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Overview

The ongoing progress in the realization of smaller and smaller electronic devices has
brought about a deep interest in the study of electrical transport at the nanoscale. Per-
forming transport measurements in systems such as ultra-small junctions, quantum dots,
single molecules and similar nanoscale devices, unravels the quantum nature of electrons and
its influence on various physical properties such as the conductance and the corresponding
current-noise statistics. This is intriguing not only from the point of view of applications
but also for the more fundamental and theoretical interest of actually seeing quantum me-
chanics at play at a macroscopic scale, where macroscopic is to be intended here in the
sense more-than-atomic. The possible macroscopic manifestations of quantum mechanics
propose a major experimental challenge, and striking breakthroughs as the first experiments

of ground-state cooling nanomechanical resonators have been recently achieved [I1,2].

Particularly interesting possibilities arise in this context when external electromagnetic
fields influence the electron transport and enable selective electronic excitations. Time-
dependent effects can be eventually used in this case to induce, drive, steer and in general
control currents through mesoscopic and nanoscopic conductors, at a tolerable, also con-
trollable current-noise level. Thanks to a large amount of theoretical efforts in the field
of mesoscopic transport (for just a partial theoretical glimpse see for example Refs. [3H]),
a number of electron transport control schemes can be successfully designed and operated
nowadays, from photon-assisted tunneling [7H9] to electron pumping [I0HI9].

Grasping some of the quantum transport mechanisms which can induce controllable cur-
rents in nanoscale systems is the leitmotiv of this dissertation. We will be considering two
kinds of systems in which an intriguing mechanism of coupling between excitations by ex-
ternal fields and electron transport is at play. In the first part we will tackle a problem
which falls into the category of quantum pumping: we choose a basic three-site model in a
ring configuration to analyze the possibility of inducing a direct circulating current in the
presence of dissipation and with a time-dependent driving which can also be nonadiabatic.
The system is in principle insulating and the current arises as the DC response to a cyclic
(AC) perturbation: understanding and controlling this induced current in arbitrary driving
regimes is of essential and general interest for applications, for example to quantum dot cir-
cuitry. We indeed find an analytical solution for our dissipative model, characterizing the
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Figure 0.1: Pumping versus SETOs, ‘opposite’ phenomena.

differences between adiabatic and antiadiabatic regimes and clarifying the dependence of the
obtained direct current on the driving frequency. This pumped current will very interestingly
turn out to be nonmonotonic for increasing frequency, displaying a temperature-dependent
optimal value.

The second part of the dissertation will be instead devoted to a problem which is in some
sense the inverse of electron pumping [see the scheme in Fig. ILI]. Here a time-dependent
effect, an almost periodic tunneling of single electrons, will arise in fact through a tunnel
junction circuit as a consequence of a DC bias: this phenomenon is known as single-electron
tunneling oscillations (SETOs). It is well-established among the single-electron effects and
has been widely studied since the 1980s, but it deserves a renewed interest in view of the recent
progresses in measuring high-frequencies current noise [20-23]. We will study the charge and
current noise spectrum of a tunnel junction in different resistive environments with the aim
of determining the boundaries of the SETOs regime and of quantifying their accuracy in
terms of periodicity. The possibility of controlling and optimizing the SETOs would provide
in practice a one-electron source, with consequent possible applications to nanoscale circuits.
The zero-temperature, ideally current-biased case will constitute the bulk of our analysis, but
also the extension to finite temperature and to more realistic environments with quantum
fluctuations at play will be discussed.

An additional common point of the two parts of the dissertation is the use of the same kind
of technical tool. Specifically, in both cases we are considering an open quantum system and
we need an equation for the reduced density matrix of the relevant degrees of freedom. We will
thus resort to a Master Equation (ME) approach to describe both systems. ME techniques
are the state of the art to treat in a simple and convenient way the coupling of quantum
systems to a large number of degrees of freedom representing the environment, among which
the non-relevant ones can be eliminated. In the first part, the ME for the density matrix will
be the very starting point to treat the dissipative coupling of the three-site system with an
external bath (the environment). In the second part the ME will be fundamental to treat
the finite-temperature case and to address a more realistic environment including effects of

quantum fluctuations.



Part 1

Quantum pumping in the presence
of dissipation in a nonadiabatic
regime



Introduction

In this first part of the dissertation we study an interesting nanoscale electronic problem
in the presence of dissipation, which can be classified in the category of quantum pumping.
In a broad sense, one can refer to quantum pumping whenever a direct current is obtained by
driving quantum particles through a system with a cyclic modulation of some of the system
parameters. More precisely, in contexts like the one considered in the following, where the
pumping involves a ring topology, the effect is also known as quantum stirring. In the
case of electronic systems, pumping can involve unpaired electrons as well as Cooper pairs
[241125]. Here we will consider a system of electrons within a three-site model, where the net
direct current component is generated through a ‘peristaltic’ modulation of the transmission
amplitudes and gate voltages [26H33]. When the modulation is adiabatic, i.e. when the
pumping period is much longer than the intrinsic time-scale of the system, it has long been
recognized that the charge pumped over a period has a geometric nature [34H36] and it is in
many cases quantized, as we will briefly introduce in chapter [l These geometrical aspects
survive even in the presence of a coupling between the electrons and an external phonon
bath, despite the obvious source of inelastic effects [24,25/37]. Like in classical pumps, the
current in this slow adiabatic regime increases proportionally to the driving frequency w/2m,
as long as hw is much smaller than all intrinsic energy scales of the system. The opposite
antiadiabatic case of fast driving is on the other hand less predictable, especially in the

presence of dissipation, and will be found displaying the most interesting features.

A simple three-level model is here considered: three sites in a triangular setup, under the
action of a cyclic potential designed to pump current through the ring. Our aim is to focus
specifically on the crossover from adiabatic to antiadiabatic quantum pumping [35, 38 39]
analyzing the kind and magnitude of the differences in the two cases: what is the behavior of
the DC output as the frequency crosses over beyond the adiabatic and into the antiadiabatic
w — oo regime? For a particular but reasonable choice of coupling to the bath, we find
that the dissipative model admits a full analytical solution for the steady state current valid
at arbitrary frequency. Through that solution we can analyze and understand the main
features of the dependence of the DC response on the pumping frequency. At low frequencies
the pumped current tracks the known adiabatic result, namely the direct current increases
linearly with frequency, and the pumped charge is as expected geometric in nature (albeit

not quantized). However, and this is a surprising outcome, the pumped direct current turns



nonmonotonic for increasing w, going through a temperature dependent optimal value and

then dropping eventually as w™! for w — o0o.

The plan of this part is the following: Chapter [l gives a brief introduction to pumping.
In chapter 2] we present two physical systems which can be described by a three-site model.
In chapter Bl we obtain the analytical solution for the isolated three-site model under a
harmonic time-dependent perturbation. In chapterdwe introduce a thermal bath of harmonic
oscillators to account for dissipation, finding an analytical solution for the associated Born-
Markov Master Equation. We then briefly present the numerical results obtained in Ref. [40]
and comment about feasibility and quantitative estimates of the proposed model. The results
of this part have been published in Ref. [41].



Chapter 1

A brief introduction to quantum
pumping

Before plunging into our specific dissipative quantum pumping problem in a three-site
model, we want to put it a little bit into context providing a brief introduction to the broad
field of pumping. The analogy between electric current and the flow of water is the most
natural way to introduce the concept of pumping [42]: to move water (charge) between two
pools (reservoirs) one can either exploit potential difference between the two reservoirs so as
to make the water flow through a pipe (wire), or operate a pumping device at some location
along the pipe (the scattering region). The ‘pumping’ is precisely this possibility of moving
charge without creating a potential difference. More specifically, quantum pumping differs
from classical pumping since it exploits quantum coherent effects to generate a direct current

as a response to a cyclic (AC) driving of some external potential.

There are different mechanisms which can lead to this kind of transport. Historically, the
idea of quantum pumping has been around since the 1980s, beginning with the preliminary
works of Thouless [43] and Niu [44], when it was first realized that a slow cyclic parametric
deformation of the confining potential of a mesoscopic system connected to electron reservoirs
could lead to a net charge transport. Thouless theoretical argument is fairly clear and allows
us to grasp some very basic concepts behind pumping, we refer in the following to the nice
summary of Ref. [45]. For simplicity, spinless electron in a 1D channel are considered, sub-
jected to a periodic potential U(x,t) = U(x +a,t); if the number of electrons per period is an
integer IV, the N lowest energy bands of the spectrum are full and the higher ones are empty.
By letting the potential move with a small velocity U(z,t) = U(x — vt), each point in space
sees a periodically varying potential: if the electrons follow adiabatically the variation of the
potential, a net current I = Nev/a is induced and over a period T = a/v a net quantized
charge Q = IT = Ne is transferred. The Thouless pump can be seen as the electron analog
of an Archimedean screw, as shown in Fig. [[LT], taken from Ref. [45]. This very simple idea

is at the basis of the adiabatic pumping mechanism: take a phase coherent metallic system



empty band == ] |
11 |
g "

filled band H-E-mom- W |

Figure 1.1: Analogy between a Thouless adiabatic electron pump (A) and
an Archimedean screw (B).

coupled to reservoirs at the same chemical potentials; the distribution of charge is determined
by the eigenmodes of the Hamiltonian and is a represented by a standing wavefunction very
sensitive to the configuration of the confining potential. Shape changes in this potential will
thus affect the interference pattern of the coherent electrons (thus the name ‘interference
pumping’ sometimes encountered in the literature for this basic kind of pumping): by sub-
jecting the potential landscape to a sufficiently slow parametrical perturbation, the electronic
distribution will follow adiabatically, the charge will be redistributed and a total net transfer
between the reservoirs becomes possible even if they have the same chemical potential. It is
to be noted that the parametrical changes have to involve at least two parameters for the
pumping to occur. The reason is deeply related to geometrical considerations, as the work
of Berry [46] demonstrated. Let us focus on the Thouless pump for simplicity: after each
cycle every potential minimum of the traveling wave U(x — vt) gets shifted by one period
a. A single standing wave perturbation would not do the trick, at least two are needed, and
U(xz — vt) can be seen indeed as a superposition of two standing waves. For example with
U(z) = Upsin(2mx/a) a good traveling-wave perturbation able to pump the charge would
be U(x — vt) = Uy () sin(2mz /a) + Us(t) cos(2mz /a) with Uy 2(t) = Uy cos(2nt/T + ¢1.2) and
w12 = {0,27}. The trajectory of the time evolution of the potential in the plane of the
parameters U; and Us, call it U, is in this case a circle. The pumping condition can now
be stated in general geometrical terms which extend beyond the specific case of the Thouless
pumps: taken two arbitrary adiabatic perturbations U(z,t) = U;(t)fi(x) 4+ Ua(t) f2(t) with
nonzero phase difference, the pumping can occur if the trajectory U encircles a nonvanishing
area in the parameter space. The pumped charge is determined by the size and the shape
of OU and can be seen as a ‘magnetic flux’ of some effective magnetic field defined in the
parameter space. It is moreover related also to another kind of magnetic flux, a phase (the
Berry phase) acquired by the system wavefunction after an adiabatic cycle of evolution of the
parameters U;(t). This is the exact geometric analogous of the Aharonov-Bohm effect: a par-
ticle in a magnetic field following a closed trajectory acquires a phase equal to the magnetic
flux through the trajectory in units of h/e. For this reason this kind of adiabatic pumping is

often referred to also as ‘geometric magnetism’.



A vast amount of theoretical development sprouted from Thouless seminal paper can be
found in the literature, we are not interested in giving further details here, we refer for example
to the early papers in Refs. [344547H49]. In Ref. [34] the total charge adiabatically pumped
in a phase-coherent system during a cycle of perturbation of the potential landscape was for
the first time directly related to the scattering matrix, with a formula which is the pumping
equivalent of the Landauer formula for the conductance. The scattering-based approach has
been developed and generalized later for example in Ref. [27] and Ref. [28]. In recent years,
thanks to a well-established formalism and more sophisticated theoretical insight, a variety of
pumping-related phenomena have been explored, from mesoscopic fluctuations of the pumped
current [50,51], to noise [52L53] and dissipation [53], to symmetry properties in the presence
of magnetic fields [54].

In the adiabatic pumping so far illustrated electron-electron interactions are weak and
can be neglected. Other pumping mechanisms exist which on the other hand do require to
account for interacting electrons and involve systems such as quantum dots, tunnel junctions
and single-electron transistors. Photon-assisted tunneling for example has been investigated
in Refs. [55.56]. The most widely studied pumping approach for these systems is however
based on the Coulomb blockade. We refer to the literature for the details, see for example
Refs. [57H59]. Single-electron transport in a Coulomb blockaded system will be also studied
in part [ of this dissertation, but focusing on a phenomenon in some sense opposite to
pumping, an AC effect triggered by a DC bias, as sketched in the general overview. From
the experimental point of view, nanoscale pumps have been efficiently realized in systems
exhibiting strong Coulomb effects [ITHI5]. In Refs. [I6HIS] a clever driving scheme which
exploits surface acoustic waves was designed to build a single-electron pump. On the other
hand, evidence for pumping in the absence of Coulomb blockade has been more elusive
so far. The pioneering experiment of Ref. [I0] evidenced the difficulty of modulating in
time the properties of an open mesoscopic conductor at cryogenic temperatures without
side effects due to stray capacitances [60,[61]. One possible solution to this problem is to
exploit the AC Josephson effect and use the phases of the superconducting order parameter in
superconducting contacts as pumping parameters [62]. Recently in Ref. [19] the experimental
detection of a pumped-charge flow in a (SQUID-embedded) unbiased InAs nanowire has been
reported: pumping is obtained via the cyclic modulation of the phase of the order parameter
of different superconducting electrodes.

This brief outline was intended to provide a general picture of the pumping literature.
The adiabatic ‘interference’ pumping and the Coulomb-blockade-based pumping have been
distinguished as the main pumping mechanisms, to roughly classify the possible different
approaches. As explained in the introduction, in this part of the thesis we will be interested in
a quantum stirring problem in a three-site system, which therefore falls in the first category,
with the important difference that we will not stick to the already well-known adiabatic
picture, but the nonadiabatic regime will be explored, and also the presence of a dissipative
environment, as has only very recently started to be considered [24125,39,163].



Chapter 2

Quantum pumping in a three-site
system

We consider a three-site model in a ring configuration, see Fig. 2.l We will focus on two
categories of systems which can be reduced to this basic structure. The first one is represented
by molecular trimers such as Hs, Lig and Nag [64H66] and it was studied in Ref. [67]. The
valence electronic states of these molecules are subjected to degenerate electron-vibration
interaction of Jahn-Teller e ® E type [68] and the driving, i.e. the pumping, in this case
is realized by the excitation of rotating vibrational modes which then act on the electronic
structure through this degeneracy. A realistical and simple electronic picture can be obtained
in a standard tight-binding (TB) model [69] by considering a basis set consisting only of s-
type orbitals on the vertices of a triangle. The corresponding 3 x 3 Hamiltonian is in the
form

€a —Yab _720
Ho= |7 & Vol > (2.1)
—Yac _7[; €c

€a

Vciy K):ac

e
Ybe

€p €c

Figure 2.1: Scheme of the three-site model.



where ¢; labels the on-site energies and 7;; the TB hopping integrals. A trimer of equal
atoms as the molecules here considered has equal on-site energies, which can be taken at
zero without loss of generality: ¢, = ¢, = €. = 0. In the equilateral geometry the hopping
integrals are identical v;; = 7o and the Hamiltonian can be easily diagonalized giving a ground
state |0) = (|a) + [b) + |c))/v/3 with energy —2v0 and a doublet of degenerate excited states
with energy g, whose 2 x 2 subspace is spanned for example by the basis

IRVG
2 =1 i 22)
Dol

Under molecular distortion however the hopping terms change, and it can be assumed their

dependence on the displacement to be
~ij = o F(dia—u0) (2.3)

where d;; is the instantaneous distance between atoms i and j and wug is the equilibrium
separation in the equilateral geometry (k is a coupling constant). Specifically, such time-
dependent overlaps are obtained when the molecule is distorted by the excitation of the
vibrational modes. Of the three normal modes of the system one is just an uniform dilation,
which fully preserves the D3 group of the equilateral geometry and can be ignored in studying
the coupling to electronic states since it does not split the degeneracy. The other two modes
are degenerate and lead to the deformations of the triangle sketched in Fig. The displaced
atomic positions can be written in terms of the normal coordinates @), and @, as:

Ry= (L% - (1) @+ (5-55)Q - (24)

The modified hopping integrals are obtained by taking d;; = |R;—R;| in Eq. (23]). Consider-
ing small excitation, we can linearize for small @); and obtain the linearized electron-vibration

coupling, with overlaps given by:

Y 270 (1= K52Qu — k3Qy )

Yoe =70 (1 + ka) : (25)

| e =0 (1+ k50, — k1Q,)
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Figure 2.2: Sketch of the vibrational modes of the trimer.

The Hamiltonian for this small perturbation reads in the |0), |x), |y) basis:

1 1
2 LkQ. kG,

Hiin = Y0 %ka 1+kQ,  kQ. . (2.6)
ThQ,  kQ.  1-HQ,

The perturbation being small with respect to the gap 37y between the unperturbed ground
state and the doublet, we can safely discard admixtures with the |0) state and restrict to

the |x), |y) subspace, where, ignoring the trivial diagonal shift 7, the linearized Hamiltonian

2 = kg (gi _%y) : (2.7)

The pumping (or stirring) of the system can then be realized by choosing a rotating combi-

takes the form:

nation of the perturbing vibrations with amplitudes:

Q. = % sin(wt)

: (2.8)

hA
Qy = 3775 cos(wt)

with the parameter A representing the coupling strength. AA determines the splitting be-
tween |z) and |y). The resulting pumping Hamiltonian can be written in terms of the Pauli
matrices as A

Hs(t) = % (cos(wt)o® + sin(wt)o™) . (2.9)

A second straightforward system described by the three-site model is a triple quantum
dot with all the dots connected in a ring structure. The experimental implementation of this
kind of geometry has been proven realizable [70,[71]. Considering each site to be a single-

orbital dot and indicating as ¢; the external bias applied to each dot 7 and as ~;; the hopping

11



amplitude for an electron to jump between sites ¢ and j, the Hamiltonian of the system is
exactly as in Eq. (2.1)). In the fully symmetric case €, = €, = €, = 0 and 7;; = o we get the
same ground state and doublet of degenerate states as for the trimer and we can use the |0),
|z), |y) basis. When three electrons occupy the three dots two of them fill the state |0) and
the third one moves in the |x), |y) subspace which is then again the one relevant for transport
and pumping processes. To split the degeneracy an experimentally feasible way is to perturb

the bias ¢;. We consider the following perturbing Hamiltonian in the |0), |z), |y) basis:

0 %(eb —€c) %ea
Hbias = %(eb - fc) _%Ea 2—\1/5(65 — Eb) . (210)
%ea ﬁ(ec - 6b) 5¢€a

For small perturbations we can again restrict to the doublet subspace:

qpxe 1 V3ea @ — e . (2.11)
bias 2v3 \ ey — e —V3e,

The pumping is in this case realized by cycling the external potentials as follows:
(

€a(t) = —hA cos (wt)
ep(t) = —hAcos (wt — &) (2.12)

e.(t) = —hAcos (wt + %ﬁ)

and the Hamiltonian reduces precisely to Eq. (2.9)).

To study the pumping we need at this point to estimate the current circulating in the ring.
The simplest possible way to define a current operator is to consider the transfer of electrons
between pairs of sites. The current between e.g. sites a and b is then given by (see Ref. [67])

Iy = —1qYab <CZCQ - C:;Cb> ) (213)
where cZT

the charge. In the basis |0), |z), |y) it reads:

and ¢; are the creation and annihilation operators of an electron at site ¢ and ¢ is

0

Tap = 1q7ab —% , (2.14)

1

V2

which for uniform hoppings vy and restricted to the |z), |y) subspace simply reduces to:

@y (0 —1
I, = 10 — Iyo¥, 2.15
o \/§<z 0) 07 (2.15)

with Iy = ¢y0/v/3. The quantity (o¥(¢)) will thus estimate the current pumped in the system.

s o5k
© gk
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Chapter 3

Solution for the isolated system

A clever change of basis [40] leads to the solution of the Hamiltonian (Z9) in an elegant

and simple way. We consider a rotation of frequency w around the y axis:
Ry = e ™%"/2 — 1 cos(wt/2) — io¥ sin(wt/2), (3.1)

and apply it to Eq. (Z.9), obtaining a new time-independent Hamiltonian:

N hA
Hs = R, "Hs(t)Ry = o (3.2)

The rotated states |1(t)) = Ry |1 (t)) obey now a modified Schrédinger equation with the
effective Hamiltonian

n-o, (3.3)
which represents in practice a time-independent field pointing in the direction
n=(0,—w/w, A/, (3.4)

with associated Larmor frequency ' = /A2 +w?. The eigenstates are then simply ‘spin’
states directed along +0: Heg|+n) = £hw'/2|£h). The current operator o¥ being parallel to
the rotation axis it is not affected by the rotation and remains time-independent in the rotated
frame; the current keeps the form I(t) = Io(¢)(t)|o¥|4(t)). The current on the eigenstates is
straightforwardly obtained:
(+h)oY| £ h) = % . (3.5)
Let us choose the initial state at ¢ = 0 as for example the ground state of the initial
Hamiltonian (2.9)), that is | — 2):

G000 =1 = 2) =sin (5 )10 + oo (5 ) |- 5. (36)

13



Figure 3.1: The trajectory of a spin initially in | — 2) in the Bloch sphere.
The current I(t) is measured by the instantaneous y-projection of the spin
state. The thick circle represents the spin precession around —n in the
absence of dissipation. The thin spiral curve represents the relaxing tra-
jectory in the presence of a weak dissipation, which we will introduce in
chapter [

with 6 = arccos(A/w') (which is the angle between the initial state and the eigenstate). Fol-
lowing the evolution the initial state will then make Rabi oscillations between the eigenstates
| £ i) and the current as a function of time is given by:

T = it uie) = s (5 ) (i) )+ eos? () (-alo?] - )+

~sin (g) cos <g> (" (4alo¥] — 8) + he)

Expression ([B.7) has a constant and an oscillating part: being interested in the DC pumping

(3.7)

we focus then on the former [i.e. the first two terms in Eq. B7)], and by defining J =
I(t)/Io = ($(t)|0? |4 (1)) we get:

(3.8)

which is just the current on the eigenstate |n) times the cosinus of the angle between the
initial state and the eigenstate. In other words, a spin initially in | — Z) precesses around the
—n axis (see the circle in Fig. Bl), with a projection A/w’ along this axis and as a result,
the precessing spin carries an oscillating current proportional to its y component.

As shown in Fig. B2l the current as a function of the pumping frequency displays a
maximum for w = A. The presence of the maximum is due to the competition of two effects:

14
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Figure 3.2: Direct current as a function of the pumping frequency as given

by Eq. (3.8).

for increasing frequency, n gets closer to the y direction and the current on the eigenstate
w/w' increases, but at the same time the overlap with the chosen initial state | — 2) decreases.
A different choice of initial condition could lead up to the maximum theoretical current w/w’.
We can sum up and say that in the absence of any coupling with the environment, any time
dependence of the current is in practice determined only by the initial conditions: each of the
two eigenvectors of Heg produces a pure DC output, while any other initial condition gives
also an AC contribution. The DC component can be expressed in terms of the projection of

the spin over the eigenstates of Heg:

w . L. W
I= IOPJ =—IyTr(n-5pg) a (3.9)
with P = —Tr(n - &pg) the spin polarization in terms of the density matrix in the rotating

frame pg. This notation will be clearer in the next section, where we handle explicitly the
density matrix of the system.

The same result could be derived also in a different formalism, considering the point of
view of the standard quantum pumping literature: the details can be found in Ref. [40], where
Eq. (3.8)) is shown to be exactly retrievable in the same framework as Ref. [35].

15



Chapter 4

Coupling to an environment

The solution for the isolated case provides us with a clear understanding of the basics of
the pumping mechanism at play in the three-site system. A real physical system however can
be hardly considered decoupled from an environment. A minimal interaction with external
degrees of freedom is always present and causes an irreversible energy transfer from the system
to the environment, which on the other hand exerts a fluctuating force leading to fluctuations
of the system observables. A realistic model of a quantum system needs therefore to deal
with dissipation and fluctuations. The standard way to proceed is to think the system in
contact with a reservoir which has in principle an infinite number of degrees of freedom
and has the characteristics of a heat bath. This dissipative medium can be modeled in the
simplest effective way as a bosonic environment by introducing an infinite number of harmonic
oscillators, as has been proven in the seminal works of Feynman & Vernon and Caldeira &
Leggett [72L[73].

We consider thus here the Hamiltonian (2.9]) in the presence of dissipation by introducing
a bosonic environment as follows:
Hs

H = %(Cos(wt)az + sin(wt)o®) +

2 L (4.0.1)
FET(EE) S B

=z, V E=z,x V

HB HS’B

where the sum over ¢ accounts for two noninteracting baths of harmonic oscillators, labeled
z and x and coupled via ¢* and ¢® respectively, with ¢, p, m and w the position, momentum,
mass and frequency of the oscillators, and A the coupling constant. In modeling the environ-
ment it is customary (see for example Ref. [74]) to go the the continuum limit for the bath,
i.e. the description in terms of individual oscillators with discrete frequencies and masses is
replaced by a spectral density J(w) corresponding to a continuous spectrum of environmental

frequencies. The frequency dependence of J(w) is assumed to follow a power-law dependence

16



of the form J(w) ~ w® . The most common choice for the exponent s is the so-called ‘Ohmic’
one, i.e. s = 1, such that J(w) increases linearly with w. We therefore take Ohmic baths

characterized by the following explicit form of the spectral density (see Ref. [40]):

Je(w) = Z )\g,,ﬁ(w —w,) =hag e~w/we = h2a§we_“’/w0 , (4.0.2)

Wit

with w. a cutoff frequency to prevent the distribution of environmental frequencies to grow
without bound (which would be physically unreasonable). The coupling a¢ to the bath
is assumed to be weak. In terms of the spectral density (£0.2]) the bath autocorrelation
functions C(t), which will be rigorously defined in the following, can be expressed as (see [40]
for details):

clt) = /0 " dwJ (w) cos(wt) coth (@) i / "do ] (w) sin(wt) (4.0.3)

0

Since we saw in the previous section that the Hamiltonian of the system is fairly easy to
handle in the rotating frame of reference defined by ([B.1]), we will also adopt the same frame
of reference for the total Hamiltonian (£.0.1]), which becomes

H =Hest +Hp + Hsp(t) (4.0.4)

with the first term given by Eq. (8.3) and the last one displaying the rotated spin operators:
5%(t) =R; '0° Ry = 07 cos(wt) — o sin(wt) (4.0.5)

57 (t) =R; 10" Ry = 0 cos(wt) + o sin(wt) . o

In the following the tildes will be dropped to keep the notation light but all operators are to be
intended in the rotated frame of reference. We will approach this system with the standard
Master Equation formalism of the quantum dissipation literature: we will first derive the

general Master Equation in the Born-Markov approximation and then specialize it to our

system.

4.1 The derivation of the Master Equation

We present here a brief derivation of the standard Master Equation (ME) for a quantum
dissipative system, following mainly the book of Schlosshauer [74]. We consider an Hamilto-
nian in the form (£.0.1]):

H=Hs+Hp+Hsg. (4.1.1)

The system—bath Hamiltonian can be factorized in the two system and bath contributions
separately
Hop = _ Sa®Ba. (4.1.2)
[e%

1. it is always possible to write an arbitrary interaction Hamiltonian in the form of a diagonal decomposition
of (unitary but not necessarily Hermitian) system and environment operators [74].
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We will work in interaction representation with respect to Hog = Hg + Hp, with the corre-

spondent evolution operator given by:

Uo(t,0) = T exp <_% /O th’?—[o(t’)> = US(t,0) ® UB(t,0). (4.1.3)

Given p(t) the density matrix of the system, the evolution equation for its interaction repre-
sentation pf(t) = Ug(t,O)p(t)UO(t,O) reads then:

ih0"(6) = [Hep(0), 0 (1)) (4.1.4)

where HLg(t) = Ug(t,O)HSBUO(t,O) is the system-bath Hamiltonian part in interaction
representation. Integration of (L.I1.4)) gives

o) = p'(0) + = / at’ [Hhp(t).p' ()] . (4.15)
0

and inserting this expression back into the right-hand side of (£.1.4]) leads to

ih%ﬂl(t) = [HéB(t), P! (0) +% / dt’ [HéB(t’)mI(t')]] =
s (4.1.6)

= [ha(t), ' O] + - / at' [Hp(t), [Hhp(t), o1 (#)]]
0

To get rid of the explicit dependence on the bath degrees of freedom we trace them out and
obtain Eq. (L8] for the reduced density matrix p%(t) = Trg {p’(t)}:

t

L d 1

i ph(t) = Tep [HEp(0), 01 O)] + / dt' Tep [Hh (1), [HEp(). 0 (0)]] . (417)
0

Without loss of generality we can assume Trp [’Hé 5(1),p! (0)] = 0 (this can always be achieved

by a formal redefinition of the Hamiltonian Hé ), thus

ih%ﬂs(t) = %/dt’ Trp [quB(t)’ [quB(t/)’pl(t/)H . (4.1.8)
0

In order to eliminate any terms pertaining to a time-dependent state of the environment
[i.e. express our Master Equation entirely in terms of the reduced density operator pk ()]
and also to eliminate any dependences of the change of pé(t) at time ¢ on pé(t' ) evaluated
at times ¢ < ¢, we will perform now the Born and Markov approzimations on Eq. (£I18]).
The former assumes that the system—environment coupling is sufficiently weak and the en-
vironment large for the changes of the density operator of the environment to be negligible
and the system—environment state to remain in an approximate product state at all times:
p(t) = ps(t) ® pp. The latter states that memory effects of the environment are negligible,

that is any self-correlations within the environment created by the coupling to the system
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decay rapidly compared to the characteristic timescale over which the state of the system

varies noticeably. Using the Born approximation in interaction picture
pl(t) = p5(t) @ pp V>0, (4.1.9)

we can rewrite Eq. (L1.8)) as

t
. d 1
i oh(t) ~ = / e Te, [Hhp(8), [Hen (). P5(¢)  ps]] - (4.1.10)
0
We now proceed by exploiting the diagonal form ([ALI.2]) of the system—bath Hamiltonian in

interaction picture:

HEp(t) =US(t, 00HspUs(t,0) =
= <US(T)(t,O)SaUO (t,O)) ® (UBg(t,O)Ban(t,O)) -

— (4.1.11)
= Z Soz(t) ® Ba(t) )
obtaining:
d
ih dtpg( / dt’ Z Trg [S Ba(t), [Ss(t') @ Ba(t'), ps(t) @ pg]] . (4.1.12)
0
We now define the bath autocorrelation functions:
Cap(t,t") = Trp {Ba(t)Bs(t )pp} = (Ba(t)Bs(t)) . (4.1.13)
Assuming that the bath is in equilibrium, i.e. [Hp, pp] = 0, we have
Cap(t,t') = Trp {Ba(t —t')Bgpp} = Coplt — 1), (4.1.14)
which substituted back in Eq. (112 leads to:
J t
ih—pb(t) ~ — / dt' Y {Caw — ) (Sa(t)S5(t)b(t) = Sa(t) k() Sa(t) )+
0 ap (4.1.15)

#Calt = ) (P5(E)S0)50(0) — Sa(rh()55(0)) }.

We are now ready to use Markov approximation as stated before, meaning practically that
the environment self-correlations functions C,p(t — t') are assumed sharply peaked around
(t —t') = 0 and decay on a timescale much shorter than the timescale set by the changes of
pL(t). This is equivalent to saying that pl(t) changes only insignificantly during the typical
time interval over which the environment self-correlations functions vanish, so that we can
replace pk (') by pL(t) in Eq. (ELIH). Moreover it implies also that we can safely extend the
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lower limit of the integration to —oo. With the definition 7 = t —# the final Master Equation
reads:

ih s~ [ " Eﬁj {ca5<r>(sa<t>sg<t — T)Pk() = Sa(t — T)p5(D)Sa(t) )+
+ Cpal—T) (pé(t)sg(t — 7)Sa(t) = Sa(t)pk(t)Ss(t — T)) } . (4.1.16)
To transform back to the Schrédinger picture we remind:
Pk(t) = US' (1,0)ps (U (£, 0)

ih G0 = = (15, 0] + U5 (0.0) (inos) ) US00) (g0
i Sops(t) = s, ps(0] + U5 1.0) (1050400 ) U5 (000,
which we use to handle the interaction-picture Master Equation, getting:
i ps(t) ~ s, ps(0)] + 5 /0 dr 3 { Conl) (SaS3(=T)ps(0) = Sal-Thps(0)5)+
af
+Csu(-1) (505150~ Saps(0Ss(-0) b (118)

4.2 The ME approach applied to our system
Eq. (AI18) specialized to our Hamiltonian [given in Eq. (£.0.4])] reads:

%ps(t) ~ —1 ['Heg, ps(t)] —% [dT Z {an(T) |:0-§’ UT(—T)Un(t — T)U(—T)ps(t)} +

&n
+Cen(=T) [Ps(t)UT(—T)U"(t —7)U(-7), aé(t)} } . (4.2.1)

Note that there are two kinds of time-dependence in the system operators: one given by
the rotation R; (0¢(t)) and one given by the ME [ UT(—7)o"(t — 7)U(—7) ], here explicitly
outlined by the presence of the operator U(t) = exp{iw'n - ot/2}.

The baths being independent and identical we have C¢,(7) = ¢ ,C(7), with C(7) defined
in Eq. (4.0.3]). To introduce a convenient notation we list the following useful integrals:

OOdT C(7) cos(—wT) cos(—w'T)

) cos(—wT) sin(—w'T)

=
/ ) sin(—wr) cos(—w'7)
= [ arc
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Css :/0 dr C(7) sin(—wT) sin(—w'r)

Ceo = /OOOdT C(7) cos(—wrT)
Cso = /OOOdT C(7)sin(—wr). (4.2.2)

We also define a new basis for the spin operators in the rotated frame of reference, ori-
ented along the axes x = (1,0,0), n = (0, —w/w’, A/w') and, perpendicular to both, m =
(0, A/ w/w'):

c¥= x-0
oM = & (4.2.3)
o= n-co

In terms of these quantities the ME (4L.2.]]) reads:

0 W
apS(t) = —ZE [0’”7[)5] — [Tl , Tgps] +c.c. + [Tg, T4ps} + c.c., (4.2.4)
where
A
T = + cos(wt)o® + sin(wt) (—/0” + i/o'm>
w w
: . AL w o
T3 = —sin(wt)o” 4 cos(wt) ot =™ (4.2.5)
and

= (Sln Ceo + cos(wt)Cs >0 +

<cos Cee — sin(wt)Cs, + Y > sin(wt)Ces + cos(wt)C’ ) o+

a
w
_|_
+ <51n Css — cos(wt)Ces + Sln(wt)C’cc —|— cos(wt)C’ ) o™
a
w
+

(4.2.6)
= (cos Ceo + sin(wt)Cy >O’ +
<— sin(wt)Cee — cos(wt)Cs, —|— cos(wt)C — % sin(wt)Css) o'+
+ <s1n(wt)Ccs + cos(wt)Css —|— cos(wt)C - sin(wt)CSC) o™
We consider now the density matrix to be in the generic form
ps = %(]l + ao® +bo™ + co™), (4.2.7)

and after straightforward manipulations we get Eq. (3.40) of [40]:

%ﬁg(t) = —2{ (A Re{Ceo} + D‘ie{Css} + %e{Ccc}>
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+

+ S‘ie{Csc} e S‘ie{Ccs}> b+

+

Re{C} — —,sm{ccs}) ot

E\|l>€\|l>/\
/\/—\ *b

E|g

Im{Ceo} + Im{Css} + —Jm{Ccc}) }

w
— Jfﬁe{Csc} + S‘ie{Ccs}> a+

s
+ —— +
/\/T\
>
N %|€

ﬂ%e{Cco} + 9}le{cfcc} + %me{cﬁ}) b+

S
no

W

/—\

© Re{CLe} + 9%{035}) o+

w/

jm{Cso} + jm{Csc} - %jm{CCS}) }0m+

| > &>

E\
/N

w A
Re{Cyola — ——ﬂ%e{Cco}bJr

2
W'

79%{0@} +2— D‘ie{Css}>

s
+ /—/H -+
€\|l>

VR
€

]
+

w . w? 4+ w'? n
+ (—QJJm{CSC} + TJm{Ccs} }0' . (428)

The equilibrium state of the system is found by setting the time derivative to zero: since the
theory is valid in the weak coupling limit o — 0 [where ¢ — is the coupling appearing in
Eq. (£0.2)], and all the C’s are of order «, only the term with the ¢ coefficient in Eq. (£Z7)

goes to a finite value:

(W —w)?J(W +w) + (W +w)?J (W — w)
(W —w)?J(w' + w) coth <h(2“;/;;)) + (W + w)?J (W — w) coth <h(2“,;/;;))

(4.2.9)

Ceq =

The current is then given by projecting this state over the y direction, which adds a factor
w/w', and multiplying by the Iy prefactor to get a proper charge current: I = IoJ = Ipceqw/w'.
In terms of the formalism of Eq. (83), we see that ceq is exactly the spin polarization P =
—Tr(n- &pg).

We will now analyze the behavior of the system in different limits, finding that it is
actually quite simple. For T" — 0, with any value of w/A and any form of the spectral
density, the stationary result of the ME is a projector onto the ground state | — i) of Heg
and we get the (maximum) current given by Eq. (8.0]). This extends the result of Ref. [24]
to the nonadiabatic limit. For finite temperature we distinguish between the low-frequency,
adiabatic limit w <« A and the high-frequency antiadiabatic one w > A. In the former

pumping effects should be minimal and we correctly find the appropriate result for thermal

J o~ ﬁtanh< ha > , (4.2.10)
w

equilibrium
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Figure 4.2.1: The DC component J as a function of the pumping fre-
quency w for T' = 0 (solid line), as obtained from Eq. (8.5), and for several
temperatures (dashed and dot-dashed lines), as obtained by Eq. (£2.9]) .

while in the latter we find

w h(w — w)
~ — h{———| . 4.2.11
J w' tan ( 2kpT > ( )

Eq. (£2.17)) states that for fast driving the result is again the thermal equilibrium of a static
spin Hamiltonian but this time with the effective frequency

A 3
2w w

vanishing for large w. As Fig. 42Tl shows, at any finite T the current decays for large enough

(W-w)=A : (4.2.12)

drive. Increasing the driving frequency w at finite temperature at first increases the pumped
current up to w ~ hA2/kgT, but then for faster driving thermal fluctuations eventually cause
the pumped current to drop.

4.3 Numerical simulations

To test the generality of the obtained analytical results the ME (£2.4]) has been solved
numerically in Ref. [40] by means of Runge-Kutta integration to obtain pg(t) and from
that I(t) = IpTr[oYps(t)]. It has been first of all checked that the numerical simulations
actually lead to the predicted analytic asymptotic state. Fig. [:3.1] shows a very good match
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Figure 4.3.1: Asymptotic current J resulting from numerical simulations
(points) compared to the analytical results of Eq. (4.2.9) (curves), already
showed in Fig. [4.2.11

between simulations and the analytical results. Secondly, the numerical approach has allowed
us to explore the transient approach to the stationary state. Fig. shows the full time
evolution of the current compared to the pure quantum evolution in the absence of dissipation.
The presence of the baths leads to damped oscillations towards the asymptotic state. The
relaxation time needed to reach it is decreasing with «, but also depends on the temperature,

with baths at lower temperature taking a longer time to equilibrate the system.

Finally, the effect of unequal environments in the x and z directions, in which case the
simplifications leading to Eq. (£2.9]) do not hold, has been investigated thanks to the numer-
ical simulations. In particular, the case o, # . (by symmetry, it does not matter which one
is larger) has been considered. At finite (but small) a;¢ the solution is no longer stationary
even in the rotating reference frame chosen, and small oscillations of the density matrix and
of the current at frequency 2w remain undamped in the long-time limit. Nevertheless for
ag — 0, the amplitude of these oscillating density-matrix terms vanishes linearly with o,
and the constant part of the density matrix at low temperature converges to the symmetric-
environment case. In particular at T = 0 J again saturates to w/w’. In this asymmetric
case the behavior for ag — 0 can be recovered also analytically by applying a rotating wave
approximation to the asymmetric equivalent of Eq. (£24)), i.e. by neglecting all the terms
oscillating with frequency w or w’. Remarkably, the resulting equation again coincides with-
out approximations with the one appropriate to the symmetric environment. We can thus

conclude that the results obtained for the symmetric environment are indeed representative
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Figure 4.3.2:  Time evolution of the current I(t) = IyTr[oYpg(t)] for
w = 2A, in the dissipationless case (a = 0, solid curve), and in the transient
induced by weak dissipation (o = 0.005), at low (dashed) and intermedi-
ate temperature (dot-dashed), starting from the initial |—2) state. Inset:
temperature dependence of the steady-state DC output 1.

of those expected in the more general asymmetric coupling case, provided the limit of weak
coupling to the environment holds. In particular, Eq. (£2.9]) remains valid.

4.4 Feasibility and conclusions

Triple quantum dot systems have been recently realized experimentally [7075], and could
be used to implement the pumping effect proposed. In Fig. L4 we reproduce for exam-
ple the setup of Ref. [70]. To assess typical values for the pumped current, we adopt the
parameters characteristic of a triple quantum dot arrangement realized experimentally as
described in Ref. [70]. Hopping amplitudes between neighboring dots were in the 10— 70 peV
range: we assume a more symmetric arrangement with all hopping amplitudes vg ~ 50 ueV,
and with gate electrodes apt to control the bias €; of each individual dot. The electric
potentials of such electrodes are to be changed cyclically at frequency w/(27), with the
appropriate phase relations, as described after Eq. (2I1I). Provided that temperature is
much smaller than the splitting scale AA /kp, our theory predicts an optimal current close to
Iy = 0.05 meVe/(v3h) ~ 801072 J x 1.61071 C / (1.810734 Js) ~ 7.0 nA. Such a current
is not especially small, and it should be possible to detect it, e.g. by means of the magnetic
field it generates. The setup of Ref. [70] had the three quantum dots scattered over a region
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Figure 4.4.1: Experimental setup of a triple quantum dot, taken from

Ref. [70].

of linear size ~0.3 pm. We assume that the tunneling current circulating around a similar
dot-ring arrangement could produce the same magnetic field as if in a ring wire of effective ra-
dius reg ~ 0.2 pm. With this simplification, we solve the equations of magnetism to compute
the magnetic field flux intercepted by a detecting ring placed above the plane containing the
quantum dots and parallel to it. We find that a ring-shaped SQUID of 5 ym radius placed
~ 5 pm above the quantum dots intercepts a flux of order 0.02 @ (here ®y = wh/e is the flux
quantum), a value routinely detectable.

The frequency and temperature regions where nonadiabatic effects on current could be
detected are determined by the energy scale hA of the effective spin-1/2 model, which in turn
is the amplitude of the oscillating gate potentials acting on the dots, and is therefore under
experimental control. However, the effective 2-level model is meaningful only for AA < 7y
(otherwise all three states should be included in the calculation). Assuming A ~ 0.17g/h ~
8 GHz, the predicted frequency-dependent dissipative effects on current should be observed
near and mainly above this resonant angular frequency at temperature 7' < 0.2AA /kg. For
the assumed parameters in the three-dot setup, this temperature amounts to 7' < 10 mK,
which is reachable e.g. by continuous-cycle dilution refrigerators.

There are actually even more promising steps on the way of a possible experimental re-
alization. Unpublished work [71] reveals that a perfectly symmetric and controllable triple
quantum dot setup can be fabricated. Thanks to a private communication with Y. Chung we
can reproduce Fig. [£.4.2] which shows a SEM image of a symmetric triangular triple quantum
dot on a GaAs/AlGaAs 2DEG wafer, where the interdot tunneling is controlled by coupling
gates (M1, M2 and M3 in the figure) and each dot is coupled (via the gates QPC1, QPC2 and
QPC3) to a reservoir in the tunneling regime. Differently to Ref. [70], hopping amplitudes in
Ref. [71] are effectively symmetric with vy ~ 60 peV, and the dots are scattered over a larger
region ~0.65 um. For such a setup, the possibility of variating cyclically the gate potentials
with the suitable phases as proposed in chapter 2l and a SQUID-based measurement of the
induced current should be straightforwardly available.

In summary, we presented an analytical solution for the time-dependent pumping of direct
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Figure 4.4.2: Experimental setup of a perfectly symmetric triple quantum
dot, courtesy of Y. Chun, unpublished [71].

current in a quantum model with dissipation, valid in the weak dissipation limit. The solution
fully covers the crossover from the well-known adiabatic limit to the antiadiabatic regime. In
Ref. [24] an investigation was attempted of nonadiabaticity, with numerical evidence that a
stronger dissipation might somehow compensate for the weak-coupling nonadiabatic current
reduction relative to the geometric value of the adiabatic limit. Our exact solution clarifies
that nonadiabaticity is fundamentally associated to such a radical current suppression that
eventually, for large frequency, the charge pumped in one period drops as the frequency to
the power of —2. The method introduced in a very recent work [25] also can deal with
the nonadiabatic regime and represents a more general approach to pumping problems in the
presence of weak dissipation. However in that work intermediate frequencies were studied only
in the absence of dissipation: the present model seems unique in affording an explicit analytic
expression for the density matrix and current in the presence of dissipation for arbitrarily
high frequency. The main physical surprise of our results is that the frequency dependence
of current is nonmonotonic, with an optimal value that moves from A upwards to infinity as
temperature is reduced. This effect, on the whole reminiscent of magnetic-resonance physics,
appears to be directly detectable for example in proven experimentally realizable multi-dot
arrangements.
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Part 11

Single-electron tunneling
oscillations
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Introduction

Tunnel junctions and single-electron effects have been widely studied over the last four
decades since a seminal paper by Averin and Likharev [76], who developed a perturbation
theory to describe single-electron tunneling in a current-biased tunnel junction. The first
famous experimental work on the observability of single-electron charging effects by Fulton
and Dolan [77] boosted a large amount of both experimental and theoretical interest. A good
summary of the main achievements is for example the collection of review articles titled Single
Charge Tunneling [78], and notably the one by Nazarov and Ingold describing the theory of
single-electron tunneling under the influence of an electromagnetic environment, to which we

will often refer in the following.

This part is devoted to the study of one of the most appealing single-charge effect ap-
pearing in a normal-metal tunnel junction, namely the single-electron tunneling oscillations
(SETOs), predicted in the 1980s [76[79-81]. They manifest as an almost periodic fluctuation
of the charge at the junction due to the interplay between the tunneling of electrons and
the continuous biasing of the junction; in this sense they can be considered as an AC effect
induced by a DC bias. Referring explicitly to the original paper by Averin and Likharev [76],
we will focus on the junction charge-noise spectrum as a mean to trace and quantify the
SETOs. The general plan is as follows: after a brief introduction on charging-effects and the
so-called ‘orthodox theory’ of transport in small tunnel junctions, chapter [l will present the
bulk of our work, which has been devoted to the analytical and numerical study of SETOs
at zero temperature and in absence of quantum fluctuations. In chapters 2] and B we will
extend the analysis to thermal and quantum fluctuations effects respectively, considering the

environment from a more general point of view via the so-called ‘P(E) theory’.

Here we want to provide a brief introductory explanation about this phenomenon: what
are in practice SETOs? Consider a tunnel junction with tunneling resistance R; > Rg
and capacitance C (typically ~pF) placed in an environment with resistance R and biased
with voltage V3. As we will discuss in Sec. [LT], it has been shown that if R is larger than
the quantum of resistance Rg the current is suppressed for bias voltage Vj, smaller than
the Coulomb gap e/2C associated with the capacitance, and this effect can be visible for
temperatures lower than the Coulomb charging energy e?/2C. The idea behind SETOs
can be understood in the simplest way in the limit R,V;, — oo with V3/R = I, i.e. the
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purely current-biased junction regime. The current slowly charges the capacitance. When
the voltage at the junction V' = @Q/C reaches the threshold e/2C' one electron crosses the
junction. If I, <« e/R;C this will happen just after V' has reached the threshold. The charge
on the capacitance after the tunneling event will be @ = —e/2, and @ will start to increase
slowly again. A time e/I, is needed before a new electron can cross the junction and the
sequence can start again. The voltage at the junction will thus be periodically modulated at

a tunable frequency I /e.

In practice, realizing a high-impedance environment with a flat frequency response till
frequencies of the order of e?/2Ch is a challenging experimental problem, as discussed in
detail in chapter Bl Most experimental observations of Coulomb blockade phenomena in single
tunnel junctions have actually been done in an intermediate-impedance situation (R ~ Rq),
which leads at least to clearly nonlinear characteristics of the junction, see for example
Refs. [82L[83]. Nevertheless, it is feasible to realize impedances of the order of some hundreds
of k; for instance in Ref. [84] a resistance R ~ 0.4 MS) has been realized. For these values
not only the suppression of the current at low-bias voltage, but also SETOs should be visible.
Interestingly, in Ref. [85] a resistive environment yielding to Coulomb blockade has been

obtained by exploiting weak localization in a multiwalled carbon nanotube.

Observation of SETOs remains however experimentally challenging. The implementation
of the required strong-impedance environment has been realized by different authors using
for example on-chip resistors [86H91]. To avoid heating problems an alternative approach
has also been tried by designing the environment with tunnel-junction arrays [92,[93]; The
stochastic nature of the current is reduced by the presence of a large number of arrays [94];
recently an observation of soliton-like single electron oscillations with this method has been
reported [95]. A similar phenomenon for superconducting Josephson junctions has been
predicted (Bloch oscillations) [96] and investigated by many authors [97HI00]. Arrays of DC
SQUIDs have also been exploited in this case to build up the proper environment to obtain
Coulomb blockade of Cooper pairs [I0IHI03]. Reports on the observation of Shapiro-step-like
structures in microwave/RF-irradiated junctions constitute the present state of the art for the
experimental probe of this effect [90L08/[104,105]. Progress in the detection of high-frequency
current fluctuations [20H23] can open new possibilities of observation, and especially of the
crossover region, where the oscillations are not completely established. At the same time
the possibility of generating a periodic and frequency-tunable electric signal without any
oscillating source is an interesting opportunity and could have applications, for instance, as

actuation of motion in nanomechanical systems or as controlled single-electron source.
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Chapter 1

Single-electron oscillations at zero
temperature

In this chapter we investigate how accurate the SETOs can be as a function of the
impedance and of the bias conditions, at zero temperature and in a strict current-biasing
scheme in a limit for which quantum fluctuations are negligible. To this purpose we study
the charge-fluctuation spectrum at the junction capacitance (or equivalently the current-
fluctuation spectrum through the resistance load), and in particular the width of the peak
at frequency ~ I/e. Notwithstanding the relatively large number of papers on this subject,
some specifically addressing the dynamics of arbitrarily biased mesoscopic tunnel junctions
with an analytical approach [I06HI08], a consistent and simple calculation of these quantities
is not available. It can be useful in order to evaluate the expected effect in view of measuring
current fluctuations in this kind of device. We find that the width of the peak scales as the
inverse of the impedance for large R/R;. The peak remains observable till values of R/R; of
the order of 5. This chapter can be considered as the bulk of the SETOs part and is organized
as follows: in section [LI]we introduce the basic assumptions underlying our treatment of the
transport through the junction; in we present the model of the junction circuit; in [L3]
we discuss the different regimes that the system undergoes by varying the bias current and
the environment resistance, obtaining in particular an analytical expression for the the I-V
characteristic in the SETOs regime; in [[L4l we calculate analytically the charge spectrum; the
results are discussed and compared with numerical Monte Carlo simulations in section [L5

section gives our conclusions. The results have been published in Ref. [109].

1.1 Charging effects in tunnel junctions

A tunnel junction can be generally defined as a barrier, for example a thin layer of insu-

lating material, interposed between conductors (see Fig. [L1.1]), through which electrons can

32



oxide barrier

Ca Rl‘,

Figure 1.1.1: (a) a real evaporated overlap junction; (b) schematic example
of an overlap junction with an insulating layer; (c) circuit representation of

a tunnel junction element.

only pass by quantum tunneling. We will be interested here only in the case where the con-
ductors, which we can call electrodes, are normal metals, thus disregarding superconducting
tunnel junctions in the following. It is by now well-known that with very small junctions and
at low temperatures, the result of a recharging of the junction capacitance by the tunneling
of a single electron can give rise to charging effects. The conditions for such a direct man-
ifestation of the discreteness of the charge are however not so straightforwardly realized. A
tunnel barrier alone in fact is not enough to observe the effects of single charge quanta on
macroscopic quantities (currents and voltages). It is primarily needed Coulomb interaction
between electrons to be strong enough to act against thermal charge fluctuations. Secondly,
also quantum electromagnetic fluctuations play an essential role in determining the tunneling
rates of electrons across the junction. We shall stress that single-electron effects are washed
out in a single tunnel junction unless a proper biasing scheme is implemented, while they
are not prevented to occur in systems composed of at least one ‘island’ (as is obtained for

example by placing two tunnel junctions in series).

From the semiclassical point of view we will be adopting here, a junction or generically
a tunnel barrier can be represented by a capacitance C' and a tunneling resistance R;. The
basic conditions for single-electron effects which arise in the presence of tunnel barriers not
to be masked by thermal and quantum fluctuations are

1. the tunneling resistance R; must be much greater that the quantum resistance Rg =
h/e? ~ 25.8 kS, to ensure the wave function of an electron to be well-localized on one
side or the other of the barrier, so that we can meaningfully speak about a ‘tunneled
electron’

Ry > Rq, (1.1.1)

2. the capacitance C associated to the barrier must be small enough and the temperature
low enough for the energy scale of thermal fluctuations to be exceeded by the charging

energy E,. = %, that is the energy required to charge the capacitance with an electron:

E.> kpT . (1.1.2)

If these conditions are realized the charging energy dominates the transport process and this
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is enough for Coulomb blockade to occur in circuits with at least one island, i.e. if they are
contacted to a voltage source there is a threshold for the passage of current through the
island V' > e/2C'. Consider instead just a single tunnel junction contacted to an ideal voltage
source (or ‘ideally voltage biased’): an electron which tunnels through the barrier from one
side of the capacitance to the other is immediately removed from the junction and the only
energy scale involved is eV, the work done by the voltage source; the charge on the junction
capacitor is in other words kept fixed at all times. This results in a linear current-voltage
characteristics without Coulomb blockade. On the other hand, consider adding an ideal
resistive environment, say a resistor R > R in series with the voltage source for simplicity:
this prevents the immediate removal of the tunneled charge since the junction capacitance is
now being slowly charged with time constant RC. Coulomb blockade thus does occur and
the transport through the junction is blocked until its voltage is enough for the charging
energy to be exceeded V = Q/C > e/2C; at this point an electron can tunnel through the
junction changing the capacitor charge by e and the process of slow charging continues. The
result is the well-known offset in the current-voltage characteristics given by e/2C known as
‘Coulomb gap’. In Fig. [LT.2lwe show schematically how the resistive environment is essential
for single-charge effects to show off in a tunnel-junction circuit without an island. We want
to clarify here a matter of nomenclature in the literature for single tunnel junctions which

may otherwise generate some confusion: in the zero-impedance limit of Fig. [[1.2] i.e. when

no single-charge effects are displayed [even in the presence of conditions (LII]) and (LI.2))]
the junction is referred to as ideally ‘voltage biased’ and the global rule is said to apply, while
the opposite R — oo limit is the ideally ‘current biased’ case and the local rule is said to
apply. These definitions label the two opposite limiting behaviors of any tunnel junction and

apply independently from the effective biasing scheme of the circuits considered.

In this chapter we will work in the limit of R > Rg, so that we can neglect quantum
fluctuations and study the phenomenon of the single-electron tunneling oscillations in the
tunnel junction as a function of the ratio R/R;. A semiclassical theory describing this regime,
the so-called ‘orthodox theory’ has been developed in Ref. [76], to which we refer in the
following. We will then relax this assumption in chapter Bl and see the crossover to a low-
impedance case where Coulomb blockade starts to be washed out and the global rule applies.
This will require taking into account the environment properly, as is done by the P(E) theory
by Ingold and Nazarov (Ref. [110]).

We now recall the derivation of the tunneling rates expression in the orthodox theory
framework, as is very clearly done for example in Ref. [I1I]. Following the local rule, the
rates are calculated taking into account only the change in the electrostatic energy of the
junction before and after the electron has tunneled AFE. Using Fermi’s golden rule the tunnel

rate from an initial state ¢ to a final state f can be generically expressed as
27
Lisf(AE) = E’Mif‘Q(s(Ei - By —AE), (1.1.3)

where M;; is the tunnel transmission coefficient from the state ¢ with momentum £; to the

state f with momentum ky, E; and E; are the initial and final energies of the tunneling
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Figure 1.1.2: Basic scheme of the influence of the environment [here rep-
resented generically as an impedance Z(w)] on single-charge effects for a
single tunnel junction. I and V are the current and the voltage at the junc-
tion. In the case of ideal pure voltage bias, i.e. Z(w) — 0, single-charge
effects are washed out (dashed line). In the case of ideal current bias, i.e.
the impedance is an infinite resistance Z(w) = R — oo, there is an offset
in the I-V curve due to Coulomb Blockade (dotted line).

electron. The total rate from occupied states at one side of the tunnel barrier to unoccupied
states on the other side is given by the summation over possible initial and final states:
27
[(AE) = — DO My PF(E)(1 = f(Ep)S(E; — Ef — AE), (1.1.4)
i f
where f(FE) is the Fermi function

1
HE) = I @ m e -

(1.1.5)

The transmission probability can reasonably be treated as a constant |M,f|* ~ |M|?, and by

using the density of states D(FE) we can convert the summations into integrals:

P(AE) = %MP/ dE, / Ay Di(E3)Dy(Eg){(B)(1 — [(Eg))8(E; — By — AE), (1.16)
Eec; Ecy

where F,., and E, ; are the conduction band edges of the sides the electron is tunneling from
and to respectively. The product of the Fermi functions in Eq. (II6]) is nonvanishing in a
window defined by the Fermi energies of the initial and final sides (EF, and Epf), over which
the densities of states can be taken constant. We thus get

T(AE) = 2%|M|2D¢Df dE f(E)(1 — f(E))§(E — AE), (1.1.7)
E.
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with E. = maz(E,,, E. f). In absence of charging effects we know that the tunnel junction
has Ohmic I-V characteristics, with the current proportional to the applied bias through
the tunneling resistance R;. We can thus phenomenologically define the tunneling resistance
incorporating the transmission matrix element and the densities of states:

h

= . 1.1.8
2me?|M|?D; Dy ( )

Ry

For metal junctions we have Er > FE. and we can safely take the integration from —oo:

1 1 AFE
['(AE) ~ o | f(E)1 = f(E))§(E — AE) ~ R SAFGT 1 (1.1.9)
or at zero temperature
0 AE >0
I'(AFE) ~ - . (1.1.10)

~AE/(e?R;) AE <0

The difference in the electrostatic energy before and after tunneling reads explicitly:

AE:M—Q—Q:E<SiQ> . (1.1.11)
2C 2C  C\2

Apart from the above mentioned condition R; > R (about the required opacity of the tunnel
barriers to speak consistently of localized electrons), a few other basic assumptions underlie
this result: dimensions and shapes of electrodes and junction are ignored, the orthodox
theory is a 0D model; the tunneling process is assumed to be almost instantaneous, the
barrier traversal time of tunneling electron is the shortest timescale of the system and in
particular is much shorter than the time between consecutive tunnel events; the electric
charge redistribution inside the electrodes after the tunneling is assumed to be instantaneous;

the energy quantization in the electrodes is ignored.

1.2 The system and the model

Let us consider a tunnel junction with tunneling resistance R; > Rg and associated
capacitance C. The circuit is voltage-biased (at voltage V}) at zero temperature (7' = 0) in
the presence of a resistor of resistance R in series with the junction [see. Fig. (LZI]) left side].
This circuit is equivalent to one with a current source I, and a shunt resistor R in parallel to
the junction, provided I, = V},/R and R = R, [see. Fig. (L2.1]) right side]. We will thus use
the parallel configuration to describe the device in analogy with the previous literature [76].
It is clear that the results can be readily converted to the voltage bias case. In particular
note that the limit Ry — oo (specifically Rs > R;) describes the ideal current source.

Since we are interested in studying SETOs we need R, 2 R; > R(, as we will explain in
detail. We thus assume from the outset that Rs > Rg, which allows us to neglect quantum
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Figure 1.2.1: Circuit scheme of the system considered: a tunnel junction

with capacitance C' and tunneling resistance R;, biased by the constant

current I, and shunted by a resistance R in parallel.

fluctuations and treat the charge degrees of freedom classically [76]. We also assume that
the environment has a flat frequency response Z(w) = Ry up to frequencies hw =~ e2/2C.
This hypothesis, though not easy to fulfill in practice (see chapter [ for more details), is the
common assumption in the literature about this problem, and allows a simpler and more
transparent approach. As introduced in section [LI] in this regime the transport through the
junction is described by the orthodox Coulomb blockade theory. We rewrite the expression
for the electron-tunneling rate (LII0) in terms of the voltage at the junction (V) as follows:

P(VJ) = G(VJ—G/QC)(VJ —6/20)/6Rt, (1.2.1)

where 6 is the Heaviside function. If (Rg <) Rs < R; the standard picture of Coulomb
blockade applies to the degrees of freedom of the environment: they have the time to relax
to thermal equilibrium between two electron-tunneling events. The current-voltage charac-
teristic in this case is then given by (I; (V7)) = R; (V) —e/2C)0((V) —e/2C), exposing a
linear monotonic behavior and a clear Coulomb gap for the current I; through the junction.
But if Ry ~ R; or larger (for moderate values of the bias voltage) the resistive environment
(described for instance by a large collection of bosonic modes) reaches thermal equilibrium,
but not the charge on the capacitance Q(t), which needs a time 75 = R;C to relax to its sta-
tionary state. Formula (LZT]) still holds, but with a time-dependent voltage V;(t) = Q(t)/C.
The time dependence of the charge is given by the solution of the differential equation:

Q=—-Q/RC+1I, (1.2.2)

which for an initial condition )y at ¢ = 0 reads

Qs (Qo,t) = (Qo — Iyre)e /™ + Iy, (1.2.3)

With Eq. (23] and the tunneling rate (L2.1]) the stochastic problem of transport through
the junction is then completely formulated. In the remainder of the chapter we discuss the
behavior of the current and of the charge as a function of the two relevant dimensionless

parameters of the problem:

R

-5 (1.2.4)

p
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Figure 1.2.2: Average current through the junction versus average voltage
for different values of the ratio p = Rs/R;. The curves evolve from the
standard Coulomb blockade suppression (rightmost line corresponding to

p = 0.1) to a square root behavior (leftmost line p = 500). The dotted line
is the large-p limit of Eq. ([L.2.6]).

and
K = (Ib — Ith)/Ith y (125)

with Iy, = e/(275) the threshold for the current to start flowing through the tunnel junction.

The current through the junction has already been calculated numerically in the very early
literature [80]. We obtained the same results by Monte Carlo simulations and for convenience
we show the curves in Fig. The limit of infinite Ry, or ideal current source, was discussed
in details in Refs. [76L[112]. There it was shown in particular that in this limit the system is
in the ideal SETOs regime with frequency Ij/e, and with an average voltage at the junction
given by (see [76])
7T€Rt <IJ>
Vi =\ —c

In the next section we will discuss the behavior of the system for the intermediate regimes

(1.2.6)

appearing when Ry/R; is not infinite, giving in particular analytical expressions for the
SETOs frequency and I-V characteristics.
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Figure 1.3.1: Average voltage through the junction versus bias current
in logarithmic scale (p = 5 x 10?): four different transport regimes can be
outlined. Solid line is the numerical simulation, while dashed lines represent
the analytical curves given in Sec. [[L3l

1.3 Regimes of current transport

In this section we study the evolution of the current through the junction as a function
of the current bias for different values of the external resistance. The most interesting case
is when R,/R; is very large, we thus plot in Fig. [L3] the current on a logarithmic scale for
the extreme value of Ry/R; = 5 x 102, Fig. (I3.0)) will be used as a map for the rest of the
section, where we will discuss how the junction evolves through the four different regimes of

transport indicated in the figure with roman numbers from (I) to (IV). Fig. (IL3.2)) shows the
behavior of Q(¢) in the different regimes.

1.3.1 Non SETOs regimes

Let us begin with the region indicated with (I) in Fig.[[.3.1] For I, < I}, the whole current
flows through the shunting resistance and the voltage at the junction

(Vi = Rsly (1.3.1)

remains below the threshold of the Coulomb blockade: e/2C. Note that this first branch of
the I-V characteristic in Fig. [L2.2]is flattened on the I; = 0 value and it is thus not visible.
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Figure 1.3.2: The time behavior of the charge in the different regimes.
Extreme values of the parameters p and k have been chosen to best outline
the differences.

For I, > I, transport through the junction becomes possible. For I, — Iy, — 0™ one can
identify a poissonian regime of transport [region (II) in Fig. [[3], where the time between
tunneling events fluctuates strongly. This is due to the fact that I'(V') as given by Eq. (L2.1])
vanishes linearly near the threshold, and for very small I, — I;;, the charge has always the
time (typically 75) to reach the saturation value Qs = I75. We thus have that the typical

inverse time between two tunnel events is

1 R.I,—Ip 1
— =T = — —. 1.3.2
Teff (QS) Ry € < Ts ( )

The last inequality sets also the region of existence of the regime (II) i.e. 0 < kK < 1/p. The
average of Vj can be readily evaluated by averaging the oscillations of the charge Q(t) =
Qs — e e~ t/™ on the average time between two tunneling events 7.g + 75 & Teg. This gives:

R R
— Ry | (1-22) 41 2 1.3.
(Viin=R |:b< Rt>+ th Rt] (1.3.3)

and the curve is shown dashed in Fig. [L3.] (appearing almost a vertical line at the chosen
scale). Note that the slope changes sign at Rs/R; = 1. We will see that for Ry < Ry this
region joins continuously region (IV) without the appearance of region (III).

It is thus convenient to discuss now the region (IV) defined as the limit of large I;. In
this limit the junction has the I-V characteristic of a normal resistor shifted by the Coulomb
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gap. The average V; reads then

s (§]
ey A 1.3.4
(Vo RS+Rt<b+2RtC> (1.3.4)

This expression holds for (Vy) > e/2C, i.e. for I/Iiy, > (R + Rs)/Rs. For Ry > Ry it is
then clear that a large region defined by the condition

I/p<K<p (1.3.5)

exists between region (II) and region (IV). This is the SETOs region, (III) in Fig. (L3.1),
which will be discussed below. On the other side, for Ry < Ry, one sees that region (II)
and region (IV) overlap at k ~ 1. Actually it is straightforward to check that Eq. (L3.4)
expanded to first order in Rg/R; coincides with Eq. (L3.3)).

1.3.2 SETOs regime

Let us now discuss the single-electron oscillations regime, defined as region (III) in Fig.
[L31l This region is present only if Rs; > R; and is characterized by nearly periodic elec-
tron tunneling events, since the time between two events is dominated by the deterministic
charging time of the capacitance. This time is typically of the order of t,, defined as the time
needed to charge the capacitance from @ = —e/2 to @ = e/2:

Iy + I 2
ty/7s = 1n <thh> =1In ( i K> . (1.3.6)

Iy — Ity K

The electrons hop just after the threshold voltage has been reached.

A general statistical theoretical framework is presented in Ref. [76] (and recalled in ap-
pendix [[LA]), but its analytical solution is given there only in the ideal current source limit
(Rs/Ry — o0). Actually a simple approach happens to be available for the SETOs regime
and further progress is possible. In order to obtain these results and for the calculation of

the correlation function of the next section it is convenient to introduce a few concepts.

In Fig. (IL3.3) the typical time dependence of the charge Q(t) in the SETOs regime is
shown. We can associate a number n to each hopping event and define t¢,, and 7,, = t,, + 07,
as the instant of time when Q(¢) = e/2 and when the hopping event takes places, respectively.

These quantities fluctuate randomly, but a correlation between t,, and ¢,,_1 exists. Inversion
of Eq. (LZ3) gives the time needed to reach the border of the Coulomb blockade region

starting from a charge Qo:

=(Qo) = —7sIn (H) . (1.3.7)

We thus have the following relation between successive times t,,:
tn — tn,1 = 13"(6’7'”,1) y (138)
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Figure 1.3.3: Details of the tunneling process: t,, is the time at which the
charge reaches the blockade region border after the (n — 1)th tunneling

event and d7, is the time it stays outside the border before the nth event.

with
e K

5) =6 E( (—,5)-):5— n(—2" ). 1.3.9

5(o7) T+Z2(Qy 50T e T—Teln T re ( )

Let us now introduce the probability P, (t) that n electrons have tunneled through the
junction at the time ¢t. Within the SETOs region, this quantity is different from zero only in a
small time region of the order of ¢,, and, in particular, the above-mentioned condition on the
typical hopping time implies that P, (¢) will reach 1 and then vanish in a time much shorter
than ., just after Q(t) crosses the threshold e/2. The rate equation for t > ¢, [Q(t,) = ¢/2]

takes the simple form
dP,(t) <Qf(e/2,t)

D T) Pu(t), (1.3.10)

with the initial condition P, (¢,) = 1. The solution reads

(IbTS—e/Q) t—1t, _t=tn
P = — s — 1 . 1.3.11
(1) = exp { RO Ts = +e (1.3.11)

For short times (¢t —t,, < 75) it has a Gaussian form

Py (t) %exp{—%_gf(t—tnf} = exp{—%} (1.3.12)

that has a decay time scale ~ 75/,/kp < t, in region (III). The Gaussian form will thus be
used in the following for the analytical calculations.

From the knowledge of P,(t) it is possible to obtain the probability density that a hopping
event takes places at time ¢t: P(t) = —dP,/dt, for t > t,. This allows us to calculate the
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average delay time (§7) for an electron to hop after the threshold e/2 has been crossed by
the charge Q(t):
oo
(67) = / dt t P(1). (1.3.13)
0
In particular, when P,, can be approximated by the Gaussian (I.3.12]) one obtains

e/2 — IyTs e/2 — IyTs . o Kp Kp . o
auss(0T) = —————10 —— 0 = ) —— 0 , (1.3.14
Pyauss (07) eR,CT, T exp{ 2eR;C'1y T 272 TP 472 T (1.3.14)

We can therefore explicitly calculate all the moments (07"):
> Kp 11 Kp . o 4r2\"? n
(or™) = /0 d(oT) 2.2 Ot exp 5 0" p = 2 r <1 + 5

s Kp

: (1.3.15)

N——~

where we have the Gamma function T'(1 +n/2) = /7 (n)!!/2"+D/2 In the following we will
need only the first two:

(67) = / A(57) 0T Pauss(67) = QGL% —r,
0 bTs =€ (1.3.16)
h der R, CT 4
2\ _ 2 _ tOTs 2 %
<57’ > —/0 d(07) 677 Pgauss(0T) = ) T p

Note in particular that (§7) = 7s+/7/(kp) < ts.

To obtain the period 7 of the SETOs one has to average the nonlinear expression (L3.9):
T = (F). For small fluctuations (67) we have :

2
§(67) = lim [&-mn (LH L 20T RO o), (1.3.47)

670 2 + ke 07/ 24k T2+ k)2
and <5 2>
2 (6r) K (o7 3
=1y 0 . 1.3.1
T +2+,£ Ts(2+ﬁ)2+0(<7>) (1.3.18)
In the SETOs region we can thus simplify to
(07)
T =te+2 . 1.3.19
(24 k) ( )

Let us now come back to the probability. Conservation of the probability gives that
P,+1(t) = 1— P,(t). Since in this approximation the behavior is quasiperiodic, the charge on
the capacitor for the (n+1)th electron is on average Qf(e/2,(t — tnt1)) = Qf(e/2,t—t, —T).
(A discussion on the precise validity of this last average can be found in appendix [[LA] where
the problem is analyzed more rigorously.) The average charge can then be computed by

averaging over a period as follows:
tn+T

Q) = d—; |:Qf (gt - tn> Po(t) + Q (gt - T) Pnﬂ(t)] . (1.3.20)

tn
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In the limit of p > 1 only the Gaussian part of the probability is relevant, and the integral

gives:
Q=0 - (Q-3) (e -1) 2 [1 - \/sz e# Erfc (%ﬁ_ﬂ)] . (1.3.21)

We report for completeness the details of the calculation:

tnt+T
(@) = % [Qf <§,t—tn> Po(t)+ Qy (g,t—tn—T> Pn+1(t)] ~
" tn+T
~ % [Qf (5:t=tn) Pa®) + Qs (5t = ta=T) (1—Pn(t))} -
" tn+T
Y Lo
" tn+T
d—; [Qf <§t tn> —Q <g,t—tn—T)}Pn(t):
tn
=07 (5-Q) 1-eTn)+
e
o) fof Sl i)
2Qs_?;_i(g_Qs) (1_6TTS)+

Ts (€ 1 ™ 1
i > (5 _ Qs) (1- BTTS) crp \//;pErfc (\/—R_p> ) (1.3.22)

With little loss in the accuracy Eq. (I32I]) can be simplified [using Erfc (1 / ,//fp) ~ 1,
T =~ t,, and ens o 1] to the form

(Q>%§[f—@+1—2<1— 1>/ln<2+“>] . (1.3.23)

Kp K

The analytical expressions (L3.21), (L3:23), and (LLAI2]) obtained in the appendix, are
compared to the Monte Carlo results in Fig. (I.3.4]).

These expressions describe the current with good accuracy, and in particular they all
capture the presence of a minimum in the voltage V;. This minimum signals the crossover
region between two different kinds of SETOs. We indicated them in Fig. (L3.1]) as III.1 and
II1.2. The latter one appears for 1 < k < p. In this case, and in the extreme limit p — oo
the SETOs period becomes T = e/I}, i.e. corresponds exactly to the time needed to the ideal
current source to furnish a charge e. The saturation value for the charge (Q;s) in this regime
is much larger than e/2, implying that only the linear part of the exponential in Eq. (L2.3)
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Figure 1.3.4: Comparison between the different approximations for the
SETOs back-bending (or ‘nose’) of the current-voltage characteristics:

Monte Carlo data (circles) are shown against analytical calculations from

Eq. (LAI2) (solid), Eq. (I3:21)) (dashed) and Eq. (L3.23)) (dot-dashed).

is explored. This is important since the small fluctuations in the hopping times do not affect
the evolution equation for the next electron. One can readily verify that in the limit of an
ideal current source the charge time dependence around each ¢, is Q(t) = Ip(t — ne/Iy).
The nonlinear corrections instead add a stochastic dependence on the time evolution of the
charge. The period, for instance, does not depend on (67) anymore for k — oo, as is clear
from Eq. (L319). This extreme limit is not realistic and thus the correction given in (L.3.19))
are normally important.

Reducing the current bias, the saturation charge becomes of the order of e/2 (k = 2Qs/e—
1 < 1) and the nonlinear behavior of Q(t) begins to correlate different hopping events. The
charge time evolution in this regime is characteristic and resembles a shark fin, as shown in
Fig. (L3.2). It is also clear from (L.3.19) that in this regime the stochastic fluctuations have
the greatest impact on the average SETOs period.

These two regimes can be identified on the current plot Fig. (L3.4]) and in the analytical ex-
pression (L3.23]) by the two branches joined by a minimum of the voltage (the SETOs ‘nose’).
The large-bias behavior (k > 1) of Eq. (L3.23) gives e/(2C)+/7r/p, which is the Averin-
Likharev expression for the current of Eq. (LZ.6) ((I7) ~ I in this limit), while in the opposite
limit the long exponential charging time is dominating: (V) = (e/C)v/7/(\/kpIn (2/k)).

The overall situation is summarized in Fig. (L33]). Since it is very difficult in practice
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Figure 1.3.5: Scheme of transport regimes boundaries as a function of the
relevant parameters: the tunneling/shunt resistances ratio p~! = R;/Rs
and the relative distance of the current bias from the threshold x = (I, —
Iiy)/Itn. The SETOs regime exists only in the limit p > 1.

to experimentally reach large values of p, the plot in Fig. (I3X]) suggests that a good ex-
perimental choice can be x = 1, for which the SETOs appear for the lowest values of p.
We will discuss in the following the correlation function of the charge in order to analyze
quantitatively the evolution of the accuracy of the SETOs.

1.4 Charge-fluctuation spectrum

A quantitative measure of the accuracy of the SETOs is given by the time correlation of
the charge. This can be defined as

S(r) = (R +7)Q)) — (Qt + 7)) (Q()) , (1.4.1)

where the average is performed over a statistical ensemble and the result does not depend on
t, since the stochastic process is stationary. Note also that this quantity is proportional to
the spectrum of current fluctuations through the shunt resistance Ry: Sg, (1) = S(7)/72 (see
also appendix [LB]). In the case of voltage-biased junctions [see. Fig. (LZI)], S(7)/72 gives
the current fluctuations that can be directly measured through the load resistance R.

For perfectly periodic charge oscillations the Fourier transform of (L4 is given by a
sum of Dirac delta functions at w = 27n/7, with n integer. The nonperiodic fluctuations
introduce a finite width of these peaks. The form of S(w) measures thus directly the accuracy
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of the periodic charge transfer. In this section we derive with a simple procedure an analytical
expression for S(w) that allows us to better understand the origin of the fluctuations. In the
next section we will compare these results to those obtained numerically by Monte Carlo
simulations.

In order to calculate the Fourier transform of S(7) for this stationary process it is conve-
nient to define the charge Q(t) over a time 0 < ¢t < A, with A > T so that many oscillations
are present in a single sample of Q(¢). One can then calculate the Fourier series

A
dt ip 2T —ip2T
Q= FROET . Q)= e "EQ,. (1.42)
0 P
Substituting Eq. (LZ2]) into Eq. (L41]) and averaging over ¢ one obtains:
—ip2T
S(r) = _(1Qn*) e "X — @3, (1.4.3)
P

which can be used numerically to compute the correlation function from the Monte Carlo
data (see next section), or analytically, by performing the limit A — oo. In particular the

Fourier transform can be defined as

+A/2
S(w) = | dre™"1l5(7), (1.4.4)
—A/2
which gives
Sw) =D ((|Qul*) = 6,0Q8) 276w — wp) (1.4.5)
p

with wy, = 2mp/A. The presence of the Dirac delta functions is an artifact consequent to the
periodic extension induced by the Fourier transform. In practice, since the frequency scale
1/A is infinitesimal one can obtain the smooth function S(w) by averaging the expression
(CZ3) for each value of w over a small interval 27 /A. This simply gives that

S(wp) = A{(|Qp*) (1.4.6)
for p # 0 (Wiener-Khinchin theorem).

The problem is now reduced to the calculation of the Fourier series of the charge. Using
the definitions of ¢, and 7, given before [Eq. (IL3.7)] and assuming that the extrema of the
time evolution of Q(t) coincide with the two hopping events at times 7y and 7 we can write:

Tn41 Tn+1—Tn
N-1 dt ' N-1 ' dt )
Q=2 [ Fe® =) e [ L Qe/2t—tun+m) e (147)
n=0 n=0
Tn 0

In the limit of well-established SETOs the integral gives a contribution that fluctuates very

little. On the contrary the exponentials are much more sensible to even small fluctuations of
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the tunneling times, since the phase results from the accumulation of many different hopping

events. For this reason we expect that the upper integration limit can be substituted with
the period of the SETOs 7,41
charge dependence. The Fourier transform then takes the form

where

and

Explicitly:

(1Qp1)

12

12

= <|F(Wp)|2> -A(Wp) .

(
<
<
<

2

2

2

i
I
)

— 7, & T and we use Qf(e/2,t — (T — (67))) as the average

S(w) = NT (|[F(w)]?) Aw), (1.4.8)
1 N-1
F(W) — ethn (149)
v
T 2
iw(67) %Qf(e/z,t ST ()t | (1.4.10)
0
) 2
t ezwpt —

12

F(6mn)+0Tn+1—0™n
dt’ ;2
“"5”/ — Qf(e/2,t' + tn + 07y — tny) €7 >

F(0Tn)+0Tn4+1—0Tn
2
lwpéTn d_t/ / _ iwpt’
T Qr(e/2,t" +t, + 07, —thi1)e

12

Qre/2,t' — T + (67))e wwpt!

s 57—/

(1.4.11)

The quantity A can be readily evaluated:

Alw) = (ei)2

2T

k+1, . ke (07)/7s

WTs

(esz _ 1) oM (ein _ BT/TS)

1.4.12
wTs + 1 ( )

In order to proceed we have to evaluate also the average of F'(w). It is convenient to express

the time at which one event happens as a sum over the delay between previous events using

Eq. (L3.8):

Flw) =

zwto

(1 + Z exp {MZ§ 571 }) . (1.4.13)
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Now the average of |F(w)|? can be performed using the distribution function P(47):

(IF)P) = % (1 +2Re {%}) + % (1.4.14)

where we introduced the quantities:

[e.9]

g(w) = <€M(‘”)> = / d(67)P(d7)e™F0T) (1.4.15)
0

and 6F = 2Re {g(¢" — 1)/(1 — g)*}, whose contribution to S(w) vanishes in the limit N —
oo. The details of the calculation leading from Eq. (I413]) to Eq. (L4.1I4]) are as follows:

ey (| S e ) -
:< (1 + Nz:lexp {iwzzég(M)D (1 + NZ:IGXP {_iwmzzlg(ém}) > -

m=1 k=0

N—-1n-1 N—-1m-1
=1+ < Z Hezw3(57—k)> + < Z H eiw3(57k)> +N—-1
m=1

n=1 k=0 k=
—1n-1 -1 N-—
n < = S(m)> N < Z ey 3(m)> _
n=1 m=1 —1 m=n
N-1n-1 Ne1m—
=N + Z < zw%(éﬂg)> + H < —zw%(érk)>
n=1 k=0 0

-1 n—-1 N I N—1 m—1
+ Z <6iw3(57k)> + H <eiw3(5ﬂc)> —

n=1 m=1k=m n=1 m=n+1 k=n
N-1 N-1 N—-1n—1 N—-1 N-1
=N + gn+ Z g*m+ Z gnfm + g*m—n _
n=1 m=1 n=1 m=1 n=1 m=n+1
_ — N-1 _ N-1 N 1
1— gN 1 1— g*N 1 1— gn 1 1 * n
:N * * .
LA R a A g +;g 1—g +;g 1—g*

1— N-—1 1— N-—1

N—1 _N2 N+1
:N+2%e{( )9(1_ §2+9 }:

—N+2N9%e{1_g}+29% {%} . (1.4.16)
In conclusion we find
S(w) = (1 + 2Re {%}) TA(w) (1.4.17)

that constitutes the central result of this section.
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We are now in the position to study the spectrum of the charge fluctuations for the system
at hand. As it can be seen from the form of (ILZ.14]) the function has a singularity for g — 1.
Since

quﬁz/ﬁ/%wwwwpwwwhg, (1.4.18)
0 0

a singularity is here present for w — 0 or when the fluctuations are negligible so that g ~
¢{8O7)) " This picture predicts a series of peaks for the frequencies Q, = 2n/T with n
integer. Small fluctuations introduce a finite width, regularizing the correlation function.
The numerical integration in the expression of g(w) is straightforward, but it is also possible
to obtain an analytical expression. Deep in the SETOs regime P(07) has a Gaussian behavior
and provides a short cutoff time, so that we can expand the exponential in (L4.15) to second

order in §7. This gives

(67)

— 1.4.19
2+ kK 224+ k)2 T ( )

o(w) = et <1 . 2iw 2w + 4wt (672) )

The maximum of Re{g/(1 — g)} takes place for Arg[g(w)] = 0, which at lowest order in
(0T) gives for the position of the poles

_2mn (0 2(07)
Q=" (1 R t*> , (1.4.20)

coinciding at linear order in (67) /75 with 27n/7. The phase of g (g = |g|e’?) thus vanishes

at the minimum of Re{g/(1 — g)}, so that near this point one can write at lowest order
¢~ T(w—Qy). The relevant part of (LZI4]) then reads

9%{ J }~ (1= lg) (1.4.21)

L—gf " (1—1|gh?+¢*’
and Eq. (L4.8]) takes the simple Lorentzian form

r,/2

S(w) = A(Qn) F%/Zl + (w _ Qn)2 )

(1.4.22)

with the full width at half maximum I',, defined by

1—|g| 407
T  T2+k

T, =2 E <<5TQ> - <5T>2) . (1.4.23)
The presence in this formula of the mean squared variance of delay in the tunneling time,
Le. < (o1 — (57’))2>, clearly indicates that the spread in the hopping event controls the width
of the peak, as is physically expected. One also sees that the width of the poles increases
with n. Performing the average with the Gaussian distribution we find ( (67 — (67))?) /72 =
4(1 —7w/4)/(kp), hence

02 T2 m

R et (1 - Z) : (1.4.24)
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Figure 1.4.1: The relative width at half height of the first noise peak as a
function of k, given by Eq. (LZ27]), for p = 10.

and at first order we can approximate

2mn 2mn 2mn
Q) ~ = S = , (1.4.25)
b RCW(5E)  Rom (GEd)
Subsituting back in (LZ24]) and taking the limits p — oo and kK — 0o we obtain

2n2m2(4 — ) Ry
py=——F7F——-—. 1.4.26
" R,C R, ( )

For the relative width I'), /Q,, we have the explicit expression

r 2 1—m/4

—n o s2mn(l —7/4) (1.4.27)

O pr(2+K)?2 I%(k/(2+ )

Eq. (L427) allows us to study the width of the peak in the charge-correlation spectrum,
and thus, the accuracy of the SETOs. It correctly gives that I'y/(27/7) < 1 in the SETOs
regime (1/p < kK < p). It also shows [see. Fig. (L41])] that the relative width I'; /5 is a
monotonic decreasing function of the bias current (k) for a given value of the resistance (p).

From the form of (LZ22]) it is clear that within this approximation the weight of the
Lorentzian peak is controlled only by the form factor A(£2,). Using its explicit expression
one finds that it induces a relatively weak dependence on x and p: we can approximate
A(Q) ~ e?/ (47 + In? [EE£]), which saturates to a constant for £ — co. The full variation

1. This expression does not agree with the expression (57) of Ref. [76], specifically we find a different
functional dependence on Rs: I' ~ I/Rf instead of 1/Rs.
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takes place in the k < 1 region, where the shape of Q(t) evolves from the shark-fin to the
sawtooth form. From the form of Eq. (L4.27) one can also see that for small £ the peak
broadens and the SETOs are washed out when I'y ~ Q; (for K ~ 1/p). For large  instead
the theory predicts that the relative width decreases monotonically:

Lo _ 8mn(l=m/4) (1.4.28)
Qn pPK
In this limit the SETOs disappear by a decrease of the weight of the peak, but within our
approximation this is not seen. Actually for sufficiently large current bias (k ~ p) there is a
finite probability that a single tunnel event is no more sufficient to bring the charge back in
the Coulomb blockade region. This is quantified by the value of P,(t,) < 1, which, contrary
to our hypothesis, becomes smaller than 1. One can expect that the theory roughly remains
valid for the fraction of tunneling events that leaves Q(t,) < e/2, i.e. the fraction P, (t,) < 1.
This would describe a peak that remains sharp, but that vanishes in weight as P, (t,).

Another interesting and relevant limit is the low-frequency behavior of S(w). Expanding
Eq. (L4I5) in w
, w? w3
g(w) =~ 8 ~ 1 4w (F) - o7 (8%) —igr (%) + 0(w) (1.4.29)

one can show that

Fy — F? AF\FyFs — F2Fy — 3F3
2 . 1 +w2 142473 144 2 +
Fy 12F}

N{|F(w)]*) = (1.4.30)

where F,, = (§"). If the fluctuations are negligible then F,, = F* and the noise at low
frequency vanishes. In particular in our case the average (L4.30]) takes a simple form if the

explicit expression of § is used. We have in fact:

iy =( g, (oo (7257))] ) -

; K (1.4.31)
B t—|—25T+ K 0T + O
— * 9 Tk (2 T /1)27'8 T .
Up to O(672) we can write then:
2(d7) rk(672)
F|~t,
! * 24K (24 K)%Ts
o At (07T) 46T 2t.k{0T?)
Bt + 2 2
2+ kK (2+ k) (24 K)?Ts (1.4.32)
5 6t2(6T)  12t.(072) 3 t2k(672) o
F3 oy
2+ kK 24+ k)2 (24 K)%7s
4 StHOT) 24 t2(07%) 4 t3k(07?)
F4 ~ t* + 5 5
2+k (24 k) (24 K)%7s
and we rewrite (LZ430) as
Fy — F} AF\FoF3 — F2F, — 3F3
N{|FWw)?) = —52* (1 +w? ! : 1.4.33
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with now

Fy — F? _4 (<57’2> — (57’)2)

= § 3
77 Zerar 00T
1t ((o72) - (7))
AR\ FyFy — F2Fy — 3F3 = 3 (1.4.34)
1FoF3 iy — 3F5 22+ r) + O(07°)
) L 4822 ((97%) — (o7)?) )
leading finally to
2 2 242
oy, (07%) = (o7) w?t?
N(|[F(w)]?) =4 Z (25 n) L=+ ) (1.4.35)

We find thus that in the SETOs regime the low-frequency noise is suppressed.

Eq. (L4.35) together with the expansion of Eq. (L4I2) for w — 0 allows us to evaluate
the zero-frequency Fano factor:

55(0) 5(0)

= 1.4.36
e(ly) Tie(ly)’ ( )
where S;(w) is the noise spectrum of the current through the junction and the relation
S(w) = S;(w)72/(1 4+ w?72) holds exactly, see appendix [LB] for more details. The reduction

of the current fluctuations in the large p limit naturally leads to sub-Poissonian noise (F < 1)

F

vanishing for p — oc:
(4—m)(=2+ (k4 1)t./75)*
pr (24 k) (t/7)

Nevertheless this expression is only qualitatively correct, since the analytical theory has been

F ~ (1.4.37)

designed to describe accurately the noise for frequencies around the peak of the SETOs. This

will be shown in the next section, where we present numerical simulations.

1.5 Numerical simulations

In this section we show numerical results obtained by Monte Carlo simulations for the
charge-fluctuation spectrum. The purpose is to compare them with the analytical calculations
of the preceding sections, valid for p > 1 and 1/p < k < p, and to explore the crossover
region where the SETOs disappear.

The Monte Carlo simulations are performed by generating different realization of the
stochastic time evolution of the charge Q(¢) over a time much longer than the SETOs period.
The time evolution of the charge is obtained by discretizing the time on a nonuniform grid,
such that in the time interval At the charge varies by a small quantity and the tunneling
probability P = T'(Q(t))At is < N <« 1. The tunneling event is accepted or refused by
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Figure 1.5.1: The noise peak at w = {2 obtained from Monte Carlo numer-
ical simulations for values of p ranging from 80 to 200 in steps of 10. On
the z-axis the frequency is shifted by €4, so that the peak is at zero, and
scaled by the width I'y calculated in Eq. (LZ.23]); on the y-axis the noise is
scaled by Tpe?.

generating a random number between 0 and 1 and by comparing it to P. The deterministic
evolution of Q(t) between two events is simply given by Eq. (L23]). The sequence of time
intervals of deterministic evolution interspersed by tunneling times so constructed gives the
full knowledge of Q(t) and constitutes the stochastic run. The square modulus of the Fourier
transform of the charge is then easily analytically calculated piecewise, interval by interval. To
obtain the noise as from ([L.4.6]), just a further average over several runs is needed. Typically
N = .01, each run counts 10® tunneling events, and an average over 10* realizations is
performed.

Let us now discuss the numerical results. We begin by comparing the form of the first
peak in the noise spectrum. It is shown scaled by the analytically calculated width I'; in
Fig. (L5 for different values of p and given . The agreement is excellent. We then compare
the full w dependence of S(w) obtained from Eq. (L4I7) with the one calculated numerically.
We show the comparison in Fig. (IL5.2]) for the relevant case k = 1 (which corresponds to the
widest extension in p of the SETOs region) and for p ranging from 200 to 10. As expected,
the agreement is very good deep in the SETOs regime, for p > 1, and at p = 10 all the
essential features of the peak at w = €2y are still fairly well represented by the theory.

Let us now investigate how the SETOs disappear. From the experimental point of view
a simple parameter that can be varied continuously is x ~ I,. We thus plot in Fig. (53]

54



100 p=200| 100 : p=100
@) i i
@~ 10 i it 10
= 1 \ : 1
o 01 | 01 S
0,015 G Y, | S S
- p=50 - p=10
g 10F g
ND: c E
L 0 L
= 1F
3 I
@ 01__ B R 0.1:
it S N N S B o I
05 1 15 2 25 05 1 15 2 25
w/Q, w/Q,

Figure 1.5.2: Comparison between Monte Carlo data for the charge-
fluctuation spectrum and the analytical results obtained from Eq. (L4.17])
for different values of p, at fixed bias condition x = 1. Logarithmic scale
on the vertical axis.

the evolution of S(w) for given p = 10 and 100 as a function of x. These two plots show
several interesting features. The first striking one is the reduction of the relative widths
of the peaks by increasing x. This is predicted by the analytical expression (LZ2T) and
the numerical calculations assess its validity even outside the region of applicability of the
analytical theory. Note that in Fig. (L53]) the frequency axis is scaled with q; thus the
apparent weight of the peaks is reduced by the scaling, but it saturates in the region x < p
as predicted by the analytical theory, and then starts to really decrease in the crossover
region. The second visible feature is the appearance of a wide Lorentzian zero-frequency
peak that remains the only structure for x > p. This structure is due to the charge noise
induced at the capacitance by the Poissonian current fluctuations generated by the tunnel
junction. By solving the electromagnetic problem one finds S(w) = C2%|Z(w)|?e (1), where
e(l) is the standard tunnel junction Poissonian white noise and Z(w) = R /(1 + iwRC),
with R = RsR;/(Rs+ R;), the impedance between the current source and the voltage at the
capacitance. This gives:

S(w) = e(l;)C?R? ,

14 2p+ p?(1 + w?RC?)

which fits our data very well (see appendix [L.B] for more details).

(1.5.1)

Finally we show in Fig. (IL5.4]) the evolution of S(w) for k = 1 and for p evolving from 1
to 100. This figure gives an idea of the expected spectrum at the optimal value K = 1 as a
function of p. It turns out that already at p = 3, S(w) presents a very broad maximum and
p =5 is probably sufficient to observe a clear structure in S(w).
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Figure 1.5.3: Monte Carlo spectra for different bias conditions « at fixed
junction environment (p = 100/p = 10 in the upper/lower panel). Increas-
ing k means here moving along a horizontal line in Fig. (L3.5]) toward the
high-bias boundary of the SETOs region and it allows us to see how SETOs

disappear.
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Figure 1.5.4: Monte Carlo spectra for fixed bias conditions x = 1 and
different values of p: the crossover from the SETOs regime to the p < 1

region is shown.
1.6 Summary and conclusions

In this chapter we have studied theoretically the electronic transport in a tunnel junction
in the presence of a strongly resistive environment. The phenomenon of SETOs has been
predicted to appear in this system for essentially infinite value of the external resistance, so
that the junction can be seen as current biased. We investigated under which conditions the
SETOs appear for a realistic finite value of the environment resistance. We found analytical
expressions for the current [Eq. (L3.2I))] and for the charge-fluctuation spectrum [Eq. (L4.8))
with Eq. (LZ23))]. Our analytical results describe very well the form of the peak in the charge
noise, which can be regarded as the hallmark of the SETOs, since it quantifies the accuracy
of the periodicity in the charge time dependence. We find that a ratio of Rs/R; of the order
of 5 can be sufficient to observe a clear structure in S(w) if the bias current is chosen such
that I ~ 2[4, = e/RsC (this can be converted on a condition on the voltage bias V;, = e/C).
This ratio should be obtainable experimentally. It has to be noticed however that the theory
presented in this chapter is limited to the zero temperature case kg7 < e?/2C and holds for
a highly resistive environment where quantum fluctuations are negligible. A more realistic
modeling of the resistance, say a RC-line, needs to account for both thermal and quantum
effects, which will smear the Coulomb blockade gap and introduce spurious tunneling events
for |Q(t)| < e/2. We leave the discussion for the next two chapters, but we can anticipate
that a comparison with the results here presented will show the presence of a maximum of the
noise function at the optimal values x = 1 surviving for accessible values of the environment

resistance even at finite temperature and in the presence of quantum fluctuations.
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Appendix

1.A Calculation of the -V characteristics in the SETOs regi-
me with a Master Equation approach

In this appendix we find expressions for the I-V characteristics taking into account the
spread in the distribution probability of the charge. A full statistical description of the
behavior of the system can be given in terms of the probability density o, (Q,t) that at time
t the charge in the capacitance is () and n charges have crossed the junction. Conservation
of the probability and the Master Equation describing electron tunneling (which we will be

largely using and explaining later on) lead to the following set of coupled partial differential

equations:
0 n\ly 0 B
- é? ) _ 2 (@ TSQ )an(Q,t)} v <%> o (Qu8) 4T <%> on 1 (Qte,t). (LA1)

Eq. (LA is a generalization of the equations given in Ref. [76] to include the information
on the number of electrons which have tunneled. The general solution of this equation is
difficult in the presence of a finite resistance. But in the SETOs regime we can find an
explicit solution by exploiting the fact that at every cycle the charge passes through the
blocked range (—e/2 < @ < ¢/2). Let us assume that at ¢ = 0 the distribution function is:

7n(Q,0) = 6(Q — ¢/2)0nn - (1.A.2)

The differential equation (LA.I]) for o,,(Q,t) can be easily solved, since it decouples from
the others (op,,—1 = 0):
Q)= P15 (Q - Qs (3:1)) (LA3)
Ong ) f 27 ’ oLhe

where P(t) = P,(t) as given by Eq. (L312) with ¢, = 0 and Q; is defined in Eq. (L2Z3)).
Once we know the solution for o, we can substitute it into Eq. (I.LA.I]) and find the solution

for o1t

Do, , 0 — Qs
o Jgt(Q t 2 @ TSQ )an0+1(Q7t)} o (%) o (Q +e,t). (LA.4)
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This can be done by using the ansatz
Tap1(Qut) = [4Q'5 (@ - @ (€11)) £(@.1) =
- [a@s(@-[@-Qie " +a))s@n = 149
= ((Q= Q™ +Quit) ™,

which gives t
ono+1(Q,1) = f(2(Q), )e™ , (1.A.6)

with 2(Q) = (Q — Qs)e% + Qs, and f(2(Q),t) =0 for 2(Q) < e/2 and t > 751n (% - @)
The resulting differential equation for f reads

0f(=(Q).1) _ = p(@_+) (@ + o)) =

ot C
—e Qe;t‘f P(t) 6 <Q te— (g - ) e T — Qs) = (L.AT)
= (@ 5+ @ - Qe ) T (e (2@ - 5) e F).
The equation can be integrated
Q1) = / it (Qur 5+ @ -0 ®) T g (ex (@ - 5) e F) =

— e (0 + S+ (2 e s P(t) §(t —to) t

/dt <Q +2+((Q) Qs) >eRtC ‘ 1(2,(@) %)e_ﬁ

_ P(to) 1

(1.A.8)
for t >ty and 2(Q) < —e/2, with ty = 75In(1/2 — 2(Q)/e), giving:

@ = P (rn (5 - 22Y) 2 O ‘(f(g )(Z_%)j D )

nonvanishing only for t > 75In(1/2 — 2(Q)/e) and z(Q) < —e/2, which equivalently results
in the condition Q1(t) < @ < Q2(t), with

Qi(t) =Qs —e — (Qs —e/2)e” ™

1.A.10
Qa(t) =Qs — (Qs +¢/2)e” /™ ( )
see Fig. [LA.Il So we finally get for 0yy41(Q,1):
0 Q < Q1(t)
Ot 1(Qt) = S e f(2(Q).1) Qi) < Q < Qalt) - (LA.11)
0 Q> Q2(1)
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Figure 1.A.1: The functions Q1(t) and Q(t) as in Eq.(L.ATQ).

It is interesting to note that the distribution has now a finite spread in @) induced by the
combined action of the stochastic fluctuations and of the finite value of the resistance. This
is in contrast with the simpler approximation used in Sec. to evaluate the average in
Eq. (L3:2I)), where we assumed that the spread was negligible, and that a delta function
could be used to describe the distribution o,41.

400 [ 600
300
07L0+1(Q7 t)
250

200

150

Figure 1.A.2: On the left, snapshots of the distribution op,,4+1(@,t) as a
function of the charge for fixed times show that it shifts and shrinks as
time goes by, tending towards a delta at the saturation value Qs/e = 1
(k = 1 here). On the right, a 3D plot of the snapshots at large times in the

{Q,t} plane.
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Figure 1.A.3: Snapshots of the distribution oy, +1(Q,t) in Eq. (LATI) as
a function of the charge for fixed small times.

In Figs. [[LA.2] and [[.A.3 we show snapshots at different times of 0,,,+1(Q,t) as a function
of Q. At long times it tends unsurprisingly to a delta at the saturation value Qs (= e
in the figures), which is where the natural time-evolution of the circuit pushes the charge
(Fig. [LA.2). At small times its behavior can be understood as follows. As it can be seen
in Fig. LAl at very small times the distribution is nonvanishing only in a small interval
close to —e/2, which goes to zero for ¢ — 0 while enlarges and drifts away from —e/2 at
larger times (this explains why the curves for ¢ < 20 appear to be truncated). We recall that
Ono+1(Q, t) is the charge density distribution of the (ng+1)th tunneled electron and its shape
depends basically on how often do electrons tunnel with respect to the the ‘velocity’ of the
recharge after tunneling. At small times the charge grows linearly in time and faster at —e/2
than at e/2: dQ/dt|_/o > dQ/dt|./o. The tunneling rate grows also linearly in time at small
times. In the charge distribution this results in an higher accumulation at the left border of
the interval Q1 < @ < @2 with respect to the right one with a linear triangular profile, as
shown in Fig.[[LA.3l For larger times the linearity of the charge behavior no longer holds and
the curvature influences the recharge process and the tunneling rate. As a result the shape
of distribution starts to deform end evolves as in Fig. [LA.2l

We can now calculate the average charge on the junction during a single oscillation:

T Q2(t)
@= [ L{a (1) ro+ / 1Q Q ouys1(@,1) | (1A.12)
0 Q1(t)

The numerical integration of this expression leads to the result shown in Fig. (L3.4).

61



1.B More details about current fluctuations

We want here to consider in more details the sources of fluctuations and noise in the circuit
at hand, explaining the relation between charge noise and current noise introduced in the
Fano factor discussion of Sec. [L4] and motivating the high-bias formula for the charge noise

(CEI). Let us start by separating the different current contributions in our circuit.

equivalent at high bias

SN TN

—

o0 @ 1} e-[e
Ip (Io |1,

Ir, | IR

1

S

Figure 1.B.1: The tunnel junction circuit of Figll.21] (left) showed in an
equivalent way (middle), separating the tunnel junction explicitly in the
contributions from the capacitor and tunneling. Ig,, I, and I; are the
current through the resistor R, the current at the capacitor and the pure
tunneling term respectively. On the right the high-bias limit is also shown:

the junction behaves as a resistor R; plus a source of Poissonian fluctuations
!
ol

In Fig. [.B1] (middle scheme) we call I, the current through the resistance Rs and we
separate the current through the junction in I¢ = Q and I, associated to the charging of
the capacitor in time and the tunneling of electrons respectively. The different currents are
related by the following relation:

Ib:IRS+IJ+IC:%+IJ+Q. (1.B.1)
S

We can now express the fluctuation of Iy in terms of the fluctuations of I, and I¢:

- 3Q(1)
R,C

SI;(t) = —8Q(t), (1.B.2)

where we have used the short notation d4 = A — (A). Recalling the definitions of the charge
noise in Eqs. (L41]) and (L4.4]), we introduce also the resistor noise and the current noise as:

A2
S0 — / / s (100U s

AJ2
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AJ2
/dt1/ dt2 5IJ tl 5[J(t2)> iw(ty—t2) . (1.B.3)
4\/2

From the first line of the previous equation the relation between the charge noise and the
noise at the resistor is immediately evident: Sg,(w) = S(w)/(R2C?). By then substituting
Eq. (LB.2)) in the second line we easily see that the relation between charge noise and current

noise is as given in Sec. [L4}

510 = (g +ie) (—7g — i) 80 = S 50, (1B.4)

We also note that the zero-frequency spectrum of the fluctuations through the resistance and
through the junction are the same S(0) = R2C2S5;(0) = R2C2%Sg,(0).

Moreover, we can consider the high-bias limit for the circuit. In this case the junction
behaves as a resistor R; plus a source of Poissonian fluctuations which we indicate in Fig. [L.B.1]
(rightmost scheme) as d1’;. The spectrum of these high-bias fluctuations is the bare shot noise
through the junction S’ (w) ~ e(Iy). They contribute together with the fluctuations across

the resistance R; to the total fluctuations of the current at the junction:
61; =61 + 01lp, . (1.B.5)

The last equality allows us to explicitly find out the relation between the charge noise S; and
this shot noise term S’ as we now show. Eq. (ILB.2)) becomes here

0Q(t)

7t 5Q(t) + 01 (t) = 0, (1.B.6)
I

so that we dispose of the following relation between §1’; and the charge fluctuations

—0I;(w)

5Q(w) = 1) (1.B.7)
ﬁ + w
leading to 50() 1)
0lR, (W) = X - — - (1.B.8)
© RO (ap+ i)
Eq. (LB.5) becomes then
o (e (i i) -1
0 j(w) =615 (w) ; : , (1.B.9)
R.C <W + zw)
leading finally to
2
oy U )+ RECHS
Sy(w) =87 (w) (1.B.10)

R2C? <R202 + w2>
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Using Eq. (LLB.4) we can thus conclude

R2C? _ e(Iy)R2C?
(11 p2+RC22  (1+p)2+ RO

S(w) = 9 (w) (1.B.11)

which is exactly Eq. (L5J). We show in Fig. [LB.2] an example of the very good agreement
of this formula with the numerical simulations in the high-bias limit.

p=10
k=100 |

S() / (€RO)

10

Figure 1.B.2: Very good agreement between the numerical simulations
(dots) for the charge noise in the limit of very high bias (k = 100) and
the analytical estimation of Eq. (LB.I1)) (solid line). Here p = 10.
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Chapter 2

Thermal Huctuations

In chapter [l we considered the vanishing-temperature case, which has allowed us to find
the time dynamics of the electron tunneling through a simple analytical approach. We showed
that the SETOs regime appears for R; > R; (> Rg). A question does now naturally arise:
what happens to SETOs if we consider the effect of a finite temperature? Thermal effects are
expected to act against the appearance of a clear noise peak in the charge/current-fluctuation
spectrum. Would SETOs still be traceable at least in the Fano factor? When T # 0 the
Coulomb gap is smeared and the electron-tunneling rate is given by the full expression (L1.9)).
To model the junction transport in the presence of a finite temperature it is thus convenient
to resort to a different technique, both analytically and numerically, with respect to the one
used in chapter [[} we will tackle the problem by means of a Master Equation (ME) approach,
as has been briefly introduced in appendix [LLAl

2.1 Finite temperature charge noise

We consider the system of chapter ] at finite temperature, the ‘orthodox’ framework set
by assumption R, > R still holding. To implement numerical simulations and calculate the
Fano factor we choose for convenience to resort to a ME technique instead of Monte Carlo:
we find the stationary solution of the ME for the charge density distribution o(Q,t), and
use it to calculate the zero-frequency and finite-frequency noise. We recall that o(Q, t)dQ is
the probability that at time ¢ the charge on the capacitance is between @ and Q + dQ [cfr.
with 0, (@, t) in appendix [[LAl here we do not care about how many electrons have tunneled
through the junction and we sum over the n index; see also Ref. [76] Eq. (31a)]. The full ME

reads

do(Q,t) 0o(Q,t) 1 9 0o(Q,t) Q

~ (T7(@ +T7(@) Q. 1) + T7(Q +)7(Q +¢,1) + TH(Q — e)r(Q — e,1)..
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Figure 2.1.1: The I'"(Q) tunneling rate for several temperatures as given
by Eq. 2I12); TH(Q) is not plotted here, as is just given by I'"(—Q).

Temperature in units of e?/C.

The electron-tunneling rate is now given by Eq. (LT.9) instead of Eqs. (LTI0) and (LZ.1)).

We distinguish between backward and forward rates:

with AET(Q) = E(Q +e) — E(Q), explicitly:
ABHQ) =5 (@+3)

5@~ (a-3)
ABHQ-¢) =5 (Q-3) = —AE7(Q)
AET(Q+e) =4 (Q+3) = -AE @)

We plot I'"(Q) in Fig. 2Tl The charge noise reads (6Q = Q — (Q)):
S(r) =(Q(t +7)Q(1)) — (Rt +7))(Q(t)) = (6Q(t + 7)0Q(t)) =
— [d(6Q1) [4(602) Q2 7(@a.t + 71Q1.1) 521 o(@1.1) =

:/d(éQl)/d(éQg) 505 o(Qa,t + 7|01, 1) 6Q1 0,

(2.1.2)

(2.1.3)

(2.1.4)

where o( | ) is the conditional probability density7 with 0(Q2,t|Q1,t) = 6(Q2 — Q1), and

o' is the stationary charge distribution.

1. 0(Q2,t2|Q1,t1) is the conditional probability density that the charge on the capacitance is Q2 at time

to if it was Q1 at t;.
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We give in the following a few details of the numerical implementation. The first step is

to discretize Eq. 21.1):

Q — qa={aq}i=1,N

o — O = {Ui}izl,N

(2.1.5)
o( | )= 2 ={oij}ij=1n
Git1 — ¢ = A
The discretized derivatives read
do; _, Oit1 = O 7 d%o; Tkl — 20, + 051 (2.1.6)
oQ A 0Q? A2
The ME can be then be written in matrix form as %—‘; = Mo, or by components 88? =
> ik M oy, with M a sparse matrix which has non-zero entries:
I, 2kpT 1 qi _
. — 2 Tt (e)=T .
0,0 = A R A2 + e TSA (QZ) (QZ)
Iy kT g
Mg — 20
W= TA TR AT A
knT (2.1.7)
M = LQ
R;A
M;ivna =T (giyna)
Mii-na =T (gi—na).
The conditional probability density obeys the differential equation:
o
= 2 Mikon; (2.1.8)
%’( ) =05/A
which passing to Laplace transform reads
ZO’Z‘j( Uz] ZM kUk] (2.1.9)
We thus look for the solution of
ZO'Z']'(Z) - Z Mi,kakj(z) = ij/A7 (2.1.10)
k
or, in matrix form, (z — M)3(z) = 1/A, thus
Y(z)=(z-M)"/A. (2.1.11)
Substituting in the Laplace transform of discretized (2.1.4]) we get:
= Z Z A? g 0j(2) dg; o} Z Z Adg; (z — 6qj (2.1.12)
i
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We can now write the Fourier transform as

+oo +o0 +o0
S(w) :/ dre™TS(r) = / dre™TS(T) —|—/ dre 7S8(—7) =
—00 0 0

< (2.1.13)
:/ drS(r) (e“T +e ™) = S(z = —iw+¢€) + S(z = iw +¢),
0

where we have used the fact that S(7) = S(—7). The final expression for the charge noise
reads

B ' 1 1 st
S(w) —ZAéql (1(6+iw) — T —iw) M)@' dq;j07;

v

_ZM% (1 > +M2> 8q;07

(2.1.14)

2.2 Finite temperature current noise

Here we introduce an alternative approach to directly calculate the current-noise. As
we stated in the discussion about the Fano factor of section [L4] and in appendix [[LBl the
following relation between charge-noise and current-noise holds exactly at T = 0:

,7_2

S(w) = m Sy(w). (2.2.1)
At finite temperature however, the thermal fluctuations at the resistor need to be taken into
account: the current at the junction fluctuates now also due to the thermal noise coming from
the resistance Rs. This thermal contribution, say dlp7, has classically the standard white
noise spectrum (Johnson-Nyquist noise) Sy = 2kpT/Rs. The problem is that thermal fluc-
tuations at the resistor and fluctuations of the charge at the junction are strongly correlated.
To write the correct relation between charge-noise and current-noise at finite temperature,
one would therefore need to know the mixed correlators of the type (0Q(t1)0Ixr(t2)). Ex-
tracting the current-noise from the charge-noise is thus delicate at finite temperature. The
knowledge of the current-noise is on the other hand needed to have direct access to the Fano

factor:

) (2.2.2)

Fortunately, we can resort to the possibility of directly computing the current-noise Sy given
by the technique of Refs. [I13HI15].

We start again from the ME but keeping track of the number of electrons having tunneled
through the junction, as it is done in appendix [LA] see Eq. (LLAT):

aO’n(Q, t)

ot =Lo0n(Q,t) — (THQ) +T7(Q)) on(Q, 1)+

I (Q+e)on_1(Q+et) + TT(Q —e)on11(Q —e,t),

(2.2.3)
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with

0o (Q, 1 0 0o, (Q,t
Loon(Q,t) = —Ib%w 790 (kBT% + %an(Q,t)> . (2.2.4)
We then define the Fourier series:
+o0
(@) = D X0y (Q,1), (2.2.5)

and the following relations hold:

+oo
Z eixnan_l(Q, t) :eiXUX(Q +e,t)

n=—oo

- (2.2.6)
Z eixno-nJrl(Qa t) :e_iXO-X(Q -6 t) :
The Master Equation (2.23]) in the y-space reads:
0 .t _
P 00 (@.) - (07(@) + (@) (@ 00+ -

+I(Q+ e)eiXUx(Q +et) +TT(Q— e)e_iXaX(Q —e,t).

As in Sec. 2.1l we discretize Q and o, for the numerical implementation: o, — o, = {a;}i

k
X

7

. . . 0 Jdo
and we write the ME in matrix form as % = Loy, or by components —* = >, L; 0

with £ a sparse matrix which has non-zero entries:

I, 2T 1 g + _
I 28l 1 & prg)-T (g
A RA T T ra e T e
Iy kT i
AT RAZTIA
kgT (2.2.8)
R.A2

Liina =T (gipna)e™
(5%

Li;=

Liiv1=

Lii—1=

Lii-na =T"(gi—na)e”

As in Ref. [113], the current noise is then given by

Sy(t) =)W' L" o +wL'eF Lo — (WwiL'o)?, (2.2.9)
where w! = (1,1,1,....,1)/(wla), the matrix £’ = 857%) 0 has non-zero entries

firna =T (gipna)e™

| (2.2.10)
tiona = — T (gi-na)e™,
and the matrix £” = 824(X2) has non-zero entries
o(ix) x=0
L} =I' (girna)e™ (2.2.11)

iona =TT (gi—na)e™ .
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By introducing £’ = £’ — w'L’c, we can rewrite (Z.2.9) as
Si(t) =0(t)w' L o +w L'eF Lo (2.2.12)

The Fourier transform reads then:

Si(w)=wiL"o —2wiL! ]lw%m Lo, (2.2.13)

or P
Sy(w) = w?ﬁ"i’a—ngﬁ;»(i)E’ ot 2.2.14
) = 3 w0 =y (o ) B (2.2.14)

where o' is the stationary result of the ME as in (2.1.14).

2.3 Numerical results

We show here the results of numerical simulations for the charge-noise spectrum at finite
temperature, to be compared to the zero-temperature results of section We solve the
ME for the stationary charge distribution o, which we use to obtain the charge-noise via
Eq. ZI14). Fig. 23T reports the I-V characteristics at different temperatures for p = 100
and p = 10. The zero-T case was also shown in Fig. The back-bending, or ‘nose’,
which was fully explained by our analytical model in section [[3.2] already disappears at
temperatures which are still relatively low with respect to the Coulomb energy scale (kpT ~
0.05¢2/C). As is to be expected, SETOs are being washed out by thermal effects. This
appears even more clearly by inspecting the evolution of the SETOs peak in the charge-noise
spectrum: we plot it in Fig. 2232 for the case k = 1, i.e. optimum bias condition, p = 100 and
p = 10, which in particularly represents an experimentally reasonable resistive environment
that is sufficiently large for the spectrum to display a clear peak (see Fig. [[5.2]). The peak
is no more visible already at kgT ~ 0.05e?/C. We note that the disappearance of the back-
bending in the I-V curves at fixed p is quicker than the disappearance of the charge-noise

peak for rising temperature.

We can try to clarify here the interpretation of these results. Thermal effects participate
with two contributions to the ME. We have seen first of all that the temperature smoothens
the tunneling rates with respect to the 7' = 0 case [cfr. Eqs. (L2I) and (LI9)]: electrons
can now tunnel even before the charge has reached the value of /2, the sooner the higher is
the temperature, and a sharp threshold does not exist anymore. This damages already the
periodicity of the SETOs. Secondly, the temperature enters directly in the ME itself with a
diffusive term, introducing fluctuations of the charge at the junction which are a source of
thermal noise affecting the charge-noise spectrum. In order to evaluate the respective impor-
tance of these two contributions with the numerical calculations we have tried to implement
the ME (2.1.1)) switching off the temperature only in the tunneling rates and we found the
results very little differing to the full-temperature ones. This clearly indicates that the most
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Figure 2.3.1: I-V characteristics for different values of the temperature
(units of €?/C), with p = 100 (top) and p = 10 (bottom): the zero-T
curves (solid black) are the one obtained with Monte Carlo simulations
already shown in Fig.
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Figure 2.3.2: The charge noise S(w) computed at different temperatures
by numerically solving the ME and using Eq. ([2I1.14]), compared to the
zero-temperature result obtained in chapter [l by Monte Carlo simulations
(black dots). Here k = 1 and p = 100 in the upper panel (y axis in logscale),
while p = 10 in the lower panel. The SETOs peak is severely smeared by
thermal effects already for kT as small as 0.01e%/C.
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important thermal effects are the ones associated with charge fluctuations. From the numer-
ical results we can conclude that not only temperature acts against SETOs, as is obvious,
but they appear to be extremely delicate and sensitive to thermal effects, which represents
a serious warning for all possible experimental observations/applications attempts. In the
next section we provide a quantitative analytical estimation of the effect of thermal charge
fluctuations on the SETOs peak, to clarify the scale of temperature (energy) involved.

0. 16 T | T | T | T | T
-+ S0

--------- ST
012} .

2
S(w)RC/e
o
&

R

Figure 2.3.3: The current noise Sj(w) (thick dashed) computed at different
temperatures by numerically solving the ME and using Eq. (Z2ZI3]), com-
pared to the charge noise S(w) (thin dotted) times the factor (1+ w?72)/72
given by Eq. (Z2.1]), which establishes the exact relation between the two at
zero temperature. Here k = 1 and p = 10, as in the lower panel of Fig.
In the inset a zoom of the low-frequency region, with logarithmic vertical
scale.

To complete the overview on the numerical results we shall also show computations of
the current noise obtained via Eq. ([Z22I3]). As explained at the beginning of Sec. 22 we
will need the zero-frequency current noise S;(0) to numerically compute the Fano factor and
compare it with analytical results (see Sec. 2.5]). It is then useful first to compare here the
full-frequency spectrum Sj(w) with the charge noise S(w) to see how Eq. (Z21) fails at
finite temperature. We thus report in Fig. 2233 the current noise for different temperatures
compared to the charge noise scaled by the factor (1 + w?72)/72: the agreement at the
peak remains good even at temperatures which already significantly influence the SETOs

(kT ~ 0.1e¢?/C, as we have seen before) but the low-frequency spectrum is instead more
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importantly affected. Eq. (22.1)) is thus a good approximation for frequencies close to the
peak up to kT ~ 0.1¢?/C but does not hold at low frequency: this confirms that we cannot
obtain the Fano factor from the charge noise and we need instead directly the current noise.

2.4 Analytical estimation of the effect of thermal charge fluc-
tuations on the SETOs peak

How exactly thermal charge fluctuations act against SETOs? In section we have
seen that at T' = 0 SETOs are controlled by the delay time in tunneling of electrons after
the threshold, and we found that the width of the charge-noise peak depends on the spread
of this tunneling time (§72) — (67)2 [see Eq. (LZ23)]. We now add to the picture a thermal
source of charge fluctuations [see also appendix [LBl and the beginning of Sec. 2.2], with the
standard thermal noise spectrum Sy (w) = hw/Rs coth(2kpT/(hw)), and investigate how it
competes with the zero-temperature mechanism. We can see the effect of the thermal charge
fluctuations as a delay in the time required to reach the threshold. This delay, call it Atyr,
has then a spread

2
@it = k) [ |G ez |, =2 2.4.1)

where the spread of the charge AQkT can be readily calculated knowing Sir(w) as

(AQ2,) = / dty / dts —Sk (w)etr=t2) (2.4.2)

The relevant time scale ¢ is here exactly the time ¢, needed to recharge from —e/2 to e¢/2
without thermal fluctuations, given in Eq. [L3.6l It corresponds to frequencies which are
well above the thermal energy scale t, < h/kpT, so that we can carry out explicitly the

integrations in Eq. (2.4.2):

+oo
jw(ty— dw 4sin?(wt, /2
(AQir) / dty / dty —sm yeetnt = [ 25w )%/):

+o00
4sin%(z/2) dx 2kpT 4sin? (m/2)
—t, [ == L L
SkT(x/ «) 2 21 Ry 2
400 9
4 2kpT sin”(x/2) 2kpT
=t [dr T = (2.4.3)
0
This gives B
24+rk\ T
Atip) = | — 244
(@t =57 (225 5. (200



where we have defined the dimensionless temperature T = kgT'/(e?/C). This time spread acts
against the periodicity of SETOs and gives a contribution analogous to the zero-temperature
spread (672) — (97)? in Eq. (L423). We can now quantify the importance of the thermal
effect by comparing the two terms:

(O TN C L

From the previous equation we can estimate the two contributions to have the same order

Twi(l—%)%[ln (2:“>]1. (2.4.6)

For k =1 and p = 10 or p = 100, this corresponds to T' ~ 0.015 and T ~ 0.0015 respectively,
which is consistent with what Fig. displays. This thus explains why thermal effects
become important even for kpT < e%/C.

for

2.5 The high-voltage limit

It is now also very interesting to explore analytically the high-voltage limit with the ME
approach. For convenience we will here neglect the temperature dependence in the tunneling
rate, but keep the temperature-dependent term in the ME, which gives the main contribution
as we said in Sec. 233l Only I'"(Q) and I'" (@ + e) are thus nonvanishing, and Eq. (Z27])

reads:

Q) __p0e@) 10 (0000, 9

ot T oQ T R,0Q 0Q 5”"“”) i (2.5.1)
~T7(Qon(@ ) +T7(Q +e)e™ oy (Q +e,t).
We define Ty = (R;C)~! and rewrite the rate as

r0- g (0-5) -2 e-3) 25

We also introduce the moments of the o-distribution, defined as

+o0
SP(t) = / dQ QF o,(Q,1). (2.5.3)

The knowledge of these moments gives access to the relevant quantities of the system, such
as average charge and average current at the junction and also the zero-frequency noise from

which we can obtain the Fano factor. We have in fact:

+oo
S\ = / OOdQ o(Q) =1
+oo
s = / 1QQo(Q) =@ (2.5.4)

+oo
s = / dQ Q7 o(Q) = (@),
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where the absence of time dependence means we are dealing with the stationary quantities,

and
1
azx‘ —oatsio) = 0(N(t)) = %
2| _ 9,80 = 9,(N?(t))
Xm0 Lyt (2.5.5)
0 _ \4J
(N () = 0|, S = =
(N2()) = 92,| oSO
The zero-frequency noise S;(0) = €29, ((N%(t)) — (N(t))?) is then given by
SJ( ) 0 ) 0 <IJ>
Lo =0, [ax{ 090 = (O, ySO) | = B3] @S — 225t (2.5.6)
To lighten the notation we define
ng(k)
O] oS = 05, (2.5.7)
We thus need to calculate (93(825560). We start by calculating ats§<0>, using Eq. 25Tk
- T r
aSO(t) = / dQ 8:0,(Q,t) = 70 (1-eX)sO ) - FO (1-eX)sP(t), (2.5.8)
and analogously
+0o0 r
e .
AS () = / dQ Q 00(Q.1) = (Ib + %e”‘) SO+ 250,
S 2.5.9

Lo i 1 1 Lo 2
+ <7(1—3e><)— RSC> S§<)(t)+?(ex—1)5§<)(t).

By taking the stationary solution of (Z.5.9) at x = 0 we can already extract the stationary
average value of the charge:

r 1 r 1
0= (Ib+ ie) - < 7 c) s =1,+ ie - < I c> @),  (25.10)

which gives:

I, + Loe
Q)= ——3—=R|C <Ib + —> (2.5.11)
+ RiC 2R,C

with 1/R = 1/Rs + 1/R;. By taking the first derivative of Eq. (2.5.8) with respect to ix we
also have

Lo

Lo N I
iy 0, S :—Eexs;ougexs)(jw 5 (1 e'X) 03, S — -

(1-€X) 9,80, (25.12)
which at x = 0 immediately gives the average value of the current at the junction:

(I7) 0 0 1 FoRC e
=008y = -85 + 5y = - = (1, - ) (2513)

v Ty
2 e

(@) =
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To calculate the noise we need the second derivative of Eq. (Z5.8]) at x = 0 (see Eq. (2.5.6])

r r or
020,58 = =258 + =25V —1ya,0,50 + =L oS =
r ee or © (2.5.14)
= (1@ - 5) ~Toaasy + =2 .0y

where 3xat5(()0) is known [see Eq. (Z.5.5])], and we thus further need to calculate only 9, 0.5, (1)
This is done by taking the first derivative with respect to iy of Eq. (Z59I):

i 0S8V =10, SO + %aws)(f) Foes@
(2.5.15)

T
3%m Ty SU) — C@ﬁm+ Loge),

S

giving at x =0
T I
DSy == - & 28+ = Logey
Tpe 0 1
I+ -
+ < + > 0y S <RSC

Lo ”%@+%Wﬂ+

2 2
Lo\ (L)t 1 (1)
+<Ib+ > o _<RSC >6XSO .

We see that in order to be able to solve this differential equation for 0,.5,

= (Q?). As in Egs. (Z5.8) and ([25.9) we have

> a,s =
(2.5.16)

él) we still need to

calculate the second moment S

) 00 2k Toe i g0 i) 51
oS (t) = | dQ Q7 010\ (Q,1) = 7 g © SV +2 (I + Toe e'X) S+

2 Fo FO ; F0 ;
2 oppeix — eix ) ) 4 20 (gix _ 1) §B)
+< rc T2 2e>SX—|—e(e ) 8%
(2.5.17)
and the stationary solution at y = 0 gives
2kpT  Toe? 1 2
0= — 2(I,+7T -2 r 2.5.18
T 24T Q) -2 (g D) @) (258)
e? kT

B (2.5.19)

thus
R”C FO_ + R”CR—S

(Q%) = RyC (I + Toe) (Q) —
The differential equation (2.5.16]) contains now known functions and we write it in the form

0,0,V = —n o, S + at + b, (2.5.20)
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with

-1
n=(RC)
w— (1 o Lo\ dn) _ (@) (L))
_Toe 3oy, To
b= 20— T0Q) + (@Y.
The solution for t — oo is easily found as
0, S ~ % e+ —na/n - (2.5.22)

By plugging it in Eq. (Z5.14]), we can now calculate the zero-frequency noise (2.5.6]):

S,(0) _ (92(915560) _ 2<IJ>27§ _
e2 X e2
T or b— I\t I;)?
R A B e
_To ey, 2o b—a/n
T e <<Q>_2)+ e n

where we see that the linear terms in ¢ cancel out exactly, leaving the result time-independent
as it has to be. We can now easily obtain an explicit analytic expression for the Fano
factor, defined in Eq. (Z2.2]), to be compared with the numerical results obtained via the
implementation described in Sec.

R? keT Rs e/(2RsC) 1 kgT p 1

F = +4 = +4 —. 2.5.24
(Rs + Ry)? e?/C Rs+ R Iy — 55 (1+p)? e2/C 1+p kK ( )

A few interesting comments arise from this result. Eq. (2.5.24]) contains both the contribution
of the shot noise and the contribution of the noise due to fluctuations of the charge. The pure
shot noise of a tunnel junction due to random uncorrelated tunneling events would lead to a
Fano factor identically equal to one, and this Poissonian limit is correctly retrieved by taking
p — 0 in Eq. (25.24]). In the presence of an even slightly resistive environment R # 0, and
therefore particularly in the case of the SETOs regime, a correlation between tunneling events
is established and the Fano factor becomes sub-Poissonian. What Eq. (2.5.24)) tells us, is that
it actually remains sub-Poissonian also at high bias, well beyond the border of the standard
SETOs region [established by the condition (L33])]: we see that at zero temperature the
high-bias Fano factor is a constant < 1 depending only on the ratio Rs/R;. This means that
tunneling events remain correlated even if we are biasing far away from the blockade region
and SETOs are washed out. In Fig. 2.5.1] we reproduce the results of numerical simulations
for the Fano factor as a function of the average voltage across the junction: the high-bias

saturation value is exactly the theoretical one 1/(1 + p)2.

The correction at finite temperature goes to zero as I, — oo, so it is practically negligible

at sufficiently high bias. For fixed bias however the temperature acts against the correlation
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Figure 2.5.1: Fano factor as a function of the average voltage across the
junction (V) for p = 0.1,1,10. The results of numerical simulations for
high enough bias (equivalently, high enough average voltage) reproduce ex-
actly the analytical value given by Eq. (25.24)) (dotted lines). The temper-
ature here is low enough (kT = 0.01e2/C) for its correction to Eq. (Z.5.24))
to be negligible. Logarithmic scale on z-axis.

of tunneling events, resulting in a higher Fano factor, as it can be seen from Fig. 2.5.2] where
we show the analytical temperature dependence of F. At fixed bias and in the limit of very
large resistance Ry the junction noise is in practice just the thermal classical Johnson-Nyquist
noise of the resistor, S ~ 2kgT/R;, leading to a Fano factor F ~ 2kpT/(eRs1p), which is
exactly the limit of Eq. (Z5.24]) for p — co. Fig. 2.5.3] shows that numerical results for the
Fano factor as a function of p at fixed bias perfectly match the analytical results.

The link between the Fano factor behavior and the correlations appears very clearly from
our analytical analysis. Note that 8XSél) = (QN) and using (N) = (I;)t/e [see (2Z50)]
together with Eq. (25:22]) we have thus

(QN) = (@)(N) +° ‘n“/ n, (2.5.25)
from which it follows
(QN)) = (QN) — (Q)(N) = _77“/77 £0, (2.5.26)

and also S;(0)/e? = T'g/e({Q) —e/2) + 2I'g/e ((QN)). If we impose ((QN)) = 0 we find
F = 1 identically, which is the standard shot-noise result. We therefore see that the sub-

Poissonian behavior of the Fano factor comes exactly from the fact that the charge at the
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Figure 2.5.2: Theoretical high-bias (k = 10) Fano factor as a function of p
for different temperatures (in units of e?/C). Logarithmic scale on z-axis.
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Figure 2.5.3: The Fano factor at high bias (k = 10) numerically calculated
by solving the ME for two different temperatures (circles kT = 1073 2 /C
and squares kgT = 0.1e¢?/C) compared to the analytical result given by
Eq. (Z5.24) (dotted lines). Logarithmic scale on z-axis.
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junction and the number of tunneled electrons are correlated quantities, i.e. the cumulant
((QN)) is nonvanishing.

2.6 Conclusions

We have presented the generalization to the case of nonvanishing temperature of the
analysis of the single-electron transport through the tunnel junction introduced in chapter
[ Discussions about thermal effects were already present in the early literature, see for
example Ref. [80], but only in the strict Ry = oo limit. A complete and rigorous treatment
of thermal effects in the presence of environments with large but finite resistance R; > Rg
was lacking, in particular focused on the influence on the SETOs regime. Via numerical
simulations we have shown that SETOs are rather sensitive to thermally induced charge
fluctuations, which seem to be destructive even at temperatures corresponding to energies
still low compared to the Coulomb energy. We provided an analytical estimation which
explains the temperature/energy scale involved by thermal effects. The adopted Master
Equation technique has also allowed us to analyze analytically the high-bias limit and clarify

some features of the Fano factor.
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Chapter 3

Effects of the electromagnetic
environment

The aim of this chapter is to drop the assumption R, > Rqg and investigate the possibility
that Ry S Rg. In particular we shall follow the behavior of the system from a high-impedance
environment to a low-impedance one, discussing the crossover from the purely classical case
(Rs > Rq) to the quantum fluctuations dominated regime (R; < Rg). How SETOs are

influenced by quantum fluctuations of the environment?

The concern about going beyond the ideal high-impedance, current-biased point of view
and treat the environment in a more realistic way is well-motivated. The problem of modeling
the electromagnetic environment of real circuits has been considered both theoretically and
experimentally since the 1990s, see for example Refs. [82,89,[1T6HIT8]. It is clear that the
ideal picture of a pure resistive environment which can be tuned at will to switch from
the voltage-bias scheme to the current-bias scheme is hardly realizable experimentally. Let
us represent the environment as a generic impedance Z(w). As very clearly explained in
Ref. [116], up to moderately high frequencies the value of the impedance can be made large
by a clever choice of the leads shape and material; but no matter how careful the design of the
junction, at frequencies of the order ~ 104 — 10 Hz radiation phenomena dominate and the
impedance becomes of the order of the vacuum impedance Zyacuum == 377 €. In other words,
in practice even the best Ohmic environment will start to behave as a RC' transmission line
at high frequencies. In Fig. B0l (taken from Ref. [I16]) we show the behavior of the modulus
|Z(w)]: the environmental impedance is modeled as a transmission line with total capacitance
Cy and total resistance Ry and with characteristic impedance Z; < Zyacqum. With standard
leads typical values of Ry are in the range 100 Q — 1 k2, which is comparable with Z,, and the
environment behaves in practice as a resistor Z; (solid blue line); if on the other hand special
effort is made in obtaining high-resistance leads, with R, ~ 100 k2 much higher than Z,, then
the environment behaves as a resistor R, but only until frequency of the order of (R,Cy)~ !,

—-1/2

when it unavoidably enters a RC-line regime with a w fall-off until a saturation value is
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Figure 3.0.1: Scheme of the behavior of the modulus of a realistic en-
vironmental impedance as a function of the frequency, reproduced from
Ref. [I16]. The impedance is modeled as a RC-line with parameters Ry,
Cy and Zy. Solid blue line: standard case where the leads resistance is
comparable to Z, and the impedance behaves as a resistor Zy; dashed red
line: with high-resistance leads (Ry > Z;) the impedance behaves as a re-
sistor Ry up to frequencies ~ (R,Cy)~!, when it starts to decrease as w12
and then reaches the value Z, of the standard case. The frequencies corre-
sponding to three characteristic time scales of the system are represented
(dotted black vertical lines): (R;C)~! is the tunneling rate, RoC is the
uncertainty time associated to the Coulomb energy and Ty, is the (very

short) tunneling time.

reached and the frequency-independent behavior of the standard case is retrieved (dashed red
line). The perfect current-bias scheme with |Z(w)| > Rg cannot thus exist, at least not at
all frequencies, since when the impedance behaves as Z, the inequality Zy < Zyacuum < Rg
holdsl]. The question whether the environment of a realistic tunnel junction circuit is or not
appropriate to make single-charge effects visible is therefore delicate. From the experimental
point of view special efforts are thus required to improve (at the relevant frequencies) from the
standard, easily set up working regime R, S Rg to the less straightforward Ry 2 Rg. On the
theoretical side, investigating how precisely single-charge effects arise in a real environment
stands as a key issue and implies in principle being able to describe all the regimes swept by
a change of the resistance R, from the ideal SETOs value Ry > R; > Rg to an opposite

1. the ratio between the vacuum impedance and the quantum resistance is equal to twice the fine structure
constant e /(4meqhc) ~ 1/137.
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Figure 3.0.2: Phase-diagram-like overview of the possible transport regimes
as a function of the relevant ratios & = Rg/Rs and oy = Rg/R;. The per-
turbation theory which underlines the orthodox and P(E) theories applies
for Ry > Rg, i.e. in the horizontal stripe at the bottom of the graph. The
ideal SETOs studied in chapter [l appear in a small triangle on the left side
close to the origin. The P(F) theory holds in the blue slice going from
R; > R, > RQ to the limit R; > RQ > R;.

(closer to reality) one R; 2 Rg 2 Rs .

In order to better clarify the different possible regimes we show in Fig. a phase-
diagram scheme of the plane of the parameters o = Rg/Rs and oy = Rg/R;. For a < 1
quantum fluctuations are not important: a description with a classical Master Equation works
just fine and we have applied the orthodox theory of chapter [lin the square {a < 1,4 < 1}
at the bottom-left of the chart. SETOs live in a very small triangle at the extreme left, where
the condition Ry > R; > Rg is satisfied. The standard theory which on the other hand
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provides a description of the crossover from high to low-impedance environment for a tunnel
junction system goes under the name of ‘P(E) theory’ and has been reviewed by Ingold and
Nazarov in Ref. [I10]: it holds in the blue slice of Fig. going from R; > R, > R to the
limit R; > Rg > R,. Quantum fluctuations of the environment are completely accounted
for by the P(FE) theory, which provides suitable expressions for the tunneling rates. These
tunneling rates, as we will see in Sec. Bl reduce to the orthodox theory ones in the limit
o< 1.

We point out that both orthodox and P(F) theories are based on a perturbation-theory
treatment of the tunneling, and this implies that the condition R; > Rg must always be
satisfied. This selects the bottom rectangle oy < 1 in Fig. Here the extreme limits of
ideal SETOs and strong quantum fluctuation effects lay on opposite sides.

To explore a region where possibly strong single-electron time-correlation effects manifest
and quantum fluctuations are also important would require to leave the framework of the
perturbation theory and enter the domain Rg 2 R;. This has been investigated both with
analytical nonperturbative approaches [IT9HI27] and by numerical Monte Carlo simulations
[120L1221[128]. It has been demonstrated [119L120.129] that at sufficiently low temperatures,
even for large values of the ratio Rg/R; = oy strong quantum fluctuations do not destroy
Coulomb blockade but have a renormalization effect on the junction capacitance, so that the
Coulomb gap is also renormalized E} « E.exp(—2ay). The price to pay is then a much lower
temperature (kT < EY) for single-charge effects to be visible, making them very difficult
to observe. The a; > 1 regime seems therefore unattractive from the experimental point of
view for probing SETOs. A theoretical study of nonperturbative SETOs (which in Fig.
would show up in the o < 1, oy > 1 region) can be found in Ref. [119], where a formula for
the I-V characteristics is given, and in Ref. [130]. To our knowledge these are the only works
in the literature done in this regime, of very difficult experimental access.

standard

region of
experiments

(0%

Figure 3.0.3: Zoom on the relevant area of Fig. possible experimental
improvements in making high-resistive environments push exactly in the
direction of the still unexplored crossover area between P(FE) and orthodox
theories.

We shall then purposefully focus on the tunneling regime represented by the area a; <1
and ask ourselves how to describe the crossover from the left border where quantum fluctua-
tions are irrelevant to the right one where they control transport, accounting throughout for
the charge non-equilibrium effects which are responsible for the SETOs. In particular, we will
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C, R,

Figure 3.1.1: Generic circuit scheme considered within the P(E)-theory

framework. The environment is modeled by a generic impedance Z(w).
With Z(w) = Rs and V =V}, the circuit is equivalent to the one introduced
in chapter [

discuss on how to deal with the unexplored region (question-marks patterned in Fig. 3.0.2))
R, > R; > Rg where SETOs are weak but still surviving and quantum fluctuations are
expected to have a small but not-negligible effect. We note that the direction of possible ex-
perimental improvement in constructing high-resistive environments pushes exactly through
this intermediate region (see Fig. B.0.3]), which thus deserves more theoretical interest. As we
will illustrate in Sec. B3] the key point will be to exploit both the classical Master Equation
of chapters[Il 2 and the P(FE) theory. The bases of the P(F) and ME approaches are hence
recalled in Secs. B and respectively, to establish the needed theoretical context.

3.1 The P(FE) theory and the calculation of the tunneling rates

In this section we briefly illustrate the main steps for the derivation of the P(F) theory.
The P(FE) theory is the standard way to describe electron tunneling in the presence of dissi-
pation, i.e. accounting for quantum fluctuations induced by coupling with an environment.
We consider a circuit with a tunnel junction in series with a voltage source and a dissipative
element represented by a generic impedance Z(w), see Fig. BTl

As explained in Sec. [[L2] with Z(w) = R, this circuit is exactly equivalent to the one
studied so far (with a current bias and a parallel resistance). The effects of dissipation
manifest as oscillations of the voltage V;(t) across the junction induced by the environment.
These voltage oscillations are equivalently oscillations of the phase at the junction ¢, which

is directly related to the voltage by the relation
e [t
o(t) = —/ dt' V(). (3.1.1)
hJ) oo

We can thus model the dissipative element of the circuit as a set of harmonic LC-oscillators
coupled to the phase. In the presence of the external voltage source V, the average phase

evolves as (e/h)Vt and the average charge on the junction capacitor is given by CV, it is
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thus convenient for the following to introduce the shifted charge and phase Q = Q — C'V and
o(t) = p(t) — 7V't, which conserve the same commutation relations as the unshifted variables,
ie. [(5, Q] = ie. The Hamiltonian of the environment reads then

_ QQ al qfl 1 - 2
Henv - % + nZ:l (E + <g> E((b - ¢n) ) (312)

where the first term describes the charging energy of the junction capacitor and the second
term is the sum over the environmental degrees of freedom represented by harmonic oscillators
of frequency w, = 1/v/L,C,, bilinearly coupled to the phase ¢. We note that this is the exact
electromagnetic equivalent of the quantum description of a brownian particle in a bath of
harmonic oscillators, see for example [I31]. For the details of the microscopic foundation of
such a model of the dissipation see Ref. [I10]. We will just comment here that Eq. (3:1.2])
describes correctly the classical charge relaxation of the circuit and is thus an equivalent
description which allows us to treat the environment quantum mechanically. The link between
the model parameters L,, C, and the macroscopic impedance can be retrieved by writing
the Heisenberg equations of motions corresponding to the Hamiltonian (3.I.2)) and solving
for the charge Q(t):

Q) + 4 /Otds Yt —5)O(s) = In(t), (3.1.3)

where Y (£) = 2 cos(wnt)/Ln: the Fourier transform of this function is the admittance and
is exactly the inverse macroscopic impedance Y (w) = 1/Z(w). Including the tunneling part
in the description of the circuit, we finally get the total Hamiltonian Hiot = Hqp + H7 + Heny,
where
Hy, = Z(e,@ + eVl cro + Z echacqg (3.1.4)
KO po

is the contribution due to the quasiparticles in the two electrodes and

Hr = Zquc;Ucme_i‘; + h.c. (3.1.5)

Kqo

the proper tunneling term which couples Hgy, and Hepy. Starting from Hiep the tunneling
rates are calculated after introducing two important assumptions: i) the tunneling resistance
R;, which is inversely proportional to the square of the tunneling matrix element, is large
compared to the resistance quantum Rg:

R;> Rg. (3.1.6)

This allows us to treat the tunneling Hamiltonian Hr as a perturbation and justifies resorting
to the Fermi golden rule; ii) between tunneling events the environment has always the time
to thermalize, i.e. thermal equilibrium of the modes distribution is always achieved before
a new tunneling event, and the quasiparticle states are always equilibrium states described
by Fermi functions. This requires in practice the time between two tunneling events to be
large compared to the charge relaxation time. The rate of tunneling is proportional to the
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square of the tunneling matrix element and so inversely proportional to R;. More precisely
if we call AT the average time between tunneling events we have A1 ~ eR;/V. The charge
relaxation time for example in the case Z(w) = R, is instead ~RsC'. Since V' ~ e/(2C), this
corresponds to the requirement

R > R,. (3.1.7)

These assumptions lead to the following final expression for the (backward and forward)

tunneling rates ?(V) and ?(V) = ?(—V):

+oo
(W) = elet / dE % P(eV — E). (3.1.8)

o0

The key ingredient of Eq. (3.1.8)) is the P(E) density probability function which describes
the exchange of energy between tunneling electrons and environmental modes. It quantifies
in practice the probability that an electron exchanges an energy E with the environment

and it is defined as the Fourier transform of the phase-phase correlation function J(t) =

(13(2) - 5(0)16(0)): N
P(E) = % / dt exp (j(t) + %Et) . (3.1.9)

Eq.(3138) can be read as the convolution product of the probability per unit time that a
tunneling event converts an energy FE into quasiparticle excitations in the electrodes, i.e.
(Ree®)"'E/(1 — e PF), and the probability P(E) that the electromagnetic environment ab-
sorbs an energy F during the tunneling process. The fluctuation-dissipation theorem relates
the Fourier transform of the equilibrium phase-phase correlation function to a dynamical
susceptibility which describes the charge relaxation [110], leading to the equality

+oo
/ dt e~ (3(0)3(t)) :%(%) RelZiw)} (3.1.10)

w
00

where Z; is the total impedance of the circuit consisting of the capacitance of the junction C

in parallel with the external impedance of the environment Z(w):

1

ey mE

(3.1.11)

The explicit expression for J(t) is then readily calculated as:

= Md—ww co 5_hw cos(wt) — 1) — isin(w
j(t)_2/0 » o [ th( 5 >( (wt) — 1) (wt)| . (3.1.12)

The behavior of the P(E) function is immediately obtained in simple limits: if the impedance
of the environment is zero, i.e. we are in the pure voltage-biased case, then P(F) = §(F) and

2. we follow here the notation of Ingold and Nazarov in Ref. [I10], to distinguish the rates calculated via
the P(FE) theory with the orthodox theory one: ?(V) is the P(E)-theory version of I'" (Q/C) in Eq. (21.2)
and T (V) of TH(Q/C).
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only ‘elastic’ tunneling is possible, in the sense that tunneling electrons cannot couple to the
modes of the electromagnetic environment of the junction. As we said in Sec.[L.T] this prevents
single-charge effects to arise in a single junction and there will exist no Coulomb blockade.
If instead the impedance is low but finite, P(E) peaks at low voltages and has a long tail at
large voltages. At high impedance P(E) = 6(E — E.) and we retrieve the ideal current-biased
case: there is perfect overlap in this limit between the Averin & Likharev orthodox theory

and Ingold & Nazarov theory for what concerns the expression of the tunneling rates.

Three important general properties are associated with the function P(FE) independently

of temperature and environmental impedance:

e it is positive and normalized (as required by a probability function):

+oo
/ dE P(E) =7 =1, (3.1.13)
e it satisfies the sum rule:
+oo
/ dE E P(E) =ihJ'(0) = E., (3.1.14)

e it satisfies the detailed balance symmetry:

P(—E)=e¢PEP(E). (3.1.15)

P(E) cannot be evaluated analytically except for the aforementioned simple limits and nu-
merical methods have to be used. One option is to use directly Egs. (8.1.9), (3.1.12)) and
BIII) [starting from Z;(w) to calculate 07 /0t and then going back to the frequency do-
main to obtain P(E)], but involves two slowly-converging Fourier integrals and a standard
integration. The other option is to evaluate P(E) without going to the time domain, by
means of an integral equation (see for example ref. [132]) whose derivation we sketch in the
following. We start by writing

+oo +o0 +o0
dt ; dt hd ; ) .
EPE) = [ 22 ped®iBt/h _ f 2 J@) ° 2 jikt/h _ iBt/h T (t) 7! 3.1.16
B) = [om e e orh” i dt” o [ AT @), (B16)
where
- hw
J'(t)=—2i /dw ¢(w) [cos(wt) — isin(wt) coth (%)} =
o (3.1.17)
4 huw : hw
= —i/dw C(w) [ewt <1 — coth (%)) et <1 + coth <5T>>] ,
0
with ((w) = %t@(w)}. By using (B.1.17) and the inverse Fourier transform
400 ’
eI ® = / dE P(E) e, (3.1.18)
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and by defining C , we have thus:

: / / /d“ (O (o (7))
(e () -
// /dtc E_Ef+m><1—coth<57h“)>+
(BB - m)<1+coth< >)}p
Jef el (50 )<1—coth< <))
=5 )(“C“h( >)) e
fae (1o (M55 [ (755) +5<E%E')] PE). (3119

o0

After straightforward manipulation Eq. (3.1.19) can be rewritten as:

EP(E) /dm( [<1+coth< >>P(E—x)+
<1+coth< ))P(E+x)]:

=/:x<(%) [P(E—x)+P<E+x>+
0

+ coth <%x> (P(E—x)— P(E + x))} .

(3.1.20)

At zero temperature [ = 400, coth(Shw/2) = 1] we have that the function P(E) vanishes
for negative energy, as it shouldl and we can simplify Eq. (8..19]) obtaining

s (e ,_/+°°,%{Zt<”f)} ,
EP(E)_2[dEC< - )P(E)_2OdE R P(E'),  (3.1.21)

which is formula (75) of Ref. [110].

Substituting Z(w) = R, in Eq. (B.I11)), and using Rg = h/e* we can write

/ - )2 -
C(E;LE > _ <a+é%RQCQ> _ <a+@;_22) . (3.1.22)

C

3. P(E) for negative energy is the probability density of a tunneling electron absorbing an energy E from
the environment, so P(E) for all E < 0 must vanish at zero temperature.

90



T
]
1
4 I : = a=0.01 —
! i : — 0a=0.1
1 .
|

Figure 3.1.2: The function P(E) at zero temperature as calculated from

formula ([B121) displayed for different values of o = Rg/Rs.

Eq. (B.I120) reads then explicitly:

“P(E - 2) + P(E + 1) + coth (%) (P(E — z) — P(E + 1))
EP(E) — |dz o —0. (3.1.23)
aT oy Ez
O c

The former expression is ready to be discretized and numerically implemented. We solve it
by linear system solution technique (see appendix [3.Al for technical details) and obtain the
function P(FE) for different values of the temperature and of a. In Fig. we show a plot
of the zero-temperature P(F) for varying «, while in Fig. BI.3] we vary the temperature for
a=0.1.

Useful analytical results can be obtained in the high-impedance limit. In this case envi-
ronmental modes concentrate at low frequency

R L d(w) for Ry — o0 (3.1.24)

Re{Zi(w)} = T+2(R,C)P | C

and the short-time expansion of Eq. (3:1.9)

—+00

P(E) ~ % / dt exp (J(0) + J'(0)t + J"(0)t*/2) exp (%Et) (3.1.25)
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Figure 3.1.3: The function P(E) for @ = 0.1 as calculated from formula
(BI20) displayed for different temperatures. The circles correspond to the

high-impedance analytical curve of Eq. (B.1.27]). Temperatures are in units
of e2/C.
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Figure 3.1.4: I-V characteristics at zero temperature from the P(FE) theory,
as calculated by formula [BI.28]), displayed for different values of a.
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always holds. With Eqs. B.1.13), (B.1.14]) and

po “dw RelZy(w)} Bhw\ 5

(3.1.26)

~

) “dw Re{Z,(w)} 2ksT ,_ _, ksTE.
, W Rg hw N h

1 1 (E — E.)?
PE)~ = — T e) 3.1.27
(B) = 3\ ThaTE. eXp( 1kpTE, ) ’ (8.1.27)

holding for a« < kpT'/E, (which thus defines the boundary of the high-impedance limit). We
reported the analytical curve for kgT = 2E. in Fig. B.1.3] to show the perfect match with the
numerical result.

we have then

Once P(F) and thus the tunneling rates (8.1.8]) are known, also the I-V characteristics
can be easily obtained as

1V)=e(TW) - Tw)) = — (1- ) /;701

o0

Note that at T" = 0 only the forward rate is nonvanishing and it coincides in practice with
the I-V characteristic: I(V) = e?(V), which we show in Fig. B.1.4]

3.2 On the derivation of the classical ME

In this section we would like to briefly illustrate the derivation of the classic Master
Equation in the form used in chapter [[land chapter 2 see Eqgs. (LA, (ZI.T). This clarifies
under which conditions a classical description of the charge fluctuations in a tunnel junction
circuit is justified and moreover allows us to make an interesting bridge with the Master
Equation analysis of the two-level system presented in part[lt as it turns out in fact the same
Born and Markov approximations introduced there to derive the ME (£I.I8]]) are also at the
basis of the classic ME for the tunnel junction circuit. We follow mainly Ref. [I31], focusing
on the second and third terms of the right hand side of Eq. (2.1.1]), neglecting the tunneling
terms and leaving out of the picture the current source. For a complete, though somehow
more involved derivation see directly Averin and Likharev in Ref. [76].

Let us consider the reduced dynamics described by the Hamiltonian (8.1.2]). As we have
seen, in the framework of the P(E) theory the charge degree of freedom is considered as part
of the environment, which always thermalizes between tunneling events, and the transient
dynamics of the charge is not important in that context. Here we are interested instead
exactly to this transient dynamics and the charge degrees of freedom requires a special treat-
ment: it becomes the new ‘system’, while the bath of harmonic oscillators is the environ-

ment. We thus rename the Hamiltonian (Z1.2) as Hyg and separate it in four contributions:
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FIME :ﬁs—{—VC—FI:IB—{—fAI[, where

L Q2
N 2
Ao ng 1 /h\"1
Ve=2¢ Z o\e) T, (3.2.2)
n=1
N 2
N A A" 1 -
Hy=— ¢Z <g> —0n (3.2.3)
n=1 n
N ~9 2
L — n 1 (DPN\TL o
Hp _nzl (20” +3 <e> Lﬂ%) : (3.2.4)

We used the explicit hat notation for operators and will keep it for the rest of the section.
H’ME has the same form as Eq. ([ELI) of part [It H s represents the new reduced system
(equivalent to a free brownian particle), Hp is the bath of harmonic oscillators, H; the cou-
pling between the two and V. a ‘counter-term’ acting as an effective potential and separated
out for convenience. Introducing the scaled phase variable ¢ = (h/e)gzg, which satisfies the
new commutation relation {gb, Q} = ih, and with s, = 1/L,, and w? = (L,,C,)~}, Eq. (321)
reads

. Q2
He =2 3.2.5
S =50 (3.2.5)
N I{Q
V, = 32 n 3.2.6
c=¥ nZ:l 2C,w?2 ( )
N
Hi=-¢Y kndn (3.2.7)
n=1
N qA2 1
Hp=>»" (ﬁ + 5@@@3) : (3.2.8)
n=1 n

We are interested in a weak-coupling, high-temperature limit, which we will rigorously define
in the following, where the bath relaxation times are faster than the relevant scale for the
charge dynamics. We can then treat H; as a perturbation and resort to the same exact
approach of Sec. A1 of part[[} starting from the Liouville-von Neumann equation for the total
density matrix of the system described by Hyg, we trace out the bath degrees of freedom and
apply the Born-Markov approximation obtaining the following ME for the reduced density
matrix pg in interaction representation:

sty =1 [f—ém(@),ﬁs(t)} -
v [ar(500[e {o-n.as}]+ (329



where we have introduced the bath correlation functions:
(=n))
Di(r) = [B, B(—T)]> . (3.2.10)

ool

D(r) = i(| B,

with B = > nPn/Lyn. These correspond in practice to the real and imaginary part of the
function C(t) of part [l chapter @ Following here the same formalism and introducing the
spectral density
ky
Jw)=>" Qanné(w — Wn), (3.2.11)

n

we can express them as

D(7) =2h /Ooode(w) sin(wT)

Dy(r) =2h /0 "dwJ (w) coth <2£:T> cos(wr), (3.2.12)

which is the analogous of Eq. (£0.3]) [part [[]. By substituting the explicit time evolution of
the phase operator

R iHgt . iHgT R )
$(—7) = exp (— - ) P exp ( - ) —p- T% (3.2.13)
Eq. (329) can be rewritten as
d . 7 QQ N R ]
_ - __ | ", , t
950 =3 | 55 + Ve ps(0)] +

_ [Q_z + 176(36)7[35(,5)_ + (3.2.14)

Withl:
2

/OOOdTD(T) = 2h /Oode(w)PVG) = 271; 2;nw,% (3.2.15)

0

4. we use [Jdrsin(wt) = PV(1/w). and [Jdr7sin(wr) = =8, [, d7 cos(wr) = —4"(0). PV stands for the
Cauchy principal value.
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/OOdTTD(T) = —2h /Oode(w)é’(w) = hJ'(0) (3.2.16)
0

/0 OOdTDl(T) = 2h /0 Oocole(w) coth <2Z;’T> 5(w) (3.2.17)
/0 “dr7Dy(r) =2 /0 "o () coth (2::T> /0 drreos(wr),  (3.218)

we can simplify Eq. (3.22.14]). Since {gb, {gb, ps (t)H = [@2, ﬁg(t)] , we see that term (1) exactly
|

compensates the counter-term —¢ Vo(2), ﬁg(t)] We are then left with an equation in the

form:
d i |02 R
GPs(t) == |57:ps(t)| — A1 [@ {Qﬁs(t)HJr
— Ay [@ {@ﬁs(ﬂ” + As [@ [Qﬁs(t)ﬂ : (3.2.19)
with
Loy
1 [T hw
Ay :ﬁ[ dwJ (w) coth <2kBT> d(w) (3.2.21)
T hiw 1
As =7c A dwJ(w) coth <2kBT> 0PV <;> . (3.2.22)

We need now to relate the spectral density J(w) to the macroscopic impedance Z(w) = R
of our circuit. This is easily done by writing explicitly the Fourier transform of the Y(t)
function introduced in Eq. (3I.3):

—+o00
. 1 i
Y (w) = / dry (1) e =lim " — ———s d (3.2.23)

N 0 —iesign(w)

As we said this is the admittance and Z(w) = 1/Y (w). By using Eq. (8:2.11)) we can imme-
diately rewrite

+o0 ’
1
Y (w) =lim [ —2iw [ du’ J(W) 5 — : (3.2.24)
e—0 W W' —w? —jesign(w)
Taking the real part
o @) Jw)
Re{Y (w)} = Qw/dw’ " 5(w/2 —w?) = — (3.2.25)
leads finally to
1 w
_ _ v 2.2
J(w) wfﬁe{z w)} R (3.2.26)



We can thus calculate A; = i/(2ARsC) and Ay = kgT/(h*Rs) in Eq. (3.220). In practice
we know that the impedance spectrum cannot be flat up to arbitrarily high frequency, there
will be thus exist a cutoff {2, ruling the behavior of J(w) at high frequencies. This gives
Az ~ m Using Q@ ~ Cp ~ C(RsC)~ 'y we see that the ratio between the third term
and the second one in Eq. (3219) is ~ (RsCQ:) ! = wre/Qe < 1, allowing us to neglect
the former. Eq. (8.2.19) reduces then to the well-known Caldeira-Leggett form

f—(i’ﬁs(t)] - %};C [@ {Q,ﬁs(t)H - %[@, [@,ﬁs(t)ﬂ . (3227)

The first term describes the free coherent dynamics of the subsystem He,,. The second term

d
A t —_
dtpS( ) N

is proportional to (RsC)~!, which is in practice the relaxation rate of the circuit, and is called
the dissipative term. The last one (the diffusive term) is proportional to the temperature

and describes thermal fluctuations.

The conditions for the Born-Markov approximation to be valid are as we said the weak
coupling between the charge degree of freedom and the LC-oscillators bath and a fast decay
of the bath correlation functions with respect to the scale over which the charge dynamics
varies appreciably. More precisely this corresponds to the requirement (see Ref. [131])

(3.2.28)

h
RSC cs
We consider an ideally flat impedance R, assuming the cutoff 2. to be at very high frequency,
so that we have always (RsC)™! < €. The relevant requirement for the Born-Markov
approximation to apply is then in our case h/(Rs;C) < kT, i.e. kT > aFE.. For a =
Rg/Rs < 1 there is thus a large range of validity.

We can now write ([B.2.27)) in the charge representation:

i 32

4 p5(Q.Q.1) =2 (QIsIQ) = —(Q] | . 50| Q)+

(3.2.29)
- gl {@aso}ie) - 2@lfe [es0)] 1),
which becomes:
Cps(Q@ ) == 5= (@7 - Q) ps(@. Q1)+

+ﬁ (8(22 aiy) (Q+Q")ps(Q,Q, 1)+ (3.2.30)

L (% + %) ps(Q.Q'1).

We note that the current source term can be easily added to this picture by including a term
— I in the Hamiltonian as part of the system, which leads to a contribution to the previous
equation in the form

—I, (% + 8%) ps(Q,Q' 1) . (3.2.31)
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Eq. (3230) represents the Markovian version of Eq.(13) in Ref. [76]. As is there stated,
in the limit @ < 1 the nondiagonal elements decay with a time constant at worst of order
~ RsC and Eq. (32:30) reduces to the classical diagonal ME (2.1.0]), see appendix [3.Bl for a
sketch of proof and an estimation of the decay constant.

3.3 Combining the ME with the P(F) theory

After recalling the bases of the Master Equation and the P(E) approaches, we have now
the necessary ingredients to tackle the problem presented in the introduction: describing at
the same time SETOs and quantum fluctuations of the environment. A full treatment of the
problem is not an easy task. In order to take into account quantum charge fluctuations one
needs to solve the full quantum Master Equation out of equilibrium. This could be done for
weak coupling to the environment, but the Coulomb blockade is a strong coupling effect, and
requires an exact solution of the coupling with the environment. The P(E) theory avoids
dealing with a Master Equation, since all the quantities are calculated at equilibrium. We
have not succeeded so far in obtaining a full quantum description of this regime, but as a
preliminary exploration attempt we have combined the P(E) theory with the classical Master
Equation, implementing the first one to calculate the tunneling rates that enter in the second
one. Our aim is to provide a simple tool to obtain a lower bound on the effect of quantum

fluctuations.

The P(FE) tunneling rates [Eq. (B.18])] account for quantum fluctuations which are due
to the environmental coupling and start to be important as soon as the condition Ry > Rq
is relaxed. When the condition R; > R, [Eq. (B11)] drops and the environment has not
the time to thermalize between tunneling events the equilibrium condition required by the
P(FE) is no more valid. This is of course the case of the ideal SETOs regime but also of the
intermediate regime we are interested in (see Fig. in the introduction), where weakened
SETOs and quantum fluctuations are both present. Here the out-of equilibrium behavior
of the charge and the delay in the response of the environment to an abrupt charge change
due to tunneling are essential features of the transport mechanism. However, the charge
is actually the only variable which needs a special treatment, the equilibrium assumption
for the rest of the bath degrees of freedom of Hey, [Eq. (B12)] continuing to be perfectly
satisfied. It is then reasonable to imagine the P(FE) description of environmental quantum
fluctuations to remain fairly good, and on the other hand the classical part of the full time
dynamics of the charge is taken into account by the Master Equation. Exploiting the ME
with the P(E)-improved rates seems thus to be the most natural idea to describe at the same

time quantum fluctuations of the environment and SETOs.

As we will see in Sec. B3] the results of standard (orthodox theory) ME and of the pure
P(E) theory are correctly retrieved by our method in the limits & — 0 and p = Rs/R; — 0
respectively, so that the very basic condition for a good description of the crossover between

the two limits is satisfied. A source of approximation which needs to be considered is the fact
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that the classical Master Equation neglects the quantum contribution to charge fluctuations
which arise from the discrete charge transfer across the junction. We have however illustrated
in Sec. the condition for a classical diagonal ME to hold: the full quantum ME can
be always reduced to the form (ZZ3) if kT > aFE. [see Eq. (B2Z28])]. At high enough
temperature the classical description works thus well, and in particular it is valid in the
interesting region aF, < kT < E., with a < 1. For kT < aF, the effects of out-of-
equilibrium quantum fluctuations of the charge are instead underestimated and the results
have to be interpreted as a lower-bound limit.

3.3.1 Numerical results

Following the idea introduced in Sec. B3, we show the numerical results obtained by
applying the same technique of Sec. 2] to solve the ME and calculate the charge noise but
using here the prediction of the P(FE) theory for the rates. Specifically, the ME (211 is now
implemented with the tunneling rates I' and T' given in Eq. (B.1.8]) instead of the orthodox
ones I'*. Tt reads explicitly:

0o (Q,1) 0o (Q,1) n 1 0 <kBT30(Q,t) Q

o= g 7 ag o+ 60(Q,t)> + (3.3.1)

— (‘F(Q) + ?(Q))a(Q,t) + ?(Q +e)o(Q+e,t)+ (F(Q —e)o(Q —e,t).

In Fig. B31] the I-V characteristics are displayed. As in Fig. 231 we chose the case
p = 10 and x = 1, for which SETOs are still quite sharp and the back-bending is evident.
For comparison we report in the same figure the zero-temperature (Monte Carlo) curve, the
result obtained with the orthodox rates and also the result of the bare P(FE) theory. It clearly
appears first of all that in this case the P(FE) alone fails to describe the transport: treating
the charge as if at equilibrium completely misses the back-bending. Secondly, we have that
the curves obtained for finite o display a further smearing of the ‘nose’ with respect to the
(a = 0) result of chapter 2l This is what we expect, since in the tunneling rates the threshold
is further smoothened. Surprisingly though, the difference is already clearly visible for a as
small as 0.01. This indicates that although the P(F) alone misses the main transport feature,
the quantum contributions introduced by the P(FE)-provided tunneling rates are significant

even at values of a which one may tend to consider as still deep in the orthodox limit o < 1.

Fig. shows the charge noise spectrum for the same parameters. A finite « acts against
the SETOs analogously to what happens for the I-V characteristics: here for increasing « the
peak is smeared more and more compared to the o = 0 case. We also show for completeness
in the same figure the bare P(FE) spectrum, which can be obtained for example directly from

Eq. (31.10). By defining for shortness the left-hand side of Eq. (B.1.10) as

+oo
/ e GOHE) = G, 632)

[e o]
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Figure 3.3.1: The I-V characteristics computed for p = 10 by combining
the ME with the P(FE) theory for « = 0.01,0.05,0.1 (solid lines). The
Monte Carlo T = 0 curve and the pure ME calculation at kgT = 1073 are
reported for comparison (dotted and dashed respectively). The pure P(E)
computations as from Eq. (B.1.28)) are also shown for the same values of «
(dot-dashed lines), together with the o =0, 7' = 0 limit (dotted).

we can in fact calculate the spectrum of the charge fluctuations given by the P(FE) theory as
2y (D) + (90)
e2 2 ’

It contains only the equilibrium charge fluctuations and therefore remains blind to the SETOs

S(w)pE) = (3.3.3)

peak.

If we choose a value of the ratio Rg/R; = ap = 0.2 and then change R,/R; we obtain
the evolution of the I-V characteristics shown in Fig. B33l We can see that the curves cross
over from the result of the orthodox ME to the result of the bare P(E) as « increases, i.e.
the P(F) is also retrieved for large «, as the orthodox theory is for a« — 0. Conversely to
what happens in the upper-left panel, which is analogous to Fig. B.3.1] in the lower-right
panel with @ = 2 and p = 0.1 the orthodox ME this time does not work well, as it pictures
a threshold unrealistically sharp and sees the current blocked where it is actually already
flowing. For intermediate values of o and p, neither of the two theories alone prove to be
efficient in describing transport. We note that the constraint R; > Rg limits the range of
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Figure 3.3.2: The charge noise S(w) computed for p = 10 and kK = 1

with the different techniques considered so far: 1) the Monte Carlo zero-
temperature calculation of chapter[I} 2) the orthodox ME technique at finite
temperature of chapter Bl (kg7 = 0.001¢?/C), i.e. equivalent to a = 0; 3)
the ME with the tunneling rates predicted by the P(F) theory, given by
Eq. B18) (at the same temperature). The values o = 0.01, a« = 0.05
and o = 0.1 are shown; 4) the equilibrium spectrum obtained by the P(E)
theory alone for the same values of «.

values that can be spanned by the product ap: in Fig. B31 and Fig. for example we
chose p = 10, for which the back-bending of I-V curves is fairly marked and a clear peak is
still visible in the noise spectrum, and we must then have o < 0.1. As we have seen in the
introduction, this limitation is intrinsically related to the fact that in the perturbation-theory
regime oy < 1 the more clear-cut are the SETOs the less important become the effects of

quantum fluctuations.
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Figure 3.3.3: I-V characteristics obtained combining the ME with P(E)
for varying a and p at fixed ap = 0.2. The results of the bare ME and the
bare P(FE) are reported for comparison. We see that the mixed approach
merges between the two with a crossover from the former to the latter as
« increases and as the voltage decreases for a fixed. kgT in units of e?/C.
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3.4 Conclusions and perspectives

We have provided an approximate method to describe the transport through a tunnel
junction in the presence of both single-charge effects such as SETOs and quantum fluctuations
of the environmental degrees of freedom. It has allowed us to explore a region of the phase-
diagram scheme of Fig. left aside by the standard theoretical tools so far, but eventually
very appealing from the experimental point of view. The results are quite interesting. On
the one hand the effect of quantum fluctuations has proven to be visible for values of « (as
small as 0.01) which one could expect to be lying still in the orthodox limit. This suggests
that quantum effects, however small, should not be neglected in a description of single-charge
effects which wants to be complete. On the other hand, in the intermediate region where
a ~ 1 and p ~ 1 it clearly appears that transport fails to be described by the P(FE) theory
alone, meaning in practice that the delay in the response of the environment to the tunneling
is indeed important and the out-of-equilibrium behavior of the charge must be taken into
account. Our method is far from being rigorous, but first of all it points out a hole in
the standard perturbation-theory theoretical approach, which is not able to fully cover the
crossover from a — 0 to o — oo at fixed value of oy < 1; and secondly it starts to shed some

light on it, providing lower-bound estimations of the effects at play.

To summarize part [l on the whole, we have given a complete description of the phe-
nomenon of SETOs. In chapter [[l we focused at first on the standard, ideal zero temperature
and R, > R; > Rg case, where standard means that it is the one addressed by the bulk
of the existing literature. We have here fully characterized the SETOs, providing numerical
results and an analytical approach to describe the noise peak which represent their main
signature. The picture has then enlarged in chapter [2] to thermal effects, and in chapter Bl to
the effects of quantum fluctuations. Thermal effects have proven to be quite important and
we have shown how they start to affect SETOs even for kgT/E. < 1. Also quantum effects
appear to be non-negligible. Nevertheless, even within this enriched picture, the phenomenon
should possess strong enough features to be detected and exploited experimentally in some

realistic system.

In view of possible experimental development, more theoretical effort is however called for.
A full quantum description of transport through a tunnel junction in a realistic environment,
accounting for the out-of-equilibrium dynamic of the charge, is not available and not easily
concealed, due to the fact that the coupling with the environment cannot be considered small
and an exact solution is required. In the literature, studies of the quantum dynamics of tunnel
junctions are carried out with Feynman-Vernon or Keldysh-action techniques and have to deal
with different degrees of approximation: in Ref. [I33] for example, the quantum fluctuations
due to charge transfer are taken into account, but as if originated by the continuous charging
of a resistor Ry, thus neglecting the discreteness of the charge, which is a good approximation
only in the weak coupling limit R; > {Rg, R} and does not describe well the interesting
Ry ~ Rt 2 Rg regime. A computational approach would perhaps be the best way to start
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tackling the problem. In Ref. [134] the explicit and exact form of the generating functional
for a generic circuit composed by a quantum conductor in series with an Ohmic conductor
is given. This can be straightforwardly specialized to the case of a tunnel junction in series
with a dissipative element (impedance). One could then for example think of writing an
equation for the exact dynamics of the phase quantum variable of the circuit and solving
it numerically by quantum Monte Carlo technique. This would be in practice the quantum
extension of the numerical approach of chapter [l Such a numerical implementation should
be feasible, though possibly demanding in terms of computational efforts.
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Appendix

3.A Details of the P(E) numerical implementation

We give here technical details about how the numerical computation of the P(E) function
is actually carried out. We need to solve Eq. (B1.23]). We first discretize the integral in
Eq. 3I23) in energy steps of width A:

jmax
E . .
EP(E) - Z A ?C <arctan (;T;i) — arctan <7T;Ugr1>> X

=0 ¢

X [P(E —z;)+ P(E + x;) + coth (%) (P(E —zj) — P(E + xj))] =0, (3.A1)

where we have carried out analytically the integration of the function ((x) in each step

Tj+1
AN TTj41 L
/ C(h) = <arctan <—ozEc ) arctan <—ozEc>> , (3.A.2)
j

since ((x) quickly diverges for x — 0 and it is inconvenient to assume it constant on the same

CC]' — Cﬂj+11

scale A as the rest of the integrand. We then solve an equation in matrix form MP = b,

where the vector b has just ODGH nonzero entry b[i,] = 1 and the matrix M has nonzero
entries
M;; = E;

)

jmax
E T T, B
Miivj = — Z A ?c (arctan <a—E]c> — arctan (ﬁj)) (1 — coth (TJ>>
j=0
jmax
E T ; T x4
M;,_j=— Z A ?C (arctan <aEJC> — arctan (ﬁ)) (1 + coth (%)) , (3.A.3)
j=0

and we then put all the elements of the i,th row equal to A, i.e. M[i,][j] = A for all j, so that
the normalization condition ), AP; = 1, which corresponds to Eq. (B1.13)), is automatically
satisfied.

5. the position of which is not important as soon as it is not on the borders.
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3.B Vanishing of the quantum component of the density ma-

trix

We show here how the density matrix pg(Q,Q’,t) in Eq. (322Z30) reduces to a diagonal
form in the basis {Q, Q'} after a time at worst of the order of 75. We introduce the variables
u=(Q+Q)/(2) and v = (Q — Q’')/e, which are maximized and minimized for Q = @’
and represent then the ‘classical’ and ‘quantum’ variables respectively. In terms of u and v

Eq. (3230) becomes:

d ' 0 0

Epg(u,v,t) = —%ps(u,v,t) + 0 ups(u,v,t) + )\%ps(u,v,t) , (3.B.1)
where o« = Rg/Rs and we introduced the dimensionless time 7 = ¢/(RsC) and the dimen-
sionless temperature A = kpT/(e?/C) < 1. We want to show that for v different from zero
the time evolution dictated by Eq. (B.B.1)) predicts that the density matrix vanishes on a
time scale smaller or of the order of 75. We focus first on the limit o < 1 and v/a > 1, which
is also the relevant one for the SETOs regime. In this limit the first term of the equation is
very large and will induce rapid oscillations of the density matrix. It is therefore convenient

to eliminate this rapid oscillations by defining ps = exp{—iuvt/a}p, so that we can write

d Zu iuv d iuv 3 iuv Z)\UT a
e = 7 e T = 2 P 0 — + A= .B.2
7 Ps S Pste 7P o Pst g [e <UP ptAg- )] , (3.B2)

and the equation for p reads

i~_ng o Z)\UT~+)\£ B
ar’ =" ou |° u P ou B

z'm-( ~ z)\vT ) 0 < T 0 )
=——|up— — | up — o+ )\8—

(67

(3.B.3)

The dominant term of the previous equation in the limit 2 > 1 is —(M?%72/a?)p. Neglecting
the other terms in the equation, this leads to the following solution for p:

p ~ exp{—M?73/(3a%)}. (3.B.4)

We have thus pg ~ exp{—iuvt/a — Av?73/(3a2)}, showing that for any fixed value of u,
ps(v) decays to zero on a scale ~75/a2/\ < 5.

We can actually prove the decay of the off-diagonal contribution also in the opposite limit
of large o, more precisely v/a < 1. We introduce in this case the moments of the distribution

ps(u,v,7) with respect to the variable u as:

+oo
A, = / du ps(u,v,7) u". (3.B.5)

[e.e]

To show the off-diagonal decay of the density matrix it is enough proving that the solution
of Eq. BBl in the {u,v} space squeezes towards the u axis, which is equivalent to ask that
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for any finite v the integral fj_;o du ps(u,v,t) must go to zero. Our goal is then to show that
Ag decays exponentially in time if v > 0. To do so we can write a differential equation for
Ap, but this will couple to A;. The same can be done for Ay, the series of equations form an
infinite set of linear differential equations and for small v/« it is sufficient to include a few
moments since higher moments vanish rapidly. Let us show that explicitly. Using Eq. (3.1B.1))

+o00
AO :[ du %pS(U,UaT) =

o0

we have:

7

- 9 0
uw
_/ du {—?pg(u,v,t) + 0 ups(u,v,t) + )\%pg(u,v,t)] } =

. +oo .
=— E/ du u ps(u,v,t) = —EAl,
a | e
. oo,
A = du —pg(u,v,7) u =
" dr
+o0 .9
_ / K {2 .0+ [apstuont) + 3 g ps(u0)] | -
w

“+o0o
0 v
=——Ay — [ du [upg(u,v,t) + )\%ps(u,v,t)] = —EAQ — Ay,

[e.9]

+oo
v 0
= EAZS - [ du 2u [UPS(Ua U, t) + )‘%PS(% v, t):| =

[e.9]

= — Ay — 245+ 2\ Ao, (3.B.6)

and so on. We thus easily derive the general equation for all the moments:

+oo d
An:[du Eps(u,vﬂ') u" =

o0

+oo
iu"v n O 0
_[Oodu {_ o pS(ua/U’t) tu % UPS(uaUat) + A%PS(“WJ)} } -
w
=— EA"H —nA,+n(n—1)AA,—2. (3.B.7)
Eq. (3B.1) is best handled by putting it in matrix form as
A= (4o, A1,... A,,...) = W(Ag, Al,... Ay, ...) = WA, (3.B.8)
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with

0 —iv/ja 0 0 0 0
0 -1 —w/a 0 0 0
20 0 —2  —ww/a 0 0
W=1[0 6x 0 -3 —wja 0 .| - (3.B.9)
0 0 12X 0 4 —iv/a

Since the coupling A is small and we are in the limit v/a < 1 we see that W is almost diagonal
and has eigenvalues which at the lowest order in lambda are given by 0,—1,—2, -3, —4,....
Including lambda perturbatively will modify the eigenvalues slightly, but in particular the 0

eigenvalue will acquire a small negative real part controlled by A and v/a.

We now just need to show that the solution of Eq. (8.B.8]) decays in time for finite v, that
is, all the moments and in particular Ay go to zero for long enough time. The slowest decay
contribution is given by the minimum eigenvalue, which is close to zero but does not vanish
at finite A and v/a. By solving numerically for the eigenvalues of a finite-size W (N x N
with N = 4 is actually enough for convergence in this A < 1, v/a < 1 limit), we find that

the minimum eigenvalue actually decays as ~ —Av?/a?.

This shows that as far as v is finite the off-diagonal part of the density matrix vanishes
exponentially, but it also tells that for v — 0 the decay time becomes longer the more
we approach the diagonal part, giving a clear picture of the crossover between the classical
(diagonal part) and quantum (off-diagonal part) in the density matrix. As a last comment, we
note that this time is also controlled by the temperature, as one could expect for decoherence.
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Controlling electron transport: quantum pumping and single-electron tunneling oscillations

Exploiting time-dependent effects to induce and control currents through mesoscopic and nanoscopic
conductors is a major challenge in the field of quantum transport. In this dissertation we consider
two nanoscale systems in which a current can be induced through intriguing mechanisms of coupling
between excitations by external fields and electron transport. We first study a quantum pumping
problem, analyzing the possibility to induce a DC response to an AC parametric driving through a
three-site system in a ring configuration. We are interested in particular in the crossover between
adiabatic and antiadiabatic driving regimes and in the presence of dissipation, which is accounted for
by coupling with an external bath. We show that for a clever choice of this coupling the dissipative
model admits a full analytical solution for the steady state current valid at arbitrary frequency, which
allows us to fully understand the pumping-frequency dependence of the induced current. We then
focus on a different current-controlling scheme exploiting the phenomenon of single-electron tunneling
oscillations (SETOs). In this case, opposite to what happens for pumping, an AC effect, an almost
periodic current of single electrons, arises through a tunnel junction circuit as a consequence of a
DC bias. We study the zero-temperature noise spectrum of a tunnel junction in different resistive
environments with the aim to determine the boundaries of the SETOs regime and quantify their quality
in terms of periodicity. We then discuss the finite-temperature generalization and the possibility to
account for the effects of quantum fluctuations.

Keywords: Quantum transport, quantum pumping, dissipative two-level system, single-electron tun-

neling oscillations, current fluctuations, Coulomb blockade, tunnel junction.

Controle du transport électronique: pompage quantique et oscillations tunnel 4 un

électron

Exploiter des effets dépendants du temps pour induire et controler des courants a travers des conduc-
teurs mésoscopiques et nanoscopiques est un enjeu majeur dans le domaine du transport quantique.
Dans cette these, nous considérons deux systémes de taille nanométrique pour lesquels un courant est
induit grace au couplage entre champs extérieurs dépendants du temps et le transport d’électrons.
Nous étudions d’abord un probléeme de pompage quantique au sein d’un systéme a trois sites en config-
uration d’anneau, en considérant la possibilité d’induire un courant continu par modulation temporelle
des parametres de controle. Nous nous intéressons en particulier a la transition entre régime adiaba-
tique et antiadiabatique en présence d’un mécanisme de dissipation modélisé par un couplage entre le
systéme et un bain extérieur. Nous montrons que le modele dissipatif admet une solution analytique
complete valable pour la composante DC du courant a fréquence arbitraire. Ceci nous permet de bien
comprendre comment le courant induit dépend de la fréquence de pompage. Nous nous concentrons
ensuite sur un autre systéme de contréle du courant exploitant le phénomene des oscillations tun-
nel 4 un électron (SETOs). Contrairement au cas précédent, ici la circulation d’un courant continu
a travers un circuit comportant une jonction tunnel produit, pour le régime approprié, un courant
quasi-périodique d’électrons. On étudie le spectre de bruit & température nulle d’une jonction tunnel
dans différents environnements résistifs dans le but de déterminer les limites du régime des SETOs et
de quantifier leur degré de périodicité. Nous généralisons par la suite les résultats a température finie
et discutons des effets des fluctuations quantiques.

Mots-clefs: Transport quantique, pompage quantique, systeme dissipatif a deux niveaux, oscillations

tunnel & un électron, fluctuations de courant, blockage de Coulomb, jonction tunnel.
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