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CHAPTER 1

Introduction

Nonlinear problems such as those that naturally arise from geometry and

physics like the study of geodesics, minimal surfaces, harmonic maps, conformal
metrics with prescribed curvature, Hamiltonian systems, solutions of boundary
value problems and Yang-Mills fields, can all be characterised as critical points u
of some functional F' on an appropriate space X, i.e., F/(u) = 0. So one is con-
cerned with problems of existence, location, multiplicity and qualitative properties
of critical points in such contexts and how they relate to the (weak) solutions they
represent for the corresponding Euler-Lagrange equations.
The points of maxima or minima, if it exists, are the simplest example of critical
points for F. In general the functional F' maybe unbounded on X or it may not
achieve maximum or the minimum value(s). Locating critical levels for a smooth
functional F on a space X essentially reduces to capturing the changes in the topol-
ogy of the sublevel sets F, = {x € X : F(z) < a} as a varies in R. Under the right
conditions on F', classical Morse theory states that a non-trivial topology between
F, and Fj should detect a critical level ¢ between a and b. The next simplest
example short of considering minimisation consists of taking two points ug and u
both lying below level a which are not connected in F,, but become so if one can
climb above that level. This means that the the sublevels F,, and F; have different
topologies for some b > a and this yields a critical point ¢ between levels a and
b. This setting is often called the Mountain-Pass Principle since in practice one
insures that the two villages are disconnected below level a by showing that they
are separated by a mountain range with minimal altitude exceeding a.

The above proposition identifies a potential critical level. The problem of ex-
istence of a critical point then reduces to proving that a sequence (x,,) satisfying

lim F(z,,)=cand lim ||F'(z)| = 0isrelatively compact in X. This is usually
m—r o0 m—r oo

where the hard analysis is needed. Any function possessing such a property is said
to satisfy the Palais-Smale condition at level ¢, in short (PS),.

In this memoir we study some variational elliptic partial differential equations with-
out the compactness property as described above. In problems of these kind one
encounters a blow-up phenomenon caused by scale and conformal invariance, which
makes it non-compact. However, this lack of compactness is not always the final
word and a finer analysis of the behavior of non-compact sequences may provide
us with some new conditions that could prevent such an eventuality. As a model
case, one can think of the well studied stationary Schrédinger equation

Au+hu:\u|ﬁu in Q
u=0 on 0N
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where A := —div(V) is the Laplacian operator with negative sign convention, {2
is a bounded smooth domain in R™ or a closed Riemannian manifold of dimension
n >3 and h € C1(Q).

Broadly speaking, this memoir is divided into two parts.

Part 1: We analyse the question of existence for some Polyharmonic boundary
value problems with critical Sobolev growth on a compact Riemannian
manifold.

Part 2: Here we do a blow-up analysis of the nonlinear elliptic Hardy-Sobolev
equation with critical growth and vanishing boundary singularity.

We give a quick overview of these topics, providing also an outline of the content
of this memoir.

Part 1

Let M be a closed manifold of dimension n > 3 and let k£ be a positive integer
such that 2k < n. In recent years, there have been extensive study of the relation-
ship between the conformally covariant operators, that is, operators which satisfy
some invariance property under conformal change of metric on M, their associated
conformal invariants, and the study of the related partial differential equations.
In their celebrated work Graham-Jenne-Mason-Sparling [27] provided a systematic
construction of a family of conformally covariant operators (GJMS operators for
short) based on the ambient metric of Fefferman-Graham [18]. More precisely, let
M be the set of Riemannian metrics on M, then for all g in M, there exists a
local differential operator Py : C°°(M) — C>(M) such that Py = A% 4 l.0.t where

Ay = —divy(V), and, given u > 0, u € C*°(M) and defining § = uﬁg, one has
(1.1) Py(p) = u= w2k Py (ug) for all g € C*°(M).

Moreover, Py is self-adjoint with respect to the L2 —scalar product. A scalar invari-
ant is associated to this operator, namely the @-curvature, denoted as Q),. When
k =1, P, is the conformal Laplacian and the @Q-curvature is the scalar curvature
multiplied by a constant. When k = 2, P, is the Paneitz operator introduced in
[40]. The Q-curvature was introduced by Branson and Orsted [9] and later gener-
alised by Branson[7,8]. In the specific case n > 2k, we have that Q, := —2-P,(1).

Then, taking ¢ = 1 in (1.1), we get that Pyu = "EQngu% on M. Therefore,
prescribing the @Q—curvature in a conformal class amounts to solving a nonlinear
elliptic partial differential equation of 2k** order. Results for the prescription of the
(Q—curvature problem for the Paneitz operator (namely k = 2) are in Djadli-Hebey-
Ledoux [16] and Esposito-Robert [17] for instance. Recently, Gursky-Malchiodi
[28] proved the existence of a metric with constant QQ—curvature (still for k = 2)
provided certain geometric hypotheses on the manifold (M, g) holds. These hy-

potheses have been simplified by Hang-Yang [31].

This leads us to investigate the existence of u € C*°(M), u > 0, given f € C>*(M),
such that

(1.2) Py = f’uQi*l in M,
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where 251 = 2 and P: C®°(M) — C>(M) is a smooth self-adjoint 2k-th order

n—2k
partial differential operator defined by
k—1
(13) Pu = Azu + Z(—l)lvﬂjl (Alil‘_,ihjl”_jlvil'““u)
1=0
here the indices are raised via the musical isomorphism and for all € {0, ..., k—1},

Ay is a smooth symmetric T9-tensor field on M (that is: 4;(X,Y) = A/(Y, X) for
all T}-tensors X,Y on M). When P := P,, then (1.2) is equivalent to saying that
Qs = 27 f with § = == g,

Equation (1.2) has a variational structure. Since P is self-adjoint in L2, we have
that for all u,v € C°(M).

k—1

/uP(v) dvg = /vP(u) dvg = /AZ/QuA’g“/Qv dvg—l—Z/Al(Vlu,Vly) duy

M M M 1=0jy
where

A2y { A if I = 2m is even
g VATw ifl=2m+11is odd
If P is coercive and f > 0, then, up to multiplying by a constant, any non-trivial
solution u € C*°(M) to (1.2) is a critical point of the functional
J uP(u)dvy

(1.4) ur Jp(u) = M

2/2%
(ffu|2uk dvg>
M

The natural space to study Jp is the Sobolev space H ,3 (M); where for 1 <1 <
k, H?(M) is the completion of C°°(M) with respect to the u ZL:O IVul|2.
Equivalently (see Robert [43]), H?(M) can also be seen as the completion of the
space C*°(M) with respect to the norm

l
2
fulli =Y [ 18572 d,

a:()M

By the Sobolev embedding theorem we get a continuous but not compact embedding
of H(M) into L% (M). The continuity of the embedding HZ (M) < L% (M) yields
a pair of real numbers A, B such that for all u € HZ(M)

2 2
(15) a2, <A [ 1852 do, + Bl
M

Following the terminology introduced by Hebey [32], we then define
A(M) :=inf{A € R: 3 B € R with the property that inequality (1.5) holds}
As in the classical case k = 1, the value of A(M) depends only on k and the
dimension n. More precisely, we let 2%2(R") be the completion of C2°(R") for the
norm u > ||AF/2ul|p2(gn, and define Ko(n, k) > 0
1 e Jrn | AR/ 2 da:

1.6 —_— = in
(1.6) Ko(n, k) ueZk2(Rm)\{0} (f |u|2?c dsr:) i
R’n
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as the best constant in the Sobolev’s continuous embedding 2%2(R") < L% (R™).
It follows from Lions [36], Ge-Wei-Zhou [20], that the extremal functions for the
Sobolev inequality (1.6) exist and are exactly multiples of the functions

A

"3
1+)\|—|> ©ERLAZO

Ua)\ = Qn k (

where «, ;s are explicit.

For polyharmonic operators on a compact Riemannian manifold we obtain the
following best constant result:

Theorem 1.1. (Mazumdar [37], see Chapter 2) Let (M, g) be a smooth, com-
pact Riemannian manifold of dimension n and let k be a positive integer such that
2k < n. Then A(M) = Ko(n,k) > 0. In particular, for any ¢ > 0, there exists
B, € R such that for all uw € H}(M) one has

2
ofF
([ 1) < o+ o) [ 18520 vy + 5. ol
M

As a consequence of this result, we obtain a description of noncompact bounded
families in HZ(M). This is the extension of the PL Lions concentration compactness
lemma for Riemannian manifolds:

Theorem 1.2. (Mazumdar [38], see Chapter 2) Let (M, g) be a smooth, com-
pact Riemannian manifold of dimension n and let k be a positve integer such that
2k < n. Suppose (u,) be a bounded sequence in H (M) such that p, — u weakly
n M

(a) um —u weakly in HE(M)

(b) pim = |A]g€/2um|3 dvg — (1 weakly in the sense of measures
(¢) vm = |um|2nk dvg — v weakly in the sense of measures

Then we have:
(i) There exists an at most countable index set Z, a family of distinct points
{z; € M : i € I}, families of nonnegative weights {c,; : ¢ € I} and
{Bi 11 € I} such that

(1.7) v =lul% + " b,
€L
(1.8) p = AR+ " Bid,,
€T

where d, denotes the Dirac measure concentrated at x € M with mass
equal to 1 .

(ii) In addition we have for alli € T
:
(1.9) a?'*k < Ko(n, k) Bi

. 2/2%
In particular )" a;" ™ < 0.
i€l
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8
(iii) Furthermore, if u =0 and V(M)2/2’“ > Ko(n, k) p(M), then v is concen-
trated at a single point.

Another consequence of A(M) = Ky(n,k) is the existence of minimum energy
solutions to (1.2) when the functional Jp goes below a quantified threshold (see
Theorem 1.3 below). In general the conformal covariance of the geometric operator
P, yields obstruction to the existence of solutions to (1.2). In particular, it follows
from [12] that on the canonical sphere (S™, can), there is no positive solution u €
C*(S™) to the equation Peanu = (1+ ego)uQi*l , for all € # 0 and all first spherical
harmonic ¢.

We remark that any weak solution to equation (1.2) is infact a classical solution.
The proof (Mazumdar [37], see Chapter 2) is based on the ideas developed by Van
der Vorst [49]. Concerning the existence of weak solutions to equation (1.2) we first
look for minimizers of the functional Jp. The result we obtain in this direction (in
the spirit of Aubin) is

Theorem 1.3. (Mazumdar [37], see Chapter 2) Let (M, g) be a compact Rie-
mannian manifold of dimensionn > 2k, with k > 1. Let P be a differential operator
as in (1.3) and let f € C%%(M) be a Hélder continuous positive function. Assume
that P is coercive on HE o(M). Suppose that

inf / uP(u) dvg <
M

ueNy

(supyy f)* Ko(n, k)

where
Ny :={ue HE(M): /f \u|2i dvg =1}
M
Then there exists a minimizer u € Ny. Moreover, up to multiplication by a constant
u € C?*(M) is a solution to
Pu= fu2nk_1 in M.

In addition, if the Green’s function of P on M with Dirichlet boundary condition
is positive, then upto changing sign u > 0 is a classical solution to

Pu = fuzﬁk_1 in M.

In a remarkable result first Coron [11], and then Bahri-Coron [5] showed that the
topology of the domain plays a role in proving the existence of solutions to equations
like (1.11) when k = 1. Coron [11] showed that the equation

n+2
Ay =un-2 in
u>0 in
u=20 on 0f)
always admits a solution if the bounded smooth domain Q C R™ n > 3, has
a sufficiently small hole. Here A = —)".0;; is the Laplacian with minus sign

convention. The idea of the proof is to argue by contradiction and to use a minimax
method for the corresponding energy functional J, based on a set T' of non-negative
functions which are homeomorphic to the (n — 1) dimensional sphere ¥ around a
point in Q. The set T' is contractible in the positive cone in H? (). So if the
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above equation does not admit a solution, then under certain conditions such a
contraction of T' in H 1270(9) will induce a contraction of ¥ in €2, giving the desired
contradiction.

Infact Bahri-Coron [5] showed that the effect of topology is much stronger,
and extended the Coron’s result for the case when {2 has a non-trivial topology
(homology). We note that the solutions obtained by these topological methods are
in general not a minimiser of the corresponding energy functional Jp. The result
of Coron [11] has been generalised for the polyharmonic case by Ge and al. [20],
and Weth and al. [6] for domains in R™. The next theorem proved in [37] is in this
spirit:

Theorem 1.4. (Mazumdar [37], see Chapter 2) Let (M, g) be a smooth, com-
pact Riemannian manifold of dimension n and let k be a positive integer such that
2k <n. We let P be a coercive operator as in (1.3). Let vy > 0 be the injectivity ra-
dius of the manifold M. Suppose that the manifold M contains a point xo such that
the embedded (n — 1) dimensional sphere Sy (t4/2) :={x € M/dy(x,x0) = 14/2} is

not contractible in M\{xo}. Then there exists eg € (0,%) such that the equation

#_ .
(1.10) Pu=pufi?u in
D% =0 on Iy for |a] <k-1

has a non-trivial C**(Qar) solution for Qpr := M\ B,,(eo). Moreover, if the Green’s
Kernel of P on Qyy is positive, then we can choose u > 0.

In the original result of Coron [11] and its subsequent generalisations by Ge and
al. [20], and Weth and al. [6] (for k > 1) the authors work with a smooth domain
in R™ and assume that it has a small “hole”. In the context of a compact manifold,
this assumption is not enough: indeed, the entire compact manifold minus a small
hole might retract to a point. In section 7 of Chapter 2, we show that, in the case
of the canonical sphere the existence of a hole is not sufficient to get solutions to
equation (1.11), showing that the hypothesis of Theorem 1.4 is necessary.

One can also let (M, g) to be a smooth, compact Riemannian manifold of dimension
n with boundary. By this we understand that M is a compact, oriented submanifold
of (M ,g) which is itself a smooth, compact Riemannian manifold without boundary
and with the same metric g and dimension n. As one checks, this includes smooth
bounded domains of R®. When the boundary OM # (), we let v be its outward
oriented normal vector in M. Then in addition to equation (1.2) one can also
consider the following general boundary value problem on M

(1.11) Pu=fluf*2u M
0%u =0 on OM for |a| <k-1.

where f € C%?(M) is a Hélder continuous function.

The Hilbert space H,f,o(M ) is similarly defined as the completion of the space
C2° (M) with respect to the norm ||- H?{% as defined earlier. We say that u € H%O(M)
is a weak solution of equation (1.11) if

k—1
/ AE2u, AF2 dvy + 3 / ATV ) duy = / F 12 wp v,
M 1=0 /M M
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for all ¢ € Hf(M). The functional Jp is well defined on H} (M) \ {0} and
its critical points corresponds to weak solutions of (1.11). Any weak solution to
equation (1.11) is again a classical solution(see Chapter 2: Regularity) .

One can also consider the free functional

1 1 §
Ip(u) := 3 /uP(u) dvg — — /f\u|2k dvg
QkM

M

on H}, o(M). Critical points u € H ,(M) of Ip are again weak solutions to equation
(1.11).

Definition 1.0.1. Let (X, ||-||) be a Banach space and F € C(X). A sequence
(um) in X is said to be a Palais-Smale sequence for F' if (F'(um))m has a limit in
R when m — +o0o, while DF (u,) — 0 strongly in X' as m — +oo.

In [38] we describe the lack of relative compactness of Palais-Smale sequences for

Ip, which is due to the noncompact embedding H (M) — L% (M). We obtain
a characterization of the Palais-Smale sequences for Ip as a sum of bubbles plus a
critical point of Ip (which can be trivial), a result in the spirit of Struwe’s celebrated
1984 result. We consider Riemannian manifolds with or without boundary. The
main idea is that often a non-convergent Palais-Smale sequence (u,,) or a blown
up version of it splits up into a piece that converges weakly to a solution of the
original problem ug and another one that converges to solutions of a closely related
limiting problem. This is a very powerful result which is often used to show the
existence of solutions to a variational problem.

In our case, because of the higher order of the polyharmonic operator, unlike
the classical case of the Laplace operator (k = 1), in general there might be bubbles
approaching the boundary of the domain, and this generates special type of bubbles
which are solutions to the rescaled equation in the half space.

For  any open domain of R™, we let DZ(Q2) be the completion of C°(€2) for the
norm u — ||A*/24|5. The limiting equations of (1.11) are

(1.12) Aky = |u\2£72u in R"”, u € Di(R")
]
AFy =|u>**u inR" 2 (mn
1.13 =L ueDrre
(1.13) { 8ou =0 on orr [ € PHERD)

where A := A, is the Laplacian on R™ (with the minus sign convention) endowed
with the Euclidean metric Eucl. Associated to the functional Ip is the limiting
functional

1

1
E(u) = 5/ (A*/20)2 da — 27/ \u|2i dx for all u € Di(R™).
n k n

The full H?—decomposition of the Palais-Smale sequences for the functional Ip is
given by the following theorem

Theorem 1.5. (Mazumdar [38], see Chapter 3) Let (u,) be a Palais-Smale
sequence for the functional Ip on the space H,f}O(M). Then there exists d € N
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bubbles [(x%)),(r%)),u(j)], Jj=1,...d, there exists us € Hl%,o(M) a solution to
(1.11) such that, up to a subsequence,

d
U = Uso + Zleﬁi)m(i)(u(])) + o(1) where mlirilm o(1) =0 in H,iO(M)
j=
and
d .
Ip(um) = Ip(uce) + Z EwY) 4+ 0(1) asm — +oo.
j=1

for definition of bubbles see: section 2 of Chapter 3. As one checks, for any non-
trivial weak solution u € D7 (R") of (1.12) or (1.13)

(1.14) E(u) > Bt = %Ko(mk)—n/zk

When the Palais-Smale sequence is nonnegative, the bubbles are indeed positive
and correspond to positive solutions of (1.12). We then have:

Theorem 1.6. (Mazumdar [38], see Chapter 3) Let (u,) be a Palais-Smale
sequence for the functional I, on the space H,iO(M). We assume that u,, > 0 for
allm € N. Then there exists us € le,o(M) a solution to (1.11), there exists d € N
sequences ! (xgrlt))a e (95%)) €M, (7"7(71)), cees (7“7(7?)) € (0,+00) such that r =0

and r%) = o(d(xSfL), OM)) asm — 400 for all j =1,...,d, and up to a subsequence,

n—2k
2

d (4)
i T'm
U = Uoo + Y 7 (F9)eap™ L (1)) ann , , +0(1)
t ; (e ) o (ri)2 + dy (- 222

where limyy, 5400 0(1) = 0 in HY o(M), and 1 is a smooth cut-off function and #) s

are such that for all j =1,....d

J . i OM
lim -2 =0 and 7 < dy(va, OM)
a—+o0o ’Fé 2
Moreover,
Ip () = I(uso) + dB* + o(1)  as m — 400
where 3% is as in (1.14).

When k& =1 and M is a smooth bounded domain of R™, Theorem 1.5 is the pio-
neering result of Struwe [46]. There have been several extensions. Without being
exhaustive, we refer to Hebey-Robert [33] for £ = 2 and manifolds without bound-
ary, Saintier [45] for the p—Laplace operator, El-Hamidi-Vétois [29] for anisotropic
operators and Almaraz [2] for nonlinear boundary conditions. When the manifold is
the entire flat space R"™, the decomposition is in the monograph by Fieseler-Tintarev
[48].

Palais-Smale sequence are produced via critical point techniques, like the Mountain-
Pass Lemma of Ambrosetti-Rabinowitz [3] or other topological methods (see for
instance the monograph Ghoussoub [21] and the references therein).

For general higher-order problems, we also refer to Bartsch-Weth-Willem [6], Pucci-
Serrin [41], Ge-Wei-Zhou [20], the general monograph Gazzola-Grunau-Sweers [19]
and the references therein.
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These works are the object of my following two papers (submitted)

[37] GJMS-type Operators on a compact Riemannian manifold: Best constants
and Coron-type solutions. See Chapter 2 of this memoir.

[38] Struwe’s decomposition for a Polyharmonic Operator on a compact Rie-
mannian manifold with or without boundary. See Chapter 3 of this mem-
oir.

Part 2

Let 2 be a bounded smooth oriented domain of R™, n > 3, such that 0 € 9Q2. We
define the Sobolev space H? () as the completion of the space Cg°(Q2), the space
of compactly supported smooth functions in €2, with respect to the norm

JulFy o = [ 17 do
Q

We let 2% := 22 be the critical Sobolev exponent for the embeding H?(Q) —
LP(Q)). Namely, the embedding is defined and continuous for 1 < p < 2%, and it is
compact iff 1 < p < 2*. Let a € C'(Q) be such that the operator A + a is coercive

in Q, that is, there exists a constant Ay > 0 such that for all ¢ € H{ (Q)

(1.15) /<|V<p|2+a<p2) dx > A0/<p2 dx

O Q
Solutions u € C?(2) to the problem

Au+a(z)u=u*"1 inQ
(1.16) u>0 in Q
u=0 on 0N

(often referred to as ”Brezis-Nirenberg problem”) are critical points of the func-
tional
[ (IVu]? + au? ) do
w2 ,

272"
(f1uf o)
Q

and a natural way to obtain such critical points is to find minimizers to this func-
tional, that is to prove that

J(IVul* + au? ) dx
1.17 () = inf 2
(L17) () wEH? (@0} 2/2
<f|u 2 dac)
Q

is achieved. There is a huge and extensive litterature on this problem, starting
with the pioneering article of Brezis-Nirenberg [10] in which the authors completely
solved the question of existence of minimizers for u,(€2) when a is a constant and
n > 4 for any domain, and n = 3 for a ball. Their analysis took inspiration from
the contributions of Aubin [4] in the resolution of the Yamabe problem. The case
when a is arbitrary and n = 3 was solved by Druet [13] using blowup analysis.
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In [25] and [24], Ghoussoub-Yuan and Ghoussoub-Kang suggested to approach the
minimisation problem by adding a singularity in the equation as follows. For any
s €0,2), we define

2%(s) = 72(:__ ;)

so that 2* = 2*(0). Weak solutions u € H{ (€2)\{0} to the problem

u2*(s)—1

Au+ a(x)u = ik in Q
u>0 in
u=20 on 0f).

Note here that 0 € 9 is a boundary point. Such solutions can be achieved as
minimizers for the problem

[ (|Vul* + au? ) da
(1.18) fhs,a(§2) = £

for s € (0,2)

inf
wEHE (OO} (e \ PP
(455 o)

[]*

Consider a sequence of positive real numbers (s,).~¢ such that lir% se = 0. We let
e—

(ue)eso € C? (2\{0}) N C* (Q) such that

u2*(55)—1
Au, + aue = 2T in Q,
(1.19) ue >0 in Q,
ue =0 on 0f).

Moreover, we assume that the (u.)’s are of minimal energy type in the sense that
J (IVuel* + au? ) dx
Q

(1.20) 75 = Heea(Q) <

e |2 (50)
( J R dz
Q

as € — 0, where K (n,0) > 0 is the best constant in the Sobolev embedding which
can be characterised as

1
K(n,0)

+o(1)

[ |Vul? dx
(1.21) L inf B
' K(n,0)  uez2(Rm)\{0} 2/2"
( [ ul? dx)
RTL

Indeed, it follows from Ghoussoub-Robert [22,23] that such a family (uc). exists if
the mean curvature of 92 at 0 is negative.

The lack of compactness of the critical Sobolev embeddings potentially generates a
noncompactness of families of solutions to equations like (1.16). When a family is
not relatively compact, we say that it is a blow up sequence. In the past years, there
has been a considerable abundance of descriptions of blowing-up sequence, starting
with the description in the sense of measures by Lions [36] and the description of
Palais-Smale sequence by Struwe [46] that we have discussed in the first part of
this memoir. Other classical references for the blow-up analysis of nonlinear critical
elliptic pdes are Rey [42], Adimurthi- Pacella-Yadava [1], Druet-Robert-Wei [15],
Han [30], Hebey-Vaugon [34] and Khuri-Marques-Schoen [35]. In particular, for
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sequences of solutions, the optimal pointwise control of blow up is in Druet-Hebey-
Robert [14]. The analysis of the 3D problem by Druet [13] and the monograph
[14] by Druet-Hebey-Robert were important sources of inspiration.

Here, we are interested in studying the asymptotic behavior of the sequence (u¢)eso
as € — 0. As proved in Proposition 3.2 of [39], if the weak limit ug of (u¢)e in
H 1270(9) is nontrivial, then the convergence is indeed strong and ug is a minimizer
of 114(€2). In the spirit of the C®—theory of Druet-Hebey-Robert [14], our first
result is the following:

Theorem 1.7. (Mazumdar [39], see Chapter 4) Let  be a bounded smooth
oriented domain of R™, n >3 , such that 0 € 99, and let a € C*(Q) be such that
the operator A + a is coercive in Q. Let (S¢)eso € (0,2) be a sequence such that
!i_r)r(l) se = 0. Suppose that the sequence (ue)..o € H7 (), where for each e > 0, u.

satisfies (1.19) and (1.20), is a blowup sequence, i.e
ue—0 weakly in Hf () as € =0

We rescale and define

ve(z) = Ue(2e + kew) forz € Te
ue(ze) .
where .
ke = |x5\%€u676
and L
pe 2 =uc(xe) = I;léig)z(ue(a?)

Then there exists v € C(R™) such that v # 0 and for any n € CZ(R™)
NVe — MU weakly in HE(R™) ase—0
and
Ve —> v in CL.(R™) as € — 0

Further v(0) = 1 and it satisfies the equation

{ Av =p? 1 in R"

v>0 mn R"

Next we obtain strong pointwise control

Theorem 1.8. (Mazumdar [39], see Chapter 4) Let Q be a bounded smooth
oriented domain of R™, n >3 , such that 0 € 0%, and let a € C*(Q) be such that
the operator A + a is coercive in Q. Let (s¢)eso € (0,2) be a sequence such that
lirr(l) se = 0. Suppose that the sequence (uc) o € H7 (), where for each € >0, u.

—
satisfies (1.19) and (1.20), is a blowup sequence, i.e

ue — 0 weakly in H12,0(Q) as € —=0
Then, there exists C > 0 such that

n—2

uc(x) < C (Mﬁ) for all x € Q

pE + |z — zf?
where

pe 7 = ue(ze) = maxue(z).
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Theorem 1.8 asserts that the pointwise control is the same as the control of the
classical problem with s, = 0: however, to prove this result, we need to perform a
very delicate analysis of the blowup with the perturbation s, > 0.

With this optimal pointwise control, we are able to obtain more informations on
the localization of the blowup point x¢ := lim. oz, and the blowup parameter
(pe)e- Welet G*: Q x Q\ {(z,2) : @ € Q} — R is the Green’s function of the
coercive operator A + a in  with Dirichlet boundary conditions. For any =z € Q
we write G as:

1
(n = 2)wn |z —y

Galy) = iz )

where w,,_1 is the area of the (n — 1)- sphere. In dimension n = 3 or when a = 0,
one has that g¢ € C2(Q\ {z}) N C%%(Q) for some 0 < # < 1, and g° is called
the regular part of the Green’s function G*. In particular, when n = 3 or a = 0,
mz(2,a) = g%(x) is defined for all x € Q and is called the mass of the operator
A +a.

Theorem 1.9. (Mazumdar [39], see Chapter 4) Let Q be a bounded smooth
oriented domain of R™, n > 3 , such that 0 € 9Q, and let a € C*(Q) be such that
the operator A + a is coercive in Q. Let (S¢)eso € (0,2) be a sequence such that
hH(l) sc = 0. Suppose that the sequence (ue) o € Hf o(Q), where for each € > 0, u.

satisfies (1.19) and (1.20), is a blowup sequence, i.e

ue — 0 weakly in H12,0(Q) as € =0
We let (pe)e € (0,4+00) and (z¢). € Q be such that
n—2

2 =y (z) = maxu.(x).

He €0

We define xqg := lim¢_,q x.

Suppose
xo €  is an interior point.
Then

lim i =2"K(n, 0)23712% a(xo) for n>5
e—0 ,u,

lim ——— = 256w3 K (4,0)> =4
e w2 log (1/1e) ws K (4,0)7 alwo) Jor m

Se _ 2 n/2 a _ —
21_1% Pk —nb? K (n,0)"/ 9z (T0) forn=3 ora=0.

where g5 (xo) the mass at the point xo € 2 for the operator A + a,

1 1
dn:/ o — dx forn>5; b, = m2
(14 ) i (14 72ty)

n(n—2) n(n—2)

dx

and w3 is the area of the 3- sphere.

Suppose
lim x, = xg € 0.
e—0
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Whenn =3 ora=0, then as e — 0
lim sed(ze, O)"2  n"(n —2)" 1K (n,0)" 2w, .

e—0 M?72 on—2

Moreover, d(ze,0Q) = (1 + o(1))|z| as € = 0. In particular xq = 0.

Indeed, we also tackle the general case n > 4 or a #Z 0. The detailed results are in
Theorems 4.3 and 4.10 of Chapter 4.

The main difficulty in our analysis is due to the natural singularity at 0 € 9€2. In-
deed, there is a balance between two facts. First, since s, > 0, this singularity exists
and has an influence on the analysis, and in particular on the Pohozaev identity.
But, second, since s — 0, the singularity should cancel, at least asymptotically. In
this perspective, our results are twofolds.

The influence and the role of s, > 0 is much more striking. Compared to the
case s = 0, there is an additional term in the Pohozaev identity involving s..
Heuristically, this is due to the fact that the limiting equation Ay = |z|~*u? (¥)-1
is not invariant under the action of the translations when s > 0.

This part is the subject of my work:

[39] Blow-up Analysis For a Sequence of Solutions of The Critical Hardy-
Sobolev Equations. See Chapter 4 of this memoir.

Regarding notation, we tried to make it as much unified as possible. Nevertheless,
the main specific notation will be introduced chapter by chapter.
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Part 1

Polyharmonic operators on
Riemannian manifolds






CHAPTER 2

GJMS-type Operators on a compact Riemannian
manifold: Best constants and Coron-type solutions

ABSTRACT. In this chapter we investigate the existence of solutions to a non-
linear elliptic problem involving critical Sobolev exponent for a polyharmomic
operator on a Riemannian manifold M. We first show that the best constant
of the Sobolev embedding on a manifold can be chosen as close as one wants
to the Euclidean one, and as a consequence derive the existence of minimizers
when the energy functional goes below a quantified threshold. Next, higher en-
ergy solutions are obtained by Coron’s topological method, provided that the
minimizing solution does not exist. To perform this topological argument, we
overcome the difficulty of dealing with polyharmonic operators on a Riemann-
ian manifold and adapting Lions’s concentration-compactness lemma. Unlike
Coron’s original argument for a bounded domain in R™, we need to do more
than chopping out a small ball from the manifold M. Indeed, our topological
assumption that a small sphere on M centred at a point p € M does not re-
tract to a point in M\{p} is necessary, as shown for the case of the canonical
sphere where chopping out a small ball is not enough.

2.1. Introduction

Let M be a compact manifold of dimension n > 3 without boundary. Let k be
a positive integer such that 2k < n. Taking inspiration from the construction of
the ambient metric of Fefferman-Graham [15] (see [16] for an extended analysis of
the ambient metric), Graham-Jenne-Mason-Sparling [19] have defined a family of
conformally invariant operators defined for any Riemannian metric. More precisely,
for any Riemannian metric g on M, there exists a local differential operator Py :
C>(M) — C°°(M) such that P, = A% + lot where A, := —divy(V), and, given
u € C°(M) and defining § = uﬁ% we have that

(2.1) Py(p) = u_:irig’tPg (uyp) for all ¢ € C°(M).

Moreover, P, is self-adjoint with respect to the L?—scalar product. A scalar in-
variant is associated to this operator, namely the ()—curvature, denoted as @, €
C>°(M). When k = 1, Py is the conformal Laplacian and the Q—curvature is the
scalar curvature multiplied by a constant. When k = 2, P, is the Paneitz operator
introduced in [29]. The Q—curvature was introduced by Branson and Qrsted [10].
The definition of (), was then generalized by Branson [8,9]. In the specific case
n > 2k, we have that Q4 := —%-P,(1). Then, taking ¢ =1 in (2.1), we get that
Pyu = "’22’“ qu% on M. Therefore, prescribing the Q—curvature in a conformal
class amounts to solving a nonlinear elliptic partial differential equation(PDE )of

2kt" order. Results for the prescription of the Q—curvature problem for the Paneitz

21
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operator (namely k = 2) are in Djadli-Hebey-Ledoux [13], Robert [31], Esposito-
Robert [14]. Recently, Gursky-Malchiodi [20] proved the existence of a metric with
constant @@—curvature (still for & = 2) provided certain geometric hypotheses on
the manifold (M, g) holds. These hypotheses have been simplified by Hang-Yang
[21] (see the lecture notes [22])

In the present chapter, we are interested in a generalization of the prescription of
the Q—curvature problem. Namely, given f € C°° (M), we investigate the existence
of u e C*(M), u > 0, such that

(2.2) Py = fuzi*1 in M,

where 2&1 =2 and P: C>®°(M) — C*(M) is a smooth self-adjoint 2k order

partial differential operator defined by

k-1
(2.3) Pu=Akbu+ > (=)' (Ai(9)iy iy g V)
1=0
where the indices are raised via the musical isomorphism and for all I € {0,...,k—

1}, Ai(g) is a smooth symmetric T9-tensor field on M (that is: A;(g)(X,Y) =
Ai(g)(Y, X) for all T{-tensors X,Y on M). When P := P,, then (2.2) is equivalent

to say that Q5 = ﬁf with § = uﬁg.

The conformal invariance (2.1) of the geometric operator P, yields obstruction
to the existence of solutions to (2.2). The historical reference here is Kazdan-
Warner [25]; for the general GIMS operators, we refer to Delanoé-Robert [12].
In particular, it follows from [12] that on the canonical sphere (S™,can), there is
no positive solution u € C=(S") to Peanu = (1 + ep)u2~! for all € # 0 and all
first spherical harmonic ¢. For the conformal Laplacian (that is k = 1), Aubin
[3] proved that the existence of solutions is guaranteed if a functional goes below
a specific threshold. We generalize this result for any & > 1 in Theorem 2.3. In
the case of a smooth bounded domain, Coron [11] introduced a variational method
based on topological arguments, provided the minimizing solution does not exist.
Our main theorem is in this spirit:

Theorem 2.1. Let (M, g) be a smooth, compact Riemannian manifold of di-
mension n and let k be a positive integer such that 2k < n. We let P be a coercive
operator as in (2.3). Let vy > 0 be the injectivity radius of the manifold M. Sup-
pose that the manifold M contains a point xo such that the embedded (n — 1)—
dimensional sphere Sy (t4/2) = {x € M/ dg(x,x0) = 14/2} is not contractible in
M\{zo}. Then there exists eq € (0,%) such that the equation

D% =0 on 0y for o <k-—1

has a non-trivial C**(Qar) solution for Qpr := M\ B, (eo). Moreover, if the Green’s
Kernel of P on Qy is positive, then we can choose u > 0.

In the original result of Coron [11] (see also Weth and al. [6] for the case
k = 2), the authors work with a smooth domain of R™ and assume that it has a
small “hole”. In the context of a compact manifold, this assumption is not enough:
indeed, the entire compact manifold minus a small hole might retract on a point.
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We discuss the example of the canonical sphere in Section 2.7, where the existence
of a hole is not sufficient to get solutions to (2.2).

Concerning higher-order problems, we refer to Bartsch-Weth-Willem [6], Pucci-
Serrin [30], Ge-Wei-Zhou [18], the general monograph Gazzola-Grunau-Sweers [17]
and the references therein.

Among other tools, the proof of Theorem 2.1 uses a Lions-type Concentration
Compactness Lemma adapted to the context of a Riemannian manifold: this will
be the object of Theorem 2.4.

Equation (2.2) has a variational structure. Since P is self-adjoint in L?, we have
that for all u,v € C>(M).

(2.5)

k—1
[uPtyin, = [vP@dn, = [ AbPusluan, + Y [ g (V' 9 do,
M M M =0 s
where
AV2y = { AT %fl =2m is even
g VATw ifl=2m+1is odd

and, when [ = 2m + 1 is odd, A§/2u Algc/zv = (VA;”U,VAZLU)g. If P is coercive
and f > 0, then, up to multiplying by a constant, any solution u € C*° (M) to (2.2)
is a critical point of the functional

J uP(u)dvy
(2.6) w—s Jp(u) = —M

2/2%
b
(st av,)
M

It follows from (2.5) that Jp makes sense in the Sobolev spaces H?(M), where
for 1 <1 < k, H?(M) which is the completion of C°°(M) with respect to the
U Zla:o [Veul||s. Equivalently (see Robert [32]), H?(M) is also the completion
of the space C*°(M) with respect to the norm

l
(27) fullf =Y [ @570 v,
a:OM
By the Sobolev embedding theorem we get a continuous but not compact embedding
of H(M) into L% (M). The continuity of the embedding HZ (M) < L% (M) yields
a pair of real numbers A, B such that for all u € H (M)

(2.8) Jull SA/(A’;/2u)2dvg+B||uH§{§71
M

See for example Aubin [4] or Hebey [23]. Following the terminology introduced by
Hebey, we then define

(2.9)
A(M) :=1inf{A € R: 3 B € R with the property that inequality (2.8) holds}
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As for the classical case k = 1 (see Aubin [4]), the value of A(M) depends only
on k and the dimension k. More precisely, we let 2%2(R") be the completion of
C>(R™) for the norm u — ||A*/2ul|5, and we define Ko(n, k) > 0

AFR/24,)2 d
(2.10) o inf Jan (A7) 2
S lul?t d)

Ko(n, k)~ ueak2@m)\{0} (
as the best constant in the Sobolev’s continuous embedding Z%2(R") < L2 (R™).
Our second result is the following:

Theorem 2.2. Let (M, g) be a smooth, compact Riemannian manifold of di-
mension n and let k be a positive integer such that 2k < n. Then A(M) =
Ko(n,k) > 0. In particular, for any ¢ > 0, there exists Be € R such that for
all w € HE(M) one has

2
ofF
e ([ W) < ot m + o) [(@202 du, + Bl
M -1
M

As a consequence of this result, we will be able to prove the existence of solutions
to (2.2) when the functional Jp goes below a quantified threshold, see Theorem 2.3.

This chapter is organized as follows. In Section 2.2, we study the best-constant
problem and prove Theorem 2.2. In Section 2.3, we prove Theorem 2.3 by classical
minimizing method. In Section 2.4, we prove a Concentration-Compactness Lemma
in the spirit of Lions. Section 2.5 is devoted to test-functions estimates and the
proof of the existence of solutions to (2.4) via a Coron-type topological method.
Section 2.6 deals with positive solutions, and Section 2.7 with the necessity of the
topological assumption of Theorem 2.1. The appendices concern regularity and a
general comparison between geometric norms.

Acknowledgements. I would like to express my deep gratitude to Professor
Frédéric Robert and Professor Dong Ye, my thesis supervisors, for their patient
guidance, enthusiastic encouragement and useful critiques of this work.

2.2. The Best Constant

It follows from Lions [26] and Swanson [34] that the extremal functions for the
Sobolev inequality (2.10) exist and are exactly multiples of the functions

n—2k

) acR" A>0

A

2.12 Uiy =onp | —e
( ) A= Qnk <1+)\2|xa|2

where the choice of o, 1’s are such that for all A, |[Ug |, = 1 and ||Ua7)\||§j,€,2 =
k

#_
m. They satisfies the equation AFu = m lul? 7 4 in R™

Next we consider the case of a compact Riemmanian manifold. The first result we
have in this direction is the following.

Lemma 2.2.1. Let (M, g) be a smooth, compact Riemannian manifold of di-
mension n and let k be a positve integer such that 2k < n. Any constant A in
inequality (2.8) has to be greater than or equal to Ko(n, k), whatever the constant
B be.



2.2. THE BEST CONSTANT 25

Proof of Lemma 2.2.1: We fix e > 0 small. It follows from Lemma (2.9.1) that there
exists, dp € (0,tq) depending only on (M, g), €, where ¢, is the injectivity radius of
M, such that for any point p € M, any 0 < § < &g, | < k and u € C°(By(9))

(2.13) /(Aé/z(u o ea:pgl))g dvg < (1+¢€) /(Al/Qu)2 dx
M R'Vl
and
2/2% 2/2%
(2.14) (1—¢) /|u|231 dx < /|u o ea;p;1|2§= dvg
R"L

Then plugging the above inequalities into (2.8) we obtain that any u € C2° (By(4))
satisfies

:
2/2}

k—1
(2.15) /|u|21’1 da < 1+€A/(Ak/2u)2 de+ 0. :/ \Viuf? do
— € n
Rn 1=0

n

Let v € C° (R™) with supp(v) C Bo(Ro). For A > 1 let vy = v(Az). Then for A
large, supp(vy) C Bo(d). Taking w = vy in (2.15), a change of variable yields

(2.16)
2/2%

" k—1
1 # 1+e¢ A 1
\n—2k /|U|2k dx = 1_¢ An—2k /(Ak/Qv)Q dx + Ce E W/R |V'v|? dz
Rn 1=0

R~

Multiplying by A"~2¥ and letting A\ — +o0o, we get that for all v € Z52(R"), we
have

2/2%
1
(2.17) /|v|2i | < 1+€A/(A’f/%)2
—€
R’!L Rn
Therefore 1££A > Ko(n, k) for all € > 0, and letting e — 0 yields A > Ky(n, k).
This ends the proof of Lemma 2.2.1. O

We now prove (2.11) to get Theorem 2.2.

Step 1: A local inequality. From a result of Anderson (Main lemma 2.2 of [2])
it follows that for any point p € M there exists a harmonic coordinate chart ¢
around p. Then from Lemma 2.9.1, for any 0 < € < 1, there exists 7 > 0 small
enough such that for any point p € M and for any u € C2° (B,(7)), one has

(2.18) /(Ak/2(u op ) dx < (1 + m> /(A’;/Qu)2 dv,
M

Rn
and
2/2% 2/2%

:
(2.19) /|u|2k dvg < <1 SKO ok ) /\uogo |2k dx
M
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The expression for the Laplacian A, in the harmonic coordinates is Agu = —g;;0;;u.
Then (2.10) implies that for any u € C2° (B,(7))

#
2/2%

(2.20) u|2k dv, < (Ko(n k) +€) [ (AF?0)? dv,
/ /

M

Step 2: Finite covering and proof of the global inequality. Since M is
compact, it can be covered by a finite number of balls B, (7/2), i =1,...,N. Let
a; € C°(By, (1)) be such that 0 < a; <1 and o; =1 in B, (7/2). We set

2

o4
(2.21) =
> ag
j=1
Then (n;),_ . is a partition of unity subordinate to the cover (B,,(7)),_;

such that \/E s are smooth and Z 7; = 1. In the sequel, C' denote any positive
i=
constant depending on k, n, the metrlc g on M and the functions (1;),_ 1N Now

for any u € C*° (M), we have

2 —
(2.22) HUIIQu = [[wllgz o =

<ZH771 2HQ“/Q Z” 771U||2ﬁ

2t /2 =1

So for any u € C*°(M), using inequality (2.20) we obtain that
2/2}
(2.23) / \u|22 dv, < (Ko(n, k) +e¢ Z/ Ak/Q mu)) dvy
M =1
Next we claim that there exists C' > 0 such that

(2.24) Z/ (AF2(/iu))? do, </(M/2 2 dvg +C llul%s

le M

Assuming that (2.24) holds we have from (2.23)
(2.25)
2/2%

/|u|2§ dvg < (Ko(n, k) +¢) /(A’;/Qu)ﬁ dvg + (Ko(n, k) +¢€)C ||u||?{]371
M

this proves (2.11), and therefore, with Lemma 2.2.1, this proves Theorem 2.8. We
are now left with proving (2.24).
Step 3: Proof of (2.24): For any positive integer m, one can write that

(2.26) A (Vi) = i Agtu+ PEED (u, /i) + L2722 ()
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where
(2.27)
2m—2
PPt i) = Y (anp0sy/m) Ve, and L2753 (w) = Y ai(Vim) V'u
[l]l=2m—1,|B|=1 l1]=0

the coefficients a; 5 and a;(,/7;) are smooth functions on M. The a;3’s depends
only on the metric g and on the manifold M and a;(,/7;)’s depends both on the
metric g, the function /7; and its derivatives upto order 2m. We shall use the same

notations P(zm b D(u7 Vi), ﬁ%f;(u) for any expression of the above form.

Step 3.1: k is even. We then write k = 2m, m > 1, and then

Z/ mu dvgfz/mAu dvg

le le

+Z/M (e tam) a3 [ (i)

=1
N

+2Z/M \/EA'rgnu P;Qm—l,l)( \/’]Z dvg+22/ \/’[ZAm ﬁ?m 2( )d’l)g
=1

N
(2.28){—22/}\4 P (u, /i) L2722 (u) dug
=1

‘We note that
(2 29)

2
Z / e (u, i) dv, < Clluls, . and Z / £2m2w) dvy < Cluls

2m—2

On the other hand

N
> /M\/aAg%qum*vl( NG dvg—Z > / (vl g u)((ar,505+/mi) V'u) dug

=1 |l|=2m—1|8]=1
1 N
- 52 Z Z / (A:;ylu)((al,ﬁaﬁm)vlu) dv,
i=1 |l[|=2m—1|8|=1 M
1

N
3 XX [ @A 030w dn, —o

lt]=2m—18|=1
(2.30)

while using the integration by parts formula we obtain

2m—1

N
(2.31) 3 /N VAT L2 ) dvg < Ol
=1
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and by Holder inequality

—1

N
(2.32) > /M P (u, /i) L2722 (u) dvg < O Jlullfys
=1

Hence if £ is even, then

N
(2.33) Z/ (A7 (i) dvg < / (A7u)? dvg + C el
=15y M
So we have the claim for & even.
Step 3.2: k is odd. We then write £k = 2m + 1 with m > 0. We have
(2.34)
V(AP (V) = Vil Y (Ag) + (Agu) Vi + Y (PED (i) ) + (L2 2(w)

and so

(2.35)
N N N
m )| do, = i me) |? Vg ;”u 7;2 Vg
;JW(%( niw)) | dvg ;ZMV(Ag )| d +;ZJ(A )2 |Vl d
N ) N ,
B 5 e mf a s o) o
Z_NM =ty N
+2_Z/(W V (Agu), (AFu) Vi) dug +2Z/(\/ﬁ v (aru) 7 (PE i) dvg
v o
235 [0 ¥ (e 4235 [0 9 (R )
(2.36) N "
N N
+ 22/((A’g”u) Vi,V (ﬁf/”%;(u))) dvg + QZ/W (7){52m—1,1)(u7 ﬁ)) v (ﬁf/r%i;(“)) dv,
=15y =13,
We have that
(2.37)
N N
Z/‘v(??fml’”(u, V)| dvy < Cllulyy ana Z/]v(g%;j(u))f dvg < Clully:
Ajvhile "
N N
Z / (Vi V (Ag'u) , (Ag'u) Vi) dvg = Z / (V (A7), (ATw) (il Vi) dug
239 o
N N
- %Z / (V (Agu)  (Ag'u) Vi) dvg = % / (V (A5u), (Apw) V(Y m)) dvg =0
i:lM M i=1
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And we obtain

N
Z/(m v (agu), ¥ (PE w, i) duy

i:lM

Y Y S [ V@) (w05 ) ) dy

=1 |l|=2m—1|8|=1};

IN

N
2 2 2 / (Vi V(A7) s (a1,505y/m:) V') dvg

i=1 |i|=2m |81=1j;

DY Y /(V (A7), (Vi Via9s/m) V'u) dug

i=1 |l|=2m—1|8|=1};

<

N
Z Z Z /(\/7% V (A7'w) ,(a1,505/mi) V') dvy

=1 |l|=2m |B|=1}y

N
(239  +> 1 Y. > /(V(A;"u),(\/mwal,gaﬂ\/m))vlu) dv,

i=1 |l=2m—1181=15 7,

Then we apply the integration by parts formula on each of the domains ¢~ (B,, (1)) C
R™ to obtain

N
Yy / (V7 ¥ (AI) , (01,6057 V') dog
i=1 |l|=2m |8|=1};

1=

3| X X [ () Vesdsyi) Vi) do,

i=1 (ll=2m-118|=15 * 1

<

N
Z Z Z /(\/E V (Af'u) ,(a1,508y/Mi) V') dvy

i=1 |l|=2m |6|=1}y

N
S Y Y [V @) ap0m) ) de,

i=1 |i]=2m |8]=1j;

2
+Clluly;

2
+Cllul;

2
Ol

S% Z Z /(V (A;nu) ’(al,ﬁaﬁ(z ni))vlu) dvg

ltl=2m |8]=1 1

N
(2.40) <C ||u||§{§ since Zm =1
i=1
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Similarly after integration by parts one obtains

N
eay X [ V(850 V(2 2w)) duy| < C lully,

i=1M

N
(2.42) > / (A7) v\/m,v(me—l’”(u, \/@)) dvy| < C s

i:lM
and
N
> [ @y v v (£ w)) dv,
i:lM
N
m— m— 2
(243)  +Y / (V (PE™ 10 (u, i) )V (£222(w))) dvg < C ullfg,
i=1M

Hence for k odd, we also obtain that

N
m 2 m 2
(2.44) Z/ (V (A (ynw)))” dvg < / (V(Afw)), dvg+C [,
=14y M
Hence we have the claim and this completes the proof.

2.3. Best constant and direct Minimizaton

Let Q) C M be any smooth n—dimensional submanifold of M, possibly with
boundary. In the sequel, we will either take Qpr = M, or M \ By, (eo) for some
€0 > 0 small enough. We define H7 () C Hf(M) as the completion of C2° ()
for the norm || - || m2- In this section, we prove the following result in the spirit of
Aubin [3]:

Theorem 2.3. Let (M,g) be a compact Riemannian manifold of dimension
n > 2k, with k > 1. Qp C M be any smooth n—dimensional submanifold of M
as above. Let P be a differential operator as in (2.3) and let f € C%%(Qypr) be
a Hélder continuous positive function. Assume that P is coercive on le,O(QM)'
Suppose that

1
(2.45) ir}:f/ uP(u) dvg < - ,
ueNy Jau (SUPQM f) 2f Ko(nvk)
where
#
(2.46) Ny :={u € Hp ;(Q) : / Flul® dv, =1}
Qe

Then there exists a minimizer u € Ny. Moreover, up to multiplication by a constant,
u € C*(Qyur) is a solution to

:
Pu = flu*%u in Qp
Dy =0 on 00y for |o| <Ek-1.
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In addition, if the Green’s function of P on Qy; with Dirichlet boundary condition
is positive, then any minimizer is either positive or negative. When Qpr = M, and
the Green’s function of P on M is positive, then up to changing sign, u > 0 is a
solution to

Pu = qunk*l imn M.

Proof of Theorem 2.3: This type of result is classical. We only sketch the proof.
For simplicity, we take Q2); = M. The proof of the general case is similar. Here
and in the sequel, we define (see (2.5))

Ip(u) = / uP(u) dv, for all w € HZ(M).
M

We start with the following lemma:

Lemma 2.3.1. Let (u;) € Ny be a minimizing sequence for Ip on Ny. Then

(i) Either there exists ug € Ny such that u; — ug strongly in HZ(M), and ug
is a minimizer of Ip on N

(ii) Or there exists xg € Qpr such that f(xg) = maxg [ and |ul|2uf» dvg —

0z, as i — +oo in the sense of measures. Moreover, uler}\f[f Ip(u) =

1

-
Ko, k) (masar f) %k

Proof of Lemma 2.3.1: We define « := inf{Ip(u)/u € Ny}. As the functional I, is
coercive so the sequence (u;) is bounded in HZ(M). We let ug € H?(M) such that,
up to a subsequence, u; — ug weakly in H?(M) as i — +oo, and u;(z) — ug(z) as
i — 4oo for a.e. x € M. Therefore,

24 .. 2f
(2.47) ol < lim inf fus]| %%, =1

We define v; := u; — ug. Up to extracting a subsequence, we have that (v;); — 0 in
H? [ (M). We define p; := (A}gc/zui)2 dvg and 7; = |ui\2§/ dvg and v; = f\ui|2ﬁfc dvy
for all . Up to a subsequence, we denote respectively by u, 7 and v their limits in
the sense of measures. It follows from the concentration-compactness Theorem 2.4
that,

(2.48) U= |u0|2uk dvg + Z a0y, and p > (A];/zuo)2 dvg + Zﬁﬂszi

JET jET
where J C N is at most countable, (z;);cs € M is a family of points, and (a;);jes €
R>o, (B;)jes € R>p are such that

£
(2.49) ai/z’“ < Ky(n,k) g; for all j € J.
As a consequence, we get that
§
(2.50) v = fluol dvg + Y f(z;)a;0,
j€eT

Since (u;) € Ny, and M is compact, we have that [,, dv =1 and then

(2.51) 1= [ fPtan,+ Y fapa;

JjET
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Since (u;); — ug strongly in H? (M), integrating (2.48) yields

_ 2/24
(2.52) a > Ip(uo) + Y B; = afluol}; + Koln, k)" Y- 2%,
JjET JjeJ

Since o < Ko(n, k)~ (maxyy f)~2/%%, we then get that

(i) either ||u0||2uk =land o;=0forall jeJ,
(ii) or up =0, f(xj,)ay, = 1 for some jo € J, f(x;,) = maxp f and a; =0
for all j # jo.

In case (i), we get from the strong convergence to 0 of (v;); in H? (M) that

Ip(u;) = f(A’;ﬂvi)? dvg + Ip(ug) + o(1) as i — +oo. Since ug € Ny and (u;) is
M
a minimizing sequence, we then get that (v;)o goes to 0 strongly in HZ(M), and

therefore u; — ug strongly in H,? (M).

In case (ii), (2.52) yields a = Ko(n, k)~ (maxys f)_2/2uk and Ip(ug) = 0, which
yields ug = 0 since the operator is coercive.

This completes the proof of Lemma 2.3.1. O

We go back to the proof of Theorem 2.3. Let (u;); be a minimizing sequence for Ip

on Ny. It follows from the assumption (2.45) that case (i) of Lemma 2.3.1 holds,

and then, there exists a minimizer ug € Ny that is a minimizer. Therefore, it is
i _

a weak solution to Pfug = af luo|** "2 ug in M (see (2.145) for the definition). It

then follows from the regularity Theorem 2.8.3 that u € C2%9(M).

We let G : M x M\{(z,z)/x € M} be the Green’s function of P on M. We assume
that G(x,y) > 0 for all x # y € M. Green’s representation formula yields

(2.53) o(x) = /M G(z,y)(Pp)(y) dv, for all z € M and all ¢ € C?*(M).

It follows from Proposition 2.8.2 that there exists v € H?(M) such that
281 .
(2.54) Pv = af |ug|™ in M.

Standard regularity (taking inspiration from Vand der Vorst [35]) yields v € C2*(M).
We have that P (v+ug) > 0. Since G > 0, it follows from Green’s formula (2.53)
that v = ug > 0. So v > |ug| and therefore v # 0. Independently, since Pv > 0 and
v Z# 0, Green’s formula (2.53) yields v > 0. Using Holder’s inequality and v > |ug,
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we get that
J vP(v) dv, a fvf|uo|2i71 dvg
_ M M
(2.55) Jp(u) = " n 7
(Jouptan,) (0Pt a,)
M M
1 2%—1
o 7
a @ flof2 dvg> % (}5 Fluol?k dvg> 2’“
(2.56) < ; o
(J\”/f[ﬂz)' k dvg)
i
o (l\i f|uo|2i dvg> % Zi
(2.57) <

2”
A

(Augﬂuowc d“g)

¢

since [ f |u0\2’c dvy, = 1. Since « is the infimum of the functional, we get that
M

Jp(u) = a. Hence v attains the infimum and therefore it also solves the equation

Py = uva?c_l weakly in M, and v € HE,O(M). Moreover, one has equality in all

the inequalities above, and then |ug| = v > 0, and therefore either ug > 0 or ug < 0

in M. This ends the proof of Theorem 2.3. O

2.4. Concentration Compactness Lemma

We now state and prove the concentration compactness lemma in the spirit of
P.-L.Lions for the case of a closed manifold:

Theorem 2.4 (Concentration-compactness). Let (M, g) be a smooth, compact
Riemannian manifold of dimension n and let k be a positive integer such that 2k <
n. Suppose (uy,) be a bounded sequence in HE(M). Up to extracting a subsequence,
there exist two nonnegative Borel-regular measure yu,v on M and u € H}(M) such
that

(a) Uy — u  weakly in HE (M)
(b) = (A’gf/Qum)2 dvg — 1 weakly in the sense of measures
(€) vm = |um\2?v dvy — v weakly in the sense of measures
Then there exists an at most countable index set T, a family of distinct points

{z; € M :i €T}, families of nonnegative weights {c; : i € T} and {B; : i € I} such
that
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(i)

(2.58) v :|u|2§v dvg + Z Qi 0g,
i€l
(2.59) p>(AEPu) dog + > Bida,
i€l

where 0, denotes the Dirac mass at x € M with mass equal to 1.

; #
(ii) for alli € T, o)'* < Ko(n,k) Bi. In particular ¥ o' * < oo,
i€z

Proof of Theorem 2.4: By the Riesz representation theorem (gin,), and (v,,) are
sequences of Radon measures on M.

Step 1: First we assume that u = 0. Let ¢ € C*°(M), then from (2.2) we have
that, given any € > 0 there exists B. € R such that

(2.60)
2/2%

#
Jlown duy | < ol ) [(Q5oun))? dug + Bellounl
M

Since u,, — 0 in HZ(M), letting m — +oo and then taking the limit e — 0, it
follows that

2/2%
(2.61) (Zw%w smw@/ﬁw
M

By regularity of the Borel measure v, (2.61) holds for any Borel measurable function
¢ and in particular for any Borel set £ C M we have

(2.62) v(E)Y/% < Ko(n, k) u(E)

Therefore the measure v is absolutely continuous with respect to the measure p
and hence by the Radon-Nikodyn theorem, we get

(2.63) dv = fdu and dy = gdv + do

where f € L'(M,u) and g € L'(M,v) are nonnegative functions, o is a positive
Borel measure on M and dv_ldo.

Let S = M\ (supp o). Then for any ¢ € C(M) with support supp(¢) C S one has

(2.64) [edr=[erdu=[¢t9a

M M M

By regularity of the Borel measures p and v (2.64) holds for any Borel measurable
function ¢. This implies that fg = 1 a.e with respect to v. So, in particular g > 0
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vaein S. Let ¢ € C(M), taking ¢ = ¥xgs in (2.61) we have

2/2%
/|¢|2§1XS dv < Ko(mk)/w?;cs dy
M
(2.65) = Ko(n, k) / V2 Xs [gdv + do] = Ko(n, k) / P2 gXs dv
M M
Since dvldo and supp v C S, we get that
2/2}
(2.66) Judiar) < won) [ugan
M

By regularity of the Borel measure v the above relation holds for any Borel mea-
surable function .

#
1 2)

Let ¢ € C(M) and let ¢ = ¢g% > Xy<ny » dvy = g%+ * X(y<nydv. Then we have

2/2}
(2.67) (M 6% duy < Ko(n, k) | ¢* dvy
/ /

By regularity of the Borel measure v the above relation holds for any Borel mea-
surable function ¢.

It follows from Proposition 2.4.1 below that for each N there exist a finite set Zy,
a finite set of distinct points {z; : ¢ € Zy }and a finite set of weights {&; : i € In}
such that

(2.68) dvy = Y a; b,

€N

o0
Let Z = |J Zn. Then 7 is a countable set. For a Borel set E, then one has by
N=1
monotone convergence theorem

off

k
(2.69) /XE gzﬁ”dyz lim /XE dvy
N—o00
M M

24

So g2uk,2 dv = Y &;0,,. Since g > 0 v a.e , there exists «; > 0 such that we have
i€T
dv =3 «;0,,. Since p = gdv + do > gdv, we get that
i€eT

(2.70) p= Z/Bi(sx,; where ; = g(z;)a;

i€
Taking ¢ = Xy,,} in (2.66) we have for all i € 7

#
(2.71) o < Ko(n, k) ga; = Ko(n, k) Bi
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and

1

(2.72) 7[(0(71, 3

S a2 <378 < (M) < +oo

i€l i€l

This proves the theorem for w = 0. This ends Step 1.

Step 2: Assume u # 0 and let v, := Uy, —u. Then v, — 0 weakly in HZ(M).
Therefore, as one checks, fi, = (A]g€/2vm)2 dvg — p — (Alg/zu)2 dvg and 7y, =
\vm|2nk dvg — v — |u|2i dv, weakly in the sense of measures. Applying Step 1 to the
measures fi,, and ,, yields Theorem 2.4. O

We now prove the reversed Holder inequality that was used in the proof.

Proposition 2.4.1. Let u be a finite Borel measure on M and suppose that
for any Borel measurable function ¢ one has

1/q 1/p
(2.73) (M/ plrdu| <c (w/ ol? dp

for some C >0 and 1 < p < q < 400. Then there exists j points x1,...,x; € M,
and j positive real numbers cy,...,c; such that

J
(2.74) p=>_ cidy,
i=1
where §, denotes the Dirac measure concentrated at x € M with mass equal to 1.

Moreover ¢; > (%)%

PROOF. Let E be a Borel set in M. Taking ¢ = xg we obtain that, either

p(E) =0 or p(E) > (&)

We define O := {& € M : for some r >0 p(B,(r)) = 0}. Then O is open. Now
if K C O is compact, then K can be covered by a finite number of balls each of
which has measure 0, therefore u(K) = 0. By the regularity of the measure hence it
follows that p(O) = 0. If x € M\O, then for all r > 0 one has u(B(r)) > (é)%
Then

Pq

(2.75) ulah) = im0/ = ()"

Since the measure p is finite, this implies that that the set M\QO is finite. So let
M\O = {z1,--- ,x;}, therefore for any borel set E in M

J

(2.76) WE) =B {z, a5} = Y p{ed) =Y p({zi})ds, (E)

z, €E =1

Hence the lemma follows with ¢; = p({z;}). O
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2.5. Topological method of Coron

In this section we obtain higher energy solutions by Coron’s topological method
if the functional Jp does not have a minimizer, for the case f = 1. This will
complete the proof of the first part of Theorem 2.1, that is the existence of solutions
to (2.4) with no sign-restriction. For p > 0 and yo € R™, we define

n—2k

(2.77) Byou(y) = ani (“)

2
12 =+ ly — yol

. , 2
where the choice of v, ;s are such that for all y, HBy“’“Hin = land ||By, ullgr. =

m. These functions are the extremal functions of the Euclidean Sobolev In-

equality (2.10) and they satisfy the equation
1 2f 1

(2.78) A*By, = B

KQ(TL,]C) Yo, m

Let 77, € C*(R™), 0 < 7, < 1 be a smooth cut-off function, such that 7, = 1 for
x € By(r) and 7, = 1 for x € R™\By(2r). Let ¢4z > 0 be the injectivity radius of
(M, g). For any p € M, we let 0, be a smooth cut-off function on M such that

(exp,'(z)) for x € By(y) C M
0 for @ € M\By(tg)

c‘la

ne
@) = { "
For any x € M, we define

(2.80) Bgfu(x) = np(x) Bo7u(eacp;1(x))

szj\f[u is the standard bubble centered at the point p € M and with radius p

n—2k

(2.81) Bﬁffu(x) = k7 (2) ('LL)

12 + dy(p, z)*

‘We have

Proposition 2.5.1. Let (M, g) be a smooth, compact Riemannian manifold of
dimension n and let k be a positve integer such that 2k < n. Consider the functional
Jp on the space H(M)\{0}. Then the sequence of functions (B)",) € C°°(M) de-
fined above is such that:

(a) ;ltlg%) Jp(BM,) = m uniformly forp e M
- M

o I,

() By, —0 weakly in HZ (M), as pn— 0

=1 uniformly forp e M
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Proof of Proposition 2.5.1: We claim that (¢) holds. We first prove that B%i is
uniformly bounded in HZ(M). Indeed,

2
Z/ Aa/z BM dvg < Y / (Agm B;‘{M) dv,
o=k KB, (i4/5)
< CZ ’VZ B%Moexpplz dzx
ISF By (1g/5)
n—22k2
< L d
<y ‘V () ’
1<K By (1q/5)
,L%2
< > / p2EDIVE (L +2?) 2| da
1<K By (1g/(51))

As one checks, the right-hand-side is uniformly bounded wrt 4 — 0, so (BII,”’IM) is
uniformly bounded wrt p and u — 0. Moreover, the above computations yield
Ja(BY,)? dvg — 0 as pu — 0. Therefore, B), — 0 as . — 0 uniformly wrt p € M.
ThlS proves the claim.

The space HZ(M) is compactly embedded in H?_;(M). Therefore B}, — 0 in
H? (M) as p— 0. Hence

L0 D11

(2.82) lim z_: / Ai(g)(V'BY, VB, dug | =0

Now we estimate the term | | B%Mzi dvy. We fix R > 0. We claim that
M

R—+o00 p—0
M\B,(uR)

(2.83) lim lim / | BM 1% duy =0

Now for p sufficiently small

|B “|2k dvy = / |B u|2 dvg
M\BP(HR) BP(LQ)\BP(HR)
I
- / | BM (expp ()P +/lg(exny())] dy
Bo(tg)\Bo(uR)

(2.84) < / 1Box ()% \/lg(expp(uy))] dy.

Bo(“2)\Bo(R)

Since By 1 € L% (R™), this yields the claim.



2.5. TOPOLOGICAL METHOD OF CORON 39

Similarly, for p sufficiently small

tt t
(2.85) / | BM P du, = / | BM (capy(y)I%E /lg(capy())] dy

Bp(nR) Bo(puR)
t
(2.86) - / | Boal?t /lg(expy (u))] dy
By (R)
t
(2.87) = / \ BO,1|2k dy+o (”BOJHLQ%) as u— 0
By (R)
Therefore
. t #
(2.88) liny / | BM % du, = / | Boa |t do,
M R'Vl

So we have (b).
Finally we estimate the term f(A§/2 B)!,)? dvy. We fix R > 0. By calculating in
M

terms of the local coordinates given by exp,, we get for p sufficiently small

(2.89) / (AF2 BM )2 du, = / (AM2By 2 dy+0(1)  asp— 0.
By(uR) Bo(R)
We claim that
. . /2 M \2 _
(2.90) Rlirilw plbll)rb / (Ay" B,,,)" dvg = 0.
M\B,(1R)

We prove the claim. Indeed, via the exponential map at p, we have that

(2.91) / (AF2 B dvg = / (AF2 B) )2 dv,
M\By (1R) By (19)\Bp(uR)
k/2
(292) = / (Aeép;g Boyﬂ)2 dvemp;;g
BO(LQ)\BO(/LR)
k
(2.93) <C > D% (7725 Bo,p)|* d

121=0 By (14)\Bo (kR)

Since By,, — 0 strongly in H,f_lvloc(R"), then, as p — 0, we have that

DFBy |2 dx + o(1)

k/2 M \2 < =2
(2.94) / (Ag Bp’#) dvy < C / Mg
M\ Bp (1R) Bo(1g)\Bo(nR)
(2.95) <C / \DFBo1|? dz+ o(1) < C / DByt |2 dz + of1).
Bo(tg/pm)\Bo () R\ Bo(R)
Since D¥By 1 € L?(R™), this yields (2.90). This proves the claim.

Equations (2.89) and (2.90) yield (a) and (b) of Proposition 2.5.1 for any fixed
p € M. Since the manifold M is compact, we note that in the above calculations
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there is no dependence on the point p of the closed manifold M. So the convergence
is uniform for all points p € M. This ends the proof of Proposition 2.5.1. O

Fix some 0 such that

i (n 40 < 22k/” ( 7+ Then from (2.5.1) it follows that,
there exists po small, such that for all p € (0,¢4p0) and for all p € M we have

1
(2.96) Jp(B)l,) < ol ®) +6
We fix 9 € M, and we assimilate isometrically T, M to R", and we define the
sphere S™ := {x € R"/|jz|| = 1}. For (o,t) € S" x [0,14/2), we define oM :=
erpy, (to) and

-2

. o(tg/2 — 1) o
(297) ut (3?) = an,knatM (LL') 2 = BO'M wo(tg/2—
(10(tg/2 — 1)) + dy (oM, ) ol /270

It then follows from our previous step and the choice of g in (2.96)

o 1 n
(2.98) Jp(uf) < Kot ) +6 V(o,t) € 8™ x[0,14/2).

Let n € C2°(R™) be a smooth, nonnegative, cut-off function such that n(z) =1 for
|z| > 1/2 and n(z) =0 for |z| < 1/4. For R > 1, let nr be a smooth, nonnegative,
cut-off function, such that

1 if dg(xo,z) >

(2.99)  nr(z) = { 0 (mRexpxo (z )) if dg((xo, )) < 3;
Then the functions nr are such that ng(z) = 1if dg(2o, ) > 55 and nr(z) = 0 if
dg(xo,2) < 55- We define
(2.100) vy p(z) == nr(z) uf (x) for all x € M.
Then we have

Proposition 2.5.2.
(2.101) REIEoo vl g =uy in HY(M) uniformlyV(o,t) € S™ x [0,14/2).

Proof of Proposition 2.5.2: We first note that for all (o,t) € S™ x [0,4/2) the
functions uf are uniformly bounded in C?*-norm in the ball By, (55) C M. And
for any nonnegative integer a, one has |[Vinr|, < CR®. Therefore

2102) o7 — o = 3 [ @50 up)? do,

(J/OM

(2.103) Z / (Ag2(vf p —u7))? dug

mO(QOR)

(0% g 1
(2.104) Z / (AY2((n 1)ut))2dvg:O<R) (asn>2k+1)
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The above convergence is uniform w.r.t (o,t) € S™ x [0,¢4/2). This proves Propo-
sition 2.5.2. O

So it follows that, there exists Ry > 0, large, such that for all R > Ry one has

g [eg n 1 n
As one checks for any (o,t) € S™ x[0,14/2), the functions v{ # 0, and has support
in M\Bg,(t4/40Ry). Let ¢ > 0 be such that M\ By, (t4/40R) C M\ By, (e) and
we define

(2.106) Qe, := M\ By, (€o)
Then for any (o,t) € S™ x [0,44/2) the functions vf € Hf ;(Q,)\{0}. Proposi-
tions 2.5.1 and 2.5.2 yield

1

(2.107) thf/z Jp(vfg,) = ot 1) uniformly for all o € S™.

Also vf g, is a fixed function independent of o and

(2.108)  vg, =9 ‘g weakly in the sense of measures as t — 14/2

erpe, (40o)

We define Sy, := Ko(n,k)~!. For any ¢ € R, we define the sublevel sets of the
functional Ip on N,
(2.109) I.:={u e N, : Ip(u) < ¢}

where NV, :={u € Hl%,o(Qso)/ ||u|\2§C =1}

Proposition 2.5.3. Suppose Ip(u) > m for allu € N, then there exists
oo > 0 for which there exists a continuous map

(2.110) T Ts 00 —

such that if (u;) € Ts, 1o, 1S @ Sequence such that |uz|21uc dvg — 6, weakly in the

sense of measures, for some point pg € ¢, then

(2.111) lim T'(u;) =po

1—+00

Proof of Proposition 2.5.3: By the Whitney embedding theorem, the manifold M
admits a smooth embedding into R?"*!. If we denote this embedding by F : M —
R?"*1 then M is diffeomorphic to F(M) where F(M) is an embedded submanifold
of R?"*1. For u € N, we define

(2.112) Pu) = / Fa) Ju(@) dvy(z)
Qnr

Then T : N, — R?"*! is continuous. Next we claim that for every e > 0 there
exists a o > 0 such that

(2.113) u€ L, 4o = dist (f(u),f(ﬁm)) <e



42 2. POLYHARMONIC OPERATORS ON A COMPACT RIEMANNIAN MANIFOLD

Suppose that the claim is not true, then there exists an ¢’ > 0 and a sequence (u;) €
N,, such that Z._l)i_~_rr100 Ip(u;) = Sk and dist (f(u),}'(ﬁeo)) > €. Since there is no
minimizer for Ip on N, it follows from Lemma 2.3.1 that for such a sequence (u;)
there exists a point pg € ), such that |ui|2§cdvg — §p, weakly in the sense of measures.
So I'(u;) — F(po), a contradiction since dist (f(u), }"(ﬁeo)> > ¢/. This proves our
claim.

By the Tubular Neighbourhood Theorem, the embedded submanifold (M) has a
tubular neighbourhood ¢/ in R?"*! and there exists a smooth retraction

(2.114) T U — F(M)

Choose an €y > 0 small so that {y € R*"*! : dist (y, F(M)) < €g} CU . Then from
our previous claim it follows that, there exists og > 0 such that

(2.115) weTs 10, = Dlu)elU

We define

(2.116) Ty(u)=F lon / F(@) Ju(@)|? duy(z)
M

Then the map I'ps : Zs, 4o, — M is continuous. Similarly as in our previous claim
we have: for every e > 0 small there exists ¢ > 0 such that

(2117) u € ISk+5 = dg (FM(U),ﬁeg) <€

Let 70 : M\B,,(0/2) — Qc,be a retraction. Choose an ¢ > 0 small so that
{peM:dy(p.Q,) < €} C M\By,(e0/2) . Then from our claim it follows that
there exists a dp > 0 such that 'z (u) € M\By,(e0/2) for all u € Zg, y5,. So for
u € Zs, +s, we define I'(u) := w0 o' 37 (u). Then the map I satisfies the hypothesis
of the proposition. This proves Proposition 2.5.3. O

Now we proceed to prove the first part of Theorem 2.1. By the regularity result
obtained in Theorem 2.8.3, it is sufficient to show the existence of a non-trivial
H ((Q,) weak solution to the equation (see (2.145) for the definition)

#_ .
(.118) Pu=puft 2 in Oy
D% =0 on 00y for |of <k-—1

Suppose on the contrary the above equation only admits trivial solutions, we will
show that this leads to a contradiction.

Definition 2.5.1. Let (X,|| - ||) be a Banch space and fir F € C1(X). A
sequence (uy,) in X is a Palais-Smale sequence for F if F(uy,) < C, uniformly in
m, while DF(u,;,) — 0 strongly in X' as m — +oo. We say that F satisfies the
Palais-Smale condition at ¢ € R, (P.S). for short, if every Palais-Smale sequence
(um,) such that F(um) — ¢ as m — 400 has a strongly convergent subsequence.

Now suppose that the functional Ip has no critical point in A, that is there is not
weak solution to (2.118). This is equivalent to the assertion that the functional

1 1 #
(2.119) Fp(u) = 3 / uP(u) dvg — ey / lu%s dv,
k
Qe

Qeq
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does not admit a nontrivial critical point in H}, ;(Q,).

Proposition 2.5.4. If equation (2.118) admits only the trivial solution u =0,
then the functional Ip satisfies the (P.S). condition for ¢ € (Sk, 2% Sk).-

Proof of Proposition 2.5.4: Let (v;) € N, be a Palais-Smale sequence for the
functional Ip such that llir+n Ip(v;)) = ¢ € (Sk,2%5k), if this exists. Define
1—>+00
1
w; 1= (Ip(vi))Qi*2 v;. Then (u;) is a Palais-Smale sequence for the functional Fp
on the space H? ((€2,) such that ligl Fp(u;) € (%Sg/%, %Sg/zk). Since there
’ 1—+00
is no nontrivial solution to (2.118), it follows from the Struwe-decomposition for
polyharmonic operators by the author [28] that there exists d € N non-trivial
functions u/ € 2%2(R"), j = 1,...,d, such that upto a subsequence the following

holds

(2.120) Fp(u;) =Y E(w)+o(1) as i — 400
j=1
where E(u) := 1 [ (A*?u)?dx — 2% I |u|21ucda:. The u’’s are nontrivial solutions
R’IL k R’!L

in 282(R") to AFu = |u|2?v’2u on R” or on {z € R"/x; < 0} with Dirichlet
boundary condition (we refer to [28] for details). It then follows from Lemma 3
and 5 of Ge-Wei-Zhou [18] that for any j, either v/ has fixed sign and E(u) =

%SZ/%, or u? changes sign and E(u) > %52/%, contradicting lim Fp(u;) €
1— 400

(%SZ/%, %SZ/%). Therefore the Palais-Smale condition holds at level ¢ € (Sy, 2% Sy).
More precisely, there is even no Palais-Smale sequence at this level. This ends the

proof of Proposition 2.5.4. O

Proof of Theorem 2.1: By the Deformation Lemma (see Theorem 11.3.11 and Re-
mark I1.3.12 in the monograph by Struwe [33]), there exists an retraction [ :
Zs,+40 — I§k+00, where o is as given in Proposition 2.5.3. Let rn, : H,iO(QGO)\{O} —
Ne, be the projection given by u — —t—. Consider the map h : S™ x [0,¢,/2] —

lull g
L%k

Q., given by

LoBlra, (6fg,)) for <12
(2.121) h(o,t) :== { 05\94/2 for t=1y/2
where oM := exp,,(to). This map is well defined and continuous by Proposition

2.5.3 and there exists py € Q¢, such that

| po for t=20
(2122) h(J7 t) - { eﬁﬁpxo(%(f) for t= Lg/2

So we obtain a homotopy of the embedded (n—1)— dimensional sphere {exp,, (40) :
o € S"}to a point in €, which is a contradiction to our topological assumption.
This proves Theorem 2.1 for potentially sign-changing solutions.
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2.6. Positive solutions

This section is devoted to the second part of Theorem 2.1, that is the existence
of positive solutions. The proof is very similar to the proof of Theorem 2.1 with
no restriction on the sign. We just stress on the specificities and refer to the
proof of Theorem 2.1 everytime it is possible. We let ), C M be any smooth

n—dimensional submanifold of M, possibly with boundary. In the sequel, we will
cither take Qpr = M, or M\ By, (eo). Foru € HE o(Qr), we define u™ := max{u, 0},
u~ := max{—wu,0} and

(2.123) Ny ={u € H{ () : /(u'%)2i dv, = 1}
Qp

which is a codimension 1 submanifold of H}, ;(Qr). Any critical point u € Hj, ;(Qr)
of I, on N is a weak solution to

g_
(2.124) Pu = ui’“ Yin Qur; D=0 on 09y for |o) <k —1.

Consider the Green’s function Gp associated to the operator P with Dirichlet
boundary condition on the smooth domain Qy; C M, which is a function Gp :
Qum X Qar\{(z,2) : 2 € Qu} — R such that

(i) For any z € Qyy, the function Gp(z,-) € L' (Qu)

(ii) For any p € C°°(Qy) such that D%p = 0 on 9y, for all |o| < k — 1, we
have that

(2.125) o(z) = / Gp(x,y) Poly) doy(y)
Qnr

Lemma 2.6.1. Let (u;) € Ny be a minimizing sequence for 1¥ on N. Then
(i) Either there exists ug € Ny such that u; — ug strongly in Hg,o(QM): and
ug is a minimizer of Ip on Ny
(ii) Or there exists xo € Qp such that |ui|2i dvg — 0z, as i — +o0 in the
. _ 1
sense of measures. Moreover, ulerjl\fhr Ip(u) = i)

Proof of Lemma 2.6.1: As the functional I, is coercive so the sequence (u;) is
bounded in H,f}O(QM). We let uy € Hl%,o(QM) such that, up to a subsequence,

u; — ug weakly in H ((Qur) as i — 400, and u;(x) — ug(x) as i — foo for ae.
x € Q. As the sequences (u; ), (u; ) is bounded in L% () and u; (x) — ud (z),

%

u; () = ug (z) for a.e. x € Qyy, integration theory yields
(2.126) uf — ud and uj — ug weakly in L% (Qar) as i — +oo.
Therefore,

L2k . T+ _2k . 2
2.127) [Jug | %, <liminf o5 =1 andlug|[ %, < tminf[lu7[| 7

We claim that

2.128 u; — Uy strongly in L% Qum
[ 0
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We prove the claim. We define v; := u; — ug. Up to extracting a subsequence, we
have that (v;); — 0 in H?_,(M). Therefore, as i — 400,

(2.129) Ip(u;) = /(A’;/%i)2 dvg + Ip(ug) + o(1)
Qur

And then, letting « := ir}é Ip(u), we have that
ueN

a = Ip(u;) +o(1) = / (A 20:)? dvg + o[ fug ||}z +o(1)
QM

and then

(2.130) e (1 - HU(THQHD > /(A’;/%i)Q dvg + o(1)
1937,

as i — +oo. We fix € > 0. It then follows from (2.11) and (v;); — 0 in H? (M)
that

2
(2.131) o (Ko(n, k) + ) (1 — ||u3||Lz;g) 2 ||vi||i2ﬁ +0o(1)
Since (a + b)Q?c/2 > a?h/? 4 21/? for all a,b> 0, we get that
# : f
(2.132) (a (Ko(n, k) + €))*/? (1 — ||ug||2;> > [|ug|**, +o(1)
L%k L%k

; ; :
Integration theory yields ||ui||2’€ﬁ = Hvi||2kﬁ +HU0H2ku +0(1) as ¢ — 4o00. Therefore
L7k L7k Lk

2;1 2 211' 2” 2”
(o (Ko, k) + €))%/ (1 el ) o) > flugl®, — [luol*,
Lk L%k Lk

2’5. 2’1. _ 2'1 _ 211' 211' _ Qﬂ _ 211

2 1% + o 2 = N 26 = 1= o 15 + o 2 = o 2%
Then [|u; |, = [[u; — ug | || 1) as i ield
en ||“i HLZ’i = H“z — U ||L2§ + ||Uo ||L21 +o(1) as i — +oo yields

(2.133)
¢ 2k _p2t _p2t
(e a1+ 02 = 1) (1= I, ) +000) 2 I, = I
#
(2.134) = [Ju =g [ + ()

Since aKy(n, k) <1 and € > 0 is arbitrary small, we get (2.128). This proves the
claim.

We define p; = (Algg/zui)2 dvy and v; = |u2|2ﬁk dv, for all 5. Up to a subsequence,
we denote respectively by p and v their limits in the sense of measures. It follows
from the concentration-compactness Theorem 2.4 that,

(2.135) v = luol% dvg + Y 8, and p > (A 2ug)? dvg + Y 86,
JjeT JET
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where J C N is at most countable, (z;),es € M is a family of points, and (a;) ey €
g
R>0, (Bj)jes € R>( are such that a?/Q"‘ < Ko(n,k) B forall j € J. Since u; — ug

strongly in L% (M), we then get that

(2.136) |uﬂ2£ dvg — |u8‘|231 dvg + Z @0z,

JjET
as i — +oo in the sense of measures. The sequel is similar to the proof of Lemma
2.3.1. We omit the details. This completes the proof of Lemma 2.6.1. a

Lemma 2.6.2. We assume that there is no nontrivial solution to (2.124).

Then the functional Ip satisfies the (P.S). condition on Ny for ¢ € (S, 2% Si) if
the equation.

Proof of Lemma 2.6.2: This is equivalent to prove that the functional

(2.137) Ff(u) = % / wP(u) dv, —2% / () dv,

Ot Lo

satisfies the (P.S). condition on HE ((Qr) for ¢ € (%SZ/%, %SZ/%). Let (u;) be
a Palais-Smale sequence for the functional Fj on the space H ,fyo(Q ). Then, as
v E Hl%,o(QM) goes to 0,

(2.138) / uin(v) dvg — /(uj‘)ﬂk*lv dvg =0 (||U||Hg)

Qp Qum
Without loss of generality we can assume that u; € C2°(Qyy) for all 4. Let ¢; €
C> () be the unique solution of the equation

t_q .
(2.139) { P{wiz(ui*)zk Yin Qu
D%p; =0 on Iy for |a] <k-1
The existence of such ¢; is guaranteed by Theorem 2.8.2. It then follows from
Green’s representation formula that

(2.140) pi(z) = / Gr(w,y)(uf ()% dug(y) = 0
Qnr

for all x € Q)r. Note that the sequence (¢;) is bounded in H,f,O(QM). It follows
from (2.138) that ¢; = u; + o(1), where o(1) — 0 in Hj o(Qr) as @ — +oo. And
so (ip;) is Palais-Smale sequences for the functional F on the space H, ,370(QM).
Therefore, since ¢; > 0, it is also a Palais-Smale sequence for Fip defined in (2.119).
Since there is no nontrivial critical point for F' ;5 , using the Struwe decomposition
[28] as in the proof of Proposition 2.5.4, we then get that (¢); is relatively compact
in H} ;(Qar), and so is (u;). This ends the proof of Lemma 2.6.1. O

Proof of Theorem 2.1, positive solutions: this goes essentially as in the proof of
Theorem 2.1, the key remark being that the functions vf p defined in (2.100) are
nonnegative. We define N5° = {u € H} () : ||u+HL22 = 1}, where Q. =
M\ B, (%) and ¢y > 0 was defined in (2.106). For ¢ € R we define the sublevel
sets of the functional Ip on N as T} := {u € N : I¥(u) < c}. Arguing as in the
proof of Proposition 2.5.3, it follows from Lemma 2.6.1 that there exists a dy > 0
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such that there exists I : 7 5 — Q, a continous map such that: If (u;) € Zg 5

is a sequence such that |u;r|2uk dvy — 0p, weakly in the sense of measures, for some
point py € Q,, then lim T'(u;) = po.
1— 400

Let Taco :H,io(Qeo)\{HquHﬁi =0} — N{° be the map given by u — —f—.

Tu T
L2

Consider the map h : S™ x [0,1,/2] — Q, given by

LoBlrym(v7r,) for  t<uy/2
_ + »410
(2.141) h(o,t) { o-izf/z for t=14/2

where 3 : I;k+49 — I;'_k+5o is a retract (we have used Lemma 2.6.2) and o =

expy, (to). Note here that we use that vfz > 0. As in the proof of Theorem 2.1, h
is an homotopy of the embedded (n—1)—dimensional sphere {expq, (40) : 0 € S™}
to a point in €).,, which is a contradiction to our topological assumption. So there
exists a nontrivial critical point u for the functional Ip on N°, which yields a
weak solution to (2.124). It then follows from the regularity theorem 2.8.3 that
u € C®(Q,,), u > 0, is a solution to (2.2). This ends the proof of Theorem 2.1 for
positive solutions. O

2.7. An Important Remark

We remark that the topological condition of Theorem 2.1 is in general a necessary
condition. Consider the n-dimensional unit sphere S™ endowed with its standard
round metric h, and let P, be the conformally invariant GJMS operator on S™.
By the stereographic projection it follows that S™\{zg} is conformal to R™. Also
one has that S™\{x} is contractible to a point. Let ., be the domain in S™\{z¢}
constructed as earlier in (2.1), and let u € Hy ((Q,), u # 0 solve the equation
(2.142) { Py, u= (u+)2i_1 in Q¢

DYy =0 on 00, for |of<k-1

Then by the stereographic projection it follows that there exists a ball of radius R,
Bo(R) such that there is a nontrivial solution v € Hf ;(Bo(R)) to the equation
B .
oasg) [ A=A i ByR)
D=0 on 0By(R) for |a|<k-—1

By a result of Boggio[7], the Green’s function for the Dirichlet problem above is
positive. Therefore, we get that v > 0 is a smooth classical solution to

T

DY =0 on 0By(R) for |a|<k-—1

This is impossible by Pohozaev identity, see Lemma 3 of Ge-Wei-Zhou [18].
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2.8. Appendix: Regularity

Let f € L'(Q). We say that u € HE)O(QM) is a weak solution of the equation
Pu = fin Qp and D% = 0 on 9y for |a] <k —1, if for all ¢ € C°(Qp)

k-1
(2.145) / A’;/QuAlg“/Qgp dvg + Z / Ai(g)(Viu, Vi) dvg = / feo dug
Qs a=0 Qum Qnr

Now let the operator P be coercive on the space HE’O(QM), i.e there exists a
constant C' > 0 such that for all u € Hf (Q)

(2.146) / uP(u) dvg > C HUII?{;O(QM) :
Qum
We then have

Proposition 2.8.1 ((H}-coercivity).

, ([ Pull,
(2.147) inf
uweHY )\ {0} [|ull o

Proof of Proposition 2.8.1: We proceed by contradiction. If not, then there exists
a sequence (u;) € C°(Qyy) such that Huz||H5 =1and h-IEl (| Pus||,, = 0. It follows
1—+00

from classical estimates (see Agmon-Douglis-Nirenberg [1]) that
(2.148) lll g 200y < Co (1Pill o + il gy ) = O(1)

So there exists ug € Hyy, () such that upto a subsequence u; — ug weakly in
Hy, o(Qar). Then w; — g strongly in Hy ((2a) and so HUOHHg = 1. Also ug
weakly solves the equation Pug = 0 in Qs and D%ug = 0 on 9Q for || < k —1.
It follows from standard elliptic estimates (see Agmon-Douglis-Nirenberg [1]) that
up € C(Qxr). Then, multiplying the equation by ug and integrating over M,
coercivity yields

M

and hence ug = 0, a contradiction since we have also obtained that ||uo]| = 1
This proves Proposition 2.8.1. O

Proposition 2.8.2 (Existence and Uniqueness). Let the operator ng be co-
ercive. Then given any f € LP(Qu), 1 < p < 400, there exists a unique weak
solution u € HY ((Qar) N HY, (1) to

(2.150) { D% =0 on Iy for |af <k -1

The proof is classical and we only sketch it here. For p = 2, existence and
uniqueness follows from the Riesz representation theorem in Hilbert spaces. For
arbitrary p > 1, we approximate f in LP by smooth compactly supported function
on Q. For each of these smooth functions, there exists a solution to the pde with
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the approximation as a right-hand-side. The coercivity and the Agmon-Douglis-
Nirenberg estimates yield convergence of these solutions to a solution of the original
equation. Coercivity yields uniqueness.

We now proceed to prove our regularity results. The proof is based on ideas devel-
oped by Van der Vorst [35], and also employed by Djadli-Hebey-Ledoux [13] for
the case k = 2.

Theorem 2.5. Let (M, g) be a smooth, compact Riemannian manifold of di-
mension n and let k be a positve integer such that 2k < n. Let Qp be a smooth
domain in M and suppose u € H,f,o(QM) be a weak solution of the equation

Pu= f(x,u) in Qu
(2.151) { Dy =0 on Oy for ol <k-1
where | f(z,u)| < Clul(1+ |u\2i72) for some positive constant C, then
(2.152) u € LP(Qr) forall 1 <p< 400
Proof of 2.5: We write f(x,u) = bu where |b] < C(1 + |u|2n’“72). Then b €
L"/?%(Q;) and u solves weakly the equation

Pu = bu in Qpf
(2153) { D% =0 on 8QM for |Ol‘ < k—1

Step 1: We claim that for any e > 0 there exists ¢ € L™/2%(,) and f. € L>(Qy)
such that

(2.154) bu = qeu + f, gell posar oy <€

Now liin / \b|”/2k dvg = 0, so given any € > 0 we can choose ¢y such that
1—>+00

{ul>4}
|b|n/2k dvg < 6n/2k.
{lul>io}
We define gc := X{ju|>i}0 and fc := (b — qc)u = X{ju|<io}b- Then, since |b| <

g_
C(1+ |u\2k 2)’ we have that ||quLn,/2k(QM) < eand f. € L>(M). This proves our
claim and ends Step 1.

We rewrite (2.153) as

{ Pu=qu+ f. in Quf

(2155) DYy =0 on GQM for |Oé| S k—1

Let J7 be the operator defined formally as

(2.156) Hiw= (Py) ™ (geu)

Then Pu = g.u + f. becomes u — Su = (P;)’l(fe).

Step 2: we claim that for any s > 1, 7 maps L°(Qs) to L*(Qar).
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We prove the claim. Let v € L%(Qu), s > 2?@, then gwv € L*(Qy) where
ns

§= T and we have by Holder inequality

(2.157) gevll s 0y < Nellpnrzr oy 100 s (00
Since Hq€||Ln/2k(QM) < €, so we have

(2.158) 19¢vl s 2,0y < €10l 2e @0r)

From (2.8.2) it follows that there exists a unique ve € Hj, () such that

{ Pv. = qv in Qpf

(2.159) D%, =0 on Oy for || <k-1

weakly. Further we have for a positive constant C(s)

(2.160) [0l g5, (20) < C(5) lgevll s )
So we obtained that
(2.161) Hve”Hgk(QM) < C(s)e]lv] Ls (1)

By Sobolev embedding theorem Hs, (/) is continuously imbedded in L*(£2/) so
ve € L*(Q2) and we have

(2.162) Jod

L) = C(s)e vl L# ()

In other words, for any s > 22 the operator 4%, acts from L*(Qys) into L*(Qy),
and its norm ||| ;._, . < C(s)e. This proves the claim and ends Step 2.

Step 3: Now let s > 251 be given, then for € > 0 sufficiently small one has

1
(2.163) el e s < 3
and so the operator I — % : L*(Q2p) — L®(Qy) is invertible. We have
(2.164) u— A= (Py)~'(fe)

Since u € L% () and f. € L=(Qy), so u € LP(Qyy) for all 1 < p < +o0.
This ends the proof of Theorem 2.5. O

Proposition 2.8.3. Let (M, g) be a smooth, compact Riemannian manifold of
dimension n and let k be a positive integer such that 2k < n. Let f € C%%(Qyy)
a Holder continuous function. Let Qp; be a smooth domain in M and suppose
u € H,%’O(QM) be a weak solution of the equation

- .
(2.165) Pu= flu* 2w or fwh)%=1  inQy
D%u =0 on Oy for |a|<k-—1

Then uw € C?*(Qyy), and is a classical solution of the above equation. Further if
u>0 and f € C®(Qur), then u € C(Qypy).
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Proof of Proposition 2.8.3: It follows from (2.5) that v € HY, (Qp) for all 1 <
p < +oo. By Sobolev imbedding theorem this implies u € C?~17(Q,,) for all
0<vy<l1. |u|2§1_2 u, (u™)?~1 € C1(Qys). The Schauder estimates (here again, we
refer to Agmon-Douglis-Nirenberg [1]) then yield u € C2%7(Q,) for all v € (0, 1),
and u is a classical solution.

If w > 0, then the right-hand-side is w21 and has the same regularity as u.
Therefore, iterating the Schauder estimates yields u € C°°(Qy;). This ends the
proof of Proposition 2.8.3. O

2.9. Appendix: Local Comparison of the Riemannian norm with the
Euclidean norm

Let (M, g) be a smooth, compact Riemannian manifold of dimension n > 1. For
any point p € M there exists a local coordinate around p, gp;l :QCR* - M,
©(p) = 0, such that in these local coordinates one has for all indices i, 5,k =1,...,n

{ (1—€)d;; < gij(x) < (14+€)d;; as bilinear forms.
gij(x) — b5 <€

Here we have identified T, M = R™ for any point p € M. For example, one can
take the exponetial map at p : exp,, which is normal at p. We will let ¢4, be the

injectivity radius of M. Using the above local comparison of the Riemannian metric
with the Euclidean metric one obtains

Lemma 2.9.1. Let (M, g) be a smooth, compact Riemannian manifold of di-
mension n and let k be positive integer such that 2k < n. We fir s > 1. Let
ap;l :Q C R > M, o(p) =0 be a local coordinate around p with the above men-
tioned properties. Then given any ey > 0 there exists T € (0,t4), such that for any
point p € M, and u € C° (By(7)) one has

(2.166)
(1—e) /(Ak/Qu)Q iz < /(A{;/Q(UO%)F dv, < (1+ 60)/(Ak/2u)2 do
Rn M R»
and
(2.167) (1- eo)/|u|8 dzx < / |uo@,l® dug < (1+ eo)/|u|s dx
R~ M Rn

Proof of Lemma 2.9.1: In terms of the coordinate map cp;l :Q C R —» M, for
any f € C%(M) we have
i P(fop™h) fop™)
2.168) A — _gi(e) (ML 2¥ )iy _pk oJ°% )i
2169)  Agf () = ~5"(0) (i) - rheta) 2
Since the manifold M is compact, then given any ¢ > 0 there exists a 7 € (0, ¢4)
depending only on (M, g), such that for any point p € M and for any x € By(1) C
R™ one has for all indices i,j,k=1,...,n
{ (1 —€)di; < gij(x) < (14+€)d;; as bilinear forms.
9ij(x) — b5 <€
Without loss of generality we can assume that 7 < 1. We let v € C°(R") be
such that supp(u) C Bo(7). In the sequel, the constant C' will denote any positive
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constant depending only on (M, g) and 7: the same notation C' may apply to
different constants from line to line, and even in the same line. All integrals below
are taken over By(7), and we will therefore omit to write the domain for the sake
of clearness.

Case 1: k is even. We then write k = 2m, m > 1. Then calculating in terms of
local coordinates we obtain
2m—1
(2.169) |AT(uo@,) (¢, (z)) — A™u(@)| < €|V u(z)| +C Y ]v@m*%(z)
B=1

where Cy is a constant depending only on the metric g on M. Then we have

’/ (wo @) (e, (x)))” d:c—/(Amu)2dx
(2.170)

2m—1 2m—1

C Z /‘V (2m— ﬂ)u’ d:r+26/|V2mu| |A™u| dx 4+ C Z /|Amu|‘v<2m ﬂ)u’d:c

(2.171)

§22e2/|v2mu|2dx+

Now for any 3 such that 8 < 2m — 1 we have V?™=8y ¢ 252(R") and by
Sobolev embedding theorem this implies that !V(2m_ﬂ)u|2 € L2/ (R™). Applying
the Holder inequality we obtain

2m—1 2m—1

o 2/2}
(2.172) Z /’v@m | dr < C Z T </‘v(2m—ﬂ>u‘ Bdm)

And then the Sobolev inequality gives us

s\ 2%
(2.173) (/’V@m_ﬁ)u ’ dm) < C/}VQmuFdx

Applying the integration by parts formula, we obtain

(2.174) /|V2mu|2da: = /(Amu)zdaj

So we have, since 7 < 1

2m—1

(2.175) > /]v2m Bul d.%‘<CT/ A™u)* d

1Bl=1

Therefore, we get that
(2.176)

‘/ (w0 op) ey (2)))? d:z:—/(Amu)2dx

< C(e+T)/(Amu)2 dx
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Now in these local coordinates one has

(2.177) (1—e)”/Q/(A;”(uo<pp)(<p;1(af)))2 dx < /(AQ”(“O%))Q dvg
M
(2.178) < (142 / (AP (w0 o) (05 () de

So given an €y > 0 small, we first choose € small and then choose a sufficiently small
T, so that for any u € C2° (By(7)) we have
< 60/(Amu)2 dx

Case 2: k is odd. We then write k = 2m + 1 with m > 0. Calculating in terms
of local coordinates, like in the even case, we obtain

(2.180) | [V(AG (w0 @) (12, (2)) = [V(A™u)*(2)] < e V(A™u)[*()

(2.179) ‘ / (AT (wo pp)? dvy — / (A™u)? da

So we have the lemma for k even.

2m 2
(2.181) +Ce |V*™ |’ () + C Y ‘v@mH*%] (x)
=1

(2.182) +Ce |V2™ 1y (2) |V(A™ )| (2 +cz’v<2m+1 5) ‘ ) [V (A™)|(2)
B=1
for all € By(7). Therefore

[Iv@p@o )Pl @) do - [19am0)

2m 2
+Ce/‘V2m+1u’2 dw—l—CZ/‘V@mH_’B)u‘ dx
=1

x| < e/|V(Amu)\2 dx

(2.183)

2m
+oe/|v2m+1u] |V(A™ )| derCZ/‘V(Qm“*B)u’ IV(A™w)| da
B=1

And then by calculations similar to the even case, along with the integration by
parts formula, we obtain

(2.184)
‘/|V "(wo ) (p dxf/|V (A™u)[*(z) dz| < Cy (e + v/7) /\V (A™u)|? da

Now given an ¢y > 0 small, we first choose € small and then choose a sufficiently
small 7, so that for any u € C2° (By(7)) we have

(2.185) /\v ™ (4o )| dv, — /|v (A™W)[? da <eo/\v (A™W)[? da

Then one has the lemma for k odd. This ends the proof of Lemma 2.9.1. O
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CHAPTER 3

Struwe’s decomposition for a Polyharmonic
Operator on a compact Riemannian manifold with
or without boundary

ABSTRACT. Given a high-order elliptic operator on a compact manifold with
or without boundary, we perform the decomposition of Palais-Smale sequences
for a nonlinear problem as a sum of bubbles. This is a generalization of the
celebrated 1984 result of Struwe [16]. Unlike the case of second-order oper-
ators, bubbles close to the boundary might appear. Our result includes the
case of a smooth bounded domain of R™.

3.1. Introduction

Let (M, g) be a smooth, compact Riemannian manifold of dimension n with or
without boundary. In the latter case we understand that M is a compact, oriented
submanifold of (M, g) which is itself a smooth, compact Riemannian manifold with-
out boundary and with the same metric g and dimension n. As one checks, this
includes smooth bounded domains of R”. When the boundary OM # 0, we let
v be its outward oriented normal vector in M. Let k be a positive integer such
that 2k < n. We define the Sobolev space H} ((M) as the completion of C2°(M)

for the norm u Zf:o |Viul|2. This norm is equivalent (see Robert [14]) to the

1/2
Hilbert norm |[u[ g2 = (Zf:o fM(AiJ/Qu)2 dvg) where Ay 1= —div,(V) is the
a—1

a—1
Laplace-Beltrami operator and, for a odd, AfuAfv := (VAy? u, VAG* v), for
all u,v € HZ(M). For details we refer to Aubin [3] and Hebey [9].

We consider the functional

1

k—1
1 1 #
L k/2, \2 1 ! ! _ 2of
I(u) := 2/ (Ag u)® dvg + 5 l_go/ A (Viu, Viu) dug —2ﬁk / lu|* dv,

where for all [ € {0,...,k — 1}, 4; is a smooth Ty -tensor field on M and A; is
symmetric (that is 4;(X,Y) = A;(Y,X) for all T}-tensors X,Y on M). Here,
2?6 = 2% is the critical Sobolev exponent such that H (M) — L2i(M) is
continuous, which makes the definition of I consistent for all u € H}, (M). Critical
points u € Hf o(M) for I are weak solutions to the pde

(3.1) Pu= |u|2ﬁk*2u in M
) I%u =0 on OM for |a|<k-1

57
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where for any u € C?*(M), we define
k-1
Pu = Aﬁju + Z(_l)lvjl...ﬁ ((ADiy irgr e VP 00)
1=0

and where we say that u € H,fyO(M) is a weak solution to (3.1) if

k—1
/ AR/2y AF2 dvngZ/ A(V'uV'y) dvg:/ [0 wp do
M 1=0 /M M

for all ¢ € H,iO(M). As shown by the regularity theorem in Mazumdar [13], a
weak solution u to (3.1) is indeed a strong solution, u € C?*(M).

Definition 3.1.1. Let (X, ||-||) be a Banach space and F € C*(X). A sequence
(o) in X is said to be a Palais-Smale sequence for F if (F(uq))a has a limit in R
when o — 400, while DF(uy) — 0 strongly in X' as a — 400.

In this chapter, we describe the lack of relative compactness of Palais-Smale se-
quences for I, which is due to the noncompact embedding HgyO(M) — LQi(M).

For © any open domain of R", we let D#(2) be the completion of C°(12) for the
norm u + ||A*/2uyl|. The limiting equations of (3.1) are

(3.2) AFy = |u* 4 in R", u € D2(R")
#
AFy = |u|2’“_2 u in R™ 2 (mpn
3.3 — , u € Dy (R"™
(3:3) { 8ou =0 on orr [ %€ PHERD)

where A := A, is the Laplacian on R™ (with the minus sign convention) endowed
with the Euclidean metric Eucl. Associated to the functional I is the limiting
functional

1

1
E(u) := 5/ (A*/2)2 da — 27/ \u|2i dx for all u € Di(R™).
n ¢ Jrn

Our main theorem below shows that the lack of convergence to a solution of equation
(3.1) is described by a sum of Bubbles:

Theorem 3.1. Let (u,) be a Palais-Smale sequence for the functional I on
the space H{ o(M). Then there exists d € N bubbles [(m((f)), (r((xj))7 u], j=1,...d,
(see Definition 3.2.1 below) there exists o € H,iO(M) a solution to (3.1) such
that, up to a subsequence,

d
to =t + 32 By g9 (u9) (1) whereliy_o(1) =0 in i o(01)
=

and .
I(ua) = I(us) + Z E(uY)+0(1) as o — +oo.
j=1
In Section 3.2, Bubbles are defined up to a term going to 0 strongly, which is

relevent here. As one checks, given u € Di(R™) a nontrivial weak solution to (3.2)
or (3.3), then multiplying the equation by u and integrating by parts yields

(3.4) E(u) > g% = %Ko(n,k)’”/%
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where K (n, k) be the best constant of the embedding DZ(R") < L2 (R"), that is

(AR2)2 g
(3.5) Ko k)l =  nf  Jee(B70)dz
weDE(R™)\{0} (f |u|2”k d.ﬁ)g

R7Z

When the Palais-Smale sequence is nonnegative, the bubbles are positive and cor-
respond to positive solutions to (3.2). As shown in Lions [12], Swanson [17], Ge-
Wei-Zhou [7], these solutions are exactly the extremals for (3.5) and are of the
form

A
14+ A2|- —al?
where a,, , > 0 is explicit. We then get the following:

n-k
(3.6) u="Ugx = ank < > a€eR" A>0

Theorem 3.2. Let (uy) be a Palais-Smale sequence for the functional I on
the space Hz’O(M). We assume that u, > 0 for all oo € N. Then there exists
Uso € H o(M) a solution to (3.1), there exists d € N sequences : (x,(ll))7 e (chd)) €
M, (T&l)),...,(rgd)) € (0,+00) such that r$) = 0 and rY) = o(d(:z:g),(?M)) as
a— +oo forall j =1,...,d, and up to a subsequence,

n—2k
2z

d (4)
Ugy = Uoo + n (fg))_le:cpj%) () ank ( . - ) +o(1)
jzz:l ( :L’aJ ) (T&]))2+dg(,$g))2

where limg, 4 o 0(1) = 0 in HE o(M), and 1 and (f&j))'s are as in (3.8). Moreover,

I(ua) = I(ueo) + dpt + o(l) asa— +o0
where B is as in (3.4).

When k£ =1 and M is a smooth bounded domain of R™, Theorem 3.1 is the pio-
neering result of Struwe [16]. There have been several extensions. Without being
exhaustive, we refer to Hebey-Robert [11] for £ = 2 and manifolds without bound-
ary, Saintier [15] for the p—Laplace operator, El-Hamidi-Vétois [5] for anisotropic
operators and Almaraz [1] for nonlinear boundary conditions. When the manifold
is the entire flat space R™, the decomposition is in the monograph by Fieseler-
Tintarev [18]. Another possible description is in the sense of measures as in Lions
[12]: a general result of this flavour for high order elliptic operators on manifolds
is in Mazumdar [13].

Palais-Smale sequence are produced via critical point techniques, like the Mountain-
Pass Lemma of Ambrosetti-Rabinowitz [2] or other topological methods (see for
instance the monograph Ghoussoub [8] and the references therein). Concerning
higher-order problems, we refer to Bartsch-Weth-Willem [4], Ge-Wei-Zhou [7],
Mazumdar [13], the general monograph Gazzola-Grunau-Sweers [6] and the ref-
erences therein. Theorem 3.1 is used by the author in [13] to get Coron-type
solutions to equation (3.1).

Acknowledgements. I would like to express my deep gratitude to Professor
Frédéric Robert and Professor Dong Ye, my thesis supervisors, for their patient
guidance, enthusiastic encouragement and useful critiques of this work.
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3.2. Definition of Bubbles

In the spirit of the exponential map, we first cook up a chart around any boundary
point. We fix 2o € M. Since M is a smooth submanifold of M, there exist O an
open subset of M with 2 € €, there exists U C R” open with 0 € U, such that for
any = € QN M there exists T, € C°(U, M) having the following properties.

T:(0) =z

Tz is a smooth diffeomorphism onto its image 7, (U).
T.UN{z1 <0} =T, (U)NM

Te (UN{z1 =0}) = To(U) N OM

(,2) — Ta(z) is smooth from Q x U to M

dT.(0) : R" — T, M is an isometry

dT.(0)[e1] = v, where v, is the outer unit normal vector to OM
at the point x.

This map is defined uniformly with respect to x in a neighborhood 2 of a fixed point
xg € OM. By a standard abuse of notation, we will always consider z — T, without
any reference to €2 or xo: this will make sense in the sequel since the relevant points
will always be in the neighborhood of a fixed point.

Definition 3.2.1. A “Bubble” is a triplet [(14), (ro),u] where z, € M is a
convergent sequence, ro > 0 for all a € N with 11141_1 ro =0 and
o—r+00

either {xa € M, lim 7d(ma,8M)

a—r 400 Ta

= 400 and u € Di(R") satisfies (3.2)}

or {xo € OM and u € Dj(R") satisfies (3.3)}
If v, € M, we let 7o, > 0 be such that

a——+oo a——+oo Ta 2

o (M o dy(ze, OM
(3.8) B 7o = o € [o, ’9(2 )> Clim 1 =0 and 7, < Y@ OM)

and we define

Byoira(u) =1 (M) e u (W)

Ta

where n € C(By(ig(M))) is identically 1 in a neighborhood of 0. Here, the expo-
nential map is taken on the ambient manifold (M, g).

If xo, € OM, we let xg := limy_ 100 T, and we define

_ n—2k T_l x
By r, (u) =1 (’7;;1(:5)) Ta 2 U <$(;:()>
where T, is as in (3.7), Q is a neighborhood of xy € OM and n € C°(U) is
identically 1 in a neighborhood of 0.

Beside [(xq4), (ra), u], the definition of a bubble depends on the choice of the cut-off
function 7, the radius 7, and the chart 7,. However, as shown in the proposition
below, after quotienting by sequences going to 0, the class of a Bubble is independent
of these later parameters.
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Proposition 3.2.1. The definition of Bubbles depend only on [(x4), (7o), u],
up to a sequence going to 0 strongly in H,E’O(M).

Proof of Proposition 3.2.1. We first assume that u € Di(R") satisfies (3.2) and
that

dy (20, OM
(3.9) lim Je(Te M) o

a—+o0o Ta

; ; . _n=—2k
For i = 1,2, we set the bubbles B =n' (7)) texp () ra * u(rgtexpgl(t)),
where 7' € C2(By(2a;)), n° = 1 in By(a;) with 0 < 2a; < 1,(M); 7, > 0 are
as in (3.8). We let rme® = max{alTa, az™2} and ™" = min{a; 7., a2}, and let

«
€MAT = ., /1M and €7 = 1, /r™i". Then lim, 0 €7%% = 0 and lim,_,0 €7 = 0.

The comparison lemma 9.1 of [13] yields C' > 0 such that for any R > 0 and «
large
k

SOlAYz (BL-B2) I} < Z /B

(ay2 (8L~ B2))" v,
1=0 )t

QTmaz :Ea)\BTmin (In

2
/ (A2 (BL, .. ()" dv,.
i= 121 0 Y M\Brrg, (za)

Therefore, using (3.33), we get that BY — B2 = o(1) in H?(M) as a — +oc.

Now we consider the case of a boundary bubble, that is z, € OM and and u €
) _n-—2k

D?(R") satisfies (3.3). Fori = 1,2, weset B?, :=n’ (Tl 1( )) Ta ° U (r‘lTZ% (- ))

where T, i = 1,2, are as in (3.7), U is a neighborhood of 2o € OM and n',n* €
C°(U) are identically 1 in a neighborhood of 0. One has

k

S [ (B -8) dn, <

=0

k ) 5 i

E /2 1 2 12 1 po

1=0 /Da(R)ﬂM <Ag (B Ba)) Aot zz—;/M\Du(R) (Ag (Ba Ba)> dvg

where Do(R) := T, (Bo(raR)) U T2 (Bo(roR)) It follows as in the comparison
Lemma 9.1 of [13] that there exists C' > 0 such that for « large

k

2
Z/ (ay2(BL - B2)) " dv, <
1=0 Y Da(R)NM )
k
2/ (80 (BLo7) ~ (B207)) e <
1=0 7 (Bo(ra RUZ ! (Bo(ra R)))NR™
- 2
CZ/ [AZ/Q (" (ra-yu) = A2 (0 (®a(ra-)) u (T;1¢a(ra'))):| dr = o(1)
1=0 ¥ Bo(R)NR™

where @, := 7;2&_1 o7} and d(®q)o = Id. Similarly to the case (3.9), we get that

k
2
. . Z 1/2 (pl _ p2 ) _
RE)I—EOO (EBTOO =0 /IW\DQ(R) (Ag (Ba Ba) dvg 0
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This completes the proof of Proposition 3.2.1. O

3.3. Preliminary analysis

The proof of Theorem 3.1 goes through four steps. All results are up to a
subsequence. We let (uq)a € Hy o(M) be a Palais-Smale sequence for I.

Step 1: We claim that (ua)q is bounded in Hf o(M).

Proof of the claim: Since (u,,) is a Palais-Smale sequence, we have that
k—1
(DI(ug),us) = / (AF2ug)? dvg + Z/ A|(V'ue, V') do,
M oI M

#
— [l g = o ()

Therefore
n
(3.10) / Jual dvy = 1) + 0 (Juallzz ) < €+ o0 (Jluall)
M k k k
Since (I(#q))a is bounded, then putting together these equalities yields
2 2 :
lual%s < €+ Cllualls  + c/M o do,

Now since the embedding of le,o(M) in Hak_l(M) is compact, then for any ¢ > 0

there exists a B, > 0 such that H“”?{f  Se ||u||?{£ + B, ||u\|§n for all u € HZ(M).
i k

Therefore, taking £ > 0 small enough, we get that

g
luallFe < C+C/M g% dug

Then using (3.10) we get that ||uaHi,§ <C+C Hua”Hg for all o, and therefore the
sequence (ug) is bounded in Hf ;(M). This proves the claim. O

Since (uq) is bounded in Hy ;(M), there exists uo, € Hj, o(M) such that

Uo = s weakly in HZ (M) and L% (M),
(3118w — use  strongly in H2,(M) and in LI(M) for | < k, g < Qﬁ,
1,0 k
U (T) = Uoo(z) a.ein M

We define v, 1= g — Uso-

Step 2: We claim that
(1) DI(us) =0
(2) (va) is a Palais-Smale sequence for the functional J on the space H (M),
(3) J(va) = I(ua) — I(us) + 0(1) as o — +o0.

where

1 1
J(u) = B /M(A’;/Qu)2 dvg — Yy /M |u|231 dvg for u € H o(M)
k

Proof of the claim: We fix ¢ € H}, ((M). We have that
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k—1
(DIu). o) = [ APuasle do,+ Y [ Ag)(V'ua, 7')
a=0 M

M

(3.12) —/ |uoé\2"172 uap dvg = o(1)
M

The following classical integration Lemma will be often used in the sequel (see
Lemma 6.2.7 in Hebey [10] for a proof):

Lemma 3.3.1. Let (M,g) be a Riemannian manifold. If (f.) is a bounded
sequence in LP(M), 1 < p < 400, such that fo, — f a.e in M, then f € LP(M)
and fo, — f weakly in LP(M).

2}

#_
Since (Juq|** "% tuq)q is bounded in L%~ and converges a.e., Lemma 3.3.1 yields

(3.13) / \ua\Qi_z Ul dvg = / |uoo|2§“_2 Usotp dvg + 0(1)
M M

Therefore, the weak convergence of () 10 Uso, (3.12) and (3.13) yield that us, is
a weak solution to (3.1). This proves point (1) of Step 2.

We now estimate I(ug,). From (3.11) we have

[ @) oy~ [ (@0 oy = [ Q5007 oy + o)

M
k—1 k—1
Z Aj(Vug, Viug) dog = Z/ AV, Vi) dvg + o(1)
1=0 7 M 1=0 /M

The following two inequalities will be of constant use in the sequel: for any 1 < p <
400, there exists C' > 0 such that

(3.14) | la + 0" —[a” = [b" | < C (lalP~"[b] + [b]"~"|al)

(3.15) | la+0b["(a+b) —|a[’a —[bb | < C (|af”[b] + [b]*[al)

for all a,b € R. Tt then follows from (3.14) that

< O (o ftoe] + oo % oal)

and then using Lemma 3.3.1, we get that

/M ol dv, — /M oo dvy = /M [0l dug + o(1)

Hence I(uq) — I(uso) = J(va) +0(1) as a — 400, which proves point (3) of Step 2.

# # #
[0l = fttoe % = Jva ]

Next we show the sequence (v,,) is a Palais-Smale sequence for the functional J on
H} o(M). Let € Hy (M), we have

(3.16)  (DJ(va), ) = (DI(ua), ) = (DI(uco), ) + /M Payp dvg + o([|¢l| 2)

where . ) .
Dy = U + uoo|2’f2 (Vo + Uso) — |uoo\2’°72 Uoo — |va|2’*‘72 Ve

Inequality (3.15) and Hoélder’s inequality yield

<o (|urt-ne]

:
+ H\uoo|2k*2va

L1 2

(3.17) ’/ Do dug
M

1 |l

2f
of -1

k
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Since v, — 0 in L2k (M), Lemma 3.3.1 yields

TIRg (T
P P
Since (uq) is a Palais-Smale for I, then (3.16), (3.17) and the continuous embedding
H (M) — L% (M) yields (DJ(vy), ) = 0(||ga||H%) as a — +oo uniformly wrt

NS le,o (M). This proves the claim and ends Step 2. O

e

The next lemma adresses the compactness of a Palais-Smale sequence for small
energy. It will be generalized to the case of small local energy in Proposition 3.4.1.
Step 3: Let (v,) be a Palais-Smale sequence for J on H,?O(M) We assume that
Vo — 0 weakly in H,%yo(M)7 and that J(v,) — B8 with 8 < % where 8% is as in
(3.4). We claim that v, — 0 strongly in H,iO(M).
Proof of the claim: Since (vq) is bounded and (DJ(va), va) = o(||vallm2), we get
that
(3.18) J(va) = E/ (AF24)2 du, + o(1) = 5/ (a2 dv, + 0(1) = B+ o(1)

' « nfy ¢ ° g n Sy 9 '

As a consequence, 8 > 0. It follows from Mazumdar [13] that for any & > 0 there
exists B. > 0 such that

(3.19) lull3: < (Ko(n,k) +e) / (AF2u)® dug + Be |lully
. &

for all u € H? (M). Applying this inequality to v, the strong convergence to 0 in
H? | and (3.18) yield

n _\2/2k n
(£8) " < (oln. k) +2) 28
Letting ¢ — 0 and using 0 < 8 < %, we get that 3 = 0, and then (3.18) yields
vq — 0 strongly in H,f’O(M). This proves the claim and ends Step 3. O

Step 4: Proof of Theorem 3.1. Let (u,) be a Palais-Smale sequence for the
functional I on the space H,f,o(M). By substracting the weak limit u.,, we get
a Palais-Smale sequence (v,) for the functional J with energy J(v,) = I(uq) —
I(uoo) +0(1) as @ — +00. If v, — 0 strongly in Hf (M), then we end the process.
If not, we apply Lemma 3.4.1 to substract a bubble modeled on v € D3 (R") \ {0}
and we get a new Palais-Smale sequence for J, but with the energy decreased by
E(v). If the resulting sequence goes strongly to 0, we stop the process, if not,
we iterate it again. This process must stop since the energy E(v) > 8% and after
finitely many steps, the energy goes below the critical threshold 3% and then the
convergence is strong by Step 3. This proves Theorem 3.1. [

The rest of the chapter is devoted to the proof of Lemma 3.4.1.

3.4. Extraction of a Bubble

In the sequel, for any (M,g) as in the introduction, we let HZ?(M) be the
completion of {u € C*°(M) : |lullgz < +oo} for the norm [ - ||z2. The space
H? (M) is then a closed subspace of H7(M). The following lemma is the main
ingredient in the proof of Theorem 3.1
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Lemma 3.4.1. Let (vy) be a Palais-Smale sequence for the functional J on
H,f,o(M) such that v, — 0 weakly in Hg’O(M) but not strongly. Then there exists
a bubble (By,, +, (v)) such that upto a subsequence, the following holds:

® Wy =V — By, ., (v) is a Palais-Smale sequence for J,
o J(wy) =J(ve) — E(W)+o0(l) as o — 0.
The proof of this lemma goes through 10 steps.

Step 1: We prove a strong convergence Lemma for small energies. This is a
localized version of Step 3 of Section 3.3.

Proposition 3.4.1. Let (N, g) be a Riemannian manifold with positive in-
jectivity radius.

o Let (g;); be metrics on N such that g; — goo in CY as i — 400 for all p.

loc
o Let (P;); be a family of operators on C°°(N) such that
k—1 o ' o
b= A];z + Z(il)lv”m” ((A;)h...iljynjzvhm]l)
1=0

with families of symmetric tensors (Aj) — A; in CY  asi— +oo for all p.

o We fix Q C N an open smooth domain, and we define
1 1
(3.20) Ji(u) = §/QuPZu dvg, — ¥ /Q |u|2§v dvg, for u € HE(S),
k

such that J; is C'. Here, the background metric is goo.

o Welet (u;) € H,iO(Q) and U € H,f’O(Q) be such that u; — us weakly in HE)O(Q)
as v — +o0o.

o We assume that there exist a compact K C N such that

(DJ;(u;), ¢)

lim sup —— =0
T wenz (@), Supp ock el a2 (2

o We assume that there exists Koo > 0 and C > 0 such that
(3.21)

(o)

We fiz xo € Q and § € (0,44 (N)/2). We assume that

‘ )

x|

< KOO/ (A’gc(fu)2 dvg, + C||u||§{g for all w € C°(N).
N c—1

B, (20) C K (the ball is wrt goo),

2

(3.22) o 1 \7o
12k dv, < [ —— | 7F ll7eN.
/310(25)m il doy, < <2Koo> Joraltie

Then u; — uso strongly in HE (B, (6) N Q).

Proof of Proposition 3.4.1: Up to extracting a subsequence, we assume that u; —
Uoo strongly in HE | (w) as i — 400 for w C € relatively compact and u;(z) —
Uoo(x) a8 i — +oo for a.e. z € Q. Let n € C°°(N) such that n(z) = 1 for
x € By, (0) and n(x) = 0 for x € N\ By, (29). Since n has compact support, we get
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that 7°(u; — uxo) € Hy () is uniformly bounded in Hf (). Since By, (20) C K
it then follows from hypothesis (3.20) that

(DJi(u;), 772(1% — Uso)) = 0(1) as i — +oo.
Since n?(u; — tos) — 0 strongly in HZ_, (), we then get that

f_
(3.23) / Al;i/2uiAlg€{2(n2(Ui — Usg)) dug, = / i |52 (wi — o) dvg, +o(1)
Q Q

as i — +o0o. The weak convergence of u; to u., and the strong convergence of g;
t0 goo ON compact sets yields
(3.24)

/Q A’;{QuiAgi/Q(nz(ui—uoo)) dvg, = /Q AZ{Z(ui —uoo)A]g:/Q(nQ(ui—uoo)) dvg, +o(1)

as i — +00. As one checks, for any ¢ € H7(Q2), we have that AZ{Z@AI;P(nQ(p) =

2
(Ak/z(ngo)) + D i<k VPP * V!p, where A+ B denotes a linear combination

of bilinear forms in A and B. Therefore, using again the strong convergence of
n*(u; — uso) to 0 in H? |, we get that

2
(3.25) /Q ARy AR (2 (u; — us)) dug, = /Q (A’;i/z(n(ui—uoo))> dvg, +o(1)

as i — +o00. Moreover, since |u; |2n 202 (u; — Uso ) is uniformly bounded in L2/ -1

and goes to 0 almost everywhere as i — 400, then it goes weakly to 0 in L2/ (k1)

and then [, |ul|2 1% (Ui —Uoo ) Uoso dvg; — 0 asi — +oo. Therefore, plugging (3.24)
and (3.25) into (3.23), we get that

[ (k200 = ue))) dvg = [ P 0 = ) g, + (1)

asi — +00. Since g; — goo as i — +o00 in CP locally on compact sets and n(u; — oo )
is uniformly bounded in H?(£2), we get that

[ (85200 = ) e = [ P = ) g+ 0(1)

as i — +oo. Holder’s inequality, the Sobolev inequality (3.21), the convergence of
(9i), the strong convergence in H7_, and (3.22) then yields

| (88220005 = u)))” o,

f
2), —2

E z
(/ |ui|21uv dvgw> : (/ In(u; — uoo)\Q?v dvgoo> oy o(1)
Ba, (26)NQ2 N

el GO A (A?’f("(“f ~ ) g+ Ol = unly, ) +ol)

2

, 2
(/B e |u7|2?c dvgi> g K / Ak/2 - uoo))) dvg,, +o(1)
zq n

as ¢ — +oo. Therefore, we get that ||A§f(n(ui — Ux))|l2 = 0 as i — +oo.
Since N(u; — uso) — 0 strongly in H,f_l and n has compact support, we get that

IN

IN

IN
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n(u; —uoo) — 0 strongly in HZ(Q), and therefore u; — us in Hf (By, (6)N2). Note
that this is up to a subsequence. Indeed, by uniqueness, the convergence holds for
the initial sequence (u;). This proves Proposition 3.4.1. O

Step 2: Since (DJ(vy), V) = 0(1), one has
J(va) = E/ Va2 dvy +0(1) = B+ 0(1) as a — +00
nJm

where § := limy— 400 J (V4 ). By Step 3 of Section 3.3, 8 > B4, Therefore, since M
is compact, for any ro > 0, there exists yo € M and Ag > 0 such that

#
/ [va|?* dvg > Ao
B?/O(TO)OM

For any r > 0, we set

(3.26) te(r) := max |’Ua‘2i dvg,
2€M J B, (r)nM

the Levy concentration function. In particular, s (rg) > Ag for all a. We fix

1
0 < A< e :=min{ Ag,
° { " (@Ko (n, k)% 2 }

where Ko(n, k) is the best constant in the Euclidean Sobolev inequality (3.5). Since
e (0) = 0, there exists (r4)a € (0,70) and (24)a € M such that:

(3.27) A= palra) = [ [0l do,
B, (ra)NM

Step 3: We claim that limg_ 4 oo 7o = 0.

Proof of the claim. We argue by contradiction. If (r,) does not go to 0 up to a
subsequence, we get that there exists § € (0,i4(M)/2) such that for all x € M,
we have thathBm(%)mM ‘va|2uk dvy, < A for all . We apply Proposition 3.4.1 with
(N,goo) = (M,q), Q= M, P, = P, go, = g, Jo = J, and the Sobolev inequality
(3.19) of [13], and we get v, — 0 as a — 400 in H?(M N B,(0)) for all z € M.
With a finite covering, we get that v, — 0 as a — +oo strongly in H,iO(M),
contradicting our initial hypothesis. This proves the claim and ends Step 3. O

First assume that

a OM
(3.28) i @ 0M)
a—+00 T
We define
n—2k . M X o
Ua() =70 ? Ua(exps, (raz)) for |z| < ig(M) and |z| < d(xa,0M)

Step 4: Suppose that (3.28) holds. We claim that there exists v € Di(R™) such
that for any n € C°(R™), we have that

Nie — nu weakly in DZ(R") as k — 4-00.
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Proof of the claim. Fix n € C°(R™), and let Ry > 0 be such that Supp n C By(Rp).
We define

Na(2) := 77(

Up to a subsequence, there exists o € M and 7 > 0 such that B, (Rora) C

B,,(T) € M. It then follows from the comparison Lemma 9.1 of Mazumdar [13]
that there exists C' > 0 such that

2 2
/ (Ak/z[(noﬂ}a> © eXpﬂ?aD dz < C/ (AZ/Q(UQUQ)) d’l)g
Bo(Ro’l"a) B:Ea (RO""a)

for all . With a change of variable, rough estimates of the differential terms and
Holder’s inequality, we then get

expy (z)

" ) for x € B, (RoTa), and 1, (x) := 0 outside.

k

2
/ (A2 i) da < cz/ V1 2V 2
Bo(Ro) 1—0 7/ Baeo (RoTa)

k k
(329) < CZ/ r20=K) |9y, |2 dv, < CZHVZUQHZ 20
1=0"’B

vo (RoTa) = n—2(k=1)

It follows from Sobolev’s embedding theorem that HZ (M) C L=3t=n (M) for all
[ =0,...,k and that this embedding is continuous. Since (v4)s is bounded in HZ,
then (V'v, ), is uniformly bounded in H? ; (with tensorial values), and then there
exists C' > 0 such that

(3.30) IVl _za < Cllvallyz < €'

n—2(k—10)

for all @ > 0 and [ = 0,..., k. It then follows from (3.29) that (0,)s is bounded
in D?(R"). Therefore, up to a subsequence, there exists v, € DZ(R") such that
NV — vy weakly in ’D,%(R”) as a — +o0o. A classical diagonal argument then yields
the existence v € Hj ;,.(R™) such that 7o, — nv weakly in Dy (R") as o@ = +00.
We fix R > 0. For any R’ > R, a change of variables and (3.30) yields

2n 2n
/ V'R Balge "7 dug, < / V'valg " dvg < C
Bo(R) By, (Ro7a)

where g, := exp}_g(ra-). Using weak convergence and convexity, letting a@ — 400

and then R — +oo yields [Viv| € L3t (R™). As one checks, we then have
that the sequence (ngrv)g is a Cauchy sequence in D7 (R™), and then we get that
v € D(R™). This ends the proof of the claim, and ends Step 4. O

Step 5: We assume that (3.28) holds. We let v € D(R") as in Claim 3. We
claim that v # 0 is a weak solution to AFv = |v|2uk_2v in DZ(R").

Proof of the claim. We fix R > 0 and we apply Proposition 3.4.1 with (N, g) :=
(R™,Eucl) and © := R™. As above, we define a family of smooth metrics (ga)a
such that g, (z) := exp}_g(rox) for x € Bo(3R), go(z) = Eucl for 2 € R™\ By(4R),
and g, — Eucl in C7 (R™) as o — +oo for all p. Let ¢ € C°(R™) be such that

loc

Supp ¢ C Bo(R). We define

_n=2r  [exp,l(z)
pala) =1 T (P

Ta
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for all z € M. As one checks, ¢, is well-defined and has support in B,_(Rrs).
Moreover, using the comparison Lemma 9.1 in Mazumdar [13] and arguing as in
Step 4, we get that HS%HH,?O(M) < C(R)||¢\|H£70(Rn) for all @ > 0. Since (uq) is a
Palais-Smale sequence, we have that

(DJ(va), pa) = ollleallmz ) = olllellmz @)
as a — oo uniformly for all ¢ € C°(R™) such that Supp ¢ C Bo(R). With a
change of variable, we get (DJ(vy), pa) = (DJa(Nra), ¢) where
1 1 §
Ja(u) = 5 /H(AS(CQU)Q dvg, — % Jen [ul*k dug,
k

for all u € H?(R™). Therefore, (DJ,(nrta), ) = o(llluz \mny) as @ = +o0
uniformly for all ¢ € C2°(R™) such that Supp ¢ C Br(0).
We fix 29 € R™ such that B,,(1/2) C Bo(R). A change of variable yields

|771;gf)a|21jjc dvg, = / |ua|2uk dvy.

~/Bz0 (1/2)NBo(2R) €XP,  (raBag(1/2))

For e > 0 large enough, we have that exp,,_ (raBuxo(1/2)) C Bexp_ (x0)(Ta). There-
fore, it follows from the definition of u, that

/ |77R’Eot|2iic dvga < Moz(ra) =A< ¢
By (1/2)NBo(2R)

for all @ large enough and zy € R™ such that 1/2 + |z¢| < R. With the Sobolev
inequality (3.5) on R"™, we apply Proposition 3.4.1 to (ngr04)a, and we get that

lim nria = nrv strongly in HZ(By,(1/4)).

a— 400

Using a finite covering, we then have 9, — v strongly in HZ(Bo(R/2)) as o — +00.
Sobolev’s embedding theorem yield the convergence in L% (Bo(1)). Since

/ |17a|2§c dvg, = / |Ua|2§*‘ dvg = to(ra) =X >0,
Bo(1) Bz (Ta)

passing to the limit o — +o0 yields fBO(l) |v\22 dr = A # 0, and therefore v # 0.
This proves the claim and ends Step 5. O

Note that indeed, we have proved that
(3.31) lim 9, = v strongly in H?(By(R)) for all R > 0.

a—+00

We choose a sequence (7,,) of positive real numbers as in (3.8) with n € C°(By(4))

(with § € (0,i4(M))) identically 1 around 0. As in Definition 3.2.1, we set

Val@) i= Boy o (0) =1 (M) (wpl(@)

Ta
We have that Vi, € Hf ,(M).

Step 6: We claim that

(3.32) Vo =0 in H{ (M) as oo — +oo0.
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Proof of the claim. We argue essentially as in [13]. We fix 0 <1 < k and we define
€a i= Ta/Ta such that lim,_, o€ = 0. We fix R > 0 (potentially 0). It follows
from the comparison Lemma 9.1 of [13] that there exists C' > 0 such that

/ (A;/2Va)2 dvg < C (AZ/Q(VQ oexp%))2 dx
M\B,.. (Rra) Bo(867a)\Bo(Rra)
2
< Cri(k*l)/ (Al/2 (n () v)) dx
Bo(6e2 )\ Bo(R)
< o | 19 (1 (ear) ) do
30(5651)\30( )
< k 1) / Vlfin (Ea') Hvzv‘2 dr
Z B
< k: 1) / 2(l7i)|vi,v|2 dr
Z "\ Bo(R)

, , f
Since v € D2(R™), we have that Viv € DZ_,(R"), and therefore |Viv| € L* ¢ (R™)
where 2?1@71') == 2(k R Therefore, Holder’s inequality yields

l
(3.?6) (AYPVL)?dv, < CraP D) ( / Vi 2o da:)
M\ B, (Rra) i—0 \YR™\Bo(R)

Taking R =0 and [ = 0, ..., k yields the boundedness of (V)a in Hf ;(M).

T 2
2(k—0)

Arguing as in above, we get that for any R > 0 and any [ = 0, ..., k, we have that

!
(3.34) / (Aﬁ/QVOL)2 dvy < Cr2h=0 Z/ A=D1V da
(Rra) i=0 o(R)

Since Viv € L} (R™) for all i = 0,...,k, then taking [ = 0 in (3.33) and (3.34),
letting o — +oo and then R — +oco yields V,, — 0 in L?(M). Then the weak
compactness of bounded sequences yields (3.32). This proves the claim and ends
Step 6. O

Step 7: We claim that
(3.35) DJ(V,) — 0 strongly as a@ = +00
Proof of the claim. We set ¢ € C°(M). We have that

(DJI(V), / AB2V, AR2 g i / Vol 2 Vg do,
We fix R > 0 and we define
g_
o) = [ AbvA e, - [ g i,
(Rra) (Rre)

and

Trale) = / ARV, AR dy, / Va2 Vo do,.
M\Bg,, (Rra) M\Bg, (Rra)



3.4. EXTRACTION OF A BUBBLE 71

Step 7.1: we estimate IIg o(yp). Via Hélder’s and Sobolev inequality, we have that
1
2

(3.36) |IIgr,a(p)| < </D (R)(A§/2Va)2 dvg> X ||A§/2<P\|2

2 1

8 _
k
of

4 2f
+ / ValZdu, ) " % ol
Da(R) *
1 k
2 § 2%
< (/ (Ag/2VQ)2dvg> +</ Valzkdvg> [l 2
D4 (R) Do (R)

with Do (R) := M \ B, (Rra). Lemma 9.1 in [13] and v € L2 (R) yield
(3.37)

\Va|2ufv dvy < C |Va 0 exp, |21uv de < C |v\231 dx
M\ B, (Rra) R\ Bo(Rra) R\ Bo(R)

Plugging (3.33) with [ = k and (3.37) into (3.36), letting R — 400 and a@ — +00
yields

I
(3.38) fim  Jim Ra(9)

= 0 uniformly wrt ¢ € HZ ,(M) \ {0
Rtoa oo [l 2 uniformly wrt ¢ € Hj o(M) \ {0}

Step 7.2: We now estimate I o(¢). We define

n—2k

Pa(z) =n(€ar)ra ® ¢ (€xps, (raz))
where €, := 14 /7. As one checks, g, € C°(R"™). Using the comparison Lemma
9.1 in [13] and arguing as in (3.33)-(3.34), we get that

[Pallpz@ny < Cllell 2
where C > 0 is independent of . As one checks,
_ b _o
Ipalp) = / AP, dug, — / [0k ~205, dug,

Bo(R) Bo(R)

Since go — Eucl as a — 400 in C (R™) for all p > 1, we get

(3.39) Tna(p) = / AF2yAR2 g /

. _
v|2 205, dz+o (Iltpallvg(w))
Bo(R) Bo(R)

where the convergence is uniform wrt @,. Since v is a weak solution to (3.1), then
(3.39) yields

I
(3.40) lm  lim Re(®)
R—tooa—+too o g2

= 0 uniformly wrt ¢ € Hj o(M) \ {0}

The limits (3.38) and (3.40) yield (DJ(Va), ¢) = o([[¢[lg2) as o = +oo uniformly
wrt ¢ € C2°(M). The boundedness of (V,) in Hy (M) then yields D.J(V,) — 0
strongly in (le,o(M))/ as o — +o00. This proves (3.35) and ends Step 7. O

We define we, := vo — Va. It follows from (3.32) that w, — 0 weakly in Hf ,(M).
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Step 8: We claim that
(3.41) DJ(wy) — 0 strongly

Proof of the claim. For ¢ € ng,o(M)’ we write

(3.42) uuw@wwﬂDﬂwm»—wﬂn»@—[;mwmg

. i i _
where &, := |wa|2k‘ 2wy — \va|2"’ 2 Vo + |Va|2"’ 2y.,. Then by applying the Holder
and Sobolev inequalities we get

‘/ Do dvg
M

Step 8.1: We fix R > 0. Inequality (3.15) and Hélder’s inequality yield

/ ‘¢a|2i/(2i_1) dvg
M\Bg, (Rra)

<C ||90||Hg ||¢a|‘2”k/(2i*1)

#

2f /(2% —1)
e (100 PE 21Vl + Va5l )
M\Bg,, (Rra)
e 7
<o [ ) ([ VP duy |
M M\Bg, (Rra)

#
2; —2

# 2’1171 # 251_1
+C (/ |Uo¢|2k dvg) : / ‘Va|2k dvg
M M\B,, (Rry)

Since (v,) is uniformly bounded in H2(M), then (3.37) yields

(3.43) lim  lim (B |24/ @D dy, = 0.
[0 a0 JM\ By (Rra)

This ends Step 8.1.
Step 8.2: We fix R > 0. A change of variable and inequality (3.15) yield

/ a2/ G20 do
Bag (Rra)

1 1 # 28 /(25 -1)
I e G R N A e
Bo(R)
(28 —2)2! 2t (28 —2)2f 2t
<C e U e
Bo(R)

For any n € C2°(R™), we have that 7o, — nv weakly in D7(R"). Therefore, up to

extracting a subsequence, (04 )q is uniformly bounded in L% (Bo(R)) and goes to v
almost everywhere as v — +00. Therefore Lemma 3.3.1 yields that for any R > 0,

(3.44) lim (B |2/ @D dy, = 0.
a——+o00 B.’ca (er) b
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The limits (3.43)-(3.44) yield HQ)‘HQ%/@;{_H — 0 as & — 4o00. Then by (3.42) we

get DJ(wa) — 0 in (Hj o(M)) as @ — +oo. This proves (3.41) and ends Step
8. ]

Step 9: We claim that we have the following decomposition of energy.

(3.45) J(wa) = J(va) — E(v) + o(1) where o(1) — 0 as o« — +o00.
Proof of the claim. As one checks,
J (V) = J(we) — J (Vo) = (DJ(wq), Va)
1 # # i f
—7/ (I + Val% = % = 2 fwal % 2waVa — [Val?) dv,
25, IMm
We fix R > 0. Arguing as in the proof of (3.44), we get that

lim (|wa Vol = Jwal? — 28 jwaZ2wa Vi, — \Va|2§i) dv, = 0.
a——+00 Bma(RTa)

As one checks, there exists C' > 0 such that

[la+b[% — Jaf* — 2| ~2ab — o[

< C (Jaf* 2162 + Jal - %)
for all a,b € R. As in the proof of (3.43), we get that

lim  lim (lwa + Va2 = Jwal% = 2 fwa[% 2waVa = Va2 ) dv, =0,
R—+o00 a—+00 Do (R)

where D, (R) := M \ B, (Rry). These yield J(vy) = J(wy) + J (V) + o(1).
We now estimate J(V,,). The estimates (3.33) and (3.37) yield

lim  lim ((Ak/QVa)Q v \Va|2i) dv, =0
Rotooamtoe Jang,  (Rra) N '
For R > 0, we have that

/ (Ay7Va)  Valt) / (Agv)? Pl
Ba. (Rra) 2 2% 7 Ipo(r) 2 296 e

T

Since g, — Eucl locally uniformly in C? for all p and v € D (R™), we get that

AF/2y7 )2 2! AF/2,)2 2f
lim lim (A" Vo) — lVO‘J " dv, :/ ( v) _ |v] % dr
R—+o00 aa—+00 Ba,, (Rra) 2 2k n 2 Quk

All these estimates yield (3.45). This ends Step 9. O
Step 10: Next we deal with the case
dg(Ta,0M) = O(re) as a — 400

Since r, — 0 as a — +00, then there exists zo, € OM such that z, — o as
a — +oo. For any o € N, we let z,, € M be such that

dg(Tas 2a) = dg(xa, OM)

In particular, limg 400 2o = Too. We choose a family of charts z — T, for z €
QNOM asin (3.7). Since the d(T,)o is an isometry, there exists C;,Co > 0, 71,72 > 0
such that for any z € QNIM, r < 7 and y € R” N By(72), one has

Br.y(Cir) N M C T, (By(r) N Rﬁ) C Br,(y)(Car) N M
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For z € ;U N {x1 < 0}, we define

n—2k
Ua(Z) :=10 2 v 0T, (raz) and go(x) :== T, %9 (rax)

As one checks, for any n € C2°(R™), we have that o, € Di(R™). Arguing as Step
4, we get that there exists v € DF(R™) such that

Ne — nu weakly in DZ(R™) as o — +00.
Moreover, using Proposition 3.4.1 and arguing as in Step 5, we get that v # 0 is a

weak solution to (3.3) and ¥, — v as o — +oo strongly in HZ(Bo(R) NR™) for all
R > 0. As in Definition 3.2.1, for « € N and z € M, we set

Val@) i= By 0)(@) = 1 (T @) a0 (ra T2 ()
We define w,, := v, — V. Arguing as in Steps 6 to 9, we get that
o w, — 0 weakly in H,f’O(M)
e DJ(wy) — 0 weakly in (Hf o(M))’
o J(wy) = J(va) — E(v) +0(1)
as @ — 400. This completes the proof of Lemma 3.4.1.

3.5. Nonnegative Palais-Smale sequences

To prove Theorem 3.2, we first set the following property:

Proposition 3.5.1. Let (uy) be a Palais-Smale sequence for the functional
I on the space H} o(M). Let d € N and let (29, 8, uD), § = 1,...,d, be
d bubbles as in Theorem 3.1. Then, for any N € {1,...,d}, there exists L > 0
sequences (y2)a>0 € M and (M,)aso € (0,+00), 5 = 1,--+, L, such that for any
R>0

. . #
R/ILIE agr-l{loo L ; |u0& - Bmfo) T&N) <u(N))|2k d’l)g =0
% (B (RrO\UL, B ; (R'XL) )M

where for any j, j = 1,---, L, dg(xl,y2) = o(rY) and N, = o(rl)) as o — +o0.
Moreover, we have that

o dg(@l, @) e T o
all)l-&r-loo W y + . +oo foralli#j€{1,..,d}.

We omit the proof which goes exactly as in Hebey-Robert [11]. Here we use
the boundary chart (3.7) for bubbles accumulating on the boundary.

We now prove Theorem 3.2. We let (uq)a be as in the statement of the theorem,
and we let [(gc(()f))7 (r((,f))m(j)], j =1,...,d, be the associated bubbles. We fix N €

{1,...,d}. For simplicity, we define r, := rgN) and x, = J;&N). We assume that
rotd(xe, M) — +00 as a — +o0. It then follows from Proposition 3.5.1 that there

§
exists a finite set S C R™ such that limg_, o0 7o = u? strongly in L

R™\ S)
n—=2k

where 04 () :=ra > uq(exp, (rox)) for z € R™. Up to extracting a subsequence,

the convergence holds a.e. Since u, > 0, we then get that u® > 0. Tt then follows

from Lemma 4 in Ge-Wei-Zhou [7] that there exists A > 0 and a € R™ such that
ulN = U, , is of the form (3.6).

loc
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We claim that uV = Ux,0, that is @ = 0. We prove the claim. Indeed, rescaling
(3.26) and (3.27) yields

- ot ot
/ g, < [ filhau,
r;lexp;;(Bexpm(mz>(ra)) Bo(1)
for all z € R™ and « large enough. Since the exponential map is a normal chart
and is an isometry at z,, we get that for all z € R™ and all ¢ > 0

€XP, (raB.(1—¢)) C BeXpM(mz)(ra)~

Plugging these two inequalities together and letting o — 400, using the strong
convergence (3.31), we get that [, (1-9 [uN |2k dz < fBO(l) [uN|2k dz. Letting ¢ — 0

yields
/ \uN|21uc dx < / |uN|2i dx.
B-(1) Bo(1)

As one checks, since uV = Ux,q, where Uy, is as in (3.6), the maximum of the
left-hand-side is achieved if and only if 2 = a. Therefore ¢ = 0 and uV = U 2,0
This proves the claim.

As a consequence, as one checks, when r,ld(z,, M) — +oo as o — +oo, the
bubble rewrites

_1 n—2k
exp, (- AT 2
By, r. (UN) = By, ar. (UI,O) =n (U) Qn k ( ) .

o A2r2 +dg (-, xq)?

We fix N € {1,...,d}. We claim that (r))~td(z},0M) — +o0o as a — +oo. We
argue by contradiction and we assume that the limit is finite. We argue as in the
case above. Up to rescaling, and using the boundary chart (3.7), we get that u,

#
goes to u¥ strongly as o — +00 in LZQO"'C(R” \S), where S is finite. Therefore u” is a
nonegative nonzero weak solution to (3.3), contradicting Lemma 3 in Ge-Wei-Zhou

[7]. Therefore the limit is infinite and we are back to the previous case.

All these steps prove Theorem 3.2.
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Part 2

Asymptotic Analysis of a
Hardy-Sobolev elliptic equation
with vanishing singularity






CHAPTER 4

Blow-up Analysis For a Sequence of Solutions of
the Critical Hardy-Sobolev Equations

4.1. Introduction

Let © be a bounded smooth oriented domain of R™, n > 3, such that 0 € 9.
We define the Sobolev space H7 () as the completion of the space C°(Q), the
space of compactly supported smooth functions in €2, with respect to the norm

P
Q

We let 2* := % be the critical Sobolev exponent for the embeding le,o(Q) —
LP(Q)). Namely, the embedding is defined and continuous for 1 < p < 2*, and it is
compact iff 1 < p < 2*. Let a € C*(Q) be such that the operator A + a is coercive
in Q, that is, there exists a constant Ay > 0 such that for all ¢ € H{ (Q)

(4.1) / (|V<p|2 + a<p2) dr > A0/<p2 dx

Q Q
Solutions u € C?(2) to the problem

Au+a(z)u=u*"1 inQ
u>0 in
u=0 on 0N

(often referred to as ”Brezis-Nirenberg problem”) are critical points of the func-

tional
[ ([Vul* + au? ) dz
Q

2/2"
(f|u|2* da:)
Q

and a natural way to obtain such critical points is to find minimizers to this func-
tional, that is to prove that

U —

b

J(IVul* + au? ) dx

2/2°
S |u)? da:)
O

is achieved. There is a huge and extensive litterature on this problem, starting
with the pioneering article of Brezis-Nirenberg [4] in which the authors completely
solved the question of existence of minimizers for p,(Q) when a = C** and n > 4
for any domain, and n = 3 for a ball. Their analysis took inspiration from the

4.2 L(Q) = inf Q
4.2) aS2) ueH%ﬁm\{O} (

81
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contributions of Aubin [2] in the resolution of the Yamabe problem. The case when
a is arbitrary and n = 3 was solved by Druet [5] using blowup analysis.

In [10], Ghoussoub-Yuan suggested to approach the minimisation problem by adding
a singularity in the equation as follows. For any s € [0,2), we define

2(n—s)
2%(s) i= ————=
() = ——
so that 2* = 2*(0). Weak solutions u € H{ ((€2)\{0} to the problem
Au+ a(z)u = "2]‘;7271 in Q
u>0 in 2
u=20 on ON).

Note here that 0 € 99 is a boundary point. Such solutions can be achieved as
minimizers for the problem

J(IVul* + au? ) dx

4.3 sa(Q) = inf @ _ for s € (0,2
(4.3) f1s,a(§2) wemrr o (o3 o 272+ (s) (0,2)
f EE

Consider a sequence of positive real numbers (s.).~¢ such that liH(l) se = 0. We let
e—

(ue)eso € C? (2\{0}) N C* () such that

w2 (51

Aue + aue = T in €,
(4.4) ue >0 in Q,
u. =0 on 0f2.

Moreover, we assume that the (u.)’s are of minimal energy type in the sense that
f( |Vue|? + au? )d:z:
Q

2/2*(se)
ue|2* (s0)

as € — 0, where K(n, 0) > 0 is the best constant in the Sobolev embedding defined
n (4.6). Indeed, it follows from Ghoussoub-Robert [8,9] that such a family (u).
exists if the the mean curvature of 02 at 0 is negative.

1

(4.5) Xn0)

= Nse,a(Q) < +o(1)

In this chapter, we are interested here in studying the asymptotic behavior of the
sequence (u)eso as € — 0. As proved in Proposition 4.3.2, if the weak limit wug
of (ue)e in Hi () is nontrivial, then the convergence is indeed strong and ug is
a minimizer of . (). We are dealing here with the more delicate case up = 0, in
which blow-up necessarily occurs. In the spirit of the C%—theory of Druet-Hebey-
Robert [6], our first result is the following:

Theorem 4.1. Let Q be a bounded smooth oriented domain of R", n > 3,
such that 0 € 09, and let a € C1(QQ) be such that the operator A + a is coercive
in Q. Let (s¢)eso € (0,2) be a sequence such that lin% s = 0. Suppose that the

e—

sequence (Uc),~ € Hi o(Q), where for each € > 0, u. satisfies (4.4) and (4.5), is a
blowup sequence, i.e

ue — 0 weakly in H12,0(Q) as € —=0
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Then, there exists C > 0 such that for all € >0

n—2
He 2
. <C|———""—s lx e
u (-T)— (ug+x$€|2) fora/ xr
where L
_n-2 _ .
He = ue(@e) gle‘r%(ue(x)

With this optimal pointwise control, we are able to obtain more informations
on the localization of the blowup point zg := lim._.g . and the blowup parameter
(fe)e- Welet G2 : Q x Q\ {(z,2) : * € Q} — R is the Green’s function of the
coercive operator A + g in Q with Dirichlet boundary conditions. For any x € Q
we write G% as:

1

Gzly) = ) R P T +9z(y)

where w,,_1 is the area of the (n — 1)- sphere. In dimension n = 3 or when a = 0,
one has that g¢ € C?(Q\ {z}) N C%%(Q) for some 0 < # < 1, and ¢° is called
the regular part of the Green’s function G*. In particular, when n = 3 or a = 0,
mz (2, a) := g%(x) is defined for all x € Q and is called the mass of the operator
A+ a.

Theorem 4.2. Let Q be a bounded smooth oriented domain of R, n > 3,
such that 0 € 99, and let a € C*(Q) be such that the operator A + a is coercive
in Q. Let (s¢)eso € (0,2) be a sequence such that hII(l) se = 0. Suppose that the

e—

sequence (Uc),q € Hi (), where for each € > 0, u. satisfies (4.4) and (4.5), is a
blowup sequence, i.e

ue — 0 weakly in H12,0(Q) as € —0
We let (pe)e € (0,400) and (zc)e € 2 be such that

_n=2
e 2 :ue(me):glggue(z).

We define xqg := lim._,o x. and we assume that
zo € § is an interior point.

Then
li_r% Z—% = 2*K(n70)2*27i2dn a(xo) for n>5
gii% m = 256w3 K (4,0)? a(z) for n=4

i 5 = —nb2K(n, 0)"/anO (x0) forn=3ora=0.

e—0 u?_ v

where g3 (xo) the mass at the point xo € Q0 for the operator A + a, where

1 1
d, = / P dr forn>5; b, = / ni2 dx
(1 + || ) 1 |z|2 2
R n(n—2) R + n(n—2)

and ws is the area of the 3- sphere.

When z( € 01 is a boundary point, we get similar estimates:
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Theorem 4.3. Let Q be a bounded smooth oriented domain of R", n > 3,
such that 0 € 09, and let a € C1(QQ) be such that the operator A + a is coercive
in Q. Let (sc)eso € (0,2) be a sequence such that lir% se = 0. Suppose that the

[d
sequence (uc),~o € Hi (), where for each € > 0, uc satisfies (4.4) and (4.5), is a
blowup sequence, i.¢e

ue — 0 weakly in HiO(Q) as € —0
We let (pe)e € (0,+00) and (x)e € Q be such that
_n=2
Lhe = u(ze) = max Ue(x).

Assume that
lim z, = xg € 0.
e—0

Then
(1) Ifn=3 ora=0, then ase — 0
o sed(xe,00)"2 " Hn—2)""1K(n, 0)" 2wy

li =
e—0 /’[/2_2 2n72

Moreover, d(ze,0Q) = (1 +o(1))|z| as € = 0. In particular xo = 0.

(2) Ifn=4. Then ase — 0
d(z.,00)

€

% (K(4,0)2 + o(1)) — (d(”)) (32ws + 0(1)) = p2log ( ) [64wsa(zo) + o(1)]

Te, 0
(3) Ifn>5. Then ase — 0
2 ()7 o0) = () (P o)) = i o) + o0

where

dn:/ 1 —5 dx forn>5
(1+ 25)

R™ n(n—2)

Theorem 4.3 is a particular case of Theorem 4.10 proved in Section 4.8.

The main difficulty in our analysis is due to the natural singularity at 0 € 0f).
Indeed, there is a balance between two facts. First, since s, > 0, this singularity
exists and has an influence on the analysis, and in particular on the Pohozaev iden-
tity (see the statement of Theorem 4.2). But, second, since s, — 0, the singularity
should cancel, at least asymptotically. In this perspective, our results are twofolds.

Theorem 4.1 asserts that the pointwise control is the same as the control of the
classical problem with s = 0: however, to prove this result, we need to perform
a very delicate analysis of the blowup with the perturbation s, > 0, even for the
initial steps that are usually standard in the case s = 0 (these are Sections 4.4 and
4.5).

The influence and the role of s > 0 is much more striking in Theorems 4.2 and
4.3. Compared to the case s, = 0, the Pohozaev identity (see Section 4.7) enjoys
an additional term involving s, that is present in the statement of Theorems 4.2
and 4.3. Heuristically, this is due to the fact that the limiting equation Au =
|| ~*u? ()1 is not invariant under the action of the translations when s > 0.
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Some classical references for the blow-up analysis of nonlinear critical elliptic pdes
are Rey [16], Adimurthi- Pacella-Yadava [1], Han [11], Hebey-Vaugon [13] and
Khuri-Marques-Schoen [15]. The analysis of the 3D problem by Druet [5] and the
monograph [6] by Druet-Hebey-Robert were important sources of inspiration.

This chapter is organized as follows. In Section 4.2, we recall and prove some
general facts on Hardy-Sobolev inequalities. In Section 4.3, we prove a few useful
general and classical statements. Section 4.4 is a long section devoted to the proof
of convergence to a ground state up to rescaling. In Section 4.5, we perform a
delicate blow-up analysis to get a first pointwise control on u.. The optimal control
of Theorem 4.1 is proved in Section 4.6. With the pointwise control of Theorem
4.1, we are able to estimate the maximum of the u.’s when the blowup point is in
the interior of the domain (Section 4.7) or on the boundary (Section 4.8).

4.2. Some results on Hardy, Sobolev and Hardy-Sobolev inequalities
on R”

The space 212(R") is defined as the completion of the space C2°(R™), the space
of compactly supported smooth functions in R™, with respect to the norm

R’n

The embedding 2%2(R") < L? (R™) is continuous, and we denote the best con-
stant of this embedding by K (n,0) which can be characterised as

. [ |Vul|? dz
4.6 = inf L
(4.6) K(n,0)  wezt 3z (o} 2/2
< I |ul? dx)
RTL
We have for all u € 212(R")
(4.7)
2/2°
/\u(x)|2* dx < K(n,0) /\Vu\z dx The Sobolev inequality
R" R"

We start with the following well known results. Proofs are included for completeness

Lemma 4.2.1.
(i) For any u € 2V2(R™) one has

(ii) There exists a constant Cyg > 0 such that for all u € 27*(R™) one has
(4.9)

2 2 2
(4.8) / [u()] de < | —— /|Vu|2 dx The Hardy Inequality
x|? n—2
R™ R™

2/2%(s)

|U($)|2*(s) 2 .
W dx < Cus |Vu|® dx The Hardy-Sobolev Inequality
x
]Rn
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PROOF. By density it is enough to consider u € C°(R™). For a z € R” we
have
“+o00

u@P = [ (juteo)?) ae

1
+o0o

=— /u(tx) (Vu(tz),z) dt

1

By Fubini theorem we then have

Hi[ |u|i:le2 dx = -2 :/OORZ u|(xt|512:) (Vu(tz),z) dx dt
— 9 TRZ u(t) <Vu(tx), l;”|2> da dt
_ o j/ootnll dt /u(ac) <Vu(x), |f|2> do

R™

_n32/“|§?<vu(x),|;> dr

Using Holder inequality we obtain that

1/2 1/2
|u(@)[” 2 |u(@)[”
FE dz < — BE dx |Vu(z)]? de
Rm R” Rn
Therefore
Ju(z)[” 2\’
PFE dr < P |Vu(z)|? d
R™ R”
and we have the Hardy inequality.
Now for u € 212(R") we have
2% (s) s .
/ |’U’(x) . dr = |u(x2\ |’U,($>|2 (s)—s dr
|z ||
R‘IL R’!L
s/2 255
‘u(x)|2 2% .. . .
< o dx |u(z)|* dx by Holder inequality
Rn R
2"(s)/2
—s _n 2 s
< K(n,0)2 =% (n_2> /\vu(x)\z dx
Rﬂ,

by Hardy inequality (4.8) and Sobolev inequality (4.7)
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Hence we have obtained that for all u € 212(R")
2/2%(s)

27(s) n(2—s
/lu(ﬂ " . [K(n,o)ms
.%‘ S

~—

RTL
This completes the lemma. ([
We let
[ |Vul? dx
1 R
(4.10) =

inf
K(n,s) "691’21?R")\{0} [ul2* () 2/27(s)
J S de

Proposition 4.2.1.
lim K(n,s) = K(n,0)

s—0

PROOF. Let u € 212(R"). In lemma 4.2.1 we have obtained

2/2°(s) 25/2* (s)
()

/|u I < lK(n,O)’%(Zi
K(n,s) < K(n, o)z(iz)( 2 )25/2*“)

|z|®
R?L
n—2

~—

/|Vu )| da

Rn
So

Letting s — 0, one has
limsup K (n, s) < K(n,0)

s—0

Next by Fatou’s lemma

2 (s)
/|u ) dx<hm1nf/|u |5
|z

And so
2"(s)/2
)2 () .
/|u ) da:<hm1nf/ fu(z | dx <11m1(1)1f K(n,s)* ®)/2 /|Vu\2 dx
R7Z R'L R"L
2/2"

/\u(m)|2 dx < (1i£;l>iglfK(n7s))/|Vu|2 dx
R™ Rn

Therefore
K(n,0) < liminf K(n, s)
s—0
Hence

lim K(n,s) = K(n,0)

s—0
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4.3. Hardy-Sobolev inequality on () and the case of a nonzero weak
limit
Recall that  is a smooth bounded domain of R"”, n > 3. We then have the
following useful proposition:

Proposition 4.3.1.
1 1,,0(2) = 1a(9)

PROOF. Let u € Hfj(2)\{0}. One has

2% (s) s .
[ g [P,
T AT

s/2 255
2
“g”'y de /|u(x)\2 dx by Hoélder inequality
s/2 ?
2 \° .
< <n 2 2) /|Vu(m)\2 de /|u(x)|2 dx by Hardy inequality (4.8)
Q Q
So
* ® 2—s
u(z)|*" ) e 9\ 2/ e * o
fre) ey (feeor ) free
J || n- Q
And hence

5/2%(s)

[ ([Vul? + au?) dz (IVul?* + av?) dx
)

({ 9 25/2%(s)
2/2% o 2/2+(s) n_2 2/2+
(e (o) (s
Q

Q
which, by the coercivity of the operator A + a gives that for all u € Hf ((2)\{0}

[ IVul? dz
O

-5

S (IVul? + au?) da f(|Vu|2+au2) dzx 5 | s2=2
Q Q ( 245 > "
G S e O a2
J |u|? dz S/ o de

Q )

So

n—2
. 2A2 Sn—s
1a()'TFE < g q(Q) (O>

Passing to limits as s — 0, one obtains that

1o () < liminf pg ()
s—0
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Let u € Hf 3(©2)\{0}. By Fatou’s lemma one has
2 (s)/2

)27
/|u &S dz<hm1nf/ fula | dzx < liminf (IVul]® + au®) dz

s—0 ,U/s,a(Q
Q
2/2*

/ (@) de| < liminf

s—0 Hs, a

/|Vu\2+au ) dx
)

Therefore
1
lim inf >
50 MS,a(Q) ,ua(Q)
And so
lim sup ps,0(2) < pa(2)
s—0
Hence

lim p15,.4(Q2) = pa(€2)

s—0

We now prove the following proposition for nonzero weak limits:

Proposition 4.3.2. Let Q be a bounded smooth oriented domain of R™, n > 3,
such that 0 € 9. Let a € CY(Q) be such that the operator A + a is coercive
in Q Let (uc)eso € C? (Q\{0}) N C* (Q) be as in (4.4) and (4.5). Then there
exists ug € Hi () such that ue — ug weakly in Hi o(Q) as € — 0. Indeed,
ug € C% (Q\{0}) NC* (Q) is a solution to

2% —1

Aug + aug = ug imn Q
ug > 0 n Q,
uo =0 on 0f)

If ug # 0, then ug > 0 in Q and
[ ([Vuol? + aud ) dz
Q

2/2"
(f|u0|2* da?)

Q

Ha(8) =

Therefore juq(2) is attained. Further ue — ug in Hf o(€2), as e = 0.

PrROOF. First, from the coercivity of the operator A + a it follows that the
sequence (u¢)eso is bounded in Hf (€2), i.e

(4.11) luellz ) = O(1)  ase—0

Then from the weak compactness of the unit ball in H12,0(Q) it follows that there
exists ug € H ¢(Q) such that upto a subsequence, as € — 0

Ue — U weakly in le,o(Q)
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Andsoase— 0

Ue — U weakly in L% ()
(4.12) Ue — Ug strongly in LP(2) for 1<p<2*
ue(x) = ug(x) a.e z in €

In particular, for any ¢ € C°(Q)

/ ({(Vue, Vo) + aucp) de — / ((Vug, V) + augp) dz as e — 0
Q

Q
2% (se)—1
One has that ]T — ug ! a.ein Q as € — 0, then by integration theory
:E €
y2 (-1
/;wdmﬁ/ug Lo da
[

Q Q
Therefore ug is a weak solution of the equation

A'LL() —+ aug = ’LL(2)*71 in Q
(4.13) uy >0 in Q,

ug =0 on 0f)

It follows by the regularity result in Ghoussoub-Robert [8], [9] that ug € C? (Q).
Multiplying both sides of eqn (4.13) by g gives that

/(\Vuo|2+au(2)) da;:/u%*dx

Rn Q
So if ug # 0 it follows from the definition (4.2) of 11,(Q2) that

/ug*dﬂc > 1 (Q) 7
Q

Since u. — ug weakly in HIQ’O(Q) as € — 0, using the Fatou’s lemma one has
. 2% (se)
/|u0(:1c)|2 dx < liminf/% dx
2 e—0 J |1‘ €
From (4.4) and (4.5), we have

2%(se) *(se
/M dx = ,Ltsf,a(ﬂ)%

al

Q

This together with proposition 4.3.1 gives that

/ luol?” dz < j1a(Q) 72
Q

Hence

/|u0|2* dz = p1q(Q) 7=

Q
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And so

[ (9l + ) do = 75
Rn

Therefore we obtain if ug # 0

s{( [Vuo|? + aud ) dx

2/2
(fu()Q* dw)
Q

Ve = Ue — Ug

= Ma(Q)

Let

Then as € — 0

ve =0  weakly in Hf 4(2)

ve =0 weakly in L% ()

ve =0 strongly in LP(2) for 1<p<2*
ve(z) = 0 a.e x in

We have
/ (|Vuel® + au?) da = / (IVuol? + aud) dx + / (IVoe|* + av?) dz + o(1) ase—0
R™ Rn R™

If up # 0 then

2" (se)

fhs, a(Q)TGo—2 = MG(Q)% + / |Vve|? dz + o(1) ase—0
R’n

Letting € — 0 and using proposition 4.3.1 we obtain that
lim/|Vve\2 dz =0
e—0
]R'n.

And therefore

Ue — U in Hf,O(Q) ase—0

4.4. Preliminary Blow-up Analysis
We let (ue) be as in Theorem 4.1. We will say that blowup occurs whenever
ue —0 weakly in H7 (€2) as e =0

We describe the behaviour of such a sequence of solutions (u.). By regularity, for
all €, u. € C°(Q). We let x. € Q and pe > 0 be such that :

(4.14) Ue(Te) = max uc(z) and u;nTiz = uc(ze)
Q

This section is devoted to the proof of the following theorem:
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Theorem 4.4. Let Q be a bounded smooth oriented domain of R", n > 3,
such that 0 € 09, and let a € C1(QQ) be such that the operator A + a is coercive
in Q. Let (sc)eso € (0,2) be a sequence such that lir% se = 0. Suppose that the

e—

sequence (uc),~o € Hi (), where for each € > 0, uc satisfies (4.4) and (4.5), is a
blowup sequence, i.¢e

ue —0 weakly in Hf () as € =0
We let (xe)e, (fe)e be as in (4.14). Let k. be such that

(4.15) ke == |z pe ® fore>0
Then
d(ze, 082 . d(z, 00

lim pe = lim k. = 0 and lim M = lim M = +o00.

e—0 e—0 e—0 Me e—0 ke
We rescale and define

 Ue(we + kex) — 2.
ve(z) == ) forx € e

Then there exists v € C*(R™) such that v # 0 and for any n € C°(R™)
NVe — NV weakly in 2%*(R™) ase—0
Further for all x € R™ v(z) <v(0) =1 and it satisfies the equation
{ Ay =¥ 1 in R™

v>0 in R™
One has
(4.16)
n—2 *
1 : " 9 1 2*272
v(z) = W forx e R and /|V1}| dx = (K(mO))
n(n—2) R™
Also
Ve —> 0 in CL.(R™) ase—0

and, moreover upto a subsequence, as € — 0

€ 5 kE
(4.17) ( o > +1  and =1
|.Z'€‘ 1223

The rest of the section is devoted to the proof of Theorem 4.4. It goes through
four steps.

Step 1: We claim that
e = o(1) and ke = o(1) as € —=0
PROOF. We proceed by contradiction. Suppose
e 0
Then by our definition (4.14) this implies that up to a subsequenc

el oo () < €



4.4. PRELIMINARY BLOW-UP ANALYSIS 93

2% (s¢)—1
Ue . . .
for some positive constant C'. Therefore ———— is uniformly bounded in LP((2)
x €

for some p > n . Then from eqn (4.4) and standard elliptic estimates (see for
instance [14]) it follows that for all €

||u6||cl,u(Q) < C’

for some positive constant C’ and o € (0,1). Hence the sequence (uc) is precompact
in the space C'(Q). Since uc — 0 weakly in H{ (), therefore uc — 0 in C*(9),
as € — 0.

From (4.4)and (4.5) we obtain that

2% (se) 2% (s¢)
/|UE(:I;)|S dx = Msma(ﬂ)m
1: €
Q

But if u. — 0 in C1(Q2) as € — 0, then this implies that
lim s, o(2) =0
e—0

And therefore 11,(Q) = 0, a contradiction since the operator A + a is coercive in
Q. So, we must have that 111% e = 0. The result for k. follows from the definition.
e—

This ends Step 1. (]

We let
R ={z eR":x; <0}
where z; is the first coordinate of a generic point in R™. This space will be the

limit space in certain cases after blowup. We describe a parametrisation around a

point of the boundary 9. Let p € 0Q2. Then there exists U,V open in R and
a smooth diffeomorphism 7 : U — V such that upto a rotation of coordinates if
necessary

(4.18)
e 0eUandpeV
e T(0)=p
e T({UN{x;<0})=VNAQ
o T({UN{x;=0}=VnNN
e DT =Irn. Here D, T denotes the differential of 7 at the point x

and Iz~ is the identity map on R™.

e 7.(0) (e1) =vp where v, denotes the outer unit normal vector to
0f) at the point p.

o {T.(0)(e2), - ,(Tm),(0)(en)} forms an orthonormal basis of
T,00.

Step 2: We claim that

(4.19) lim 17
e—0 e

= 400

PROOF. Suppose on the contrary
Jod _

O(1) ase—0
[he
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Then

lim |z =0
e——+o0

Let 79:U — V be a parametrisation of the boundary as in (4.18) at the point

p=20. For all € > 0, we let
c e U
ﬁé(x):m forzx € — N {z; <0}
ue(we) e
Step 2.1: For any n € C2°(R™), one has that o, € 2V2(R") for € > 0 sufficiently
small. We claim that there exists 9, € 2?(R"™) such that upto a subsequence
N0e — Uy weakly in Z12(R™) as e — 0
Noe(x) = Oy () aexr inR" ase—0
We prove the claim. Let z € R” | then

YV (i) (x) = () V(z) + —L=

ue(xe)

For any 6 > 0, there exists C'(6) > 0 such that for any a,b > 0

n(x)D(uez)% [Vue (To(pez))]

(a+b)? < C0)a® + (1+6)b>
With this inequality we then obtain

2
J 19 @0 de<c) [ 19025 ot (40 [ 02 DgnTo (T (T o
R R e

R™

Since DTy = Ign we have as € — 0

J19 @i de <€) [ 9nPe? do+ (140) (14 00a) e [ 0 (Ve (o)) (1+ o(1))do
R™ R™

uZ(ze)
RTL

With Holder inequality and a change of variables this becomes
(4.20)

n—2
n

/ IV (i) da < C(6) | Vn|l2. / W dr |+ (146) (14 O() / V> do
Q R™

R
Now since Hu5||H120(Q) = 0O(1) and p. — 0 as € — 0, so for € > 0 small enough
H’?fje”@l,z(n@g) <G

Where C), is a constant depending on the function 7. The claim then follows from
the reflexivity of 212(R™).

Step 2.2: Let ; € C°(R™), 0 < n; <1 be a smooth cut-off function, such that

| 1 for z e By(1)
(4.21) = { 0 for zeR™\By(2)

For any R > 0 we let ng = n1(x/R). Then with a diagonal argument we can assume
that, upto a subsequence for any R > 0 , there exists 9r € 212(R™) such that
NRrUe — TR weakly in ZV2(R") ase— 0
NrU(x) = Ur(x) aex inR" ase—0
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Since | Vg2 = |V |2 for all R > 0, letting € — 0 in (4.20) we obtain that

/ Vog|*de <C  forall R>0
R™

where C' is a constant independent of R. So there exists o € 21?(R") such that

g — D weakly in 212(R™) as R — oo
Or(z) — 0(x) a.ex inR™ as R — o0

Step 2.3: We claim that & € C*(R™) and it satisfies weakly the equation

Ap =921 in R
=0 on {z; =0}

We prove the claim. Fori,j =1,...,n, welet g;; = (0;70,0;7o), the metric induced
by the chart 7y on the domain UN{z; < 0} and let A, denote the Laplace-Beltrami
operator with respect to the metric g. We let

Je = g (pe)

From eqn (4.4) it follows that for any € > 0 and R > 0, ng0. satisfies weakly the
equation

~ ~ ,56 2*(56)_1 .
(b 58 (1m0 42 (a0 Tol(uex)) (mie) = g in Bo(R) 1 {1 < 0}
. He

NV =0 on By(R)N{x; =0}

Now 0 < 9. < 1 and from the properties of the boundary chart 7y, it follows that
for any p > 1 there exists a constant C, such that

P
< \2%(sc)—1 1
% dz < C, / — dx
Tolpe) | \x <P
Bo(R)N{z1<0} He Bo(R)N{z1<0}

So the right hand side of equation (4.22) is uniformly bounded in L? for some p > n.
Then from standard elliptic estimates (see for instance [14]) it follows that the
sequence (1g¥c).~q is bounded in Ch*0 (By(R) N{xy < 0}) for some ag € (0,1).
So by Arzela-Ascoli’s theorem one has that 9r € CY (Bo(R/2) N {x; <0}) for
0 < a < ag, and that, up to a subsequence

limnpoc =0k in OV (Bo(R/4) N{z1 < 0})
for 0 < a < ag. And therefore
(4.23) tr=0 on By(R/4) N{xy =0}
Letting ¢ — 0 in eqn (4.22) gives that U satisfies weakly the equation

{ Atg =95 7! in By(R/4) N {z; <0}
vr =0 on Bo(R/4)m{CE1 :O}

Again we have that: 0 < 0 < 1, then again from standard elliptic estimates and

applying the Arzela-Ascoli’s theorem it follows that @ € C1(R™) and Rlim IR=7
—+0o0

(4.24)
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in C}

loc

R — +00 we obtain

(R™) up to a subsequence and also tha’tRE)Too op =0 in H7 ;,.(R™). Letting

Ap =% ! in 72'(R")
This proves our claim and ends Step 2.3.

Step 2.4: we now conclude to prove (4.19). Let . € U be such that To(Ze) = ..
Then for all e > 0
G ($> —1
He

From the properties (4.18) of the boundary chart 7 it follows that, for all € > 0

o (124)
He 1223

So if Jz| = 0O(1) as e = 0, then there exists & € R™ such that
He
Te .
— —Z ase—0
e

For R > 0 sufficiently large we have
on(#) = lim (na) (22) =1
VR\T —El_f}(l) TIRVe 7 =

and therefore

5() = Jim_ia(p) = 1

From Step 2.3, it follows that & € R™. But then this implies 7 € C'(R™) is a
nontrivial weak solution of the equation

Ap =921 in R™
=0 on {z; =0}

which is impossible, see Struwe’s book [18] (Chapter III , theorem 1.3). Hence one
must have that

lim el

= +OO
e—0 [Ue
This completes the proof of (4.19), and therefore Step 2. |
Step 3: We claim that
d(z., 90
(4.25) lim 0 _ |
e—0 ke

PROOF. We proceed by contradiction and assume that
d(x.,08)

e =0(1) ase—0

Then we have that

limz. = g € O
e—0
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Step 3.1: Let T be a parametrisation of the boundary 92 as in (4.18) around the
point p = xg. For all € > 0 let

Ue = U O T on UN{z <0}

Fori,j=1,...,n, welet g;; = (0;7,0;T) be the metric induced by the chart 7 on
the domain U N {z; < 0}, and let A, denote the Laplace-Beltrami operator with
respect to the metric g.

From eqn (4.4) it follows that for any € > 0, 4. satisfies weakly the equation

a2 (se)—1

At + a0 T(x)te = T55r inUnN{z <0}

. =0 on UN{xy =0}
Let z. € 09 be such that
|ze — x| = d(z, 00) fore >0
And let Z., Z. € U be such that
T (%) = me and T(Z) = 2
Then it follows from the properties of the boundary chart 7, that

limZ, =0 = lim Z, , (Ze)1 <0 and (2.)1 =0
e—0 e—0
For € > 0 we set
~e ~e ke U - ~e
ﬁgzw for z € zﬂ{x1§0}
Ue(Ze) .

Step 3.2: For any n € C2°(R"), one has that no. € 212(R") for € > 0 sufficiently
small. Let x € R™, then

V (nie) () = ve(x) V() + @)Dz othea) T [Vue (T (Ze + ke))]

ke
ue(zc)
One has the inequality : For any 6 > 0, there exists C'(¢) > 0 such that for any
a,b>0

(a+b)% < C0)a® + (1+6)b>

With this inequality we then obtain
k2
|v (77175)\2 dr < 0(0) / |v"]|2652 dx + (1 + 9) < /772 ‘D(25+kEI)T[vue (T(Ee + kex))”Q dz

u2(ze)
R™ R™ R™

Since DyT = Ign, we have as € — 0

IV (i) do < C(0) [ 19052 da+ (140) (1+ O+ k) i [ o [V (T e+ k)P (14 o(0)

R™ R™ R™

With Holder inequality and a change of variables this becomes

n—2
n

n—2
i /u2 da +(1460)0(k.) <Z> /|Vu5\2 da
Q ‘ R™

[ 190w < co) (’,j) Ivn
R™
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Then by our definition (4.15) and Sobolev inequality (4.7) we obtain for € > 0 small

enough
[ 190 ds < [ 19l + @ o] (L) T [ 9ul @
R™ ‘ R™
(1.26) < [cOIvalE. + @+ 0)0k)] [ [Tul* do
RTI,
since lim 2] =400 by eq. (4.19)
e—0 e

Now ”uE”Hf,o(Q) = 0O(1) and k. — 0 as ¢ — 0, so for ¢ > 0 small enough

Hn'DeH@lﬂ(Rﬁ) <Gy

Where C), is a constant depending on the function 7. It then follows that there
exists v, € 21?(R™) such that upto a subsequence

noe — Ty weakly in 212(R™) ase—0
N0e(x) — Uy () aex inR" ase—0
Step 3.4: Let m; € C°(R™), 0 < n; < 1 be a smooth cut-off function, such that

| 1 for =z e By(1)
M= 0 for ze€R™By(2)

For any R > 0 we let ng = n1(«/R).Then with a diagonal argument we can assume
that, upto a subsequence for any € > 0 , there exists o5 € 21?(R") such that

NRrUe — TR weakly in 212(R") as e — 0
NRUe — VR a.e nR"” ase—0

Since anR”i = HVmHi for all R > 0, letting € — 0 in (4.26) we obtain that

/ Vogp|*de <C  forall R>0
R™

where C is a constant independent of R. So there exists © € 212(R™) such that

UR — U weakly in 212(R™) as R — oo
Ur(x) = 0(x) aez inR" as R — oo

Step 3.5: We claim that & € C*(R™) and it satisfies weakly the equation
{ Ap =¥ 1 in R™
0 on {z; =0}
Let
Ge = g (2c + kex)

Then from equation (4.4) it follows that for any € > 0 and R > 0, nr¥. satisfies
weakly the equation

A (nrde) + k2 (@0 T (Ze + kex)) (nroe) =SB0 4y By(R) N {a < 0}
(4.27) el

NrUe =0 on By(R) N {x; =0}
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From the properties of the boundary chart 7 it follows that for € > 0 small
T (Zc + kex) = e + Og(1)k, for x € Bo(R) N {xy <0}

where
|IOr(1)| < Cr
for some Cp > 0. Using eq. (4.19) we obtain lim —— = lim He) " =0, %
e—0 |x6| e—0 |J,‘6|
~E kf o .
i | ZCe ROy 00 (By(R) A e < O]
e—0 |Jj€‘

Equation (4.27) then can be written as
A (nrte) + k2 (ao T (Ze + kex)) (nrde) = (14 0(1)) (nrod)” 7" in Bo(R) N {1 < 0}
(4.28)
with NrU. =0 on By(R)N{x1 =0}
where liH(l) o(1) =0 in C° (By(R) N {z1 < 0}).
e—

Since 0 < 7, < 1, it follows from standard elliptic estimates (see for instance [14])
that the sequence (nr?c),~ o is bounded in CLeo (By(R) N{z; < 0}) for some ag €
(0,1). So by Arzela-Ascoli’s theorem one has that oz € OV (By(R/2) N {x1 <0})
for 0 < a < ay, and that, up to a subsequence

lim ngrd. = g in CY* (Bo(R/4) N{x; <0})

e—0
for 0 < a < ag. And therefore
(4.29) tr =0 on By(R/4) N{xy =0}
Letting € — 0 in eqn (4.28) gives that U satisfies weakly the equation
(4.30) Avg = o2 ! in Bo(R/4) N {x; <0}
=0 on By(R/4)N{x; =0}

Again we have that: 0 < 0 < 1, then again from standard elliptic estimates and
applying the Arzela-Ascoli’s theorem it follows that o € C'(R™) and REIEOO VR =170
in C}.(R™) up to a subsequence. Moreover letting R — +oc we obtain that

Ap =921 in 2'(R™)
This proves our claim and ends Step 3.5.

Step 3.6: we know conclude Step 3. We have that

e — Ze
;. 9
()

From the properties (4.18) of the boundary chart T it follows that, for all € > 0
|Te — Zel |$e - 26‘
e = 2el _ o e %€l
ke ke

= O(1) as € — 0, then there exists # € R™ such that

So if d(ze, 00 (e, 09)
ke
je - 26

— T ase€— 0
ke
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For R > 0 sufficiently large we have

~ ~ . ~ i’e - 26 _
0r(7) = lim (nro.) ( e ) =1
and therefore
S — i 5o (F) = 1
(Z) g ORr(Z)
From Step 3.5, it follows that & € R™. But then this implies & € C'(R™) is a
nontrivial weak solution of the equation
Ap =21 in R™
0 on {x; =0}
which is a contradiction, see Struwe’s book [18] (Chapter III | theorem 1.3). This
completes the proof of (4.25) and ends Step 3. O

Step 4: we are now in position to prove Theorem 4.4. Note that the preceding
step yields

hm M = 400
e—0 c

Step 4.1: For any n € C>°(R™), one has that nv. € H(R") for € > 0 sufficiently
small. We claim that for any n € C2°(R™), there exists v, € 2?(R") such that
upto a subsequence

NVe — Uy weakly in 2'2(R") as e — 0

Let x € R™, then for ¢ > 0

n

V (nve) (z) = veVn(z) + e ® ken Vue(ze + kex)

One has the inequality : For any 6 > 0, there exists C'(6) > 0 such that for any
z,y >0

(z+y)* < CO)2” + (1+0)y

With the help of the above inequality we then obtain

t/IV(anf dvﬁ(xe)/WVanfmr+<1+en¢%ﬁk3/3f|Vu4xe+kkxﬂ2dx
R R

R’ﬂ
With Hélder inequality and a change of variables this becomes

n—2

n—2
[l an< (5) conent, | [ i

€
R™ Rn

(4.31) +(1+06) (:)n_Q/ <n (x kx)>2 Vu|? dz

R™
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By the Sobolev inequality (4.7) and our definition of k., we obtain for ¢ > 0 small
enough

n—2

J 1ol < o 1entt, + @+ oswe] (L) 7 [1vu o
Rn R™

|z

< [C@ 1Vnl. + (1 +6)sup ] /|vu42 dz
R’!L

. e
since lim
e—0 Lhe

Now ||u5||H1210(Q) = 0O(1) and k. — 0 as € — 0, so for ¢ > 0 small enough

=400 by eq. (4.19)

HnUeH@Lz(Rn) < 077

Where €, is a constant depending on the function n. It then follows that there
exists v, € 21?(R™) such that upto a subsequence

NVe — Uy, weakly in 212(R") ase— 0

(4.32) o
ne(x) — vy(x) aex iInR" ase— 0

This proves the claim and ends Step 4.1.

Step 4.2: We claim that there exists v € 2%?(R") such that for any n € C2°(R")
we have

Uy =NV
Let m1 € C(R™), 0 <1y <1 be a smooth cut-off function, such that

| 1 for =z e By(1)
M= 0 for ze€R™By(2)

For any R > 0 we let ng = n1(x/R). Then with a diagonal argument we can assume
that, upto a subsequence for any € > 0 , there exists vg € 212(R") such that

NRVe — UR weakly in 212(R") as e — 0
NRVe — VR a.e inR” ase— 0

Since anRHi = HV?hHi for all R > 0, letting ¢ — 0 in (4.31) we obtain that
/ Vug|*de <C  forall R>0
Rn

where C' is a constant independent of R. So there exists v € 212(R") such that

VR =V weakly in 212(R") as R — oo
vr(z) — v(z) aez inR™ as R — oo

And therefore for any n € C°(R")
Uy =NV
This ends Step 4.2.
Step 4.3: We claim that v € CY(R™), v # 0 and it satisfies weakly the equation

Ap =021 in R"
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We prove the claim. Using eqn (4.4) it follows that for any ¢ > 0 and R > 0, nrv.
satisfies the equation

2" (Se)_l
Uimve " 2 (Bo(R)

T k
. o
T ]

EA

(433) A (nR'Ue) + k?a (-Te + kex) (nR'Ue) =

2—s¢

) - 0. So we have

ke :
From eq. (4.19) we obtain lim — = lim (

e—0 |x¢] - e—0

e ke
|ze| |z

=1 in C° (By(R))

1m
e—0

Then equation (4.33) then can be written as

(4.34)
A (nrve) + k2a (ze + kex) (nrve) = (1+0(1)) (nred)® “971 in 9'(Bo(R))

where lim o(1) = 0 in C° (By(R)).

e—0

Since 0 < v, < 1, it follows from standard elliptic estimates (see for instance [14])
that vg € C* (By(R)), and up to a subsequence

. _ -
eh_% NRVe = UR m CYloc (BO(R))
Letting € — 0 in eqn (4.34) gives that vp satisfies the equation
Avg = v% ! in 2'(Bo(R))

Further as for any € > 0 and R > 0, ngve(0) = 1, therefore vg(0) = 1 for all R > 0.
Moreover max wvg(z) = 1.

z€Bo(R)
Again we have that: 0 < vg < 1 since ngrve — vg a.e in R™ as € — 0. Then again

from standard elliptic estimates it follows that v € C*(R™) and Rlim vR = v in
—+00
C}

o (R™) up to a subsequence. Letting R — +o0o we obtain that
Ap =¥ 1 in 7'(R")

Further we have that max v(z) = v(0) = 1. By Cafferelli, Gidas and Spruck

classification of nonegative 2%2?(R") solutions of the equation Av = v? ! we then
have :

n—2

v(x)= | ——— for all x € R"

Moreover,
Ve — U in CL.(R™) as e—0

This proves our claim and ends Step 4.3.
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Step 4.4: Coming back to equation (4.31) we have for R > 0

[V de<c@ Varli, | [ ) do
R™ Bo(2R)\Bo(R)
n—2 2
+(1+40) ('Ze> / <77R <kae>) \Vu5|2 dx
‘ QNB,. (2Rk.) ‘
(4.35) < () / (v )? dz | 4 (140) < ) / Vu? da
Bo(2R)\Bo(R)

Now u. — 0 weakly in H7 ((Q) as € — 0, where for each € > 0, u, satisfies (4.4)
and (4.5). So we have

e

Lettlng € — 0 we obtain, using Step 4.2 and proposition 4.3.1, that for R > 0

(@) 2 (s0)
A\ dzx + 0(1) < ps,0(2)T@-2 4+ 0(1) ase—0
Q

n—2

n

/|V1}R‘2 dz < C(0) / 02 dzx +(1+6) <limsup < He ) ) ua(Q)2*2i2

e—0 |1'e|
R™ Bo(2R)\Bo(R)

And then letting R — +o00 gives us

n—2

/|Vv|2 de < (140) <limsup ( He > > NG(Q)%
e—0 |1»'€|

R™

Since 6 > 0 is arbitrary, this implies that

(4.36)
9 i Se % o I Se % o
/|V1}| dr < | lim | — pa(2)7=2 < (limsup | — o (£2)7=2
=0 \ || 0 \ ||
R’IL

e )(5 < 1, and since p1,(Q) < == (see for

From eq. (4.19) we have limsup (Ime\ R0 0)

e—0
instance Aubin [2])

9% 1 2% 2
2 dr < 3 <
J 9o do < @75 < (s

R

Now
Av =1 in 2'(R")
Then by Sobolev inequality (4.7)

2 1 2% _2
dx >
/‘V”' 9‘"—<K<n,o>>
R'ﬂ
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J v @z = (K(i o>>

R’Vl
Se
lim sup ( fe ) >1
e—0 |xe|

Hence we have

Then (4.36) implies that

and we have

™ ke
(4.37) 1m<“) =1, lim <=1
e—0 IZ‘€| €—=0 [ie
This ends Step 4.4 and completes the proof of Theorem 4.4. [l

As a consequence of Theorem 4.4, we get the following concentration of energy:

Proposition 4.4.1. Under the hypothesis of Theorem 4.4 one further has that

2% (se)
lim lim / M dr =0

R—+400 €0 |],‘ Se
O\ B, (Rke)

PrOOF. We obtain by change of variables

fuc(a) () \u 2l - [ue(@)F
k5 |[>
O\B.. (Rk.) B..(Rk.)
pure, e e
|| pe e + kew|™
Bo(R)
n—2
“(se) Se\ Tz " (se)
[ ()" [
Q ‘ Bo(R) Irs\Jrlrs\

Letting ¢ — 0 and then R — +oo one obtains the proposition using Theorem
4.4. O
4.5. Refined Blowup Analysis I

In this section we obtain pointwise bounds on the blowup sequence (uc)c>o that
will be used in next section to get the optimal bound.

Theorem 4.5. With the same hypothesis as in Theorem 4.4, we have that
there exists a constant C > 0 such that for e > 0

=R ()+Eiﬁff()<c for all z € Q
Ue\T Ue(T) < or all x .
d(z,00)
Moreover,
lim lim sup |z — x| E ue(z) =0

R—400 €e—=0 EQ\BJE (Rk )

The proof of Theorem 4.5 goes through the proof of the three propositions
below.
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Proposition 4.5.1. With the same hypothesis as in Theorem 4.4, we have that
there exists a constant C' > 0 such that for € >0

n—2
|z — x| 2 uc(x) <C for all x € Q
PROOF. Suppose on the contrary

n—2
sup (\x—xJTue(x)) — 400 ase—0
e

Let y. € Q be such that

n—2 n-2
|ye — x| 2 ue(ye) = sup (|m A ué(x)>

e
Then
(4.38) lye — :105|n772 Ue(Ye) — +00 ase—0
We let
AT = o)
then p. < A and (4.38) becomes
o = Af' -
and so we have that
iAo =0

Step 1. As our first step we show that

o yel
(4.39) 11_}1% N = 400

PROOF. Suppose on the contrary
% =0(1) ase—0
Then this implies that

lim |y =0

e—+o0
Let 7p : U — V be a parametrisation of the boundary as in (4.18) around the point
p = 0. For all € > 0, we let
€ )\e
efa) = M2 T
Ue(Ye)
Step 1.1: For any € C2°(R™), one has that nuw,. € Hf o(R™) for € > 0 sufficiently

forxe)\gﬂ{mgO}

small. Let x € R”, then

- . Ae
V () (z) = we(x)Vn(z) + wew) N(2)D(xr.2)To [Vue (To(Aex))]
One has the inequality : For any 6 > 0, there exists C'(6) > 0 such that for any
a,b>0

(a+b)2 < C0)a® + (1+6)b?
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With this inequality we then obtain

)\2
/ IV (n)[? de < C(0) / Vnf2a? de+ (1+6)— / 7 [DonayTo [V (To(hea))][* de
R™ R™

uZ(ye)

Since DyTg = Ig» we have for e > 0 sufficiently small
A2

/ IV (i) do < C0) [ 1902 o (140)(1+000) s [ [Fu () do

R™ Q

With Holder inequality and a change of variables this becomes
(4.40)

n—2
n

/ W dr | (16 (1+00) / Vul? de
Q Rn

[ 19w dx < c@)vn

Now since Hu5||H120(Q) =0O(1) and A\ — 0 as ¢ — 0, so for € > 0 small enough

H77U~’e||@1=2(m) <Gy

Where C), is a constant depending on the function 7. It then follows that there
exists w, € 2%?(R™) such that upto a subsequence

Ne — W, weakly in 212(R™) ase— 0
(4.41) ! ~ m
NWe(x) — y () aex inR™ ase—0
Step 1.2: Let n; € C°(R™), 0 <7y <1 be a smooth cut-off function, such that

|1 for ze€ By(l)
M= 0 for zeR™NBy(2)

For any R > 0 we let ng = n1(x/R). Then with a diagonal argument we can assume
that, upto a subsequence for any R > 0 , there exists wp € 2%2(R™) such that

NRWe — WR weakly in Z212(R™) ase — 0
NrWe(x) — Wr(x) aex MR ase—0

Since | Vg2 = |V 2 for all R > 0, letting € — 0 in (4.40) we obtain that

/ \Vig|*de <C  forall R>0
R™

where (' is a constant independent of R. So there exists @ € 21?(R™) such that
WR — W weakly in Z22(R™) as R — oo
wr(z) = w(z) aex inR"” as R — o0
Step 1.3: We claim that @ € C'(R™) and it satisfies weakly the equation
Av=4*"1  inRr
W= on {z; =0}

Fori,j=1,...,n, we let g;; = (0;70,0;7o), the metric induced by the chart 7y on
the domain U N {z; < 0} and let A, denote the Laplace-Beltrami operator with
respect to the metric g. We let

o &

ge = g (Aex)
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From eqn (4.4) it follows that for any ¢ > 0 and R > 0, nrw. satisfies weakly the
equation

- - D)2 (se)—1 .
Ag, (nrbe) + A2 (a0 To(Aex)) (i) = ("f?i R in Bo(R) N {z1 < 0}
(4.42) Ae
NRWe = 0 on By(R) N {x1 =0}

For R > 0 and ¢ > 0 we have
n—2 - n-2 n-2
[To(Aex) — e 2 NrW(7) < |ye — e T Ae® ue(ye),
<|76()‘6$) — Z|

n—2
2
) nrWe(r) < 1,
|ye - xe‘

It follows from the properties of the map 7, that for € > 0 sufficiently small
To(Ae) = ye + Or(1)Ac for all z € By(R) N {z1 <0}
where
|Or(1)] < Cr

‘ye;ixé‘ = +o00, we obtain

€

for some Cr > 0 depending only on R. Then since liné
e—

)\e - de . e — de ]- )‘E
lim [To(Aer) = o = lim lye = ze + Or(1)Ad =1 for all x € By(R) N{z1 <0}
e—0 ‘ye — .’I,‘el e—0 |y6 — J}€|
It then follows that for ¢ > 0 sufficiently small

NrW(z) < 2 for all x € By(R) N{zx1 <0}

Now, from the properties of the boundary chart 7y, it follows that for any p > 1
there exists a constant C}, such that

* . p
(nrie)” 7 1
eres < -
nom| | O e
Bo(R)N{z1<0} Ae Bo(R)N{z1<0}

So the right hand side of equation (4.42) is uniformly bounded in L? for some p > n.
Then from standard elliptic estimates (see for instance [14]) it follows that the se-
quence (nrWe), is bounded in C**0 (By(R) N {1 < 0}) for some ag € (0,1). So
by Arzela-Ascoli’s theorem one has that there exists wr € C1® (By(R/2) N {x1 < 0})
for 0 < a < ag, and that, up to a subsequence

limnpie =wp  in CH* (Bo(R/4) N {zy <0})
for 0 < a < 9. And therefore
(4.43) wr =0 on Bo(R/4) N{z1 =0}
Letting € — 0 in eqn (4.42) gives that wg satisfies weakly the equation

Awg = w? ! in Bo(R/4) N{x; <0}
(4.44) { op =0 on Bo(R/4) N {z1 — 0}
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We have that 0 < wgr < 2, then again from standard elliptic estimates and applying

the Arzela-Ascoli’s theorem it follows that w € C'(R™) and Rlir}rl Wp = U in
—+00
C}

L (R™) up to a subsequence. Moreover letting R — +0o we obtain that
Ab=u2""1  inR"
w=0 on {z; =0}
This proves our claim and ends Step 1.3.

Step 1.4: Let §. € U be such that 7o(g.) = y.. Then for all € > 0

~ (T
el T =1
w@)

From the properties of the boundary chart 7g it follows that, for all € > 0
|Fe| |Yel
Hel _ o 12l
Ae Ae

So if “;\—A = O(1) as € — 0 , then there exists §jp € R such that

%—ﬂ&o as € =0
Ae

For R > 0 sufficiently large we have
on(@) = lim () (L) =1
e—0 €
and therefore

W(go) = RLiIEOO Wg(Jo) = 1

From (4.43), it follows that §o € R™ . But then this implies w € C1(R") is a
nontrivial weak solution of the equation
A =2 ! in R™
w on {z; =0}

which is impossible, see Struwe’s book [18] (Chapter III , theorem 1.3). This ends

Step 1.4, and therefore proves (4.39) and ends Step 1. O
We let
2-se
le - ‘ye 86/2>\e 2 fOr € > O
Then
liml. =0
e—0

Step 2: We claim that

(4.45) |yA —0(1) ase—0
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PROOF. We proceed by contradiction. Suppose if

Se
lim —— =0
e—0 |ye Se

Now

Se

|x€
|Ye

s s s s

‘ _ )‘eE |$5| ¢ /\ee ‘xﬁ
Se |y€ Se )\ge — |y5 Se ,LLEE

e |

Since hr% -5 = 1 as shown in (4.17), it follows that one must have
e— €

Se

L e
1m
e—0 |yE

Se

And in particular lim 2l = 0.
e—0 |yé|

We can have two cases:
Case 2.1: We assume that, upto a subsequence, there exists p > 0 such that

d(yGa 89)

>3
. =P

For any € > 0 we let

we(x) = )\:%2115(34E +l.x) for x € Bo(2p)

This is well defined since B, (2lcp) C Q. Using eqn (4.4) it follows that for e > 0,
w, satisfies the equation

2% (se)—1
(4.46) Aw, + 12a (ye + L) we = —— —  in 2'(Bo(2p))
Ye + le T
lyel * lyel
We have
n— n— n—2
llex + ye — xE\TZ we(z) < |ye — ac6|T2 Ae T Ue(Ye) fore >0 and z € By(2p),
I n—2 n—2
2 2
Yo | e g Lo we(x) < Yo Te fore >0 and z € By(2p)
|Yel |Ye| |Ye| |Ye| [Ye
2—s¢
Since lim {=; = lim (A—> * =0 from (4.39), and since lim lzc| 0, therefore
e—0 1Yel =0 \ el €0 |Yel

we obtain that there exist a constant Cj such that for € > 0 small
0 < we(z) < Cy for x € Bo(2p)

Since we € L™ (By(2p)), by standard elliptic estimates (see for instance [14]) from
(4.46) it follows that there exists wy € C'* (By(2p)) such that up to a subsequence

lim w, = wy in C* (By(p))

e—0

And in particular we have wg(0) = 1.

We have for € > 0 with a change of variable

. n—2 *
/ Jue ()| ) dx:(@f)z / @),
|aj|'SE >\E Ye + lex

Bye (lsp) BO(p)
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Passing to the limit as € — 0, we have
* . P Ue 2 (se)
/ wg dr < lim ( ES hm sup | |S dr =20
=0 \ [ye|* =0 ||*

Bo(p)

A contradiction since wg(0) = 1. This completes Case 2.1.

Case 2.2: Suppose that
Q

e—0 le - 0
Then

lim y. = yo € 002

e—0
Let 7 be a parametrisation of the boundary 09 as in (4.18) around the point
p =1yo. For all € > 0 let

Ue = U0 T on UN{z; <0}

For i,j =1,...,n, we let g;; = (0;T,9;T) be the metric induced by the chart T
on the domain U N {z1 < 0}, and let A, denote the Laplace-Beltrami operator
with respect to the metric g. From equation (4.4) it follows that for any € > 0, @,
satisfies weakly the equation

Agiic + a0 T(@)a, = B in UN{z <0}
e =0 on UN{z, =0}
Let 2z, € 0 be such that
|2] — ye| = d(ye, 09Q) for e >0
And let g, 2. € U be such that
T(@e)=vye  and  T(Z) =z
Then it follows from the properties of the boundary chart 7, that
hmyE—O—hmze, ()1 <0 and (2)); =0

e—0

For e > 0 we set
- Ue (2L + L) U-17z
= —° - fi <N <0
) orx € L {z1 <0}
So for any R > 0, w, is defined on By(R) N {x; < 0} for € > 0 small enough. Let
ge =19 (22 + léx>

Then from equation (4.4) it follows that for € > 0 small, @, satisfies weakly the
equation

Aj e +12(aoT (2l + ) W = W in Bo(R) N {z; <0}

4.47) '

B2 -1

Tvel

’lZJe =0 on Bo(R) N {xl = 0}
From the properties of the boundary chart 7 it follows that for € > 0 small
T (Z +lx) =y + Or(1)l. for z € Bo(R) N {z1 < 0}
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where
|Or(1)] < Cr
I, A\
for some Cg > 0. Then hm = lim < > =0 from (4.39). Therefore
0fyel =0 \Jye
| TG+ )| 0
€ — <
lgr%) 7|y€| 1 in C (BQ(R) N {331 ~ 0})

And then eqn (4.47) then can be written as
Ag e+ 12 (a0 T (2 + L)) de = (1+0(1) @2 “I7"  in By(R) N {zy < 0}
(4.48)
with we =0 on By(R)N{z; =0}

where liné 0(1) =0 in C° (Bo(R) N {z1 < 0}). We have
€E—

n—2 n—-2 n—=2
T (Z +lx) — x| = We(x) < |ye — | 2 Ae 2 ue(Ye) fore >0 and z € Bo(R) N {z1 <0},

n—2 n—2
~/ le . 2 B . . 5
‘W_x (x) < Ye 7 fore >0 and z € By(R)N{x; <0}
Vel |Yel |Yel |Ye|
2-s¢ o
le .
Since lim | < = lim (IA |> * = 0andsince lim ||m“ = 0, therefore hm TGtla) =
e—0 1Ye e—0 Ye e—0 1Ye -0 ‘ye| |ye|

in C° (By(R) N {z1 < 0}) and therefore, there exist a constant Cy such that fore > 0
small

0 < we(x) < Cy for x € By(2p)

By standard elliptic estimates (see for instance [14]) it follows that there exists
g € C* (By(Bo(R) N {x1 < 0}) such that up to a subsequence

lim e = 1o in C' (By(R/2) N {x1 < 0})

€E—>

And therefore in particular

wo =0 on By(R/2) N{z, =0}

~ ge_gé
€ =1

From the properties of the boundary chart 7 it follows that, for all € > 0

|9 — Z| lye — ze|
d-0
I. I.

SoifM:Oase—)O,theng‘l—%—>Oase—>0. And we have

We have that

wo(0) =1
A contradiction. This ends Case 2.2 and then Step 2 by proving (4.45). (]
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Since HII(IJ ‘1’6;715‘ = 400, we then also have with (4.45) that
€e— €

(4 49) 1 |y6 - $E| o 1' |y6 - ‘T€| AiE/Q =4
' S0 L e A Jwpr

Step 3: Suppose that
d(ye, 082)

(4.50) l

=0(1) ase— 0
Then
lim y. = yo € 092
e—0
Step 3.1: Let 7 be a parametrisation of the boundary 92 as in (4.18) around the
point p = yg. For € > 0 let
Ue = U O T on UN{z; <0}

For i,j =1,...,n, we let g;; = (0;T,9;T) be the metric induced by the chart T
on the domain U N {z1 < 0}, and let A, denote the Laplace-Beltrami operator
with respect to the metric g. From equation (4.4) it follows that for any € > 0, @,
satisfies weakly the equation

Agiic +ao Ty, = o0 in UN{z; <0}
e =0 on UN{z, =0}
Let 2z, € 0 be such that
|z,’€ — Y| = d(ye, 09) for e > 0
And let g, Z. € U be such that
T(@e)=ye and  T(Z) =z
Then it follows from the properties of the boundary chart 7, that

lim ge = 0 = lim 22 , (Je)1 <0 and (22)1 =0
e—0 e—0
For € > 0 we set
5 Ue (ZL + lex) U-1z
B = "t 7 fi N <0
We(x) 5 or r € L {z1 <0}

Step 3.2: For any € C2°(R™), one has that nuw,. € Hf o(R™) for € > 0 sufficiently
small. Let x € R™, then

V (nie) () = we(x)Vn(z) +

e 1) Dz T Vot (T (L + o)
For any 6 > 0, there exists C(6) > 0 such that for any a,b > 0
(a+b)2 < C0)a® + (1+6)b>
With this inequality we then obtain
12

uZ(ye)

/ IV () de < C(0) / Vnf2a? de + (14 6) / 2 Dt T Ve (T 4 L)) da
R™ R™

R™
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Since DyT = Ign, we have for € > 0 sufficiently small
2

/ IV ) do < C(O) [ [Vaa? dot (146)(1+0() + O(:0) u‘(y)/ P Ve (T(L+ L)) do

RZ

With Holder inequality and a change of variables this becomes

n—2

)\6 n—2 . )\6 n—2
[wmior as<cw) (32) iwal | [ a]  raserou o () [wul
Rﬁ € €

Q R™

Then by the Sobolev inequality (4.7) we obtain for € > 0 small enough

[Yel

Vol e < [0l + 1400w+ 0] (1) T [ 1wt ar
b

R"

(451) < [CO IVal + 140+ 00 + 0] [ [Fudl* do
]Rn

. |yl
since from (4.39) 21_1}(1) 3

= —"—oo
Now ||u5||H120(Q) =0O(1) and I, — 0 as € — 0, so for € > 0 small enough
Hmz’s“@m(m <Cy

Where C), is a constant depending on the function 7. It then follows that there
exists w, € 2%%(R™) such that upto a subsequence

e — Wy weakly in 212(R™) as e — 0
NWe(x) — Wy () a.ex inR™ ase—0
Step 3.3: Let my; € C°(R™), 0 <7y < 1 be a smooth cut-off function, such that

|1 for ze By(l)
M= 0 for zeR"\By(2)

For any R > 0 we let ng = n1(«/R). Then with a diagonal argument we can assume
that, upto a subsequence for any € > 0 , there exists wr € 2?(R") such that

NRWe — WR weakly in 212(R™) as e — 0
NRWe — WR a.e inR?” ase—0

Since | Vg2 = V2 for all R > 0, letting e — 0 in (4.51) we obtain that

/ \Vig|*de <C  forall R>0
R™

where C is a constant independent of R. So there exists w € 2%2(R") such that

W — W weakly in Z212(R") as R — oo
Wg(x) — w(x) aezx inR" as R — oo

Step 3.4: We claim that w € C'(R™) and it satisfies weakly the equation
"1

A = w? in R™
w=0 on {z; =0}
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Let
ge =g (22 + léx)

Then from eqn (4.4) it follows that for any ¢ > 0 and R > 0, nrw, satisfies weakly
the equation

2% (se)—1

Ag. (i) + 12 (ao T (2 + 1)) (nribe) = (’WDG) in Bo(R) N {z1 < 0}

T(2L+lew)
(4.52)

lyel

Nrw. =0 on By(R)N{x; =0}
From the properties of the boundary chart 7 it follows that for ¢ > 0 small
T L+ lex) =y + Or(1)le for z € Bo(R) N {z1 <0}

where
|Or(1)] < Cr
2—s¢
. le . Ae 2 . |yl
for some Cr > 0. Then lim — = lim [ — = 0 since lim = 400, as we
e—0 |ye| e—0 |y5‘ e—0 €

have shown earlier. Therefore

T(ZL+lex)
[Ye

And then equation (4.52) then can be written as

A (i) + 12 (ao T (2 + 1z)) (rive) = (1 + o(1)) (nriwe)* 97! in Bo(R) N {z1 < 0}
(4.53)

lim =1 in C° (By(R) N {x; <0})
€E—>

with NrW. =0 on By(R) N {x; =0}

where lim o(1) = 0 in C° (Bo(R) N {x; < 0}). For R > 0 and € > 0 we have

e—0
n—2 _ n=2 n—2
|T(22 +1ex) —we| 2 MRWe(7) < |ye — | T A? ue(ye),

n—2
TG +lx)—xz|\ = -
(FEE) T e <1

Since lim ‘y;im‘ = +00, we obtain
e—0 €
Z. le - de . e Ye O 1 le
i LGt let) mae] oy Wem2e # Oy g0 e Bo(R) A < 0}
e—0 ‘ye - x6| €0 |ye - ZL’C|

It then follows that for € > 0 sufficiently small
NrW(z) < 2 for all x € By(R) N{zx1 <0}

By standard elliptic estimates (see for instance [14]) then it follows that the se-
quence (NpWe), . is bounded in
C10 (By(R) N{xy <0}) for some ag € (0,1). So by Arzela-Ascoli’s theorem one
has that wg € CY*(By(R/2) N{x; <0}) for 0 < a < g, and that, up to a
subsequence

lim npw. = Wg in CY* (By(R/4) N{x; <0})

e—0
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for 0 < a < ag. And therefore in particular

(4.54) @r=0  on Bo(R/4) N{z; =0}
Letting ¢ — 0 in eqn (4.53) gives that wg satisfies weakly the equation
(4.55) A = w ! in Bo(R/4) N {x; <0}

wr =0 on Bo(R/4) N {x =0}

We have that: 0 < wg < 2, so again from standard elliptic estimates and applying
the Arzela-Ascoli’s theorem it follows that @ € C'(R™) and lim g = 1w in

R—4o0
CL.(R™) up to a subsequence. Moreover letting R — +00 we obtain that
Ap ="' InRr
w >0 in R™
w=0 on {z; =0}

This proves the claim and ends Step 3.4.
Step 3.5: We have that
~ ge - éé
() =1
()

From the properties of the boundary chart 7 it follows that, for all € > 0

|9 — Z] |ye — 2|
€ — O €
le le

€9 Q . ~ ™
(v, 0%) = O(1) as € — 0, then there exists § € R such that

So if d
le
ge — 22
e
For R > 0 sufficiently large we have

— Y ase—0

~ ~ . ~ ~e _22
() =ty (o) (5) =1

and therefore

() = lim @) =1

From (4.54) it follows that § € R™. But then this implies @ € C*'(R™) is a nontrivial
weak solution of the equation

AW =¥ 1 in R™
w=0 on {z; =0}
which is a contradiction, see Struwe’s book [18] (Chapter III , theorem 1.3). This
proves proposition 4.5.1 when (4.50) holds. This ends Step 3.

Step 4: Suppose that

(4.56) lim 409 _ +00

e—0 le

For € > 0 we let

o ue(ye) le
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Step 4.1: For any n € C2°(R"), one has that nw. € HZ(R") for ¢ > 0 sufficiently
small. We claim that for any n € C>°(R™), there exists w, € 2%?(R") such that
upto a subsequence

NWe — Wy weakly in 212 (R") ase—0
Let z € R™, then for € > 0

V (nwe) (z) = wVn(z) + )\:%215 N Ve (ye + lex)
For any 6 > 0, there exists C'(6) > 0 such that for any z,y > 0

(x+y)? <CO)2° + (14 0)y>

With the help of the above inequality we then obtain
/|v (mwo)? dz < C(6) / Vnl2w? do + (1+0)An=22 /n2 Vae(ye + L) de
Br

R Rn

With Hélder inequality and a change of variables this becomes

n—2

>\5 n—2 .
[ 19 G a < (l) o valk. | [ da
Rn

Q

(4.57) +(1+6) (?)H/ (n (“Z“))QWUSQ d
Q

By Sobolev inequality (4.7) we obtain for € > 0 small enough

n—2

AT
1 eal de < [ 1ontt + @+ oswir] (25) T [9ul o
R

[y
R"
< [cO IVal + 1+ Oysupr?] [ 1Vuf? da
R”L
|ye|

since lim = 400
e—0 )\e

Now ||u€||H1210(Q) =0(1) and I, — 0 as € — 0, so for ¢ > 0 small enough

||77we||@1,2(Rn) < Cn

Where (), is a constant depending on the function 7. It then follows that there
exists v, € 2M?(R™) such that upto a subsequence

{ nwe — wy weakly in 212(R") as e — 0

(4.58) nwe(x) — wy(z) a.ex iInR™ ase—0

Step 4.2: We claim that there exists w € 212(R") such that for any n € C°(R")
we have

wy = nw
Let 1 € C2(R™), 0 <1y <1 be a smooth cut-off function, such that

|1 for ze By(l)
M= 0 for zeR"\By(2)
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For any R > 0 we let ng = n1(x/R). Then with a diagonal argument we can assume
that, upto a subsequence for any € > 0 , there exists wp € 212(R") such that

NRWe — WR weakly in 212(R"™) as e — 0
NRWe — WR a.e inR" ase— 0

Since | Vg2 = |V |2 for all R > 0, letting € — 0 in (4.57) we obtain that
/ \Vwg|*de <C  forall R>0

where C is a constant independent of R. So there exists w € 2%2(R") such that

W — w weakly in 212(R") as R — oo
wr(z) = w(x) a.ez inR" as R — oo

And therefore for any n € C°(R"™)
wy = Nw
This proves the claim.
Step 4.3: We claim that w € C1(R"), w # 0 and it satisfies weakly the equation
Aw = w? ! in R"

Using eqn (4.4) it follows that for any € > 0 and R > 0, ngw, satisfies the equation

2% (s¢)—1
(459) A (pawd) + 2a(ye + 1) (nrwe) = EU i g1 (By(R))
‘ e 4 ey
[yel " Tyel
2—se
. e ) Ae
We have lim — = lim | — = 0. So we have
=0 |ye| =0 |ye‘
im |25 + l—em - =1 in C%(By(R))
=0 |ye| |ye|
Then equation (4.59) then can be written as

(4.60)
A (nrwe) + 2a (ye + lexr) (nrwe) = (1 +0(1)) (nrwe)® 71 in 2'(By(R))
where lir% o(1) =0 in C° (By(R)). We have for R > 0 and € > 0
€e—

n—2 n=2 n—2
Ve +lex — x| 2 nrwe(z) <|ye — x| 2 Ae? ue(ye),

n—2

+lex—x|) 2

(W) nrwe(z) < 1
€ €

|ye

Since liH(l) %‘ = +00, we obtain
e— €
€ le - de
lim lyetlew = z| =1 for all z € By(R) N {x1 <0}
€0 |y6 - 17€|

It then follows that for ¢ > 0 sufficiently small
nrw(zr) < 2 for all x € Bo(R) N {z1 <0} uniformly
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It then follows from standard elliptic estimates (see for instance [14]) that wgr €
C' (By(R)), and up to a subsequence

limnrpwe =wr  in Cj,, (Bo(R))
Letting € — 0 in eqn (4.60) gives that wg satisfies the equation
Awg = w? 7! in 2'(By(R))

Further as for any € > 0 and R > 0, nrw.(0) = 1, therefore wg(0) = 1 for all R > 0.

Again we have that: 0 < wg < 2 since ngpw, — wg a.e in R™ as ¢ — 0. Then again

from standard elliptic estimates it follows that w € C1(R™) and thf wrp = w in
— 00

Cl

e (R™) up to a subsequence. Moreover letting R — 400 we obtain that

Aw = w? 1 in 2'(R")

Moreover w(0) = 1 since wr(0) = 1 for all R > 0, and so w # 0. This proves teh
claim and ends Step 4.3.

Step 4.4: We obtain by a change of variable for R > 0 and € > 0

2% (s¢) Se HT_2 27 (se)
[ ()T s,
|fE ¢ >\e Ye + lelx i

By, (RL) Bo(R) |lyel " 1y

2* (s.) se \ T 2% (se)
|'U_)€(§U)| - dl': ( >\655> / |’U,€(§U)| dI’

ve 4 1 |y |z[s
Bo(R) |Tvel T Ty ‘

So

ye (Rle
Passing to the limit as € — 0, we have for R > 0
. 2" (se)
w? dz < limsup / % dx

e—0 |-'L'|sE
Bo(R) By (Rlc)

and so

. . 2%(se)
/w2 dr = lim / w? dr < lim lim sup / de

R—+o00 R—+00  ¢0 |3§‘|SE
R Bo(R) By (Rle)

Now for any R > 0, B, (Rkc) N By (Rl.) =0 for e > 0 sufficiently small. For if
x € B, (Rk.) N By, (RI.), using that u. < A and (4.17), we get

=zl _ lve=al | lo—x b el 2
< <Rl1+Z)<R|1 He
le o le + le - + I = + uie/Q ‘ye sc/2 Ae

s /2
|ze|*/? A
<R (1 + 7 MDE =O(R)
e Ye
This is a contradiction since we have lir% lye = = 400 as shown in (4.49). Then
€E—

€

by proposition 4.4.1

[ ()2 ()

Se

/wQ* dr < lim limsup dr =20
R—400 ¢30 |J)

R™ Q\B,, (Rl.)
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But this contradicts what we have obtained in Step 4.3. Hence (4.38)) does not
hold when (4.56) holds. This ends Step 4.

This completes the proof of Proposition 4.5.1. (]

Having obtained the strong bound in Proposition 4.5.1 we show that

Proposition 4.5.2. With the same hypothesis as in theorem 4.4 we have that
there exists a constant C' > 0 such that for € >0

1z — 2 |"? |Vue ()| < C and |z — x| uc(z) < Cd(z,09) for all z € Q
PROOF. We proceed by contradiction and assume that there exists a sequence
of points (ye)eso in © such that

|ye - xeln/2 ue(ye)

d(ye, 0)

(4~61) |y€ - $e|n/2 |VUe(ye)| + — 400 as e — 0

We let

limz, =20 €Q and limy. =yo € Q
e—0 e—0

Case 1: we assume that xg # yo. We choose § > 0 such that 0 < 4§ < |zg — yol-
Then one has that § < |z — x| for all z € By, (26) N Q and proposition 4.5.1 then
gives us that there exists a constant C'(§) > 0 such that

0 < uc(z) < C9) for all z € By, (26) N Q2

Further for € > 0, u, solves the equation

u2*(55)—1 .
(462) AUE + aue = €|32|S€ m Byo (25) N Q,
ue =0 on By, (20) N 0N

The right hand side of the above equation is uniformly bounded in L? (B, (26) N )
for some p > n, for all € > 0 sufficiently small. Then from standard elliptic
estimates (see for instance [14]) it follows that the sequence (uc), . is bounded in
C! (By,(6) N Q). So there exists a constant C' > 0 such that

[Vue(z)| < C and uc(z) < Cd(x,00Q) for all z € By, (6)NQ

a contradiction to (4.61), proving the proposition in Case 1.
Case 2: we assume that xg = yo. Let

Qe = |Ye — x|
Then gg% a.=0.
Case 2.1: We assume that upto a subsequence

d(xe,00Q) > 2 |ye — x|

For € > 0 we let

n—2

Ue(x) = e 2 e (Te + Qe) for x € By(3/2)
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This is well defined since B, (2a.) C Q. Using lemma proposition 4.5.1 one obtains
that there exists a constant C > 0 such that

Q.

n—2

)2126(33) <C for x € By(3/2),

2" d(z) < C for z € By(3/2)
And so there exists a constant C' > 0 such that for € > 0

t(z) < C for all x € By(3/2) \ Bo(1/4)
Moreover from equation (4.4) it follows that for € > 0, @, satisfies the equation
a2*(sf)—1
L 7 (Bo(3/2)\ Bo(1/9))
Setx

Qe

At + a?a (ye + aex) e =

Since 0 < @.(x) < C for all x € By(3/2) \ Bo(1/4), the right hand side of the above

equation is uniformly bounded in L? (30(3/2) \B0(1/4)) for some p > n, for all

e > 0 sufficiently small (the bound even holds in L* when |z./ac — 00 as € — 0).
Then from standard elliptic estimates (see for instance [14]) it follows that

el or (3o (s/anBoizzy) = O ase— 0

The points Z==2= € By(5/4) \ Bo(1/2) for all ¢ > 0. Taking x = #==2= one then

[ye—zc| [ye—zc]

obtains as ¢ — 0
~ Ye — Te ~ Ye — Te
vue(>—01, ue(>—01
‘ |ye_$e‘ ( ) |y€—x6\ ( )

comig back to the defination of 4. this implies that as e — 0

lye — ze|"? Ve (ye)| = O(1),
n/2

. n/2 _
Ve = 2e[ " uclye) _ |ye — @™ ue(ye) _o()
d(meaaQ) 2 |ye - LCE‘

But this is a contradiction to (4.61). This ends Case 2.1.
Case 2.2: We assume that upto a subsequence
d(xe,00) < 2|y — |

Let T :U — V be a parametrisation of the boundary d€2 as in (4.18) around the
point p = zg. Let z. € 9 be such that

|ze — x| = d(ze, 00) fore >0
And let Z., Z. € U be such that
T(Ze) =z and T(Z) = ze
Then it follows from the properties of the boundary chart 7, that
gii%i:e:O:lig%ée , (Ze)1 <0 and (2)1 =0
For all € > 0, we let

B n—2 B U -z
Ue(x) = e 2 ue 0 T (Ze + Qe) for x €

ﬂ{xl S 0}

€
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For any R > 0, 4, is defined in Bo(R) N {x1 < 0} for € > 0 small enough. Using
lemma proposition 4.5.1 one obtains that there exists a constant C' > 0 such that

(|’7'(,§€ + a.r) — x|

Qe

> te(z) < C for z € By(R) N {z; <0}

We let

:Be_ge

Pe =
Qe

From the properities of the boundary map 7T it follows that p. € R™ and that
T2 _ ('xe — Zf') =0(1) ase—0
Qe Qe
So there exists pg € R_ such that
Pe — PO ase—0

Also from the properties of the boundary chart T it follows that there exist a
constant C'r > 0 such that

|T(Zc + aex) — x|

€

lpe —z| < C1

Therefore for some constant C' > 0
pe — 2|7 @(z) <C  forz € Bo(R)N {z1 < 0}
Hence for any R, § > 0 there exist a constant C'(R,d) such that for e > 0 small

te(z) < C(R,9) for all z € By(R) \ B,,(d) N {z1 <0}

For i,j = 1,...,n, we let g;;(z) = (0;T (2 + acx),0;T (Zc + o)), the induced
metric on the domain By(R) N {z1 < 0}, and let A, denote the Laplace-Beltrami
operator with respect to the metric g. From equation (4.4) it follows that for any
R, > 0, 4. satisfies weakly the equation

A, i + 02 (0.0 T(Z + ae)) i = 2 0 in Bo(R)\ B,y (8) N {1 < 0}
(4.63) K
e =0 on By(R) \ B,,(0) N {z1 =0}

Again from the properties of the boundary chart 7, it follows that for any p > 1
there exists a constant C,(R, ) such that

p
~ \2%(s¢)—1

T(Zetacx) Ze
Bo(R)\ By, (6)n{z1<0} e Bo(R)\By, (6)N{z1<0} |«
1
< C)(R,5) / S
Bo(R) |ac T7

Choosing s. > 0 sufficiently small it follows that the right hand side of equation
(4.63) is uniformly bounded in LP for some p > n. Then from standard elliptic
estimates (see for instance [14]) we have

bellor (BomaN B, 26)0 £ <03) = O(1) ase—0
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and @, vanishes on the boundary Bo(R/2) \ B,,(20) N {x; = 0}. Let g. € U be
such that T (J¢) = y.. From the properities of the boundary map 7T it follows that
a constant Cr > 0

Ye — Ze
e

LS ge_je —
Cr |Ye — @

— Pe

Therefore we can choose § > 0 small and R > 0 large such that for € > 0 small
enough.

Ye — Ze¢ SRy

S Bo(R/Q) \ BPU (26) n {Il < 0}

€

It then follows that as e — 0
~ ge B 26 ~ ge B Ze
Vi, =0(1), | —— ) =01
b < Qe > ’ W ! ( Qe ) M
and since @, vanishes on the boundary Bo(R/2)\ B,,(20) N{z1 = 0}, it follows that

o<ae(w):o<@e_ée)1>:0<@e)l>20(cﬂyaam>

comig back to the defination of u. this implies that as e — 0

e — e[ |Vue(ye)| = O(1),

|ye - xe‘n/2 Ue(ye)
d(z.,00)

But this contradicts (4.61). This ends Case 2.2.

= 0(1)

All these cases prove Proposition 4.5.2. (I

As a consequence of Proposition 4.5.2, we get the following:

Corollary 4.5.1. Let (u.)

then upto a subsequence

>0 be as in theorem 4.4, and let Eh_r>r(1) e — 19 € Q,

lmu, =0 in L@\ {a0})
PROOF. Let ' cC Q\{zo} be a compactly contained open set. Then it follows
from the bound obtained in proposition 4.5.1, that [[ue[| o () < +00 for all € > 0.
2% (se)—1

So € LP(Q) for any p > n, and € > 0 . From eqn (4.4) and with standard

el
| ]
elliptic estimates (see for instance [14]) it follows that for all e

[ NEe

for some positive constant C’ and « € (0,1). Hence the sequence (u.) is precompact
in the space C'(Q'). Since u. — 0 weakly in Hf 4(€2), therefore ue — 0 in C* ('),
as € — 0. Note that if 0 ¢ Q' then

Se/2

Se

-0 (ue(x) = ) for all z € Q'

|
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And if 0 € Q' then

2—s, 2—s

ue(l') n—2 2—se |x n—2 2—s¢ (275E 7575)
0< ———— < | sup |Vu=2 = | sup |Vue| =2 | |z|\ =272
S Tppr S <z€£, 2 ) |z[s</2 <$e£,| g ) ]

O< sup Vu5|2ns’5> for all z € O
e

Since u, — 0 in C1(€Y) as € — 0 therefore we also have that

i 2 00 @\ (wo])

e—0 |x‘3</2

We slightly improve our estimate in Proposition 4.5.1 to obtain
Proposition 4.5.3. With the same hypothesis as in theorem 4.4 we have

n—2
lim lim sup |z — 2| 7 ue(xz) =0
R—o+4o00e=0,c0\B,, (RE.) ‘ ‘
PROOF. Suppose on the contrary there exists ¢y > 0 and a sequence of points
(Ye)e>0 € Q such that upto a subsequence
n—2 |y6 i xe‘

n—2
. € ET e\Ye Z 2 i - =
(4.64) e — 2" uclye) > and - Jim P = o

It then follows from corollary 4.5.1 that

lg%kl/e _-re| =0

Let
_n=-2
Ae 2 = Ue (ye)
Then (4.64) becomes
(4.65) C > |y6;7966| > € forall e >0
and so
limA. =0
e—0
Since liH(l) ‘yk*iﬂ = +00, using proposition 4.5.1 we obtain that as e — 0
€—> €
ke ke |ye - -Te‘ ( ke )

4.66 — = =0 =o(1
( ) Ae |yeize| )\e ‘yeixe| ( )
We let

2—s¢
le = |ye se/2\ T for e >0
Then
liml. =0
e—0

Step 1: We claim that

Se

=0(1) ase— 0

|Ye
4.67
(4.67) e
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PROOF. We proceed by contradiction. Suppose that

a5
lim —— =0
e—0 |y6 Se
Now
|z e _ Age |z % Age |z |*
yel®e  lyel®e A& T yelse pe

Since lir% % =1, it then follows that in this case
e—

€

Se

lim e
e—0 |y6 Se
And in particular one has that lim 2l — 0 and lim 2= = 0. Then
e—0 |Yel e—0 [Yel
-z T
lye = z| E|2‘y6|1—|6| — 4ooase—0
)\e )\e |y5‘

A contradiction to (4.65) . This completes the proof of (4.67) and ends Step 1. O

Step 2: We claim that there exists co > 0 such that for € > 0 small

e — @ lye — x| A2

4. —
(4.68) L N .

" > C

This follows directly from (4.67) and (4.65).

Step 3: We assume that there exists pg > 0 such that upto a subsequence
(4.69)
Without loss of generality we can take 2py < co. For € > 0 we let

we(x) = )\:%ue (ye + lex) for x € Bo(po)

This is well defined since By, (lepo) C Q. Using eqn (4.4) it follows that for ¢ > 0
w, satisfies the equation

(4.70) Aw, + Pa (ye +lex) we =

From proposition 4.5.1 we have for some constant C' > 0

n— n-2
|l€x+y€—x€|72w€(x) <C A7 fore >0 and z € By(po)
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fore >0 and z € Bo(po)

And so
n—2
2 n—2
1 Ac) 2
we(z) < C () fore >0 and x € By(po)
T — (:L’el:yg) l€
n—2
2 se(n—2)
1 I, \2@—0
<C ( ) fore >0 and z € By(po)
xr — (z‘l—y€> |y6|
n—2
2 se(n—2)
<C ! I 0 and z € By(po)
>
v (.’Ijel_ye) d(ye, 00) ore ane 0\Po0
/ n—2
3 se(n—2)
1 ( 1 2@=s0

And so there exists a constant Cy > 0 such that
we(x) < Cy fore >0 and z € Bo(po)

[yl ~ d(ye,090)
. = I

Also we have in this case :
x € Bo(po)

o Le 1
> 2pg, SO o] < 500 and therefore for

=

Ye le
2 7 |yel |yl

x<§
-2

Coming back to equation (4.70) we then have that the right side of the equation
is uniformly bounded in L*° for € > 0 small. Then, again by standard elliptic
estimates it follows that that there exists wy € C* (Bo(po)) such that up to a sub-
sequence

lim we = wo in C* (Bo(po/2))
e—0
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So in particular wg(0) = 1. We have for € > 0

/ |ue(x)[*"() dr — (|Z/e:€>n2 / |we(x)|2*(s€)s o
|-T Se Ae€ Ye le ¢

By, (221,) Bo(%2) |lvel Tyl ¥
se(n=2)
2@—s0) 2% (se)
() [ e,
€ Ye e
Bo(2p) |Toel T Tul®
d(y., 09) Ee=r1 lwe ()27 ()
(tmgm) e
€ Ye e
Bo(%) [yel + |ye‘x
se(n—2) 2% (se)
> (200) 2(2—se) Mn* dx
k €
Bo(22) |lyel T y®
Passing to the limit as € — 0, we have
2% (s¢) .
lim / M dx > / w? dz
e—0 |x|56
Bye(pTOlF) Bo(pTO)
We have shown in proposition 4.4.1 that
2*(35)
lim lim [uc(@)] der =0
R—+00e—0 |a; Se
Q\B., (Rk.)
So given any 6 > 0, there exists R large, and € > 0 small such that
2" (se) -
/ |ue(|x)| de <6 for e <€
xT|%e
Q\Ba, (Rke)
From (4.68) it follows that for ¢ > 0 small
2p0<C2S|yE?x€|S|x€7x‘+p70 fOI‘l‘GBy (@l€>
le le 2 ‘N2
Therefore for € > 0 small
|ze — 2| _ 3ea 0o
ke 2 T for = c .By€ (?le)

Using (4.66) we have that

ke kA koA _ [k (1N
le 7)\6 le 7)\6 le - )\E 2,00

Therefore there exists ¢ > 0 small such that for e < ¢
|ze — x| _ 3eg le 3co =~ 0o
e Z 2l 20k o 2G f B, (—le)
. _4k6_4R or x € ve 3
So for € < ¢

QnB, (%ze) c O\B,, (Rk.)
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And hence for all § >0

2*(s.) 2 (s0) . -
/ M dz < / % dr < ¢ for e < min{é¢, €'}

|| || 5
By (%210) Q\B., (Rk.)

Since 6 > 0 is arbitrary, it follows that

. 2*(36) 2*(36)
/ wi dr < lim / Mdmﬁlim / dezo

e—0 || s €—0 ||
Bo(4) By (%) Q\B, (Rk.)

and then wy = 0 in By(po/2), a contradiction since we have earlier obtained that
wp(0) = 1. This proves proposition 4.5.3 when (4.69) holds, and therefore this ends
Step 3.

Step 4: We assume that

0
(4.71) tim W %Y _
e—0 le
We note that then one also has from (4.67)
d(ye, 082 el d(ye, 082
(y)\eﬁ ) = |y)\§ (y lea ) =o(1) as € —0
and

lim y. = yo € N
e—0

Let T be a parametrisation of the boundary 9 as in (4.18) around the point p = yo
For all € > 0 let

Ue = U O T on UN{x <0}

For i,j =1,...,n, let g;; = (0;7,0;T) be the metric induced by the chart 7 on
the domain U N {z; < 0}, and let A, denote the Laplace-Beltrami operator with
respect to the metric g. From equation (4.4) it follows that for any € > 0, @, satisfies
weakly the equation

2" (se)—1 .
Agtie +aoT(z)le = FT(T in UnN{z, <0}
(4.72)

e =0 on UN{z; =0}
Let 2z, € 0 be such that
|zl — ye| = d(ye, 09) for € > 0
And let g, 2. € U be such that
T(@e) =ye  and  T(Z) =z
Then it follows from the properties of the boundary chart 7, that
limge=0=1lmz , ()1 <0 and (£); =0
We let
Te (2L + Ae)

Ve = ————+ f B 4 <
We EEA) or x € By(ep/4) N {z1 <0}
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w, is well defined for € > 0 small sufficiently enough. Let
ge =g (Eé + )\ex)
Then for e sufficiently small, @, satisfies weakly the equation

727 (se)—1
We

Ag W + /\Z (aoT (ZL 4+ Aex)) We =
(4.73)

e in B0(60/4) N {ZEl < O}

‘T(22+>\ew)
)\E

We =0 on By(eg/4) N {x; =0}
From proposition 4.5.1 we have for a constant C
n—2 n—2
[T (ZL+ Aex) — x| = we(x) <ONTZ
[T (Zl + Aex
Ae
It follows from the properties of the map 7g, that for € > 0 sufficiently small
Z! )\e - de
[T (% +A P = %0 for = € Bo(eo/4) N {z1 < 0}
So there exists a constant Cy > 0 such that for € > 0 sufficiently small we have

We(z) < Cy for x € By(eg/4) N{z1 <0}

)_“')Twe(x) <C

Again from the properties of the boundary chart 7T, it follows that for any p > 1
there exists a constant C), such that

@y 0] ;
Ae Bo(€0/4)ﬂ{ml<0}

dx

Ze
):—FJL‘

30(50/4)ﬂ{ﬂ?1 <O}

Choosing s. > 0 sufficiently small it follows that the right hand side of equation
(4.73) is uniformly bounded in L? for some p > n. Then from standard elliptic esti-
mates (see for instance [14]) we have that, there exists 1w € C' (By(eo/8) N {x1 £ 0} )
such that up to a subsequence

lim W, = @ in C' (By(eo/16) N {z; <0} )

e—0

And therefore, in particular

(4.74) w=0 on By(ep/16) N{x; =0}
One has for all e > 0
~ ge B Zé
€ =1
v < )\6 >

And from the properties of the boundary chart 7 it follows that, for all € > 0 in
this case

|?je - 22| _ |y6 - Z/6| o d(yevaﬂ) _ li _
Y 0 N =0 ) 0 A o(1)

As | lim e = @ in C' (Bo(eg/16) N {xy <0} ) then w(0) = 1. But this contradicts
e—

what we have obtained in (4.74), proving proposition 4.5.3 when (4.71) holds, and
ends Step 4.

These four steps complete the proof of proposition 4.5.3. (]
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4.6. Refined Blowup Analysis II
Now we proceed to prove the main theorem of this section.

Theorem 4.6. Let Q be a bounded smooth oriented domain of R, n > 3,
such that 0 € 09, and let a € C1(Q) be such that the operator A + a is coercive
in Q. Let (s¢)eso € (0,2) be a sequence such that liH(l) se = 0. Suppose that the

€E—
sequence (uc),o € Hf o(), where for each € > 0, uc satisfies (4.4) and (4.5), is a
blowup sequence, i.e

ue — 0 weakly in H12,0(Q) as € —0
Then, there exists C > 0 such that for all € > 0
u(m)<C(M6>n22 forallx € Q
N
where o
e 2 =uc(ze) = r;leag}zcue(x)

PROOF. Step 1: we claim that for any o € (0,n — 2), there exists C, > 0 such
that for all € > 0

n—2
(4.75) |z — 2| pe®  “ue(z) < Cy for all z € Q

PROOF. Since the operator A + a is coercive on {2 and a € C(f2), there exists
Uy C R™ an open set such that 2 CC Uy, and there exists a; > 0, A; > 0 such that

/|V<p|2 dx+/(a—a1)<p2 dszl/go2 dx for all p € C°(Uy)
Uo Uo Uo

In other words the operator A+ (a—ay) is coercive on Uy. Here, we have extended
a by 0 outside Q (the resulting function is not necessarily continuous on R™).

Let G : Uy xUp\{(x,z) : x € Uy} — R be the Green’s function of the operator A+
(a—ay) with Dirichlet boundary conditions. G satisfies in the sense of distributions

(4.76) AG(x,-) + (a —a1)G(z,-) = 6,
Since the operator A + (a — ay) is coercive on Uy, G exists. See Robert [17].

We set for all € > 0

(4.77) Ge(z) = G(z,, ) for x € Up\{x.}
G. satisfies for all € > 0
0< Ge(z) < | ¢ = for x € Up\{z.}
T — e

here C is a constant. Moreover there exists §o > 0 and Cy > 0 such that for all
e>0

(4.78)

. o

Go(2) > VG ()| Co

—_— and = > for x € B,_(§ z.} CC U
‘x_l‘€|n—2 ‘GE(.’,C)| |$_:L,€‘ ZEE( 0)\{ } 0
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We define the operator

Lo=Ata— 2

Step 1.1: We claim that there exists vy € (0,1) such that given any v € (0,vp)
there exists Ry > 0 such that for R > R; and € > 0 sufficiently small we have

(4.79) LG >0 in Q\B,, (Rk.)

We prove the claim. We choose vy € (0,1) such that for any v € (0,19) one has
z/(a—al)Z—% in 0

Fix v € (0,1v9). We have for all € > 0 sufficiently small

Al—v AC 2" (s¢)—2 |2
e - o= - o\

Using (4.76) we then obtain

LG VG [P w0
el +v(a—ar)+v(l—-v) | e |2| - in Q\{z.}
ay ‘Vé€|2 ug*(se)—Q .
> 5 +v(l—v) P T in Q\{z.}

Let |z — x| > dg,where dy is as in (4.78), then from corollary 4.5.1 we have

2 ()2
lim ———— =0 in C(Q\B..(d))

e—0 ‘.’E Se

Hence for € > 0 sufficiently small we have for v € (0, vp)
LGl
Gl—l/

By strong pointwise estimates, proposition 4.5.3 we have that, given any v € (0, vp),
there exists Ry > 0 such that for any R > R,

>0 for x € Q\ B, (do)

n—2
4

n—z 1 —
sup |z — x| 7 ue(z) < [U(V)Cg]
O\B, (Rk.) 4

Here C is as in (4.78). And then using proposition 4.5.2 we obtain for ¢ > 0 small

u?*(se)—Q w %€
sup ———— = sup [uf (se)=2—se <6) }
O\B., (Rk.)  |T]% O\B., (Rk.) |z

4—nse

(l/(lély)cg) 2 1 — C'se

o= o=

IN

< v(l—-v) C?

- 2 |x—x€\2
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Therefore if © € B,_(d0)\Bz. (Rk.) then with the help of (4.78) we obtain for € > 0
small
L’GCE_” > a v(l—-v) C?
G 2 2 r—x]
This proves the claim and ends Step 1.1. Hence our claim follows.

Step 1.2: Let v € (0,19) and R > R;. We claim that there exists C'(R) > 0 such
that for € > 0 small

5 >0

L. (C(R)uﬁz OG> Lo in O\By, (Rk)
(4.80) C(R)uc™ " DGl—v 5 o, on 8 (Q\B,. (Rk.))

We prove the claim. Since L.ue = 0 in €2, so it follows from (4.79) that

n—2

L. (C(R)ue 2 *”("*2)6‘5”) > Lou,

in O\B,,(Rk.) for R > Ry and € > 0 sufficiently small. With (4.78) we obtain for
€ > 0 small

n—2
Tz L )(n=2)(1-v)
__ ulo) < M (Fke) — for = € QN OB, (Rk.)
e 5 7u(n72)G}:_V(x) e 5 —v(n—2) CO
2| s n=2)d-v) Rn—2)(1-v)
() T
2R)(n=2)(1-v) S\
< (R)f since lim He =1
CO v e—0 |x€|
So for z € 0 (Q\ By, (Rke)) one has for € > 0 small

ue(z)
n—2
ner UG (@)
This proves the claim and ends Step 1.2.
Step 1.3: Let v € (0,19) and R > R;. Since G17¥ > 0 in Q\B,, (Rk:) and

LG > 0 in Q\B,, (Rke), it follows from [3] that the operator L. satisfies the
comparison principle. Then from (4.80) we have that for € > 0 small

< C(R) for x € QN OB, (Rke)

w(@) < C(Rue™ "™ DG (2)  for x € Q\B,, (Rk.)
Then with (4.77) we get that
2 — 2" () < ORI P for 1€ Q\B,, (Rke)
Taking o = (n — 2)(1 — v), we have for « close to n — 2
|z — z|” u?iaue(x) < C, for z € Q\B,,(Rk.)
Let o/ € (0, @), then

o P2y _ pe N\ a "2 g
|z — 2c|™ pre uc(r) = |z — | e Uc()

i se/2 1 a—a’ n=2_,
< ( < ) 7 |2 — 2| e “ue(x) for = € Q\B,, (Rke)

||
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Where we have used (4.37). Hence for all o € (0,n — 2) we have that

n—2

|x—x5\au6 2

“uc(r) < O for z € QO\B,,_ (Rke)
Obviously one has for a € (0,n — 2)

n—2 —a
|2 — 2| e > Tue(z) < Cq for = € B, (Rk.)
These two inequalities prove (4.75). This ends Step 1.3 and also Step 1. (]

Next we show that one can infact take o =n — 2 in (4.75).

Step 2: We claim that there exists C' > 0 such that for all € > 0

(4.81) |2 — 2" e () ue(z) < C for all z € Q
PROOF. Let y. € Q be such that

‘n72 ‘n72

|ye — Te ue(xe) Ue(ye) = Sug |3j — Te ue(xe) ue(x)
xE

Then (4.81) is equivalent to proving that

[Ye — we[" P uc(@) uclye) = 0(1)  ase—0
We have the following two cases.
Step 2.1: Suppose that

|ze — ye| = O(pe) ase—0

By definition (4.14) it follows that

e = 2el" " uc(we) uelye) < lye — "2 pd "
This proves (4.81) in this case and ends Step 2.1.
Step 2.2: Suppose that

|xe _ye‘

lim —— =+ ase€— 0
e—0 e
We let for e > 0
n—2 Q —
V() = e ? e (e + x¢) for x € e

He
Then from (4.75), it follows that for any a € (0,n — 2), there exists C, > 0 such
that for all € > 0

n—2

|.UJex|a P * 70‘“6 (.UJex + xe) < Cq for z € Q,

|z|* b (x) < Oy for x € T
e
And so
~ a A / Q — Te
Ve(z) + |27 0c(z) <14+ Cy = C, for x €
fie
Hence for all € > 0 and « € (0,n — 2), we have for a constant C!, > 0

C! —
V() < —% for € Te
1+ |x] He
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Let G € C?(Q x Q\{(z,2) : * € Q}) be the Green’s function of the coercive
operator A + a with Dirichlet boundary conditions on Q. It follows from Green’s
representation formula that

uz*(se)—l(x)

dz for all e >0
|z|*e

welye) = Q/ Gz, )

using the estimates on Green’s function this becomes

2" (se)—1
Ue @) 4o forall e>0

[

(4.82) Ue(ye) < C/ —
|z — el
Q
where C' > 0 is a constant. We write the above integral as follows

1 x
(ye) < C/( 2] ) | = ()2 =15 gy for all e>0
x L= Ye

Using Holder inequality and then by Hardy inequality (4.8) we get for all € > 0

se/2 _2
Jue () 1 o (2" (s)—1-s0) 2
ue(ye) <C dx B ——— ue () s dr
|x|2 |.T/' _ ye‘n—2
Q Q
2—se

s./2 5 2-sc
<C ( 2
n

2 ‘ 1 3-sc 2
/|Vu5|2 dx / _ we(z) @ (I-1=s) 2 gy
2 |z — el
Q Q

The sequence (uc)eso is bounded in H? () as shown in (4.11), so it follows that
there exists a constant C' > 0 such that for e > 0 small

ye 2 = E C/| 2(n 2) Ue(x)(T(SE)_l_SE)ﬁ dx
r—vy

With a change of variables the above integral becomes

_2 e 1 .. .
ue<y6)2756 SC = )—1—s¢) / 2(n 2)’0( )(2( )=1- )2 se dx

2—s (2*(85 -
e 0le. |Ye = Te — e x|

He

And so we get that for € > 0 small

_n=2 = 1
(:L"E 2 Ue(ye)>2 <C / 2(n= 2)1)( )(2 (se)—1=se) o2 dx
| — Te — Hel |

Q— Ifﬁ{h/efwe M5$|>‘y‘ re\}

(4.83)
1 *
+ C / 2(n—2) ﬁé(x)(Q (Sg)*lfgﬁ)ﬁ dx

|Ye — e — pre| >

2=z f|ye—ze—pex|< Legzel}

for ¢
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We estimate the above two integrals separately. First we have for ¢ > 0 small

1

U *(se)—1—8e) 52—
3(n—2) Be(z)F 7= = gy

|ye —Te — u€CE| 2se

Q—x lye—ze|
,Leeﬂ{|ye—1e—/te$|2 52 < }

2(n—2)

2 2=s¢ *
S 2(71*2), / ﬁﬁ(x)(2 (35)_1_35)ﬁ d:r
|y€ - xe| 2=se 0 e,
He
B C'a / 1 (2" (se)—1=s¢) 52 .
e - T
- S, AT+

_ 2—se
|ye Te 2 e,
He

For « close to n — 2 we have

1 (2" (s)—1=sc) 55
/ (a) dx = 0(1) as e —0

So we obtain that

2% (s¢)—1
0 (z) 1
/ | _e - |n_2 dsz(Q(n_2)> ase€— 0
Ye Te Hel |y€ — xe‘ 2—se

Errenf{lye—we—pea| > egtel }

(4.84)

On the other hand for € > 0 small

1

N (2*(36)_1_36)%
2(n—2) UE(:E) =5 dx

|ye — Te — ,U'ex| 2se

doze N |ye—e—pea| < eg2el}

1 1
S CO( 2(n—2) 2 dﬂf
n 27 (5c)—1—s5¢) 2%
|y€ — XTe — ,U/ex| 2=se |.’IJ|( (5e) B )2756

Q—z —=
‘L:e m{‘yfiweiuezlg ‘ye 2T€| }

2pe
<0, [ —=He
|ye_xe|

dx

(2*(‘9‘)_1_8‘)2376;5 1
2(n—2)

(v gty We — e el

(2*(85)71755)237%5 1 / 1

dx

2(n—2)
o) 55

e
{lIIS \ysgﬁ—'s\}

*(5.)—1—s,)2a 4—ns.
( e >(2 (s)—1—sc) 522 lye — 2| o

He
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Since lim ) {(2*(55) —1—5.) 572 — n} = {2 — 22 36} for each € > 0, so taking
a—n— €

Se

« close to (n — 2), we obtain for e sufficiently small

~2"(se)—1 T-se
€ 1

- (x)n—Q de = 0(1) n—2

o |y€ — Te *,U'ex| |ye *$e|
;:F m{lysfxefﬂemlg “%;mf‘ }
(4.85) as lim e = yel = +00
e—0 e
Combining (4.83), (4.84) and (4.85) we obtain that
_n=2 ﬁ 1
(ue 2 ue(ye)> SOl ———o ase— 0
‘ye - xel 2o
And
n—2
|y6_-756|n_2ME_ > uc(ye) <0O(1) as € =0

This proves (4.81) and ends Step 2.2 and then Step 2. O

Step 3: In (4.81) we have obtained that there exists C' > 0 such that for all € > 0

n—2
|z —ze|" 2 e ® uc(z) <C for all z € Q

By definition (4.14), it then get that for all € > 0

n=2 L,

(Mg+|$—$e|2)TMs 2 u(x) < C for all z € Q

This completes the proof of Theorem 4.6. O

4.7. Localizing the Singularity: The Interior Blow-up Case

In this section, we prove the following:

Theorem 4.7. Let 2 be a bounded smooth oriented domain of R", n > 3,
such that 0 € 99, and let a € C1() be such that the operator A + a is coercive
in Q. Let (s¢)eso € (0,2) be a sequence such that hH(l) se = 0. Suppose that the

€E—

sequence (e, € Hi (), where for each € > 0, u. satisfies (4.4) and (4.5), is a
blowup sequence, i.e

ue —0 weakly in Hf () as € =0

We let (pte)e € (0,400) and (z¢). € Q be such that

Le = uc(x) = max uc(x).

We define xg := lim._,g x. and we assume that

o € Q is an interior point.
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Then

lim — = 2"K(n, 0)237;dn a(xo) for n>5
e—=0 g

. Se _ 2 _
gg% Zlog () 256ws K (4,0)* a(xo) for n=4

. Se 2 n/2 _a — =
ggr(l) 7 = —nb2 K (n,0)" 9o (20) form=3 ora=0.

where g3 (wo) the mass at the point xo € 2 for the operator A + a, where

1 1
dn:/ —5 dx forn>5; bn:/ oy dw
(1 i)

|| || 2
R (1 + n(n—Q))

R™ n(n—2)

and w3 1s the area of the 3- sphere.

The proof goes through six steps.
Step 1: We first state and prove the celebrated Pohozaev identity.

Lemma 4.7.1 (Pohozaev Identity). Let U be a bounded smooth domain in R™,
let pg € R™ be a point and let u € C*(U). We have

(4.86)
/ <(x — po, Vu) + n ; 2u) Au dx = / <(x — po, V) |V;|2 — <(x — po, Vu) + n ; 2u> 8,,u) do
U U

here v is the outer normal to the boundary OU.

ProoOF. Integration by parts gives us

/((m—po,Vu)+n;2u) Au dmz—/((x—po,Vu)+n;2u> 0;0;u dx
U U

:/8j ((az—po,Vu)+n;2u) @»udaz—/((x—po,Vu)—i-n;Qu)&juda
U oU

1 ) _
= g/lwl2 dx + 5/(a:—po)ﬂaj\vu|2 dx — / ((xpo,w) 4 u) a,u do
U U U
. 2 -9
= /8j ((x—p0)3|v;| > dx — / ((:C—po,Vu)—i— LQ u> Oyu do
U U
2 —
:/(:L'fp()’y)@ da/((zpo,Vu)+n22u>6,,udcr
ouU U
> )
= / (UU —POaV)W2u| - ((55 — po, Vu) + “ 9 U> &,u> do
oU
(I

Step 2: Next using the above Pohozaev Identity we obtain
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Lemma 4.7.2. Let B,,(d) C Q. We have for all e >0

2" (se)

(x —ze,Va)\ o Se(n —2) / Ue (x,2)
W72 VAN 02 gy — dz =
/ ( Ty )Y s ECENEE
B (6) Bo (9)
(4.87)
Vul? a2 1wl 2
(x — xe, V) <| ; | + a’;’e " 200 u|x o | do— / ((x — Ze, V) + n2u€) Oy do
0B, () 9B.. (5)
PROOF. One has for 1 < j <n
0 uf*(se) _ 2(n — s¢) uz*(sg)71 Oile — 8 LS*(S€) 27
T\ e ] n—2 |p|se 7T T afset2
And so
“(se)—1 2" (se) 2" (se)
Ue n—2 Ue Se(n —2) ue ) -
— de, € = — YLe 0 J — de J
A TS ( ER ) 250 a7 )
n-2 ( )Ja ug*(86) SE(TL - 2) ug*(sg) Se(n - 2) ug*(SE) 2l
= x— ) 0; — I
2(n — s¢) T\ |z 2(n — s¢) || 2(n — s¢) |z|st?
Integration by parts gives us
2" (se)—1 2" (se)
Ue n—2 . Ue
— dey € dr = — Le 70; d
eV e =gy [ wea, ( [l ) '
By (6) Bz (8)
Se(n — 2) uZ ) se(n —2) / w2 ()
B dx — ) d
+ 2(n — s.) / |z |se . 2(n — s¢) |x|set+2 (z,) d
Ba. (8) Bar (8)
_n<n _ 2) ug*(sé) n—2 / ug*(SE)
= d - dey d
2(n — s¢) / || 5 vt 2(n — se) (=2 || 5 ’
zc () 9Bz (9)
Se(n —2) u? (<) se(n —2) / ul (%)
dx — e) d
o= Se |5 T o= Se) |z|set2 (z,2¢) dv
Bg (8) Bz (6)
(n _ 2) / u€*(56) se(n _ 2) / ue*(se)
= — € d
5 TR s z (2,7 do
Ba, () B..(6)
. 2°(s.)
t 5% . / (x — ze, v) u‘ s do
OB, (6)

For € > 0, u, satisfies the equation

2% (s¢)—1
20

Au, = — au, in B,_(9)

Se

|
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Therefore

n—2 n—2 uz*(SE)_l
((x — e, Vue) + QuE) Au, dx = / ((33 — xe, Vue) + ue) —au, | dz

2 ||
Ba (%) Ba (%)
O A

-2
= T — xe, Ve + — (z — x¢, Vue)aue — n au? | dzx
s 2 s 2 ¢

|z |z
B..(5)

_ 2" (se) _ 2" (se) 2" (se)
_ (n-2) / ue dx_se(n 2) / Ue (x,xe)dx—i—i / (x_xﬂ,/)ufidg

2 || 2(n — s |z[5+2 2(5) T
B (6) B, (6) B (5)
-9 z*(SE) _9
* / <n2u|xs€ — (2 — z¢, Vu)au, — ° 5 au§> dx
B (8)
€ - 2 ?*(SE) _ 2
- —M / ‘rl;sﬁ(m’xe) dx — / <(.13 - xe,Vue)aue + L B G,Uz> dx
2%(se)
1
+2* S / (x_xe7y)u| 5 o
OBy, (9)
 Se(n—2) §2 60 . (x —x,Va)\ , .
= o) | fepr@)ded e e A
Ba (9) Ba (9)
1 2" (s0) ,
+2* S) / (Jj—l'eyl/)um.ise do — / (J;—xe’y)% do
9B:.(5) 8B, ()
Using the Pohozaev identity (4.86) we then have the lemma. 0

Since xg € Q, let § > 0 be such that B,,(30) C Q. Note that then lil'I(l) |ze|® =1,
€E—
and it follows from (4.17) that lirré uie = 1.
€E—>

We will estimate each of the terms in the above Pohozaev identity and calculate
the limit as € — and 6 — 0. It will depend on the dimension n. Let G* : Q x
Q\ {(z,z) : # € Q} — R be the Green’s function of the coercive operator A + a
in ©Q with Dirichlet boundary conditions. For existence and the properties of G*
see Ghoussoub-Robert [9] (Theorem B.1) and Robert [17]. For a fixed point z, let
G3(y) = G(z,y) for y € Q\{z}.

Step 3: We prove the following convergence outside zg:

Proposition 4.7.1.

n—2

pe * ue — bpGy in CL.(Q\ {zo}) ase—0

1
dx

where b, = —

R™ (1 + n(lzfg))T




4.7. LOCALIZING THE SINGULARITY: THE INTERIOR BLOW-UP CASE 139

PrOOF. Step 3.1: We fix yg € Q such that yg # zg. We claim that

n—2

hm pe 7 ue(yo) — buGy, (%0)

e—0

1
where b, = / - dx.

|2 %
Rn (1 + n(n72))

We prove the claim. We choose ¢’ € (0,9) such that |zg — yo| > 36" and |zo| > 3¢'.
Fom Green’s representation formula we have

2(5)
T
(x,y0) E ()d

n—2
2

Lhe o for all e >0

27 (se) 27 (se)
n—2 Ue x n—2 " Ue x
= e * / Ga(m,yo)|x|sg( ) de + pe * / G (:c,yo)iw (@) dx
B (8") Q\B., (5")

In theorem 4.6 we have obtained that there exists a constant C' > 0 such that for
all x € Q,

n—2
ue(z) < mcm for all e > 0. Then using the estimates on the Green’s function
G® we obtain as € = 0
uz*(se)—l(x) n+2(;—s£) 1 1

Ga(;myo)misE dx = O(ue

\Bg, (6") O\ Bg (8')

|z — yo|™~ Se

2—s¢

n+2(;*se) 1
= O(pte ) /W dx /|x|2
)

‘(I/'_yo‘ 2—s¢

s

nt2(1—se)
= O(Ue 2
So we have for € > 0 small
2" (se)—1
_n=2 _n=2 Ue T s
pe ) = [ 6w o0

Bg (87)
Recall our definition of v, in theorem 4.4. With a change of variable we then obtain

from Theorem 4.4
2" (s¢)—1

n—2 n—2 . Ue
e 2 ue(yO) =e 2 / G (%yo) ‘ZE| .
B (5’)

Te

:< Es:> / G (e + e, yo)
Me

Te ke
Bo(6'k=1) el T Teal®

z) dx + O(p?=%)

2% (se)— 1(%)

- dz +O(u?™>)

We have that liH(l) @ = 1 and from theorem 4.6, it follows that there exists a
e— €

constant C' > 0 such that as e — 0

— v | =\
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and so

o\ a2 \* 1L\ a2\
2*(56)—1( )<C I <1+) <C( ) <1+>
v r) < =

L+ sty n(n—2) TP n(n ~2)
2\ 1/2
(1 + n<'§l2>)

The integral +z dz isfinite. Also we have that Iz P+ |z K ‘ <

R™ (1 + n(|§f2)) ’
3 and |G(zc +kex, yo)| < 57— for all z € By(6'k; ). Therefore by Lebesgue dom-
inated convergence theorem and Theorem 4.4 it follows that

. _n—=2 a *_ a 1
11_r>r(1),u6 2 ue(yo) =G (xo,yo)/v2 Yo =G (xovyO)/ 5z dz.
€ 2|2 2

Rn R (1 + n(|n‘_2))

This proves the claim and ends Step 3.1.

Step 3.2: Let Q' cC Q" cC Q\ {zo} be a compactly contained open sets. From
(4.4) it follows that for € > 0 the functions g = u. satisfies the equation

. i 6—"2 2% (5.)—1
AT ) alo) ) = in /(0")
a

2y = on Q' NoN

Ihe

In Theorem 4.6 we. have obtained that there exists a constant C' > 0 such that
for all z € Q, pe = ue(m) < for all € > 0, and so [Juc| =) = O(1)

c
|I—flﬁ€|”‘72
2% (se)—1
as € = 0 and pZ ‘;Fs)e
e > 0 small. Then from standard elliptic estimates (see for instance [14]) it follows
 n—2

that ||pe = Uel|cray = O(1) as € — 0. Hence the sequence (fte > Uc)eso 18

n—2
25 (e 2 € LP(Q") uniformly for some p > n and

precompact in C'*(Q’). In our previous step we have show that hm e = ue(y) —

bn GG, (y) for every y € €, therefore it follows that

n—2

lgn pe > ue — bpGY, in C*(Q)
This completes the proof of Proposition 4.7.1. (]
Step 4: Next we show that
2*(35) %
. Ue (z, ) 1 ¥ -2
4.88 1 dr =
(4:55) et — 5 4= ()
Ba, (9)

PROOF. Recall our definition of v, in Theorem 4.4. With a change of variable
we have

. n—2 .
/ ul (5 (x, 1) J |z 2 / (e + kex, ) ve(x)? () p
T = x
|J: Se \a:|2 ’uge |33e I k:ex|2 z b Se

Te
B (5) Bo(5/k.) foe] T Ted]
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We have obtained earlier in theorem (4.4) that lim L = 1, lim 3= = 400 and
e—0 |ze|se e—0 e
113(1) é—ﬁ‘ = 0. Also we have for all € By(d/k.)
k k k k 1
1=|25 < x€+6x‘+ Claf < |25+ 5x‘+_ e ex‘-i-
|z || |z |z || |z |z || || 3

So for all x € By(d/k.)

Le +£$

2
e >z
el o] 3

Then passing to limits, and using Theorems 4.4 and 4.6 we obtain by Lebesgue
dominated convergence theorem

lim / ue ™ @,z dx—/vz* do= (2 =
=0 [l e ~ \K(n,0)

This proves (4.88) and ends Step 4. O

Step 5: We prove Theorem 4.7 for n > 4.
Using the Pohozaev identity we have obtained in (4.87) that

~ _q 2" (se)
(HMM)ugdx_Se(n >/u @.20) gy

2 2(n — s.) |z|se  |z|?
Bq (9) By (8)
. 2 2 1 z*(sé) -2
(x — xe, V) ('V; | + age — 3(s0) u|£75 do — / (x — xe, Vue) + 712u6> Oyue do
9Bz (9) 9Bz, (8)
Step 5.1: we assume here that n > 5. We have for € > 0
2" (se)
9 (r—2z,Va)\ » _9Se(n—2) / Ug (z,z.)
_ dx — —_ _ d
i ( T ) T S ) il P
Ba. (8) By (9)
_n=2 _n=2 *
n—4 Vipe = u)l | a, —mgz o pd=o (e * ue)* )
= — Ley - 5 o He e) — d
e / (@=2ev) ( 2 Fylue ud) 2*(sc) |2|s 7
9B.. (8)
(4.89)
n_d _n=2 n—2 _n=2 _n=2
— He (r— 2, V(e * ue)) + B (e 2 ue) ) Ou(pe * ue) do

9Bq (9)

First we calculate the right hand side of the above equality. Recall our definition
of v, in theorem 4.4. With a change of variable we obtain

u? / (a + (xz;,Vct)) u? dz = (E‘) / <a(xE + kex) + (ke, Va(ge + kex))> v? dx

Be (9) Bo(sk )
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We have that hr% = = 1 and from Theorem 4.6, it follows that there exists a
constant C' > 0 such that as ¢ — 0

n—2

v <o | —1 <C !

: nY SO\ o=
1—|—(i) |.1“2 +n(n—2)

n—2

1
and so v2(x) < % We have that for n > 5, the integral/ — dx

|=|?

n—2
(1+n<n 5 s (1+ 2k 2))
is finite. We let

dn:/ 2 dx forn>5
||

Therefore

(m — Te, V (1) 2
a = >
;H% lll’r(l) /J’e / (a + 5 Ue dx dn a(l'()) for n )

Passing to the limits as € — 0 in (4.89) we then obtain using proposition 4.7.1 and
(4.88)

*

se 1 1 2¥ -2
oo = () 0

and so

ll_r}(l)ﬁ =2"K(n, 0)2* 2d, a(xo)

This proves Theorem 4.7 when n > 5 and ends Step 5.1.
Step 5.2: We now deal with the case n = 4. We have for ¢ > 0

_ _ 2% (se
He 2 / <a + (IE - xE,Va)) Ug de — e 2 Se / Ue (9 ) (x,x;) dx
1Og(1/ke) 2 IOg (l/ke) 4-— Se 5) ‘J} Be |$|

Te Te

_ 1 V(ptudl® | a, oy o s (ug u)® ¢
- log (1/k‘€) / ({E xe,l/) < D) + 5(/”’6 ue) 2*( E) |73 s do
9Bz, ()
1 _ _ _
(490) —m / ((.’E — ¢, v(/u’e 1u5)) + e 1’LL5) au(ﬂe 1']_LE) do
0B, (0)

With a change of variable we obtain

i | (5 e

Bq (9)

= m (52)4 / <a(336 + kex) + ke, Va(;:e * k@s))) v? dx

Bo(6kZY)
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We have that lin% fj— = 1 and from theorem 4.6, it follows that there exists a
e—0 He
constant C' > 0 such that as e — 0
1 1
ve(x) < C 5 <C BE
1+ ("j—) 22 1ty
and so v?(z) < % We have

(1+=:55)

1 1

li _ —— dz| = 64

eg% lOg (1/k6) / (1 i m)Q T w3
Bo(6kt) 8

Hence

. -2 T — Z,Va
%gr(l)elg% loglzw / <a+(2)> u? da| = 64wsa(zo) for n = 4.

Te

Passing to the limits as e — 0 in (4.90) we then obtain using Proposition 4.7.1 and
(4.88)

s 1 2
64 — i < =0
waaten) =1 s (o)
and so
s
lim ——————— =2 K(4,0)?
I Tog (1 — 20ws K (4,0)" a(zo)
This proves Theorem 4.7 for n = 4, and therefore ends Step 5.2 and Step 5.

Step 6: We now deal with the case of dimension n = 3. Recall from the introduc-
tion that we write the Green’s function G* as

1
Y y) = ——— + g2(y) for all Q
Gz(y) e +95(y) forall z,y € Q, x#y
and g¢ € C%(Q\{z})NC%?(Q) for some 0 < § < 1, and g* is called the regular part
of the Green’s function G*. In particular, when n =3 or a = 0, m,(Q,a) := g%(x)
is defined for all x € Q and is called the mass of the operator A + a. Note that for
any z € €, g% satifies the equation

Agy +aG5 =0 in Q\ {z}
-1

Gy =———  ond
walz — Y|

For any z € ), we claim that

(4.91) lim sup |y—=z||[Vge(y)|=0
r—0 yEDB,(r)

The proof goes as in Hebey-Robert [12]. We omit it here.
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We now exploit the Pohozaev identity. Using the Pohozaev identity we have ob-
tained in (4.87) that

— _ 2" (s¢)
<a+(x xE,Va))uS dxzé((n 2) / Ue (z,z¢) dr —

2 n— 8c) |z]se  |x]?
Bg () Ba (9)
Vu,|? 2 1 g*(se)
(x—mﬂdc ;|+a?__T@)U | do - / (@—xﬁvmy+
9B, (6) ‘ o8, (5)
Multiplying both the sides by u-! we obtain
(se)
(x —z, Va) “1/2 42 Se / ul (x,2)
&~ % Va) )2 dx — dz =
(o =570 et do - g [ G
Ba (9) Bz (9)
—1/2 —1/2 2—5. —1/2 2% (se)
|V( ! 6)‘ (Ne Ue) 1% (Me Ue)
- dey : d
aB(au g W( 2 M T TP R 7
(4.92)
-2
= (@ e )+ R 0 ) 0, ) do
0Bq. (9)

It follows from Proposition 4.7.1 that

- =1/2, 2 2—s. (,~ /2, \2*(s.)
. V(e Pudl? | (e Pu)? 2o (e )
limy / (@ $>< 2 TS T T 6 7
0Bz, (9)
. _ n—2, _ _
ct [ (e VO u0) - R ) ) 0 ) do
9B (9)
VGe 2
2 / ((m—xo7u)(|2| (G“))—<<x—x0,vago)+”
OBq (0)

IO)GQ

By,
VG — 20, VGE ) 2 (z — 20, VG
/ (5‘ (Ga ) ( 06 zo) n2 ( 05

ug) O, u. do

2G;0> 8,,G;0> do
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One has for n =3
1 1
G - x 9
(@) = g e +0)
1 1 (x —20)! .
0;Gy =— 09 for1 <j<n,
J 0(1’) W1 |l‘—$0|n_1 |37—.’E0| + 39 o(x) orl=jp=n
1 1 1 2 (x — 20, Va,) 9
VGa: ? = - : . \Y T ’
| 0($)| w72171 “T*I()P"*Q W1 ‘I*l‘0|n71 |I’*£C0| +| g 0($)|
1 1
(I - ‘T()aVGIo(I)) = 7wn71 |$ — .1?0|n_2 + (l’ - ‘TOvVgiEo(I))a
(2~ 20, Yy (2))? = (e 20, Vs (@) + (& — w0, Vi (1))
— - = — T — X, 2o \L T — To, x )
€T Zo, o\ T w271 ‘.’E — 1’0|2n74 W1 ‘.’E — 1'0|n72 0 9zq 0 9zo
1 1 1 1
— 20, VGy G, =— — .
(iE Zo, o(x)) O(x) (Tl . Q)W%_l ‘Jj _ 1’0|2n_4 Wn1 ‘m — x0|n_2.g 0(1’)
1 1
+ (z — 20, Vga, (2)) + (@ — 20, Vga, (), ()

Then we have

2
5& (Ga )

(& — 20, VG2, )2

(n—2)wp_1 |x — 20|72

=20 V) e g,

2 5

1 1 (
2w353  wyd?

1
+ by L
w363
9By (8)

+ i(
CUQ52

1

2

05 2w3 53
9By (8)

1

1
@ _
T Zpp2 9@ ~ g

1
= b§

9Bq, (9) 8B.y (6)

Vg 2

2 51V45, )]

T — Zo, Vggo () +0
x — 0, Vg, (1)) —
& — 20, Vi, (7)) =

‘ 1 .
2&)2(52910 (l’) do + b3 / m(l‘ — Xo, Vgxo(q,‘)) do + b3 /

(x — 20, Vg, ()

2 )

IVez, (@)

do
2

o, 0098)?
agwo + T
(x — x0, Vgg, (7))?

3 do

1 a
2 (‘T - anngo( ))gwo (.Z’) do

a

b 2
L_*_a (gﬁo) dO’

a
w3d N

0By (9)

1

2 5

9Bay (5)

Using (4.91) it then follows that

‘VG (x

— X, VG?E’O)Q

— 55 (@ — 70, Vg5, (2))gt, (a:>] do

- n=2(z -, VGy)

Zo

I a2

550 b3 / 0 (G o)
g (0)

b3

9 Jxo

(zo)

Ga

d 2 §
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In theorem 4.6 we have obtained that there exists a constant C' > 0 such that for
all z € Q, ,u€_1/2ue(x) < ﬁ for all € > 0. So we obtain

a+(9€—$25,va) ( —1/2 dx<C / 2de
By (3) Bg (9)
<C / dx < C§
[«]2
Bo(9)

And hence we have

lim lim / (a+ W) (= ?u)? dw = 0

§—0 €—0 2
Bz, (9)

Plugging all these together in (4.92) and using (4.88) we then have

lim T —302ma, (Q,a) K (3,0)3/2

This proves Theorem 4.7 in the case n = 3.

4.8. Localizing the Singularity: The Boundary Blow-up Case

This section is devoted to the proof of the following result:

Theorem 4.8. Let Q be a bounded smooth oriented domain of R", n > 3,
such that 0 € 09, and let a € C1(Q2) be such that the operator A + a is coercive
in Q. Let (8¢)eso € (0,2) be a sequence such that liH(l) se = 0. Suppose that the

€E—

sequence (Uc), € Hi (), where for each € > 0, u. satisfies (4.4) and (4.5), is a
blowup sequence, i.e

ue — 0 weakly in Hio(Q) as € —=0
We let (p1e)e € (0,400) and (z¢)e € Q be such that

n—2

te 2 = uc(x) = maxu.(x).

e

We define xg := lim._,g x. and we assume that
xg € 0N is a boundary point.
Then
(1) Ifn=3 ora=0, then ase — 0
sed(ze, 002 " Y(n —2)" 1 K(n,0)"/?

e—)O ,LL? 2 on—2

(2) Ifn=4. Then ase — 0

2 (14.0) 2+ 001) — (2505 ) e+ 0(1)) = o (222 fosinaten) +ol1)
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(3) Ifn>5. Then ase — 0

5e(n —2) —n/2 He n? n" %(n —2)" 2
m (K(n7 0) + 0(1)) - d(l’e, aQ) on—1 + 0(1) = He [dna(l‘O) + 0(1)]
where
d, = / L —5 dx forn >5 and dy = 64ws
|z]?
R™ <1 + n(n72))

4.8.1. Convergence to Singular Harmonic Functions. Let G%: QxQ\
{(z,x) : * € Q} — R be the Green’s function of the coercive operator A + a in
Q with Dirichlet boundary conditions. For existence and the properties of G® see
Ghoussoub-Robert [9] (Theorem B.1) and Robert [17]. For a fixed point x, we let
G2 (y) = G%(z,y) for y € Q\{x}. One has the following result for the asymptotic
analysis of the Green’s function G®, the proof of which is in Proposition 5 of [17]
and Proposition 12 of [7].

Theorem 4.9 ([7,17]). Let (zc)es0 € Q and let (rc)eso € (0,+00) be such
that lim r. = 0.
e—0
i
lim d(x.,00)
e—0 Te

Then for all x,y € R", © # y, we have that

:+OO

1
li n—ZGa , _
lim 7 (Te + re, e +TeY) (7 — 2 1]z — g2

where wy,—1 is the area of the (n—1)- sphere. Moreover for a fized x € R™,
this convergence holds uniformly in C% _(R™\{z}).

2) If
d(xe, 00
lim dze, O _ p € [0,+00)
e—0 Te
Then liH(l] xe = x9 € 0. Let T be a parametrisation of the boundary OS2
e—
as in (4.18) around the point p = xg. We write T 1(x.) = ((w)1,2).
Then for all z,y € R™ N {x; <0}, x # y, we have that
lim 722G (T((0,27) + ), T((0,0) + rey)
€e—

1 1
(n =2wpalz —y[*=2 (0 = 2wp|r(z) —y|" 2

where ™ : R — R" defined by 7((z1,2")) — (—x1,2') is the reflection
across the plane {x : x1 = 0}. Moreover for a fized x € R™, this conver-

gence holds uniformly in CZ (R™\{xz}).

Next we show that the pointwise behaviour of the blow up sequence (u¢)eso
is well approximated by bubbles. Note that the following proposition holds with
xg € €2, in the interior or on the boundary.



148 4. BLOW-UP ANALYSIS

Proposition 4.8.1. We set for all e > 0

n—2
k 2
Uelz) = m

Suppose that the sequence (ue).., € Hi (), where for each € > 0, uc satisfies
(4.4) and (4.5), is a blowup sequence. We let zo := limeo ze. Let (Ye)eso be a
sequence of points in 2. We have

(1) If lime0 9 = yo # 7o, then

n—2

ll—% H’G_Tue(ye) = bnGa(ZEanO)
where b,, == f ﬁ dx.
Rn (1+n(‘7:‘—2) 2

(2) Iflimeoye = z¢ and lir% d(ze,00Q) > 0, then
e—

u(ye) = (1+o(1)Udlye) ase—0

(3) Iflimeoye = xo and liH(l) d(x.,00) =0, then
e—

u(ye) = (1 +0(1)) (Ue(ye) - Ue(yf)) ase—0

where for e >0
n—2
. ke
2 lz=rr()l?
kE + n(n—2)
with 1 = T omo T~ Y, T is a parametrisation of the boundary 02 as
in (4.18) around the point p = xg € O where liH(lJ Te = xo € 0. And,
€E—>
m: R™ = R" defined by w((x1,2")) — (—x1,2") is the reflection across the
plane {z : z1 = 0}.

PROOF. It follows from Green’s representation formula that

2% (s.)—1
u6<ye) - /Ga<$,y€>ue|x|86(x) dzx for all e >0
Q

Case (1), that is lim0ye = yo # 0, is dealt in Proposition 4.7.1. We now deal
with the case

lim |Te —ye| = 0.
Step 1: We claim that

f Ga($> ye) ug T:l)s:l (z) dx
L O\B.(Bk) B
(4.93) PLLNL Uelye) =0
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ProOF. It follows from the estimates on the Green’s function G® that there
exists a constant C' > 0 such that for all € > 0

2% (s¢)—1 2% (s¢)—1
Ga(x,ys)w de < C / | ! Ue (2) dx
T —

|[* Ye[" 72l
Q\Blg (Rke) Q\Bmg (Rpe)
€ o 1 *
SC / <’LL (:E)) — ue(x)Q (se)—1—se dx
|.13| |$ - ye|
Q\ng (Rpe)

Using Holder inequality and then the Hardy inequality (4.8) we then obtain for all
e>0

ug*(se)—l(z)

G*(x, ye) dx
ER
Q\Ba, (Rpe)
9 Se/2 % 2725E
€ 1 o * —1— —2
<C / - (xz)‘ dr / n—2 ue(ai)(2 Ok
|| |z — y|
Q \Bo (Rue)
) , 5.2 1 ﬁ 2—255
<C ( ) /|Vu6|2 da / — u€<x)(2*(56)71—55)ﬁ dz
Q O\ B (Rypue)
The sequence (uc)eso is bounded in Hf (), so it follows that there exists a constant
C > 0 such that for e > 0 small
2*(s¢)—1 =5
: Se)— 1 —3Se . L e
Ga(%ye)u |£C s (1:) dx S C <| |n_2> ug(x)(Q (55) 1 85)2,25E dﬂf
. T — ye
O\ B (Rpe) Q\Ba (Rpe) Y

By the strong pointwise bound on u. we then have for € > 0 small

u?*(s‘)_l (2)

G*(2,ye) | de <
x|%e
N\ Ba, (Rpue)
2-se
) = " (2" (se)—1—s50) 2=2 :
c / n—2 ( 2 - 2> dx
“T*yel ,U/6+|LL'—:E€|
O\ Ba, (Rpe)
Let

1
D.={oe R slo -2 VT To - ul )
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We split the above integral into two terms

2

. e i (2% (se)—1—s0) =2
- e dx =
2 =y (u§+m—$e|2)

n—2

1 ﬁ m (2*(85)—1—55)2,%
o e dz
|z — ye|" <HZ+|$="36|2)

O\ By, (Rpe)

DeN(Q\ Bz (Rpe))

2 n—2

. 1 2SE< e )(2*(56)1s€)25€ -
|z —y "2 pE + o — zef?

R™AD)N(Q\ By (Rpe)) <

We have for some constant C' > 0

2

) e i (2% (se)—1—50) 3=2
- e dx
/ o — g <uz+|x—xel2>

DN(Q\Ba, (Rpe))
C I (2" (se)—1=s0) g
g o He dx
2 o e — ul?) <“?+'x_$6'2>
€ R\ B, (Rpe)
22 (27 (se)=1=s0) g2
e 2—s. / 1 e
ol ne L dx
= <<uz+x6—ye|2>> <1+x'2>
R"\Bo(R)

On the other hand there exists C’ > 0 such that for x ¢ D, we have for ¢ > 0

lye — x€|2 =+ /“3 <’ (|£c - xe|2 + NE)
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Consequently for some C' > 0

n—2

1 % ,Uze (2*(85)71756)2—55
] 22 du
l’-y€| /’[’e+|x_'r5‘

(Rn\De)n(Q\Bme (R,U‘e)) < |

(2% (s )—1—s0) 32 1 =
<C _ dx
(:u’e +|y€—$52> / |x_ye‘n_2
(R™M\De)N(Q\Ba, (Rpse))
n—2 =
2 Se 1 ce
<c / _ do
(.U +|y€—x62> <|x_yen2>
|z —ye| %\/ 24 |ze—ye|?
> (2" )3 ) g Anse
<C e — Y |?)2E=0
(u +Iwe ) (ue+ye—wel2> (b + e —wel)
n—2 4—nsc
2—se 2—se —nSe
<C . 2 2(2— se)
(:U’ +|xe 2> <,U, +‘y6—$5 > :ue+|‘r y‘)
3 Pe=rr
<o(rpmr) (armar )
w2+ |ze — 2 yg z|?
n—2 2 2— sg)
2—se
<(C _—
- (Me + Ixs yﬁ) ( 1+ ‘yﬁ 2k

(4.94)

n—2
e 2=se
:O<<M) ) If pe = 0 (|ze — yel) as € = 0

In case |z —ye| = O(u.) as € = 0, then for R large , (R™\ D) N (Q\ By, (Rue) =0
for all epsilon € > 0. So (4.94) always holds Combining, we then have for € > 0
small

G, yo) = P @) 4 <
O\B,. (Rpuc)
no2 (2% (s)—1—s.) P2
He 1 Se
o - d 1
((u2+we—yel2)> / (1+x|2> =+ oll)
"\Bo(R

< CU(ye) (en+o(1) 7"

where Rlim er = 0. Passing to limits as ¢ — 0 and R — 400, we obtain (4.93).
—+0o0

This ends Step 1. ([l
We have then for e > 0 small and R > 0 large

2" (se)—1
U x
T R CORROLATS
B, (Rke)
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with a change of variable this becomes

k. o2 . — |2 32 3*(55)*1
ue(ye) = ( ) U.(ye) / (k? + M) G*(Ye, Te + k;ealc)v—(x)gs dx

fe n(n —2) ey ke
‘ AR

Bo(R)
+ (0(1) + ER) Ue(ye)

Step 2: We assume that

(4.95) lye — z¢| = O(ke) as e — 0.
Let 0. = y;z, for € > 0 and let lir_{l 0. = 6y. Let K be a compact subset of
R™\ {6y}. From theorem(4.9) it then follows that as e — 0.

1 1
- ) — =
(=2 )> [ — G2
uniformly on K. Using the upper bound on G¢, Lebesgue’s dominated convergence

theorem and |z|/ke > d(z.,00)/k. — +o00 as € — 0, we have as ¢ — 0 and
R — +oo

k?fz G (Ye, Te + kex) = <

ke 2 . — 52 %72 62*(36)—1
ue(ya:(H) U. () / (k+'y“’”') G (e, e + k)L @ g,

n(n — 2) L_i_ll;iglx

EN

Bo(R)
+ (0(1) + ER) Ue(ye)

1 6> \ = 1 S
(n— 2w, _1 1 d 1 € €
s | <+n(n—2) gz ¢ (@ detoll)Fer | Uelue)
Bo(R)

2\ T
o | (rty) e S de o e | U

n—2) |& — |72
Bo(R)
=(1+o0(1) +er) Ue(ye) by using Green’s formula forv.
We remark that in case lirrtl) d(ze,00Q) =0, U. are well defined and one has g Eg; =
€E—> e\Ye

o(1) as € = 0 if |y, — x| = O(k.). This proves Proposition 4.8.1 when (4.95) holds
and ends Step 2.

Step 3: We assume that
(4.96) lim 2 = 400

Let
Te = |ye - xe|
Then r. = o(1) as € — 0. For « € Byo(R) we define for € > 0

A _ k2 |y6 B x€|2 o Go k
Rye — e T ’I’L(’I’L — 2) (yeaxe + ex)

(ze,00)
Te

Step 3.1: We assume that liH(l) d = +00.
e—
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Let 0. = #=—*<, for € > 0 and let lim 6. = 6. Then [0y| = 1. We can write as ¢ — 0
€ e—

n—2

1 2 kex
A - —_— = 1 nmige € 6;7 € 696
R (n(nZ) + o )) TG xe+ . Ze + 1ebe)

Then from Theorem 4.9 we have that

1 1
ll_r)r(l)AR e(z) = (n(n — 2))%‘2 (n — 2)wp—1

uniformly for all z in any fixed compact subset of R™. This ends Step 3.1.

d(ze,00)
Te

Step 3.2: We assume that lin% =p € [0, +00).
E—>

In this case the functions U, are well defined. Let zo € 8 be such that lir% Te — Xg.
€E—>

Let 7 be a parametrisation of the boundary 0% as in (4.18) around the point p = xg.
We write T (z.) = ((we)1,2%) and T (ye) = ((ye)1,y.). For € > 0, let

r
X6 — (('1:5)170) and }/5 — ((yﬁ)l’ye xe)
Te Te Te

Then we get using Theorem 4.9 that for uniformly for all  in any fixed compact
subset of R™

1 2
A = 1 norGe € eley Ye
R,e <n(n—2)+0( )) T G xe + kee, ye)

<nn—2

1 1 +o(1)
= — (0]
’ﬂ ’/l - 2 wn 1 D/e - Xe‘n72 |}/€ - 7T(‘)(E)|ni2

DN
o)
:(nn—Q ) n_gwn1<1_|£/€_;()§;6|;|7l22>+0(1)

since Dg7 is an isometry. Independently we have

PG (T((0,2)) + reXe), T((0, 7)) + rcYe))

Uelye) _ (n(n — 2)k2 + |y — mxs)?) :
Ue(ye) n(n —2)k? + |ye — z[?

= (14 0(1)) (|T((ye)17yé) T((((xe)l, 6|>2| )

1T ((Ye)1:9¢) )1, 2¢)

[((we)1,we) = (=(@c)a, )I2> =
[((we)r,ye) — (( i, z)[?

n—2

— 1+

e (52858)°

So it follows as € — 0

B 1 1 _ ~e(y6) 0
A = 2) ™ 0= 2w (1 Ue<ye>>+ Y

This ends Step 3.2.
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Since for all R > 0

. 1 1R
/ 'U2 -1 dx — / A’U dI’ = — / 6’/’1) do’ — 7%
n(1+ ﬁ)nﬂ
Bo(R) Bo(R) 0Bo(R)
we obtain Proposition 4.8.1 in all the cases. [

Using Proposition 4.8.1, we derive the following when the sequence of blowup
points converge to a point on the boundary

Proposition 4.8.2. Let (u)., € Hi () be such that for each € > 0, u.
satisfies (4.4) and (4.5). We assume that uec — 0 weakly in H{ (() as e — 0. We
let o :=lime0xc. Let re = d(ze,00). We assume that

limr. = 0.
e—0
Therefore, lir% Te =x9 € 0. Let T be a parametrisation of the boundary OS2 as in
e—

(4.18) around the point p = xo. We write T *(z¢) = ((zc)1,2L). Fore >0, let

€

n—2 U —(0 /
De() := Teﬁ ue o T((0,2)) + rex) for x € v=0z) N{x; <0}
e ® €
Then

() = (m(n — 2)) %5 1 _ 1 in Cl (%
lim 3 (z) = (n(n — 2)) ( n_2> Cloc(RZ\ {60})

e—0 IQ? — 90|n—2 |$ - 77(9())
where

(Ie)l

Te

0o = lim 0, 96_( ,0)@112{2
e—0

and m : R — R" defined by w((x1,2")) — (—x1,2') is the reflection across the
plane {z : z1 = 0}.
PROOF. Since D7 = Ig» we have
d(ze,092) = (14 o(1)) [(ze): |

Let 6. be a sequence of points in R” defined by

0. = ((x€)1,0> fore >0

Te

Then it follows that
0o = 151(1)95 =(-1,0) e R® and m(6p) = (1,0) € R}

Let R > 0. 0 is defined in Bo(R) N {z1 < 0} for € > 0 small. It follows from the
strong upper bounds obtained in Theorem 4.6 that there exists a constant C' > 0
such that for € > 0 small we have

n—2
7"? 2
|7_((0 CE’)+7”:C)$2> fOI‘.’L‘EBQ(R)ﬂ{CL‘l <0}

og@(x)gc(
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For any x € By(R) N {x1 < 0} we get from Proposition 4.8.1 that as e — 0

) =R 2

riT k k

'[Je(x) = (1 + 0(1)) < — /6 P - ‘ 3
7 k2 IT(©z)trew) —zc| ‘T((O,m2)+rew)fﬂ_l($€)

e et n(n—2) k? + n(n—2) -

4.97

(4.97) - y
ke % 1 1

— (1o () : i .
He (,L) 1 1T +rea)—a 2 (;L> n [T (0 )+rea) =7 (xe)
Te n(n-2)rZ Te n(n—2)r2

Fom the properties of the boundary map 7 one obtains that for any x € By(R) N
{ZZ?l S 0}

’T((O’ .Z‘é) + 7“633) — Te
= (1+0(1)) |z — ((ze)1/7e,0)| ase— 0

_ ’T((O,x’e) trex) = T ((0,2) + re(()1 /7, 0)) ‘

Te

and

‘7'((0»552) +rew) — w ()
=1 +o(1)) |z + ((we)1/re,0)] as e — 0

_ ‘T ((0,2,) + rex) = T ((0,7) +n<—<xe>1/n,0>>’

Te

Recall that in Theorem 4.4 we have obtained lir% fL— =1 and lin(l) ’;j— = 0. Passing
€e— € €— €

to limits as € — 0 in (4.97), we then have the following pointwise convergence.

(4.98)
o (-2 (n(n—2)"F
l%vg(z) SO ot (L0) for z € (Bp(R) \ {(1,0)}) n{zy <0}

For i,j5 =1,...,n, we let (gc)ij(x) = (T ((0,2)) + rex),0;T ((0,2.) + rex)), the
induced metric on the domain Bo(R) N {z; < 0}, and let A, denote the Laplace-
Beltrami operator with respect to the metric g. From eqn (4.4) it follows that given
any R > 0, v. weakly satisfies the following equation for € > 0 sufficiently small

525 (se)—1

2—Se
g i+ 12 (@0 T(0,20) + 7)) b = (%) rispmr 0 Bo(R) N {1 < 0}

(4.99) E
0. =0 on By(R)N{x; =0}

Let D cC R™ \ {6y} be an open set with compact closure. From(4.98) it follows
that there exists a constant Cp > 0 such that for all € > 0 sufficiently small

0<7o(x) <Cp forallz € D
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Again from the properties of the boundary chart 7T, it follows that for any p > 1
there exists a constant C, > 0 such that
p

- \2%(s)—1 1
‘T((O,xé)ﬂ“er) ¢ ‘(0@2) + ¢
Dn{z1<0} Te Dn{z1<0} Te
1
< Cb / T sp 4T
’(0@;) Ll
Bo(R) Te

Choosing s. > 0 sufficiently small it follows that the right hand side of equation
(4.63) is uniformly bounded in LP(D) for some p > n. Then from standard elliptic
estimates (see for instance [14]) it follows that for any D' CC D [|Te[|c1,a(py = O(1)
as € = 0, @ > 0 and 0, vanishes on the boundary D’N{z; = 0}. Hence the sequence
(Te)eso is precompact in C1(D’). From (4.98) it therefore follows that

s ) (mn—2)
1 . — CH(Q
= w2 e+mop2 @)
This completes the proof of Proposition 4.8.2. (]

4.8.2. Estimates on the blow up rates: The Boundary Case.

Suppose that the sequence of blow up points (x)eso converges to a point on the
boundary, i.e suppose

(4.100) lim z, = xo € 002
e—0
We let
(4.101) re = d(Te, 0Q)
Then
limr. =0
e—0

and from (4.25), we have as € — 0

te = o(re) and ke = o(re)
As before, let T be a parametrisation of the boundary 9 as in (4.18) around the
point p = xg. We shall apply the Pohozaev identity for the Hardy Sobolev equation
to the domain T (By-1(,.)(re/2)). Note that since d(z;i’eam =1 for all € > 0, so

Br-1(z)(re/2) C R™ for € > 0 small, and therefore T (Br-1(;.y(rc/2)) C Q for
e > 0 small. The Pohozaev identity (4.87) gives us

_ _ 2*(56)
/ <a—|— (z xE,Va)> u? dy — Se(n —2) / Ue (z,2c) dp —

2 2(n — se) || |z|?
T(Br—1(s,)(re/2)) T(Br—1(ap)(re/2))
(4.102)
\V4 . 2 2 1 E*(SE) —92
(x — xey 1) (';' + a;€ " 300 u‘x ol ((w — Ze, Vue) + n u€> O u. do

O(T(Brsapyre/2))

for all € > 0 small. We will estimate each of the terms in the integral above and
calculate the limit as e — 0. We obtain
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Theorem 4.10. Let 2 be a bounded smooth oriented domain of R", n >3 ,
such that 0 € 09, and let a € C1(Q) be such that the operator A + a is coercive
in Q. Let (sc)eso € (0,2) be a sequence such that lir% se = 0. Suppose that the

e—

sequence (uc),~o € Hi (), where for each € > 0, uc satisfies (4.4) and (4.5), is a
blowup sequence, i.¢e

ue — 0 weakly in Hio(Q) as € =0

We let (pe)e € (0,400) and (ze). € 2 be such that

_n=2
e 2 :ue(xé):r;leaé(ue(x).

Assume that (4.100) and (4.101) hold. Then
(1) Ifn=3 ora=0, then ase — 0
ser™=2 pni(n —2)" 1K (n, 0)”/2wn,1

lim = =
e—0 M?72 on—2

Moreover, d(z¢,0Q) = (1 + o(1))|z| as € = 0. In particular xq = 0.

(2) If n=4. Then ase — 0

% (K(4,0)72 + o(1)) — (’;)2 (32ws + o(1)) = % log (;) [da(zo) + o(1)]
and
5e (1 - (@)2 + 0(1)> — 1 log (’") [4d4K (4,0)2a(z0) + o(1)]

(3) Ifn>5. Thenase — 0
02 (1m0 o) - (1) (T2 o)) < 2 ) + o)

2n Te on—1
and
Te 2 2n
Se (1 - <|$e|> + o(l)) = u? [Hd”[((n, 0)%a(xo) + 0(1)]
where
d, = / L dx forn>5 and dy = 64ws

||2 n—2
R™ (1 + n(n—2))

PRrROOF. For convenience we define

Powd 1 2 p
F.=(x—x,v) <|V12¢ | + e _ Y . - <(9c — ¢, Vue) + n2u5) O, U

2 2%(se) |z

Step 1: We claim that

2—n n—2 n
€ —2 n—
(u) / F, do =" (n = 2)"w 1—1—0(1) as € —0

Te oan—1

T (Br-1(s,y(re/2)))
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PROOF. We write 7 1(z.) = ((z¢)1,2%). For € > 0, let

n—2 U - (0 /
Ve(x) = Tenjue o T((0,2)) + rex) for z € v=0.2) N{z; <0}
fhe * e

Then from Proposition 4.8.2 it follows that

n—2

T e )
gi%ve "z —(=1,0)|"2 - |z — (1,0)]"2 in Cpoo(RZ\ {(=1,0)})

For simplicity we write for z € R \ {(—1,0)}

(n(n —2))"z"

n—2

(n(n —2)) >

o= (Lo Ja— Loz~ W)
We define the rescaled metric
U - (0,2’
ge(x) =T g ((0,20) + rex)) for z € M N{z; <0}

€

With the change of variable z — T ((0,z.) 4 r.z) we obatin

2—n 2—n
ORI ORI B
Te Te

T (Br—1(a,(re/2))) T(aBuzen,z;)(’“e/?))

T(0.20) +re2) = T ((0.2) + v (%20))

Te

Voe|?
2

do+
Te

63(@70 (1/2)

Te

rea (T ((0,27) + rez)) - do—

Te
83(%@ (1/2)

T((02) +re) = T ((0,20) +7e (52,0))

Te

T((0,20) +7e2) = T ((0,20) + 7 (£22,0)) ) 72

Je Te

33(@@ (1/2)

Te

(4.103)

T((0,2)) +7e) = T ((0,20) + e (£22,0)) o2
Vi |+ . | 0,9, do

Te 2
33((16)1 ,o)(l/Q) Je

Since DoT = Iz~ we have
d(xe,02) = (14 0o(1)) |(ze)1] ase—0
So

e—0

1 e 2—sc 53*(&) ;
2*(8¢) \ Te T((0,21)+r.2) |

g
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And it further follows that one always has for € small

1
_ <2 for z € 0B/ (.. 1/2
o[ S (<TF>170)( /2)

Te

Passing to limits as € — 0 in (4.103), using Proposition 4.8.2, we get as ¢ — 0

AT (Br1(s,,(re/2)))
n—2

/ ((z—(—l,O),mV;'Q— ((2—(—1,0)7V@)+ . @) aya) do + o(1)

9 B(_1,0)(1/2)

Let 0 <0 < 1/2. Since A% = 0 in B(_1,0)(1/2) \ B(~1,0)(0), applying the Pohozaev
identity (4.86) we have that

((z —(~1,0),v) W;'Q - ((z —(~1,0),Va) + 2 S 2@) aya) do =

0 B(_1,0)(1/2)

~ 2 _
((z —(-1,0),v) @ — ((z —(-1,0), Vo) + n 5 21}) 5‘Vﬁ> do
9 B(_1,0)(9)
and so the map
12 Ly
5 / (2 — (—1,0),v) L;' - ((z —(=1,0),Vd) + . 17) aya) do

9 B(~1,0)(9)

is constant on (0,1/2]. We write for z € R \ {(—1,0)}

by = (AM=DF (nln—2)*F
o = (L2 o = (1,0)"

_ -2y

Tl (Lo M
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where h(z) = 7% is the harmonic part of 9. We let 6y = (—1,0), 01 (x) :=
1

———————9(x) and g(z) := —=———5——h(z). Then one has

n

n 2 (n—2)2w,_1 n 2 (n—2)2wp_1

1 1

o) = (n—2)wp_1 |x — Op|"2 (@),

1 1 (x —6p)

T wnt |z — 6ot |z — 6y

1 1 1 2 (x — 00, Vg)
w2 o —6027"2  w, g Jx— 60"t |z — 6]

1 1
Wy |z — |2

+ 0jg(z) for 1 <j<n,

+|Vg(x)?,

Vi1 (2)* =

(:c—eo,Vv](x)) = +(J:—60,Vg(x)),

- 1 1 1 2
(iE — 00,V'U1((E))2 = w2_1 |$ — 90|2n—4 - Wn1 |l‘ — 00|n—2 (iK - 007v9(x)) + (l. - GOvVQ(m))Qv
1 1 1 1
0y, Vi (2)) 1 (z) = — -
(33 0 Ul(x)) 1}1(.13) (’I’L — 2)0‘)72171 |$ — 90|2n74 W1 |{L‘ — 90|n,29(x)
1 1

+ (z — 0o, Vg(x)) + (x — 00, Vg(x)) g(x)

(n —2)wp—1 |z — |2

So, noting that 9,0(z) = (z_eﬁﬂ on 0 By, (d), we obtain

1 =12 _ ~\2 9 (s 5

_ i / sIVIP (200, V0" n-2(2—00,V0) ) .

n"=2(n —2)"wi_, 9 5 5 5
o Bgo(é)

- L1 11 Vg(a)P?
B / wZ_ | 26°n8 g,y o] (# =00, Vg(x)) + 06— do

8390(6)

L1 1L 2 (z — b0, Vg(x))?

" / 7(‘0%_1 §2n—3 * Wp_q 671 (z =00, Vg(z)) — -5 do

0B, (9)

11 1 (n—2) 11
+ / W2, 257 + T g(z) — - —(z — 0y, Vg(x))
8Bg, (6)

n—2

"2 w0, V() gla) do
_ / L (0=2) ot / L 60, V() do

Wn—1 20n—1 Wn—1 26n—1
9By, (0) 9By, (9)

b [ [FIE L= BIE 2220 g, gt gto)| o

9B, (9)
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Therefore we have

1 , Vo2 (z—60,V0) n—2(z—00,VD)_
n"=2(n — 2)"w?_, s o 2 ) 2 8 v) do
9 Bo, (9)
o 1 (n—2) ) 1 1
—im [ U@ dorim [ e 60 Vgla) do
9By, (9) 9By, (9)
, Vg(z)]*  (x—00,Vg(x))? n—2
+ lim [6 5 5 55 (@ =00, Vg(2)) g(x)| do
8B, (6)
_(n—2)
= D) g(6o)
And
, Vo2 (2—00,V8) n—2(z—00,V0)_
i " 5 2 T
& Be, (5)
n_2 n n—2 n" " 2(n — 2)"w,,_
=07 (- 2 Fw,, O D) = - D
Hence

((z —(~1,0),v) @ - ((z —(~1,0), V) + ° 5 25) (m) do

9 B(-1,0(1/2)

This completes Step 1. (]

Step 2: We claim that

o*

2*(5e) Pra
Ue (z, ) 1 2¥ =32
dr = 1 0
/ FESREE T <K(n70)) +0o(1) as € —
T(Br-1(,(re/2)

PROOF. Since D7 = Ign, so for € > 0 sufficiently small one has
By (re/4) C T (Br-1(2.)(r¢/2)) C By, (3rc/4)

And hence for € > 0 sufficiently small and since the integrand is nonnegative (which
is a consequence of the computations below)

/ W2 ) (z,z¢) dp < / W20 (z,zc) i < / W2 ) (2, ) i

jwfse el T jwfs faf?
Ba,(re/4) T (Bt (s, (re/2) Bo, (3r./4)
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We fix a 0 < § <1 and calculate [ u ) (@) dz. Recall our definition of

ERENEE
By, (rc0)
ve in Theorem 4.4. With a change of variable we obtain
(4.104)
2% (s.) se\ T (e 4 Keg, 2o 2% (sc)
/ u‘;ls (:T;;r;) dr — < - ) / \T 1T B | ||x2\ ve(2) o
Ba, (re6) ‘ Bo(re /ke) et |‘”€‘ o] T Twel®
We have obtained earlier in Theorem 4.4 that lim 17 ‘F =1, hr% kE = +o00 and
e—0
hn%) 7 = 0 Also we have for all z € Bo(0re/ke)
e—0 1Te
Te Te ke k6 Te Te ke
Ll < le T jof < | 254 Sl v Teg < | Be g Degl g
|| || |xe| | e| | | || || ||
So for all z € By(dr./k.)
€ kE
x + z|>1-46
|| ||

Then passing to limits in (4.104), using Theorem 4.4 and the pointwise control of
Theorem 4.6, we obtain by Lebesgue dominated convergence theorem

. U? (5e) (x7x6) o* 1 %
= 5 o= [ 0= (i)
Bwe(re(;) R™

And therefore

uz*(sﬁ)(xx) 1 7
/ . o dx:( - ) +o0(1) as € —0

]2
T(Br-1(ao)(re/?)

This ends Step 2. O

Step 3: We claim that, as e — 0,

O(pe) forn=3or a =0,
/ <a N WQW) w2 de={ 2o () [64wsa(wo) + o(1)] for n = 4,
T(Br1(,.)(re/2)) 12 [dna(xo) + o(1)] for n >'5.
where
dn:/ 12 —5 dx forn>5
(1+ 755)

PRrROOF. We divide the proof in three steps.

Case 3.1: we assume that n = 3. In Theorem 4.6 we have obtained that there
exists a constant C' > 0 such that for all x € Q, ,ue_l/zue(x) < ﬁ for all € > 0.
So we obtain

/ <a + W) u? dx = O(ue) / # dx = O(u.)
Q

T(Br-1(0)(re/2)
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Case 3.2: we assume that n = 4. Since DyT = Ig=, so for € > 0 sufficiently small
one has

By (re/4) C T (Br-1(4.)(re/2)) C By (3r/4)

We fix 0 < § < 1 and calculate the following integral. Recall our definition of v, in
Theorem 4.4. With a change of variable we obtain

2
fhe (x—z,Va)\ o,
log (r¢/k.) / (a + 2 > ue dw =

By (drc)

meeiy ) [ (o Gt

Bo(0re/ke)

We have that lintl) ﬁ— = 1 and from Theorem 4.6, it follows that there exists a
e— €
constant C' > 0 such that as e — 0
1

<c
2 — 2
4 () e MM

ve(x) < C

and therefore

-2
) ,u,6 (-T_l‘eava) 2 _
Y Pl A G m K RLREE

2
B, (orc)
And hence
—2
. He (.’ﬂ — Te, va) 2 —
| (a T > e dr| = Gl alio)

T(Br—1(se)(re/2))
Case 3.2: We assume that n > 5. Since D7 = Ign, so for € > 0 small one has

B (re/4) C T (Br-s(s,)(re/2)) C By, (3r./4)

We fix a 0 < 6 < 1 and calculate the following integral. Recall our definition of v,
in theorem 4.4. With a change of variable we obtain

po? / (a + &=2c,Va) x; Va)) u? dr = (kf> / (a(acE +kex)+ (kez, Va(;ce + kw))) v? dx
He

By (red) Bo(dre/ke)

We have that liné fT = 1 and from Theorem 4.6, it follows that there exists a
€—> €

constant C' > 0 such that as e — 0

n—2
2

1 1 2
< - < _
velo) <€ 2 C<1+m2>

1
dnz/ — dr < +0 forn>5
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Therefore
lim |p-? a+ W) u? dr| = d, a(xo) forn>5
e—0 2
Bo(dre/ke)
And hence
- evv
lim |p? / (a + (mxa)) u? dr| = d, a(xo) forn>5
e—0 2
T(Br-i((re/2)
This ends Step 3.3. ]

Combining Steps 1 to 3 in the Pohozaev identity (4.102) yields, as ¢ — 0,

5?2 pn - 2)" 1K (n,0)" 2w,

lig(l) ~L = 53 ifn=3o0ra=0,
e
s 2 T
Ze (K(4,0)72 +0(1)) — (T) (32ws3 + 0(1)) = p?log (ke> [dsa(zg) +0(1)] if n =14

02 (1m0 o) - () (T2 o)) < 2 o) o0 i 25

To get extra informations, we differentiate the Pohozaev identity (4.87) with respect
to the j*" variable (z.); and get

‘ . 2°(se) ..
/ 90 2 g 4 30 =2) / Ue T T

2 2(n — s¢) |x|se |x|?
T(Br-1(,)(re/2) T(Br-1(ao(re/?)

(4.105)
*(se)
Vu?  au? 1 ¢
; < — — OjucOpue | d
/ <VJ ( 5 + 5 2(s¢) || j Ue Oy U o

T (Br—1(a,(re/2)))

Step 4: We claim that

2-n 2 2 2" (se)

u [Vuel*  au 1 ue

pe Me M) duduc | d
/ (( 2 T2 TGy fape ) Ol 4o

(T (Br—1(sp)(re/2)))

(4.106) =- +o(1)
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Proor. We write 7~ !(z.) = ((z.)1,2"). Then as Step 1 above, using Propo-
sition 4.8.2 we have as ¢ — 0

2-n 2 2 2" (se)

7 [Vuel*  au 1 ue

He , e = % |\ _dudu. | d
re " / (VJ< 2 73 2*(se) |w]® sevtte | €7

AT (Bri(e) (/)

\V&3 2
_ /' <W|;”-@@an0 do + o(1)
0B(_1,0)(1/2)

where 0, and © are as in Step 1 above. In particular

_ 2 n—2 .
(4.107) (x) = % + h(x) for z € R™ \ {6o}
[z —6o)["
n—2
where h(z) = —%. Arguing as in Step 1, we get that

(4.108)
|V1~1|2 ~ ~ n—2
Vit 0;0 0,0 | do =wp—1(n—2)(n(n—2)) = 0;h(6y)

0 B(-1,0)(1/2)

For j =1 we get

AV 2 n—2 — " _
(4.109) o 2“' — 01 ayﬁ) do = " (”2n71) “n—1
9 B(-1,00(1/2)
This completes Step 4. (I
Step 5: We claim that
(4.110)
2" (se) s
Ue 1 (ze)1 1 -2
— dx = 1 1 0
[ ire=nE () arem o

T(Br—1(ae)(re/2)

PrOOF. We proceed as in Step 2 above. We fix a 0 < § < 1 and calculate
2* (se)
lze > [ G5 Talz dx. From our definition of v, in Theorem 4.4 we obtain with

Ba (red)
a change of variable
* n=2 *
2 Ug (se) gl |l‘€ > 2 (xe)l + kexy ’UE(JZ)2 (2c)
|z | — dx = - : — dz
|| |z[? e N T
Bo(6re) Bo(Sre ko) 1Tl el T T T e
Then as in Step 2
2*(56) %
) |ze|? / Uge 1 / - 1 2¥ -2
1 o dz| = de =
50 | (zon jzfs |22 T\ K0, 0)

Bo (5’(‘5) R

And hence we have (4.110). This ends Step 5. O
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Proceeding as in Step 3, for every 1 < j < n we have as ¢ = 0

O(pe) for n = 3,
(4.111) / dja(x) u(z) dz =4{ O (uf log (2—6)) for n =4,
T(Br-1((re/2) O (u?) for n > 5.

Using the Pohozaev identity (4.105) and the preceding estimates obtained after
Steps 1 to 3, noting that r. = d(z., ) = (1 + o(1))|x,,1|, we then obtain that

d(xe,0) = (14 0(1))]zc| as € = 0 when n =3 or a = 0.

When n =4, Then as ¢ — 0

Se (T 2 e _ 2 re

FRPAE (K(4,0)7% 4 0(1)) +E (32w3 + o(1)) = O | pZlog m
Finally, when n > 5, we get as ¢ — 0
se(n —2) (zh —n/2 —1 [ Me "2 nniz(n —2)"wn-1
TR (K(n,o) / —|—0(1)) R = +o(1)

=0 (k)

Plugging together these estimates and the estimates after Steps 1 to 3 yields The-
orem 4.10. O
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