/v o [-44(1n L)Y, (6.7)
Xi ~ L¥2(n L)y o pd2(n )2, (6.8)
Where (0 —?)/v = —1/6. In Fig. 6.1 we can observed the validity of these

predictions for those systems with PBCs at T7, and T, and also with FBCs at T},
the prediction. For systems with FBCs at T, DIVs are not affecting its behaviour

and then they do not have logarithmic corrections as can be seen in that figure.

6.6.2 Correlation function and correlation length

We have also analysed the logarithmic corrections for the correlation length and

the correlation function. Both are given by

¢, ~ L(nL)® = L(In L)% (6.9)

Gr(L/2) ~ L™?(nL)"® = L~4?(In L)Y (6.10)
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Figure 6.1: FSS for the magnetisation and susceptibility for the 1D LRIM
at d. with PBCs and FBCs. The upper image shows that the scaling with
PBCs at Ty, and T, together with FBCs at 17, up to corrections, follow the
expected scaling my, ~ (log L)'/* marked as dashed line. The lower image
shows that the scaling with PBCs at T, and T, together with FBCs at
Ty, up to corrections, follow the expected scaling x ~ (log L)'/? marked

as dashed line. Logarithmic corrections are not observed for systems with
FBCs at T..

The simulation results for the 1D LRIM at d. with PBCs and FBCs are plotted in
Fig. 6.2. There we can observe that those results with FBCs at 7T, do not show
logarithmic correction as expected. For the other set up as PBCs or FBCs at T7,

the scaling approaches slopes compatible with ¢ and 7.

6.6.3 Lee-Yang zeros

Finally, we analysed the Lee-Yang zeros scaling which are expected to follow

hj(L) ~ L% (log L)® ~ L34/, (6.11)



Chapter 6. Logarithmic corrections for QFSS at d. for LRIM 137

2

T T =
10 x v_%_vx_g_g_aﬁ_g__i_
————— grTY T o001
L o =8 i
___@_--9———%—‘2‘“‘2 g-R -8z 1
— : - O FBCatT, ]
FBCatT,
1 10°F A FBCatT, ||
up 1D LRIM 6=0.5 O PBCatT,
v PBCatT,
. - (Logl) ||
g 8 8B B8 B B B 8 SEEE E
2[ 1 1 | 1 L
10 7 1 L
logL
1
10 C I T T T ™
r 1D LRIM ¢=0.5 L o A JOVOVSE ]
A A B Zo--- ]
N L s A - ]
%_| L A é ——————— .. ¥ V_V_V.?Y?- ----- |
”’——_—. .... VT LA 06066 "
O] < o e8P e
~~ 10 ;_ ..... _e._..—@—-"@ O C at C?
=) F A FBCatT,|]
- A O PBCatT,|]
© - v PBCatT ]
r = 8 B B8 B8 8 8 ggs==|-- (ogl)
1 ! 1 ‘= (Logh)”*
i 1 1 1
10 ) . :
logL

Figure 6.2: F'SS for the correlation length and correlation function for the
1D LRIM at d. with PBCs and FBCs. The upper image shows that the
scaling for PBCs at Ty, and T, together with FBCs at T}, up to corrections,
follow the expected scaling &, ~ (log L) marked as dashed line. The
lower image shows that the scaling with PBCs at T, and T, together with
FBCs at T, up to corrections, follow the expected scaling G (L/2) ~
(log L)*/2? marked as dashed line. Logarithmic corrections are not observed
for systems with FBCs at T..

~

because A = 0. In Fig. 6.3 we observed that the logarithmic corrections for the
two first Lee-Yang zeros approach zero, up to other corrections given by 77, regime.

This shows the validity of the QFSS predictions at d..

6.7 Conclusion

We have analysed the FSS for the logarithmic corrections for LRIM at d. for
PBCs and FBCs. There the values for the leading exponents such ~, 3, etc.

converge either for QFSS or GFSS since ¢ = 1. The predictions given by the
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Figure 6.3: FSS for the two first Lee-Yang zeros for the 1D LRIM at d.

with PBCs and FBCs at T7. One can observe that the expected scaling

hj(L) ~ L=344(log L) is fitted, approaching the dashed line with no slope.
theory for the hatted exponents mainly fit the estimations carried out in this
project. The prediction for the counterpart ¢, fit suitably the estimations made
here. In concordance with FSS for systems with FBCs at T, where DIVs do no take
place, i.e, the regime out of the scaling window, there are not sign of logarithmic

corrections.



Chapter 7

Discussion

In chapter 2 we revisited the long-standing problem of F'SS. Considering the corre-
lation sector also to be affected by DIVs, as is the free energy, allows one to relax
the standard scaling relation for the correlation length in terms of system size,
namely &, ~ L. This new scheme replaces standard FSS and is called QFSS. In
such a scheme the correlation length is dangerously affected by the self-interaction
term in the ¢* theory leading to a new scaling behaviour namely &, ~ LY, with a
pseudocritical exponent that takes the value ¢ = 1 below d., but ¢ = d/d. above
d.. The non-trivial relation of the two lengths reconciles the FSS hypothesis and
RG. Besides, it gives a repaired formula for hyperscaling namely vd/? = 2 — «,
which now is satisfied for any arbitrary dimension. Analogously, the inclusion of
such new scaling in the fluctuation-dissipation theorem delivers a complementary
anomalous dimension n¢ = 2 — d/2 which resolves the puzzle about the negative
anomalous dimension. Heuristically, the relation between the correlation and sys-
tem length may be understand demanding that the volume of the system is similar

to the volume of the correlation length restricted by the critical dimension, i.e.,

gdc —_ Ld.
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In chapter 4, we tested QFSS theory for the LRIM above d. with different boundary
configuration, namely PBCs and FBCs. These systems with long-range interac-
tions can be tuned to the MF regime because one can control the strength of the

(d+9) In chapter 3 we presented the numerical

interaction given by the coupling r~
work to study such systems, specially for the LRIM that approximately contain
N? interaction. We simulated spin systems for several dimensionalities using a
suitable techniques like the Fukui-Todo algorithm. This method is based on ex-
tended Fortuin-Kasteleyn representation and it experiences a runtime of O(V)
instead of the typical runtime of the Swendsen-Wang algorithm which is O(N?).
The FT algorithm also allows one to simulated systems with FBCs where spacial

symmetries are not presents. We have also develop a single-cluster variant for the

FT algorithm which reduces the autocorrelation time.

In this way, we have measured quantities such as the magnetization, susceptibility,
correlation function and correlation length and their FSS. The validity of QFSS
is clear through the tables and plots presented in this manuscript, specially for
the estimation of the slope of the correlation length that gives straightforwardly
that ¢ = d/20 (for the LRIM). QFSS prevails for systems with PBCs and with
FBCs, but only at pseudocritical point. We have shown that the correct picture
to describe the FSS at the critical point for systems with FBCs is GFSS. This
is the FSS derived for the Gaussian Fixed Point which prevails when DIVs are
suppressed. It is not the same as the predictions from Landau Theory. This
occurs when the critical point is located outside of the scaling windows which is in
a narrow regime around the pseudocritical point. Although this effect is manifest
for the total magnetization at the critical point for systems with FBCs where
Bt # 3, the exponent related to the susceptibility coincides for both standard FSS
and GFSS 4 = 7. Hence, the final differentiation between the standard FSS and
the GFSS was made possible by analysing the non-zero modes which decouple

with DIVs.
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As complement to QFSS, we have measured the Lee-Yang and Fisher zeros and
the impact angle for the 1D LRIM above d.. There we have shown that the impact
angle depends on the boundary conditions finding that for PBCs it approaches to
m/4. Instead for FBCs the angles seem to approach zero. To finish this project
we have also checked the logarithmic corrections for the ¢ counterpart, when the
variables of the self-interaction terms become marginal. We have shown that
QFSS at d. is coherent with the ansatz of a relaxed scaling for the correlation
length as is also shown for the logarithmic corrections the scaling, indeed, is given

by & ~ L(In L)°.

Some of the results presented here are published in Ref. [43, 44].



Appendix A

Walker’s method of Alias

The alias method allow us to generate a probability distribution from a discrete
sampling. Here we present Walker’s algorithm together with an optimization given
by Fukui and Todo in the appendix of [62]. We shall illustrate the alias method
using one example related to our simulation, the 1D LRIM with PBCs and o = 0.1
for L = 12. In this example one uses the invariance symmetry given by PBC and
then, instead of J, couplings with £ = 1,..., Ny, one has that J; = 1,..., L — 1.

Hence one can assign a p; = J;/Jior to each coupling, or rough speaking to each

distance since J; =1, (d+0), satisfying > . p; = 1. Walker’s method uses two tables
0 < P; < 1, which is a modified probability distribution and alias numbers A;’s
that associates two couplings. The modified distribution probability determined
by P; = Np;, where N = L% The algorithm for choosing an i bond, or distance

following the example, is

1. Chose randomly a k spin in the lattice, 1 < k < L.
2. Throw a random number 0 < g < 1.

3. If g < P, continue with ¢ = k, otherwise i = A.
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Summarizing, if we look the table [A.1], the probability to choose i = 2, in this

case, is with a g < P, plus another g > Fs. This is expressed in general by

N

P+ (1- Pj)(si,Aj] : (A1)

j=i

pi:N

Table A.1: This table contains all the needed data for Walker’s method
in terms of p; = J;/Jiot for 1D LRIM with PBC and ¢ = 0.1 for L = 12

i 1 2 3 4 5 6 7 8 9 10 11
p; | 0.120 | 0.093 | 0.085 | 0.082 | 0.080 | 0.079 | 0.080 | 0.082 | 0.085 | 0.093 | 0.120
P; | 1.000 | 0.925 | 0.937 | 0.898 | 0.880 | 0.874 | 0.880 | 0.898 | 0.937 | 0.907 | 0.910
A; - 1 11 11 11 11 10 2 1 1 1
In order to assign the A; properly one has to divide the p; in two blocks, those
P, > 1 and those P, < 1. The o denotes the last ¢ with P, > 1 and e the last with
P, <1
o [ J
i 1 2 10 11 9 8 7 6 5 4 3
P; | 1.321 | 1.027 | 1.027 | 1.321 | 0.937 | 0.898 | 0.880 | 0.874 | 0.880 | 0.898 | 0.937
The assignation of A;’s starts consecutively from the e following this step until the
e and o take the same place. The step is, giving a new F; to the element marked
with o, in our case i = 11, following P!, = P, — (1 — P,), then A, = o. And the e is
passed to the next left element. One performs this iteration until P, < 1, then o
goes to the next left element and so on. Here we have iterated until o was moved
to the ¢ = 10, giving for the four first P, < 1 elements the A, = 11.
@) [
i 1 2 10 11 9 8 7 6 5 4 3
P; | 1.321 | 1.027 | 1.027 | 0.910 | 0.937 | 0.898 | 0.880 | 0.874 | 0.880 | 0.898 | 0.937
A; 11 11 11 11
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oe
i 1 2 10 11 9 8 7 6 5 4 3
P; | 1.000 | 0.925 | 0.907 | 0.910 | 0.937 | 0.898 | 0.880 | 0.874 | 0.880 | 0.898 | 0.937
A; - 1 1 1 1 2 10 11 11 11 11

Following that criteria one finishes the alias table when the two dots coincide. As

optional once can set all the rest P, > 1 to 1. Indeed this tables is the same as

table[A.1]




Appendix B

Ewald sum method

Here, the Ewald sum method is explain in detail follow Ref. [98]. This methodology
to manage slow convergent sum has been used in this project in order to set up in
a proper way the PBCs for systems with LRIs. As we have seen, we had to modify
the coupling in Eq.(3.1) to Eq.(3.52). In this set up the LRIM Hamiltonian takes

the form of

S;S;
= — lim —_—t B.1
kl_>oo Z Z |r” + nL‘dJro' ( )

n=—k i<j

where r;; = r; —r; and the replicas were introduced through the termsn = ), n;é;
with n; € Z. They refer to the positions that the replicas take over along an infinite
space. In order to sum last expression, we use the properties of the complete and

incomplete gamma functions given respectively by

I(z) = / t"teTtdt = \* / t" teMdt, (B.2)
0 0

D(z,y) = / t"te~tdt. (B.3)
Y

We also consider the result for this exponential integral

p-atw? _ VT /

145

"y, (B.4)
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The Ewald method is implemented as follows. One identifies the and A = |r;;+nL|?

and = (d+ 0)/2 in Eq.(B.2). The isolating A one gets

1 1 % e | _p g
vi; + nLjHe F(d*—")/o Cre (B5)
P 2

In that sense the decaying interaction coupling including infinite number of replicas

looks like

1 1 > d+70_1 . 2
= —_— = t rytnlltgy  (B.6
\7] zn: ’rij + nL|d+0' Zn: I‘(dTJ) /0 : € ) ( )

2
1 /a dte 1 —|r;;4nL|%t
:E t 2 e uTnE L B.7
F(d 0') 0 ( )

n

1 e d+o 2
t72 ~lemIrgtnll®t gy B.8
b, (B3)

where the integral has been divided into two part of intervals [0, @] and [a?, 00).

One focuses on the second term given in Eq.(B.8), renaming r;; + nL|t = s. Thus

- HE2—1 o~ |rij+nL[’t 1 > Lo s
t 2 i dt = T LT ldio S dS
a2 ‘rij + IIL’ a2|r;;+nL|?

_ F(d+a o?|r;; +nLf?) (B.9)
|I‘” + nL|d+O‘ : :

In this manner the second term can be written in a compact form in terns of an
incomplete gamma function. The first term given in Eq.(B.7), is summed using

the Poisson-Jacobi formula [99]

| g : 2
Zef\rij+nL\t:ﬁ<§> Zelk-ref%, (B.10)

keR

with k = 27/Ln’ with n’ € N. Incorporating last result in Eq.(B.7)

2
1 @ dto _q *II‘Z"+1’1L|2t d+0 1 ik-r _k2
F(d+")/o Ry el = g (&) Z “eTedt.

2 2 kgR
(B.11)
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Simplifying this expression and if one applies the following change of variables

k’2

T = ts, one then writes

[NJisH

d
ik-r —ﬁ 2 ikry.o g k2
Z / 2 6 4tdt QULdFi Z /{ZF( 2,@)7

kE'R ER
(B.12)

I\D‘Jr

The terms has also been compacted in terms of incomplete gamma function, but
in the reciprocal space. The limit for k = 0 generates a independent factor that

will be included in the final result.

Merging all the computed integrals, the coupling finally is written as

1 F(‘”T”, o?|r;; +nL|?)
. B.13
To = Fw 2, (B13)
d d
T2 L. o k2 272
ikrpop(— 2 Ny L 2T (o], B.14
togepa2.© (=% a2 t o (B.14)

kER

The sum now is perform in the real and Fourier space with and extra does not
depend on ¢ and it rapidly converges. The distance a that splits the sum in order
to be able to perform this calculation has to be set according to the quantities d,

o, k and n. To estimate o one has to maximise the coupling. This is perform by

d

=Ty =0. (B.15)

The coupling can be written as

Jij = [(%2) [Z ¢+ Z O+ (I)IH] (B.16)

keR
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For each member one calculates its differentiate with respect to a. respectively

these are

d

b = — e~ IrigtaLl® yd+o—1 (B.17)
d ors a2

@CDH = Z;Td e*ﬁelma"’l, (B.18)
d s

— &y = 2—a° L. B.19
do " 7 (B-19)

Hence, the equation for whom root has to be found is

d d
g T2 _ k% T2
D D I Cats EUULEY
n k
During this search, one can realise that, indeed, the sum in the Fourier space for
the systems consider here can be neglected since by the fast decay suffered. The
n variable also decays very fast and only dozens of terms have to be take into

account.



Appendix C

Supplementary material

In this appendix and for the future reference, we present plots corresponding to
the 2D and 3D LRIM above d. for system with PBCc and FBCs. FSS is shown
for the following quantities: the shift, rounding, magnetization, susceptibility,
correlation length, correlation function, and non-zero modes. These quantities for
both, 2D and 3D LRIM, with PBCs are respectively illustrated from Fig. C.1 to
Fig. C.8. The same quantities for systems with FBCs are respectively plotted from
Fig. C.9 to Fig. C.16. We have also included the FSS of the non-zero modes of
the magnetization and the susceptibility for the 5D SRIM with PBCs and FBCs,

which are plotted in Fig. C.17.
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Figure C.1: FSS for the shift and rounding exponents above d. for the
2D LRIM with PBCs for two ¢ values 0.1 and 0.2. The top figure shows
that the pseudocritical points scale as t;, ~ L~! following the dashed
line. The bottom figure shows the scaling for the rounding, following
ATy ~ L' denoted by the dashed line. QFSS predictions match perfectly
such scaling behaviours. In the middle panel the ¢; has been normalised
by the predicted scaling t;, ~ L', and the y-axis have also been rescaled
by its corresponding w = 0.9 and 0.8 for 0 = 0.1 and 0.2 respectively. The

points follow the straight lines denoted by dashed lines.
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Figure C.2: FSS for the shift and rounding exponents above d,. for the 3D
LRIM with PBCs for two o values 0.1 and 0.3. The top figure shows that
the pseudocritical points scale as t;, ~ L3/2 following the dashed line.
The bottom figure shows the scaling for the rounding, following AT} ~
L~3/2 denoted by the dashed line. QFSS predictions match perfectly such
scaling behaviours. In the middle panel the ¢; has been normalised by the
predicted scaling t;, ~ L~3/?, and the y-axis have also been rescaled by
its corresponding w = 1.4 and 1.2 for ¢ = 0.1 and 0.3 respectively. The
points follow the straight lines denoted by dashed lines.
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Figure C.3: FSS for the magnetisation and susceptibility for the 2D LRIM
with PBCs for ¢ = 0.1 and 0.2. In the top image the magnetisation clearly
scales as my, ~ L~Y? following the dashed line. The bottom image shows
the susceptibility clearly scaling as xr ~ L' following the dashed line.
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Figure C.4: FSS for the magnetisation and susceptibility for the 3D LRIM
with PBCs for ¢ = 0.1 and 0.3. In the top image the magnetisation clearly
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Figure C.5: FSS for the correlation sector for the 1D LRIM. In the upper
image the correlation length clearly scales as &, ~ LY with ¢ = 10 for
the system with o 0.1 denoted by the short dashed line and ¢ = 5
for 0 = 0.2, denoted the long dashed line. The lower image shows the
correlation function scaling as G (L/2) ~ L~! for the dashed line. Both
are manifestly favour QFSS.
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Figure C.6: FSS for the correlation sector for the 1D LRIM. In the upper
image the correlation length clearly scales as &, ~ L with ¢ = 15 for
the system with ¢ = 0.1 denoted by the short dashed line and ¢ = 5
for o = 0.3, denoted the long dashed line. The lower image shows the
correlation function scaling as G',(L/2) ~ L~%?2 for the dashed line. Both
are manifestly favour QFSS.
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Figure C.7: F'SS in the magnetisation sector for non-zero modes for the 2D
LRIM with PBCs. In the top image the first magnetisation mode clearly
scales as mTL ~ L=(2-9)/2_In the bottom image the first susceptibility mode
clearly scales as XTL ~ L7. Both manifestly in favour of GFSS instead of
the standard FSS.
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Figure C.8: FSS in the magnetisation sector for non-zero modes for the 3D
LRIM with PBCs. In the top image the first magnetisation mode clearly
scales as mE ~ L=3=9)/2 Tn the bottom image the first susceptibility mode
clearly scales as XTL ~ L?. Both manifestly in favour of GFSS instead of

the standard F'SS.
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Figure C.9: FSS for the shift and rounding exponents above d. for the
2D LRIM with FBCs for two o values 0.1 and 0.2. Top figure shows that
the pseudocritical points 17, scale as T, — T, ~ L7 following the dashed
lines. The bottom figure shows the scaling for the rounding, both scaling
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Figure C.10: FSS for the shift exponent above d. for the 3D LRIM with
FBCs for two o values 0.1 and 0.3. The figure shows that the pseudocritical
points T}, scale as T, — T, ~ L7 following the dashed lines.
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Figure C.11: FSS for the magnetisation sector for the 2D LRIM with
FBCs. In the top image the magnetisation clearly scales as my ~ L~/
at Tp, and mTL ~ L=(2=9)/2 at T.. In the bottom image the susceptibility
clearly scales as x; ~ L at T, and XTL ~ L% at T.. These results are in

favour of QFSS at 77, and GFSS at T..
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Figure C.12: FSS for the magnetisation sector for the 3D LRIM with
FBCs. In the top image the magnetisation clearly scales as my ~ L™3/4
at T, and mTL ~ L=6=9)/2 at T.. In the bottom image the susceptibility
clearly scales as y; ~ L%? at T;, and XTL ~ L7 at T.. These results in

favour of QFSS at 77, and GFSS at T..
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Figure C.13: FSS for the correlation sector for the 1D LRIM. In the
upper image the correlation length clearly scales as &, ~ LY with ¢ = 15
for the system with ¢ = 0.1 denoted by the short dashed line and ¢ = 5
for o = 0.3, denoted the long dashed line. The lower image shows the
correlation function scaling as G1,(L/2) ~ L~%?2 for the dashed line. Both
are manifestly favour QFSS.
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Figure C.14: FSS for the correlation sector for the 1D LRIM. In the
upper image the correlation length clearly scales as &, ~ LY with ¢ = 15
for the system with ¢ = 0.1 denoted by the short dashed line and ¢ = 5
for o = 0.3, denoted the long dashed line. The lower image shows the
correlation function scaling as G',(L/2) ~ L~%?2 for the dashed line. Both
are manifestly favour QFSS.
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Figure C.15: FSS in the magnetisation sector for non-zero modes for the
2D LRIM with FBCs. In the top image the first magnetisation mode
clearly scales as mTL ~ L=(279)/2_In the bottom image the first suscepti-
bility mode clearly scales as XTL ~ L?. Both manifestly in favour of GFSS
instead of the standard FSS.
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Figure C.16: FSS in the magnetisation sector for non-zero modes for the
3D LRIM with FBCs. In the top image the first magnetisation mode
clearly scales as m! ~ L=(3-9)/2_ In the bottom image the first suscepti-
bility mode clearly scales as XTL ~ L?. Both manifestly in favour of GFSS
instead of the standard F'SS.
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Figure C.17: FSS in the magnetisation sector for non-zero modes for the
3D LRIM with FBCs. In the top image the first magnetisation mode
clearly scales as mTL ~ L=3/2. In the bottom image the first susceptibility
mode clearly scales as XTL ~ L?. Both manifestly in favour of GFSS instead
of the standard FSS.
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