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Méthodes particulaires et applications en finance
Résumé :

Cette thése est consacrée a I’analyse de ces modeles particulaires pour les mathématiques
financieres.

Le manuscrit est organisé en quatre chapitres. Chacun peut étre lu séparément.

Le premier chapitre présente le travail de these de maniere globale, définit
les objectifs et résume les principales contributions. Le deuxieme chapitre con-
stitue une introduction générale a la théorie des méthodes particulaire, et pro-
pose un apergu de ses applications aux mathématiques financieres. Nous pas-
sons en revue les techniques et les résultats principaux sur les systemes de par-
ticules en interaction, et nous expliquons comment ils peuvent étre appliqués a
la solution numérique d’'une grande variété d’applications financieres, telles que
I’évaluation d’options compliquées qui dépendent des trajectoires, le calcul de sensi-
bilités, 1’évaluation d’options américaines ou la résolution numérique de problemes
de controle et d’estimation avec observation partielle.

L’évaluation d’options américaines repose sur la résolution d’une équation d’évolution
a rebours, nommée ’enveloppe de Snell dans la théorie du controle stochastique et
de l'arrét optimal. Les deuxieme et troisieme chapitres se concentrent sur ’analyse
de I'enveloppe de Snell et de ses extensions a différents cas particuliers. Un ensemble
de modeles particulaires est alors proposé et analysés numériquement.

Mots-clés : Pricing d’option américaine, enveloppe de Snell, arrét optimal,
arbre génétique, évenement rare, systeme de particules en interaction, inégalités de
concentration exponentielles.



Particle methods with applications in finance

Abstract:

This thesis is concerned with the analysis of these particle models for computa-
tional finance.

The manuscript is organized in four chapters. Each of them could be read
separately.

The first chapter provides an overview of the thesis, outlines the motivation
and summarizes the major contributions. The second chapter gives a general in-
troduction to the theory of interacting particle methods, with an overview of their
applications to computational finance. We survey the main techniques and results
on interacting particle systems and explain how they can be applied to the numerical
solution of a variety of financial applications; to name a few: pricing complex path
dependent European options, computing sensitivities, pricing American options, as
well as numerically solving partially observed control and estimation problems.

The pricing of American options relies on solving a backward evolution equation,
termed Snell envelope in stochastic control and optimal stopping theory. The third
and fourth chapters focus on the analysis of the Snell envelope and its variation to
several particular cases. Different type of particle models are proposed and studied.

Keywords : Pricing of American option, Snell envelope, optimal stopping, ge-
nealogical trees, rare events, interacting particle system, exponential concentration
inequalities.
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Chapter 1

Introduction

1.1 Motivation

The history of mathematical and numerical finance starts in 1900, with the seminal
thesis of Louis Bachelier, Théorie de la Spéculation, which introduced Brownian
motion in order to model stock price movements and evaluate options. Not only
did this remarkable work modeled the randomness of stock prices in a mathemati-
cal framework germane to the popular Nobel Prize in Economics winning solution
proposed by Fischer Black, Myron Scholes and Robert Merton in 1973, but it also
laid the foundation for some key concepts of stochastic analysis.

The celebrated Black-Scholes-Merton pricing paradigm which took the financial
industry by storm, is not limited to the Samuelson’s geometric Brownian motion
model. However, it is based on a series of unrealistic assumptions, including Gaus-
sian return fluctuations, constant volatility, risk-free interest rates, full liquidity,
absence of frictions, no price impact from large or frequent trades, ..., and the list
could go on. Furthermore, the original pricing arguments do not directly apply to
derivatives with non-European exercises such as American options, without another
level of sophistication and approximation.

The last two decades have seen a rapid development of increasingly realistic and
sophisticated stochastic models and methods for pricing, hedging and risk man-
agement in rapidly growing markets, with more unfathomable financial products.
Modern finance is becoming increasingly technical, requiring the use of complicated
mathematical models, and involving numerical techniques based on theoretical re-
sults from subfields of mathematics ranging from stochastic analysis, dynamical
system theory, nonlinear integro-differential equations, game theory, optimal con-
trol and dynamic programming, to statistical learning and information theory. Sit-
uated at the confluence of applied mathematics, computer sciences and economics,
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quantitative finance distinguishes itself through its wide range of themes, and its
interaction with a broad spectrum of scientific domains.

Research in financial mathematics is the driver for a great variety of numeri-
cal applications: parameter estimation, calibration of valuation models, derivative
pricing, sensitivity analysis, hedging in incomplete markets, credit risk, risk and
uncertainty quantification, portfolio optimization.... Resisting the temptation to
cover as broad a range of applications as possible, we choose to focus on one particu-
larly interesting issue, namely pricing of instruments with exercises of the American
type. Our choice is motivated by the fact that optimal stopping problems offer a
unique test-bed for research which goes beyond the edges of mathematical finance,
at the crossroad of stochastic control and operations research. As a result, the nu-
merical methods developed for these specific problems can in general be extended
to a wide range of other stochastic control problems.

In the following sections, we will summarize the main results of this thesis. For
more precise statements and detailed discussion, we refer the read to the related
chapters and the references therein. As a service to the reader we also provide
precise pointers to their location within each section of this manuscript.

Section 1.2 discusses the Snell envelope problem in the pricing of American
options, and presents some mains results of chapter 3, such as a robustness lemma
for the analysis of the approximation of Snell envelope, a particle algorithm based on
genealogical tree, the non asymptotic estimates, as well as some numerical examples.
This result has been published as a journal article [50] in STAM Journal on Financial
Mathematics.

Some of my works during my thesis are published as a book volume [51] of
Foundations and trends in Machine Learning. This book presents some new con-
centration inequalities for Feynman-Kac particle processes. We analyze different
types of stochastic particle methods, including particle profile occupation measures,
genealogical tree based evolution methods, particle free energies, as well as back-
ward Markov chain particle methods. Since we can not integrate the whole book
in this thesis, we have chosen to select some interesting results and present them
in section 1.3, and refer interested readers to [51]. In the end of section 1.3, we
take the options’ sensitivity computation as an example to introduce the chapter 2,
which surveys the applications of particle methods in finance.

Following these particle methods, section 1.4 adapts the particle algorithm of
section 1.2 to some specific cases. We give an overview of the chapter 4 with its
mains results of convergence estimates and some numerical examples.
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1.2 Pricing of American option

American option is a contract which allows the holder of the option the right to
exercise the option at any point in time up to maturity. This kind of options are
the most commonly traded products in the market. In discrete time setting, these
problems are mathematically defined in terms of given real valued stochastic process
(Zk)o<k<n, adapted to some increasing filtration F = (Fy)o<k<n that represents the
available information at any time 0 < k < n. For any k € {0,...,n}, we let T
be the set of all stopping times 7 taking values in {k,...,n}. The Snell envelope
of (Zk)o<k<n, is the stochastic process (Yy)o<r<n defined for any 0 < k < n by the
following backward equation

Yi = Zp VEYis1 | Fr)

with the terminal condition Y,, = Z,,. The main property of this stochastic process
is that

Yi = sup E(Z/| F) = E(Z;

k
TETE

Fr) with 7 =min{k<j<n :Y,=Z}eT

At this level of generality, in the absence of any additional information on the
sigma-fields JF,,, or on the terminal random variable Z,, no numerical computation
of the Snell envelop is available. To get one step further, we assume that (F,,),>¢ is
the natural filtration associated with some Markov chain (X,,),>0 taking values in
some sequence of measurable state spaces (F,, E,)n>0. We let 19 = Law(Xj) be the
initial distribution on Ejy, and we denote by M, (z,_1,dz,) the elementary Markov
transition of the chain from E,_; into E,. We also assume that Z, = f,(X,), for
some collection of non negative measurable functions f, on F,. In this situation,
the computation of the Snell envelope amounts to solving the following backward
functional equation

Up = fk V Mk+1(uk+1) (121)

for any 0 < k < n, with the terminal value w,, = f,,. In the above displayed formula,
M1 (ug41) stands for the measurable function on Ej defined for any xy € Ej by
the conditional expectation formula

M1 (upyr) () = M1 (g, dpgr) Upgr (Trs1) (1.2.2)

Epy
= E (wpir (Xpps1) [ Xy = )
1.2.1 A robustness lemma

Even it looks innocent, numerical solving numerically the recursion (1.2.1) often
requires extensive calculations. The central problem is to compute the conditional
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expectations My 1(ugy1) on the whole state space Ej, at every time step 0 < k < n.
For Markov chain models taking values in some finite state spaces (with a reason-
ably large cardinality), the above expectations can be easily computed by a simple
backward inspection of the whole realization tree that lists all possible outcomes
and every transition of the chain. In more general situations, we need to resort
to some approximation strategy. Most of the numerical approximation schemes
amount to replacing the pair of functions and Markov transitions (fx, Mx)o<k<n by
some approximation model (ﬁ, M, k)o<k<n ON some possibly reduced measurable sub-
sets Ek C E;.. We let u;, be the Snell envelope of fAk associated with the sequence of
operators J\/Zk from Ek,l into Ek Using the elementary inequality

(aVa)— BV <la—d|+b—b)
which is valid for any a,a’,b, b € R, one readily obtains, for any 0 < k <n

lup — | < [fe — Sl F [ Mrprurrr — MigprUey|

I Mis1tisr — Mysatipr] < |(Mgs1 — Miga)nga | + Miga |wgr — gy |-

Iterating the argument, one finally arrives at the following robustness lemma.

Lemma 1.2.1. For any 0 < k < n, on the state space Ek, we have that

n n—1
lup, — | < Z Ml fi — fil + ZMk,zKMZH — M)
=k I=k

This lemma provides a simple and natural way to analyze the robustness prop-
erties of the Snell equation with respect to the pair parameters (fy, My).

We emphasize that this non asymptotic robustness analysis also allows to com-
bine in a natural way several approximation methods. For instance, under appro-
priate tightness conditions, cut-off techniques can be used to reduce the numerical
analysis of (1.2.1) to compact state spaces E, and bounded functions f,. In the
same line of ideas, in designing any type of Monte Carlo approximation methods, we
can suppose that the transitions of the chain X, is known based on a preliminary
analysis of Euler type approximation methods.

To illustrate the generality and robustness of this framework, we state the anal-
yse of Broadie-Glasserman method in chapter 3 as an example. This importance
sampling method was introduced in 1997 by Broadie and Glasserman. They as-
sume that there exist a sequence of measures(n)o<k<n, Which are equivalent to the
underling asset dynamic transition 1.2.2 such that

Mi(zg-1,-) ~ 0.
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We further construct 7, = + Zfil(égi) the occupation measure associated with a
sequence of independent random variables & := (£})1<;<y with common distribution
Nk. In this context, we can construct the approximation model .Z/\Zk_i_l with the
following change of measure:

Mig1 (g, dvg) = D1 (dzgrn) Bir (Thy Tay ),

where AN )
Tk, -
Rip1 (T, Tayyy) = %

By replacing the transition My, in the recursion 1.2.1, we provide an approximation

(Thy1)-

of the Snell envelope:
ﬁk = fk V Mk+1<uk+1)7 (123)

for 0 < k < n, with the terminal condition @, = f,. By Khintchine’s inequality, we
can easily provide an estimate of the local approximation error:

VE By (|[Miss = Toa] (0GD]) <2 0) s (a1

where the constants a(p) are defined as, for any non-negative integer :

%+ 1)1
021 = (), 2 and a(2r+ 12+ = FE D o g9
r+1/2

with the notation (¢), = ¢!/(¢ — p)!, for any 1 < p <gq.
Here, we recall the approximation error bounds in the robustness lemma:

n—1

lup, — Uy < ZMMKMHI — Mi1) w4
I—k

Combining the above inequality and the local error, we are ready to state the
following theorem.

Theorem 1.2.1. For any integer p > 1, we denote by p’' the smallest even integer
greater than p. Then for any time horizon 0 < k <n, and any ), € E}, we have

VNE,, (Jui () — Gu(zi)”)? (1.25)
< 2a(p) Z {/Mk,l<xk7dxl)m+1 (Rz+1($l,')uz+1)p/]}p/

As mentioned previously, this framework can be easily applied to different ap-
proximation methods. In chapter 3, we apply this result to a series of approximation
methods, including interpolation methods, cut-off type approximations, Euler time
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schemes, quantification tree methods, and the Monte Carlo method of Broadie-
Glasserman. In each situation, we provide non asymptotic convergence estimates,
including L,-mean error bounds and exponential concentration inequalities. With-
out any doubt, the theory of empirical processes and measure concentration is one
of the most powerful mathematical tools to analyze the deviations of Monte Carlo
based approximations. Most L,-mean error bounds presented in this thesis have a
form like 1.2.5. We present here a exponential concentration inequality lemma to
better understand these non asymptotic convergence estimates:

Lemma 1.2.2. Suppose the estimates have the following form:

VN sup E (Jux(z) — (2)]")7 < a(p)br(n),

erk

where bp(n) are some finite constants whose values do not depend on the parameter
p and a(p) is a collection of constants defined in theorem 1.2.1 Then we deduce the
following exponential concentration inequality

VN

Considering again the example of the Broadie-Glasserman method, this lemma

sup P (|uk($k) — Up(zg)| >
el

+ e) <exp (—Ne*/(2bk(n)?)) . (1.2.6)

implies that the probability of making some level of approximation error in this
method is exponentially small.

1.2.2 A genealogical tree based particle method

In the final part of chapter 3, we propose a genealogical tree based algorithm based
on a mean field approximation of the reference Markov process in terms of a neutral
type genetic method. In contrast to Broadie-Glasserman Monte Carlo methods, the
computational cost of this new stochastic particle approximation is proportional to
the size of the random particle samples.

To have a idea of this particle method, we present here the pseudo algorithm in
avoiding the extensive mathematics notations. We refer the reader to section 3.5
for the rigorous analysis.

(4,N)

The initial particle system f(()N) = < 0 , is a sequence of N i.i.d. random

>0§i§Ng
copies of Xy. To simplify the presentation, when there is no confusion we suppress

the population size parameter N, and we write & and & instead of fliN) and §,(:’N).
By construction, & is a genetic type method with a neutral selection transition and
a mutation type exploration

Selection ~ Mutation

gepy N g = (E,g)KKN emY U g eEY, . (1.27)
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During the selection transition, we select randomly N path-valued particles & =
(A,Q)KKN among the N path-valued particles § = (£})1<i<y. Sometimes, this
elementary transition is called a neutral selection transition in the literature on
genetic population models. During the mutation transition @ ~ &, every selected
path valued individual E}C evolves randomly to a new path valued individual &, =
(g,i,Y"), by adding the variable Y* = z randomly chosen with the distribution
Mkﬂ(@i’k, x), with 1 < i < N. In previous display, every particle is a path-valued
random variable defined by

fllc = (€é7k’ SiJm s 76127k)
§ = (Gl 84) € Box. .. xEBy).

By definition of the transition in path space, we also have that

flzc—&-l - (g(l),k+1’ fi,k+1’ s 7512,/%—1—1) ) flzc—&-l,k—i-l
it
— | (8w 8o Ea), §,1+1,k+1> — (& 6in) -

where &, ., is a random variable with distribution MkH(EZ,k» -). In other words,

the mutation transition 5; ~~ &1 simply consists in extending the selected path Elg
with an elementary move E,gk ~ &} 1 ey Of the end point of the selected path.

The simulation mentioned above of the particle system can be summarized by
the following pseudo algorithm:

Initialization At time step k& = 0, generate N i.i.d. random copies of X, and set

fo = (£é>0§i§N'
At each time step k=1,---,n

1. Selection: For each ¢ = 1,--- | N, generate independently an indice
I; € {1,---, N} with probability P(I; = j) = 1/N. Then set & , = &' |.

2. Mutation: For each 2 = 1,--- | N, generate independently N i.i.d. ran-
dom variables (] ; )o<i<n according to the transition kernel My (&}, .1, ).

Then set & = (&4, 5121@)

With this particle system, we can construct the approximation of the Snell en-
velope 1.2.1 in the following backward algorithm:

Initialization At time step k =n, foralli=1,--- | N, set u,(&},,,) = f(£,.,)-

n,n
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At each time step k=n—1,---,0,foralli=1,---, N set

N . ,
Zj:l uk+1(§i+17n) 1 i,n:fli,n

ak(&lz,n) = fk(éli,n) \ Zj\le 1%'771

In this context, we can provide by applying again the robustness lemma the
non-asymptotic estimate of this approximation method:

Theorem 1.2.2. For any p > 1, and 0 < @ < N we have the following uniform
estimate

sup || (s~ T) )], < ep()/VE (1.2.8)

0<k<n

with some collection of finite constants c,(n) < oo whose values only depend on the
parameters p and n.

In addition to above non asymptotic estimate, some bias analysis are also pro-
vided:

Theorem 1.2.3. For any 0 < k <n and any i € {1,..., N}, we have

E ((& ) 1km) = u(Eh) -

As shown in above theorem, the estimator is always biased upward. In general,
it is useful to know that the bias is positive. Once we compute the approximation
of the Snell envelope, we can extract the exercise policy. Based on this stopping
strategy, another estimate can be established with a negative bias. In practice, it is
convenient that the biases of the two estimators have opposite signs.

We end this section with the numerical simulations in chapter 3. The numerical
examples are taken from Bouchard and Warin [14], who provided precise approx-
imations of option values in their examples. The asset prices are modeled by a
d-dimensional Markov process (X;) such that each component (i.e. each asset) fol-
lows a geometric Brownian motion under the risk-neutral measure, that is, for assets
i=1,---,d,

dX(i .
~—t@ = T’dt—i‘O'idZZ > (129)
Xi(4)

where 2%, for i = 1,--- ,d are independent standard Brownian motions. The interest

rate 7 is set to 5% annually. We also assume that for all i = 1,--- ,d, X, (i) = 1
and o; = 20% annually.

We consider two different Bermudan options with maturity 7" = 1 year and 11
equally distributed exercise opportunities at dates ty = k7' /n with k =0,1,--- ,n =
10, associated with two different payoffs:

1. a geometric average put option with strike K = 1 and payoff (K—H?Zl Xr(i))4,
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2. an arithmetic average put option with strike K = 1 and payoff (K — S X))

We report in Table 1.1 the benchmark option values computed in [14], for both the
geometric and arithmetic put options (by using respectively the one dimensional
PDE method and the least squares regression method with 8 x 10% x d? simulations
and ten basis functions for each direction).

’ Number of assets H 1 \ 2 \ 3 \ 4 \ 5 \ 6 ‘
Geometric Payoff || 0.06033 | 0.07815 | 0.08975 | 0.09837 | 0.10511 | 0.11073
Arithmetic Payoff || 0.06033 | 0.03882 | 0.02947 | 0.02403 | 0.02046 | 0.01830

Table 1.1: Benchmark values for the geometric and arithmetic put options (taken
from [14]).

The genealogical tree algorithm is designed for finite state spaces. Hence, before
applying it to the aforementioned continuous space examples, we have to approxi-
mate the continuous state space Markov chain solution of (4.7.1) by a Markov chain
with a finite state space. To this end, one can first discretize the state space using
either a random tree, or a stochastic mesh, or a Binomial tree or a quantization
approach ... The state aggregation technique we use in this thesis is a quantization-
like approach. This step is quiet technical, we refer the reader to section 3.5.5 for
more details.

Simulations results are reported in Figure 1.1 for the geometric put payoff and in
Figure 1.2 for the arithmetic put payoff. First notice that these results are consistent
with theorem 1.2.3, and that the estimates have a positive bias in most cases (Notice
that one can observe on the graph that for d = 2 or 3 the bias of our estimator
can be negative. The negative bias arises in the discretization of the state space).
Also notice that our algorithm has been implemented without any control variate
technique. Moreover, our implementation has not been optimized. In particular, we
have not investigated in this thesis any parallel implementations of our algorithm.
Thus, it seems not relevant to report any running time measurements. We refer the
reader to section 3.5.5 for the algorithm complexity, which gives a good indication
of the number of operations required by our algorithm.

Hence, to compare the estimation errors of the backward estimate provided by
our algorithm to a corresponding approach, we have reported, in Table 1.2, the es-
timation errors obtained with the genealogical algorithm using N = 25000 particles
and N@2 sites in the space discretization step, in valuing the geometric put (on the
first line) and the arithmetic put (on the second line) and, within parenthesis, the
performances of the backward estimate provided by the quantization approach [4]
implemented in [14], with 25600 quantization points for the same options. One can
observe that both algorithms achieve similar performances for approximately the
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Figure 1.1: Boxplots for estimated option values (divided by the benchmark values) as

a function of the number of particles for the geometric put-payoff. The box stretches

from the 25th percentile to the 75th percentile, the median is shown as a line across the

box, the whiskers extend from the box out to the most extreme data value within 1.5 IQR

(Interquartile Range) and red crosses indicates outliers.
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Figure 1.2: Boxplots for estimated option values (divided by the benchmark values) as
a function of the number of particles for the arithmetic put-payoff. The box stretches
from the 25th percentile to the 75th percentile, the median is shown as a line across the
box, the whiskers extend from the box out to the most extreme data value within 1.5 IQR
(Interquartile Range) and red crosses indicates outliers.
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same number N of quantization points (for the quantization algorithm) and parti-
cles (for the genealogical algorithm).

Now, we can see in section 3.5.5 that the complexity (per time step) of the genealog-
ical algorithm is of order NV 2 for the construction of the genealogical tree and of
order N for the backward induction on the prices, which is slightly smaller than the
complexity of the quantization approach of order N? for the backward induction on
prices (without taking into account the complexity related to the construction of the
quantization tree and to the computation of the transition probabilities). Hence,
we can conclude that our new algorithm is competitive with respect to comparable
algorithms.

Number of assets d=3 d=4| d=5 d=26
Geometric Put error
(in % of the option value) 2(2) 7(8) | 14(15) | 17 (22)
Arithmetic Put error
(in % of the option value)

3.5 (3.5) | 10 (8) | 15 (16) | 14 (17)

Table 1.2: Error (in % of the option value in Table 1.1) of the genealogical algorithm
with N = 25000 particles and N’ = N e sites, and within parenthesis of the quantization
algorithm with N = 25600 quantization points, (taken from [14]) for the geometric and
arithmetic put options.

1.3 Particle methods

The numerical technique we use previously is based on the interacting particle sys-
tems. Though these particle methods are known as powerful numerical tools, these
algorithms have rarely been applied to computational finance fields. In chapter 2,
we present an overview of these particle techniques and their applications in finance.
Here, we summarize this presentation with some interesting financial examples in
this section.

Stochastic particle methods are increasingly used to solve a variety of problems,
including nonlinear filtering equations, data assimilation problems, rare event sam-
pling, hidden Markov chain parameter estimation, stochastic control problems and
financial mathematics. To illustrate these methods, we start with a toy model of
barrier option pricing as example. We consider the underlying asset as a Markov
chain X taking values in RY, we will denote by M = (M), its transition prob-
ability

M, (z,dy) = P(X, € dy|X, = x), r € RY (1.3.1)

12



1.3. PARTICLE METHODS

With a sequence of barrier sets (Ay)o<k<n and the payoff function f, we are then
interested in the price of the barrier options given by:

P (f(Xn> 11 1AP<XP>> -

which is, in most cases, difficult to compute. One natural way to resolve this esti-
mation problem is to work with its associated conditional expectation:

E(f(X,)|X,€A,,0<p<n).

To compute above expectation, we can use the genealogical tree model associated
with a genetic type interacting particle model. This genetic algorithm is defined with
mutation transitions according to 1.3.1, and proportional selections with regard
to (w.r.t.) the potential functions (Ag)o<k<n. The occupation measures of the
corresponding genealogical tree provides an approximation of the desired conditional
distributions of the underlying asset. More generally, for any function F' on the path
space we have

N
1 : :
]1[1%10 i El F(line, (1)) ~ntoo E(F(Xo, ..., Xn)| X, € A,,0 <p <n) (1.3.2)

where line, () stands for the i—th ancestral line of the genealogical tree, at time n.

1.3.1 Feynman-Kac measures

Interacting particle systems aim to design the interacting particle approximation
of the Feynman-Kac measures, which represent the distribution of the paths of a
Markov process, weighted by a collection of potential functions. These functional
models encapsulate traditional changes of probability measures, commonly used in
importance sampling, posterior distributions in Bayesian statistics, and the optimal
filter in nonlinear filtering problems.

These stochastic models are defined in terms of only two ingredients:

A Markov chain X,,, with Markov transition M,, on some measurable state spaces
(E,, E,) with initial distribution 7, and a sequence of (0, 1]-valued potential func-
tions G,, on the set E,,.

The Feynman-Kac path measure associated with the pairs (M, G,,) is the prob-
ability measure QQ,, on the product state space

E,:=(Fyx...x E,)

defined by the following formula

dQ, = Zi { 11 Gp(xp)} dP, (1.3.3)

0<p<n

13



CHAPTER 1. INTRODUCTION

where Z, is a normalizing constant and P, is the distribution of the random paths
X, =(Xo,...,Xpn) €E,

of the Markov process X, from the origin p = 0 with initial distribution 7y, up to
the current time p = n. We also denote by

T =2, Q, (1.3.4)

its unnormalized version.

Several probabilistic interpretations in the domain of quantitative finance of this
model can be found in chapter 2. To have an idea of these models, we take again
the barrier option example presented in the beginning of this section:

absorption ~AS,

XAe A, =E, > XA

n

exploration ~My 41

y XA (1.3.5)

The chain X' starts at some initial state X' randomly chosen with distribution
no. During the selection stage, we set )/5;14 = XA if X' € A, otherwise we put the
particle in an auxiliary cemetery set A . When the particle )A(f is still alive (that is,
if we have )?ﬁ € A,), it performs an elementary move )/(\',f ~ XA | according to the
Markov transition M, 1. Otherwise, the particle is absorbed and we set X;‘ = )/(\';?,
for any time p > n.

If we let T be the first time )A(g ¢ A,, then we have the Feynman-Kac represen-
tation formulae

Q. =Law((Xg,..., X" | T >n) and Z,=Proba(T >n).

We also denote by 7,, and 7, the n-th time marginal of Q,, and I',,. It is a simple
exercise to check that

Yo = Yn-1Qn  and  Mpp1 = Py () = Ve, (10) Mg (1.3.6)
with the positive integral operator
Qn(x> dy) = anl(x) Mn<x7 dy)

and the Boltzmann-Gibbs transformation

Ve, (1,)(d) =

In addition, the normalizing constants Z,, can be expressed in terms of the flow of

Gn(z) nu(dx). (1.3.7)

marginal measures 7,, from the origin p = 0 up to the current time n, with the
following multiplicative formulae:

2, =m(l)=E ( H Gp(Xp)> = H 1p(Gp)- (1.3.8)

0<p<n 0<p<n

14



1.3. PARTICLE METHODS

This multiplicative formula is easily checked using the induction

’VnJrl(l) = W/n(Gn) = nn(Gn> Vn(l)'

The abstract formulae discussed above are more general than they may appear.
For instance, they can be used to analyze, without further work, path spaces models,
including historical processes or transition space models, as well as finite excursion
models. These functional models also encapsulate quenched Feynman-Kac models,
Brownian type bridges and linear Gaussian Markov chains conditioned on starting
and end points.

When the Markov transitions M,, are absolutely continuous with respect to some
measures A, on E,, for any (z,y) € (E,-; X E,) we have

dM,(z,.)

H,(z,y) = )

(y) > 0. (1.3.9)

We also have the following backward formula

Qn(d(zg, ..., xy)) = nu(dxy,) HMq ng-1(Tq, dTg—1) (1.3.10)

q=1

with the the collection of Markov transitions defined by

M1, (2,dy) o Guly) Hur1 (9, ) ma(dy). (1.3.11)

1.3.2 Interacting particle systems

In this subsection we explain how to design an interacting particle approximation of
the Feynman-Kac measures introduced in the previous paragraphs. These particle
methods can be interpreted in different ways, depending on the application domain
in which they are considered.

In the filtering example presented at the beginning of this chapter, these particle
algorithms can be seen as a stochastic adaptive fixed approximation of the filtering
equations. From a purely statistical point of view, these algorithms can also be
seen as a sophisticated acceptance-rejection technique with an interacting recycling
transition.

The particle model is defined as follows:

We start with a population of N possible candidate solutions (&},...,&)) ran-
domly chosen w.r.t. some distribution 7.

The coordinates & are also called individuals or phenotypes, with 1 < N. The
random evolution of the particles is decomposed into two main steps : the free
exploration and the adaptive selection transition.

During the updating-selection stage, multiple individuals in the current popu-
1

nyc

lation ( EN) at time n € N are stochastically selected based on the fitness

15



CHAPTER 1. INTRODUCTION

function G,,. In practice, we choose a random proportion B! of an existing solution
€' in the current population with a mean value < G, (&) to breed a brand new
2. E)

nycc n /-

generation of "improved” solutions ( For instance, for every index 1,

n?
individual £ = & randomly chosen from the whole population with a probability
proportional to G, (&7). The parameter €, > 0 is a tuning parameter that must sat-
isfy the constraint €,G, (%) < 1, for every 1 < ¢ < N. During the mutation stage,

with a probability €,G, (&), we set E,g = &' otherwise we replace & with a new

every selected individual &, moves to a new solution & ; = z randomly chosen in
E, .1, with a distribution Mn+1(§;, dr).

If we interpret the updating-selection transition as a birth and death process,
then the important notion of the ancestral line of a current individual arises. More
precisely, when a particle E;_l — & evolves to a new location £, we can interpret
E;_l as the parent of £. Looking backwards in time and recalling that the particle
Af;b_l has selected a site 5%_1 in the configuration at time (n — 1), we can interpret
this site &/ | as the parent of 5;,1 and therefore as the ancestor denoted ﬂhlm at
level (n — 1) of ¢,. Running backwards in time we may trace the whole ancestral
line as

Gm—n— o — g — =& (1.3.12)

n

In the interacting particle system literature, most of the terminology we have
used is drawn from filtering and genetic evolution theories. In this thesis we adapt
these notions to the filed of quantitative finance.

In the barrier option example presented in the beginning of this chapter, the
former particle model is dictated by the two-steps mutation-selection learning equa-
tions of the conditional distributions of the underlying asset X, given their survival
zones Ag. In this setting, the potential functions represent the absorption w.r.t.
the barrier sets Ay, while the free exploration transitions are related to the Markov
transitions of the underlying asset. More formally, using the notation we used in
the barrier option example, we have:

]P’(Xk = ij|Xk_1 = [L’k_l) = Mk<$k—1|$k) and 1Ak<xk) = Gk(l'k)

The different types of particle approximation measures associated with the ge-
netic type particle model described above are summarized in the following synthetic
picture corresponding to the case N = 3.

O ——>20 o ———> 06— 0 — %
® —0 ——0O e — 0 — %k
O —>20O e — 00— 0 — %k
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1.3.3 Concentration inequalities

In this subsection, we give an overview of the four particle approximation measures
that can be extracted from the interacting population evolution model described
above. Our concentration inequalities will basically be stated. The proofs of these
results are quite subtle and are not provided in the this thesis. We encourage the
reader to explore the book [51] for details and the references therein. In the further
development of the next subsections, ¢; stands for a finite constant related to the
bias of the particle model, while ¢y is related to the variance of the scheme. The
value of these constants may vary from one line to another, but in all the situations
they do not depend on the time parameter.

The precise form of the constants in these exponential inequalities depends on
the contraction properties of Feynman-Kac flows. Our stochastic analysis requires
us to combine the stability properties of the nonlinear semigroup of the Feynman-
Kac distribution flow 7,, with the deep convergence results of empirical processes
theory associated with interacting random samples.

Last population models

The occupation measures of the current population, represented by the stars in the
above figure

N 1 =
=5 D0
i=1

converge to the m-th time marginals 7, of the Feynman-Kac measures Q,. We
shall measure the performance of these particle estimates through several concen-
tration inequalities, with a special emphasis on uniform inequalities w.r.t. the time
parameter. Our results will basically be stated as follows.

1) For any time horizon n > 0, any bounded function f, any N > 1, and for any
x > 0, the probability of the event
(1+z+ V) vz

N 8] C2
_ < = 4+ =
[ —m] () < 7N
is greater than 1 —e™".
We have already mentioned one important consequence of these uniform con-
centration inequalities for time homogeneous Feynman-Kac models. Under some
regularity conditions, the flow of measures 7,, tends to some fixed point distribution

Mso, 1N the sense that
77 = Mocllew < €5 €7 (1.3.13)

for some finite positive constants ¢z and 0. In the above display ||v — pl|s, stands
for the total variation distance. As a direct consequence of the above inequalities,
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we find that for any x > 0, the probability of the following events is greater than
1—e™:

[ = 71oc] (f)Sﬁl (1+x—|—\/5)—|—\/_2ﬁ T+ 5 e

2) For any = = (7;)1<i<qa € E, = R we set (—o0,z] = Hle(—oo,xi] and we

consider the repartition functions
F.(x) =n, (1(_00796]) and FN(z) =nY (1(_00@}) )
The probability of the following event
VN |FY —F| <cvad@iD

is greater than 1 — e™*, for any > 0, for some universal constant ¢ < oo that
does not depend on the dimension, nor on the time parameter. In the above display
|F'|| = sup, |F(x)| stands for the uniform norm. Furthermore, under the stability
properties (1.3.13), if we set

Foo() = oo (L(=oo,a1)

then, the probability of the following event
FN P <——= d(@+1)+cs e
|| n H — \/N ( ) 3

is greater than 1 —e™™, for any = > 0, for some universal constant ¢ < oo that does
not depend on the dimension.

Particle free energy models

Mimicking the multiplicative formula (1.3.8), we set

zZN = H név(Gp) and YN (dx) = ZY x Y (dx). (1.3.14)
0<p<n
We have already mentioned that these rather complex particle models provide
an unbiased estimate of the unnormalized measures. That is, we have that

E <77iv(fn) 11 néV(Gp)) =E <fn(Xn) 11 Gp(Xp)> : (1.3.15)

0<p<n 0<p<n

The concentration properties of the unbiased particle free energies Z¥ around
their limiting values Z,, are developed in [51]. Our results will basically be stated
as follows.

For any N > 1, and any € € {41, —1}, the probability of each of the following

events
°1
p— 0 —
n & Z,
is greater than 1 — e™".

n (1+x+\/§)+\/—N\/5

c
< b
- N
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Genealogical tree model

The occupation measure of the N-genealogical tree model represented by the lines
linking the solid circles converges as N — oo to the distribution Q,

N
1
N Z_; 0(h 1 proti) = Qe (1.3.16)

In this notation, we have, for any n > 0, any bounded function f,, on the path
space E,,, such that (s.t.) [|f,]] < 1, and any N > 1, the probability of each of the
following events

[T Gl 6h) — Qult)]

(n+1)
N

1
<o —— (1+z+Vz) + o Vi

is greater than 1 — e™7.

The concentration properties of genealogical tree occupation measures can be de-
rived more or less directly from those of the last population models. This rather sur-
prising assertion comes from the fact that the n-th time marginal 7, of a Feynman-
Kac measure associated with a reference historical Markov process has the same
form as in the measure (1.3.3).

Using these properties, we prove concentration properties for interacting empir-
ical processes associated with genealogical tree models. Our concentration inequal-
ities will basically be stated as follows. We let F,, be the set of product functions of
cell indicators in the path space E, = (R% x ..., xR%), for some d, > 1, p > 0.
We also denote by 7Y the occupation measure of the genealogical tree model. In
this notation, the probability of the following event

<p<n dp
sup |1 (£:) = Qu(£)] < ¢ (n+1) \/ Zogr (o 1)

fn€Fn
is greater than 1 —e™, for any x > 0, for some universal constant ¢ < oo that does
not depend on the dimension.
Complete genealogical tree models
Mimicking the backward model (1.3.10) and the above formulae, we set
Y =zN x QY (1.3.17)
with

n

QY (d(0, -, x0)) = 1 (dan) | [ My (24, dag1).

q=1
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Notice that the computation of sums w.r.t. these particle measures are reduced
to summations over the particle locations &!. Tt is therefore natural to identify

a population of individuals (£} EN) at time n to the ordered set of indexes

nycc

{1,...,N}. In this case, the occupation measures and the functions are identified
with the following line and column vectors

1
TR
n, = NN = »
and the matrices I\\/[[n%zlv_1 by the (N x N) matrices
M, nnl_ 1(£n7 not) Mn,ninl( 111’ 7];771)
My, = : : : (1.3.18)
Mnn i (Sn ) Sn— 1) e Mn,nﬁ’_l (5711\/7 711V—1>

with the (7, j)-entries

M, v (6.6 )= ]\?n—l( ) Ha(6, 1,6 |
e > it Gna(§5 ) Ha(Eh -1, 68)

For instance, the Q,-integration of normalized additive linear functionals of the form

fn(ZL‘Q, .o, T

(1.3.19)

0<p<n

is given the particle matrix approximation model

QN

nn_; M, 1N, - 'Mp+1,né\’ (fp)-
0<p<n
These type of additive functionals arise in the calculation of the sensitivity mea-
sures. Its application in options’ sensitivity computation is discussed in section
2.5.
For any n > 0, any normalized additive functional of the form (1.3.19), with
maXo<p<n || fp|| < 1, and any N > 1, the probability of each of the following events

1 T

QY —Q,] (f,) < N(1+($+\/5)>+02 Nt D)

is greater than 1 — e™".
For any a = (a;)1<i<q4 € E, = RY, we denote by C, the cell

d

Cy = (—00,a] = H(—oo,ai]
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and f, ,, the additive functional

1
fa,n<x01 e 7xn) = nt1 Z 1(—00,@] (xp)

0<p<n

The probability of the following event

d
sup [0 (£,) ~ Qu(fur)| < ¢ 1/ iz + 1)
a€Rd

T

is greater than 1 — e™™, for any x > 0, for some constant ¢ < oo that does not

depend on the dimension, nor on the time horizon.

1.3.4 Example of applications in finance

In chapters 3 and 4, the numerical methods we use for pricing of American options
are based on the interacting particle system. Recently, these particle techniques
also have been applied to some other areas of finance; to name a few: the pricing
of complex path dependent European options, sensitivities computing, as well as
the numerical solution of partially observed control and estimation problems. In
chapter 2, we present these applications with some detailed analysis. Here, we take
the option sensitivity computation as an example to illustrate the application of
particle methods.

We let § € R? be a parameter that may represent the volatility of some asset
price movements, or any other kinetic parameter. We assume that the evolution of
the risky asset price S ,(f) associated to some value of the parameter 6, is given by a
one-step probability transition of the form

M (s,ds') := Proba (S,ge) € ds'|SY, = s) = H9(s, ) \e(ds') |

for some positive density functions H. ,gg)(s, s') and some reference measure ;. We
also consider a collection of functions G,(f)(s) = ¢ that depend on 6. We also
assume that the gradient and the Hessian of the logarithms of these functions with
respect to the parameter 0 are well defined.

In this situation, we denote a general form of the option price by

I’(F,) ::IE:(FH(Sée),...,S,(f)) IT ¢¥ (5@)) . (1.3.20)

0<p<n
Simple derivations show that the first and second order derivatives of the option

value with respect to 6 is given by

VI(E) = TP(FAD)

vir(F,) = 19 [F,(VLYY(VLY) + F,VLY]

n
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with AY .= VLY and
L (zg,...,2,) = Z log (Gée_)l(sp_l)Hzge)(sp_l, sp)> :
p=1

These quantities can be approximated by the unbiased particle models

VaT(F) = TPY(EAD)
VAT (Fa) = TPY (VLYY (VL) + F VALY

For each value of the parameter 6, we denote by FgH’N) the N-particle approx-
imation measures associated with a given value of the parameter # and defined in
(1.3.17). The analysis for the approximation error of VF&LO)(Fn) would be a direct
consequence of the concentration inequalities stated in the previous subsection.

1.4 More sophisticated American options

After the study of the Feynman-Kac measures, it is important to remark that the
particle method we propose in section 1.2 can be easily adapted to pricing of some
sophisticated American options. Instead of the uniform selection, we can design
some Feynman-Kac measures based on certain potential information (Gg)o<k<n-
One direct application in mind is the pricing of deep Out of The Money (OTM)
options. In this situation, the payoff function is localized in a small region of the
space. As in classic rare events problem, standard Monte Carlo simulations usually
fail, and the main variance reduction technique is importance sampling. But in
general, desirable changes of measure favoring sample paths realizing rare events are
highly unlikely to lead to explicit formula. In this case importance sampling is no
longer an option. A natural alternative is then interacting particles methods. Based
on different choices of the potential function of (Gy)o<k<n, the particle techniques
can usually send the simulation samples to desirable regions to achieve the variance
reduction.

With this technique, we can consider even more complicate situation: the maxi-
mization of E( f,(X;) [Ti—s Bx(Xx)) for a given class of functions (By)o<r<n modeling
an obstacle. For instance in the case of barrier options, (Bj)o<k<n take the form of
indicator functions. In chapter 4, we can prove that the computations of deep OTM
options and of barrier options are mathematically equivalent in our algorithm if we
take By = Gy in above display. In this context, in the further development of this
section we will unify the notation and focus on the analysis of the Snell envelope
for sup, E(f-(X-) [T5Zo Gr(X)).
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1.4.1 Snell envelope with small probability event criteria

In chapter 4, we can see the Snell envelope for such options will be reduced to :

{ ,Un(xn) = fn(xn) (1 4 1)
vp(xg) = felzg) V [Gk(xk)MkH(ka)(xkﬂ , VO0<k<n-—1. o

The above recursion implies that it is not relevant to compute precisely the con-
ditional expectation My 1(vg41)(zx) when the value of the criteria Gi(zy) is zero
or very small, or when the gain function f; is zero or very small. Hence from a
variance reduction point of view, when approximating the conditional expectation
Mp11(vks1)(zx) by a Monte Carlo method, it seems relevant to concentrate the sim-
ulations in the regions of Fj.; where Gi,1 and/or fr, reach high values. Hence, to
avoid the potential rare events (¢, we consider a change of measure on the measurable
product space (Fo X -++ X E,,& X -+ x &,), with the following form

n—1 n—1 n—1
1 . I I
d@n = Z—n kl_lo Gk (Xk) dPn , with Zn =E (kl_lo Gk(Xk)> = 1L nk(Gk) )

(1.4.2)
where 7, is the probability measure defined on Ej such that, for any measurable
function f on Fj

E(£(X0) T2 Go(X,))
ne(f) == 1 :
E(TT52 Gol(X))

The measures (7x)o<k<n defined above can be seen as the laws of random states

(X1)o<k<n under the probability measures (Qx)o<r<n. More interestingly, in Section
4.4 we will see that the sequence of random states (Xk)ogkgn forms a nonlinear
Markov chain with transitions Xz ~» X r+1 that depends on the current distribution
Mk, at time k. The behavior of this chain is dictated by the potential functions
(Gr)o<k<n and the Markov transitions (M})<k<, of the reference process (Xy)o<r<n-
Regions with high Gp—values are visited more likely.

To illustrate this remark, we examine the situation where Gy (zx) = 14, (z)
with Ay, C Ej. In this situation, law(X| X, € A,, p < k) = law(X},) = ny, is the
conditional distribution of X}, given the fact that X, € A, for any p < k. In this
special case, the process (X k)o<k<n 1S restricted to regions related to the choice of
the sequence (Ag)o<k<n. This change of measure is known as the optimal twisted
measure for sampling a Markov chain restricted to the subset regions A;. More
general change of measure are addressed in section 4.6 of chapter 4. These models
are direct extension of 1.4.2 to potential functions that depend on the transition of
the reference Markov chain.

Furthermore, it is also important to observe that, for any measurable function
f on Ey

_ —1(Gr1 M (f)) '

77k:(f) nkfl(kal)

(1.4.3)
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We denote the recursive relation between 7, and 7n,_; by introducing the operators
®,. such that, for all 1 <k <n

e = Pp(M—1) - (1.4.4)

Let us now introduce the integral operator (), such that, for all 1 <k <n

Qu(f)(@-1) == /Gk’—l(xk:—l)Mk<xk—1,dxk)f(xk) : (1.4.5)

By definition, we can rewrite the recursion 1.4.1 as:

dQr41 (g, *) Uk+1)

ve(2k) = fi(zr) V Qrer (Ves1) (@r) = fe(zr) V Prsr(n) ( d®y1(n)

for any measure n on Ej.

To extend the discussion in previous sections on the particle models, we state
here the analysis in chapter 4. To construct a particle method to sample the random
variables according to above distributions, we remark by definition (1.4.4) that:

Pr(Me-1) = M1 Kk = Me—1Sk—1m0, Mi = Y, (1) M . (1.4.6)

Where Ky, ,, Sk—1 and Vg, | are defined as follows:

Mk—1

( Kkﬂk—l(xk—ladxk) = (Sk—l,nk_lexl'k_l,de‘k)

= fSkflvﬂkfl(xkflvdx;c—l)‘]\/[k(x;c—l’dmk) )

Skt (T, d2’) = €Gr_1(x)0,(da’) + (1 — €Gr1(2)) ¥y, (Mk—1)(d2’)
U ( )dz) = _Gra(@) (dz)
[~ Gr1 Mk—1){ax M1 (Gr) =1LEL)

where the real € is such that eG takes its values [0, 1].

More generally, the operations W and S can be expressed as W (n)(f) = n((%fl) =
nS,(f) with S, (f) = eGf+(1—eG)¥(n)(f). We recall from [40] that n;, = law(X}),

where Xj_1 ~» X}, is a Markov chain with transitions K k., defined above.

The particle approximation provided in the present chapter is defined in terms of
a Markov chain S,gN) = (& ,(;’N))lgg ~ on the product state spaces E2, where the given
integer NV is the number of particles sampled in every instant. The initial particle

system, 5(()N) = (g((j’N))KKN, is a collection of N i.i.d. random copies of X;. We

let F}¥ be the sigma-field generated by the particle approximation model from the
origin, up to time k. To simplify the presentation, when there is no confusion we
suppress the population size parameter N, and we write & and &, instead of {,gN)

24



1.4. MORE SOPHISTICATED AMERICAN OPTIONS

and 5,(:’]\7). By construction, & is a particle model with a selection transition and
a mutation type exploration i.e. the evolution from & to &1 is composed by two

steps:
N Selection ~ = N Mutation N
goe By g = (gk> ey T g e BN, (147)
kY 1<i<N Mk+1

"k

Then we define 7}’ as the occupation measure after the mutation steps. More

N 1
I

1<i<N
During the selection transition Sk,n{]’ for 0 < i < N with a probability eG(&})

we decide to skip the selection step i.e. we leave E,ﬁ: stay on particle £;, and with

precisely,

probability 1 — eGx(&L) we decide to do the following selection: ¢ randomly takes

the value in 5% for 0 < j < N with distribution % Note that when eGy, = 1,
=1 k

the selection is skipped ( i.e. Ek = &) so that the model corresponds exactly to the
Broadie-Glasserman type model analysed by P. Del Moral and P. Hu et al. [50].
Hence, the factor € can be mterpreted as a level of selection against the rare events.
During the mutation transition £k ~ §k+1, every selected individual §k evolves

randomly to a new individual & ,, = x randomly chosen with the distribution
My1(&, dx), for 1 < i < N.

Now, we can construct the approximation scheme to estimate the Snell envelope
(vk)o<k<n With the following backward recursion:

i)\n = fn

Do) = fulmn) Vvl (koﬂ(% )

—_— 70
d®11(ny) e

Following again the robust lemma we proposed in section 1.2, we can estimate

) foral 0 <k <mn, (1.4.8)

the approximation error by the following theorem:

Theorem 1.4.1. For any 0 < k < n, any integer p > 1, we have

5’;156 |(U — vk)(x)HLp < QCL_\/(NM

1
p'—1 /
) G [ka( P (@)

k<l<n

where p' is the smallest even integer greater than p, we refer the reader to 4.5 for
more details on other coefficients in above display.

1.4.2 Numerical results

In the end of chapter 4, some numerical examples are provided to test this new
algorithm. Those are very good examples to have an idea of the choice of potential
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functions. In further development, we name our algorithm Stochastic Mesh with
Change of Measure (SMCM) and compare the results with the standard Stochastic
Mesh (SM) algorithm without change of measure.

In these numerical tests we have considered a simple Black-Scholes price model.
However, notice that both algorithms (SM and SMCM) can be applied in a general
Markovian framework. The asset prices are modeled by a d-dimensional Markov
process (S;) such that each component (i.e. each asset) follows a geometric Brownian

motion under the risk-neutral measure, that is, for assets ¢t =1,--- ,d,
dS(i) = S;(i)(rdt + odz]) , (1.4.9)
where z¢, for ¢ = 1,---,d are independent one dimensional standard Brownian

motions. Unless otherwise specified, the interest rate r is set to 10% annually and
the volatility is supposed to be the same for all assets, 0 = 20% annually. The
starting prices of the assets are for all i = 1,--- ,d, Sy, (i) = 1. We consider two
types of Bermudan options with maturity T = 1 year and 11 equally distributed
exercise opportunities at dates ¢, = kT/n with & = 0,1,--- ,;n = 10, associated
with two different payoffs:

1. Geometric average put option with payoff (K — Hle St(i)),
2. Arithmetic average put option with payoff (K — éZle St(7))+,

The benchmark values of these options are reported on Table 1.3.

| Strike  [[K=095]K=085] K=0.75 |
| Option value || 0.0279 | 0.0081 [ 0.0015 |

Table 1.3: Benchmark values for the geometric put option obtained by using the Stochas-
tic Mesh method with 10000 particles. n = 11 exercise opportunities, T'=1, Sy = 1 and
r = 10%/d, o; = 20%/\/d for the geometric payoff and r = 10%, o; = 20% for the
arithmetic payoff.

We consider the Markov chain (X})o<p<n, taking values on Ej, = R™? obtained
by discretization of the time-continuous process S defined by (4.7.1) at times of
exercise opportunities, 0 = ty < --- < t, = T, such that for all £k = 0,--- | n,
X =5,

Now, we can introduce the sequence of positive functions (Gj)1<k<n, defining the
change of measure (4.3.1), as follows:

Go(z1) = (fa(2) V)™,
(1.4.10)

Gk(zk,xkﬂ):%, foralk=1,---,n—1,
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where f;, are the payoff functions and a € (0,1] and € > 0 are parameters fixed in
our simulations to the values a = 1/5 and e = 107".

For each example, we have performed the algorithm for different numbers of
mesh points N = 100, 200, 400, 800, 1600, 3200, 6400. 1000 runs of both
algorithms ( Stochastic Mesh (SM) and Stochastic Mesh with Change of Measure
(SMCM)) were performed to compute the mean and confidence intervals of each
estimate.

Simulation results are reported in Figure 1.3, 1.4 and 1.5 for the geometric and
arithmetic put payoff, with strikes corresponding to standard out of the money puts
to deep out of the money puts: K = 0.95, K = 0.85 and K = 0.75.

Notice that both algorithms (the Stochastic Mesh algorithm with and with-
out Change of Measure) have been implemented without any standard variance
reduction technique (control variate, stratification, ...). In term of complexity, the
Stochastic Mesh algorithm with Change of Measure is equivalent to the standard
Stochastic Mesh algorithm: the complexity is in both cases quadratic with the num-
ber of mesh points O(N?) since the number of operations required to operate the
change of measure is negligible.

We have reported on our graphs two types of estimates:

e the Positively-biased estimator provided by the backward induction on the
value function;

e the Negatively-biased estimator provided by the associated optimal exercise
policy. This estimate is obtained via a two-step procedure: first, the optimal
policy is approximated in the backward induction on the value function, then
the policy is evaluated using the standard forward Monte Carlo procedure.
Note that the resulting estimator is known to provide a lower bound (in av-
erage) to the option price. In our simulation, we have used N torpara = 10000
Monte Carlo forward simulations.

As expected, one can observe on Table 4.2, that the SMCM algorithm allows to
obtain an estimate, Ugy/onr, with the same complexity but with a smaller variance
than the standard SM algorithm estimate, 0gy;, especially for deep out the money
options.

More surprisingly, one can observe on Table 4.2 and Figure 1.3, 1.4 and 1.5 that
the SMCM algorithm also allows to reduce significantly the estimator bias which is
known to compose the growing part of the error when the number of underlying as-
sets increases. For instance, one can notice that the SMCM algorithm achieves the
convergence in average of the Positively-biased estimate to the Negatively-biased
estimate for a number of mesh points much smaller than for the SM algorithm.
Hence, the SMCM could also be a way to deal with high dimensional optimal stop-
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Figure 1.3: Positively-biased option values estimates (average estimates with 95% con-
fidence interval computed over 1000 runs) and Negatively-biased option values estimates
(average estimates over the 1000 runs each forward estimate being evaluated over 10000
forward Monte Carlo simulations), computed by the SM algorithm (in blue line) and the
SMCM algorithm (in red line), as a function of the number of mesh points for geomet-
ric (on the left column) and arithmetic (on the right column) put options with strike
K =0.95.

28



1.4. MORE SOPHISTICATED AMERICAN OPTIONS

1000 1500 2000 2500 3000

Number of particles (in logarithmic scale)

500

(e) Geometric Put with d = 5 assets

x107™
\ ——smPB 16 SM PB
B —— SM-CM PB —— SM-CM PB
0.018 14k
\ —#— SM NB v —#— SM NB
\ —#— SM-CM NB 12 A —#— SM-CM NB
§ I K
4 0016\ e <L
2 g 1of e
5] s -
£ £ e TS
15} o ie
= ERrPYE
3 3 6 AR e
> > SV —
5 R e s e
B 2 |7 A=
o o 2r e
 d
o v
/
-2/
/
/ -4
0.006 ; ; ; ; ; i i ; ; i i ;
500 1000 1500 2000 2500 3000 500 1000 1500 2000 2500 3000
Number of particles (in logarithmic scale) Number of particles (in logarithmic scale)
(a) Geometric Put with d = 3 assets (b) Arithmetic Put with d = 3 assets
x10™
\
002 ——SMPB . ——SMPB
\ ——— SM-CM PB sk N SM-CM PB
N —w— SM NB 3 —+»— SMNB
0.018, 3 —u#— SM-CM NB M —#— SM-CM NB
\ \ 4+ e =
8 o016 8 S. L
< = . BT
£ E 9 TR
3 % o
o 00141 o e
2 2
< < SNIEE S e L. a—
- Lmmee—— ——
§ oo12f 8 pheEETL e
B, B, B i
9 9 P
0.01 ot ot
// 7777777777777 — ¥ g
0.008 /‘ﬁ I
g /
/
i i i i i i 2kt i ; i i ; i
50 1000 1500 2000 2500 3000 500 1000 1500 2000 2500 3000
Number of particles (in logarithmic scale) Number of particles (in logarithmic scale)
(c) Geometric Put with d = 4 assets (d) Arithmetic Put with d = 4 assets
x10°
\ %
0.021 : ——SMPB \ ——SMPB
: \ ——— SM-CM PB e ——— SM-CM PB
\ —w— SM NB 15} B —— SM NB
0.018[ —#— SM-CM NB T —u#— SM-CM NB
g g T sty v ot O
= 0.016 = 10f
£ £
H H
. 0.014 o
= =
E E
Z 0012t 2
g g = B
a 2 of 2a s gt v B2 e
© ootf S ST
T
0.008- -5f .
-
/
0.006 - /

1000 1500 2000 2500 3000

Number of particles (in logarithmic scale)

500

(f) Arithmetic Put with d = 5 assets

Figure 1.4: Positively-biased option values estimates (average estimates with 95% con-
fidence interval computed over 1000 runs) and Negatively-biased option values estimates
(average estimates over the 1000 runs each forward estimate being evaluated over 10000
forward Monte Carlo simulations), computed by the SM algorithm (in blue line) and the
SMCM algorithm (in red line), as a function of the number of mesh points for geomet-
ric (on the left column) and arithmetic (on the right column) put options with strike
K =0.85.
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Figure 1.5: Positively-biased option values estimates (average estimates with 95% con-
fidence interval computed over 1000 runs) and Negatively-biased option values estimates
(average estimates over the 1000 runs each forward estimate being evaluated over 10000
forward Monte Carlo simulations), computed by the SM algorithm (in blue line) and
the SMCM algorithm (in red line), as a function of the number of mesh points for geo-
metric (on the left column) and arithmetic (on the right column) put options with strike
K =0.75. (For the clarity of the graph (f), the Negatively-biased estimate is not reported,
the associated variance (for 10 000 forward Monte Carlo simulations) being relatively

strong). 30



1.4. MORE SOPHISTICATED AMERICAN OPTIONS

ping problems since the algorithm complexity remains insensitive to the dimension
whereas the convergence rate is not significantly reduced.

Payoft K d=1 d= d=3 d=14 d=25

Geometric | 0.95 || 1 (1%) | 1 (3%) 1 (6%) 1 (9%) 1 (10%)

Put | 0.85 | 5(2%) | 8(6%) | 6(11%) | 4(14%) | 3 (14%)

0.75 || 18 (6%) | 28 (11%) | 18 (17%) | 16 (18%) | 11 (16%)

Arithmetic | 0.95 | 1 (1%) | 3 (2%) | 3 (7%) | 4 (13%) | 5 (18%)

Put | 0.85 || 5(2%) | 13 (6%) | 24 (19%) | 56 (24%) | 100 (20%)
0.75 || 18 (6%) | 71 (15%) | 363 (14%) | 866 (16%) | — (-)

. . Var( . . E(bsn)—E® y o
Table 1.4: Variance ratio (%) and Bias ratio ( (USM})E@S(;S)MC“ )} (within paren-
theses) computed over 1000 runs for N = 3200 mesh points. (For the arithmetic put,
when d = 5 and K = 0.75, the 1000 estimates provided by the standard SM algorithm

were all equal to zero, hence the associated variance ratio has not been reported).
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1.5 Organization of the thesis and contributions

This thesis is organised four chapters.

Chapter 1 provides an overview of the thesis, outlines the motivation and sum-
marizes the major contributions.

Chapter 2 is aimed to give a general introduction to the theory of interacting
particle methods, and an overview of its applications to computational finance. This
result has been published as a chapter in Numerical methods in Finance of Springer
Proceedings in Mathematics.

e Sections 2.1-2.3 survey the main techniques and results on interacting particle
systems.

e Sections 2.4-2.7 explain how these techniques can be applied to the numerical
solution of a variety of financial applications such as pricing complex path de-
pendent European options, computing sensitivities, pricing American options
or numerically solving partially observed control and estimation problems.

Chapter 3 presents the optimal control problem in the pricing of American
options, and analyzes the robustness properties of the Snell envelope equations. This
chapter provides a general framework to analyse different approximation methods.
This result has been published as a journal article in SIAM Journal on Financial
Mathematics.

e Sections 3.3 and 3.4 consider a series of approximation schemes, including
cut-off type approximations, Euler discretization schemes, interpolation meth-
ods, quantization tree methods, and the Stochastic Mesh method of Broadie-
Glasserman. In each situation, we provide non asymptotic convergence es-
timates, including L,-mean error bounds and exponential concentration in-
equalities. We deduce these estimates from a single and general robustness
property of Snell envelope semigroups. In particular, this analysis allows us
to recover existing convergence results for the quantization tree method and
to improve significantly the rates of convergence obtained for the Stochastic
Mesh estimator of Broadie-Glasserman.

e Section 3.5 provides a new approach based on a genealogical tree approxi-
mation method of the reference Markov process in terms of a neutral type
genetic model. In contrast to Broadie-Glasserman Monte Carlo method, the
computational cost of this new stochastic approximation is linear in the num-
ber of random samples. Some simulation results are provided and confirm the
interest of this new algorithm.
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Chapter 4 analyzes and computes the Snell envelope in the specific case where
the criterion to optimize is associated with a small probability or a rare event.

e Sections 4.1-4.3 present and analyze the Snell envelope with small probabil-
ity criteria. We resolve the high dimensionality problem arisen in the small
probability criteria.

e Sections 4.4-4.7 provide a new approach which combines the Stochastic Mesh
approach of Broadie and Glasserman with a particle approximation scheme
based on a specific change of measure designed to concentrate the computa-
tional effort in regions pointed out by the criteria. The theoretical analysis of
this new algorithm provides non asymptotic convergence estimates. Finally,
the numerical tests confirm the practical interest of this approach.

33



CHAPTER 1. INTRODUCTION
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Chapter 2

A survey on Particle Methods
with Financial Applications

2.1 Introduction

The growing field of Feynman-Kac expectations and related particle models is one
of the most active contact points between probability theory and practical appli-
cations. The particle simulation techniques they suggest are also called sequential
Monte Carlo methods in Bayesian statistics, and particle or genetic type filters
in advanced signal processing. They are used to approximate a flow of proba-
bility measures with an increasing level of complexity. This class of probabilistic
models includes conditional distributions of signals with respect to noisy and par-
tial observations, non absorption probabilities in Feynman-Kac-Schrodinger models,
Boltzmann-Gibbs measures, as well as conditional distributions of stochastic pro-
cesses in critical regimes. For a thorough discussion on the application domains
of interacting particle algorithms, we refer the reader to the first rigorous study of
particle filters [39], the review article [55], the monograph [40], and the references
therein.

Recently, these interacting particle techniques have been applied in several areas
of finance. For instance, using the rare event interpretation of particle methods,
R. Carmona, J. P. Fouque and D. Vestal proposed in [24] an interacting particle
algorithm for the computation of the probabilities of simultaneous defaults in large
credit portfolios. These developments for credit risk computation were then im-
proved in the subsequent paper [21] by R. Carmona and S. Crépey, and by P. Del
Moral and F. Patras in [57].

Following the particle filtering approach which is already widely used to estimate
hidden Markov models, V. Genon-Catalot, T. Jeantheau and C. Laredo [73] in-
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troduced particle methods for the estimation of stochastic volatility models. This
approach has been applied for filtering nonlinear and non-Gaussian models by R.
Casarin [27], R. Casarin and C. Trecroci [28], and V. Rossi and J. P. Vila[105].
More recently, M. S. Johannes, N. G. Polson and J.R. Stroud [79] used a similar ap-
proach to filter latent variables such as the jump times and sizes in jump diffusion
price models. Particle techniques can also be used for stochastic optimization as
demonstrated by S. Ben Hamida and R. Cont who provide in [10] a new calibration
algorithm allowing for the existence of multiple global minima. Finally, in [50], in-
teracting particle methods were used to estimate backward conditional expectation
for American option pricing.

In this chapter, we survey the main ideas behind the particle technology alluded
to above, with illustrations from recent applications in computational finance. We
tried to provide a synthetic picture of particle solutions to some estimation prob-
lems arising in mathematical finance. We adopted an informal style of presentation,
focusing on the ideas rather than on their detailed rigorous mathematical justifica-
tion.

This chapter is organized as follows. In the following section, we highlight the
natural link between option prices and Feynman-Kac formula. Then in the third
section, the main principles and results related to particle methods are recalled. Fi-
nally, we dedicate the last sections of this chapter to the application of these particle
techniques to some specific financial problems: credit risk analysis, sensitivity com-
putation, American option pricing and control and estimation of partially observed
models.

2.2 Option prices and Feynman-Kac formula

The numerical pricing of European-style options has been extensively studied in the
mathematical finance literature. It would be foolish to try to cover this subject
in the present chapter. We refer the reader to I. Karatzas and S.E. Shreve’s book
[80], and the more focused account by Y. Achdou and O. Pironneau [1] for a sample
of texts relevant to the present discussion. European option pricing is a standard
numerical problem in finance, well suited to our interpretation of option prices in
terms of Feynman-Kac formula.

2.2.1 Discrete time models

We first consider discrete time models (often called multi-period models by economists).
Option prices are often given by Feynman-Kac formulas of the form

Qpn(fo)(Xp) :=E (fn<Xn) H Go(Xy) |Xp) ) (2.2.1)

p<g<n
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with the terminal condition @, ,(f.)(z) = fu(X,). Here p is the time at which
the price is computed, and n is the time of maturity of the option, f = (f,), is a
space-time function, i.e. a function of time n and a variable in the state space F,, at
time n of the possible values of the underlying interest X = (X,,),, fn(z) giving the
payoff of the option at time n if the underlying interest has the value z, i.e. X,, = x.
We will assume throughout that X = (X,,), is a Markov chain, and we will denote
by M = (M,,)px its transition probability

M, . (z,dy) == P(X, € dy| X, = x), x € E,. (2.2.2)

We assume that the state space E, of the chain at time n can change with n. We
shall use the simpler notation M when the Markov chain is time homogeneous, in
which case M,, = M,_, = M"P, and the state space I/ does not change with
time. The major ingredients in the above equation are the Markov chain X and
the space-time potential G = (G,,),, given for each n, by a non-negative measurable
function on F,. The chain X is usually constructed from random factors evolving
in time and price series S7 = (57),, which gives the time evolution of the risky asset
prices. We give some simple example below. To conform with the terminology of
the particle models used to understand theoretically and implement numerically the
Feynman-Kac formulas of the above type, we shall sometimes call X, a particle at
time n. Depending on the application under consideration, the role of the potential
G, will be to capture the discounting necessary in the computation of the price, or
some constraints (like barriers) present in the indenture of the option, or the risk
premium in the form of a pricing kernel, or even to force the particle to visit some
parts of the space-time domain where rare events occur, in which case its financial
interpretation will not be possible.
We give some simple examples to illustrate the versatility of formula (2.2.1).

European barrier option.

In this case, we assume that there is only one underlying stock whose time evolution
is given by a Markov chain S = (5,,),, that X,, = S, is the price of this underlying
stock at time n, that f, gives the payoff function if the maturity is n, and that
K > 0 is the strike of the option. If we assume that stochastic interest rates are
given by a non-negative space-time function r = (r,),, of the chain, and if we denote
by A = (A,) the sequence of barrier sets A,, then the price of the barrier option is
given by the Feynman-Kac formula (2.2.1) with

folXn) = (X — K), and Gy(X,) = 14, (X,) e (2.2.3)

Asian option

This example is important because it allows us to illustrate the use of the Feynman-
Kac formula (2.2.1) when the chain X evolves on path space. Indeed, if we assume
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that S = (S,), is a Markov chain in a state space E giving the time evolution of
the stock price on which the Asian option is written, at each time n we define X,
as the path from time p = 0 up to the current time p = n of the underlying Markov
chain. In other words:

X, = (S,...,5,) € B, := E""!
and the payoff of the option can be written in the form

fn(Xn) = (HN(XH) - K) (2-2-4)

+ )
where K > 0 is the strike of the option and where, in the case of the one dimensional
fixed strike Asian option (E = R):
1 n
H,(X,) = > 5, (2.2.5)

n+1p:0

Notice that this formalism for the Asian option includes the case of plain European
options if we take H,(X,) = f.(S,). Notice also that, if we choose K = 0in (2.2.4)
and

[ o
Ho(Xn) = ngsp—sn :

then we have the floating strike Asian option with a null price at the origin. Many

other payoff functions on path space can be considered, including geometric means,

better-off or worse-off lookback options related to the maximum or the minimum

values of the historical asset prices.

Remark 1. Notice that Importance Sampling models can also be encapsulated
in the Feynman-Kac formula (2.2.1). These stochastic sampling methods are simple
change of probability measures. They are often used in rare event simulation to
make events with small occurrence probability less rare [40, 47].

2.2.2 Continuous time models

In continuous time finance, the stochastic factors and the underlying stock prices
are often given by diffusion models, and the reference Markov chain sequence S
or X often results from a discretization procedure, such as those given by Euler
or Milshtein schemes. For instance, let us suppose we are given an R%valued It6
stochastic differential equation

dS¢ = b(S¢) dt + o(S¢) dW, (2.2.6)

with some initial random vector S§ € R? with distribution 79 = Law(Sf). Here,
W = (W;)i>0 is a standard d-dimensional Wiener process, and for any = € R4,
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o(z) = (0,,(x))1<ij<a 18 @ d X d symmetric nonnegative definite matrix, and b(z) =
(bi(x))1<i<a & d-dimensional vector. The Euler discretization scheme over the regular
time subdivision (also called time grid) (¢,)n>0, with the mesh (t, —t,—1) = A >0
is given by

Sn - Sn—l =b (Sn—l) A + o0 (Sn—l) (th - th_l) . (227)
The elementary Markov transition
M(z,dy) =P (S, € dy|S,—1 = z)

(the time subscripts are not needed because of the time homogeneity of the chain)
can alternatively be defined in the integral form on bounded test functions as below

M(f) () ;:/ M(z,dy) fly) = E (f (mb@)Am(@ﬂ Y)) . (228

where Y = (Y")1<;<q4 is a sequence of independent and centred Gaussian random
variables with unit variance.

In the same vein, suppose that the evolution of the underlying prices is given by
a jump type Markov process S¢ which evolves between jumps times 7}, as in (2.2.6)
the jump times 7,, being defined in terms of a sequence (e, ),>1 of independent and
identically exponentially distributed random variables with unit parameter by the
following recursion

t

T,, = inf {t >Th1 - / A(Sy) du > en} : (2.2.9)
Tnfl

with T, = 0 and some non negative function A. At the time 7T, of a jump, the

process jumps from Sf _ to a new location S7, randomly chosen with distribution

P(S%, _,dy) where P(z,dy) is a given Markovian transition kernel.

A discrete time approximation model S,, is defined as above by replacing the
transition M in (2.2.8), by the Markov transition M.J such that

(MI)(w,dz) = [ Mz dy) J(y.dz)
with the geometric jump type Markov transition
J(y,dz) = e W2 §,(dz) + (1— e_A(y)A) P(y,dz) .

If we revisit the example of the barrier option for the sake of illustration, for
time homogeneous barrier regions A, = A, and non-negative stochastic interest
rates (R(St))>0 given by a function R on R, if we set r,(z) = Ry, (x)A and X = S
in (2.2.3), then formula (2.2.1) gives a A-approximation of the continuous time

tn
E (ft"(Stcn) Hthn eXp{_/ Rs(si)du} Stcp _l') b
t

P
where T stands for the first time the process S gets out of the barrier region A.

model
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2.3 Interacting particle approximations

In this section, we present a brief introduction to interacting particle methods as
they pertain to the computation of the Feynman-Kac expectations discussed in the
previous section. These advanced stochastic techniques are becoming increasingly
popular in economics as well as in finance. A detailed survey to this field can be
found in [36, 54].

2.3.1 Feynman-Kac semigroups

First, we notice that the integral operators @), , defined in (2.2.1) can be interpreted
as the linear semigroup associated with the flow of non negative measures -, whose
values on test functions f,, are given by:

Tn(fn) 2=/%(df€) fn(z) = E <fn(Xn) 11 Gq(Xq)) : (2.3.1)

0<g<n

The operators @), , were defined in (2.2.1) through their action on functions. Letting
them act on measures by duality we get:

uldy) = (1) (dy) = / () Qpnl, dy) |

and for 0 < p < ¢ < n we have the semigroup property

Q. 42) = (Qy@yn) (. d2) = / Qi dy) Qun(y, d)

Using these formulas in numerical implementations requires extensive calculations
due to the fact that the total mass of the measures «, obtained by choosing the
constant function f,(z) =1 in (2.3.1) is very costly to compute with a reasonable
precision. To illustrate this assertion, let us suppose that G}, = 14, for any p < n.
Then, the total mass 7, (1) coincides with the probability that the trajectories of
the Markov chain X stay in the set A for all times:

7,1(]1)_1@( 1T Gq(xq)> =P(X, €A 0<p<n),

0<g<n

which is, in most cases, difficult to compute. One natural way to resolve this esti-
mation problem is to work with the normalized distributions 7,, defined by:

N (fn) = Y (fn) /(1) . (2.3.2)

which should be a reasonable alternative since the original unnormalized measures
can be recovered from the normalized ones with the following easily checked multi-
plicative formula:

Yl fn) = 1 (fn) X H p(Gp) - (2.3.3)

0<p<n

40



2.3. INTERACTING PARTICLE APPROXIMATIONS

The second key observation is that the normalized distributions 7, satisfy the fol-
lowing recursive equation giving a nonlinear transition in 7,_1:

in(dy) = (s Ky, ) (dy) = / Kps (2 dy)1a (d7) (2.3.4)

where for each probability measure  on E,,_;, the Markovian transition kernel K, ,
on FE,_; is defined by

Koglvd2) = [ oot dy)Myosalyd2). (2.3.5)

where in the above displayed formula, S,_;, is the selection-jump type Markov
transition defined by

Sp—ig(x,dy) = G () 0,(y) + (1 — Groa(2) Ve, . (n)(dy) , (2.3.6)

with the Boltzmann-Gibbs transformation

Q
~—

¥, (n)(dy) = % n(dy) (2.3.7)

~—

Remark 2. Tt is instructive, and in fact crucial given the use of the above result
in the next subsection, to understand the effect of this Boltzmann-Gibbs transfor-
mation (2.3.7) in the case of point measures. Indeed, in this case:

N N
n= Z @0z, = e(n) = Z Bibu,
i=1 1=1

where the new weights 3; are given by:

o ;g ()
& S agg(;)

which shows that de facto, the Boltzmann-Gibbs transformation is a resampling

, i=1,--,N

with replacement of the z;’s according to the weights a;g(x;) given by the original
weights and the function g. This interpretation will be extremely important for
Monte Carlo implementation purposes.

Remark 3. Formulas (2.3.4) and (2.3.5) show that the passage from 7,1 to n,
is done in two steps. The individual particles z € F,_; distributed as n,_1, are
first moved into dy according to the transition S,_;,, ,(z,dy). This is a selection
since (2.3.6) says that the particle remains at = with probability G,,_1(z), and with
probability 1—G,,_1(x) it is chosen at random (independently of its current position
r € E,_1) according to the distribution ¥, (7,-1)(dy). The resulting particles
y € E,_; are then mutated into particle z € £, according to the transition M,,_;,
of the original Markov chain X = (X,,),. The interpretation of the selection step
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will be crystal clear when we implement it in for probability distributions with finite
supports which we will interpret as empirical distributions of particle systems.

Remark 4. Note that the above interpretation is not limited to [0, 1]-valued
potential functions G as long as GG is non-negative and bounded, and as long as we
replace G, by €,G,, in (2.3.6) and (2.3.7) with €, such that €,G,, € [0,1].

2.3.2 Interacting particle methodologies

We now revisit the measure flows of the previous subsection in the case of point
measures given by the empirical distribution of a fixed but large number N of
particles. Let § := ({u)n>0 be a Markov chain with product EN as state space at
time n. So at each time n, &, is an N-tuple &, := (£.)1<i<n. We assume that the
transition probability of this chain is given by:

P ede' - xaVga) = [[ K. (€ .d2"), (2.3.8)

1<i<N

where 1Y, denotes the empirical measure of the components of &, ;:

We assume that the initial law 7} is a product distribution of the form n) =
(o X -+ X 1), or in other words that the initial system & = (&})1<;<y consists of
N independent and identically distributed random variables &) with common law
no- The transition mechanism of the chain § depends only upon the empirical dis-
tribution of the components of its state, not the actual values of these components.
Indeed, given the empirical distribution 1Y ; of the £ ,’s, these & _,’s evolve inde-
pendently of each other, each £ | moving according to the transition kernel K -
So the interaction between the N particles is highly symmetric, and only through
the empirical distribution of the particles. For this reasons, the name mean field
particle system is used, still as a reference to the particle physics models for which
they were introduced.

An interacting particle implementation of the measure flow introduced in the
previous subsection is done via the flow of measures (1Y), viewed as an approxi-
mation of the flow (1,),. The rationale behind this approximation is that since 7%
is the empirical distribution of N independent random variables with distributions
Kn,nﬁ,l(fz—h ), we expect that when Y, is a good approximation of 7,_; then in
view of (2.3.8), 7 should be a good approximation of 7,. We define the approxi-
mation error (which is stochastic because of the randomness of the particles £!) in
terms of a sequence of centered random fields V¥ defined by:

VN = VN = n)) = VN Koy = o1 K, ). (2.3.9)

—1
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Then, under rather weak regularity conditions, one can prove that (V,N),>o con-
verges in law as N — oo, toward a sequence of independent centered Gaussian
fields V. = (V,)n>0 with a variance function that can be explicitly expressed in
terms of the Markov transitions K, ,. This can be checked by induction [39] on
the time parameter, or using martingale decompositions in terms of local sampling
random fields [40, 55].

Using formula (2.3.3) as rationale, the unnormalized measures -, are approxi-
mated by the unbiased particle (unnormalized) measures v defined by their actions
on test functions by:

%JLV<fn) = nvjj(fn) X H n;J;V(GP>7
0<p<n
and the weak consistency results
]\;LH;O%JLV(fn) = Yn(fn)
for each fixed test function f,, is proven by an elementary argument.

The stochastic perturbation analysis discussed above is developed in some details
in [40, 51, 55, 59|, and in the recent book [43]. Under some appropriate regularity
conditions on the flow of measures 7, for any bounded measurable function f, any

time horizon n, any N > 1, and any A\, the probability to have any of the following
estimates is greater that 1 — 2e=*

| () = ma(H)] < 1+ V2X) ¢/VN

and
1= W/ 3] < 7 (1 (14200 + V) N + &0/N)
for some constants ¢, ¢1, co < 0o, whose values do not depend upon time.
By construction, the flow of Feynman-Kac measures evolves according to the
two-step updating/prediction transitions,
Snim My 41
My ——— ﬁn = nnSn,nn = \IIGn (nn> 7 N1 = ﬁnMn—i—l . (2'3'10)
In the corresponding N-mean field particle model, this pair of recursions is replaced
by a two-step selection/mutation transition in product spaces

N selection ~ N mutation N
e B —— e B —— L€ BT (2.3.11)
The genetic type evolution of the system is summarized by the following synthetic
diagram:
- _ r ~ M1 1 _
& a Mgy
i Sl : k
g | — e g,
o o e
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with the selection Markov transition:

Gn(&)
1<<N > i<ken Gn(&h)

S (€ 7) = GalEl) Ty () + (1= Ga(€) I (2)

(2.3.12)
For general non necessarily [0, 1]-valued potential functions G, we replace the ac-
ceptance rate G,,(&,) by G,(&})/ max; G,(&).

2.3.3 Path space models

We now work in the path space set up introduced earlier in our discussion of the
Asian option example. In other words, we assume that the reference Markov chains
X and the potential function G in (2.3.1) are defined on path spaces:

X, = (Sp, -+ ,S,) € B, =E" and G.(X,) =G, (So,...,S,) . (23.13)

Genealogical tree based algorithms

The abstract Feynman-Kac formulae discussed above are more general than it may
appear. They can be used to analyze path spaces models, including historical pro-
cesses or transition space models, as well as finite excursion models. These stochastic
models also encapsulate quenched Feynman-Kac models with respect to some pa-
rameter, island type coarse grained particle algorithms, Brownian type bridges and
linear Gaussian Markov chains conditioned on starting and end points. For n exten-
sive discussion on these path space models, we refer the interested reader to Section
2.4, Section 2.6, and Chapters 11-12 in the monograph [40], as well as Section 2.6
of the lecture notes [51], and Section 2.3.4 and Section 2.7.3 of the present chapter.
In the situation of this subsection, 7, is a measure on E™*! defined by

%(fn):]E(fn(So,...,Sn) 11 Gq(so,...,sq)>

0<g<n

Its mean field particle approximation is defined as before, but now, a particle at time
n is a path of length n + 1. The selection transition consists in selecting a path-
particle with high potential value, while the mutation transition simply consists
in extending the path with an elementary move according to the auxiliary process
X,] = S,, with Markov transitions M/, on the state space £. When the potential
functions only depend upon the terminal value of the paths

Gn(Xy) = G,(Sn)

for some G! which we sometimes call fitness function, we can check that the path
particle model gives the evolution of the genealogical tree model associated with the
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time evolution of the individuals £! evolving with M!-mutations and G’ -selections.
In this situation, if

5 (507175177,7"' nn)

stands for the i-th ancestral line of the current individual &, ,, after the n-th muta-
tion, then for any function f, on F,, we have that

E (£u(50:-+:52) Tospen G3(S))
E ([open Gol(S))) |

lim —Z fn gOnafan" fnn) -

(2.3.14)
In addition, we also have the unbiased unnormalized estimates in the sense that:

1 Y o , 1 X .
N2 S (@Gl €a) x T 226G
i=1 0<p<n i=1 (2315)

zNTOOE(fn(SO,...,Sn) TTocyen G;<sp>) .

If we look at what this particle algorithm gives in the case of the one dimensional
fixed strike Asian option (2.2.5) with stochastic interest rates r,(X}) > 0 and time
homogeneous barrier set A, = A, we have the unbiased estimates:

(nilep—K> >y, exp{ Z rq(Sq)}

0<g<n

1 & 1 &,
2NTOON; <n+1p;0§p,n_[(> H Ze o) Ba(§ )’

+ 0<p<n i=1

where T stands for the first exit time of the process S outside the barrier A. The
approximation of European barrier call option prices with strike K > 0, stochastic
interest rates r,,(.S,), and time homogeneous barrier set A is even simpler. It is given
by the unbiased estimates:

E (S0 = K), Trzn exp{Coc,enra(S0)})

N
ENTW%Z (& —K), > 11 Ze P&l (6 ,) -
=1

0<p<n i=1

If we use as before the notations 7" and 7, for the occupation measures of the
ancestral lines and its limiting measures defined in (2.3.15), using the concentration
analysis of mean field particle models developed in [59], the following exponential
estimate was proved in [51]. Under some natural regularity conditions on the flow of
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the n-th time marginal measures, for any bounded measurable function f, on path
space, time horizon n, N > 1, and ), the following estimate:

¥ () = ()| < (@ 1) (14204 VR)) /N + e VAT D/N)

holds with probability greater that 1 — 2e=*. Here ¢; and ¢, are finite constants
whose values do not depend on the time parameter.

Backward Markov chain model

To distinguish path space measures and their finite time marginals, we denote by
I',, and Q,, the measures on path space defined for any function F,, on F,, by

I‘n(Fn):E(Fn(SO,...,Sn) I1 Gq(sq)> and  Q,(F,) = T(Fy)/Ta(1)

0<g<n

(2.3.16)
for some Markov chain S = (.5,,), on the state space F with initial distribution 7o,
and some space time potential G = (G,,),. We also denote by ~, and 7, the n-th
marginal measure defined for any function f, on E by

'Vn(fn) =E <fn(8n) H Gq(Sq)) and nn(Fn) = 'Vn(Fn)/Vn(ﬂ) :

0<g<n
We observe that
Lo (d(so, ..., 80)) i= { 11 Gq(sq)} P, (dso X - -+ X dsy) , (2.3.17)
0<g<n

with the probability measure P,, on the path space E,, defined by
P.(dsg x -+ X dsp) = no(dso) M1 (so,dsy) ... My (Sp—1,dsy,) .

We further assume that the Markov transitions M, (s, ds’) of the reference Markov
chain S has a density H,(s,s’) with respect to some measure A, (ds’):

M, (s,ds") = H,(s,s") M\(ds') .
In this case, one easily derives the following backward representation:

Qn(d(s0,---58n))
(2.3.18)

= nn(dsn) X Mn,nn_l(sn, dSnfl) s MQJH (82, dSl) X MLWO (81, dSo) s
with the time reversal Markov transitions M, ,,. (s, ds,—1) defined by

nnfl(dsnfl)anl(Snfl)H”<Sn71’ 8n>
Mn n—1 Snadsn— = ‘
sTn ( 1) 77,1,1 (Gn—lHn<°78n>)
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We refer the interested reader to the article [45] for a detailed discussion on these
Markov transitions. Mimicking formula (2.3.18) an alternative particle approxima-
tion of the measures Q,, by the following estimates

QY (d(so, - - -, 5n))

=N (ds,) x Mnmifﬂ(sn’ dsp—1) - 'MQ’U{V(827 ds1) X I\\/Jllmév(sl, dso) (2.3.19)

_)NToo Qn(d(307 s 787"0))
and the unbiased unnormalized estimates

I'N(d(sg, .-, 5n))

= (1) x QY (d(s0, - -, 5n))
(2.3.20)
=N (ds,) x Mn,m’f_1<3m dsp—1) - 'MM{V (s2,dsy) X Ml,né\’<317 dso)

_>NToo Fn(d(SO, R Sn)) .

Notice also that the computation of sums with respect to these particle measures
are reduced to summations over the particles locations £ . It is therefore natural to
identify a population of individual (£, ...,&Y) at time n to a specific ordering of the
set {1,..., N} of indexes. In this case, the occupation measures and the functions
are identified with the following row and column vectors

N .
= =—=,..., = d fn = .
nn {N’ ) N] an . N
fn (gn )
and the matrices M, ,~ by the N x N matrices
Mn,nﬁ’,l (57137 r]il—l) U Mn,nﬁll (5127 1]1\[_1)
Mn v = ’
Yin—1
Mn,ny_l(frjy? 7]7,1—1) e Mn,nﬁ’_l (57];[7 7]1\[_1)

with the (i, j)-entry Mn,nﬁ’,l(&’ J_) defined by:
_ Gn—l( g—l)Hn( i—laég)
St G (Eh- ) (€1, €0)

For instance, the Q,-integration of normalized additive linear functionals of the form

Falsor o) = —— 3 £(s) (2.3.21)
n+1

0<p<n

Mn,nﬁll (f;w %71)

47



CHAPTER 2. A SURVEY ON PARTICLE METHODS WITH FINANCIAL
APPLICATIONS

is given in the particle matrix approximation model by:

Q) (Fn) =

> M,y M,y M (f) (2.3.22)

0<p<n

n+1

Several non asymptotic convergence estimates have been developed in [45], distin-
guishing the bias error

— c
sup [E(QY (F1)) - QY (Fa)| < -
n>0
and the mean quadratic error
N C 1 1
—— >
E‘Q Qn( )| N( —|—1+N)’ forallmn >0,

where ¢ is some finite constant that does not depend on the time parameter n.
Thus, for any large time horizon n > N, the upper bound on the mean square error
given in the above right hand side is of the order 1/N?. More recently, a different
estimate was proven in [51] using the concentration methodology developed in [59].
Under some appropriate regularity conditions on the flow of the n-th time marginal
measures, for any sequence of bounded measurable functions f,,, any time horizon
n, any N > 1, and any A, the estimate

QY (Fa) = Qu(F)| < (o1 (142004 VA)) /N + 2/ A (N 1))

for some constants c;,co < oo whose values do not depend upon n, holds with
probability greater that 1 — 2e™.

Additive functionals of the form (2.3.21) arise in many applications in finance.
For instance, in the context of continuous Asian option, this approach could allow to
improve seriously the trade-off between the bias induced by the discrete approxima-
tion of the continuous integral payoff and the variance of the Monte Carlo method
approximating the expectation. We refer to [71] for a survey of numerical methods
for this type of options. As an example we consider the case of continuous Asian
options with payoff functions of the following general form

Fr ((89)o<eer) = ( /quC ) du — )

The strategy coming out of the above discussion suggests to first estimate the payoff
by the following arithmetic average

(Sfof 'vStcn =

pa Stp )

0<p<n

with a time discretization t,; —t, = T'/(n+1), inducing an approximation error of
order 1/n. Then the backward Markov chain scheme (2.3.22) can be used to estimate
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the expectation with N > n particles, inducing the same order of approximation
error 1/n. Of course, usual variance reduction techniques as control variate can be
applied in addition to that approach.

This type of additive functionals will be used in Section 2.5 in our discussion of
sensitivity measure computations.

2.3.4 Parallel island particle models

Island genetic models are powerful parallel computational techniques used to speed
up interacting genetic search algorithms. These coarse grained parallel procedures
are very popular in genetic algorithms literature (see for instance [35, 112],[90], and
the references therein).

In our context, we run in parallel several genetic type interacting particle algo-
rithms on a collection of islands. At a geometric stochastic rate, the populations
between islands interact according to some selective migration processes. The island
selection mechanism is defined in terms of the averaged fitness of the individuals in
the island population.

To define these island particle models more precisely, we observe that the unbi-
ased properties of the unnormalized Feynman-Kac measures 7Y can be rewritten as
follows

E(fnwn) 11 Gq<Sq>> =E(fn<xn> 11 Gpwp)) : (2.3.23)

0<g<n 0<p<n

with the Markov chain X, = (£ )i1<i<y on the product spaces £, = EY an the

empirical functionals F,,, and G,, defined by

N N

Fal) = (f) = 5 D0 Ful€) and Gu(A) = nY(Gu) = 1= D0 Gul€l)

i=1 i=1
Now, it is important to notice that the r.h.s. term in formula (2.3.23) has exactly
the same mathematical form as the Feynman-Kac measures ,, introduced in (2.3.1).
Thus, applying the particle methodologies developed in Section 2.3.2 to these mod-
els, we define an N-interacting island particle model with a mutation and a selection
transition on the space of islands &,.

During the mutation stage, the population in each island evolve independently
one another according to the genetic type Markov transitions of the chain X,,. In
other words, we run in parallel the selection mutation transitions of N genetic par-
ticle models (2.3.11). During the selection stage, we evaluate the G,-potential value
of each island. As in (2.3.12), at a geometric rate we select the island populations
using the empirical potential function G,.

We observe that the island version of the acceptance ratio in the selection tran-
sition (2.3.12) discussed in the end of Section 2.3.2 tends to 1, as the number of
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individuals in each island tends to infinity. In other words, the independence de-
gree between the islands increases with respect to the size of their populations. As
proposed in the recent article [2], an alternative sampling approach is to use an
independent Metropolis-Hasting model with a target measure defined by the r.h.s.
term in formula (2.3.23) (up to some normalizing constant). One again, the unbiased
property (2.3.23) ensures that the limiting target measure coincides with the desired
Feynman-Kac measures 7,, as well as the measure Q,, for the path space version
of these island models. These island particle models will be used in Section 2.7.3
dedicated to fixed parameter estimation in Hidden Markov chain models.

2.4 Application in credit risk analysis

The simulation of credit events with remarkably small probabilities is a key issue for
regulatory and risk management purposes, as well as for the pricing of credit deriva-
tives. The main variance reduction technique used in Monte Carlo computations of
rare events is importance sampling. However in general multi-name credit models,
desirable changes of measure favoring sample paths realizing rare events are highly
unlikely to lead to explicit formula. In this case importance sampling is no longer
an option. A natural alternative is then interacting particles methods.

Though interacting particle systems are known to provide very efficient variance
reductions in Monte Carlo approximations of rare events, these algorithms have
only appeared recently in the credit risk literature with for instance the articles of
Carmona, Fouque and Vestal [24] and Carmona and Crepey [21]. In Chapter 21
of [17], the authors provide an overview of the main techniques and results of the
application of interacting particle systems to credit risk analysis. We also refer
to [57] for some recent applications of these techniques in the financial risk area. All
these results show the strengths of IPS based Monte Carlo computations of small
default probabilities, especially when other methods fail. A systematic comparison
with importance sampling is provided in [21].

2.4.1 Change of measure for rare events and Feynman-Kac
formula

We consider a Markov chain S = (S,,)o<n<r representing at each time n, d cor-
related risky sources S,, = (S},...,S8%) € E. We are interested in understanding
the asymptotic behavior of probabilities of rare events of the form {Vr(Sy) > K}
or more generally {Vr(So,...,Sr) > K}, where Vp is some real positive function
whose value can be thought of as a risk measure.

To compute P(Vr(Sy) > K), standard Monte Carlo simulations usually fail,
because of the difficulty to ensure that enough simulation samples realize the rare
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event. A partial remedy amounts to providing a reasonably tight upper-bound based
on large deviations ideas. Indeed, for any A > 0, we have:

P(VT(ST) Z K) = (E (]_VT(ST)ZKeva(ST)G_AVT(ST)) S G_AKE (1VT(ST)ZK€)\VT(ST)) y
and if we denote by E® the expectation under the probability P defined by
AP AVT(ST) g 7

we have
E (1yy 555k 7)) = E® (1y, 555k E (€2V76D)

and using the fact that:
EW (1VT(ST)2K) <1

we get:
P(Vi(Sp) > K) < e 520 AK-AR)) (2.4.1)

where A()\) is defined by Fenchel transformation as log(E(AVy(ST))).

From the above argument we see that we can approximate the desired probability
by searching a proper A. This large deviation type approach is widely used, but in
the form of (2.4.1), it requires extensive calculations in order to obtain a reasonable
approximation of the desired probability.

Del Moral and Garnier provide in [47] a zero-bias estimate with interacting par-
ticle systems. The idea is to construct a genealogical tree based model as mentioned
in Section 2.3.3 instead of the large deviation type inequality used above.

Using again the same change of measure from P to PW, we remark that the
target probability

P(VT(ST) > K) =E (]‘VT(ST)ZKe)\VT(ST)ef/\VT(ST))
can be written as

E®X (1VT(ST)ZK€7AVT(ST)) E (e)\VT(ST)) —EW (fr(Sp))E (e)\VT(ST)) ,

—AVr(St)

with fr(Sr) = Lly.(sp)>ke It is also important to notice that, with the

convention V; = 0, we have the following decomposition

T
e)\VT(ST) = H eA(VP(Sp)_Vp—l(Sp—I)) .
p=1

By using the notation Xy = (Sk, Skt+1) for 0 < k < T, the above product can be
defined as

T

p=1
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Using the notation Fr(Xr) = fr(Sr), we see that we need to simulate the same
formulae as in Section 2.3.3.

E <FT(XT) ngl Gp(XP)>
E (T}, Gy(Xr))

The general discussion of the previous section shows that these quantities can be

= nT(FT) .

EY (fr(Sr)) =

approximated efficiently by interacting particle systems.
In practice, we are interested in the conditional law E((So, S|V (Sr) >

K > By modifying the function Fr in the above analysis, the same framework can
be applied directly. Particle models are very flexible, but the choice of the space-
time potential function on path space can become very tricky and the performance
of the algorithm can deteriorate with a poor choice of this potential. The particular

choice
Gp(50,...,8p) = //Le)‘(vp(sov""sp)_vpfl(30:“'751771)) (2.4.2)

was proposed and analyzed in [47] where u is chosen so that G, < 1 and A can be
fine-tuned to the given rare event set.

2.4.2 On the choice of the potential functions

As mentioned earlier, the choice of suitable space-time potential functions G is a key
ingredient in the ability of interacting particle systems to tackle rare events prob-
lems. In the recent work of Carmona, Fouque and Vestal [24], the authors propose
a choice of the potential functions that departs from the one given above in (2.4.2).
Their construction illustrates the flexibility of the particle methods regarding the
crucial point of choice of the potential functions. In the case of large credit portfo-
lios, typically with d = 125, we write the dynamics of the various assets values as a

Markov chain S, with time n=1,--- ,T and i = 1,...,d associated to
G, =exp | —« lo = ,
P Z ® min S Sy
0<i<n-—1

where the parameter a has to be fine-tuned to the particular class of rare events of
interest. Numerical performance of this technique is dicussed in [24] where exam-
ples are provided under a structural model with stochastic volatility. The authors
demonstrate the efficiency of this method, especially in situations where importance
sampling is not possible or numerically unstable.

In a similar vein, a fast algorithm without requirement of fine-tuned parameters
has been recently developed for multiple defaults models by setting the potential
function

Gp(x) =1- 1{0}($) ) (2.4.3)
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where the ¢ stands for a cemetery state under a multilevel splitting approach intro-
duced in Chapter 12 in [40]. Let S = (Sy,)o<n<r be a Markov chain on a sequence of
state spaces E = (E,)o<n<r and X, (resp. F,, = Ey x --- x E,,) the corresponding
path space Markov chain (resp. sequence of path state spaces). We assume that
a sequence of subsets Uy, ..., Up, U, € F, is fixed. We are typically interested in
the probability 1 —P(X; ¢ Uy, ..., Xy ¢ Ur) that the trajectory does enter at least
one of these subsets. The key idea is to introduce a series of intermediate events
interpolating between the series of the full state space Fi, ..., Er of the path space
and the target rare event series Uy, ...,Ur. Then we assume that such a series is
given:

VpST, Up:UISk)CU[Ek_I) CCU[EI)CUIEO):FP

Then the state {c} appearing in (2.4.3) is defined in the construction of a new
Markov chain in constant state space F' := Fy U ---U Fr U {c}. With a series of
stopping times:

7= (T +1) Ainf{p, X, € UJ}

with the convention that Xr; := c¢. Then the process Zy := Xy, 21 := X,,,..., 2 =
X,

k
sist in, roughly speaking, killing the trajectories at some point of the recursion of

is a Markov chain on F. In this context, the potential functions (2.4.3) con-

the particle algorithm when they reach some of the intermediate rare event sets
associated to c.

2.5 Sensitivity computation

Partial derivatives of financial option values allow traders to determine how sensitive
the values of options are to small changes in the set of parameters on which they
depend, such as the volatility parameter, the risk free stochastic interest rates or
prices of assets related to the option. The computation of these sensitivities, often
called Greeks (because they are traditionally denoted by Greek letters) is a central
problem in computational finance that must be addressed for risk analysis appli-
cations. Besides, in the specific case of sensitivities with respect to assets prices,
(called delta and gamma for the first and second order derivatives) the practical
issue is even more crucial since they are the basic ingredients of dynamic hedging
strategies.

There are mainly three approaches to compute sensitivities. We refer to the
survey paper of Kohatsu-Higa and Montero [81], for a detailed presentation and
comparison of those methods. The most natural and simple approach to compute
sensitivities is the usual finite difference method. It is easily implemented but known
to necessitate large computing budgets (requiring for instance two option calcula-
tions in the case of a first order sensitivity) and unstable with a subtle trade-off
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between bias and variance. We focus here on the two alternative approaches intro-
duced in the pioneering paper of Broadie and Glasserman [18], namely the likelihood
ratio method and the pathwise, or tangent process method. In this section, these
techniques are presented in terms Feynman-Kac formula, showing in some specific
examples how particle methods can be used.

2.5.1 Likelihood ratio: application to dynamic parameter
derivatives

This technique introduced in [18] requires that the underlying interest on which
a European option is written admits a sufficiently regular density with respect to
Lebesgue measure, also known as state price density. The main idea is to inter-
change differentiation and integration and whenever the derivative with respect to
a variable not appearing in the payoff function, to apply the differentiation on the
density of the distribution. The advantage of this approach is that it does not
require any regularity assumption on the payoff function, allowing for kinks and
discontinuities. This approach has been generalized by Fournié, Lasry, Lebuchoux,
Lions and Touzi [69] to path space using Malliavin integration-by-parts argument,
allowing for a wide class Greek weights.

In this subsection, we focus on the computation of the sensitivity of an option
to dynamic parameters related to the risky asset evolution or to the risk free rate
variations.

We let § € R? be a parameter that may represent the volatility of some asset
price movements, or any other kinetic parameter. We assume that the evolution of
the risky asset price S ,ie) associated to some value of the parameter 6, is given by a
one-step probability transition of the form

M (s,ds') := Proba (S,ig) e ds'|S¥, = s) = H9(s,5) \e(ds')

for some positive density functions H ,ge)(s, s') and some reference measure ;. We
also consider a collection of functions G,(f)(s) = ¢t that depend on 6. We also
assume that the gradient and the Hessian of the logarithms of these functions with
respect to the parameter 6 are well defined.

In this situation, following the Feynman-Kac representation (2.2.1) or (2.3.16),
a general form of the option price on path space is provided by

FZ(Fn):IE(Fn(Sée),...,S,(f)) IT ¢¥ (SISG))) . (2.5.1)

0<p<n

For each value of the parameter 8, we denote by F%G’N) the N-particle approximation
measures associated with a given value of the parameter 6 and defined in (2.3.20).
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Simple derivations, show that the first order derivative of the option value with
respect to 6 is given by
VI (Fy) Y
verr,) = 19 [F,(VLYY(VLY) + F,VLY]

|
~

with A ®) . VL(Q) and
]L’gze) <x07 s 7$n) = Z lOg (G;EJO—)l(Spfl)H}go) (Spfh Sp)) :

These quantities can be approximated by the unbiased particle models

VaTO(F,) = TUN(F,A®)
VAaTO(F,) = T@N[F,(VLOY(VLY) + £, VLY

We illustrate the above discussion with the computation of the Vega of the option,
i.e. the sensitivity to changes in the diffusion volatility coefficient of the stochastic
equation (2.2.7), with d = 1. We suppose Xy, ) =5p ) satisfies equation

SO _ 5@ :b<Sff_)1> A+ [a (S( )+90 (S“’) )] (We, = Wi, )

for some function ¢’ such that o + 6 ¢’ > 0 for any 6 € [0, 1]. In this situation, we
have

a n
a0 Z log (Hzge)(sp—b 5p))
p=1

_ o'(sp-1) (sp = sp-1) = bsp-1)A 2 _
Z o (sp-1) + 00" (sp-1) <(0(3p—1)+90’(3p—1))\/z> :

To compute the rho of the option, i.e. the sensitivity to changes in the drift of

(0)

the stochastic equation (2.2.7), with d = 1, we assume that X’ satisfies equation

SO =S = [ (s) + o0 (S2)] Ao (SP) (Wi, =We))

for some function . In this situation, we have

= [(sp — 8p-1) — [b(sp—1) + eb/(sp—l)] A] x b(sp—l)/UQ(Sp—l) :

%)



CHAPTER 2. A SURVEY ON PARTICLE METHODS WITH FINANCIAL
APPLICATIONS

Finally, if we assume that changes in the stochastic interest rates are given by
the space-time potential function

Gn(x) = exp (= [ra(w) + 0r, (2)]) ,
for some non negative functions r,, and 7/, then we have:
0
20 Z log (G;e)(sp)) = — Z 7 (5p) -
0<p<n 0<p<n

We illustrate these particle models with an European option associated with a
risky asset SY = S,, whose values do not depend on 6, and payoff function f,(S,).
In this situation, the option price is given by the formula

FO(f,) =E (fn(8n> exp {— > ﬁ”(&)})

0<g<n

Then using the backward Markov chain model developed in Section 2.3.3, we obtain
the following unbiased particle matrix approximation for the sensitivity with respect
to the interest rate r:

VPY?SG)(fn) = - Z Fy’r(Lg) <fn M”7W£L921 Mp+1,77

0<p<n

0) (VTI(JO)))

P

~Ntoo  — Z %(LQ’N) <fn an(e,w) .. .I\\/[[erlm(e,N) (V?”]ge))> :

n—1 P
0<p<n

2.5.2 Tangent process: application to initial state deriva-
tives

We review the tangent process approach introduced by Broadie and Glasserman
in [18], and focus on the computation of the sensitivity of an option price to pertur-
bations of the initial value of the underlying asset price — this sensitivity is usually
called the delta of the option — which is in general more complex than in the case
of the sensitivity measures with respect to the dynamic parameters parameters. Ef-
ficient numerical schemes for the implementation of the method we are about to
discuss can be found in Giles and Glasserman [74].

To simplify our presentation, we only consider European-style options with
smooth payoff functions f — (f,)n-

As before, the strategy is to interchange the differentiation and expectation
operations. However, in the present situation. this requires regularity of the payoff
function, so discontinuous payoff profiles will have to be regularized using Gaussian
kernel convolution type techniques, or any related smoothing method. For instance,
we can approximate the call option (2.2.3) by the following smoothed payoff profile

o) = 5 (= K+ VI =0T e —an f(0) = (2= K
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We assume that the stochastic dynamics of the underlying stock price S = (S,,),
are given by an induction equation of the type:

Syt = Fp(Sy) = (Fy o Fy_y 0 -+ 0 Fp)(So) (2.5.2)

starting at some random state Sy, where the random functions F}, are of the form
of the form
Fu(z) = Fulz, Wy) , (2.5.3)

for functions F,,
Fp R 5 (2,w) = Fo(z,w) € R?

and some independent random variables W, taking values in R? | with d’ > 1. We
also assume that these random variables are also independent of Sy. Under these
assumptions, the prices of European options are given by the semigroup of the
Markov chain S defined for any regular function f and initial state x by

Bopr(f)(@) = E (f(Sni1) [ So = 2) = E(f(Snta()))
with the random flows (S,(-)),,5, defined for any n > 0 and = € E by:
Sn—l—l(x) = Fn(Sn(x)) )

with the initial condition So(z) = z. By the chain rule, for any 1 < i,5 < d and
any = € R? we have

OS,1, \ OF! aSk
i &)= I;d ok On(@)) 55 (x) (2.5.4)

Interchanging derivations and expectations in the definition of the semigroup we
get:
P (f) of 0511
——(z)=E E —(Sn —_— . 2.5.5
ox7 (=) 1<i<d 35171( +(@)) oI (z) ( )

Let us denote by V,, = (V7L(i7j))1§i7j§d and A, = (Aff’j))lgingd the random d x d
matrices whose entries are given by:

s 0S¢
(7‘7) P— _n
Vn ! (':C) - axj ('x)
and OFi  OFi(., W)
@) () — Yy Yl — AGD (W

With this notation in hand, equation (2.5.4) can be rewritten in terms of the fol-
lowing random matrix formulae

Viri1(z) = An(Su(2)) Vi(x)

n

= An(Sn(@)Ap1 (Spor () - AL(S1 () Ao (2) == ] [ Ap(Sp(a)R.5.6)

p=0
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with a product [ _; A, of non commutative random elements A, taken in the order
Ap, An_1,..., Ag. Using equation (2.5.5) with the payoff function f = f,,1, we get:

VPiii(for)(@) = E(Vfui1(Sni(2)) Vi ()

== (an_H n+1 H A | SO —I) y (257)

0<p<n

which is, except for the fact that we are dealing with products of non-commuting
random matrices, of the form of the Feynman-Kac formulas studied in this chapter.

For one dimensional models of the form
Sni1 = Sn +b(S,) A+0(S,) VAW, , (2.5.8)

with a sequence of independent and and identically distributed mean zero Gaussian
random variables W, it is readily checked that

An(z) = An(z, Wy,) = (1+%( )A+—( )fw)

and therefore

Voyii(z) = f[(u%(sm 8x( )fw)
=sn o Y (58 a4 s VA, .

As already mentioned, for non smooth payoff functions we can use the following
Gaussian regularization kernel

Pn+1,e<fn+1)($) =K (fn+1(Sn+1(I) + GY)) 10 Pn+1,e(fn+1)($) , (2.5.9)
for some auxiliary Gaussian variable, independent of S,, and W,. In this case, we
have the following formula

0
ox

In the particular case d = 1, the particle interpretation developed in Section 2.3.2

Pn+1,e(fn+1)(1') :E( ! [fn-i—l( n+1( )+€Y) fn+1( n+1( ))] YVnJrl(x)) :

applies directly. W

Remark 5. As an aside, we also mention that these expansions are closely re-
lated to the time discretization of the stochastic integrals arising in exponential
weights of the Feynman-Kac interpretation of the Kushner-Stratonovitch filtering
equation [38]. In this interpretation, the particle interpretations of the Feynman-
Kac formulae (2.5.7) coincide with the particle filters developed in the last referenced
article.
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Before getting into multi-dimensional models, let us pause for a while to discuss
the connexions of the above methodology with the existing literature. Firstly, we
observe that the Gaussian regularization formula (2.5.9) can be interpreted as the
addition of an extra Gaussian move. This suggests that we can alternatively use
the last transition to regularize the model.

Posa(for)@) = E (E(fars (Sna () [90()) ) -

Letting H,,11(zp, Tne1) be the density of the Markov transition S, = z, ~> S,41
with respect to the Lebesgue measure, arguing as above we find that

0

o Lt (Faa1) (@) = B (fas1(Snr1(2)) dHns1 (Su(2), Sna(2)) Valz))

with the weight function

dHn+1 (mna anrl)

= log HnJrl(xm Q3n+1>

oz,
ob
_ ( xn+1—xn)—b(xn)A)2 1 2 lOgO'(iC ) _ ((xn+1—xn)—b(xn)A> T+ %(‘rn)A
e oz 87 e

These formulae and the corresponding conventional weighted Monte Carlo approx-

imations have been recently proposed by N. Chen and P. Glasserman [31] as an
alternative to the Malliavin calculus computation of the Greeks introduced by E.
Fournié, J.M. Lasry, J. Lebuchoux, P.L. Lions, and N. Touzi in their groundbreaking
articles [69, 70]. If P,; denotes the semigroup associated with the (continuous time)
diffusion equation (2.2.6) (recall that d = 1 in the present discussion):

PS,t(f)(SS) =E (f(St) | Ss) )
one easily checks that, for any 0 < s < ¢ it holds:

P80 =Pt + [ s o(s am,

and if we set s =t in the above equation, then we find that

efssion [ Grwosonan] = e[l w) S a

whenever o is a smooth positive function bounded away from 0. Recalling that

d 9 ~[OP(f) S,
SR = S BIRNE) =B | 2 s, P |

we arrive at a Malliavin formulation of the semigroup derivatives

SRl = |5 ¢ [ o)) B

() dWS} .
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A rigorous derivation of the above equations is provided in [69, 70]. We also refer
the reader to the contribution of B. Bouchard and X. Warin in the present volume.

The Euler time discretization scheme justifies using the discrete time approxi-
mate model:

Stnr1ya — Sua =0(Spa) A+0(Spa) VAY, | (2.5.10)

for a sequence of independent mean zero Gaussian random variables Y,,. We thus
have the approximation model

2 Ponsnya(f)(x) ﬁAw \/— Z Swrna(@)2y(2)) . (2.5.11)

with the random weights

Zy(x) = 0 (Spalz),Yy) H Go(Sqa(z), Yy)

0<g<p

Pl =0 @)y ad Gyleg) =1+ 90@) At 90 VA y

The ratio 1/v/A in the right hand side of (2.5.11) may induce numerical degeneracies.
One way to overcome this problem and to remove this term from the numerical
scheme is to use the following formula

E (f(Smina(®)Zy(2)) = E(Tprini(f) [Spal@), V] x Zp(x)) |
with the function

Ty n1(f)]z, Y]
= Pornaminalf) (2 +b6@)A +0@VEy) = Pornamenalf) @ +b(@)A) .

Under some appropriate regularity conditions, we notice that

Tpi1mi1(f)]z, Y]
~ai0 Poana(f) (24 b(@)A + 0(@)VAY) = Poaenalf) (@ + b(x)A)

~ago 22 a W (4) o (n)V/A y
which implies that
%PO,(TL+1)A(f)(w)
1
A0 m Z

0<p<n

o <8PPA,(5—;1)A(JC) (Spa(z)) Y7 H Gq(SqA(l’)>Yq)> '

0<g<p

In higher dimensions, the calculations are more involved. To analyze these models,
we design a Feynman-Kac interpretation of the distributions of product of random
matrices.
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Using the notation ||.|| for a fixed norm in R?, we assume that for any state Uy
in the unit sphere S, we have

e

0<p<n

> 0.

In this situation, we have the multiplicative formulae

Vi (Sar) [T A

0<p<n

= [V i1 (Sus1) Unsa] [T 14:(5) Tall

0<p<n

with the well defined S?!-valued Markov chain defined by

An(Sn)Un _ [HOSPSHAP<SP)i| Uo
[An(Sn)Ull “[HOSPSHAP(SP)} UOH .

Uﬁ+1::

If we choose Uy = ug, then we obtain the following Feynman-Kac interpretation of
the gradient of a semigroup

VP a(for)(®) U0:E< 1 (Xng1) H Gy ( ) .

0<p<n

In the above display, &, is the multivariate Markov chain sequence
Xy = (S, Un, Wh)
and the functions F},;; and G,, are defined by
Foii(zu,w) :==V(z) v and Gy (z,u,w) = || Ay(x,w) ul| .

In physics literature, the mean field particle approximations of these non commu-
tative Feynman-Kac models are often referred as Resampled Monte Carlo meth-
ods [110].

2.6 American-style option pricing

2.6.1 Description of the model

Optimal stopping problems are at the heart of the theory of stochastic control.
Their importance in quantitative finance is due to the large number of financial
instruments with American exercises, sometimes called Bermudan exercises in the
framework of discrete time models.
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In this section, n stands for a fixed final time horizon, and for each k € {0, ..., n},
we let Fj denote the set of events known at time k and 7y the set of Fj - stopping
times 7 taking values in {k,...,n}. These stopping times are used to model the
decision by the holder of the option to exercise it at a given time of his or her
choice. The payoff is given by an adapted (no crystal ball can be used in this
model!) stochastic process Z = (Zy)o<k<n. For each k € {0,...,n}, Zx represents
the reward to the holder for exercising the option at time k. To recast the problem in
the framework used so far, we assume that the filtration F = (Fy)o<k<n is generated
by a Markov chain X = (Xj)o<kr<n in some measurable state space E, and that
Zy = Fp(Xy, ..., X}) for some known deterministic functions Fj, on E**!. As usual,
we shall use the notation M = (My), to denote the transition probability of the
Markov chain X.

The Snell envelope of (Zy)o<k<n, is the stochastic process (Uy)o<r<n defined for
any 0 < k < n by the following backward equation

Up = Z, V E(Us1|(Xo, - .., X&) ,

with the terminal condition U, = Z,,. The main property of this stochastic process
is that

U = sup E(Z;|(Xo, ..., Xy)) = E(Z;

TET
with m=min{k<Ii<n : U=2Z}eT.

(Xo,... X2))  (26.1)

Notice that U, > Zj, for any 0 < k < n and 77 is given by the following backward
formula
T;:klzszk+T];k+1 1Zk<Uk with T;:n.

To get one step further, we let 79 = Law(Xy) be the initial distribution on E, and
we denote by M (x,y) the elementary Markov transition of the chain X from E
into itself.

To be more specific we also assume that

Zk:Fk(Xo,...,Xk) = fk(Xk) H Gl(Xl), OSk‘Sn,
0<i<k
for some non negative space-time functions f = (fx)r and G = (Gg)ron {0,1,--- ;n}x
E. In this situation, the Snell envelope process is given in terms of deterministic
functions uy through

U = up(Xg) H Gp(Xp)a

0<p<k

where the functions uy are given inductively by the backward functional equation

U = Hk+1(uk+1), 0<k< n, (2.6.2)
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with the terminal value u,, = f,,, and the functional transformations

Hir1(Uni1) = fo V Qey1(urgr) with Qpyi(z,dy) = Gr(z) Mypr (7, dy) .

In the above displayed formula, Q1 (ugy1) stands for the measurable function on
E defined for any x;, € E by the conditional expectation:

Quir(ue) (@) = Cale) E (g (Xisr)| X = 1) = / Qs (@, dy) wsa (3)

For a detailed derivation of these formulae, we refer the interested reader to the
article [49].

We let Hi; = Hit1 © Hig1, with & < I < n, be the nonlinear semigroups
associated with the backward equations (4.2.1). We use the convention Hy = I,
the identity operator, so that uy = Hy(u;), for any k <1 < n.

If for any given sequence of bounded integral operators (Qy)x from some state
space E into itself, we denote by (), the iterated composition operator defined by

Qk,l = Qk+1Qk+2 T Qb

for any k < [, with the convention @y = I, then one can check that a necessary
and sufficient condition for the existence of the Snell envelope (uy)o<g<n is that
Qrifi(r) < oo for any 1 < k <[ <n, and any state x € E. To check this claim, we
simply notice that

Je < up < fr + Qrratei Vi<k<n
implies that
fe Sur < Y Qrafi Vi<k<n. (2.6.3)
k<I<n

From the readily proved Lipschitz property |Hy(u) — Hi(v)] < Qg1 (Jlu —v|), for
any functions u,v on F, we also have that

(Hii(w) — Hia(v)] < Qpa(Ju—v]) (2.6.4)

for any functions u,v on E, and any k <[ < n.

2.6.2 A perturbation analysis

Even if it may look innocent at first, solving numerically the recursion (4.2.1) of-
ten requires extensive calculations. The major issue is to compute the conditional
expectations My 1 (ugs1) on the whole state space F, at every time step 0 < k < n.

For Markov chain models taking values in some finite state spaces, the above
expectations can be computed by systematic backward inspection of the realization
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tree that lists all possible outcomes and every transition of the chain. For excessively
large state spaces, or more general situations, we need to resort to approximation
strategies.

Over the last two decades, several approximation methodologies have been pro-
posed, including Carriere-Longstaff-Schwartz’s functional regression style methods [26,
32, 88, 108], refined singular values decomposition strategies [14], Monte Carlo sim-
ulation methods [19, 58, 49, 50, 87], and the quantization grid technology developed
by Pages and his co-authors [93, 94, 95, 92, 96].

Most of the numerical approximation schemes amount to replacing the pair
(fr» Qr)o<i<n by some approximation model ( f ks Qk)0<k<n on some possibly reduced
finite subsets & C F. We let @, uy, be the Snell envelope on Ek associated with the
functions fk and the sequence of transition operators Mk from E into itself.

U = Hirr (Ues1) = fio V Qrpt (W) - (2.6.5)

Let also ﬁk,l = ﬁkﬂ O/}/'Zk_i_l,l with £ <[ < n be the nonlinear semigroups associated
with the backward equations (3.2.5) so that @ = Hy, (%) for any k < [ < n. Using
the elementary inequality |a Vo' — bV V| < |a — b| + |&' — V| which is valid for
any a,a’,b,b’ € R, for any 0 < k < n and for any functions v on Ej,; one readily
obtains the local approximation inequality

Hiyr (1) — Hipr ()| < [ fo = Fil + [(Qrs1 — Qrr) (w)] - (2.6.6)

To transfer these local estimates to the semigroups Hj,; and ’;Qk,l we use a perturba-
tion analysis. The difference between the approximate and the exact Snell envelope
can be written as a telescoping sum

n

u = U=y [ﬁk,l(HlJrl(ulJrl)) - ﬁk,l(ﬁm(um))] :

=k

setting for simplicity H,+1(uy11) = u, and 7:[\n+1(un+1) = U,, for [ = n. Combining
the Lipschitz property (3.2.4) of the semigroup Hy; with the local estimate (3.2.6),
one gets the final estimates:

n n—1
lur, — x| < ZQk,l'fl — fil + ZQk,l|(Ql+l — Qui1)u] -
I=k I=k

The perturbation analysis of nonlinear semigroups discussed above is a natural
and fundamental tool for the analysis of the Snell envelope approximations. It can be
used sequentially, and without further work, to obtain non asymptotic estimates for
models combining several levels of approximations. In the same vein, and whenever
possible, it can also be used as a technical tool to reduce the analysis of Snell
approximation models on compact state spaces or even on finite but possibly large
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quantization trees or Monte Carlo grids. This perturbation analysis is clearly not
new, it has been used with success in [41, 48, 85, 109] in the context of nonlinear
filtering semigroups and particle approximation models. In the context of optimal
stopping problems and numerical quantization schemes, these techniques were also
used for instance in the papers of Egloff [64] and Gobet, Lemor and Warin [76] or
Pages [92]. To the best of our knowledge, the general and abstract formulation given
above has first been presented in the recent article [50].

2.6.3 Particle approximations

In this subsection, we focus on a type of Monte Carlo importance sampling scheme
which is a version called average density of the Stochastic Mesh schemes proposed
by Broadie and Glasserman in [19]. The formulation of this algorithm in terms of
interacting particles was crucial to derive precise convergence results in [50].

We let 7, be the normalized Feynman-Kac measures defined in (2.3.2). By
(2.3.10), we have that

Mk+1 = ‘I’Gk (77k> Mty .

Now, we assume that the Markov transitions M} have a density H; with respect to
some reference measure A

Under this assumption, we can rewrite Qgy1(ugs1)(z) as follows

Gr(2)Hypga (2, y)
S (d2)Gr(2) Hiya (2,9

Qi1 (ups1)(z) = ne(Gr) / M1 (Y) ] ups1(y) ,  (2.6.7)

and as before, we let
| XN
N ._ E )
Mn = N ot 55; ~—?N—oo In

be the particle approximation of the measures 7, defined in Section 2.3.2 . We
denote by ()11 the matrix obtained by replacing the measures 7, by their N-particle
approximations:

Gr(2)Hypgr (2, y)
S (dz)Gr(2) Hyya(2,y)

. .
N Gk(lf)Hk+1(xu€i+1) J

— G i j’ j ’
e Z S Gl (6 ) |

O (N@) = 7 (Gy) / 1 (v) )

for any test function f on E. Notice that these expressions are easily computed
(with computational cost N?) at any state £ of the k-th population when the
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values f(&) +1) of the function f are known

~ A N G(E) Hyy o (€1, € X
Gen(NE) = n(G) Y wtl (& Cin)

Jj=1 Zj‘\lle Gk(gi/)Hk+1<€£aéi+1> f(§k+1) .

By (3.2.5) the corresponding backward particle approximation of the Snell envelope
is given by the following equations, for ¢ =1,--- N,

i Gr(€) Hira (64, 6L,0)

S ey ARV NG = T
ur (&) = fe(&k) (nk( ) = Zj\,{:l Gr(& ) Hia (& &)

alc—i-l (£i+1>> :

Also notice that the values u(z) on any state = can be computed using the formula

- ZN Ge(@)Hin(n,8,) )
_ \/ N G . Y k,‘-‘r/l i J .
R ("’“( Y S G e

For a thorough discussion on these particle models, their convergence analysis, and
a variety of related approximation grid type models, we refer the reader to the pair
of articles [49, 50]. In particular, this formalization allows to prove that the L, mean
error induced by this version of Stochastic Mesh approximation vanishes, under mild
assumptions, with a rate 1/ V/N. Also, a new Monte Carlo approximation scheme is
proposed in [50] using simulations of a genealogical tree with neutral selections and
mutations associated with a discrete-space Markov chain approximating the price
dynamics. The main advantage of this new scheme is the fact that the computational
effort of the algorithm is linear in the number of sampled points, as opposed to
quadratic as for the Stochastic Mesh scheme.

2.7 Pricing models with partial observation mod-
els

Managing large portfolios and pricing financial instruments under partial observa-
tions are quite common problems in quantitative finance. See for instance the series
of articles [83, 98, 100, 101, 111], and references therein. The case of stochastic
volatility models is the epitome of these situations: one can more or less observe
stock prices but not the evolution of the stochastic volatility.

2.7.1 Abstract formulation and particle approximation

We work in discrete time and we recast the dynamical financial model in the frame-
work of hidden Markov models. The basic object is a pair process (X,Y) =
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(X, Y,)), forming a Markov chain on some product space EX x EY with ele-
mentary transitions given

P(X,,Y,) €d(x,y) | (Xn-1,Yn1)) = Mp(Xpn_1,dz) X gn(z,y) A\u(dy) , (2.7.1)

for some positive likelihood function g,, and some reference probability measure
A, on EY. According to our setup throughout the paper, the marginal process
X = (X,), is also assumed to be a Markov chain and as usual, we denote by M, its
transition probability. We can think of X, as a vector of prices and random factors
(instantaneous volatility could be one of them), and Y, a vector of observations
of quantities derived from the components of X,. We can also consider X,, as a
stochastic volatility model, and Y,, the stock price observations. For the sake of
definiteness, we choose to illustrate the particle methods on a pricing problem, so
we assume that we are given a European payoff function f,(X,,Y,) for each time
n > 0. The price of the contingent claim is given at time p < n by:

Von(fn) =E | fu(X0.Y2) ] Go(Xe. YY) | (Yo,.... )

p<g<n

for some non negative functions G, related to barrier sets or stochastic interest
rates, as explained in Section 2.2.3. It is important to observe that the conditional
expectations

Upn(fn)(2,y) = E

Faxn ) T GhXeYa) | (X,.Y,) = <x,y>]

p<g<n

have the same form as the Feynman-Kac definitions of the measures introduced in
(2.3.1), with the reference Markov chain (X,,Y,), from the initial time ¢ = p, start-
ing from (X,,,Y,) = (z,y) at time p. For any starting point (X,,Y,) = (z,y), these
unnormalized distributions can be approximated by running an N-particle model
on (EX x EY), with selection potential functions G We denote by UJ, (f,)(x,y)
the corresponding wunbiased particle approximation. Fix an observation sequence
Y =y, and consider the Feynman-Kac models (2.3.1) associated with the likelihood
potential functions:

Gp(z) == gp(w,y) O0<p<m.

To emphasize the dependence of the Feynman-Kac measures on the observation
sequence, we use the notations

[yO: 71/71}

ety and Ay (2.7.2)

for the normalized and unnormalized measures associated with the series of observa-
tions Y, = y,, for 0 < p < n. These conditional distributions can be approximated
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using an N-particle model on E¥, with selection potential functions G,. We denote

by

n+1

N
1
..... ), N
o) NZI:%[YO ,,,,, Y11
the empirical measures providing the particle approximation. Notice that
Law(X, | Y, = y,, 0 < p < n) = plvor-vn-] (2.7.3)

and by the Bayes rule

and by construction, we have:

Vyulfu) = / Ty oy (0 1) (dz) U )2 Yy)

and these quantities can be approximated combining the particle estimates defined
above. Indeed, we have that

V;),n(fn) = Ntoo V;;]Xz(fn) )

with

VN(f) = / Wy oy (005D (d) UN, (1) (2, Y,)

(Y0, Yp—1],%)
_ Z gp(&? ’ ' 7}/;7) UN (f )(5([YO,...,Yp_1],i) }/p)
N Yo,...Yp_1],j pn\Jn/\Sp ) :
i=1 Zj:l gp(fz(?[ o 1]])’}/20)

2.7.2 Optimal stopping with partial observation

We work with the setup of a pair (X,,Y,,) Markov chain model introduced in the
previous section. According to our discussion in Section 2.6.1, the Snell envelop
associated with an American option with finite maturity n, payoffs Z, = fi(Xy, Yi)
is given by
Uy = sup E(f (X, Y)|(Yo,..., ) ,
TeTY

where 7;Y stands for the set of all F} - stopping times 7 taking values in {k, ..., n},
where the filtration is know given by the sigma fields F} generated by the observa-
tion sequence Y, from p = 0 up to the time k. We denote by n,[lyo """ =1} and
the conditional distributions defined in (2.7.3) and (2.7.4). With these notations,

for any 0 < k£ < n we have that

E(f, (X, Y)|(Yo,.... Ya)) = E (Z Ly E(f(X,.Y,) | (Yoo, ) | (Yoa--ka))

= E(F (Yo, a0 | (%,....Ya) (2.7.5)
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with the conditional payoff function

It is well known that
Xp = (Xp; Y;O’ ﬁpYO ..... Y;D])

is a Markov chain with elementary transitions defined by, for any integrable function
F on product space EX x EY x P(EX),

77777 » Yo,....,Yp—
E|:F (XIUYP?#;DYO Y}> ) <Xp—17Y;7—17ﬁp701 1]> :(‘r7y7ﬂ>i|

= //Ap(dyp) M, (xjdxp) gp(xpvyp) F<xp7yp7\:[jgp("yp) (HJMP)) .

A proof of this assertion can be found in any textbook on advanced stochastic
filtering. For instance, the book of W. Runggaldier and L. Stettner [106] provides
a detailed treatment of discrete time partially observed models, their non linear
filtering, and related partially observed control problems.

Roughly speaking, using Bayesian notation, we have

7711[Jy0 """ yp_l](dxp) dpp(zp | (Yo, - - Yp-1))

= /dpp(:EP | xpfl) X pn(xpfl ’ (1/07 s 7yp71))
- Fie g any
and

\Ijgp( «»Yp) (7/7\}[7y—0’1m7yp_1]Mp) (dl'p)

_ P(Yplzp)
fpp(yp | x;) dpp(x;, | (o, - -+ s Yp—1

) dpp(@p | (Yo, -+ Yp-1))

=dpy(zp | Yoy, Yp-1,Yp))

from which we can prove that

My (gp(-,9p)) = /pp(yp | 2p) dpp(7p | (Yo, Yp-1))
= W | Wo5--5Yp-1))

and

W, (. up) (uM,) = 7’7\1{}/0 ..... ] ,

as long as y = ﬁpy_oi""yp—l] (:> M, = n][jyo ,,,,, yp—ﬂ).
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The above discussion suggests the following interpretation. We can rewrite
(2.7.5) as the Snell envelop of a fully observed augmented Markov chain:

E(f- (X7, Vo) (Yo, . Ya)) = B (Fr (A7) | (Ao, ..o, &)

This Markov chain X, takes values in an infinite dimensional state space, and it can
rarely be sampled without some addition level of approximation. Therefore, most of
the grid or Monte Carlo simulation based techniques for solving these models require
the introduction of a specific grid approximation of conditional distributions, or
judicious approximation sampling schemes. The particle methodology advocated in
this chapter provides a natural strategy. Using the particle approximations discussed
in Section 2.3.2, we can replace the chain &), by the N-particle approximation defined
by
xV = (n,ﬁ](g[yo,...,yp],zv)) ’

where

,'/7\1()[}/0 ..... VL) . W, (v </\([Yo ..... Yp,l,N)]>

stands for the updated measure associated with the particle scheme associated with
the likelihood selection functions g,(-,Y,). The corresponding N-particle approxi-
mation of the Snell envelop is now given by

]E(fT(XﬁYT)K%""aYk‘)) ZNTOO]E(FT (Xf\/) | (X({Vuvxliv)) :

In this setup, the approximated optimal stopping problem requires the computation
of the quantities

UY = sup E(F (XY) | (XY,..., &) ,

TETkN

N
where T, stands for the set of .7-",?( * - stopping times 7 taking values in {k,...,n},
where the filtration is formed by the sigma fields generated by the Markov chain
random variables XV, from p = 0 up to the current time k.

We close this section with an alternative representation in terms of the unnor-
malized filters %EYO’""Y"“] defined in (2.7.2). We let P,, be the probability distribution
of a Markov chain (X,,Y))o<p<, defined in (2.7.1), and P the probability distri-
bution of the Markov chain (X,,Y})o<p<, With independent random observations
Y, with distribution A\, with p < n, also assume to be independent of the chain
(X},)o<p<n,- By construction, PP, is absolutely continuous with respect to IP’,(lO), and
its Radon-Nykodym derivative is given by:

dp,,
= H 9p(Xp, V) -
d]P)%O) 0<p<n
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Now, for any 7 € 7, we observe that

E(fr(X:,Y;)) =E© (i 1, E (fp(Xp%) [T 9a(X0Y0) | (Yo,---ﬂfp))>

0<g<p

and
EO (£,(XpY;) Tocgey 90(Xa Vo) | (Yoo, %)

Y0, Yp—
—%[E; ; 1j<fp<.,n>gp<~,n>> N
= iy (LY g0 V) X Tlocgen e (g4(-, X))

The last assertion is a direct consequence of the multiplicative formula (2.3.3) for
unnormalized Feynman-Kac measures. Arguing as above, we introduce the Markov
chain

X, = (Yn77][YOu~~-,Yn71])

n

the payoff and the potential functions

P%(A%):::ngﬁ ..... Yhiﬂ(f%('vy%)gn(',ya)) and gn(ﬁ%)3=:UQ®""J%*ﬂ(gn(-,Y%))

By construction, we have

E(f-(X;,Y;)) =E© (FMT) 11 gp<Xp>> :

0<p<t

We have now reduced the optimal stopping problem with partial observations to
a conventional optimal stopping problem of a measure valued Markov chain A,
with stochastic potential functions G,(X,), and independent random observations
sequences. Once more, using the particle approximation models discussed in Sec-
tion 2.3.2, we can replace the chain A&, by the N-particle approximation model
defined by

XN = (%’n([yo,...,yp],zv)) .

p
Here again, we have turned a complex optimal stopping problem under partial ob-
servations into an almost equivalent optimal stopping problem of an easy to sample
Markov chain sequence of the same form as the one discussed in Section 2.6.1. These
particle transformations can also be used for more general stochastic control prob-
lems with partial observations. We refer the reader to [12, 11, 106, 60, 89, 91, 99]
for a more thorough discussion on this subject.

2.7.3 Parameter estimation in hidden Markov chain models

In many economic and financial applications, the parameters are unknown and must
be estimated from partial and noisy observations. This situation is typical of hidden
Markov chain problems which arise in a variety of domains, ranging from signal
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processing, medical Bayesian inference, communication and information theory. For
an overview of some of the problems occurring in finance and econometrics we refer
the reader to [8, 33, 34, 37, 82], to mention only a few.

As in (2.7.1) these models are framed in terms of a signal-observation type
pair Markov chain (X,,,Y,), with a collection of transition probabilities My, and
likelihood functions gg, that depend upon the realization of a random parameter
© = # taking values in some state space S, equipped with a probability measure pu.
We also denote by 1y the conditional distribution of X given © = 0.

The example we have in mind is the quintessential calibration problem in par-
tially observed models arising in computational finance. One way to set up a stochas-
tic volatility model as a filtering problem in discrete time is to choose (X,,Y,) =
(04, Sy). In this case X,, = o, represents the instantaneous stochastic volatility,
and the observation Y,, = S, is given by the price of the asset. In most practical
applications, the evolution of these quantities is given by a parametric model of the
form:

op = Fgl,n(ffn—hsn—hwé)
Sk = F;n(anfhsnflawz)?

where Felm and Fén are functions depending upon some unknown parameter 6. The
objective is to compute the conditional distribution Law(6]Sp, ..., S, ) of 8 given the
observations of the price. To be more specific, we can precise our illustration by
choosing the popular Heston’s stochastic volatility model. In our framework, this
model is given by:

Fgl’n(O'nfl, Snfl, Wé) = (CLb + (1 — CL)Un,l)At + C\/O'nflAWé
Fe%n(an_l, Sn_l, Wg) = Sk—l(l + d)At + Sk;_ly/O'n_lAWg,

where 6 = (a,b,c,d) is the collection of parameters to calibrate, and (W} );—; o are
independent Brownian motions.

Using the notations of Section 2.3.3, the conditional distribution of the random
path (Xo,...,X,), given © = 6, and the sequence (Yp,...,Y,-1) = (Yo, .-, Yn_1) Of
observations is given by the Feynman-Kac measures

1
Qon(dzo X -+ X dxy) = I Goalq) p Ponldag x -+ x dzy,) ,
Zn(e) 0<g<n

with the potential functions Gy 4(x,) = go.n(24, y,), and the conditional distribution
Py, of the random path (Xo,...,X,,) given © = 6. As in (2.3.3), the normalizing
constants Z,(6) are given by the multiplicative formula

Z,(0) = H ngigw.’yp_ﬂ(GO,p) ’

0<p<n
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with the p-th marginal distributions n[yo’ +Yp-1]

of the measure QQp, i.e. the con-
ditional distribution of the random variable X, given © = 6, and the sequence
(Yo,..., Y1) = (Yo, .., yp—1) of observations. In the Bayesian literature, the nor-
malizing constants Z,,,1(0) are often called the likelihood functions of the parameter
0, given the observation data (yo, ..., yn), and they are denoted by p(yo,...,yn | 0)
to emphasize that they are given by the conditional density of the observations given
the unknown parameter.

Above analysis are based on the fact that ! and W? are independent, otherwise
the conditional distribution can be given by approximate Bayesian computation
techniques (see, for instance, [46, 52, 53] and section 2.5.2 in [51]). The authors prove
that the approximate Bayesian computation models are also under the framework
of Feynman-Kac measures.

In this section, the observation sequence Y = y is fixed, so in order to streamline

the notations we suppress the superscript ¥o-¥nland write 1, and 7y, =Va,., (Mop)

[y07 Yp— 1] /\[y07 7yp}

for the one step predictor 7, and the optimal filter 7,

From the previous dlscussmn, it should be clear that the conditional distributions

of the parameter © with respect to the sequence of observations (Yy,...,Y,_1) =
(Yo, - -+, Yn—1) is given by the measures
11 (d0) - ( IT 7 ) (d) with the functions h,(8) = 15,(Ga,)
0<p<n
(2.7.6)

for some normalizing constant Z,,. In the Bayesian literature, the likelihood func-
tions h,(6) are often denoted by p(y, | (vo,---,¥yp—1),0). In some instances, such
as classical linear-Gaussian models for example, the local likelihood functions h,(6)
can be computed explicitly in terms of Gaussian densities and optimal one-step
predictors given by the Kalman recursions. In this case, we can use a dedicated
Monte Carlo Markov Chain model (MCMC for short) algorithm to sample from the
Boltzmann-Gibbs measures (2.7.6). One can also turn this MCMC algorithm into an
interacting MCMC model. This is done by letting K,, be a MCMC transition with
target measure p,, = pu,K,. By definition of the Boltzmann-Gibbs transformation
(2.3.7), we readily see that

Png1 = Wy, (Mn) = Hpt1 = qjhn(ﬂn)Kn-f—lv

which shows that p,, is given by the normalized Feynman-Kac measure defined for
any measurable function f on S, by the following equation

fin(f) < E (f(@n) H hp<@p>> )

0<p<n
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where ©,, is a Markov chain on S with initial distribution gy = p and Markov
transitions K,,. The interacting particle approximation

of the measures p,, (and their normalizing constants) is a genetic type particle model
on the product space SV

selection mutation

On = (Oh) iy € 5" ——— 8, = (8)) __ es¥ 5 o st
o (2.7.7)
The mutation transitions are given by the MCMC transitions K, and the selection
transitions are obtained from the selection potential functions h,,. The complete con-
ditional distribution of the random sequence (0, (X, ..., X,)) given the sequence of
observations (Yp,...,Y,—1) = (Yo, ..., Yn—1) is given by the Feynman-Kac measures

a(d8) X Qo(d(0, - 20)) e i (d0) X QY (dle, -, 2,)) -

The measures Qé\jn appearing in the above right hand side stand for the particle
backward model defined in (2.3.19). Alternatively, we can also use the genealogical
tree approximation discussed in (2.3.3).

For linear-Gaussian models, we emphasize that the measure QQy, can be com-
puted explicitly. More precisely, the backward Markov chain formula (2.3.18) can
be computed using the updating transition of the Kalman filter, with the Gaussian
likelihood density function Hp,1 of the transition My,.;. In this case, (2.3.18) is
the backward product of the Gaussian transitions given below

Hﬁ,n—l—l(xn; xn—o—l)
ﬁ@,n (HO,n+1 ( oy Tn41

MG,n+1,n97n ($n+1>dxn) = )) ﬁ@,n(dmn) .

When the local likelihood functions h, are not known, we need to add another
approximation level. To this end, we also consider the probability distribution

P(0,d¢§) of the N-particle model

59 = (50,07 59,17 s 759,T) 5

on the interval [0, 7], with mutation transitions Mp,,, and potential selection func-
tions Gy, with n <T. We fix a large time horizon T, and for any 0 <n < 7T, we
set

mmw:%{ﬂmmﬂmmw, 278)

for some normalizing constants Z,,, the reference measure i being given by

a(d(E,0)) = p(df) P, dE),
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and the potential functions h,, on the product space ((Ho <p<T ) X S) defined
by
9) = % Z GG,n(fé,n) - ﬁé\,[n (Ge,n) € (07 OO) :
1<i<N

Firstly, we observe that these target measures have the same form as the Boltzmann-
Gibbs measures (2.7.6). Thus, they can be sampled using the MCMC or the inter-
acting MCMC methodologies discused above. For a detailed discussion these types
of sophisticated serial MCMC methodologies, we refer the reader to the recent arti-
cle [2].

More interestingly, using the unbiased property of the unnormalized particle
models presented in (2.3.23), we clearly have Z, = Z, and

/ (0, d€) {Hh 59} = E(_H néYp(Ga,w)
)

0<p<n

from which we conclude that the ©-marginal of 7z, coincides with the desired target
measure

(T, 0 ©1) (dB) = p1, (d6) = { [T 705Gy } v(do) .

0<p<n

I6)






Chapter 3

On the robustness of the Snell
envelope

3.1 Introduction

The evaluation of optimal stopping time of random processes, based on a given
optimality criterion, is one of the major problems in stochastic control and optimal
stopping theory, particularly in financial mathematics with American options pricing
and hedging. The present chapter is restricted to the case of the discrete time
optimal stopping problem corresponding in finance to the case of Bermudan options.

It is well known that the price of Bermudan options giving the opportunity to
exercise a payoff f; at discrete dates k= 0,--- ,n, can be calculated by a backward
dynamic programming formula. This recursion consists in comparing at each time
step k the immediate payoff fi and the expectation of the future gain (or the so-
called continuation value), which precisely involves the Markov transition My, of
the underlying assets process (Xj).

The first objective of this chapter is to provide a simple framework to analyze
in unison most of the numerical schemes currently used in practice to approximate
the Snell envelope, which are precisely based on the approximation of the dynamic
programming recursion. The idea is to analyze the related approximation error in
terms of robustness properties of the Snell envelope with respect to the pair param-
eters (fx, My). Hence, we include in our analysis approximation schemes which are
defined in terms of some approximate pairs of functions and transitions (ﬁ, J/\/[\k) k>0-
After stating the robustness Lemma 4.2.1 in the preliminary Section 3.2, we deduce
from it non asymptotic convergence theorems, including L,-mean error bounds and
related exponential inequalities for the deviations of Monte Carlo type approxima-
tion models.
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In Section 3.3, that approach allows us to derive non asymptotic error bounds for
deterministic approximation schemes such as cut-off techniques, Fuler type discrete
time approximations, quantization tree models, interpolation type approrimations,
then recovering or improving some existing results or in some cases providing new
bounds. We emphasize that this non asymptotic robustness analysis also allows to
combine in a natural way several approximation models. For instance, under appro-
priate tightness conditions, cut-off techniques can be used to reduce the numerical
analysis of the Snell envelope to compact state spaces and bounded functions fn In
the same line of ideas, in designing any type of Monte Carlo approximation mod-
els, we can suppose that the transitions of the chain X, are known, based on a
preliminary analysis of Euler type approximation models.

In Section 3.4, we focus on two kinds of Monte Carlo importance sampling ap-
proximation schemes. The first one is the Stochastic Mesh method introduced by
M. Broadie and P. Glasserman in their seminal paper [19] (see also [87], for some
recent refinements). The principal idea of that methodology is to operate a change
of measure to replace conditional expectations by simple expectations involving
Markov transition densities with respect to some reference measures. The number
of sampled points with respect to the reference measures 7, required by this model
can be constant in every exercise date. This technique avoids the explosion issue of
the naive Monte Carlo method. As any full Monte Carlo type technique, the main
advantage of their approach is that it applies to high dimensional Bermudan options
with a finite but possibly large number of exercise dates. In [19], the authors pro-
vided a set of conditions under which the Monte Carlo importance scheme converges
as the computational effort increases. However, the computing time grows quadrat-
ically with the number of sampled points in the stochastic mesh. In this context, in
Section 3.4.2, we provide new non asymptotic estimates, including L,-mean error
bounds and exponential concentration inequalities. Our analysis allows us to derive
Theorem 3.4.7 improving significantly existing convergence results (see [19] or [3]).
The second type of Monte Carlo importance sampling scheme discussed in this
chapter is another version of the Broadie-Glasserman model, called average density
in their original article. The main advantage of this strategy comes from the fact
that the sampling distribution 7, can be chosen as the distribution of the random
states X,, of the reference Markov chain, even if the Radon-Nikodym derivatives
R.(x,y) = M#(f")(y) are not known explicitly. Here, we only assume that the
Markov transitions M, (z,-) are absolutely continuous with respect to some mea-
sures \,. We can then approximate these functions with empirical measures. In this
situation, we can recover a similar approximation to the original stochastic mesh
method, except that the Radon-Nikodym derivatives Ry, (&L, fi 1) are replaced by
approximations. The stochastic analysis of this particle model is provided in the
second part of Section 3.4.2 and follows essentially the same line of arguments as
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the one of the Broadie-Glasserman model.

In the final part of the chapter, Section 3.5, we present a new Monte Carlo
approach based on the genealogical tree evolution model associated with a neutral
genetic model with mutations given by the Markov transitions M,,. The main ad-
vantage of this new strategy comes from the fact that the computational effort of the
algorithm is now linear in the number of sampled points. We recall that a neutral
genetic model is a Markov chain with a selection/mutation transition. During the
mutation phase, the particles explore the state space independently according to the
Markov transitions while the selection step induces interactions between the various
particles. This type of model is frequently used in biology, and genetic algorithms
literature (see for instance [56], and references therein).

An important observation concerns the genealogical tree structure of the genetic
particle model that we consider. The main advantage of this path particle model
comes from the fact that the occupation measure of the ancestral tree model con-
verges in some sense to the distribution of the path of the reference Markov chain. It
is also well known that the Snell envelope associated with a Markov chain evolving
on some finite state space is easily computed using the tree structure of the chain
evolution. Therefore, replacing the reference distribution P, by its N-approximation
PN, we define an N-approximated Markov model whose evolutions are described by
the genealogical tree model defined above. We can then construct the approximation
uy as the Snell envelope associated with this N-approximated Markov chain. Sev-
eral estimates of convergence are provided in Section 3.5. Finally, some numerical
simulations are performed, illustrating the interest of our new algorithm.

3.2 Preliminaries

In a discrete time setting, the problem is related to the pricing of Bermuda options
and is defined in terms of a given real valued stochastic process (Zj)o<r<n, adapted
to some increasing filtration F = (Fj)o<r<n that represents the available information
at any time 0 < k < n. For any k € {0,...,n}, let T be the set of all stopping
times 7 taking values in {k, ..., n}. The Snell envelope of (Z)o<k<n, is the stochastic
process (Uy)o<k<n defined for any 0 < k < n by the following backward equation

Up = Zp NV E( Ui | Fi)

with the terminal condition U,, = Z,,, where a V b = max(a,b). The main property
of this stochastic process is that

TETL
with m=min{k<Il<n : U=2}eT.
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At this level of generality, in the absence of any additional information on the
filtration F, or on the terminal random variable Z,,, no numerical computation of
the Snell envelope is available. To get one step further, we assume that (F,),>0
is the natural filtration associated with some Markov chain (X,,),>o taking values
in some sequence of measurable state spaces (E,,&,)n>0. Let n9 = Law(Xj) be
the initial distribution on Ejy, and define by M, (z,_1,dz,) the elementary Markov
transition of the chain from F, _; into F,. We also assume that Z,, = f,(X,), for
some collection of non-negative measurable functions f, on FE,. In this situation,
the computation of the Snell envelope amounts to solving the following backward
functional equation

up = Hpgr(Ueg1) = fr V Mig1(Upgr), (3.2.2)

for any 0 < k < n, with the terminal value u,, = f,,. In the above displayed formula,
M1 (ugy1) stands for the measurable function on Ej, defined for any z € Ej by
the conditional expectation formula

M1 (wpgr)(zg) = M1 (T, dogyr) Upgr (Trg1)
Ex41

= E (w1 (Xi)| Xy = 1)

Let Hyy = Hi+1 0 Hiy1y, with & <1 < n, be the nonlinear semigroups associated
with the backward equation (4.2.1). We use the convention Hy = Id, the identity
operator, so that u, = Hy(w), for any & < [ < n. Given a sequence of bounded
integral operators M}, from some state space Ey_; into another Fy, let us denote by
M, ; the composition operator such that My, = My Myio--- M, for any k& < [,
with the convention M}, ;, = Id, the identity operator. With this notation, one can
check that a necessary and sufficient condition for the existence of the Snell envelope
(uk)o<k<n is that My fi(x) < oo for any 1 < k <1 < n, and any state x € E;. To
check this claim, we simply notice that

fro <up < fot Myupyr, V1I<E<n = fi, <u < Z Miifi, V1<E<n.
k<Ii<n

(3.2.3)
From the readily proved Lipschitz property [Hy(u) — Hi(v)|] < Mgiq (|lu —v|), for
any functions u,v on Ej, we also have that

|7—lk,l(u) — ?—lk7l(v)| < Mk,l (]u — Ul) , (3.2.4)

for any functions u,v on Ej, and any k <[ < n.

Even if it looks simple, the numerical solving of the recursion (4.2.1) often re-
quires extensive computations. The central problem is to compute the conditional
expectation My 1(ugy1) on the whole state space Fy, at every time step 0 < k < n.
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For Markov chain models taking values in some finite state spaces (with a reason-
ably large cardinality), the above expectations can be easily computed by a simple
backward inspection of the whole realization tree that lists all possible outcomes
and every transition of the chain. In more general situations, we need to resort
to some approximation strategy. Most of the numerical approximation schemes
amount to replacing the pair of functions and Markov transitions (fx, M )o<k<n by
some approx1mat10n model (f ke, M, k)0<k<n on some possibly reduced measurable sub-
sets Ek C Ei. Let uy, be the Snell envelope on Ek associated with the functions fk,
and the sequence of integral operators Mk from Ek 1 into Ek As in (4.2.1), the
computation of the Snell envelope u;, amounts to solving the following backward
functional equation

e = Hio1(lrsr) = fi V My (s - (3.2.5)

Let ﬁm = ’zqkﬂ Oﬁkﬂ,l» with £ < [ < n, be the nonlinear semigroups associated
with the backward equations (3.2.5), so that uy = ﬁw(ﬂl), for any k£ <1 < n. Using
the elementary inequality |(a V a') — (bV V)| < |a — b| + |a’ — b'|, which is valid for
any a,a’,b,b' € R, for any 0 < k < n and for any functions v on Fjy,; one readily
obtains the local approximation inequality

Hiorr (1) — Hppr ()| < [fo — Ful + |(Mir1 — Myia)(u)]. (3.2.6)

To transfer these local estimates to the semigroups Hy; and ﬁm we use the same
perturbation analysis as in [41, 48, 85, 109] in the context of nonlinear filtering semi-
groups and particle approximation models. The difference between the approximate
and the exact Snell envelope can be written as a telescoping sum

n

u = U=y [ﬁw (Hig1(w1)) — ﬁk,l(ﬁm(um))] :

=k

setting for simplicity H,+1(tn11) = u, and ﬁnﬂ(unﬂ) = Uy, for [ = n. Combining
the Lipschitz property (3.2.4) of the semigroup ﬁk,l with the local estimate (3.2.6),
one finally gets the following robustness lemma, which is a natural and fundamental
tool for the analysis of the Snell envelope approximations.

Lemma 3.2.1. For any 0 < k < n, on the state space Ek, we have that

n—1
|y, — U ZMkl\fl fz\‘i‘ZMkl’ Ml+1_Ml+1>ul+1’
I—k I—k

The perturbation analysis of nonlinear semigroups described above, and the re-
sulting robustness lemma are not really new. As mentioned previously, it is a rather
standard tool in approximation theory and numerical probability. More precisely,
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these Lipschitz type estimates are often used by induction or as an intermediate
technical step in the proof of a convergence theorem of some particular approxima-
tion scheme.

In the context of optimal stopping problems, similar induction arguments are
developped to prove the convergence of some specific approximation models, for in-
stance in the papers of Egloff [64] and Gobet, Lemor and Warin [76] or Pages [92].
However, to the best of our knowledge, the general and abstract semigroup formula-
tion given above and its direct application to different approximation models seems
to be the first result of this type for that class of models.

Besides the fact that the convergence of many Snell approximation schemes
results from a single robustness property, Lemma 4.2.1 can be used sequentially
and without further work to obtain non asymptotic estimates for models combining
several levels of approximations. In the same vein, and whenever it is possible,
Lemma 4.2.1 can also be used as a technical tool to reduce the analysis of Snell
approximation models on compact state spaces or even on finite but possibly large
quantization trees or Monte Carlo type grids.

We end this section with an exponential inequality that can be readily deduced
from the LL,-mean error bounds presented in this chapter. For a more thorough
discussion on the connexion between Khintchine style LL,-mean error bounds and
concentration inequalities, we refer the reader to [40], [44, 45], and the more recent
article on the concentration properties of mean field type particle models [59].

Lemma 3.2.2. Suppose the estimates have the following form:

VN sup E (Jux(z) — @ (2)]")7 < a(p)br(n),

reFy

where bp(n) are some finite constants whose values do not depend on the parameter
p and a(p) is a collection of constants such that for all non-negative integer r:

o +1),
21 = (2), 2 and a(2r + 1) = ZED g g0
r+1/2

with the notation (q), = ¢!/(q —p)!, for any 1 < p < q. Then we deduce the
following exponential concentration inequality

br.(n)
VN

Proof. This result is a direct consequence of the fact that for any non-negative

sup P (|uk(xk) — g (zy)| >
reF)

+ 6) <exp (—Ne*/(2bk(n)?)) . (3.2.8)

random variable U, if there exists a bounded positive real b such that
vr>1, EU") <a(r)b,
where a(r) is defined by (3.2.7), then
P(U>b+e) <exp(—€/(20)) .
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To check this implication, we first notice that
P(U>b+e) < gg{e*f(b“)E[etU]} :

Then developing the exponential and using the moments boundedness assumption,
one obtains that for all ¢ > 0,

E (e") < exp ((b—?z + bt) .

As a result,

P(U>b+¢) <exp (—sup (et— (b?Q)) .

t>0

3.3 Some deterministic approximation models

In this section, we analyze the robustness of the Snell envelope with respect to some
deterministic approximation schemes that are parts of many algorithms proposed to
approximate the Snell envelope. Hence, the non asymptotic error bounds provided
in this section can be applied and combined to derive convergence rates for such
algorithms. We recover or improve previous results and in some cases, state new
error bounds.

3.3.1 Cut-off type models

It is often useful, when computing the Snell envelope, to approximate the state
space by a compact set. Indeed, Glasserman and Yu (2004) [75] showed that for
standard (unbounded) models (like Black-Scholes), the Monte Carlo estimation re-
quires samples of exponential size in the number of variables of the value function,
whereas the bounded state space assumption enables to estimate the Snell envelope
from samples of polynomial size in the number of variables. For instance, in [65], the
authors proposed a new algorithm that first requires a cut-off step which consists
in replacing the price process by another process killed at first exit from a given
bounded set. However, no bound is provided for the error induced by this cut-off
approximation. In this section, we formalize a general cut-off model and provide
some bounds on the error induced on the Snell envelope.

We suppose that for each n, E, is a topological space with o-fields &, that
contains the Borel o-field on E,. Our next objective is to find conditions under
which we can reduce the backward functional equation (4.2.1) to a sequence of
compact sets En
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To that end, we further assume that the initial measure 7, and the Markov
transition M,, of the chain X, satisfy the following tightness property: For every
sequence of positive numbers ¢, € [0, 1[, there exists a collection of compact subsets
En C E, s.t.

(T) 770(@3) <e¢ and Vn >0 sup M1 (2, EZH) < €ntt -

Tn€E,

For instance, this condition is clearly met for regular Gaussian type transitions on
the Euclidean space, for some collection of increasing compact balls.

In this situation, a natural cut-off consists in considering the Markov transitions
]\/4\k restricted to the compact sets Ek

Vx € Ek_l ]\/Zk(x,dy) = Me(12 ) ()
Ey,

These transitions are well defined as soon as M(z, Ek) > 0, for any = € Ek_l.

Using the decomposition

—~

(M, = My)(ur) = M) = My(15,ur) = Mi(1pu)
1
) (1 T M1 )) Mi(ulp, ) — Mi(1p;us)
- P Mi(urlg,) — Me(1gour)

then using Lemma 4.2.1 yields

luk — kg, = sup ur(z) — ux(z)]
zEFE}

M(1z,)

(]

[Mi(utg)l|g,_, + 1Mi(wlge)llz,_,

- HMZ(lElE)

Ei

n -

€l /2 1/2
< D g0 M)l + MG @
I=k+1 -

We summarize the above discussion with the following result.

Theorem 3.3.1. We assume that the tightness condition (T) is met, for every
sequence of positive numbers €, € [0, 1], and for some collection of compact subsets
E, C E,. In this situation, for any 0 < k < n, we have that

n 61/2 /
=N 1/2
”uk — Uk”E\k S E L 1/2 HMZ(U?)HE171 :
I=k+1 L—¢
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Note that .
up < ZMk,l(fl)a
I=k

and therefore

1Mz, , < (0= k1) 3 [Mesa()l5, -

=k

Consequently, one can find sets (E\l)k<l§n so that |lug — ugl| 5, 1s as small as one
wants as soon as || My, (fi)?ll5, < oo, for any 0 < k < I < n. A similar cut-off
approach was introduced and analyzed in Bouchard and Touzi [13], but the cut-off
was operated on some regression functions and not on the transition kernels.

3.3.2 Euler approximation models

In several application model areas, the discrete time Markov chain (Xj)g>o is
often given in terms of an IR%-valued and continuous time process (X;)i>o given by
a stochastic differential equation of the following form

dXt = a(Xt)dt+b(Xt)th, lCL'lU(X()) = To, (331)

where 7y is a known distribution on IR?, a, b are known functions, and W is a
d-dimensional Wiener process. Except in some particular instances, the time homo-
geneous Markov transitions M, = M are usually unknown, and we need to resort
to an Euler approximation scheme.

In this situation, any approximation of the Snell envelope, which is based on
simulations of the price process will be impacted by the error induced by the Euler
scheme used in simulations. We propose here to provide bounds for that error. No-
tice that in this setting, the exercise dates are discrete and fixed, so that our results
are not comparable with those from Dupuis and Wang (2004) [62] who analyzed the
convergence of the discrete time optimal stopping problem to the continuous time
optimal stopping problem when the frequency of exercise dates increases to infinity.
Similarly, for numerical approximations of Backward Stochastic Differential Equa-
tions (BSDE), [13] and [76] also analysed the case where the number of exercise
opportunities grows to infinity.

The discrete time approximation model with a fixed time step 1/m is defined by
the following recursive formula

bol@) = =
b = L@ +a(l@) ~+b(6@) =«
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where the ¢;’s are i.i.d. centered and IR%valued Gaussian vectors with unit covari-
ance matrix. The chain (&) k>0 is an homogeneous Markov with a transition kernel
which we denote by M.

We further assume that the functions a and b are twice differentiable, with
bounded partial derivatives of orders 1 and 2, and the matrix (bb*)(z) is uniformly
non-degenerate.

In this situation, the integral operators M and M admit densities, denoted by p
and p. According to Bally and Talay [5, 6], we have that

pvp] < cq and mp—p|l < cq, (3.3.2)
with the Gaussian density ¢(z,2') := \/%Ue_ﬁ‘x_zlw, and a pair of constants (¢, o)

depending only on the pair of functions (a,b). Let @, be the Markov integral
operator on IR? with density g. We consider a sequence of functions (f3)o<p<n ON
IR, Let (ug)o<k<n and (Uy)o<r<n be the Snell envelope on IR? associated to the pair
(M, fr) and (]\/4\, fr). Using Lemma 4.2.1, we readily obtain the following estimate

n—1 n—1
~ — — C —
g — k| <) MUTH(M = M)wy| < - > MTRQlua
=k =k

Rather crude upper bounds that do not depend on the approximation kernels M
can be derived using the first inequality in ( 3.3.2)

1 n—Fk
|up, — | < - ZCZ Q'|urk] -
=1
Recalling that wp, < Y ey MY=U+F) £, we also have that

n—k
1 , /
o o< 1 I A V—(k) U~ (k) £
lup —ug| < m;lc Q § c Q fi

+E<U<n

IN

n—k
%Z Z A QUR g, — % Z L Q frpr -

I=1 I+k<l'<n 1<i<n—k
We summarize the above discussion with the following theorem.

Theorem 3.3.2. Suppose the functions (fr)o<k<n oN R® are chosen such that
Q' fria(x) < oo, for any x € IRY, and 1 < k+1<n. Then, for any 0 <1 < n, we
have the inequalities

n—1
~ c 1
|u, — x| < o E M Qlupq] < o E [ ¢ Q frw
1=k 1<i<n—k
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3.3.3 Interpolation type models

Most algorithms proposed to approximate the Snell envelope provide discrete
approximations 4, at some discrete (potentially random) points &, of Ej. However,
for several purposes, it can be interesting to consider approximations u; of functions
ux on the whole space Fj. One motivation to do so is, for instance, to be able
to define a new (low biased) estimator, Uy, using a Monte Carlo approximation
of (3.2.1), with a stopping rule 73 associated with the approximate Snell envelope
ug, by replacing up by g in the characterization of the optimal stopping time
T (3.2.1), i.e

M
— 1 i . ~7 . ~ ) )
U = i E_ ff]i(Xﬁi) with 7 =min{k <1 <n : @(X]) = fi(X])}. (3.3.3)

where X' = (X! .-+, X!) are i.i.d. path according to the reference Markov chain
dynamic.

In this section, we analyze non asymptotic errors of some specific approximation
schernes prov1d1ng such interpolated estimators u, of u, on the whole state Ej. Let
Mk+1 IkM k+1 be the composition of the Markov transition Mkﬂ from a finite set
S into the whole state space Fj1, with an auxiliary interpolation type and Markov
operator Z; from FEj, into Sg, so that

Vi, € S Ik<$k,d8) = 5zk(d3> ,

and such that the integrals

x € By — Li(pr)(x) = /S Ti(z,ds) x(s) ,

of any function ¢, on S are easily computed starting from any point z in Ej. We
further assume that the finite state spaces Sy are chosen so that

1f = Ziflle, < e(f[Se]) =0 as [Sk| = o0, (3.3.4)

for continuous functions fk on Ej. An example of interpolation transition Z, is
provided hereafter. Let Mk =Ty 1Mk be the composition operator on the state
spaces Ek = F.

The approximation models M,, are non necessarily deterministic. In [?], the
authors examined the situation where

Vs € S M(s dx) Z 5Xz 8) (dx) ,

k<i<n,

where X] (s) stands for a collection of Nj independent random variables with com-
mon law My(s, dz).
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Theorem 3.3.3. We suppose that the Markov transitions M, are Feller, in the
sense that My(C(Ex)) C C(Ex_1), where C(Ey) stands for the space of continuous
functions on the Ey. Let (ug)o<k<n, and respectively (ug)o<rp<n be the Snell enve-
lope associated with the functions fr = ﬁ, and the Markov transitions My, and
respectively J\/Zk = Ik,lﬂk on the state spaces Ek = FE). Then

n—1

low = @lls, <3 e (Mesrugn, 190 + 1(Mrs = Vil
=k
The proof of the theorem is a direct consequence of Lemma 4.2.1 combined with
the following decomposition

|ur — Uk ||, (3.3.5)

<> |Id = Z)Mus sl + 1T (Mo = Misa Y|

We illustrate these results in the typical situation where the space Ej are the
convex hull generated by the finite sets Sy. Firstly, we present the definition of
the interpolation operators. Let § = {q',..., 9™} be a partition of a convex and
compact space E into simplexes with disjoint non empty interiors, so that £ =
Ur<i<m¥i. We denote by () the refinement degree of the partition

o() := sup sup [z —yll .

1<i<m z,yeq;

Let S = V(9) be the set of vertices of these simplexes. We denote by Z be the
interpolation operator defined by Z(f)(s) = f(s), if s € S, and if x belongs to some
simplex ¢/ with vertices {7, ... ,xilj}

IHCD . Na)= > N fla)),

1<i<d; 1<i<d;

where the barycenters ()\i)lgigdj are the unique solution of

T = Z )\z LC? with ()\i>1§i§dj € [O, 1]dj and Z )\1, =1.

1<i<d; 1<i<d;

(13

The Markovian interpretation is that starting from z, one chooses the “ closest
simplex” and then one chooses one of its vertices x; with probability A;.

For any § > 0, let w(f,d) be the d-modulus of continuity of a function f € C'(FE)

w(f,0):=  sup  |f(z) = fy)l.

(zy)eE:||lz—y|<d

The following technical Lemma provides a simple way to check condition (3.3.4) for
interpolation kernels.
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Lemma 3.3.1. Then for any f,g € C(E),

sup |f(2) — Zg(w)| < max|f(z) — g(z)[ +w(f,0(9)) +w(g,0(1)) . (3.3.6)

zel

In particular, we have that

sup [ f(z) — Zf ()] < w(f,0(9)) -

zelR

Proof. Suppose = belongs to some simplex 4/ with vertices {a:jl, . :Efl }, and let
(Ai)1<i<a, be the barycenter parameters « =37, ;.4 Ai 5. Since we have Zg(x 1) =
g(z]), and Zg(x)) = g(x?) for any i € {1,...,d;}, it follows that

d; d;
|f(z) = Zg(z)| < Z&I(f(x)—f(w§)|+z>\¢|f(ﬂf?)—Ig(ﬂff)l
d;
+3 AT — o)
% - . 4 . .
= Z&'I(f(iv)—f($§)|+z>\i|f($§)—g(ﬂf§)|
d;
+2_Ailg(al) = g(@)l

This implies that

sup [f(x) — Zg(x)| < gg{gi\f(x)—9(33)!+W(f,5(1lj))+W(9,5(ﬂj)),

zcqI

with

w(f,6(F) = sup |[f(z)— f(y)| and O(F):= sup [z —y .

lz—yll<d(99) z,yef

The end of the proof is now clear. ]

Combining (3.3.5) and (3.3.6), we obtain the following result.

Proposition 3.3.2. Let . = {3, ..., "} be a partition of a convex and compact
space By, into simplexes with disjoint non empty interiors, so that K = Ui<i<m, Y-
Let Sy = V(Yx) be the set of vertices of these simplexes. Let (Ug)o<k<n, be the
S’nell em)elope associated with the functwns fk = fr and the Markov transitions
Mk T 1Mk on the state spaces Ejy = Ek

s — T, < §:[ (Mrsyuigr,6(9)) + | Moy — Misa |,
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To illustrate the results of Theorem 3.3.3 and Proposition 3.3.2, we have derived
the effective convergence rate induced by the interpolation in a specific example.
Following the previous Section, let us consider the R%valued Markov chain (é k)o<k<n
defined as the Euler time discretization of the stochastic differential equation (3.3.1),
with a time step At =1, i.e.

& =

Sen1 = &+ a(&)At + b(&)V ALey, (3.3.7)

where €, are i.i.d. centered Gaussian vectors on R? with unit covariance matrix.
Let Lip(R?) be the set of all Lipschitz functions f on R¢, and we set

L(f)= sup If(x) = Fw)ll- f € Lip(RY). (3.3.8)

z,yER Ay HJ?—-yH

We assume that @ : R — R and b : R? — M(d,d) are Lipschitz continuous
functions. Then, we can prove that the time homogeneous Markov transitions M =
M associated to the Markov chain (ék)ogkgn is such that for any Lipschitz continuous
function f on R?,

(M (f)(x) = M(f)(y)] < T+ )Lz =yl (3.3.9)

with « = a(L(a), L(b), At) := L(a)At + dL(b)v/At > 0. Hence, we observe that
M, (Lip(R?)) C Lip(R?) . We also observe that

(fe and wgyq € Lip(RY))
U (3.3.10)
(ur € Lip(R?)  with  L(ug) < L(fi) V L( Mg (ues1)))

Moreover, assume that the payoff function fr, = f for allk = 0,---  n. Using (3.3.9)
together with (3.3.10) implies

L(ug) < (1+ )" "L(f) .
Using again (3.3.9) yields
w(Mppusr, 6(Pr)) < (L4 )" 'L(f)5(P) .

Finally, in the specific case of model (3.3.7), with payoff functions f; = f and some
refinement degrees of the partitions §(Px) < d, we obtain the following bound for
the convergence of our interpolation model

n—1

L(FS + Y I1(Mir = Miga)ursalls, -

=k

n—k+1
g, — Tl 5, < (A +a)y"
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3.3.4 Quantization tree models

Quantization tree models belong to the class of deterministic grid approximation
methods. The basic idea consists in choosing finite space grids

Ek:{x,lg,...,x;n’“}CEk:Rd,

and some neighbourhoods measurable partitions (A%);<p<m, of the whole space Fj
such that the random state variable X}, is suitably approximated, as my — oo, by
discrete random variables of the following form

Z T 1y (Xp) = X, -

1<i<my,

The numerical efficiency of these quantization methods heavily depends on the
choice of these grids. There exists various criteria to choose judiciously these ob-
jects, including minimal IL,-quantization errors, that ensure that the corresponding
Voronoi type quantized variable )?k minimizes the L, distance to the real state
variable X. For further details on this subject, we refer the interested reader to
the pioneering article of G. Pages [92], and the series of articles of V. Bally, G.
Pages, and J. Printemps [4], G. Pages and J. Printems [96], as well as [7, 20, 76, 95],
and references therein. The second approximation step of these quantization model
consists in defining the coupled distribution of any pair of variables ()/(\'k,l, X k) by
setting

P ()?k = Q?i , )?k,1 = 1’271> =P (Xk € Ai , X1 € A;'qfl) ,

for any 1 < i < my_q1, and 1 < j < my. This allows to interpret the quantized
variables (Xj)o<k<n as a Markov chain taking values in the states spaces (Ex)o<k<n
with Markov transitions

Mi(why, o) =P (K=ol | D =afy) =P (Xu€ AL Xp € 4,) .

Using the decompositions

M) = 3 [ 1) PO dy] X =)

= Z/AJ_ fly) P(Xy, € dy | X1 € 4_)

+ [ IMa}2) = M) PO € dalXios € 45 )

and

)(),_y) Z P(X) € dy | Xk—1 € Ayy)
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we find that
(M. = My (£)(#}-)
=3 1)~ ) B € dy | Xy € A

j=1 %

+ [ ) - MO@) Pt € de | X e AL

We further assume that My(Lip(R?)) C Lip(R?) . From previous considerations, we
find that

=

0 = (Do)l < L0 B[1X = Rl | Ky = i)
+L(M(f)) E( X1 = Kpal? | Kea = 1) -

This clearly implies that

D=

Mial(Mis = M) fl(eh) < LU [EQXirs = ial? | K= a})
FL(Mia () BIX, - Kif? | i = 2)7

Using (3.3.10), we also obtain that L(uy) < L(fx)VL(Myy1(ugy1)). Using Lemma 4.2.1,
we readily arrive at the following Proposition similar to Theorem 2 in [4].

Proposition 3.3.3. Assume that (fy)o<i<n € Lip(RO™L  and M, (Lip(R?)) C
Lip(R%), for any 1 < k <n. In this case, we have (ug)o<r<n € Lip(RY)" L, and for
any 0 < k < n, we have the almost sure estimate

g — | (X)) < L(Mk+1(uk+1)) X5 — Xyl

+ Z () + LMy (upe))) B(IX, — Ko | X)»
l=k+1

FL(f) [E(Xa = Kl | )

3=

Proof. Using the decomposition

~

U(Xk) — we(Xa) = [@6(Xn) — (X)) + [un(Xe) — un(Xe)]

we have that
| (Xg) — ur(Xp)| < Llug) [ X — X -

Then the proof is completed by the following inequality:
1
(&) — w(X)| < L(f) [E(X = Rl | Z0)]”

n—1
+Z () + L(Mygr (1)) (X — Ko | Xe)v

N
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In contrast with [4] which focuses on optimizing deterministic grids, we remark
that the independent applications of Lemma 4.2.1 in this model and in the previous
examples illustrate the generality of our framework.

3.4 Monte Carlo importance sampling approxi-

mation schemes

3.4.1 Path space models

The choice of non homogeneous state spaces F, is not without consequences. In
several applications, the underlying Markov model is a path-space Markov chain

X, =(X},...,.X')YeE,=(E,x...xE). (3.4.1)

The elementary prime variables X represent an elementary Markov chain with
Markov transitions M} (xy_1,dx}) from Ej_; into E}. In this situation, the historical
process X, can be seen as a Markov chain with transitions given for any x;_; =
(hy ..y @)_ 1) € Br—1 and yi, = (Y5, - - -, Yi) € Ex by the following formula

Mi(zr—1, dyr) = Oy, (dyr—1) My (yy_1, dyy) -

This path space framework is, for instance, well suited when dealing with path
dependent options as Asian options.

Besides, this path space framework is also well suited for the analysis of Snell
envelope under different probability measures. To fix the ideas, we associate with
the latter a canonical Markov chain (Q, F (X))o P 6) with initial distribution 7
on Ep, and Markov transitions M, from Ej,_, into . We use the notation E;, to
denote the expectations with respect to IP’;7 z We further assume that there exists a

sequence of measures (7 )o<k<n On the state spaces (E},)o<k<n such that
Mo ~mno and  Mp(2_y,.) ~ (3.4.2)

for any z)_, € B, _,,and 1 < k < n. Let (2, F, (X} )n>0, Py,) be the canonical space
associated with a sequence of independent random variables X, with distribution 7
> the historical
process X, = (X{,...,X]) can be seen as a Markov chain with transitions

on the state space Ej, with & > 1. Under the probability measure P

Mk($k—1,dyk) = 5:ck_1(dyk—1) nk(dy;g) .
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By construction, for any integrable function f; on Ej, we have

By (£1(X2)) = By (f(Xn))

with the collection of functions f; on Ej given for any x, = (xj,...,x}) € Ey by

dP! . dP! dn’ dM(x,_,,.
ko) with kg = Wy T W) 0y

fe(ow) = fr(x)) x P, dTPk o

1<I<k n

(3.4.3)

Proposition 3.4.1. The Snell envelope uy, and ). associated with the pairs (f;, M])
and (fr, My) are given, for any 0 < k < n, by the backward recursions

U;c = fllc v Mllﬁ-l(u;c—i-l) and  up = fi, V My (ups1)  with (Ulmun) = (f;m fn) -
These functions are connected by the formula
dp;,
APy,

Proof. The first assertion is a simple consequence of the definition of a Snell enve-

VO<k<n, VYa,=(vp...,7;) € E, uk(zr) = up () X

(xg) . (3.4.4)
lope, and formula (3.4.4) is easily derived using the fact that

/ 41

k+1

dM! . , , ,
() = f,;<x;>v( [t M T ) <>> |

That completes the proof of the proposition. ]

Under condition (3.4.2), the above proposition shows that the computation of
the Snell envelope associated with a given pair of functions and Markov transitions
(fi, M}.) reduces to that of the path space models associated with sequence of in-
dependent random variables with distributions 7,. More formally, the restriction
P,, » of reference measure IP,; to the o-field F,, generated by the canonical random
sequence (X} )o<k<n is given by the the tensor product measure P, , = @}_;n. Nev-
ertheless, under these reference distributions, the numerical solving of the backward
recursion stated in the above proposition still involves integrations with respect to
the measures n,. These equations can be solved if we replace these measures by
some sequence of (possibly random) measures 7, with finite support on some re-
duced measurable subset E,; C Ej, with a reasonably large and finite cardinality.
We extend 7, to the whole space EJ, by setting 7 (E}, — El) = 0.

Let I?P% be the distribution of a sequence of independent random variables 5; with
distribution 7, on the state space E,’w with £ > 1. Under the probability measure
I/EB%, the historical process X,, = (X{,..., X)) can now be seen as a Markov chain
taking values in the path spaces

E) = (Eéxxﬁ,@) :
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with Markov transitions given for any x,_1 = (zf,...,2,_,) € E\k,l and y, =
(Yos - - -, Yp) € Ex by the following formula

My (241, dyp) = 00y, (dyi—1) Tie(dy},) -

Notice that the restriction I/P\’%m of these approximated reference measure I@ﬁé to the
o-field F,, generated by the canonical random sequence (X} )o<k<n is now given by
the the tensor product measure ]IA”%,H = QR _oTk-

Let w4y be the Snell envelope on the path space Ek, associated with the pair
(fk, ]\/Zk), with the sequence of functions fy = fi given in (3.4.3). By construction,
for any 0 < k < n, and any path z, = (z(,...,2}) € Ek, we have

dP,
d]Pk (xk) )

with the collection of functions (u})o<k<, on the state spaces (E})o<k<n given by

Uy (2x) = W (x),) ¥

the backward recursions
(7)) = frlay) v (/E/ My (2, dyy ) a;c-‘rl(x;c—i—l)) ) (3.4.5)
k+1

with the random integral operator M, i from Ej into E,’C 41 defined below

Mlg+1<x;c7dx;c+l) = ﬁk+1(dx;c+1) Rkﬂ(@w%ﬂ) )

with the Radon-Nikodym derivatives Ry (%}, 2},,,) = Mfl#ﬁ’“)(%ﬂ).

3.4.2 Broadie-Glasserman models

We consider the path space models associated to the change of measures presented in
Section 3.4.1. We use the same notation. We further assume that 7, = vazl Ogi s
the occupation measure associated with a sequence of independent random variables
& = (&1)1<i<ny With common distribution 7, on E,’C = E}.. We further assume that
(&k)o<k<n are independent. This Monte Carlo type model has been introduced in
1997 by Broadie and Glasserman (see for instance [19], and references therein). Let
E be the expectation operator associated with this additional level of randomness,
and we set Em =E® Ep,, .
In this situation, we observe that

—_~ 1 A~
(Ml::—i-l - Mlg+1)(33;q>dx§c+1) = 0= Vk+1(d$;§+1) Rk+1(33;c>$;c+1) 5

VN

with the random fields Vi := VN [Mk+1 — Mks1). From these observations, we

—~

readily prove that the approximation operators M; , are unbiased, in the sense
that

Vo<k<l vaie B By (Mu(NEDIF) = M(N@E) . (346)
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for any bounded function f on Ej,;. Furthermore, for any even integer p > 1, we
have

VR By ([0 = T] (06D ) < 2 al0) i (Rl 007

The above estimate is valid as soon as the r.h.s. in the above inequality is well
defined.
We are now in position to state and prove the following theorem.

Theorem 3.4.1. For any integer p > 1, we denote by p' the smallest even integer
greater than p. Then for any time horizon 0 < k <n, and any x| € E}, we have

1

VNE,, (Jui(at) = @ (=)[)? (3.4.7)
1
< 2a(p) Z {/Ml/c,l<%7d$§)m+1 (Rl+1(xfa')ug+1)p/]}
k<l<n

Note that, as stated in the introduction, this result implies exponential rate
of convergence in probability. Hence, this allows to improve noticeably existing
convergence results stated in [19], where there was no rate of convergence, and
in [3], where the rate of convergence in probability was polynomial.

Proof. For any even integers p > 1, any 0 < k < [, any measurable function f on
Ei+1, and any x € Fj, using the generalized Minkowski inequality we find that

ik

< 2a(p) / M\él(x;,dxf) Mt [(Riga (2, ) f)F]

VN ]ﬁno (‘J/W\;/gl ’ [Ml/—i-l - ]/\/Tl/-i-l] (f)‘ (%)

3=

By the zero-bias property (3.4.6), we conclude that
p> H

< 2a(p) {/ My (2, dxy) i [(Rl+1(95§a')f)p]}1/p :

VN Em ()J/W\;/” ‘ [Ml/-i-l - ]/\I\l/+1:| (f)‘ (7%)

For odd integers p = 2¢ + 1, with ¢ > 0, we use the fact that
E(Y2t1)? < E(Y¥) E(Y24™)) and E(Y%) < E(Y2@tD)a
for any non negative random variable Y and
(2(g+1))gr1 =2 (2¢+ L)gp1 and (2q)g = (2¢+ 1)g+1/(2¢ + 1) ,
so that

a(2¢)a(2(q + 1))2+D < 9= (94 4 12,,/(q+1/2) = (a(2q + 1)2q+1)2 7
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2q+1>2

2 9
< (2%Ya(2q + 1)) [ My (2, dg) m [(Riga (2, o) )20 ] o0

and

N By (3| Mt - F220] (0] 0

X f M]::,l('xz" dx;) 771+1 [(Rl+1 (,I‘;’ -)f)Q(‘I+1):| )

Using the fact that E(Y #1) < E(Y)a+1, we prove that the r.h.s. term in the above
display is upper bounded by

1-31)

(
(2(2q+1)a(2q + 1)2q+1)2 {/ Mlg,l(x;cv dy) iy [(Rl-l-l(x;v ')f)Q(qH)} } ;

1
2q+1) 2q+1
1

<2a(2q+1) {J M (x},dx]) n [(Riga(a), ) f)2er] e

That complete the proof of the theorem. ]

from which we conclude that

VR By ([0 | [Mt - B2 ] ()] 0

The LL,-mean error estimates stated in Theorem 3.4.1 are expressed in terms of
L, norms of Snell envelope functions and Radon-Nikodym derivatives. The terms
in the r.h.s. of (3.4.7) have the following interpretation:

/ Mllc,l(x;wdx;) Mi+1 |:(Rl+1<$;, -)ulﬂ)p/]
=E [(RlJrl(Xl/a€l1+1)ul+1(€l1+1))p ’X,; = x;} )

In the above display, E(-) stands for the expectation with respect to some reference
probability measure under which X, is a Markov chain with transitions M/, and
&'y, is an independent random variable with distribution 7,4;. Loosely speaking,
the above quantities can be very large when the sampling distributions 7;,, are far
from the distribution of the random states X;,, of the reference Markov chain at
time (I + 1). Next, we provide an original strategy that allows for instance to take
M1 = law(X] ) as the sampling distribution, even if R;,; is not known (i.e. cannot
be evaluated at any point of Fj,1). In the sequel, we consider N independent copies
(&, &€ )1<i<n of the Markov chain (X{, X7, -+ X/), from the origin k = 0, up to
the final time horizon £ = n. Then, for all £ = 0,---n, we define the associated
occupation measure 7 = % Zf\; 552' For all £ =0,---n, let F; be the sigma field
generated by the random sequence (&)o<i<k.
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We also assume that the Markov transitions M) (x]_,,dz}) are absolutely con-
tinuous with respect to some measures A, (dx)) on E! and we have

dM! (x! _,, .
(Mo Vo) € (B x B) - Hylatyy ) = Tolmen gy o g
where H,, is supposed to be known up to a normalizing constant. In this situation,
we have ;11 < A\gy1, with the Radon-Nikodym derivative given below

77k+1(dx;c+1) = Uleg+1(dx;c+1) = Nk (Hk+1<'7x;€+l)) )\k+1(dx;c+1> .

Also notice that the backward recursion of the Snell envelope uj, can be rewritten
as
dMy (7}, )

uj(eh) = f,;<a:;>v( / M (A2)s) —5
E Tk+1

/
k+1

Hy (2, 2. )
- fé(wZW( [ ) S )
E

- Mk (Hrr1(-, 7))

(33;c+1) u;e+1(352;+1)>

Arguing as in (3.4.5), we define the approximated Snell envelope (U}, )o<k<n, on the
state spaces (E})o<k<n by setting

k+1

ACARNACAN, ( | Milohodii) a;+1<x;+l>) ,
with the random integral operator M’ from E} into E\k:-i-l defined below
D)

dni My,

Hk+1 (ZL‘%, ‘T;c—i-l)
(1 (5 T yq))

Mlé+1 (x;, dI;cH) = Mkt (dx;€+1)

= Mht1 (dx;c+1)

By construction, these random approximation operators M 11 satisfy the zero-bias
property stated in (3.4.6), and we have

—_~ 1 A~ A~
(M12+1 - Ml::—l—l)(x;{:?dl’;ﬁ—l-l) = 7= ‘/;?-Fl(dx;c—l-l) Rk-&-l(x;wx;cH) )

VN

with the random fields Vkﬂ and the Fi-measurable random functions Ekﬂ defined
below

Hy 1 (7, 7y )
Me(Hig1(, 7y )

Furthermore, for any even integer p > 1, and any measurable function f on E; we

Vi = VN [iMiyy — fear] and Ry (2, 7hyy) =

have

3=

VN Eno <’ [MZIH - ]\//Tl/Jrl] (f)(x7) ’ |]:l); <2 a(p) 7/7\1]\/"'1/“ (§l+1<x;7 V)
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The above estimate is valid as soon as the r.h.s. in the above inequality is well
defined. For instance, assuming that

(H): 1M} (upy)]) < o0

Hyq (2], 27, )
+1\ T Tpq
and sup L

< hyyq (), )) with || M, (h2?
LARTASI o Hl—i—l(y;v x;—i—l) a rH

) < oo,
we find that
VN E (|[Mf = M () )| 17
<2a(p) (1M (W22 1ML (o)) )

Rephrasing the proof of Theorem 3.4.1, we just proved the following result.

Theorem 3.4.2. Under the conditions (H)y and (H), stated above, for any even
integer p > 1, any 0 < k <n, and ) € E},, we have

VN E (Juj () - Th(ap))? (3.45)
<2a(p) 3 (1ML DI ML () ™))
k<l<n

In the end, recovering and extending results from [19], it is interesting to point
out that both the Broadie-Glasserman estimator and this new BG type adapted
estimator have positive bias.

Proposition 3.4.2. For any 0 < k <n and any z), € E},
E (w(x3,)) > g (z),) - (3.4.9)

Proof. This inequality can be proved easily by a simple backward induction. The
terminal condition @, = u/ implies directly the inequality on instant n. Assuming
the inequality holds true in instant k, then Jensen’s inequality implies that

E(@(eh) = fi(el) VE (M (@) (h)
> ful@) V My () = wg ()

completing the proof of the proposition. ]

3.5 A genealogical tree based model

3.5.1 Neutral genetic models

Using the notations of Section 3.4.1, set

X, =(X},...,X))€E,=(Eyx...x E).
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Further assume that the state spaces E!, are finite, and denote by 7 the distribution
of the path-valued random variable X, on Ej, with 0 < k < n.

Further let M, be the Markov transition from X; ; to X, and let M} be the
Markov transition from X;_; to X,. In Section 3.4.1, we have seen that

Mk?((th B ,I;_l), d(y67 v ’y;c)) - 5(£v6,...,:v§€,1)(d(y67 B ’y;c—1>) Ml/c(y;c—la dy;c) .

In the further development, we fix the final time horizon n, and for any 0 < k < n,
we denote by 7, the k-th coordinate mapping

e o xp = (25,...,20) € By =(Eyx ... x E) = m(x,) =2, € Ej, .

In this notation, for any 0 < k < n, zj, € £, and any function f € B(E},,), we
have

Mn((1z 0 mk) (f © Thy1))
(1 0 7))

By construction, it is also readily checked that the flow of measure (n)o<k<n

n, = Law(Xg, ..., X)) and M (f)(z) = (3.5.1)

also satisfies the following equation

with the linear mapping @y, (nx_1) := Mx—1 M.

The genealogical tree based particle approximation associated with these recur-
sion is defined in terms of a Markov chain §,(€N) = (§,Sf’N))1§i§ ~, in the product state
spaces E,iv * where N = (Ng)o<k<n is a given collection of integers.

P<€I<€N>:(x}€,_.., )| 1) I1 @ Nk : Yo b | (@) . (353)

1<i< Ny 1<i<Np_q

The initial particle system f((]N) = <§éi’N)> , is a sequence of Ny i.i.d. random
0<i<Ng

copies of Xy. Let F{¥ be the sigma-field gén_erated by the particle approximation
model from the origin, up to time k.

To simplify the presentation, when there is no confusion we suppress the pop-
ulation size parameter N, and we write & and £ instead of SI(CN) and f,(f’N). By
construction, & is a genetic type model with a neutral selection transition and a
mutation type exploration

Mutation

Np Selection >~ (a5 ﬁk Nis1
goe BN T E = (€ e U g €E (3.5.4)
k k k- k) lcich k k+1 E+1 > -9,

with ]/\}k = Nk+1.
During the selection transition, we select randomly Nj.; path valued particles

@ = <E}€> among the N, path valued particles & = (&}.)1<i<n,. Sometimes,
1<i< Nigr ==
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3.5. A GENEALOGICAL TREE BASED MODEL

this elementary transition is called a neutral selection transition in the literature on
genetic population models. During the mutation transition @ ~ &, every selected
path valued individual 5,@ evolves randomly to a new path valued individual &, = =
randomly chosen with the distribution Mkﬂ(g,i, x), with 1 <4 < ]Vk By construc-
tion, every particle is a path-valued random variable defined by

& = (&omEia &)
§ = (Gl 8s) €Be=(Byx...x E).

By definition of the transition in path space, we also have that

fizc+1 = (f(z),k+1a fi,kﬂa . yfilg,kﬂ) ) fizc+1,k+1

-~

A

e ~N

= | (e 8o &), §,1+1,k+1> = (& €ian)

where &, ;. is a random variable with distribution M,Qﬂ(aiyk, -). In other words,

the mutation transition §,@A~» &, simply consists in extending the selected path Elg

with an elementary move & , ~ iy 5, of the end point of the selected path.
From these observations, it is easy to check that the terminal random population

model &, = <§’ivk)1§i§Nk and & = <§}€k> . is again defined as a genetic type

Markov chain defined as above by replacing the pair (Ej, Mj,) by the pair (Ej, M]),
with 1 < k < n. The latter coincides with the mean field particle model associated
with the time evolution of the k-th time marginals 7, of the measures 7, on Ej.
Furthermore, the above path-valued genetic model coincide with the genealogical
tree evolution model associated with the terminal state random variables.

Let 7 and 7} be the occupation measures of the genealogical tree model after
the mutation and the selection steps; that is, we have that

1 1
N E : ~N §
= 5 i d = = 5% .
UM Nk & an Mk Nk fk

1<i<N 1<i<N

In this notation, the selection transition &, ~ ag consists in choosing Nk condition-
ally independent and identically distributed random paths é\,g with common distri-
bution nY. In other words, 7)Y is the empirical measure associated with Ny con-
ditionally independent and identically distributed random paths E,g with common
distribution nyY. Also observe 7} is the empirical measure associated with Nj, con-
ditionally independent and identically distributed random paths ¢! with common
distribution 0} | M.
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In practice, we can take Ng = Ny = --- = N, = N when we do not have any
information on the variance of X,. In the case when we know the approximate
variance of X}, we can take a large Nj, when the variance of X, is large. To clarify
the presentation, In the further development of the chapter we further assume that
the particle model has a fixed population size N, = N, for any k > 0.

In the sequel, the simulation of the path valued particle system (&)o<p<n Will
be called the Forward step and is summarized in the following algorithm.

Forward algorithm

Initialization At time step k = 0, generate N i.i.d. random copies of X, and set
50 = (gé)ogigN'

At each time step k=1,---,n

1. Selection: For each ¢ = 1,--- N, generate independently an indice
I; € {1,---, N} with probability P(I; = j) = 1/N. Then set & , = £/ |

2. Mutation: For each i =1,--- | N, generate independently N i.i.d. ran-
dom variables (}, )o<i<n according to the transition kernel Mj, (é,i_l’k_l, ).

Then set 5,@ = (é]i_p éllgk:)

3.5.2 Convergence analysis

For general mean field particle interpretation models (3.5.3), several estimates can
be derived for the above particle approximation model (see for instance [40]). For
instance, for any n > 0, r > 1, and any f,, € Oscy(E,), and any N > 1, we have
the unbiased and the mean error estimates:

E (' (fu)) = 0a(fu) = E (7 (fa)) (3.5.5)

n

and  VNE( Y =] G])7 <2a() S B(M,,) |

p=0
with the Dobrushin ergodic coefficients
B(Mpn) == sup  [[Mpn(zp, ) — Mpn(yp, ')Htv )
(zp,ypE€Ep)
and the collection of constants a(p) defined in (3.2.7). Arguing as in (4.5.3), for
time homogeneous population sizes N,, = N, for any functions f € Osci(E,), we

P (\ Y =) (0] = 2 4 ) < exp (—25—”)) (3.5.6)

conclude that
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For the path space models (3.5.1), we have 5(M,,,) = 1 so that the estimates (4.5.1)
and (3.5.6) takes the form

VNE ([0 = m] (£)]) <2a(r) (n+1) (3.5.7)
and
(1 -l (]2 22 ) < (<525

In the next lemma we extend these estimates to unbounded functions.

Lemma 3.5.1. For any p > 1, we denote by p’ the smallest even integer greater
than p. In this notation, for any k > 0 and any function f, we have the almost sure
estimate

VNE (|0 — ol M (O |FYL )P (3.5.8)

n 1
o

<2(p) 3 [ Mecal(1Men (5]

=k

In particular, for any f € Ly (n,), we have the non asymptotic estimates

VN E (|nY = (A" <2 alp) || fllym (n+1) - (3.5.9)

Proof. Writing n™¥; My = 1, for any k > 0, we have the decomposition

n

[ = i Ml = [0 = (o, M) M
=k

with the semigroup
Mkm - Mk+1Mk+2 e Mn .

Using the fact that
E (mN(f) WL) = (771]\11Ml)(f) )
we obtain that

E (| — ¥ M) | 7Y )P <E (WY = e )(DF |7 )P

where pY = & SV d¢; stands for a independent copy of nY given nN,. Using

RS

Khinchine’s type inequalities, we have

D=
=

VNE ([l =)D 1Y) < 2 B (|71 7Y)
= 2a(p) [, M11)]7

Using the unbias property of the particle scheme, we have

VE<I<n E (UzN(f) }‘Flév—l) = (név_le_l,z)(f) :
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This implies that
1

< 2a(p) E (¥ Millf17) [FY, )

3=

VN E (|l — ol 2] 1Y)

= 2a(p) [ MevaLFP)]7

The end of the proof of (3.5.8) is now a direct application of Minkowski’s inequality,
while the proof of (3.5.9) is a direct consequence of (3.5.8). "

3.5.3 Particle approximations of the Snell envelope

In Section 3.5.1, we have presented a genealogical based algorithm whose occupation
measures 7 converge, as N 1 oo, to the distribution 7, of the reference Markov
chain (X{,...,X) from the origin, up to the final time horizon n. Mimicking
formula (3.5.1), we define the particle approximation of the Markov transitions M;,
as follows :

77711\7((196 07Tk:) (f o 7Tk+1)) — Zlgigz\/ 1x(5li,n) f(fiiﬂ,n)
3 ((1g 0 ) ‘ Di<ien Le(€in) ’

for every state z in the support Ekn of the measure 7Y o, '. Note that Ekn coincides

My (f) (@) =

with the collection of ancestors f,i’n at level k of the population of individuals at
the final time horizon. This random set can alternatively be defined as the set of
states & ;. of the particle population at time k such that nﬁ((lgiyk o)) > 0; more
formally, we have

It is interesting to observe that the random Markov transitions M, 441 coincides with
the conditional distributions of the states X, given the current time states X,
of a canonical Markov chain X, := (X},..., X!) with distribution 1Y on the path
space E, := (E} x ... x E!). Thus, the flow of k-th time marginal measures

|
77,1;[” = N Z 652’71 ,
i=1
are connected by the following formula
MMy =1y, Vk<I<n,
with the semigroup M ., associated with the Markov transitions M 141 given by

0y (1z o) (f om))

M) = Mia by Mi(f) @) = 2= 5 i

(3.5.11)

104



3.5. A GENEALOGICAL TREE BASED MODEL

for every state z in Ekn In connection with (3.5.10), we also have the following
formula

N N

1

N N N

en = 3 Z (N M (15,1,,6 © Wk)) 55;;,k = Z Th (%@,k © Wk) 55?;,k ’
=1 =1

with the proportion n (152 L © 7rk> of individuals at the final time horizon having

the common ancestor f};k at level k. It is also interesting to observe that
N
E (0 [FY) = Y B (g, om) [FY) £lgis)
i=1

N
= Y M (1, o m) F(60) = ()

J/

- N
=1 -

=1/N

The Snell envelope associated with this particle approximation model is defined
by the backward recursion:

() = | Fe@V M () (@) Vo € By
0 otherwise .

In terms of the ancestors at level k, this recursion takes the following form

U (&) = fi (60) V Miyy (W) (6,) »  V1I<i< N

In the sequel, the computation of the Snell envelope approximation (Ux)o<k<n
will be called the Backward step and is summarized in the following algorithm.

Backward algorithm

Initialization At time step k =n, foralli =1,--- | N, set u,(&,,,) = f(§,.,)-

n,n

At each time step k=n—1,---,0,foralli=1,--- , N set
N . .
Zj:l uk+1(£i+17n) 1, _.

k,n" Sk,n
N
Vo1
Z]:l fkm

ak(él@,n) = fk<£lic,n> \%

For later use in the further development of this section, we quote a couple of
technical lemmas. The first one provides some L, estimates of the normalizing
quantities of the Markov transitions M, 1+1- The second one allows to quantify the
deviations of ]\/4\,; 41 around its limiting values M |, as N — oo.

Lemma 3.5.2. For any p > 1, and 0 < i < N we have the following uniform
estimate

<00 . (3.5.12)

771]gv(1511",c om)™! )

SUPp>1 SUPp<i<k<n
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Lemma 3.5.3. For any p > 1, and 0 < i < N we have the following uniform
estimate

M1 (F)(E) = M (D) € )/ VN, (3.5.13)

sup
0<i<n

,
with some collection of finite constants c,(n) < oo whose values only depend on the

parameters p and n.

The proofs of these lemmas are rather technical, thus there are postponed to the
appendix.
We are now in position to state and prove the main result of this section.

Theorem 3.5.1. For any p > 1, and 0 < @ < N we have the following uniform

estimate
sup | (us = ) (€L0)]|, < (m)/VN (3.5.14)

0<k<n
with some collection of finite constants c,(n) < oo whose values only depend on the
parameters p and n.

Proof. Firstly, we use the following decomposition

= llp, < S0 MgV — M) ()| 1g, . (35.15)

k<i<n-—1

By construction, we have

Mllg,l|(Ml/+1 - Ml/+1)(ul+1)|1ﬁ(m) = Mé,z“ﬁl,n(Ml/H - Ml/+1)(ul+1)|11§k,n
By (3.5.11), if we set

Upy1 = ’(Ml/+1 - Ml/—f—l)(ul-&-l)’ )

on the set Elm, then we have that
M ((Leg | 0 mk) (1 0 71))

Y (g, o)

M (1) (EL,) =

For any p > 1, we have

— ; /e
|7 @ €| < g, om™|
- 1/(2p)
xE (ng((lfi,n o) (U1 © 7Tl)2p)> :
This implies that

o~ i N _q||MP ~ j

||| < g, om) |7 x su [l
P hn 2 1<<N »

The proof of (3.5.14) is now a clear consequence of Lemma 3.5.2 and Lemma 3.5.3. m
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3.5.4 Bias analysis

To end this subsection, we will prove that just as the bias of the Broadie-Glasserman
type estimators, the bias of the genealogical tree based estimator is always positive.

Note that, for any 0 < k < n, function f on space Ej and any ¢ € {1,..., N}
we have

E (f (1) €bn) = Mir1 f (&) - (3.5.16)

This is because in the neutral genealogical tree model, the selection steps are in-
dependent of the mutations steps. Here, &, contains all the information on the
construction of the tree plus the information on the values of the nodes on this tree
at instant k. The equation (3.5.16) comes from the fact that given the information
&k the particle &, . follows the distribution Mj (&, ).

Theorem 3.5.2. For any 0 <k <n and any i € {1,..., N}, we have

E ((& ) 16km) > u(Eh) - (3.5.17)

Proof. To prove this, we will use a simple induction argument.
For | = n, u, = u,, then we easily check that the following inequality is verified for
allt=1,..., N,

E (@(&,0)1€0) = w(&,) - (3.5.18)

Assume that (3.5.18) is verified for all ¢ = 1,..., N and let us prove that the same
inequality is valid for instant [ — 1.
With the elementary decomposition:

— . Z;\f:1 al(gljn)lgj =¢i
E (M@ 1,)l6-10) = E g
Z]:]' §ljfl,nzélifl,n
N o
Zj:l E (ul(fi'n)’flfl,n) 1&;'717”:5;'71771

Z]‘V—l L g
J=L 8 1 =

By assumption (3.5.18) and equation (3.5.16), we have

E (@& )|&1,) > E(w(&,)é1n)
Myw (&) 4,,) -

Applying the preceding decomposition, it follows easily

N .
ijl M[Ul (512_1’”“)15[];1,71:5;*1,”
N
Z]:l 16;71,,1:6;71771
= Mlul(gll—l,n) )

V

E(Mﬁz(fzi_1,n)|§l—1,n> >
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Then we can complete this proof by using Jensen’s inequality, getting

E (@1-1(81)l6-10) 2 fir(6r) VE (Mian(§ 01610
> flfl(glifl,n) v Mlul(flifl,n)
= ul—l(gli—l,n) :

3.5.5 Numerical simulations

In this section, we give numerical examples to test the genealogical tree algorithm
on two types of options from dimension 1 up to 6.

Prices dynamics and options model

Our numerical examples are taken from Bouchard and Warin [14], who provided
precise approximations of option values in their examples. The asset prices are
modeled by a d-dimensional Markov process (X;) such that each component (i.e.
each asset) follows a geometric Brownian motion under the risk-neutral measure,

that is, for assets i =1,--- ,d,
dX,(i ‘
B t(.Z) = rdt + o,dz, , (3.5.19)
Xt('l
where 2¢, for i = 1,--- ,d are independent standard Brownian motions. The interest
rate r is set to 5% annually. We also assume that for all i = 1,--- ,d, X, (i) = 1

and o; = 20% annually.

We consider two different Bermudan options with maturity 7" = 1 year and 11
equally distributed exercise opportunities at dates t, = kT'/n with k =0,1,--+ ,n =
10, associated with two different payoffs:

1. ageometric average put option with strike K = 1 and payoff (K —Hle )N(T(z'))+,
2. an arithmetic average put option with strike K = 1 and payoff (K —3 Zle Xr(i))s.

Note that the geometric average put payoff involves the process Hle X (i) which
can be identified to a one-dimensional non standard exponential Brownian motion.
This trick was used in [14] to compute a precise benchmark option value by PDE
techniques. We report in Table 4.1 the benchmark option values computed in [14],
for both the geometric and arithmetic put options (by using respectively the one
dimensional PDE method and the least squares regression method with 8 x 105 x d?
simulations and ten basis functions for each direction).
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’ Number of assets H 1 2 \ 3 \ 4 \ 5 \ 6 ‘
Geometric Payoff || 0.06033 | 0.07815 | 0.08975 | 0.09837 | 0.10511 | 0.11073
Arithmetic Payoff || 0.06033 | 0.03882 | 0.02947 | 0.02403 | 0.02046 | 0.01830

Table 3.1:
from [14]).

Benchmark values for the geometric and arithmetic put options (taken

State space discretization

The genealogical tree algorithm is designed for finite state spaces. Hence, before ap-
plying it to the aforementioned continuous space examples, we have to approximate
the continuous state space Markov chain solution of (4.7.1) by a Markov chain with
a finite state space. To this end, one can first discretize the state space using either
a random tree, or a stochastic mesh, or a Binomial tree or a quantization approach
... In our numerical simulations, the quantization discretization seemed to be the
most efficient.

State space partitioning Here, we propose to use a quantization-like approach for
the space discretization step. We simulate a first set of M iid paths at each n + 1
s (X80
now, that there exists two integers N’ and P such that M can be written as the
product M = N'P. Then, at each time step t;, the particle set S, = {thk, e ,Xt]g}
-,8N'} of P particles. Assume
now that there exists d integers (Q1,---,Qq) such that N’ can be written as the
product N’ = Q1 ---Qq. Assume for simplicity that N’ = Q¢. One way to build

this partition {S}, - -

possible exercise dates %, - - - according to dynamic (4.7.1). Assume

can be partitioned into N’ localized subsets {S}, - -

- ,SN'} is then to apply the following procedure as in [14]:

1. sort the particles according to the first coordinate and split the sorted particles
into Q subsets containing the same number of particles Q4! P;

2. if d > 2, for each subset, sort the particles according to the second coordinate
and split the sorted particles into () subsets containing the same number of
particles Q%2 P, which finally leads to Q% subsets containing the same number
of particles Q42 P:;

3. if d > 3, repeat this procedure recursively, in each direction ¢ = 3,--- ,d.

This operation is realized with a complexity O(dM log(M)) and produces a parti-
tions of S into N’ = Q% subsets S, - -
Now, for each subset S}, for j = 1,---, N’, we compute a representative state, Sy

-, S)" with the same number P of particles.

as the average particle over all the elements of S,z. Then at each time step t; for
k=1,---,n, we will consider the finite state space E, = {S}, - ,S,]gvl} and we set
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Ey = {X,,}. In the sequel, the discrete points S}, --- , S will be referred to as the
sites.

Finite state space Markov chain Assume now that a sequence of finite state spaces
E, C R?is given for k = 1,--- ,n (for instance by the above procedure). We
define a finite state space Markov chain (X} )x—o... , such that X} = X;, and for all
k=1,---,n,

° Xl/c € Ey;
e P(X;=S|X, ,=S_,)=P (th eVl X, = S,i_1>, where V;/ denotes

the Voronoi cell associated to the site S,f; in the the discrete set E}, and (X'tk) is

the Markov process verifying (4.7.1) observed at the discrete times tg, - - , t,.

To simulate a transition of the Markov Chain (X})g—o.... ,, from the state S _; € Ex_4
at the time step k — 1 to the time step k£ one can apply the following procedure:

1. Simulate a random variable X;, according to Mj(Si_,,-), where M, denotes
the transition kernel of the continuous state space Markov chain verifying (4.7.1)
from time t;_q to tx.

2. Set X; = Si" where Si is the nearest neighbor of X, among the elements of
E.
Complexity

In comparison with the quantization method proposed in [92], the genealogical al-
gorithm based on the above space discretization only needs to simulate the finite
state space Markov chain (X)) and avoids the time consuming computation of the
transition probabilities.

In terms of complexity, the major part of the computing time is spent in the forward
step described in Section 3.5.1 for simulating the discrete space Markov chain (X7,).
More precisely, for each transition, one has to compute a nearest neighbour among
N’ sites which finally leads to a complexity of order O(NN’) by time step, when
considering the whole set of N particles.

In terms of approximation error, we can decompose the error induced by the whole
procedure, on the Snell envelope approximation, into the sum of two terms:

1. The state space discretization error which can be upper bounded, according
to [92] or Proposition 3.3.3 , by 573

2. The error induced by the genealogical tree algorithm, which could be upper
bounded, according to the proof of Theorem 3.5.1, by c%,

real § > 0.

for a given positive
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Hence, to minimize the resulting upper bound on the global error, one has to choose

judiciously the number of sites N’ as a function of the number of particles such that
d

N’ = 0(N2s+2). With this choice, the complexity of the global procedure is of order

(1428)d+2 . . . .
O(N z8arz ), with an approximation error bounded by —%—. In our numerical
N 2Bd+2

simulations, we have set 8 = 1/2 so that the complexity grows with the dimension
from N3 N3/2 N85 ... N2 for dimensions d = 1,2,3,--- , 00.
On the other hand, in the backward step, (described in Section 3.5.3) consisting

of computing the Snell envelope, our algorithm only requires a complexity which is
linear in the number of particles, N. Hence, for a given underlying price process, our
approach can rapidly approximate several Bermudan options with different payoff
functions.

Numerical results

For each example, we have performed the algorithm for different numbers of particles
for N =5x 1031 x 10%,2.5 x 10*,5 x 10%,1 x 10°,2 x 10°,4 x 10,1 x 10°,2 x 10°.
In each case, the sites were computed on the base of M = max(500000,50 x N') =
max (500000, 50 x N ﬁ) simulations. Many runs of the algorithm were performed to
build box plots for our estimates: 50 runs for N < 10° and 24 runs for N = 1 x 10°
and N = 2 x 10°.

Simulations results are reported in Figure 1.1 for the geometric put payoft and in
Figure 1.2 for the arithmetic put payoff. First, notice that our algorithm has been
implemented without any control variate technique. Moreover, our implementation
has not been optimized. In particular, we have not investigated in this chapter any
parallel implementations of our algorithm. Thus, it seems not relevant to report
any running time measurements on the chapter. However, the algorithm complex-
ity gives a good indication of the number of operations required by our algorithm.
Moreover, the estimates reported on our graph correspond to the backward estimate
provided by Algorithm A2 in Bouchard and Warin [14] and should be compared to
that type of estimate. We could also obtain a forward estimate with our genealog-
ical approach by applying the backward induction on the stopping times (just as
in the Longstaff-Schwartz algorithm) with probably better performances than the
backward estimator, but this is not the subject of the present chapter.

Hence, to compare the estimation errors of the backward estimate provided by our
algorithm to a corresponding approach, we have reported, in Table 3.2, the esti-
mation errors obtained with the genealogical algorithm using N = 25000 particles
and N' = N2 sites, in valuing the geometric put (on the first line) and the arith-
metic put (on the second line) and, within parenthesis, the performances of the
backward estimate provided by the quantization approach [4] implemented in [14],
with 25600 quantization points for the same options. One can observe that both
algorithms achieve similar performances for approximately the same number N of
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quantization points (for the quantization algorithm) and particles (for the genealog-
ical algorithm).

Now, notice that the complexity (per time step) of the genealogical algorithm is of
order NN = N'é2 for the construction of the genealogical tree and of order N
for the backward induction on the prices, which is slightly smaller than the com-
plexity of the quantization approach of order N? for the backward induction on
prices (without taking into account the complexity related to the construction of
the quantization tree and to the computation of the transition probabilities). Hence,
we can conclude that our new algorithm is competitive with respect to comparable
algorithms.

Number of assets d=3 d=4| d=5 d=
Geometric Put error
(in % of the option value) 2(2) 7(8) | 14(15) | 17 (22)
Arithmetic Put error
(in % of the option value)

3.5 (3.5) | 10 (8) | 15 (16) | 14 (17)

Table 3.2: Error (in % of the option value in Table 4.1) of the genealogical algorithm
with V = 25000 particles and N’ = N = sites, and within parenthesis of the quantization
algorithm with N = 25600 quantization points, (taken from [14]) for the geometric and
arithmetic put options.

Notice that one can observe on the graph, that for d = 2 or 3 the bias of our es-
timator can be negative. However, this is not in contradiction to Theorem 3.5.2.
Indeed, recall that our estimator cumulates two kinds of approximations:

1. The first approximation is the discretization of the Markov chain which can
induce a negative bias.

2. The second is the backward genealogical algorithm to compute the Snell en-
velope of the discrete Markov chain which (by theorem) induces a positive
bias.

Looking into further applications, this algorithm is also well suited for Bermudan

options with path dependent payoff. Indeed, by construction, the genealogical tree
algorithm is defined in terms of the historical process, then it is able to compute
conditional expectations with respect to the whole past of the process with no
additional complexity.
In the same vein, we believe that this algorithm and the related convergence result
could be extended, with slight modifications, to the more general case of reflected
Backward Stochastic Differential Equations (BSDE) with non zero driver that does
not depend on the z variable and which satisfies suitable regularity conditions.
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Finally, in further research, it could also be interesting to extend this algorithm for
the computation of price sensitivities for hedging purposes.

ACKNOWLEDGEMENTS: We are grateful to Laurent Plagne for his tremen-

dous help in accelerating our numerical simulations implementation.
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Chapter 4

Snell envelope with small
probability criteria

4.1 Introduction

The Snell envelope is related to the calculation of the optimal stopping time of a ran-
dom process based on a given optimality criteria. Several approximation schemes
have been proposed recently to numerically compute the Snell envelope. In this
chapter, we are interested in some specific optimality criteria related to the real-
ization of a small probability or even rare events. In other words, given a random
process (Xg)o<k<n and some payoff functions (fx)o<k<n, We want to maximize an
expected gain E(f,(X,)) by choosing 7 on a set of random stopping times 7. When
the payoff functions f; are localized in a small region of the space, standard Monte
Carlo simulations usually fail, because of the difficulty in ensuring enough simu-
lation samples to realize the (relative-)rare events. For example, in finance, when
f(z) = (K — x)*, the so-called put option value is difficult to compute when K is
much smaller than the initial asset price xo. In even more complicated cases, we
can consider the maximization of E(f,(X,) [[—, Bx(Xx)) for a given class of func-
tions (Bg)o<k<n modeling an obstacle. For instance in the case of barrier options,
(Bk)o<k<n take the form of indicator functions.

In this chapter, we propose a Monte Carlo algorithm to compute the Snell en-
velope, combining the Stochastic Mesh method introduced by M. Broadie and P.
Glasserman [19] and a judicious interacting particle scheme which allows to con-
centrate the computational effort in the regions of interest w.r.t. the criteria. The
principal idea of Broadie-Glasserman model is to operate a change of measure to
replace conditional expectations by simple expectations. Besides, the change of
measures can also be used with a variance reduction purpose to accelerate Monte
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Carlo methods. However, in general, the choice of an efficient (in term of vari-
ance) change of measure, with an explicit Radon-Nikodym derivative, leading to an
easy-to-simulate distribution is difficult. Precisely, the authors in [47] proposed an
adaptive scheme based on an original interacting particle algorithm to approximate
rare event expectations, allowing us to bypass the tricky steps of guessing a correct
change of measure. In the present chapter, we extend this adaptive scheme for the
recursive computation of the conditional expectations appearing in the context of
optimal stopping problems. The main idea of the present chapter is then to mix the
interacting particle algorithm in [47] with the Stochastic Mesh algorithm of Broadie
and Glassserman [19].

This chapter is organized as follows. In Section 4.2, notations and generalities on
the Snell envelope are presented. Moreover, some specific examples are outlined to
motivate the scope of the chapter. In Section 4.3, we introduce a change of measure
which allows to concentrate the computational effort in the regions of interest w.r.t.
the criteria. In Section 4.4, we propose an interacting particle scheme to approximate
the resulting (changed) measure. Section 4.5, is devoted to the theoretical analysis
of this new Stochastic Mesh algorithm based on an interacting particle scheme.
We provide non asymptotic convergence estimates and prove that the resulting
estimator is positively biased. Finally, some numerical simulations are performed,
in Section 4.7, showing the practical interest of the proposed algorithm.

4.2 Preliminary

For the convenience of the reader, we begin by introducing some notations and basic
results that will be used all along the chapter.

4.2.1 Notations

We denote respectively by P(E), and B(E), the set of all probability measures on
some measurable space (E, £), and the Banach space of all bounded and measurable
functions f equipped with the uniform norm ||f||. We let u(f) = [ u(dx) f(z), be
the Lebesgue integral of a function f € B(E), w.r.t. a measure u € P(FE).

We recall that a bounded integral kernel M (z,dy) from a measurable space (£, &)
into an auxiliary measurable space (E’,&’) is an operator f +— M(f) from B(E")
into B(FE) such that the functions

x— M(f)(z) = . M (z,dy)f(y)

are E-measurable and bounded, for any f € B(E’). In the above displayed formulae,
dy stands for an infinitesimal neighborhood of a point y in E’. Sometimes, for
indicator functions f = 14, with A € £, we also use the notation M(z, A) :=
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M (14)(z). The kernel M also generates a dual operator p — pM from M(FE) into
M(E’) defined by (uM)(f) := u(M(f)). A Markov kernel is a positive and bounded
integral operator M with M (1) = 1. Given a pair of bounded integral operators
(My, My), we let (MyM,) be the composition operator defined by (M;Msy)(f) =
M, (Ms(f)). Given a sequence of bounded integral operators M, from some state
space E,_; into another E,, we set My := M1 Myio--- M, for any k& < [, with
the convention M, = Id, the identity operator. In the context of finite state
spaces, these integral operations coincide with the traditional matrix operations on
multidimensional state spaces.

We also assume that the reference Markov chain X,, with initial distribution 7, €
P(Ep), and elementary transitions M, (x,_1,dzx,) from E, ; into FE, is defined on
some filtered probability space (€2, F,P,,), and we use the notation Ep,, to denote
the expectations w.r.t. P,,. In this notation, for all n > 1 and for any f,, € B(E,),
we have that

EIP’nO {fn(Xn)l-anl} - Mnfn(anl) = Mn(anla dxn) fn(l'n)

En

with the o-field F,, = 0(Xo, ..., X,,) generated by the sequence of random variables
X, from the origin p = 0 up to the time p = n. We also use the conventions [ ], = 1,

and ), = 0.

4.2.2 Robustness Lemma

In the discrete time setting, the Snell envelope are defined in terms of a given
Markov process (Xj)r>o taking values in some sequence of measurable state spaces
(En, & )k>o0 adapted to the natural filtration F = (Fy)r>0. We let g = Law(X))
be the initial distribution on FEy, and we denote by My (zx_1,dzr) the elementary
Markov transition of the chain from FEj,_; into Ej. For a given time horizon n and
any k € {0,...,n}, we let T be the set of all stopping times 7 taking values in
{k,...,n}. For a given sequence of non negative measurable functions f; on Ej, we
define a target process Zy = fr(Xx). Then (Uy)o<k<n the Snell envelope of process
(Zk)o<k<n is defined by a recursive formula:

Up = Z3 V E(Ug41| Fi)

with terminal condition U, = Z,. The main property of the Snell envelope defined
as above is

Uk = Ssup E(Z.,-|.Fk) = E(ZT]:

TET,

Fi) with 7 =min{k <j<n : U =2%Z}eT.

Then the computation of the Snell envelope (Uy)o<r<, amounts to solving the fol-
lowing backward functional equation.

Up = fk V Mk+1(uk+1) (421)
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for any 0 < k < n with the terminal condition u, = f,.

But at this level of generality, we can hardly have a closed solution of the function
ug. In this context, lots of numerical approximation schemes have been proposed.
Most of them amount to replacing in recursion (4.2.1) the pair of functions and
Markov transitions (fx, My)o<k<n by some approximation model (ﬁ,]\//ﬁ)ogk@ on
some possibly reduced measurable subsets E, C Ep. In paper [50], the authors
provided the following robustness lemma to estimate the error related to the result-
ing apprcE(iIEgtion uy of the Snell envelope uy, for several types of approximation

models (fx, Mk)o<k<n-

Lemma 4.2.1. For any 0 < k < n, on the state space Ek, we have that

n n—1
=Tl <Y Mialfr = fil + > Mal (Migs = Myl
1=k 1=k
This lemma provides a natural way to compare and combine different approxi-
mation models. In the present chapter, this Lemma will be applied in the specific
framework for the small probability criteria.

4.2.3 Motivations

The choice of nonhomogeneous state spaces E,, is not innocent. In several applica-
tion areas the underlying Markov model is a path-space Markov chain:

X, = (Xo,....X,) €E, = (Ey x ... x E,) . (4.2.2)

The elementary prime variables X, represent an elementary Markov chain with
Markov transitions My (x_1,dxy) from Ej_; into Ej. In this situation, the historical
process X,, can be seen as a Markov chain with transitions given for any x;_; =
(o, ..., 2k_1) € Ex_1 and yx = (yo, - .., yr) € Eg by the following formula

M (Xp—1,dyr) = 0x,_, (dyr—1) Mi(yx—1,dys) -

As we will see in this sequel, this path space framework is, for instance, well suited
when dealing with path dependent options as Asian options or Barrier options.
Besides, this path space framework is also well suited for the analysis of the Snell
envelope under different probability measures.

The multiplicatively path dependent case Now come back to the multiplicatively
path dependent Snell envelope that we mentioned in the introduction and formalize
the the path space model. For a given collection of real valued functions (fx)o<k<n
and (By)o<k<n, defined on (Ej)o<k<n, we define a class of real valued functions
(Fy)o<k<n defined on the path spaces (Ex)o<k<n by

Fk(Xk —kak H B l’p y fOl"aHOS/{?STL,

0<p<k—1
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for all x;, = (2o, - ,xr) € Eg. Instead of E(f.(X,)) we want to maximize the
expected gain E(F,(X,)) w.r.t. 7 in a set of random stopping times 7. In other
words, one is interested in computing the Snell envelope (uy)o<k<n associated to the
gain functions (Fy)o<k<n; it satisfies the recursion:

Un (X ) = Fo(Xn)
{ (%) = Fi(xx) V My (Wpg1) (%), V0O < B <n — 1. (4.2.3)

At this stage, two difficulties may arise. First, the above recursion seems to require
the approximation of high dimensional conditional expectations, defined on the path
spaces Fj, at each time step from & = n — 1 up to £k = 0. Second, when the
optimality criteria B, is localized in a specific region of £, for each p, then the
product H];;é B,(x,) can be interpreted as a rare event. Hence, at first glance, the
computation of Snell envelopes in the multiplicatively path dependent case seems
to combine two additional numerical difficulties w.r.t. the standard case, related
to the computation of conditional expectations in both high dimensional and rare
event situations. The dimensionality problem is easily bypassed by considering
an intermediate standard Snell envelope without path dependent criteria, which
is directly related to the multiplicatively path dependent Snell envelope. Indeed,
consider the standard (non path dependent) Snell envelope (vy)o<xk<n satisfying the
following recursion:

On(Tn) = fo(zn)
{ vslzk) = filww) v [B’f(xk)MkH(UkH)(fck)] , VO<EkE<n-—-1. (4.2.4)

For all 0 < k < n, let us denote by v}, the real valued functions defined on Ej, such
that vi(xx) = v(xk) Hl;;é Gp(x,). By construction, one can easily check that for
all 0 < k < n, u, = v, and in particular up(xg) = vo(zo). Indeed, one can verify
that (vg)o<k<n follow the same recursion (4.2.3) as (ug)o<k<n and have the same
terminal condition. Now that we have underlined the link between u, and vy, the
computation of the original Snell envelope u; can be done by using one of the many
approximation schemes developed for the standard (non path dependent) case.

Besides, to deal with the rare event problem, we propose a change of measure
which allows to concentrate the computational effort in the regions of interest w.r.t.
the criteria (Bg)o<k<n—1-

Rare event associated with Payoff function Another Snell envelope problem asso-
ciated with a small probability event comes from the payoff function when f(X,,) is
difficult to simulate. An example arises from the Bermudan put options when the
strike K is much smaller than the initial price of the underlying asset. In this case,
the standard Monte Carlo approach is not able to concentrate the computational
effort in regions where the payoff function = — f(z) = (K — )" does not vanish to
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zero. In full generality, for a payoff function f concentrated in a relative small region
of the space, the choice of an efficient change of measure for computing the recursive
conditional expectations is difficult. This problem becomes even more tricky when
the number of the underlying assets is greater than three. In the following section,
we propose a simple adaptive scheme that allows to approximate an efficient change
of measure without requiring any a priori information.

4.3 Snell envelope and change of measure

Now, recall the reduced Snell envelope for the multiplicatively path dependent case:

{ () = fu(Tn)
o(ze) = frlee) V [ Br(ze) Mo (0p)(2r)] , VO<k<n—1,

The above recursion implies that it is not relevant to compute precisely the con-
ditional expectation My 1(vgi1)(zx) when the value of the criteria By (zy) is zero
or very small, or when the gain function f; is zero or very small. Hence from a
variance reduction point of view, when approximating the conditional expectation
M1 (vg41)(zx) by a Monte Carlo method, it seems relevant to concentrate the sim-
ulations in the regions of Ej 1 where By, and/or fy1 reach high values. Hence, to
avoid the potential rare events B, we consider a change of measure on the measurable
product space (Ep X -+ X E,, & X «-+ x &,), with the following form

1 n—1 ‘ n—1 n—1l
1Qu = - gak(xk) dP, , with Z,=E (L[O Gk(Xk)) = gnk(Gk) :

(4.3.1)
where (G )o<k<n 1S a sequence of non-negative functions defined on (Ej)o<g<n (typ-
ically Gy := By, and G}, is written instead of By in further development of this
chapter) and 7 is the probability measure defined on Ej, such that, for any mea-
surable function f on Ej

E(£(X0) T Gol X))

ne(f) = 1
E( T2 (X))

The measures (7x)o<k<n defined above can be seen as the laws of random states
(X1)o<k<n under the probability measures (Q)o<r<n. More interestingly, in Section
4.4 we will see that the sequence of random states (Xk)()gkgn forms a nonlinear
Markov chain with transitions Xz ~» X r+1 that depends on the current distribution
Mk, at time k. The behavior of this chain is dictated by the potential functions
(Gr)o<k<n and the Markov transitions (M})<k<, of the reference process (Xy)o<r<n-
Regions with high Gj—values are visited more likely.
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To illustrate this remark, we examine the situation where Gy (zx) = By(xy) 1=
1a, (71) with Ay C Ej. In this situation, law(X;|X, € A,, p < k) = law(Xy) = n
is the conditional distribution of X} given the fact that X, € A,, for any p < k.
In this special case, the process (Xk>0§k§n is restricted to regions related to the
choice of the sequence (Ag)o<k<n. This change of measure is know as the optimal
twisted measure for sampling a Markov chain restricted to the subset regions Aj.
More general change of measure are addressed in section 4.6. These models are
direct extension of 4.3.1 to potential functions that depend on the transition of the
reference Markov chain.

When the rare event problem comes from the payoff, we can construct a collection
of G}, to force the particle step by step to achieve the payoff. But in this case, there
is no more explicit obstacle By, to help us to construct such potential functions. A
choice of Gy is provided in section 4.7.2. For further reading, readers are referred
to [47]. The authors have proposed several choices to minimize the variance.

At this stage, it is important to emphasize that the analysis of the both case
where the choice of G}, is explicit or not, are mathematically equivalent. The only
difference comes from the fact that the recursion 4.2.4 has additional term B com-
pared to 4.2.1. And the mathematical analysis of the later is easier and can be
induced directly from the former (by deleting all the By appeared in the Snell en-
velope recursion in the analysis). So only the analysis of the multiplicatively path
dependent case are provided in this chapter.

Furthermore, it is also important to observe that, for any measurable function
f on Ej

=1 (Gro1 Mi(f))
B Mh—1(Gr-1) '
We denote the recursive relation between 7, and 7;_; by introducing the operators
®,. such that, for all 1 <k <n

me(f) (4.3.2)

e = Pr(nr—1) - (4.3.3)

Let us now introduce the integral operator @y such that, for all 1 <k <n

Qr(f)(xg—1) := /Gk—l(xk—l)Mk(xk—l,dl‘k)f($k) . (4.3.4)

In further developments of this chapter, we suppose that My (zx_1,-) are equivalent
to some measures A\, for any 0 < k < n and z,_; € Ej_1, i.e. there exists a
collection of positive functions Hj; and measures A\, such that:

Mk(ZL'k_h dl’k) = Hk(xk—la {L‘k))\k(dl’k) . (435)

Now, we are in a position to state the following Lemma.
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Lemma 4.3.1. For any measure n on Ey, recursion (4.2.4) defining vy can be
rewritten:

0e@0) = o) V Qus(vs) (0) = fula) V B () (

koﬂ(xkn ')Uk 1)
dPp41(n) )

for any xy, € E), where

dQp1 (s, )(x ) = Gr(zr) Hey1 (2, Tog1)n(Gr)
d®ry1(n) e N(GrHpg1 (v, Trt1)) 7

for any (xp, vpy1) € Ep X Epqq.

Proof. Under Assumption (4.3.5), we have immediately the following formula

Ne(Gr)
e (GrHy41 (, Tpgr

M1 (2p, dvpy1) = Hyor (T, Tigr) ))Uk+1(d93k+1) . (4.3.6)

Now, note that the above equation is still valid for any measure 7,

n(Gx)
GrHpy1 (v, Tpy1))

Hence, the Radon Nikodym derivative of My i (zk,dxgs1) w.rt. Pprii(n) is such

that
M(m ) = Hypr (4, T n(Gr)
d®p1(n) i TR N(GrHia (v, Trs1))

We end the proof by applying the arguments above to recursion (4.2.4).

M1 (xg, drgyr) = Hk+1($k,9€k+1)n< Q1 (n)(dxpgr) . (4.3.7)

(4.3.8)

4.4 A particle approximation scheme

In this section, we first propose a particle model to sample the random variables
according to these distributions. This sample scheme is then combined with the
Stochastic Mesh scheme to finally provide an original particle algorithm to approx-
imate the Snell envelope (vg)o<g<n.

By definition (4.3.3) of ®4,;, we have the following formula

Dy (M—1) = Mem1 Kk, = Me—1Sk—1mp o M = Y, (Mi—1) M, (4.4.1)

Where Ky, ) Sk—1m,_, and g, | are defined as follows:

( Kkvnkfl (xk‘f]J dxk') = (Skfl,nk,le)(xkfl, dxk-)
= fSk—lmk—1(xk—17d"dCfl)Mk‘(x?c—lvdxk) )

Skt (@, dr’) = €Gra(2)0:(de”) + (1 = eGr (2)) Ve, (k1) (')

Gr_1(x
| Vo (me-)(dr) = S (do)

122



4.4. A PARTICLE APPROXIMATION SCHEME

where the real € is such that eG takes its values [0, 1].
More generally, the operations ¥ and S can be expressed as W (n)(f) = ";(GGJ;) =
nS,(f) with S, (f) = eGf+(1—eG)Wq(n)(f). We recall from [40] that n = law(Xy),

where X;_; ~ X}, is a Markov chain with transitions K ke, defined above.

The particle approximation provided in the present chapter is defined in terms of

a Markov chain §,EN) = (& ](:’N))lgig ~ on the product state spaces £}, where the given

integer N is the number of particles sampled in every instant. The initial particle

system, {’(gN) = <£éi’N)>1<‘<N, is a collection of N i.i.d. random copies of X,. We
1

let 7 be the sigma—ﬁel& éenerated by the particle approximation model from the
origin, up to time k. To simplify the presentation, when there is no confusion we
suppress the population size parameter N, and we write & and & instead of f,iN)
and é,gi’N). By construction, & is a particle model with a selection transition and
a mutation type exploration i.e. the evolution from & to &y is composed by two

steps:
N Selection ~ =~ N Mutation N
goe BN g = (gk) e BY S g e BN, (44.2)
kN 1<i<N k41

Then we define 7)Y and 7}’ as the occupation measures after the mutation and the
selection steps. More precisely,

1 1
N .__ E { ) oSN L E N

1<i<N 1<i<N

During the selection transition Sy ,~, for 0 < ¢ < N with a probability eGr(&)

we decide to skip the selection step i.e. we leave 5,@ stay on particle ¢}, and with
probability 1 — eG(£!) we decide to do the following selection: ¢! randomly takes

the value in d for 0 < 57 < N with distribution ZNLC%EE’) Note that when eGy, = 1,
=1 k

the selection is skipped ( i.e. ;C; = &) so that the model corresponds exactly to the
Broadie-Glasserman type model analysed by P. Del Moral and P. Hu et al. [50].
Hence, the factor € can be 1nterpreted as a level of selection against the rare events.
During the mutation transition §‘k ~ £k+1> every selected individual fk evolves
randomly to a new individual ¢} ,, = 2 randomly chosen with the distribution
M1 (€L, dx), for 1 <i < N.
It is important to observe that by construction, n,ivﬂ is the empirical measure asso-
ciated with NV conditionally independent and identically distributed random indi-
vidual &, with common distribution @41 (7).

Now, we are in a position to describe precisely the new approximation scheme
proposed to estimate the Snell envelope (vx)o<k<n. The main idea consists in taking
n= n,iv, in Lemma 4.3.1, then observing that Snell envelope (vg)o<k<n is solution of
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the following recursion, for all 0 < k < n,

vp(k) = frlzr) V e () (koH(];k’ ) k+1) .

——70
d®yi1(ny)

Now, if ®ryq1(n;) is well estimated by 7}, ,, it is relevant to approximate vy, by Uy
defined by the following backward recursion

b=
Uk(zn) = fk(JIk)\/'r]]iVH (MA

- (4.4.3)
Ay (7))

) forall 0 <k <n,

Note that in the above formula (4.4.3), the function v}, is defined not only on EY
but on the whole state space Ej.
To simplify notations, we set

ko-‘rl ('Tlm )

— X .
d®y1(ny) (1)

Qrar (Tk, dzpsy) = Mg (dps1)

Finally, with this notation, the real Snell envelope (vk)o<kg<n and the approximation
(Uk Jo<k<n are such that, for all 0 < k < n,

vy = fiV Qrs1(Vkt1)
U = foV Qrr1(Uks1) -

In the change of measure interpretation presented in section 4.3, the particle al-
gorithm developed above can be seen as a stochastic acceptance-rejection technique
with recycling transitions. This type of particle sampling model has been used in
other contexts, including financial risk analysis in [24, 23]. For an overview of these

novel particle algorithms in financial mathematics, we refer the interested reader to
the book [22].

4.5 Convergence and bias analysis

By the previous construction, we can approximate ®x41 (7, ) by nf,;. In this section,
we will first analyze the error associated with that approximation and then derive
an error bound for the resulting Snell envelope approximation scheme. To simplify
notations, in further development, we consider the random fields V¥ defined as

VY= VN (Y — @u(mpy)) -

The following lemma shows the conditional zero-bias property and mean error esti-
mates for the approximation 7, ; of @1 (n}).
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Lemma 4.5.1. For any integer p > 1, we denote by p’ the smallest even integer
greater than p. In this notation, for any 0 < k < n and any integrable function f
on Ey.1, we have

E (77]1@\;1<f)|"rlfzv) = ‘I)k+1(771]cv)<f)

and
1
7

(VNP IEY)? <2 a) [@a ) (171)]7

with the collection of constants

2 1
a(2p)2p = (2p), 277 and a(2p + 1)2p+1 _ % 9—(p+1/2)

Proof : The conditional zero-bias property is easily proved as follows
| N
E (7715;V+1(f)|771]~cv) - N ZE(f(&H)lmiV)
i=1

1 4
= N Z Kk;-&-l,n)]c\’(f) (flﬁ:)
i=1

= (0 Kisr ) () = a0 (f) -

Then the above equality implies

=

E ([ — @] (D 1FY) " < E(|[n — id] (D] 1FY)?

where /i), = % SN dy;,, stands for an independent copy of neyq given 7. Using

Khintchine’s type inequalities yields that

1
7

VN E (| — b OP 179)7 < 2at) E(|F ()1 7Y)

— 2ap) [Beat )7

We end the proof by combining the above two inequalities.

A consequence of the zero-bias property proved in Lemma 4.5.1 is that

E(@Qu1(N)(@e)lm) = Qraa(f) () -

To estimate the error between v, and the approximation vy, it is useful to introduce
the following random integral operator Ry such that for any measurable function
on Ek’-i-la

Y (D) = VN (Qrr () = Qi (D))

125



CHAPTER 4. SNELL ENVELOPE WITH SMALL PROBABILITY CRITERIA

Note that

ko+1 (:L‘k’a . )
dq’kﬂ(”fj)

then, applying again Lemma 4.5.1 implies the following Khintchine’s type inequality

Ry () (xx) = /ijil(dxk-&-l) (Trr1) f(Tre)

E(| Ry (viesr) () | I )

1
7

M(%H)WH(%H))IJII p

<2 a(p) [/E,M Opoi1 () (dargs1) ( dPr1(nY)

Let Q\k,l = @k+1@k+2 e @l for any 0 < k < [ < n, then it follows easily, by recursion,
that

E(Qea(f)(@x)In) = Qua(f)(x) -

Now, by Lemma 4.2.1, we conclude

VN (e =0 < > Qual (R (vis)] - (4.5.1)

k<l<n
We are now in position to state the main result of this chapter.

Theorem 4.5.1. For any 0 < k < n and any integer p > 1, we have

=

up |@ — v (@), < 3 2 f Dt [Quin @)

z€E k<i<n

with a collection of constants g, and functions hy defined as

p'—1
p/

Hk(-i'?,ﬂ?k)
and hi(zg) ;= su .
() xyeEIZ  Hi(y, xx)

l
kil = [||hk+1|| IT Gl

m=k

Proof : First, decomposition (4.5.1) yields

VN (@ = 0@, € D ||Qual (B wn)l@)|

k<l<n

, forall z € E, .

P

Note that z
-1

1Qua(V)l| < bry . where by = [[hgeall [T 1Gmll -

m=k

Then it follows easily that for any integrable function f on E

(Qea(£))" < (bt Qua(f7) -
This yields that

3=

|Qu R @] @) < 6 E (Que (R )] (@)

P
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4.5. CONVERGENCE AND BIAS ANALYSIS

Applying Lemma 4.5.1 to the right-hand side of the above inequality, we obtain for
any r; € b

E (|(RY1)) (i) )" 1)

< 2a(p) [[EHI Oy () (dy10) (

Sl

1

dQHl—(xl")(ﬁlH)UzH(l‘HJ) ] ”

dq’lﬂ(ﬁzN)

from which we find that

E (J(RY)) ) (@)[" [nY)

3=

1
v

p/—l P
CiQHl_W(@H)) Uz+1(l’l+1)p/]

d
Qz+1(Iz, $l+1) (dq)lﬂ(?hN)

<2 a(p) [

Epq

By definition (4.5.2) of functions h;;1 and in developing the Radon Nikodym deriva-
tive, we obtain

dQuy1 (7, -)
d® 1y (771N )

which implies

E (|(Rﬁ1))(w+1)($l)|p |771N)

/
p

1 . o’
4 [ QZH(:UZ, d$l+1) (hz+1(1’z+1))p ! Uz+1($l+1)pl]
Ejq

0 (G Gi(@) Hyy (0, 2141)
nlN(GZHlJrl)('a Ti41)

(T111) = < [|Gillhusa (zit1)

3 =

1

<2a(p)| Bl

Gathering the above arguments, we conclude that

2 a(p)

VN

1
’ P’

dk,l (Qk,l-&—l(h;i_llvﬁrl)(x))

1@ —v) @, < 3

k<l<n

Remarks : The constants g; could be largely reduced. In fact, gz; comes from
bounding || [T, 7o (Gw)|lz,- In [29], the authors proved || [T, Gm| L, + <254 as a
non asymptotic boundary for || [T, 72 (G)|/z,- In most cases, the functions G take
their values in [0, 1], then the boundary || [],, Gil| < 1 holds, but || [[,, Gwmllz, is
very small.

When the function GG vanishes in some regions of the state space, we also mention
that the particle model is only defined up to the first time 7V = k such that
ny (Gy) = 0. We can prove that the event {7 < n} has an exponentially small
probability to occur, with the number of particles N. In fact, the estimates presented
in the above theorems can be extended to this singular situation by replacing vy, by
the particle estimates U1,~>,. The stochastic analysis of these singular models are
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quite technical, for further details we refer the reader to section 7.2.2 and section
7.4 in the book [40].

It is also very natural to assume the functions (vy)o<k<n are bounded by M in
the sense that

(Qk:H’l(vﬁFl)(x))% <M

, for any integer p. Then a new weak boundary

2a(p) (n—k)
VN

is provided to simplify the notations, where ||h|| = maxy ||hx|| and ||G|| = maxy, ||Gi||
To understand better the L,-mean error bounds in the theorem, we deduce the

M (1 (|[R]PllG)m"))

following exponential concentration inequality:

Proposition 4.5.2. For any 0 < k < n and any € > 0, we have

sup P (|v;€(m) — ()| > \/LN + e) <exp(—Ne*/c?) | (4.5.3)

reE),
with constant ¢ = 2(n — k)M (1 vV (Hth?HGank))

Proof : This result is a direct consequence from the fact that for any non negative
random variable U such that

F<oost.¥r>1  EU) <a(r)b =PU>b+e) <exp(—e2/(2h)) .

To check this claim, we develop the exponential and verify that

vi>0 E (etU) < exp ((b;)2 + bt) =PU >b+e€) <exp (— sup (et — (bt)2>>

>0 2

Similarly to Broadie-Glasserman model, the following proposition shows that in
this model we also over-estimate the Snell envelope.

Proposition 4.5.3. For any 0 < k <n and any x € E}
E (6(01)) > vi(zs) - (4.5.4)

Proof. We can easily prove this inequality with a simple backward induction. The
terminal condition v,, = v, implies directly the inequality at instant n. Assuming
the inequality at time £ + 1, then the Jensen’s inequality implies

E@@) > filen) VE (Qenbia ()

= fk(xk) VE ( @k+1($k7 d$k+1)E (ﬁk+1($k+1)’f;ﬁ1)> .

N
Ek+1
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By the induction assumption at time k£ + 1, we have

E ( Qrs1(2x, dy1)E (@\k—&-l(xk—&-l”‘/—;ﬁ-l)) > E (@k+1vk+1(xk)>
Bl

= Qk+1vk+1(xk> .

Then the inequality still holds at time k, which completes the proof.

4.6 Applications and extensions

In this section, we apply the Feynman-Kac methodology developed in section 4.4
to two type of importance sampling Monte Carlo techniques. We start with some
important observation related to potential functions on transitions spaces.

For potential functions Gy (X, Xj11) depending on the local transitions (X, Xx11)
of the reference process, the change of measure has the same form as in 4.3.1, replac-
ing X}, by the Markov chain Xy = (X, Xj41). In this situation, the Snell envelop

vi(Zo, ..., x)) associated with the payoff functions given bellow:
Fy(zo, ..., mx) = fir(wr) H Gp(@p, Tp11),
0<p<k

has the form
Vi(@o, - an) = velwr) [ Gplap, zpi). (4.6.1)

0<p<k

The sequence of functions (ug)o<k<n satisfies the backward recursion:
Up = jh

up(,) = fp(xp)V/Mk+1($k>dl’kH)Gk(?ﬁk,$k+1)uk+1(l’k+1)- (4.6.2)

This equation has exactly the same form as 4.2.4, by replacing the function By(zy)
by the function Gy (xy, Tx11).

We illustrate these properties in two situations.

The first one concerns the design of more general change of reference measure.
For instance, let us suppose we are given a judicious Markov transition Mj (zy_1, zx)
such that Mj (xy_1,-) is absolutely continuous w.r.t. My (zx_1,-). In this situation,
we have

E(fu(Xa) J] Go(X5))

0<p<n

0<p<n p+1\"p
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where (X])o<p<n is @ Markov chain with initial condition 7y = 7o = law(X,), and
Markov transitions M;. We can rewrite 4.6.3 as follows:

E(fn(Xn) H Gp(Xp)):EUn(X;L) H G;<XII)7X],)+1))7

0<p<n 0<p<n

. dM, Tp,
with G, (zp, Tps1) = GP(IP)WZI%(‘TP-H)'
The second example concerns the design of an importance sampling strategy.
Suppose we are given a sequence of positive payoff functions (fx)o<g<n, with fo = 1.

In this situation, we have

E(fn(Xn)) = E( H Gp(Xp, Xp11))

0<p<n

, with the potential function G,(xp, zp41) = % In this context, the Snell
p\Tp

envelop 4.6.1 and 4.6.2 are given by the backward recursion:
U, = 1

wla) = 1V [ Myl )Gl 2yt ().

4.7 Numerical simulations

In this section, we give numerical examples to test our new algorithm, the Stochastic
Mesh with Change of Measure (SMCM), on Bermudan options from dimension 1 up
to 5, compared with the standard Stochastic Mesh (SM) algorithm without change
of measure.

4.7.1 Prices dynamics and options model

In our numerical tests we have considered a simple Black-Scholes price model. How-
ever, notice that both algorithms (SM and SMCM) can be applied in a general
Markovian framework. The asset prices are modeled by a d-dimensional Markov
process (S;) such that each component (i.e. each asset) follows a geometric Brown-

ian motion under the risk-neutral measure, that is, for assets i = 1,--- ,d,
dS;(i) = S;(i)(rdt + odz}) , (4.7.1)
where 2%, for ¢ = 1,--- ,d are independent one dimensional standard Brownian

motions. Unless otherwise specified, the interest rate r is set to 10% annually and
the volatility is supposed to be the same for all assets, 0 = 20% annually. The
starting prices of the assets are for all i = 1,--- ,d, Sy, (i) = 1. We consider two
types of Bermudan options with maturity 7" = 1 year and 11 equally distributed
exercise opportunities at dates ¢, = kT'/n with & = 0,1,--- ,n = 10, associated
with two different payoffs:
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4.7. NUMERICAL SIMULATIONS

1. Geometric average put option with payoff (K — [, S7(i))4,
2. Arithmetic average put option with payoff (K — éZle St(i))+,

Note that the geometric average put payoff involves the process Hle S(4) which can
be identified to a one-dimensional non standard exponential Brownian motion. For
this specific case of geometric put payoff, we chose to vary, in our simulations, the
short term interest rate and the volatility with the number of underlying assets d,
such that the option value remains the same for all d:

r(d)=r/d, and o(d)=oc/Vd. (4.7.2)

Then, we chose as a benchmark value the estimate obtained by the standard Stochas-
tic Mesh approach with N = 6400 mesh points for d = 1 asset. These benchmark
values are reported on Table 4.1.

| Strike [[K=095] K=085]K=0.75|
| Option value | 0.0279 | 0.0081 | 0.0015 |

Table 4.1: Benchmark values for the geometric put option obtained by using the Stochas-
tic Mesh method with 10000 particles. n = 11 exercise opportunities, T'=1, Sy = 1 and
r = 10%/d, o; = 20%/\/d for the geometric payoff and r = 10%, o; = 20% for the
arithmetic payoff.

4.7.2 Choice of potential functions

We consider the Markov chain (X},)o<x<n, taking values on Ey = R™ obtained by
discretization of the time-continuous process S defined by (4.7.1) at times of exercise
opportunities, 0 =ty < --- <t, =T, such that forall k =0,--- ,n, X = 5,,.
Now, we can introduce the sequence of positive functions (Gj)1<k<n, defining the
change of measure (4.3.1), as follows:

Go(21) = (fi(z1) Ve)*,
(4.7.3)

Gk(ajk,azkﬂ):%, forallk=1,--- ,n—1,

where fj, are the payoff functions and «a € (0,1] and € > 0 are parameters fixed in
our simulations to the values a = 1/5 and e = 107".

4.7.3 Numerical results

For each example, we have performed the algorithm for different numbers of mesh
points N = 100, 200, 400, 800, 1600, 3200, 6400. 1000 runs of both algorithms (
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Stochastic Mesh (SM) and Stochastic Mesh with Change of Measure (SMCM)) were
performed to compute the mean and confidence intervals of each estimate.

Simulations results are reported in Figure 1.3, 1.4 and 1.5 for the geometric and
arithmetic put payoff, with strikes corresponding to standard out of the money puts
to deep out of the money puts: K = 0.95, K = 0.85 and K = 0.75. Notice that
both algorithms (the Stochastic Mesh algorithm with and without Change of Mea-
sure) have been implemented without any standard variance reduction technique
(control variate, stratification, ...). In term of complexity, the Stochastic Mesh
algorithm with Change of Measure is equivalent to the standard Stochastic Mesh
algorithm: the complexity is in both cases quadratic with the number of mesh points
O(N?) since the number of operations required to operate the change of measure is
negligible.

We have reported on our graphs to types of estimates:

e the Positively-biased estimator provided by the backward induction on the
value function;

e the Negatively-biased estimator provided by the associated optimal exercise
policy. This estimate is obtained via a two-step procedure: first, the optimal
policy is approximated in the backward induction on the value function, then
the policy is evaluated using the standard forward Monte Carlo procedure.
Note that the resulting estimator is known to provide a lower bound (in av-
erage) to the option price. In our simulation, we have used Norpara = 10000
Monte Carlo forward simulations.

As expected, one can observe on Table 4.2, that the SMCM algorithm allows to

obtain an estimate, vgycnr, With the same complexity but with a smaller variance
than the standard SM algorithm estimate, 0g), especially for deep out the money
options.
More surprisingly, one can observe on Table 4.2 and Figure 1.3, 1.4 and 1.5 that
the SMCM algorithm also allows to reduce significantly the estimator bias which is
known to compose the growing part of the error when the number of underlying as-
sets increases. For instance, one can notice that the SMCM algorithm achieves the
convergence in average of the Positively-biased estimate to the Negatively-biased
estimate for a number of mesh points much smaller than for the SM algorithm.
Hence, the SMCM could also be a way to deal with high dimensional optimal stop-
ping problems since the algorithm complexity remains insensitive to the dimension
whereas the convergence rate is not significantly reduced.
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Payoff K d=1 d=2 d=3 d=14 d=5

Geometric | 0.95 || 1 (1%) | 1 (3%) 1 (6%) 1 (9%) 1 (10%)

Put | 0.85 || 5(2%) | 8(6%) | 6(11%) | 4 (14%) | 3 (14%)

0.75 || 18 (6%) | 28 (11%) | 18 (17%) | 16 (18%) | 11 (16%)

Arithmetic | 0.95 | 1 (1%) | 3 (2%) | 3 (7%) | 4 (13%) | 5 (18%)

Put | 0.85 || 5(2%) | 13 (6%) | 24 (19%) | 56 (24%) | 100 (20%)
0.75 || 18 (6%) | 71 (15%) | 363 (14%) | 866 (16%) | — (-)

Table 4.2: Variance ratio (M) and Bias ratio (E(ﬁSM)_AE(@SMCM)) (within paren-
Var(dsnmon) E(dsn)

theses) computed over 1000 runs for N = 3200 mesh points. (For the arithmetic put,

when d = 5 and K = 0.75, the 1000 estimates provided by the standard SM algorithm

were all equal to zero, hence the associated variance ratio has not been reported).
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Appendix

A.1 Proof of Lemma 3.5.2

Set
01 (N) == inf ) (g1a) ,

zeE]

with the function g, defined in (A.2.2). Note that

P (60(N)=0) < " P (1) (g10) =0) .

zEE]
On the other hand, for any € € [0,1) we have

P () (g12) = 0) <P (|0 (91.0) — malg10)| > € Malgia)) -

!/

Arguing as in (3.5.7), for any x € E] s.t. n,(q1.) (=P (X] = z)) > 0 we prove that

VN E (|n) (912) — nn(gz,x)\r)% <2a(r) (n+1) mu(gra) " (A.1.1)

and therefore

2(n+1)

P (!nff(gz,x) — D (gra)| > (W + 6) nn(gz,x)> < exp <—8(nN—£21>2) -

For any N > (2(n+1)/(1 — €))?, this implies that

P (6,,(N) = 0) < Card(E]) exp (—ﬁ) .

If we choose, € = 1/2 and N > (4(n + 1))?, we conclude that

P (5,.(N) = 0) < Card(E}) exp (_32@—]11)2) |
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On the other hand, by construction we have the almost sure estimate

1
m (g ) = D (9) Lef o = 0un(N) Lo, vy>0 + N Loam=o
zeE)

from which we find that

M (g, )™ < 0a(N) 7 Lo, vs0 + N g, v)=0 -

Therefore, we have

|

IN

1010 (N) ™1 15,00l lp + N|1s,,v)=ol |

< ST Y (00) " Ly tgysollp + N B(Ea(N) = 0)17

z€E]

Ur]y(gz,ggn)le
’ p

If we set §;,,(7) = g1.2/Mn(g12), using the fact that

1 , ud
— =1l+u+u"+ ;
1—u 1—-u

for any u # 1, and 7} (9,.) ™" 1y (g0 < N 1n(g12), we find that

mjzv@l,x)_l Livgiyso < 1+ }1 — Uﬁ(?l,xﬂ +(1- nwjmv(gl,x))Q
+N nn(gl,x) |1 - Uﬁ(?z,xﬂg .

Combining this estimate with (A.1.1), for any p > 1 we prove the following upper
bound

o 1 1
19Y (G12) ™" Loy gysollpy < 1+ Wi 2a(p)(n + 1) + (2a(2p)(n + 1))2N
1
+——(2a(3p)(n + 1)),
T (2a(30)(n + 1)
from which we find the rather crude estimates

_ 3
Hn;%v(gl,w) ! 1n7]¥(gz,x)>0“p <1+ ﬁ a’(p) (n+ 1)3 )

with the collection of finite constants a’(p) := 2a(p) + (2a(2p))* + (2a(3p))3. Using
the above exponential inequalities, we find that

< Sy 5t |1+ 2 @) (0 1P+ N Card(EDVY exp (— i)

completing the proof of the lemma. ]

-1

n (gl,gli,n)
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A.2 Proof of Lemma 3.5.3

By construction, we have

0 Min((1z 0 m) (f 0 mig1))
nY My, ((1, 0 m)) '

Vo€ B, M, (f)(x) = (A.2.1)

Thus, by (A.2.1) we have

M (Gefir)) Y Mi(guefier)

Mia(£)(@) = Min(f)(a) = G = S s

for any x € El,n, with the collection of functions
Qo :=1,0m and fi4q:=fom. (A.2.2)
It is readily checked that

M (@) = My (@) = —o

' (9%

[ (1 2) = ol Mun(FY5 )]

for any x € El,n, with the pair of F}¥-measurable functions

i,z
77[ Ml n(gl x)

= gl— {le M N My (grefien)
e 0 M (91.0) N My (91.0)

It is also important to observe as g, varies only on Ej , then

0 My (giz) = m (g1) < 1.

In this notation, for any 0 <7 < N and any p > 1, we have

B (D)) — Mia (16|
‘p . (A.2.3)

] and gf}; =

<]

Uév(gl,g;'n)_l Wg(ﬁil,gi ) — nlNMl,n(fz]L,gi )
5 2p Iin In 2

The collection of random functions fl]i Lo are well defined and we have

J
S

_ _ B
(név(fl]«vkl,gfyn) - nlNMl,n(flJiLgli’n)>

B
= m N Zj 1 |:77n( 1+1 5] ) nl Ml”(fl_;’_l 5] ):| lglj,lzsz,n )
l1,¢%

for any $ > 0. Combining the above formula for § = 2p and Holder’s inequality, we
prove that

Y P ) = Mun(FY )],

-1
N
< |Im (91,5;"")

1/(2p)

N(fN rN

q
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for any ¢q,q > 1, with é + ? =1.
We observe that, as (flj;l, (& 1)o<i<n, (& ,)o<i<n) have the same distribution, for
any 1 < j < N, then for any function h and any 1 < j, 5’ < N we have:

E (h(&,. (& )o<izn (& )o<icn)) = E (h(fzj,/p (& Do<i<n, (gli,n)OSiSN)) ,
which implies that

sup ‘

1<j<N o (F HLE )= Mia (1 1 )HQ o’

‘ ‘ 2pq’

As this equation works for any 1 < j < N, in further development we take j = 1 to

Mln(

77n l+1 §J ) +18 z)

simplify the notation.
Using Lemma 4.5.1, and recalling that n¥ M; ,(¢1..) = n7 (g1.), forany 1 < j < N

we prove the almost sure estimate
1

B 2pq’ !
VN E ()[ - M Mln](fljilvﬁzl,) {EN)

1
2pq’) :| 2pq’

<2a2pqg)(n—1) {mNMm (‘fﬁl,ﬁh

L1

<4 a2pqd)(n—1) || frall <771NMz,n(9l,§l{l)> e
This yields that

1
_ 2pq’ 2pg”
VRE (|0 — ) () 177

<4 a(2pq)(n = D| frsll lev(gz,gll,l)_l g

and therefore

VN |

777]1\[(]?1]11’5;‘”) - nlNMl,n(flJyH,glin)

2pq’

i (ne,)
,

Uiv(gz,ggyn)_l ‘ ‘217

1/(2p)
<4 a(2pg)(n—1)

1
m (9 .
q ‘ l é'l l ) 2pq/

Finally, by (A.2.3), we conclude that

VN |[M () — M (D)

1/(2p)

N ~1
m (91,5;71)

X HﬁzN(gl,gl{l)*lH

< 4a(2pq)(n =)l fis ]l |

q

2pq’
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We prove (3.5.13), by taking ¢ =1+ 2p and ¢’ = 1 + 1/(2p) so that ¢ = 2pq’ > 2p

VI [/ (£)(6 ) — M ()(€)

,

2+41/(2p)

<4 a(l+2p)(n =D frrl supi<r<n n;iv(gz,g,{k)‘

142p

This end of proof is now a direct consequence of Lemma 3.5.2. ]
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