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0% 6"' &!$ -$'072&0", "6 2 /$'0"-0) &!0, $#2%&0) /#2&$ 3"-$# 0*$* 2 3"-$#  !$'$ &!$

&!0)5,$%% 0% 2,"&!$' %32## /2'23$&$'* 8!$,. &!$'$ 2'$ 32,1 /"%%04#$ )"340,2&0",%.

2## -$,"&$- 41 Π1+Π2 6"' &!$ %25$ "6 %03/#0)0&1. "6 &!$ & " &'2,%6"'32&0",% %" &!2&

&!$ <,2# 3"-$# 0,!$'0&% &!$0' 6$2&('$%* 8!$ 4"&&"3 #$6& 2,- '09!& %5$&)!$% '$/'$%$,&

& " <,2# !"3"9$,0;$- 3"-$#%* 8!$ <'%& 0% 6"' 2 &!0)5 /$'0"-0) #21$' 32-$  0&! 2

/0$')$- /$'0"-0) )$##  !"%$ !"#$ 0% /2'&#1 "))(/0$- 41 2 )#23/$- &!0, 3"70,9 /#2&$*

8!$ %$)",- 0% %030#2' $@)$/& &!2& &!$  !"#$ %&'()&('$ 0% &!0, 0,%&$2- "6 4$$0,9

&!0)5D 0& )"''$%/",-% /'$)0%$#1 &" &!$ 3"-$# $%&24#0%!$- 0, EFAG* 8!$ 6'23$ "'5

-$7$#"/$- 0, &!$ '$%& "6 &!0% H!2/&$' 0% 6"' $@/'$%%0,9 3"-$# -$'072&0",%. 2% &!"%$

'$/'$%$,&$- 41 409 /2')!3$,&%. 2,- &'2,%6"'32&0",% "6 3"-$# -$'072&0",% 2% Π1

2,- Π2* B"'3(#2&0,9 )"340,2&0",% "6 &'2,%6"'32&0",% "6 3"-$# -$'072&0",%. %()!

2% Π1 +Π2. 0% 2,"&!$' 409 /2'& "6 &!$ %"#(&0",  0## 4$ /'$%$,&$- 0, H!2/&$' I*

 !" #$%&%'() (* '+(,-./&% 0(1%&2)3

J$ '$)2## &!$ 6'23$ "'5 "6 &!$ & "=%)2#$ )",7$'9$,)$ 2% /'$%$,&$- 0, EFAG. 2,-

&!$ /'""6 "6 &!$ &%/%&%-5% 016%7  !"%$ 03/#$3$,&2&0", 2,- $@&$,%0", (,-$' &!$

6"'3 "6 2#9"'0&!3% "6 %134"#0) )"3/(&2&0", 2'$ -0%)(%%$- 0, +$)&0", K*A* 8!$

/'$%$,&2&0", 0% -070-$- 0,&" &!'$$ %(4%$)&0",%* 8!$ <'%& ",$ 0% -$7"&$- &" 42%0)

-$<,0&0",% 2,- /'"/$'&0$%. %&2&$- 2% 8&1#13,$,1-3* 8!$ #2&&$' 2'$ 2-30&&$-  0&!"(&

/'""6 4$)2(%$ &!$1 2'$ 2%%(3$- &" 4$ /'$'$:(0%0&$%. "' 4(0#-0,9 4#")5%. 0, &!$

/'""6%* 8!$1 2'$ (%$- 2% $#$3$,&2'1 %&$/% 0, &!$ & " "&!$' %$)&0",% -$&20#0,9

KL



 !"! #$%&%'() (* '+(,-./&% 0(1%&2)3

 !" #$%%& %&  !" '%()"$*"('" %&  !"  +%,-'./"  $.(-&%$0 %& . 1"$2). 2)"3 .(1  !"

!%0%*"(24"1 0%1"/ 1"$2). 2%(5 6!" 0.2( - . "0"( - %&  !"-"  +% -78-"' 2%(-

.$" ./-% - . "1 .- 45(6(-2'2()- .(1  !"2$ #$%%&- .$" -#/2 2( % (708"$"1 8/%'9-

'.//"1 /"00.-5 :.'! /"00. 2- 1"'%0#%-"1 2( % - "#- $"&"$2(*  %  !" 1";(2 2%(-

.(1 #$%#%-2 2%(-5 <// '%0#%("( - %&  !" 5%*%5%).% 0(1%& 1"$2). 2%(3 (.0"/=  !"

1";(2 2%(-3  !" #$%#%-2 2%(-3  !" /"00.- .(1  !" #$%%& - "#- .$" 1"-2*("1 -%  !. 

 % 8" ".-2/= 20#/"0"( "1 .(1 ./-%  % 8" *"("$./24"1 &%$ 0%$" '%0#/"> 0%1"/-5 ?"

@7% "  !. . (708"$ %& "/"0"( .$= #$%#"$ 2"- .$" 7-"1 2(  !" #$%%& 87 .$" (% 

">#/2'2 "/= - . "1 (%$ '2 "15

 !"! #$%&%'$()* +,-('%'$() &(. /0$1$)'%'$()

A% "  !.  !" &7(' 2%(./ &$.0"+%$9 7-"1 2(  !2- -"' 2%( 2- (% .- #$"'2-" .- 2 -!%7/1

8" &%$ . 7-7./ 0. !"0. 2'./ +%$95 6!" $".-%( 2-  !.  !" &7(' 2%(./ .(./=-2- 2-

(% '%)"$"1 8= %7$ -=08%/2' '%0#7 . 2%(5 B%3 #$"'2-" 0. !"0. 2'./ - . "0"( -

.(1 C7- 2;'. 2%(- .$" (% 2(  !" &%'7- %&  !2- +%$95

D(  !" -"@7"/3 A ⊂ R
n

 ! " #$%&'(' $)(& !(*, + *, -("!%.( |A|, ,"/ &0 " 1!%23

45 (&*671 .(0%6". #$%&'".7 ∂A "&' + *, %& * $%*+".' &$.-"6 '(&$*(' #7 n∂A8

9( !,"66 %!( *,( !(* L1(A) $2  &*(0."#6( 2%&5* $&! "&' *,( !(* Lp(A): 2$. "&7

p > 0: $2 2%&5* $&! f !%5, *,"* f p ∈ L1(A), + *, &$.- ||v||Lp(A) = (
∫
A
|v|p

dx)1/p.  !" #$%$&"' ()*+" H1(A) ,( -!" ("- $. ./0+-,$0( f ∈ L2(A) 1!$(" 23*4
5,"0- ∇f ∈ L2(A)n.  !" ("- $. p -,6"( 5,7"3"0-,*%&" ./0+-,$0( $0 A ,( 5"0$-"5 %8

Cp(A)9 1!"3" p +*0 %" *08 ,0-"2"3 $3 ∞: ;-( (/%("- Cp
0(A) ,( +$6)$("5 $. ./0+-,$0(

1!$(" )*3-,*& 5"3,'*-,'"( *3" '*0,(!,02 $0 -!" %$/05*38 ∂A $. A /0-,& -!" $35"3

p: <$3 *08 ,0-"2"3( p *05 q, Cq(A) ⊂ Lp(A): =!"0 A = (0, a1) × ... × (0, an) ,(
* +/%$,5 >$3 3"+-*02/&*3 )*3*&&"&"),)"5? 1" (*8 -!*- * ./0+-,$0 v 5"@0"5 ,0 R

n
,(

A4)"3,$5,+ ,. .$3 *08 ℓ ∈ Z
n, v(y+

∑n
i=1 ℓiaiei) = v(y) 1!"3" ei ,( -!" i

th
'"+-$3 $.

-!" +*0$0,+*& %*(,( $. R
n
:  !" ("- $. A4)"3,$5,+ ./0+-,$0( 1!,+! *3" C∞

,( 5"0$-"5

%8 C∞
♯ (A) *05 -!$(" 1!,+! *3" ,0 H1(A) ,( 5"0$-"5 %8 H1

♯ (A):  !" $)"3*-$3 tr
>1" (*8  !"#$? +*0 %" 5"@0"5 *( -!" 3"(-3,+-,$0 $)"3*-$3 .3$6 ./0+-,$0( 5"@0"5 $0

-!" +&$(/3" $. A -$ ./0+-,$0( 5"@0"5 $0 ,-( %$/05*38 ∂A: <,0*&&89 1" (*8 -!*- *
("A/"0+" (uε)ε>0 ∈ L2(A) +$0'"32"( (-3$02&8 ,0 L2(A) -$1*35( u0 ∈ L2(A) 1!"0 ε
-"05( -$ B"3$ ,. limε→0 ||u

ε − u0||L2(A) = 0:  !" +$0'"32"0+" ,( (*,5 -$ %" 1"*C ,.
limε→0

∫
A
(uε − u0)v dx = 0 .$3 *&& v ∈ L2(A): =" 13,-" uε = u0 + Os(ε) >3"()"+4

-,'"&8 Ow(ε)?, 1!"3" Os(ε) >3"()"+-,'"&8 Ow(ε)? 3")3"("0-( * ("A/"0+" -"05,02 -$
B"3$ (-3$02&8 >3"()"+-,'"&8 1"*C&8? ,0 L2(A): D$3"$'"39 -!" (,6)&" 0$-*-,$0 O(ε)
3"."3( -$ * ("A/"0+" $. 0/6%"3( 1!,+! (,6)&8 -"05( -$ B"3$: =" 5$ 0$- 5"-*,& -!"

3"&*-"5 /(/*& +$6)/-*-,$0 3/&"(:

EF
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 !"#"$%&%"' (  !"#$%&%$#'#()" )* ' +$', $-.'/(#01 81& u ∈ L2(A) "-6 /1&
"-4 v ∈ C∞

0 (A)9

,/

∫

A

u(x) v(x) dx = 0 $!%- u = 0

,- $!% 3%-3% 1/ L2(A) /:-5$,1-3(

 !"#"$%&%"' )  !"#$%&%$#'#()" )* ' &$%()2(3 4)."2'%0 3)"2(#()"1 81& u ∈
H1(A) "-6 /1& "-4 v ∈ C∞

♯ (A)9

,/

∫

∂A

u(x) v(x) n∂A(x) dx = 0 $!%- u ∈ H1
♯ (A) .

 !"#"$%&%"' * ;5$', 3)"6$%7$"3$ )* &%)2.3#< 81& 3%=:%-5% un → u 3$&1-.749
vn → v +%"2749 $!%- $!% #&16:5$ unvn → uv +%"274(

 !"# $%&$&#"'"&( "# )&**&+,- "( ./'!,./'"0/* $%&&) 12' (&' "( '!, $%&3%/..,4

 !, %,),%,(0, $%&&) $%&$&#,- "( '!"# 0!/$',% "# / #".2*/'"&( &) '!, $%&3%/..,5 #&

'!"# $%&$&#"'"&( "# (&' %,),%,- ,6$*"0'*74

8( '!, %,./"(-,% &) '!"# #,0'"&(5 &(*7 '!, -".,(#"&( n = 1 "# 0&(#"-,%,-5 '!,
3,(,%/* -,9("'"&(# 1,"(3 2#,- )&% '!, 3,(,%/*":/'"&(# -"#02##,- "( ;,0'"&( <4=4

+"&,&%"' -  890:(3'/ '"2 ;(3%):3)&(3 <);'(":1 >% 51-3,6%& "- ,-$%&?"7

Ω =
N(ε)⋃
c=1

Ω1,ε
c ⊂ R 6,?,6%6 ,-$1 N(ε) #%&,16,5 5%773 @1& ,-$%&?"73A Ω1,ε

c 9 1/ 3,B% ε > 09

,-6%C%6 D4 c9 "-6 +,$! 5%-$%& xc. E!% $&"-37"$,1- "-6 0".-,F5"$,1- (Ω1,ε
c −xc)/ε ,3

5"77%6 $!% :-,$ 5%77 "-6 ,3 6%-1$%6 D4 Ω1
( E!% ?"&,"D7%3 ,- Ω "-6 ,- Ω1

"&% 6%-1$%6

D4 xε "-6 x1.

 !, '+&>#0/*, '%/(#)&%. T "# /( &$,%/'&% ./$$"(3 )2(0'"&(# -,9(,- "( '!, $!7#"0/*
-&./"( Ω '& )2(0'"&(# -,9(,- "( '!, '+&>#0/*, -&./"( Ω♯ × Ω1

+!,%, )&% '!,

&%/%&%-5% 016%7 Ω♯ = Ω4 8( '!, )&**&+"(35 +, #!/** -,(&', 17 Γ, Γ♯
/(- Γ1

'!,

1&2(-/%",# &) Ω, Ω♯
/(- Ω1

4

?( ,6/.$*, &) '!, 0&(932%/'"&( &) $!7#"0/* -&./"(5 ./0%&#0&$"0 -&./"( /(-

."0%&#0&$"0 -&./"( "# 3"@,( "( '!, )&**&+"(34

./0'%&%"' 1  =+)>?3'/$ =%'":*)%;1 E!% $+1G35"7% $&"-3/1&0 T ,3 $!% 7,-%"&

1#%&"$1& 6%F-%6 D4

(Tu)(xc, x
1) = u(xc + εx1) A<4<B

"-6 $!%- D4 %C$%-3,1- T (u)(x♯, x1) = u(xc + εx1) /1& "77 x♯ ∈ Ω1,ε
c "-6 %"5! c ,-

1, .., N(ε).

CD



 !"! #$%&%'() (* '+(,-./&% 0(1%&2)3

 !" #$  %" &$

 !"#$% &'&( )*+,!-./ 012!.34 2.-$1,-15!- 012.!3 .30 2!-$1,-15!- 012.!3

 !"#"$!% &  !"#$%&" '( )'*#+,$- κ0 = 1
|Ω|

/)1 κ1 = 1
|Ω♯×Ω1|

.

6*% 15%$.71$ T %381+, 7*% 91//1:!3" 5$15%$7!%,'

'(!)!*$"$!% +  .&'/%01 2%3"- 4(5 '+( *6).'2()- u, v 1%7)%1 2) Ω,

T (uv) = (Tu)(Tv). ;&'<=

'(!)!*$"$!% ,  )"&+4#1+4" 2%3"- 8* u /)1 2'- 1%529/'29% /5% 1%7)%1 2) Ω ':%)

T

(
du

dx

)
=

1

ε

∂(Tu)

∂x1
. ;&'>=

'(!)!*$"$!% -  5,1"6&#3 2%3"- 8* / *6).'2() u ∈ L1(Ω) ':%) Tu ∈ L1(Ω♯ × Ω1)
/)1

κ0
∫

Ω

u dx = κ1
∫

Ω♯×Ω1

(Tu) dx♯dx1. ;&'?=

6*% 3%@7 7:1 5$15%$7!%, .$% -1$1//.$!%, 19 7*% 5$%A!1#, 13%,'

'(!)!*$"$!% ./  5,,"& .&'/%01 2%3"- 4(5 '+( *6).'2()- u, v ∈ L2(Ω),

κ0
∫

Ω

u v dx = κ1
∫

Ω♯×Ω1

(Tu) (Tv) dx♯dx1. ;&'B=

'(!)!*$"$!% ..  7'&* 2%3"- 4(5 / *6).'2() u ∈ L2(Ω),

κ0 ‖u‖2L2(Ω) = κ1 ‖Tu‖2L2(Ω♯×Ω1) . ;&'C=

<&
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 !"#$%$&# '(  !"#$%&'() *#+,)-.)+&)/ ) 3%89%-5% uε ∈ L2(Ω) ,3 3",6 $1 :%
$+1;35"7% 3$&1-.74 <&%3#%5$( +%"274= 51->%&.%-$ ,- L2(Ω♯ ×Ω1) $1 " 7,0,$ u0(x♯, x1)
,/ Tuε ,3 3$&1-.74 <&%3#%5$( +%"274= 51->%&.%-$ $1+"&63 u0 ,- L2(Ω♯ × Ω1).

 !"#$%$&# ')  012#3+4 #- 56'( #7 !/ )3 T ,3 " 7,-%"& 1#%&"$1& /&10 L2(Ω) $1
L2(Ω♯ ×Ω1), ,$3 "6?1,-$ T ∗

,3 " 7,-%"& 1#%&"$1& /&10 L2(Ω♯ ×Ω1) $1 L2(Ω) 6%@-%6
:4

κ0
∫

Ω

T ∗v u dx = κ1
∫

Ω♯×Ω1

v Tu dx♯dx1.  !"#$

%&' '()*'++,-. -/ T ∗
01. 2' '()3,0,4'56 ,4 71)+ *'8931* /9.04,-.+ ,. Ω♯ × Ω1

4-

),'0':,+';0-.+41.4 /9.04,-.+ ,. Ω" %&' .'(4 5'<.,4,-. ,.4*-590'+ 1. -)'*14-* 9+'5

1+ 1 +7--4& 1))*-(,714,-. -/ T ∗
"

 !"#$%$&# '*  8).6('-39'43#+ #7 !

∗
/ A!% 1#%&"$1& B ,3 $!% 7,-%"& 51-$,-9193

1#%&"$1& 6%@-%6 /&10 L2(Ω♯ × Ω1) $1 L2(Ω) :4

Bv = v(x,
x

ε
).  !"=$

%&' .933,4> 0-.5,4,-. -/ 1 /9.04,-. v(x♯, x1) -. 4&' 2-9.51*> ∂Ω♯×Ω1
,+ 4*1.+/'**'5

4- 4&' *1.8' Bv 1+ /-33-:+"

+,&-&.$%$&# '/  :#6+1'-; *#+1343#+< #7 :,/ B/ v ∈ C∞
0 (Ω♯; C∞(Ω1)) $!%-

Bv ∈ C∞
0 (Ω)(

+,&-&.$%$&# '0  5)-3,'43#+ 86() 7#- :/ B/ v "-6 ,$3 #"&$,"7 6%&,>"$,>%3 "&%
6%@-%6 1- Ω♯ × Ω1

"-6 $!%4 "&% 3011$! %-19.!C $!%-

d(Bv)

dx
= B(

∂v

∂x♯
) + ε−1B(

∂v

∂x1
).  !"?$

%&' .'(4 )*-)-+,4,-. +414'+ 4&14 4&' -)'*14-* B ,+ 1049133> 1. 1))*-(,714,-. -/

4&' -)'*14-* T ∗
/-* Ω1

;)'*,-5,0 /9.04,-.+" %&,+ )*-)'*4> ,+ -.3> 9+'5 /-* 4&' 4'+4

/9.04,-.+ +- 4&14 v 0-935 2' *'8931* '.-98&"

+,&-&.$%$&# '1  0==-#>3?'43#+ @)4"))+ !

∗
'+1 :/ B/ v(x♯, x1) ,3 51-$,-9;

193C 51-$,-919374 6,D%&%-$,":7% ,- x♯ "-6 Ω1
;#%&,16,5 ,- x1 $!%-

T ∗v = Bv − εB(x1
∂v

∂x♯
) + εOs(ε).  !"!@$

 1->%&3%74C

Bv = T ∗(v) + εT ∗(x1
∂v

∂x♯
) + εOs(ε).  !"!!$

AA



 !"! #$%&%'() (* '+(,-./&% 0(1%&2)3

 !" #$%%& %& '!() #$%#%)('(%* () +"',(-"+ (* .##"*+(/ 0 %& $"&"$"*1" 23456

 !"#$% &' 45%6/'(6- T 7 T ∗
/)1 B 1%5%)1 () '8% -0/&& 5/6/0%'%6 ε7 9:' +% 1(

)(' +62'% 2' %;5&2.'&< =:-' *(6 -205&2>./'2() (* )('/'2()-!

7"/'8 '!" &%$9:-, %& (*'";$,'(%* <= #,$') () )','"+ (* , &%$9 1%9#,'(<-" >('! '!"

?$""* &%$9:-, :)"+ (* )%9" "/'"*)(%*)6  !" <%:*+,$= Γ () 1%9#%)"+ %& '!" '>%
"*+ #%(*') %& '!" (*'"$@,- Ω8 ,*+ '!" :*(' %:'>,$+ *%$9,- nΓ +"A*"+ %* Γ () "B:,-
'% −1 ,*+ +1 ,' '!" -"&'C ,*+ $(;!'C"*+#%(*') $")#"1'(@"-=6

($)*)+,-,). &/  !"##$ %&'#( ?* u7 v ∈ H1(Ω) '8%) '8% '6/.%- (* u /)1 v () Γ
/6% +%&& 1%>)%1 /)1

∫

Ω

u
dv

dx
dx =

∫

Γ

tr(u) tr(v) nΓ ds(x)−

∫

Ω

v
du

dx
dx. DE6EFG

 !" -,)' #$%#%)('(%* () )','"+ ,) , <:(-+(*; <-%1H %& '!" !%9%;"*(I"+ 9%+"- +"$(@,C

'(%*6

($)*)+,-,). 01  )*# '+$#," -.#",/-" ,00-1+,/#2 /- /*# 3+1"-01-.+1 ."-45

'#6( @(6 µ ∈ R7 '8%6% %;2-' θµ ∈ H1
♯ (Ω

1) -(&:'2()- '( '8% &2)%/6 +%/$ *(60:&/'2()

∫

Ω1

a0
∂θµ

∂x1
∂w

∂x1
dx1 = −µ

∫

Ω1

a0
∂w

∂x1
dx1 *(6 /&& w ∈ C∞

♯ (Ω1), DE6E0G

/)1

∂θµ

∂x1 2- :)2A:%! #2).% '8% 0/552)3 µ 7→
∂θµ

∂x1
*6(0 R '( L2(Ω1) 2- &2)%/6 '8%)

∂θµ

∂x1
= µ

∂θ1

∂x1
. DE6E3G

B(6%(C%67 '82- 6%&/'2() ./) 9% %;'%)1%1 '( /)< µ ∈ L2(Ω♯)!

 !"!# $%&'()*+, -../&012*31&4 &5 * 6,/17*317,

J"$" >" +"',(- '!" 6%*%6%).% .(05:'/'2() %& '!" >",H '>%C)1,-" -(9(' η = limε→0 T (
duε

dx
)

(* L2(Ω♯ × Ω1) >!"*

‖uε‖L2(Ω) ,*+

∥∥∥∥
duε

dx

∥∥∥∥
L2(Ω)

≤ C, DE6EKG

C <"(*; , 1%*)',*' (*+"#"*+"*' %& ε6  % )(9#-(&= '!" #$%%&8 >" &:$'!"$ ,)):9"
'!,' '!"$" "/()' u08 u1 ∈ L2(Ω♯ × Ω1) ):1! '!,'

T (uε) = u0 + εu1 + εOw(ε)8

F0
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 !"!

∫

Ω♯×Ω1

(T (uε)− u0 − εu1)v dx♯dx1 = εO(ε) #$% &'' v ∈ L2(Ω♯ × Ω1). ()!)*+

," -.$/" /0&/ 122.34/ $5 ()!)*+  2 5$/ 5"6"22&%78  /  2  5/%$9.6"9 /$ 2 34' #7

/0" 4%$$# 2 56"  / &:$ 92 2$3" 5$5;"-.&/ $5&' 2/"42! <0" 2/&/"3"5/ 4%$:"9  5 /0"

%"3& 5 5= $# /0" 2.>2"6/ $5  2 /0" #$''$? 5=!

 !"#"$%&%"' ()  !"#$%&'() *+,+- #. ' /)0+1'-+1)2 8/ uε ,3 " 3%9:%-5% ;1:-6%6
"3 ,- <'('=> "-6 3"$,3/4,-. <'('?>@ $!%- u0 ,3 ,-6%#%-6%-$ 1/ x1,

ũ1 = u1 − x1∂x♯u0 ()!)@+

6%A-%6 ,- Ω♯ × Ω1
,3 Ω1

B#%&,16,5 "-6

η =
∂u0

∂x♯
+
∂ũ1

∂x1
. ()!)A+

C1&%1D%&@ ,/ uε = 0 1- Γ $!%- u0 = 0 1- Γ♯.

<0" 4%$$#  2 24' /  5/$ #$.% B"33&2 6$%%"24$59 5= /$ /0" C%2/ #$.% >'$6D2 9 26.22"9

 5 E"6/ $5 )!@8 /0" $/0"% /0%"" >" 5= 9"/& '"9  5 2.>2"6/ $5 )!F!F!

*+,,- ((  3+0%- 4(#&56 7#8%-0'+8- #8 u02 u0 ,3 ,-6%#%-6%-$ 1/ x1(

 !""./ ,"  5/%$9.6"

Ψ = εκ0
∫

Ω

duε

dx
Bv dx

? /0 v ∈ C∞
0 (Ω♯; C∞

0 (Ω1))! G%$3 /0" H&.607;E60?&%/I  5"-.&' /7 &59 ()!)J+,
limε→0Ψ = 0!

• 0&+# )/ <0" K%""5 #$%3.'& ()!)L+ &59 M%$4$2 / $5 )J =⇒

Ψ = −εκ0
∫

Ω

uε
d(Bv)

dx
dx.

• 0&+# (/ M%$4$2 / $5 )* =⇒

Ψ = κ0
∫

Ω

uεB(
∂v

∂x1
) dx+O(ε).

• 0&+# 1/ M%$4$2 / $5 )@ =⇒

Ψ = κ0
∫

Ω

uεT ∗(
∂v

∂x1
) dx+O(ε).

LN



 !"! #$%&%'() (* '+(,-./&% 0(1%&2)3

•  !"# $%  !"#$%$&# '( =⇒

Ψ = κ1
∫

Ω♯×Ω1

T (uε)
∂v

∂x1
dx+O(ε).

•  !"# &% )**+,-%$&# .'/'01 2#3 -2**$#4 %& %5! 6$,$% 75!# ε→ 0 =⇒

κ1
∫

Ω♯×Ω1

u0
∂v

∂x1
dx = 0.

•  !"# '% 85! 9:!!# ;&:,+62 .'/'<1 2#3 v = 0 &# Ω♯ × Γ1 =⇒

κ1
∫

Ω♯×Ω1

∂u0

∂x1
v dx = 0.

•  !"# (% =:&-&*$%$&# ' =⇒
∂u0

∂x1
= 0.

)"**+ ,-  !"#$%& '($#)* +,$-!#.(" /0102 $3 24" 5"607.207"8 η = ∂u1

∂x1 .

./001% >! ?5&&*! v ∈ C∞
0 (Ω♯; C∞

0 (Ω1)) $#

Ψ = κ1
∫

Ω♯×Ω1

T (
duε

dx
)v dx♯dx1. .'/'@1

•  !"# 2%  !"#$%$&# '( =⇒

Ψ = κ0
∫

Ω

duε

dx
T ∗v dx.

•  !"# ,% =:&-&*$%$&# 'A .%& 2--:&B$,2%! T ∗
CD B1E %5! 9:!!# ;&:,+62 .'/'<1E

%5! 6$#!2:$%D &; $#%!4:26*E 2#3 242$# =:&-&*$%$&# 'A .%& 2--:&B$,2%! B CD T ∗
1

=⇒

Ψ = −κ0
∫

Ω

uεT ∗(
∂v

∂x♯
) dx−

κ0

ε

∫

Ω

uεT ∗(
∂v

∂x1
) dx−κ0

∫

Ω

uεT ∗(
∂2v

∂x1∂x♯
x1) dx+O(ε).

•  !"# -%  !"#$%$&# '( =⇒

Ψ = −κ1
∫

Ω♯×Ω1

T (uε)
∂v

∂x♯
dx♯dx1 −

κ1

ε

∫

Ω♯×Ω1

T (uε)
∂v

∂x1
dx♯dx1

−κ1
∫

Ω♯×Ω1

T (uε)x1
∂2v

∂x1∂x♯
dx♯dx1 +O(ε).

<F



 !"#$%& '( ) *%+&,$,-. /&"0%+1&2 /1& "340#$1$,5 016%7,-.

•  !"# $%  !!"#$%&'( )*+*,- =⇒

Ψ = −κ1
∫

Ω♯×Ω1

u0
∂v

∂x♯
dx♯dx1 −

κ1

ε

∫

Ω♯×Ω1

u0
∂v

∂x1
dx♯dx1 − κ1

∫

Ω♯×Ω1

u1
∂v

∂x1
dx♯dx1

−κ1
∫

Ω♯×Ω1

u0
∂2v

∂x1∂x♯
x1 +O(ε).

•  !"# &% ./0 1200( 3'2#"45 )*+*6-7 80##5 667 5(9 $5!!&(: %' %/0 4&#&%

;/0( ε→ 0 =⇒

κ1
∫

Ω♯×Ω1

η v dx♯dx1 = κ1
∫

Ω♯×Ω1

∂u0

∂x♯
v dx♯dx1 + κ1

∫

Ω♯×Ω1

∂u1

∂x1
v dx♯dx1.

•  !"# '% <2'$'!&%&'( * =⇒

η =
∂u0

∂x♯
+
∂u1

∂x1
.

("))* +$  !"#$% &'()*+ ,#)$(-)(.#) &(/0%1$2 3(0%#4#(05 ũ1 ,3 Ω1
8

#%&,16,5(

,-../% =( )*+*>-7 ;0 ?/''!0 v ∈ C∞
0 (Ω♯; C∞

♯ (Ω1))+

•  !"# 0% ./0 !%0$! *@A '3 %/0 !0?'(9 B4'?C =⇒

κ1
∫

Ω♯×Ω1

ηv dx♯dx1−κ1
∫

Ω♯×Γ1

(u1−x1
∂u0

∂x♯
)v nΓ1 dx♯dx1−κ1

∫

Ω♯×Ω1

(
∂u0

∂x♯
+
∂u1

∂x1
)v dx♯dx1 = 0

•  !"# +% 80##5 6D =⇒

∫

Ω♯×Γ1

(u1 − x1
∂u0

∂x♯
)v nΓ1 dx♯ds(x1) = 0. )*+6E-

•  !"# 1% F0G(&%&'( )*+*H- '3 ũ1 5(9 <2'$'!&%&'( 6 =⇒

ũ1 &! Ω1
@$02&'9&?+ )*+6*-

("))* +&  6(/$4" &'()*+ ,1)$(-)(.#) &(/0%1$2 3(0%#4#(05 u0 9"-,3!%3
1- Γ♯

(

6,



 !"! #$%&%'() (* '+(,-./&% 0(1%&2)3

 !""#$  ! "#$$%! v ∈ C∞
0 (Ω♯)&

• %&'( )$ '#! %(!)% *+, $- (#! %!"$./ 01$"2 3./ uε = 0 $. Γ =⇒
∫

Γ♯×Ω1

u0v nΓ♯ ds(x♯)dx1 = 0.

• %&'( *$ 45$)$%6(6$. * =⇒

u0 = 0 $. Γ♯.

 !"!" #$%$&'()*'+ ,$+'- .'/)012)$(

7!5! 8! )5$96/! (#! 4%*%4%).% 54((* $- (#! #$:$;!.6<!/ :$/!1 /!5693(6$.= >( ?%!%

45$)$%6(6$. @* 3% 3. 6.(!5:!/635A 5!%?1(= B!( uε& (#! %$1?(6$. $- 3 16.!35 0$?./35A
931?! )5$01!: )$%!/ 6. Ω,

{
−
d

dx
(aε(x)

duε(x)

dx
) = f 6. Ω

uε = 0 $. Γ,
C*=@@D

8#!5! (#! 56;#(+#3./ %6/! f ∈ L2(Ω), (#! "$!E"6!.( aε ∈ C∞(Ω) 6% εΩ1
+)!56$/6"&

3./ (#!5! !F6%( (8$ )$%6(69! "$.%(3.(% α 3./ β 6./!)!./!.( ε %?"# (#3(

0 < α ≤ aε(x) ≤ β. C*=@GD

'#! 8!32 -$5:?13(6$. 6% $0(36.!/ 0A :?1(6)16"3(6$. $- (#! /6H!5!.(631 !I?3(6$. 0A

3 (!%( -?."(6$. v ∈ C∞
0 (Ω) 3./ 3))16"3(6$. $- (#! J5!!. -$5:?13&

κ0
∫

Ω

aε(x)
duε

dx

dv

dx
dx = κ0

∫

Ω

f(x)v(x) dx. C*=@KD

>( 6% 2.$8. (#3( 6(% ?.6I?! %$1?(6$. uε 6% 0$?./!/ 3% 6. C*=*,D= L$5!$9!5& 8!
3%%?:! (#3( -$5 %$:! -?."(6$.% a0(x1) 3./ f 0(x♯),

T (aε) = a0 3./ T (f) = f 0(x♯) +Ow(ε). C*=@,D

'#! .!F( )5$)$%6(6$. %(3(!% (#! #$:$;!.6<!/ :$/!1 3./ 6% (#! :36. 5!%?1( $- (#!

4%*%4%).% 54((*= M$5 θ1 3 %$1?(6$. ($ (#! :6"5$%"$)6" )5$01!: C*=*GD 86(# µ = 1,
(#! #$:$;!.6<!/ "$!E"6!.( 3./ 56;#(+#3./ %6/! 35! /!N.!/ 0A

aH =

∫

Ω1

a0
(
1 +

∂θ1

∂x1

)2

dx1 3./ fH =

∫

Ω1

f 0 dx1. C*=@OD

@P
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 !"#"$%&%"' ()  !"#"$%&'(%) *")%+, 8!% 7,0,$ u0 ,3 3179$,1- $1 $!% +%"2
/1&097"$,1- ∫

Ω♯

aH
du0

dx♯
dv0

dx♯
dx♯ =

∫

Ω♯

fHv0 dx♯  !"#$%

/1& "77 v0 ∈ C∞
0 (Ω♯).

&'( )*++, -. .)/-0 -10+ 0'*(( /(223."

*+,,- (.  -'./0 1+"234 56"7829+% *")%+, 8!% 519#7% (u0, ũ1) ,3 3179$,1-
$1 $!% $+1:35"7% +%"2 /1&097"$,1-

∫

Ω♯×Ω1

a0
(
∂u0

∂x♯
+
∂ũ1

∂x1

)(
∂v0

∂x♯
+
∂v1

∂x1

)
dx♯dx1 =

∫

Ω♯×Ω1

f 0v0 dx♯dx1  !"#4%

/1& "-4 v0 ∈ C∞
0 (Ω♯) "-6 v1 ∈ C∞

0 (Ω♯, C∞
♯ (Ω1)).

 !""/0 5( 6'++.( 0'( 0(.0 ,7160-+1. v0 ∈ C∞
0 (Ω♯)8 v1 ∈ C∞

0 (Ω♯, C∞
♯ (Ω1))"

• 1&+# 2 9+.-1: v = B(v0 + εv1) -1  !"#;% 31< 9*+)+.-0-+1 != =⇒

Bv ∈ C∞
0 (Ω) 31< κ0

∫

Ω

aε
duε

dx

dB(v0 + εv1)

dx
dx = κ0

∫

Ω

f B(v0 + εv1) dx.

• 1&+# ( 9*+)+.-0-+1. !> 31< !$ =⇒

κ0
∫

Ω

aε
duε

dx
T ∗

(
∂v0

∂x♯
+
∂v1

∂x1

)
dx = κ0

∫

Ω

f T ∗(v0)dx+O(ε).

• 1&+# 3 ?(@1-0-+1 !A 31< 9*+)+.-0-+1 $ =⇒

κ1
∫

Ω♯×Ω1

T (aε)T (
duε

dx
)

(
∂v0

∂x♯
+
∂v1

∂x1

)
dx♯dx1 = κ1

∫

Ω♯×Ω1

T (f) v0 dx♯dx1+O(ε).

 !"#B%

• 1&+# 4 ?(@1-0-+1.  !"#=%8 C(223 #!8 31< )3..-1: 0+ 0'( /-2-0 D'(1 ε → 0
=⇒

∫

Ω♯×Ω1

a0
(
∂u0

∂x♯
+
∂ũ1

∂x1

)(
∂v0

∂x♯
+
∂v1

∂x1

)
dx♯dx1 =

∫

Ω♯×Ω1

f 0v0 dx♯dx1

D'-6' -. 0'( (E)(60(< *(.7/0"

#4



 !"! #$%&%'() (* '+(,-./&% 0(1%&2)3

 !""# $%  !"#$% &'()*+ ,")-(.)(/") 0-(1'234 ũ1 2- -(&4'2() '( 5 ! "6 +2'7

µ =
∂u0

∂x♯
/)1

∂ũ1

∂x1
=
∂u0

∂x♯
∂θ1

∂x1
.

&'(()*  ! "#$$%! v0 = 0 &'( v1(x♯, x1) = w(x1)ϕ(x♯) )' *+,-./ 0)1# ϕ ∈ C∞(Ω♯)
&'( w1 ∈ C∞

♯ (Ω1),

• +,!- . 23$4$%)1)$' +5 6!77& --5 &'( 1#! 8)'!&3)19 $: 1#! )'1!;3&8 =⇒

∫

Ω1

a0
∂ũ1

∂x1
∂w1

∂x1
dx1 = −

∂u0

∂x♯

∫

Ω1

a0
∂w1

∂x1
dx1. *+,<=/

• +,!- $ 23$4$%)1)$' -= 0)1# µ =
∂u0

∂x♯
=⇒

∂ũ1

∂x1
=
∂u0

∂x♯
∂θ1

∂x1

&% &''$>'"!(,

 !""# $/  !2526$% &'()*+ ,7)-(.)(/") 0-(1'234 u0 2- -(&4'2() '( 5 !896!

&'(()*  ! "#$$%! v0 ∈ C∞
0 (Ω♯) &'( v1 =

∂v0

∂x♯
∂θ1

∂x1
∈ C∞

0 (Ω♯, C∞
♯ (Ω1)) )' *+,-./,

• +,!- . 6!77& -. =⇒

∫

Ω♯×Ω1

a0
(
∂u0

∂x♯
+
∂θ1

∂x1
∂u0

∂x♯

)(
∂v0

∂x♯
+
∂θ1

∂x1
∂v0

∂x♯

)
dx♯dx1 =

∫

Ω♯×Ω1

f 0v0 dx♯dx1,

*+,<+/

• +,!- $ ?&"1$3)@)'; &'( (!A')1)$'% *+,-B/ =⇒

∫

Ω♯

aH
∂u0

∂x♯
∂v0

∂x♯
dx♯ =

∫

Ω♯

fHv0 dx♯.

-C
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 !" #$%&'(')* +(&,($*'$+

 ! "#$% %&'"$(! )& *&'+,, "#& *-.$/&!"% (0 *&)*$"$!12 !+/&,32 "#& .&4!$"$(!% (0 "&*/%

(5&* + %$1!+"-*&2 (0 %-6%"$"-"$(! +!. (0 *&)*$"$!1 *-,&%7 8& $!"*(.-'& + %"*+"&13

,+!1-+1&9 $"% %3!"+: +!. %&/+!"$'% $! "&*/% (0 ;+*"$+, 0-!'"$(!%7 <#$% ,+!1-+1&

)$,, +,,() -% "( &:;*&%% /(%" (0 "#& -%&0-, *&)*$"$!1 %"*+"&1$&%7

 !"! #$%&' ()*(+,+)+,-. /.0 %$1%,+,.2 %)3$!

8& %"+*" )$"# +! &:+/;,& (0 *&)*$"$!1 *-,&7 8& .&4!& + %&" (0 *&)*$"$!1 5+*$+6,&%

X = {x, y} +!. + %&" (0 0-!'"$(! %3/6(,% Σ = {f, g, a, b, c}7 = "&*/ $% + '(/6$!+>

"$(! (0 &,&/&!"% (0 X∪Σ, 0(* $!%"+!'& f(x) (* f(a)7 <#& *&)*$"$!1 *-,& f(x) g(x)
+;;,$&. "( + "&*/ f(a) $% + ")(>%"&; (;&*+"$(!7 ?$*%"2 $" '(!%$%"% $! /+"'#$!1 "#&

,&0" "&*/ f(x) )$"# "#& $!;-" "&*/ f(a) 63 /+"'#$!1 "#& ")( (''-*&!'&% (0 "#&

0-!'"$(! %3/6(, f, +!. 63 /+"'#$!1 "#& *&)*$"$!1 5+*$+6,& x )$"# "#& 0-!'"$(!

%3/6(, a7 <#&!2 "#& *&%-," g(a) (0 "#& *&)*$"$!1 (;&*+"$(! $% (6"+$!&. 63 *&;,+'$!1

"#& *&)*$"$!1 5+*$+6,& x (''-*$!1 $! "#& *$1#" #+!. %$.& g(x) 63 "#& %-6"&*/ a "#+"

#+5& 6&&! +%%('$+"&. "( x7  ! '+%& )#&*& + %-6%"$"-"$(! $% !(" ;(%%$6,&2 +% $! "#&

+;;,$'+"$(! (0 f(b) → g(x) "( f(a)2 )& %+3 "#+" "#& *&)*$"$!1 *-,& 0+$,%7

 !"#$%$&# '( 8%$ Σ 9% " 51:-$"97% 3%$ 1/ /:-5$,1- 3409173; %"5! 340917 f ∈ Σ
,3 "3315,"$%6 +,$! " -1-<-%."$,=% ,-$%.%& n; ,$3 +*$"3 ar(f) ,(%( $!% -:09%& 1/

"&.:0%-$3 1/ f ( 8%$ X 9% " 51:-$"97% 3%$ 1/ ="&,"97%3 3:5! $!"$ Σ ∩ X = ∅( >!%
3%$ 1/ $%&03; 6%-1$%6 94 T (Σ,X ); ,3 ,-6:5$,=%74 6%?-%6 94

• X ⊆ T (Σ,X ) @,(%( %=%&4 &%+&,$,-. ="&,"97% ,3 " $%&0A;

• /1& "77 f ∈ Σ 1/ "&,$4 n; "-6 "77 t1, . . . , tn ∈ T (Σ,X ); $!% %B#&%33,1-
f(t1, . . . , tn) ∈ T (Σ,X ) @,(%( $!% "##7,5"$,1- 1/ /:-5$,1- 3409173 $1 $%&03
.,=%3 &,3% $1 $%&03A(

8& .&!("& 63 Σn "#& %-6%&" (0 Σ (0 "#& 0-!'"$(! %3/6(,% (0 +*$"3 n7 ?(* $!%"+!'& $!

"#& &:+/;,& f +!. g 6&,(!1 "( Σ1 )#$,& a +!. b 6&,(!1 "( Σ07 <)( ("#&* '(//(!

&:+/;,&% (0 "&*/% +*& "#& &:;*&%%$(!% Integral(Ω, f(x), x) +!. 6,C (f(x), x) )#$'#

*&;*&%&!" "#& &:;*&%%$(!%

∫
Ω
f(x) dx +!.

df(x)

dx
7 @("$'& "#+" Integral ∈ Σ3, 6,C ∈

Σ2, f ∈ Σ1 +!. x,Ω ∈ Σ07 ?(* "#& %+A& (0 %$/;,$'$"3 )& (0"&! A&&; "#& %3/6(,$'

/+"#&/+"$'+, !("+"$(! "( &:;*&%% "#& *&)*$"$!1 *-,&%7  ! "#& 0(,,()$!1 )& %&& +

"&*/ +% +! (*$&!"&.2 *+!A&. +!. *(("&. "*&& +% $" $% -%-+, $! %3/6(,$' '(/;-"+"$(!7

8& *&'+,, "#+" $! + *+!A&. "*&& "#& '#$,. (*.&* $% $/;(*"+!"7 ?(* $!%"+!'& "#& "*&&

+%%('$+"&. "( "#& "&*/ Integral(Ω, f(x), x) #+% Integral +% $"% *((" )#$'# #+% "#*&&

'#$,.*&! $! "#& (*.&* Ω, f, x +!. f #+% (!& '#$,. x7

BC



 !"! #$%&'(')* +(&,($*'$+

 !"#$%$&# '( -  !" #$#!#$%& '+ , ./)0('1) σ : X → T (Σ,X )  !"# $#%$ σ(x) 6= x
&'( x ∈ X ) *#+  +$ '& ,%(-%./+ $#%$ σ 0'+ 1'$ 2%3 $' $#+2 +/,+ - "%//+0 $#+

 !"#$% '& σ4 -)+) Dom(σ) = {x ∈ X | σ(x) 6= x}) 5& Dom(σ) = {x1, · · · , xn} $#+1

6+ 2-7#$ 6(-$+ σ % σ = {x1 7→ t1, . . . , xn 7→ tn} &'(  '2+ $+(2 t1, .., tn) 819

 !. $-$!$-'1 σ "%1 .+ +:$+10+0 $' % 2%33-17 T (Σ,X ) → T (Σ,X ) % &'//'6 ; &'(

x ∈ X , σ̂(x) = σ(x)4 %10 &'( %19 1'1<,%(-%./+ $+(2 s = f(s1, · · · , sn)4 6+ 0+=1+

σ̂(s) = f(σ̂(s1), · · · , σ̂(sn))) *'  -23/-&9 $#+ 1'$%$-'1 6+ 0' 1'$ 0- $-17!- # .+$6++1

%  !. $-$!$-'1 σ : X → T (Σ,X ) %10 -$ +:$+1 -'1 σ̂ : T (Σ,X ) → T (Σ,X ))

*#+ #&&'$(#)$!% '& %  !. $-$!$-'1 σ $' % $+(2 t4 0+1'$+0 .9 σ(t)4  -2!/$%1+'! /9

(+3/%"+ %// '""!((+1"+ '& ,%(-%./+ -1 t .9 $#+-( σ<-2%7+ )

*!+ $%,)#%(-. )/- "#&$%0 σ  -1%- 23 σ(x) = a $, # ,42,)$)4)$!% #% $), -5)-%,$!%

σ̂ "#&, f(x) #% g(x) $%)! f(a) #% g(a)6

7 (+6(-$-17 (!/+. $, # &#$+ (l, r) 8/-+- l #% r #+- )-+", $% T (Σ,X )9 $) 8$'' #',!
2-  -%!)- 23 l  r6 :- !2,-+;- )/#) <!+ #%3 )8! )-+", s, t. )/-+- -5$,), #)

"!,) !%- ,42,)$)4)$!% σ ,4(/ )/#) σ(s) = t6 :- "-%)$!% )/#) # +-8+$)$%0 +4'-

,)#% , <!+ )/- +4'- #&&'$(#)$!% #) )/- )!& &!,$)$!%6 =) $, "!+- 4,-<4' )! 2- #2'-

)! #&&'3 # +4'- #) #+2$)+#+3 &!,$)$!%. #% "!+- 0-%-+#''3 )! ,&-($<3 )/- 8#3 +4'-,

#+- #&&'$- 6 *!+ )/$, &4+&!,- 8- %-5) &+-,-%) # ,)+#)-03 '#%04#0- )/#) #''!8,

)! 24$') ,)+#)-0$-, !4) !< 2#,$( (!%,)+4()!+,6 >! )/$, -% . 8- $%)+! 4(- ,)+#)-03

(!%,)+4()!+ ,3"2!', ; , ,⊕, µ, etc )/#)  ! %!) 2-'!%0 )! Σ ∪ X 6 =%<!+"#''3. )/-

(!%,)+4()!+ ”; ” ,)#% , <!+ )/- (!"&!,$)$!%. ” ⊕ ” <!+ )/- '-<) (/!$(-. Some <!+

)/- #&&'$(#)$!% !< # ,)+#)-03 )! )/- $""- $#)- ,42)-+", !< )/- $%&4) )-+". η(x)
<!+ )/- <#$' #, $ -%)$)3 (!%,)+4()!+. Child(j, s) #&&'$-, )/- ,)+#)-03 s )! )/- j !

$""- $#)- ,42)-+". X $, # 15- ?&!$%) ;#+$#2'-. #% µ $, )/- 15- ?&!$%) !+ )/-

$)-+#)!+ (!%,)+4()!+. $), &4+&!,- $, )!  -1%- +-(4+,$;- ,)+#)-0$-,6 *!+ -5#"&'-. )/-

,)+#)-03 µX.(s;X) ,)#% , <!+ s; s; . . .. )/#) $,. $) $, )/- $)-+#)$!% !< )/- #&&'$(#)$!%

!< s 4%)$' # 15- ?&!$%) $, +-#(/- 6 >/- &+-($,- ,-"#%)$(, !< )/-,- (!%,)+4()!+, $,

0$;-% $% @-1%$)$!% AA6

 !"#$%$&# '( > !"#!$%& !"# F $" % &'(#" )"# *+ &,"-./*('# 0%1(%$2")3 4 )#1%#"56

() ('-78#(0"26 -"&'"- $6 #9" +*22*:('5 51%;;%1<

s ::= l  r | s; s | s⊕ s | η(s) | Some(s) | Child(j, s) | X | µX.s  !"#$%

:9"1" j ∈ N %'- X ∈ F 3 =9" )"# *+ )#1%#"5(") -"&'"- +1*; % )"# *+ 1":1(#('5 172")

(' T (Σ,X )× T (Σ,X ) () -"'*#"- $6 ST 3

&' (')*+' ,- F +.' /0121)3 4'562+ */ 0 5+40+'3- 0)( T ∗(Σ,X ) = T (Σ,X ) ∪ F.

#!



 !"#$%& '( ) *%+&,$,-. /&"0%+1&2 /1& "340#$1$,5 016%7,-.

 !"#$%$&# '' 8 !"#$%&'( )* # (%+#%!,-9 :!% 3%0"-$,53 1/ " 3$&"$%.4 ,3 " /;-5<

$,1- [[.]] : ST (Σ,X ) → (T ∗(Σ,X ) → T ∗(Σ,X )) 6%=-%6 >4 ,$3 "##7,5"$,1- $1 %"5!
.&"00"& 510#1-%-$?

[[s]](F) = F

[[l  r]](t) =

{
σ(r) ,/ σ(l) = t

F 1$!%&+,3%

[[s1; s2]](t) = [[s2]]([[s1]](t))

[[s1 ⊕ s2]](t) =

{
[[s1]](t) ,/ [[s1]](t) 6= F

[[s2]](t) 1$!%&+,3%

[[η(s)]](t) =

{
t ,/ [[s]](t) = F

[[s]](t) 1$!%&+,3%

[[Some(s)]](t) =





F ,/ ar(t) = 0

f(η(s)(t1), . . . , η(s)(tn)) ,/ t = f(t1, . . . , tn) "-6 ∃i ∈ [1..n] 3($( [[s]](ti) 6=

F 1$!%&+,3%

[[Child(j, s)]](t) =

{
F ,/ ar(t) = 0, 1& t = f(t1, . . . , tn) "-6 j > n

f(t1, . . . , tj−1, [[s]](tj), tj+1, . . . , tn) ,/ t = f(t1, . . . , tn) "-6 j ≤ n.

 !" #"$%&'()# *+ '!" ,-"./0*(&' )*&#'12)'*1 (# $*1" #23'4"5 6&" 7*24. 71('"8

[[µX.s]] = [[s[X/µX.s]]] 9:5;;<

32' '!(# "=2%'(*& )%&&*' 3" .(1")'4> 2#". '* .",&" [[µX.s]]? #(&)" '!" 1(@!'/!%&.
#(." )*&'%(&# %# % #230!1%#" '!" 0!1%#" 7!*#" ."&*'%'(*& 7" %1" '1>(&@ '* .",&"5

A*'()" '!%' '!" "=2%'(*& 9:5;;< %$*2&'# '* #%>(&@ '!%' [[µX.s]] #!*24. 3" '!" 4"%#'
,-"./0*(&' *+ '!" *0"1%'*1 F 8

F (X) = λX(T ∗(Σ,X )→T ∗(Σ,X )) [[s]](T
∗(Σ,X )→T ∗(Σ,X )).

B"' D = T ∗(Σ,X ) → T ∗(Σ,X ) %&. .",&" ⊑ % 0%1'(%4 *1."1 *& D %# +*44*7#8

w ⊑ w′
(C graph(w) ⊆ graph(w′).

B"' ⊥ 3" '!" +2&)'(*& *+ "$0'> @1%0!? %&. 4"'

F0 = ⊥

Fn = F (Fn−1).

6&" )%& #!*7? 2#(&@ D&%#'"1/ %1#E> ,-"./0*(&' '!"*1"$ FGGH? '!%' F∞ (# '!" 4"%#'

,-"./0*(&' *+ '!" *0"1%'*1 F ? '!%' (#

F (w) = w =⇒ F∞ ⊑ w.

;I



 !"! #$%&'(')* +(&,($*'$+

 !"# $%&' ()*+, &-!.,*)+/ .0*/& 1&02 )3,&+ *+ 4*1*+4 '&+),.,*)+.5 /&6.+,*"/ ,)

5.+4!.4&/ 7*,# 0&"!0/*1& 3&.,!0&/8 3)0 *+/,.+"& ,#& /&6.+,*"/ )3 ,#& 5))( 97#*5&: )3

,#& (0)40.66*+4 5.+4!.4&/ ;<=8 >?8 >@ABC

 !"#$%& '( -.( /0 (1$ 2,+'3 3/)+(&.3(/&+ /0 +(&,($*'$+ *'4$) ') 5$6)'('/) 789

%$ 2.':( .; +/<$ .+$0.: +(&,($*'$+! =1$ +(&,($*> OuterMost(s) ,;;:'$+ (1$ +(&,($*>

s (/ ,) ');.( ($&< t ') , (/; ?/%) %,> +(,&(')* 0&/< (1$ &//(9 '( +(/;+ %1$) '(

+.33$$?+! =1,( '+9 '0 (1$ +(&,($*> s +.33$$?+ /) +/<$ +.2($&< t′ /0 t9 (1$) '( '+

)/( ,;;:'$? (/ (1$ ;&/;$& +.2($&<+ /0 t′! =1$ +(&,($*> TopDown(s) 2$1,4$+ $@,3(:>
:'A$ OuterMost(s) ,;,&( (1,( '0 (1$ +(&,($*> s +.33$$?+ /) +/<$ +.2($&< t′ /0 t9
(1$) '( '+ ,:+/ ,;;:'$? (/ (1$ ;&/;$& +.2($&<+ /0 t′! =1$ +(&,($*> InnerMost(s)
B&$+;! BottomUp(s)C 2$1,4$+ :'A$ InnerMost(s) B&$+;! BottomUp(s)C 2.( ') (1$

/;;/+'($ ?'&$3('/)9 '!$! '( (&,4$&+$+ , ($&< t +(,&(')* 0&/< (1$ :$,0+! =1$ +(&,($*>

Normalizer(s) '($&,($+ (1$ ,;;:'3,('/) /0 s .)(': , 6@$?D;/')( '+ &$,31$?! =1$

0/&<,: ?$6)'('/) /0 (1$+$ +(&,($*'$+ 0/::/%+E

OuterMost(s) := µX.(s⊕ Some(OuterMost(X))),

T opDown(s) := µX.(s;Some(TopDown(X))),

InnerMost(s) := µX.(Some(InnerMost(X))⊕ s),

BottomUp(s) := µX.(Some(BottomUp(X)); s),

Normalizer(s) := µX.(s;X).

 !"#$%& ') F$( (1$ 4,&',2:$ +$( X = {y, z, t, w} ,)? (1$ ;,&('('/) Σ = Σ0 ∪
Σ1 ∪ Σ2 /0 (1$ +$( /0 0.)3('/) +><2/:+ %'(1 &$+;$3( (/ (1$'& ,&'(> %'(1 Σ0 =
{x, x1, x2, ∂Ω,Ω, ε}, Σ1 = {u, v, n,O,B}, Σ2 = {?$&'4,('4$}, Σ3 = {G)($*&,:}!
H$ ;&$+$)( (1$ +(&,($*> (1,( &$%&'($+ (1$ $@;&$++'/)

Ψ =

∫

∂Ω

u(x) n(x) B(v(x1, x2)) dx−

∫

Ω

u(x)
d

dx
(B(v(x1, x2))) dx+O(ε),

(,A')* ')(/ ,33/.)( (1,( B(v) 4,)'+1$+ /) (1$ 2/.)?,&> ∂Ω! =1'+ ($&< '+ %&'(($)

.)?$& <,(1$<,('3,: 0/&< 0/& +'<;:'3'(>9 2.( ') ;&,3('3$ '( '+ %&'(($) 0&/< (1$ ,2/4$

?$6)$? +><2/: /0 0.)3('/)+! #$<,&A (1,( (1$ $@;&$++'/) B(v(x1, x2)) '+ , 0.)3('/)

/0 (1$ 4,&',2:$ x 2.( (1'+ ?/$+ )/( ,;;$,& $@;:'3'(:> ') (1'+ 0/&<.:,('/)! I.31 ,

3,+$ 3,))/( ,;;$,& %1$) (1$ *&,<<,& 0/& ($&<+ ')(&/?.3$? ') (1$ )$@( +$3('/) '+

.+$?! H$ )$$? (1$ (%/ &$%&'(')* &.:$+

r1 :=

∫

∂Ω

w dt 

∫

∂Ω

w dt,

r2 := B(v(z, y)) 0,

==



 !"#$%& '( ) *%+&,$,-. /&"0%+1&2 /1& "340#$1$,5 016%7,-.

"-6 $!% 3$&"$%.4 OuterMost "7&%"64 6%8-%6( 91$,5% $!"$ $!% &:7% r1 !"3 -1 %;%5$
<:$ $1 6%$%5$ $!% #&%3%-5% 1/ $!% ,-$%.&"7 1=%& $!% <1:-6"&4( >,-"774? $!% 6%3,&%6

3$&"$%.4? 6%-1$%6 <4 F ? ,3@

F := OuterMost(r1;OuterMost(r2)),

"-6 $!% &%3:7$ ,3

[[F ]](Ψ) =

∫

∂Ω

u(x) n(x) B(0) dx−

∫

Ω

u(x)
d

dx
(B(v(x1, x2))) dx+O(ε).

 !"!# $%&'()(*+ ,-./0- %1/2)(-*20 )3%-'(%4

 ! "#$ %&' (')#*%+,( !" (%$#%'-+'( .!'( *!% %#/' +*%! #,,!0*% %&' 1$!1'$%+'( !"

(!)' "0*,%+!* (2)3!4(5 '6-6 #((!,+#%+7+%2 #*. ,!))0%#%+7+%2 '80#4+%+'( !" 9:96 ;*

1#$%+,04#$ %&' #114+,#%+!* !" %&' $04' a+ b f(a, b) %! %&' %'$) (a+ c) + b "#+4(6
<!$' -'*'$#442 =' *'>% ,!*(+.'$ %&' $'=$+%+*- )!.04! #* '80#%+!*#4 %&'!$25 +6'6 #

%&'!$2 %&#% +( #>+!)#%+?'. 32 # ('% !" '80#4+%+'(6

@!$ %&' (#/' !" +440(%$#%+!*5 =' ,!*(+.'$ %&' ,!))0%#%+7+%2 #*. #((!,+#%+7+%2 %&'!$2

!" +, E = {x + y = y + x, (x + y) + z = x + (y + z)} #*. %&' $'=$+%' $04'

f(x+ y) f(x) + f(y) #1142+*- %&' 4+*'#$+%2 $04' !" # "0*,%+!* f 6 ;%( #114+,#%+!*
%! %&' %'$) f((a + b) + c) )!.04! E 2+'4.( %&' ('% !" %'$)( {f(a+ b) + f(c),
f(a) + f(b+ c), f(b) + f(a+ c)}. ;* %&' "!44!=+*-5 =' .'A*' 1#$% !" %&' (')#*%+,(

!" # (%$#%'-2 )!.04! # %&'!$25 =' 0(' %&' *!%#%+!* P(T (Σ,X )) %! .'*!%' %&' ('%

!" (03('%( !" T (Σ,X )6

 !"#$%$&# '( A !"#$%&'( )* # (%+#%!,- ")./0)B C%$ <% E <% " 8-,$"&4 %D:"E

$,1-"7 $!%1&4? $!% 3%0"-$,53 1/ " 3$&"$%.4 016:71 E ,3 " /:-5$,1- [[.]]E : ST (Σ,X ) →
(P(T ∗(Σ,X )) → P(T ∗(Σ,X ))) $!"$ ,3 6%8-%6 <4

[[s]]E({t1, . . . , tn}) = ∪n
i=1[[s]]

E(ti)

[[l  r]]E(t1) = ∪j{σj(r)} ,/ E =⇒ σj(l) = t,

[[s1; s2]]
E(t) = [[s2]]

E([[s1]]
E(t))

[[s1 ⊕ s2]]
E(t) =

{
[[s1]]

E(t) ,/ [[s1]](t) 6= {F}

[[s2]]
E(t) 1$!%&+,3%

[[η(s)]]E(t) =

{
{t} ,/ [[s]]E(t) = {F}

[[s]]E(t) 1$!%&+,3%(

B&' (')#*%+,( !" Some #*. Child +( )!$' ,!)14'> #*. =' .! *!% .'%#+4 +% &'$'6

B&' (')#*%+,( !" %&' A>'.C1!+*% !1'$#%!$ +( (+)+4#$ %! %&' !*' -+7'* +* %&' $'=$+%+*-

)!.04! #* ')1%2 %&'!$26

DE



 !"! # $%&'()*+ ,(&-./0/*(1 230&45(36 7(3 8(94) :43*;0/*(1

 !"!# $%&'()(%&*+ ,-.,()(&/

 !"#$%$&' "$%( )*&+$%$*&,- #.-!/0 ,-/* 1&*"& ,/ )*&+$%$*&,- #!"#$%$&'0 !2%!&+/ %(!

3,/$) #!"#$%$&' "$%( %(! &*%$*& *4 )*&+$%$*&5 6 )*&+$%$*&,- #!"#$%! #.-! $/ , %#$7-!%8

(l, r, c)

"(!#! c $/ , )*&/%#,$&% !27#!//!+ $& /*9! -*'$)5 :(! /!9,&%$)/ *4 %(! #.-! ,77-$),;
%$*& $/ '$<!& 3=

[[(l, r, c)]]E(t) =

{
∪j{σj(r)} $4 %(! 4*#9.-, σj(c) ),& 3! +!#$<!+ 4#*9 E,

F *%(!#"$/!5

:(! /!% *4 /%#,%!'$!/ +!>&!+ *<!# #!"#$%$&' #.-!/ (l, r, c) ∈ T ×T ×Tc $/ +!&*%!+

3= ST ,Tc .

 !"!" 0-.,()(&/ .()1 2-2%,3

?*9! +!>&$%$*&/ *# )*97.%,%$*&/ #!@.$#! /%*#$&' %(! ($/%*#= *4 %(! %#,&/4*#9,%$*&/

*4 /*9! %!#9/5 :* ),##= *&0 "! $&%#*+.)! , 7,#%$).-,# 4.&)%$*& /=93*- M ∈ Σ2

*4 ,#$%= %"* %* #!7#!/!&% %(! 9!9*#=5 A&%.$%$<!-= %(! %!#9 M(t1, t2) #!7#!/!&%/
%(! %!#9 t10 3!/$+!/ %(! ,++$%$*&,- $&4*#9,%$*& %(,% t2 ",/ %#,&/4*#9!+ %* t1 ,%
,& !,#-= /%,'!5 B#*9 %($/ )*&/$+!#,%$*& $4 4*--*"/ %(,% ,&= /%#,%!'= ,77-$!+ %*

M(t1, t2) /(*.-+ *&-= 3! ,77-$!+ %* t15 B*#9,--=0 "! +!>&! %(! /!9,&%$)/ *4 /%#,%!'=
,77-$),%$*& %,1$&' $&%* ,))*.&% %(! 9!9*#= ,/ , 7,#%$,- 4.&)%$*&8 [[.]]

M
: ST (Σ,X ) →

(T ∗(Σ,X ) → T ∗(Σ,X )) /* %(,%8
[[s]]M(t) = M([[s]]M(t1), t2) $4 t = M(t1, t2)0 ,&+ 3!(,<!/ -$1! [[.]]0 *%(!#"$/!5 :(,%

$/0

[[s]]M(F) = F

[[l  r]]M(t) =

{
σ(r) $4 σ(l) = t

F *%(!#"$/!

[[s1; s2]]M(t) = [[s2]]M([[s1]]M(t))

[[s1 ⊕ s2]]M(t) =

{
[[s1]]M(t) $4 [[s1]]M(t) 6= F

[[s2]]M(t) *%(!#"$/!

!%)5

 !" # $%&'()*+ ,(&-./0/*(1 230&45(36 7(3 8(94)

:43*;0/*(1

A& %($/ /!)%$*& "! 7#*7*/! , 4#,9!"*#1 4*# %(! %"*;/),-! 9*+!- 7#**4/5 6/ $&

C2,97-! DE0 %(! -,%%!# ,#! 4*#9.-,%!+ ,/ #!"#$%$&' /%#,%!'$!/5 F! &*%$)! %(,% %(!

DE



 !"#$%& '( ) *%+&,$,-. /&"0%+1&2 /1& "340#$1$,5 016%7,-.

 !""!#$%&  '()*#!'+ ,$-*'.  '!) /0(/ 1.*, $% 23()4"* 56 $% /0(/ $/ (""!#.  !' /0*

7!)4"*/* '*4'*.*%/(/$!% ! /0* ,(/(8 9/ ,!*. %!/ '*": !% *3/*'%(" ./'17/1'*. .170

(. 0(.0 /(;"*.8 <! /0$. *%,= #* ,*>%* /0* .:%/(3 ! /0* )(/0*)(/$7(" *34'*..$!%.

;: )*(%. ! ( &'())(' G8

 !"! # $%&''&% ()% *&+,-'&+./&0 123%-44.)54

<0* &'())(' $%7"1,*.  !1' '1"*. /! ;1$"/ /*').  !' )(/0*)(/$7("  1%7/$!%. F=

'*&$!%. R= )(/0*)(/$7(" ?('$(;"*. V= (%, ;!1%,(': 7!%,$/$!%. C8 9/ $%?!"?*.

ΣReg= ΣV ar, ΣFun, ΣOper, (%, ΣCons #0$70 ('* .*/. ! %()*. ! '*&$!%.= ?('$(;"*.=

 1%7/$!%.= !4*'(/!'.= (%, 7!%./(%/. .! .1;.*/. ! Σ08 2)4/: *34'*..$!%. $% ΣReg

(%, ΣFun ('* ,*%!/*, ;: ⊥R (%, ⊥F8 <0* .*/ ! 1.1(" ("&*;'($7 !4*'(/$!%. ΣOp =
{+,−,×, /, ˆ} $. ( .1;.*/ ! Σ28 <0* *"*)*%/. ! ΣType = {8-2-1+- , 9%3$ , :-1+- ,
⊥Type} ⊂ Σ0, ⊥Type ,*%!/$%& /0* *)4/: *34'*..$!%= ('* /! .4*7$ : /0* %(/1'* ! (

 1%7/$!%= %()*": (% 1%+%!#%  1%7/$!% @(. uε, u0, u1 $% /0* 4'!! A= ( /*./  1%7/$!%

@(. v, v0, v1A $% ( #*(+  !')1"(/$!% !' (%!/0*' +%!#%  1%7/$!% @(. aε, f ε, a0, f 0
!'

nΓ1
A8 <0* ;!1%,(': 7!%,$/$!%. .(/$.>*, ;: (  1%7/$!% ('* .4*7$>*, ;: /0* *"*)*%/.

! ΣBC = {d, n, pd, apd, t} ⊂ Σ0 /! *34'*.. /0(/ $/ .(/$.>*. B$'$70"*/= C*1)(%=

4*'$!,$7= (%/$D4*'$!,$7 !' /'(%.)$..$!% 7!%,$/$!%.8 <0* &'())(' (".! $%?!"?* /0*

.:);!". !  1%7/$!%. Reg= Fun= IndexedFun= IndexedReg= IndexedVar= Oper= Var=

(%, BC /0(/ ,*>%* '*&$!%.= )(/0*)(/$7("  1%7/$!%.= $%,*3*,  1%7/$!%. !' '*&$!%.

!' ?('$(;"*.= !4*'(/!'.= )(/0*)(/$7(" ?('$(;"*. (%, ;!1%,(': 7!%,$/$!%.8 <0*

&'())(' '*(,. (.

F ::= ⊛ (F,F) | d | V |

Fun(f, [V, . . . ,V], [C, . . . ,C], K) |

IndexedFun(F,V) |

Oper(A, [F, . . . ,F], [V, . . . ,V], [V, . . . ,V], [d, . . . , d]) |

⊥F | M(F,F),

R ::= Reg(Ω, [d, . . . , d], {R, . . . ,R},R,F) |

IndexedReg(F,V) |

⊥R | M(R,R),

V ::= Var(x,R) | IndexedVar(V,V) | M(V,V),

C ::= BC(c,R,F) | M(C,C),

#0*'* /0* .:);!". Ω, d, ⊛, f, K, A, x (%, c 0!",  !' (%:  1%7/$!% .:);!". $%

ΣReg= ΣCons= ΣOp= ΣFun= ΣType= ΣOper= ΣV ar, (%, ΣBC 8 <0* ('&1)*%/. ! ( '*&$!%

/*') ('* $/. '*&$!% %()*= /0* "$./ ! $/. .4(7* ,$'*7/$!%. @*8&8 EF=5G  !' ( 4"(%* $%

/0* ?('$(;"*. (x1, x3))= /0* @4!..$;": *)4/:A .*/ ! .1;'*&$!%.= /0* ;!1%,(': (%,

/0* !1/#(', 1%$/ %!')("8 <0!.* ! (  1%7/$!% /*') ('* $/.  1%7/$!% %()*= /0*

5H



 !"! # $%&'()*+ ,(&-./0/*(1 230&45(36 7(3 8(94) :43*;0/*(1

 !"# $% #&' ()#&'()#!*) +),!)- '" #&)# ,)./' $+', !#" 0$()!.1 !#"  !"# $% -$2.0),3

*$.0!#!$."1 ).0 !#" .)#2,'4 5&$"' %$, ). !.0'6'0 ,'/!$. $, +),!)- ' $, %2.*#!$. #',(

),' !#" %2.*#!$. $, +),!)- ' #',( ).0 !#" !.0'6 78&!*& "&$2 0 -' 0!"*,'#'94 :$, ).

$;',)#$, #',( #&'"' ),' !#" .)('1 #&'  !"# $% !#" ),/2('.#"1 #&'  !"# $% ()#&'()#!*) 

+),!)- ' #',(" #&)# !# 0';'.0"1 #&'  !"# $% ()#&'()#!*) +),!)- ' #',(" $% !#" *$<

0$()!. 72"'%2 '4/4 %$, T 8&'. #&' !()/' *)..$# -' 0'02*'0 %,$( #&' !.!#!) "'#91

).0 )  !"# $% ;),)('#',"4 :!.)  31 #&' ),/2('.#" $% ) -$2.0),3 *$.0!#!$. #',(

),' !#" #3;'1 #&' -$2.0),3 8&',' !# );; !'" ).0 ). !(;$"'0 %2.*#!$. !% #&',' !"

$.'4 :$, '6)(; '1 #&' !(;$"'0 %2.*#!$. !" "'# #$ 0 %$, ). &$($/'.'$2" =!,!*& '#

*$.0!#!$. ).0 #&',' !" .$ !(;$"'0 %2.*#!$. !. ) ;',!$0!*!#3 *$.0!#!$.4 >' "&)  

0'.$#' -3 TR(Σ, ∅), TF(Σ, ∅)1 TV(Σ, ∅), ).0 TC(Σ, ∅) #&' "'# $% #',(" /'.',)#'0 -3

#&' /,)((), "#),#!./ %,$( #&' .$.<#',(!.) R, F1 V, ).0 C. 5&' "'# $% )  #',("

/'.',)#'0 -3 #&' /,)((), 7!4'4 "#),#!./ %,$( R, F1 V, $, C9 !" 0'.$#'0 -3 TG(Σ, ∅)4
:!.)  31 8' ) "$ 0'?.' #&' "'# $% #',(" TG(Σ,X ) 8&',' ')*& .$.<#',(!.) R, F1

V, ).0 C *). -' ,'; )*'0 -3 ) ,'8,!#!./ +),!)- ' !. X 4 @A2!+) '.# 31 !# *). -'

/'.',)#'0 -3 #&' '6#'."!$. $% G $-#)!.'0 -3 )00!./ B | xB 8!#& x ∈ X !. #&'

0'?.!#!$. $% ')*& .$.<#',(!.) #',(4 C,1 -3 )00!./ N ::= x1 8!#& x ∈ X %$, ')*&

.$.<#',(!.) N 4

 !"#$%& '( <=3(.>=(./ /=*? ,=0-/43@ 01 .1943)*149 ?%&'() 34-34?41/? 0 ?=(3/A

+./ 5=(?4 10&4 +(334?-(19? /( /=4 /43& 10&4! 2(3 *1?/01+4@

Ω = Reg(Ω, [2], ∅,Γ, n), 5=434 Γ = Reg(Γ, [], ∅,⊥R,⊥F)@

n = Fun(n, [x′], [], Known), x′ = Var(x,Ω′) 019 Ω′ = Reg(Ω, [2], ∅,Γ,⊥F)

34-34?41/? 0 34>*(1A/43& 0 (14A9*&41?*(10) 9(&0*1 10&49 Ω@ (3*41/49 *1 /=4 9*A

34+/*(1 x2@ 5*/= '(.1903% Γ 019 5*/= (./5039 .1*/ 1(3&0) n! <=4 ?=(3/+./ Γ *?

0)?( 7(3 0 34>*(1 /43& 34-34?41/*1> /=4 '(.1903% 10&49 Γ!

 !"#$%& ') #1 .161(51 7.1+/*(1 u(x) 94B149 (1 Ω ?0/*?7%*1> =(&(>414(.?

:*3*+=)4/ '(.1903% +(19*/*(1 u(x) = 0 (1 Γ *? 34-34?41/49 '% /=4 7.1+/*(1A/43&@

u(x) = Fun(u, [x], BC(d,Γ, 0), Unknown) 5=434 x = Var(x,Ω).

 !"!# $%&'()*+( ,-'./

:$, #&' ")D' $% *$.*!"'.'""1 8' !.#,$02*' "&$,#*2# #',(" #&)# ),' *$."#).# 3 2"'0

!. #&' '.0 $% #&' E&);#',F Ω ∈ TR(Σ,X )1 x ∈ TV(Σ,X ) 0'?.'0 !. Ω1 I ∈ TR(Σ,X )
2"'0 %$, 70!"*,'#'9 !.0!*'"1 i ∈ TV(Σ,X ) 2"'0 )" ). !.0'6 0'?.'0 !. I1 u ∈ TF(Σ,X )
$, u(x) ∈ TF(Σ,X ) #$ '6;,'"" #&)# !# 0';'.0" $. #&' +),!)- ' x ).0 ui #&' !.0'6'0<

#',( $% #&' %2.*#!$. u !.0'6'0 -3 i4 G!(! ), 0'?.!#!$." *). -' /!+'. %$, #&' $#&',

.$#)#!$." 2"'0 !. #&' ;,$$% )" Ω♯, x♯, Ω1, x1, Ω′, x′, v(x♯, x1) '#*4 5&' $;',)#$,"

HI



 !"#$%& '( ) *%+&,$,-. /&"0%+1&2 /1& "340#$1$,5 016%7,-.

 !"!##$%& '(% )*! +%((' $%! )*! , )!-%$./ )*! 0!%,1$),1!/ )*! )2(3#"$.! )%$ #'(%4 T /
,)# $05(, ) T ∗

/ $ 0 B6 7 $00,),( / '(% #(4! !8)! #,( # (' )*! %!'!%! "! +%((' 2!

#*$.. 9#! )*! 0,#"%!)! #946

7 #)!$0 (' 2%,), - (+!%$)(%3)!%4# $# 0!: !0 , )*! -%$44$%/ 2! +%!'!% )( 9#! )*!

9#9$. 4$)*!4$),"$. !8+%!##,( #6 ;*! )$<.! <!.(2 !#)$<.,#*!# )*! "(%%!#+( 0$ "!

<!)2!! )*! )2( '(%49.$),( #6∫
u dx ≡ Oper(Integral, u, [x], [], []),

∂u

∂x
≡ Oper(Partial, u, [x], [x], []),

tr(u, x)(x′) ≡ Oper(=!#)%,"),( , u, [x], [x′], []),

T (u, x)(x♯, x1) ≡ Oper(T, u, [x], [x♯, x1], [ε]),

T ∗(v, [x♯, x1])(x) ≡ Oper(T ∗, v, [x♯, x1], [x], [ε]),

B(v, [x♯, x1])(x) ≡ Oper(B, v, [x♯, x1], [x], [ε]),
∑

i

ui ≡ Oper(Sum, ui, [i], [], []).

;*! 49.),+.,"$),( $ 0 !8+( ! ),$),( , 1(.1, - )2( )!%4# f $ 0 g $%! 2%,))! fg
$ 0 f g

$# 9#9$. , 4$)*!4$),"#6 >.. )*!#! "( 1! ),( # *$1! <!! , )%(09"!0 '(%

)!%4# , T (Σ, ∅)6 ?(% )!%4# , T (Σ, X) $# )*(#! ! "(9)!%!0 , %!2%,), - %9.!#/ )*!

%!2%,), - 1$%,$<.!# "$ %!+.$"! $ & (' )*! $<(1! #*(%) "9) )!%4#6

 !"#$%& '( 8!% &%+&,$,-. &97% "3315,"$%6 $1 $!% :&%%- &97% ;'('<= &%"63

∫
∂u

∂x
v dx −

∫
u
∂v

∂x
dx+

∫
tr(u) tr(v) n dx′.

+,$! $!% 3!1&$>59$3 Γ = Reg(Γ, d1, ∅,⊥R,⊥F)? Ω = Reg(Ω, d2, ∅,Γ, n)? x = Var(x,Ω)
"-6 x′ = Var(x,Γ)( 8!% 1$!%& 340@173 u, v? x? Ω, Γ, d1, d2? n "&% &%+&,$,-. A"&,>
"@7%3? "-6 /1& ,-3$"-5%

∂u

∂x
≡ Oper(Partial, u, x, [], []).

)##74,-. $!,3 &97% "551&6,-. $1 "- "##&1#&,"$% 3$&"$%.4? 3"4 $!% $1# 61+- 3$&"$%.4?

$1 " $%&0 ,- T (Σ, ∅) 7,2%

Ψ =

∫
∂f(z)

∂z
g(z) dz,

/1& " .,A%- A"&,"@7% $%&0 z "-6 /9-5$,1- $%&03 f, g( )3 %B#%5$%6? $!% &%397$ ,3

−

∫
f
∂g

∂z
dz +

∫
f g n dz′

+,$! %A,6%-$ -1$"$,1-3 /1& n "-6 z′(

@A



 !"! # $%&'()*+ ,(&-./0/*(1 230&45(36 7(3 8(94) :43*;0/*(1

 !"!# $ %&'(&)*+ ,+-+./+.01 $.&*12+'

 !" ;03*0')4 94-41941+% 010)%<43 Θ #$ %"&'(") (* 4=4+/ >%>/4&> #+ ,*-./("% $,#"+,"

01234 5( #$ ' 6/+,(#*+ 6%*- TF(Σ, ∅) (* (!" $"( P(TV(Σ, ∅)) *6 (!" .'%($ *6 TV(Σ, ∅) 
7!"+ '..&#") (* ' ("%- t ∈ TF(Σ, ∅)8 #( %"(/%+$ (!" $"( *6 -'(!"-'(#,'& 9'%#':&"$
*+ ;!#,! t )"."+)$4  !" '+'&<="% Θ #$ /$") #+ (!" ,*+)#(#*+ .'%( *6 $*-" %";%#(#+>

%/&"$ '+) #$ #+)/,(#9"&< )"?+") :<

Θ(d) = ∅ 6*% d ∈ ΣCons,

Θ(x) = {x} 6*% x ∈ TV(Σ, ∅),

Θ(⊛(u, v)) = Θ(u) ∪Θ(v) 6*% u, v ∈ TF(Σ, ∅) '+) ⊛ ∈ ΣOp,

Θ(⊥F) = ∅8

Θ(u(x1, .., xn)) = {x1, .., xn} 6*% u ∈ TF(Σ, ∅) '+) x
1, .., xn ∈ TV(Σ, ∅),

Θ(ui) = Θ(u) 6*% u ∈ TV(Σ, ∅) '+) i ∈ TV(Σ, ∅),

Θ([u1, . . . , un]) = Θ(u1) ∪ · · · ∪Θ(un) 6*% u1, . . . , un ∈ TF(Σ, ∅).

 !" )"?+#(#*+ *6 Θ *+ (!" *."%'(*%@("%-$ #$ )*+" ,'$" :< ,'$"8

Θ(

∫
u dx) = Θ(u) \Θ(x),

Θ(
∂u

∂x
) =

{
Θ(u) #6 Θ(x) ⊆ Θ(u),
∅ *(!"%;#$"8

Θ(tr(u, x)(x′)) = Θ(x′),

Θ(T (u, x)(x♯, x1)) = (Θ(u) \Θ(x)) ∪Θ([x♯, x1]) #6 Θ(x) ∩Θ(u) 6= ∅,

Θ(T ∗(v, [x♯, x1])(x)) = (Θ(v) \Θ([x♯, x1])) ∪Θ(x) #6 Θ([x♯, x1]) ∩Θ(v) 6= ∅,

Θ(B(v, [x♯, x1])(x))) = (Θ(v) \Θ([x♯, x1])) ∪Θ(x) #6 Θ([x♯, x1]) ∩Θ(v) 6= ∅,

Θ(
∑

i

ui) =
⋃

i

Θ(ui).

7" *:$"%9" (!'( (!"$" )"?+#(#*+$ '%" +*( 9"%< >"+"%'&8 :/( (!"< '%" $/A,#"+( 6*%

(!" '..&#,'(#*+$ *6 (!#$ B!'.("%4  * ,*-.&"(" (!" )"?+#(#*+ *6 Θ8 #( %"-'#+$ (*
)"?+" #( *+ -"-*%< ("%-$8

Θ(M(u, v)) = Θ(u).

!"#$%&' () 2(3

Ψ =

∫

Ω♯

[

∫

Ω1

T (u(x), x)(x♯, x1)
∂v(x♯, x1)

∂x1
dx1]dx♯ ∈ TF(Σ, ∅),

CD



 !"#$%& '( ) *%+&,$,-. /&"0%+1&2 /1& "340#$1$,5 016%7,-.

$!% 3%$ Θ(Ψ) 1/ 0"$!%0"$,5"7 8"&,"97%3 1- +!,5! Ψ 6%#%-63 ,3 !%-5% ,-6:5$,8%74

510#:$%6 "3 /1771+3; Θ(u(x)) = {x}< Θ(T (u(x), x)(x♯, x1)) = {x♯, x1}< Θ(v(x♯, x1)) =

{x♯, x1}< Θ(∂v(x
♯,x1)

∂x1 ) = {x♯, x1}< Θ(T (u(x), x) (x♯, x1) ∂v(x♯,x1)
∂x1 ) = {x♯, x1}<

Θ(
∫
Ω1 T (u(x), x)(x♯, x1)

∂v(x♯,x1)
∂x1 dx1) = {x♯}< "-6 Θ(Ψ) = ∅< $!"$ ,3< Ψ ,3 " 51-=

3$"-$ /:-5$,1-(

 !"!# $%&'()*+,%- %. +/0 12'3%),4 $&*'05%&6 .%& 7%80)

90&,:*+,%-

 !" "# $%# %#$&' (! &#)*# (+# ,%$-#"!%. ,!% ("!/01$2# -!&#2 &#%34$(3!* 5'

%#"%3(3*67 8! &! 0!9 (+# %#"%3(3*6 %:2#0 $%# %#0(%31(#& (! 2#,( $*& %36+( (#%-0

(l, r) ∈ TG(Σ,X )×TG(Σ,X )7 8+#3% 1!*&3(3!*0 c $%# ,!%-:2$0 6#*#%$(#& 5' $ 6%$-/
-$%9 *!( #;<2313(#& +#%#9 1!-53*3*6 (#%-0 3* TG(Σ,X ) "3(+ (+# :0:$2 2!631$2 !<#%/
$(!%0 3* Λ = {∨,∧, ⌉,∈}7 =( $20! 3*4!24#0 !<#%$(3!*0 "3(+ (+# &#<#*&#*1' $*$2'>#%
Θ7 8+# 0#( !, (#%-0 6#*#%$(#& 5' (+30 6%$--$% 30 &#*!(#& 5' TL(Σ,X ,G,Θ,Λ).

=( %#-$3*0 (! $%6:# (+$(9 634#* $ 0(%$(#6' s 3* STG(Σ,X ),TL(Σ,X ,G,Θ,Λ)9 (+# 0#( !,

(#%-0 TG(Σ, ∅) 30 12!0#& :*&#% (+# $<<231$(3!* !, s7 =( 30 0:?13#*( (! 0+!" (+$(

,!% #$1+ %#"%3(3*6 r %:2# 3* s9 (+# $<<231$(3!* !, r (! $*' (#%- t ∈ TG(Σ, ∅) $( $*'
<!03(3!* '3#2&0 $ (#%- 3* TG(Σ, ∅)7 @0 $* #;$-<2#9 TG(Σ, ∅) 30 *!( 12!0#& :*&#% (+#
$<<231$(3!* !, (+# %:2# x  Ω9 "+#%# x 30 $ 4$%3$52#7 A:( 3( 30 12!0#& :*&#% (+#
$<<231$(3!* !, (+# 23*#$%3(' %:2#

∫
z
f+g dx 

∫
z
f dx+

∫
z
g dx $( $*' <!03(3!*9 "+#%#

f, g, x, z $%# %#"%3(3*6 4$%3$52#07 8+# $%6:-#*( 309 03*1#
∫
z
f+g dx ∈ TF(Σ, ∅)9 (+#*

f+g ∈ TF(Σ, ∅)9 $*& +#*1# f, g ∈ TF(Σ, ∅)7 8+:09
∫
z
f dx+

∫
z
g dx ∈ TF(Σ, ∅)7 8+$(

309 $ (#%- 3* TF(Σ, ∅) 30 %#<2$1#& 5' $ $*!(+#% (#%- 3* TF(Σ, ∅)7 @ -!%# 6#*#%$2

0#((3*6 (+$( &#$20 "3(+ (+# 12!0:%# !, %#6:2$% 2$*6:$6#0 :*&#% 0<#13)1 %#"%3(3*6

0(%$(#63#0 1$* 5# ,!:*& 3* BCDE7

@ -!&#2 &#%34$(3!* 30 &343&#& 3*(! 0#4#%$2 3*(#%-#&3$%' 2#--$07 F$1+ !, (+#- 30

3*(#*&#& (! <%!&:1# $ *#" <%!<#%(' (+$( 1$* 5# #;<%#00#& $0 !*# !% ,#" %#"%3(3*6

%:2#0 (! 5# $<<23#& 3* $*!(+#% <$%( !, (+# &#%34$(3!*7 G3*1# &'*$-31$2 1%#$(3!* !,

%:2#0 30 *!( $22!"#&9 $ 0(%$(#6' 30 1!4#%3*6 !*# 2#--$ !*2' $*& 30 !<#%$(3*6 "3(+ $

);#& 0#( !, %#"%3(3*6 %:2#07 8+# 1!*4#%03!* !, $ %#0:2( !, $ 0(%$(#6' (! $ *#" 0#( !,

%#"%3(3*6 %:2#0 30 &!*# 5' $* #2#-#*($%' #;(#%*$2 !<#%$(3!* (+$( 30 *!( $ 23-3($(3!*

,!% 6#*#%$23>$(3!*0 !, <%!!,07 8+# ,!22!"3*6 &#)*3(3!* 0:--$%3>#0 (+# ,%$-#"!%.

!, 0'-5!231 1!-<:($(3!* &#4#2!<#& 3* (+30 H+$<(#%7

 !"#$%$&# '( >!% 510#1-%-$3 1/ $!% ?:,-$:#7%$ Ξ = 〈Σ,X , E,G,Θ〉 #&18,6% "
/&"0%+1&2 /1& 340917,5 510#:$"$,1- $1 6%&,8% 0:7$,=35"7% 016%73( ) $+1=35"7%

016%7 6%&,8"$,1- ,3 %@#&%33%6 "3 " 3$&"$%.4 π ∈ STG(Σ,X ),TL(Σ,X ,G,Θ,Λ) /1& +!,5! $!%

3%0"-$,53 [[π]]E ,3 "##7,5"97% $1 "- ,-,$,"7 %@#&%33,1- Ψ ∈ T (Σ, ∅)(

IJ



 !"! # $%&'()*+ ,(&-./0/*(1 230&45(36 7(3 8(94) :43*;0/*(1

 ! "#$ $!% &' "#() )$*"(&! +$ ,-./$ "#," "#() '-,0$+&-1 () (! "#$ ),0$ "(0$ -$2,"(3$24

)(052$6 (" *&3$-) "#$ 3474341+4 &(94) %$-(3,"(&! ,!% (" ,22&+) '&- "#$ $7"$!)(&!)

5-$)$!"$% (! "#$ !$7" )$*"(&!8

9#$ .-,00,- &' "$-0) () %$)(.!$% "& *&3$- ,22 0,"#$0,"(*,2 $75-$))(&!) &**/-(!.

(! "#$ 5-&&' &' "#$ 3474341+4 &(94) ,) +$22 ,) &' "#$(- .$!$-,2(:,"(&!)8 ; "$-0 "#,"

'&22&+) "#$ .-,00,- (!*2/%$) 2&*,224 ,22 /)$'/2 (!'&-0,"(&!8 9#() ,3&(%) "#$ /)$

&' $7"$-!,2 ",<2$) ,!% ',*(2(","$) %$)(.! &' -$+-("(!. -/2$)6 (! 5,-"(*/2,- "& ",1$

(!"& ,**&/!" "#$ *&!"$7" &' )/<"$-0) "& <$ "-,!)'&-0$%8  " ,22&+) ,2)& '&- 2&*,2

%$=!("(&!)6 '&- (!)",!*$ , ),0$ !,0$ &' 3,-(,<2$ x *,! <$ /)$% (! %(>$-$!" 5,-")

&' , ),0$ "$-0 +("# %(>$-$!" 0$,!(!.6 +#(*# () /)$'/2 '&- (!)",!*$ (! (!"$.-,2)8

; 2(0(","(&! -$.,-%(!. .$!$-,2(:,"(&!) 5-$)$!"$% (! "#$ !$7" )$*"(&!6 () "#," "#$

.-,00,- 0/)" *&3$- <4 ,!"(*(5,"(&! ,22 !$$%$% '$,"/-$)8

?,*# )"$5 (! "#$ 5-&&' *&!)()") (! -$52,*(!. 5,-") &' ,! $75-$))(&! ,**&-%(!. "&

, 1!&+! 0,"#$0,"(*,2 5-&5$-"48 9#() () +$22 %&!$6 5&))(<24 -$*/-)(3$246 /)(!.

-$+-("(!. -/2$) "&.$"#$- +("# )"-,"$.($) ,22&+(!. '&- 5-$*()$ 2&*,2(:,"(&!8 @&0$ )"$5)

!$$% )(052(=*,"(&!) ,!% &'"$! /)$ "#$ )$*&!% 2(!$,-("4 -/2$ &' , 2(!$,- &5$-,"&-6

A(λu) = λAu +#$! λ () , )*,2,- A&- () (!%$5$!%$!" &' "#$ 3,-(,<2$) (! "#$ (!("(,2

)$" &' AB8 @& 3,-(,<2$ %$5$!%$!*4 &' $,*# )/<"$-0 )#&/2% <$ %$"$-0(!$%6 "#()

() 5-$*()$24 +#," Θ6 "#$ ;03*0')4 94-41941+% 010)%<436 () 5-&%/*(!.8 9#$ &"#$-

)(052(=*,"(&!) %& !&" -$C/(-$ "#$ /)$ &' Θ8  ! ,%%("(&! "& "#$ .-,00,- G, "#$

,!,24:$- Θ 0/)" <$ /5.-,%$% (! 3($+ &' $,*# !$+ $7"$!)(&!8

 ! ,22 )40<&2(* *&05/","(&! <,)$% &! "#$ .-,00,- G6 (" () (052(*("$24 ,))/0$%

"#," "#$ %$-(3,"(3$)6 "#$ (!"$.-,2) ,!% "#$ "-,*$) A(8$8 -$)"-(*"(&! &' , '/!*"(&! "&

"#$ <&/!%,-4B ,-$ +$22 %$=!$% )(!*$ "#$ -$./2,-("4 &' '/!*"(&!) () !&" $!*&%$%8

D/$ "& "#$ ,2.$<-,(* !,"/-$ &' "#$ 0,"#$0,"(*,2 5-&&')6 "#() '-,0$+&-1 #,) <$$!

'&-0/2,"$% <4 *&!)(%$-(!. "#$)$ 5-&&') ,) , *,2*/2/) -,"#$- "#,! '&-0,2 5-&&')

"#," *,! <$ '&-0,2(:$% ,!% *#$*1$% +("# , 5-&&' ,))()",!" EF6 GHI8  !%$$%6 "#()

() ',- )(052$- ,!% ,22&+)6 '-&0 , 3$-4 )0,22 )$" &' "&&2)6 '&- </(2%(!. )(.!(=*,!"

0,"#$0,"(*,2 %$-(3,"(&!8 9& *&3$- <-&,%$- 5-&&')6 "#$ '-,0$+&-1 0/)" <$ *#,!.$%

<4 $7"$!%(!. "#$ .-,00,- ,!% "#$ 3,-(,<2$ %$5$!%$!*4 ,!,24:$- &!248 J$"6 "#$

2,!./,.$ 9&0 EGI %&$) !&" 5-&3(%$ , *&052$"$ $!3(-&!0$!" '&- "#$ (052$0$!","(&!

&' &/- '-,0$+&-1 )(!*$ (" %&$) !&" )/55&-" "#$ "-,!)'&-0,"(&! &' -$+-("(!. -/2$)6

%$)5("$ (" 5-&3(%$) , -(*# )"-,"$.4 2,!./,.$ ,!% , 0&%/2$ '&- "#$ )5$*(=*,"(&! &'

"#$ .-,00,-8

KL



 !"#$%& '( ) *%+&,$,-. /&"0%+1&2 /1& "340#$1$,5 016%7,-.

 !" #$%&'()$*%+,)& )( -+$%+./,.' %' -.0)&1 2$1.$

-+$%+./,.'

 !" # $%&'( "')"%*%($ +*"#*'$, "'-"'+'(*%($ # .!/'0 -"!!12 !(' )!30/ 0%4' *! *"#(+5

1!". %* *! !6*#%( # /'"%&#*%!( !1 .!"' 7!.-0'8 .!/'0+9 :"#(+1!".%($ # +*"#*'$,

π ∈ ST (Σ,X ) %+ #7;%'&'/ 6, #--0,%($ +*"#*'$%'+ *! *;' +*"#*'$, π %*+'019  !" *;%+

-3"-!+'2 )' 7!(+%/'" *)! 0'&'0+ !1 +*"#*'$%'+< *;' ="+* !"/'" !('+ ST (Σ,X ) #+ /'=('/

%( >'=(%*%!( ?@2 #(/ *;' +*"#*'$%'+ !1 +'7!(/ !"/'" %( +37; # )#, *;#* +'7!(/ !"/'"

+*"#*'$%'+ 7#( 6' #--0%'/ *! ="+* !"/'" !('+9 :;#* %+2 *;' +'7!(/ !"/'" +*"#*'$%'+

#"' 7!(+%/'"'/ #+ *'".+ %( # +'* T (Σ,X ) !1 *'".+ );'"' Σ #(/ X "'.#%( *! 6'

/'=('/9 A%&'( # +'* !1 +*"#*'$%'+ ST (Σ,X ) *;#* 7!.'+ )%*; # +'* !1 =8'/5-!%(*

&#"%#60'+ F 2 )' -!+' Σ ⊃ Σ ∪ { , ; ,⊕, Some, Child, η, µ} ∪ F 9 B'* X 6' # +'*

!1 +'7!(/ !"/'" "')"%*%($ &#"%#60'+ +37; *;#* X ∩ (X ∪ Σ) = ∅9 C!*%7' *;#* ="+*
!"/'" "')"%*%($ &#"%#60'+ #(/ =8'/5-!%(* &#"%#60'+ #"' 7!(+%/'"'/ #+ 7!(+*#(*+ %(

T (Σ,X )2 %9'9 13(7*%!( +,.6!0+ %( Σ09 C!*%7' #0+! *;#* *;' #"%*, !1 *;' 13(7*%!(

+,.6!0+ , ; ,⊕, Child, µ %+ *)!2 #(/ *;' #"%*, !1 Some #(/ η %+ !('9 D( -#"*%730#"2
*;' "30' l  r 7#( 6' &%')'/ #+ *;' *'".  (l, r) )%*; *;' +,.6!0  #* *;' "!!*2

#(/ *;' +*"#*'$, µX.s &%')'/ #+ *;' *'". µ(X, s)9 :;%+ #00!)+ 3+ *! /'=(' +'7!(/
!"/'" +*"#*'$%'+ ST (Σ,X ) 6, *;' $"#..#"

s̄ ::= l ̄r | s̄̄;s̄ | s̄⊕̄s̄ | η̄(s̄) | Some(s̄) | Child(j, s̄) | X | µ̄X.s̄ EF9?GH

I$#%( )' #++3.' *;#* *;' +,.6!0+  ̄, ;,⊕, . . . !1 *;' +'7!(/ !"/'" +*"#*'$%'+ /! (!
6'0!($ *! Σ9 :;' +'.#(*%7+ !1 *;' +*"#*'$%'+ %( ST (Σ,X ) #"' +%.%0#" *! *;' +'.#(5

*%7+ !1 ="+* !"/'" +*"#*'$%'+9 D( #//%*%!(2 )' #++3.' *;#* +'7!(/ !"/'" +*"#*'$%'+

*"#(+1!". ="+* !"/'" +*"#*'$%'+2 *! );%7; *;', #"' #--0%'/2 %(*! ="+* !"/'" +*"#*'5

$%'+9 J!.-!+%($ +'&'"#0 +'7!(/ !"/'" +*"#*'$%'+ #(/ #--0,%($ +37; 7!.-!+%*%!( *!

# $%&'( ="+* !"/'" +*"#*'$, s -"!&%/' +377'++%&' *"#(+1!".#*%!(+ !1 s9

s1

s2 s3

s23

Π2

��⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧

Π3

��
❄❄

❄❄
❄❄

❄❄
❄❄

❄❄
❄

Π3

��
❄❄

❄❄
❄❄

❄❄
❄❄

❄❄
❄

Π2

��⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧

 %$3"' F9@< I( '8#.-0' !1 *;' 7!.-!+%*%!( !1 *"#(+1!".#*%!(+ !1 +*"#*'$%'+9
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 !"! #$%&'()$*%+,)& )( -+$%+./,.' %' -.0)&1 2$1.$ -+$%+./,.'

 ! "#$ %&''&()!* $+,-.'$ ($ )''/0"1,"$ "#$ $+"$!0)&! &% ,! $'$-$!",12 0"1,"$*2

(#)3# )0 , 1$(1)")!* 1/'$4

 !"#$%& '( 3)$ +4. '.+ X = {i, j, x, x♯, x1, u, ε} 5. 1.6&. s1, s2, s3, %&1 s23 ()7$
$.5$,+,&/ $78.'9

s1 := T (
∂u

∂x
, x)(x♯, x1) 

1

ε

∂T (u, x)(x♯, x1)

∂x1
()$ x ∈ Ω %&1 (x♯, x1) ∈ Ω♯ × Ω1,

s2 := T (
∂u

∂xi
, x)(x♯, x1) 

1

ε

∂T (u, x)(x♯, x1)

∂x1i
()$ x ∈ Ω %&1 (x♯, x1) ∈ Ω♯ × Ω1,

s3 := T (
∂u

∂x
, x)(x♯, x1) 

1

ε

∂T (u, x)(x♯, x1)

∂x1
()$ x ∈ Ωj %&1 (x♯, x1) ∈ Ω♯

j × Ω1
j ,

s23 := T (
∂u

∂xi
, x)(x♯, x1) 

1

ε

∂T (u, x)(x♯, x1)

∂x1i
()$ x ∈ Ωj %&1 (x♯, x1) ∈ Ω♯

j × Ω1
j .

#4. $78. s1 ,' .&0)7&+.$.1 ,& +4. $.(.$.&0. :$))(9 s2 ,' % ;+$,<,%8= /.&.$%8,>%+,)&

)( s1 ,& +4. '.&'. +4%+ ,+ %::8,.' +) *78+,?1,*.&',)&%8 $./,)&' Ω1
$.(.$.&0.1 @A

% '.+ )( <%$,%@8.' (x1i )i9 %&1 s3 ,' % '.0)&1 ;+$,<,%8= /.&.$%8,>%+,)& )( s1 )& +4.

&7*@.$ )( '7@?$./,)&' (Ωj)j, (Ω
♯
j)j %&1 (Ω1

j)j ,& Ω9 Ω♯
%&1 Ω1. #4. $78. s23 ,' %

/.&.$%8,>%+,)& 0)*@,&,&/ +4. +5) :$.<,)7' /.&.$%8,>%+,)&'! 3,$'+9 5. %,* %+ +$%&'?

()$*,&/ +4. '+$%+./A s1 ,&+) +4. '+$%+./A s2 )$ +4. '+$%+./A s3! #) +4,' .&19 5.

,&+$)170. +5) '.0)&1 )$1.$ '+$%+./,.' 5,+4 X = {v, z} %&1 Σ ⊃ {i, j, Ω, Ω♯, Ω1,
Partial, IndexedFun, IndexedV ar, IndexedReg},

Π̄1 := TopDown(
∂v

∂z
 ̄
∂v

∂zi
)

Π̄2 := TopDown(Ω ̄Ωj);TopDown(Ω
♯ ̄Ω♯

j);TopDown(Ω
1 ̄Ω1

j)

B)+,0. +4%+ Π̄1 ;$.':! Π̄2= %::8,.' +4. $78.

∂v

∂z
 ̄
∂v

∂zi
;$.':! Ω ̄Ωj, Ω

♯ ̄Ω♯
j9 %&1

Ω1 ̄Ω1
j= %+ %88 )( +4. :)',+,)&'

 

)( +4. ,&:7+ 6$'+ )$1.$ '+$%+./A ') +4%+

Π̄1(s1) = s2 %&1 Π̄2(s1) = s3.

2&0. Π̄1 %&1 Π̄2 4%<. @..& 1.6&.19 +4.A 0%& @. 0)*:)'.1 +) :$)170. s23 :

Π̄2Π̄1(s1) = s23 )$ Π̄1Π̄2(s1) = s23.

#4. 1,%/$%* )( 3,/7$.  ,887'+$%+.' +4. %::8,0%+,)& )( Π̄1, Π̄2 %&1 )( +4.,$ 0)*:)?

',+,)&'!

 

 !"#$% "&% '#(%)%*$% +#"& OuterMost +&#$& $!,-' *!" .//-0 "&%1% ),-%1 ." .*0 /!1#"#!*2
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 !"#$%& '( ) *%+&,$,-. /&"0%+1&2 /1& "340#$1$,5 016%7,-.

 !" #"$% "$&'()" *!+,* !+, &# "$%"#*-+# .&# #+% +#)/ .!&#0" 1",1-%-#0 12)"*

32% &)*+ %+ &44 #", +#"*5

 !"#$%& '( 81 1#%&"$% 3,0#7,95"$,1-3 ,- $!% &%/%&%-5% 016%7: +% ;3% $!% 3$&"$%.4

s1 := OuterMost(
∂x

∂x
 1).

<- $!% .%-%&"7,="$,1- $1 0;7$,>6,0%-3,1-"7 &%.,1-3: ,$ ,3 &%#7"5%6 ?4 $+1 3$&"$%.,%3

,-@17@,-. $!% A&1-%52%& 340?17 δ: ;3;"774 6%9-%6 "3 δ(i, j) = 1 ,/ i = j "-6
δ(i, j) = 0 1$!%&+,3%:

s2 : = OuterMost

(
∂xi
∂yj
 δ(i, j), x = y

)
,

s3 : = OuterMost (δ(i, j) 1, i = j) ,

s4 : = OuterMost (δ(i, j) 0, i 6= j) .

8!% 3%51-6 1&6%& 3$&"$%.4 $!"$ $&"-3/1&03 s1 ,-$1 $!% 3$&"$%.4 Normalizer(s2 ⊕
s3 ⊕ s4) ,3

Π̄ := OuterMost(s1 ̄s2 ⊕ s3 ⊕ s4).
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 !"! #$%&'$'()*)+,( *(- ./%'0+$'()1

 !" #$%&'$'()*)+,( *(- ./%'0+$'()1

 !" #$%&"'($) *$"+",-". /, 0"1-/(, 23435 !%+ 6"", /&*7"&",-". /, 8%*7"

 ©
3  !"

/&*7"&",-%-/(, /,179."+ -!" 7%,:9%:" 23$4)0*(1 (# +-$%-":/"+ %7$"%.; *$"+",-". /,

<=>3  !" ."$/?%-/(, (# -!" $"#"$",1" &(."7 *$"+",-". /, 0"1-/(, 23@ !%+ 6"", #977;

/&*7"&",-".3 A- +-%$-+ #$(& %, /,*9- -"$& '!/1! /+ -!" '"%) #($&97%-/(, B23C5D

(# -!" *!;+/1%7 *$(67"&E

∫
a
∂u

∂x

∂v

∂x
dx =

∫
f v dx, B23@4D

'!"$" a = Fun(a, [Ω], [ ], Known), u = Fun(u, [Ω], [Dirichlet], Unknown),
v = Fun(u, [Ω], [Dirichlet], T est), Ω = Reg(Ω, [1], ∅,Γ, nΩ)E Γ = Reg(Γ, [ ], ∅, ⊥R,
⊥F), Dirichlet = BC(Dirichlet,Γ, 0) %,. '!"$" -!" +!($-F19-+ (# -!" (*"$%-($+ %$"
-!(+" (# 0"1-/(, 2343C3  !" /,#($&%-/(, $":%$./,: -!" -'(F+1%7" -$%,+#($&%-/(,

/+ *$(?/.". -!$(9:! -!" -"+- #9,1-/(,+3 G($ /,+-%,1"E /, -!" H$+- 67(1) -!" *$((#

+-%$-+ '/-! -!" "I*$"++/(,

Ψ =

∫
∂u

∂x
B(v(x♯, x1)(x) dx,

'!"$" -!" -"+- #9,1-/(, B(v(x♯, x1)(x) /+ %7+( %, /,*9-E '/-! v = Fun(a, [x♯, x1], [Dirichlet♯], T est),

x♯ = Var(x♯,Ω♯), x1 = Var(x1,Ω1), Ω♯ = Reg(Ω♯, [1], ∅,Γ♯, nΩ♯), Γ♯ = Reg(Γ♯, [
], ∅,⊥R,⊥F), Ω

1 = Reg(Ω1, [1], ∅, Γ1, nΩ1), Γ1 = Reg(Γ1, [ ], ∅,⊥R,⊥F)E %,.Dirichlet♯ =

BC(Dirichlet♯,Γ♯, 0).

 !" *$((# /+ ./?/.". /,-( H?" +-$%-":/"+ 1($$"+*(,./,: -( -!" H?" 67(1)+ (# -!"

*$((#E "%1! ",./,: 6; +(&" $"+97-+ -$%,+#($&". /,-( $"'$/-/,: $97"+ 9+". /, -!"

#(77('/,: 67(1)+3  !" $"'$/-/,: $97"+ 9+". /, -!" +-$%-":/"+ %$" GJF$97"+ %,. 1%,

6" 17%++/H". /,-( -!" -!$"" 1%-":($/"+3

• 516*& $*)7'$*)+8*& 06&'19 -!%- $"*$"+",- -!" *$(*"$-/"+ (# -!" ."$/?%-/(,

%,. /,-":$%-/(, (*"$%-($+E +91! %+ -!" 7/,"%$/-;E -!" 1!%/, $97"E -!" K$"",

$97"E "-1E

• 2%'8+*&+:'- 06&'19 #($ -!" *$(*"$-/"+ (# -!" -'(F+1%7" 1%71979+E %+ -!(+" (# -!"

-'(F+1%7" -$%,+#($&E -!" %**$(I/&%-/(, (# B 6; -!" %.L(/,- T ∗
"-1E

• ;6/+&+*03 ),,&19 #($ -$%,+#($&%-/(,+ (# "I*$"++/(,+ #($&%- -!%- %$" ,(- $"7%-".

-( (*"$%-($ *$(*"$-/"+ +91! %+ -!" $97" '!/1! -$%,+#($&+ ψ1 = ψ2 /,-( ψ1 −
ψ2 = 03
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 !"#$%& '( ) *%+&,$,-. /&"0%+1&2 /1& "340#$1$,5 016%7,-.

 !"#$ %"$&! '(&)*#$*+&, %"$&! -"./ 011$!

'2&$&314 56 78 9:

0#;$& 7/7< 0=& 4">;&? 1@ A?!3 1?,&? ?"$&! "!&, *4 3=& ?&@&?&4)& >1,&$/

0=& 0#;$& 7/7 !">>#?*+&! 3=& 4">;&? 1@ A?!3 1?,&? BCDE ?"$&!F "!&, *4 3=& ?&@&?G

&4)& >1,&$F ;H )#3&I1?*&!/

0=& ?&@&?&4)& >1,&$ =#! ;&&4 &.3&4,&, 31 )1J&? 3=?&& ,*K&?&43 2*4,! 1@ )14AI"G

?#3*14!/ 01 (?1)&&, 31 #4 &.3&4!*14F 3=& 4&L >1,&$ ,&?*J#3*14 *! &!3#;$*!=&, *4

# @1?> 3=#3 *! #! )$1!& #! (1!!*;$& 1@ 3=& &%/%&%-5% #&11/( 0=& I?#>>#? #4, 3=&

,&(&4,&4)H #4#$H+&? !=1"$, ;& )1>($&3&,/ 0=&4F 3=& *4*3*#$ ,#3# *! ,&3&?>*4&,F

#4, !&)14, 1?,&? B'DE !3?#3&I*&! H*&$,*4I 3=& I&4&?#$*+&, >1,&$ ,&?*J#3*14 #?&

@1"4, #4, 1(3*>*+&,/ -! *3 =#! ;&&4 #$?&#,H >&43*14&,F G #4, Θ =#J& #$?&#,H

;&&4 ,&!*I4&, 31 )1J&? 3=& 3=?&& &.3&4!*14!/

0=& A?!3 I&4&?#$*+#3*14 *! 31 )1J&? >"$3*G,*>&4!*14#$ ?&I*14!F */&/ Ω ⊂ R
n
L*3=

n ≥ 1/ M=&4 n = 2, 3=& *4*3*#$ 3&?> *!

n∑

i=1

n∑

j=1

∫
aij

∂u

∂xi

∂v

∂xj
dx =

∫
f v dx,

L=&?& Ω = Reg(Ω, [1, 2], ∅,Γ, nΩ)F aij = Indexed(Indexed(a, j), i)F i = Var(i, I)F

#4, I = Reg(I, [1, 2], ∅,⊥R,⊥F) #4, 3=& )=1*)& 1@ 3=& 3&!3 @"4)3*14 *! 3?*J*#$$H
,&,")&,/ 0=&4F 3=& >1,&$ ,&?*J#3*14 *! J&?H !*>*$#? 31 3=*! 1@ 3=& &%/%&%-5% 016%7F

!&& N8OPF !1 >")= !1 *3 *! 1;3#*4&, !*>($H ;H #(($H*4I 3=& 'D !3?#3&IH Π̄1,&A4&,

*4 Q.#>($& 89/ 0=*! &.3&4!*14 =#! ;&&4 3&!3&, 14 3=& @1"? A?!3 ;$1)2!/

0=& !&)14, I&4&?#$*+#3*14 3?#4!@1?>! 3=& &%/%&%-5% 016%7 *431 # >1,&$ L*3= !&J&?#$

#,R#)&43 14&G,*>&4!*14#$ ?&I*14! B1? *43&?J#$!E (Ωk)k=1,..,m !1 3=#3 Ω *! !3*$$ #4

*43&?J#$ */&/ Ω ⊂ R/ C1? m = 2F 3=& *4*3*#$ 3&?> *! 3=& !#>& #! B7/65E ;"3 L*3= Ω =
Reg(Ω, [1], {Ω1,Ω2}, Γ, nΩ)F Ω1 = Reg(Ω1, [1], ∅, Γ1, nΩ1

), #4, Ω2 = Reg(Ω2, [1],
∅, Γ2, nΩ2

)/ 0=& 3L1G!)#$& I&1>&3?*&!F #$$ J#?*#;$&!F #$$ 2*4, 1@ @"4)3*14! #4, #$!1
3=& 1(&?#31?! B #4, T #?& ,&A4&, !";?&I*14 ;H !";?&I*14/ -$$ ,&A4*3*14! #4,

(?1(&?3*&! #(($H @1? &#)= !";?&I*14F #4, 3=& (?11@ !3&(! #?& 3=& !#>& #@3&? !($*3*4I

3=& *43&I?#$! 1J&? 3=& )1>($&3& ?&I*14 Ω *431 *43&I?#$! 1J&? 3=& !";?&I*14!/ 0=&

14$H >#R1? )=#4I& *! *4 3=& @1"?3= !3&( L=&?& 3=& &S"#$*3H u01 = u02 #3 3=& *43&?@#)&
;&3L&&4 Ω1 #4, Ω2 L=*)= *! &4)1,&, #! 3?#4!>*!!*14 )14,*3*14! *4 3=& ;1"4,#?H

)14,*3*14! 1@ u01 #4, u
0
2.

8T



 !"! #$%&'$'()*)+,( *(- ./%'0+$'()1

 !" #!$%& "'#"()$*( #%+(),*%-) #!" -./#$0&$-"()$*(+/ -*&"/ *1#+$("& ,%*- #!"

2%)# 3"("%+/$4+#$*( #* + -*&"/ %"/+#"& #* #!$( 56/$(&%$5+/ %"3$*()7 $( #!" )"()" #!+#

#!" &$-"()$*( *, Ω $) $( #!" *%&"% *, ε $( )*-" &$%"5#$*() i ∈ I♮ +(& *, #!" *%&"%
1 $( #!" *#!"%) i ∈ I♯ "838 Ω = (0, 1) × (0, ε) 9!"%" I♮ = {2} +(& I♯ = {1}.  !"
1*.(&+%6 Γ $) ):/$# $( #9* :+%#)7 #!" /+#"%+/ :+%# Γlat +(& #!" *#!"% :+%#) Γother

9!"%" #!" ;$%$5!/"# 1*.(&+%6 5*(&$#$*() +%" %":/+5"& 16 !*-*3"("*.) <".-+(

1*.(&+%6 5*(&$#$*() $8"8

duε

dx
= 08 =( #!$) ):"5$+/ 5+)" #!" $(#"3%+/) *, #!" $($#$+/

#"%- +%" *>"% + %"3$*( 9!*)" )$4" $) *, #!" *%&"% *, ε )* $# $) %"?.$%"& #* -./#$:/6
"+5! )$&" *, #!" "?.+/$#6 16 #!" ,+5#*% 1/ε #* 9*%@ 9$#! "':%"))$*() *, #!" *%&"% *,
18 A*%"*>"%7 #!" -+5%*)5*:$5 %"3$*( &$B"%) ,%*- Ω7 $# $) "?.+/ #* Ω♯ = (0, 1) 9!"(
#!" -$5%*)5*:$5 %"3$*( %"-+$() .(5!+(3"&8 =( 3"("%+/7 #!" &"2($#$*( *, #!" +&C*$(#

T ∗
$) .(5!+(3"& 1.# (Bv)(x) = v((xi)i∈I♯ , (x − x♯c)/ε) 9!"%" x

♯
c $) #!" 5"(#"% *,

#!" cth 5"// $( Ω♯
8 =# ,*//*9) #!+# #!" +::%*'$-+#$*() DE8EF7 E8EEG +%" 1"#9""( T ∗

+(& εB 9$#!

∑
i∈I♯ x

1
i
∂v

∂x♯
i

$()#"+& *,

∑n
i=1 x

1
i
∂v

∂x♯
i

8 H$#! #!")" -+$( 5!+(3") $( #!"

&"2($#$*() +(& #!" :%"/$-$(+%6 :%*:"%#$")7 #!" :%**, )#":) -+6 1" @":# .(5!+(3"&8

I).+/ J./") K:"5$+/$4"& J./")  !"# $%%&'

(!&)*+,*-./'*%/ 0 1 2

$3*/+4.5*%/  ! !

"#$%&'()*&+, - ! !

./0$) 12 3 .4) ,#50)6 +7 869% +6:)6 6#$)9 #9): &, %4) %46)) );%),9&+,92

.4) 5/%4)5/%&</$ 7+65#$/%&+, +7 %4) 9)<+,: /,: %4&6: );%),9&+,9 4/9 0)), :)6&=):2

.4&9 /$$+>9 7+6 %4) :)%)65&,/%&+, +7 %4) ,)<)99/6? @A'9%6/%)*&)9B 0#% %4)? 4/=)

,+% 0)), &5C$)5),%): ,+6 %)9%):2 .+ 9#55/6&D) %4) 6)9#$%9 /0+#% %4) C6&,<&C$) +7

);%),9&+, +7 9%6/%)*&)9B >) 94+> &%9 0),)8% %46+#*4 9+5) 9%/%&9%&<92 E, C/6%&<#$/6

%4) 5/&, <+,<)6,): &9 %4) 6)#9/0&$&%? /,: %4) );%),9&0&$&%? +7 );&9%&,* 9%6/%)*&)92

.4) ./0$) 12 94+>9 /, )9%&5/%) +7 %4) ,#50)6 +7 ,)> FA'6#$)9 7+6 %4) %46))

);%),9&+,9 &, )/<4 </%)*+6? /,: 7+6 %4) 869% 7+#6 0$+<G92

H9#/$ (#$)9 @C)<&/$&D): (#$)9 I#;2 .++$9

"#$%&'J&5),9&+, K  -

.4&,'()*&+, ! ! !

"#$%&'()*&+, 1 ! !

./0$) 12-3 .4) ,#50)6 +7 9)<+,: +6:)6 9%6/%)*&)9 #9): &, %4) );%),9&+, +7 C6++792

LM



 !"#$%& '( ) *%+&,$,-. /&"0%+1&2 /1& "340#$1$,5 016%7,-.

 !"#$ %&'() *(+#)$,!- %&'() . /&',0 1234#)(+ . /&',0 123+$45$(-,(+

*(6(4(!7( /#)$,38,%0 9:0:. ;.

/#)$,38,%0 <=,! > >

<=,! /#)$,3*(-0 > ?0;.

<5@)( 90AB <=( 45$,& &6 %&',C(' 1234#)(+ 5!' 123+$45$(-,(+0

<=( <5@)( 90D +=&E+ $=( !#%@(4 &6 F23+$45$(-,(+ #+(' ,! (57= (G$(!+,&!0 1,!5))HI

$=( <5@)( 90A +=&E+ $=( 45$,& &6 $=( %&',C(' 1234#)(+ 5!' $=( 45$,& &6 $=( %&',C('

123+$45$(-,(+0 <=( 4(#+5@,),$H 45$,& ,+ =,-= +,!7( %&+$ &6 $=( 123+$45$(-,(+ '(C!('

,! $=( +J()($&! %&'() 54( 4(#+('0 K(+,'(+ L(4H ),$$)( !#%@(4 &6 F23+$45$(-,(+ ,+ #+('

,! $=( (G$(!+,&!+0 <=,+ +H+$(%5$,7 E5H &6 $=( -(!(45$,&! &6 "4&&6+ ,+ 5 "4&%,+,!-

"5$= $=5$ E,)) @( 6#4$=(4 L5),'5$(' E,$=,! %&4( 7&%")(G 7&!C-#45$,&!+ 6&4 E=,7=

$=( "4&&6+ 75! !&$ @( &@$5,!(' @H =5!'0  ! $=( 6#$#4(I E( ")5! $& ,!$4&'#7(

'(',75$(' $&&)+ $& 5,' ,! $=( '(+,-! &6 7&%"&+,$,&! &6 +(L(45) (G$(!+,&!+0

AM



 !"#$%& '

()$%*+,-* .%/!"*,+0+ "*1 2!%,&
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,'('2+" )'##$(, 5'6,6 #1$((')) )'##$(,-. 7' 7*!"& "$8' #* 3*()#2!3# +( '/#'()$*( E ′

)* #1+# #1' +44"$3+#$*( *0 E ′
#* #1' 2'0'2'(3' 42**0 9$'"&) + 42**0 #1+# 3*:'2) ;*#1

#1' #7* )'##$(,)6

<# #!2('& *!# #1+# $# $) (*# '+)9 #* )#!&9 #1' 3* ;$(+#$*( *0 '/#'()$*() $0 #1')'

'/#'()$*() +2' 0*2 !"+#'& +) )'3*(&%*2&'2 )#2+#',$'). +) 42')'(#'& $( =1+4#'2 >6

?* )*":' #1$) 42*;"' . 7' 2'@(' #1' (*#$*( *0 '/#'()$*( ;9 42*4*)$(, #7* '/#'()$*(

 '31+($) )A

>6 B$2)#"9. 7' 0*""*7 #1' +442*+31 *0 =1+4#'2 > #1+# 3*()$)#) $( '/#'(&$(, @2)#%

*2&'2 2!"') ;9  '+() *0 )'3*(&%*2&'2 2!"')6 C$(3'. *;:$*!)"9. (*# ':'29

)'3*(&%*2&'2 2!"' $) "2%56"$% 0*2 #1$) '/#'()$*(. 7' 42*:$&' )* ' ,7+$"08

$-0 2'D!$2' '(#) !(&'2 71$31 )'3*(&%*2&'2 2!"') 3+( '/#'(& @2)#%*2&'2 *(')6

?1')' )9(#+3#$3 2'D!$2' '(#) &'+" 7$#1 #1' (*#$*() *0A

5+- + )'3*(&%*2&'2 2!"' s2 ;'$(, ,64,61%2 ;9 + )'3*(&%*2&'2 2!"' s16 ?1$)
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 !"#$%&'(Ω, f(x), x) () $ &"'8 (, T (F ,X )6 @& 4*''")%*,.) &* &!" 8$&!"8$&(4$0

FP
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 !"# $$%&'

∫
Ω
f(x) dx( )&*%+ *,-* .&*, x -'/ Ω -# 01'+*%&' $23.&4$ &0 -#%*2

5 #&6 %( ( *, 2 -# +&'$*-'*$ %' *, # 7#%*%'8 $ '$ 7,%4 x %$ - 9-#%-.4 %' *, 

3-*, 3-*%+-4 $ '$ ( :& 3-; +4 -# *,%$ /%$*%'+*%&'6 *, 3-*, 3-*%+-4 9-#%-.4 $

7%44 . / '&* / .2 *, 4 ** #$ x, y, z, . . . ,&7 9 # *, # 7#%*%'8 9-#%-.4 $ 7%44 . 

/ '&* / .2 *, +-"%*-4 4 ** #$ X, Y, Z, . . .
< # 7#%*%'8 #14 %$ - "-%#

(l, r) ∈ T (F ,X )× T (F ,X )

&0 * #3$( =* *#-'$0&#3$ - * #3 l *& *, * #3 r( > $,-44 7#%* l → r %'$* -/ &0

(l, r)( ?&#  !-3"4 *,  @1-*%&' sin(α)2 = 1 − cos(α)2 +-' . *1#' / %'*& *7&

# 7#%*%'8 #14 $A

sin(X)2 → 1− cos(X)2, -'/

1− cos(X)2 → sin(X)2,

7, # sin6 cos6 16 -'/ B−B ∈ F -'/ X ∈ X (

:, 8#-33-#$ &0 3-*, 3-*%+-4 &.C +*$ $1+, -$ # 8%&'$6 01'+*%&'$ -'/ 9-#%-.4 $

-# /%$+1$$ /( D2 *, 8#-33-#6 -44 3-*, 3-*%+-4 %'0&#3-*%&' # @1%# / %( ( *, 

/%3 '$%&' &0 *, # 8%&'6 *, /&3-%' &0 *, 9-#%-.4 $ -'/ *, 9-#%-.4 $ &0 *, 

01'+*%&'$6 0&# *, / #%9-*%&' -# $-9 /6 %' 0-+*6 *,%$ 8#-33-# 8%9 $ *, .-$ 0&# *, 

3-*, 3-*%+-4 / #%9-*%&'(

 ! !" #$%&'( )*'+,+*-'( './',+,.,+*-'( %$0%+,+-1 %.2$( ,$%&

%$0%+,+-1

=' 7,-* 0&44&7$6 4 * F . - $ * &0 01'+*%&' $23.&4$6  -+, $23.&4 ,-9%'8 - E! /

-#%*2 -'/ 4 * X . - $ * &0 9-#%-.4 $(

 !"#$%$&# '' ()!*+,- 3!% ,5+$"* .6 $!% $%&1, -+ T (F ,X ) -, 2%7+%2 45 $!%
6.88.9-+: :&"11"&;

t ::= X | f(t, . . . , t)

9!%&% X ∈ X < f ∈ F (

 !"#$%$&# '. (/&,$%$&#, 0'1- =%$ t 4% " $%&1 -+ T (F ,X )(

>( 3!% ,%$ .6 #.,-$-.+, .6 $!% $%&1 t< 2%+.$%2 45 Pos (t) , -, " ,%$ .6 ,$&-+:, .6
#.,-$-?% -+$%:%&, ,@0! $!"$;

 

 !"#$%& $! '% ()(*(%" +, N
ω = {ǫ} ∪ N ∪ (N × N) ∪ (N × N × N) ∪ · · · - .$/(% "0+ !"#$%&!

p = p1p2 . . . pn '%1 q = q1q2 . . . qm2 "3(  !" #$%"#$&!" +, p '%1 q2 1(%+"(1 45 p · q +# !$*6)5 pq2 $!

"3( !"#$%& p1p2 . . . pnq1q2 . . . qm- 7+"$8( "3'" (N
ω, ·) $! ' *+%+$1 0$"3 ǫ '! "3( $1(%"$"5 ()(*(%"-
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 ! ! "#$% $#&$'(')*

• +, t = X ∈ X - (.#) Pos (t) = {ǫ} , &.#$# ǫ /#)0(#1 (.# #%2(3 1($')*!

• +, t = f (t1, ..., tn) (.#)

Pos (t) = {ǫ} ∪
n⋃

i=1

{ip | p ∈ Pos (ti)} .

4# /#)0(# (.# 1#( 0, (.# 201'('0)1 0, 5 167(#$% r ') 5 (#$% t 73 Pos (t, r) . ".#
201'('0) ǫ '1 8599#/ (.# $00( 201'('0) 0, (#$% t, 5)/ (.# ,6)8('0) 0$ :5$'579#

13%709 5( (.'1 201'('0) '1 8599#/ $00( 13%709 0, t!

 ! ".# 2$#;< 0$/#$ /#;)#/ 51

p ≤ q '= (.#$# #<'1(1 p′ 168. (.5( pp′ = q  !"#$

'1 5 25$('59 0$/#$ 0) 201'('0)1! 4# 153 (.5( (.# 201'('0) p, q 5$# 25$599#9

(p ‖ q) '= p 5)/ q 5$# ')80%25$579# &'(. $#12#8( (0 ≤! ".# 201'('0) p '1

570:# q ', p ≤ q! ".# 201'('0) p '1 1($'8(93 570:# q- &$'((#) p < q '= (.#$#

#<'1(1 p′ 168. (.5( p′ 6= ǫ 5)/ pp′ = q!

4# /#;)# 5 7')5$3 $#95('0) ⊏ 0) (.# 201'('0)1 51 ,0990&1>

p ⊏ q '=

(
p < q 0$ p ‖ q

)
 !"!$

?'%'95$93- &# /#;)# 5 7')5$3 $#95('0) ⊑ 0) (.# 201'('0)1 51 ,0990&1>

p ⊑ q '=

(
p ≤ q 0$ p ‖ q

)
 !"%$

@! A0$ p ∈ Pos (t) , (.# 167(#$% 0, t 5( 201'('0) p, /#)0(#/ 73 t|p, '1 /#;)#/ 73

t|ǫ = t,

f (t1, ..., tn) |iq = ti|q.

B0(# (.5(- ,0$ p = iq, p ∈ Pos (s) '%29'#1 (.5( t '1 0, (.# ,0$% t = f (t1, ..., tn)
&'(. i ≤ n.

".# $#2958#%#)( 0, 5 (#$% u 73 5 (#$% s ') t- /#)0(#/ 73 t[u := s]- '1 /#;)#/
73

t[u := s] =
(
((t[s]|p1)[s]|p2) . . .

)
[s]|pn &.#$# {p1, . . . , pn} = {p ∈ Pos(t) 1!(! t|p = u}

C! A0$ p ∈ Pos (t) , &# /#)0(# 73 t [s]p (.# (#$% (.5( '1 07(5')#/ ,$0% t 73

$#2958')* (.# 167(#$% 5( 201'('0) p 73 s, '!#!

t [s]ǫ = s,

f (t1, ..., tn) [s] |iq = f
(
t1, ..., ti [s]q , ..., tn

)

&%
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5( 67 Var (t) 8% 2%+.$% $!% ,%$ .9 :"&-"4;%, .00<&&-+= -+ t, -(%(

Var (t) = {x ∈ X |∃p ∈ Pos (t) : t|p = x}

>% 0";; p ∈ Pos (t) " :"&-"4;% #.,-$-.+ -9 t|p -, " :"&-"4;%(

 !"#$%& '( ?%$ t 4% $!% $%&1

t =  !"#($%&"'#(), *+%(u, ,(#(x, -"'(Ω, 1))), ,(#(x, -"'(Ω, 1)), ∅)  !"#$

8!%&% Var(t) = ∅( @$ &%#&%,%+$, $!% +.&1 .9 " 9<+0$-.+ u -+ L2 (Ω)( @$, $&%%

,$&<0$<&% ", 8%;; ", $!% #.,-$-.+, .9 ";; -$, ,<4$%&1, "&% 2%#-0$%2 -+ A-=<&% '(B(

%&'()* !"+, -.* /)** 0/)(1/()* 23 /.* /*)4 t 5*67*5 &7 89"  !"#$ :75 /.* ;20&/&270

23 &/0 0(</*)40"

3!% ,%$ .9 ";; $!% #.,-$-.+, .9 t 0"+ 4% 0.1#<$%2 ", 9.;;.8,( ?%$ t = f (t1, t2, t3, t4)C
8!%&% t1 = t|1C t2 = t|2C t3 = t|3 C t4 = t|4C t22 = t|22 = t2|2 = (t|2|2) "+2
t221 = t2|21 = t22|1 = ((t|2) |2) |1(

A-&,$;7C +.$-0% $!"$ Pos (t21) = Pos (t221) = Pos (t2221) = Pos (t2222) = {ǫ}(
D%+0%C $!% ,%$ .9 #.,-$-.+, Pos (t2)C -+ $!% ,%0.+2 4&"+0! .9 tC 0"+ 4% 0.1#<$%2 ",
9.;;.8,E

Pos (t22) = {ǫ} ∪ {1p | p ∈ Pos (t221)} ∪ {2p | p ∈ Pos (t222)}

= {ǫ, 1, 2, 21, 22} .

Pos (t222) = {ǫ} ∪ {1p | p ∈ Pos (t2221)} ∪ {2p | p ∈ Pos (t2222)}

= {ǫ, 1, 2} ,

Pos (t2) = {ǫ} ∪ {1p | p ∈ Pos (t21)} ∪ {2p | p ∈ Pos (t22)}

= {ǫ, 1, 2, 21, 22, 221, 222} .

=#



 ! ! "#$% $#&$'(')*

+#,-)./01 )-(',# (23( Pos (t31) = Pos (t321) = Pos (t322) = {ǫ}! 4#),# (2# 5#( -6

7-5'('-)5 Pos (t3) ') (2# (2'$. 8$3),2 -6 t ,3) 8# ,-%79(#. 35 6-//-&5:

Pos (t32) = {ǫ} ∪ {1p | p ∈ Pos (t321)} ∪ {2p | p ∈ Pos (t322)}

= {ǫ, 1, 2}

Pos (t3) = {ǫ} ∪ {1p | p ∈ Pos (t31)} ∪ {2p | p ∈ Pos (t32)}

= {ǫ, 1, 2, 21, 22} .

;')3//01 5'),# Pos (t1) = Pos (t4) = {ǫ}1 (2# 5#( -6 7-5'('-)5 Pos (t) -6 (2# (#$% t
'5 *'<#) 80:

Pos (t) = {ǫ} ∪ {1p | p ∈ Pos (t1)} ∪ {2p | p ∈ Pos (t2)} ∪ {3p | p ∈ Pos (t3)} ∪ {4p | p ∈ Pos (t4)}

= {ǫ} ∪ {1} ∪ {2, 21, 22, 221, 222, 2221, 2222} ∪ {3, 31, 32, 321, 322} ∪ {4} .

 !" #$%&'( &) *!" +,$$,-&). /0,1,(&*&,) %0" ),* !%02 *, 10,3"4

 !"#"$%&%"' () *+,, -(. /01#&,! 234 =#( s, t, r 8# (#$%5 3). p, q 8# 5($')*5!

"2# 6-//-&')* 2-/.!

>! ?6 pq ∈ Pos (s) , (2#) s|pq = (s|p) |q.

 ! ?6 p ∈ Pos (s) 3). q ∈ Pos (t) , (2#)

(
s [t]p

)
|pq = t|q,

(
s [t]p

)
[r]pq = s

[
t [r]q

]
p
.

@! ?6 pq ∈ Pos (s) , (2#)

(
s [t]pq

)
|p = (s|p) [t]q ,(

s [t]pq

)
[r]p = s [r]p .

A! ?6 p 3). q 3$# 73$3//#/ 7-5'('-)5 ') s ('!#! p ‖ q) , (2#)

(
s [t]p

)
|q = s|q,

(
s [t]p

)
[r]q =

(
s [r]q

)
[t]p .

 !""56 5"" 6))"7 849:494

;;



 !"#$%& '( )*$%+,-.+ /%0!"+-,1, "+2 3!%-&  .14-+"$-.+

 !"#$%$&# '( )*+,-%$%+%$&#. 5 T (F ,X )6,74,$-$7$-.+8 .& " ,74,$-$7$-.+ 9.& ,!.&$8
-, " 97+0$-.+ σ : X → T (F ,X ) ,70! $!"$ σ (X) 6= X 9.& .+:; <+-$%:; 1"+; X,(
3!% =<+-$%> ,%$ .9 ?"&-"4:%, $!"$ σ 2.%, +.$ 1"# $. $!%1,%:?%, -, 0"::%2 $!% 2.1"-+
.9 σ@

Dom (σ)
def
= {X ∈ X | σ (X) 6= X} .

A9 Dom (σ) = {X1, ..., Xn} $!%+ B% B&-$% σ ",@

σ = {X1 7→ σ (X1) , ..., Xn 7→ σ (Xn)} .

3!% &"+C% .9 σ -, Ran (σ) := {σ (X) | X ∈ Dom (σ)}8 "+2 $!% ?"&-"4:% &"+C% .9 σ
0.+,-,$, .9 $!% ?"&-"4:%, .007&&-+C -+ Ran (σ) :

VRan (σ)
def
=

⋃

X∈Dom(σ)

Var (σ (X)) .

5 ,74,$-$7$-.+ σ : X → T (F ,X )) 7+-D7%:; %*$%+2, $. "+ %+2.1.&#!-,1 σ̂ :
T (F ,X ) → T (F ,X ) 2%<+%2 4;@

E( σ̂(X) = σ(X) 9.& ":: X ∈ Dom(σ)8

'( σ̂(X) = X 9.& ":: X 6∈ Dom(σ)8

F( σ̂(f(t1, . . . , tn)) = f(σ̂(t1), . . . , σ̂(tn)) 9.& f ∈ F (

A+ B!"$ 9.::.B, B% 2. +.$ 2-,$-+C7-,! 4%$B%%+ " ,74,$-$7$-.+ "+2 -$, %*$%+,-.+( 3!%

,%$ .9 ":: T (F ,X )−,74,$-$7$-.+, B-:: 4% 2%+.$%2 4; Sub(T (F ,X )) .& ,-1#:; Sub(
3!% 0.1#.,-$-.+ σγ .9 $B. ,74,$-$7$-.+, σ "+2 γ -, 2%<+%2 4;

σγ (X)
def
= σ (γ (X)) .

9.& ":: X ∈ Dom(γ)(

 !" "# $%# %#$&' (! &#)*# (+# *!(,!*- !. %#"%,(,*/ %01# $*& %#"%,(,*/ -'-(#23

 !"#$%$&# '/ )0!12$%$#3 2+4!5 %!26 2!12$%$#3 -7-%!6. 5 %#"%,(,*/ %01# .?%&

" ,-C+"$7&% F -, " #"-& (l, r) ∈ T (F ,X )× T (F ,X )8 2%+.$%2 4; l → r8 ,70! $!"$

Var(r) ⊆ Var(l). 45367

G,7"::;8 l 6= x B-$! x ∈ X ( H%,-2%,8 l -, 0"::%2 $!% :%9$6!"+2 ,-2% .9 $!% &%B&-$-+C
&7:% "+2 r $!% &-C!$6!"+2 ,-2%(

5 $%&1 &%B&-$-+C ,;,$%1 =3IJ> -, " ,%$ .9 &%B&-$-+C &7:%,(

68



 ! ! "#$% $#&$'(')*

 ! "!#$ %!&"! $'! "($)(" *!+*)$)", *!-.$)(" /)!-%!% 0/ . *!+*)$)", 1/1$!2 R3
4"$5)$)6!-/7 . $!*2 t *!+*)$!1 )"$( . $!*2 u )8 $'!*! !#)1$1 . *!+*)$)", *5-! (8 R
$'.$ 9." 0! .::-)!% $( :(1)$)(" (8 t ."% /)!-%1 $'! $!*2 u3 ;'! 8(*2.- %!&")$)("
8(--(+13

 !"#$%$&# '( )*!+, +!-+$%$#./ +',#) - $#&$'(')* ./.(#% R0 &# .-/ (1-( t ∈
T (F ,X ) *!+*)$!1 )"$( - (#$% u ∈ T (F ,X ) &!$!(! R0 2#)3(#2 4/ t −→R u0 '5

(1#$# #6'.(

7'8 - 93.'('3) p ∈ P(1(t)0

7''8 - $#&$'(# $:;# l → r ∈ R0 -)2

7'''8 - .:4.('(:('3) σ &'(1 Dom(σ) = Var(l) .:<1 (1-(

t|p = σ(l) -)2 u = t [σ(r)]p.

=# <-) :.# (1# )3(-('3) t
l→r,σ,p
−→ u (3 %-># #69;'<'( (1# <3$$#.93)2')* $#&$'(')*

$:;#0 93.'('3) -)2 .:4.('(:('3) $#.9#<(',#;/! =# 2#)3(# 4/ −→∗
R (1# $#?#6',#

($-).'(',# <;3.:$# 3@ (1# $#;-('3) −→R!

 ! ! "#$% &'()*+,(-'

 ! )"$*(%59! . +!-- <"(+" .-,(*)$'2)9 :*(9!117 9.--!% :)'A<-('3)3 4$ '.1 0!!"

+)%!-/ 51!% )" -(,)9 ."% .5$(2.$!% *!.1(")", 8(* 1(-6)", !=5.$)("1 (6!* 1/20(-)9

$!*213 4$ +)-- 0! 51!% )" >!9$)(" ?3@ )" $'! !#$!"1)(" (8 &*1$A(*%!* *5-!13

 !"#$%$&# '0 B (#$% u '. .:4.:%#2 4/ - (#$% t '@ (1#$# '. - .:4.('(:('3) σ .!(!

σ(t) = u! B .:4.('(:('3) σ '. .:4.:%#2 4/ - .:4.('(:('3) γ0 &1#$# Dom(σ) =
Dom(γ)0 '5 @3$ #,#$/ ,-$'-4;# X ∈ Dom(σ)0 (1# (#$% σ(X) '. .:4.:%#2 4/ (1#

(#$% γ(X)!

 !"#$%$&# '1 )2#$"34%$&# 5+&67!,8 9#$"!+8 3&,57!%! 4#: ,$#$,47 ;!% &< 9#$"!+;/

C#( ti, ui 4# (#$%. &1#$# i = 1, . . . , n!

• B :)'A<-('3) 9$34;#% E '. - .#( 3@ 3$'#)(#2 #D:-('3).E

E = {t1
.
= u1, . . . , tn

.
= un}.

• B :)'A#$ 3@ E '. - .:4.('(:('3) σ &1'<1 '. - .3;:('3) 3@ E0 '!#! σ(li) = σ(ti)
@3$ -;; i ∈ {1, . . . , n}! F@ E -2%'(. - .3;:('3)0 (1#) '( '. <-;;#2 .3;,-4;#!

BC



 !"#$%& '( )*$%+,-.+ /%0!"+-,1, "+2 3!%-&  .14-+"$-.+

• 5.& " 6-7%+ 8+-90"$-.+ #&.4:%1 E; " <#.,,-4:= -+9+-$%> ,%$ S = {σ1, σ2, . . .}
.? 8+-9%&, .? E -, 0.1#:%$% -@ %"0! ,.:8$-.+ .? E -, ,84,81%2 4= ,.1% 8+-9%&

σi ∈ S( 3!% ,%$ S -, 1-+-1": -? +.+% .? -$, ,84,$-$8$-.+, ,84,81%, "+.$!%&

.+%(

 !" "#$%&"'(" )* + (),-."&" +'/ ,$'$,+. %).0&$)' )* + 0'$1(+&$)' -2)3.", $%

"'%02"/ 34 &!" *)..)5$'6 -2)-)%$&$)'7

 !"#"$%&%"' () *+,, -./0 )"0! ,.:7"4:% 8+-90"$-.+ #&.4:%1 E !", " 0.1#:%$%

"+2 1-+-1": ,-+6:%$.+ ,.:8$-.+ ,%$ {σ}( 3!% ,.:8$-.+ σ -, 0"::%2 $!% 1.,$ 6%+%&":
8+-9%& .? E; "+2 -$ -, 2%+.$%2 4=  !"(E)(

1 2'%345&%"' 567"!%&89: 8" ,"'&$)' &!+& &!"2" $% + %$,-." +.6)2$&!,9 %""

*)2 $'%&+'(" :;<9 &!+& (),-0&"% &!" ,)%& 6"'"2+. 0'$1"2 )* + 0'$1(+&$)' -2)3=

.", E 34 &2+'%*)2,$'6 &!" ">0+&$)'% )* E $'&) + %"& )* ">0+&$)'% )* &!" *)2,

{X1
.
= u1, . . . , Xm

.
= um} 5!"2" Xi +2" /$%&$'(& ?+2$+3."% +'/ ui +2" &"2,% %) &!+&

')'" )* &!", ()'&+$'% + ?+2$+3." +,)'6 {X1, . . . , Xm}@ 8" 2"-2)/0(" '"#& &!"
0'$1(+&$)' +.6)2$&!, 5!$(! $% %-"($1"/ +% + %"& )* 2"/0(&$)' 20."%@

167"!%&89 ;< A'$1(+&$)'

%'#2& 7 B 0'$1(+&$)' -2)3.", E = {t1
.
= u1, . . . , tn

.
= un}9 5!"2" ti, ui +2"

&"2,%@

"2&#2&7  !" ,)%& 6"'"2+. 0'$1"2 )* E $* $& "#$%&%9 %"" C"1'$&$)' DE +'/

F2)-)%$&$)' DG@

 

E ∪ {t
.
= t} E H=,6,&,I

E ∪ {f(t1, . . . , tn)
.
= f(u1, . . . , un)} E ∪ {t1

.
= u1, . . . , tn

.
= un}
H=,4"9#"$,I

E ∪ {f(t1, . . . , tn)
.
= g(u1, . . . , um)} #$%& $* g 6= f H4"'>%4&I

E ∪ {f(t1, . . . , tn)
.
= X} E ∪ {X

.
= f(t1, . . . , tn)} H$?5#I

E ∪ {x
.
= t} E[X := t] ∪ {X

.
= t}

$* X /∈ Var(t) +'/ X ∈ Var(E)
H,6%9%'5&,I

E ∪ {X
.
= f(X1, . . . , Xn)} #$%& $* X ∈ Var(f(X1, . . . , Xn))

H!,42!$%"'I

DJ



 !"! #$%&'()&*($* *+,$-. #/)$01*$--2&'- 3'( -4&*5)%+5 5$*6-

 !" #$%&'()&*($* *+,$-. #/)$01*$--2&'- 3'( -4&*5)

%+5 5$*6-

 ! "#$% %&'"$(! )& $!"*(+,'& %&'(!+-(*+&* *&)*$"$!. *,/&% "#0" (1&*0"& (! 23*%"-

(*+&*4 *&)*$"$!. *,/&%5 6#&! )& +&3!& 0 .*0770* 8(* "#& 70"#&70"$'0/ &91*&%-

%$(!%5

 !"!# $%&'()*'+)%+ +,-%.

:$;&! 0 *&)*$"$!. %"*0"&.< *&1*&%&!"$!. 0 0 7(+&/ +&*$;0"$(!= )& )(,/+ /$>& "(

"*0!%8(*7 $" $! (*+&* "( (?"0$! 0 +&*$;0"$(! (8 7(*& '(71/&9 7(+&/%5 6#$% '0!

?& 0'#$&;&+= %&& &5.5 @ABC= ?< "*0!%8(*7$!. 3*%"-(*+&* %"*0"&.$&% ?< %&'(!+-(*+&*

%"*0"&.$&%5 D!/$>& @ABC= $! "#$% E&'"$(! )& (!/< +&0/ )$"# "#& 10*"$',/0* %&""$!. $!

)#$'# (!/< 3*%"-(*+&* *,/&% 0*& "*0!%8(*7&+ ?< %&'(!+-(*+&* *,/&%5 6#$% 10*"$',/0*

%&""$!. $% 1()&*8,/ &!(,.# $! 1*0'"$'& "( &9"&!+ (,* ")(-%'0/& 7(+&/%5 F&!'&= )&

!&&+ "( '(!%$+&* ")( /&;&/% (8 *,/&%G "#& 3*%"-(*+&* (!&% 0% +&3!&+ $! H&3!$"$(! AI=

0!+ "#& %&'(!+-(*+&* (!& $! %,'# 0 )0< "#0" %&'(!+-(*+&* *,/&% '0! ?& '(!;$!'$!./<

011/$&+ "( 3*%"-(*+&* (!&%5 J(*& 1*&'$%&/< 0 3*%"-(*+&* *,/& l → r )$// ?& '(!%$+&*&+

"#& 3*%"-(*+&* "&*7 → (l, r) )#&*& K→K $% 0 8,!'"$(!0/ %<7?(/ (8 0*$"< ")(5

 !"#$%$&# '( )*!+&#,-&.,!. ./0!12 7$5 X 0
8$ 3 -$5 &9 :;)<3*238,$-. 3'( F0

8$ 3 -$5 &9 :;)9+'%52&' -=68&,-! 7$5 X 1
8$ 3 -$5 &9 #;)<3*238,$- -+%4 5435 54$ -$5-

X 0,F0,X 1
3*$ 132*>2-$ (2-?&2'5! 7$5 SConst = {→}!

@2A B4$ -$5 &9 :;)5$*6- 2- 54$ -$5 &9 5$*6- T (F0,X 0)!

@22A / :;)*+,$ 2- 3 132* &9 :;)5$*6- 2' T (F0,X 0)× T (F0,X 0)!

@222A B4$ -$5 &9 #;)5$*6- 2- 54$ -$5 &9 5$*6- T (F0 ∪ X 0 ∪ SConst,X 1)!

@2<A / #;)*+,$ 2- 3 132* &9 #;)5$*6- 2' T (F0 ∪X 0 ∪SConst,X 1)×T (F0 ∪X 0 ∪
SConst,X 1)! / #;)*+,$ >2,, 8$ ($'&5$( 8= l ⇒ r!

 "&7 @222A (8 H&3!$"$(! AI %"0"&% "#0" "#& ;0*$0?/&% (8 "#& 3*%" (*+&* ?&'(7&

'(!%"0!"% $! "#& %&'(!+ (*+&*= 0!+ "#& LM-*,/& '(!%"*,'"(* K → K ?&'(7&% EM-

8,!'"$(! %<7?(/%5 6#0" $%= "#& LM-*,/&% ?&'(7& EM-"&*7%5  "&7 @2<A (8 "#& %07&

+&3!$"$(! %"0"&% "#0" EM-*,/&% (1&*0"& (! EM-"&*7%= $! 10*"$',/0* "#&< (1&*0"& (!

LM-*,/&%5 LM-;0*$0?/&% )$// ?& +&!("&+ ?< "#& /&""&* X, Y, Z, . . . 0!+ EM-;0*$0?/&%

)$// ?& +&!("&+ ?< α, β, . . .5 6#& %&70!"$'% (8 "#& EM-*,/&% 2$5&5 *,/& 011/$'0"$(!

0" "#& "(14 $% +&3!&+ $! "#& %07& )0< 0% "#& (!& (8 LM-*,/&%5

AB



 !"#$%& '( )*$%+,-.+ /%0!"+-,1, "+2 3!%-&  .14-+"$-.+

 !"! # $%&''&% ()% *#+,-.%,//0)1/2 /3)%4+564 4,%'/

 ! "#$"$%! & '$#! "#!()%! *&+ ,$ #!"#!%!-, ,.! '&,.!'&,)(&/ !0"#!%%)$-% &-1

,.! 1&,& 2%!1 )- ,.! 3$#'2/&,)$- $3 ,.! "#$$3% &-1 ,.!)# !0,!-%)$-%4 52(. '&,.!6

'&,)(&/ !0"#!%%)$-% &% *!// &% ,.! 1&,& ($')-7 *),. &#! .!-(!3$#,. (&//!1 ,#%0-50

"##6-0"$-.+ %*#&%,,-.+,8 $# 596!0"#!%%)$-% 3$# %.$#,4 :$#! "#!()%!/+8 )-%,!&1 $3

#!"#!%!-,)-7 ,.! 596!0"#!%%)$-% ;+ ,!#'% )- T (F ,X )8 %!! <!=-),)$- >>8 *! #!"#!6
%!-, ,.!' ;+ ,.! %2; %!, $3 ,!#'% )- T (F ,X ) ,.&, 3$//$* ,.! 7#&''&# F 1!=-!1
&3,!#*&#1%4

?!,

MathVar = {x, y, . . .} ;! ,.! %!, $3 '&,.!'&,)(&/ @&#)&;/! -&'!%8
MathDiscVar = {i, j, . . .} ;! ,.! %!, $3 1)%(#!,! '&,.!'&,)(&/ @&#)&;/! -&'!%8
MathDiscDom = {I, J, . . .} ;! ,.! %!, $3 1)%(#!,! '&,.!'&,)(&/ @&#)&;/! 1$'&)-
-&'!%8

MathFun = {f, g, . . .} ;! ,.! %!, $3 '&,.!'&,)(&/ 32-(,)$- -&'!%8
MathFunKind = {known, unknown, test}8
MathReg = {Ω,Γ, . . .} ;! ,.! %!, $3 #!7)$- -&'!%8
MathOper = { !"#$% &'(!)"*+% ,-., . . .} ;! ,.! %!, $3 '&,.!'&,)(&/ $"!#&,$#
-&'!%8

MathDim = {d1, d2, . . .} ∪ N ;! ,.! %!, $3 %+';$/)(A-2'!#)( 1)'!-%)$-%8

&-1

⊙ = {+,×,−}4 B.! %+-,&0 $3 596!0"#!%%)$-% )% 1!=-!1 ;+ ,.! 3$//$*)-7 7#&''&#C

F ::= V | F ⊙ F | Fn | Fun(f, [V , · · · ,V ], k) | Indexed(F,V) | Oper(o,F, [F, · · · ,F])

V ::= Var(x,R) | Indexed(F,V) | &'/!0(i, ,!((I, {l, d}))

R ::= Reg(Ω, d)

*.!#! n ∈ N8 f ∈ MathFun8 k ∈ MathFunKind8 o ∈ MathOper8 x ∈
MathVar8 i ∈ MathDiscVar I ∈ MathDiscDom8 Ω ∈ MathReg8 &-1 l, d ∈
MathDim4

D$# %)'"/)(),+ &-1 ,$ )'"#$@! ,.! #!&1&;)/),+8 *! 2%! ,.! %.$#,6(2, !0"#!%6

%)$-% )-%,!&1 $3 ($'"/!,! 596!0"#!%%)$-%8 /!&1)-7 ,$ '$#! ($-()%! !0"#!%%)$-%4 9-

!0&'"/! $3 ,.! %.$#,6(2, ,!#'% )% 7)@!- ;!//$*4

EF



 !"! #$%&'()&*($* *+,$-. #/)$01*$--2&'- 3'( -4&*5)%+5 5$*6-

Ω ≡ Reg(Ω, d) !"#$%

x ≡ Var(x,Ω) 

y ≡ Var(y,Ω) 

i ≡ Index(i, Set(I, {1, d})) 

j ≡ Index(i, Set(I, {1, d})) 

u(x) ≡ Fun(u, [x],  !"!#$!),

u(x, y) ≡ Fun(u, [x, y],  !"!#$!),

v(x) ≡ Fun(v, [x], %&'%),

ui(x) ≡ Indexed(u(x), i),

uij(x) ≡ Indexed
(
Indexed (u(x), i), j

)
, !"#&%

∂u(x)

∂x
≡ Oper(Deriv, u(x), [x]), !"#'%

∂ui(x)

∂xj
≡ Oper(Deriv, ui (x) , [xj]), !"#(%

∫
u(x) dx ≡ Oper(Integral, u(x), [x]),

∫
u(x, y) dx ≡ Oper(Integral, u(x, y), [x]), !"#)*%

∑

i

ui(x) ≡ Oper
(
Sum, ui(x), [i]

)
, !"#))%

∑

i

uij(x) ≡ Oper

(
Sum, uij(x), [i]

)
. !"#)"%

+,- ./-- 0./12.1/-0 34 .,- 0,3/.521. .-/60 ∂xu(x) ∂uixj 
∫
u(x) dx 

∑
i u(x)

789 u(x)2 7/- 9-:;2.-9 ;8 <;=1/- "#"#

<;=1/- "#"> +/-- 0./12.1/-0 34 .,- 0,3/.521. .-/60 ∂xu(x) ∂uixj 
∫
u(x) dx 

∑
i u(x)

789 u(x)2#

+,- 43??3@;8= -A76:?- 0,3@0 7 /-@/;.;8= /1?- .,7. 10-0 0,3/.521. .-/60 34 BC5

-A:/-00;380#

$)



 !"#$%& '( )*$%+,-.+ /%0!"+-,1, "+2 3!%-&  .14-+"$-.+

 !"#$%& '' 3!% &%5&-$% &67% 5!-0! $&"+,8.&1, "+9 86+0$-.+ u -+$. -$, L2
:+.&1

-, 2%;+%2 49

s := u(x) →

∫
(u(x))2dx(

<9 &%#7"0-+= $!% ,!.&$:06$ $%&1, 5-$! $!%-& &%7"$%2 8677 >?:%*#&%,,-.+,@ 5% =%$ $!%

&%5&-$-+= &67%A

s := Fun(U, [Var(X,Ω)], K) → Oper(Integral, Fun(U, [Var(X,Ω)], K)ˆ2, Var(X,Ω))

5!%&% U,X,K,Ω ∈ X 0
"&% &%5&-$-+= B"&-"47%,(

 !" #$%&'()*' *+ ,-(%.*-/&- -01&( 23 (&4*'/.*-/&-

-01&(

 ! "#$% %&'"$(! )& $!"*(+,'& "#& -*%" .&'#/!$%. /00()$!1 "#& &2"&!%$(! (3 456*,0&%7

 " '(!%$%"% $! "#& &2"&!%$(! (3 456*,0&% 89 .&/!% (3 :56*,0&% "#/" &!;(9 '&*"/$!

<*(<&*"$&%7 =(*& <*&'$%&09> )& <*(?$+& / %&" (3 *&@,$*&.&!"% "#/" "#& :56*,0&%

.,%" 3,0-00 %( "#/" "#&9 '/! &2"&!+ 456*,0&%7

 !"!# $%&%'()&*+%)*,- ,. /(0,-12,&1(& &34(/

A :56*&)*$"$!1 *,0& $% '/00&+ #"&"1%$&-C%2 $3 $"% *$1#"6#/!+ %$+& </*" '(!"/$!% 456

?/*$/80&% )#$'# /*& !(" $! $"% 0&3"6#/!+ %$+& </*"7 B#& $+&/ 8&#$!+ </*/.&"*$C/"$(!

$% "( 8,$0+ B#& 3(*./0 +&-!$"$(! (3 </*/.&"*$C&+ :56*,0&% 3(00()7

(&)*+,+-* '. /0"1"#&,1+2&3 45617%&8 D%$ S = l ⇒ r 4% " >E:&67%( 3!% ,%$
.8 #"&"1%$%&, .8 S@ 2%+.$%2 49 V0(S)@ -, $!% ,%$ .8 FE:B"&-"47%, 2%;+%2 49A

V0(S) = Var0(r) \ Var0(l)

3!% >E:&67% S -, 0"77%2 </*/.&"*$C&+ -G V0(S) -, +.+:%1#$9(

 !"#$%& '9  .+,-2%& $!% %H6"$-.+

H1(u(x)) =

∫
(
du(x)

dx
)2dx DE7FGH

$!"$ &%#&%,%+$, $!% H1
+.&1 .8 $!% 86+0$-.+ u(x)@ 5!%&%

{
H1(u(x)) ≡ Oper(H1, u(x), x), "+2

x ≡ Var(x, Reg(Ω, 1))

IE



 !"! #$%&'()*' *+ ,-(%.*-/&- -01&( 23 (&4*'/.*-/&- -01&(

5-& 67.&$8-&(()*'( 5'/ u, x,Ω 5-& +0'4%)*' (392*1( )' F0
! :;& &<05%)*' = !>?@

45' 2& %0-'&/ )'%* %;& AB.-01& sC

s := H1(u(x)) →

∫
(
du(x)

dx
)2dx

D;&-& {
x ≡ Var(x, Reg(Ω, 1)), 5'/

u, x,Ω ∈ X 0

E&% S 2& %;& 6B.-01&C

S :=
(
H1(u(x)) →

∫
du(x)

dx
dx

)
⇒

(
H1(u(x′)) →

∫ ∑

i

∂u(x′)

∂x′i
dx′

)

D;&-& 



x ≡ Var(x, Reg(Ω, 1)),

x′ ≡ Var(x, Reg(Ω, d)),

u, x,Ω, d ∈ X 0.

:;& 6B.-01& S %-5'(+*-9( %;& AB.-01& s )'%* )%( n./)9&'()*'51 4*0'%&-85-%! F+ D&

/&'*%& 23 lS =-&(8! rS@ %;& 1&+%.;5'/ ()/& =-&(8! -)G;%.;5'/ ()/&@ *+ SH %;&' D&

;5I& %;5% {
Var0(ℓS) = {u, x,Ω}, 5'/

Var0(rS) = {u, x,Ω, d}.

:;&-&+*-&H

V0(S) = Var0(rS) \ Var
0(ℓS) = {d} ∈ X 0.

6)'4& V0(S) )( '*'.&98%3H %;&' 544*-/)'G %* J&,')%)*' KLH %;& 6B.-01& S )(

85-59&%-)M&/!

:;& 5881)45%)*' *+ %;& 6B.-01& S %* %;& AB.-01& sH /&'*%&/ 23 S(s)H 3)&1/( %;&

AB.-01&C

S(s) :=H1(u(x′)) →

∫ ∑

i

∂u(x′)

∂x′i
dx′

D;&-& {
x′ = Var(x, Reg(Ω, d)), 5'/

u, x,Ω, d ∈ X 0.

:;& AB.-01& S(s) )( 5 G&'&-51)M5%)*' *+ %;& AB.-01& s %* %;& n./)9&'()*'51 (&%%)'G!

 ! "#$ %&''&()!*+ "#$ ,&!,$-" &% *$!$./')0/")&! &% 123.4'$5 67 8$/!5 &% 923.4'$5

)5 :$;!$:<

=>



 !"#$%& '( )*$%+,-.+ /%0!"+-,1, "+2 3!%-&  .14-+"$-.+

 !"! #$%&'($%)*$+ ',-).$+'/*' 0'%1''/ 234%5637'3 3-+'4

 !" #$%&$# $' %!" 1"$!%1"$-0"5 %67-8"5%+0% ("%)""# *+,-./"01 &0 2 3-.3&2/ &#4-",

5&"#% &# %!" '$-6./2%&$# $' %!" "7%"#0&$# 6"3!2#&060 (8 9+,-./"0: *$- &#0%2#3"∑i=1
i=1 β 2#5 β 2-" 62%!"62%&32//8 ";.&<2/"#%1 )!"-" β &0 2# 9=,"7>-"00&$#:  !" #$,

%&$# $' 62%!"62%&32/ ";.&<2/"#3" &0 '$-6./2%"5 &# ?"@#&%&$# AB ("//$) (8 6"2#0 $'

2# %67"$-.+"5 ,9,$%1 R1 &:": 2 0"% $' ";.2%&$#0:  )$ *+,-./"0 2-" 62%!"62%&32//8
";.&<2/"#% &' %!"8 2-" 08#%23%&32//8 ";.2/

 

6$5./$ %!" 080%"6 R:

 !"#$%$&# '( )*+%,!-+%$.+/ !01$2+/!#.!3 :%$ s1 "+2 s2 4% $;. <=>&75%,(
:%$ R "+ %67"$-.+"5 ,9,$%1 0.1#.,%2( 3!% &75%, s1 "+2 s2 "&% 1"$!%1"$-0"559
%67-8"5%+$ ;-$! &%,#%0$ $. R? ;&-$$%+ s1 ≃R s2? -@ $!%9 "&% ,9+$"0$-0"559 %67"5

1.275. R(

 !"#$%$&# '4 )R56!-+#%$. .&#6!72+%$&# 89571/!3 :%$ R 4% "+ %67"$-.+"5 ,9,>

$%1( A B=>&75% S -, R>,%1"+$-0 0.+,%&8"$-.+ -@ C.& "55 <=>&75% s? ;% !"8% $!"$
S(s) ≃R s(

:;+-</! => :%$ S0 4% $!% B=>&75%D

S0 :=
(
H1(u(x)) →

∫
(
du(x)

dx
)2 dx

)
⇒

(
H1(u(x)) →

∫ ∑

i

(
∂u(x)

∂xi
)2 dx

)

;!%&%





x = Var(x, Reg(Ω, 1)),

i = Var(i, Reg(I, 1)),

xi = Indexed(x, i), "+2

i, I, u, x,Ω ∈ X 1

E.$-0% $!"$ $!% 8"&-"45% i &"+F%, C&.1 1 $. 1 -+ $!% &-F!$>!"+2 ,-2% .C S0( :%$ R
4% $!% %67"$-.+"5 ,9,$%1D

R =
{∑

i

α = α,

 !"#$#" (α,  !"#$(i, Set(I, {1, . . . , 1}))) = α
}

CD:EFG

3!% ,%0.+2 %67"$-.+ .C R ,$"$%, $!"$ "+ %*#&%,,-.+ αi -, %67"5 $. α -C i &"+F%, C&.1
1 $. 1( G% !"8% $!"$ S0 -, "+ R>,%1"+$-0 0.+,%&8"$-.+? ,-+0% C.& %8%&9 <=>&75%
s? S0(s) -, 1"$!%1"$-0"559 %67-8"5%+$ $. s 1.275. R(

 

 !" #$%&'(&)( "*+',)&$ -"&.""% /"./)&)%0 /+,"# !'# ',.'$# &1 -" 21%" 312+,1 α4"*+)5',"%("6

 .1 /"./)&)%0 /+,"# '/" α4"*+)5',"%& )7 &!"$ '/" #$%&'(&)(',,$ )2"%&)(', +8 &1 ' /"%'3)%0 17 &!")/

5'/)'-,"#6 91/ )%#&'%(": &!" /+,"# f(x) → g(x) '%2 f(y) → g(y): .!"/" x '%2 y '/" 5'/)'-,"#: '/"

α4"*+)5',"%&6  .1 #&/'&"0)"# '/" α4"*+)5',"%& )7 &!"$ '/" #$%&'(&)(',,$ )2"%&)(', +8 &1 ' /"%'3)%0

17 &!" 5'/)'-,"# 17 &!")/ /"./)&)%0 /+,"#6 91/ )%#&'%(": &!" #&/'&"0)"#  !""!#$%(f(x) → g(x)) '%2
 !""!#$%(f(y) → g(y)) '/" α4"*+)5',"%&6

HF



 !"! #$%&'()*' *+ ,-(%.*-/&- -01&( 23 (&4*'/.*-/&- -01&(

 !"!# $%&%'()*+(,*-& -. /'0,1-'2%' '3)%0 45 (26*00*4)% 7(1

'(6%,%'*+%2 0%8-&21-'2%' 0,'(,%9*%0

 !"#$%$%& '() %!'$!%* !+ ,-.-")'.$/-'$!% -%0 "-'()"-'$1-2 )34$5-2)%1)6 0)7%)0

.)*,)1'$5)28 $% 9)7%$'$!%* :; -%0 :<6 =) -.) -#2) '! 0)7%) '() %!'$!% !+ &)%).-2>

$/'$!% !+ ?@>.42)*A

 !"#$%$&# '( )*!#!+,-$.,%$&# &/ , 0,+,1!%+$.!2 345+6-!7 5&% S 2& 6 76-68&%-)9&/

:;.-01& 6'/ S ′
2& 6 :;.-01&! <& (63 %=6% S >&'&-61)9&( S ′

)+ %=&-& &$)(%( 6 8677)'>

γ *+ %=& ,-(% *-/&- ?6-)621&( )' V(S) (04= %=6%

γ(S) = S ′

89,10-! ': @*'()/&- %=& 76-68&%-)9&/ :;.-01& S *+ #$6871& AB 6'/ %=& :;.

-01& S0 *+ #$6871& CD! <& =6?& %=6% S )( 6 >&'&-61)96%)*' *+ S0E ()'4& +*- %=&

8677)'> γ = {d→ 1}E F& >&% γ(S ′) = S!

 !"#$%$&# '; )<21$==$>-! 0,+,1!%+$.!2 345+6-!7 5&% S 2& 6 76-68&%-)9&/

:;.-01& 6'/ S ′
2& 6' R.(&86'%)4 4*'(&-?6%)*' :;.-01& +*- 6' &G06%)*'61 (3(%&8

R! <& (63 %=6% S )( (S ′
.R).6/8)(()21& )H S ′

)( R.(&86'%)4 4*'(&-?6%)*' 6'/ S
>&'&-61)9&( S ′

! <& (=611 ()8713 (63 %=6% S )( 6/8)(()21& )+ )% )( (S ′
.R).6/8)(()21&

+*- (*8& R.(&86'%)4 4*'(&-?6%)*' (%-6%&>3 S ′
!

B*$%& '() 1!%1),'* $%'.!041)0 *! +-.6 =) -.) .)-08 '! 0)7%) '() %!'$!% !+

&)%).-2$/-'$!% !+ - ?@>.42)A C) %!'$1) '(-' '() %!'$!% !+ &)%).-2$/-'$!% !+ - ?@>

.42) (-* %!' '! #) 1!%+4*)0 =$'( '() !%) !+ &)%).-2$/-'$!% !+ - ,-.-")'.$/)0 D@>.42)

&$5)% $% 9)7%$'$!% ;EA

 !"#$%$&# '? )*!#!+,-$.,%$&# &/ , @45+6-!7 5&% s0 6'/ s1 2& I;.-01&(! <&

(63 %=6% s1 )( 6 >&'&-61)96%)*' *+ s0 )H %=&-& &$)(%( 6' 6/8)(()21& 76-68&%-)9&/

:;.-01& S (04= %=6%

s1 = S(s0).

J'/ F& (63 %=6% S >&'&-61)9&( s0 %* s1!

89,10-! 'A 5&% s0 2& %=& I;.-01&K

s0 := H1(u(x)) →

∫
(
du(x)

dx
)2dx,

F=&-&

{
x = Var(x, Reg(Ω, 1)) 6'/

u, x,Ω ∈ X 0.

;:



 !"#$%& '( )*$%+,-.+ /%0!"+-,1, "+2 3!%-&  .14-+"$-.+

5%$ s1 4% $!% 678&9:% ;

s1 := H1(u(x)) →

∫ ∑

i

(
∂u(x)

∂xi
)2dx,

<!%&%





x = Var(x, Reg(Ω, d)) "+2

u, x,Ω, d ∈ X 0, "+2

i ∈ F0.

=% ,!":: >+2 "+ "21-,,-4:% #"&"1%$&-?%2 @78&9:% S ′
$!"$ A%+%&":-?%, s0 $. s1( =%

,$"&$ B&.1 $!% ,%1"+$-0 0.+,%&C"$-.+ @78&9:% S0;

S0 :=
(
H1(u(x)) →

∫
(
du(x)

dx
)2 dx

)
⇒

(
H1(u(x)) →

∫ ∑

i

(
∂u(x)

∂xi
)2 dx

)
,

<!%&%





i =  !"(i, #$%(I, 1)),

u, x,Ω ∈ X 1, "+2

I, i ∈ F0.

DE &%#:"0-+A $!% 0.+,$"+$ 1 4E $!% C"&-"4:% d ∈ X 0
-+ 4.$! x "+2 i -+ $!%

&-A!$8!"+2 ,-2% .B S0F <% A%$ $!% @78&9:% S
′
;

S ′ :=
(
H1(u(x)) →

∫
(
du(x)

dx
)2 dx

)
⇒

(
H1(u(x)) →

∫ ∑

i

(
∂u(x)

∂xi
)2 dx

)
,

<!%&% x = Var(x, Reg(Ω, d))F i = Var(i, Reg(I, d))F u, x,Ω ∈ X 1
"+2 IF i ∈ F0

( =%

!"C% $!"$ $!% @78&9:% S ′
-, (S0 −R)8"21-,,-4:%F <!%&% R -, $!% %G9"$-.+": ,E,$%1

A-C%+ -+ )G '(HI( @-+0% S ′(s0) = s1F $!%+ s1 -, " A%+%&":-?"$-.+ .B s0(

 !" #$%&'()*' *+ ,-(%.*-/&- %&-0( 12 *3%45-/ 6-*4%7(

 ! "#$%&'! ()*+ ,# -./# #0%.12&0-#3 %-# 450% 6#$-.!&06 7'5 %-# #8%#!0&'! '7 9:;

5<2#0) =-#5#+ ,# -./# 3#4!#3 5#><&5#6#!%0 7'5 ":;5<2#0 0' %-.% %-#? $.! $'55#$%2?

#8%#!3 9:;5<2#0) @',#/#5+ ,# 3&3 !'% A5'/&3# . $2#.5 A5'$#00 %' 1<&23 0<$- ":;

5<2#0) =' 3#.2 ,&%- %-&0 &00<#+ ,# #2.1'5.%# . 0#$'!3 6#$-.!&06 7'5 %-# #8%#!0&'! '7

9:;%#560 B&! %-&0 0#$%&'!C .!3 '7 9:;5<2#0 B&! 0#$%&'! ()DC) =-&0 0#$'!3 6#$-.!&06

DD



 !"! #$%&'()*' *+ ,-(%.*-/&- %&-0( 12 *3%45-/ 6-*4%7(

 ! "#!$% &' ()$ '&( &' &* *3%45-/ 6-*4%7( ()#(+ ,&-.)/0 !1$#2 '.+ 3&'! !(!  ' ()$

*&//&4 '.5 8)9 6,!(/0+ 4$ '$$% (& %$6'$ ,-% 7$'(#,0 3&71&'$'(!+ 3#//$% 5//&/

%&-0(+ #//&4 '.+ &' &'$ )#'%+ (& $81,$!! ()$ 2 '% &* $8($'! &'! ()#( 4$ 4#'( (&

7#2$+ #'%+ &' ()$ &()$, )#'% 3#' "$ 3&7" '$% (& "- /% 7&,$ 3&71/$8 3&71&'$'(!9

8))9 :$3&'%/0+ ()$!$ 3&71&'$'(! 4 // "$  '!$,($% #( 3$,(# ' 1&! ( &'! &* # ;<=($,7

#'% # ;<=,-/$9 >)#(  !+ ()$ 1&! ( &'! &' 4) 3) ()$ $8($'! &'  ! 7#%$9

?' *#3(+ ()$!$ (4& $8($'! &' 7$3)#' !7! #,$ $@- A#/$'(  ' ()$ !$'!$ ()#( ()$0

)#A$ ()$ !#7$ $B$3( 4)$' #11/ $% (& ()$ !#7$ ($,79 C$! %$!+ &-(4#,% .,&4()

7$3)#' !7! 3#' "$ -!$% (& 3&'!(,-3( !$7#'( 3 1,$!$,A#( &' #! 4$// #! #%7 !! "/$

:<=,-/$!9

 !"#$%$&# '' :&% Fadd = F0 ∪ {⊥} 47&-& ⊥/∈ F0
! ;7& (&% *+ <5//&/ %&-0(<=

/&'*%&/ 12 T add
= )( /&,'&/ 12 T add = T (Fadd,X 0)!

>),&-.)&-( () ! 3)#1($,+ 4$ #!!-7$ ()#( ()$ !07"&/ ⊥ &33-,! &'/0 &'3$  ' #'

#%%$% ($,7  ' T add
9 >)$ 1&! ( &' &* ⊥  ' τ  ! %$'&($% "0 q(τ)9 ?' 4)#( *&//&4! 4$

-!$ ()$ #,,&4 D D (& %$'&($ 7#11 '.!E,$%-3( &'! ,-/$!+ '&( (& "$ 3&'*-!$% 4 ()

()$ ,$4, ($ ,-/$!9 F$ 7$'( &' ()#( ()$ '&( &' &* #%%$% ($,7!  ! 3/&!$ (& ()$ &'$

&* >*'%&$%9

 !"!# $%&' ()'*+,- .,(*'/0 '( '/1 ,((' +%- '/1&, 2(34(0&5

'&(%

 !"#$%$&# '( )*#$% &+%,-./ 0.&,%1 %& %1! .&&%2 ;7& 3')% *3%45-/ 6-*4%7

4)%7 5' 5//&/ %&-0 τ ∈ T add
= /&'*%&/ 12 Gτ = )( 5 05??)'6 +-*0 T (F0,X 0) %*

T (F0,X 0) /&,'&/ 12@

Gτ : t τ [t]q.

;7& 6-*3'/ *3%45-/ 6-*4%7 Gτ )( >5AA&/ ?5-50&%-)B&/ )+ τ )'>A3/&( C5-)51A&( +-*0

X 0
!

>)$ #11/ 3#( &' &* # -' ( &-(4#,% .,&4() Gτ (& # ($,7 t (& ()$ ,&&(  ! %$1 3($%

 ' ; .-,$ 33 "$//&49

45-678! '9 :&% t = h(c) 1& 5 %&-0 47&-& c )( 5 >*'(%5'%! :&% τ = Indexed(⊥, i)
1& 5' 5//&/ %&-0! :&% Gτ : t τ [t]q 1& 5' *3%45-/ 6-*4%7 4)%7 %7& 5//&/ %&-0 τ !
;7& 5??A)>5%)*' *+ Gτ %* t 2)&A/( %7& %&-0@

Gτ (t) = hi!

;7& %&-0( t= τ 5'/ hi 5-& /&?)>%&/ )' D)63-&  !E!

GH



 !"#$%& '( )*$%+,-.+ /%0!"+-,1, "+2 3!%-&  .14-+"$-.+

 !"#$% &'() *+,%-./!+ 0!."$.- 12 /,% .334!+./!15 12 . #5!/ 1#/6.$0 "$16/, Gτ

76!/, .5 .00%0 /%$- τ8 /1 . /%$- t /1 /,% $11/'

 !"#$% &'9) :334!+./!15 12 /,% #5!/ 1#/6.$0 "$16/, Gτ  !" #$$%$ &%'( τ) &! &*%

&%'( t &! &*% '!!&+

 !"#$%$&# '( )*&+,&-$%$&# &. /00!0 %!1+-2  !" #$%&$'()($* +$, )-$ .//"/

)",%' τ , τ ′ ∈ T add
(' /"0*"/ (* )!" 1'1.2 '"*'" 34

τ ′//τ = τ ′[τ ]q(τ ′) ∈ T add

 !"#$% &' 5$)(#" )!.) )!" #$%&$'()($* $+ .//"/ )",%' (' .''$#(.)(6" 31) *$)

#$%%1).)(6"7

()#"*+! &, 8") τ .*/ τ ′ 3" )!" .//"/ )",%'



τ = Indexed(⊥, i), .*/

τ ′ =
∑
i

(⊥)

 !"(, #$%&$'()($* τ ′//τ =
∑
i

(Indexed(⊥, i)) (' /"&(#)"/ (* 9(:1," ;7<7

 !



 !"! #$%&'()*' *+ ,-(%.*-/&- %&-0( 12 *3%45-/ 6-*4%7(

 !"#$% &'() *+,-+.!/!+0 +1 /2+ 344%4 /%$,.'

8*%)9& %75% %7& 9*0:*()%)*' τ//τ ′ = Indexed(
∑
i

(⊥), i) 75( '* ()6'),95'9& ()'9&

)% /*&( '*% 5;;*4 %* 13);/ 5 (*3'/ <=.&$:-&(()*'!

 !"#$!%& '( )*"+#",-%-". "/ %0" 1.-% "1%02!3 4!"0%5, %" %5$ !""%6 >*-

5'2 τ , τ ′ ∈ T add
? %7& 9*0:*()%)*' Gτ ;Gτ ′ *+ %4* 3')% 6-*3'/ *3%45-/ 6-*4%7( %*

%7& -**% )( %7& 3')% 6-*3'/ *3%45-/ 6-*4%7 4)%7 5//&/ %&-0 τ ′//τ ? )!&!

Gτ ;Gτ ′ = Gτ ′//τ : t (τ ′//τ)[t]q(τ ′//τ).

5!06% /7% 6+,-+.!/!+0 +1 344%4 /%$,. !. 0+/ 6+,,#/3/!8%9 /7% 6+,-+.!/!+0 +1

+#/23$4 "$+2/7 /+ /7% $++/ !. 0+/ 6+,,#/3/!8% 3. 2%::'

 !"! #$%& '(&)*+, -+')&./ &' * 0'/%&%'$ *$, &.1%+ 2'34%5

$*&%'$

;% 0%</ "%0%$3:!=% /7% 4%>0!/!+0 +1 #0!/ +#/23$4 "$+2/7. /+ /7% $++/ /+ ?% 3--:!%4

/+ 30@ -+.!/!+0'

7$8.-%-". '9 ):.-% "1%02!3 4!"0%5 %" 2 #",-%-".6 @&% Gτ 1& 3')% 6-*3'/

*3%45-/ 6-*4%7 5'/ p 1& 5 :*()%)*'! A7& 3')% *3%45-/ 6-*4%7 Gτ ,p %* :*()%)*' p )(

5 05::)'6

Gτ ,p : t t[Gτ (t|p)]p,

47)97 )( /&,'&/ *';2 )+ p ∈ Pos(t)!

A1 /7%$% !. 0+ 3,?!"#!/@9 #0!/ +#/23$4 "$+2/7. /+ 3 -+.!/!+0 2!:: ?% .!,-:@

63::%4 #0!/ +#/23$4 "$+2/7.'

B7% 3--:!63/!+0 +1 3 #0!/ +#/23$4 "$+2/7 Gτ,p 2!/7 30 344%4 /%$, τ /+ 3 /%$,
t 3/ /7% -+.!/!+0 p !. 4%-!6/%4 !0  !"#$% &'C'

CD



 !"#$%& '( )*$%+,-.+ /%0!"+-,1, "+2 3!%-&  .14-+"$-.+

 !"#$% &'() *+,%-./!+ 0!."$.- 12 /,% .334!+./!15 12 . #5!/ 1#/6.$0 "$16/, Gτ ,p

76!/, .5 .00%0 /%$- τ8 /1 . /%$- t ./ /,% 319!/!15 p'

 !"#$%& '( 5%$ t = ∂xu(x) 4% " $%&1 "+2 τ := Indexed(⊥, i) 4% "+ "22%2 $%&1(
5%$ p 4% $!% #.,-$-.+ .6 x -+ t7 $!"$ -,7 p = 2( 3!% "##8-0"$-.+ .6 $!% 9+-$ .9$:"&2
;&.:$! Gτ ,p $. t <-%82,=

Gτ ,p(t) = t[Gτ (t|p)]p

= ∂xi
u(x).

3!% $%&1, t7 τ "+2 Gτ ,p(t) "&% 2%#-0$%2 -+ >-;9&% '(?(

 !"#$% &':) ;334!+./!15 12 /,% #5!/ 1#/6.$0 "$16/, Gτ 712 .00%0 /%$- τ8 /1 /,%
/%$- t ./ /,% 319!/!15 p'

:<



 !"! #$%&'()*' *+ ,-(%.*-/&- %&-0( 12 *3%45-/ 6-*4%7(

 !"#$!%& '( )*"+#",-%-". "/ %0" 1.-% "1%02!3 4!"0%5, %" %5$ ,2+$ #",-%-".6

8&% Gτ ,p 5'/ Gτ ′,p 1& %4* 3')% *3%45-/ 6-*4%7( %* %7& (50& 9*()%)*' p! :7&)- ;*0.

9*()%)*'< /&'*%&/ 12 Gτ ,p;Gτ ′,p< ;5' 1& &$9-&((&/ 5( +*==*4(>

Gτ ,p;Gτ ′,p = Gτ ′//τ,p : t t[Gτ ′//τ (t|p)]p!

782+#9$ ': 8&% t =
∫
a dx 1& 5 %&-0 5'/ p 1& %7& 9*()%)*' *+ a )' t! 8&% τ 5'/

τ ′ 1& %7& 5//&/ %&-0(>




τ = Indexed(⊥, i),

τ ′ =
∑
i

(⊥).

8&% Gτ ,p 5'/ Gτ ′,p 1& %4* 3')% *3%45-/ 6-*4%7( %* %7& 9*()%)*' p! ?& 75@&

τ ′//τ =
∑

i

(Indexed(⊥, i)).

:7&-&+*-&

(Gτ ,p;Gτ ′,p) (t) = Gτ ′//τ,p(t)

=

∫ ∑

i

ai dx.

 ! "!#$! $!%& &'! ()*+),-&-)$ ). )/&012" 32)0&', &) "-4!2!$& +),-&-)$,5

;$<.-%-". '' )*"+#",-%-". "/ %0" 1.-% "1%02!3 4!"0%5, %" 3-=$!$.% #",-%-".,6

8&% Gτ ,p 5'/ Gτ ′,p′ 1& %4* 3')% *3%45-/ 6-*4%7( %* %7& 9*()%)*' p 5'/ p′< -&(9&;%)@&=2!
:7&)- ;*09*()%)*' Gτ ,p;Gτ ′,p′ )( /&,'&/ )+ 5'/ *'=2 )+ 47&' p′ ⊑ p!

6)&-(! &'1& -. &'! +),-&-)$, p 1$" p′ 12! -$()*+12178!9 -5!5 p ‖ p′ &'!$
Gτ ,p;Gτ ′,p′ = Gτ ′,p′ ;Gτ,p5 :$ &'! )&'!2 '1$"9 0! (1$ ;/,&-.< &'! ()$"-&-)$ p

′ ⊑ p
)$ &'! +),-&-)$, p 1$" p′ -$ =!#$-&-)$ >>9 -5!5 p′ ≤ p )2 p ‖ p′9 0'-8! ()*+),-$3
/$-& )/&012" 32)0&', 1, .)88)0,5 ?'! 1++8-(1&-)$ ). 1 /$-& )/&012" 32)0&' 1& 1

+),-&-)$ p .)88)0!" 7< 1$ 1++8-(1&-)$ ). 1$)&'!2 /$-& )/&012" 32)0&' 1& 1 =*4&-

+),-&-)$ p′ *-3'& 8!1" &) 1$ /$"!,-2!" 2!,/8& ,-$(! &'! $!0 +),-&-)$ 1& 0'-(' 0!
0)/8" 8-@! &) 1++8< &'! ,!()$" )/&012" 32)0&' *-3'& ('1$3!5 ?'-, +),,-78! ('1$3!

). &'! +),-&-)$ ")!, $)& '1++!$ 0'!$ &'! &0) +),-&-)$, p 1$" p′ 12! -$()*+12178!
)2 &'! +),-&-)$ p -, 8)0!2 &'1$ p′5 A, 1$ -88/,&21&-)$9 ,!! B%1*+8! >C 7!88)05

782+#9$ '> 8&% t :=
∫
(∂xu(x))

2 dx 1& 5 %&-0! 8&% τ 5'/ τ ′ 1& %7& 5//&/ %&-0(




τ = Indexed(⊥, i),

τ ′ =
∑
i

(⊥).

>D



 !"#$%& '( )*$%+,-.+ /%0!"+-,1, "+2 3!%-&  .14-+"$-.+

 !"#$% &'() *+% ,%$- t =
∫
(∂xu(x))

2 dx ./0 ,+% .00%0 ,%$-1 τ = Indexed(⊥, i)
./0 τ ′ =

∑
i

(⊥)'

5%$ Gτ ,112 "+2 Gτ ′,1 4% $!% .6$7"&2 8&.7$!, $. $!% #.,-$-.+, 112 "+2 1 &%,#%0$-9%:;<
"+2 ",,.0-"$%2 7-$! $!% "22%2 $%&1, τ "+2 τ ′ &%,#%0$-9%:;( 3!% $%&1 t< $!% #.,-$-.+,
1 "+2 112< "+2 $!% "22%2 $%&1, τ "+2 τ ′ "&% 2%#-0$%2 -+ =-86&% '(>(

?-+0% 1 < 112< $!% 0.1#.,-$-.+ Gτ ,112;Gτ ′,1 -, 7%:: 2%@+%2( 3!% &%,6:$ .A $!%

"##:-0"$-.+ .A Gτ ,112;Gτ ′,1 $. t -, 2%#-0$%2 -+ =-86&% '(B( 3!-, -, 2.+% -+ $7. ,$%#,C
@&,$:; 7% "##:; Gτ ,112 $. t< ;-%:2-+8 $!% $%&1 t1< $!%+ 7% "##:; Gτ ′,1 $. t1(

D.7%9%&< $!% "##:-0"$-.+ .A Gτ ′,1 A.::.7%2 4; $!% "##:-0"$-.+ $. t .A Gτ,112 ;-%:2,

"+ 6+2%,-&%2 &%,6:$ ", ,!.7+ -+ =-86&% '(EF( G.$-0% $!"$ "A$%& $!% "##:-0"$-.+ .A

Gτ ′,1 $. t $!"$ 8-9% $!% $%&1 w1< $!% #.,-$-.+ .A w1 "$ 7!-0! 7% 7.6:2 :-H% $. "##:;

Gτ !", 0!"+8%2( I+ .$!%& 7.&2,< $. .4$"-+ $!% 2%,-&%2 &%,6:$< $!% .6$7"&2 8&.7$!

Gτ !", $. 4% "##:-%2 "$ $!% #.,-$-.+ 1112 .A w1 -+,$%"2 .A 112(

2/ 3$0%$ ,3 4% .45% ,3 63/1,$#6, 63-75%8 3#,9.$0 "$39,+1: 9% 15!"+,5; "%/%$.5!<%

,+% /3,!3/ 3= 63-731!,!3/ 3= ,93 #/!, 3#,9.$0 "$39,+1 "!>%/ !/ ?%@/!,!3/ AA 13

,+., 9% 6./ 63-731% ,93 #/!, 3#,9.$0 "$39,+1 ,3 ,93 731!,!3/1 !/0%7%/0%/,5; 3/

,+%!$ $%5.,!>% 3$0%$' *+% "%/%$.5!<%0 63-731!,!3/ 3= #/!, 3#,9.$0 "$39,+1 !1 6.55%0

0.14-+"$-.+' 2,1 0%@/!,!3/ =355391'

 !"#$%$&# '( )*&+,$#-%$&# &. %/& 0#$% &0%/-12 31&/%456 3!% 0.14-+"J

$-.+ .A $7. 6+-$ .6$7"&2 8&.7$!, Gτ ,p "+2 Gτ ′,p′< 2%+.$%2 4; Gτ ,p♦Gτ ′,p′< -, 2%@+%2

", A.::.7,C

Gτ ,p♦Gτ ′,p′ =

{
Gτ ,p;Gτ ′,p′ -A p ⊑ p′,

Gτ ′,p′ ;Gτ ,p .$!%&7-,%(

A&



 !"! #$%&'()*' *+ ,-(%.*-/&- %&-0( 12 *3%45-/ 6-*4%7(

 !"#$% &'() *+% ,--.!/,0!12 13 0+% /14-15!0!12 Gτ ′,112;Gτ ′,1 01 t'

610!/% 0+,0 0+% /147!2,0!12 1-%$,0!12 ♦ !5 ,551/!,0!8% 7#0 210 /144#0,0!8%'

91:%8%$ !0 /,2 7% /144#0,0!8% !3 0+% -15!0!125 01 :!0/+ 0+% 1#0:,$; "$1:0+5 ,$%

,--.!%; ,$% ;!50!2/0 ,5 50,0%; !2 0+% 31..1:!2" <$1-15!0!12'

 !"#"$%&%"' () 8&% τ 1, τ 2 1& %4* 5//&/ %&-0( 5'/ 9&% q1, q2 1& %4* :*()%)*'(! ;+

q1 6= q2 %7&'

Gτ1,q1 ♦Gτ2,q2 = Gτ2,q2 ♦Gτ1,q1 .

 !"!# $%&'()* +),'&-. (/* &-01) 2,341/(&1,/

*+,'%&%"' (- ./0&12!3 4!"1&56 8&% ~τ = (τ 1, ..., τn) 1& 5 %3:9& *+ n 5//&/

%&-0( 5'/ 9&% ~q = (q1, ..., qn) 1& 5 %3:9& *+ n :*()%)*'( 4)%7 p1 ≥ p2 ≥ . . . ≥ pn! <7&
*3%45-/ 6-*4%7 G~τ,~q *' %7& 5//&/ %&-0( ~τ %* %7& :*()%)*'( ~q )( %7& =*0:*()%)*' *+

%7& n 3')% *3%45-/ 6-*4%7( Gτ1,q1 , . . . ,Gτn,qn! <75% )(>

G~τ,~q = Gτ1,q1 ; . . . ; Gτn,qn .

=2 0+% 31..1:!2" :% 5+,.. ;%>2% 0+% 1-%$,0!12 13 =*01)'5%)*' 13 0:1 1#0:,$;

"$1:0+5 G~τ,~q ,2; G~τ ′,~q′ ? :+%$% ~τ = (τ 1, . . . , τn)? ~q = (q1, . . . , qn)? ~τ
′ = (τ ′1, . . . , τ

′
m)

,2; ~q′ = (q′1, ..., q
′
m)' *+!5 1-%$,0!12 "%2%$,.!@%5 0+% 1-%$,0!12 13 /147!2,0!12 13

#2!0 1#0:,$; "$1:0+5 ,0 ;!A%$%20 -15!0!125 "!8%2 !2 B%>2!0!12 CC'  !$50.D? :% 2%%;

01 -%$31$4 514% 0$%,04%20 12 0+% 8%/01$5 13 -15!0!125 ~q ,2; ~q′ ,5 :%.. ,5 12 0+%!$
$%.,0%; 8%/01$5 13 ,;;%; 0%$45 ~τ ,2; ~τ ′'

CE



 !"#$%& '( )*$%+,-.+ /%0!"+-,1, "+2 3!%-&  .14-+"$-.+

 !"#$% &'()* +,% -../!0-1!23 Gτ ,112(Gτ ′,1(t)) 4!%/56 -3 #35%6!$%5 $%6#/1'

 !"#$%$&# '( 5%$ ~τ = (τ 1, . . . , τn) "+2 ~τ
′ = (τn+1, . . . , τn+m) 4% $6. $7#8%, .9

"22%2 $%&1,( 5%$ ~q = (q1, . . . , qn) "+2 ~q′ = (qn+1, . . . , qn+m) 4% $6. $7#8%, .9
#.,-$-.+,: 6!%&% $!% #.,-$-.+, q1, . . . , qn+m "&% #"-&6-,% 0.1#"&"48%: -(%( %-$!%&

qi ≤ qj .& qj ≤ qi 9.& "88 i, j ∈ {1, . . . , n+m}( ;%<+% $!% 1"##-+= f ", f(qi) = τ i:
9.& "88 i ∈ {1, . . . , n+m}( >% 2%<+% $!% #&.270$ (~τ , ~q)⊗ (~τ ′, ~q′) ", 9.88.6,(

?( @-&,$8A: ,.&$ $!% $7#8% (q1, . . . , qn+m) -+ $!% 2%,0%+2-+= .&2%&( 3!"$ -,: 8%$
(q′1, . . . , q

′
n+m) 4% ,70! $!"$B

-(C {q′1, . . . , q
′
n+m} = {q1, . . . , qn+m}: "+2

--(C q′i ≤ q′j -D i < j 9.& "88 i, j ∈ {1, . . . , n+m}(

'( E%0.+28A: 2%8%$% $!% &%27+2"+$ #.,-$-.+, 9&.1 (q′1, . . . , q
′
n+m)( 3!"$ -,: 8%$

~q′′ = (q′′1 , . . . , q
′′
r ) 7&'(89

4% ,70! $!"$ {q′′1 , . . . , q
′′
r} = {q′1, . . . , q

′
n+m}: "+2 q

′′
i > q′′i+1 9.& "88 i ∈ {1, . . . , r − 1}(

3!-, A-%82, " ,7&F%0$-G% 97+0$-.+ g : {1, . . . , n+m} → {1, . . . , r} ,($( g(i) = j
-D q′′i = q′j(

H( 3!-&28A: &%#8"0% "88 $!% "22%2 $%&1, -+ (f(q′1), . . . , f(q
′
n+m)) 6!-0! "&% $. $!%

,"1% #.,-$-.+ 4A $!%-& 0.1#.,-$-.+( 3!"$ -,: 8%$

~τ ′′ = (τ ′′1, . . . , τ
′′
r) 7&'(:9

4% ,70! $!"$B τ ′i = f(q′k1)// . . . //f(q
′
kd
) -D g−1(i) = {k1, . . . , kd} "+2 k1 <

k2 < . . . < kd 9.& "88 i ∈ {1, . . . , r}(

;<



 !"! #$%&'()*' *+ ,-(%.*-/&- %&-0( 12 *3%45-/ 6-*4%7(

8! 9)'5::2; 4& :&%

(~τ , ~q)⊗ (~τ ′, ~q′)
def
= (~τ ′′, ~q′′)

47&-& ~τ ′′ )( /&,'&/ )' #<! = !>?@ 5'/ ~q′′ )( /&,'&/ )' #<! = !>"@ 51*A&!

 !" #$%%$&'() *+$,$-'.'$( '- ($. !/+0 .$ ,+$1"2

 !"#"$%&%"' () B7& *C&-5%)*' ⊗ )( 5((*D)5%)A&!

3$&"1"+4 .!" $,"+/.'$( ⊗ '- ($. 5$667./.'1" '( )"("+/%4 87. '. 5/( 8" 7(0"+

5$667./.'1" 7(0"+ -$6" /--76,.'$(-4 (/6"%9 &!"( "/5! ,$-'.'$( $# ~q '- 0'-.'(5.
.!/( "/5! ,$-'.'$( $# ∐′

:

 !"#"$%&%"' (* E&% ~τ 5'/ ~τ ′ 1& 5 %4* %3C:&( *+ n 5//&/ %&-0(! E&% ~q = (q1, ..., qn)
5'/ ~q′ = (q′1, ..., q

′
n) 1& %4* %3C:&( *+ n C*()%)*'( 4)%7 q1 ≥ q2 ≥ . . . ≥ qn 5'/

q′1 ≥ q′2 ≥ . . . ≥ q′n! B7&';

)+ ∀i = 1, . . . , n, qi 6= q′i %7&' (~τ , ~q)⊗ (~τ ′, ~q′) = (~τ ′, ~q′)⊗ (~τ , ~q)

;$& &" /+" +"/09 .$ 0"<(" .!" 5$68'(/.'$( $# .&$ $7.&/+0 )+$&.!-2

+,-'%&%"' (. /0"12%'3&%"' "4 &5" "6&53!7 8!"5&9$: B7& D*01)'5%)*' *+

%4* *3%45-/ 6-*4%7( G~τ,~q 5'/ G~τ ′,~q′ )( /&,'&/ 12

G~τ,~q ♦G~τ ′,~q′
def
= G~τ ′′,~q′′ , 47&-& (~τ ′′, ~q′′) = (~τ , ~q)⊗ (~τ ′, ~q′).

 !"#"$%&%"' (; B7& *C&-5%)*' ♦ *+ D*01)'5%)*' *+ *3%45-/ 6-*4%7( )( 5((*D)5.

%)A&!

 !""4<  !" /--$5'/.'1'.9 $# ♦ #$%%$&- #+$6 .!" /--$5'/.'1'.9 $# .!" ,+$075.

$,"+/.'$( ⊗4 -"" *+$,$-'.'$( =>2
 !" 5$68'(/.'$( $,"+/.'$( ♦ '- ($. 5$667./.'1" '( )"("+/% -'(5" ⊗ '- ($.

5$667./.'1"2 3$&"1"+4 &" 5/( )"("+/%'?" .!" *+$,$-'.'$( =@ /(0 5%/'6 .!/. .!"

$,"+/.'$( ♦ 5/( 8" 5$667./.'1" 7(0"+ -$6" 5$(0'.'$(-:

 !"#"$%&%"' (= E&% ~τ 5'/ ~τ ′ 1& 5 %4* %3C:&( *+ n 5//&/ %&-0(! E&% ~q = (q1, ..., qn)
5'/ ~q′ = (q′1, ..., q

′
n) 1& %4* %3C:&( *+ n C*()%)*'( 4)%7 q1 ≥ q2 ≥ . . . ≥ qn 5'/

q′1 ≥ q2 ≥ . . . ≥ q′n! B7&';

)+ ∀i = 1, . . . , n, qi 6= q′i %7&' G(~τ,~q)♦G(~τ ′,~q′) = G(~τ ′,~q′)♦G(~τ,~q)

 !""4<  !" ,+$$# #$%%$&- #+$6 *+$,$-'.'$( =A2

 !" #$%%$&'() *+$,$-'.'$( +"%/."- .!" $7.&/+0 )+$&.!- .$ .!" 7('. $7.&/+0

)+$&.!- 89 6"/(- $# .!" $,"+/.'$( ♦2

BC



 !"#$%& '( )*$%+,-.+ /%0!"+-,1, "+2 3!%-&  .14-+"$-.+

 !"#"$%&%"' (( 5%$ ~τ = (τ 1, . . . , τn) " $6#7% .8 "22%2 $%&1, "+2 7%$ ~q = (q1, . . . , qn)
4% " $6#7% .8 #.,-$-.+, 9!%&% q1 ≥ . . . ≥ qn( 3!%+:

G~τ,~q = Gτ1,q1♦ . . .♦Gτn,qn .

 !"")*  !!"#$%&" '()! &*" #"+,$&$), )' ⊗- &*%& $.- (~τ , ~q) = (τ 1, q1)⊗. . .⊗(τn, qn)/

+,-.!/ (0 5%$ ~τ 1, . . . ,~τn 4% " n $6#7%, .8 "22%2 $%&1,: "+2 ~q1, . . . , ~qn 4% n $6#7%,
.8 #.,-$-.+, 9!%&% |~τ i| = |~qi| 8.& "77 i ∈ {1, . . . , n}( ;&.1 <&.#.,-$-.+ => .+ $!%

",,.0-"$-?-$@ .8 $!% .#%&"$-.+ ♦ .8 $!% 0.14-+"$-.+ .8 .6$9"&2 A&.9$!,: -$ 8.77.9,

$!"$ $!%&% %*-,$ " $6#7% .8 "22%2 $%&1, ~τ "+2 " $6#7% .8 #.,-$-.+, ~q ,60! $!"$

G~τ,~q = G~τ1,~q1 ♦ . . . ♦G~τn,~qn .

12.-#3, 04 56"-7%'.&%"' ") "8&9.!: ;!"9&<$= 5%$ t 4% $!% $%&1

t :=

∫
a∂xu(x) dx

2%#-0$%2 .+ $!% $.# 7%8$ .8 ;-A6&% '(BB(  .+,-2%& $!% 8.77.9-+A ,64$%&1, .8 t 9-$!
$!%-& &%7"$%2 #.,-$-.+,C

t|
1
= a∂xu(x),

t|
11
= a,

t|
121

= u(x), "+2

t|
122

= x.

 .+,-2%& $!% "22%2 $%&1, τ 1: τ 11: τ 122: τ
′
1: τ

′
11 "+2 τ

′
121C

τ 1 =
∑

i

(⊥),

τ 11 = τ 122 = Indexed(⊥, i),

τ ′1 =
∑

j

(⊥), "+2

τ ′11 = τ ′121 = Indexed(⊥, j).

 .+,-2%& $!% .6$9"&2 A&.9$!, G~τ,~p "+2 G~τ ′,~p′C

G~τ,~p = Gτ122,122 ♦Gτ11,11 ♦Gτ1,1 , "+2

G~τ ′,~p′ = Gτ ′
121

,121 ♦Gτ ′
11
,11 ♦Gτ ′

1
,1 .

01



 !"! #$%&'()*' *+ ,-(%.*-/&- %&-0( 12 *3%45-/ 6-*4%7(

8 (%-5)67%+*-45-/ 599:);5%)*' *+ <&,')%)*' =" 6)>&(





~τ = (τ 122, τ 11, τ 1),

~p = (122, 11, 1),

~τ ′ = (τ ′121, τ
′
11, τ

′
1), 5'/

~p′ = (121, 11, 1).

?*4 4& (75:: ;*093%& %7& *3%45-/ 6-*4%7 G~τ ′′,~p′′@

G~τ ′′,~p′′ = G~τ,~p ♦G~τ,~p

A75% )(B 4& '&&/ %* ;*093%& ~τ ′′ 5'/ ~p′′ 47);7B 5;;*-/)'6 %* <&,')%)*' ="B 5-&

/&,'&/ 12

(~τ ′′, ~p′′) = (~τ , ~p)⊗ (~τ ′, ~p′).

?*%);& %75% 11 > 1 5'/ 1*%7 %7& 9*()%)*'( 122 5'/ 121 5-& )';*095-51:& 4)%7 %7&

9*()%)*'( 11 5'/ 1! C&()/&(B %7& 9*()%)*'( 122 5'/ 121 5-& )';*095-51:&! D' %7&

*%7&- 75'/B ~p 5'/ ~p′ (75-& %7& 9*()%)*'( 11 5'/ 1! A7&-&+*-&B +-*0 <&,')%)*' = 

)% +*::*4( %75%

{
~p′′ = (122, 121, 11, 1), 5'/

~τ ′′ = (τ
122
, τ ′

121
, τ

11
//τ ′

11
, τ

1
//τ ′

1
)

?*%);& %75%B +-*0 E-*9*()%)*' ==B )% +*::*4( %75% %7& *3%45-/ 6-*4%7 G~τ ′′,~p′′ ;5'

1& 4-)%%&' 5( 5 ;*01)'5%)*' *+ 3')% *3%45-/ 6-*4%7( 5( +*::*4(@

G~τ ′′,~p′′ = Gτ122,122 ♦Gτ ′
121

,121 ♦G(τ11//τ ′11),11
♦G(τ1//τ ′1),1

 !"#$%

8;;*-/)'6 %* <&,')%)*' FGB %7& ;*01)'5%)*' *+ 3')% *3%45-/ 6-*4%7( )' #H! I !JFK

;5' 1& 4-)%%&' 5( 5 ;*09*()%)*' *+ 3')% *3%45-/ 6-*4%7( 5( +*::*4(@

G~τ ′′,~p′′ = Gτ122,122 ; Gτ ′
121

,121 ; G(τ11//τ ′11),11
; G(τ1//τ ′1),1

 !"#&%

L()'6 %7& +*-03:5%)*' *+ %7& *3%45-/ 6-*4%7 G~τ ′′,~p′′ 6)>&' )' #H! I !J=KB %7&

599:);5%)*' *+ G~τ ′′,~p′′ %* %7& %&-0 t )( )::3(%-5%&/ )' M)63-&  !JJ! N% 2)&:/( %7& %&-0@

G~τ ′′,~p′′(t) =

∫ ∑

i

∑

j

aij∂xi
uj(x) dx!

$$



 !"#$%& '( )*$%+,-.+ /%0!"+-,1, "+2 3!%-&  .14-+"$-.+

 !" #$%&'() *(+&%,- '- -./+0)1+().( (.&(2%20* ($3.-

 ! "#$$#% &'! !(&!)*+#) ,--.#,/' !*&,0$+*'!1 +) 2!/&+#) 3454 6) &'+* *!/&+#) %!

"#.78$,&! &'! #8&%,.1 9.#%&'* #" &'! -.!:+#8* *!/&+#) ,* %!$$ ,* &'!+. /#70+),&+#)

,* 2;<*&.,&!9+!*4 =#. .!,1,0+$+&>? %! /,$$ &'!7 ,%0.+25.&2%& .6$7"&2 8&.7$!,4

 !"!# $%&'()*'+)%+ ',-./+) 0+'.-1

@ 2;<8)+& #8&%,.1 9.#%&' +* , 2;<#.1!. .8$! l ⇒ r %'!.! +&* .+9'&<',)1 *+1! &!.7
r +* &'! .!*8$& #" &'! ,--$+/,&+#) #" , =;<#8&%,.1 9.#%&' &# l ,& *#7! -#*+&+#)? *!!
A!B)+&+#) CD 0!$$#%4  ! )#&+/! &',& %! #)$> 1!,$ %+&' &'! 2;<#8&%,.1 9.#%&'*

,--$+!1 &# &'! .##& *+)/! +& +* !)#89' &# /#)*+1!. &'! ,--$+/,&+#) #" , 2;<#8&%,.1

9.#%&' E+4!4 , 2;<.8$!F &# , =;<.8$! &# &'! .##&4 6) #&'!. %#.1*? &'! $!"&<',)1

&!.7 l ,0#:! +* /#)*+1!.!1 ,* , =;<.8$! E&',& -#**+0$> /#)&,+)* 2;<:,.+,0$!*F ,)1
&'! 2;<#8&%,.1 9.#%&' l ⇒ r %+$$ 0! ,--$+!1 &# , =;<.8$! E&# &'! .##&F4 G'!
"#.7,$ 1!B)+&+#) #" 2;<8)+& #8&%,.1 9.#%&' &# &'! .##& "#$$#%*4

 !"#$%$&# '( )*!+&#,-&.,!. /#$% &/%01., 2.&0%3 %& %3! .&&%4 9%$ τ ∈ T add(F ,X )
4% "+ "22%2 $%&1: p 4% " #.,-$-.+: "+2 l " ;<5$%&1( 3!% ;<56+-$ .6$7"&2 8&.7$!
$. $!% &..$ Gl

τ ,p -, $!% ;<5&%7&-$% &6=%>

Gl
τ ,p

def
= l ⇒ Gτ ,p(l)

2;<#8&%,.1 9.#%&'* &# &'! .##& /,) 0! 1!B)!1 *+7+$,.$> &# 2;<8)+& #8&%,.1

9.#%&'* &# &'! .##&4

 !"#$%$&# '5 )*!+&#,-&.,!. &/%01., 2.&0%3 %& %3! .&&%4 9%$ ~τ 4% " $6#=%
.? + "22%2 $%&1,: ~p 4% " $6#=% .? n #.,-$-.+, -+ $!% 2%0&%",-+8 .&2%&: "+2 l " ;<5
$%&1( 3!% ;<5.6$7"&2 8&.7$! $. $!% &..$ Gl

~τ ,~p -, $!% ;<5&6=%>

Gl
~τ ,~p

def
= l ⇒ G~τ,~p(l)

3!% "##=-0"$-.+ .? Gl
~τ ,~p $. " ;<5$%&1 -, 2%@+%2 -+ $!% 6,6"= 7"A(

 ! .!/,$$ &',& &'! )#&+#) #" &'! 7#*& 9!)!.,$ 8)+B!. #" , 8)+B/,&+#) -.#0$!7

E? 1!)#&!1 0>  !"(E)? %,* 9+:!) +) A!B)+&+#) 534

 !"! 2'345(/-5'( '6 7%&'()*'+)%+ ',-./+) 0+'.-17

G'! )#&+#) #" &'! /#70+),&+#) #" 2;<#8&%,.1 9.#%&'* &# &'! .##& /,) 0! 1!B)!1 +)

, ),&8.,$ %,> 0> 7!,)* #" &'! /#70+),&+#) #" &'!+. .!$,&!1 E=;<F#8&%,.1 9.#%&'*

,* "#$$#%*4

HI



 !"! #$%&'() *(+&%,- '- -./+0)1+().( (.&(2%20* ($3.-

 !"#$%$&# '( )*&+,$#-%$&# &. %/& 012&3%/-45 64&/%789 4.% Gl
~τ ,~p '0) Gl′

~τ ′,~p′

5. %&+ 6#1+$%&'() *(+&%,- &,.(. Var1(l) ∩ Var1(l′) = ∅! 7--$8. %,'% %,.  !"

+9 %,. $02:/'%2+0 ;(+53.8 {l
.
= l′} &2%, (.-;./% %+ %,. -./+0)1+().( <'(2'53.- 2-

)./2)'53.! =,. /+8520'%2+0 Gl
~τ ,~p ♦G

l′

~τ ′,~p′
2- ).:0.) 5>

Gl
~τ ,~p ♦G

l′

~τ ′,~p′
def
= Gl′′

~τ ′′,~p′′ &,.(.

{
G~τ ′′,~p′′ = G~τ,~p ♦G~τ ′,~p′ , '0)

l′′ = σ(l) = σ(l′), &,.(. σ =  !"({l
.
= l′}).

 !"#$% "&'" #( Var1(l)∩ Var1(l′) 6= ∅) "&%* !*% $'* +%*',% "&% -./0'+#'12%3 #*
1!"& l '*4 l′ 3! "&'" Var1(l)∩Var1(l′) = ∅5  !"#$% '23! "&'" (+!, 6%7*#"#!* 89 #"

(!22!:3 "&'" "&% $!,1#*'"#!* !( ":! -./!;":'+4 <+!:"& #3 ' -./!;":'+4 <+!:"&5

:4&;&8$%$&# '< =,. /+8520'%2+0 +;.('%2+0 ♦ +9 6#1+$%&'() *(+&%,- 2- '--+/2'1

%2<.!

:4&&.= =&% $2'#, (!22!:3) !* "&% !*% &'*4) (+!, "&% '33!$#'"#0#"> !( "&% $!,/

?!3#"#!* !( !;":'+4 <+!:"&3) 3%% @+!?!3#"#!* AB) '*4 !* "&% !"&%+ &'*4 (+!,

"&% ('$" "&'"  !"({σl,l′
.
= l′′}) =  !"({l

.
= σl′,l′′})) :&%+% σl,l′ =  !"({l

.
= l′}) '*4

σl′,l′′ =  !"({l′
.
= l′′})5

>?-+;@! 'A 4.%





l1 = L2(u(x)) →
∫
v2 dz,

τ 1 = #$%&'&%(⊥, i),

p1 = Pos(v, l1),

'0)





l2 = L2(u′(x′)) →
∫
v′ dz′,

τ 2 =
∑

(⊥, i),

p2 = Pos(v′, l2),

&,.(.

Ω ≡ Reg(Ω, d)?

x ≡ Var(x,Ω)?

i ≡ Index(i, Set(I, {1, d}))?

u(x) ≡ Fun(u, [x], "#$#%&#),

'0) u, x,Ω, d, v, z, u, x,Ω′, d′, v′, z′ '(. 6#1<'(2'53.- 20 X 1
'0) i 2- ' /+0-%'0% 20

F0
! 4.% Gl1

τ1,p1
'0) Gl2

τ2,p2
5. %&+ 6#1$02% +$%&'() *(+&%,-! 7 -28;3. /+8;$%'%2+0

>2.3)-@





Gτ1,p1(l1) = L2(u(x)) →
∫
(vi)

2 dz,

'0)

Gτ2,p2(l2) = L2(u′(x′)) →
∫ ∑

i

v′ dz′.

C8



 !"#$%& '( )*$%+,-.+ /%0!"+-,1, "+2 3!%-&  .14-+"$-.+

5!%&%

vi ≡ Indexed(v, i).

3!%&%6.&% 5% !"7%8

Gl1
τ1,p1

def
= l1 ⇒ Gτ1,p1(l1)

=
(
L2(u(x)) →

∫
(v)2 dz

)
⇒

(
L2(u(x)) →

∫
(vi)

2 dz
)
,  !"#$%

"+2

Gl2
τ2,p2

def
= l2 ⇒ Gτ2,p2(l2)

=
(
L2(u′(x′)) →

∫
v′ dz′

)
⇒

(
L2(u′(x′)) →

∫ ∑

i

v′ dz′
)
.  !"!&%

3!% $&%% ,$&90$9&% .6 Gl1
τ1,p1

(l1) "+2 Gl2
τ2,p2

(l2) -, 2%#-0$%2 -+ :-;9&% '(<' "+2
:-;9&% '(<=> &%,#%0$-7%?@(

A.5 5% 0.1#9$% $!% 0.14-+"$-.+ Gl1
τ1,p1
♦Gl2

τ2,p2
> 5!-0! -, 2%B+%2 C,%% D%B+-$-.+

E=F 4@8

Gl1
τ1,p1
♦Gl2

τ2,p2

def
= Gl

~τ ,~p 5!%&%

{
G~τ,~p = Gτ1,p1 ♦Gτ2,p2 , "+2

l = σ(l1) = σ(l2), 5!%&% σ =  !"({l1
.
= l2}).

G+ $!% .+% !"+2> ,-+0% p1 > p2> -$ 6.??.5, 6&.1 D%B+-$-.+, HI "+2 H' $!"$8

{
~p = (p1, p2), "+2

~τ = (τ 1, τ 2)

G+ $!% .$!%& !"+2> 5% +%%2 $. 0.1#9$% $!% ,94,$-$9$-.+ σ 5!-0! -, $!%  !" .6 $!%

9+-B0"$-.+ #&.4?%18





u
.
= u′

x
.
= x′

v2
.
= v′

z
.
= z′

J% ;%$8

σ = {u′ 7→ u, x′ 7→ x, v′ 7→ v2, z′ 7→ z}.

:-+"??@>

'&



 !"! #$%&'()*' *+ ,-(%.*-/&- %&-0( 12 3*01)')'4 *5%67-/ 4-*6%8( 7'/ 97-70&%-):7%)*'(

Gl1
τ1,p1
♦Gl2

τ2,p2

def
= Gl

~τ ,~p

= G
σ(l1)
(τ1,τ2),(p1,p2)

= σ(l1)⇒ G(τ1,τ2),(p1,p2)(σ(l1))

=
(
L2(u(x)) →

∫
v2 dz

)
⇒

(
L2(u(x)) →

∫ ∑

i

(vi)
2 dz

)
.

 !" #$%&'()*' *+ ,-(%.*-/&- %&-0( 12 3*01)')'4

*5%67-/ 4-*6%8( 7'/ 97-70&%-):7%)*'(

 ! "#$%# &" '"!(&#)'& #*'+%# %,&%!(*"!( *& *( !-&)#-. &" '"/0*!% &+% %,&%!(*"! &"".(

&+-& 1% +-2% -& ")# $*(3"(-. (" 4-#5 6+-& *(7 &+% '"/0*!-&*"! "4 ")&1-#$ 8#"1&+(

-!$ 3-#-/%&#*9-&*"!( 8*2%( -#*(% &" #*'+%# /%'+-!*(/ '-..%$ 4&'&-7;):7%)*'5

 !"!# $ %&'()*'(+, -.*%/0-

:%& Ω 0% - d $*/%!(*"!-. $"/-*!7 u - ('-.-# 4)!'&*"! $%;!%$ "! Ω7 -!$ u =
(u1, ..., un) - 2%'&"# 4)!'&*"! $%;!%$ "! Ω5 6+% L2

!"#/ "4 u -!$ u -#% #%(3%'&*2%.<

$%;!%$ 0<=





||u||L2(Ω) =
(∫

Ω
|u|2

)1/2
,

||u||L2(Ω) =

(
n∑

i=1

∫
Ω
|ui|

2

)1/2

.

6+%*# 4"#/).-&*"! 0< /%-!( "4 #%1#*&*!8 #).%( *( 8*2%! 0< &+% >?@#%1#*&*!8 #).%(

s -!$ s′7 #%(3%'&*2%.<7 -( 4".."1(=





s := L2 (u (x)) →
(∫

Ω
|u (x) |2dx

)1/2

,

s′ := L2
(
ui (x)

)
→

(
n∑

i=1

∫
Ω
|ui (x) |

2dx

)1/2

,

1+%#%





Ω = Reg (Ω, d) ,

x = Var (x,Ω) ,

u = Fun (u, x) ,

i = Index (i, Set (I, {1, ..., n})) ,

AB



 !"#$%& '( )*$%+,-.+ /%0!"+-,1, "+2 3!%-&  .14-+"$-.+

 !" Ω, x, u, I, i  #$ %&'( #) *+$, )! X 0
 !" d, n  #$ -.!,/ !/, )! F0

0 12  33+2)!4

/5$ !./).!,  !" /$-5!)67$, "$($+.3$" )! 8$-/).! 90:; <$ ,5.< !$=/ 5.< /. *7)+"

/5$ %&'#7+$, s  !" s′ *2 >$ !, .? 8&'#7+$,0 %.# /5), 37#3.,$; <$ !$$" /5$ 8&'#7+$

s0  !" s1 "$@!$"  , ?.++.<,A





s0 := L2
(
ui (x)

)
→

(
1∑

i=1

∫
Ω
|ui (x) |

2dx

)1/2

,

s1 := L2
(
ui′ (x)

)
→

(
r∑

i′=1

∫
Ω
|ui′ (x) |

2dx

)1/2

,

<5$#$

{
i = Index (i, Set (I, {1, ..., 1})) ,

i′ = Index (i, Set (I, {1, ..., r})) ,

 !" r ),  %&'( #) *+$ )! X 0
0

B$ "$@!$ /5$ 8&'#7+$, S0
 !" S1

 , ?.++.<,A

{
S0 := s⇒ s0,

S1 := s⇒ s1.

C5$ ?.++.<)!4 -+ )>,  #$ !./ 5 #" /. 3#.($A

 !"# $% 3!% 5.66.7-+8 !.629

:( 3!% ;<=&>6% S0
-, " ,%1"+$-0 0.+,%&?"$-.+ ;<=&>6% 7(&($ $!% &%7&-$-+8 ,@,$%1

R 2%A+%2 -+ )B C'(:DE .5 ;%0$-.+ '(F(

'( S1
-, " #"&"1%$&-G%2 ;<=&>6% -+ $!% ,%+,% .5 H%A+-$-.+ IJ .5 ;%0$-.+ '(F(

F( 3!% ;<=&>6% S1
-, "21-,,-46% 7-$! &%,#%0$ $. S0

(

D( 3!% K<=&>6% s′ -, " 8%+%&"6-G"$-.+ .5 $!% K<=&>6% s -+ $!% ,%+,% .5 H%A+-$-.+
J: .5 ;%0$-.+ '(F(

D/$> 9 ?.++.<, ?#.> /5$ ? -/ /5 /

Var0(S1) = Var0(s1)− Var0(s) = {r} 6= ∅.

D/$> : ?.++.<, ?#.> /5$ ? -/ /5 /

σ
(
S1

)
= S0, <5$#$ σ = {r 7→ 1} .

E9



 !"! #$%&'()*' *+ ,-(%.*-/&- %&-0( 12 3*01)')'4 *5%67-/ 4-*6%8( 7'/ 97-70&%-):7%)*'(

 !"# $ %&''&() %*&# !+" %,-! !+,! S1
.) ,/ ,0#.)).1'" 234*5'" ,/0 !+,!

S1(s) = s′ (#&05'& α4-&/6"*).&/)

7" 8.6" /"9! ,/ ":5.6,'"/! %&*#5',!.&/ &% S0
,/0 S1

./ !"*#) &% , -&#1./,4

!.&/ &% &5!(,*0 8*&(!+) ,/0 ;,*,#"!*.<,!.&/= (+"*" ;,*,#"!*.<,!.&/ #",/) !+"

*";',-"#"/! &% , >34!"*# 1? , >346,*.,1'"@ >&* !+.) ;5*;&)" (" ./!*&05-" !(&

5/.! &5!(,*0 8*&(!+)@ A"! τ 1 ,/0 τ 2 1" !+" ,00"0 !"*#)B

τ 1 = Indexed (⊥, Index (i, Set (I, {1, ..., 1}))) ,

τ 2 = Oper (Sum,⊥, Index (i, Set (I, {1, ..., 1})) , ∅) .

C+"? ,*" 0";.-!"0 ./ >.85*" D@E$@

A"! p1= p2 ,/0 p3 1" !+" ;&).!.&/) &% s 0"F/"0 1?B





p1 = 22,

p2 = 32,

p3 = 32222.

G&!.-" !+,! p1 ‖ p2 ,/0 p1 ‖ p3 ,/0 p2 < p3@ C+" !*"" )!*5-!5*" &% s ,/0 !+" *"',!"0

;&).!.&/) ,*" 0";.-!"0 ./ >.85*" D@EH@

7" 0"F/" G~τ,~p ,) %&''&()B

G~τ,~p
def
= Gτ1,p1 ♦Gτ1,p3 ♦Gτ2,p2

= Gτ1,p1 ;Gτ1,p3 ;Gτ2,p2

= G(τ1,τ1,τ3),(p1,p3,p2)

7" +,6" !+,!

G~τ,~p(s) = s0.

A"! q1= q2 ,/0 q3 1" !+" ;&).!.&/) ./ Pos (s0) 0"F/"0 1?B





q1 = 22222,

q2 = 322222222,

q3 = 32322.

G&!.-" !+,! q1 ‖ q2 ,/0 q2 ‖ q3 ,/0 q1 ‖ q3@ A"! r 1" , >346,*.,1'" ./ X 0
@ 7"

0"F/" !+" ;,*,#"!*.<,!.&/ P(~r,~q) ,) %&''&()

P(~r,~q)
def
= P(r,r,r),(q1,q2,q3)

def
= Pr,q1 ;Pr,q2 ;Pr,q3

IJ



 !"#$%& '( )*$%+,-.+ /%0!"+-,1, "+2 3!%-&  .14-+"$-.+

 !"#" Pr,q(t) $%&'($ )*# %!" #"+,&-"."'% *) %!" $/0%"#. *) t &% %!" +*$1%1*' q 213"3
t|q4 05 r3 61'&,,5  " !&7" %!&%

(G~τ,~p ; P(~r,~q))(s) = P(~r,~q)(G~τ,~p(s))

= P(~r,~q)(s0)

= s1.

8!" %#"" $%#/-%/#" *) %!" #/,"$ s0 &'( s1 &#" ("+1-%"( 1' 619/#" :3;< &'( :3;=3

 !"#$""!%&' 8!" ">&.+," :3<3; &0*7" $!* $ %!" -*'$%&'% $5.0*,$ 1 1' /'1%
*/% &#( 9#* %!$ /+*' %!" &(("( %"#.$ τ 1 &'( τ 2? ./$% 0" #"+&,-"( 05 & 6@A
7&#1&0,"3 8!"#")*#"?  !1," -*.01'1'9 */% &#( 9#* %!$ &'( +&#&."%#1B&%1*'$? *'"

!&$ %* &++,5 %!" */% &#( 9#* %!$ C#$% %!"' %!" +&#&."%#1B&%1*'$3 D'  !&% )*,,* $

 " $!&,, ("C'" %!" -*.01'&%1*' *) % * +&#&."%#1B&%1*'$

Px1,q1 ♦Px2,q2

&$  ",, &$ %!" -*.+*$1%1*' *) */% &#( 9#* %!  1%! +&#&."%#1B&%1*'

Gτ ,p ♦Px,q

 !"! #$%& '()(*+&)%,(&%-$./ '()(*+&)%,(&%-$. ($0 &1+%) 2-*3

4%$(&%-$

8!" +&#&."%#1B&%1*' -*'$1$%$ 1' #"+,&-1'9 & %"#. 05 & 6@A7&#1&0," &% & 917"'

+*$1%1*'3

 ()&!*!%& +, -.&!* /0102(*1!30*!%&4 5%$ t 4% " $%&16 q " #.,-$-.+ .7 t "+2 x
" 89:;"&-"4<% -+ X 0

( = >+-$ #"&"1%$&-?"$-.+ Px,q : X
0 7→ T (F0,X 0) -, " 1"##-+@A

Px,q : t 7−→ t [x]q .

E -*.+*$1%1*' *) /'1% +&#&."%#1B&%1*'$ &++,1"( %* 1'-*.+&#&0," +*$1%1*'$ 51",($

%!" '*%1*' *) +&#&."%#1B&%1*'F

 ()&!*!%& +5 -60102(*1!30*!%&4 5%$ ~q = (q1, · · · , qn) 4% " $>#<% .7 n ≥ 1 #.:
,-$-.+, ,>0! $!"$ qi ‖ qj 7.& "<< i, j ∈ {1, . . . , n} "+2 i 6= j( 5%$ ~x = (x1, · · · , xn) 4%
" $>#<% .7 89:;"&-"4<%, -+ X 0

( = #"&"1%$&-?"$-.+ P~x,~q -, 2%B+%2 4C

P~x,~q
def
= Px1,q1 ; . . . ;Pxn,qn .

=G



 !"! #$%&'()*' *+ ,-(%.*-/&- %&-0( 12 3*01)')'4 *5%67-/ 4-*6%8( 7'/ 97-70&%-):7%)*'(

 !"#$%$&# '' ()*! +&,-$#.%$&# &/ %0& 1.2.,!%2$3.%$&#45 ;&% P~x,~p 7'/ P~y,~q

1& %6* 97-70&%-):7%)*'(< 68&-& ~p = (p1, · · · , qn) 7'/ ~q = (q1, · · · , qm) 7-& %6* %5.

9=&( *+ 9*()%)*'(< 7'/ ~x = (x1, . . . , xn) 7'/ ~y = (y1, . . . , ym) 7-& %6* %59=&( *+

>?.@7-)71=&( )' X 0
! A8& 3*01)'7%)*' *+ P~x,~p 7'/ P~y,~q )( /&,'&/ )+ 7'/ *'=2 68&'

pi ‖ qj +*- 7== i ∈ {1, . . . , n} 7'/ j ∈ {1, . . . ,m},

7( %8& 97-70&%-):7%)*' P~z,~rB

P~x,~p ♦P~y,~q
def
= P~z,~r, 68&-&

{
~z = (x1, . . . , xn, y1, . . . , xm), 7'/

~r = (p1, . . . , pn, q1, . . . , qm)

 !"!# $%&' ()%)*+,&-+'&.%/0 ()%)*+,&-+'&.%/ +%1 '2)&* 3.45&6

%+'&.%

 !" #"$%&'&(% () *%&' +"%",-.&/-'&(% )(..(012

 !"#$%$&# 677 (8#$% 9!#!2.:$3.%$&#5 ;&% q 7'/ p 1& %6* 9*()%)*'(! ;&% τ 1&

7' 7//&/ %&-0 7'/ x 1& 7 >?.@7-)71=& )' X 0
! C 5')% 4&'&-7=):7%)*' G

x,p
τ,q )( /&,'&/

12

G
x,p
τ,q =

{
Gτ ,q;Px,p )+ p ⊏ q

5'/&,'&/< *%8&-6)(&

68&-& Gτ ,q )( 7 5')% *5%67-/ 4-*6%8 D(&& /&,')%)*' "EF 7'/ Px,p )( 7 5')% 97-70&%-):7.

%)*' D(&& /&,')%)*' G"F!

3" %('&4" '!-' 0!&." 4(56(1&%+ -% (*'0-,# +,(0'! Gτ ,q -%# - 6-,-5"',&/-'&(%

Px,p '( 7*&.# - +"%",-.&/-'&(% G
x,p
τ,q = Gτ ,q;Px,p8 &' &18 (% '!" (%" !-%# 5(," 9":&7."

'( 1'-,' 0&'! '!" -66.&4-'&(% () '!" (*'0-,# +,(0'! $,1' 1&%4" '!&1 -..(018 -5(%+

('!", '!&%+18 '( -66.; '!" 6-,-5"',&/-'&(% '( '!" -##"# '",52 <% '!" !-%#8 '!"

4(%#&'&(% p ⊏ q &% ="$%&'&(% >?? (% '!" 6(1&'&(%1 q -%# p @&% 0!&4! '!" (*'0-,#
+,(0'! -%# '!" 6-,-5"',&/-'&(% -," -66.&"# ,"16"4'&A".;B &1 %-'*,-. -%# "%1*,"1

'!-' - 6-,-5"',&/-'&(% 4-% "&'!",

&B (6",-'" (% - 9-*9&- 1*7'",5 () t|q8 &2"2 &% '!&1 4-1" 0" !-A" p < q8 (,

&&B (6",-'" (% - 1*7'",5 () t '!-' #("1 %(' (A",.-6 0&'! t|q8 &2"2 &% '!&1 4-1" 0"
!-A" p ‖ q2

 !"#$%$&# 676 (;!#!2.:$3.%$&#5 ;&%

−→q = (q1, ..., qn) 7'/

−→p = (p1, ..., pm) 1&

%6* %59=&( *+ 9*()%)*'( (538 %87% qi ‖ qj +*- 7== i, j ∈ {1, . . . , n} 7'/ i 6= j< 7'/

CD



 !"#$%& '( )*$%+,-.+ /%0!"+-,1, "+2 3!%-&  .14-+"$-.+

pi ‖ pj 5.& "66 i, j ∈ {1, . . . ,m} "+2 i 6= j( 7%$ −→τ = (τ 1, ..., τn) 4% " $8#6% .5 "22%2
$%&1, "+2

−→x = (x1, ..., xm) 4% " $8#6% .5 9:;<"&-"46%, -+ X 0
(

= >%+%&"6-?"$-.+ G
~x,~p
~τ,~q -, 2%@+%2 4A

G
~x,~p
~τ,~q =

{
G~τ,~q ; P~x,~p -5 pi ⊏ qj, ∀i ∈ {1, . . . , n} "+2 ∀j ∈ {1, . . . ,m}

8+2%@+%2B .$!%&C-,%

C!%&% G~τ,~q -, "+ .8$C"&2 >&.C$! D,%% E%@+-$-.+ FGH "+2 P~x,~p -, " #"&"1%$&-?"$-.+

D,%% E%@+-$-.+ IFH(

 ! "!#!$%&'(! )*! $!&%)'+# ⊏ ,!)-!!# .+/')'+#/ 01)!2 034 +5 6!7#')'+# 894 )+

.%'$/ +5 .+/')'+#/:

 !"#$%$&# '() 7%$ q1, q2, p1 "+2 p2 4% #.,-$-.+,( E%@+% $!% 4-+"&A &%6"$-.+ ⊏
4%$C%%+ #"-&, .5 #.,-$-.+, ", 5.66.C,J

(q1, p1) ⊏ (q2, p2) -K q1 ⊑ q2 "+2 p1 ⊏ q2 "+2 p1 ⊏ p2

 !"#$%$&# '(* +,&-.&/$%$&# &0 %1& 2#$% 3!#!456$75%$&#/8 7%$ G
x1,p1
τ1,q1

"+2 G
x2,p2
τ2,q2

4% $C. 8+-$ >%+%&"6-?"$-.+,( 3!%-& 0.1#.,-$-.+B 2%+.$%2 4A G
x1,p1
τ1,q1

; Gx2,p2
τ2,q2

B -, 2%;

@+%2 ", 5.66.C,J

(
G

x1,p1
τ1,q1

; Gx2,p2
τ2,q2

)
(t) =

{
G

x2,p2
τ2,q2

(Gx1,p1
τ1,q1

(t)) -5 (q1, p1) ⊏ (q2, p2)

8+2%@+%2, .$!%&C-,%.

 ! #+)';! )*%) )*! ;+#<')'+# (q1, p1) ⊏ (q2, p2) +# )*! .+/')'+#/ '# 6!7#')'+# =>?
%$! #%)@$%& /'#;!A

'4 q1 ⊑ q2 !#/@$!/ )*%) )*! ;+2.+/')'+# +5 )*! +@)-%$< "$+-)*/ Gτ1,q1 Gτ2,q2 ;%#

,! <+#! ;+$$!;)&BC /!! 6!7#')'+# DD:

''4 p1 ⊏ q2 !#/@$!/ )*%) )*! +@)-%$< "$+-)* Gτ2,q2 ;%# #+) ,! %..&'!< %) % .+/')'+#

,!&&+- p1 /'#;! )*! /@,)!$2 %) p1 *%/ ,!!# $!.&%;!< ,B % E%$'%,&! ,B 2!%#/
+5 )*! .%$%2!)$'(%)'+# Px1,p1 :

'''4 /'2'&%$&BC p1 ⊏ p2 !#/@$!/ )*%) )*! .%$%2!)$'(%)'+# Px2,p2 ;%# #+) ,! %..&'!<

%) % .+/')'+# ,!&&+- p1 /'#;! )*! /@,)!$2 %) p1 *%/ ,!!# $!.&%;!< ,B % E%$'%,&!
,B 2!%#/ +5 )*! .%$%2!)$'(%)'+# Px1,p1 :

9!--5 '(: 3!% 0.1#.,-$-.+ .5 $C. 8+-$ >%+%&"6-?"$-.+, -, " >%+%&"6-?"$-.+(

FG



 !"! #$%&'()*' *+ ,-(%.*-/&- %&-0( 12 3*01)')'4 *5%67-/ 4-*6%8( 7'/ 97-70&%-):7%)*'(

 !""#$  !" G
x1,p1
τ1,q1

#$% G
x2,p2
τ2,q2

&! "'( )$*" +!$!,#-*.#"*($/ '*"0 (q1, p1) ⊏ (q2, p2)1
2( 3,(4! "0!  !55# *" */ !$()+0 "( 6(53)"! ~τ 7 ~q7 ~x7 ~p /)60 "0#"

G
~x,~p
~τ,~q = G

x1,p1
τ1,q1

; Gx2,p2
τ2,q2

20*/ 6#$ &! #60*!4!% &8 6($/*%!,*$+ 5#$8 6#/!/ %!3!$%*$+ ($ "0! ,!-#"*4! 3(/*"*($

(9 p1, p2, q1 #$% q21

%&'()*)"( +,- ./"01)(2*)"( "# *3" 4()* 5&(&!26)72*)"(89 ;&% G
x1,p1
τ1,q1

7'/

G
x2,p2
τ2,q2

1& %6* 5')% 4&'&-7<):7%)*'(! =8&)- 3*01)'7%)*'> /&'*%&/ 12 G
x1,p1
τ1,q1
♦Gx2,p2

τ2,q2
>

)( /&,'&/ 7( +*<<*6(?

G
x1,p1
τ1,q1
♦Gx2,p2

τ2,q2
=





G
x1,p1
τ1,q1

; Gx2,p2
τ2,q2

)+ (q1, p1) ⊏ (q2, p2)

G
x2,p2
τ2,q2

; Gx1,p1
τ1,q1

)+ (q2, p2) ⊏ (q1, p1)

5'/&,'&/, *%8&-6)(&.

:&002 +,; =8& 3*01)'7%)*' *+ %6* 5')% 4&'&-7<):7%)*'( )( 7 4&'&-7<):7%)*'!

 !""#$ :(--('/ 9,(5  !55# ;<= ($ "0! 6(53(/*"*($ (9 "'( )$*" +!$!,#-*.#"*($/1

>$ (,%!, "( *$%)6"*4!-8 %!?$! "0! 6(53(/*"*($ (9 "'( +!$!,#-*.#"*($/7 '! $!!%

?,/" "( 6($/*%!, "0! 6(53(/*"*($ (9 # +!$!,#-*.#"*($ #$% # )$*" +!$!,#-*.#"*($1 @!A

9(,! "0#" '! $!!% "( +!$!,#-*.! "0! ,!-#"*($ ⊏ &!"'!!$ 3#*,/ (9 3(/*"*($/ BC!?$*"*($

;<DE1

%&'()*)"( +,< ;&% ~q = (q1, . . . , qn) 7'/ ~p = (p1, . . . , pn) 1& %6* %59<&( *+ 9*().

%)*'(! ;&% q 7'/ p 1& %6* 9*()%)*'(! @&,'& %8& 1)'7-2 -&<7%)*' ⊏ 7( +*<<*6(?

(~q, ~p) ⊏ (q, p) )A qi ⊑ q 7'/ pi ⊏ q 7'/ pi ⊏ p, +*- 7<< i = 1, . . . , n

%&'()*)"( +,= ./"0>"8)*)"( "# 2 5&(&!26)72*)"( 2(? 2 4()* 5&(&!26)72*)"(9

;&% G
~x,~p
~τ,~q 1& 7 4&'&-7<):7%)*' 7'/ G

x,p
τ,q 1& 7 5')% 4&'&-7<):7%)*'(> 68&-&





~τ = (τ 1, . . . , τn)

~q = (q1, . . . , qn)

~x = (x1, . . . , xm)

~p = (p1, . . . , pn)

=8& 3*09*()%)*' *+ G
~x,~p
~τ,~q 7'/ G

x,p
τ,q > /&'*%&/ 12 G

~x,~p
~τ,~q ; G

x,p
τ,q > )( /&,'&/ 7( +*<<*6(?

(
G

~x,~p
~τ,~q ; G

x,p
τ,q

)
(t) =

{
G

x,p
τ,q(G

~x,~p
~τ,~q(t)) )+ (~q, ~p) ⊑ (q, p)

5'/&,'&/, *%8&-6)(&.

F*5*-#,-87 ($6! 6#$ /0(' "0#" "0! 6(53(/*"*($ (9 # +!$!,#-*.#"*($ #$% # )$*"

+!$!,#-*.#"*($ */ #6")#--8 # +!$!,#-*.#"*($1 20!,!9(,!7 ($! 6#$ *$%)6"*4!-8 %!?$!

"0! 6(53(/*"*($G6(5&*$#"*($ (9 "'( +!$!,#-*.#"*($/ #/ '!--1

HI



 !"#$%& '( )*$%+,-.+ /%0!"+-,1, "+2 3!%-&  .14-+"$-.+

 !" #$$%&'()&*+ )* ),- -.)-+/&*+ *0 ),- 1-2&3()&*+

*0 ),- %&+-(2 *$-2()*2 (//*'&()-1 )* ),- 4&'2*5

/'*$&' $2*6%-4 )* ),- 47%)&51&4-+/&*+(% (+1

),- 3-')*253(%7-1 /-))&+8!

 ! "#$% %&'"$(! )& *++,- "#& "&'#!$./& (0 (/")*12 31()"# *!2 "#&$1 '(45$!*"$(! "(

&6"&!2 (!& %"&+ (0 "#& ")(7%'*,& 4(2&, 2&1$8*"$(! (0 "#& %"*"$(!*1- #&*" &./*"$(!9

:(1& +1&'$%&,-; )& %#() #() "( &6"&!2 "#& 1&)1$"$!3 1/,& "#*" '(11&%+(!2% "(

"#& 2&1$8*"$(! (0 "#& ,$!&*1 (+&1*"(1 *%%('$*"&2 "( "#& 4$'1(%'(+$' +1(5,&4 $! "#&

1&0&1&!'& +1((0 "( "#& 4/,"$72$4&!%$(!*, *!2 "#& 8&'"(178*,/&2 %&""$!3% *% )&,, *%

"#&$1 '(45$!*"$(!9  " "/1!% (/" "#*" %/'# '(45$!*"$(! $% !("#$!3 5/" "#& 2&1$8*"$(!

(0 "#& ,$!&*1 (+&1*"(1 *%%('$*"&2 "( "#& 4$'1(%'(+$' +1(5,&4 (0 &,*%"$'$"-9

 !" #"$%&'(%)* )+ (!" ,%*"'$ )-"$'()$ '..)/%'("# () (!" 0%1

/$)./)-%/ -$)2,"0 %* (!" $"+"$"*/" -$))+ '. ' 341$"5$%(%*6

$7,"8

<&" sref 5& "#& =>71&)1$"& 1/,& /%&2 $! "#& 1&0&1&!'& +1((0 "#*" '(11&%+(!2% "(

"#& 2&1$8*"$(! (0 "#& ,$!&*1 (+&1*"(1 *%%('$*"&2 "( "#& 4$'1(%'(+$' +1(5,&49  " $%

2&?!&2 *% 0(,,()%@

sref :=

(∫
a
∂Varphi

∂x1
∂w

∂x1
dx1 = −µ

∫
a
∂w

∂x1
dx1

)
→

(
∂Varphi

∂x1
= µ

∂θ

∂x1

)

AB9BCD

)#&1&





a = Fun(a, x, known),

Varphi = Fun(Varphi, x, unknown),

w = Fun(w, x, test),

x1 = Var(x1,Ω),

Ω = Reg(Ω, d),

θ = Fun(θ, x1, known),

*!2

{
a, x,Varphi, w, x1,Ω, d, µ *1& =>78*1$*5,&% $! X 0, *!2

” = ”, θ, $%,$ , 5+.6+ , 7+5+.6+ *1& 0/!'"$(! %-45(,% $! F0.

EE



 !"! #$$%&'()&*+ )* ),- -.)-+/&*+ *0 ),- 1-2&3()&*+ *0 ),- %&+-(2 *$-2()*2

 !"#$% "&'" "&% %()'*#"+ ,+-.!* /=/ #0 sref #, $!0,#1%2%1 ', ' 3)0$"#!0 ,+-.!* #0
F0

!3 '2#"+ "4!5 6!4%7%28 4% 42#"% /t1 = t2/ #0,"%'1 !3 /= (t1, t2)/8 4&%2% t1 '01
t2 '2% "4! "%2-,5 9&% "2%% ,"2)$")2% !3 "&% 2)*% s

ref
#, 1%:#$"%1 #0 ;#<)2% =5>?8

"!<%"&%2 4#"& "&% :!,#"#!0, p1, . . . , p175 9&%,% :!,#"#!0, 4#** .% ),%1 0%@" "! 1%A0%
!)"4'21 <2!4"&,5

 !" #"$%&'(%)* )+ (!" ,%*"'$ )-"$'()$ '..)/%'("# () (!" 0%1

/$)./)-%/ -$)2,"0 %* (!" 03,(%1#%0"*.%)*', ."((%*4 '. ' 561

$"7$%(%*48

B%" snd .% "&% ;CD2%42#"#0< 2)*% "&'" 2%:2%,%0", "&% 1%2#7'"#!0 !3 "&% *#0%'2 !:D
%2'"!2 ',,!$#'"%1 "! "&% -#$2!,$!:#$ :2!.*%- #0 "&% -)*"#D1#-%0,#!0'* ,%""#0<5 E"

#, "&% $!)0"%2:'2" !3 "&% ;CD2%42#"#0< 2)*% sref F1%A0%1 #0 G(5 F=5=>HH #0 "&%
-)*"#D1#-%0,#!0'* ,%""#0<5 E" #, 1%A0%1 ', 3!**!4,I

snd :=


∑

i,j

∫
aij
∂Varphi

∂x1j

∂w

∂x1i
dx1 = −

∑

i,j

µj

∫
aij

∂w

∂x1i
dx1


 →


∂Varphi

∂x1j
=

∑

p

µp

∂θp

∂x1j




F=5==H

4&%2%





i = Index (i, Set (I, {1, ..., d})) ,

j = Index (j, Set (J, {1, ..., d})) ,

p = Index (p, Set (P, {1, ..., d})) .

 !" #"$%&'(%)* )+ (!" ,%*"'$ )-"$'()$ '..)/%'("# () (!" 0%1

/$)./)-%/ -$)2,"0 %* (!" &"/()$1&',3"# ."((%*4 '. ' 561$3,"8

B%" sv .% "&% ;CD2%42#"#0< 2)*% "&'" 2%:2%,%0", "&% "&% 1%2#7'"#!0 !3 "&% *#0%'2
!:%2'"!2 ',,!$#'"%1 "! "&% -#$2!,$!:#$ :2!.*%- #0 "&% 7%$"!2D7'*)%1 ,%""#0<5 E"

#, "&% $!)0"%2:'2" !3 "&% ;CD2%42#"#0< 2)*% sref !3 G(5 F=5=>H #0 "&% -)*"#D7'*)%1
,%""#0<5 E" #, 1%A0%1 ', 3!**!4,I

sv :=


∑

k,l

∫
akl
∂Varphi

l

∂x1
∂wk

∂x1
dx1 = −

∑

k,l

µl

∫
akl
∂wk

∂x1
dx1


 →



∂Varphi

l

∂x1
=

∑

q

µq

∂θql

∂x1




F=5=JH

K?



 !"#$%& '( )*$%+,-.+ /%0!"+-,1, "+2 3!%-&  .14-+"$-.+

 !"#$%&'$ '( ")# *+,-./# 0&1#1 ")# 2#-&34"&'$ '( ")# /&$#4- '5,

#-4"'-6 '( ")# -#(#-#$7# 5-''( "' ")# 8./"&,2&8#$%&'$4/ %#""&$9

:; 4$ 428&%%&:/# <+,-./#1

 ! "#$% #$% &$ '$("&)*'& &#! +,-)*.! rnd (!!/!/ 0( &#! 1*.&0-/01!("0$(2. "!&&0(3
4305!( 0( 678 49899:: $*& $; &#! +,-)*.! sref *"!/ 0( &#! )!;!)!('! <)$$; 4305!(
0( 678 4989=:: >? 1!2(" $; 2( 2/10""0>.! @,-)*.!8 A#2& 0"B %! (!!/ &$ C(/ 2(

2/10""0>.! @,-)*.! Snd
"*'# &#2&

Snd(sref ) = snd 4989D:

E!& Snd
>! &#! @,-)*.!F

Snd := ℓnd ⇒ rnd 4989G:

%#!)!





ℓnd :=
(∫

a
∂Varphi

∂x
∂w
∂x

dx = −µ
∫
a∂w

∂x
dx

)
→

(
∂Varphi

∂x
= µ ∂θ

∂x

)
,

2(/

rnd :=
(∑

i,j

∫
aij

∂Varphi

∂xj

∂w
∂xi

dx = −
∑

i,j µj

∫
aij

∂w
∂xj

dx
)
→

(
∂Varphi

∂xj
=

∑
p µp

∂θ
∂xj

)
,

2(/





Varphi = Fun(Varphi, y),

w = Fun(w, y),

θ = Fun(θ, x),

2(/





i = Var(i, I),

j = Var(j, I),

p = Var(p, I),

I = Reg(I, d),

2(/





a,Varphi, y, w, µ, θ 2)! @,-52)02>.!" 0( X 1, 2(/

i, j, d 2)! +,-52)02>.!" 0( X 0, 2(/

p, I 2)! '$("&2(& "?1>$." 0( F0.

A#! ;$..$%0(3 '.201" '2( >! !2"0.? '#!'H!/F

08: A#! @,-)*.! Snd
4/!C(!/ 0( 678 4989G:: 0" <2)21!&)0I!/ 0( &#! "!("! $;

J!C(0&0$( GK "0('!

Var0(Snd)
def
= Var0(rnd) \ Var0(ℓnd)

= {i, j, d} 6= ∅.

LM



 !"! #$$%&'()&*+ )* ),- -.)-+/&*+ *0 ),- 1-2&3()&*+ *0 ),- %&+-(2 *$-2()*2

  !" #$% &'()*+% Snd
0 ,%-.%, /0

Snd
0 = σnd

0 (Snd), 1$%)% σnd
0 = {d→ 1}

 2 3 2%43.5 6 67.2%)835 7.!

   !" #$%)%97)%: Snd
 2 3,4 22 /+% 1!)!5 Snd

0 !

 8!" #$% ;'()*+% snd  2 3 <%.%)3+ =35 7. 79 5$% ;'()*+% sref > . 5$% 2%.2% 79 ?%-(

. 5 7. @A" 2 .6% Snd
 2 3,4 22 /+% 3., Snd(sref ) = snd!

 !"#$%&'$ '( ")# *+,-./# 0&1#1 ")# 2#-&34"&'$ '( ")# /&$#4- '5,

#-4"'-6 '( ")# -#(#-#$7# 5-''( "' ")# 8./"&,2&8#$%&'$4/ %#""&$9

:; '."<4-2 9-'<")%1

B71 1% 67.25)*65 3. 7*513), <)715$ Gnd
1$ 6$ $38% 5$% 234% %C%65 79 5$% &'(

)*+% Snd
>< 8%.  . D!E >F!FG""! H. 75$%) 17),2: 1% 2$71 $71 57 67.25)*65 5$% )*+%

snd 79 5$% 4*+5 (, 4%.2 7.3+ 2%55 .< >< 8%.  . DE! >F!FF"" 7*5 79 5$% )*+% sref 79

5$% )%9%)%.6% 47,%+ >< 8%.  . DE! >F!FI"" /0 4%3.2 79 3. 7*513), <)715$! #$35

 2: 1% .%%, 57 67.25)*65 3. 7*513), <)715$ Gnd
2*6$ 5$35

Gnd(sref ) = snd >F!F@"

#$% 7*513), <)715$ Gnd
63. /% 67.25)*65%, 32 3 674/ .35 7. 79 *. 5 7*513),

<)715$ /0 674J3) .< 5$% ;'()*+%2 sref 3., snd! #$35  2: 5$ 2 674J3) 27. 3++712

7.% 57 %.*4%)35% 5$% 2%5 79 3,,%, 5%)42 .%%,%,  . 5$% 67.25)*65 7. 79 5$% *. 5

7*513), <)715$2! K%5 τ i, τ i, τ p, τ is, τ
j
s 3., τ ps /% 5$% 3,,%, 5%)42 ,%-.%, 32 97++712L





τ i =  !"#$#"(⊥, i)

τ j =  !"#$#"(⊥, j)

τ p =  !"#$#"(⊥, p)

τ is =
∑

(⊥, i)

τ js =
∑

(⊥, j)

τ ps =
∑

(⊥, p)

MI



 !"#$%& '( )*$%+,-.+ /%0!"+-,1, "+2 3!%-&  .14-+"$-.+

 !" Gi,Gj,Gp
#$% Gs

&! "'! ()"*#+% ,+(*"'- %!.$!% #- /(00(*-1

Gi def
= Gτ i,p6 ♦Gτ i,p11

= G(τ i,τ i),(p6,p11) 23!.$4"4($ 567

#$%

Gj def
= Gτ j ,p4 ♦Gτj ,p8 ♦Gτ j ,p13 ♦Gτ j ,p17

= G(τ j ,τ j ,τ j ,τ j),(p4,p8,p13,p17) 23!.$4"4($ 567

#$%

Gp def
= Gτp,p15 ♦Gτp,p17

= G(τp,τp),(p6,p11) 23!.$4"4($ 567

#$%

Gs def
= Gτs,p14

84$#009 *! #+! +!#%9 "( %!.$! "'! ()"*#+% ,+(*"' Gnd
1

Gnd def
= Gi ♦Gj ♦Gp ♦Gs. 2:;:<7

 !"#$%&'$ '( ")# *+,-./# 0&1#1 ")# 2#-&34"&'$ '( ")# /&$#4-

'5#-4"'-6 '( ")# -#(#-#$7# 8'2#/ "' ")# 3#7"'-,34/.#2 %#""&$9

:; 4$ 428&%%&:/# -./#1

=! -'(* '(* "( >($-"+)>" "'! 8?@+)0! rv 2,4A!$ 4$ BC; 2:;:D77 $!!%!% 4$ "'!

A!>"(+@A#0)!% -!""4$, ()" (/ "'! 8?@+)0! sref 2,4A!$ 4$ BC; 2:;:E77 )-!% 4$ "'!

+!/!+!$>! F+((/ &9 G!#$- (/ #$ #%G4--4&0! H?@+)0!; I'#" 4-J *! $!!% "( .$% #$

#%G4--4&0! H?@+)0! Sv
-)>' "'#"

Sv(sref ) = sv 2:;:57

 !" Sv
&! "'! H?@+!*+4"! +)0!1

Sv := ℓv ⇒ rv 2:;:K7

*'!+!

ℓv :=

∫
a
∂Varphi

∂x

∂w

∂x
dx = −µ

∫
a
∂w

∂x
dx→

∂Varphi

∂x
= µ

∂θ

∂x

#$%

rv :=
∑

k,l

∫
akl
∂Varphi

l

∂x

∂wk

∂x
dx = −

∑

k,l

µl

∫
akl
∂wk

∂x
dx→

∂Varphi
l

∂x
=

∑

q

µq

∂θql

∂x

K:



 !"! #$$%&'()&*+ )* ),- -.)-+/&*+ *0 ),- 1-2&3()&*+ *0 ),- %&+-(2 *$-2()*2

 !"#"





k = Var(k, I),

l = Var(l, I),

q = Var(q, I),

I = Reg(I, dv),

Varphi = Fun(Varphi, y, unknown),

w = Fun(w, y, test),

θ = Fun(θ, x, known),

$%&





a,Varphi, y, x, w, µ ∈ X 1,

k, l, dv ∈ X 0, $%&

I, q ∈ F0

'( )*+),-,*,-.% σv
0 = {dv → 1}/  " 0", Sv

0 = σv
0(S

v)  !-1! $ )"2$%,-1 1.%)"#3$,-.%
456#*7" 8.# sref $%& Sv

-) $&2-))-+7" 8.# Sv
0 9

:!" 8.77. -%0 17$-2) 1$% +" "$)-7( 1!"1;"&<

-9= :!" 456#*7" Sv
>&"?%"& -% @A9 >B9BC== -) D$#$2",#-E"& -% ,!" )"%)" .8 F"?6

%-,-.% GH )-%1"

Var0(Sv)
def
= Var0(rv) \ Var0(ℓv)

= {k, l, dv} 6= ∅.

--9= :!" 456#*7" Sv
0 &"?%"& +(

Sv
0 = σv

0(S
v),  !"#" σv

0 = {dv → 1}

-) $ )"2$%,-1 1.%)"#3$,-.%9

---9= :!"#"8.#"/ Sv
-) $&2-))-+7"  9#9, Sv

0 9

-39= :!" I56#*7" sv -) $ 0"%"#$7-E$,-.% .8 ,!" I56#*7" sref >-% ,!" )"%)" .8 F"?%-6
,-.% HJ= )-%1" Sv

-) $&2-))-+7" $%& Sv(sref ) = sv9

 !"#$%&'$ '( ")# *+,-./# 0&1#1 ")# 2#-&34"&'$ '( ")# /&$#4-

'5#-4"'-6 '( ")# -#(#-#$7# 5-''( "' ")# 3#7"'-,34/.#2 %#""&$8

9: ;+,'."<4-2 8-'<")%1

K.  " 1.%),#*1, $% .*, $#& 0#. ,! Gv
 !-1! !$3" ,!" )$2" "L"1, .8 ,!" 456#*7"

CM



 !"#$%& '( )*$%+,-.+ /%0!"+-,1, "+2 3!%-&  .14-+"$-.+

Sv
 !"#$% "% &'(  )')*++' ,% -./$0 1-0234 1$ 3/-1 /-1 .- 5-%3.065. ./$ 067$ snd -8

967.":2"9$%3"-%;7 3$.."%!  !"#$% "% &('  )'))++ -6. -8 ./$ 067$ sref -8 ./$ 0$8$0$%5$

9-2$7  !"#$% "% &('  )')<++ => 9$;%3 -8 ;% -6.1;02 !0-1./' ?/;. "34 1$ %$$2 .-

5-%3.065. ;% -6.1;02 !0-1./ Gv
365/ ./;.

Gv(sref ) = sv  )'@A+

B!;"%4 ./$ -6.1;02 !0-1./ Gv
5;% =$ 5-%3.065.$2 ;3 ; 5-9="%;."-% -8 6%". -6.1;02

!0-1./3' C$ %$$2 .- $%69$0;.$ ./$ 3$. -8 ;22$2 .$093 %$$2$2 "% ./$ 5-%3.065."-%

-8 ./$3$ 6%". -6.1;02 !0-1./3' D$. τ k, τ l, τ q, τ ks , τ
l
s ;%2 τ qs =$ ./$ ;22$2 .$093

2$E%$2 ;3 8-77-13F 



τ k =  !"#$#"(⊥, k)

τ l =  !"#$#"(⊥, l)

τ q =  !"#$#"(⊥, q)

τ ks =
∑

(⊥, k)

τ ls =
∑

(⊥, l)

τ qs =
∑

(⊥, q)

D$. Gk,Gl,Gq
;%2 Gs

=$ ./$ -6.1;02 !0-1./3 2$E%$2 ;3 8-77-13F

Gk def
= Gτk,p2 ♦Gτk,p9 ♦Gτk,p5 ♦Gτk,p10

= G(τk,τk,τk,τk),(p2,p9,p5,p10)  G$E%"."-% HI+

;%2

Gl def
= Gτ l,p2 ♦Gτ l,p9 ♦Gτ l,p3 ♦Gτ l,p8 ♦Gτ l,p12 ♦Gτ l,p16

= G(τ l,τ l,τ l,τ l,τ l,τ l),(p2,p9,p3,p8,p12,p16)  G$E%"."-% HI+

;%2

Gq def
= Gτq ,p15 ♦Gτq ,p16

= G(τq ,τq),(p15,p16)  G$E%"."-% HI+

;%2

Gs def
= G(τks ,τ

k
s ),(p1,p7)

♦G(τ ls,τ
l
s),(p1,p7)

♦Gτqs,p14

J"%;77> 1$ ;0$ 0$;2> .- 2$E%$ ./$ -6.1;02 !0-1./ Gv
F

Gv def
= Gk ♦Gl ♦Gq ♦Gs.  )'@<+

 !"#$%&'$ '( ")# *+,-./# 0&1#1 ")# 2#-&34"&'$ '( ")# /&$#4-

'5#-4"'-6 '( ")# -#(#-#$7# 5-''( "' ")# #/4%"&7&"8 %#""&$91

?/;%K3 .- ./$ .1- -6.1;02 !0-1./3 Gnd
;%2 Gv

4 2$E%$2 0$3L$5."#$7> "% &('  )')M+

;%2 &('  )'@<+4 1$ ;0$ ;=7$ .- 5-%3.065. ./$ JN:0$10"."%! 067$ ./;. 5-00$3L-%23

*O



 !"! #$$%&'()&*+ )* ),- -.)-+/&*+ *0 ),- 1-2&3()&*+ *0 ),- %&+-(2 *$-2()*2

 !  "# $#%&'( &!) !*  "# +&)#(% !,#%( !% (--!.&( #$  !  "# /&.%!-.!,&. ,%!0+#/ !*

#+(- &.& 12 3"( &-4 5# (0+#  ! .!)- %6.  "# .!6) #%,(% !*  "# 789%6+# sref 4 $#:)#$
&) ;<2 =>2>?@4 *!%  "# #+(- &.& 1 -#  &)A2 B!)-&$#%  "# !6 5(%$ A%!5 " Gel

C

Gel def
= Gnd ♦Gv

=>2D>@

3"# (,,+&.( &!) !* Gel
 ! sref 1&#+$-  "# 789%6+#C

Gel(sref ) =


∑

k,l,i,j

∫
aijkl

∂Varphi
l

∂xj1
∂wk

∂x1i
dx1 = −

∑

k,l,i,j

µjl

∫
aijkl

∂wk

∂xi1
dx1




→



∂Varphi

l

∂x1j
=

∑

q,p

µqp

∂θlqp

∂x1j
.




 !"#$%& '() 4-) s, s′, s′′ (+1 s′′′ 5- ),- 678/)2()-9&-/:

s := u→
du

dx

s′ := ui →
dui
dx

s′′ := ud →
∂ud

∂xdj

s′′′ := udi →
∂udi
∂xdj

;,-2- ),- <+1-2%&+-1 /,*2)'<) )-2=/ ,(3- 5--+ &+)2*1<'-1 &+ > !? @A ;- 2-$2-8

*1<'- ),-= +-.):

i = Index (i, Set (I, {1, ..., di}))

j = Index (j, Set (J, {1, ..., dj}))

x = Var (x, Reg (Ω, 1))

u = Fun (u, x)

xd = Var
(
xd, Reg (Ω, dj)

)

ud = Fun
(
u, xd

)
.

B,-2-0*2- ),- /)2()-9C s, s′, s′′ (+1 s′′′ '(+ 5- -.$%&'&)%C 2-;2&))-+ (/ 0*%%*;/:

s := u→ Oper (Deriv, u, x, ∅)

s′ := Indexed (u, i) → Oper (Deriv, Indexed (u, i) , x, ∅)

s′′ := ud → Oper
(
Deriv,ud, Indexed

(
Var (x, Reg (Ω, d)) , j

)
, ∅

)

s′′′ := Indexed
(
ud, i

)
→ Oper

(
Deriv, Indexed

(
ud, i

)
, Indexed

(
Var (x, Reg (Ω, d)) , j

)
, ∅

)

EF



 !"#$%& '( )*$%+,-.+ /%0!"+-,1, "+2 3!%-&  .14-+"$-.+

5!%&% k, d ∈ X 0
( 3!% $&%% ,$&60$6&% .7 $!% ,$&"$%8-%, s, s′, s′′ "+2 s′′′ -, 2%#-0$%2

-+ 9-86&%, '(':; '('<; '('' "+2 '('=(

>+ 7"0$; $!% ,$&"$%8? s 0.&&%,#.+2, $. $!% 2%&-@"$-@% .7 " ,0"A"& 76+0$-.+ 2%B+%2
.+ .+% 2-1%+,-.+"A 2.1"-+ Ω; $!% "##A-0"$-.+ .7 s ?-%A2, " ,0"A"&( 3!% ,$&"$%8?
s′ 0.&&%,#.+2, $. $!% 2%&-@"$-@% .7 " @%0$.& 76+0$-.+ 2%B+%2 .+ .+% 2-1%+,-.+"A
2.1"-+ Ω; $!% &%,6A$ .7 $!% "##A-0"$6-4 .7 s -, " @%0$.&( 3!% ,$&"$%8? s′′ 0.&&%,#.+2,
$. $!% 2%&-@"$-@% .7 " ,0"A"& 76+0$-.+ 2%B+%2 .+ 16$-C2-1%+,-.+"A 2.1"-+ Ω; $!%
&%,6A$ -, " @%0$.&( 9-+"AA?; $!% ,$&"$%8? s′′′ 0.&&%,#.+2, $. $!% 2%&-@"$-@% .7 " @%0$.&
76+0$-.+ 2%B+%2 .+ 16$-C2-1%+,-.+"A 2.1"-+ Ω; $!% &%,6A$ .7 $!% "##A-0"$-.+ .7 s′′′

-, " 1"$&-*(

D-@% $!% C,$&"$%8-%, S, S ′, S ′′
,60! $!"$ S (s) = s′, S ′ (s) = s′′ "+2 S ′′ (s) = s′′′,

-+ 8&"11"& 7.&1

S : u→ Oper (Deriv, u, x, ∅)⇒ Indexed (u, i) → Oper (Deriv, Indexed (u, i) , x, ∅)

-+ 5!-0! y, v ∈ X 1, $!% +%%2%2 6+-$ .6$5"&2 8&.5$! τ = Indexed (⊥, k) 5!-0! 5-AA
"##A? $. #.,-$-.+ p12 .+ $!% A%7$ !"+2C,-2% "+2 #.,-$-.+ p133 .+ $!% &-8!$ !"+2C,-2%
.7 ,$&"$%8? s.

S (s) = s
[
τ [s|p12 ]q

]
p12

→ s
[
τ [s|p132 ]q

]
p132

= Gτ ,(p12,p132) (s)

S ′ : Fun (u, Var (x, Reg (Ω, 1)))

→ Oper (Deriv, Fun (u, Var (x, Reg (Ω, 1))) , Var (x, Reg (Ω, 1)) , ∅)

⇒

ud → Oper
(
Deriv,ud, Indexed

(
Var (x, Reg (Ω, d)) , j

)
, ∅

)

" ,64,-$6$-.+ σ′
$!"$ 0"+ 0!"+8% 1 -+$. d "$ #.,-$-.+, p12222 .+ $!% A%7$ !"+2C,-2%

"+2 p13222, p13322 .+ $!% &-8!$ !"+2C,-2% .7 ,$&"$%8? s E+%%2 " 8&"11"& 7.& -$ FFFG;
" 6+-$ .6$5"&2 8&.5$! τ ′1 = Indexed

(
⊥, j

)
"##A-%, $. #.,$-.+, p133 .+ $!% &-8!$

!"+2C,-2% .7 ,$&"$%8? s(

S ′ (s) = Gσ′,(p12222,p13222,p13322);Gτ ′
1
,p133 (s)

S ′′
0"+ 4% 5&-$$%+ ", " 0.14-+"$-.+ .7 S "+2 S ′

S ′′ (s) = Gσ′,(p12222,p13222,p13322);Gτ ′
1
,p133 ;Gτ ,(p12,p132) (s)

= S ′;S (s)

 !



 !"! #$%&'$()*+$&

 !" #$%&'$()*+$&

 ! !"# $% &'() *'+%&!, -(&' )./! %!,)%!0&(1!) +"# 0."02$#("3 ,!/+,4)5

 !"!# $%&'(&)*( +',-.()/+/ ./ /&0.&'1)'/2 *3&'04.05 10*4&-6

7.0.+'&0)8.&)*( .(5 1'('0.9)8.&)*( ./ /&0.&'1)'/

6" )!0&(." 758 9,!)%5 )!0&(." 75:;< &'! .$&-+,# 3,.-&') 9,!)%5 %+,+/!&!,(=+&(.")

+"# 3!"!,+2(=+&(."; >? /!+") .@ )&+&(0 %.)(&(.")5 A'+& ()< ."! "!!#) &. )%!0(@?

&'! !B+0& %.)(&(.") ." -'(0' &'! .$&-+,# 3,.-&') +"# &'! %+,+/!&!,(=+&(.") +,!

+%%2(!#5 C!)%(&! &'! @+0& &'+& &'() @.,/$2+&(." (" &!,/) .@ %.)(&(.") () $)!@$2 &.

$"#!,)&+"# /+"? ())$!) ,!2+&!# &. &'! 0./%.)(&(." +"# &'! 0./>("+&(." .@ &'!

.$&-+,# 3,.-&') +"# %+,+/!&!,(=+&(.")< (& '+) 02!+, #,+->+04)5 D+)(0+22?< (& ()

".& %,+0&(0+2 )("0! ."! '+) &. !"$/!,+&! &'! )!& .@ +22 %.)(&(.") ." -'(0' '! -.$2#

2(4! &. +%%2? &'! !B&!")(."5  ! (22$)&,+&! +".&'!, +%%,.+0' &'+& 0.")()&) (" &'!

@.,/$2+&(." .@ &'! .$&-+,# 3,.-&') +"# %+,+/!&,(=+&(.") (" &!,/) .@ )&,+&!3(!)5

E.,! %,!0()!2?< (")&!+# .@ %,.1(#("3 &'! )!& .@ %.)(&(.") ." -(&' &'! .$&-+,#

3,.-&' '+) &. >! +%%2(!#< -! %,.1(#! + ',))$%- ." -'(0' &'! .$&-+,# 3,.-&'

'+) &. >! +%%2(!#5 A'!"< +" +#!F$+&! &,+1!,)+2 )&,+&!3(!)< "+/!2? &'!  !!"#$%&'

)&,+&!3?< () $)!# &. !B%2.,! &'! &!,/ +"# )!+,0' @., &'! %+&&!,"5 G.-!1!,< &'!

@.,/$2+&(." .@ &'! 0./>("+&(." .@ .$&-+,# 3,.-&') +"# %+,+/!&!,(=+&(.") (" &!,/)

.@ )&,+&!3(!) ,!/+(") +" .%!" %,.>2!/5 6& &$,") .$& &'+& &'!)! &-. @.,/$2+&(.")

+,! ".& !F$(1+2!"& (" 3!"!,+2< >$& (& () %.))(>2! &. !)&+>2()' )./! 0."#(&(.") $"#!,

-'(0' &'! &-. @.,/$2+&(.") +,! !F$(1+2!"&5 6" -'+& @.22.-)< u +"# τ +,! HIJ&!,/)<
+"# x () + HIJ1+,(+>2!5 A'! .$&-+,# 3,.-&' 9,!)%5 %+,+/!&,(=+&(."; @.,/$2+&!# ("
&!,/) .@ + )&,+&!3? -(22 >! #!".&!# >? Gτ ,u 9,!)%5 Px,u; (" .,#!, &. #()&("3$()' &'!/

@,./ &'! $)$+2 .$&-+,# 3,.-&' Gτ ,p 9,!)%5 %+,+/!&,(=+&(." Px,p;5  ! )'+22 0+22

&'!/ %+&&!," .$&-+,# 3,.-&' +"# %+&&!," %+,+/!&,(=+&(."< ., KJ.$&-+,# 3,.-&'

+"# KJ%+,+/!&,(=+&(." @., )'.,&5

Ĝτ ,u
def
= u→

(
("'(⊥ := u) )! τ

)
9KJI$&-+,# L,.-&' +& &'! ,..&;

Gτ ,u
def
=  !!"#$%&'(Ĝu,τ ) 9KJI$&-+,# L,.-&' +& &'! (""!, /.)& %.)(&(.");

G⋆
τ,u

def
= *%''%+,-(Ĝτ ,u) 9MN!0&.,(+2M KJI$&-+,# L,.-&' @,./ &'! >.&&./;

P̂x,u
def
= u→ x 9K+,+/!&,(=+&(." +& &'! ,..&;

Px,u
def
=  !!"#$%&'(P̂x,u) 9KJK+,+/!&,(=+&(.";

O:



 !"#$%& '( )*$%+,-.+ /%0!"+-,1, "+2 3!%-&  .14-+"$-.+

 !"! #$%&'()&*($* +,--$*' .,-%/0'1 .&(23& ,3+/,)%&'4$*50&'

,'( 5$%&'()&*($* 2'06%,-0&'

 ! "#$!%&%'! ()* +#,&%'! -./* '01 +2345&&#1! 65&,7%!8 %9 !'& :'!# 6':0;' α3

,'!<#19%'! '= &7# >23'1:#1 <51%5?;#9. @75& %9* &7# +2345&&#1! 65&,7%!8 5;8'1%&76

,'!9%:#19 &7# >23<51%5?;#9 59 ,'!9&5!&9* A7%;# %& A'0;: ?# ,'!<#!%#!& &' 1#!56#

&7#6. B#& 09 %;;09&15&# &7%9 %:#5 &71'087 5! #C564;#. B#& S ?# &7# +2310;#D

S := (f(x) → f(x))⇒ (f(x) → f(x)),

A7#1# x %9 5 >23<51%5?;#. B#& s ?# &7# >2310;#D

s := f(y) → f(y),

A7#1# y %9 5 >23<51%5?;#. E,,'1:%!8 &' '01 :#$!%&%'! ()* &7# 544;%,5&%'! S(s) =5%;9

?#,509# f(y) → f(y) :'#9 !'& 65&,7 f(x) → f(x) 9%!,# x 5!: y 51# ,'!9%:#1#:

59 ,'!9&5!&9. F'A#<#1* &7%9 %9 5 9#<#1# ;%6%&5&%'! 9%!,#* 6'15;;G* &7# +2310;# S
&#!:9 &' &15!9='16 5 >2310;# f(x) → f(x) &' g(x) → g(x) 5.& "+6 789:"&-"4;% x.
@7#1#='1#* &7# +2345&&#1! 65&,7%!8 5;8'1%&76 759 &' α3,'!<#1& &7# >23<51%5?;#9

%= !#,#9951G* #.8. ?G 1#!56%!8 y ?G x %! s. E!'&7#1 41'?;#6 %9 &75& A# !##:

&' 8%<# 9G!&5,&%, ,'!:%&%'!9 9' &75& &7# +230!%$,5&%'! 6':0;' α3,'!<#19%'! %9

:#,%:5?;#* 9## #.8. HIJK. @7%9 %9 !#,#9951G ='1 &7# ,'640&5?%;%&G '= &7# '4#15&%'!

'= ,'6?%!5&%'! '= +23'0&A51: 81'A&79 8%<#! %! "#$!%&%'! J/.

 !"# $%%&'()*

 !78!7 9*&&:5 &: #$%-0&'  ! 

 !"#"$%&%"' (() <%$ s, t, r 4% $%&1, "+2 p, q 4% ,$&-+=,( 3!% 5.;;.>-+= !.;2(

?( @5 pq ∈ Pos (s) , $!%+ s|pq = (s|p) |q.

'( @5 p ∈ Pos (s) "+2 q ∈ Pos (t) , $!%+
(
s [t]p

)
|pq = t|q,

(
s [t]p

)
[r]pq = s

[
t [r]q

]
p
.

A( @5 pq ∈ Pos (s) , $!%+
(
s [t]pq

)
|p = (s|p) [t]q ,(

s [t]pq

)
[r]p = s [r]p .

JL



 !"#! $%%&'()*

+! ,- p  !" q  !" # ! $$"$ #%&'('%)& ') s ('*"* p ‖ q) , (+")

(
s [t]p

)
|q = s|q,

(
s [t]p

)
[r]q =

(
s [r]q

)
[t]p .

 !""#$  !"#$%&"! '())* +$, -" *).,! %, /012 '$3" 45 $,! 467 8" ("'()!.+"

9"(" #9" :$%, $(3.:",#;7 <, )(!"( #) '()=" (1) , >" $;;.:" #9$# p = i1...in,#9",
s|pq = s|i1...inq = f (s1, ..., sn1

) |i1...inq = si1 |i2...inq = f (si11, ..., si1n2
) |i2...inq = ... =

si1...in|q = sp|q = (s|p) |q. <, )(!"( #) '()=" (2a) ,>" ?,)> #9$# pq ∈ Pos
(
s [t]p

)
,

$''&@ (1) , >" 9$="
(
s [t]p

)
|pq =

((
s [t]p

)
|p
)
|q = t|q. <, )(!"( #) '()=" (2b) , >"

!",)#" sl =
(
s [t]p

)
[r]pq $,! sr = s

[
t [r]q

]
p
. A(): (1) (2a) , sl|pq = sr|pq = r.

B9"("*)("2 >" ,""! #) +):'$(" #9" ;#(.+#.("; )* sr $,! sl "C+"'# ');%#), pq,
#9" ');%#%), )* r7 D%,+" #9" (":$%, ;#(.+#.("; )* -)#9 sr, sl $(" -.%&# *(): s
$,! t -@ +9$,3%,3 s|p -@ t, >" 9$=" sl = sr. <, )(!"( #) '()=" (3a) , >" !"E

,)#" sl =
(
s [t]pq

)
|p, s

r = (s|p) [t]q , s
0 = s [t]pq , >" 9$=" s

l = s0|p = s0p. D%,+"

s0 = f
(
s1, ..., si1 [t]p′q , ..., sn1

)
, >" 9$=" s0i1 = s0|i1 = si1 [t]p′q . D%,+" si1 [t]p′q =

f
(
si11, ..., si1i2 [t]p′′q , ..., si1n

)
, >" 9$=" s0i1i2 = s0i1 |i2 = si1i2 [t]p′′q . F),#%,." #9"

;$:" ;#"'2 >" 9$=" s0p = sp [t]q = (s|p)q = sr. B9%; (";.&# &"$!; #) %* >" +9$,3"

#9" ;.-#"(: s0|p $+#.$&&@ >" >%&& +9$,3 #9" #"(: (s|p) [t]q >9%+9 %,+&.!"; t, ;) #9$#

#9" (":$%, ;#(.+#.(" )* s0 ?""'; #9" ;$:" ;#(.+#.(" )* s "C+"'# ');%#%), p. G)>
>" >%&& '()=" (4a) , ;%,+" p $,! q $(" '$($&&"& ');%#%),; %, #"(: s2 %7"7 p ‖ q )(

#9"(" %; ,) k ;.+9 #9$# pk = q )( qk = p, >" !",)#" sl =
(
s [t]p

)
|q, s

r = s|q

$,! s0 = s [t]p . 8" 9$=" ∀α ∈ Pos (s) \ {pj | j ∈ Pos (s|p)} : s0|α = s|α $,! *():
$;;.:'#%), q /∈ {pj | j ∈ Pos (s|p)}2 ;) #9$# s0|q = s|q )( sl = sr. B9%; (";.&# &"$!;
#) #9" *$+# #9$# p $,! q $(" ,)# %, #9" ;$:" -($,+92 ;) #9$# >" +$, ("'&$+" s|p )(
s|q H(;# >%#9).# +9$,3%,3 #9" $,)#9"( ');%#%),2 >9%+9 &"$!; #) #9" '()'"(#@ (4b)7

II



 !"#$%& '( )*$%+,-.+ /%0!"+-,1, "+2 3!%-&  .14-+"$-.+

 !"#$% &'(() *++,!-./!01 02 . -034!1./!01 02 0#/5.$6 "$05/78 /0 /7% /%$3 t'

(99



 !"#! $%%&'()*

 !"#$% &'(&) *+% ,-.#/!0 1#023$4 "$120+ Gl1
τ1,p1

4%5/%4 !/ 67' 8&'(9:'

 !"#$% &'(;) *+% ,-.#/!0 1#023$4 "$120+ Gl2
τ2,p2

4%5/%4 !/ 67' 8&'&<:'

(<(



 !"#$%& '( )*$%+,-.+ /%0!"+-,1, "+2 3!%-&  .14-+"$-.+

 !"#$% &'()* +,% -$%% .-$#/-#$% 01 -,% 233%3 -%$4. τ 1 253 τ 2'

 !"#$% &'(6* +,% -$%% .-$#/-#$% 01 -,%  78$#9% s = L2 (u (x)) →
( ∫

Ω
|u (x) |2dx

)1/2
'

(:&



 !"#! $%%&'()*

 !"#$% &'()* +,% -$%% .-$#/-#$% 01 -,%  23$#4% s′'

 !"#$% &'(5* +,% -$%% .-$#/-#$% 01  23$#4% s0 = G~τ,~p(s)'

(67



 !"#$%& '( )*$%+,-.+ /%0!"+-,1, "+2 3!%-&  .14-+"$-.+

 !"#$% &'()* +,% -$%% .-$#/-#$% 01 -,%  23$#4% s1 = (G~τ,~p;P)(s) = P(s0)'

 !"#$% &'(5* +,% -$%% .-$#/-#$% 01 -,%  23$%6$!-% $#4% sref 7%89%7 !9 :;' <&'&(='

(>?



 !"#! $%%&'()*

 !"#$% &'&() *+%  ,-./$0/%"1 s := u→ du
dx
'

 !"#$% &'&2) *+%  ,-./$0/%"1 s′ := ui →
dui

dx
'

2(3



 !"#$%& '( )*$%+,-.+ /%0!"+-,1, "+2 3!%-&  .14-+"$-.+

 !"#$% &'&&( )*%  +,-.$/.%"0 s′′ := ud → ∂ud

∂xd
j
'

 !"#$% &'&1( )*%  +,-.$/.%"0 s′′′ := udi →
∂ud

i

∂xd
j
'

234



 !"#$%& '

( $)*+,-".% /*0%. 0%&12"$1*3 4*& "

56!7 #&*8%

 !"#$%&#'  ! "#$% &#'(")* +) %"'") "#) "+,-%&'.) /,0). 0)*$1'"$,! 2,* '! 34#5

(*,6) 0)1).,()0 $! "#) 7879:;84 (*,<)&"=  ! "#) 0)*$1'"$,!> "#) /'"#)/'"$&

'((*,'&# (*,(,%)0 $! ? $% 2,..,+)0=  ! "#) !)+ (*,,2> "#) 2)'"@*)% A$B "#) /@."$-

0$/)!%$,!'. 0,/'$!> A$$B "#$! 0,/'$!> A$$$B %@6-0,/'$!% +$"# 0$C)*)!" (#D%$&%> A$1B

1)&",* %,.@"$,! '!0 A1B /@."$-(#D%$&% '*) "'E)! $!", '&&,@!"= FD "'E$!G $!", '&&,@!"

"#)%) !)+ 2)'"@*)%> /'"#)/'"$&'. *@.)% @%)0 $! "#) *)2)*)!&) (*,,2 $! ? '*) )H")!0)0

'!0 !)+ %")(% '*) '00)0= 4#)! 2,..,+ "#) %'/) 2*'/)+,*E> "#) #,/,G)!$I)0 /,0).

2,* "#) J,@.)-#)'"$!G "#)*/,).'%"$&$"D $% 0)*$1)0=

 !" #$%&'()*%+'$

 !"# $!%&'() "# *(+,'(* ', *()"+( % '-,.#$%/( 0,*(/ 1,) %2 3 !4 &),5( *(+(/,&(*

"2 '!( 67689:7 &),;($'<  !( *()"+%'",2 "# &)(#(2'(* "2 '!( &()#&($'"+( ,1

"'# =#( ', (2)"$! (>'(2#",2# ,1 '!( )(1()(2$( &),,1 "2'),*=$(* "2 ?!%&'() @<  !(

1(%'=)(# ', 5( '%A(2 "2', %$$,=2' %)(B C"D '!( 0=/'".*"0(2#",2%/ *,0%"2 ,1 R
3
E

C""D '!"2 *,0%"2E C"""D #=5.*,0%"2# -"'! *"F()(2' &!G#"$#E C"+D +($',) #,/='",2E

C+D 0=/'".&!G#"$# "( '!( $,=&/"2H 5('-((2 '!()0%/ (F($'#E (/%#'"$"'G *(1,)0%'",2#

%2* '!( (/($')"$ $=))(2' I,-"2H "2 '!( $,2*=$'"+( &%)'#< 8'!() 1(%'=)(# %)( %/#,

'%A(2 "2', %$$,=2' 5=' '!(G %)( *=( ', '($!2"$%/ )(%#,2 %2* -"// %&&(%) /%'()<  ,

&=' '!"# 0,*(/ "2 ,=) 1)%0(-,)AE -( $,2#"*()E "2 %**"'",2 ', '!( '!"22(## ,1 '!(

*,0%"2E '!%' '!( $,(J$"(2'# %)( &()",*"$ %2* H(' %2 !,0,H(2"K(* 0,*(/ "2 % '!"2

#')=$'=)( %# "2 L@MN LO@N %2* LOON< P( 2,'"$( '!%' ,2( ,1 '!( *"F()(2$(# -"'! '!(

/%''() )(1()(2$(# "# '!%' '!( %#G0&','"$ 5(!%+",) )(H%)*"2H '!( &()",*"$"'G %2* '!(

'!"22(## %)( '%A(2 "2', %$$,=2' '!),=H! % #"2H/( '($!2"Q=(E '!%' "# '!( '($!2"Q=(

=#(* "2 '!( )(1()(2$( &),,1< 4,)(,+()E -( 5)"2H % #"0&/"R$%'",2 ,1 '!( &),,1#

@ST



 !"#$%& '( ) $*+,-."/% 0+1%/ 1%&23"$2+4 5+& " 67!8 #&+9%

 ! "#$%&'()* () +,-# $%&'#+ ./# .0,1+'&%# ',)2#"*#)'#3  &+#4 ,) ./# .0,1+'&%#

."&)+5,"- 6(# ./(+ 7+#4 () ./# 7)5,%4()* -#./,48  ! ./# .0,1+'&%# ',)2#"*#)'# ,5

9: ;*7#.+#)* &)4 9: <%%&("#:

 !"!" #$%&'()&*(+' +, *-. /-&0*.$

=/# '/&$.#" (+ ,"*&)(>#4 &+ 5,%%,0+? () @#'.(,) A:B3 ./# $/!+('&% $", %#- (+ +.&.#4:

=/# "#+. ,5 ./# '/&$.#" /&+ ./# +."7'.7"# ,5 ./# "#5#"#)'# $",,5: C) ./# D"+. $&".

,5 @#'.(,) A:A3 ./# 4#D)(.(,)+ &)4 $",$#".(#+ ,5 .0,1+'&%# ."&)+5,"- ,$#"&.,"+ &"#

4(+'7++#4: C) ./# +#',)4 $&".3 ./# 0#&E %(-(.+ ,5 .0,1+'&%# ."&)+5,"- ,5 D"+. ,"4#"

4#"(2&.(2#+ ,5 +,%7.(,)+ &"# 4#"(2#4: =/# %&+. +#'.(,) (+ 5,'7+#4 ,) ./# 4#"(2&.(,)

,5 ./# .0,1+'&%# -,4#% &)4 ./#) ,5 ./# /,-,*#)(>#4 -,4#%:

 !" #$%&'()* +,-.* -.&(/'01',2

=/# $", # (+ 4#+(*)#4 &+ & ./() ./"##1%&!#"#4 +."7'.7"# &)4 (+ %,'&.#4 () & 4,-&()

4#),.#4  ! Ω: @## F(*7"# G6&8 &)4 F(*7"# G6 8: F," (%%7+."&.(,)3 0# ),.('# ./&.

() ./# %&+. 5& "('&.(,) ΩSi ./# +(%(',) 6@(8 +7$$,".()* %&!#" (+ 5 µ- ./() &)4 (. (+

',2#"#4  ! & 50 nm +(%(',) 4(,H(4# 6@(IB8 ()+7%&.," %&!#" ΩSiO2: F()&%%!3 & 100
nm ./('E $%&.()7- 6J.8 ."&'E ΩPt 7+#4 5,"  ,./ & /#&.()* '("'7(. &)4 & +#)+()*

'("'7(. (+ 4#$,+(.#4: < '7""#). +,7"'# (+ &$$%(#4 ., ,)# #)4 Γε
01 ,5 ./# $%&.()7-

."&'E3 &)4 ./# ,./#" #)4 Γε
02 (+ #%#'."('&%%! *",7)4#4: =/# ',)47'.(2# .($ (+ /#&.#4

./",7*/ ./# K,7%# /#&.()* #L#'. &)4 ./# /#&. M7H ./",7*/ ./# .($1+&-$%# ().#"5&'#

(+ -#&+7"#4  ! ./# +#)+()* '("'7(. ./",7*/ ./# 2&"(&.(,) ,5 ./# .($ 2,%.&*#:

=/#  #/&2(," ,5 ./# @=/N $", # (+ *,2#")#4  ! ./# ./#"-,#%&+.('(.! #O7&.(,)

0(./ K,7%# /#&.()*: =/# #%#'."(' "#+(+.(2(.! ,5 ./# $%&.()7- %&!#" &L#'.+ ./# K,7%#

/#&.()* #L#'. () ./# $", #: C. 2&"(#+ 0(./ ./# .#-$#"&.7"#: P# 7+# Cε
3 Mε

3 kε

&)4 aε
., 4#),.# ./# #%&+.('(.! ',#Q'(#). .#)+,"3 ./# -&."(H ,5 ./#"-&% #H$&)+(,)

',#Q'(#).+3 ./# -&."(H ,5 ./#"-&% ',)47'.(2(.! &)4 ./# -&."(H ,5 #%#'."(' ',)47'1

.(2(.!: I 2(,7+%!3 Cε
3 Mε

&)4 kε
&"# $(#'#0(+# ',)+.&). 57)'.(,)+ &)4 0# &++7-#

./&. Cε
3 kε

&)4 aε
+&.(+5! ./# 7+7&% #%%($.('(.! ',)4(.(,)+: P# 7+# uε = (uε1, u

ε
2, u

ε
3)3

θε &)4 ϕε
., 4#),.# ./# -#'/&)('&% 4(+$%&'#-#). 2#'.,"3 ./# 4(L#"#)'# ,5 ./# .#-1

$#"&.7"# ., ./# &- (#). .#-$#"&.7"# &)4 ./# #%#'."(' $,.#).(&% "#+$#'.(2#%!: @()'#

./# @(IB %&!#" (+ & *,,4 ()+7%&.,"3 ./# #%#'."(' $,.#).(&% ϕε
(+ ,)%! 4#D)#4 () ΩPt:

=/# K,7%# /#&.()* (+ ./# ,)%! /#&. +,7"'# ,5 ./# $", #:

RST



 !"! #$%&'()* +,-.* -.&(/'01',2

 !" #!"$%&"'()#*+*#, "-.(#*&/) 0*#! 1&.'" !"(#*/2 ($"3





− div(σε) = fM,ε
*/ Ω

− div qε = (∇ϕε)Taε∇ϕε
*/ ΩPt

− div qε = 0 */ ΩSi ∪ ΩSiO2

− div (aε∇ϕε) = 0 */ ΩPt4

56789

0!"$" σε = Cεs(uε)+Mεθε *) #!" #"/)&$ &: )#$"))")4 s(uε) = 1
2
(∇uε+(∇uε)T ) *)

#!" #"/)&$ &: )#$(*/)4 fM,ε
*) #!" ;&<, :&$+" '&(<4 qε = kε∇θε *) #!" !"(# =.>4 aε =

(1 + λθε)−1aref,ε
*) #!" "'"+#$*+ +&/<.+#*?*#,4 λ *) #!" #"%@"$(#.$" +&"A+*"/# (/<

aref
*) #!" #"/)&$ &: "'"+#$*+ +&/<.+#*?*#, (# (%;*"/# #"%@"$(#.$"7 B"2($<*/2 #!"

;&./<($, +&/<*#*&/)4 #!" +(/#*'"?"$ *) +'(%@"< (/< 0*#! (/ *%@&)"< #"%@"$(#.$"

&/ ( @($# Γε
0 &: #!" ;&./<($,4 *7"7 uε = 0 (/< θε = θ04 (/< *) %"+!(/*+('', :$""

'&(<"< (/< #!"$%('', */).'(#"< &/ #!" &#!"$ @($# Γ14 *7"7 σ
εn = gM,ε

(/< qεn = 0

0!"$" n <"/&#") #!" &.#0($< /&$%(' ?"+#&$ #& #!" ;&./<($,7 C*/('',4 ( +.$$"/#

)&.$+" jε *) (@@'*"< #& Γ01 *"
∫
Γε
01

aε∇ϕεn dxε = jε4 Γ02 *) 2$&./<"< *" ϕ
ε = 0 (/<

#!" &#!"$ ;&./<($*") ($" "'"+#$*+('', */).'(#"< *" aε∇ϕεn = 0 &/ ∂Ω/(Γ01 ∪ Γ02)7

 !" 0"(D :&$%.'(#*&/ *) &;#(*/"< ;, +!&&)*/2 #")# :./+#*&/) vM,ε
4 vH,ε

4 (/<

vE,ε
)(#*):,*/2 #!" ;&./<($, +&/<*#*&/) vM,ε = 04 vH,ε = 0 &/ Γ0 (/< v

E,ε = 0 &/
Γ027 E:#"$ )&%" .).(' +('+.'(#*&/4 0" 2"# #!" 0"(D :&$% &: F-.(#*&/ 56789 0*#! (

)+('*/2 κ0 = 1/|Ω|,

κ0
∫

Ω

(Cεs(uε) +Mεθε)s(vM,ε) dx+ κ0
∫

Ω

kε∇θε ∇vH,ε dx+ κ0
∫

ΩPt

aε∇ϕε ∇vE,ε dx

= κ0
∫

Ω

fM,εvM,ε dx+ κ0
∫

ΩPt

aε∇ϕε ∇ϕε vH,ε dx+ κ0jε
∫

Γ01

vE,ε dxε + κ0
∫

Γ1

gM,εvM,ε dx

0*#! #!" G*$*+!'"#H'*D" +&/<*#*&/) uε = vM,ε = 0 (/< θε = vH,ε = 0 &/ Γ04

ϕε = vE,ε = 0 &/ Γ027 I" /&#*+" #!(# #!" ;&./<($, +&/<*#*&/ θ0 !() ;""/ #(D"/
"-.(' #& J"$& :&$ )*%@'*+*#,4 (/< #!*) *) (')& ).A+*"/# :&$ #!" +.$$"/# (@@'*+(#*&/7

K/ #!" :&''&0*/2 (),%@#&#*+ (/(',)*)4 #!" 0!&'" @$&;" *) ()).%"< #& ;" #!*/4 *"

*#) #!*+D/")) 50!*+! *) */ #!" $(/2" &: ( )%('' @($(%"#"$ ε9 *) )%('' +&%@($"< #& *#)
'"/2#!) */ #!" #0& &#!"$ <*$"+#*&/) (/< #!" +&"A+*"/#) ($" ()).%"< #& ;" @"$*&<*+

0*#! @"$*&< ε4 0!*+! */+'.<") #!" +()" 0*#! +&/)#(/# +&"A+*"/#)7 L&$"&?"$4 #!"
#!"$%(' +&/<.+#*?*#, */ #!" */).'(#*/2 '(,"$ %(<" &: )*'*+&/ <*&>*<" *) ()).%"< #&

;" */ #!" $(/2" &: ε2 0!"/ *# *) #!" $(/2" &: 1 */ #!" &#!"$ +&%@&/"/#)7 C$&% #!"

%(#!"%(#*+(' @&*/# &: ?*"04 0" )(, #!(# #!*) +&"A+*"/# *) )#$&/2', !"#"$&2"/"&.)7

C&$ #!" (),%@#&#*+ %&<"' <"$*?(#*&/ 0*#! $")@"+# #& #!" )%('' @($(%"#"$ ε4 0"
0*'' ()).%" 50*#!&.# @$&&:9 )&%" .).(' ./*:&$% ")#*%(#") &: #!" <(#( (/< &: #!"

8MN



 !"#$%& '( ) $*+,-."/% 0+1%/ 1%&23"$2+4 5+& " 67!8 #&+9%

 !"#$%!&' (!  %)*"%+,- ./ %&$0!1#2/ $3/  24"/1 L2
5&!0) +!0 +#&2$%!& 1/6&/1 !7/0

4 1!)4%& A

|||v|||2A =
1

|A|

∫

A

v2 dx'

8/ 4  #)/ $34$ $3/ 14$4 40/ #&%+!0)", 9!#&1/1-

|||fM,ε
α |||2Ω 4&1 |||ε−1fM,ε

3 |||2Ω ≤ C :;'<=

|jε| ≤ C :;';=

4&1 $34$ $3/  !"#$%!& uε, θε 4&1 ϕε
 4$% +, $3/ 4 *0%!0% / $%)4$/ - %& *%0/1 +0!)

><?@- >AB@ 4&1 ><<@ 

|||(uεi )i∈{1,2}|||
2
Ω ≤ C, |||εuε3|||

2
Ω ≤ C, |||s(uε)|||2Ω ≤ C :;'C=

|||θε|||2Ω, |||∇θ
ε|||2ΩPt

≤ C- |||∇θε|||2ΩSi
≤ C 4&1 |||ε∇θε|||2ΩSiO2

≤ C :;'B=

|||ϕε|||2ΩPt
, |||∇ϕε|||2ΩPt

≤ C, :;'?=

C 1/&!$%&D 740%!# 2!& $4&$ %&1/*/&1/&$ !+ ε' (3/ / 4  #)*$%!& $4E/ $3/ *"42/

!+ 4  #)*$%!& f ∈ L2(Ω) 4&1 4  #)*$%!& :A'AB= +!0 #&E&!.& %& $3/ 0/+/0/&2/

*0!!+'

(! 2!&2"#1/ $3%  /2$%!&- ./ "% $ $3/ 411%$%!&4" +/4$#0/ $4E/& %&$! 422!#&$ %&

2!)*40% !& .%$3 $3! / 4"0/41, *0/ /&$ %& $3/ 0/+/0/&2/ *0!!+F

• %$ % *! /1 %& 4 )#"$%51%)/& %!&4" :$30//51%)/& %!&4"= 1!)4%&G

• $3/ 1!)4%& % $3%&G

•  /7/04"  #91!)4%& :$3/ $30// "4,/0 .3/0/ $3/ 2!/H2%/&$ 40/ 2!& $4&$= 40/

1% $%&D#% 3/1G

• $3/  !"#$%!& % 2!)*0% /1 .%$3  /7/04" 6/"1 uε = (uε1, u
ε
2, u

ε
3)- θ

ε
4&1 ϕε

G

• $3/ )4$0%I kε
34  $0!&D", 3/$/0!D/&/!# 2!/H2%/&$ %/ kε ∼ ε2 %& ΩSiO2

.3%23 %)*"%/ $3/ #&%+!0) / $%)4$/ !+ |||ε∇θε|||2ΩSiO2
G

• $3/  24"/1 6/"1 εuε3  4$% 6/ 4 #&%+!0) L2
5/ $%)4$/!

 ! "#$ %"#& '()*$ +),$- ,$(./01.)2

 ! !" #$%&%'$()* +,-('%'$() &(. /0$1$)'%'$()

J!$4$%!& - 1/6&%$%!& 4&1 *0!*! %$%!& !+ $3/ 0/+/0/&2/ *0!!+ 40/ /I$/&1/1 $! 2!7/0

$3/ *0/ /&$ 24 / 4&1 &/. !&/ 40/ 411/1' K"" 1!)4%& 4&1 740%49"/ 40/ )#"$%5

1%)/& %!&4" .%$3!#$ $! 9/ /I*"%2%$/",  4%1 %& /423 24 /' J!$%2/ $34$- %& $3/ 2#00/&$

 $4$# - $3/ *0!*! %$%!& 40/ &!$ 1/6&/1 %& 4& !*$%)%L/1 )4&&/0 +!0 +#0$3/0 /I$/&5

 %!& ' (3/, 40/ 23! /& $! .!0E +!0 $3/ 2#00/&$ 4**"%24$%!&'

AAM



 ! ! "#$ %"#& '()*$ +),$- ,$(./01.)2

 !"#$"%&!" ''' 3.4 501.2 .2,.6$7 02, $89)2$217: i, j, h, k, ...; 10<$ 1#$.( /0-=$7

.2 1#$ 7$1 {1, 2, 3}; =2-$77 )1#$(>.7$ .2,.601$,!

3..4 ?($$< .2,.6$7 02, $89)2$217: α, β, θ, ...; 10<$ 1#$.( /0-=$7 .2 1#$ 7$1 {1, 2};
=2-$77 )1#$(>.7$ .2,.601$,!

3...4 "#$ ($9$01$, .2,$8 7=++01.)2 6)2/$21.)27 .7 7@71$+01.60--@ =7$, .2 6)2A

B=261.)2 >.1# (=-$7 3.4 02, 3..4!

(!%)%&!" ''* C !"#$%&$! '$()* +,#%)-"#D

δij =

{
1 .E i = j;
0 .E i 6= j

(!%)%&!" ''+ C./*!*%)$!-0)-% +,#%)-"#D "#$ 6#0(061$(.71.6 E=261.)2 .7 ,$2)1$,

*@

χ
(x)
(A) =

{
1 .E x ∈ A;
0 )1#$(>.7$

>#$($ x .7 /0(.0*-$ 02, A .7 0 7$1 )( 0 ,)+0.2!

(!%)%&!" '', 12$*# 3*(,$ "+ -#)$4!*(5

∮
Ω
dz = 1

|Ω|

∫
Ω
dz!

(!%)%&!" ''- C6)!*-# "7$!*)"!D u .7 0 /$61)( /0-=$, E=261.)2 ,$F2$, .2 0 ,)A

+0.2 A; x .7 1#$ 6))(,.201$ /0(.0*-$; 1#$2 1#$ 71(0.2 )9$(01)( >.1# ($79$61 1) x
.7

sxij(u) =
1

2

(
∂xi
uj + ∂xj

ui
)
!

./!0$/%1 ''2 C8#)$4!*( !,($ +"! 0,9'":*-#D%=99)7$ A = A1 ∪ A2 02, A1 ∩
A2 = ∅; 1#$2 ∫

A

dz =

∫

A1

dz +

∫

A2

dz.

./!0$/%1 ''3 C8#)$4!*( !,($ +"! 0,9'":*-#D %=99)7$ A1 ⊂ A 02, a(x) .7 0

E=261.)2 ,$F2$, .2 A1; 1#$2 1#$ .21$G(0- )E a(x) .7 $81$2,$, 1) A *@

∫

A

a dz =

∫

A1

χ
(x)
(A1)

a(x) dz!

./!0$/%1 ''4 18#)$!7!$)*)-"# "+ * ;$*& $<,*(-)=5 H)( u ∈ L2(A) 02, E)(

02@ v ∈ C∞
0 (A);

.E

∫

A

u(x) v(x) dx = 0 1#$2 u = 0

.2 1#$ 7$27$ )E L2(A) E=261.)27!

   



 !"#$%& '( ) $*+,-."/% 0+1%/ 1%&23"$2+4 5+& " 67!8 #&+9%

 !"#$!%& ''(  !"#$%&%$#'#()" )* ' &$%()+(, -)."+'%/ ,)"+(#()"0 :+& u ∈
H1(A) "41 5+& "4; v ∈ C∞

♯ (A)<

25

∫

∂A

u(x) v(x) nxα(x) dx = 0 $!%4 u 2- xα,#%&2+12. 24 A<

*!%&% nxα 2- $!% α .+0#+4%4$ +5 $!% +=$*"&1 4+&0"/ 3%.$+& n(

 !"#$!%& ')* 6=##+-% A 2- " &%.$"4>/%< u = (u1, u2) 2- " 3%.$+& 3"/=%1 5=4.$2+4
24 A< 25 5+& α, β ∈ {1, 2} "41 v ∈ C∞

♯ (A)<
∫
∂A
(nxαuβ + nxβ

uα)v dx = 0 $!%4 u 2-

xα,#%&2+12. 24 A(

 !"#$!%& ')' :+& u " #%&2+12. 5=4.$2+4 24 A "41 5+& "4; v ∈ C∞
♯ (A)< *% !"3%

∫

∂A

uv(x)n∂A(x) dx = 0.

 !"#$!%& ')) +,-.$/! 0$#$.0$.1&2 :+& u " 5=4.$2+4 1%?4%1 24 A "41 x $!%
.++&124"$% 3"&2"9/%< a 2- "4; 5=4.$2+4 241%#%41%4$ +5 x< 25 ∂xu = a< $!%4

u(x) = xa+ ũ

*!%&% ũ 2- " 5=4.$2+4 241%#%41%4$ +5 x(

 !"#$!%& ')3 @5 u(x) = xαa(x) + b 2- xα,#%&2+12.< $!%4 a(x) = 0(

 !"#$!%& ')4 6=##+-% A 2- " &%.$"4>/%< u = (u1, u2) 2- "4 A,#%&2+12. 3%.$+& 3"/,
=%1 5=4.$2+4 24 A< 25 5+& α, β ∈ {1, 2}< ∂xαuβ + ∂xβ

uα = 0< $!%4 u 2- " .+4-$"4$ 24

A(

 !"#$!%& ')5 A 2- " 1+0"24 "41 Γ0 2- " #"&$ +5 2$- 9+=41"&; *2$! +=$ 4+&0"/

3%.$+& n< u 2- " -."/"& 5=4.$2+4 1%?4%1 24 A< 25 5+& α ∈ {1, 2} "41 ∀v ∈ C∞ (A) -+
$!"$ ∫

Γ0

unαv dx = 0<

$!%4 u = 0 +4 Γ0(

 !"#$!%& ')6 u = (u1, u2) 2- " 3%.$+& 3"/=%1 5=4.$2+4 1%?4%1 24 A< Γ0 2- " #"&$

+5 2$- 9+=41"&; *2$! +=$ 4+&0"/ 3%.$+& n =(0, b) 5+& b 6= 0< 25 5+& ∀v ∈ C∞ (A) "41
α, β ∈ {1, 2}< -+ $!"$ ∫

Γ0

(uαnβ + uβnα) v dx = 0<

$!%4 u1 = 0 "41 u2 = 0 +4 Γ0(

  !



 ! ! "#$ %"#& '()*$ +),$- ,$(./01.)2

 !"#$!%& '()  !"##$ %&'#( 34 u5 v ∈ H1(Ω) 1#$2 1#$ 1(06$7 )4 u 02, v )2 Γ
0($ 8$-- ,$92$, 02,

∫

Ω

u∂xi
v dx =

∫

Γ

tr(u) tr(v) nxi
ds(x)−

∫

Ω

v∂xi
u dx.

 !"#$!%& '(* +,-%!"./0%1"- "2 3 4!"-$05$! 6&78"9: :)( i, j ∈ {1, 2, 3}5 α, β ∈
{1, 2}5 1#$2

aα +
∑

i
ai =

∑
i
ai(1 + δiα)5 bαβ +

∑
i,j
bij =

∑
i,j
bij(1 + δiαδjβ)!

 ! "#$ %&''&()!*+ "#$ "(&,-./'$ "0/!-%&01 0$'/"$2 !&"/")&!- /!2 30&3$0")$- /0$

)!"0&24.$25

;"%3%1"- '(<  )*+,-./' /$0 1-."2,.23-. 421/-$,( ;$ 6)27.,$( 02 ,)+0.2

Ω =
N(ε)⋃
c=1

Ω1,ε
c ⊂ R ,./.,$, .21) N(ε) <$(.),.6 6$--7 Ω1,ε

c 5 )4 7.=$ ε > 05 .2,$>$, *?

c5 02, 8.1# 6$21$( xc. "#$ 1(027-01.)2 02, +0@2.9601.)2 (Ω1,ε
c −xc)/ε .7 60--$, 1#$

A2.1 6$-- 02, .7 ,$2)1$, *? Ω1
! "#$ /0(.0*-$7 .2 Ω 02, .2 Ω1

0($ ,$2)1$, *? xε

02, x1!

6#$ "(&,-./'$ "0/!-%&01 T )- /! &3$0/"&0 1/33)!* %4!.")&!- 2$7!$2 )! "#$ 3#8-)./'

2&1/)! Ω "& %4!.")&!- 2$7!$2 )! / "(&,-./'$ 2&1/)! Ω♯ × Ω1
5 6#$ .&!7*40/")&!

&% Ω+ Ω♯
/!2 Ω1

)! 9,2)1$!-)&!/' /!2 :,2)1$!-)&!/' ./-$ #/;$ <$$! $=3'/!$2 )!

>#/3"$0 95 6#$ -/1$ 30)!.)3'$ )- /33')$2 )! ?,2)1$!-)&!/' ./-$ /'-&5 @$ !&").$

"#/" "#$ 2)1$!-)&! &% Ω♯
)- '$-- &0 $A4/' "& "#$ 2)1$!-)&! &% Ω /!2 "#$ 0$'/")&!

B4-" 2$3$!2- &! "#$ .&!7*40/")&! &% Ω5

;"%3%1"- '=> +?30!"60"#10 ."731- 1-.10$6: ;$ ,$2)1$ *? I♯ 1#$ 7$1 )4 6)B

)(,.201$ .2,.6$7 )4 /0(.0*-$7 )4 1#$ +06()76)<.6 ,)+0.2 Ω♯
02, ,$2)1$ *? I 1#$ 7$1

)4 6))(,.201$ .2,.6$7 )4 /0(.0*-$7 )4 1#$ <#?7.60- ,)+0.2 Ω!

 ! "#$ C6#D 30&<$ 1&2$'+ I♯ = {1, 2} /!2 I = {1, 2, 3}5

@$A-1%1"- '='  56278./'# 5"/$,92"1( "#$ 18)B760-$ 1(0274)(+ T .7 1#$ -.2B

$0( )<$(01)( ,$92$, *?

(Tu)(xc, x
1) = u(xc + εx1) E?5FG

02, 1#$2 *? $>1$27.)2 T (u)(x0, x1) = u(xc + εx1) 4)( 0-- x0 ∈ Ω1,ε
c 02, $06# c .2

1, .., N(ε).

99?
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 !" #$"%&'#% T "()#*+ '!" ,#--#./(0 $%#$"%'/"+1

 !"#$!%& '()  !"#$%&' (%)*+ :+& $*+ 5;4.$2+4- u, v 1%<4%1 24 Ω,

T (uv) = T (u)T (v).

 !"#$!%& '((  ,*"-./'-.* (%)*+ =5 u "41 2$- #"&$2"/ 1%&23"$23% "&% 1%<4%1 24
Ω $!%4

5+& ∀i ∈ I> T (∂xi
u) =

1

ε
∂x1

i
T (u). 23145

 !"#$!%& '(*  01'*2"/) (%)*+ =5 " 5;4.$2+4 u ∈ L1(Ω) $!%4 T (u) ∈ L1(Ω♯×Ω1)
"41 ∮

Ω

u dx =

∮

Ω♯×Ω1

T (u) dx0dx1.

 !" ("6' '.# $%#$"%'/"+ &%" 7#%#--&%/"+ #, '!" $%"8/#9+ #("+1

 !"#$!%& '(+  011*" !"#$%&' (%)*+ :+& $*+ 5;4.$2+4- u, v ∈ L2(Ω),
∮

Ω

u v dx =

∮

Ω♯×Ω1

T (u) T (v) dx0dx1.

 !"#$!%& '(,  3#"4 (%)*+ :+& " 5;4.$2+4 u ∈ L2(Ω),

|||u|||2Ω = |||T (u)|||2Ω♯×Ω1 . 231:5

-$./0%0"/ '(1  56#78&/)* 9#1.*"2*1&*+ ) -%?;%4.% uε ∈ L2(Ω) 2- -"21 $+ 9%
$*+,-."/% -$&+4@/A B&%-#%.$( *%"C/AD .+43%&@%4$ 24 L2(Ω♯×Ω1) $+ " /202$ u0(x0, x1)
25 T (uε) 2- -$&+4@/A B&%-#%.$( *%"C/AD .+43%&@%4$ $+*"&1- u0 24 L2(Ω♯ × Ω1).

-$./0%0"/ '(2  :$;#-1' #" ,%/) #< 5+ )- T 2- " 9+;41%1 /24%"& +#%&"$+& 5&+0
L2(Ω) $+ L2(Ω♯×Ω1), 2$- "1E+24$ T ∗

2- " 9+;41%1 /24%"& +#%&"$+& 5&+0 L2(Ω♯×Ω1)
$+ L2(Ω) 1%<4%1 9A

∮

Ω

T ∗(v) u dx =

∮

Ω♯×Ω1

v T (u) dx0dx1. 231;<5

;;=



 ! ! "#$ %"#& '()*$ +),$- ,$(./01.)2

 !" "#$%"&&'() (* T ∗
+,) -" ."/,'0".1 '/ 2,$& %"340,% *4)+/'()& ') Ω♯ × Ω1

/(

$'"+"5'&"6+()&/,)/ *4)+/'()& ') Ω7  !" )"#/ ."8)'/'() ')/%(.4+" ,) ($"%,/(% 4&".
,& , &2((/! ,$$%(#'2,/'() (* T ∗

7

 !"#$%$&# '()  !"#$%&'()&*(+, +- .

∗
/ "#$ )3$(01)( B .4 1#$ -.2$0( 5)21.26)64

)3$(01)( ,$72$, 8()+ L2(Ω♯ × Ω1) 1) L2(Ω) *9

Bv = v(x,
x

ε
). 9:7;;<

 !" )400'/= +().'/'() (* , *4)+/'() v(x0, x1) () /!" -(4).,%= ∂Ω♯×Ω1
'& /%,)&*"%%".

/( /!" %,)3" Bv ,& *(00(5&7

*+&,!+%- './  0+$,1&'2 3+,1(*(+,4 +- 05/ :8 v ∈ C∞
Γ♯(Ω

♯; C∞(Ω1)) 1#$2

Bv ∈ C∞
Γ (Ω)!

*+&,!+%- '.'  6"'(5&*(+, !$%" -+' 0/ :8 v 02, .14 30(1.0- ,$(./01./$4 0($

,$72$, )2 Ω♯ × Ω1
1#$2

8)( i ∈ I; ∂xi
(Bv) = χ(I♯)(i)B(∂x0

i
v) + ε−1B(∂x1

i
v). 9:7;><

 !" )"#/ $%($(&'/'() &/,/"& /!,/ /!" ($"%,/(% B '& ,+/4,00= ,) ,$$%(#'2,/'() (*

/!" ($"%,/(% T ∗
*(% Ω1

6$"%'(.'+ *4)+/'()&7

*+&,!+%- '.0  788'+9(:&*(+, ;"*<"", .

∗
&,1 0/ :8 v(x0, x1) .4 5)21.26)64;

5)21.26)64-9 ,.<$($21.0*-$ .2 x0 02, Ω1
=3$(.),.5 .2 x1 1#$2

T ∗(v) = B(v − ε
∑

i∈I♯
x1i ∂x0

i
v) + εOs(ε). 9:7;:<

>)2/$(4$-9;

B(v) = T ∗(v + ε
∑

i∈I♯
x1i ∂x0

i
v) + εOs(ε). 9:7;?<

 !" )"#/ /5( $%($(&'/'() ,%" 4&". *(% /!" !(2(3")'@". 2(."0 ."%'A,/'()1 /!"= ,%"

"#/")&'() (* B%($(&'/'() >C7

;;D
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 !"#"$%&%"' ()*  !"# $%&#'( )*#('+)( ',,)-%'+#. +) +"# /%-(),-)*%- *()01

$#2 34 :%&% *% "--;0% " .+43%4$2+4 +5 -;00"$2+4 +3%& α 5&+0 1 $+ n( <+& "4=
µ ∈ R

n
> ;41%& %//2#$2.2$= .+412$2+4 +4 c0> 2(%( $!%&% %?2-$- α > 0 -;.! $!"$

∀ξ ∈ R
2,

2∑

i,j=1

c0ijξiξj ≥ α|ξ|2,

$!%&% %?2-$ ζµ ∈ H1
♯ (Ω

1) -+/;$2+4- $+ $!% /24%"& *%"@ 5+&0;/"$2+4

∫

Ω1

c0ij
∂ζµ

∂x1j

∂w

∂x1i
dx1 = −µα

∫

Ω1

c0iα
∂w

∂x1i
dx1 5+& "// w ∈ C∞

♯ (Ω1)>  !"#$%

*2$! ;42A;% 1%&23"$23%-

∂ζµ

∂x1
j
( 624.% $!% 0"##24B µ 7→ ∇x1ζµ 5&+0 R

n
$+ L2(Ω1)n 2-

/24%"&>

∂ζµ

∂x1j
= µα

∂ζ1α
∂x1j

,  !"#&%

*!%&% ζ1α 2- -+/;$2+4 $+ C'(DEF 5+& µα = 1 "41 µβ = 0 5+& β 6= α,

∫

Ω1

c0ij
∂ζ1α
∂x1j

∂w

∂x1i
dx1 = −

∫

Ω1

c0iα
∂w

∂x1i
dx1 5+& "// w ∈ C∞

♯ (Ω1).  !"#'%

8+&%+3%&> $!% &%/"$2+4 C'(DEF ."4 9% %?$%41%1 $+ "4= µ ∈ L2(Ω♯)n(

 !"#"$%&%"' ())  !"# $%&#'( )*#('+)( ',,)-%'+#. +) +"# /%-(),-)*%- *()01

$#2 /4 :%&% *% "--;0% " .+43%4$2+4 +5 -;00"$2+4 +3%& h, k 5&+0 1 $+ n( G41%&
;-;"/ %//2#$2.2$= .+412$2+4 +5 c0> 2(%( $!%&% %?2-$- α > 0 -;.! $!"$

∀ξ = (ξij) ∈ R
6, -;.! $!"$ ξij = ξji (i, j) ∈ {1, 2, 3}2,

3∑

i,j=1

c0ijklξijξkl ≥ α|ξ|2,

5+& µ ∈ R
n×n

> $!%&% %?2-$ ζµ ∈ H1
♯ (Ω

1)n -+/;$2+4- $+ $!% /24%"& *%"@ 5+&0;/"$2+4

∫

Ω1

c0ijhkS
x1

hk(ζ
µ)Sx1

ij (w) dx1 = −µhk

∫

Ω1

c0ijhkS
x1

ij (w) dx1 5+& "// w ∈ C∞
♯ (Ω1)n>

 !"#(%

"41 Sx1

hk(ζ
µ) 2- ;42A;%( 624.% $!% 0"##24B µ 7→ Sx1

hk(ζ
µ) 5&+0 R

n×n
$+ L2(Ω1)n×n

2- /24%"&>

Sx1

hk(ζ
µ) = )pqhkµpq  !"#*%

##&



 ! ! "#$ %"#& '()*$ +),$- ,$(./01.)2

3#$($  pqhk = Sx1

hk(ζ
1
pq) 02, ζ

1
pq ∈ H1(Ω1)n .4 1#$ 4)-51.)2 1) 6 !789 :)( µpq = 1,

∫

Ω1

c0ijhkS
x1

hk(ζ
1
pq)S

x1

ij (w) dx1 = −

∫

Ω1

c0ijpqS
x1

ij (w) dx1 :)( 0-- w ∈ C∞
♯ (Ω1)n.

&)($)/$(; 1#$ ($-01.)2 6 !7<9 =02 *$ $>1$2,$, 1) 02? µ ∈ L2(Ω♯)n×n
!

 !"#"$%&%"' ()* %5@@)4$ A .4 0 ($=102A-$; Γ+
02, Γ−

0($ 1#$ 1)@ 02, *)11)+

45(:0=$; ΓLat
.4 1#$ -01$(0- *)52,0(?; kij :)( i, j ∈ {1, 2} .4 0 =)241021 +01(.>; a

02, b 0($ 13) =)2410214; .: 0 :52=1.)2 θ ∈ H1(A) $2B)?4




−
∑

i ∂xi
(
∑

j(kij∂xj
θ)) = 0 .2 A

(
∑

j kij∂xj
θ)nxi

= 0 )2 ΓLat

θ = a )2 Γ+

θ = b )2 Γ−
;

1#$2 θ = aθ+ + bθ−; 3#$($ θ+ 02, θ− 0($ 4)-51.)24 1)





−
∑

i ∂xi
(
∑

j(kij∂xj
θ+)) = 0 .2 A

(
∑

j kij∂xj
θ+)nxi

= 0 )2 ΓLat

θ+ = 1 )2 Γ+

θ+ = 0 )2 Γ−
;

!"#$%&





−
∑

i ∂xi
(
∑

j(kij∂xj
θ−)) = 0 .2 A

(
∑

j kij∂xj
θ−)nxi

= 0 )2 ΓLat

θ− = 0 )2 Γ+

θ− = 1 )2 Γ−
!

!"#$'&

 !"#"$%&%"' ()+ %5@@)4$ A .4 0 ($=102A-$ 3.1# 0 *)52,0(? Γ; Γ−
.4 1#$ *)11)+

45(:0=$ ): A; kij :)( i, j ∈ {1, 2} .4 0 =)241021 +01(.>; a .4 0 =)241021; .: 0 :52=1.)2

θ ∈ H1(A) $2B)?4 



−
∑

i ∂xi
(
∑

j(kij∂xj
θ)) = 0 .2 A

(
∑

j kij∂xj
θ)nxi

= 0 )2 Γ− Γ−

θ = a )2 Γ−

1#$2 θ = a!

 !"#"$%&%"' (), C !"#$%!& $! '%()!*(!+%( +)!,"-'D E: (λk)k=1,2,3 .4 xαF@$(.),.=
.2 A 02, ∂xh

λk = δhαδk3; 1#$2 λk = x3δk3δhα!

 !"#"$%&%"' ()- C.-)! *!"#$%!& /!) /)-- "!01 -"0*$%(%$2D %5@@)4$ A .4 0 =5F

*.= 3.1# $-041.= =)$G=.$21 1$24)( cijhk; (ui)i=1,2,3 .4 1#$ ,.4@-0=$+$21 H-$, 02, .4

@$(.),.= )2 1#$ -01$(0- ,.($=1.)24; .: :)( ∀ (vi)i=1,2,3 ∈ C∞
♯ (A);

{ ∫
A
cijhk∂xh

uk∂xi
vj dx = 0

(ui)i=1,2,3 .4 xαF@$(.),.= )2 ∂A;

1#$2 (ui)i=1,2,3 = 0!

''(
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 ! "#$ %&$'()*+ %,&"- "#$ .$!$&,/ !)","()!+- %&)%$&"($+ ,!0 %&)%)+("()!+ #,'$

1$$! (!"&)0*2$03  ! "#$ 4)//)5(!.- 5$ (!"&)0*2$ +%$2(62 !)","()!+ "#," ,&$ *+$0 ")

+(7%/(48 "#$ %&$+$!","()! )4 "#$ 9:#; %&)1$ 7)0$/3

 !"#"$!% &'(  !"#$%& '()"#*"+%,%"&- 7!% 1+0"24 Ω 2- 1%.+0#+-%1 24 #"&$-

*2$! &%:"&1 $+ $!%2& 4;09%& +5 /"<%&-= Ω2 2- $!% $*+,/"<%&%1 -;91+0"24 "41 Ω3 2-

$!% $!&%%,/"<%&%1 -;91+0"24( >% 1%4+$% 9< ΩSi
2 "41 ΩSiO2

2 $!% -2/2.+4 /"<%& "41 $!%

-2/2.+4 12+?21% /"<%& 24 Ω2= ΩSi
2 = ΩSi ∩ Ω2 "41 ΩSiO2

2 = ΩSiO2 ∩ Ω2( 6202/"&/<@

4+$"$2+4- ΩSi
3 "41 ΩSiO2

3 "&% 1%A4%1 9< ΩSi
3 = ΩSi ∩ Ω3 "41 ΩSiO2

3 = ΩSiO2 ∩ Ω3(

:#$ 2)!6.*&,"()! )4 "#$ %&)1$ (+ +#)5! (! <(.*&$ =3>3

<(.*&$ =3>? @)!6.*&,"()! )4 "#$ %&)1$

 !"#"$!% &)* B./"0+)$1( '"#$%&+C 7!% -;91+0"24- Ω2 "41 Ω3 "&% #"&$2$2+4%1

24 .</241&2."/ .%//- $!"$ 24$%&-%.$ $!% x,y #/"4% 9< ε×ε,-D;"&%-( 7!% .%//- "&% 1%4+$%1
"- Ωc

2 "41 Ω
c
3@ *!2.! "5$%& -!25$ 9< xc "41 -."/24: 9< ε

−1
<2%/1 $!% -."/%1 .%//- Ω1

2 "41

Ω1
3(  +4-21%&24: $!% 0;/$2,/"<%&%1 -$&;.$;&%- +5 Ω

1
2 "41 Ω1

3@ $!%< "&% 1%.+0#+-%1

24$+ Ω1
2 = Ω1

Si ∪ Ω1
SiO2 "41 Ω1

3 = Ω1
Si ∪ Ω1

SiO2 ∪ Ω1
Pt( 7!% 1+0"24- Ω♯

2 "41 Ω♯
3

"&% $!% #&+E%.$2+4- +5 Ω2 "41 Ω3 +4 $!% x,y #/"4%( 7!%4 $!% $*+,-."/% 1+0"24-
.+&&%-#+4124: $+ ΩSi

2 "41 ΩSiO2
2 "&% Ω♯

2 × Ω1
Si "41 Ω♯

2 × Ω1
SiO2@ *!%4 $!+-% +5 Ω

Si
3 @

ΩSiO2
3 "41 ΩPt "&% Ω

♯
3 ×Ω1

Si@ Ω
♯
3 ×Ω1

SiO2 "41 Ω♯
3 ×Ω1

Pt@ "41 $!+-% +5 Ω2 "41 Ω3 "&%

Ω♯
2 × Ω1

2 "41 Ω♯
3 × Ω1

3( 7!% #&+E%.$2+4 +5 Γ0 "41 Γ02 +4 $!% x,y #/"4% 2- 1%4+$%1
9< Γ♯

0 "41 Γ♯
02(

>>A



 ! ! "#$ %"#& '()*$ +),$- ,$(./01.)2

 !"#"$!% &'& 3 !"#$% &'()!*4"#$ /)-5+$ (01.)6 )7 $08# 8)+9)2$21 )7 1#$

:#)-$ 9()*$ .6 ,$2)1$, *;< rSi2 =
∣∣ΩSi

2

∣∣ |Ω|−1
= rSiO2

2 =
∣∣ΩSiO2

2

∣∣ |Ω|−1
= rSi3 =

∣∣ΩSi
3

∣∣ |Ω|−1
=

rSiO2
3 =

∣∣ΩSiO2
3

∣∣ |Ω|−1
= rPt =

∣∣ΩPt
∣∣ |Ω|−1

= r2 = |Ω2| |Ω|
−1

02, r3 = |Ω3| |Ω|
−1
!

 ! !" #$%&'()*+ ,--.%/01)20%3 %4 5+.06)206+7

 !"# #$%&"'( "# )"*$+ &' %'*,-&$ &!$ &.'/#%)0$ 0"*"&# '1 #&2)"(# )(+ 32)+"$(&# '1

&$*,$2)&-2$ )(+ $0$%&2"% ,'&$(&")04  !"# "# )( $5&$(#"'( '1 6$%&"'( 748494 :'(/

#"+$2"(3 &!$ %'(;3-2)&"'( '1 &!$ *"%2'#%',"% +'*)"(#< &!$ ,!=#"%)0 +'*)"( Ω "#

#$,)2)&$+ &' &!$ &.'/0)=$2$+ #->+'*)"( Ω2 )(+ &!$ &!2$$/0)=$2$+ #->+'*)"( Ω34

 !$ %'*,-&)&"'( '1 &!$ .$)? 0"*"&# '1 &!$ &.'/#%)0$ &2)(#1'2* '1 sxαβ(u
ε)< ∇θε<

ε∇θε )(+ ∇ϕε
)2$ +"#%-##$+ "( Ω2 )(+ Ω3 #$,)2)&$0= >$%)-#$ '1 &!$ +"@$2$(& %'(/

;3-2)&"'( '1 &!$ *"%2'#%',"% +'*)"(#4 A( &!$ '&!$2 !)(+< &!$ +$2"B)&"'( 1'2 $)%!

&$2* '( Ω2 )(+ Ω3 )2$ B$2= #"*"0)2< #' &!$ +"#%-##"'( "# '(0= +$&)"0$+ "( Ω34 C( &!$

1'00'."(3< .$ "(&2'+-%$ )##-*,&"'(# '1 &!$ &.'/#%)0$ ),,2'5"*)&"'(# '1 &!$ ;$0+#

uε
< θε )(+ ϕε

+$#"3($+ )%%'2+"(30= &' &!$ ) ,2"'2" $#&"*)&$#4

())*+,"$!% &'- +,-!.*/'"% '001!2)$'()!3 !4 u5 "#$($ $>.61 (u0i , u
1
i , u

2
i )i=1,3,

θ0, θ1 ∈ L2(Ω♯
3 × Ω1

3) 02, ϕ
0
= ϕ1 ∈ L2(Ω♯

3 × Ω1
Pt) 658# 1#01

7)( i ∈ {1, 2, 3}=

∮

Ω3

εδi3uεi Bv dx−

∮

Ω♯
3
×Ω1

3

u0i v dx
0dx1 = O(ε)= D8499E

7)( m ∈ {Si, SiO2,Pt}=

∮

Ωm
3

θε Bv dx−

∮

Ω♯
3
×Ω1

m

θ0 v dx0dx1 = O(ε)= D8498E

02, ∮

ΩPt

ϕε Bv dx−

∮

Ω♯
3
×Ω1

Pt

ϕ0 v dx0dx1 = O(ε)= D849FE

7)( 0-- v ∈ C∞(Ω♯
3 × Ω1

3)=

7)( i ∈ {1, 2, 3} :

∮

Ω3

εδi3uεi Bv dx−

∮

Ω♯
3
×Ω1

3

(u0i + εu1i + ε2u2i ) v dx
0dx1 = εO(ε)=

D849GE

7)( m ∈ {Si, SiO2,Pt}=

∮

Ωm
3

θε Bv dx−

∮

Ω♯
3
×Ω1

m

(θ0 + εθ1) v dx0dx1 = O(ε)=

D849HE

02, ∮

ΩPt

ϕε Bv dx−

∮

Ω♯
3
×Ω1

Pt

(ϕ0 + εϕ1) v dx0dx1 = εO(ε) D849IE

7)( 0-- v ∈ D(Ω♯
3; C

∞
♯ (Ω1

3))!

77J
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 ! "#$%& θ0 #!' θ1 #() "*!$%+,!- ').)!'+!/ ,! %0) 1+$(,-$,.+$ 2#3)(-4 5,( )6#17

.2)& θ0
|Ω♯

3
×Ω1

Pt

& θ0
|Ω♯

3
×Ω1

SiO2

#!' θ0
|Ω♯

3
×Ω1

Si

#() %0()) "*!$%+,!-& 8*% 9) ', !,% '+-%+!/*+-0

%0)1 ",( -+1.2+$+%34 :0) ",22,9+!/ ;(,.,-+%+,! )6%)!'- ;(,.,-+%+,! <=4

 !"#"$%&%"' ()*  !"#$%&'() *+,+- #. ' /)0+1'-+1)2 :5 (uεα)α∈{1,2}; εu
ε
3; θ

ε

"41 ϕε
"&% -%<=%4.%- 9+=41%1 "- 24 >'(?;'(@;'(AB "41 -"$2-5C24D >'(EE,'(EFB; $!%4

(ũ0α)α∈{1,2}; u
0
3; u

1
3; θ

1

|Ω♯
3
×Ω1

Pt
∪Ω♯

3
×Ω1

Si

"41 ϕ0
"&% 241%#%41%4$ +5 x1; (u1α)α∈{1,2}; u

2
3;

θ1
|Ω♯

3
×Ω1

Pt
∪Ω♯

3
×Ω1

Si

"41 ϕ1
"&% x1α,#%&2+12.; "41

5+& α, β ∈ {1, 2} :
∮
Ω3
(∂xαu

ε
β + ∂xβ

uεα)Bv dx−
∮
Ω♯

3
×Ω1

3

ηMαβv dx
0dx1 = O(ε);

5+& α ∈ {1, 2} :
∮
Ω3
(∂x3

uεα + ∂xαu
ε
3)Bv dx−

∮
Ω♯

3
×Ω1

3

ηMα3v dx
0dx1 = O(ε);∮

Ω3
∂x3

uε3Bv dx−
∮
Ω♯

3
×Ω1

3

ηM33v dx
0dx1 = O(ε);∮

ΩPt
∂xi
θεBv dx−

∮
Ω♯

3
×Ω1

Pt

ηHi v dx
0dx1 = O(ε);∮

ΩSi
3

∂xi
θεBv dx−

∮
Ω♯

3
×Ω1

Si

ηHi v dx
0dx1 = O(ε);∮

ΩSiO2
ε∂xi

θεBv dx−
∮
Ω♯

3
×Ω1

SiO2

ηhi v dx
0dx1 = O(ε);∮

ΩPt
∂xi
ϕεBv dx−

∮
Ω♯

3
×Ω1

Pt

ηEi v dx
0dx1 = O(ε);

*!%&%

ηMαβ = −x13∂
2
x0
αx

0
β
u03 + ∂x0

β
ũ0α + ∂x0

α
ũ0β + ∂x1

β
u1α + ∂x1

α
u1β 24 Ω♯

3 × Ω1
3;

ηMα3 = ∂x0
α
u13 + ∂x1

α
u23 + ∂x1

3
u1α 24 Ω♯

3 × Ω1
3;

ηM33 = ∂x1
3
u23 24 Ω♯

3 × Ω1
3;

ηHi = χ{1,2}(i)∂x0
i
θ0 + ∂x1

i
θ1 24 Ω♯

3 × Ω1
Pt;

ηHi = χ{1,2}(i)∂x0
i
θ0 + ∂x1

i
θ1 24 Ω♯

3 × Ω1
Si;

ηhi = ∂x1
i
θ0 24 Ω♯

3 × Ω1
SiO2;

ηEi = χ{1,2}(i)∂x0
i
ϕ0 + ∂x1

i
ϕ1
24 Ω♯

3 × Ω1
Pt(

8+&%+3%&; 25 uε = 0; θε = 0 +4 Γ0; ϕ
ε = 0 +4 Γ02; $!%4 u0 = 0 "41 θ0 = 0 +4

Γ♯
0 ∩ ∂Ω

0
3 "41 ϕ

0 = 0 +4 Γ♯
02(

:0) .(,," ," ;(,.,-+%+,! =>? +- ')$,1.,-)' +!%, -)@)! 2)11#- )6%)!'+!/ %0,-)

," %0) ()")()!$) .(,,"& 90+$0 #() .(,@)' ",( )#$0 -)% ," #--*1.%+,!-4 :0) !)9 -%).-

+! %0) )6%)!-+,!- #() ()1#(A)' 83 6=9-$%# ," %0) 1#+! -%).- +! %0) ()")()!$) .(,,"4

+,--. ()/  3+0%- 4(#&5$67 8#9%-0'+9- #. u02 >"B ∂x1
β
u0α+∂x1

α
u0β = 0; >9B u03

2- 241%#%41%4$ +5 x1α, >.B ∂x1
3
u0α + ∂x0

α
u03 + ∂x1

α
u13 = 0; >1B u03 2- 241%#%41%4$ +5 x

1
3,

>%B u13 2- 241%#%41%4$ +5 x
1
3 24 Ω♯

3 ×Ω1
3 >5B θ

0
2- 241%#%41%4$ +5 x1 24 Ω♯

3 ×Ω1
Pt; >DB

θ0 2- 241%#%41%4$ +5 x1 24 Ω♯
3 × Ω1

Si; >!B ϕ
0
2- 241%#%41%4$ x1 24 Ω♯

3 × Ω1
Pt.

=<B
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 !""#$ %&'"(!)* +*!,$  !" #$%& α, β ∈ {1, 2}' (# )#* *&# +,+*+$- *#".

Ψ = ε

∮

Ω3

(∂xβ
uεα + ∂xαu

ε
β)Bv dx

(+*& v ∈ C∞

∂Ω♯
3

(Ω♯
3; C

∞
∂Ω1

3

(Ω1
3))/  "!. *&# 0$1%&234%&($"*5 +,#61$-+*2 $,7 89/:;,

limε→0Ψ = 0/
<# =!--!( %1$3 4 5 %1$3 6 +, *&# >"!!= != ?#..$ @@ +, 0&$>*#" A/ B,)*#$7 !=

1)+,C *&# >"!>!)+*+!,) +, 4#%*+!, A/9/A' (# 1)# *&#+" #D*#,7#7 =!". >!)#7 +, 4#%*+!,

9/9/A' $,7 =!" *&# $))1.>*+!,) =!" *&# *(!3)%$-# %!,E#"C#,%#' (# 1)# 89/@@;/

-&'"(!)* +*!,$  !" #$%& α ∈ {1, 2}' *&# +,+*+$- *#". +)

Ψ = ε2
∮

Ω3

(∂x3
uεα + ∂xαu

ε
3)Bv dx

(+*& v ∈ C∞

∂Ω♯
3

(Ω♯
3; C

∞
∂Ω1

3

(Ω1
3))/ F&# >"!!= +) *&# )$.# $) =!" ?#..$ AG:8$;/

)&'"(!)* +*!,$  !" #$%& α ∈ {1, 2}' *&# +,+*+$- *#". +)

Ψ = ε

∮

Ω3

(∂x3
uεα + ∂xαu

ε
3)Bv dx 89/@H;

(+*& v ∈ C∞

∂Ω♯
3

(Ω♯
3; C

∞
∂Ω1

3

(Ω1
3))/  "!. *&# 0$1%&234%&($"*5 +,#61$-+*2 $,7 89/:;,

limε→0Ψ = 0/

• '+*. )&/$ I"!>!)+*+!,) A@J $,7 A:K =⇒

Ψ = −ε

∮

Ω3

uεα∂x3
Bv + uε3∂xαBv dx.

• '+*. )&0$ I"!>!)+*+!, A:A $,7 *&# L!1,7,#)) 89/:; =⇒

Ψ =

∮

Ω3

uεαB∂x1
3
v +

1

ε
εuε3B(ε∂x0

α
v + ∂x1

α
v) dx+O(ε).

• '+*. )&1$ M))1.>*+!, 89/@@; $,7 89/@G; =⇒

∮

Ω♯
3
×Ω1

3

u0α∂x1
3
v + (u03 + εu13)(∂x0

α
v + ε−1∂x1

α
v) dx0dx1 = O(ε).

A@A
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•  !"#$%& '()(*+  !"#$% &'( )(*+$% &(,-

∮

Ω♯
3
×Ω1

3

(
u0α∂x1

3
v + u03∂x0

α
v + u03ε

−1∂x1
α
v + εu13∂x0

α
v+u13∂x1

α
v
)
dx0dx1 = O(ε).

•  $%& '(,+ .,+"+)/&/+$ 012 #$% v = 0 +$ Ω♯
3 × ∂Ω1

3 =⇒
∮

Ω♯
3
×Ω1

3

(∂x1
3
u0α + ∂x0

α
u03 + ε−1∂x1

α
u03 + ε∂x0

α
u13 + ∂x1

α
u13)v dx

0dx1 = O(ε)

•  !"#$%& '(,(*+ 3(--# 045678 =⇒
∮

Ω♯
3
×Ω1

3

(∂x1
3
u0α + ∂x0

α
u03 + ε∂x0

α
u13 + ∂x1

α
u13)v dx

0dx1 = O(ε)

.#))/$9 &+ &'( :/-/& ;'($ ε→ 0 =⇒
∮

Ω♯
3
×Ω1

3

(∂x1
3
u0α + ∂x0

α
u03 + ∂x1

α
u13)v dx

0dx1 = 0

•  $%& '(-+ .,+"+)/&/+$ 00< =⇒

∂x1
3
u0α + ∂x0

α
u03 + ∂x1

α
u13 = 0.

.( /!0'% $%01+ ='( /$/&/#: &(,- /)

Ψ = ε2
∮

Ω3

∂x3
uε3Bv dx

;/&' v ∈ C∞

∂Ω♯
3

(Ω♯
3; C

∞
∂Ω1

3

(Ω1
3))> ='( ",++? /) &'( )#-( #) ?+, 3(--# 0456#8>

%( /!0'% $%01+ ='( /$/&/#: &(,- /)

Ψ = ε

∮

Ω3

∂x3
uε3Bv dx

;/&' v ∈ C∞

∂Ω♯
3

(Ω♯
3; C

∞
∂Ω1

3

(Ω1
3))> ='( ",++? /) &'( )#-( #) ?+, 3(--# 0456*8>

2( /!0'% $%01+ ='( /$/&/#: &(,- /)

Ψ = ε

∮

ΩPt

∂xi
θεBv dx

011



 ! ! "#$ %"#& '()*$ +),$- ,$(./01.)2

 !"# v ∈ C∞

∂Ω♯
3

(Ω♯
3; C

∞
∂Ω1

Pt

(Ω1
Pt))$ %#& '())* !+ "#& +,-& ,+ *)( .&--, /012,3$

 !"#$%&' ('%)* %#& !4!"!,5 "&(- !+

Ψ = ε

∮

ΩSi
3

∂xi
θεBv dx

 !"# v ∈ C∞

∂Ω♯
3

(Ω♯
3; C

∞
∂Ω1

Si

(Ω1
Si))$ %#& '())* !+ "#& +,-& ,+ *)( .&--, /012,3$

+!"#$%&' ('%)* %#& !4!"!,5 "&(- !+

Ψ = ε

∮

ΩPt

∂xi
ϕεBv dx

 !"# v ∈ C∞

∂Ω♯
3

(Ω♯
3; C

∞
∂Ω1

Pt

(Ω1
Pt))$ %#& '())* !+ "#& +,-& ,+ *)( .&--, /012,3$

,'))- .//  !"#$%& '($#)*+, -.$*!#/(" 01213 $4 35" 6"718/318"9 304

ηMαβ = ∂x0
β
u0α + ∂x0

α
u0β +∂x1

β
u1α + ∂x1

α
u1β5 3*4 ηMα3 = ∂x0

α
u13 + ∂x1

3
u1α +∂x1

α
u235 364

ηM33 = ∂x1
3
u23 .2 Ω♯

3 × Ω1
35 3,4 η

H
i = χ{1,2}(i)∂x0

i
θ0 + ∂x1

i
θ1 .2 Ω♯

3 × Ω1
Pt5 3$4 η

H
i =

χ{1,2}(i)∂x0
i
θ0+∂x1

i
θ1 .2 Ω♯

3×Ω1
Si5 374 η

h
i = ∂x1

i
θ03 .2 Ω♯

3×Ω1
SiO2 384 η

E
i = χ{1,2}(i)∂x0

i
ϕ0+

∂x1
i
ϕ1

.2 Ω♯
3 × Ω1

Pt!

0%##1* -!"#$%&' ('%)* %#& !4!"!,5 "&(- !+

Ψ =

∮

Ω3

(∂xβ
uεα + ∂xαu

ε
β)Bv dx 26$783

 !"# v ∈ C∞

∂Ω♯
3

(Ω♯
3; C

∞
∂Ω1

3

(Ω1
3))$

%#& +"&'+ ,(& "#& +,-& ,+ "#& '())* )* .&--, 76 !4 9#,'"&( / ,4:  & ;&" "#&

<)4<5=+!)4 2,3$

2!"#$%&' ('%)*

Ψ =

∮

Ω3

(∂x3
uεα + ∂xαu

ε
3)Bv dx 26$6>3

 !"# v ∈ C∞

∂Ω♯
3

(Ω♯
3; C

∞
∂Ω1

3

(Ω1
3))$

• "('3 2!.* %#& ?(&&4 *)(-=5, 2/7@3A B()')+!"!)4 /1/ ,4: "#& 5!4&,(!"C )*

!4"&;(,5+ =⇒

Ψ = −

∮

Ω3

uεαε
−1B(∂x1

3
v) + εuε3ε

−1B(∂x0
α
v + ε−1∂x1

α
v) dx$

/76
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•  !"# $%&'  !!"#$%&'( )*+, -(. )*+, =⇒

Ψ =

∮

Ω♯
3
×Ω1

3

(ε−1u0α + u1α)∂x1
3
v + (u03 + εu13 + ε2u23)ε

−1(∂x0
α
v + ε−1∂x1

α
v) dx0dx1 +O(ε)*

•  ($)!"# $%&%*' /0$-(. -(. 1-2%'3&4&(5 67 80$'(8(% '1 ε =⇒

Ψ =

∮

Ω♯
3
×Ω1

3

ε−2u03∂x1
α
v dx0dx1 +

∮

Ω♯
3
×Ω1

3

ε−1
(
u0α∂x1

3
v + u03∂x0

α
v + u13∂x1

α
v
)
dx0dx1

+

∮

Ω♯
3
×Ω1

3

(
u1α∂x1

3
v + u13∂x0

α
v + u23∂x1

α
v
)
dx0dx1 +O(ε)*

•  !"# $%+' 9:8 ;388( 1'3#"<- =>+?@ -(. 1-2%'3&4&(5 =⇒

Ψ =

∮

Ω♯
3
×Ω1

3

ε−2∂x1
α
u03v dx

0dx1 +

∮

Ω♯
3
×Ω1

3

ε−1
(
∂x1

3
u0α + ∂x0

α
u03 + ∂x1

α
u13

)
v dx0dx1

+

∮

Ω♯
3
×Ω1

3

(
∂x0

α
u13 + ∂x1

α
u23 + ∂x1

3
u1α

)
v dx0dx1 +O(ε)*

•  !"# $%,' A8##- >,B=6@ -(. =2@C $-!!&(5 %' %:8 <&#&% D:8( ε→ 0 =⇒

Ψ =

∮

Ω♯
3
×Ω1

3

(
∂x0

α
u13 + ∂x1

α
u23 + ∂x1

3
u1α

)
v dx0dx1*

•  !"# $%-' E3'$'!&%&'( >>F =⇒

ηMα3 = ∂x0
α
u13 + ∂x1

α
u23 + ∂x1

3
u1α.

.% /(0." !"01'

Ψ =

∮

Ω3

∂x3
uε3Bv dx

D&%: v ∈ C∞

∂Ω♯
3

(Ω♯
3; C

∞
∂Ω1

3

(Ω1
3))* G8 1'<<'D %:8 !%8$! '1 %:8 $3''1 '1 A8##- +) %' H(.

%:8 2'(2<"!&'(*

2% /(0." !"01' 9:8 &(&%&-< %83# &!

Ψ =

∮

ΩPt

∂xi
θεBv dx 1'3 8-2: i ∈ {1, 2, 3} =)*)>@

D&%: v ∈ C∞

∂Ω♯
3

(Ω♯
3; C

∞
∂Ω1

Pt

(Ω1
Pt))* G8 1'<<'D %:8 !%8$! '1 %:8 $3''1 '1 A8##- +) %'

H(. %:8 2'(2<"!&'(*

>+B
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 !"#$%& ' %()  !" #$#%#&' %"() #*

Ψ =

∮

ΩSi
3

∂xi
θεBv dx +,( "&-! i ∈ {1, 2, 3}

.#%! v ∈ C∞

∂Ω♯
3

(Ω♯
3; C

∞
∂Ω1

Si

(Ω1
Si))/ 0" +,'',. %!" *%"1* ,+ %!" 1(,,+ ,+ 2"))& 34 %,

5$6 %!" -,$-'7*#,$/

*!"#$%& ' %()  !" #$#%#&' %"() #*

Ψ =

∮

ΩSiO2
3

ε∂xi
θεBv dx +,( "&-! i ∈ {1, 2, 3}, 84/439

.#%! v ∈ C∞

∂Ω♯
3

(Ω♯
3; C

∞
∂Ω1

SiO2

(Ω1
SiO2))/ 0" +,'',. %!" *%"1* ,+ %!" 1(,,+ ,+ 2"))& 34

%, 5$6 %!" -,$-'7*#,$/

+!"#$%& ' %()  !" #$#%#&' %"() #*

Ψ =

∮

ΩPt

∂xi
ϕεBv dx +,( "&-! i ∈ {1, 2, 3}, 84/449

.#%! v ∈ C∞

∂Ω♯
3

(Ω♯
3; C

∞
∂Ω1

Pt

(Ω1
Pt))/ 0" +,'',. %!" *%"1* ,+ %!" 1(,,+ ,+ 2"))& 34 %,

5$6 %!" -,$-'7*#,$/

, ((- ./0  !"#$% &'()*+,- .#)$(/)(0#) &(12%3$4 5(2%#6#(27 809 u0α3
4*5 u1α3 465 u

1
3 02, 4,5 u23 0($ x1α78$(.),.6 .2 Ω1

33 4$5 θ
1

|Ω♯
3
×Ω1

Si

.9 x1α78$(.),.6 .2 Ω1
Si3

4:5 θ1
|Ω♯

3
×Ω1

Pt

02, 4;5 ϕ1
0($ x1α78$(.),.6 .2 Ω1

Pt 02, 4#5 θ0 .9 6)21.2<)<9 .2 Ω1
3!

1%##*) -!"#$%& ' %()  !" #$#%#&' %"() #*

Ψ = ε

∮

Ω3

(∂xβ
uεα + ∂xαu

ε
β)Bv dx

.#%! v ∈ C∞

∂Ω♯
3

(Ω♯
3; C

∞
∂Ω1

3

(Ω1
3))/ :(,) %!" ;&7-!<=>-!.&(%? #$"@7&'#%< &$6 84/A9,

limε→0Ψ = 0/

• "' 2 -!.)  !" >%"1 B %, >%"1 4 ,+ %!" 1(,,+ ,+ 2"))& BCA8&9=⇒

−

∮

Ω♯
3
×Ω1

3

(∂x1
β
u0α + ∂x1

α
u0β)v dx

0dx1+
|∂Ω1

3|

|Ω1
3|

∮

Ω♯
3
×Γ1

3

(∂x1
β
u0α + ∂x1

α
u0β)v dx

0dx1 = O(ε)/

B3C



 !"#$%& '( ) $*+,-."/% 0+1%/ 1%&23"$2+4 5+& " 67!8 #&+9%

•  !"# $%&'  !""# $%& #'( )#**+', -. -/! 0+"+- 1/!' ε→ 0 =⇒
∮

Ω♯
3
×Γ1

3

(u0αnx1
β
+ u0βnx1

α
)v dx0dx1 = O(ε).

•  !"# $%(' 23.).*+-+.' $45 =⇒

6.3 α ∈ {1, 2} u0α +* x
1
α7)!3+.(+8 +' Ω1

39

)% *+,-" !",.' :' ;<9<5=> 1! 8/..*! v ∈ C∞

∂Ω♯
3

(Ω♯
3; C

∞
♯ (Ω1

3))9 ?/! )3..6 +* -/!

*#"! #* 6.3  !""# 4&9 :' @-!) <> 1! 3!)0#8! 23.).*+-+.' 4 AB 23.).*+-+.' $459

-% *+,-" !",.' :' ;<94C=> 1! 8/..*! v ∈ C∞

∂Ω♯
3

(Ω♯
3; C

∞
♯ (Ω1

3)) #'( D#'+*/ .' -/!

-.) #'( A.--." *E36#8!9 F! E*! Γ1,Lat
3 -. (!'.-! -/! 0#-!3#0 A.E'(#3B .6 Ω1

39

•  !"# -%/' ?/! *-!)* $7& 6.3 -/! )3..6 .6  !""# $%&;8= =⇒
∮

Ω♯
3
×Ω1

3

(∂x1
3
u0α + ∂x0

α
u03 + ε−1∂x1

α
u03 + ε∂x0

α
u13 + ∂x1

α
u13)v dx

0dx1

−
|Γ1

3|

|Ω1
3|

∮

Ω♯
3
×Γ1,Lat

3

(ε−1u03nx1
α
+u13nx1

α
)v dx0dx1 = O(ε)

•  !"# -%&'  !""# $%&> 23.)!3-B $4$ #'( )#**+', -. -/! 0+"+- 1/!' ε →
0 =⇒ ∮

Ω♯
3
×Γ1,Lat

3

u13nx1
α
v dx0dx1 = 09

•  !"# -%(' 23.).*+-+.' $$G =⇒

6.3 α ∈ {1, 2} u13 +* Ω
1
37)!3+.(+89

0% *+,-" !",.' H/..*! -!*- 6E'8-+.' v ∈ C∞

∂Ω♯
3

(Ω♯
3; C

∞
♯ (Ω1

3)) #'( 0!- v D#'+*/

.' -/! -.) #'( A.--." +' ;<9<5=9

•  !"# 0%/' @-!)* A7$ -. A7& +'  !""# $%%> =⇒

Ψ =

∮

Ω♯
3
×Ω1

3

(
∂x0

α
u13 + ∂x1

α
u23 + ∂x1

3
u1α

)
v dx0dx1

−

∮

Ω♯
3
×Γ1,Lat

3

(
nx1

α
u13 + nx1

α
u23

)
v dx0dx1+O(ε)9

$4I



 ! ! "#$ %"#& '()*$ +),$- ,$(./01.)2

•  !"# $%&'  !""# $%%&  !""# $%'()*& +,-.!,/0 $1$& .#22345 /- /6! 73"3/

86!4 ε→ 0& =⇒

−

∮

Ω♯
3
×Γ1,Lat

3

nx1
α
u23v dx

0dx1 = 09

•  !"# $%(' +,-.!,/0 $$: =⇒

u23 32 x
1
α;.!,3-<3) 34 Ω1

39

=6! .,-->2 -> (!* (>* #4< (5* #,! /6! 2#"! #2 >-, /6!  !""# 1? 34 @6#./!,

$9

)% *+,-" !",.' A! )6--2! v ∈ C∞

∂Ω♯
3

(Ω♯
3;C

∞
∂Ω1

3

(Ω1
3))& /6! 343/3#7 /!," 32

ε

|Ω1
Si| |Ω

1
SiO2|

∮

Ω♯
3
×Ω1

Pt

ηHi v dx
0dx1 +

ε

|Ω1
Pt| |Ω

1
SiO2|

∮

Ω♯
3
×Ω1

Si

ηHi v dx
0dx1

+
1

|Ω1
Si| |Ω

1
Pt|

∮

Ω♯
3
×Ω1

SiO2

ηHi v dx
0dx1

=
ε

|Ω1
Si| |Ω

1
SiO2|

∮

ΩPt

∂xi
θ Bv dx0dx1 +

ε

|Ω1
Pt| |Ω

1
SiO2|

∮

ΩSi

∂xi
θ Bv dx0dx1

+
1

|Ω1
Si| |Ω

1
Pt|

∮

ΩSiO2

ε∂xi
θ Bv dx0dx1 +O(ε)

•  !"# )%/' B-77-8 2/!.2 $;C -> /6! .,--> >-,  !""# $%%9

ε

|Ω1
Si| |Ω

1
SiO2|

∮

Ω♯
3
×Ω1

Pt

ηHi v dx
0dx1 +

ε

|Ω1
Pt| |Ω

1
SiO2|

∮

Ω♯
3
×Ω1

Si

ηHi v dx
0dx1

+
1

|Ω1
Si| |Ω

1
Pt|

∮

Ω♯
3
×Ω1

SiO2

ηhi v dx
0dx1

=
1

|Ω1
Si| |Ω

1
SiO2|

∮

Ω♯
3
×Ω1

Pt

∂x1
i
θ0v dx0dx1 −

1

A

∫

Ω♯
3
×(Γ1

Pt
∩Γ1

SiO2
)

θ0
|Ω♯

3
×Ω1

Pt

nx1
3
v dx0dx1

+
1

|Ω1
Pt| |Ω

1
SiO2|

∮

Ω♯
3
×Ω1

Si

∂x1
i
θ0v dx0dx1 −

1

A

∫

Ω♯
3
×(Γ1

Si
∩Γ1

SiO2
)

θ0
|Ω♯

3
×Ω1

Si

nx1
3
v dx0dx1

+
1

|Ω1
Si| |Ω

1
Pt|

∮

Ω♯
3
×Ω1

SiO2

∂x1
i
θ0 v dx0dx1 −

1

A

∫

Ω♯
3
×(Γ1

Pt
∩Γ1

SiO2
)

θ0
|Ω♯

3
×Ω1

SiO2

nx1
3
v dx0dx1

−
1

A

∫

Ω♯
3
×(Γ1

Si
∩Γ1

SiO2
)

θ0
|Ω♯

3
×Ω1

SiO2

nx1
3
v dx0dx1 +O(ε).

83/6 A = |Ω1
Si| |Ω

1
SiO2| |Ω

1
Pt| |Ω

♯
3|9

$1D
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•  !"# $%& !"##$ %&'( !"##$ %&&( )$**+,- ./ .0" 1+#+. 20", ε→ 0 ⇒

1

A

∫

Ω♯
3
×(Γ1

Pt
∩Γ1

SiO2
)

θ0
|Ω♯

3
×Ω1

Pt

nx1
3
v dx0dx1 +

1

A

∫

Ω♯
3
×(Γ1

Si
∩Γ1

SiO2
)

θ0
|Ω♯

3
×Ω1

Si

nx1
3
v dx0dx1

+
1

A

∫

Ω♯
3
×(Γ1

Pt
∩Γ1

SiO2
)

θ0
|Ω♯

3
×Ω1

SiO2

nx1
3
v dx0dx1 +

1

A

∫

Ω♯
3
×(Γ1

Si
∩Γ1

SiO2
)

θ0
|Ω♯

3
×Ω1

SiO2

nx1
3
v dx0dx1 = 0.

•  !"# $%'( 3$4./5+6+,- 78 +,."-5$.+/, 9/#$+,* =⇒

1

A

∫

Ω♯
3
×(Γ1

Pt
∩Γ1

SiO2
)

(
θ0
|Ω♯

3
×Ω1

Pt

− θ0
|Ω♯

3
×Ω1

SiO2

)
nx1

3
v dx0dx1

+
1

A

∫

Ω♯
3
×(Γ1

Si
∩Γ1

SiO2
)

(
θ0
|Ω♯

3
×Ω1

Si

− θ0
|Ω♯

3
×Ω1

SiO2

)
nx1

3
v dx0dx1 = 0

•  !"# $%) :5/)/*+.+/, %;&⇒

θ0
|Ω♯

3
×Ω1

Pt

−θ0
|Ω♯

3
×Ω1

SiO2

= 0 /, Γ1
Pt∩Γ

1
SiO2 $,9 θ0

|Ω♯
3
×Ω1

Si

−θ0
|Ω♯

3
×Ω1

SiO2

= 0 /, Γ1
Si∩Γ

1
SiO2 

*"++, -./  !"#$%& '(")*+,- ./)$"0)"12) '"#34/$5 6"342%2"37 :"; u0α 

!"# u03 !$# u13 !%# θ0
|Ω♯

3
×Ω1

Si

 !&# θ0
|Ω♯

3
×Ω1

Pt

'()*+,&+ -) Γ♯
0 ∩ ∂Ω

♯
3 ()% !.# ϕ0

'()*+,&+

-) Γ♯
02/

 !""#$ %&'"(!)* +*!,$  ! "#$%&'( )* +,--.* v ∈ C∞

∂Ω♯
3
−Γ♯

0

(Ω♯
3; C

∞
∂Ω1

3

(Ω1
3))$

• '+*- %&.$ /,* .0*1. 23# -4 0,* 15--4 4-5 6*778 299 8!: ;.* uε = 0 -! Γ0

=⇒
∮

Ω♯
3
×Ω1

3

ηMαβv dx
0dx1 =

∮

Ω♯
3
×Ω1

3

(∂x♯
β
u0α + ∂x♯

α
u0β + ∂x1

β
u1α + ∂x1

α
u1β)v dx

0dx1

−
|∂Ω♯

3|

|Ω♯
3|

∮

(Γ♯
0
∩∂Ω♯

3
)×Ω1

3

(u0αnx♯
β
+ u0βnx♯

α
)v dx0dx1

+
1

ε

∮

Ω♯
3
×Ω1

3

(∂x1
β
u0α + ∂x1

α
u0β)v dx

0dx1 +O(ε).

• '+*- %&/$ 6*778 29< 8!: =*778 299( 18..>!? 0- 0,* =>7>0 ),*! ε→ 0 =⇒
∮

(Γ♯
0
∩∂Ω♯

3
)×Ω1

3

(u0αnx♯
β
+ u0βnx♯

α
)v dx0dx1$

2%@



 ! ! "#$ %"#& '()*$ +),$- ,$(./01.)2

•  !"# $%&'  !"#"$%&%"' ()*=⇒

u0α = 0 "' Γ♯
0 ∩ ∂Ω

♯
3+

(% )*+," !"+-' ,- ./""$- v ∈ C∞

∂Ω♯
3
−Γ♯

0

(Ω♯
3; C

∞
∂Ω1

3

(Ω1
3))0 &/- %'%&%12 &-!3 %$

ε

∮

Ω♯
3
×Ω1

3

ηMα3v dx
0dx1 = ε

∮

Ω3

(∂x3
uεα + ∂xαu

ε
3)Bv dx+O(ε)+

•  !"# (%.' 4/- $&-#$ (56 "7 &/- #!""7 7"! 8-331 (96 1': uε = 0 "' Γ0 =⇒

ε

∮

Ω♯
3
×Ω1

3

ηMα3v dx
0dx1 =

∮

Ω♯
3
×Ω1

3

(∂x1
3
u0α + ∂x0

α
u03 + ε−1∂x1

α
u03 + ε∂x0

α
u13 + ∂x1

α
u13)v dx

0dx1

−
|∂Ω♯

3|

|Ω♯
3|

∮

(Γ♯
0
∩∂Ω♯

3
)×Ω1

3

(u03nx0
α
+ εu13nx0

α
)v dx0dx1 +O(ε)

•  !"# (%/' 8-331 (960 #1$$%'; &" &/- 2%3%& </-' ε→ 0 =⇒
∮

(Γ♯
0
∩∂Ω♯

3
)×Ω1

3

u03nx0
α
v dx0dx1 = 0.

•  !"# (%&'  !"#"$%&%"' ()9 =⇒

u03 = 0 "' Γ♯
0 ∩ ∂Ω

♯
3.

,% )*+," !"+-' ,- ./""$- v ∈ C∞

∂Ω♯
3
−Γ♯

0

(Ω♯
3; C

∞
∂Ω1

3

(Ω1
3))0 &/- %'%&%12 &-!3 %$

∮

Ω♯
3
×Ω1

3

ηMα3v dx
0dx1 =

∮

Ω3

(∂x3
uεα + ∂xαu

ε
3)Bv dx+O(ε)+

•  !"# ,%.' 4/- $&-#$ (5= "7 &/- #!""7 7"! 8-331 (990 =⇒
∮

Ω♯
3
×Ω1

3

ηMα3v dx
0dx1 =

∮

Ω♯
3
×Ω1

3

ε−2∂x1
α
u03v dx

0dx1

+

∮

Ω♯
3
×Ω1

3

ε−1
(
∂x1

3
u0α + ∂x0

α
u03 + ∂x1

α
u13

)
v dx0dx1

+

∮

Ω♯
3
×Ω1

3

(
∂x0

α
u13 + ∂x1

α
u23 + ∂x1

3
u1α

)
v dx0dx1

−
|∂Ω♯

3|

|Ω♯
3|

∮

(Γ♯
0
∩∂Ω♯

3
)×Ω1

3

(ε−1u03nx0
α
+ u13nx0

α
)v dx0dx1 +O(ε)

()>
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•  !"# $%&'  !""# $%&'  !""# $%%'  !""# $%()*+' ,#--./0 12 13! 4.".1

53!/ ε→ 0 =⇒ ∮

(Γ♯
0
∩∂Ω♯

3
)×Ω1

3

u13nx0
α
v dx0dx1 = 0.

•  !"# $%(' 672,2-.1.2/ $8% =⇒

u13 = 0 2/ Γ♯
0 ∩ ∂Ω

♯
3.

)% *+,$" !",-' 9! :322-! v ∈ C∞

∂Ω♯
3
−Γ♯

0

(Ω♯
3; C

∞
∂Ω1

Si

(Ω1
Si))' 13! ./.1.#4 1!7" .-

∮

Ω♯
3
×Ω1

Si

ηHi v dx
0dx1 =

∮

ΩSi
3

∂xi
θεBv dx+O(ε);

<24425 -1!,- $=& ./ 13! ,722> >27  !""# 8% ./ ?3#,1!7 $' 5! 0!1 13! :2/:4@-.2/;

"% *+,$" !",-' 9! :322-! v ∈ C∞

∂Ω♯
3
−Γ♯

0

(Ω♯
3; C

∞
∂Ω1

Pt

(Ω1
Pt)) 13! ./.1.#4 1!7" .-

∮

Ω♯
3
×Ω1

Si

ηHi v dx
0dx1 =

∮

ΩPt
3

∂xi
θεBv dx+O(ε);

<24425 -1!,- $=& ./ 13! ,722> >27  !""# 8% ./ ?3#,1!7 A.B' 5! 0!1 13! :2/:4@-.2/;

/% *+,$" !",-' 9! :322-! v ∈ C∞

∂Ω♯
3
−Γ♯

02

(Ω♯
3; C

∞
∂Ω1

Pt

(Ω1
Pt)) 13! ./.1.#4 1!7" .-

∮

Ω♯
3
×Ω1

Pt

ηEi v dx
0dx1 =

∮

ΩPt

∂xi
ϕεBv dx+O(ε);

<24425 -1!,- $=& ./ 13! ,722> >27  !""# 8% ./ ?3#,1!7 $' 5! 0!1 13! :2/:4@-.2/;

0"--1 234 : !"#$%&'"$ ()*+,$'!"; <"= u0α 2- 241%#%41%4$ +5 x1α> <9= u
1
3 2-

241%#%41%4$ +5 x1α> <.= u
0
α = −x13∂x0

α
u03 + ũ0α(x

0)(

5,**/' 1% *+,$" !",-'  !""# $%&)#+ ∂x1
α
u0β + ∂x1

β
u0α = 0 #/C  !""# $%D)*+

u0α .- x
1
α=,!7.2C.: ./ Ω1

3;

•  !"# 1%2' 672,2-.1.2/ $8& =⇒

∂x1
β
u0α = 0 >27 ∀α, β ∈ {1, 2};

$EF



 ! ! "#$ %"#& '()*$ +),$- ,$(./01.)2

 !"#$%&' ('%)*  !""# $%&'() ∂x1
3
u0α + ∂x0

α
u03 + ∂x1

α
u13 = 0*

• "('+  !,* +,-./#0!12 23#14563"#2.61 =⇒

∂x1
α
u13 = −

(
∂x1

3
u0α + ∂x0

α
u03

)
*

• "('+  !-*  !""# $%&7  !""# $%8'#)7 936:64.2.61 $;; =⇒

u13 = −x1α

(
∂x1

3
u0α + ∂x0

α
u03

)
+ ũ13(x

0)

• "('+  !.* 936:!32< $;= =⇒

∂x1
3
u0α + ∂x0

α
u03 = 0

#1> u13 .1>!:!1>!12 65 x
1
α*

&!"#$%&' ('%)* ∂x1
3
u0α + ∂x0

α
u03 = 0

• "('+ &!,* +,-./#0!12 23#14563"#2.61 =⇒

∂x1
3
u0α = −∂x0

α
u03*

• "('+ &!-*  !""# $%&7 936:64.2.61 $;;7  !""# $%8'#) =⇒

u0α = −x13∂x0
α
u03 + ũ0α(x

0)*

?@! :36654 65 936:64.2.61 $%= .4 (6":0!2!* A1 2@! 56006B.1C7 #((63>.1C 26

#162@!3 #44-":2.614 65 2B6D4(#0! (61/!3C!1(! 65 2@! 460-2.614 61 2@! 2B6D0#<!3!>

4-E>6"#.17 # 4.".0#3 :36:64.2.61 .4 42#2!> 563 2@! 2B6D4(#0! 0.".24 65 423#.14 #1>

C3#>.!12 65 2!":!3#2-3!*

/00$)+(1#2 ,34  !"#$%&'() '**+#,-.'/-#0 #1 u2 "#$($ $3.41 (u0i , u
1
i , u

2
i )i=1,3,

θ0, θ1 ∈ L2(Ω♯
2 × Ω1

2) 456# 1#01

7)( i ∈ {1, 2, 3} :

∮

Ω2

εδi3uεi Bv dx−

∮

Ω♯
2
×Ω1

2

u0i v dx
0dx1 = O(ε)

7)( m ∈ {Si, SiO2} :

∮

Ωm
2

θε Bv dx−

∮

Ω♯
2
×Ω1

m

θ0 v dx0dx1 = O(ε)

$=$



 !"#$%& '( ) $*+,-."/% 0+1%/ 1%&23"$2+4 5+& " 67!8 #&+9%

5+& "// v ∈ C∞(Ω♯
2 × Ω1

2):

5+& i ∈ {1, 2, 3} :

∮

Ω2

εδi3uεi Bv dx−

∮

Ω♯
2
×Ω1

2

(u0i + εu1i + ε2u2i ) v dx
0dx1 = O(ε)

5+& m ∈ {Si, SiO2} :

∮

Ωm
2

θε Bv dx−

∮

Ω♯
2
×Ω1

m

(θ0 + εθ1) v dx0dx1 = O(ε)

5+& "// v ∈ D(Ω♯
2; C

∞
♯ (Ω1

2))(

 !"#"$%&%"' ()*  !"#$%&'() *+,+- #. ' /)0+1'-+1)2 ;5 (uεα)α∈{1,2}: εu
ε
3: θ

ε

"41 ϕε
"&% -%<=%4.%- 9+=41%1 "- 24 >'(?:'(@:'(AB "41 -"$2-5C24D >'(EE,'(EFB: $!%4

(ũ0α)α∈{1,2}: u
0
3: u

1
3 "41 θ

1

|Ω♯
2
×Ω1

Si

"&% 241%#%41%4$ +5 x1: (u1α)α∈{1,2}: u
2
3 "41 θ

1

|Ω♯
2
×Ω1

Si

"&% x1α,#%&2+12.: "41

5+& α, β ∈ {1, 2} :
∮
Ω2
(∂xαu

ε
β + ∂xβ

uεα)Bv dx−
∮
Ω♯

2
×Ω1

2

ηMαβv dx
0dx1 = O(ε):

5+& α ∈ {1, 2} :
∮
Ω2
(∂x3

uεα + ∂xαu
ε
3)Bv dx−

∮
Ω♯

2
×Ω1

2

ηMα3v dx
0dx1 = O(ε):∮

Ω2
∂x3

uε3Bv dx−
∮
Ω♯

2
×Ω1

2

ηM33v dx
0dx1 = O(ε):∮

ΩSi
2

∂xi
θεBv dx−

∮
Ω♯

2
×Ω1

Si

ηHi v dx
0dx1 = O(ε):∮

ΩSiO2
2

ε∂xi
θεBv dx−

∮
Ω♯

2
×Ω1

SiO2

ηhi v dx
0dx1 = O(ε):
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β
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α
ũ0β + ∂x1

β
u1α + ∂x1

α
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2 × Ω1
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ηMα3 = ∂x0
α
u13 + ∂x1

α
u23 + ∂x1
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u1α 24 Ω♯
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3
u23 24 Ω♯

2 × Ω1
2:
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θ0 + ∂x1

i
θ1 24 Ω♯

2 × Ω1
Si:

ηhi = ∂x1
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∮
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∮

Ω♯
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3

ηMαβv dx
0dx1

=
1

|Ω♯
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∮
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−
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∫
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×Ω1
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α
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∮
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∫
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∂Ω♯
2
−Γ♯

23

(Ω♯
2). v

3 ∈ C∞

∂Ω♯
3
−Γ♯

23

(Ω♯
3) -$0 v

2 = v3 = v !$ Γ♯
23.

(-#)!"'$= =⇒
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3
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(∂x3
uεα + ∂xαu

ε
3)Bv

2 dx+ε
1

|Ω♯
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u03 + ∂x1

α
u13)v

2 dx0dx1 −
1

|Ω♯
3||Ω

♯
2||Ω

1
2|

∫

Γ♯
23
×Ω1

2

nx0
α
u03v

2 dx0dx1

+
1

|Ω♯
2|

∮
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∫
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∫
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 !"#"*+%+", '(- ,-&.&/)'%0)1 2&1)34

?"A 7!% /202$ ϕ0
"41 θ0 "&% -+/>$2+4- +5 $!% .+>#/%1 #&+9/%0- ?"(CA "41 ?"(@A

"- 5+//+*24DE

5"(C6

∮

Ω♯
3

aHαβ

1 + λθ0
∂x0

β
ϕ0∂x0

α
vE,0 dx0 dx0 =

|Γ01|

|ΩPt|

∮

Γ♯
01

j0vE,0 dx0F

5+& "// vE,0 ∈ C∞

Γ♯
02

(Ω♯
3)(

?"(@A

rPt
∮

Ω♯
3

k3,Ptαβ ∂x0
β
θ0
|Ω♯

3
×Ω1

Pt

∂x0
α
vH,0
3 dx0 + rSiO2

3

∮

Ω♯
3

θ0
|Ω♯

3
×Ω1

Pt

(

∮

Ω1
Pt

kSiO2,+

3 dx1) vH,0
3 dx0

= rPt
∮

Ω♯
3

(

∮

Ω1
Pt

a0ij

1 + λθ0
|Ω♯

3
×Ω1

Pt

(δjβ + ∂x1
j
ξ1,Ptβ )(δiα + ∂x1

i
ξ1,Ptα ) dx1) ∂x0

β
ϕ0ϕ0∂x0

α
vH,0
3α dx0

5+& "// vH,0
3 ∈ C∞

∂Ω♯
3

(Ω♯
3)(

?9A 7!% /202$ θ0 2- -+/>$2+4 $+ $!% *%"= 5+&0>/"$2+4

rSi2

∮

Ω♯
2

k2,Siαβ ∂x0
β
θ0
|Ω♯

2
×Ω1

Si

∂x0
α
vH,0
2 dx0 = 0

5+& "// vH,0
2 ∈ C∞

Γ♯
0
∩∂Ω♯

2

(Ω♯
2)(

?.A θ0
|Ω♯

3
×Ω1

Si

2- $!% -+/>$2+4 $+

rSi3

∫

Ω♯
3

k3,Siαβ ∂x0
β
θ0
|Ω♯

3
×Ω1

Si

∂x0
α
vH,0
3 dx0−rSiO2

3

∮

Ω♯
3

θ0
|Ω♯

3
×Ω1

Si

(

∮

Ω1
Pt

kSiO2,−

3 dx1) vH,0
3 dx0 = 0

5+& "// vH,0
3 ∈ C∞

Γ♯
0
∩∂Ω♯

3

(Ω♯
3)(

;!<
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3,4 "#$ -.+.1 (u0i )i=1,2,3 02, u13 501.567 u0α = −x13∂x0
α
u03 + ũ0α8 ∇x1u03 = 0 02,

∇x1u13 = 08 1#$7 0($ 5)-91.)25 1) 1#$ :$0; 6)(+9-01.)2

∫

Ω♯
2

(
CH,DD

p′q′pq D
x0

p′q′(u
0
3) + CH,SD

p′q′pqS
x0

p′q′(ũ
0) +M2,D

pq θ0
|Ω♯

2
×Ω1

Si

)
·Dx0

pq (v
0
3) dx

0

+

∫

Ω♯
2

(
CH,SD

p′q′pqD
x0

p′q′(u
0
3) + CH,SS

p′q′pqS
x0

p′q′(ũ
0) +M2,S

pq θ
0

|Ω♯
2
×Ω1

Si

)
· Sx0

pq (ṽ
0) dx0

+

∫

Ω♯
3

(
CH,DD

p′q′pq D
x0

p′q′(u
0
3) + CH,SD

p′q′pqS
x0

p′q′(ũ
0) +M3,D,Pt

pq θ0
|Ω♯

3
×Ω1

Pt

+M3,D,Si
pq θ0

|Ω♯
3
×Ω1

Si

)
·Dx0

pq (v
0
3) dx

0

+

∫

Ω♯
3

(
CH,SD

p′q′pqD
x0

p′q′(u
0
3) + CH,SS

p′q′pqS
x0

p′q′(ũ
0) +M3,S,Pt

pq θ0
|Ω♯

3
×Ω1

Pt

+M3,S,Si
pq θ0

|Ω♯
3
×Ω1

Si

)
· Sx0

pq (ṽ
0) dx0

=

∫

Ω♯

−q0α∂x0
α
v03 + f 0

3 v
0
3 + f 0

αṽ
0
α dx

0
!

6)( 0-- ṽ0 ∈ H1

Γ♯
0

(Ω♯)28 v03 ∈ H1(Ω♯)!

 !""# $%&  !"#$% &'()*+ ,-(./)0'1 2(31'4 506 "#$ <)9=-$5 (ϕ0, ϕ1) 02,

(θ0, θ1) 0($ 5)-91.)25 1) 1#$ <)9=-$, 1:)>5<0-$ :$0; 6)(+9-01.)25 30!?4 02, 30!@4 05

6)--):.2A

30!?4 "#$ (ϕ0, ϕ1) 5)-/$5

∮

Ω♯
3
×Ω1

Pt

(1 + αθ0)−1a0ij

(
χ{1,2}(j)∂x0

j
ϕ0 + ∂x1

j
ϕ1

)(
χ{1,2}(i)∂x0

i
vE,0 + ∂x1

i
vE,1

)
dx0dx1

=
|Γ01|

|ΩPt|

∮

Γ♯
01
×Γ1

01

j0vE,0 dx0dx1  !"!#$

6)( 027 (vE,i)i=0,1 ∈ C∞

∂Ω♯
3

(Ω♯
3, C

∞
♯ (Ω1

Pt)) :.1# <)2,.1.)2 ∂x1
i
vE,0 = 0!
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:"(;< 7!% .+=#/% (θ0, θ1) -+/3%-

rSi2

∮

Ω♯
2
×Ω1

Si

k0ij

(
χ{1,2}(j)∂x0

j
θ0 + ∂x1

j
θ1
)(

χ{1,2}(i)∂x0
i
vH,0
2 + ∂x1

i
vH,1
2

)
dx0dx1

+ rSiO2
2

∮

Ω♯
2
×Ω1

SiO2

k0ij∂x1
j
θ0∂x1

i
vH,0
2 dx0dx1

+ rSi3

∮

Ω♯
3
×Ω1

Si

k0ij

(
χ{1,2}(j)∂x0

j
θ0 + ∂x1

j
θ1
)(

χ{1,2}(i)∂x0
i
vH,0
3 + ∂x1

i
vH,1
3

)
dx0dx1

+ rPt
∮

Ω♯
3
×Ω1

Pt

k0ij

(
χ{1,2}(j)∂x0

j
θ0 + ∂x1

j
θ1
)(

χ{1,2}(i)∂x0
i
vH,0
3 + ∂x1

i
vH,1
3

)
dx0dx1

+ rSiO2
3

∮

Ω♯
3
×Ω1

SiO2

k0ij∂x1
j
θ0∂x1

i
vH,0
3 dx0dx1

= −rPt
∮

Ω♯
3
×Ω1

Pt

a0ij

1 + λθ0
ϕ0

(
χ{1,2}(j)∂x0

j
ϕ0 + ∂x1

j
ϕ1

)(
χ{1,2}(i)∂x0

i
vH,0
3 + ∂x1

i
vH,1
3

)
dx0dx1

 !"!#$

5+& "4> (vH,i
2 )i=0,1 ∈ C∞

∂Ω♯
2

(Ω♯
2, C

∞
♯ (Ω1

2)) "41 (vH,i
3 )i=0,1 ∈ C∞

∂Ω♯
3

(Ω♯
3, C

∞
♯ (Ω1

3)) *2$!

.+412$2+4 ∂x1
i
vH,0
2 = 0 24 Ω♯

2 × Ω1
Si "41 ∂x1

i
vH,0
3 = 0 24 Ω♯

3 × Ω1
Si ∪ Ω♯

3 × Ω1
Pt(

:9< (ũ0α)α∈{1,2}? u
0
3? u

1
3 "41 ς

1 = (u11, u
1
2, u

2
3) "&% -+/=$2+4- $+ $!% $*+,-."/% *%"@

5+&0=/"$2+4

∑
d rd

∮
Ω♯

d
×Ω1

d

(
C0

ijhk

(
−x13D

x0

hk(u
0
3) + Sx0

hk(ũ
0) +Kx0

hk(u
1) + sx

1

hk(ς
1)
)
+Mijθ

0
)
·(

−x13D
x0

ij (v
d,0
3 ) + Sx0

ij (ṽ
d,0) +Kx0

ij (v
d,1) + sx

1

ij (w
d,1)

)
dx0dx1

=
∑

d rd
∮
Ω♯

d
×Ω1

d

fM,0
α

(
−x13∂x0

α
vd,03 + ṽd,0α

)
+ fM,0

3 vd,03 dx0dx1

 !"!%$

5+& "4> ṽd,0α , vd,03 , vd,13 ∈ C∞(Ω♯
d)? wd,1 = (vd,11 , vd,12 , vd,23 ) ∈ C∞(Ω♯

d; C
∞
♯ (Ω1

d))
3
5+&

d ∈ {2, 3}? *!%&% Dx0

ij ? S
x0

ij "41 Kx0

ij "&% +#%&"$+&- 1%A4%1 9>B 5+& ∀u ∈ H2(Ω♯
d)?

v ∈H1(Ω♯
d)

2
"41 w ∈ H1(Ω♯

d)?

Dx0

ij (u) = χ
(i)
{1,2}χ

(j)
{1,2}∂

2
x0
i x

0
j
u? Sx0

ij (v) = χ
(i)
{1,2}χ

(j)
{1,2}s

x0

ij (ũ)?  !"!&$

Kx0

ij (w) = δi3χ
(j)
{1,2}∂x0

j
w + δj3χ

(i)
{1,2}∂x0

i
w(
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vE,0 ∈ C∞

∂Ω♯
3

(Ω♯
3)7 v

1 ∈ C∞

∂Ω♯
3

(Ω♯
3, C

∞
♯ (Ω1

Pt))"

• (,+. %$&'& 8-5,.9 vE,ε = B(vE,0+ εvE,1) ,.  !"!/$0 1$7 :55);<+,-. =#> *.?

8@-<-5,+,-. =/A =⇒ Bv ∈ C∞
∂ΩPt

(ΩPt) *.?

κ0
∫

ΩPt

(1+λθε)−1arefij ∂xj
ϕε∂xi

B(vE,0+εvE,1) dx = κ0
∫

Γ01

jεB(vE,0+εvE,1) dx.

=/A



 ! ! "#$ %"#& '()*$ +),$- ,$(./01.)2

•  !"#$%& '()*)*)  !"#$%&'() )*%(+,-*.%)#-( κ0
∫
A
dz = κ0 |A|

∮
A
dz/ =⇒

∮

ΩPt

(1+λθε)−1arefij ∂xj
ϕε∂xi

B(vE,0+εvE,1) dx =
|Γ01|

|ΩPt|

∮

Γ01

jεB(vE,0+εvE,1) dx.

•  $%& '()*+ 0*-1-+#)#-(+ 232 =⇒
∮

ΩPt

(1 + λθε)−1arefij ∂xj
ϕεB

(
χ{1,2}(i)∂x0

i
vE,0 + ∂x1

i
vE,1

)
dx

=
|Γ01|

|ΩPt|

∮

Γ01

jεB(vE,0) dx+O(ε).

0*-1-+#)#-( 234 =⇒
∮

ΩPt

(1 + λθε)−1aref,εij ∂xj
ϕεT ∗

(
χ{1,2}(i)∂x0

i
vE,0 + ∂x1

i
vE,1

)
dx

=
|Γ01|

|ΩPt|

∮

Γ01

jεT ∗(vE,0) dx+O(ε).

•  $%& '()*, 5'6(#)#-( 278 %(9 0*-1-+#)#-( 274 =⇒
∮

Ω♯
3
×Ω1

Pt

T ((1 + λθε)−1)T (arefij )T (∂xj
ϕε)

(
χ{1,2}(i)∂x0

i
vE,0 + ∂x1

i
vE,1

)
dx0dx1

:7;7<=

=
|Γ01|

|ΩPt|

∮

Γ♯
01
×Γ1

01

T (jε) vE,0 dx0dx1 +O(ε).

>?' @-"(9%*A Γ1
01 #+ -(' ,%B' -, Ω

1
Pt C#)? )?' +%.' -") (-*.%& $'B)-* %+ Γ

♯
01;

•  $%& '()*- D++".1)#-( 2EF %(9 0*-1-+#)#-( 2F7/ 1%++#(G )- )?' &#.#) C?'(

ε→ 0 =⇒
∮

Ω♯
3
×Ω1

Pt

(1 + λθ0)−1a0ij

(
χ{1,2}(j)∂x0

j
ϕ0 + ∂x1

j
ϕ1

)(
χ{1,2}(i)∂x0

i
vE,0 + ∂x1

i
vE,1

)
dx0dx1

=
|Γ01|

|ΩPt|

∮

Γ♯
01
×Γ1

01

j0vE,0 dx0dx1

C?#B? #+ )?' 'H1'B)'9 *'+"&);

'(+* .!/0% $%/1(  !"%)#-( :7;73=I:@=;
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•  !"# $%&'(  !"#$!%& ''( =⇒

κ0
∫

ΩSi
2

kεij∂xj
θε∂xi

vH,ε dx+ κ0
∫

ΩSiO2
2

kεij∂xj
θε∂xi

vH,ε dx

+κ0
∫

ΩSi
3

kεij∂xj
θε∂xi

vH,ε dx+ κ0
∫

ΩSiO2
3

kεij∂xj
θε∂xi

vH,ε dx+ κ0
∫

ΩPt

kεij∂xj
θε∂xi

vH,ε dx

= κ0
∫

ΩPt

aεij∂xj
ϕε∂xi

ϕε vH,ε dx

•  )*+!"# $%&'('(  !"#")*%*"+ ',- "+ %.$ !*/.% )*0$ =⇒

κ0
∫

ΩSi
2

kεij∂xj
θε∂xi

vH,ε dx+ κ0
∫

ΩSiO2
2

kεij∂xj
θε∂xi

vH,ε dx+ κ0
∫

ΩSi
3

kεij∂xj
θε∂xi

vH,ε dx

+κ0
∫

ΩSiO2
3

kεij∂xj
θε∂xi

vH,ε dx+ κ0
∫

ΩPt

kεij∂xj
θε∂xi

vH,ε dx

= −κ0
∫

ΩPt

∂xi

(
aεij∂xj

ϕε
)
ϕε vH,ε dx− κ0

∫

ΩPt

aεij∂xj
ϕεϕε ∂xi

vH,ε dx

+κ0
∫

∂ΩPt

aεijϕ
ε∂xi

ϕεnxj
vH,εdx

•  )*+!"# $%&'('& 1##2&*+/ 3456%*"+ 789': =⇒

κ0
∫

ΩSi
2

kεij∂xj
θε∂xi

vH,ε dx+ κ0
∫

ΩSiO2
2

kεij∂xj
θε∂xi

vH,ε dx

+κ0
∫

ΩSi
3

kεij∂xj
θε∂xi

vH,ε dx+ κ0
∫

ΩSiO2
3

kεij∂xj
θε∂xi

vH,ε dx+ κ0
∫

ΩPt

kεij∂xj
θε∂xi

vH,ε dx

= −κ0
∫

ΩPt

aεij∂xj
ϕεϕε ∂xi

vH,ε dx

•  )*+!"# $%&'(', 1))5;#%*"+ '(< =⇒

κ0
∫

ΩSi
2

kij∂xj
θε∂xi

vH,ε dx+ κ0
∫

ΩSiO2
2

ε2kij∂xj
θε∂xi

vH,ε dx

+κ0
∫

ΩSi
3

kij∂xj
θε∂xi

vH,ε dx+ κ0
∫

ΩPt

kij∂xj
θε∂xi

vH,ε dx+ κ0
∫

ΩSiO2
3

ε2kij∂xj
θε∂xi

vH,ε dx

= −κ0
∫

ΩPt

(1 + λθε)−1arefij ∂xj
ϕεϕε ∂xi

vH,ε dx

'=,
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•  !"#$%& '()*+*,  !""#$ %$#% &'()%*"(# vH,0
2 ∈ C∞

∂Ω♯
2

(Ω♯
2, C

∞(Ω1
SiO2))+ v

H,1
2 ∈

C∞

∂Ω♯
2

(Ω♯
2, C

∞
♯ (Ω1

2))+ v
H,0
3 ∈ C∞

∂Ω♯
3

(Ω♯
3, C

∞(Ω1
SiO2))+ v

H,1
3 ∈ C∞

∂Ω♯
3

(Ω♯
3, C

∞
♯ (Ω1

3)) ,(-

."#$ vH,ε = B(vH,0
2 + εvH,1

2 ) *( Ω2+ v
H,ε = B(vH,0

3 + εvH,1
3 ) *( Ω3+ /0"."#*%*"(

123 =⇒
B(vH,0

2 ) ∈ C∞
∂Ω2

(Ω2)+ B(vH,0
3 ) ∈ C∞

∂Ω3
(Ω3)

,(-

κ0
∫

ΩSi
2

kij∂xj
θε∂xi

B(vH,0
2 + εvH,1

2 ) dx+ κ0
∫

ΩSiO2
2

ε2kij∂xj
θε∂xi

B(vH,0
2 + εvH,1

2 ) dx

+κ0
∫

ΩSi
3

kij∂xj
θε∂xi

B(vH,0
3 + εvH,1

3 ) dx+ κ0
∫

ΩPt

kij∂xj
θε∂xi

B(vH,0
3 + εvH,1

3 ) dx

+κ0
∫

ΩSiO2
3

ε2kij∂xj
θε∂xi

B(vH,0
3 + εvH,1

3 ) dx

= −κ0
∫

ΩPt

(1 + λθε)−1arefij ∂xj
ϕεϕε∂xi

B(vH,0
3 + εvH,1

3 ) dx

•  !"#$%& '()*+*- 45'*6,7$(% %0,(#&"08,%*"( κ0
∫
A
dz = κ0 |A|

∮
A
dz+ =⇒

rSi2

∮

ΩSi
2

kij∂xj
θε∂xi

B(vH,0
2 + εvH,1

2 ) dx+ rSiO2
2

∮

ΩSiO2
2

ε2kij∂xj
θε∂xi

B(vH,0
2 + εvH,1

2 ) dx

+rSi3

∮

ΩSi
3

kij∂xj
θε∂xi

B(vH,0
3 + εvH,1

3 ) dx+ rPt
∮

ΩPt

kij∂xj
θε∂xi

B(vH,0
3 + εvH,1

3 ) dx

+rSiO2
3

∮

ΩSiO2
3

ε2kij∂xj
θε∂xi

B(vH,0
3 + εvH,1

3 ) dx

= −rPt
∮

ΩPt

(1 + λθε)−1arefij ∂xj
ϕεϕε∂xi

B(vH,0
3 + εvH,1

3 ) dx

•  $%& '()*) /0"."#*%*"(# 121 =⇒

rSi2

∮

ΩSi
2

kij∂xj
θεB

(
χ
(i)
{1,2}∂x0

i
vH,0
2 + ∂x1

i
vH,1
2

)
dx+ rSiO2

2

∮

ΩSiO2
2

kij(ε∂xj
θε)B

(
∂x1

i
vH,0
2

)
dx

+rSi3

∮

ΩSi
3

kij∂xj
θεB

(
χ
(i)
{1,2}∂x0

i
vH,0
3 + ∂x1

i
vH,1
3

)
dx

+rPt
∮

ΩPt

kij∂xj
θεB

(
χ
(i)
{1,2}∂x0

i
vH,0
3 + ∂x1

i
vH,1
3

)
dx+ rSiO2

3

∮

ΩSiO2
3

kij(ε∂xj
θε)B

(
∂x1

i
vH,0
3

)
dx

= −rPt
∮

ΩPt

(1 + λθε)−1arefij ∂xj
ϕεϕεB

(
χ
(i)
{1,2}∂x0

i
vH,0
3 + ∂x1

i
vH,1
3

)
dx+O(ε)
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 !"#"$%&%"' ()* =⇒

rSi2

∮

ΩSi
2

kij∂xj
θεT ∗

(
χ
(i)
{1,2}∂x0

i
vH,0
2 + ∂x1

i
vH,1
2

)
dx+ rSiO2

2

∮

ΩSiO2
2

kij(ε∂xj
θε)T ∗

(
∂x1

i
vH,0
2

)
dx

+rSi3

∮

ΩSi
3

kij∂xj
θεT ∗

(
χ
(i)
{1,2}∂x0

i
vH,0
3 + ∂x1

i
vH,1
3

)
dx

+rPt
∮

ΩPt

kij∂xj
θεT ∗

(
χ
(i)
{1,2}∂x0

i
vH,0
3 + ∂x1

i
vH,1
3

)
dx+ rSiO2

3

∮

ΩSiO2
3

kij(ε∂xj
θε)T ∗

(
∂x1

i
vH,0
3

)
dx

= −rPt
∮

ΩPt

(1 + λθε)−1arefij ∂xj
ϕεϕεT ∗

(
χ{1,2}(i)∂x0

i
vH,0
3 + ∂x1

i
vH,1
3

)
dx+O(ε)+

•  !"# $%&'( ,-.'%&%"' (/0 1'2  !"#"$%&%"' (/* =⇒

rSi2

∮

Ω♯
2
×Ω1

Si

T (kij)T
(
∂xj

θε
) (
χ
(i)
{1,2}∂x0

i
vH,0
2 + ∂x1

i
vH,1
2

)
dx0dx1

+rSiO2
2

∮

Ω♯
2
×Ω1

SiO2

T (kij)T (ε∂xj
θε)

(
∂x1

i
vH,0
2

)
dx0dx1

+rSi3

∮

Ω♯
3
×Ω1

Si

T (kij)T
(
∂xj

θε
) (
χ
(i)
{1,2}∂x0

i
vH,0
3 + ∂x1

i
vH,1
3

)
dx0dx1

+rPt
∮

Ω♯
3
×Ω1

Pt

T (kij)T
(
∂xj

θε
) (
χ
(i)
{1,2}∂x0

i
vH,0
3 + ∂x1

i
vH,1
3

)
dx0dx1

+rSiO2
3

∮

Ω♯
3
×Ω1

SiO2

T (kij)T (ε∂xj
θε)

(
∂x1

i
vH,0
3

)
dx0dx1

= −rPt
∮

Ω♯
3
×Ω1

Pt

T (
1

1 + λθε
)T

(
arefij

)
T (ϕε)T

(
∂xj

ϕε
) (
χ
(i)
{1,2}∂x0

i
vH,0
3 + ∂x1

i
vH,1
3

)
dx0dx1

+O(ε)+

•  !"# $%&') 3$$45#&%"' (678 3$$45#&%"' (6)8  !"#"$%&%"' (7/ 1'2  !"#"9

())



 ! ! "#$ %"#& '()*$ +),$- ,$(./01.)2

 !"!#$ %&'( )*  !$+ "# ",- .!/!" 0,-$ ε→ 0 =⇒

rSi2

∮

Ω♯
2
×Ω1

Si

k0ij

(
χ
(j)
{1,2}∂x0

j
θ0 + ∂x1

j
θ1
)(

χ
(i)
{1,2}∂x0

i
vH,0
2 + ∂x1

i
vH,1
2

)
dx0dx1

+ rSiO2
2

∮

Ω♯
2
×Ω1

SiO2

k0ij∂x1
j
θ0∂x1

i
vH,0
2 dx0dx1

+ rSi3

∮

Ω♯
3
×Ω1

Si

k0ij

(
χ
(j)
{1,2}∂x0

j
θ0 + ∂x1

j
θ1
)(

χ
(i)
{1,2}∂x0

i
vH,0
3 + ∂x1

i
vH,1
3

)
dx0dx1

+ rPt
∮

Ω♯
3
×Ω1

Pt

k0ij

(
χ
(j)
{1,2}∂x0

j
θ0 + ∂x1

j
θ1
)(

χ
(i)
{1,2}∂x0

i
vH,0
3 + ∂x1

i
vH,1
3

)
dx0dx1

+ rSiO2
3

∮

Ω♯
3
×Ω1

SiO2

k0ij∂x1
j
θ0∂x1

i
vH,0
3 dx0dx1

= −rPt
∮

Ω♯
3
×Ω1

Pt

a0ij

1 + λθ0
ϕ0

(
χ
(j)
{1,2}∂x0

j
ϕ0 + ∂x1

j
ϕ1

)(
χ
(i)
{1,2}∂x0

i
vH,0
3 + ∂x1

i
vH,1
3

)
dx0dx1

0,!1, ! -2)-1"-34

 !"#$%&' ('%) 567*"!#$ 8949:;<8*;4

• "('*  !+, =>#)->"? %%& =⇒

κ0
∫

Ω2

(Cε
ijhks

x
hk(u

ε) +M ε
ijθ

ε)sxij(v
M,ε) dx+ κ0

∫

Ω3

(Cε
ijhks

x
hk(u

ε) +M ε
ijθ

ε)sxij(v
M,ε) dx

= κ0
∫

Ω2

fM,ε
i vM,ε

i dx+ κ0
∫

Ω3

fM,ε
i vM,ε

i dx

• "$ -('*  !+!+ @  7/)"!#$ %&A =⇒

κ0
∫

Ω2

(Cε
ijhks

x
hk(u

ε) +M ε
ijθ

ε)sxij(v
M,ε) dx+ κ0

∫

Ω3

(Cε
ijhks

x
hk(u

ε) +M ε
ijθ

ε)sxij(v
M,ε) dx

= κ0
∫

Ω2

fM,ε
α vM,ε

α dx+ κ0
∫

Ω2

εfM,ε
3 vM,ε

3 dx+ κ0
∫

Ω3

fM,ε
α vM,ε

α dx+ κ0
∫

Ω3

εfM,ε
3 vM,ε

3 dx

• "('*  !. B#> d ∈ {2, 3}( 0- 1,## - "- " C7$1"!#$ ṽd,0α , vd,03 , vd,13 ∈ C∞(Ω♯
d)(

(vd,0α )α∈{1,2} = −x13∂x0
α
vd,03 + ṽd,0α ( (vd,1α )α∈{1,2} ∈ C∞(Ω♯

d; C
∞
♯ (Ω1

d))(  # ",*"

vM,ε
α = B(vd,0α + εvd,1α )( εvM,ε

3 = B(vd,03 + εvd,13 + ε2vd,23 ) !$ Ωd4

D- 3-$#"- E? wd,1 = (vd,11 , vd,12 , vd,23 )( 7 - $#"*"!#$ 8949F;( 0- ,*G-

sxij(v
M,ε) = B

(
−x13D

x0

ij (v
d,0
3 ) + Sx0

ij (ṽ
d,0) +Kx0

ij (v
d,1) + sx

1

ij (w
d,1)

)
!$ Ωd

%:A



 !"#$%& '( ) $*+,-."/% 0+1%/ 1%&23"$2+4 5+& " 67!8 #&+9%

=⇒

∑

d

κ0
∫

Ωd

(Cε
ijhks

x
hk(u

ε) +M ε
ijθ

ε)B
(
−x13D

x0

ij (v
d,0
3 ) + Sx0

ij (ṽ
d,0) +Kx0

ij (v
d,1)

)
dx

+
∑

d

κ0
∫

Ωd

(Cε
ijhks

x
hk(u

ε) +M ε
ijθ

ε)B
(
sx

1

ij (w
d,1)

)
dx

=
∑

d

κ0
∫

Ωd

fM,ε
α B

(
−x13∂x0

α
vd,03 + ṽd,0α

)
+ fM,ε

3 B
(
vd,03

)
dx

•  !"#$%& "'(')  !"#$%&'() )*%(+,-*.%)#-( κ0
∫
A
dz = κ0 |A|

∮
A
dz =⇒

∑

d

rd

∮

Ωd

(Cε
ijhks

x
hk(u

ε) +M ε
ijθ

ε)B
(
−x13D

x0

ij (v
d,0
3 ) + Sx0

ij (ṽ
d,0) +Kx0

ij (v
d,1)

)
dx

+
∑

d

rd

∮

Ωd

(Cε
ijhks

x
hk(u

ε) +M ε
ijθ

ε)B
(
sx

1

ij (w
d,1)

)
dx

=
∑

d

rd

∮

Ωd

fM,ε
α B

(
−x13∂x0

α
v2,03 + ṽ2,0α

)
+ fM,ε

3 B
(
vd,03

)
dx

•  $%& "'('(* /*-0-+#)#-( 123 =⇒

∑

d

rd

∮

Ωd

(Cε
ijhks

x
hk(u

ε) +M ε
ijθ

ε)T ∗
(
−x13D

x0

ij (v
d,0
3 ) + Sx0

ij (ṽ
d,0) +Kx0

ij (v
d,1)

)
dx

+
∑

d

rd

∮

Ωd

(Cε
ijhks

x
hk(u

ε) +M ε
ijθ

ε)T ∗
(
sx

1

ij (w
d,1)

)
dx

=
∑

d

rd

∮

Ωd

fM,ε
α T ∗

(
−x13∂x0

α
vd,03 + ṽd,0α

)
+ fM,ε

3 T ∗
(
vd,03

)
dx

•  $%& "'+ 4'5(#)#-( 167 %(8 /*-0-+#)#-( 163 =⇒

∑

d

rd

∮

Ω♯
d
×Ω1

d

T (Cε
ijhk(s

x
hku

ε +M ε
ijθ

ε))
(
−x13D

x0

ij (v
d,0
3 ) + Sx0

ij (ṽ
d,0) +Kx0

ij (v
d,1)

)
dx0dx1

+
∑

d

rd

∮

Ω♯
d
×Ω1

d

T (Cε
ijhk(s

x
hku

ε +M ε
ijθ

ε))sx
1

ij (w
d,1) dx0dx1

=
∑

d

rd

∮

Ω♯
d
×Ω1

d

T
(
fM,ε
α

) (
−x13∂x0

α
vd,03 + ṽd,0α

)
+ T

(
fM,ε
3

)
vd,03 dx0dx1

129



 ! ! "#$ %"#& '()*$ +),$- ,$(./01.)2

•  !"# $%&  !"#$%"& '( ς1 = (u11, u
1
2, u

2
3)) *++,-.$%#" /01) 23#.#+%$%#" /14)

23#.#+%$%#" /05 6"7 23#.!3$( /01 =⇒
∑

d rd
∮
Ω♯

d
×Ω1

d

(
C0

ijhk

(
−x13D

x0

hk(u
0
3) + Sx0

hk(ũ
0) +Kx0

hk(u
1) + sx

1

hk(ς
1)
)
+Mijθ

0
)
·(

−x13D
x0

ij (v
d,0
3 ) + Sx0

ij (ṽ
d,0) +Kx0

ij (v
d,1) + sx

1

ij (w
d,1)

)
dx0dx1

=
∑

d rd
∮
Ω♯

d
×Ω1

d

fM,0
α

(
−x13∂x0

α
vd,03 + ṽd,0α

)
+ fM,0

3 vd,03 dx0dx1

'"(() *+,  !"#$% &'()*+ ,")-(.)(/") 0-(1'23+45

607 ϕ1
.3 3)-41.)2 1) 5 !678 9.1# µα = ∂x0

α
ϕ0

: c0ij = a0ij 02, Ω1 = Ω1
Pt: 1#$2

∂x1
j
ϕ1 =

2∑

α=1

∂x0
α
ϕ0∂x1

j
ξ1,Ptα .

5*8 θ1 .3 3)-41.)2 1) 5 !678 9.1# µα = ∂x♯
α
θ0: c0ij = k0

ij|Ω♯
2
×Ω1

Si

02, Ω1 = Ω1
Si: 1#$2

∂x1
j
θ1 =

2∑

α=1

∂x0
α
θ0∂x1

j
ζ1,Siα .2 Ω♯

2 × Ω1
Si!

5;8 θ1 .3 3)-41.)2 1) 5 !678 9.1# µα = ∂x0
α
θ0: c0ij = k0

ij|Ω♯
3
×Ω1

Si

02, Ω1 = Ω1
Si: 1#$2

∂x1
j
θ1 =

2∑

α=1

∂x0
α
θ0∂x1

j
ζ1,Siα .2 Ω♯

3 × Ω1
Si!

5,8 θ1 .3 3)-41.)2 1) 5 !678 9.1# µα = ∂x0
α
θ0: c0ij = k0

ij|Ω♯
3
×Ω1

Pt

02, Ω1 = Ω1
Pt:

1#$2

∂x1
j
θ1 =

2∑

α=1

∂x0
α
θ0∂x1

j
ζ1,Ptα .2 Ω♯

3 × Ω1
Pt!

5$8 −
∑

i,j ∂x1
j
(k0ij∂x1

i
θ0
|Ω♯

2
×Ω1

SiO2

) = 0 02, θ0
|Ω♯

2
×Ω1

SiO2

= θ0
|Ω♯

2
×Ω1

Si

!

5<8 −
∑

i,j ∂x1
j
(k0ij∂x1

i
θ0
|Ω♯

3
×Ω1

SiO2

) = 0 02, θ0
|Ω♯

3
×Ω1

SiO2

= θ0
|Ω♯

3
×Ω1

Si

θ− + θ0
|Ω♯

3
×Ω1

Pt

θ+:

9#$($ θ+ 02, θ− 0($ 3)-41.)23 )< =>401.)2 5 !?@8 02, =>401.)2 5 !?68!

5A8 B$1 ς1 = ς1,D + ς1,S + ς1,K + ς1,θ: 1#$2 ς1,D: ς1,S: ς1,K 02, ς1,θ 0($ 3)-41.)23

1) =>401.)2 5 !6C8 <)( µhk = Dx0

hk(u
0
3): µhk = Sx0

hk(ũ
0): µhk = Kx0

hk(u
1) 02, <)(

c0ijhk =Mijδihδjk 02, µhk = 1! D$ #0/$

sx
1

hk(ς
1,D) =

∑
p′q′ 8

2,D
p′q′hk(D

x0

p′q′(u
0
3))

sx
1

hk(ς
1,S) =

∑
p′q′ 8

2,S
p′q′hk(S

x0

p′q′(ũ
0))

sx
1

hk(ς
1,K) =

∑
α δhαδk3∂x0

α
u13

sx
1

hk(ς
1,θ) = 82,θSi

hk (θ0
|Ω♯

2
×Ω1

Si

)

.2 Ω1
2!

/9:



 !"#$%& '( ) $*+,-."/% 0+1%/ 1%&23"$2+4 5+& " 67!8 #&+9%

:!; <%$ ς1 = ς1,D + ς1,S + ς1,K + ς1,θSi + ς1,θPt
= $!%4 ς1,D= ς1,S= ς1,K ς1,θSi

"41 ς1,θPt
"&% -+/>$2+4- $+ ?@>"$2+4 :'(AB; 5+& µhk = Dx0

hk= µhk = Sx0

hk(ũ
0)= µhk =

Kx0

hk(u
1)= 5+& c0ijhk = QSi

ijδihδjk "41 µhk = 1= "41 5+& c0ijhk = QPt
ij δihδjk "41 µhk = 1

&%-#%.$23%/C= *!%&%

QSi
ij =





Mij 24 Ω1
Si

Mijθ
−
24 Ω1

SiO2

0 24 Ω1
Pt=

"41 QPt
ij =





0 24 Ω1
Si

Mijθ
+
24 Ω1

SiO2

Mij 24 Ω1
Pt=

"41 θ− "41 θ+ "&% -+/>$2+4- $+ :'(DA; "41 :'(DE;( F% !"3%

sx
1

hk(ς
1,D) =

∑
p′q′  

2,D
p′q′hk(D

x0

p′q′(u
0
3))

sx
1

hk(ς
1,S) =

∑
p′q′  

2,S
p′q′hk(S

x0

p′q′(ũ
0))

sx
1

hk(ς
1,K) =

∑
α δhαδk3∂x0

α
u13

sx
1

hk(ς
1,θSi) =  

3,θSi
hk (θ0

|Ω♯
3
×Ω1

Si

)

sx
1

hk(ς
1,θPt) =  

3,θPt

hk (θ0
|Ω♯

3
×Ω1

Pt

)

24 Ω1
3(

 !""#$ %&'"(!)* +*!,$ !" #$%%&" vE,0 = 0 '() vE,1(x♯, x1) = w(x1)ψ(x♯) *(
+,-,./ 0*1$ ψ ∈ C∞(Ω♯

3) '() w
1 ∈ C∞

♯ (Ω1
Pt)-

• '+*- %&. 23%4%&*1*%( 56  "77' 5.86 '() 1$" 9*("'3*1: %; 1$" *(1"<3'9 =⇒

(1+λθ0)−1

∮

Ω1
Pt

a0ij∂x1
j
ϕ1∂x1

i
vE,1 dx0dx1 = −(1+λθ0)−1∂x0

α
ϕ0

∮

Ω1
Pt

a0iα∂x1
i
vE,1 dx0dx1

+,-8=/

• '+*- %&.&. >?@*A'9"(1 13'(&;%37'1*%( =⇒

∮

Ω1
Pt

a0ij∂x1
j
ϕ1∂x1

i
vE,1 dx0dx1 = −∂x0

α
ϕ0

∮

Ω1
Pt

a0iα∂x1
i
vE,1 dx0dx1

• '+*- %&/ 23%4%&*1*%( 58, 0*1$ µα = ∂x0
α
ϕ0 =⇒

∂x1
j
ϕ1 =

2∑

α=1

∂x0
α
ϕ0∂x1

j
ξ1,Ptα

'& '((%@(#")-

58B



 ! ! "#$ %"#& '()*$ +),$- ,$(./01.)2

 !"#$%&' ('%)  ! "#$$%! vH,0
2 = 0& vH,0

3 = 0& vH,1
3 = 0 '() vH,1

2 (x0, x1) =
w(x1)ψ(x0) *( +,-,./ 0*1# ψ ∈ C∞(Ω♯

2) '() w
1 ∈ C∞

♯ (Ω1
Si)& 1#! 23$$4 *% 1#! %'5!

'% 4$3 61!2 '78 1$ 61!2 '79-

&!"#$%&' ('%)  ! "#$$%! vH,0
2 = 0& vH,1

2 = 0& vH,0
3 = 0& vH,1

3 = w(x1)ψ(x0)
*( Ω♯

3 × Ω1
Pt 0*1# ψ ∈ C∞(Ω♯

3)& w
1 ∈ C∞

♯ (Ω1
Pt) '() v

H,1
3 = 0 Ω♯

3 × (Ω1
Si ∪ Ω1

SiO2) *(
+,-,./& 1#!( 1#! 23$$4 *% 1#! %'5! '% 4$3 61!2 '78 1$ 61!2 '79-

*!"#$%&' ('%)+  ! "#$$%! vH,0
2 = 0& vH,1

2 = 0& vH,0
3 = 0& vH,1

3 = w(x1)ψ(x0)
*( Ω♯

3×Ω1
Si 0*1# ψ ∈ C∞(Ω♯

3) '() w
1 ∈ C∞

♯ (Ω1
Si) '() v

H,1
3 = 0 *( Ω♯

3× (Ω1
Pt∪Ω1

SiO2)
*( +,-,./& 1#!( 1#! 23$$4 *% 1#! %'5! '% 4$3 61!2 '78 1$ 61!2 '79-

'!"#$%&' ('%)-  ! )!($1! :; Γ1,±
SiO2 '() Γ1,Lat

SiO2 1#! 1$2<:$11$5 '() ='1!3'=

:$>()'3; $4 Ω1
SiO2-  ! "#$$%! v

H,0
3 = 0& vH,0

2 = w(x1)ψ(x0) *( Ω♯
2 × Ω1

SiO2 0*1#

ψ ∈ C∞(Ω♯
2)& w ∈ C∞

Γ1,Lat
SiO2

∪Γ1,+
SiO2

(Ω1
SiO2) *( +,-,./ =⇒

∫

Ω1
SiO2

k0ij∂x1
j
θ0∂x1

i
w1 dx0dx1 = 0-

• "(', '!-- ?!55' 8@.7+A/ '() B3$2$%*1*$( 8C. =⇒

θ0
|Ω♯

2
×Ω1

SiO2

= θ0
|Ω♯

2
×Ω1

Si

-

.!"#$%&' ('%)-  ! "#$$%! vH,0
2 = 0& vH,0

3 = w(x1)ψ(x0) *( Ω♯
3 × Ω1

SiO2 0*1#

ψ ∈ C∞(Ω♯
3)& w ∈ C∞

Γ1,Lat
SiO2

(Ω1
SiO2) *( +,-,./ =⇒

∫

Ω1
SiO2

k0ij∂x1
j
θ0∂x1

i
w1 dx0dx1 = 0-

• "(', .!-- ?!55' 8@.7+A/ '() B3$2$%*1*$( 8C@ =⇒

θ0
|Ω♯

2
×Ω1

SiO2

= θ0
|Ω♯

3
×Ω1

Pt

θ+ + θ0
|Ω♯

3
×Ω1

Si

θ−-

• "(', .!/- ?!55' 89D =⇒

−

∫

Ω1
SiO2

∂x1
i
(k0ij∂x1

j
θ0)w1 dx0dx1 = 0-

• "(', .!0+ ?!55' 88E =⇒

−∂x1
i
(k0ij∂x1

j
θ0) = 0 *( Ω♯

3 × Ω1
SiO2-

8CF



 !"#$%& '( ) $*+,-."/% 0+1%/ 1%&23"$2+4 5+& " 67!8 #&+9%

 !"#$%&' ('%)*  !"w2,1 = ψ2(x0)ω2(x1) #$"%ψ2(x0) ∈ C∞
♯ (Ω♯

2)
3×3

& ω2(x1) ∈
C∞
♯ (Ω1

2)
3
& '() *!" +"%!, "!-" ./(0"$+(- !1/'* "+ 0 $( 234356 =⇒

r2

∮

Ω1
2

(
C0

ijhk

(
−x13D

x0

hk(u
0
3) + Sx0

hk(ũ
0) +Kx0

hk(u
1) + sx

1

hk(ς
1)
)
+Mijθ

0
)
Sx1

ij (ω
2) dx1 = 04

• "('+  !, 71/$8'*!(" ",'(-.+,9'"$+( =⇒

∫

Ω1
2

C0
ijhks

x1

hk(ς
1)Sx1

ij (ω
2) dx1 =

∫

Ω1
2

x13C
0
ijhkD

x0

hk(u
0
3)S

x1

ij (ω
2) dx1

−

∫

Ω1
2

C0
ijhkS

x0

hk(ũ
0)Sx1

ij (ω
2) dx1

−

∫

Ω1
2

C0
ijhkK

x0

hk(u
1)Sx1

ij (ω
2) dx1

−

∫

Ω1
2

Mijθ
0Sx1

ij (ω
2) dx14

• "('+  !-  !" ς1 = ς1,D + ς1,S + ς1,K + ς1,θ '() -!:','"! !1/'"$+( =⇒

{ ∫
Ω1

2

C0
ijhks

x1

hk(ς
1,D)Sx1

ij (ω
2) dx1 =

∫
Ω1

2

x13C
0
ijhkD

x0

hk(u
0
3)S

x1

ij (ω
2) dx1

ς1,D $- x1α;:!,$+)$0 $( Ω1
2&

{ ∫
Ω1

2

C0
ijhks

x1

hk(ς
1,S)Sx1

ij (ω
2) dx1 = −

∫
Ω1

2

C0
ijhkS

x0

hk(ũ
0)Sx1

ij (ω
2) dx1

ς1,S $- x1α;:!,$+)$0 $( Ω1
2&

{ ∫
Ω1

2

C0
ijhks

x1

hk(ς
1,K)Sx1

ij (ω
2) dx1 = −

∫
Ω1

2

C0
ijhkK

x0

hk(u
1)Sx1

ij (ω
2) dx1

ς1,K $- x1α;:!,$+)$0 $( Ω1
2&

'()

{ ∫
Ω1

2

C0
ijhks

x1

hk(ς
1,θ)Sx1

ij (ω
2) dx1 = −

∫
Ω1

2

Mijθ
0Sx1

ij (ω
2) dx1

ς1,θ $- x1α;:!,$+)$0 $( Ω1
24

234<=6

• "$./('+  !-!,* >,+:+-$"$+( ==? 71/'"$+( 234<=6 =⇒

∫

Ω1
2

C0
ijhks

x1

hk(ς
1,θ)Sx1

ij (ω
2) dx1 = −

∫

Ω1
Si

Mijθ
0

|Ω♯
2
×Ω1

Si

Sx1

ij (ω
2) dx1

−

∫

Ω1
SiO2

Mijθ
0

|Ω♯
2
×Ω1

SiO2

Sx1

ij (ω
2) dx1

=@A



 ! ! "#$ %"#& '()*$ +),$- ,$(./01.)2

•  !"#$%& '()()*  !""# $%&'(!) =⇒
∫

Ω1
2

C0
ijhks

x1

hk(ς
1,θ)Sx1

ij (ω
2) dx1 = −

∫

Ω1
Si

Mijθ
0

|Ω♯
2
×Ω1

Si

Sx1

ij (ω
2) dx1

−

∫

Ω1
SiO2

Mijθ
0

|Ω♯
2
×Ω1

Si

Sx1

ij (ω
2) dx1

•  !"#$%& '()(+* *+,-,./0/,1 $$% =⇒
∫

Ω1
2

C0
ijhks

x1

hk(ς
1,θ)Sx1

ij (ω
2) dx1 = −

∫

Ω1
2

Mijθ
0

|Ω♯
2
×Ω1

Si

Sx1

ij (ω
2) dx1

•  $%& '(+  !""# $234 *+,-,./0/,1 $33 =⇒

sx
1

hk(ς
1,D) =

∑
p′q′ 3

2,D
p′q′hk(D

x0

p′q′(u
0
3))

sx
1

hk(ς
1,S) =

∑
p′q′ 3

2,S
p′q′hk(S

x0

p′q′(ũ
0))

sx
1

hk(ς
1,K) =

∑
p′q′ 3

2,K
p′q′hk(K

x0

p′q′(u
1))

sx
1

hk(ς
1,θ) = 3

2,θSi
hk (θ0

|Ω♯
2
×Ω1

Si

)

/1 Ω1
25

,( -!./% $%.0*  !0w3,1 = ψ3(x0)ω3(x1) 6/07ψ2(x0) ∈ C∞
♯ (Ω♯

3)
3×3

4 ω3(x1) ∈
C∞
♯ (Ω1

2)
3
4 #18 9!0 ,07!+ 0!.0 :;1<0/,1. !=;#9 0, 0 /1 (>5>%) =⇒

r3

∮

Ω1
3

(
C0

ijhk

(
−x13D

x0

hk(u
0
3) + Sx0

hk(ũ
0) +Kx0

hk(u
1) + sx

1

hk(ς
1)
)
+Mijθ

0
)
Sx1

ij (ω
3) dx1 = 05

?7! -+,,:. ,: 07! 9/1!#+ +!9#0/,1 :,+ sx
1

hk(ς
1,D)4 sx

1

hk(ς
1,S) #18 sx

1

hk(ς
1,K) #+! 07! .#"!

#. /1 07! -+,,: ,: (@)5 A! 8!0#/9!8 07! 9/1!#+ +!9#0/,1 :,+ sx
1

hk(ς
1,θ) /1 07! :,99,6/1@5

A! .0#+0 :+," 07! (>53$) #18 ;.! 07! .#"! 1,0#0/,1. :,+ 07! .0!-.5

•  $%& ,()

{ ∫
Ω1

3

C0
ijhks

x1

hk(ς
1,θ)Sx1

ij (ω
3) dx1 = −

∫
Ω1

3

Mijθ
0Sx1

ij (ω
3) dx1

ς1,θ /. x1α'-!+/,8/< /1 Ω1
35

•  !"#$%& ,()(1* *+,-,./0/,1 $$B C=;#0/,1 (>53$) =⇒
∫

Ω1
3

C0
ijhks

x1

hk(ς
1,θ)Sx1

ij (ω
3) dx1 = −

∫

Ω1
Si

Mijθ
0

|Ω♯
3
×Ω1

Si

Sx1

ij (ω
3) dx1

−

∫

Ω1
SiO2

Mijθ
0

|Ω♯
3
×Ω1

SiO2

Sx1

ij (ω
3) dx1

−

∫

Ω1
Pt

Mijθ
0

|Ω♯
3
×Ω1

Pt

Sx1

ij (ω
3) dx1

$2$



 !"#$%& '( ) $*+,-."/% 0+1%/ 1%&23"$2+4 5+& " 67!8 #&+9%

•  !"#$%& '()()*  !""# $%&'()* =⇒
∫

Ω1
3

C0
ijhks

x1

hk(ς
1,θ)Sx1

ij (ω
3) dx1 = −

∫

Ω1
Si

Mijθ
0

|Ω♯
3
×Ω1

Si

Sx1

ij (ω
2) dx1

−

∫

Ω1
SiO2

Mijθ
0

|Ω♯
3
×Ω1

Si

θ−Sx1

ij (ω
2) dx1

−

∫

Ω1
SiO2

Mijθ
0

|Ω♯
3
×Ω1

Pt

θ+Sx1

ij (ω
3) dx1

−

∫

Ω1
Pt

Mijθ
0

|Ω♯
3
×Ω1

Pt

Sx1

ij (ω
3) dx1

•  !"#$%& '()(+* +,-.-/010-2 $$% =⇒
∫

Ω1
3

C0
ijhks

x1

hk(ς
1,θ)Sx1

ij (ω
3) dx1 = −

∫

Ω1
3

QSi
ijθ

0

|Ω♯
3
×Ω1

Si

Sx1

ij (ω
3) dx1−

∫

Ω1
3

QPt
ij θ

0

|Ω♯
3
×Ω1

Pt

Sx1

ij (ω
3) dx1

3014

QSi
ij =





Mij 02 Ω1
Si

Mijθ
−
02 Ω1

SiO2

0 02 Ω1
Pt

#25 QPt
ij =





0 02 Ω1
Si

Mijθ
+
02 Ω1

SiO2

Mij 02 Ω1
Pt6

•  !"#$%& '()(+(,*  !1 ς1,θ = ς1,θSi + ς1,θPt
#25 /!.#,#1! !78#10-2 =⇒

{ ∫
Ω1

3

C0
ijhks

x1

hk(ς
1,θSi)Sx1

ij (ω
3) dx1 = −

∫
Ω1

3

QSi
ijθ

0

|Ω♯
3
×Ω1

Si

Sx1

ij (ω
3) dx1

∫
Ω1

3

C0
ijhks

x1

hk(ς
1,θPt)Sx1

ij (ω
3) dx1 = −

∫
Ω1

3

QPt
ij θ

0

|Ω♯
3
×Ω1

Si

Sx1

ij (ω
3) dx1

•  $%& '(+  !""# $9:; +,-.-/010-2 $:: =⇒

sx
1

hk(ς
1,θSi) = :

3,θSi
hk (θ0

|Ω♯
3
×Ω1

Si

) #25 sx
1

hk(ς
1,θPt) = :

3,θPt

hk (θ0
|Ω♯

3
×Ω1

Pt

) 02 Ω1
3.

-%../ ,0,  α3hk = −δhαδk3 "41 s
x1

hk(ς
1,K) =

∑
α δhαδk3∂x0

α
u13

12334* <-8,=! 1!,"

∫

Ω1

c0ijhkS
x1

hk(ζ
pq,1)Sx1

ij (w) dx1 = −

∫

Ω1

c0ijpqS
x1

ij (w) dx1 )-, #>> w ∈ C∞
♯ (Ω1)n.

•  $%& ,* ?780@#>!21 1,#2/)-,"#10-2 =⇒
∫

Ω1

c0ijhk∂x1
h
ζ
pq,1
k ∂x1

i
wj dx

1 = −

∫

Ω1

c0ijpq∂x1
i
wj dx

1
6

$9A



 ! ! "#$ %"#& '()*$ +),$- ,$(./01.)2

•  !"# $%  !""#$ p = α% q = 3 =⇒
∫

Ω1

c0ijhk∂x1
h
ζ
α3,1
k ∂x1

i
wj dx

1 = −

∫

Ω1

c0ijα3∂x1
i
wj dx

1
&

•  !"# &% '(")"#*+*", -./ 0,1 203+"(*,4 =⇒
∫

Ω1

c0ijhk

(
∂x1

h
ζ
α3,1
k + δhαδk3

)
∂x1

i
wj dx

1 = 0&

•  !"# '% 5$+ (τ i)i=1,2,3 +" 6$ +!$ #"78+*", "2 ∂x1
h
τ k = δhαδk3% 203+"(*,4 =⇒

∫

Ω1

c0ijhk∂x1
h

(
ζ
α3,1
k + τ k

)
∂x1

i
wj dx

1 = 0&

•  !"# (% '(")"#*+*", -9: 0,1 '(")"#*+*", -9/ =⇒

λk = x13δhαδk3 0,1 ζ
α3,1
k + τ k = 0&

•  !"# )% ;<8*=07$,+ +(0,#2"(>0+*", =⇒

ζ
α3,1
k = −x13δhαδk3&

•  !"# *% '(")"#*+*", -99 =⇒

3α3hk = −δhαδk3 0,1 s
x1

hk(ς
1,K) = −

∑

α

δhαδk3∂x0
α
u13

+",,- .*$  !"#"$%& '()*+, -.*/)0*)12* 3/)4("56

405 ϕ0
02, θ0

|Ω♯
3
×Ω1

Pt

0($ 6)-71.)26 1) 1#$ 8)79-$, :$0; $<701.)26=

40!>5 ∮

Ω♯
3

aHαβ

1 + λθ0
∂x0

β
ϕ0∂x0

α
vE,0 dx0 =

|Γ01|

|ΩPt|

∮

Γ♯
01

j0vE,0 dx0?

40!@5

rPt
∮

Ω♯
3

k3,Ptαβ ∂x0
β
θ0
|Ω♯

3
×Ω1

Pt

∂x0
α
vH,0
3 dx0 + rSiO2

3

∮

Ω♯
3

θ0
|Ω♯

3
×Ω1

Pt

(

∮

Ω1
SiO2

kSiO2,+

3 dx1) vH,0
3 dx0

= rPt
∮

Ω♯
3

a0ij

1 + λθ0
|Ω♯

3
×Ω1

Pt

(

∮

Ω1
Pt

(δjβ + ∂x1
j
ξ1,Ptβ )(δiα + ∂x1

i
ξ1,Ptα ) dx1) ∂x0

β
ϕ0ϕ0∂x0

α
vH,0
3 dx0

-?@



 !"#$%& '( ) $*+,-."/% 0+1%/ 1%&23"$2+4 5+& " 67!8 #&+9%

:9; θ0
|Ω♯

2
×Ω1

Si

2- $!% -+/<$2+4 $+

rSi2

∮

Ω♯
2

k2,Siαβ ∂x0
β
θ0
|Ω♯

2
×Ω1

Si

∂x0
α
vH,0
2 dx0 = 0

:.; θ0
|Ω♯

3
×Ω1

Si

2- $!% -+/<$2+4 $+

rSi3

∫

Ω♯
3

k3,Siαβ ∂x0
β
θ0
|Ω♯

3
×Ω1

Si

∂x0
α
vH,0
3 dx0−rSiO2

3

∮

Ω♯
3

θ0
|Ω♯

3
×Ω1

Si

(

∮

Ω1
SiO2

kSiO2,−

3 dx1) vH,0
3 dx0 = 0

:1; (ũα)α=1,2 "41 u
0
3 "&% $!% -+/<$2+4- $+

∫

Ω♯
2

(
CH,DD

p′q′pq D
x0

p′q′(u
0
3) + CH,SD

p′q′pqS
x0

p′q′(ũ
0) +M2,D

pq θ0
|Ω♯

2
×Ω1

Si

)
·Dx0

pq (v
0
3) dx

0

+

∫

Ω♯
2

(
CH,SD

p′q′pqD
x0

p′q′(u
0
3) + CH,SS

p′q′pqS
x0

p′q′(ũ
0) +M2,S

pq θ
0

|Ω♯
2
×Ω1

Si

)
· Sx0

pq (ṽ
0) dx0

+

∫

Ω♯
3

(
CH,DD

p′q′pq D
x0

p′q′(u
0
3) + CH,SD

p′q′pqS
x0

p′q′(ũ
0) +M3,D,Pt

pq θ0
|Ω♯

3
×Ω1

Pt

+M3,D,Si
pq θ0

|Ω♯
3
×Ω1

Si

)
·Dx0

pq (v
0
3) dx

0

+

∫

Ω♯
3

(
CH,SD

p′q′pqD
x0

p′q′(u
0
3) + CH,SS

p′q′pqS
x0

p′q′(ũ
0) +M3,S,Pt

pq θ0
|Ω♯

3
×Ω1

Pt

+M3,S,Si
pq θ0

|Ω♯
3
×Ω1

Si

)
· Sx0

pq (ṽ
0) dx0

=

∫

Ω♯

−q0α∂x0
α
v03 + f 0

3 v
0
3 + f 0

αṽ
0
α dx

0
=

 !""#$ %$&'(")!*+ ,+!-$  ! "#$$%! vE,0 ∈ C∞

∂Ω♯
3

(Ω♯
3) &'( v

E,1 = ∂x0
α
vE,0θ1,Ptα ∈

C∞(Ω♯
3, C

∞
♯ (Ω1

Pt)) )' *+,+-.,

• (,+. %$&'& /!00& 123 =⇒
∮

Ω♯
3
×Ω1

Pt

a0ij

1 + λθ0

(
χ
(j)
{1,2}∂x0

j
ϕ0 + ∂x0

β
ϕ0∂x1

j
ξ1,Ptβ

)(
χ
(i)
{1,2}∂x0

i
vE,0 + ∂x0

α
vE,0∂x1

i
ξ1,Ptα

)
dx0dx1

*+,45.

=
|Γ01|

|ΩPt|

∮

Γ♯
01
×Γ1

01

j0vE,0dx0dx1

• (,+. %$&'/ 67$8$%)9)$' 15:
∮

Ω♯
3
×Ω1

Pt

a0ij

1 + λθ0
(δjβ + ∂x1

j
ξ1,Ptβ )(δiα + ∂x1

i
ξ1,Ptα )∂x0

α
ϕ0∂x0

β
vE,0 dx0dx1

=
|Γ01|

|ΩPt|

∮

Γ♯
01
×Γ1

01

j0vE,0 dx0dx1

1-4



 ! ! "#$ %"#& '()*$ +),$- ,$(./01.)2

•  !"# $%&'(  !"#$%&'( !') )*+'&#&$', -.//0 =⇒

∮

Ω♯
3

aHαβ

1 + λθ0
∂x0

β
ϕ0∂x0

α
vE,0 dx0dx1 dx0 =

|Γ01|

|ΩPt|

∮

Γ♯
01

j0vE,0 dx0dx11

2&#3 aHαβ =
∮
Ω1

Pt

a0ij(δjβ + ∂x1
j
ξ1,Ptβ )(δiα + ∂x1

i
ξ1,Ptα ) dx14

$%)' *+,-" !",.% 53$$,* vH,0
2 = 01 vH,1

2 = 01 vH,0
3 ∈ C∞

∂Ω♯
3

(Ω♯
3; C

∞
Γ1,Lat
SiO2

(Ω1
SiO2))

!') vH,1
3 = ∂x0

α
vH,0
3α ζ

1,Pt
α &' Ω♯

3 ×Ω1
Pt &' -646/01 23*%* Γ

1,Lat
SiO2 &, #3* 7!#*%!7 8$9')!%:

$; Ω1
SiO24

•  !"# $%)'&% <*==! .>?-;0 =⇒

rPt
∮

Ω♯
3
×Ω1

Pt

k0ij

(
χ
(j)
{1,2}∂x0

j
θ0 + ∂x0

β
θ0∂x1

j
ζ1,Ptβ

)(
χ
(i)
{1,2}∂x0

i
vH,0
3 + ∂x0

α
vH,0
3 ∂x1

i
ζ1,Ptα

)
dx0dx1

+rSiO2
3

∮

Ω♯
3
×Ω1

SiO2

k0ij∂x1
j
θ0∂x1

i
vH,0 dx0dx1

= −rPt
∮

Ω♯
3
×Ω1

Pt

a0ijϕ
0

1 + λθ0

(
χ
(j)
{1,2}∂x0

j
ϕ0 + ∂x0

β
ϕ0∂x1

j
ζ1,Ptβ

)(
χ
(i)
{1,2}∂x0

i
vH,0
3 + ∂x0

α
vH,0
3 ∂x1

i
ζ1,Ptα

)
dx0dx1

•  !"# $%)')4 @%$A$,&#&$' .BC =⇒

rPt
∮

Ω♯
3
×Ω1

Pt

k0ij(δjβ + ∂x1
j
ζ1,Ptβ )(δiα + ∂x1

i
ζ1,Ptα )∂x0

α
θ0∂x0

β
vH,0
3 dx0dx1

+rSiO2
3

∮

Ω♯
3
×Ω1

SiO2

k0ij∂x1
j
θ0∂x1

i
vH,0
3 dx0dx1

= rPt
∮

Ω♯
3
×Ω1

Pt

a0ijϕ
0

1 + λθ0
(δjβ + ∂x1

j
ξ1,Ptβ )(δiα + ∂x1

i
ξ1,Ptα )∂x0

β
ϕ0∂x0

α
vH,0
3α dx0dx1

•  +/0!"# $%)')'&% <*==! .B> =⇒

rPt
∮

Ω♯
3
×Ω1

Pt

k0ij(δjβ + ∂x1
j
ζ1,Ptβ )(δiα + ∂x1

i
ζ1,Ptα )∂x0

α
θ0∂x0

β
vH,0
3 dx0dx1

−rSiO2
2

∮

Ω♯
2
×Ω1

SiO2

∂x1
i

(
k0ij∂x1

j
θ0
)
vH,0
3 dx0dx1 + rSiO2

3

∮

Ω♯
3
×Γ1,±

SiO2

k0ij∂x1
j
θ0nx1

3
vH,0
3 dx0dx1

= rPt
∮

Ω♯
3
×Ω1

Pt

a0ij

1 + λθ0
(δjβ + ∂x1

j
ξ1,Ptβ )(δiα + ∂x1

i
ξ1,Ptα )∂x0

β
ϕ0ϕ0∂x0

α
vH,0
3α dx0dx1

.DD



 !"#$%& '( ) $*+,-."/% 0+1%/ 1%&23"$2+4 5+& " 67!8 #&+9%

•  !"#$%& '()*)*)(  !""# $%&'() =⇒

rPt
∮

Ω♯
3
×Ω1

Pt

k0ij(δjβ + ∂x1
j
ζ1,Ptβ )(δiα + ∂x1

i
ζ1,Ptα )∂x0

β
θ0∂x0

α
vH,0
3 dx0dx1

+rSiO2
3

∮

Ω♯
3
×Γ1,+

SiO2

θ0
|Ω♯

3
×Ω1

Pt

k03j∂x1
j
θ+vH,0

3 dx0dx1

= rPt
∮

Ω♯
3
×Ω1

Pt

a0ijϕ
0

1 + λθ0
|Ω♯

3
×Ω1

Pt

(δjβ + ∂x1
j
ξ1,Ptβ )(δiα + ∂x1

i
ξ1,Ptα )∂x0

β
ϕ0∂x0

α
vH,0
3α dx0dx1

•  $%& '()*+( *+,,-! vH,0
3 ∈ C∞

∂Ω♯
3

(Ω♯
3) #./ (#01,23.4 =⇒

rPt
∮

Ω♯
3

k3,Ptαβ ∂x0
β
θ0
|Ω♯

3
×Ω1

Pt

∂x0
α
vH,0
3 dx0 + rSiO2

3

∮

Ω♯
3

θ0
|Ω♯

3
×Ω1

Pt

kSiO2,+

3 vH,0
3 dx0

= rPt
∮

Ω♯
3
×Ω1

Pt

a0ij

1 + λθ0
|Ω♯

3
×Ω1

Pt

(δjβ + ∂x1
j
ξ1,Ptβ )(δiα + ∂x1

i
ξ1,Ptα )∂x0

β
ϕ0ϕ0∂x0

α
vH,0
3α dx0dx1

531+

k3,Ptαβ =

∮

Ω1
Pt

k0ij(δjβ+∂x1
j
ζ1,Ptβ )(δiα+∂x1

i
ζ1,Ptα ) dx1 #./ kSiO2,+

3 =

∮

Γ1,+
SiO2

k03j∂x1
j
θ+ dx16

"* ,!-.% $%-/( *+,,-! vH,0
3 = 07 vH,1

3 = 07 vH,0
2 ∈ C∞

∂Ω♯
2

(Ω♯
2; C

∞
Γ1,Lat
SiO2

(Ω1
SiO2))

#./ vH,1
2 = ∂x0

α
vH,0
2 ζ1,Siα 3. Ω♯

2 × Ω1
Si 3. '8689)7 5+!2! Γ1,Lat

SiO2 3- 1+! :#1!2#: ;,<./#2=

,( Ω1
SiO26

•  $%& "*0  !""# $%& =⇒

rSi2

∮

Ω♯
2
×Ω1

Si

k0ij

(
χ{1,2}(j)∂x0

j
θ0 + ∂x0

β
θ0∂x1

j
ζ1,Siβ

)(
χ{1,2}(i)∂x0

i
vH,0
2 + ∂x0

α
vH,0
2 ∂x1

i
ζ1,Siα

)
dx0dx1

+rSiO2
2

∮

Ω♯
2
×Ω1

SiO2

k0ij∂x1
j
θ0∂x1

i
vH,0
2 dx0dx1 = 0

•  $%& "*)( >2,?,-313,. $@A =⇒

rSi2

∮

Ω♯
2
×Ω1

Si

k0ij(δjβ + ∂x1
j
ζ1,Siβ )(δiα + ∂x1

i
ζ1,Siα )∂x0

α
θ0∂x0

β
vH,0
2 dx0dx1

+rSiO2
2

∮

Ω♯
2
×Ω1

SiO2

k0ij∂x1
j
θ0∂x1

i
vH,0
2 dx0dx1 = 0

$B9



 ! ! "#$ %"#& '()*$ +),$- ,$(./01.)2

•  !"#$%& "'(')*  !""# $%& =⇒

rSi2

∮

Ω♯
2
×Ω1

Si

k0ij(δjβ + ∂x1
j
ζ1,Siβ )(δiα + ∂x1

i
ζ1,Siα )∂x0

α
θ0∂x0

β
vH,0
2 dx0dx1

−rSiO2
2

∮

Ω♯
2
×Ω1

SiO2

∂x1
i

(
k0ij∂x1

j
θ0
)
vH,0
2 dx0dx1

+rSiO2
2

∮

Ω♯
2
×Γ1,±

SiO2

nx1
3

(
k03j∂x1

j
θ0
)
vH,0
2 dx0dx1 = 0

•  !"#$%& "'('(*  !""# $&'(!) =⇒

rSi2

∮

Ω♯
2
×Ω1

Si

k0ij(δjβ + ∂x1
j
ζ1,Siβ )(δiα + ∂x1

i
ζ1,Siα )∂x0

α
θ0∂x0

β
vH,0
2 dx0dx1 = 0

•  $%& "'+* *+,,-! vH,0
2 ∈ C∞

∂Ω♯
2

(Ω♯
2) #./ 0#12,34.5 =⇒

rSi2

∮

Ω♯
2

k2,Siαβ ∂x0
β
θ0
|Ω♯

2
×Ω1

Si

∂x0
α
vH,0
2 dx0 = 0

642+

k2,Siαβ =

∮

Ω1
Si

k0ij(δjβ + ∂x1
j
ζ1,Siβ )(δiα + ∂x1

i
ζ1,Siα ) dx17

,' -!.,% $%./* *+,,-! vH,0
2 = 08 vH,1

2 = 08 vH,0
3 ∈ C∞

∂Ω♯
3

(Ω♯
3; C

∞
Γ1,Lat
SiO2

(Ω1
SiO2))

#./ vH,1
3 = ∂x0

α
vH,0
3 ζ1,Siα 4. Ω♯

3 × Ω1
Si 4. (979:)7 ;,<<,6 2+! -#"! -2!=- #- 2+! =3,,0

0,3 (1)8 6! 5!2 2+! 1,.1<>-4,.

rSi3

∫

Ω♯
3

k3,Siαβ ∂x0
β
θ0
|Ω♯

3
×Ω1

Si

∂x0
α
vH,0
3 dx0 − rSiO2

3

∮

Ω♯
3

θ0
|Ω♯

3
×Ω1

Si

kSiO2,−

3 vH,0
3 dx0dx1 = 0

642+

k3,Siαβ =

∮

Ω1
Si

k0ij(δjβ + ∂x1
j
ζ1,Siβ )(δiα + ∂x1

i
ζ1,Siα ) dx1 #./ kSiO2,−

3 =

∮

Γ1,−
SiO2

k03j∂x1
j
θ− dx17

0' -!.,% $%./7 ?! 1+,,-! ṽ0α, v
0
3, v

1
3 ∈ C∞(Ω♯)8 0,3 d ∈ {2, 3}8 <!2

sx
1

ij (w
d,1) = 3̃

d,D

pqijD
x0

pq (v
0
3) + 3̃

d,S

pqijS
x0

pq (ṽ
0) +

∑

β

δiβδj3∂x0
α
v13 4. Ω♯

d × Ω1
d

4. (979&)7

$@&
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•  !"# $%&'  !""# $%&' ()*+*,-.-*/ $01 #/2  !""# $%$ =⇒

r2

∮

Ω♯
2
×Ω1

2

(
C0

ijhk

(
:̃

2,D

p′q′hkD
x0

p′q′(u
0
3) + :̃

2,S

p′q′hkS
x0

p′q′(ũ
0) + :2,θSi

hk (θ0
|Ω♯

2
×Ω1

Si

)
)
+Mijθ

0
)
·

(
:̃

2,D

pqijD
x0

pq (v
0
3) + :̃

2,S

pqijS
x0

pq (ṽ
0)
)
dx0dx1

+r3

∮

Ω♯
3
×Ω1

3

(
C0

ijhk

(
:̃

3,D

p′q′hkD
x0

p′q′(u
0
3) + :̃

3,S

p′q′hkS
x0

p′q′(ũ
0)
)
+Mijθ

0
)
·

(
:̃

3,D

pqijD
x0

pq (v
0
3) + :̃

3,S

pqijS
x0

pq (ṽ
0)
)
dx0dx1

+r3

∮

Ω♯
3
×Ω1

3

(
C0

ijhk

(
:

3,θSi
hk (θ0

|Ω♯
3
×Ω1

Si

) + :3,θPt

hk (θ0
|Ω♯

3
×Ω1

Pt

)
)
+Mijθ

0
)
·

(
:̃

3,D

pqijD
x0

pq (v
0
3) + :̃

3,S

pqijS
x0

pq (ṽ
0)
)
dx0dx1

=
∑

d

rd

∮

Ω♯
d
×Ω1

d

fM,0
α

(
−x13∂x0

α
v03 + ṽ0α

)
+ fM,0

3 v03 dx
0dx1

•  !"# $%('  !""# $%&3!4 #/2 354' 5#6.*)-/7 #/2 2!8/-.-*/, $99 =⇒

∫

Ω♯
2

(
CH,DD

p′q′pq D
x0

p′q′(u
0
3) + CH,SD

p′q′pqS
x0

p′q′(ũ
0) +M2,D

pq θ0
|Ω♯

2
×Ω1

Si

)
·Dx0

pq (v
0
3) dx

0

+

∫

Ω♯
2

(
CH,SD

p′q′pqD
x0

p′q′(u
0
3) + CH,SS

p′q′pqS
x0

p′q′(ũ
0) +M2,S

pq θ
0

|Ω♯
2
×Ω1

Si

)
· Sx0

pq (ṽ
0) dx0

+

∫

Ω♯
3

(
CH,DD

p′q′pq D
x0

p′q′(u
0
3) + CH,SD

p′q′pqS
x0

p′q′(ũ
0) +M3,D,Pt

pq θ0
|Ω♯

3
×Ω1

Pt

+M3,D,Si
pq θ0

|Ω♯
3
×Ω1

Si

)
·Dx0

pq (v
0
3) dx

+

∫

Ω♯
3

(
CH,SD

p′q′pqD
x0

p′q′(u
0
3) + CH,SS

p′q′pqS
x0

p′q′(ũ
0) +M3,S,Pt

pq θ0
|Ω♯

3
×Ω1

Pt

+M3,S,Si
pq θ0

|Ω♯
3
×Ω1

Si

)
· Sx0

pq (ṽ
0) dx0

=

∫

Ω♯

−q0α∂x0
α
v03 + f 0

3 v
0
3 + f 0

αṽ
0
α dx

0
'

5*) a, b ∈ {D,S} #/2 m ∈ {Si,Pt} .:! :*"*7!/-;!2 6*!<6-!/., #)! 2!8/!2

=> CH,ab
p′q′pq = χ(Ω♯

d
)(x

0)
∮
Ω1

d

C0
ijhk:̃

d,a

p′q′hk:̃
d,b

pqijdx
1
'M2,D

pq =
∮
Ω1

2

(
C0

ijhk:
2,θSi
hk +Mij

)
:̃

2,D

pqijdx
1
'

M2,S
pq =

∮
Ω1

2

(
C0

ijhk:
2,θSi
hk +Mij

)
:̃

2,S

pqijdx
1
#/2M3,b,m

pq =
∮
Ω1

3

(
C0

ijhk:
3,θm
hk +Qm

ij

)
:̃

3,b

pqijdx
1
'

.:! :*"*7!/-;!2 5*)6! ?*#2, #)! q0α = χ(Ω♯
d
)(x

0)
∮
Ω1

d

x13f
M,0
α dx1' f 0

α = χ(Ω♯
d
)(x

0)
∮
Ω1

d

fM,0
α

dx1 #/2 f 0
3 = χ(Ω♯

d
)(x

0)
∮
Ω1

d

fM,0
3 dx1@

$A1



 !"! #$$%&'() *+ ,-% .%/%0%&1% 2033/

 !" #$$%&'() *+ ,-% .%/%0%&1% 2033/

 !"# $!%&'() *+,,+-# '!( #%.( )(*()(/$( &)++* %# "/')+01$(0 "/ $!%&'() 2 3($'"+/

245 -"'! #+.( .+0"6$%'"+/# $+))(#&+/0"/7 '+ '!( /(- %&&)+%$!4 8/ '!( &)(9"+1#

%&&)+%$!: '!( -(%; (<&%/#"+/ +* '-+=#$%,( ')%/#*+). "4( T (uε) = u0 + εu1 "# %&=
&,"(04  !( 0">$1,'? +* '!"# %&&)+%$! "# '!%' εu1 "# /+/=&()"+0"$4 8/ '!"# %&&)+%$!:
@##1.&'"+/ A2BCD -!"$! %,,+-# % &()"+0"$ εu1 "# %&&,"(04  !"# )(01$(# .1$! +*
'!( &)++*4

E/,? 0"F()(/' &)++* #'(&# G('-((/ '!"# %&&)+%$! %/0 '!( &)(9"+1# +/( "# 0"#=

$1##(0 !()(4

 !!"#$%&'( )*+  !"#$%&'() '**+#,-.'/-#0 #1 u2 ,-%0% %)(45 u06 u1 ∈ L2(Ω♯×
Ω1) 471- 5-85

κ0
∫

Ω

uε Bv dx− κ1
∫

Ω♯×Ω1

u0 v dx0dx1 = O(ε) /30 899 v ∈ C∞(Ω♯ × Ω1) A54H5D

8&' κ0
∫

Ω

uε Bv dx− κ1
∫

Ω♯×Ω1

(u0 + εu1)v dx0dx1 = εO(ε) /30 899 v ∈ D(Ω♯; C∞
♯ (Ω1))!

A54HHD

8/ '!"# %##1.&'"+/: -( $%/ &)+9( '!%' u1 "# &()"+0"$4

,-'$'!&%&'( )*.  !"#$%&'() 3-.-/ #1 ' 4)+-5'/-5)2 */ uε (4 8 4%:7%&1% ;37&'%'
84 (& <=!=>? 8&' 485(4/@(&A < !""?6 5-%& u0 (4 (&'%$%&'%&5 3/ x1 8&'

κ0
∫

Ω

∂xu
εBv dx− κ1

∫

Ω♯×Ω1

ηv dx0dx1 = O(ε) /30 899 v ∈ C∞(Ω♯ × Ω1)

B-%0%

η =
∂u0

∂x♯
+
∂u1

∂x1
. A54HBD

C30%3D%06 (/ uε = 0  ! Γ  !"# u0 = 0 $# Γ♯.

 !" #$%%& '( (#)'* '+*% &%,$ -"../(0

 !""# $%&  !"#$% &'()*+ ,(-$%#."-% (- u0/ u0 %& %#'"("#'"# $) x1*

 !" #$%%& '( *!" (/." /( &%$ *!/* %& -"../ 110 2+ (*"# 13 '+(*"/4 %& ,('+5

%#"$/*%$ T ∗
3 6" ,(" *6%7(8/)" /##$%9'./*'%+ :;0<;= 4'$"8*)>0  !" %*!"$ #/$* %& *!"

#$%%& ?""#( *!" (/."0

 !""# $%'  01)(-2 &'()*+ 34(50).'1 6"7"% (8 %91 :1#";.%";1/ η = ∂u0

∂x♯ +
∂u1

∂x1 *

@AB
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 !""#$  !"# $%&&' #()%(# '%&* (!+ #&,%-+ (+%*

Ψ = κ0
∫

Ω

duε

dx
Bvdx ./0123

4"(! v ∈ C∞
Γ♯(Ω

♯; C∞
Γ1(Ω1))0

• %&'( )$ 5%++6 '&%*,7) .80893: ;%&$&#"("&6 82 )6< (!+ 7"6+)%"(= &' "6(+>%)7#
=⇒

Ψ = −κ0
∫

Ω

uεB(
∂v

∂x♯
) dx−

κ0

ε

∫

Ω

uεB(
∂v

∂x1
) dx+O(ε).

• %&'( *$ ?##,*$("&6 ./01/3 "6 (!+ @%#( (+%* )6< ./0113 "6 (!+ #+-&6< &6+

=⇒

Ψ = −κ1
∫

Ω♯×Ω1

u0
∂v

∂x♯
dx0dx1−

κ1

ε

∫

Ω♯×Ω1

u0
∂v

∂x1
dx0dx1−κ1

∫

Ω♯×Ω1

u1
∂v

∂x1
dx0dx1+O(ε).

•  !+ '&77&4"6> #(+$# )%+ (!+ #)*+ )# A(+$ 1 (& A(+$ 2 &' $%&&' &' B+**) /012:
4+ >+(

η =
∂u0

∂x♯
+
∂u1

∂x1
0

+',,- )..  !"#$% &'()*+ ,#)$(-)(.#) &(/0%1$2 3(0%#4#(05 u1 2- Ω1
,

#%&2+12.(

 !""#$ %"/!0' &'!,$ C6 ./0123: 4+ -!&&#+ v ∈ C∞
Γ♯(Ω

♯; C∞
♯ (Ω1))0

• %&'( )$  !+ #(+$# 8D/ &' (!+ #+-&6< E7&-F =⇒

κ1
∫

Ω♯×Ω1

ηv dx0dx1 − κ1
∫

Ω♯×Ω1

∂u0

∂x♯
v dx0dx1 −

κ1

ε

∫

Ω♯×Ω1

∂u0

∂x1
v dx0dx1

−κ1
∫

Ω♯×Ω1

∂u1

∂x1
v dx0dx1 − κ1

∫

Ω♯×Γ1

u1v nΓ1 dx0dx1 +O(ε).

• %&'( *$ B+**) 8GH: )6< $)##"6> (& (!+ 7"*"( 4!+6 ε → 0 )6< B+**) 8G2
=⇒ ∫

Ω♯×Γ1

u1v nΓ1 dx0ds(x1) = O(ε). ./01G3

• %&'( 1$ ;%&$&#"("&6 9 =⇒

u1 "# Ω1
D$+%"&<"-0 ./01I3

82J



 !"! #$$%&'() *+ ,-% .%/%0%&1% 2033/

 !""# $%&  !"#$%& '(")*+ ,-)$".)"/0) '"#12-$3 4"120%0"15 u0 45&6

(7-%7 3& Γ♯
!

'())*+ ,)-(.! /!("+  ! "#$%&'( )* +,--.* v ∈ C∞(Ω♯; C∞
Γ1(Ω1))(

• ,/!0 $+ /,* .0*1. 23# -4 0,* .*+-!5 67-+8 9!5 uε = 0 -! Γ =⇒

κ1
∫

Ω♯×Ω1

η v dx0dx1 = κ1
∫

Ω♯×Ω1

∂u0

∂x♯
v dx0dx1 +

κ1

ε

∫

Ω♯×Ω1

∂u0

∂x1
v dx0dx1

+κ1
∫

Ω♯×Ω1

∂u1

∂x1
v dx0dx1 − κ1

∫

Γ♯×Ω1

u0vnx♯ ds(x♯)dx1 +O(ε).

• ,/!0 1+ :*;;9 2<=( 19..>!? 0- 0,* 7>;>0 ),*! ε → 0( 9!5 @.>!? :*;;9

2<& =⇒

κ1
∫

Γ♯×Ω1

u0vnx♯ ds(x♯)dx1 = 0.

• ,/!0 2+ AB-1-.>0>-! 2 =⇒

u0 = 0 -! Γ♯.

2&2
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(#$)*)+"$),- .,& $!% /0!1 #&,2%

 !"#$%&#'  ! "#$% &#'(")* +) $!"*,-.&) '! ,("$/$0'"$,! ",,1 '!- -$%&.%% $"% '((1$2

&'"$,! ", "#) ,("$/$0'"$,! ,3 45#6 (*,7) -)8)1,()- $! "#) 9:9;<=:5 (*,>)&"?

5#$% ",,1 &,/7$!)% "#) #,.%)2/'-) ,("$/$0'"$,! %,3"+'*) ('&@'A) 4 6B:C +$"#

D;64;E26:5E:B %$/.1'"$,!? 5#) ('*'/)"*$0'"$,! ,3 "#) (*,7) '!- "#) %$/2

.1'"$,! &,!-$"$,!% '*) A$8)! F*%"? 5#)! "#) &,!"*$7."$,! ,3 )'&# ('*'/)")*% '*)

'!'1G0)- $!-)()!-)!"1G '!- %,/) $!H.)!"$'1 ,!)% '*) %)1)&")-?  ! "#$% %")(I "#)
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'!- "#) *)%.1"% '*) %#,+! 7G "#) ('*)", 3*,!" (1,"?
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 !"# $!%&'() "# *(+,'(* ', *(#"-. %. ,&'"/"0%'",. ',,1 2,) '!( %&&1"$%'",. ,2 '!(

/,*(1 2),/ 6=64E'73 4".$( '!"# &%)' ,2 5,)6 "# #7&&,)'(* 89 '!( :;:<=>; 

&),?($'@ '!"# ',,1 "# %&&1"(* 2,) '!( ,&'"/"0%'",. ,2 '!( 4 !A &),8( *(+(1,&(*

". '!"# &),?($'3  !"# ',,1 "# % $,/8".%'",. ,2 '!( !,7#( /%*( ,&'"/"0%'",. #,2'B

5%)( &%$6%-( 4CAD;E %.* '!( F<A4<GBA; G;D #"/71%'",.3  !( %&&1"$%'",.

,2 '!"# ',,1 2,) '!( ,&'"/"0%'",. ,2 '!( 4 !A &),8( $,.')"87'(# ". '5, %#&($'#3

 !( H)#' ,.( "# '!( -(.()%1 ,&'"/"0%'",. &)".$"&1( 2,) '!( *(#"-. %.* '!( #($,.*

,.( "# ,8'%".".- %. ,&'"/%1 *(#"-. 5!"$! "/&),+(* /7$! '!( &()2,)/%.$( '!%.

'!( ,)"-".%1 *(#"-.3  !( H)#' $,.')"87'",. $,/(# 2),/ '!( -(.()%1 %.%19#"# 2,)
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 !"# $!%&'() "# *)+%,"-(. %# /*00*1#2 3, 4($'"*, 5678 '!( *&'"9"-%'"*, &)*:0(9 /*)

'!( 4 !; &)*:( "# .(#$)":(.6 3' ",$0<.(# '!( .(#$)"&'"*, */ '!( &)*:( #')<$'<)(8 '!(

&!=#"$%0 /<,$'"*,",+ */ (%$! $*9&*,(,'8 $)"'"$%0 &!(,*9(,% #!*<0. :( $*,#".()(.

", '!( .(#"+, %,. '!( .(#"+, +*%0 */ '!( &)*:(6 3, %.."'"*,8 '!( 0"9"'%'"*, */ '!(

*&'"9"-%'"*, 1"'!*<' <#",+ % #&($"%0"#(. '**0 "# "00<#')%'(.6 3, 4($'"*, 56>8 '!(

&%)%9(')"-%'"*, */ '!( 4 !; &)*:( !%# :((, .*,( :<' *,0= '!( ?+<)( %,. @%0<(#

%)( )(&*)'(.6 3, 4($'"*, 5658 % #",+0( #"9<0%'"*, <#(. ", '!( *&'"9"-%'"*, 0**&

%,. #*9( <#(/<0 /(%'<)(# %)( ."#$<##(.6 3, 4($'"*, 56A8  !( !*<#(B9%.( #*/'1%)(
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! +,)* )"#* V%.  , '(% !'.%!! "%)!/. ,+ 4 .4/ '0 1(% 4$,4%,'.)'%& (%)' & !'. -/' $,

).$/,& '(% ' # ),& '(% ( +(%. !%,! ,+ 8$*')+% ).% &/% '$ '(% !().# ' #0 1(% !().#

' # '$+%'(%. P '( '(% ,)..$P%. !%,! ,+ '.) * ),& '(% (%)' ,+ '.) * ! +, V4),'*S

.%&/4% '(% - "%')** 4 %L%4'0 1( ! !%4' $,  ! 4*$!%& -S 1)-*% 20? P( 4( .%#$.'! '(%

#).)"%'%.! $O '(% !%*%4'%& $#' ")* &%! +,0

W)"% X YD .D Y3 .3 .? Y &3 &D A4-

M)*/% 3:? 2:E D:? D3; ED0; DD0; ;;; ? ? 3

W)"% A/ (O A(- A+D &? A+3 AZ- YZ, AZ, Y!-

M)*/% ;0<E C0C? DD0=; ; C D=20E D=02; <: ; ?:

W)"% A! 1P(D X;D (;D XDE (DE Y' # G 1( G 631( I'1(

M)*/% D: D0CD 3<0; =303E ?D0:< E30; :0D ?0; :03 :0:<;?

W)"% A[I AI Y[I YI I %U$1( 1P(3

M)*/% DD03; 30; 330; D0E D0; :0D

1)-*% 20?N I).)"%'%.! $O '(% !%*%4'%& !)"#*%

\, '(% %,& $O '( ! !%4' $,R P% !/""). U% $#' " U)' $, ./*%! $-') ,%& -%O$.%0

DEC



 !"#$%& '( )#$*+*,"$*-. /-& $!% 01!2 #&-3%

•  !"#$%&'" (%)* !'$+*, '*$"*# -$.%-%/*! "'* "%+ "*-+*#$"0#* $), "'* !*)!%)&
12("$&*3

• 4'* '*$"*# 5%"' $ 5%,* 62""2- $), $ !'$#+ "%+ 72)7*)"#$"*! "'* '*$" ,%!"#%8

60"%2) $), #*,07*! "'* 6%-*"$((%7 *9*7"!3

• 4'* !*)!%)& "#$7: !'20(, 6* "$:*) $! )$##25 $! +2!!%6(* "2 #*,07* "'*

6%-*"$((%7 *9*7"3

• 4'* 48!'$+*, &$+ $), "'* "%+8&$+ $#* )2" 0!*;0( 5'*) "'* "%+ %! !'$#+3

• 4'* %)7#*$!* 2; "'* '*$"%)& "#$%( 5%,"' ,*7#*$!*! "'* *(*7"#%7 #*!%!"$)7*< !2 %"
%)7#*$!*! "'* "*-+*#$"0#* ;2# $ 12("$&* !20#7* 60" ,*7#*$!*! "'* "*-+*#$"0#*

;2# $ 70##*)" !20#7*3 => $)>5$>< %"! 2+"%-%/$"%2) )**,! "#$,*829 6*"5**)

"'* "%+ "*-+*#$"0#* $), "'* "%+ ,%!+($7*-*)"3

• 4'* -%,,(* (*& !'20(, 6* ,*!%&)*, 5%"' $ 0)%;2#- 5%,"' $), %"! 2+"%-%/$"%2)
#*?0%#*! "'* "#$,*829 6*"5**) "'* +#26* !"%9)*!! $), "'* 6%-*"$((%7 *9*7"3

• 4'* 5%,"' 2; "'* &$+ $#20), "'* -%,,(* (*& %! %)@0*)"%$( "2 "'* +#26* !"%9)*!!
$), "2 "'* 6%-*"$((%7 *9*7"< "'* "#$,*829 6*"5**) "'*!* "52 ;*$"0#*! !'20(,

6* 72)!%,*#*, %) %"! 2+"%-%/$"%2)3

• 4'* !%(%72) ($>*# !'20(, 6* "$:*) $! "'%) $! +2!!%6(* "2 '$1* $ @*.%6(* 7$)8
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#$" /)!9%'12 !%&"' &"+13.#1%-:
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-( %&' F=FEG;=7  !"H')%6 7&' 2'('!/, " %-*-?/%-"(  !-()- ,'$ #"! %&' $-*-,/!

<7&:  !"8' +'$-2($ &/.' 8''( $1**/!-?'+ /(+ / $'% "# " %-*/, +'$-2($ )"!!'4

$ "(+-(2 %" +-I'!'(% )"* !"*-$' "# "8H')%-.' #'/%1!'$ &/.' 8' "8%/-('+6

A( %&-$ %&'$-$5 "(,J / #'0 /$ ')%$ -( %&' $",1%-"( 8/$'+ "( :;:<=>/8 &/.'
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Abstract:

This thesis is dedicated to develop a kernel of a symbolic asymptotic modeling software package

MEMSALab which will be used for automatic generation of asymptotic models for arrays of micro and

nanosystems. Unlike traditional software packages aimed at numerical simulations by using pre-built

models, the purpose of MEMSALab is to derive asymptotic models for input equations by taking into

account their own features. An approach called ”by extension-combination” for the asymptotic model-

ing which allows an incremental model construction is firstly proposed for the homogenization model

derivation. It relies on a combination of the asymptotic method used in the field of partial differential

equations with term rewriting techniques coming from computer science. This approach focuses on

the model derivation for family of PDEs instead of each of them. An homogenization model of the

electrothermoelastic equation defined in a multi-layered thin domain has been derived by applying

the mathematical method used in this approach. At last, an optimization tool has been developed by

combining a house-made optimization software package SIMBAD and COMSOL-MATLAB simulation

and it has been applied for optimization of a SThM probe.

Keywords: Multi-scale, Arrays, Nanosystem, Asymptotic model, Rewriting technique, extension-

combination, Elementary model, Thin-domain, Feature, Optimization

Résumé :

Cette thèse est consacrée au développement d’un noyau du logiciel MEMSALab de modélisation par

calcul symbolique qui sera utilis é pour la génération automatique de modèles asymptotiques pour

des matrices de micro et nanosystèmes. Contrairement à des logiciels traditionnels réalisant des sim-

ulations numériques utilisant des modèles prédéfinis, le principe de fonctionnement de MEMSALab

est de construire des modèles asymptotiques qui transforment des équations aux dérivées partielles

en tenant compte de leurs caractéristiques. Une méthode appelée ”par extension-combinaison” pour

la modélisation asymptotique, qui permet la construction de modèle de façon incrémentale de sorte

que les caractéristiques désirées soient incluses étape par étape est tout d’abord proposé pour le

modèle d’homogénisation dérivation. Il repose sur une combinaison de méthodes asymptotiques

issues de la théorie des équations aux dérivés partielles et de techniques de réécriture issues de

l’informatique. Cette méthode concentre sur la dérivation de modèle pour les familles de PDEs au

lieu de chacune d’entre elles. Un modèle d’homogénéisation de l’électro thermoélastique équation

définie dans un domaine mince multicouche est dérivé par utiliser la méthode mathématique dans

cette approche. Pour finir, un outil d’optimisation a été développé en combinant SIMBAD, une boite à

outils logicielle pour l’optimisation et développée en interne, et COMSOL-MATLAB. Il a été appliqué

pour étudier la conception optimale d’une classe de sondes de microscopie atomique thermique et a

permis d’établir des règles générale pour leurs conception.

Mots-clés : Multi-échelle, réseau, nanosystèmes, modèle asymptotique, technique de réécriture, extension-

combinaison, modèle primaire, mince-domaine, caractéristique, Optimisation


