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Chapitre 1

Introduction

Dans cette these on étudie la controlabilité des systemes d’équations de type chaleur.
On rappelle dans un premier temps les résultats existant pour une seule équation de la
chaleur d’une part, et pour les systemes d’équations différentielles d’autre part. On donne
ensuite les contributions apportées par cette these. Les principales thématiques abordées
sont la controlabilité frontiere des systémes en dimension supérieure, la controlabilité avec
un coefficient de couplage d’ordre 1 et la contrélabilité avec un coefficient de couplage
variable.

1.1 Equation de la chaleur et systémes en dimension
finie

On rappelle dans cette section ce qui est connu sur la controlabilité de ’équation de
la chaleur et des systemes d’équations différentielles en dimension finie. Cela permettra de
bien comprendre la situation et les problemes qui se posent pour les systemes d’équations
du type chaleur. Pour une introduction générale a la théorie du controle on renvoie aux
livres |[Cor07, [Zab92l, [TW09).

1.1.1 Généralités sur la contrélabilité de I’équation de la chaleur

Soit © C RY un ouvert borné connexe non-vide de classe C*?. On note Q7 = (0,7 x
et Xr = (0,7) xI' ou I' = 09Q. On considere 1'équation de la chaleur avec un terme source :

Oy — Ay =1,v dans Qr,
y=0 sur X, (1.1)
y(0) =yo  dans €,

ou y est I'état, yy est la donnée initiale, v est le contréle et 'ouvert non-vide w C €2 est la
zone de controle.

11



12 CHAPITRE 1. INTRODUCTION

On rappelle que pour tout yo € L*(Q) et v € L*(Qr) il existe une unique solution
(faible) y € C°([0, T]; L*(2)) qui dépend continfiment des données : il existe une constante
C > 0 (indépendante de T') telle que

1llco oz < Ce“™ (Ivoll 2@y + 10l 2(0r)) - (1.2)

De plus, la régularité parabolique nous dit aussi que y € L*(0,T; H*(Q) N HY(Q)) si yo €
H}(Q). On rappelle également qu'une des propriétés caractéristiques de 1’équation de la
chaleur est son effet a régulariser instantanément. Ainsi, pour tout ouvert non-vide ¥ C 2
qui n’intersecte pas w, on a

y € C=((0,T] x V).

Controlabilité a zéro et controlabilité approchée

Les deux grands concepts en controlabilité dont nous aurons besoin sont les suivants :

Définition 1.

1. On dit que ’équation est controlable a zéro au temps T si, pour toute donnée
initiale yo € L*(Q), il existe un controle v € L*(Qr) tel que la solution associée
y € C[0,T); L*(2)) vérifie
y(T) = 0.

2. On dit que Uéquation (1.1|) est approzimativement contrélable au temps T si, pour
toute donnée initiale yo € L*(Q), toute cible yr € L*(Q), et toute précision ¢ > 0, il
existe un controle v € L*(Qr) tel que la solution associée y € C°([0,T]; L*(Q)) vérifie

[9(T) = yrll 2 < €

Lorsque l'équation (1.1)) est contrélable (a zéro, approximativement) au temps T pour tout
T > 0, on dira simplement qu’elle est contrélable (a zéro, approximativement).

Il existe en fait un autre concept de controlabilité ou ’on cherche a atteindre exactement
une cible yr mais ce dernier ne se préte guere au modele de la chaleur a cause de son effet
régularisant mentionné plus haut (cela imposerait a la cible y7 d’étre extrémement réguliére
en dehors de w). Notons que, lorsque I'équation (|I.1)) n’est pas contrdlable, il peut quand
méme étre intéressant de caractériser les données initiales qui sont néanmoins controlables.

Il est tres commode de reformuler les définitions précédentes sous forme d’inclusions
d’'image d’opérateurs. Introduisons les opérateurs linéaires

Fr L2<Q) — LQ(Q) GT : LQ(QT) — L2(Q>
Yo — Y1), v — g(T),

ou g est la solution libre de 'équation (|1.1f), c’est-a-dire sans controle (v = 0), et 7 est
la solution de I’équation ([1.1)) en partant de la donnée initiale yo = 0. Notons que ces
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opérateurs sont bien définis en vertu de la régularité de y et qu’ils sont également bornés
grace a la dépendance continue par rapport aux données.
Ainsi, il existe un controle v qui transfere la solution de ’équation de yp a yr au
temps T si, et seulement si,
yr € Fryo + Im Gr.
On peut alors réécrire la définition [1| comme il suit :

1. L’équation (|1.1)) est controlable a zéro au temps 1" si

2. L’équation ([1.1]) est approximativement controlable au temps T si

Im G = L*(Q). (1.4)

Systéme adjoint et dualité entre controélabilité et observabilité

On introduit le systeme adjoint a ((1.1)), c’est-a~dire I’équation rétrograde en temps

—0iz—Az=0  dans Qr,
z=0  sur Xp, (1.5)
2(T) = zr dans Q.

On rappelle que pour tout 2y € L2() il existe une unique solution (faible) z €
C°([0,T]; L*(£2)) qui dépend continfiment des données. On rappelle également que I’énergie
de ce systéme croit a une vitesse exponentielle :

20l 2@y < Ozt 0y, Ve ta €[0,7), 1 S o, (1.6)

En effectuant des intégrations par parties on obtient la relation fondamentale entre la
solution y du probleme initial ([1.1]) et la solution z du probleme adjoint (|1.5)) :

T

W), 21) 12(0) = (W0, 2(0)) L2(0) = / (0(t), Loz(t)) 12(q) dl- (1.7)

0

Cette relation rend alors le calcul des adjoints des opérateurs G et Fr immédiat :

Fr o L*(Q) — L*Q) Gy oo LA(Q) — L*Qr) (1)
2z —  z(0), r — 1,z '

Avec ces calculs et en passant au dual dans les inclusions et , on obtient main-
tenant le théoreme fondamental qui relie la notion de controlabilité a celle d’observabilité.
C’est, dans de nombreuses situations, le point de départ pour commencer 1'étude de la
controlabilité en dimension infinie. Ce fait a été observé par Dolecki et Russell dans [DR77].
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Théoréme 2.

1. L’équation (1.1)) est contrélable a zéro au temps T si, et seulement si, son systéme
adjoint ([L.5)) est observable a zéro au temps T, c’est-a-dire si on a l'inégalité d’ob-
servabilité

T
3Cr > 0,Vzr € L*(Q), ||Z(0)||i2(9) < C%/o ||1wz(t)||i2(9) dt. (1.9)

2. L’équation (1.1)) est approzimativement contrdlable au temps T si, et seulement si,
son systéme adjoint (1.5)) est approximativement observable au temps T, c’est-a-dire
st on a la propriété d’unicité

Ver € LA(Q), (1,2(t) =0, pp.t€(0,T)) = 2 =0.

Remarque 3. Suite a ce théoréme il est facile de voir que la controlabilité a zéro implique
la controlabilité approchée si le systeme adjoint a la propriété d’unicité rétrograde, c’est-a-
dire si

2(0) =0 = zr = 0.

Cette propriété est effectivement vérifiée pour le systeme adjoint (1.5), et plus généralement
pour une large classe de systemes paraboliques, voir |Ghi86)].

Notons que pour vérifier I'inégalité d’observabilité il suffit de le faire pour des
données zp plus régulieres (grace a la dépendance continue par rapport aux données).

La constante C'r qui apparait dans l'inégalité d’observabilité est tres liée au
contréle. La meilleure de ces constantes étant en fait le coiit du contréle (voir la section
d’apres). Pour linstant, observons le fait suivant. Supposons qu’il existe une constante
K7 > 0 telle que, pour toute donnée initiale gy, il existe un contréle v tel que

1]l 207y < B2 llyoll £2(0)- (1.10)

On verra que la controlabilité entraine en fait automatiquement 'existence d’une telle
constante. Alors, il découle facilement de ([1.7)) I'inégalité d’observabilité suivante :

T
Ver € LX), [12(0)aey < K3 [ IL2(0)]Fag d. (1.11)

La réciproque est en fait aussi vraie, a savoir que s’il existe une constante Kr > 0 telle
que E[) ait lieu, alors, pour toute donnée initiale g, il existe un contréle a zéro v avec

1.10)). Il s’ensuit que la meilleure des constantes qui intervient dans est également la
meilleure des constantes dans , cette derniere étant appelée constante d’observabilité.

Controle a zéro optimal

A priori il n’y a pas unicité dans le choix du controle. Cependant on peut rechercher le
"meilleur" controle au sens d’'un certain critére, par exemple celui qui est de norme L*(Qr)
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minimale. A yq fixé, si le probleme est controlable depuis yp, alors I’ensemble des
controles associés est un sous-espace affine fermé de L?(Q7) (de direction ker Gr) qui est
donc non-vide. Le théoreme de la projection sur un convexe fermé permet de voir alors que
le probleme de minimisation sous contrainte

inf 0]l [2(g,): v controle associé a yo,

admet une unique solution v, (la projection de 0 sur le convexe), appelé controle optimal.
Lorsque I’équation (1.1]) est controlable a zéro au temps 7', on peut donc définir 1'ap-
plication
Yo € LQ(Q) > Uopt € Lz(QT)

A T'aide du théoreme du graphe fermé il est facile de voir que cette application linéaire est
continue. On note alors K sa norme, qui est appelée cotit du controle. L’estimation (1.10)
a ainsi toujours lieu avec ce Krp. Il est facile de voir que 'application

T e (0,+OO> — K

est décroissante et tend vers +oo quand T tend vers 07 (plus on se rapproche du temps
initial, plus cela cofite cher de contrdler).

1.1.2 Contrélabilité a zéro de I’équation de la chaleur

Pour I'équation de la chaleur , le probleme de contrélabilité a zéro est en fait
completement résolu. On rappelle ici différentes méthodes qui permettent d’obtenir ce
résultat. Ces techniques seront également employées pour les systemes d’équations dans la
suite de ce manuscrit.

Théoréme 4 ([LR95| [F196]). L’équation de la chaleur (1.1)) est controlable d zéro pour
tout temps T > 0 et tout ouvert non-vide w C €.

La principale difficulté pour prouver ce théoréme est lorsque la zone de contréle w est
un sous-domaine strict de 2. En effet, dans le cas ot w = €2 il suffit de multiplier I’équation
(1.5) par (T"— t)z et ensuite d’intégrer par parties pour obtenir I'inégalité d’observabilité

(1.9) avec Cr = 1/T.

Controlabilité interne et controlabilité frontiére

Par une astuce qui consiste a étendre le domaine, la contrdélabilité frontiere est faci-
lement déduite de la controlabilité interne. En effet, considérons I’équation de la chaleur

avec un controle au bord
Oy — Ay =20 dans Qr,

y=10 sur Xp, (1.12)
y(0)=yo  dans Q,

ot v € L*(X7) est donc le controle et Pouvert non-vide v C 92 est la zone de controle.



16 CHAPITRE 1. INTRODUCTION

Comme la donnée au bord est tres peu réguliere, la notion de solution pour 1’équation
est a prendre ici dans un sens plus faible, celui de la transposition (voir [LM68]).
On sait alors que pour tout yo € H~1(Q) et v € L*(X7), il existe une unique solution (par
transposition) y € C°([0,T]; H~'()) qui dépend contintiment des données.

Soit maintenant 2 un ouvert borné connexe non-vide de classe C? tel que

QcQ, nQccy, OQ\Q#£0.

Soit w C Q\ﬁ un ouvert non-vide. Pour yo € L%*(Q2) on note 7, le prolongement de
Yo par zéro en dehors de (2. D’apres le théoreme [ on sait qu'’il existe un controle a zéro
v € L*(Qr) pour I'équation de la chaleur posée sur €2 :

0,y — Ay =1, dans Qr,
y=0 sur iT,
7(0) =75  dans €.

Alors, y = yjq est solution de I"équation avec v = Yoo € L*(0,T; H'Y2(Q)) et vérifie
y(T) = 0, ce qui prouve la contrdlabilité a zéro de (pour des données initiales
Yo € L*()). ]

Notons d’ores et déja que ce procédé se révelera impossible pour les systemes d’équa-
tions, si on dispose de moins de controles que d’équations.

La méthode des moments

La méthode des moments a été utilisée dans [FR71] pour obtenir le tout premier résultat
de controlabilité pour I’équation de la chaleur. C’est un résultat en dimension 1 et avec un
contréle frontiere. Pour étre plus précis, considérons

Oy — 02y =0 dans (0,7) x (0,1),
y(t,0) =v(t), y(t,1)=0 sur (0,7), (1.13)
y(0) = yo dans (0,1).

De méme que dans le cas distribué ot on avait la relation (1.7)), on a ici

<y<T)’ZT>H—1,Hé - <y07 H 1H1 —/ 8 Z t 0 d
pour tout 2y € H(0,1), ot 2 est toujours la solution du systéme adjoint ([1.5)). 11 est alors

facile de voir que I’équation ([1.13)) est contrdlable a zéro au temps 7T si, et seulement si,
pour tout yo € H~1(0,1), il existe un controle v € L?(0,T) tel que

_<y07 HlHlf/ 82t0d
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En décomposant maintenant yq et z en séries de Fourier dans la base de fonctions propres
{¢1},~, de =92 (avec conditions au bord de Dirichlet), la relation précédente est équivalente

c _/ eMdE k>,

2T
7 ¢k(
Pour le résoudre, on construit une famllle {1 C L*(0,T) biorthogonale & la famille

ol on a posé ¢, = (yg k) g1 - C’est ce qu’on appelle un probléme des moments.

des exponentielles {e”\kt}k>1, c’est-a-dire telle que

— A\t _
<Qk, e >L2(0’T) = O,
et qui vérifie de plus I'estimation
il 20,7y < pre®V . Wk > 1, (1.14)

ou pr > 0 est une constante qui dépend de T'. Une fois cette famille construite (c’est la
tache la plus difficile), il suffit de prendre v de la forme

+00
t) = crau(T —
k=1

Vérifions que cette série converge bien dans L?(0,T). De 'estimation (1.14]) et 'inégalité
de Young Cv/ A, < 2L+ & ona

T | o2
||qk||L2(O,T) < PT‘?%JFﬁa

1 _
lex] < ﬁe )\kTHyOHH*1(0,1)7

Ainsi,
ol < poref® (35 ) ol
( f =
7‘,2
Comme )\, = k?m2, cette série est comparable a I'intégrale de Gauss ;e —5ha? dx, qui

vaut /1/(27T).

Par ailleurs, sachant qu’on peut en fait prendre pr = Ce®/T (voir [Sei84]), cela fournit
aussi une estimation du cofit du controle en Ce®/T.

Les inégalités de Carleman

Les inégalités de Carleman sont des inégalités a poids initialement introduites par Car-
leman [Car39] pour prouver la continuation unique d’un systéme d’équations aux dérivées
partielles. Elles ont depuis lors subi de nombreux développements et elles se révelent étre
des outils tres efficaces pour prouver la controlabilité. Elles ont 'avantage d’étre assez
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souples, en ce sens qu’elles sont invariables par perturbation de termes d’ordre 1 ou 0, et
qu’on peut traiter le cas des coefficients variables, en t et x.

On suit la présentation de [FCGO6]. Commengons par rappeler les poids qui inter-
viennent dans ces inégalités. Soit m > 1 quelconque. On introduit les poids suivants :

62/\mmax§ﬁ . eA(mmaxﬁ,B+,B(a:)) ek(mmaxﬁﬁJrﬁ(z))

HT — 1) o) =

at,r) =

ot la fonction 8 € C*(2) est telle que
f>0dans Q, [=0surdf, |VS]|>0dans Q\w.

Pour l'existence d’une telle fonction, on renvoie a [F196, Lemma 1.1].

Théoréme 5 ([FI96]). Il existe des constantes C' > 0, Ao, so > 1 (indépendantes de T')
telles que, pour toute solution z de l’équation

—0iz—Az=F dans Qr,
z2=0  surXp, (1.15)
2(T) = zr dans ,

avec F € L*(Qr) et 2pr € HL(Q), on ait
st // e~ (|02 + |Az|?) da dt + s\ // e 2% |Vz|? de dt
Qr Qr
3414 —2sa, 31,12 314 —2sa, .3 |2
s°A //QTe 0 |z]” drdt < C’(s A //(O’T)Xwe ©° |z]” dx dt (1.16)

+// 2 | P2 dxdt),
Qr

pour tout X > Xg et s > (T + T?)sy.

Cette inégalité de Carleman appliquée au systeme adjoint ((1.5)) donne en particulier

// e~ 2| da dt < C// e 2003 2* du dt,
QT (O,T)Xw

pour tout A > Ao et s > (T + T?)sy. Sachant que les poids vérifient, pour une méme
constante C' > 0 (indépendante de T'),

I . 1
e~ 2T+ a3 > 20(1+1/T)ﬁ sur (T/4,3T/4) x Q,

6—250(T+T2)04903 S G—C(l-‘rl/T)i sur (O’T) X Q,

Tﬁ
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ol on a fixé X\ assez grand pour la deuxieme inégalité, on obtient donc

// 122 dadt < C’eC/T// 2 d dt.
(T/4,3T/4)x Q2 0,T)x

Par ailleurs, la croissance de ’énergie (|1.6)) donne
)

2 dx dt.
12(0) 1720y < T//T/43T/4 §

En combinant les deux dernieres estimations on obtient ainsi I'inégalité d’observabilité
avec comme constante Cp = Ce®/” (on rappelle qu’il suffit de prouver cette derniére
pour des données zr régulicres, ici H}(Q)). O

Mentionnons également qu’il existe une version adaptée au controle frontiere des inéga-
lités de Carleman, étant remplacée par

st //Q e~ 2% (|02 + |Az?) da dt + A2 // 205 |V2|* da dt
T
s // “2sa 3 22 drdt < C(s/\// e 2% |0, 2|° da dt
Qr DT)X’Y

+// 2 | |2 d:z:dt),
Qr

pour d’autres fonctions poids 3, a et .

La méthode de Lebeau-Robbiano

Soit A7 < A < ... les valeurs propres (non nécessairement distinctes) de —A, et soit
{¢;};5, les fonctions propres associées. On note E; = vect {¢;},.p, 5 la somme des J
premiers sous-espaces propres de —A (avec conditions au bord de Dirichlet).

La méthode de Lebeau-Robbiano pour établir la contrdlabilité de 1’équation de la cha-
leur repose sur l'inégalité spectrale suivante, qui peut s’obtenir en utilisant des inégalités
de Carleman (|[LR95, [LRQT]) : il existe une constante C' > 0 telle que, pour tout J > 1 et

tout (a;);ep,sp € C7, on ait

J
S al? < CeCW/ (1.17)

=1

De cette inégalité on peut en déduire une estimation du cofit de la controlabilité partielle
dans les espaces E;. En effet, soit zr € E;. On peut donc écrire zp = Z}']:1 a;¢; ou les a;
sont des scalaires. Il s’ensuit que z(t) = Z}]=1 e"\j(T_t)ajgbj. En appliquant I'inégalité de
Lebeau-Robbiano (1.17) avec a; = e=*T~q; on obtient

J
. 1 T
[ 2( ||L2(Q >oe N oyt < Ter/E/O ||1w2(t)||i2(9) dt, Vzr e Ej.
J=1
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Par dualité on en déduit que, pour tout yo € L*(2), il existe un contrdle v € L*(Qr)
tel que
HEJy(T) = 07

C (1.18)
< 760@”3/0‘&2(9)-

”UHL2(QT) =T
L’idée est de maintenant construire le controle en deux temps. D’abord on controle les
premieres fréquences avec le cotit obtenu dans ([1.18]). Ensuite, on laisse dissiper I’équation
pour compenser le "mauvais cott" de I’étape précédente.
On écrit [0,T) = UiSS[ax, aps1], avec ag = 0, agry = aj, + 2Ty, et T = M27% on
p€(0,%) et M =T(1—27)a été choisi de sorte a ce que 23125 T =T

| CONTROLE | DISSIPATION |

| 1 1 2 5, |

: ~ ec(2k) N l ~ e_c(2k) N :
| | 1 | |
[ ‘ * ‘ |
0 Qg IIg , y=0 Q11 T

ok

FIGURE 1.1 — Stratégie de Lebeau-Robbiano

Soit yo € L*(Q) fixé. On commence par définir par itération des suites de controles
partiels (vF);>0 et de solutions associées (y*)r>0 de la manicre suivante.

Pour la donnée initiale y*~1(a;) (resp. yo pour k = 0) on sait qu’il existe un contréle
partiel v* tel que la solution associée y* sur (ay,ay + Tj), c’est-a-dire,

oyt — Ay = 1,0 dans (ag, ar + T) x Q,
y* =0 sur (ag, ar + Ty) x 09,
yk(ak) =y+1(ay) dans Q,

vérifie I g, y*(ar, + T}) = 0. On pose alors

_ oF(t)  sit € (ax,ar + Ty),
vk(t) = .
0 site (ar+ Tk, k1),

et on appelle ¢ la solution associée sur (ay, ag41). Comme y* coincide avec y* sur [ag, a +
Ty, on a aussi g, y¥(ar + Tx) = 0. Nous allons montrer que la fonction v définie par
v(t) = v¥(t) pour t € (ay, axy1) appartient & L*(Qr) et ameéne la solution correspondante
y a zéro au temps 7.
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Dans ce qui suit, les constantes C1,Cy, ... peuvent dépendre de T (mais pas de k).
On commence par une estimation sur l'intervalle [ax, ar + Tx]. Le cotlit du contrdle partiel
1

(1.18), la formule de Weyl /Aox s Ch (2’“) N et le choix de p donnent

|+*

k
< Coe®?V ||y T (ay) (1.19)

L2 (ag,ap+Tx; L2 (2)) L2(Q)

En utilisant la dépendance continue par rapport aux données (1.2]), on a alors

Hﬁ(ak + Tk) < 036022% HF(%)

L2() L2(Q)’

Sur Uintervalle [ay + Tk, ax41] maintenant, on utilise le fait que HEQkﬁ(ak + Tx) = 0 avec

2
la dissipation parabolique et I'estimation Ay 1T} ~ Cy (2’“ + 1) No—ke > Oy (2’“) N pour
obtenir
KR P —
< Gy )T [y (g + T3)

ok
HZ/ (ap+41) L2(Q) 2Q)’

En combinant les deux estimations précédentes et par récurrence on a

Sho(-csenFrrcaent)

HE(ak—i—l) L2() < Cge 19oll 720
Sachant que p < %, il existe py > 0 tel que, pour k > pg, on a
i 2_ 1 b 2_ A
S (-Cs@)F P+ Co(2)Y) < Cs = Cr Y ()N P < Gy — CH(29)Y
p=0 p=po
Ainsi, pour k > pg, on a
— _ k %_p
[ (@) 2 gy < Coe ™ Dol (1.20)

Montrons enﬁn avec ces estimations que la fonction v est bien un controle dans L*(Qr).

Les estimations et - donnent

2
Cp2 N —C (2F-1)N 77 2
L2 akaak'f‘Tk LQ(Q)) — (Cll + Z 2 7 ) ) HyOHLQ(Q)

017200 = Z |0k

k=po+1

Ainsi, v € L*(Qr) et la solution correspondante y € C°([0,T]; L*(2)), qui coincide sur
chaque intervalle [a, ary1] avec y*, vérifie grace a (|1.20)

= ||y(T)||L2(Q)

(@) = [[¥¥ (@) oy T
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1.1.3 Les systemes d’équations en dimension finie

Considérons a présent le systeme d’équations différentielles ordinaires

d
A Ay + Bv  dans (0,7),

y(0) = yo,

(1.21)

ou y est toujours I'état, yo la donnée initiale, v le contrdle, et A, B sont des matrices réelles
de tailles n X n et n x m.

On rappelle que pour tout yo € R™ et v € L*(0,T;R™) il existe un unique y €
C°([0, T]; R™) solution de ([1.21)) qui dépend continiiment des données.

Les définitions de contrélabilités restent inchangées. Cependant, sachant qu'un sous-
espace vectoriel de dimension finie est toujours fermé, on voit qu’il n’y en fait pas lieu de
distinguer toutes les notions de contrélabilité en dimension finie. On dira donc simplement
que le systeme est controlable au temps 7' ou qu’il ne 'est pas.

On va maintenant rappeler deux criteres tres simples de controlabilité pour le systeme
(1.21]).

La condition de rang de Kalman

En dimension finie on peut en fait completement calculer I'image de 'opérateur Gr :
Théoréme 6 ([KFAGI]). On a
ImGpr=Im[A: B],
ou [A: B], = (B|AB|---|A""'B) est une matrice de taille n x mn.

En conséquence, on obtient que le systéme ([1.21]) est controlable au temps T si, et
seulement si, la condition de rang de Kalman est vérifiée, c’est-a-dire,

rank [A : B], =n. (1.22)

Cette condition donne un critere algébrique vraiment simple. Par exemple, le systéme
2 x 2 avec un seul controle

d
Y = et + ajpye +v  dans (0,7),
Y2 = e + gy dans (0,7),

est controlable si, et seulement si,
agq 7é 0.

Cela montre que le coefficient de couplage ao; est le seul dont il faut vraiment se soucier.
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Caractérisation de Fattorini - test de Hautus
Nous énongons maintenant un critére dual a la condition de Kalman ((1.22)) :

Théoréme 7 ([Fat66, Hau69]). Le systéme (1.21) est controlable au temps T' si, et seule-
ment st,

ker(A* — ) Nker B* = {0}, VO eC. (1.23)

La condition (1.23)) n’est autre que la propriété de continuation unique dans les sous-
espaces propres de A*. Ce que dit donc ce théoreme c’est qu’il suffit de vérifier cette
propriété dans les sous-espaces propres de A* pour qu’elle soit en fait vérifiée dans tout
I’'espace R".

Ce théoreme, dii a Fattorini, est en fait plus connu en dimension finie sous le nom de test
de Hautus, bien que le papier de Fattorini [Fat66] soit antérieur a celui de Hautus [Hau69].
Qui plus est, contrairement au résultat de Hautus, celui de Fattorini ne se restreint pas
seulement a la dimension finie, il reste vrai dans un cadre beaucoup plus général, dont
nous reparlerons plus loin. Les preuves sont cependant bien différentes puisque Hautus
donne une preuve directe de ’équivalence entre la caractérisation et la condition de
Kalman (|1.22]).

Remarque 8. La condition de Fattorini peut également s’écrire sous forme de condition
d’indépendance linéaire des familles {B*Vy, 1,...,B* Vo, m, }, © € [1,p], 0t Vo, 1,- .., Vo,m,
est une base du sous-espace propre de A* associé d la valeur propre 6; (qui est donc de
dimension m; ). Cela fait ressortir une condition nécessaire sur le nombre de contréle dont
on doit disposer. En effet, pour avoir une chance de controler le systéme, il faut donc au
moins que

m > max m;.
1<i<p

1.2 Problématique des systémes et plan du mémoire

On sait donc depuis [LR95, [FT196] que, pour tout temps 7' > 0 et tout ouvert non-vide
w C €, I"équation de la chaleur est contrdlable a zéro avec un controle interne ou frontiere.
Comme on peut le voir, la controlabilité pour une équation est donc indépendante du temps
de controle et de la zone de contréle. De plus, la controlabilité interne et la controlabilité
frontiere sont deux propriétés équivalentes.

Pour les systemes d’équations, il se peut tres bien que tous ces résultats soient mis en
défaut. Par exemple, l'astuce qui consiste a étendre le domaine pour déduire la contrdlabi-
lité frontiere de la contrdlabilité interne ne fonctionne plus lorsque ’on cherche a controler
un systeéme avec moins de controles que d’équations. Il s’avere méme faux que la contro-
labilité avec un controle interne entraine la controlabilité avec un controle frontiere, cela
a été établi dans [FCGBATI0]. Ce fit le premier résultat qui mit vraiment en opposi-
tion la contrélabilité d’équations avec la contrdlabilité de systemes. D’autre part, dans
[AKBGBAT12], on voit méme que la contrélabilité de certains systémes paraboliques peut
n’avoir lieu qu’a partir d’'un certain temps. Ceci est tres surprenant pour des problémes de



24 CHAPITRE 1. INTRODUCTION

nature parabolique (par opposition au cas hyperbolique). Enfin, dans [Oli13] et [BO13], on
voit que la contrélabilité peut également dépendre de la géométrie du domaine de contrdle
et du nombre d’équations du systeme.

Outre le comportement tres différent des systémes d’équations, on rencontre égale-
ment des problemes techniques pour caractériser la contrélabilité de ces derniers. Pour
mieux comprendre cela, on va rappeler comment les inégalités de Carleman permettent
de résoudre certains problemes de controlabilité pour les systemes d’équations. On pointe
ensuite les difficultés a employer cette technique dans d’autres situations, qui seront au
coeur du sujet de cette these.

Inégalités de Carleman pour les systemes

Considérons dans un premier temps le systeme d’équations

Oyr — Ay = 1,01 dans Qr,
Oiy2 — Ay = a1 (t, x)y1 + 1,ve  dans Qr, (1.24)
y1=y2=0 sur X,

olt vy, vy € L?(Q7) sont les controles et as; € L°(Qr) est quelconque. On a donc autant
de controles que d’équations.
Le systeme adjoint du systeme ([1.24)) est le suivant :

—0iz1 — Az = ag (t, )z dans Qr,
—Oyzg — Nzg =0 dans Qr, (1.25)
21 =29=0 sur Xr,
et I'inégalité d’observabilité associée s’écrit

T T
1Oy + 2Oy = €3 ([ IOy e+ [ Moza@l ). 1260

On va utiliser les inégalités de Carleman pour prouver cette inégalité d’observabilité. On
note I(s, A; z) le membre de gauche dans l'inégalité de Carleman (1.16)), soit

I(s, \z) =s! // =251 (|0,2]7 + | A2)?) da dt
T

+ sA\? // e |V ddt + s°\ // e7252 5% | 2| da dt.
Qr Qr

On applique I'inégalité de Carleman ((1.16)) sur w aux deux équations du systeme adjoint

(1.25) pour obtenir
I(s,X;21) + 1(s, \; 22)

<C (33)\4 // e7220% | | da dt + s>\ // €723 | 2| da dt
(O,T) Xw (O,T) Xw

+// e PR dt).
Qr
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Pour s ou \ assez grand, on peut absorber le terme [, e~ |22\2 dx dt par I(s,\; z9) et
ainsi obtenir

I(s,X;21) + 1(s, \; 22)

<C (.33/\4 //( ) “2s003 | 2 |* da dt + sPA\* // €725 | 29| d$dt>
0,7)xXw

L’inégalité d’observabilité s’en déduit alors de la méme fagon que pour I'équation de
la chaleur. ]

Comme on peut le voir, la méthode présentée ci-dessus n’est pas spécifique a la structure
particuliere du systeme . Lorsque I’'on a autant de controles que d’équations, on peut,
plus généralement, considérer des systemes avec une matrice de couplage pleine et il est
également possible de rajouter des couplages d’ordre 1 a coefficients variables en ¢ et x.
La vraie problématique des systemes sera donc de controler avec moins de contréles que
d’équations.

Controlabilité avec une seule force

On considere a présent le systeme d’équations

Oy — Ay, = 1,0 dans Qr,
Oy — Ays = an (t,x)y;  dans Qr, (1.27)
y1=1y2 =0 sur 2.

L’objectif est donc maintenant de contrdler ce systeme de 2 équations avec 1 contréle. On
suit ici la présentation de [CGRO6] (voir aussi [AKBDO0G]) et on renvoie a [GBdT10] pour
un cadre plus général.
On suppose que ag; € L®(Qr) vérifie 'hypotheése suivante : il existe un ouvert non-vide
w; CC w et € > 0 tels que
as > € dans (0,7) X ws. (1.28)

Comme on va le voir dans la démonstration qui suit, I’hypothese est cruciale
(d'un point de vue technique). Sans cette hypothese on ne sait pas comment utiliser les
inégalités de Carleman pour la contrdlabilité des systemes lorsque 'on dispose de moins
de controles que d’équations.

Le systeme adjoint du systeme est le suivant :

—0pz1 — Az1 = an(t,x)z  dans Qr,
—0Ozg — Azg = 0 dans Qr, (1.29)

z21=29=0 sur X,

et I'inégalité d’observabilité associée s’écrit

T
121 (0 2y + 122(0) 1720y < 02/ w21 () 72y . (1.30)
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Soit wy CC wy un ouvert non-vide. On commence comme tout a I’heure par appliquer
I'inégalité de Carleman (|1.16)) sur wy aux deux équations du systéme adjoint ([1.29)) :

I(s,X;21) + 1(s, \; 22)
gc(ﬁ#//( Ll da:dt+53)\4// T APAL dxdt)
0,7) Xwa 0,T) Xw2

Sauf que maintenant il reste encore a estimer le terme s*A* [fig 7)., €72°¢% |22 * da dt.
Soit ¢ € C§°(wy) une fonction de troncature vérifiant :

§=1dans wy, 0<¢<1dansw;.

En utilisant 'hypothese (1.28) on a

es A\ // 2003 2P dr dt < $PA\ // “250 3 a9y |2o|” da dt
(O,T)sz 0,T) ><w1

D’autre part, en multipliant par s3\*e=25*p3¢ 2, I'équation vérifiée par z; et en intégrant
sur (0,7) x wy on obtient

83)\4 // e_QSOCQO?’gan |22|2 dx dt = 83)\4 // 6_2806@35(_8152122 _ A2’122> du di.
O,T)le (O,T Xwi

Considérons le terme —s°X* [f 7y, € 7** ¢ §Az129 dv dt (autre se traitant de la méme
fagon). On a

—s3\? // e 2 UBEN Ly da dt = —s3\! // A(e %3¢ 25) 2 d dt,
(0,T) xw1 0,T)xw1

ol les termes de bord sont nuls grace a la fonction de troncature &.

On sépare alors cette intégrale en trois autres, suivant A(e 25p3¢2y) = A(e™2p3¢) 2o+
2V (e725%p3¢) - Vg + (€725p3¢) Azs.

Estimons par exemple le premier terme —s*A* [[ig 1)y, A(e™>*¢¢) 2021 da dt. Tout
d’abord, I'estimation du poids

‘A(e—QsaSOSé-)’ < 082>\2 —2sa 57
donne

—s )\ // Ae™#p3%E) 292y do dt < Os°\° // e 2% | 29| | 21| d dt.
0,T) xw1 (0,7) xw1

En utilisant maintenant l'inégalité de Young entre \/Eée*“% |z1] et ﬁs)\e*mgo |z2| on
obtient

—s3)\! //OT A(e™2p3E) 22 da dt < 037/\8 // e~ 25T | 20| da dt
Xwi1

OT le

+ eCs®\? //( : e™2503 |2 ° da dt,
O,T Xw1
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et pour € assez petit on peut absorber le dernier terme.
En estimant de méme tous les autres termes, on obtient finalement

I(s, s 20) + I(5, A 20) < CsTAS /( =207 |12 da dt.

O,T) Xwi1

Il est ensuite facile d’en déduire I'inégalité d’observabilité (1.30]), comme précédemment.
O

Dans la preuve, c¢’est I’hypothese qui nous a permis d’utiliser I'information fournie
par I'équation ou z, intervenait. Lorsque la zone de controle ne rencontre pas la zone
de couplage (le cas modele étant as; = 1p avec O Nw = (}), on ne sait pas comment
récupérer cette information. La controlabilité frontiere des systémes paraboliques se trouve
actuellement dans la méme impasse. On ne sait pas comment utiliser les inégalités de

Carleman dans ce cas. Pour ces deux problemes, il a fallu employer d’autres techniques
[FCGBAT10, [ABL12] [Oli13, BBGBO13],...

Plan du mémoire

Les chapitres [2| & [5| sont les reprises dans l'ordre chronologique des articles [Olil12],
[Oli13], [BBGBO13] et [BO13]. La suite de l'introduction est organisée en deux parties et
résume les principaux résultats obtenus dans les articles cités ci-dessus. La premiére partie
(section est consacrée aux systemes couplés par des coefficients constants et la seconde
(section aux systemes en cascade avec des couplages variables ou d’ordre 1. On conclut
I'introduction avec quelques perspectives et problemes ouverts.

1.3 Controélabilité de systemes a coefficients constants

1.3.1 Quelques résultats connus

On rappelle dans un premier temps deux résultats essentiels, issus de [AKBDGB09D]
et [AKBGBdT11al, concernant la contrdlabilité interne et la contrdlabilité frontiere en
dimension 1 de systemes a coefficients constants.

Controélabilité interne. Considérons le systeme

B (1.31)
y=20 sur X,

{ Oy — DAy = Ay + 1,Bv  dans Qr,
ou D,A € M,(R),B € Myxm(R) sont des matrices constantes et D est diagonalisable
avec des valeurs propres réelles strictement positives. Dans ce qui suit, on note A\, k > 1,
les fonctions propres distinctes de —A (avec condition de Dirichlet homogene).

En utilisant les inégalités de Carleman, on peut obtenir (voir [AKBDGBO09D] ) le résultat
suivant.
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Théoréme 9 ([AKBDGBO09D]). Le systéme (1.31) est controlable a zéro au temps T' si, et
seulement st,
rang |-\, D+ A : B] =n, Vk>1. (1.32)

e Cette condition est indépendante du temps de controle T' et de la zone de controle w.

e Il est intéressant de remarquer [AKBDGB09b, Remark 1.1] que méme sans couplage
(A =0), le systéme peut quand méme étre controlable grace & la matrice de diffusion
D. En effet, si B est un vecteur dont tous les coefficients sont non nuls, et que les valeurs
propres de D sont toutes distinctes, alors le systeme est controlable pour A = 0.

e La difficulté de la preuve vient essentiellement de la matrice de diffusion D. Dans le
cas ou D est la matrice identité, il suffit d’effectuer le changement de variable fourni par
la condition rang [A : B], = n pour se ramener & un systéme pour lequel le résultat de
[GBdT10] s’applique, voir [AKBDGB09a] pour plus de détails.

Controlabilité frontiére en dimension 1. Dans [FCGBdT10], puis [AKBGBdT11al,
les auteurs généralisent la méthode des moments de Fattorini et Russell [FR71, [FR75] pour
caractériser la controlabilité frontiere a zéro en dimension 1 du systeme suivant :

Oy — 0%y = Ay dans (0,7) x (0, 1),
y(t,0) = Bu(t), y(t,1)=0 sur (0,7),

(1.33)

ou A e M,(R),B € M,«n(R) sont des matrices constantes.

Théoréme 10 (JAKBGBdT11a)). Le systéme (1.33)) est controlable a zéro au temps T' s,
et seulement si,

rang [ Ay : Cil,, =nk, Vk>1, (1.34)
ou on a noté
M+ A 0 0 B
0 X+ A : B
A = : : e Muk(R), Cr=1[ | € Muexm(R).
0
0 | NS V| B
(1.35)

e Cette condition de rang , tout comme (|1.32)) en fait, provient de la dimension
finie. C’est d’ailleurs la raison pour laquelle elle est également appelée condition de Kalman.
I1 est facile de voir que c’est en effet une condition nécessaire en regardant la controlabilité
approchée dans la somme des k premiers sous-espaces propres de 'opérateur A + A* (qui
sont de dimension finie).
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e Ce résultat a été initialement prouvé dans le cas de deux équations n = 2 et un controéle
m = 1 dans [FCGBdT10]. Ce dernier est d’ailleurs le tout premier résultat concernant la
controlabilité frontiere de systemes paraboliques.

e La méme condition caractérise également la contrdlabilité approchée ([AKBGBdT11al,
Theorem 6.1]).

e Pour £ = 1, la condition donne rang[A : B], = n, ce qui n’est autre que
la condition qui caractérise la controlabilité interne de ce méme systéeme (théoréme [9)).
Ainsi, la contrélabilité frontiere implique la controlabilité interne pour ces systemes, alors
que le contraire n’est pas vrai en général. Cela est a mettre en contraste avec les résultats
concernant les équations, pour lesquelles ces deux propriétés sont équivalentes.

condition de rang (1.34]) doit étre vérifiée pour toutes les fréquences k mais il suffit en fait
qu’elle soit satisfaite pour une seule kg, qui est la premiere pour laquelle la propriété

e Soient {0;},.r ﬂ C C les valeurs propres distinctes de la matrice A*. A priori la

o0 E w0y, VE >1,¥i i € [Lp], K #Ek i £, (1.36)

est vérifiée pour tout k > ko [AKBGBdT11al, Corollary 3.3].

e Dans le cas particulier ou on cherche a controler le systeme par une seule force
(m = 1), la condition devient plus simple & exprimer [AKBGBdTT11al, Proposition 3.4]. En
effet, dans ce cas ((1.34) est vérifiée si, et seulement si, kg = 1 et la condition de Kalman
est satisfaite, soit :

1. =g +6; # — X + 0y pour tout k, k' > 1 et i, € [1,p] tels que k' # k et i # 1,

2. rang[A : B], =n.

On retrouve alors la condition telle qu’elle est énoncée dans [FCGBAT10] pour deux
équations et un controle.

e On peut également considérer le cas ou le controle agit sur I'autre partie du bord, cela
ne change pas la condition ([1.34]). Par contre, si on met un controle Byv; sur une partie et
un autre controle Byvy sur I'autre partie, alors la matrice Cy doit étre remplacée par

B —-By
B B
Ck - Bl —B2

B1 (—=1)*B,

et la condition reste alors inchangée. Cette alternance de signe qui apparait provient
en fait de la dérivée normale des fonctions propres de 'opérateur —9%. Méme si on est en
dimension 1, on voit que la géométrie peut donc jouer un role dans la controlabilité des
systemes paraboliques.
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1.3.2 Controles agissant sur différentes parties du domaine ou
de sa frontiere

Dans le chapitre [2] on s’intéresse au probleme de controlabilité suivant : trouver des
controles a zéro internes u; € L*(0,T;L*(0,1)), j € [1,m], et frontieres v; € L*(0,T)™,
i € [1,2], pour le systéme

Oy — 0%y = Ay + 1., Dyuy + ... + 1, Dy, dans (0,7) x (0,1),
y(t7 0) = Blvl(t)a y(tv 1) = B2”2(t) sur <07 T)

(1.37)

Dans (L.37), A € M,(R), B; € Myuxm;(R), i € [1,2], sont des matrices constantes et
D; € R", j € [1,m], sont des vecteurs constants (le cas ot les D; sont des matrices se
réduit a cette configuration, quitte a considérer plusieurs fois la méme zone de controle
wj).

Bien évidemment si I'une des conditions (1.32)) ou (1.34) est vérifiée, le systeme
est controlable a zéro. Cependant, il se peut tres bien que ces deux conditions ne soient
pas vérifiées et que, pourtant, le systeme soit quand méme controlable. C’est tout 'intérét
de ce travail. On décrit une telle situation apres I’énoncé du théoreme.

Théoréme 11 ([Oli12]). Le systéme (1.37)) est controlable a zéro au temps T si, et seule-
ment st,

rang [ Ay : Cil,, =nk, VEk>1,
ot Ay, est défini comme en (1.35)) et

By —By D 0 0
By By 0 D
Cv=| By, —-B, Dol e € Mk (my+matmi) (R),
0
B (_1)k32 O --- --- 0 D

avee D = (D] -+ |Dp) € Mo (R).

e Lorsqu’il n’y a que des contrdles internes ou frontieres, on retrouve les conditions des
théoremes [9] et [I0] cela se lit facilement sur la condition de rang. Ce théoréme a donc pour
but d’unifier ces deux résultats.

e De méme que pour le théoreme [10] il suffit de vérifier cette condition seulement pour
une fréquence ky (et qui est définie de la méme facon).

e Lorsqu’il n’y a que des controles internes (B; = By = 0), le résultat est valable en
dimension quelconque (voir Corollary au chapitre .
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e Afin d’illustrer les propos précédant 1’énoncé du théoreme, considérons le jeu de
données suivant :

2 6 2 1 0
A= 4 0 —2 5 Bl = 0 ) B2 = 07 - 0 . (138)
2 —3/2 2 0 1

Puisque rang[A : D]; = 2 # 3 et rang[A : B|; = 2 # 3, on ne peut contrdler
seulement avec des controles internes ou des controles frontieres d’apres les résultats des
théorémes |§] et . Par contre on a rang[A; : C1]; = 3, et les valeurs propres de A*
sont —5,3 et 6 ce qui montre que la premiére fréquence pour laquelle la propriété
est vérifiée est kg = 1. D’apres le théoreme précédent, le systeme avec est
controlable.

e On va prouver le théoreme [11] pour cet exemple particulier, cela donne une bonne idée
de la preuve générale. Dans un premier temps, on voit que la matrice A est équivalente a
la matrice suivante

6 0 O
A=| 6 0 15
-2 1 =2
grace au changement de base
10 2
P=100 -2,
01 2

qui n’est autre que la matrice (By|D|AD). Ainsi, la controlabilité du systéme initial (1.37)
est équivalente a la controlabilité du systeme

6 0 O 0
dhy—y=| 6 0 15 [g+1, | 1 |u dans (0,7) x (0,1),
-2 1 =2 0
1
g(t,0)=1 o [v(®), 9t 1)=0 sur (0,7).
0

Comme on peut le voir, la matrice de changement de base P a été construite de sorte a ce
que, dans la nouvelle base, la premiere équation soit indépendante des composantes y, et
y3. On peut donc se servir du controle au bord v pour amener dans un premier temps la
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premiere composante ¢; a zéro au temps 7'/2 (par exemple). Il reste alors a controler sur
(T'/2,T) le systeme réduit suivant :

T 7 015\ [ @ 1
o | -2 ] = S w dans (T/2,T) x (0,1),
Ys Y3 I =2 s 0
Pleo=| " |wn=o0 sur (T/2,T),
Ys U3

ce qui est faisable étant donné que la condition de rang de Kalman version controle distribué
est vérifiée. ]

1.3.3 Controlabilité frontiére en dimension N > 1

On a vu qu’en dimension 1, la méthode des moments permet de caractériser la controla-
bilité par la condition . En dimension supérieure, il n’existe que tres peu de résultats
[ABL12, [AB12]. Dans [AB12] est obtenu le premier résultat de controlabilité a zéro en
dimension quelconque pour le systeme en cascade

Oy — Ay, =0 dans Qr,
Oya — Ayp = a21($)yl dans Qr, (1-39)
yi=1wv, y=0 sur Y,

ol ag € L>®(Q) et ouvert non-vide 7 C 92 est la zone de controle.

Théoréme 12 ([AB12]). Soit Q de classe C*°. On suppose que az; > 0 sur ) et qu’il existe
€ > 0 et un ouvert non-vide O C € tels que que as > € sur O. On suppose de plus que O
et v satisfont la condition géométrique de contriole des ondes. Alors, le systéme est
controlable a zéro au temps T'.

Il est en fait établi pour un systéme d’équations des ondes et les propriétés de controla-
bilité sont ensuite transférées sur le systeme ([1.39)) via la méthode de transmutation. Cela
requiert donc en particulier la condition géométrique de contrdle des ondes sur les zones de
contréle et de couplage, hypothése a priori moins naturelle pour les systemes paraboliques.
Rappelons tout de méme que cette condition géométrique est automatiquement vérifiée en
dimension 1.

1.3.3.1 Controlabilité approchée

Dans le chapitre|3|on utilise le théoreme de Fattorini pour obtenir de nouveaux résultats
de controlabilité frontiere en dimension N > 1 pour le systeme

{ Oy — Ay = Ay dans Qr,

(1.40)
y=1,Bv sur M.
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Une condition spectrale suffisante. Dans la section [3.2.1{ on obtient notamment que
la condition ([1.36)) de [FCGBdT10] est en fait une condition suffisante en dimension quel-
conque :

Théoréme 13 ([Oli13]). On suppose que ker(0; — A*) Nker B* = {0} pour tout i € [1,p].
Si

pour tout k. k' > 1 et i,i' € [1,p] tels que k' # k et i’ # i, alors, le systéme (1.40) est
approzimativement controlable.

e La condition ([1.41)) n’est en général pas nécessaire, sauf dans le cas tres particulier ou
I'on cherche a controler le systéme avec une seule force (m = 1) en dimension N = 1 (voir
secton . Lorsque la situation —A +6; = — A\ + 6, se produit il faut alors vérifier une
propriété d’unicité sur les fonctions propres de 'opérateur A + A* associées a ces indices,
ce qui peut étre une tache difficile.

e Une application intéressante de ce théoreme est lorsque la matrice A* n’a qu’'une
seule valeur propre puisqu’alors 'hypothese est automatiquement vérifiée. Ainsi, le

systeme ([1.40]) avec

0 0 1
A— 21 . B= 0 ’
an1 " Annp—1 0 0

est approximativement contrélable si, et seulement si,

Aji—1 7é 0, Vi € [[2, Tl]]

Etude sur un domaine rectangulaire. Dans la section on regarde ce qu’il peut
se passer quand le domaine €2 est un rectangle : Q = (0, X;) x (0, X»),

(0, X,) T
L ) YR
(0’ O) YB (Xl, O)

FIGURE 1.2 — Domaine {2

ol v, Yr, Yr €t yp sont les faces du rectangle (mais on peut tout aussi bien ne considérer
qu’'une partie de ces faces).
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Théoréme 14 ([Olil3]). Supposons vérifiée la condition nécessaire ker(d; — A*) Nker B* =
{0} pour tout i € [1,p]. Sivy =y, U~rr et n =2, alors le systéme (1.40) est approzimati-
vement controlable au temps T'.

e On peut interpréter ce théoreme de la fagon suivante. Le fait d’avoir deux directions
v et yr semble "créer' un controle supplémentaire. Tout se passe alors comme si 'on
avait deux controles pour deux équations, ce qui suffit pour contrdler. Ceci n’est pas le
cas lorsque l'on considere deux faces paralleles v = v U yg puisque la controlabilité est
réduite a la controlabilité d'un systéme de dimension 1 (qui peut étre mise en défaut), voir
Theorem m De plus, pour n > 2 on peut trouver des cas ou le systeme n’est pas
approximativement contrdlable sur v = v, Uy (voir Theorem, ce qui semble renforcer
cette idée. On voit donc que non seulement la géométrie de la zone de controle v peut jouer
un role important, mais que c¢’est tout aussi bien le cas pour le nombre d’équations n.

1.3.3.2 Controlabilité a zéro dans des domaines cylindriques

Dans le chapitre[d on obtient un résultat de contrélabilité & zéro par un controle frontiére
en dimension quelconque du systeme

{ Oy —Ay=Ay  dans Qr,

(1.42)
y=1,Bv sur Xr,

mais dans des domaines {2 ayant une géométrie particuliere, a savoir qu’ils sont de la forme
0= Ql X QQ,
avec ; C RYi i € [1,2], des ouverts bornés connexes non-vides réguliers.

Théoréme 15 ([BBGBO13|). Soit v, C 0y un ouvert non-vide. Supposons que le systéme
posé sur
oyt — ALyt = Ayt dans (0,T) x Qy,
y' =1,Bv"  sur (0,T) x 00y,

soit controlable a zéro pour tout temps T > 0, avec en plus 'estimation suivante sur le cotut
du controle associé C
oS < CeClT VT > 0.

Alors, pour tout ouvert non-vide wy C g, le systeme ((1.42)) posé sur Q =y x Qq est
controlable a zéro pour tout temps T' > 0 sur le domaine de controle v = vy, X ws.

e Dans le cas ou 'on cherche a controler sur la totalité d’une des faces de € x (2o,
c’est-a-dire avec wy = {29, la preuve de ce théoreme est assez simple. Elle peut étre établie
en utilisant une décomposition de Fourier dans la direction 25 comme déja indiqué dans
[Mil05], et cela ne requiert en aucun cas l’estimation du cotit du controle. La nouveauté
dans ce théoreme réside donc surtout dans le fait qu’on puisse considérer comme zone de
controle un sous-domaine strict de la frontiere.
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Coiit du contrdole en dimension 1. Le deuxieme résultat établi dans le chapitre
est Pestimation du cofit du controle en e/T pour le systéme en dimension 1. Cela
fournit un exemple important auquel on peut appliquer le théoréme [15]

La construction décrite dans [AKBGBdT11al] ne permettait pas d’obtenir d’estimation
du coiit contrdle et a donc dii étre revue. Afin d’obtenir ce facteur €/, on suit ainsi
une approche légerement différente en pistant la dépendance en temps T de toutes les
constantes qui interviennent.

Théoréme 16 ([BBGBO13]). Sous l’hypothése que la condition de rang (1.34)) est vérifiée,
pour tout T > 0 et yo € H~1(0,1)" il existe un controle a zérov € L*(0,T)™ pour le systéme

(1.33) qui vérifie de plus l’estimation
HUHL2(0,T)m < C€C/T|ly0||H*1(0,l)"'

e Combinant les théorémes et on obtient donc que le systeme ((1.42)) posé sur

Q= (0,1) x g, est contrdlable & zéro au temps T sur v = {0} X wy si, et seulement si,
rang [Ay : Cil,, =nk, Vk>1,
ou Ay, et Cj, sont définis comme dans ((1.35)).

On peut penser par exemple a la controlabilité sur un cylindre ou la zone de contréle
est située sur 'une de ses bases :

O

Fi1GURE 1.3 — Configuration géométrique typique
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1.4 Contrélabilité approchée de systémes en cascade

La théoreme de Fattorini est le point de départ de tous les résultats qui suivent. Les
systemes en cascades ayant une bonne structure spectrale, la caractérisation de Fattorini
permet de donner des criteres de controlabilité approchée assez simples, et qui sont de plus
nécessaires et suffisants. Ce type de systemes fit étudié pour la premiere fois dans [dT00]
dans le cadre du contréle insensibilisant.

On rappelle que le théoreme (13| constitue également un résultat de contrdlabilité pour
les systemes en cascade (& coefficients constants).

1.4.1 Couplages d’ordre 1
1.4.1.1 Controlabilité interne

Dans la section [3.4]du chapitre[3Jon apporte de nouveaux résultats pour la controlabilité
interne du systeme en cascade suivant, ou le couplage est assuré par un terme constant
d’ordre 1,

atyl — Ayl = 1wU dans QT:
Oys — Ays = Go1 - Vy;  dans Qr, (1.43)
y1=y2=20 sur Y.

Dans , G € RY est un vecteur constant non-nul et w C  est la zone de controle.

Il existe tres peu de résultats concernant ce type de systeme. De plus, aucun ne semble
apporter de réponse complete, une restriction sur la dimension N ou une condition géomé-
trique sur w est nécessaire pour les appliquer.

Théoréme 17 ([GueQT7]). Le systéeme (1.43)) est controlable a zéro en dimension 1.

Théoréme 18 ([BCGAT13]). Si dw NIN est non-vide, alors le systéme (1.43) est contro-
lable a zéro (en dimension quelconque).

Le premier de ces résultats est une conséquence de [Gue07, Theorem 4]. On a donc un
résultat positif en dimension 1 ou bien lorsque que la zone de contréle w touche le bord du
domaine. Ces hypotheses semblent cependant seulement techniques. Dans la section on
démontre le résultat de contrélabilité suivant :

Théoréme 19 ([Olil3]). Le systéme (1.43) est approzimativement controlable (en dimen-
sion quelconque et quel que soit w).

1.4.1.2 Contrélabilité frontiere en dimension 1

Concernant la controlabilité frontiere avec un couplage d’ordre 1 il n’existe, & ma
connaissance, aucun résultat, pas méme en dimension 1 et a coefficients constants. Dans
la section on obtient une caractérisation complete de la controlabilité approchée en
dimension 1 pour le systeme a coefficients variables suivant :
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Oy — 2y =0 dans (0,7") x (0,1),
Oy — 02ya = Goy(2)0ptn + am(z)y;  dans (0,7) x (0,1), (1.44)
1= Ly, 52=0 sur (0,7) x {0,1},

ou G € WLOO(O, 1) et as € LOO(O, 1)

Théoréme 20 ([Olil3]). Le systeme (1.44)) est approzimativement contrdlable si, et seule-

ment st,
1
!

/01 <—2 () + agl(x)) (6e(@)2dz £0, Wk > 1, (1.45)

ot on rappelle que les ¢r, sont les fonctions propres du Laplacien en dimension 1 sur (0,1).

e Avec ce théoreme on peut vérifier simplement si le systeme est approximative-
ment controlable ou non. Par exemple, des que la fonction —% 51 1+ a2 a un signe constant
(strictement positive ou négative), on sait que la réponse est affirmative.

e En comparant avec le théoreme [19| obtenu précédemment, on observe une réelle diffé-
rence entre controlabilité interne et contrdlabilité au bord pour ces systémes. En effet, on
voit facilement grace a la condition que dans le cas ou GG91 est constant et as; = 0 le
systeme n’est pas approximativement contrdlable par le bord (alors qu’il 'est avec
un contrdle interne!).

e Lorsque G = 0, est également une condition nécessaire et suffisante de contro-
labilité a zéro [GB].

1.4.2 Controlabilité interne a coefficients variables en dimension
1

Dans ce qui suit 2 = (0,1). Au chapitre |5/ on s’intéresse a la controlabilité interne des
systemes

{ Oy — 0%y = A(x)y + 1,Bv  dans Qr, (1.46)

y=10 sur Xr,

ou les matrices A(z) et B sont d’une des formes suivantes :

0 0 1
(1.46H) A(x) = , B= (controlabilité d’un systeme 2 x 2).
asn(xz) 0 0
0 0 0 1

(1.461i) A(z) = [ag(z) 0 0|, B =|0] (controlabilité simultanée de plusieurs sys-

&31($) 0 0 0
temes 2 X 2).
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(1.46Hii) A(z) = | ay () 0 0|, B=]0] (contrélabilité d'un systéme 3 x 3).
0 (IgQ(l’) 0 0

On rappelle que dans le cas des coefficients constants le probléeme est completement
résolu depuis [AKBDGB09D] (théoreme [9)) et que les systémes [[1.46}1)| et [(1.46Fiii)] sont
alors controlable a zéro, tandis que le systeéme |(1.46i1)| ne I'est pas.

D’autre part, lorsque les couplages ag; et asgs sont localisés dans une zone commune
de w, on sait ([GBATI10]) que la controlabilité a zéro des systemes [(1.46)| et [(1.46Hiii)| est
vérifiée (d’ailleurs, en dimension quelconque).

Quand cette condition n’est plus assurée, le probleme reste assez ouvert. Bien que
I'on connaisse depuis [KdT10] des conditions suffisantes pour que le systeme (1.46+1)| soit
approximativement controlable méme si le couplage est localisé en dehors de w, on va voir
que ces derniéres ne sont pas, en général, nécessaires. On aborde ici le probleme avec une
approche différente, et on obtient des conditions nécessaires et suffisantes de controlabilité
approchée pour ce systeme.

En dimension 1 ([RAT11]), ou en dimension supérieure mais avec la condition géomé-
trique de contrdle des ondes ([AB12]), le systeme|(1.46ti )| peut méme étre controlable a zéro.
Notons que dans ces deux résultats, une hypothese de signe intervient. On montre dans ce
qui suit que cette derniére n’est en aucun cas nécessaire (au moins pour la controlabilité
approchée), et qu’elle cache d’autant plus des situations trés intéressantes. En particulier,
la géométrie de la zone de controle peut jouer un role.

Enfin, concernant le systeme |(1.46}ii)] il n’existe, & ma connaissance, aucun résultat (le
résultat de [Maul3] ne s’applique pas dans ce cadre).

Notations. Pour énoncer les résultats qui suivent on introduit quelques notations.

e Pour tout £ > 1, on note ggk une solution de I'équation —Ggggk—)\kégk =0surQ=(0,1)
qui vérifie de plus ¢4 (0) # 0 et ¢x(1) # 0 (par exemple ¢y (z) = cos (kmz) convient). Les
résultats qui suivent ne dépendent pas du choix particulier des ¢y.

e On note C (W) I’ensemble des composantes connexe de Q\w. Pour tout C' €

C (Q\w) et f € L*(Q), on définit le vecteur My (f,C) € R? par

J [ordx J fordx
My (f,C)=|¢ siCNo#0, M, (f,C)= |9 _ siCNoN=0.
0 [ fordx

Enfin, pour f € L*(Q) on définit la famille de vecteurs de R? suivante :

M (f,w) = (My (£, 0)) () € R,
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Par exemple, si w est connexe, on a 1 < card (Q\w) < 2 et, pour tout C' € C (Q\w) on a

ff¢kd$
C
0

On verra cependant qu’il peut étre tres intéressant de ne pas seulement se restreindre au
seul cas ou w est connexe.

Un résultat de continuation unique avec un terme source. Tous les résultats
qui suivent sont basés sur la caractérisation suivante (prouvée dans la section [5.2.3)) de la
propriété de continuation unique pour une équation elliptique avec un second membre :

Théoréme 21 ([BO13|). Soit F € L*(Q) et w un sous-ensemble ouvert non-vide de .
Soit k > 1 fizé. Il existe une solution u € D (—0?) au probléme

—0*u—Nu=F dans Q,
(1.47)
u=0 dansw,
si, et seulement si,
F=0 dansw,
(1.48)
Mk (F, w)=0.

Application a la contrélabilité simultanée de plusieurs systéemes 2 x 2. L’un des
nouveaux résultats que 'on obtient au chapitre [b| concerne le systeme ([1.46]) lorsque la
matrice A(x) est de la forme suivante :

0 0
A= |0 0 (1.49)
apm(z) 0 -+ 0

Pour cette structure particuliere on peut voir dans un premier temps (section [5.3.1))
que 'on peut toujours se ramener au cas ou aucun des supports des fonctions de couplages
ai(z), i € [2,n], n’intersecte la zone de controle w, soit

aillw = 0, Vi € [[2,TL]] (150)
Dans la section [5.3.2] on prouve alors le résultat suivant.

Théoréme 22 ([BO13|). Supposons que la matrice A(x) est de la forme (1.49) et que les
couplages sont tels que (1.50)) est vérifié.
Alors, le systéme (1.46) est approximativement controlable si, et seulement si,

Vk > 17 rang {Mk (a21¢k7w) PRI 7Mk (anlqskaw)} =n—1
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e La condition de rang doit étre interprétée dans l'espace vectoriel (]RZ)C(Q\W). Une
conséquence directe de cette condition est qu’il faut au moins un certain nombre de com-
posantes de Q\w pour espérer controler le systeme. En effet, on voit qu’il est nécessaire
d’avoir

2cardC (W) >n—1.

Lorsque w est connexe on a donc absolument aucune chance de contréler un systeme de la
forme (1.49)) avec 6 équations.

Exemple avec un seul systeme 2 x 2. A l'aide du théoréme on donne dans la
section [5.3.3.1] des conditions nécessaires ou suffisantes tres simples pour la controlabilité
approchée des systémes 2 x 2 suivant :

Oy — oyr = Lo dans Qr,
Orya — (9§y2 = ap (z)yr  dans Qr, (1.51)
Y1 =Yy2 =0 sur Xp.

Théoréme 23 ([BO13|). Soit Oy = supp (as21) le support de as;.
1. 8i Oy Nw # 0, alors le systéeme (1.51)) est approzimativement controlable.
2. Supposons maintenant que Oy Nw = ().

(a) Sile coefficient de couplage asy vérifie

/01 o1 (dp)2dz #0, Vk>1, (1.52)

alors le systeme ([1.51)) est approximativement controlable.

(b) Si le systéme (L.51)) est approzimativement controlable et Oy est entiérement
inclus dans une seule composante conneze de Q\w qui touche le bord de <), alors
(11.52)) est vérifiée.

e Ce théoreme ne couvre cependant pas toutes les situations. Prenons par exemple le
coefficient de couplage suivant

as (x) = (x — ;) lo,(z), Oy = <i, i) ,

pour lequel on peut vérifier que la condition ([1.52]) s’avere fausse, et considérons les deux
configurations géométriques de la figure pour w.

Alors, on peut voir en utilisant le théoreme [23| que le systeme correspondant n’est pas
approximativement controlable dans le cas de la figure alors qu’il est approximative-
ment controlable dans le cas de la figure [1.4D] (en revenant a la caractérisation donnée dans
le théoreme . On renvoie a la Section pour la preuve de ces faits et de nombreuses
autres applications.
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0,

(a) w connexe

O,
(b) w non-connexe

FIGURE 1.4 — Deux géométries pour ’étude d’un systéme 2 x 2

Systémes 3 x 3. Dans la section on détaille également le cas de la controlabilité
simultanée de deux systemes 2 x 2. On y voit notamment que la position des domaines de
couplages permet de savoir rapidement si la controlabilité est assurée ou non. Enfin, dans
la section [5.4] on traite aussi les systémes en cascade 3 x 3 et on obtient un résultat qui se
rapproche du théoreme [23| pour les systemes 2 x 2.

1.5 Perspectives et probléemes ouverts

Cette these s’est attardée sur certains probléemes de contrdlabilité, mais il reste encore
beaucoup de problémes ouverts tres intéressants. On va en mentionner quelques uns, mais
tout d’abord, si on devait résumer la différence entre la contrélabilité d’une équation et
celle d'un systeme d’équations, on pourrait dire que la controlabilité des systemes dépend
vraiment de tous les parametres du systeme :

— la nature du controle (distribué ou frontiere [FCGBdT10]),

— la géométrie de la zone de controle ([Olil3, BO13]),

— le nombre de controles ([Olil3, BO13]),

— le temps de contrdle (JAKBDGB09al, AKBGBdT12]),

— la position des domaines de couplages par rapport a celle de la zone de controle

([KdT10, RAT11, BO13]),
— la nature méme du couplage (par exemple s’il a un signe,... [BO13]),
— et méme l'ordre du couplage ([OIi13]).

Temps minimal sur un rectangle? Un premier probleme auquel on aimerait donner
une réponse est le suivant. On suppose que 2 C R? est comme dans la figure et on
considere sur ce domaine le systeme 2 x 2 suivant :

oy— DAy =A d ,
1y y = Ay ans Qr (1.53)
y=1,Bv sur X,
avec
d 0 0 0 1

01 10 0
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On peut alors établir le méme résultat que le théoreme [14] a savoir que si v = v, Uyr
contient donc deux directions, et si le systeme n’a que n = 2 équations, alors le sys-
teme est approximativement contrélable. D’autre part, il est connu qu’en dimension
1, ce méme systeme peut étre contrdlable seulement a partir d'un certain temps (voir
[AKBGBAT12]). La question que I'on peut alors se poser est de savoir si ce résultat per-
siste dans notre cas, ou si on peut obtenir un résultat plus fort de contrdlabilité pour
tout temps. L’idée générale étant toujours la méme : la géométrie de la zone de contrdle
semble ajouter un controle et on se retrouve alors dans une situation comparable a celle
d’un systéme 2 x 2 avec 2 controles a notre disposition, ce dernier étant controlable (pour
tout temps). Cela illustrerait encore davantage 'importance de la géométrie de la zone de
controle dans les problemes de controlabilité de systemes paraboliques.

Controélabilité des systéemes non-autonomes. Un autre probleme ouvert intéressant
mais qui semblent dépasser le cadre de cette these concerne la controlabilité des systemes
d’équations a coefficients variables en t seulement. Pour ces derniers, les inégalités de
Carleman peuvent étre utilisées pour obtenir une condition de Kalman pour la contrélabilité
distribuée a zéro ([AKBDGBO09a]). En revanche, la controlabilité frontiere des systémes
non-autonomes est completement ouverte. Aucune technique actuelle ne permet de donner
de réponse, méme pour un "simple" systeme en cascade de 2 équations et méme si on
s’'intéresse seulement a la contrélabilité approchée.

Matrice de couplage pleine. La contrdlabilité frontiere des systémes a coefficients va-
riables en z, sans aucune structure supposée sur la matrice de couplage A(x) est également
ouverte. L’approche spectrale s’annonce ici plus difficile et les autres techniques semblent
inopérationnelles.



Chapitre 2

Null-controllability for some linear
parabolic systems with controls
acting on different parts of the
domain and its boundary

Ce chapitre est la reprise de l'article [Olil2], publié dans Mathematics of Control,
Signals, and Systems.

Abstract. In this work we study the null-controllability properties of linear parabolic
systems with constant coefficients in the case where several controls are acting on different
distributed subdomains and/or on the boundary. We prove a Kalman rank condition in
the one-dimensional case. In the case where only distributed controls are considered we
also establish related results such as a Carleman estimate.

Keywords : Kalman rank condition ; Boundary controllability ; Distributed controllabi-
lity ; Carleman estimate

2.1 Introduction

Let n € N*, np,ng € N, be respectively the number of equations, the number of
distributed controls and the number of boundary controls we will consider. Let Q Cc RV
(N € N*) be a bounded connected open set with boundary 0f2 regular enough. For every
T > 0 we denote Qr = (0,7) x Q and Xr = (0,7) x 9. Let wy,...,wy, be given non
empty open subsets of Q0 (possibly disjoint) and let I'y,...,I',, be given non empty open
subsets of 9€2. We consider the following type of n x n parabolic system :

{ Oy = Ay + Ay + Dyuy(t, )1y, (2) + ... + Dyptin, (¢, 7)1y, (7) in Qr, 2.1)

y = By (t,z)lr, (2) + ... + Bugvng(t, 2)1r,  (z) on r,

43
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where y is the state, A € M, (R) is a coupling matrix. For every i € {1,...,np},
D; € R" and u; € L*(Qr) is a distributed control acting on w;. For every j € {1,...,ng},
B; € R™ and v; € L*(Xr) is a boundary control acting on T';.

Let us recall that, for every T > 0, for every yo € L*(Q;R"), u; € L*(Qr), i €
{1,...,np}, and v; € L*(Xr), j € {1,...,np}, there exists a unique solution to
y € L*(Qr;R*)NC°([0,T); H'(2;R™)), defined by transposition, which satisfies y(0) = yq
(see for instance [FCGBdT10, Appendix] for more details).

Let be given yy € L*(Q;R™) and T > 0, it will be said that system is null-
controllable on (0,T) from the state vy, if there exists u; € L*(Qr) for every i € {1,...,np}
and there exists v; € L*(Xr) for every j € {1,...,np} such that the corresponding solution
to with y(0) = yo satisfies y(T') = 0. Let be given T' > 0, it will be said that
system is null-controllable on (0,T) if for every yo € L?(Q;R™) system ({2.1]) is null-
controllable on (0, 7") from the state yo. It will be said that system (2.1)) is null-controllable
if for every T' > 0 system ([2.1]) is null-controllable on (0, 7T").

Let us recall that the scalar operator —A with homogeneous Dirichlet boundary condi-
tion admits a sequence of eigenvalues {\g }ren+ C R?* such that the associated sequence of
normalized eigenfunctions {¢y }ren+ is a Hilbert basis of L(£2).

notations For any ¢, N1, Ny € N*, for any matrix A € My, (R), B € Mpy,«n,(R), we
denote [A|B] the matrix whose first columns are those of A and the following ones are
those of B and we define

B 0 0]
0 B
[A: B], = [BIAB|---|A"'B] € Mnyxnzq(R), ((B)),=1| & . "= . 1| € Migxng(R),
0
0 0 B
[ B ] B ] _
B B
B),=| ¢ | e Myxm:(R), (B); = : € My, gxny (R),
. B | | (-1)B |
A 0 0 |
0 A
Ag=| | € Myyg(R) with Ay = —\J + A € My, (R).
0
0 0 A,
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Note that
rank (([4 : B],)), = qrank[A : B],, VgeN". (2.3)

In controllability theory of linear ordinary differential systems there exists a complete
characterization of controllability, this is the so-called Kalman rank condition (see for
instance [TWQ9, Corollary 1.4.10]), that is to say, if A € M,(R) and B € M, xn(R)
(n,m € N*), then the linear ordinary differential system ¢y’ = Ay + Bu is controllable if
and only if

rank [A : B], =n.

To give an appropriate condition of this type in the framework of linear parabolic
systems has been a subject of several research. Recently in [AKBDGB09b] a Kalman rank
condition has been proved for the distributed null-controllability with only one control
region : the authors proved that the system

Oy = Ay + Ay + Duy(t,x)1,, () in Qr,

y=0on X,

is null-controllable if and only if
rank [A : D] =n, (2.4)

see [AKBDGBO09b), Theorem 1.1] and [AKBDGBO09b|, Proposition 2.2]. In fact they proved a
more general Kalman rank condition for linear parabolic systems with different coefficients
in front of the operator —A, for more details see [AKBDGB09b].

In [FCGBAT10] the authors gave a necessary and sufficient condition for the boundary
null-controllability in the one-dimensional case and for two equations (see [FCGBdT10,
Theorem 1.1]). Through this theorem they also showed that the Kalman rank condition for
distributed null-controllability is a necessary condition for the boundary null-controllability
but it is not sufficient. The result of [FCGBdT10] has been improved in [AKBGBdT11a]
where the authors proved a new Kalman rank condition for boundary null-controllability
of n x n linear parabolic system (still in the one-dimensional case though), that is : the
system

Oy = 02,y + Ay in (0,T) x (0,1),
y(ta O) - Blvl(t)7 y(t7 1) = BQUZ(t) on (Oa T)7
is null-controllable if and only if

rank {Aq ; ((Bl)q’(Bg)qi) }nq =ngqg, Vqe N7 (2.5)

see [AKBGBdT11al Theorem 6.3].
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We also point out reference [AKBDGB09a] where the authors worked on the case of
regular time-dependent matrices A = A(t) and D = D(t) (with one distributed control)
and they proved that the system

Oy = Ay + A(t)y + D(t)ui(t, )1y, (x) in Qr,

y=0on Xp,
is null-controllable if
dto € [0, 7], rankK(ty) =n, (2.6)
where
K(t) = [Ko@)]. . .|Kn1(t)]
with

Ko(t> = D(t)
Ki(t) = A({)Ki1(t) —

see [AKBDGB09al Theorem 1.2].

Finally, let us mention that the null-controllability properties of linear parabolic sys-
tems have been also studied in the case of space varying coefficients and one distributed
control force. However few results are known, even for the distributed controllability. Suffi-
cient conditions to the distributed null-controllability are given in [AKBDO6], [AKBDKO05],
[GBPGOG], [Gue07] and [dT00] for systems of two equations and see [GBATI10] for n x n
systems. To our knowledge [dT00] is also the first result using Carleman estimates for two
coupled parabolic equations. Concerning the boundary null-controllability of parabolic sys-
tems, let us mention [ABLI2] where the authors prove a result without any restriction on
the dimension (but under some geometric condition, see [ABLI2] for more details).

In the present work we try to give an overview of the controllability properties of systems
like . One of the main task of this work will be to prove a Kalman rank condition for
system ([2.1)) which will then generalize the previously known Kalman conditions and

3.

d

%K:Z'_l(t), Vi € {1, o, n— 1}

2.2 Statements of the results

2.2.1 Main result

The first and main result of this work concerns system (2.1 in the case N = 1. As a
consequence it is equivalent to consider the following system :

Oy = 02,y + Ay + Dyu(t,2)1,, (x) + ... + Dppun, (t, 7)1y, () in Qr,

y(t,O) = BlLvl( ) s BL UnL( ) y(tv 1) = Bﬁwla) +oe At BR wnR( ) on (07T)7
(2.7)
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with ng < np +ng < 2ng, and where we take Q = (0, 1) for the sake of simplicity. Let us
denote D = [Dy|Da|-++|Dy,] € My, (R), BE = |BE| -+ |BL | and BR = |Bf|--|BE |.
Then, the result reads :

Theorem 2.1 (Kalman rank condition). System s null-controllable if and only if

rank[ [Aq : ((BL)q

(where we used the notations introduced above).
Remark 2.2. 1. Theorem contains both Kalman conditon for distributed null-
controllability and Kalman condition for boundary null-controllability, see .
2. We can also reformulate condition (@) as follows :

rank [Aq : ((BL) (B") ((D))q) ]nq —ng, VqeN-. (2.9)

This is due to the equalities rank [Aq : ((D))q} =rank (([A : D],)), for allq €
ng
N*. This characterization will be used to prove Theorem [2.1].

3. Let us observe that condition (@ s only algebraic. In particular it does not depend
on Wi, ...,Wnp-

4. Condition @) is checkable thanks to the following fact : to check condition (@ s
equivalent to check it for a particular ¢ = gy which is such that

pi — i #F XN — N, Vk1eN withk >qyandl#k, Vi,je{l,...,n}, (2.10)

(BR)i)Lq ‘ (([A = DI,)), ]an, Vge N,  (28)

q

q

.....

can adapt the proof of [AKBGBdTI11d, Corollary 3.3/, by using the characterization
. Moreover one can see that such a qo does always exist, see JAKBGBdT11a,
Proposition 3.2] for instance.

Let us illustrate the last item of Remark [2.2] through the following example :

Example 2.3. Let T > 0 and w C (0,1) a non empty open subset. Consider the following
3 x 3 one-dimensional parabolic system :

Oyr = 02,91 + 2y1 + 6ya + 2y,

Oryo = 0,2 + 4y — 2y, in (0,T) x (0,1),
Owys = 0% y3 + 2y1 — 3/2ys + 2ys + u(t, x) 1, (),

yi(t,0) = v(t), wi(t,1) =0,

y2(t,0) =0 yo(t,1) =0, on (0,T),

’y3(t,0) =0 yg(t, 1) = 0,

(2.11)
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so that
2 6 2 0 1
A=14 0 -2|, D=|0]|, Bc=]|0|, Br=0.
2 —3/2 2 1 0

We can see that if only one control is acting then this system is not null-controllable.
Indeed we have rank [A : D], =2 # 3 and rank[A : B|; =2 # 3 so the distributed and
boundary Kalman conditions fail. Nevertheless we have rank[ [A : Bl; | [A: D]; ] =3
and the eigenvalues of A are —5,3 and 6 so that condition is satisfied for qo = 1
and thus, by the previous remark, condition (@ is also satisfied.

We make the following remark about this example, this gives a good idea of the proof
of Theorem 2.1] :

Remark 2.4. Observe that in fact the matriz A of Example[2.3 is equivalent to the matriz

6 0 0
C=16 0 15
-2 1 -2

through the following change of basis :

1 0 2
P=10 0 —2 | =[B|DIAD] (with the notations of Example[2.5) .

01 2

As a consequence the null-controllability of system is equivalent to the null-controllability
of the system

6 0 O 0
Oz=022+| 6 0 15 |2+ | 1 |u(t,z)l,(x) in (0,T) x (0,1),
-2 1 =2 0

2(t,0)=| 0 |v(t), =2(t,1)=00n(0,T),
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And we can see that we can lead the first component of this system to zero at time T'/2 (for
instance) by using only the boundary control v. Then, it remains to prove that the system

02 =022+ oo Z+ ! u(t,z)1,(z) in ZT x (0,1)
t~ — Yz 1 9 0 ) w 97 ) L)

T
2(6,0)=0, 2(t,1)=0 on <2,T>,

is null-controllable, which can be done by checking the distributed Kalman condition.

2.2.2 More results in the case ng =0

Let us now consider the case without boundary control with an arbitrary space dimen-
sion N, that is

oy = Ay + Ay + Dyui(t, 2) 1y, (2) + ... + Dnptin, (t,2)10, () in Qr,
(2.12)
y=0on Xp.

From the proof of Theorem [2.1] we will see that in fact Theorem [2.1] still holds without any
restriction on NV if we have no boundary controls :

Corollary 2.5. Let N > 1 be arbitrary. Then, system is null-controllable if and
only if
rank[A : D], =n. (2.13)

On the other hand, when the Kalman condition (2.13)) is not fulfilled it is possible to
characterize the states that can be driven to O :

Proposition 2.6. Assume that N > 1 and rank [A : D] < n. Then, system is
null-controllable on (0,T) from the state yo for every T > 0 if and only if

yo € L* (;span[A : D],).

This can be proved by extending the arguments given in [AKBDGB09b, Theorem 1.5].
We also can also extend the Kalman rank condition for time-dependent matrices ([2.6]) :
let us consider the system

Oy = Ay + A(t)y + Di(t)ur(t, v)1e, (¥) + ... + Doy (H)un, (¢, 7)1y, (2) in Qr,

y=0on Xp.
(2.14)
where A € C"71 ([0, T); M,,(R)) and D; € C" ([0, T]; R™).
In this case we have
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Theorem 2.7. If there exists ty € [0,T] such that
Jdto € [0,7], rankK(ty) =n, (2.15)

where
K(t) = [Ko(®)]. - -|Kn1(t)]
with
Ko(t) = D(t) = [Di(t)].. [ Dnp (1)]
Kit) = AWK () — ;i/c,»_lu), vie{l.. n—1}
then the system s null-controllable at time T

This theorem will be proved thanks to a Carleman estimate for cascade systems, see
Theorem [2.13] below.

2.3 The Kalman rank condition

Recall that all along this section we assume that N = 1 and the system considered is
(2.7). In fact, for the sake of simplicity of the notations we will consider

Oy = 02,y + Ay + Dyu(t,2)10, (x) + ... + Dppn, (t, 7)1y, () in Qr, 2.16)
2.16
y(t,0) = By (t), wy(t,1) = Byvy(t) on (0,7).

2.3.1 Some known results

Before starting the proof of Theorem let us recall for convenience the following
results :

Proposition 2.8. Let be given A € M,,(R) and B € Msm(R) (n,m € N*). We have
WWeR", (Vt>0, BV =0)=V=0

if and only if
rank [A : B], =n

if and only if
ker(A* — 0I) N ker B* = {0}, VO eC. (2.17)

Condition (2.17)) is the so-called Hautus test. For a proof see for instance [TW09, Chap-
ter 1]. To state the second result we need to define the adjoint system of (2.16])

{ 90 = 32D + AP in Qr, 21

O(t,0)=0, @(t,1)=0on (0,7).
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The introduction of system (2.18]) is of interest thanks to the following proposition,
which gives a characterization of the null-controllability of system (2.16)) through an in-
equality on its adjoint system (2.18)) :

Proposition 2.9 (Observability inequality). Let be given T > 0. System is null-

controllable on (0,T) if and only if there exists C' > 0 such that for every ®1 € HJ(Q;R")
the solution ® to the adjoint system with ®(T) = ®7 satisfies

np T
19(0) 12 ey < c( > [1 [ 1D dear
=1 Wi

y . (2.19)
* 2 * 2
+/ |B:,0(t,0)| dt+/ |B10,®(t, 1)] dt),
0 0
For a proof see for instance [FCGBdT10, Appendix]. Inequality (2.19)) is called obser-
vability inequality.

2.3.2 Proof of Theorem [2.1]

The key point of the proof is to do an appropriate change of basis thanks to the
hypothesis . In this new basis, the matrix A becomes a block upper triangular matrix
C'; and B;, By and D become such that one control is acting on each diagonal block of
C'. Note that this technique, firstly used in [AKBDGBO9b], is very specific to the fact
that the coefficients before the operator —9?, are the same on every single equation. In a
second time we will check that every diagonal block of C' satisfies the appropriate Kalman
condition (boundary or distributed). And as a consequence, taking also advantage of the
fact that the last block of C' is decoupled from the upper ones, we can start to control the
last block in a time before T" and lead to zero at this time the components associated to
this block; this allows us to iterate the process for the remaining blocks and finally lead
every component to zero at time 7'.

Proof. Step 1 Under the condition ([2.8)) we start to construct a basis in which the matrices
A, D and By, B, has the desired structure. We have

Lemma 2.10. Assume that condition (@) holds. Then, there exists rp € {0,...,np},
D D, € {Di}1<k<n, and sy, ..., s, € {1,...,n} such that for every q € N* there

exists rp € {0,1,2}, By,,...,B;_ € {(Bl)q, (Bz);t} and 81,...5., € {1,...,nq}, such that

GERE

Pq:[PqD’PqB}Ean(R>

1s tnvertible, where we have denoted

(4 o,

Moreover for every k € {1,...,rp},

[4: D, ]

D) and PP = HA" By ‘HAQ B, |

STD q 1 gT‘B:|

S1

A*D;, € spanl[A : Dy, |

“'|[A3Dik]sk]-
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Proof. Step 1 We assume that D # 0 otherwise the result stated by Theorem [2.1]is already
known (see [AKBGBdT11al). Thus there exists D;, € {Dg}1<k<n, such that D; # 0. We
set

S1 = rank (Dil, ADil, ce ,An_lDi1>

so that rank (D;,, AD;,,..., A*""'D; ) = s;. If s; = n then the proof ends here by taking
Py = (([Di,|ADy, | .. .|A* Dy ])) - If s1 < nwe check if there exists D, € {Di}i<ren, \ {Diy }
such that (D;,, AD;,, ..., A**" D, , D;,) is linearly independent. If this is not the case we
go to step 2. But if such a D, exists we set

So = rank (Dil,ADil, . ,AslilDil, Di27 ADiz, . ,Anith) — 51

so that rank (Dy,, ADy,, ..., A" 1Dy, Dy, ADy,, ..., A27ID;)) = 81 + s9. If 51+ 55 = n
the proof ends. If s; + s, < n then we continue the previous process. This stops when we

i27..

have found a rank rp € {1,...,n}, @1,...,4, € {1,...,np} and s1,...,s,, € {1,...,n}
such that
(Dil,ADl-l, L AMTID, Dy, AD;, .. A%TID, ,ASTD*D“D) (2.20)

is linearly independent and such that every element of {Dy}1<r<n,\{Di,- .., Di, } be-
longs to the space spanned by the family . As said before if 3,2, s = n the proof
ends (and let us remark that in this case system is null-controllable with distributed
controls alone). If this is not the case :

Step 2 Thanks to condition 1) there exists B;, € {(Bl)q, (BQ);E} and § € {1,...,nq}
such that

(((Dil, AD; ..., A"'D, D, AD,,...,A%'D, ... ,ASTD‘lDZ-TD»q,Ai‘lBh)

is linearly independent. One can check that this necessary implies that the familly
<(Di1, ADjy,o A TDyy Dy ADyy, o AT Dy, ATID; ) Bh>

is also linearly independent. We set

§ = rank (((D .. ASTID, D,

irp )

. ,AS’"D—lDiTD))q, Bi,. . .. ,qu—lsh)
D

- Z Skq.
k=1

If 31 + 332, skg = ng we have done. If this is not the case, thanks to condition ((2.8) we
can find B;, € {(Bl)q, (Bg)j:} \ {le} such that

<((Di1; o ,Asl_lDil, ey DirD7 S ,AST'D_IDiTD>)q, le, c ,Agl_lle, Bj2>

is linearly independent. We iterate the same process and finally obtain the result. ]
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We apply Lemma [2.10| and for the sake of simplicity of the notations we will treat one
case, that is rg = 2 and B;, = (By),, B}, = (BQ);E. For ¢ = 1 we obtain that P, € M, (R)
is invertible and

q?

—Cl W e —() 0 --- 0 < |
o . - : 1
P'AP=C=| : . . . i | whereCi=|0 1 . : i |€M,(R)
Cr, X N |
0 e 0K (0 - 0 1 X

and K € M;,(R) with 35 = 37_, 8. Moreover for every [ € {1,...,7p} we have
Plegl = D’il and Plegl = Bl7 Pzegz = —BQ

where we denote S, = 1+ Zf;% Sp, S, = Syp+1+ Zi;ll 5, and the vector e; denotes the real
vector of R” with 1 on its j-th component and 0 elsewhere.
Let us now remark that if the system
Oz = 02,2+ Cz + es, U, (t, 1)1y, () + ...+ es,, Ui, (1, I)lwwD () in Qr,
2(t,0) = eg 01(t), =2(t,1) = —eg,0s(t) on (0,T),

(2.21)

is null-controllable, then system is also null-controllable by doing the change of
variables z = P; 'y and then taking for all [ € {1,...,np} w = 4, if there exists k €
{1,...,rp} such that | =i, u; = 0 otherwise, and taking for all [ € {1,2} v; = ©;. So let
us now prove that the system is null-controllable :

Step 2 We rewrite the solution z of system as follow :

21

Zrp

ZB

where zp € R% and z; € R¥ for alli € {1,...,rp}.
Now we look at the system satisfied by zp and observe that it is independent of
Ry Rrp -

8,523 = 8§xz3 + KZB n QT;
zp(t,0) = e101(t), zp(t,1) = —eg Ua(t) on (0,T).

(2.22)

Assume for the moment that K satisfies the boundary Kalman condition

rank [ICq : ((el)q’(—egl);t) LBQ = 5pq, Vqe N7 (2.23)
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where we recall that

_Kl 0O -+ - 0 ]
0 K,
K, = € M;,,(R) and Ky, = =\ + K € M;,(R).
0
i 0O -+ -+ 0 Kq_

Then, we deduce that the system (2.22)) is null-controllable. In particular, let a time
Ty € (0,T) be given, then there exist controls 0,09 € L*(0,Tg) such that 25(Tg) = 0 in
Q. We choose

by(t) if t € (0,Tp), by(t) if t € (0,Tp),

01(t) = bo(t) =

0 otherwise. 0 otherwise.

as controls, and one can see that zg(t) = 0 in Q for all ¢ > T. As a consequence Z defined

by

21

satisfies

02 = 02,24 C2 + eg, 0, (1, ) Ly, () + .. + e, Wiy (1,7) Ly, (2) 0 Qo ),

2(t,0) =0, 2(t,1)=0on (T, T),
with _ ;
C; X X
0
C =
X
0 0 Gy |

And since for all i € {1,...,7p} the distributed Kalman condition rank [C; : e;],.

satisfied we can iterate this process and this will lead the result.
As a consequence it remains to prove that the condition ([2.23)) is satisfied :
Step 3 In fact, condition (2.23) holds if and only if for all ¢ € N* the Hautus test holds

(see Proposition :

ker (KC; — 01) N ker ((e1),|(—es,); ) = {0}, VoeC. (2.24)
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To prove ([2.24) we will use condition (2.8)), and to this aim let us then first reformulate
(2.24) in terms of the original data of the problem, that is A, D, B; and Bs. This is done
through the following lemma :

Lemma 2.11. Assume that condition (@ holds. We have the following equivalences :
1. For all ¢ € N* the Hautus test holds.

2. For all ¢ € N*, for all € C, for all s € N* and for all V!,...,V* € R linearly
independent vectors of ker (lC; — 9[), the set

{ ((€1>Q‘ (—es, )qi) v }1§kgs

is linearly independent in R4,

3. For all g € N*, for all € C, for all s € N* and for all W1,... . W?* € R™ linearly
independent vectors of ker (A; - 0]) N ker ((Di1| e |DirD)> , the set
q

(B

is linearly independent in R4,

sz)*Wk }

1<k<s

And those conditions are implied by the following one : for all ¢ € N* we have

ker (.A:; — 0]) N ker ((Di1| e |D,~TD>): N ker (le

B,) ={0}, WWeC. (225

Proof. One can see that item [l| is equivalent to item [2| (see for instance [AKBGBdT11al,
Proposition 3.1]) and that condition (2.25]) implies item [} Thus let us prove that item
and item (3| are equivalent. Let us fix ¢ € N* and 6 € C. We define a bijective linear map
® by :

® : ker (ICZ —9[) —  ker (AZ —9[) NnE

Vi (V1)
V= — :
|2 o(V,)
where
. 1] 0
o(Vy) = () e R,
Vi
and
W, 0
E={W=| : | €R™suchthat VI € {1,...,q¢}, W, =(P;)™" ]
X
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One can check that in fact E = ker(P”)* and thus ker (AZ - 9[) N E = ker (AZ - 9[) N
ker ((Dh] . ‘DirD»*- Moreover, for all s € N* and all {ag}1<p<s C R we have
. <k<

Combining those two facts the claim is proved.
O

As a consequence of Lemma it is sufficient to prove that (2.25)) is true, and in fact
it is a consequence of the Hautus test, and hypothesis ([2.8]) :

Lemma 2.12. Assume that condition (@ holds. Then, for all ¢ € N* we have

ker (.AZ — 6[) N ker ((Dil\ e ’DiTD>); N ker (le

B,) ={0}, WWeC.  (226)
Proof. (2.26)) can be rewritten as

ker (A7 — 61) N ker (Bh B, ((D“""'Dir,:,))q)* _ {0}, VoeC.

which is equivalent to (by the Hautus test)

(0ul-10.,)),) ] =

ngq

rank [.Aq : (le

sz

and this last formulation is also equivalent to

)]0 (0] ] = )

in the same way as condition (2.8) is equivalent to condition (2.9) (see Remark [2.2] item
2). Now thanks to Lemma we can see that (2.27) holds (observe that we have more

powers of A, and A in (2.27)).

rank HAq ; (le

]
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Let us now prove the necessary part of Theorem :
Step 4 Suppose that there exists go € N* such that

rank[ [.Aqo ; ((Bl)qo ([A - D]n))qo} < nqo.

(32)32)}

nqo

Thanks to the other characterization of condition ({2.8)) (see Remark , item 2) this means
we have

rank{AqO : ((Bl)qo

(B2);,

(D)) ] < nao. (2.28)

ngo
Thus, there exists U7 € R™ with W7 # 0 such that U(t) = e T"DUT satisfies (see

Proposition

((B1)g|(Ba)y [((D),,) ¥ () =0, Vte[0,T]. (2.29)
Let us write U(t) as follow :
PG R o |[wr]
0 eA2(T=t) : vl
U(t) = eAoT-D9T =
0
: 0 - _0 eAZO_(T—t) I \p; |
6(7)\1I+A")(T7t)\1/¥1 \Ifl(t>
6(7)\21+A*)(T7t) \I]g‘ qjg(t)
= : = : . Vtel0,T].
i @(*/\qo”A*)(T*t)\pi} | i W, () |
Thus ([2.29) gives
B: Bf .. .. ... B: Uy (1)
-By By -+ oo oo (=1)"Bs Wy (t)
D* 0 e e ... 0 :
0o D* - : : =0, VYtel0,T],
0
0 0 D || Wy(t)
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i.e.

S B -

vt € (0,7, qzo (—1)kB§\I’k(t) -0, (2.30)
k=1
D*Ui(t) =0, Vke{l,...,q}

Let us now prove that the observability inequality (2.19) fails. To this aim we define
oT € H}(Q;R™) by

q0
= Z )\kfl/Q‘I’;}F%-
k=1
and let ® be the solution to

—0;® = 92, ® + A*® in Qr,

® =0on Xp,
O(T) = &7 in Q,
ie.
T
% <(D1 ’ ¢k>L2
B(t) =Y eAIHANTY : o
k=1 .
<(I)n7 ¢k>L2
0
— Z )\k—l/Q — A [+A*)(T—1) WTQS]{; — Z )\k_l/Q\Ijk; )gbk; (231)
From ([2.30) we obtain

vt € (0,T),Vie{1,...,np}, D;®(t ZAk‘l/QD Uy (t)d = 0 in Q,

k=1

and since the space dimension is N = 1 we also obtain

vt € (0,T), B;9,®(t,0) = B} Z\yk r20,01(0) = 0
—,_/
=1
and
Vt € (0,T), B;d,®(t,1)= B} quk Ao V20,05(1) = 0
N———
=(-1)*

Finally let us remark that ®(0) # 0 since W7 #£ 0 (see (2.31)). As a consequence the
observability inequality (2.19) fails and so does the null-controllability of ([2.16]). ]
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2.4 The Carleman estimate

Recall that all along this section, no boundary controls are considered and the space
dimension N is arbitrary. The aim is to prove Theorem and as said before this latter
is a consequence of a Carleman estimate.

2.4.1 A Carleman estimate for cascade systems

Let us introduce the framework in which the Carleman estimate will be established.
We consider this time the following n x n parabolic system :

Oy = Ay + Cy + es,ur(t,2) 1, (x) + ... + esur(t, )1, (z) in Qr, (2.32)

y=0on Xp,

where r € {1,...,n} is the number of controls, u; € L*(Qr),...,u, € L*(Qr) are the
controls and where C' = C(t,z) € L>® (Qr; M,(R)) is a matrix with the following block
cascade type structure :

_ Cini x X - X | _ A ds 0{3 Cisj -
0 Cop x - X Gy Gy by C‘ésj
C=| & s b withC= | 0 ¢y Ay, |+ (2:33)
X
[0 0 G 0 0 oy Chs, |

where s; € N is the size of the bloc Cj; (in particular we have >7_, s; = n) and where
S, ..., 841 are such that one control is exerted on each first equation of a block, this reads
Si=1+Y\s;forallie{l,....,r+1}

Those notations in mind, we have

Theorem 2.13. Assume that for every j € {1,...,r} there exists a nonempty open subset
w; Cw; and ¢ > 0 such that for every i € {1,...,s;} we have
Cg—i—l,i > or — 0241,1- > on (0,T) x @. (2.34)

Then, there exist functions By, ..., 3, € C?(Q) such that 0 < By < ... < 3., there exists
C >0, so >0 andly > 0 such that, for every ®T € L*(; R™), the solution ® to the system

_0,® = AD + C*D in Qp,
® =0 on X, (2.35)
O(T) =T in Q,
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satisfies
r Sj+1-1

Z Z Ji(3(Sjr1 — 1), <CZ//0T _QSnj|(I)5j|27
) Xw;

Jj=1 i=S;

for all s > sy. Here we have denoted
Tid.a) = [[ () 2e 2 9P + [[ (sp)em |qP, (2.36)
Qr Qr

and o(t) = (T — 1)), n(t.x) = Bi(@)p(t) for j € {1,....r}.

Proof. We adapt the proof of [GBdT10, Theorem 1.1], but we consider different weight
functions on each block and we use the fact that we still can choose such functions in an
ordered way. First, let us rewrite system (2.35]) on each block as follows :

—0,®; = AD; + Z cri®p + Cip1,iPiv1 in Qp, Vie{S;,... 541 —2}

k=1
, ;11
Vjed{l,...,r}, ’ .
jed r} —0,Pg,,, o1 =APg, 1+ D Chs; 1Py in Qr,
k=1

(I)Z'ZOOH ET, ViE{Sj,.‘.,Sj_i_l—l}.

(2.37)
where we rewrote for convenience C' = (c¢;;), <ij<n: And let us recall the following Carleman
estimate for one single parabolic equation (see [[Y03, Lemma 2.3]) :

Lemma 2.14. Let w C  be a non-empty open subset. For every B > 0, there exists a
function 8 € C*(Q) such that 3 > B and such that, for every d € R, there exist C > 0,
so > 0 such that, for every T € L*(Q) and every f € L*(Qr), the solution v to

-0 = Ay + f(t,x) in Qr,
=0 on Xrp,

W(T) =97 in Q,

satisfies

//T(s¢)d—2€_2sn‘vw‘2+// (S@)de_an‘¢’2
<C (// s¢ —2sn |1/}| + // SQO —2sn |f|2>

for all s > so. Where n(t,z) = f(x)p(t).
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To start the proof of Theorem [2.13, let be given &, CC @, ...,w, CC &,. For every
jeA{l,...,r} we apply Lemma with w = @; which enables us to construct functions

Bi,..., 03 € C*Q) such that 0 < #; < ... < 3, and such that each function ®;, S; <i <
Sj41 — 1, satisfies, due to the particular structure of C* (see (2.37)) :

Vi# Sipn— 1, Ji(3(Sj1 — 1), ®) < Cl<£j (&5:3(Sj41 — i), ;)

+ T3 (3(Sj41 — 1 — i), iy1) +ij Siy1— 1—@),<I>k)>,
and
1 _ Sj+1 1
Tj(3,®s,.,1) < 5Cr (ﬁj (G5:3(Sj1 — 1), @5 ) + D %(0,@k>>,
k=1

for s large enough, where here and in what follows we denote

(w;d, q) // (sp) e 2 |q|”.

Summing over ¢ this gives

Sj+1-1 Sj+1711 ; =
RTINS RSN 20#1_5].(% (%5:3(57 ). @)
=S = S

DICCENEEE 0.0

Summing over j this leads to

r Sj+1—1 r Sjt1—1 ~
> Y Ti(3(Sj1 — i), ®y) < Cz( L; (@j;3(5j+1 —i),‘bi)
=1 i=S; j=1 i=5;
I T]sj+1_1 . (2.38)
+ T30 — 1~ i), cbk)).
j=1 i=S; k=1

Now let us remark that the last term in the right hand-side of (2.38) can be seen as the
sum of two terms :

r Sjy1—1 4 r Sjt1—1
o X Y TGS —1=i), ) = > > Ti(3(Sju — 1 —i),0y)
j=1 i=S; k=1 j=1 i=S;

TS]Jrl 1i—1

+Z Z Z‘jj ]+1_1 )’(I)k)7

Jj=1 i=8; k=1

and for s large enough the first one can be absorbed by the left hand-side of (2.38]), because
Sit1 —1—1 < .S;41 — 1, and the second one can also be absorbed by the left hand-side of
(2.38) since the functions j3; have been constructed such that

0<Br<fBa<...<fh,
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so that, for every dy,dy > 0, there exists C' > 0 such that
(s<p)dle_28"j < C(sgp)‘be—%”j*l, Vie{2,...,r}

for s large enough. Thus we finally obtain

S5 GO - i), < G (Z L (6305500 —z'>,<1>z-)) (2.39)

J=1 =5, j=1 =5,
for s large enough. To pursue we use the following lemma (see [GBdT10, Section 4]) :

Lemma 2.15. Assume that holds. Then, for every e >0, j € {1,...r}, i € {S; +
1,...,S8;11 — 1} and | € N and every open sets Oy, Oy such that @j C O, Ccc Oy C wy,
there exist C > 0, sg > 0 and l1(j,1),...,li_1(j,1) € N such that the solution ® to

satisfies

Vi# Sjm—1, Li(Onl, ;) < 6(%(3(5j+1 — 1), ®:) + T;(3(Sj1 — 1 = i),@m))
i—1

k=1

and .
41—
Li(0;1,Ps,,,-1) <eT;j(3,Ps,,,-1) +C Y Lij(Oo; 1i(4,1), ).

k=1
for all s > sg.

For each j € {1,...,7} let be given &; CC O0;; CC ... CC Ojs;—1 CC wj;. Applying
Lemmamto 1= Sj+1 - 1, Ol = (Ifj, OO = Oj,la = 3(Sj+1 —Z) = ljl and € = ﬁ, we have

5 1 Sj41—2 .
Li(@5315, Ps;p0-1) < 27613«73'(3,%%1—1) +Cy ];1 Li(0515 (5, 1), D).
Back to (2.39)) we obtain
r Sﬂq—l r SH4_2
Y. D TiB(Sjn — i), %) < C5 (Z > L£;(01;max {3(S;1 — k), (), l})}@k)) :
Jj=1 i=5; Jj=1 k=1

Applying now Lemmal2.15to i = S;11—2, 01 = 0,1, Oy = Oj 2, = max {6, ls; . 1—2(J, 1]1)} =

I? and € = ﬁ, we obtain
r Sj+1-1
> > TiB(Sj — i), %)

j=1 i=5;

r Sj+1-3
< Cq (Z Z L;(0;2; max {max {3(Sj+1 — k),lk(j,ljl-)} (g, ZJQ)} , CIDk)) )

j=1 k=1
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[terating the process leads to the estimate

r Sj+1—1

Yo Ti3(Sj — 1), 9)

j=1 i=5;

r S
< ¢ (z S L0 —vimax {3(Sj1 — k), (G 1), k(G 1T %)) ,

j=1k=1
which can be rewriten as follow by separating the term k = .S;

r Sj+1—1

> > %(3(51-“—@'),@)soy(zcjwj,sj_l;max{3sj,zsj<j,z;~>,...,lsj@,l;j1)},%)
j=1

j=1 i=5;
r Sj—1

+ 303 £i(0) e, 1imax {3(Sj41 — k), k(. 1), - () l?”)},@k)). (2.40)

j=1 k=1

Let us now recall that we have chosen 5 < By < ... < 3. so that the last term in the
right-hand side of (2.40)) can be absorbed, for s large enough, by the term of the left-hand
side of (2.40]), no matter what the power of s in those terms are.

]

2.4.2 Proof of Theorem

All the work is based on to the previous Carleman estimate. Indeed, following the ideas
of [AKBDGB09a] we can construct a change of basis thanks to condition which
leads to a cascade system (see [AKBDGB09al Lemma 4.1]) with possibly controls acting
on different subdomains. Applying the previous Carleman estimate we deduce the result.

2.5 Further results and comments

1. Untill now we looked at the null-controllability properties for systems where the
coefficients in front of the operator —A were the same on every equation but we can
also consider systems where those coefficients are different ; let us consider

Oy = JAY + Ay + Diui(t,2) 1, (2) + ... + Doptin, (8, 7)1y, () in Qr,

y=0on Xp,
(2.41)
with J € M,,(R) such that J is diagonalizable with positive eigenvalues. Then there
exists also a Kalman rank condition, which is a simple extension of the one proved

in [AKBDOG] :



64 CHAPITRE 2. CONTROLS ACTING ON DIFFERENT PARTS OF THE DOMAIN

Theorem 2.16. Under the previous assumption on J, system 1s null-controllable
if and only if
rank [\, J+ A : D] =n, VkeN- (2.42)

When J is the identity matrix condition is indeed equivalent to condition
since rank [ —A\,I + A : D], =rank[A : D] for all k € N*.

Theorem [2.16| can be proved by slightly changing the proof of Theorem 1.1 of
[AKBDO0G]. Indeed, with the notations of [AKBDO6], changing the definition of K
one can see that Theorem 1.1 is still a consequence of Theorem 1.3 and Theorem
1.3 is still a consequence of Theorem 1.2 and Theorem 2.1. The proof of Theorem
2.1 remains unchanged and the proof of Theorem 1.2 can be adapted to our case by
applying Theorem 3.2 to ¢ = D}y instead of ¢ = (B*y),.

2. All the results of section and Theorem [2.16|remain true if we replace the operator
—A by more general elliptic operators — R, of the form

Ry =3 0 (ri(x)05y) ,

ij=1

Tij GWI’OO(Q), Tij = Tj; in Q, Vi,jE{l,...,N},

Ir>0, Y ry&é>rleffinQ, VEeRN.

ij=1

3. In this paper we used a particular strategy which does not apply to many other
problems. For instance the case of space varying coefficients can not be analyzed the
same way. Indeed we did a change of variable so we used the fact that A commutes
As our result is based on the one of [AKBGBdT11a], the N-dimensional case with
N > 1 is still open.



Chapitre 3

Boundary approximate controllability
of some linear parabolic systems

Ce chapitre est la reprise de l'article [Olil3], qui a été soumis.

Abstract. This paper focuses on the boundary approximate controllability of two classes
of linear parabolic systems, namely a system of n heat equations coupled through constant
terms and a 2 x 2 cascade system coupled by means of a first order partial differential
operator with space-dependent coefficients.

For each system we prove a sufficient condition in any space dimension and we show
that this condition turns out to be also necessary in one dimension with only one control.
For the system of coupled heat equations we also study the problem on rectangle, and we
give characterizations depending on the position of the control domain. Finally, we exhibit
a cascade system for which the distributed controllability holds whereas the boundary
controllability does not.

The method relies on a general characterization due to H.O. Fattorini.

Keywords : Parabolic systems; Boundary controllability ; Distributed controllability ;
Hautus test.

3.1 Introduction

The controllability of parabolic systems is a difficult problem. While Carleman esti-
mates have been successfully used to prove the distributed null-controllability of some
linear parabolic systems (e.g. [AKBDGBO09b], [GBAT10], [Gue07], [Maul3|, [BCGdT13]),
there are still many cases where these estimates appear to be of no help. An example
of such situation is when the control domain and the coupling domain do not meet each
other ([ABL12], [RAT11]). The boundary controllability is another of these situations and
requires new techniques to be solved. In [FCGBdT10] and [AKBGBdT11al, the authors

65
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developped the method of moments of H.O. Fattorini and D.L. Russell to establish a cha-
racterization of the boundary null-controllability in dimension 1 for a system of n coupled
heat equations. In [ABL12], the authors used transmutation techniques to obtain a boun-
dary null-controllability result in any dimension for a system of 2 heat equations, with
a particular coupling. Finally, in [KdT10] the authors proved the boundary approximate
controllability of a cascade system of 2 heat equations in any dimension by developping
the solution into Fourier series. To the author knowledge, these results are the only ones
concerning the boundary controllability of linear parabolic systems of heat-type. For more
details, a good account on actual methods and recent open problems for the distributed or
boundary controllability of linear parabolic systems we refer to the survey [AKBGBdT11h].

In the present work we are interested in the boundary approximate controllability of
two classes of linear parabolic systems introduced in [FCGBdT10] and |[KdT10]. More
precisely, the first system we study is the following[]

Oy = Xy + Ay in (0,7) x Q.
y = 1,Bg on (0,7) x 09. (3.1)
y(0) = wo in .

where T' > 0, ) is a bounded open subset of RY | assumed regular enough, y is the state, v
is the initial data, A and B are n xn and n X m constant matrices with complex coefficients,
g is the control, to be searched in L*(0,T; L*(9Q)™) - so that in fact we have m controls -
and v C 0 is the control domain.

First of all, let us recall some basic facts about this kind of systems and their control-
lability properties :

1. System is well-posed in the following sense : for every yo € H'(2)" and
g € L*(0,T; L*(92)™), there exists a unique solution defined by transposition y €
C°([0,T]; H-Y(Q)") N L*(0, T; L*(2)™) that depends continuously on the initial data
1o and the control g.

2. System (3.1)) is said to be approximately controllable at time 7" if for every yo,y; €
H=1(Q)™ and every € > 0, there exists a control g € L*(0,T; L*(92)™) such that the
corresponding solution y satisfies

ly(T") — yl”H—l(Q)" S €
We say that system (3.1]) is approximately controllable if it is approximately control-
lable at time T for every T > 0.

3. It is nowadays well-known that the controllability has a dual concept called observa-
bility and that they are linked by the following result : system (3.1]) is approximately

%
1. A denotes the vectorial Laplacian, in constrast with A for the scalar Laplacian.
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controllable at time T if and only if its adjoint systemﬂ

Oz = X +A*z in (0,7) x Q.
z =0 on (0,T) x 09.
2(0) = =z in Q.

is approximately observable at time 7', that is it verifies the following unique conti-
nuation property

Vzo € Hy(Q)", (B*lvanz(t) =0 for a.e. t € (0, T)) = 29 = 0. (3.2)

The boundary controllability problem for has been introduced in [FCGBdT10].
In this paper, the authors proved a necessary and sufficient condition for this system to be
null-controllable, and the same condition also characterizes the approximate controllability,
see [FCGBAT10, Theorem 1.1] and [FCGBdT10], Theorem 5.2]. We point out that this work
has been done in 1D and for 2 equations. A generalization to the case of n equations can
be found in [AKBGBdT11a], still in 1D. To the author knowledge, the only result that can
be applied to system in any dimension is [ABL12, Corollary 2.2|, but the matrix A
has to have a very particular structure and it requires a geometric condition on ~.

In this paper we will provide conditions for the approximate controllability of this
system in several interesting particular cases, see the sections to below. Some
results are already known but we give new and simpler proofs.

The second system we deal with is the following

dyr = Ay in (0,77) x Q.

Owyo = Ays + G(z) - Vy; + a(z)y;  in (0,7) x Q. (33
yi=19 y=0 on (0,7) x 0.

y1(0) = y10, %2(0) = 920 in Q.

where G € WH(Q)N | a € L*>(Q), and g is still the control, but this time we only have
one control : g € L*(0,T; L*(09)).

The interest in the controllability of such systems started with [KdT10]. In this paper
the authors gave sufficient conditions for the approximate controllability.

In the present work we bring a new point of view to treat this problem. This allows us
to recover the result of [KdT10] and also to provide a necessary and sufficient condition in
the 1D case.

2. Since the data are more regular and the system is autonomous, the solution can be taken in the sense
of semigroups : z(t) = S(t)zo, where S(t) is the semigroup generated on L?(Q)" by the operator X + A*
with domain H?(Q)" N H(2)™. Let us recall that, for zo € H}(Q)", we have z € C°([0,T]; H (2)™) N
L2(0,T; H2(Q)" N HE(Q)™).



68 CHAPITRE 3. BOUNDARY APPROXIMATE CONTROLLABILITY

The main tool to achieve our goals will be the use of a theorem of H.O. Fattorini.
In fact, in 1966, H.O. Fattorini gave an interesting characterization of the approximate
controllability under a general abstract framework. In his paper [Fat66] he proved that,
under some reasonable assumptions, the only observation of the eigenfunctions completely
characterizes the approximate controllability. Actually, this theorem has been proved for
bounded observation operators but it can easily be generalized to the case of relatively
bounded observation operators as follows :

Theorem 3.1. Let H and U be some complex Hilbert spaces. Assume that A : D (A) C
H — H generates a strongly continuous semigroup S(t) on H, has a compact resolvent,
and the system of root vectors of its adjoint A* is complete in H. Let C : D (C) C H — U
be relatively bounded with respect to A. Then, we have the property

Vzo € D(A), (CS(t)zo =0 for a.e. t € (0, —i—oo)) = 29 =0, (3.4)

if and only if
ker(s — A) NkerC = {0}, VseC.

We give a proof of this theorem (which slightly changes from the one of [Fat66]) in the
appendix [3.5

Remark 3.2. Note that the condition ker(s — A) NkerC = {0} can also be formulated as
Vzg € ker(s — A), (CS(t)zo =0 for a.e. t € (0, —i—oo)) = 29 = 0.

We use the first formulation because it is more eloquent, see Remark below, but the
most important is that Theorem states that, in order to verify the property it 1s
enough to do so only on the eigenspaces of A.

Remark 3.3. We will see that the operators A we consider generate an analytic semigroup.

For instance, for the first system we shall apply Theorem to A = X + A*. It follows
from this property that z(-) = S(-)z0 is analytic in time and has a reqularizing effect
(S(t)zo € D(A>®) as soon ast > 0, even for zy € H). This allows us to replace in
the interval (0,4+00) by any interval (0,T), T > 0, and to take the data zy in any space
that at least contains D (A*). This shows that and are equivalent properties.
In partictular, we see that the approximate controllability of our systems is independent of
the time of control T'.

Remark 3.4. When H=C" and U = C™, A= A* and C = B* (where A and B are still
contant matrices) this theorem can be used to prove that the ordinary differential system

da
at?
?J(O) = Yo

= Ay+Bg in(0,7).
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is contmllableﬂ if and only if
ker(s — A*)Nker B* = {0}, VseC.

This characterization is nowadays known as the Hautus test (despite it has been proved
earlier by H.O. Fattorini). M.L.J Hautus gave a direct proof of the equivalence with another
characterization, the well-known Kalman rank condition (see [Hau6d, Theorem 1°, §2])

rank (B|AB|A’B|---|A" 'B) = n.

Finally, let us mention the recent work [BT12] where the authors also extended the
theorem of [Fat66] in view of the stabilizability of some other parabolic systems.

Notations We denote by {—X\;}, the distinct Dirichlet eigenvalues of A on . For each
[, we denote by {¢;,,} an orthonormal basis in L*(Q2) of the eigenspace of A associated
with the eigenvalue —J\;, and by m; the dimension of this eigenspace. It can be verified
that all the following results are independent of the choice of the basis {¢ .}, .

In section we use the notation P,, for the orthogonal projection in L*(£2) on the
eigenspace of A associated with —\;, that is Pyu = 3500, (w, Gum) 2y Prm, for u € L*(Q).

In sections [3.2.3], [3.2.4] and [3.3.2], we consider the 1D case. In particular m; = 1 so that,
for commodity, we simply use the notation ¢; instead of ¢; ;.

In section we use the notation —\;*' (resp. —A;*) to emphasize that this is the
eigenvalues corresponding to the domain ©Q = (0, X;) (resp. 2 = (0, X)), and we denote
by ¢;* (resp. ¢;2) a corresponding eigenfunction.

3.2 Results for the first system

We start by applying Theorem [3.1] to the operators
ﬁ
A=A+ A" DA =HQ)"NH(Q)",

and
C=B*1,0,, D(C)=H*(Q)"NHy(Q)"

By a perturbation argument we can check that A generates an analytic semigroup
on L*(Q)", has a compact resolvent and the system of root vectors of A* is complete in
L2(2)™ (using, for instance, the Keldysh’s perturbation theorem, see [Mar88, Theorem 4.3,
Chapter I, §4]), so that it satisfies the required hypothesis. On the other hand, the operator
C is clearly relatively bounded with respect to A.

Thus, system ({3.1]) is approximately controllable (at some time or at any time, see
Remark if and only if

ker(s — (A + A*)) Nker(B*1.,9,) = {0}, Vse C. (3.5)

ﬁ
To describe the spectral elements of A + A* we introduce the following notations :

3. In finite dimension all the notions of controllability are equivalent.
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Notations We denote by {6;}, C C the distinct eigenvalues of the matrix A* and, for
each i, by {w;;}, C C" a basis of ker(6; — A*).
In view of section we also denote by m; the dimension of ker(f; — A*) and we

define
PZ- — ( wi,1|"'|wi,mi ) .

One can check that all the following results do not depend on the choice of the basis
{wi;};-

%
These notations in mind, it is not difficult to see that the spectrum of A + A* is
_>
o (A + A7) ={-N+06},,
and its eigenspaces are

%
ker(s — (A 4+ A")) = span{w; jorm} ijim
—A\+0;=s

As we can see, the spectral structure of the operator X + A* is somehow separated
into a scalar differential part and a vectorial algebraic part. Moreover, the operator C we
consider is C = B*1,0,, and 1,0, acts on the scalar differential part while B* acts on the
vectorial algebraic part (recall that B is a constant matrix). In this particular situation
we have good hopes to obtain an easier characterization than condition . This is what
establish the results in the following sections.

Remark 3.5. We shall emphasize that the eigerﬁialues —\+0; are not necessarily distinct.
All along this work, for an eigenvalue s € o (A + A*), we will denote by If,...,[7 and
(with possibly rs = 1) all the distinct indices such that

yS
15,1

S
Ts
S=—ANs+0;s=...==X\Ns +0;s .

1 1 Ts Ts

Note that rs < +00 since there is a finite number of 0;.
%
As as result, any u € ker(s — (A + A*)) has a writing of the form

Ts
U = Z Z ak,j,mwiz,j¢li,m>

k=1 j,m

for some oy, jm € C.

Since we will always reason at s fized, we will omit the dependence with respect to s
during the proofs (for the sake of clarity), though we will keep this notation in the statements
of the results.
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3.2.1 A sufficient condition

As noticed in Remark it may happen that some eigenvalue s can be written as
s =—-N+60; ==X\ +0; with ¢/ # ¢ and I’ # [. This phenomenon of "resonance" is a
consequence of the coupling (the matrix A) and as a result is specific to the fact that we
study a system, in contrast with a single equation. We will see that all the difficulties will
precisely come from this point. This fact has been highlighted for the very first time in
[FCGBAT10]. The following theorem shows that, when there is no phenomenon of reso-
nance, the controllability is simply reduced to an algebraic condition, whatever the space
dimension N and the control domain -y are.

_>
Theorem 3.6. Assume that for every eigenvalue s € o (A + A*) we have rs = 1. Then,
the ND system

Oy = Ky+Ay in(0,T)x Q.
y = 1,Bg on (0,T) x 0S.
y(0) = o in €.

is approzimately controllable if and only if
ker(0; — A*) Nker B* = {0}, Vi. (3.6)

In general, the assumption of this theorem is not a necessary condition, except in some
very particular cases, see Theorem [3.16] in section [3.2.4]

Remark 3.7. Condition (@ is nothing but the condition of Theorem on the algebraic
part of the system (see also Remark . We would also expect to require the similar
condition concerning the scalar differential part, namely

ker(—\ — A) Nker(1,,) = {0}, VI, (3.7)

but actually this condition is always fulfilled, see [MMS6S, Lemma), so that it is implicitly
hidden in the theorem (and this will be used in the proof). This condition corresponds to
the approzimate controllability of the heat equation from the boundary.

Remark 3.8. An easy but nontheless interesting consequence of Theorem[3.4 is when A*
has only one eigenvalue. In this case the assumption is naturally satisfied. This permits for
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instance to easily prove that a ND cascade system

0 0
— a :
Oy = Ay+ ?l . ' |y in(0,T) x Q.
apy Ap n—1 0
1
0
y = L,| |g on (0,T) x 0.
0
y(0) = o in §2.

is approzimately controllable if and only if a;;—1 # 0 for every 2 <i <mn.

Theorem is a straightforward consequence of the following two lemma. The first
lemma shows that condition is always a necessary condition for the approximate
controllability of system , while the second lemma shows that this condition is also
enough to "control" the eigenvalues s for which r¢ = 1. Since we assume that there are only
such eigenvalues, Theorem [3.6] will be proved.

Lemma 3.9. If system is approzimately controllable, then holds.

%
Lemma 3.10. Assume that holds. Then, for any eigenvalue s € o (A + A*) such
that r, = 1, we have

ker(s — (& + A*)) Nker(B*1,,) = {0}.

Proof of Lemmal[3.9. Let w € ker(f; — A*) Nker B*. Let A E_c)r (A). Taking any nonzero
¢ € ker(A — A) we see that u = ¢w belongs to ker(A + 6, — (A + A*)) N ker(B*1,0,), so
that u = 0 by assumption, and thus also w = 0. ]

— —
Proof of Lemma[3.10 Lets € o (A + A*) withry, = 1, u € ker(s—(A+A*))Nker(B*1,0,).
Since ry = 1, u writes
U= Z O[j,mwil,jgblhm
j,m

for some «,,, € C. Let us set 8; = 1,0, (X @jm®i.m) € L*(0Q) so that we have

B* (Z /ijilvj) =0.
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Since Y°; Bjwy, ; € ker(6;, — A*) we can use (3.6) to obtain }_; fjw;, ; = 0. Using the
linear independance of {w;, ; }j we deduce that 3; = 0 for every j, that is

17&1 (Z aj,mgbll,m) = 0, VJ

Since Y, @jm®i,.m € ker(—A;, — A), using now (3.7) gives 3, @jm@i, m = 0. Thanks
to the linear independance of {¢;, ,,}, we conclude that a;,, = 0 for every j,m, that is
u = 0. O]

3.2.2 As many controls as equations

As a second result we recover the known fact (see [FCGBdT10, Theorem 5.3]) that we
can control the system from the boundary if we put as many controls as equations. In this
particular case, the coupling becomes inconsequential (the matrix A can even be A = 0,
that is no coupling at all). This situation can be understood as n uncoupled equations
with one control for each. This result has been obtained in [FCGBdT10] by means of a
Carleman estimate but we provide here an alternative proof, which is also simpler in our
case.

Theorem 3.11. The ND system

Oy = Xy—i—Ay in (0,7) x Q.

y = 1,Bg on (0,T) x 09.
y(0) = o in .
is approximately controllable if we assume that
ker B* = {0} .

Proof. Let s be an eigenvalue of X + A* and u € ker(s — (K + A*)) Nker(B*1,0,). Then,

u writes
,

U = Z Z Oék7j7mwik,j¢lk:m

k=1 j,m
for some oy, ;.m € C. Since u € ker(B*1,0,) and ker B* = {0} by assumption, we have

Z (Z Oék,J',ml“/an(blk,m) Wiy i = 0.
k,j m

By the linear independence of {w ;}, ; we obtain

178n (Z ak,j,m¢lk,m> = 07 Vk,VJ

Since Y, 0k jm®Pi.m € ker(=X, — A) we deduce that 3, ag jm®i,.m = 0 (using (3.7)),
and by the linear independence of {¢;,}, . it follows that oy ;,,» = 0 for every k, j,m, that

isu=0. ]
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3.2.3 The 1D case

The 1D case is a very particular situation because the boundary is reduced to two
points, {0} and {L}, if Q@ = (0, L). In particular, only three possibilities arise for , namely
v=A{0}, v ={L} or v ={0} U{L}. We will study these three cases.

The results of this section have already been obtained in [AKBGBdT11a], with another
formulation though, and a different proof.

We start with the case v = {0} (we refer to the beginning of section for the
notations) :

Theorem 3.12. The 1D system
ﬁ
oy = Ay+ Ay in (0,7) x (0,L).
y = liyBg on (0,T) x {0, L}.
y(0) = wo in (0, L).

%
is approximately controllable if and only if, for every s € o (A + A*), we have

rank (

.. ‘B*Plis) e Z mik'
k=1
- —
Proof. Let u € ker(s — (A 4+ A*)) Nker B*1(0,0,, where s € o (A + A*). We know that u

writes .
U= g imWi

k=1 j,m
for some ay, ;,, € C and we have

r Mg

SN g Brwg, ;¢ (0) =0

k=1 j=1

This implies that «y ; = 0 for every k, j if and only if the matrix
(s@BP, | | sBP, )
has full rank, that is
ok (OB P, | | 6 0B, )= Y m,
To conclude it remains to observe that
rank (g, (BB, | - | ¢ BB, )
= rank ( B*P, ‘ ‘ BP, )

since ¢;(0) # 0 for every I. O
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The same result holds if we consider v = {L} instead of v = {0}. When + is the whole
boundary, that is v = {0} U {L}, we have the following characterization :

Theorem 3.13. The 1D system

oy = Xy + Ay in (0,T) x (0, L).
y = Byg on (0,T) x {0, L} .
y(0) = wo in (0, L).

_>
is approzimately controllable if and only if, for every s € o (A + A*), we have

rank

13 (0)B" Py | | 01 (0)B" Py,
iy (L)B" Py 0l (L)B" Py,

Ts
k=1

The proof is the same as the proof of Theorem [3.12]

Remark 3.14. Further to these two theorems, we see that it may happen that system
is controllable with a control acting on both parts of the boundary whereas it is not
controllable if the control only acts on one part. Indeed, let us consider on Q = (0,7) the
system described by

0 —4 1
A — s B =
1 5 0
We recall that the eigenvalues of A on (0,7) are —\; = —I? and the corresponding eigen-

functions are ¢y(x) = \/gsin (lz). We can check that

O'(A*) :{91 :1,(92:4},

ker(6, — A*) = span ,  ker(fy — A*) = span

1

%
Since ry = 1 for every eigenvalue s € o (A + A*) except s = —A\ + 601 = =Xy + 0y, it
is not difficult to check that the condition of Theorem is fulfilled, whereas the one of
Theorem [3.12 is not.

3.2.4 Only one control : m =1

Another interesting situation is when we try to control system (3.1)) with only one
control. This corresponds to m = 1, so that the matrix B is in fact a (column) vector.
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Remark 3.15. It is not difficult to see that the condition ker(d; — A*) Nker B* = {0} is
equivalent to (see the beginning of section for the notations)

rank B* P, = m;.
Thus, when B* has now only one line, we necessarily have

In such a case, note also that P; is reduced to w; 1, so that B*P; is a scalar, and rank B*P; =
1 then simply means that this scalar is not zero.

Let us come back to the 1D case. We can always assume that ker(6; — A*)Nker B* = {0}
for every 7 since it is a necessary condition (see Lemma [3.9). According to Remark
we then know that m; = 1 and B*P; is a nonzero scalar for every ¢. Thus, for every

s € O'(X-FA*), we have

rank (B*Pz';

Ts
Z mg, =Ts.
k=1

R ’B*P’Lf«s) — rank (1| .. |1)7

As a result, in this particular case which is m = 1, Theorem becomes

Theorem 3.16. Assume that m = 1. The 1D system

oy = Xy + Ay in (0,T) x (0, L).
y = 1By on (0,T) x {0, L} .
y(0) = wo in (0, L).

is approximately controllable if and only if the following two conditions hold :
1. ker(0; — A*) Nker B* = {0} for every i.

%
2. For every eigenvalue s € o (A + A*) we have ry = 1.

This result is historically the first relevant difference between distributed and boundary
controllability for parabolic systems (these properties are equivalent for the heat equation
for instance). This has been proved in [FCGBdT10]. Moreover, this also shows that if this
system is controllable with a boundary control then it is also controllable with a distributed
control (recall that the distributed controllability of this system is characterized by only
the first condition, see [AKBDGBO09b]). We insist on the fact that this is a result in 1D
except in the framework of [ABL12], the problem is open in higher space dimension.

We have a similar result for Theorem [3.13 when m =1 :
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Theorem 3.17. Assume that m = 1. The 1D system

oy = Xy + Ay in (0,T) x (0, L).
y = Byg on (0,T) x {0, L} .
y(0) = o in (0, L).
is approximately controllable if and only if the following two conditions hold :
1. ker(6; — A*) Nker B* = {0} for every i.

%
2. For every eigenvalue s € o (A + A*), either r¢ = 1, either ro = 2 and in this latter
case :

¢1:(0)  i5(0)
(L) di(L)

1

rank = 2.

Finally, let us give a result in any dimension when m = 1.

Theorem 3.18. Assume that m = 1. The ND system
Oy = Xy + Ay in (0,T) x Q.
y = 1,Bg on (0,T) x 0.
y(0) = o in Q.

is approzimately controllable if and only if the following two conditions hold :
1. ker(6; — A*) Nker B* = {0} for every i.
2. For every s € o (K + A*), we have

(ker(—)\li —A) + ..t ker(=Ng — A)) Nker(1,0,) = {0}.

Note that the second condition is relevant only for s with r; > 1, see (3.7)).

— —
Proof of Theorem[3.18 Let s € o (A + A*) and let u € ker(s — (A + A*)) Nker(B*1,0,).
We know that u writes i
U= Z Z O jm Wiy, Ply,m

k=1 j,m

for some, ay jm € C and we have

]-'yan (ZZBk,m¢lk,m> =0,
E m

— *
where Sy = >2; ok jm B w;, ;.
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Since B* is a row vector, [, is a scalar, so that we can use the second condition and
obtain that Y, Bxm®i,.m = 0 for every k. By the linear indepedence of {(bl,m}m we obtain
that By, = 0 for every k, m, that is

B* (Z akv]vmwlkﬂ> = 07 Vk7 m.
J

Using now the first condition this gives >=; ag jmw;, ; = 0 and it follows that ag j,m = 0
for every k, j, m, that is u = 0.

Let us now show that these conditions are also necessary. We only prove it for the
second condition since it is already known for the first one, see Lemma [3.9]

Let ¢ = ¢y, + ... + ¢y, with ¢ € ker(—X\, — A), be such that 1,0,¢ = 0. For every
k, let w; be any eigenvector of A* associated with 6; . We know that B*w; is a scalar
and B*w; # 0 thanks to the first condition (we have just recalled that it is a necessary
condition). Thus, we can define

= 71 o, + +
B*wil 1h

Wy .
B*wlr ir ¢lr

%
We can see that u € ker(s — (A + A*)) N ker(B*1,0,) so that u = 0 by assumption. It
follows from the linear independence of {w;}, that ¢;,, = 0 for every k, that is ¢ =0. [

3.2.5 On a rectangular domain

In this section we still consider system ({3.1]) but the domain 2 is now a rectangle
Q= (0,X1) x (0, Xz).

We denote the faces of our rectangle by vz, v, yr and g, as on Figure [3.1] :

(07X2) /YT
YL ) YR
(0,0) B (X1,0)

FIGURE 3.1 — Domain {2 for section m

The goal of this section is to prove several results about the boundary controllability
of system (3.1)), by discussing on the geometric position of .
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Theorem 3.19. If v = v, then system is approzimately controllable if and only if
so is the following 1D system

Oy = Roy+Ay in(0,T)x (0,Xy).
y = 1By on (0,T) x {0, X;}. (3.8)
y(0) = wo in (0, X1).

If v = v U~g then system is approximately controllable if and only if so is the
following 1D system

By = Ray+Ay in(0,T) x (0,X,).
y = By on (0,T) x {0, X1} .

We recall that the controllability of these 1D systems has been studied in sections|3.2.3
and [3.2.4]

For the heat equation, a similar result has been established in |[Mil05] for the null-
controllability when ~ is one of the faces of 0f).

We consider next the case of two consecutive faces, with for instance v = vy U yp.

Theorem 3.20. If v = vy, U~y and ker(6; — A*) Nker B* = {0} for every i, then system
is approximately controllable for n = 2.

The geometry of v (including two different directions «y;, and ~r) is such that in some
sense it "creates" an additional control. Thus, everything happens as if we had two controls
for two equations and we can expect the controllability to hold, as it is showed in section
[3.2.2] Theorem [3.19] shows that this is not true if we pick two parallel faces v = v, U yg.
When more equations are considered, the following counter-example strengthen this point
of view.

Theorem 3.21. Even if v = vy, U~r and ker(8; — A*) Nker B* = {0} for every i, system
may be not approximately controllable when n > 4.

Remark 3.22. It is worth mentioning that, in all the previous statements, we can replace
L (resp. Yr, yr, YB) by a nonempty open part of it. This is easily seen in the following
proofs by using the analyticity of the 1D eigenfunctions of A.

The main ingredient that will make the proofs work is the following. The (not necessarily
distinct) eigenvalues of A = A, + A,, on (0, X;) x (0, X3) are
X X
—Npg = =N =A%

P,q

and the corresponding eigenfunctions are

Dy q(z,y) = O (2)0; 2 (y), =€ (0,X1),y € (0,Xs).
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In this case the dimension m; of the eigenspace of A associated with —); is exactly the
number of distinct couples of indices (p, ¢) such that A, , = \;. We denote by (p,q}),- -,
(p/",q;"") all such indices. Note that for every m we necessarily have

pir A and @t # g, Ym' #m. (3.9)

m/

Indeed, it follows from the definition of these indices and the form of A, , that, if p;* = p;"*,
then we also have ¢ = qlm', which is excluded by definition.

Proof of Theorem[3.19. Let us consider the case v =~y ; the proof for v = v, U g relies
on the same kind of arguments. We also only prove that, if system (3.8]) is approximately
controllable, then so is system (3.1]), the converse being easier.

— —
Let s € o (A + A*) and u € ker(s — (A + A*)) N ker(B*1,,0,). With the notations
previously introduced u then writes

mi,
U= Z Z (Z ak,] mwzk,J) ¢ ¢gl("2?
k=1 m=1 j
for some oy, ;. € C, and we have
my,
S m@gi(y) =0, ¥y € (0, Xy), (3.10)
k=1m=1

where we have set
X /
Brem = —Vkm (cﬁp;}}:) (0), Ve = B* | D jmWiy ;| -
J

Note that we can always assume that ker(6; — A*) N ker B* = {0} for every ¢ since it
is a necessary condition (see Lemma for both systems and . As a result, to
prove that u = 0 it is equivalent to show that vy, = 0 (or S, = 0) for every k, m.

For convenience we assume that r = 2. Thus becomes

miy miy

Z Bl m¢ + Z 62 m¢X2 ) =0, ‘v’y € (O’X2>'

Using the linear independence of {qbé(?} in L?(0, X5), two cases may happen. For some
q

given m, if ¢ # qgll for every m’ then, taking also 1' into account, we obtain 3, = 0.
On the other hand, if there exists m' such that ¢ = ql”;/, then this m’ is unique thanks to
(3.9) and we obtain that /3y ,, + [, = 0, that is

/
~ (1mdh + 2wy ) 0 =0,
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Since ¢ = q{’;/ we have
— At 0y = =X+ 0;
pll 11 12 129
and the assumption that system (3.8]) is approximately controllable permits to conclude
that v1 ., = v2,m = 0.
Thus, in both situations vy, = 0, and it follows that y2,, = 0 (when r > 2 we reason
by induction). O

Proof of Theorem[3.20. Since we assume that n = 2, the matrix A* has at most two
distinct eigenvalues. If A* has only one eigenvalue then we already know that the system
is approximately controllable, see Remark in section [3.2.1} Let us then assume that A*
has two distinct eigenvalues
0;, # 6;,. (3.11)
With the same notations as in the proof of Theorem [3.19] let us show that is it not
possible to have

myy mi,
X X
> Bumdgh + Y Pamdgh =0,
— 1 m=1 2
myy mp,

X X
S bumigt + 3 bt =0,
m=1 m=1

with 74, # 0 for every k, m, where
/
S = e (031) (X2)
k

From the first equation we see that the sets {qﬁ}l<m<ml and {qg'}l<m/<ml are in
= ="My

bijection. Indeed, if there exists m such that ¢ # qf;' for every m’ then, using the linear
independence of {gzﬁgﬁ} in L?(0, X5), we obtain B1.m = Y1,m = 0. Since the same fact holds
q

for the second equation, the sets {pﬂ}K B and {pg‘/}K ,., are also in bijection.
smsm <m’'<my,

As a consequence, denoting M = m;, =my,, we have

M M M
)\ql - )\q,ﬂ%/ 5 )\p'lnlz — )\pwlz’ 3
1 mi=1 L2 m=1 1 mi=1 12

so that
M
Z pzlqul Z A 7ql2 ’
m=1 m/=1
Let us denote by S this common value. Since —Apm gm + 6;, = —Agm gm +0;, for every
171 27702

m, if we sum we obtain
—S+ M‘gzl — —S+ M@w,

and thus
0

11

- H'iga

a contradiction with our assumption (3.11]). ]
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Proof of Theorem [3.21 We provide an example of system with 4 equations for which the

condition ker(f; — A*) N ker B* = {0} holds for every ¢ and that is not approximately

controllable on v = v, U yp. This example can easily be generalized to the case n > 4.
We take X; = Xy = 7, so that the eigenvalues of A are simply

_Ap,q = _p2 - q27

and we choose

000 O 1
1 0 0 120 0
A — s B =
010 -1 0
001 -10 0

We can check that
o(A*)={0, =-8,00=—-5,05=3,0,=0}.
ker(f; — A*) Nker B* = {0}, i=1,2,3,4.
Now, observe that we have the relation
—Aip+ b =Ny +0h=—Ng3+03=—A13+0s=—10.

In view of this relation we define

1 1 1
U= 11 — §¢2,1 + 6¢2,3 — §¢1,3-

Clearly u # 0. Let us show that however 0,u = 0 on 7, U~y. This will contradict Theorem
B.18

Taking into account that (gb;(l)/ 0) = p\/g, for x5 € (0,7) we have

1

= Ouu0,2) = = (617 (0) = 5 (634) ©)) 63 (a)

=0

so that indeed 0,u = 0 on ;.
In the same way, for z; € (0,7) we have

1

By, u(wr, ™) = 6% (1) ((¢{<2)’ () — 5 (63) (ﬂ)

and thus d,u = 0 also on . O
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3.3 Results for the second system

We now turn out to the results concerning the second system

Oy = Ay in (0,7) x €.
Owyo = Ays + G(z) - Vy, + a(z)y;  in (0,7) x Q.
=19, =0 on (0,7) x 0N2.
y1(0) =10, %2(0) = y20 in Q.

As mentionned in the introduction, it is known that this system is approximately
controllable at time 7" if and only if its adjoint system

Oyz1 = Az; — G(x) - Vo + (a(x) — divG(x))zy  in (0,T) x Q.
Osz9 = A2y in (0,7) x Q.
21=0, 22=0 on (0,7) x 0N.
21(0) = 210, 22(0) = 220 in €.

has the unique continuation property
VZL[), 22,0 € H&(Q), <1vanz1(t) =0 forae. te (O,T)> — 21,0 = 22,0 = 0.

For commodity, let us denote
Q=—-G(x)-V+ (a(z) — divG(z)).
Thus, we want to apply Theorem to the operators

[22)
A= , D(A) = HXQ)> N H(Q)?,
0 A

and

c=( 10, 0). D= QN HI®
Again, by using a perturbation argument we can check that A generates an analytic semi-
group and indeed satisfies the hypothesis of Theorem [3.1] The operator C is the same as
1

0
As a consequence, this system is approximately controllable if and only if

for the first system we studied, taking n = 2 and B =

s—A =9
ker ( ) Nker( 1,9, 0)=1{0}, VseC. (3.12)
0 s—A
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It is not difficult to see that the spectrum of A is
o (A) ={-A\};,

(we refer to the introduction for the notations) and that its eigenspaces can be decomposed
as follows :

ker(—)\l — ./4) =U, oV,

u 5Qu
e { ( ) } e { ( | ) } |
0 v
u€ker(—A\;—A) veker(—A;—A)Nker Py, Q

where §; : f € ker Py, — u € kerP,, with u the unique solution (in kerP,,) of the
equation (—A\, — A)u = f.

3.3.1 A sufficient condition

The following theorem is, in some sense, the analogue of Theorem in section
This also recovers [KdT10, Theorem 1.5].

Theorem 3.23. Assume that

ker(—\; — A) Nker Py, Q = {0}, VI. (3.13)
Then, the ND system
Ay = Ay in (0,7) x Q.
Oy = Ays + G(x) - Vyr + a(x)yr  in (0,T) x Q.
i =19, ¥2=0 on (0,T) x 0.
y1(0) = y10,  %2(0) = 20 in Q.

is approximately controllable.
Remark 3.24. Condition can be reformulated into the following rank condition :

<Q¢l,17 ¢l71>L2(Q) e <Q¢l,17 ¢l,ml>L2(Q)
rank : : =my, VI (3.14)
<Q¢l,mla ¢l,1>L2(Q) e <Q¢l,ml> ¢l,ml>L2(Q)
Proof of Theorem[3.23 The assumption ({3.13) means that V; = {0} for every [, so that

u
ker(—\; — A) = U, for every [. Thus, any w € ker(—\;, — A) Nker C writes w = for

some u € ker(—X; — A) and satisfies
Cw = 1,0,u = 0.
This implies u = 0 (see (3.7)) and thus also w = 0. O
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3.3.2 The 1D case

As for Theorem in section [3.2.4} condition (3.13)) turns out to be also necessary in
1D :

Theorem 3.25. The 1D system

Oy1 = Ay in (0,T) x (0, L).
Oy = Ayo + G(z) - Vyy +a(z)y;  in (0,T) x (0,L). (315)
y1 =139, y2=0 on (0,T) x {0, L}.
y1(0) = y10,  42(0) =20 in (0,L).
is approximately controllable if and only if
L 1 ! 2
[ (-36/@ + ala)) s do £ 0. v (3.16)

Remark 3.26. This theorem provides an easy condition to check whether this system is ap-
prozimately controllable or not. For instance, for a =0 and G constant, the corresponding
system is not approximately controllable.

Proof of Theorem[3.25. Since m; =1 for every | (N = 1), condition (3.14]) now reads as

(Qb1, 1) 12y 70, VL,

which gives the same condition than after an integration by part on the gradient
term.

From Theorem [3.23] we already know that this condition is sufficient. Let us prove that
it is also necessary in our case.

Assume that this condition does not hold or, equivalently, that does not hold.
Then, for some [, there exists at least one eigenfunction of A associated with —)\; in U,

u ‘ 59Qu .
say , and another one in Vj, say If (§Qv)'(0) = 0 then condition ((3.12

0 )

already fails. On the other hand, if (S5;Qu)’(0) # 0, then condition (3.12)) also fails because
of the following relation

1 1 !
(u'<o>“ ETn) <o>S’Q“> ©=0.
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3.4 Further results : distributed controllability

All along this work we were interested in the boundary controllability problem but let
us mention that the method also works for distributed controllability. For instance, we
can recover the result of [AKBDGBO09b] concerning system . We can also obtain the
following result :

Theorem 3.27. Let w be a nonempty open subset of Q). Assume that Q) is connected and
G and a are real analytic functions in . Then, the ND system

Oy = Ay + Lug in (0,T) x Q.
Oys = Ays + G(x) - Vyy +a(z)y;  in (0,T) x Q.
y1=0, 12=0 on (0,T) x 0.
y1(0) = y10,  42(0) = y2p0 in Q.

is approzimately controllable if and only if
ker(—\; — A)Nker @ ={0}, VI, (3.17)
where we recall that Q@ = —G(z) - V + (a(x) — div G(x)).

To the author knowledge, [BCGAT13], [Gue07] and [KdT10] are the only works for the
distributed null and approximate controllability of this system. However in these papers,

even for the case a = 0 and G constant, a geometric assumption or a particular form of G is
required (see [BCGAT13| Theorem 2.1] and [Gue07, Theorem 4]), while [KdT10, Theorem
1.5] can not be applied.

Proof of Theorem[3.27. This time the observation operator is C = < 1, 0 ) (it is a boun-

u

ded operator on L%*(Q)?). Let w € ker(—\, — A) NkerC. Thus, w writes w = +
0
Sl Q’U .
for some u € ker(—\; — A) and v € ker(—\; — A) Nker Py, Q, and satisfies
v

1, (u+ &Quv) =0. (3.18)

Since v is an analytic function, so is Qu. Thus, §;Qv is an analytic function as solution of
an elliptic partial differential equation with analytic data (see for instance [Hor64, Theorem
7.5.1]). Note that u is also analytic. Thus, (3.18) is equivalent to

u+ S;Qu = 0.

This implies that © = 0 since u = —§,Qv € ker Py, and u € ker(—X\;, — A) = Im P,,. Thus,
§5Quv = —u =0 and it follows that Qv = 0 (see the definition of &;). This implies v = 0 if
and only if the hypothesis holds. ]
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Let us illustrate this result with a = 0 and G # 0 constant. This means that we take
Q = —G - V. We can verify that this Q satisfies (3.17)) since

VYu € Hy(Q), G-Vu=0in Q= u=0.
Indeed, set v(z) = e“*u(x). We have v € HZ () and (using the hypothesis on u)
G-Vuv=|G|v.

Multiplying this equality by v and integrating by parts we obtain

|G|2/Q lo(2)[? dz = 0.

This implies that v = 0 and thus also u = 0.
It follows from Theorem that the ND system

A1 = Ay + 1ug in (0,7) x Q.
Oys = Ays + G - Vi in (0,7) x Q.
=0, y»=0 on (0,T) x 9.
y1(0) =v10, %2(0) =140 in Q.

is approximately controllable.

Remark 3.28. This establishes another difference between distributed and boundary control-
lability for parabolic systems. Indeed, let us recall that we have seen that this same system
in 1D with a boundary control is not approximately controllable, see Remark[3.20,

3.5 Proof of Theorem [3.1]

For the sake of completeness we give here the proof of Theorem [3.I] We recall that
this proof is just adapted from the one in [Fat66] in order to deal with relatively bounded
observation operators.

Let us recall the notations and assumptions. H and U are complex Hilbert spaces,
A :D(A) C H— H generates a strongly continuous semigroup on H, has a compact
resolvent, the system of root vectors of A* is complete in H, and C : D(C) C H — U is
relatively bounded with respect to A.

We denote by p(A) the resolvent set of our closed linear operator A4 and, for A € p(A),
R (A A) = (A — A)~! the resolvent operator.

Since A has a compact resolvent, its spectrum o (LA) = C\p(A) consists in a sequence of
isolated points, say {4} ;. In particular p(A) is path connected. We have o (A") =0 (A) =

),
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Let now C; C p(A) be a positive-oriented small circle enclosing p; and such that no
other eigenvalue than y; lies inside this circle. For every j we define the spectral projection

P,: H — H
w 1/ R (£: A) u dt.

2mi Jo
The operator P, is a bounded linear operator and one can prove that the range of this
operator is exactly the root subspace of A associated with p;, i.e. ker(p; — . A)™, where 7;
is the smallest indice k such that ker(u; — A)* = ker(u; — A)*. For a proof of this fact

we refer to [DST1), 2 Lemma, Chapter XIX]. A computation shows that

P = i - REA) dE
where C; is the circle centered in j; with the same radius as C;. Since there are no
eigenvalue of A* except fz; inside the circle C}, the range of this operator is exactly the
root subspace of A* associated with z;.
Let us now recall some properties of semigroups. Since A generates a strongly continuous
semigroup S(t) on H, we know that there exists M > 0 and wy € R such that

ISl gy < Met, vt > 0.

Moreover, for every zy € D (A), we have S(t)zp € D (A) with AS(t)zg = S(t).Az and the
map ¢ € [0,4+00) — S(t)z0 € D (A) is continuous. Finally, the resolvent set p(A) contains
the halfplane {\ € C|9Re A > wy}. For a proof of these facts we refer to [ENOQ, Proposition
5.5, Chapter 1], [EN00, Lemma 1.3, Chapter II] and [ENQQ, Theorem 1.10, Chapter II],
respectively.

Lemma 3.29 (Corollary 2.2 of [Fat66]). Let zo € D(A) be fized. The three following
properties are equivalent :

1. CS(t)zg =0 for a.e. t € (0,+00).

2. CR (N A) zo =0 for every X € C with Re X > wy.

3. CR (N A) zg =0 for every A € p(A).
Proof. Recall that the resolvent of an operator can be represented as the Laplace transform

of the semigroup it generates for e A > wy (see for instance [EN0O0O, Theorem 1.10, Chapter
I1]) -

“+o0o
RONA) z = /0 e MS(1) 2 dt

— lim [ e MS(t)zgdt  (limit in H).

Jj—+00 Jo

Actually, this limit can also be considered in the sense of D (A). Indeed,

/ LMtz dt € D (A),

0
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with

A/o] e MS(t) 2o dt = /0] e MAS(t)zo dt = /] e MS(t) Az dt,

0
—— R (N A) Az.

j—+oo

Since C is bounded on D (A) we obtain
+oo
R (A A) 2 :/ eNCS ()20 dt, Re A > w.
0

It is now clear that [I} implies [2] while the converse follows from the injectivity of the
Laplace transform.

The remaining equivalence is a consequence of the analytic continuation of the resolvent.
]

Lemma 3.30 (Proposition 3.1 of [Fat66]). Let zp € D (A) be fized. If the third point of
Lemma holds, then CR (A\; A) Py,20 = 0 for every X € p(A) and every j.

Proof. Let A € p(A) lies outside the circle Cj.
The first resolvent equation (A —§)R (A A) R (§;4) = R (& A) — R (A A) gives

R(NA) P,z = ()\ A) g /C (€5 A) 2 dé
= / R (€ A) 20 €
_ (é A) R(NA)
T omi /] E—A 20 dé
1 R (&5 A)

: 1
= Tmide, e Od“(zm Ud5> (A 20.

Since A lies outside C}, the second integrand is analytic in some disk enclosing C; and thus,
by Cauchy’s theorem, the second integral is zero. This gives

L [ R(EA

R()\,A) PMjZO = _Tm o 5 b\

2o d€.
Once again this integral can be taken in D (A). Thus, applying C we have

1 CR (& A)
RO Py = =5 [ =055 e

Using the assumption we obtain CR (A; A) P, 20 = 0 for every such A, and thus, by analytic
continuation, for every A € p(A). O
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We are now ready to prove Theorem [3.1} Let us just introduce a last definition for
commodity. For a subspace E C H invariant under S(t), we say that the pair (A,C) is
observable in FE if

Vz € E, (CS(t)zo =0 for a.e. t € (0, —l—oo)) = 7y = 0.

Proof of Theorem[3.1. We will prove that the following properties are equivalent :
1. The pair (A,C) is observable in every eigenspace of A.
2. The pair (A, C) is observable in every root subspace of A.
3. The pair (A, C) is observable in D (A).
It is adapted from Corollary 3.2 and Corollary 3.3 of [Fat66]. We recall that the first
condition is equivalent to : ker(s — .A) NkerC = {0} for every s € C (see Remark [3.2)).
The scheme of the proof is 1. = 2. = 3. = 1. (the last implication is obvious).

Assume that the pair (A, C) is observable in every eigenspace. If z; belongs to the root
subspace of A associated with u;, then S(t)zo is a polynomial in ¢, up to a factor e#i* :

S(t)zg = e‘”tpj(t),
with

i (=1)7
pi(t) = > ajot?,  aj, =
o=0

This can be seen using the uniqueness of the solution to the evolution equation satisfied
by S(+)zp. Thus, the identity CS(-)zo = 0 reads

Clpuj—A)72=0, 0<o<7—1.

In particular for o = 7; — 1 we have

Clpj — A7 'z = 0.
Now, recall that 2, lies in the root subspace ker(u; — .A)™, so that

(1j — A7 20 € ker(; — A).

Thus, the assumption implies that

(g — A7 12 = 0. (3.19)
Taking this time o = 7; — 2 we have

Cu; — A) 22 =0,
and from ((3.19) we know that

(1 — A)7 %2 € ker(p; — A),
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so that the assumption gives
(Mj - A)TjiZZO = 0.

Iterating this process we obtain zy = 0.

Assume now that the pair (A,C) is observable in every root subspace and let zy €
D (A) be such that CS(t)zy = 0. Applying Lemma and Lemma we obtain that
CS(t)Py;z0 = 0 for a.e. t € (0, +00) and every j. By assumption we deduce that P, 2o = 0

L
for every j, that is, zg € (Im P;j) for every j. Since the system of root vectors of A* is
assumed to be complete in H, we conclude that zy = 0. O]
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Chapitre 4

Sharp estimates of the
one-dimensional boundary control
cost for parabolic systems and
application to the N-dimensional
boundary null-controllability in
cylindrical domains

Ce chapitre est la reprise de I'article [BBGBO13|, qui est un travail en collaboration
avec A. Benabdallah, F. Boyer et M. Gonzalez-Burgos. Il a été soumis.

Abstract. In this paper we consider the boundary null-controllability of a system of n
parabolic equations on domains of the form 2 = (0, 7) x Qg with Qs a smooth domain of
RN=1 N > 1. When the control is exerted on {0} x wy with wy C €9, we obtain a necessary
and sufficient condition that completely characterizes the null-controllability. This result
is obtained through the Lebeau-Robbiano strategy and require an upper bound of the cost
of the one-dimensional boundary null-control on (0, 7). This latter is obtained using the
moment method and it is shown to be bounded by Ce®/T when T goes to 07.

Keywords : Parabolic systems; Boundary Controllability ; Biorthogonal families ; Kal-
man rank condition.

4.1 Introduction

The controllability of systems of n partial differential equations by m < n controls is
a relatively recent subject. We can quote [LZ98|, [dT00], [BN02] among the first works.

93
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More recently in [AKBDGBOQ9b], with fine tools of partial differential equations, the so-
called Kalman rank condition, which characterizes the controllability of linear systems
in finite dimension, has been generalized in view of the distributed null-controllability of
some classes of linear parabolic systems. On the other hand, while for scalar problems the
boundary controllability is known to be equivalent to the distributed controllability, it has
been proved in [FCGBAT10] that this is no more the case for systems. This reveals that
the controllability of systems is much more subtle. In [AKBGBdT12], it is even shown that
a minimal time of control can appear if the diffusion is different on each equation, which is
quite surprising for a system possessing an infinite speed of propagation. It is important to
emphasize that the previous quoted results concerning the boundary controllability were
established in space dimension one. They used the moment method, generalizing the works
of [FR71, [FR75] concerning the boundary controllability of the one-dimensional scalar heat
equation. We refer to [AKBGBdTT11b] for more details and a survey on the controllability
of parabolic systems.

In higher space dimension the boundary controllability of parabolic systems remains
widely open and it is the main purpose of this article to give some partial answers. To
our knowledge, the only results on this issue are the one of [ABL12] and [ABI12]. Let
us also mention [Olil3] for related questions for the approximate controllability problem.
In [ABLI2, [AB12] the results for parabolic systems are deduced from the study of the
boundary control problem of two coupled wave equations using transmutation techniques.
As a result there are some geometric constraints on the control domain. We will see that
this restriction is not necessary.

In the present work, we focus on the boundary null-controllability of the following n
coupled parabolic equations by m controls in dimension N > 1

Oy =Ay+ Ay in (0,7) x Q,
y=1,Bv on (0,7) x 09, (4.1)
y(0) = yo in 0,

in the case where the domain €2 has a Cartesian product structure
Q= Ql X QQ,

where Q; C R™, i = 1,2 are bounded open regular domains. In ([£.1)), 7 > 0 is the control
time, the non-empty relative subset v C 0 is the control domain, y is the state, v, is the
initial data, A € M, (R) and B € M,,».,(R) are constant matrices and v is the boundary
control.

Under appropriate assumptions we show that the controllability of System is
reduced to the controllability of the same system posed on §2; (see Theorem below).
The proof is based on the method of Lebeau-Robiano [LR95]. This strategy (already used
in a different framework in [BDROT]) requires an estimate of the cost of the N;-dimensional
control with respect to the control time when 7" — 0.

In a second part, we establish that the cost of the one-dimensional null-control on (0,7)
is bounded by Ce®/, for some C' > 0, as T' — 0% (see Theorem below). This is the
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second main result of this paper and this also shows that our first result above can be
applied at least in the case N; = 1. The demonstration of this result follows the approach
of [ERT1] and [Mil04] (for the scalar case). It requires to take back the proofs contained
in [AKBGBdT11a]. In the scalar case, [Sei84] (see also [FCZ0(]) gave a similar estimate
of the cost of the boundary control of the heat equation, which is known to be optimal
thanks to the work [Giii85].

Note finally, that the extension of the present results to more general domains €2 in RV
as well as the study of the case with different diffusion coefficient on each equation remain
open problems.

4.1.1 Reminders and notations

Let us first recall that System is well-posed in the sense that, for every 7, €
HY(Q)"and v € L*(0,T; L*(9Q)™), there exists a unique solution y € C°([0,T]; H~1(Q)")N
L*(0,T; L*(Q)"), defined by transposition. Moreover, this solution depends continuously
on the initial data yy and the control v. More precisely,

HyHCO([O,T];H—l(Q)") < Cet (HyOHH—I(Q)n + HUHL2(0,T;L2(aQ)m)> ] (4.2)

where here and all along this work C' > 0 denotes a generic positive constant that may
change line to line but which does not depend on 7" nor y,. We shall also use sometimes
the notations C’, C", and so on.

Let us now precise the concept of controllability we will deal with in this paper. We
say that System is null-controllable at time T if for every yo € H ()", there exists
a control v € L?(0,T; L*(0Q)™) such that the corresponding solution y satisfies

y(T) = 0.
In such a case, it is well-known that there exists C'7 > 0 such that
||'U||L2(07T;L2(89)m) < CT||y0||H—1(Q)n> Vyo € H™H(Q)". (4.3)

The infimum of the constants Cr satisfying (4.3)) is called the cost of the null-control at
time T'.

Remark 4.1. Even if it means replacing y(t) by e *y(t) and A by A — u, with p > 0, we
can assume without loss of generality that the matriz A is stable : all its eigenvalues have
a negative real part.

Finally, let us recall the well-known duality between controllability and observability.

Theorem 4.2. Let E be a closed subspace of H}(Q)" and set E=' = —AE C H'(Q)".
Let us denote Ilg (resp. Ig-1) the orthogonal projection on E (resp. E=1). Let Cp > 0 be
fized. For every yo € E~1 there exists a control v € L*(0,T; L*(0)™) such that

{HEWUU—&

vl 207 L2800y < Crllvoll -1 (0
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where y is the corresponding solution to (4.1)), if and only if

T
2 * 2
IT52(0) 120y < C3 /0 11, B0z (0) 2 pymdt,  Vor € E,
where z s the solution to the adjoint system

-0z = Az+ A2 in(0,T) x Q,
2 = 0 on (0,T) x 09, (4.4)
2(T) = zp in Q.

Notations We gather here some standard notations that we shall use all along this paper.
For any real numbers a < b we denote [a,b] = [a,b] NZ. For z € C, R(z) and I(z) denote
the real and imaginary part of z. Finally, x € R +— |z| € Z denotes the floor function.

4.1.2 Main results

4.1.2.1 Boundary controllability for a multidimensional parabolic system

The first main achievement of this work is the following.

Theorem 4.3. Let wy C Qo be a non-empty open subset and take Q3 = (0,7). Then,
System (4.1)) is null-controllable at time T on v = {0} X wq if and only if

rank (By|ApBy|AZBy| - - |AP T By) = nk, Vk > 1, (4.5)

where we have introduced the notations

M+ A 0 0 B
0 X +A . : B
Ay, = : : e Mur(R), Bry=] ' | € Mupxm(R).
0
0 e 0 =Mt A B

(4.6)

One may think to a cylindrical domain where the control domain is a subset of the top
or bottom face (see Figure [4.1)).

This result will be otained as a corollary of some other theorems that are important
results too. The first one is the following and it should be connected with [Fat75] and
[Mil05].
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FI1GURE 4.1 — Typical geometric situation

Theorem 4.4. Let v; C 0§21 be a non-empty relative subset. Assume that the following
Ni-dimensional system

oyt = Anyt+ Ayt in (0,T) x Q,
y' = 1,Bv! on (0,T) x 08y, (4.7)
y'(0) = yp in €,

is null-controllable for any time T > 0, with in addition the following bound for the control
cost C3H

CFr < ce¥T, VT > 0. (4.8)

Then, for any non-empty open set wy C $2o, the N-dimensional System is null-
controllable at any time T > 0 on the control domain v = v X ws.

Remark 4.5. The converse of Theorem|[].4] also holds. More precisely, if the N -dimensional
System s null-controllable at time T', then the Ni-dimensional System is also
null-controllable at time T. This can be proved using a Fourier decomposition in the direc-
tion of €)s.

It is worth mentioning that, such a decomposition also shows that, when wy = 2o, the
proof of Theorem is much simpler and it does not need the control cost estimate (4.8]).
Moreover, the domain €y can even be unbounded in this case.

4.1.2.2 Estimate of the control cost for a 1D boundary controllability problem

The second result of this paper provides an important example where Theorem can
be successfully applied.

More precisely, we show that the assumption (4.8)) on the short time behavior of the
control cost actually holds in the 1D case for the following system if we assume the rank
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condition (4.5)

Oy = 0%y + Ay in (0,7) x (0, ),
y(t,0) = Bo(t), y(t,m) =0 in (0,7), (4.9)
y(0) = yo in (0, 7).

We recall that it has been established in [AKBGBdT11a] that System is null-
controllable at time 7" > 0 if and only if the rank condition holds.

However, in the above-mentioned reference, no estimate on the control cost is provided.
This is the next goal of the present paper, to give a more precise insight into the proof of
the controllability result for System that allows a precise estimate of the control cost
as a function of T

Theorem 4.6. Assume that the rank condition holds. Then, for everyT" > 0 and yo €
H=Y0, 7)™ there exists a null-control v € L*(0,T)™ for System which, in addition,
satisfies

HUHL2(O,T)m < CQC/THQOHH—l(O,w)"'

This theorem, combined with Theorem [4.4] and Remark [4.5] give a proof of Theorem
4.0l

4.1.2.3 Bounds on biorthogonal families of exponentials

The proof of Theorem is mainly based on the existence of a suitable biorthogonal fa-
mily of time-dependent exponential functions. The construction provided in [AKBGBdT11a]
does not allow to estimate the control cost. That is the reason why we propose here a slightly
different approach which is the key to obtain the factor e“/7. This abstract result, which is
interesting in itself and potentially useful in other situations, can be formulated as follows.

Theorem 4.7. Let {Ak}kZl C C be a sequence of complex numbers with the following
properties

(H1) Ay # A, for all k,n € N with k # n.
(Ha) R(Ax) > 0 for every k > 1.
(Hs) For some 3 >0,
S(Ax)] < ByYR(AL),  VE> 1.
(Ha) {Ar}ys, is non-decreasing in modulus

M| < [Agsr|, VE> 1.

(Hs) {Ax}ys, satisfies the following gap condition : for some p,q > 0,

A — Ay Zp‘k:2—n2 , Vk,n:lk—n|>q.

k#n:|k—n|<q
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(He) For some p,a > 0,
’p\/_ —N(r)‘ <a, Vr>0o0, (4.10)

where N is the counting function associated with the sequence {Ak’}kzv that is the
function defined by
N(r)=#{k:|A] <71}, Vr>0. (4.11)

Then, there exists Ty > 0 such that, for everyn >1 and 0 < T < Ty, we can find a family
of C-valued functions

{or ko1 jepon1y C L(=T/2,T/2)
bz'orthogonall] to {ek,j}k,ZLje[[Om_l]], where for every t € (=T/2,T/2),

erj(t) = tle Akt

with in addition
< CeCVRUNTT (4.12)

I Pk,j ||L2(_T/2,T/2)
forany k>1, 5 €[0,n—1].

4.2 Boundary null-controllability on product domains

4.2.1 Settings and preliminary remarks

Let )\?1 (resp. )\?2), j > 1, be the Dirichlet eigenvalues of the Laplacian on €; (resp.
2y), and let ¢§21 (resp. ¢§22) be the corresponding normalized eigenfunction.

Let us introduce the (closed) subspaces of Hj(£2)™ on which we will establish the partial
observability later on (section |4.2.2))

J
E; = {zl (.6) i@
]:

u € H&(Q)”} C Hy(Q)™, J>1,

where the notation ijl(u, ¢§22> L2(92)¢§22 is used to mean the function

7
(21,22) € Q— > (u(1, ), 652) 120000y 5% (22).

j=1
We then define the "dual" spaces of E;
E;'=—-AE;c HY(Q)", J>1

Let us recall that we denote by Ilg, (resp. II E;1) the orthogonal projection in H} ()"

(resp. H~1(Q)") onto E; (resp. E;'). It is not difficult to see that we have the relation
Hp-1(=Au) = —Allg,u for any u € H(Q)™.

. T/2 _
1. that is <<pk7j7elvl’>L2(—T/2,T/2) - f,j/"/g @k,j(t)el,u(t) dt = 5kl(5jy-
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Lemma 4.8. For any u € H}(Q)", we have

“+00

= > (u, 65%) 12005

J=1

It follows from this lemma that IIp,u = Zj:1<u, ¢?2>L2(Q2)¢§22 for any u € Hy(Q)™.

Proof of Lemma Let us show that the sequence {S;u} ., defined by

J

Syu = Z(Ua ¢?2>L2(Qg)¢§22a
j=1
is a Cauchy sequence of Hj(Q2)". For any J > K > 1 we have
2

J
Z <u’ ¢§22>L2(Q2)¢§22

2
155w = Skullyypn =

j=K+1 H} ()"
J 2 2
B Q Q 9]
= Z <U> ¢j 2>L2(Qg) HY (@) + Z >\ ’ <U ¢ 2>L2(Qz) L2(Q)n

j=K+1
Using Lebesgue’s dominated convergence theorem it is not difficult to see that these terms
go to zero as J, K — 400. As a result S;u —> v for some v € H}(Q)". In particular,

J—400

(v, 21¢§22>L2 = (u, g (bj )r2(q) for every j k> 1, and it follows that v = w.

4.2.2 Partial observability

One of the key points to make use of the Lebeau-Robbiano strategy is the estimate of
the cost of the partial observabilities on the approximation subspaces. This will be used
for the active control phase.

Proposition 4.9. Let Q, be of class C%. Assume that System (4.7 (-) is controllable at time
T with cost C3*. Then,

2 02 (T
I, 2(0) [y < CCFYENVY [T Ly B Ol oot Vor € By (413)

where z is the solution to the adjoint system (4.4).
By Theorem [4.2] we deduce that

Corollary 4.10. For any J > 1,50 € E;', there exists a control v(yo) € L*(0,T; L*(0Q)™)
with

C\/
||U(90)||L2(0,T;L2(ag)m) <c(C Ql “yOHH LQ)ns (4.14)
such that the solution y to system (4.1)) satisfies
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Proof of Proposition Let zp € E; so that
2p(21,2) = Y 2 (21) 85 (22),
j=1

for some 2, € H}(Q4)™. Let z be the solution of (4.4)), the adjoint system of (4.1]), associated
with zp. Thus,

<

2ty wa) = > 2 (8 1) 952 (w2),

=1
where 27 is the solution to
—027 = (Ag, = A?) 2+ A% in (0,T) x
2 =0 on (0,7) x 0y,
A(T) = 2, in Q.

Note that IIg,2(0) = 2(0). A computation of Hz(O)Hégl(Q)n gives

2

J 0 9
A2
HY ()" _'_]Z::l J

2Oy = 2 |27 (0) 2(0)

L2 (Ql)n .

Using the Poincaré inequality we obtain,

2
HY ()"

J
12(0) 13710y < CAG2 D2 ||27(0) (4.15)
j=1

. Q
Observe now that 2/(t) = e~ T=D%7 (1), where 1 is the solution to the adjoint system of
(4.7) associated with z7.. Thus, using the assumption that ([4.7]) is controllable with cost
Cr', we obtain by Theorem that

|0

where n; denotes the unit outward normal vector of €2;. Combined to (4.15]), this gives

2
Hg ()

2
dt,
L2(091)™

<@ [ nBon =

2

J
9 N2\ 0 T . .
12(0) 13710y < C(CF) AJQ/O ;leB Onr 2" (V]| 2 o0,y

Let us denote by By the kth column of B. Applying the Lebeau-Robbiano’s spectral in-
equality [LR95] (see also [LROT7, Section 3.A]F)

J Q
>l < eV |
i=1 w2

2

dl’g

J
Z aj¢§22 (1’2)
j=1

2. and [TTIIl Theorem 1.5] when Qs is a rectangular domain.
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to the sequence of scalars a; = Bj0,,2’(t,01), o1 € 4 being fixed, and summing over
1 < k < m, this gives

X::‘Bﬁmz (t, o) \fc <CC\/>/M

2

ZB an12j<t 0'1)¢ (mg) diL‘Q.

= cn

2

To conclude it only remains to integrate over v, and observe that

77,1(0'1)
n(o) = for o = (01, 22) € 091 X Qs.
0
4.2.3 Dissipation along the direction (2

The other point of the Lebeau-Robbiano strategy relies on the natural dissipation of
the system when no control is exerted (the passive phase). For our purpose, we need an
exponential dissipation in the direction 2.

Proposition 4.11. If there is no control on (to,t1) (i.e. v =0 on (to,t1)) and the corres-
ponding solution y of System (4.1) satisfies

HEEIy(t()) = O,
then we have the following dissipation estimate

ENL-
[yl -1y < Ce g tO)Hy(tOMH*l(Q)M vt € (to, t1).

Proof. Let y(ty) = —Afo, Jo € Hi ()" The assumption g-1y(to) = 0 translates into
g, 50 =0.
Let ¢ be the solution in H} ()" to
O = Aj+AG in(to,tr) x £,
g = 0 on (to,t1) x 0%,
’g(tg) = 270 in Q.
Since the matrix A is constant, we can check that

y=—Ay in (to,t1) x Q,

and thus
1yl -1 pn = 1T @yns N9 E) | =10y = N0l 13 )

As a consequence it only remains to prove the dissipation for regular data, namely

- %2 -
15| g3y < Ce A tO)HyOHHé(Q)"? Vvt € (to, t1),
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for o such that Iz, gy = 0 i.e. of the form (see Lemma

+00
o= o5 doy = (U0, 85) , . € Hy(Qu)"

L2(Q
j=J+1 (@)

Since IIg,50 = 0 and A is constant, we have Ilg,j(t) = 0 for every t € (to,t1) and as a
result the following Poincaré inequality holds

PPN RN
AT @n < IVFE) 2y VEE (to, t).
Combined to Young’s inequality this leads to
2 <12
ARV 20y < AIATE T2y for ace. t € (fo, ).

Using now standard energy estimates and the fact that the matrix A is constant and stable
(see Remark [4.1)), we finally obtain the desired dissipation

- 222 -
17O gy < Ce 41 G0l a -

4.2.4 Lebeau-Robbiano time procedure

We are now ready to prove Theorem [£.4]
Let yo € H~1(Q)™ be fixed. Let us decompose the interval [0, T) as follows

400
0,T) = U lak, ars1],

k=0

with
ap =0, a1 =ay+2T,, T, = M27%.

where p € (0, N%) and M = £(1—27") has been determined to ensure that 23°,° T}, = 7.

CONTROlL
0(2’“) Ny

DISSIPATION

| |
| |
| |
! !
! !
| !
| |
| !
_ E\ N P
.~ eme(®)™
| |
| |
| |
! !
! !
| !
| !
| |
[ T

0 g Oy = (f+1 T
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We define the control v and the corresponding solution y piecewisely and by induction
as follows

v <HE2k1y(ak)) (t) ift e (a,ar + Ty),

0 ift € (ak + Tk,ak+1).

v(t) =

Let us show that v belongs to L?(0,T; L?(9Q)™) and steers y to 0 at time T

Step 1 : Estimate on the interval [ay, a; +T;] From the continuous dependence with
respect to the data (4.2) and since T}, < T we know that

ly(ar + D)l -1y < C (”y(ak)HH—l(Q)" + HUHLQ(ak,akJer;LQ(E)Q)m)) : (4.16)

Using the estimate of the cost of the control (4.14)) we have

Q Cy /AR

H—I(Q)n

and since ||I1I ;-1

ok

< 1, this gives
L(H-1)

aoym) = CCQI e [y (@)l g-1(

HUHLQ(ak,akJer;L2(

Using now the estimate of C3** with respect to T' (assumption ), this leads to

< () g

100122 @ mis 202y s

On the other hand, Weyl’s asymptotic formula states that
1
/222 k\ Ny
)\2k +o0 0(2 )
and (by the choice of p)
L _ Lo < oot
= 2
. M — ’
so that i
Ny
1911 2 0 g+ 7022000y < C72 7 Ny (@r) -1 (qyn- (4.17)

Combined to (4.16)) this yields

k
ly(ar +Ti)ll g1 < C (1 + 602N2> ly(ar) | -1 (0yn
k

< Ce“* ™ |ly(ar) |l -1 (-

(4.18)



4.2. BOUNDARY NULL-CONTROLLABILITY ON PRODUCT DOMAINS 105

Step 2 : Estimate on the interval [a; + T}, ax+1] Since HE—kly((Ik + T)) = 0, the
”
dissipation (Proposition 4.11]) gives

ALY
1y (ars) || -1 < Ce "2 ly(ag + Ti) | -1 (gyn- (4.19)

Step 3 : Final estimate From (4.19) and (4.18]) we deduce

&
Ty +C2 N2

_)\92
1y (ars)l -1 (e < Ce 2 1y (@)l -1 0n-

By induction we obtain

p
k Q s
Yoo (5702

H?J(@kﬂ)”ﬂ—l(ﬂ)n <Ce HyOHH—l(Q)”'

Since , ,
Notr Ty e C(2P +1)™ 277 > C'(2P) ™7,

we obtain

[y (ar1)ll -1y < Ce 10l -1 (-

Since p < N%, there exists a py > 1 such that

— (2N 4 (2% < —CM(2) %P, Wp > po. (4.20)

It follows that, for k& > pg, we have

k 2 1 k 2 2 _
3 (—C”(Qp)Nz_p + C(2P)N2) <O-Cry (@)mTr < - (2
p=0 DP=po

So that, finally,
_ k NL*”
ly(ar) -1y < Ce™ )™ gl o - (4.21)

Step 4 : The function v is a control FEstimates (4.17) and (4.21) show that the
function v is in L*(0,T; L*(09)) :

2 o =X 2 <C =X ozl%_ol(zk)f\%‘ﬁ 2
HUHLQ(O,T:LZ(aQ)m) = Z HUHL2(ak,ak+Tk:L2(aﬂ)m) = Z € ||y0||H*1(Q)”'
k=0 k=0

<+o0 by (E20)

Moreover, estimate (4.21)) also shows that the function v is indeed a control :

(a1 2 0= 19Dl (-



106 CHAPITRE 4. CONTROLLABILITY ON CYLINDRICAL DOMAINS

4.3 Cost of the one-dimensional boundary null-control

We prove here Theorem [4.6] assuming Theorem [4.7] is proved (see the next section). All
along this part we shall use the notations of [AKBGBdT11a].

4.3.1 Arrangement and properties of the eigenvalues

Let us first recall that the Dirichlet eigenvalues of the Laplacian —9? on (0,7) (with
domain H?(0,m) N H}(0, 7)) are A\ = k2, k > 1.

We denote by {u}cp;,) C C the set of distinct eigenvalues of A*. For [ € [1,p], we
denote the dimension of the eigenspace of A* associated with p; by n; and the size of its
Jordan chains by 7;, j € [1,n]. In [AKBGBdT11al, Case 2, p. 583], it is shown that we
can always assume that 7;; = 7; is independent of j. Finally, we set i = maxe[ ] 1.

We assume that the set {14}, e1p) 18 arranged in the following (non unique) way

Vielp—1]. Rlour) 2 Rlpera). (4.22)

bl < Jpusa] i R() = Rpura).

We should point out that in [AKBGBdT11a, page 562], it is assumed that {yu},cp, ) is
ordered in such a way that n = n;. Actually, this is only used for commodity and the same
reasoning holds if we take n instead of n;.

Let us now recall that the eigenvalues of the operator 92 + A* (with domain H?(0,7)"N
H}(0,m)") are given by —\, + pi, k > 1 and i € [1, p]. Moreover, there exists kg > 1 such
that

— e+ Hi 7£ -\ + Hi, (423)

for every k > ko, I > 1,1 # k, and 4, j € [1, p] with i # j (see [AKBGBdT11al, Proposition
3.2]).
From (4.22)), we see that there exists k; > 1 large enough so that

20, (R(tu) — R(pr)) + [ |* = [l > 0,

for every [ € [1,p — 1]. Therefore, we deduce that

Ak — | <Ak — pgal, (4.24)

for every k > ky and [ € [1,p — 1].
Finally, let k3 > 1 be large enough so that

for every k > ky and 4, j € [1,p] with ¢ # j, which is always possible since A\, = k.
We set
KQ = Imax {k’o, k’l, k’g} .
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To this Ky we associate p > 1, the number of distinct eigenvalues of the matrix A,
defined in . Let {ve}peppp © {=M + tutpep kopieppp P the set of distinct eigenvalues
of A} arranged in such a way that |v,| < |y, for every £ € [1,p — 1].

For ¢ € [1,p], the dimension of the eigenspace of A} associated with 7, is denoted by
Ny, and the size of its Jordan chains by 7, j € [1, N/]]. Since we assumed that 7, ; = 7 it
follows that 7, ; = 7 is also independent of j. Finally, we set N = max ey 51 Ve-

We choose to arrange the eigenvalues {A;},o; C C of the operator —(A + A*) as
follows :

A= —Ye, for ¢ € Hl,ﬁ]],
A5y = Aiggrj — tu,  with  j = {%J +landl=1— {%J p, fore>1.

Observe that the sequence {Ax},-, satisfies the assumptions of Theorem

4

follows from (4.23)).

(1)
(H,)| holds because the matrix A is stable (see Remark [4.1]).
()

is clear since |J(Ap)| < maxeqi ) [S(u)| and R(Ap) > A\ — maxgep ) R(w)

(which is positive since A* is stable).

— |(H4)|is a consequence of (4.24]) and (4.25)).
— Finally, let us show that holds for ¢ large enough. Let k = p+i, and n = p+1,

(the case k < porn < pissimpler). Let ji, 7, and Iy, [, be such that Ay, = Ay, —tu,
and A, = Agy+j, — tu,- We have

2
A — Akl* = PAkotie — Aosgn + Hin — b ” > ’ [ Akotse — Aotgn|l = |11, — pi1, ]
> Aot — Aotinl” = 2 [Aicots — Mol 11, — Ha ) + [, — pa, |
Let us denote m = mini<yy<p | — pwr|, M = maxy<p<p | — p|, d = |jr — Jul,

1 AL
$ = jr+ jn and x = d(s + 2Ky). Thus,

A, — Ag)* > 2® — 2Mx + m.

On the other hand, since |iy — in| < p(|Jk — Ju| + 1) and iy + i, < p(Ji + Jn) + 2, We
have )
62 = 2| = [ix = inl® (ig + in + 25)? < pP(d + 1)*(sp+ 2+ 2p)°

By assumption d, s — 400, so that

K2 —n?[* < O (s + 200)* = Ca?,

Taking for instance p = 1/v/2C and x large enough we obtain the first property of
(#H5)l The second property is actually satisfied for any q.
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The counting function We recall that the counting function N associated with the
sequence {Ax},., is given by

N(r)=#{k:|As] <7}, ¥r>0.

This function N is piecewise constant and non-decreasing on the interval [0, +00).
Thanks to |(Hs)| we have limg_, 1 |[Ax| = +00, so that N (r) < o0 for every r € [0, +00)
and lim,_, , oo NV(r) = +00. Moreover, [(H,)| shows that, for every r > 0, we have

N(r)=n<= (A, <rand |[A,a| >7), (4.26)

so that, in particular, we have

\/ ’AN(T) <V <y ‘AN(T)-&-l‘-

On the other hand, from the very definition of Ay for k£ > p, we have

2
(/\/]Sr) +/Kvo> - M < ‘AN(T)

N2
§<A/;S”+/j{vo> + M, for any r s.t. N(r) > p,

where M = maxep p) |ful, Ky = Ky — 1% +1and Ky = Ky + 1. Combining the two
previous estimates, it is not difficult to obtain the last assumption |(Hg)| of Theorem

4.3.2 The moment problem

In [AKBGBdT11a] it has been proved (Proposition 5.1) that, under the assumption
(4.5), System (4.9) is null-controllable at time T if for every ¢ € [1, N] there exists a
solution u, € L*(0,T) to the moments problem

T
/O Eewt ug(t) dt = copq(yo; T), V0 e [1,p],Vv e [0,7 — 1], (427
T 9 . .

/O el Ay (4 dt = di (o T), V> Ko, V1€ [1,p], Yo € [0,7 — 1],

where ¢, , and dffm are given in [AKBGBdT11al Proposition 5.1]. The precise definition
of those terms is not really important here, however we recall that they satisfy the following

estimates (see [AKBGBdT11a, Equations (49) and (52)])

[Coang(yo: T)| - < Cfetiaa”

JUR 70 PR 4.28)

< CeMlyoll -1 (0,

and

df o (o: T)| < i"e(Ak+A*)THM,L<R> w0 )1 o

(Cn
(4.29)
< C’eCT\/]:_ke

g0l -1 o,y
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The control v(t) is then given as a linear combination of uy(T —t), ¢ € [1, N], and as
a result satisfies

”UHLZ(O,T)m < C max [ug[ s 0,7)" (4.30)
(0,1)
q€[1,N]

Assume for the moment that Theorem is proved. Let Ty > 0 be the time given by
Theorem [4.7] and set

n=max {7, 7, |l € [1,p], £ € [1,p]}.

For T' < Ty we can then introduce the biorthogonal family {¢x,j}151 jep,-17 C L*(—T/2,T/2)
associated with the sequence {Az},.,. As we need to work on the interval (-77/2,7/2),
we perform the change of variable s = ¢ — I in (4.27)) and obtain

T
2

7 1 ™\ — T _
/T o <3 + 2) ees Uqg (S + 2) ds = e_%wcg’wq(yo;T), = ﬂl,ﬁ]],Vl/ c [[07%6 — 1]]7

i vk > Ko,
T T\° __ T 173
[ (s 5) ety (s +5) ds = ™Rl o), 1§ v L,
2
Yo € [[O,Tl — 1]]

Using the binomial formula (s - %)J = 3.7:0 (j) g/—J (%)J we finally have

T

v T J ) R T
> (g) () [557e™u (s+5) ds = malomT), Ve e [L51, 9 € [0,7 - 1],

vk > Ky,

c (o\ [T\’ % , — T
3 (1) (3) Lo (s g) do=diosus ), § e [na)
J=0 ~z

Vo € [0,7 —1].

with
_— _T— o _(_ —\ T
Coog(yo; T) = vle 27ey,, o (yo; 1), dﬁmq(yo;T) = gle (Pt 3 digjq(yo; T). (4.31)

For T' < Tp, a solution to the moments problem (4.27) is then given for every t € (0,7)
by (note that —A, + = Agy 4 gy —1)pps for k> Ko)

p T—1 T
=3 Gl Den (¢ 5)
(=1 v=0

T
S e T (P ).

k>Ko =1 0—=0 2
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—

provided that u, lies in L*(0,T) (see below), and where s g and ¥ solve the triangular

l,o,q
systems
— _ & T
Cf,O,q CZ’qu dl,an dl,O,q
P(T) : = i |, QO : = : :
—_— e — —
G~ 1 Cov, dk dF
€7T£717q é,l},q l,m—1,q l m—1,q

where the coefficients of P(T') and Q(T') are respectively given for i > j by p;;(T) =
(?_1) (I)%J, qi;(T) = (”"._1> (Iyﬁ and p;;(T) = ¢;;(T) = 0 otherwise. Observe that

j—1 2 j—1 2

[P@7 . <T@, < CT

From this, the definition (4.31)) of ¢,, and dlgq, and the estimates (4.28)) and (4.29)) of
Cewq and df, ., we obtain

o 1| _Ta
(emayo; T)| < T e 2| €T lyoll 10 myn < Ce“ Nwoll 10 0y (4.32)

ZZ\oq(yO' 1 )' < C z t ‘ ( >\k ‘l‘Hl)E ‘ 7\/)\16 "
i) ) — (& k 1

< CGCT@
- k

_/\kTHyO I H=1(0,7)

(4.33)
)\ T
e >\k2 ||y0||H*1(O,7T)"'

It remains to prove that u, € L?(0,T) and to estimate its norm with respect to T’ and
yo. This is actually thanks to the estimate (4.12)) that this latter can be achieved. Indeed,

using also (4.32)) and (4.33) we have

gl 20y < CTZe WHTHyOHH—l(Oﬂr)"’
RS VA M7 Zec Arm(mH%HyOHH 107y (4.34)
k>Ko =1
< 0T+ 1+ > o e MOV 90[l 2710 myn-
k>Ko k

Let us now estimate the series. Young’s inequality gives

T
C\/)TkS AkZ-l-

for every k> 1 and T > 0, so that

T, C
—)\k—+0\/7< N

2
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Thus, using also that A\, = k2, we obtain

Z vk)\ke_xk}rcm < e Ze_]#%

k>Ko k>0

A comparison with the Gauss integral gives

Ze‘k2% < 2\/4—7T < (CeT.
£E>0 T

Coming back to (4.34) we then have

SHIQ

c
||uq||L2(o7T) < QT ||y0||H_1(O77r)”'
Finally, (4.30) gives, for every T' < Ty,

c
||UHL2(0,T) < CeT ||y0HH*1(O,7r)”'

111

Thus, when T' < Ty we have obtained a null-control to System (4.9)) which satisfies the
desired estimate. The case T' > Tj is actually reduced to the previous one. Indeed, any
continuation by zero of a control on (0,7/2) is a control on (0,7") and the estimate follows

from the decrease of the cost with respect to the time.

4.4 Biorthogonal families to complex matrix expo-

nentials.

This section is devoted to the proof of Theorem [4.7]

4.4.1 Idea of the proof

For any n > 1 and T small enough (depending on 7n), we have to construct a family

{Spk’j}kzl,je[[(),n—l]] in L?(—T/2,T/2) such that
T

/_i @kvj(t)tyeixlt dt = 5kl<5jl,,

2

for every k,1 > 1 and j,v € [0,n7 — 1], with in addition the following bound
272

for any £ > 1 and j € [0,n — 1].

The idea is to use the Fourier transform with the help of the Paley-Wiener theorem

(see [Rud74, Theorem 19.3]) that we recall here.
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Theorem 4.12. Let ® be an entire function of exponential type T'/2 (that is |P(z)| < Cezl!
for all z € (CE[) such that

2 oo 2
HCDHL2(7007+OO) = [m |D(x)|” dr < +oc.

Then, there exists p € L*(—T/2,T/2) such that

1 /3 :
O(2) = —/ o)™ dt, VzeC. (4.35)
V2m J-%
Moreover, the Plancherel theorem gives

HSDHLQ(—%,%) = HCD“L2(700,+00)'
Observe that the function in (4.35)) is infinitely derivable on C with, for every v €

[[07 n— 1]]7

/I:V

Vor

Thus, Theorem will be proved if we manage to build suitable entire functions as
stated in the following result.

T
OV (z) = /ZT o(t)t’e" dt, VzeC.

Theorem 4.13. Assume that the sequence {Ay},~, C C satisfies the assumptions
(Hs)} )

There exists Ty > 0 such that, for anymn > 1 and 0 < T < Ty, there exists a family
{®rjte>1jefon-17 of entire functions of exponential type T'/2 satisfying

/[:I/

V271

O(iky) = Sudiy, VE1>1, Yjvel0,n—1], (4.36)

and

< C'eCr /R(AR)+S

[P, HL2(—oo,+oo) = ) (4.37)

for any k> 1 and j € [0,n — 1].

Remark 4.14. A sequence {Ak}k21 C C satisfies the assumptions if and only

if so does the sequence {/Tk} E For this reason, and commodity, we will prove Theorem

k>
4.13 for the sequence {/Tk}

E>1

3. Here and only here, C' may even depend on T without affecting the result.
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4.4.2 Proof of Theorem [4.13

Some preliminary remarks It is interesting to point out some properties of the se-
quence {A},-, which can be deduced from assumptions |(H3)} |(H4)| and [(Hs)]

1. First, under assumptions |(#H,4)| and |(7—[6)| we have that

P | Ak| (4.38)

k>1

Indeed, using that N is piecewise constant and non-decreasing on the interval [0, +00),
we can write

> Ak = [ = [ SN ar

_ 2
k:>1 Al‘ r 1| r

r = +
TSI M A

< +00

+o0
S/ a+p\/Fd a 2p
|

2. Then, from assumption |(H3)| we can also deduce the following behavior of the se-
quence {Ag}r>1

Akl = R(Ap) < By R(Ax) and  [Ax] < CR(Ay), VE =1 (4.39)

Indeed, one has

Ak = R(AL)? + S(AR)? < R(AR) + B2R(A) < <§R(Ak) + m/ére(Ak)f .

Let us now introduce the complex functions given, for every z € C, by

f6=11 (1-5): = 11 (1-5)- (4.40)
- k#n

Thanks to (4.38]), the previous products are uniformly convergent on compact sets of
C and therefore f and f, are entire functions. Moreover, the zeros of f and f, are exactly
{Ak} k>1 and {Ag},, and they are zeros of multiplicity 1 (recall that the Ay are distinct
by |(#1)). For a proof of these facts we refer to [Rud74, Theorem 15.4].

On the other hand, let us fix d = pm + 2. For any 7 > 0 such that 7 < d?/2 we define
the real positive sequence {a,},>o given by

2 2

d N 4(n*—1)

an = —=
+2 a2

To this sequence we associate a complex function M defined by

, Vn >0, (4.41)

M(z)=1]] M, Vz € C. (4.42)

e z/ay
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Since

<e”, VzeCl,

and a,, o Cn?, the previous product is uniformly convergent on compact sets of C and
oo

M is an entire function of exponential type 7); > 0, where

1
™ =), — < +00. (4.43)
n>1 n
More precisely, M satisfies
|M(2)| < e™ll vz ecC. (4.44)

Observe that there is no constant in front of the term e™ . This point will be very
important in the sequel (see the proof of Proposition in the appendix to obtain
estimates with constants C' that do not depend on 7 (which will play the role of T, see
below). Note also that M has only real zeros since {a,},~, is a real sequence. Finally, we
will often use that 7p; < 7. This fact is proved in Lemma [£.17] in the appendix 5]

Proof of Theorem We follow some techniques developed in [AKBGBdTT11a] (see
in particular Lemma 4.4 in this reference).
Set Ty = d? and, for any 0 < T' < Ty, set 7 = %,
7 < d?/2 holds. The function M defined above will then correspond to this value of 7.
Let us consider the functions

in such a way that the condition

f(=iz) M(z+ S(A))
_¢{I(A§) ?am(?k»))’
B _lwznwzsz—izMz—i-%Akz

() = 5 WG] We) = S S Smng)

By(z) = ;, Wel2)]", Wilz) =
' (4.45)

defined for every z € C and k > 1. N
Let us already give some estimates for the functions Wy, Wy (and as result also for @
and @) that will be used later :

Proposition 4.15. Assume that the sequence {Ak}k21 satisfies the assumptions
and let 7 < d?/2. Then, for any k > 1 and z € C,

(Wi(2)] + Wi (2)] < OVImlERa oy R L2, (4.46)
On the other hand, for any k > 1 and x € R,
Wi(@)] + [Wi(a)| < e VIHOVRAD+Z, (4.47)

The proof of this rather technical proposition is given in the appendix [4.5. For now, let
us continue with the proof of Theorem [4.13]
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Since the function M only has real zeros, all the functions introduced in are well-
defined and they are entire functions. For every [ > 1, iA; is a simple zero of the function Wy
since A; is a simple zero of f and iA;+S3(Ay) is not a zero of M (S[iA;+S(Ax)] = R(A;) # 0
by . Thus, we deduce that, for every [ > 1, i/, is a zero of ®; with exact multiplicity
n, i.e.,

O\ (iN) = [WLGA)]"#0 and OV (iA) =0, VkI1>1, VYvel[o,n—1].

Observe that, in particular @,i")(iAk) = 1. At this point, the function ®;; = @, then

satisfies (4.36) for [ # k.

For any k > 1, j € [0,n — 1] and z € C, let us now set

fri(z) = % _ (Z—AD” By (2) (2 — iAg).
Note that, for z € R, we deduce from (4.47)), [(H4) and (4.39), that
[fig(@)] < CemdViroVRA+2 (4.48)
From the properties of the function @, we get
FN) =0, VI > 1 with [ #k, Vv e [0, —1],
£ (iAg) =0, v e 0,5 — 1], (4.49)
i) = (el i), 20

We look now for @ ; in the following form

Ori(2) = p(2) fr3(2),

with p a polynomial function of degree n —j — 1 which depends on k, j (for simplicity, this
dependance is omitted in the notation).

As a consequence of inequality and the fact that 73, < 7, the function ®y ; is an
entire function of exponential type nT =T/ 2.E|

In view of , if we simply take p = 1, then the relations are satisfied for
l # kand | = k if v < j. Thus, in order to get , we have to choose p such that
@,gj;(z/\k) = \/’% and (ID,(j;rr) (iAg) = 0 for r € [1,n — j — 1], that is
1 il !

/L]
Vor (9N, V2r gl

Zarfp ZAk +p (ZAk) 07 Vr € [[1777 _j - 1]]:

p(iAy) =

(4.50)

4. the constant C such that |®; ;(z)| < Ce"?l for every z € C depends on k, j, 7, etc... but this is not
important as mentioned earlier.
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where

(]+r) j(j+w 1) ( ) T!n! .
NGO = G oA, (451)

T

for every r € [1,7 —j — 1] and ¢ € [0,r — 1] (they are well-defined since f,gjj) (i) #0).
These relations allow us to compute p™(iAy) for every r € [0,n7 — j — 1] and thus
completely determine p which is then given by

r) ZAk) Z . ZAk)T

-y
In order to get the bound (4.37)) for @ ;, let us prove some estimates of the polynomial
p previously constructed. If we set P = (p(’") (zAk)> € C"77, then we can rewrite

re [[Ozn*jf 1]]

the identities in (4.50) as a linear system of the form AP = B with

1 0 e e 0 \/%;L:
ao 1 ' : 0
A= asp a9 | eM,_;(R), B= : e Cr,
0
An—j-10 Ap—j-11 " Gp—j-ig-j-2 1 0

and a,, given in (4.51)). Again, following [AKBGBdT11al, Eq. (31),p. 570], it is possible to

show

n—j—1
2
(ntr—£) 2
Ploms <C | > @7 (iAy)] . (4.52)
Lefo,r]

Finally, let us estimate ]<I>§€77+T_€)(i/\k)|, forr € [1,n—j—1] and ¢ € [0, r]. Since ¥y, is
an entire function, we can write

m)! (I)k( )
<I>(m A / ——d Ym >0
(Z k) 2Z7T |z—iAk|=1 (Z - ZAk)m+1 = =

so that
@A) < C sup [ Di(2)].

zi|z—iAg|=1

Using inequality (4.46)), the fact that |z] < 1 4 |Ag| for z such that |z —iAg| =
inequalities (4.39), and the fact that 7, < d?/2, we obtain

a0, £ CVITTE whz 1 vz 0
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Going back to (4.52)), we get
Pl , < CeOVRRILE,
Recall that the vector P contains the coefficients p(™ (iA;) of the polynomial p. Thus, using
that |z|"/r! < CetVIH for any 7 € [0,n], and using (4.39)), we obtain
Ip(2)| < Ced VIERCVRAOTS vy, ¢ .

Combining the previous estimate, written for x € R, and (4.48|) we deduce the expected
bound (4.37) for &4 ; = pf.;-

4.5 Proof of Proposition 4.15

We start with another property satisfied by the sequence {Ak}kzlv namely that it be-
haves as k2.

Lemma 4.16. Under assumptions and we have
Ck < \/|A| < C'k, Yk > 1. (4.53)
The second lemma was often used.

Lemma 4.17. Let 7 < d*/2. For the function M given by ([4.42) we have Tpy < T (where
v is given in [4.49)).

The next lemma are devoted to give bounds of every terms involved in the definitions

(4.45) of Wy, and W,
Lemma 4.18. Under assumption we have, for every z € C andn > 1,

log [f(2)] < (d=1)y/|z] + C, log|fa(2)] < (d = 1)y/|z[ + C,
where f and f, are defined in .
Lemma 4.19. Under assumptions and we have, for every n > 1,
log | f'(An)] > _O\/ Al
where f is defined in .
Lemma 4.20. Let 7 < d?/2. The function M given by (4.42) satisfies
C
M(O)=1, log|M < —d — R. 4.54
O =1, log[M(@)] < —dyflel+ &, vre (4.54)
Lemma 4.21. Let 7 < d?/2. The function M given by (4.42) satisfies
log [M(iy)| >0, Vye€R, (4.55)

and also o
log |[M (iy)| > Tmlyl — Cy/1yl - Wek (4.56)
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Proof of Proposition Let us recall the definition of W, :

 fl=iz) M(z+ S(Ag))
Wi(z) = —if'(Ag) M@ER(Ag))

From Lemma and and [Ag| < CR(Ag) (see (4.39))) we deduce that
f(—ZZ) < 6(d71)\/g+0\/%(1\k)‘ (457)

—if'(Ax)

On the other hand, from inequality (4.56) of Lemma and using (4.44)) we can also

infer

M(z + S(Ak))’ < oMl (IS (M) = R(AR))+C/R(A)+E
M (iR(Av))

Note that 73 |S(Ag)| < C/R(A) thanks to|(Hs3) and 73y < d?/2. Thus, putting both
inequalities together we deduce estimate (4.46|) for the function Wy.
Let us now take z € R. Applying inequality (4.54) of Lemma and, this time,

inequality (4.55]) of Lemma we arrive to

M(m+%(/\k))‘ < o—dv/laltdy/ SRS

M(@R(Ax))

Note that /|S(Ag)| < C/R(Ag) by (4.39). Thus, the previous inequality together with
(4.57) (written for x € R) provide the estimate (4.47)) for Wy (), with = real.
The same reasoning provide the estimate for W.

Proof of Lemma The lower bound easily follows from by taking n = 1.
To prove the upper bound, let us first observe that, for any k& and n such that [Agx| = |A,|,

we have, using
[R(AR)? = R(AL?| = [S(AR)? = S(A)?] < B (R(AK) + R(An)),

so that
R(AL) — R(AL)| < 5

It follows that (using |(H,)| again)
Ak = Al < [R(AR) = R(AD)| + [S(Ar) — S(An)| < 57 + 28| Aul.

By using |(H5)], and the fact that k + n > k, we obtain

24+ 26/|A
|k—n|§max{q,ﬁi|k|}.
p
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2 /
Note that if k is such that %kmkl < q then /|Ag| < ( ) k and we are done. Let us

then deal with the k& such that % VIA
Applying the previous estimate with n = N (|Ax|) (which indeed satisfies |A,| = |Ag]

by (4.26]) and , we deduce that

B2 4 284/|A
NI < -+ IGAD — K < T2V

and by we finally obtain

2+ 26,/|A
|Ax] < o+ N(JAg]) Sk—l—ﬂi’k’.

For k large enough, we obtain
2 2
| Ak §k+5— < <1+5>k
p

and the lemma is proved.

Proof of Lemma [4.17] For the proof we will follow some ideas from [FR71] and [Mil04]
(see also [Red77]). Let us consider the counting function N associated with the sequence

{an}nZI given by " :
Nry=#{n>1:a, <r}.

Observe that the sequence {a,},>0 can be written as

’ d # 4
an:a0+%, VTLZL W]th ‘/4:5 and a0:§_¥7

and that ag > 0 since we assumed that 7 < d*/2. Thus, N(r) = 0 for r < a;, and
N(r) = |[AVr —aol, Vr>ay,
where we recall that |-] is the floor function. Note that
Avr— Ay/ag < N(r) < Ay/r, Vr>0.

These remarks in mind, we have

TMfZa /+OOdN() /WN(T)drg/mA\/ﬁdr

oo :
+o0 2A
<A/ \/_dr——:T,
al

where the last inequality is strict since ay # 0.
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Proof of Lemma [4.18] Given z € C, one has

2] oo 2]
log | f (=~ \<Zlog<1—|—|A|> /I log<1+t> dN(t).

k>1 M|™

Taking into account lim;_, 1 N'(t)/t = 0 (consequence of (H)]) an integration by parts

gives
+oo |Z’ - +oo |z|
/A1|— log (1 + t) AN (t) = /A1|— TEEA

After the change of variable t = |z|s, we obtain

/m’Z' N(t)dtzjm Nls) 4

- (| 2] + 1) Ail=/l2 s(s 4+ 1)

From |(H)], we conclude that

+o0 +o00 1
\/ ds + a/ ds
/A1| ERL s+1 /A1 ~/I2] \/_ (s+1) A= /)2] 8(s + 1)

< pmy/|z| + alog <1+ |’A||>

Since the function z € C — alog(1 + |z|/ |A1]) — 4/|z| is bounded on C, the lemma is
proved.
Repeating the arguments, we obtain the same estimate for f,.

Proof of Lemma [4.19] For proving the result we are going to follow some ideas from
[LKT1] and [FRT75] (see also [FCGBdT10]).

Firstly, note that

f(An) = i 11 (1 —~ Ak> . Vn>1. (4.58)

Given n > 1, let us introduce the sets
Si(n) =4k #n:|Ae] <2|A,|} and  Ss(n) = {k: |Ax] > 2|A,|}-

and the infinite product

A,
1— 2",

i (4.59)

P11

k#n

Let us give a lower bound for the product P,. To this end, we split this product into
two parts using the sets S;(n) and Ss(n) :
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1. From the definition of S;(n) and using|(#5), we can write

A Ak N An Ak — An
kesl( ) k kESl(n) k kESl(n) k
|[k—n|>q lk—n|<q
plk —n|(k +n) 1
= AL |An 11 2|A,|
k‘GSl ) n keSl(n) n
lk=nlzq |k—n|<q
where
A= inf |Ax — A, > 0.
k#n:|k—n|<q
It follows that
11 > qp ekl A
keSi(n ) Ak keSi(n 2 ’An‘ keSi(n p‘k - n’(kf + TL)
Ik~ n\<q
Since
A (A)zq—l 1 1
olk —nl ) > , Vn>1,
kelg_l[ plk —n| — kels_[n) E+n = (2n+q—1)2-1
|k— n\<q lk—n|<q
we deduce that
II 4 > ¢
kS (n) |k —nl(k+n) = (2n+q—1)%"1
[k—n|<q

As |A,| > Cn? for every n > 1 (see (4.53)), we obtain

A C
>
k:els_l[ |k —n|(k+n) —
|k— n\<q

Let us define r, = #{k € Si(n) : k <n} and s, = #{k € S1(n) : k > n}. From (4.53)),
we deduce that k +n > C4/|A,| for any n, k > 1. Thus, for any n > 1,

A ZC!An!_q_érn!< 12 ) Sn!< P2 ) :C"An’—q—%'pél)pg)

12
A

II

kS () 2|\, |12 2|\, |12

(4.60)
Let us argue with PV, A similar reasoning will provide a lower bound for P(2).
Observe that there exists two constants ¢g, ¢; > 0 such that

r T
rl > ¢ () , Vr>1,
e
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and
—c = §I>lg s(log s).

We can then write

1) — P2 " > _ P2 "
Pn /rn- <2|An’1/2> _CO 26|An|1/2
2e | A, | 1/2 P2Tn 1 PV2Tn
= Cp X O — 0=
PP e \2efA12) %\ 2eA

Putting this inequality (and the similar one for the product P(?) in (4.60]) we obtain

2
> o exp (—ecl\A \1/2>
P

1-— //:" > e OVIMI=CT Ty >, (4.61)

k

II

keSi(n)

2. Let us now estimate the product (4.59) for k € S(n) that we denote by P). Let ¢y > 0
be such that

log(1 —s) > —cgs, Vs €10,1/2]. (4.62)
Observe that, for k € Sa(n) one has |A,|/|Ax| < 1/2, so that we can use (4.62)) to obtain

logP® > 3 log (1— ”A:D > —olAy] D) m:—cﬂA |/ fd/\/'

keSa(n) keSa(n 2AAn| T
N(2]A,)) / N(r)
= —c|A,)| | ———— —2dr | > —clA, /
! |< PTME W R
a+pyr 2p
> —co|A\, —————dr = —c|A\, +
Al o (Q\A | \/2|An|)

ac
=~ — V2pealA, 2.
Putting (4.61)) and this last inequality in (4.59)), we deduce

> e CVIMI=C gy > 1,

A,
1 - —
k

P11

k#n

Since |A,| > |Ay| for every n > 1 (see [(H4)]) we finally have
P, > e CVIAl - yp >,

This inequality and formula (4.58) provide the desired estimate. This ends the proof.
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Proof of Lemma For the proof we will follow some ideas from [FRT71] and [Mil04]
(see also [Red7T]). Let us first consider again the counting function N associated with the

sequence {ay,},>1 given by (4.41) :
N(r)y=#{n>1:a, <r}.
Observe again that the sequence {a,},>0 can be written as

’ d 24
an:ao—’—%, Vn217 with 14:5 and aozﬁ_ﬁ7

and that ag > 0 since we assumed that 7 < d?/2. Thus, N(r) = 0 for 7 < a;, and

N(r) = |AVr —aol, Vr>ay, (4.64)

(4.63)

We will often use that

AV = AVag < N(r) < Ay/r, Vr >0,

Let us prove the inequality (4.54). Observe that M is an even function. So, we will
show (4.54)) for z € (0,400). From the definition (4.42)) of M, one has

sin (v/a,) ‘oo /x
log|M(x)| =) log Z/ g <) dN(r),
M= n; z/an ar T\
here '
g(s) =1 sms(s) , seR

— Since, g is non increasing on [0, 1), for any x € [0, a1], we have

d2
log |[M ()| < log [M(0)] =0 < —dvz + dy/a; < —dv/z + —,
T

which gives the claim in that case.
— Assume now that z > a;. We write

log |M(z)| = > g(z/an)+ > g(z/a,) =1+ J.

an<x an>T

Since g is negative and non increasing on [0, 1], the second sum J can be bounded as
follows

J< > gl@/an) < —|g(1/2)|(N(2z) — N(x))

2r>an>T

< —g(1/2)[(AV2z — ag — 1 — AT — ag) = |g(1/2)| — Alg(1/2)|

X

V2r —ag+ v/x —ag

<lgf1/2)| - 4% 2
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In the first sum I, we use the inequality g(s) < —logs for any s > 0, to get

[<- Y log(x/an):/a log( )dN( ) = / N g

an<x ' '
z ] — A /r —a ' !
S/a jdr_log(x/al (/ m ao/a m%)

<log(x/ay) — 2A\/x — ap + 2AvVay — ap + A\/_/
< =24V + a1 Av/ag + log(z) + 2,

with ¢; = 2 + [, AT dr
Combining the two estlmates gives

r\/ﬁ

log|M(z)| < —A (2 + |1g$/2\/)§’> Vv +logz + ciAv/ag + 2+ [g(1/2)].

Observe now that ag < d*/72, that 24 = d and that the function

€ [0, +o0[— _A|1g(4i/2\/)§| Vv +log(z) + 2+ |g(1/2)],

is bounded by some number ¢; > 0 depending only on A = d/2. We finally get the
inequality

2
log [M(2)| <~y + 95 1 e,

which gives the claim by using that 1 < %.

Proof of Lemma [4.21] We start by observing that

sin (7y)  sinhy
W y

>1, VyeR

As a consequence, we obtain M (iy) > 1, for any y € R. Thus, we immediately get (4.55).
We will now obtain the proof of (4.56|) by adapting the proof of Lemma 6.3 of [FR71]

to the sequence {a, },>1 given by ([#.41]). We set ¢y = logv/3 > 0.
— Assume first that |y|/co < a;. Then, by using (4.55)), we get

2 2 &2
log | M (1y)] > 0 > 7ar|y|—Tarcoar = TM‘y|—TMC()§ > TM|y‘—CO?, V|Cy| <a = =t
0

and the claim is proved in that case.
— Assume now that |y|/co > a;. Observe that

sin (7y) 1 (ey — e‘y> _ elvl — el _ e‘y|1 — e_2|y|’ V0.
Y 2ly| 2ly]

1y 2
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Thus, using the definitions (4.42)) and (4.43)) of M and 7y, we have

|y| ]_ — 6*2‘y|/0«n
log |M (iy)| = > = o + Y log | ———— | = Tulyl + Z, (4.65)

n>1 n>1 2|y|/a’n

where the sequence {a,},>1 is given by (4.41)).
In order to bound the series Z, we will use the inequalities

1— e 1—e 2
276 >e %, Vy>0, and T s
Y

1
>—, Yy> log\/§: Co.
2y 3y

So, for y € R with |y|/co > a;, one has,

Z=> log (1_6_2“//> >— > 2"”‘ + Y log (“”) =T, +1,. (4.66)
n>1 2ly|/an n>1 n>1 3|yl
- an>EI/Co an<|yl/co

— Let us first bound from below Z; in the expression . One has

2|y| ‘oo dN(r) +oo dN(r)
L=— % A2l > —2ly| f ,
n>1 n g yl/eo T
an>|yl/co

where ng > 1 is the smallest integer such that a,, > |y|/co and N(-) is the counting

function associated to the sequence {a,},>1 (see (4.63)) and (4.64))). Integrating by
parts, we obtain :

> —2|y|lA NAE—Y

1
I > —2ly) [Nm
T ly|/co T

400 +oo N
+ / (r) dr
lyl/co |

ylfeo T2

+oo
> —2Aly] r*2dr,
lyl/co

that is to say,
T, > —4ct? Ay |y @ > ay . (4.67)

— Let us deal with the second term Z, in (4.66)) for |y| satisfying a; < |y|/co. Using
that for any r € [ay, |y|/co] one has r < 3|y| (co = log+/3), we can write

n= % tow (g = [ om () o) 2 [ s (57 ) ave

n>1 1 1
an<|y|/co

where ny > 1 is the largest integer such that a,, < |y|/co.
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Again, integrating by parts, we deduce

L N log <3| |> _/|y|/co

lyl/co /1 —
> —log(3co)N(|y|/cg)—A/_ L0 gy

r

lyl/co

ay

lyl/c
> —log(3co) N(lyl/co) = 4 [ °de> —A(2+log(3c0)) ¢ 2 Iyl

In view of (4.65)) and (4.66)), this last inequality together with (4.67) provide (c¢y =
log v/3)

log [M (iy)| = Taly| — crdy/[yl;
with ¢; = (1 4 2¢o + log(BCo)/2)051/2

Owing to the previous calculations, we finally obtain the inequality (4.56)). This ends
the proof.



Chapitre 5

Approximate controllability
conditions for some linear 1D
parabolic systems with
space-dependent coefficients

Ce chapitre est la reprise de l'article [BO13], qui est un travail en collaboration avec F.
Boyer, et qui a été soumis.

Abstract. In this article we are interested in the controllability with one single control
force of parabolic systems with space-dependent zero-order coupling terms. We particularly
want to emphasize that, surprisingly enough for parabolic problems, the geometry of the
control domain can have an important influence on the controllability properties of the
system, depending on the structure of the coupling terms.

Our analysis is mainly based on a criterion given by Fattorini in [Fat66] and syste-
matically used in [Olil3] for instance, that reduces the problem to the study of a unique
continuation property for elliptic systems. We provide several detailed examples of control-
lable and non-controllable systems. This work gives theoretically justifications of some
numerical observations described in [Boy13].

Keywords : Parabolic systems ; Distributed controllability ; Geometric condition ; Unique
continuation ; Hautus test.

5.1 Introduction

This paper deals with the controllability properties at time T" > 0 of the following class
of 1D linear parabolic systems

{@y + Ly =A(x)y+1,Bv in (0,T) x Q,

y(0) = 1o in Q. (51)
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Here, the domain is Q = (0,1), y € C°([0,T], L*(Q)") is the state, yo € L*(2)" the initial
data, A(z) is a n x n real matrix with entries in L>(2), B is a constant vector in R"
and v € L*((0,T) x Q) is the (scalar-valued) control which is acting only on the control
domain w, a non-empty open subset of €2. The diffusion operator . = L1d operates on
vector-valued functions component-wise through the scalar elliptic operator £ defined by

L= =0, (7()0:-) + () -, (5.2)

with domain D (L) = {u € H}(Q), Lu € L*(Q)} corresponding to homogeneous Dirichlet
boundary condition. The coefficients of £ are supposed to satisfy standard assumptions
v, Y0 € L®(£2), with infg~y > 0.

This is an important class of systems that can be considered as "toy models" to unders-
tand how the structure of the coupling terms can influence the behavior of a controlled
system with a few number of controls. In the case where A(x) = A is constant, it is shown
in [AKBDGB09a] that is null-controllable if and only if the Kalman rank condition
between matrices A and B holds. This result is thus independent of the control domain w
and of the operator £ (and is actually true in any space dimension).

The situation is more complex for systems with space-dependent coupling coefficients
in which case there exist only few controllability results [GBdT10, [KdT10, RAT11, [ABL12]
AB12, Maul3| [Oli13, BCGdT13]. Most of them are still partial and deal with systems of 2
equations. In [GBAT10], the null-controllability was established for n xn systems with some
structure assumption on the coupling and under the crucial hypothesis that the control
domain w intersects the support O of the coupling terms. The structural assumption was
removed in [BCGAT13| and [Maul3], however with some other technical hypothesis, still
in the case wNO # (). On the other hand, approximate controllability in the case where the
coupling term only acts away from the control domain, that is wNO = (), was proved for a
cascade system with non-negative coupling terms in [KdT10]. In the same framework, the
null-controllability was then obtained in the one-dimensional case in [RAT11], and then
in any dimension in [AB12] under a geometric condition on the control and the coupling
domains, though. These restrictions come from the geometric control condition (GCC) for
the wave-type systems that are used in these works to deduce results for parabolic systems
through the transmutation method.

We will see in this paper that the geometry of the control domain w will play an
important role in the study of those systems, even though the GCC is automatically sa-
tisfied in 1D ; for instance we shall provide examples of systems which are controllable for
some choices of w but not controllable for other choices. This is not usual in the parabolic
framework.

Let us also underline that the results in [KdT10], [RAT11] and [AB12] require some sign
conditions for the coupling terms. To the authors knowledge there is no available result
in the literature in the case w N O = () without such a sign assumption. However, it is
worth mentionning that the proof of sufficient controllability conditions given in [KdT10]
still holds without this sign assumption, see Section [5.3.3.1] This is another achievement
of the present paper to provide necessary and sufficient conditions in the general case, that
is without a priori assumptions on the sign of the coupling terms.
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Last but not least, we also investigate the case of some n x n systems with n > 2 that
do not enter the framework of [GBdT10] and [Maul3].

The notion we deal with in this is paper is the one of approximate controllability (which
is weaker than null-controllability [Ghi86]), that can be stated as follows : For every € > 0
and yo,yr € L*(Q)", find a control v € L*(0,T; L*()) such that the solution y of
satisfies

1y(T) = yrll 2@ <€

Since B is a non-trivial constant vector, and . = L]Id, we see that a simple linear
change of unknowns let us transform the system into the case where B = (1,0, ...,0)*, the
first vector of the canonical basis of R™ (in this work we denote by M* the transpose of
any matrix M). This means that the direct action of the control v only concerns the first
component of the system.

We are particularly interested in the study of the system under the following structural
assumptions on the coupling terms :

1. Controllability of a 2 x 2 cascade system (section [5.3.3.1)

0 0
Ax) = : (5.3)
as(xz) 0

2. Simultaneous controllability of two 2 x 2 cascade systems (section [5.3.3.2))

asi(z) 0 0

3. Controllability of a 3 x 3 cascade system (section

0 0 0
A<x) = CL21($) 0 0] - (5.5)
0 a32(l') 0

Finally, in section [5.5] we give some examples and counter-examples of simultaneous
controllability for an uncoupled 2 x 2 system (A = 0) with different diffusion on each
equation, that is when the operator .Z is not anymore of the form . = LId (but still
diagonal).
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5.2 Unique continuation criterion for triangular sys-
tems

5.2.1 The Fattorini theorem
The adjoint system of (5.1]) is

{ -0+ ZLq=A(x)"q in (0,T) x Q, (5.6)
q(T) = qr in €, '
and it is well known (see for instance [Cor(7, Theorem 2.43]) that the approximate control-
lability at time 7" > 0 of (.1]) is equivalent to the unique continuation property for the
adjoint parabolic system : there is no non-trivial solutions of (5.6 such that B*¢ = 0 on
(0,7) X w.
However, Fattorini proved in [Fat66] that, for such systems, this parabolic unique conti-
nuation property is actually equivalent to an elliptic unique continuation property which
is much easier to handle (and which does not depend on T').

Theorem 5.1 ([Fat66, Corollary 3.3]). System (5.1)) is approximately controllable at time
T > 0, if and only for any s € C and any u € D (L) we have

Lu—Alx)'u=su inQ

B*u=0 in w} B (5.7)

This means that the analysis of the approximate controllability for the original system
can be reduced to a careful study of the eigenfunctions (associated with the eigenvalue s)
of the underlying elliptic operator

o =L — Ax)".

In the theory of ordinary differential system, this controllability condition is also known
as the Hautus test. The characterization given by Fattorini has been recently developped
and used in [BT12] and [OIi13] for the study of some other parabolic systems.

Note that, for the particular systems studied in the present paper (excepted in Section
, B*u is nothing but the first component of w. Thus, the study of the approximate
controllability of all the systems considered in Sections and reduces to the following
question : does it exist an eigenfunction of .o/ whose first component is identically zero on
the control domain w?

In all the cases considered, we observe that for any x € Q, A(x) is strictly lower
triangular. Thus, the eigenvalues of the operator &7 are simply the {\;}r>1 where Ay is the
kth eigenvalue of (£, D (L)), the corresponding eigenfunction being denoted by ¢. Indeed,
assume that v is an eigenfunction of .o/ associated with an eigenvalue s € C and let 7 > 1
be the higher index for which wu; is not identically zero. Writing the ith component of the
equation &/u = su, leads to

su; = Lu; — Zaji(x)uj = Lu;,

J>i
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so that s is an eigenvalue of £ and finally s = A\, for some k& > 1.
Moreover, we observe that the first component u; of u solves an equation of the following
form
Luy — Mguy = Fin (0,7T) x Q, (5.8)

where F' can be computed as a function of the other components of u and the entries in
A(x) as we shall see below.

As a starting point of the analysis we are thus led to study necessary and sufficient
conditions on the source term F' ensuring that does not have any solution u; which
identically vanishes on the control domain w.

5.2.2 Notations

For any k > 1, let gzNSk be any solution of the ordinary differential equation EQNSk—)\kQNSk =0
which satisfies ¢,(0) # 0. Observe that ¢, and ¢ are linearly independent, and that
ér & D (L) since it does not satisfy the Dirichlet boundary condition. In the case £ = —92,
one can choose for instance ¢y(z) = cos (kmz). Obviously, one can check that all the
results given in this paper do not depend on the particular choice of ggk satisfying the
above properties.

We denote by C (W) the set of all connected components of m, and for every

cecC (Q\w) and f € L'(Q), we define the vector My (f,C) € R? by

[ fordxy|
c it CNoQ 0,
0
My (f,C) = (5.9)
J fordx
¢ if CNoQ=0.
\gfﬁﬁkdx

Then, for any f € L'(Q) we define the following family of vectors of R?
M (f,0) = (M (£, C))gec(as) € (RIS,

We will frequently use the fact that, for any u € D (L), we have u,y0,u € C°(Q).
Moreover, in order to simplify a little the notation, we shall write v’ (resp. v”) instead of
d,v (resp. 0%v) for functions v depending only on the 1D variable z.

5.2.3 Unique continuation for a 1D non-homogeneous scalar pro-
blem

We establish necessary and sufficient conditions for a non-homogeneous scalar problem
to have a solution which vanishes identically on a given subset of the domain. As we will
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see below, this is the main tool for analysing the elliptic unique continuation property for
eigenfunctions of <.

Theorem 5.2. Let F € L*(Q) and w be a non-empty open subset of Q. Let k > 1 be fized.
There exists a solution uw € D (L) to the following problem

Lu— u=F in(, (5.10)
u=0 inw, '
if and only if
F=0 1w, (5.11)
M (F,w) = 0. '

Proof. Let us perform a preliminary computation. Let [, 5] C [0,1] and v € D (L) be a
solution of Lu — \yu = F.

Let v € L*(Q2) be any distribution solution of the ordinary differential equation Lv —
Av = 0. We multiply by v the equation satisfied by u and we perform two integration by
parts to get

/j Fuda == [(y/)(8)0(8) — u(8) () (8)]
+ [ (@)v(a) — u(@) () (@)

This formula will be used in the sequel with v = ¢ and v = @ We can now turn to the
proof of the claimed equivalence.
= Assume that there exists a u satisfying (5.10).
— Since © = 0 in w, it is clear from the equation that F© = 0 on w. Moreover, by
continuity, u« and yu’ are identically 0 on @.
— Let C = [, 3] be a connected component of Q\w. Observe that o (resp. ) neces-
sarily belongs either to @ or to 02, and that

a € 0 = u(a) =0 and ¢(a) =0,
a € W= u(a) =0 and yu'(a) = 0.
) a

(5.12)

Therefore, in both cases, we have u(a) = 0 and ¢x(a)(yu')(a) = 0, the same being
true for when one changes « into .
It follows from ([5.12)) with v = ¢, that

/ Fey da = 0,
C

which proves the claim.
— Assume additionally that the connected component C' is such that CNoQ = (). As

we have seen above, in that case we have u(a) = u(3) = (yu')(a) = (yu')(B) = 0.
Therefore, (5.12)) with v = ¢, immediately gives that

/ Fydz = 0.
C
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< Since My, (F,w) = 0, we can sum all the integrals corresponding to the various
connected components to obtain that fm Fo¢pdr = 0. Using that F' = 0 on w, we
conclude that [, F'¢p dr = 0. This orthogonality condition implies the existence of
at least one solution uy € D (L) of the non-homogeneous equation

Lug — A\yug = F, in €.

Actually, any solution of this problem has the form u = ug + p¢g, p € R. We will

show that we can find a p such that this function u vanishes identically on w.

— We first show that one can choose i in such a way that there exists a point xg € @
satisfying

u(zo) = (yu')(zg) = 0. (5.13)

Assume first that w N 0Q # @ and for instance that 0 € @w. Thanks to the
Dirichlet boundary condition we have u(0) = 0 and we just need to impose
(vu')(0) = 0, that is (yuy)(0) + u(y¢,)(0) = 0. This determines p in a unique
way since (7¢},)(0) # 0 and gives zg = 0.

In the case where w N 9 = (), we denote by [0, 3] the connected component of
Q\w containing 0. By assumption

/OB Foyda = 0. (5.14)

Since F' = 0 in w, we can replace ( in this formula by § + § with § > 0 small
enough such that |3, 8+ d] C w and ¢p(S+0) # 0 (the zeros of the eigenfunction
¢, are isolated).

We can then fix the parameter y in such a way that

w(B +6) = uo(f +0) + pow(8 +0) = 0.

It follows from ([5.12)) with v = ¢4, (5.14) (with the upper bound 5 + ¢ instead
of ), and from the boundary condition satisfied by u and ¢ at 0, that

0= (vu')(B+0)pr(B +6) —u(B 4 0)(vdy,) (B +0).

Since u vanishes at § + 9, but ¢, does not, we deduce that

(yu')(B +6) = 0.

Therefore u and (yu') vanish at the same point zo = 54 § in w.

— The parameter p is now fixed and we know that there is a xy such that
holds.
We want to show that © = 0 on w. By contradiction, we assume that there is a
x1 € w, such that u(x;) # 0. Without loss of generality we assume for instance that

xo < x1. Observe that [z, 1] N (Q\w) is a (possibly empty) union of connected
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components of 2\w and that none of them touches the boundary of Q. Since F' =0
in w, and My, (F,w) = 0, we deduce that

0:/1:1 ngkdx:/xl Fd. du.
o xo

Using with v = ¢y, (resp. with v = ¢,) and (5.13)), we get
{ 0= (yu') (1) k(1) — u(wr) (v ) (1),
0 = (ya') ()i (w1) — (1) (vl ) (1)
Since the Wronskian matrix
Or(z1) —(v9) (1)
Gr(r1) —(vd)(x1)

)

is invertible (recall that ¢ and 5k are two independant solutions of the second
order differential equation Lv — Ayv = 0) we deduce that u(z;) = (yu')(z1) = 0
which is a contradiction.

O]

5.3 Simultaneous controllability of several 2 x 2 cas-
cade systems

In this section we are interested in the controllability of system (j5.1)) when the matrix
A(z) is of the following form

0 0
A(z) = aﬂ@ (? (_) . (5.15)
ap(z) 0 -+ 0

In this system, the distributed control v only acts on the first component y; and this
component serves itself as a simultaneous control for the other components through the
coupling terms asq, ..., ap1.

5.3.1 Reduction

Observe first that we can always reorder the unknowns y;, and the entries ag;, for
2 < k <mn, in such a way that for some p € {2,...,n + 1}

{ Span (ag11y, ..., an1ly,) = Span (ap 1y, ..., anly) , (5.16)

apily, ..., an1l, are linearly independent,
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where, conventionally, the case p = n + 1 is the one where ay; = 0 in w for any 2 < k <n
in which case both properties are obvious.

By using (5.16)), we can write

aﬂlw = Zaijaﬂlw, Vi € {2, ey P — ]_},

Jj=p

for some o;; € R. We perform now the (revertible) change of unknowns y — ¢ defined by

Ui =y — > iyy, Vi€ {2,.,p—1}

Jj=p

U=y, Yie{l}U{p,....,n}.

It is easily verified that ¢ solves a system of the same form as ([5.1]), with a new coupling
matrix, still referred to as A(z), which satisfies

{aﬂ =0, onw, Vi€ {2 ..p—1}, (5.17)

ap1ly, ..., an1ly, are linearly independent.

Finally, since the change of variable is invertible, we observe that the controllability of the
original system for y is equivalent to the one of the new system for 7.

Therefore, from now on we shall assume that holds and we introduce the following
reduced system of size p — 1

O+ L= Ax))+1,Bv in (0,T) x €,
; A _ (5.18)
9(0) = go in Q,
where A(z) is the (p — 1) x (p — 1) matrix defined by
0 0
. as (x 0 :
A(z) = 21.< ) ] (5.19)
ap—11(z) 0 -+ 0

Proposition 5.3. Assume that (5.17)) holds, then the following statements are equivalent.
1. System (5.1)) is approzimately controllable for any initial data yo € L*(Q2)".
2. System (5.18) is approzimately controllable for any initial data gy € L*(2)P~1L.

Proof. 1.=2. This is obvious since ([5.18)) is a subsystem of (/5.1]).
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2.=1. Assume that (5.1) is not approximately controllable. The criterion given by
Fattorini (Theorem implies that ((5.7) is not true. Therefore, there exists a non-
trivial u € D (.£) which satisfies, for some k > 1,
Lu— A(z)'u = Nu  in £,
u; =10 in w.
Observe that, from the particular structure of A(x)*, u = (uq, ..., u,)* has necessarily
the following form
Uy
02k

u =

9

5n¢k
with §; € R for i = 2, ..., n and that u; solves

Luy — Apuy = (Z 5#%’1) Or.-
i=2

Since u; vanishes on w as well as a;; for i = 2,...,p— 1 (from Assumption (5.17))), we
deduce that

(Z (5z-aﬂ) ¢r = 0, almost everywhere in w.
1=p

Since ¢y # 0 almost everywhere (its zeros are isolated), it follows that
Z 5Z-ai1 L,_, =0.
i=p

By (5.17)), the functions a;1,, @ = p, ..., n are linearly independent so that §; = 0 for
any ¢ = p, ..., n.
Coming back to the equation satisfied by u;, we get

p—1 p—1
Luy — A\puy = (Z 5iai1) Ok = (Z ailui) .
i=2 i=2

It follows that the reduced vector i(z) = (ui(x),...,u,_1(x))* € RP~! is a non-trivial
eigenfunction of the reduced adjoint system

2L — A(z)* 0 = M,
that satisfies
it =u, =0, inw.
From Theorem this is in contradiction with the approximate controllability of

the reduced system ([5.18)).
]
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The conclusion of this discussion is that for the study of the approximate controllability
of System (|5.1) with A(z) given by (5.15)), we can always assume that all the supports of
the coupling functions a;1(x), i = 2,...,n do not intersect the control domain w, that is

aﬂlw == 0, \4) € {2, ,n} (520)

5.3.2 Necessary and sufficient approximate controllability condi-
tions

The main result of this section is the following

Theorem 5.4. Consider the matriz A(x) as defined in (5.15) and assume that (5.20)
holds.
Then, System is approzimately controllable if and only if

Vk >1, rank {M (a1op,w),..., Mg (andr,w)}=n—1.

Remark 5.5. In this formula the rank condition is understood in the (possibly infinite
dimensional) vector space (R2)C(Q\w).

In the usual case where Q\w has a finite number of connected components, this condition
can be more classically written in a matriz formulation.

Remark 5.6. The first conclusion that the rank condition above let us draw is that there
is a minimal number of connected components of T\W that are required to have a chance
to control the system. Recall that the goal is to be able to control all the n components of
the solution with only one control v.

More precisely, we see that it is necessary (but not at all sufficient) to have 2 card C (TM)
> n — 1 for the approximate controllability to be possible. Observe that, if the system is
not controllable, it is of course useless to split the control domain w into smaller parts :
this will actually increase the number of connected components of Q\w but without adding
non-trivial terms in the rank condition, because of .

Looking more attentively at the rank condition we see that, for instance, one can not
hope to control a 3 x 3 system (resp. a 4 x 4 system) of this form if w is an interval that
touches the boundary (resp. that does not touch the boundary). A more detailed description

of such examples is given in Section|5.5.5.2.

Proof. We use the criterion of Fattorini (Theorem and we study whether or not ({5.7))
holds. As we have already seen in Section [5.2.1] the only non-trivial case is the one where
s = A for some k > 1, in which case a solution u of Zu — A(x)*u = Ayu can be written

Uy

d20x,
U= _ ,

5n ¢k
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with §; € R, i =2, ...,n and u; € D (L) satisfying

Luy — Apuy = <Z (5iai1> O
i=2

From Theorem and since by assumption all the a;; vanish on w, such a solution u
exists and satisfies u;y = 0 in w, if and only if

Mk (i (5iai1gz§k,w> = O (521)

=2

On the other hand, note that v = 0 if and only if o = --- = 9, = 0 and uy = 0
on w. This follows from the unique continuation for a single parabolic equation (see for
instance [Miz58], [FI96] and [AEQS], depending on the regularity required for the diffusion
coefficient 7).

In summary, (5.7)) holds if and only if (5.21)) implies §, = ... = §,, = 0. Clearly,

M, (Z 0iai1 P, w) = My (andp,w),
=2 =2

and thus the approximate controllability is equivalent to the linear independence of the
vectors (M, (a1 ¢k, w))2<i<n, for any k > 1, which gives exactly the claim. O

5.3.3 Some applications
5.3.3.1 A single 2 x 2 cascade system

Let us study the following simplest example of system concerned by the previous ana-
lysis

8 E == ]-w i OaT Q?
{ iy + Ly v in ( ) X (5.22)

(9ty2 + Eyg = agl(a:)yl in (O, T) X Q,
which corresponds to the case (/5.3)). Depending on the assumptions on the coupling term

a9y different results can be obtained. A first result in this direction is the following.

Theorem 5.7. Let us denote the support of as; by Os.
1. If Oy Nw # 0, then System is approximately controllable.
2. Assume now that Oy Nw = 0.
(a) If the coupling coefficient agy satisfies

/01 agi(or)?dr #0, Vk>1, (5.23)

then System (5.22) is approzimately controllable.

(b) If System (5.22)) is approxzimately controllable and Oy is entirely included in a
connected component of Q\w that touches the boundary OS2, then (5.23) holds.
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Remark 5.8. — In the first situation it can be proved that System s even null-
controllable in this case (see for instance [GBdT10]), but the proof is much longer
and technical.

— With we recover the (sufficient) condition of [KdT10, Theorem 1.5]. It is easy
to see that this condition is fulfilled if as; has a sign on ) : for instance as, % 0
and azy > 0 almost everywhere on Q). Actually, under this sign assumption, the null-
controllability of this system is known (see |[RAT11, Theorem 5]).

— The geometric configuration required in the last point holds in particular if Oy
and w are two disjoint intervals. Condition is however not necessary in general,
see the examples below.

Proof (of Theorem [5.7).

1. If ay is not identically zero on w, we deduce from Proposition (with p =n = 2)
that the approximate controllability of is equivalent to the one of the scalar
parabolic equation

oy + Ly =1,v

with Dirichlet boundary condition. This kind of scalar heat equation is known to be
approximately controllable (see the references given in the proof of Theorem and
thus, we obtain that ((5.22)) is also approximately controllable.

2. Assume now that @, Nw = (. In this case, the rank condition in Theorem simply
reduces to the property

./\/lk (azlqbk,w) 7& O, vk Z 1. (524)

(a) In particular, if we assume that (5.23)) holds, then, for any & > 1, there exists
at least one connected component C' of 2\w such that

/C a1 (¢r)* dzx # 0.

This shows that the first component of M}, (az1¢x, C') is not zero and thus Condi-
tion ([5.24]) holds and System ([5.22)) is approximately controllable.

(b) Let C be the connected component of Q\w that contains 5. Since by assump-
tion C' touches the boundary of €, we have My, (as1¢r,w) # 0 if and only if
Jo as1(¢r)? dx # 0. On the other hand, since Oy C C, we have fol a1 (o) dw =
Jo a21(dx)? dz and the claim is proved.

We will now investigate some examples (not necessarily under the assumptions of the
previous theorem though).

1. In the first example we consider a coupling coefficient as; that vanishes in w and
does not have a constant sign in Qi\w We will provide in particular some controllable
systems for which fails. Up to our knowledge our analysis is the first available
result in this framework.

We will study two slightly different situations depending on the geometry of the
control domain w, as shown in Figure |5.1
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0,

(a) w is connected

O,
(b) w is not connected

FIGURE 5.1 — Two geometries for the study of a 2 x 2 system

— For some a € R, we consider (see Figure |5.1a))

3 13
w C (4, 1) ,ag(z) = (x —a)le,(z), Oy = (4, 4) )
In this case, we are in the framework of Theorem and, as a result, the ap-
proximate controllability holds if and only if (5.23) holds. If, for any & > 1, we

set )
ap = f(92 r¢p(x) dx
f02 ¢%($) dx’
then we obtain that

(5.22)) is approximately controllable <= a & {a fr>1-

As an illustration, in the case £ = —d?, we have ¢y(xr) = sin(krz) and a di-
rect computation shows that ap = 1/2 for any & > 1. Therefore, the system is
approximately controllable if and only if o # 1/2.

To our knowledge, no (positive or negative) null-controllability result is available
for this system. However, the numerical results given in [Boy13| in a similar case
seem to suggest that it is possible that null-controllability does not hold in general
when approximate controllability holds.

With the same choice of as; and O,, we consider now the case where

wNOy=0,wnN (i,l) #(, and wnN <O,i) £,

as shown in Figure [5.1b]

For a & {ag }r>1, the controllability result obtained above immediately imply the
approximate controllability of the system in this new framework.

However, for o € {ay }r>1 it may happen that the system is approximately control-
lable with this new choice of the control domain w despite it is not approximately
controllable for the previous choice of w. Indeed, we observe that the only connected
component of Q\w that plays a role in the problem does not touch the boundary
09 anymore. Therefore, in the rank condition given in Theorem [5.4] the second
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components in My, (az1 ¢y, w) are no more trivial (see (5.9)) and we have, if @ = ay,
for some k > 1,

(5.22) is approximately controllable <= / (x — ozk)gbkggk dzx # 0.
Oz

This new condition is not explicit in general, but for instance in the case £ = —0?
we have ¢y (x) = sin (kmx) and ¢x(z) = cos (kmz) we can check that (recall that
a = 1/2 is the only interesting value here)

3/4

/c 91 () o (2) dpo () d = k:7r/1 (x — 1/2)sin (kmx) cos (knx) dx

/4

_ {_81(—1)]“/2 if k is even,

L (=1)*D2 i ks odd.

As a consequence, those integrals are never equal to zero and the approximate
controllability of the system is proved in this case for any value of a.

It is worth mentioning that for this example the null-controllability of the system
remains an open problem (it seems that there is no result available in this direction
as soon as the coupling function as; does not have a constant sign).

2. Let us go back to the geometry of Figure , in the particular case £ = —9? and

=1
oa=3.

We have seen that System ([5.22)) is not approximately controllable in that case, which
means that there is at least one initial data gy, that can not be steered as close to
zero as we would like to.

Actually, we can obtain a more precise result in that case since we have seen that,
when o = %, the integrals g (x — %)ﬁ dx vanish for every k£ > 1 (and not only for one

value of k). More precisely, we will identify a set of an infinite number of necessary
conditions that should be satisfied by the initial data yg in order for the system to
be approximately controllable from yq.

Using that My (ag1¢x,w) = 0 for any k& > 1, so that from Theorem , we deduce
the existence (and uniqueness) of a function denoted by 1 which satisfies

{ —p — AN = an ¢ in Q,

Y =10 in w. (5:25)

Proposition 5.9. Let yo = (Y0.1,%02)* € L*(Q)%. If System (5.22)) is approximately
controllable from the initial data yy, we have

<?/0,17¢k>L2(Q) + <3/0,27 ¢k>L2(Q) =0, Vk>1. (5-26)
Proof. We introduce the set Qr of the non-observable adjoint states defined as follows

Qr = {qF € L*(Q)?, s.t. the solution of (5.6) satisfies 1,B%¢(t) = 0, Vt} .
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In the present case, we recall that B*q = ¢; is the first component of q.

It is proved in [Boy13, Proposition 1.17] that our system is approximately controllable
at time T' from a given initial data y, if and only if

(Yo, q(O))LQ(Q) =0, for any solution ¢ of (5.6) with ¢r € Q. (5.27)

By construction of v, the vector gp = (¢, ¢r)* belongs to Qp for any £ > 1, and
the associated solution of the adjoint problem ([5.6]) is nothing but

q(t) = e T g,

It follows that, if the system is controllable from yg, we necessarily should have

0 = (vo, Q(O)>L2(Q) = e (yo, qF>L2(Q)
=e M <<y0,1, %)LQ(Q) + (Yo,2, ¢k>Lz(Q)) ;
for any k£ > 1, and the proof is complete. [

Remark 5.10. It follows from this proposition that the set of initial data for which
System is approzimately controllable is a closed subspace of L*(2)? of infinite
codimension.

However, we observe that this set is not trivial. Indeed, let us consider an initial data
of the form yo = (yo.1, Yo2)* with yo1 supported in w then we have

(5.22) is approximately controllable from yo <= yo2 = 0.

= Since for any k > 1, ¢, = 0 in w and Yo is supported in w, the first term in
automatically vanishes. Therefore, we have (yoz2, or)r2() = 0 for any k > 1
which leads to yo2 = 0.

< We use the characterisation (5.27) which reduces to (yo1,q1(0))r2() = 0 for any
qr € Qr, since Yoo = 0. But this new condition is automatically satisfied because
Yo 1s supported in w and ¢1(0) =0 in w by definition of Qp.

Let us give another example where the controllability conditions are slightly more
complex. Our aim is to emphasize that the notion of approximate controllability is
very sensitive to the coupling terms in the system; in some sense we can say that it
is not a stable notion with respect to the coefficients of the equation under study.

The situation we consider is the following (see Figure

L =—02 so that ¢p(x) = sin (krz),Vk > 1,
w C (5, 1), a9 = 1(92 — l(gé, (528)
with Oy = [0, a+ L], 05 = [a +d,a + d + L],

for some fixed 8 € (0,1) and L,d,«a > 0 such that o + L + d < (. Therefore, the

coupling term ao; takes the values 1 and —1 on two intervals of the same length and
its support does not touch the control domain w.



5.3. SIMULTANEOUS CONTROLLABILITY OF SEVERAL 2x2 CASCADE SYSTEMS143

% distance d @ w
= —— |
O, o,

FIGURE 5.2 — The geometry for example ([5.28))

There is again one single connected component of Q\w, that we denote by C, that
plays a role in the controllability, and this latter one touches the boundary 9€2. Thus,
we are in the framework of Theorem [5.7} Let us compute

a+L a+d+L

sin? (krx) dr — / sin? (krx) do

a+d

/Cagl(x) sin? (krz) dx :/

«

-1
= sin (kwL) sin (knd) sin (k7(2a+d+ L)) .
T
As a conclusion, System ([5.22)) is approximately controllable if and only if

LZQ, d¢Q, 2a+d+L¢Q.

Fix for instance L,a > 0 such that L € Q, 2a+ L € Q and oo + L < (3. Then, for
any d € [0, — a — L], we have

System ([5.22)) is approximately controllable <= d ¢ Q.

5.3.3.2 Simultaneous control of 2 x 2 cascade systems

In this section we study the controllability properties of the following 3 x 3 one-
dimensional system,
atyl + £y1 = 1w?} in (0, T) X Q,
8153/2 + [»yz = a921 (;U)yl n (0, T) X Q, (529)
atyS + £y3 = 31 (x)yl in (Oa T) X Q7

which corresponds to the case . Observe that there is no direct interaction between
yo and y3 so that the problem can be understood as follows : find a single control v €
L*(0,T; L*(€2)) which simultaneously drives near zero at time 7' the solutions of the two
2 x 2 subsystems for (y1,y2) in the one hand and for (y;,ys3) in the other hand.

We recall that we can always assume that the coupling terms ag; and ag; identically
vanish on w, see section Let us denote by Oy and O3 the supports of as; and agzy,
respectively.

We will illustrate the controllability properties of the system in various situations de-
pending on the geometric configuration of the coupling domains O, O3 and of the control
domain w.

1. We assume first that w is connected.



144 CHAPITRE 5. CONTROLLABILITY FOR SPACE-DEPENDENT SYSTEMS

In such case there is at most two connected components in Q\w, say C; and Cy, and
they necessarily touch the boundary. Theorem then states that system (5.29)) is
approximately controllable if and only if

M, C) M C
B R (5.30)

My (a21¢x, Co) My, (az1¢k, C2)

O w Cy
O3 Oy

(a) Coupling terms in the same connected component of Q\w

Ol w 02
OQ 03

(b) Coupling terms in different connected components of Q\w

FIGURE 5.3 — Various geometric situations for the 3 x 3 system

— First case : Oy and O3 are included in the same connected component of Q\w,
see Figure . We see that system ((5.29)) can not be approximately controllable

(whether the supports of as; and agz; intersect each other or not). Indeed, ((5.30)
cannot be true because

M C) M C
rank i (a216k, Ch) k (as10k, Ch) <1 VES L

0 0

since C; touches the boundary 02 and thus there is only one row in this 4 x 2
matrix which can be non-trivial, see .

— Second case : Oy and Qs are included in two different connected components of
Q\w, see Figure .
Here, we have

M, (a21¢k, Cl) 0 {
rank =2 <

0 M (az1 0%, C2)

Mj, (a21¢k, C1) # 0,
My, (az1¢x, C2) # 0.

Thus, the approximate controllability of system ([5.29)) in this case is equivalent to
the approximate controllability of the two 2 x 2 systems
{31‘,3?1 + Lj1 = 1,0 in (0,T) x Q,
at:gg + ,ng = a21($)?31 in (O,T) X Q,
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O3 O
FIGURE 5.4 — The case of a non-connected control domain

and
{8t?]1 + Ly = 1,0 in (0,7) x 0,

8tg]3 + Egg = agl(x)gjl in (O,T) X Q,

Of course, it is not required here that the controls © and ¢ are the same.

Actually, by a direct argument we can even prove that the null-controllability of
system is equivalent to the null-controllability of these 2 x 2 systems. Indeed,
let w = (a,b) CC Q= (0,1) and take £ = —9? for simplicity. Let o, 8 € C*°(9) be
smooth cut-off functions satisfying

a=1in (0,a), B =0in (0,a),
a=0in (b,1), f=1in (b,1).

If ¥ and ¥ are null-controls for the 2 x 2 systems above, we define the control v by
v =ad + B+ (93a)§ + 2(0,)(9:9) + (9;8)7 + 2(0:8)(9:9),

It is clear that v belongs to L*(€2) and is supported in w. On the other hand we can
check that yi = afi + 831, Y2 = §2 and y3 = J3 so that y1(T) = yo(T) = y3(T") = 0.

2. Let us consider now a case where w is not connected. More precisely, we choose

w = (0,) U (f,1) with, for instance, « < 1/2 < . In that case, Q\w has also one
single connected component C' but C' does not touch the boundary of €. In order to
make the computations explicit, we set £ = —d2.
We take as; = 1o, ag1 = lo, where Oy =]1/2 — 04, 1/2 + 5[ is an interval centered
at 1/2 and Oj is another interval O3 =|ag — d3, a3 + d3]. They are chosen in such a
way that Oy, Nw = O3 Nw = ), see Figure [5.4, The controllability rank condition
given by Theorem [5.4] then writes

[ sin (krz)? du [ sin (krz)? du
rank Oz O3 =2, Vk>1.
[ sin (krz) cos (krz) de [ sin(kwz) cos (krz) dx
(92 03

Using the symmetry of Oy with respect to 1/2, we see that

/ sin (kmrx) cos (krz) dx = 0.
O
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Since [, sin (kwx)? dx > 0, if follows that the system is controllable if and only if
Jo, sin (krx) cos (knz) dx # 0 for any k& > 1. A straightforward computation shows

that
sin (2kmd3) sin (2kmag)

2km ’

/ sin (krz) cos (krz) de =
O3
so that we conclude that

The system is approximately controllable <= a3 € Q and 03 € Q.

Let us draw a kind of summary of the previous discussion when a9 = 1p, and as; = 1o,
are the characteristic functions of intervals that do not intersect w :
— In the situation of Figure @, System @D is never approximately controllable.
— In the situation of Figure @ System @D is always approximately controllable.
— In the situation of Figure the approximate controllability of System , de-
pends on the precise size and position of the intervals O, and Os.

5.4 Controllability of a 3 X 3 cascade system
In this section, we are interested in the controllability properties of the following system

oy + Ly = 1,0 in (0,7) x £,
Oy + Lys = agy(x)y;  in (0,T) x £, (5.31)
8ty3 + Eyg = agg(l‘)yg in (0, T) x €.

This system has a cascade structure since the control v only acts on the first component of
the solution which itself has an influence on the second component g, through the coupling
term as1y1, and finally y5 also acts on the third component through another coupling term

a3z2y2-
For simplicity, we assume all along this section that there exists a non-empty open set

O, C ) such that
as # 0 a.e. in Oy, ag =0ae. in Q\ Os. (5.32)

This is a (weak) regularity assumption which holds for instance if as; is piecewise continuous
and not identically zero.

Remark 5.11. A first necessary condition for the approximate controllability of System
(5.31)) is the approximate controllability of the subsystem (5.22)), which has been studied in
Section [5.3.3.1].

The following result give additional necessary and sufficient conditions that allows a
quite simple analysis of the approximate controllability of System . Under particular
assumptions on the coupling coefficients, we see that the study of the controllability for
the 3 x 3 system ([5.31)) reduces to the study of the controllability of some 2 x 2 systems.
This should be connected with Theorem for 2 x 2 systems.
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Theorem 5.12. Assume that the 2 x 2 subsystem (5.22)) is approximately controllable and
let agy satisfy (5.32)).
1. Assume that Oy Nw # ().

(a) If the 2 x 2 system

{&yg + £y2 = 1(92ﬁw@ m (0, T) X Q, (533)

&gyg + Lyg = a32<$)y2 mn (0, T) X Q,

is approximately controllable, then System (5.31)) is itself approzimately control-
lable.

(b) If System (5.31)) is approzimately controllable and Oy C w, then System (5.33))
s approximately controllable.

2. Assume now that Oy Nw = 0.
(a) If the coupling coefficient aszy satisfies

/ Lm0 dr £0, VE> 1, (5.34)

then, System (5.31)) is approzimately controllable.

(b) If System (5.31) is approzimately controllable and Oy is entirely included in a
connected component of Q\w that touches the boundary OS2, then (5.34) holds.

Let us consider some basic examples of applications of this result.

— Assumption is for example fulfilled if az, has a constant sign on (2 and is
not identically zero. Combining this result with the discussion in Section [5.3.3.1] we
deduce that our 3 x 3 system is approximately controllable if a3y and as; both have
constant signs (not necessarily the same sign) on 2, and are non-identically zero.
This situation is illustrated numerically in [Boy13, Sect 4.4.2].

— However, observe that the sign condition for ags is not necessary for the previous
corollaries to apply. For instance, as we have seen in the item #1 of Section [5.3.3.1
also holds for any k£ > 1 in the case where £ = —02 and agy = (z—a)1(1/43/1)(2)
for a # 1/2.

— Finally, consider the case where £ = =92, w = (1/2,1), axn(z) = 1,1/2)(z) and

ase(r) = x — 1/2. Here the coupling domain Oy = (0,1/2) and w are two disjoint
intervals. Since a straightforward computation shows that fails for any k£ > 1,
we can apply Theorem[5.12)and see that the system is not approximately controllable.
This result is also numerically illustrated in [Boy13, Section 4.4.2]
Observe that the subsystem satisfied by (y1,y2) is approximately controllable. The
lack of controllability is thus a consequence of the structure of the coupling term ass
between the second and third components. Note also that az, was however supported
everywhere.

The proof of Theorem [5.12| relies on the following characterization.
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Proposition 5.13. Assume that the 2 x 2 subsystem ((5.22)) is approzimately controllable

and let as satisfy (5.32). Then, System (5.31) is not approximately controllable if and
only if there exists k > 1 and v € D (L) such that

Lv — Ao = aza(x)dy,  in €,
v=0 in Oy Nw, (5.35)
M. (azv,w) = 0.

Proof (of Proposition [5.15). From Theorem System ([5.31]) is not approximately
controllable if and only if there exists k > 1 and u = (uy, ug, uz)* € D (£) with u # 0 such

that
Eul - )\kul = 21U9 in Q,

Lug — Apus = azguz  in €,
Lusg — A\puz =0 in €,
up =0 in w.
Clearly, us = d¢y, for some § € R. Moreover, we have § # 0. Indeed, if we assume that
= 0 then (uy,ug) is not trivial and satisfies

L‘ul - )\kul = 21U9 in Q,
ﬁUQ - )\ku2 =0 in Q,

u; =0 in w,

and this is a contradiction with the approximate controllability of the subsystem ,
by Theorem [5.1

Thus, under this assumption, System is not approximately controllable if and
only if there exists k > 1, § # 0 and uy, us € D (L) such that

Eul - )\kul = A21U9 in Q,
£U2 - )\ku2 = (5@32¢k in Q,

up =0 in w.

Using Theorem this is equivalent to the existence of £ > 1, § # 0 and uy € D (L) such
that
LUQ - )\ku2 = 5&32¢k in Q,
A21Ug = 0 in W,

Mk (CL21U2, W) = 0

Finally, by definition of Oy (see ([5.32))), we have agjus = 0 almost everywhere in w if and
only if us = 0 almost everywhere in Oy Nw. This proves the proposition with v = uy /4.
We turn out to the proof of Theorem [5.12]
Proof (of Theorem [5.19). We use the characterization of Proposition [5.13]

1. Assume first that Oy Nw # (). Note that this condition automatically implies the
approximate controllability of the 2 x 2 subsystem ([5.22)) by Theorem .
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(a)

(b)

Looking at the first two equations of (5.35)) and using Theorem , it is not
difficult to see that, if System ([5.31]) is not approximately controllable, then the
2 x 2 system ([5.33]) is not approximately controllable either.

When O, C w, the third condition My, (azv,w) = 0 of is always fulfilled
since, in the one hand as; = 0 almost everywhere in Q '\ O, (by (5.32)) and
in the other hand v = 0 almost everywhere in Oy Nw = O,. It follows from
Theorem that System is approximately controllable if and only if so
is the 2 x 2 system ([5.33)).

2. Assume now that O, Nw = 0.

(a)

(b)

The orthogonality condition ([5.34]) is necessary for the existence of a solution to
the first equation of (5.35)). Thus, System ([5.31]) is approximately controllable
if this latter one fails.

It follows in particular from the assumption on Oy that Oy Nw = (). Thus, the
second equation of ([5.35)) is now empty. On the other hand, let £ > 1 be such
that

/01 agg(gbk)Q dl’ = O

Then, we know that the first equation in ([5.35)) admits an infinite number of so-
lutions of the form v = vy + agy, @ € R, where vy € D (L) is the unique solution
of this equation that satisfies (vg, @) 2@ = 0. Let C be the connected com-

ponent of Q\w that contains Oy. Since by assumption C' touches the boundary
of Q, and by (5.9), we have My, (a2v,w) = 0 if and only if [, asvdr dr = 0. It
remains to prove that we can choose o such that

/ a0 vy, dr = / 91V Py, dr + a/ as1 (¢)? dw = 0.
c c c

In particular, it is enough to prove that [ asi(éy)?dr # 0. By assumption
the 2 x 2 subsystem is approximately controllable, and as; = 0 almost
everywhere in w C Q \ Oy. Thus, My, (a21¢%,w) # 0 (by Theorem , so that
Jo ag1(¢x)? dx # 0 (same reasoning as above), and the claim is proved.

5.5 Simultaneous control of uncoupled systems

In this section we still study systems of the general form but in a slightly different
framework compared to the previous sections.

Since we are mainly going to deal with examples, we restrict ourselves to the case n = 2
for simplicity. We assume here that B = (b, by)* is any vector in R? that the coupling
terms satisfy A(x) =0 for any x € Q and that the (diagonal) operator £ is given by

Ly 0
&= : (5.36)
0 L
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where £; and L are two possibly different elliptic operators. Hence, the system we are
interested in writes

{@y%—iﬂy =1,Bv in (0,T) x €,

y(0) = 1o in Q.

We assume that b; # 0 and by # 0, because if it is not the case, the controllability of
clearly fails. Observe that the controllability also fails if £; = Ls.

In the case where the operators £; are different but multiples of the same operator £
the following null-controllability result was proved in [AKBDGB0O9b, Remark 1.1].

(5.37)

Theorem 5.14. Let £ be an elliptic operator as defined in the introduction (5.2)) and w a
non-empty open subset in Q. Fori = 1,2, we set L; = d;L for some d; > 0, we define £
by (5.36) and we suppose given B = (by, by)* with by # 0 and by # 0. Then,

(5.37)is null-controllable <= dy # ds.

We are interested here in studying some examples where the operators £; are different
but not proportional to a given elliptic operator; this appears to be a more intricate
problem. The strategy is still based on the unique continuation criterion given by Fattorini
and is therefore restricted to the approximate controllability property.

We will assume that £; = —9? and that £y = —0, (7(x)0,-) for some v € L>(Q) and
infg v > 0.

In this framework, Theorem says that the system is approximately controllable if
and only if, for any s € C we have

Liug = su; in
Lous =8sus inQp = u =us =0, Yus € D(Ly),us € D(Lsy).

b1U1 + b2u2 =0 in w
However, since b; # 0, this condition is equivalent to

Liu; = sup in
Louy = suy in Q) — U = Uy = 0, Yu, € D (£1> , U € D (EQ) . (538)

UL = Uy Inw

Of course, if £ and £, have no common eigenvalues then this condition is automati-
cally satisfied and the system is approximately controllable. If £; and £, have a common
eigenvalue, we have to analyse if the corresponding eigenfunctions can coincide on the
control domain w.

Let us look more precisely at two different examples.

— Example 1 : the diffusion coefficients are equal in the control domain w.

More precisely, we set w = (0,1/2) and we assume that v is piecewise constant

1, forze(0,1/2) =w,
() = 0172
Yo, foraz e (1/2,1),
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with Yo > 0.
Let A, = k*n% k > 1 be an eigenvalue of £; = —9? and uy(z) = sin (kwz) be

the associated eigenfunction. An eigenfunction uy of £y for the same eigenvalue and
which coincides with u; in w has necessarily the following form

| sin (km), for z € (0,1/2)
uale) = d sin (%(m - 1)) , forxz € (1/2,1),

and, ¢ should be determined in order to satisfy the following transmission conditions

at x = 1/2
_ < km > _ (kﬂ)
—d sin = sin | — |,
2,/ 72 2

Loe() - m(t)

— If k = 2p is even, the existence of a § satisfying those equations is equivalent to

V2 = ]3, for some g € N*.
q

— If k =2p+ 1 is odd, the existence of ¢ is equivalent to

2p+1
2+ 1’

Yo = for some g € N*.

The conclusion of this study is that, the system is approximately controllable if and
only if \/7 ¢ Q.

— Example 2 : The non-controllability situations that we underlined in Example 1 seem
to be the consequence of the fact that the diffusion coefficients of the two operators
L1 and L, coincide in the control domain w. However, we want to show here that we
can construct an example of a non-controllable system of the same kind even if the
diffusion coefficients are completely different for the two operators.

We first choose 0 < a < 1/4, and the control domain w = (0, ). We set

sin (27«) sin (ra) cos (2ma)

C:

sin (mar) 2sin (27a)

8=

— cos (ma) .

We consider now the following definition of the diffusion coefficient that defines the
operator Lo

v(z) =

cos(mz)’
5 for z € (a, 1).

{1+C for z € (0, ) = w,
Observe that, even if C' < 0, we still have inf~y > 0. A straightforward computation

shows that the function uy defined by

s () = {sin' (rx), for z € (0,a) = w,
fsin (2rzx), for x € (a, 1),
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is an eigenfunction of £, associated with the eigenvalue 72 which obviously coincides
with sin (7z) on w.

As a consequence, with this particular choice of the diffusion coefficient, the parabolic
system under study is not approximately controllable.

5.6 Conclusion and perspectives

In this paper, we have given some easily checkable necessary and sufficient conditions
for the approximate controllability of some 1D coupled parabolic systems with space-
dependent coefficients. These conditions have been illustrated on many simple examples to
show that the controllability issue for those systems can be an intricate problem depending
on the geometry of the control domain and of the characteristics of the coupling terms in
the system.

Finally, we observe that some of our examples can be extended to simple Cartesian geo-
metries but the study of the general multi-dimensional systems is far from being straight-
forward and is still widely open.
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Résumé

Dans cette thése on s’intéresse a la controlabilité de deux
classes de systémes paraboliques linéaires.

On étudie dans un premier temps la controélabilité a zéro
de systemes a coefficients constants en dimension 1 lorsque les
controdles agissent sur différentes parties du domaine ou de sa
frontiére. Un changement de variable adapté et des résultats
antérieurs basés sur les inégalités de Carleman et la méthode
des moments permettent d’obtenir une caractérisation com-
pléte du probléme. On voit notamment que le systéme peut
étre controlable sans qu’il soit forcément possible de contréler
avec seulement des contrdles internes ou frontieres.

On regarde ensuite avec le théoreme de Fattorini la
controélabilité frontiére approchée de ces systémes en dimen-
sion quelconque. On obtient une condition de résonance des
valeurs propres qui se révele suffisante. On considére égale-
ment le probleme sur un rectangle et on démontre que les
systémes de 2 équations sont toujours controlables si la zone
de controle contient 2 directions.

Dans un autre travail sur les systémes a coefficients
constants, on obtient une estimation du cotlit du controle
frontiére & zéro en dimension 1 & l'aide de la méthode des
moments. On combine ensuite ce résultat avec la méthode de
Lebeau-Robbiano pour montrer que la contrélabilité frontiére
a zéro dans des domaines cylindrique est réduite a la contro-
labilité frontiére & zéro en dimension 1, étant connu que cette
derniére est caractérisée par la condition de rang de Kalman.

On étudie ensuite la controlabilité approchée de systémes
en cascade avec un couplage d’ordre 1. On prouve que la
contrélabilité interne avec un couplage constant & toujours
lieu, quel que soit la dimension et la zone de controle. On
établit d’autre part une caractérisation de la contrélabilité
frontiére en dimension 1 avec un couplage variable.

Enfin, dans une derniére partie on s’intéresse a la contro-
labilité interne approchée de systémes en cascade a coeffi-
cients variables en dimension 1. En utilisant le théoreme de
Fattorini et la structure des systémes étudiés on est ramené
a établir une caractérisation de la propriété de continuation
unique pour une équation elliptique non-homogéne. A 1’aide
de la caractérisation alors obtenue on montre en particulier
comment la géométrie de la zone de contrdle peut influencer
la controélabilité des systemes.

Mots clés :

Abstract

This thesis focuses on the controllability of two classes
of linear parabolic systems.

We start with the study of the null-controllability of
systems with constant coefficients in dimension 1 where the
controls are acting on different parts of the domain or its
boundary. A suitable change of variable and some previous
results based on Carleman estimates and the method of mo-
ments lead to a complete caracterization of the problem. In
particular, we see that the system can be controllable whereas
it is not if we allow only distributed or boundary controls.

With the help of the theorem of Fattorini we then look
at the boundary approximate controllability of these systems
in any dimension. We obtain a resonance condition that is
sufficient. We also consider the problem on a rectangular do-
main and we show that it is always controllable for a system
of 2 equations if we assume that the control domain contains
2 directions.

In another work on the systems with constant coeffi-
cients, we obtain an estimate of the boundary null-control cost
in dimension 1, using the method of moments. We then com-
bine this result with the Lebeau-Robbiano strategy to show
that the boundary null-controllability in cylindrical domains
is reduced to the boundary null-controllability in dimension 1,
this latter being caracterized by the Kalman rank condition.

We then study the approximate controllability of cascade
systems with a first order coupling term. We prove the distri-
buted controllability when the coupling is constant, whatever
the dimension and control domain are. On the other hand,
we establish a caracterisation of the boundary controllability
in dimension 1 for space-dependent couplings.

Last, we investigate the distributed approximate control-
lability of cascade systems with space-dependent coefficients
in dimension 1. Using the theorem of Fattorini and the struc-
ture of the systems under study we are lead to characterize the
unique continuation property for a non-homogeneous elliptic
equation. With the help of the caracterization then obtained
we show in particular how the geometry of the control domain
can affect the controllability properties of systems.

systemes paraboliques ; contrélabilité interne ; controlabilité frontiere ; conti-

nuation unique; théoreme de Fattorini; test de Hautus; condition de Kalman ; inégalités

de Carleman.

Classification AMS :

93B05, 93B07, 93C20, 35K05, 93C05.
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