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Summary

This thesis concerns two important issues in machine learning and rea-
soning under uncertainty: how to evaluate a similarity relation between two
uncertain pieces of information, and how to perform classification from un-
certain data. Our first main contribution is to propose a so-called possibilistic
decision tree which allows to induce decision trees from training data afflicted
with imperfection. More precisely, it handles training data characterized by
uncertain class labels where uncertainty is modeled within the quantitative
possibility theory framework. We have developed three possibilistic deci-
sion tree approaches. For each approach, we were faced and solved typical
questions for inducing possibilistic decision trees such as how to define an
attribute selection measure when classes are represented by possibility dis-
tributions, how to find the stopping criteria and how leaves should be labeled
in such uncertain context. The first approach, so-called, non-specificity-based
possibilistic decision tree uses the concept of non-specificity relative to pos-
sibility theory in its attribute selection measure component. This approach
keeps up the possibility distributions within all the stages of the building pro-
cedure and especially when evaluating the informativeness of the attributes in
the attribute selection step. Conversely, the second and the third approaches,
so-called similarity-based possibilistic decision tree and clustering-based pos-
sibilistic decision tree, automatically, get rid of possibility distributions in
their attribute selection measure. This strategy has allowed them to extend
the gain ratio criterion and hence to extend the C4.5 algorithm to handle
possibilistic labeled data. These two possibilistic decision tree approaches are
mainly based on the concept of similarity between possibility distributions.

This latter issue constitutes our second main contribution in this the-
sis. In fact, an important challenge was to provide a property-based analysis
of possibilistic similarity measures. After showing the important role that in-
consistency could play in assessing possibilistic similarity, a new inconsistency-
based possibilistic similarity measure, so-called information affinity has been
proposed. This measure satisfies a set of natural properties that we have es-
tablished.

Finally, we have conducted experiments to show the feasibility and to
compare the different possibilistic decision tree approaches developed in this
thesis.
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Résumé

Cette these traite deux problemes importants dans les domaines de I’appr-
entissage automatique et du raisonnement dans 'incertain : comment évaluer
une relation de similarité entre deux informations incertaines et comment as-
surer la classification a partir de données incertaines. Notre premiere princi-
pale contribution est de proposer une approche, appelée arbre de décision pos-
sibiliste, qui permet de construire des arbres de décision a partir de données
d’apprentissage imparfaites. Plus précisément, elle traite des données car-
actérisées par des classes incertaines ou l'incertitude est modélisée avec la
théorie des possibilités quantitative. Nous avons développé trois approches
d’arbres de décision possibilistes. Pour chacune des approches, nous avons été
confrontés a résoudre plusieurs problémes pour pouvoir construire des arbres
de décision possibilistes, tels que, comment définir une mesure de sélection
d’attributs quand les classes sont représentées par des distributions de pos-
sibilité, comment trouver les criteres d’arrét et comment les feuilles vont
étre étiquetées dans ce contexte incertain. La premiere approche, appelée
arbre de décision possibiliste basée sur la non-spécificité, utilise le concept
de non-spécificité relatif a la théorie des possibilités dans la définition de sa
mesure de sélection d’attributs. Cette approche maintient les distributions
de possibilité durant toutes les étapes de la procédure de construction et
ce particulierement, au moment de I’évaluation de la quantité d’information
apportée par chaque attribut. En revanche, la deuxieme et la troisieme ap-
proches, appelées arbre de décision possibiliste basé sur la similarité et arbre
de décision possibiliste basé sur le clustering, éliminent automatiquement les
distributions de possibilité dans leurs mesures de sélection d’attributs. Cette
stratégie a permis d’étendre le ratio de gain et, par conséquent, d’étendre
I’algorithme C4.5 pour qu’il puisse traiter des données libellées par des classes
possibilistes. Ces deux dernieres approches sont principalement basées sur le
concept de similarité entre les distributions de possibilité étudié dans la these.

La deuxieme principale contribution de cette these concerne 1’analyse
des mesures de similarité en théorie des possibilités. En effet, un challenge
important était de fournir une analyse des mesures de similarité possibiliste
conduite par les propriétés qu’elles doivent satisfaire. Apres avoir montré le
role important de la notion d’incohérence dans 1I’évaluation de la similarité en
théorie des possibilités, une nouvelle mesure, appelée affinité de l'information
a été proposée. Cette mesure satisfait plusieurs propriétés que nous avons
établies. A la fin de cette theése, nous avons proposé des expérimentations
pour comparer et montrer la faisabilité des approches d’arbres de décision
possibilistes que nous avons développées.
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Introduction

Machine learning is becoming a very active research area within Artificial
Intelligence. It is concerned with the design and development of algorithms
that allow computers to learn from data. Hence, machine learning is closely
related to fields such as statistics, computer science and data mining. This
latter is defined as the process of extracting useful information from large
amount of data. Efficient machine learning-based data mining techniques
have been widely applied to various problems either in industry, government,
science or management.

The principal data mining tasks include: exploratory data analysis (e.g.
interactive data visualization), descriptive modeling (e.g. segmentation, clus-
tering, density estimation), predictive modeling (e.g. regression and classi-
fication), association mining (e.g. frequent item set mining and frequent
episode mining), retrieval by content (e.g. text mining, discovering patterns
from images).

Among these tasks, we are interested in predictive modeling and more
precisely in classification. This latter consists in predicting categorical class
labels of new objects based on their attribute values which can be either
categorical or continuous. In order to perform classification, one should have
at his disposal a set of training data whose class labels are known a priori.
This makes classification as a typical supervised machine learning applica-
tion. Classification is widely used in many real world applications including
pharmacology, medicine, marketing, sales, stock market, security, psychology,
meteorology, natural disaster forecasting (earthquake forecasting, avalanche
forecasting, flood prediction, sea level prediction, etc).

Several classification techniques exist in the literature. These include
but are not limited to linear discriminant analysis (Hand, 1982), decision
trees (Quinlan, 1986, 1993), naive Bayes networks (Friedman et al., 1997),
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support vector machines (Burges, 1998; Vapnik, 1995), k-nearest neighbors
(Dasarathy, 1991), artificial neural networks (Bishop, 1996), artificial im-
mune system based classifiers (Watkins et al., 2004), etc.

Most of standard classification techniques presuppose that the available
data (i.e. training data), from which a classifier will be induced, are pre-
cisely and exactly defined which is not always realistic. In fact, when dealing
with real-world applications, the massive amounts of data are inseparably
connected with imperfection. In fact, data can be imprecise and/or uncer-
tain or even missing. These imperfections might result from using unreliable
information sources, such as faulty reading instruments or input forms that
have been filled out incorrectly. Imperfect data can also be the result of
aggregating opinions of different experts. Each individual opinion could also
be imperfect which means that the expert cannot give the exact attribute
value or class label for some training data.

These kinds of imperfection have to be handled carefully, otherwise, the
classification results could be inaccurate or even incorrect which becomes an
important issue in most real-world applications. Standard classifiers, gener-
ally, ignore such imperfect data by rejecting them or replacing each imperfect
data item by an arbitrary certain and precise value or by a statistical value
such as a median or a mode or a mean. This is not a good practice because
it alters the real observed data.

Consequently, instead of acting on imperfect data by rejecting or replac-
ing them (which is the easiest solution) in order to be able to use standard
classifiers, it is more interesting to act on the classifiers themselves. In fact,
these latter must be able to benefit from the maximum amount of informa-
tion hidden in the data even if it is imperfect and, therefore, they should be
adapted to deal with such circumstances.

Originally, managing imperfection has especially been explored in artifi-
cial intelligence. Depending on the nature of imperfection, several tools for
reasoning under uncertainty have been proposed such as, probability theory,
fuzzy set theory (Zadeh, 1965), evidence theory (Shafer, 1976) and possibil-
ity theory (Dubois & Prade, 1988a). During the recent years, these well-
established theories have started to play a key role in modeling and treating
uncertainty in reasoning processes.

Among the aforementioned uncertainty theories, we are interested in pos-
sibility theory which offers a natural and simple tool to handle imperfect
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information. It represents an appropriate framework for experts to express
their partial beliefs in a much more flexible way than within the probabil-
ity theory framework. Indeed, in possibility theory, experts can express their
uncertainty numerically using possibility degrees or qualitatively using order-
ings on the possible values. These define the two interpretations of possibility
theory, namely, the quantitative and qualitative settings. In this thesis, we
use the quantitative possibility theory.

Our work consists in investigating how standard decision tree classifiers
can be adapted to deal with imperfect data. The choice of decision trees is
not made by chance. In fact, decision trees are considered as one of the most
relevant classification methods (Hastie et al., 2001; Safavian & Landgrebe,
1991; Witten & Frank, 2005). The main reason for this wide-spreading suc-
cess lies in their high predictive accuracy as well as the clarity of the rules
represented by the induced trees.

In this thesis, we focus on the imperfection that concerns training class
labels. We treat a special type of imperfection, namely, uncertainty which
is well modeled within the possibility theory framework. Indeed, it is al-
ways easier for an expert to give his opinion about the class label of a given
instance in the form of an ordering on the different possible labels. This
ordering is quantified by a possibility distribution over the possible classes.
That is, a possibility degree is assigned to each class label and this degree
expresses to what extent the label could be considered as the true one.

To resume, the aim of this thesis is to develop a new decision tree approach
under uncertainty, so-called possibilistic decision trees. This approach han-
dles uncertainty that occurs in training instances’ classes and not in attribute
values. Namely, within the possibilistic decision tree settings, each training
instance is characterized by a vector of exactly known attribute values and
an uncertain class label. That is, each instance is labeled by a possibility
distribution over the different possible classes of the problem, rather than an
exact class label.

It is important to mention that some decision tree approaches under un-
certainty and/or imprecision have been proposed in the literature but all
these works are different from what we propose in this dissertation. We can
mention, fuzzy decision trees (Janikow, 1998; Marsala & Bouchon-Meunier,
1999; Mendona et al., 2007; Olaru & Wehenkel, 2003; Pedrycz & Sosnowski,
2001; Quin & Lawry, 2005; Umano et al., 1994; Weber, 1992; Yuan & Shaw,
1995) which blend decision trees with fuzzy set tools to manage fuzzy in-
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formation (attribute and class values are vaguely expressed with linguistic
fuzzy terms) or to fuzzify the crisp rules extracted from a standard decision
tree. Probabilistic decision trees (Ciampi et al., 2000; Quinlan, 1987) and be-
lief decision trees (Denoeux & Skarstein-Bjanger, 2000; Elouedi et al., 2001;
Trabelsi et al., 2007; Vannoorenberghe & Denoeux, 2002) were also proposed
to deal with uncertainty in data represented, respectively, by means of prob-
ability distributions and basic belief assignments. Some possibilistic decision
tree approaches have been also proposed (Ben Amor et al., 2004b; Borgelt
et al., 1996; Hiillermeier, 2002; Jenhani et al., 2005). These works are dif-
ferent from the possibilistic decision tree approach that we propose in this
thesis. More details about these different proposals and their differences with
respect to our approach will be further detailed.

In our work, the adaptation of decision trees to deal with uncertain and
imprecise class labels requires a key element which is shared by the algo-
rithms relative to this technique, namely, the concept of similarity between
possibility distributions. This critical factor is extensively studied in this
thesis. In fact, we provide a deep analysis of properties that a possibilistic
similarity measure should satisfy and we show that inconsistency plays an
important role in assessing similarity between possibilistic pieces of infor-
mation. Hence, a new family of inconsistency-based possibilistic similarity
measures are proposed. These similarity measures will be used in different
steps of the possibilistic decision tree approach such as in selecting the most
informative attribute, in defining the stopping criteria, etc.

In our thesis, we develop three possibilistic decision tree approaches which
can be gathered in two families. Each family uses its own strategy. The first
family includes non-specificity-based possibilistic decision trees (NS-PDT)
and the second one includes both similarity-based possibilistic decision trees
(Sim-PDT) and clustering-based possibilistic decision trees (Clust-PDT).

In the first family, the evaluation of the discriminative power of each at-
tribute among the set of available attributes in a given decision node, does
not require any extra treatment on the possibility distributions on the class
labels of instances present in a given partition. In fact, the NS-PDT approach
is inspired by the way standard decision trees evaluate training partitions us-
ing Shannon entropy and use the counterpart of entropy in possibility theory,
namely, non-specificity.

However, in the second family which includes the Sim-PDT and the Clust-
PDT approaches, some extra treatments are needed to map each possibility
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distribution labeling each possibilistic instance into a finite set of predefined
meta classes (for the Sim-PDT approach) or into a finite set of meta classes
which will correspond to clusters that will be discovered automatically (for
the Clust-PDT approach). Both mappings allow us to get rid of possibil-
ity distributions and hence, permit us to use standard attribute selection
measures such as the gain ratio used by the well known C4.5 algorithm.
Consequently, the Sim-PDT and the Clust-PDT approaches generalize the
C4.5 algorithm and give the same results for the certain case (i.e. a standard
precise training set).

Contrary to the NS-PDT approach which is essentially based on the con-
cept of non-specificity, both Sim-PDT and Clust-PDT approaches are es-
sentially based on the concept of similarity between possibility distributions
which is widely studied in this thesis.

Our thesis is organized in the following six chapters:

- Chapter 1: Possibility theory: an overview. This chapter gives the nec-
essary background regarding the different concepts of possibility theory and
briefly recalls other related uncertainty theories such as probability theory,
belief function theory and fuzzy set theory. Links between possibility theory
and these theories are provided at the end of this chapter.

- Chapter 2: Clustering and Classification: An overview. This chapter starts
by briefly recalling some clustering and classification techniques. Then, a
more attention is given to the well-known decision tree classifier since it rep-
resents the central technique that we treat in our work. Procedures and
components of most decision tree algorithms are provided.

- Chapter 3: A Property based Analysis of Possibilistic Similarity Measures.
This chapter examines an important concept in possibility theory, namely,
similarity. The chapter provides an analysis of existing possibilistic similar-
ity measures and explains how inconsistency could play an important role in
assessing similarity between possibility distributions. We especially suggest
new properties that a possibilistic similarity measure should satisfy. Then,
we propose a new similarity index and show that it satisfies these properties.

- Chapter 4: Possibilistic Decision Trees: Living with Uncertain Labels. This
chapter starts by presenting the importance of handling imperfection in clas-
sification problems and gives a summary of previous works that have dealt
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with decision trees under uncertainty. Then, the chapter presents the compo-
nents of the so-called non-specificity based possibilistic decision tree approach
(NS-PDT) that we have developed to deal with uncertain and imprecise class
labels.

- Chapter 5: Possibilistic Decision Trees: Getting rid of Uncertain Labels.
Another natural way to deal with uncertain labels is provided by two ad-
ditional possibilistic decision tree approaches, namely, the similarity-based
and the clustering-based possibilistic decision tree approaches. These two
approaches have adopted another strategy than the one adopted by the NS-
PDT approach in order to generalize the attribute selection measure used by
(4.5 decision tree algorithm. Both approaches are based on the information
affinity measure that we have proposed in Chapter 3.

- Chapter 6: Experimenting Possibilistic Decision Trees. This chapter presents
all necessary elements which are needed to experiment all the proposed possi-
bilistic decision tree approaches. Data sets have been presented and the way
these data sets have been contaminated by uncertain class labels is detailed.
Then, different performance criteria have been proposed for the evaluation of
possibilistic classifiers. Results of the application of the proposed approaches
on different possibilistic data sets have been reported and analyzed.

Finally, a general conclusion summarizes the major achievements of this
thesis and presents possible future developments.

Two appendices complete this thesis. The first one provides proofs of
main propositions given in Chapter 3. The second appendix shows some
graphical interfaces of the possibilistic decision tree toolbox that we have
developed to implement the NS-PDT, the Sim-PDT and the Clust-PDT ap-
proaches.



Chapter 1

Possibility Theory: An
Overview

1.1 Introduction

The concept of imperfect information has proved to be inseparably connected
to most real-world problems. Hence, imperfection should be considered in
the information system to faithfully model the real-world. We can mention
some of the areas in which imperfection in data has been widely analyzed
(Valenti de Oliveira & Pedrycz, 2007): ballistics, food chemistry, group con-
sensus opinion and multicriteria decision making, machine learning, maritime
safety, medical diagnosis, military application, nuclear energy, risk analysis,
etc.

It is important to distinguish between different aspects of imperfection,
especially, between the following two major forms: imprecision and uncer-
tainty. Note that by misuse of language, the term uncertainty is usually used
instead of imperfection.

Since imperfect information can be rarely avoided in problem-solving sit-
uations, we have to find appropriate tools to deal with it. For a long time,
probability theory was used to deal with almost all kinds of imperfect infor-
mation. Nevertheless, probability theory, as good as it is, is not the unique
normative model that can cope with all of them and as it was discussed in
(Dubois et al., 1996), this theory is not an appropriate tool when facing to
the case of total ignorance. Besides, probability theory cannot handle situ-
ations where experts are unable to provide the whole numerical values of a
given imperfect parameter.
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In the last 40 years, the challenge comes from several new uncertainty the-
ories, distinct from probability theory, which have been proposed to model
imperfect information. The most visible of these theories are fuzzy set theory
(Zadeh, 1965), belief function theory (Dempster, 1967; Shafer, 1976; Smets &
Kennes, 1994), possibility theory (Dubois & Prade, 1988a; Zadeh, 1978), im-
precise probabilities (Walley, 1991), rough set theory (Pawlak, 1991), credal
set theory (Abellan & Moral, 2000), random set theory (Kendall, 1974).

As mentioned above, understanding the exact type of imperfection inher-
ent in a given situation will help at choosing appropriate tools to represent it
effectively. In fact, accepting only one theory and using it in every context,
or accepting all of them and apply them randomly is completely misleading.

Among this panoply of theories, this chapter presents basic elements of
possibility theory which offers a natural and simple model to handle both
uncertain and imprecise information and which is widely used in different ar-
eas such as default reasoning (Benferhat et al., 1997), data fusion (Benferhat
et al., 1999), diagnostic (Dubois et al., 1996), data mining (Borgelt & Kruse,
2002), etc.

This chapter is organized as follows: Section 1.2 shows the difference be-
tween imprecise and uncertain pieces of information. Section 1.3 provides a
refresher on some known uncertainty theories. Section 1.4 is devoted to the
presentation of important concepts relative to possibility theory. Section 1.5
focuses on information fusion in possibility theory. Section 1.6 investigates
the concept of possibilistic conditioning. Section 1.7 briefly introduces pos-
sibilistic networks. Section 1.8 shows the link that exists between possibility
theory and the uncertainty tools mentioned in Section 1.3.

1.2 Typology of imperfect information

An information is any collection of symbols or of signs provided either by the
observation of natural (or artificial) phenomena or by the human cognition.
It is intended for the understanding of the real-world, for supporting decision
making, etc (Dubois & Prade, 2006).

A piece of information could be objective, i.e., stemming from measure-
ments or sensors (it is not dependent of the information source). It could
be also subjective, i.e., expressing individuals’ opinions without turning to
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direct observation (it is dependent of the information source). In both cases,
the information could be imperfect: this can be a result of faulty reading
instruments, unreliable sensors, lack of background knowledge of individuals
leading to poor opinions, etc.

There exist many aspects of imperfection. We can group them into two
main groups, namely, imprecision and uncertainty (Dubois & Prade, 2009).

1.2.1 Imprecision

A piece of information is said to be imprecise (or incomplete), if it is insuf-
ficient for an agent to answer to a given question. Imprecision is related to
the information itself (i.e. to the information content): either more than one
world is compatible with the information.

An imprecise piece of information has generally the following form: v € A
where v is the value being searching for, A is a subset of all the possible states
of the world, denoted by S. Formally, if |A| = 1 (i.e. the cardinality of the set
A) the information is said to be precise, otherwise, it is considered imprecise
(i.e. when |A| > 1). Obviously, elements of A should be mutually exclusive
since v has only one value.

An example of an imprecise information can be as follows: “The age of
Mike is between 20 and 26”. Formally, v = age(Mike) € {20, 21,22, 23,24, 25,
26} represents an imprecise information.

Vagueness or fuzziness can also be considered as sub-types of impreci-
sion. The information: “The temperature is high” is vague or fuzzy since
the limit of “high” is unknown and therefore the proposition cannot be con-
sidered as totally true or false. In fact, it is more true for a temperature
t=40 than for a temperature t=30. However, the proposition is false for
t=10. In all the above cases, it is clear that the agent is not able to give
an exact precise value. Note that imprecision is a relative notion. In fact,
“the temperature is high” is considered as a precise information if the ref-
erential S = {low, medium, high} (since A = {high}) while it is considered
imprecise (or more precisely fuzzy) if we need the temperature value (i.e. if
S ={-40,-39,...,0,1,2,...,50}).
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1.2.2 Uncertainty

A piece of information is said to be uncertain if the agent does not know if
the information is true or false. Uncertainty is an epistemic property that
results from a lack of information about the world, i.e., it is a relation about
the information and the background knowledge of an agent. In other words,
uncertainty is related to the source providing the information.

Note that any uncertain information has an uncertain “scorer” which can
be numeric (1.) or symbolic (linguistic)(2. and 3.):

1. The probability that Federer wins next Rolland Garros is 0.8.
2. It is possible to rain tomorrow.

3. I believe that Mike is 25 years old.

Variability (or randomness) is a special kind of uncertainty. In fact, it is
considered as an objective uncertainty since it is related to the experimental
setup that generates the event (i.e. it is a property of the information itself
and it characterizes chance). However, subjective uncertainty is linked to the
opinion of the agent about the true value of the event (i.e. it is a property
of the observer of the event and it characterizes his state of truth).

Imprecision and uncertainty are closely related. In fact, the more precise
the information is, the more uncertain it is and vice versa: we can be com-
pletely sure (certain) that mike’s age is in {20, 21, 22, 23,24, 25, 26}, less sure
that mike’s age is in {20, 21,22}, even less sure if its age is {21}.

Finally, a piece of imperfect information could be at the same time:

e Precise and certain, such as in the statement: “Mike’s age is 25”.

e Precise and uncertain, such as in the statement: “It is probable that
Mike’s age is 25, with a confidence factor of 40%”.

e Imprecise and certain, such as in the statement: “It is sure that Mike’s
age is between 25 and 28”.

e Imprecise and uncertain, such as in the statement: “It is believable
that Mike is 25 or 26 years old”.
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1.3 A brief refresher on some tools for deal-
ing with imperfect information

In this section, we will briefly give some basics of some established uncer-
tainty frameworks. We have chosen to present, in order, probability theory,
then fuzzy set theory and finally belief function theory. Before that, let us
give some useful notations:

Notations
e Let us denote by € the universe of discourse. Q2 = {w;, wo, ..., wp}.

e The power set 2 is the set of all subsets of 2. This power set includes
obviously the empty set () and the universe of discourse €.

e We denote by w an element of Q (w € Q) and by A an element of
the power set (A € 22 or A C Q). N and U denote, respectively, the
intersection and union operations.

1.3.1 Probability theory

Probability theory was the first uncertainty theory that deals with imperfect
information. It was used to represent all kinds of imperfections since it was
the only existing uncertainty framework.

Probability theory could have two main interpretations:

e Objective (frequentist) probability theory. The probability of an
event is the ratio of the number of favorable cases to the number of all
possible cases.

e Subjective (Bayesian) probability theory. The probability of an
event is the degree of confidence that someone grants to the occur-
rence of a realization of an event A. In this setting, elicitation is com-
monly used to obtain probability distributions (Clemen & Winkler,
1999; Cooke, 1991; Van Lenthe, 1993).

Important concepts in probability theory (whatever probability means)
include:

Probability measure
A probability measure P is defined as:
P22 —0,1]
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P0) =0, P(Q)=1
VA, B €29 P(AUB) = P(A)+ P(B) — P(AN B)

Two events A and B are said to be independent, if P(AN B) = P(A) x
P(B).

Probability distribution
A probability distribution is a function p : 2 — [0,1] s.t. > cqop(w) = 1.

Equiprobability

Equiprobability is modeled by granting the same probability to all possible
realizations of an event: p(w;) = p(wy) = ... = p(wy,) = %, where w; € Q.
Marginalization

Given a probability distribution p on €2, we can derive the probability mea-

sure of a subset A of Q: P(A) =Y cap(w).

Probabilistic conditioning
The belief about the realization of the event B can change the belief about

the realization of another event A by: P(A|B) = %.

Bayes theorem

Bayes theorem gives a mathematical representation of how the conditional
probability of event A given B is related to the converse conditional proba-
bility of B given A: P(A|B) = %.

Probability theory is a very good tool that deals with a special form of imper-
fection, namely, uncertainty and more specifically, randomness (variability).
However, this theory has shown some serious problems in modeling subjec-
tive uncertainty, imprecision and situations of total uncertainty (Dubois &
Prade, 2006) which has motivated the development of alternative uncertainty
frameworks.

1.3.2 Fuzzy set theory

Classical sets are crisp sets in the sense that one element either belongs to
a set or is excluded from it. Hence, classical set theory was the first and
simplest mean to treat imprecision. Recall that an imprecise piece of infor-
mation can be represented by a set of disjunctive values.
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In (Zadeh, 1965), the author has introduced the idea of non-crisp sets,
namely, fuzzy sets. Contrary to the classical concept of a crisp set, belonging
to a set admits a degree that is not necessarily just 0 or 1. For some elements
of the universe of discourse, one cannot say that they belong or not to the set.
At most, one can assess a degree of membership 4 (w) of w to the fuzzy set A.

Consider the problem of clustering people into two groups, “tall” and
“short”. Suppose that Mike’s height is 181cm. In classical set theory, we
need a precise threshold ¢ (for example ¢ = 180) in order to decide whether
Mike is tall or short. Since 181>180, Mike will be considered as tall. Now,
suppose that John’s height is 179cm, since 179<180, he will be considered
as short. This is clearly a very embarrassing situation since Mike and John
have almost the same height. Note that this is just an academic example and
the problem becomes more important when facing critical decision situations
(in medicine, in military, etc.).

With fuzzy sets, we can say that Mike is tall with a membership degree
equal to 1 (fi4q(181) = 1 and pigpere(181) = 0) whereas, one can say that John
is considered as tall with a membership degree equal to 0.9 and also consid-
ered as short with a degree 0.1 (14 (179) = 0.9 and pgper(179) = 0.1). For
someone measuring 175¢cm, we can have fiyq;(175) = 0.5 and figper(175) =
0.5. We remark that the change from membership to nonmembership is grad-
ual rather than abrupt, i.e., membership degree € [0,1] instead of {0,1}.

(Classical set operators have been generalized for fuzzy sets. Let A and B
be two fuzzy sets:

Fuzzy complement: pz(w) =1— pa(w).
Fuzzy union: paup(w) = mazx{pus(w), pp(w)}-
Fuzzy intersection: panp(w) = min{pa(w), pp(w)}.
Fuzzy cardinality: |A] =Y eq tta(w).
Other intersection and union operators have been proposed that belong,
respectively, to the family of triangular norms and co-norms (Klement et al.,

2000).

Fuzzy set theory is a suitable theory for modeling imprecise information,
especially, vague (linguistic) terms such as young, tall, very hot, etc.
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1.3.3 Belief function theory

Initially named FEwvidence theory (Barnett, 1981; Guan & Bell, 1991), the
belief function theory (Shafer, 1976; Smets, 1988) also known as Dempster-
Shafer theory (Gordon & Shortliffe, 1990), is now well established as a general
framework for reasoning with uncertainty. Important concepts in belief func-
tion theory include:

Basic belief assignment
A basic belief assignment (bba) is a function m : 2% — [0, 1] satisfying:

(1) : m(0) =0
(2) : 2_ACQ m(A) =1

The value m(A), called a basic belief mass (bbm), shows the part of
belief exactly committed to the event A of {2 given a piece of evidence. If
m(A) > 0, then A is said to be a focal element of m. The quantity m(2)
measures the part of belief assigned to the whole frame 2. It represents be-
liefs not assigned to the different subsets of €2.

Condition (1), namely, m(()) = 0 is not always necessary. In fact, it repre-
sents the normalization condition initially proposed by Shafer (Shafer, 1976).
When it is satisfied, the bba is said to be normalized.

However, in the transferable belief model (TBM) framework (Smets &
Kennes, 1994), one interpretation of belief functions, condition (1) is not
necessary and in this case, m(0) is interpreted as the amount of conflict be-
tween the pieces of evidence or as the part of belief given to the fact that none
of the hypotheses in 2 is true (i.e. the universe of discourse is not exhaustive).

Belief and plausibility functions

Contrary to the bba which expresses only the part of belief committed ex-
actly to A, the belief function bel represents the total belief that one commits
to A without being also committed to A. The belief function bel is defined
as follows:

bel : 2% — [0, 1]
bel(A) = X pca,prom(B)
The plausibility function pl quantifies the maximum amount of belief that

could be given to a subset A of the universe of discourse. In other words, it
contains those parts of belief that do not contradict A (BN A # 0).
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pl : 22 —[0,1]
pl(A) = ZAQB;«HZ)ln(B)
=1—bel(A)

It is important to note that, if all focal elements of a bba m are singletons,
then m is a equivalent to a probability distribution p, and m = p = bel = pl.
In this case, m is called a Bayesian bba (Shafer, 1976).

Total ignorance, imprecision and full certainty
The two extreme cases of knowledge in belief function theory are expressed
by:

e Total ignorance: m(€2) = 1 and VA # Q, m(A)=0. In this case, m is
named a vacuous bba.

e Full certainty: m({w}) = 1 for one particular element of Q and VA #
{w}, m(A)=0. In this case, m is called a certain bba.

The case of imprecision is given by: m(A) = 1 for some A C Q and m(B) = 0,
VB C Q, B # A. In this case, we have a unique focal element (which is not
a singleton) and m is called a categorical bba.

Conjunctive and disjunctive rules of combination

The transferable belief model framework provides interesting combination
rules for merging two non-normalized bba’s given, on the same universe of
discourse, by distinct information sources.

The conjunctive rule is used when both information sources are fully
reliable. Given two bba’s m; and ma, the rule is given by (Smets, 1998a):

(m1Nma)(A) = Xp ocapno—a mi(B) x my(C)

The disjunctive rule is used when only one source is reliable but we
do not know which one. Given two bba’s m; and ms, the rule is given by
(Smets, 1998a):

(m1Umg)(A) = 2 B.CCQ:BUC=A myi(B) x my(C)

Other combination rules are proposed in the literature. See (Sun & Fa-
rooq, 2004) for a survey of the properties of these different rules such as the
role of evidence of each source of information in the combination judgment,
the treatment of conflict judgments given by the two sources of information,
etc.
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Making decisions in belief function theory: the pignistic prob-
ability

One solution allowing to ensure the decision making within belief function
theory is the pignistic probability proposed by the Transferable Belief Model
(Smets, 1998b). The TBM is based on a two level mental models:

e The credal level where beliefs are entertained and represented by
belief functions.

e The pignistic level where beliefs are used to make decisions and rep-
resented by probability functions called the pignistic probabilities.

When a decision has to be made, beliefs held at the credal level induce
a probability measure at the pignistic measure denoted BetP (Smets, 2004).
Let m be a bba, its associated pignistic probability function BetP: Q — [0, 1]
is defined as:

BetP({w}) = Y acq H“MF A 125;?)@)7 for all w € 2

where |A| denotes the cardinality of subset A.

It is important to mention that there are many other important concepts
in belief function theory which have not been presented above (e.g. discount-
ing, projection, extension, coarsening, refinement, etc.).

After giving general ideas about some uncertainty frameworks without
going into details, we move to present another important uncertainty theory
that will be used throughout this dissertation, namely, possibility theory.

1.4 Basics of possibility theory

Possibility theory represents a non-classical uncertainty theory, first intro-
duced by Zadeh in (Zadeh, 1978) and then developed by several authors,
e.g., Dubois and Prade in (Dubois & Prade, 1988a, 1998a), De Cooman et
al. in (De Cooman & Aeyels, 1999, 2000), Giles in (Giles, 1982), Gebhardt
and Kruse in (Gebhardt & Kruse, 1993a, 1993b), etc.

Possibility theory offers a flexible tool for representing imperfect informa-
tion that is uncertain and imprecise such as expressed by humans. Before
presenting the basics of possibility theory, let us first give some meanings of
the term possibility.
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As with probability theory, which can have several interpretations (fre-
quentist view vs. subjective view), in possibility theory, the term possibility
can also support various interpretations (Dubois & Prade, 1998b). The most
supported ones are as follows:

e The first interpretation of 'possibility’ is feasibility or realizability or
ease of achievement as in the sentence “it is possible to repair this
computer”.

e Second, is the idea of plausibility which refers to the degree to which
an event can occur as in the sentence “it is possible that it will rain
this night”.

e A logical view of "possibility’ is that of consistency (i.e. not contradict-
ing) with the available information as in the expression “it is possible
that Mike is bachelor”, knowing that he is young and that he has not
children.

After introducing the semantics of the term possibility, an important
question arises about the formal setting for expressing levels of possibility.
In fact, contrary to many uncertainty frameworks (e.g. probability theory,
belief function theory, etc.), levels of possibility could be expressed either
by numeric values (the quantitative setting of the theory) or by a ranking
relation between the possible events (the qualitative setting). Let us focus
on these two facets of possibility theory.

1.4.1 Possibility distribution

One of the fundamental concepts of possibility theory is the notion of possi-
bility distribution denoted by m and which corresponds to a function which
associates to each element w of the universe of discourse 2 a value from a
given possibilistic scale L. The possibilistic scale may be exemplified by the
interval [0, 1]. 7(w) is called a possibility degree: it encodes our knowledge
on the real world which is generally ill known. In the quantitative setting,
possibility degrees are genuine numbers and one must indicate where they
come from, in order to understand their meaning.

A possibility distribution is often attached to a variable x with an un-
known value ranging on €2 (e.g. the age of a person, the disease of a patient,
etc.). Thus, a possibility distribution denoted by m, represents a state of
knowledge about the state of affairs distinguishing what is plausible from
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what is less plausible. The value 7, (w) represents the degree of possibil-
ity that © = w (i.e. m(x=w)). Table 1.1 gives interpretations of particular
possibility degrees.

Table 1.1: Possibility degrees

Ty (w) = 0 x = w is impossible
me(w) =1 x = w is totally possible (plausible)
mp(w) > my(w') = w is preferred to x = ' (or is more plausible)

In what follows, we give some concepts relative to possibility distributions:

Normalization and Inconsistency degree

A possibility distribution 7 is said to be nmormalized if there exists at least
one state w € ) which is totally possible (i.e. € is the complete range of x
and thus max, eq{m(w)}=1). Otherwise, 7 is considered as sub-normalized
and in this case

Inc(r) =1 — max{r(w)} (1.1)

we

is called the inconsistency degree of w. It is clear that, for normalized 7,
max,co{m(w)} =1, hence Inc(m)=0.

Non-dogmatic possibility distribution

A possibility distribution such that m(w) > 0 V w, is called non-dogmatic as
it does not definitely exclude any values of u.

Information content of a possibility distribution

Possibility theory is driven by the principle of minimal specificity: A possi-
bility distribution 7 is said to be more specific than «' if and only if Yw € €,
7(w) < 7'(w) (Yager, 1992). In other terms, 7 is more informative than 7'.

In the possibility theory framework, extreme cases of knowledge are given
by:
- complete knowledge: 3 wo, m,(wo) =1 and m,(w) =0V w # wp (only
T = wy is possible).
- total ignorance: m(w) =1V w (all values in {2 are possible).
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Example 1.1 Let us treat a classification problem of aerial planes. Suppose
that the universe of discourse related to this problem is defined as follows:
Q={F-18, Boeing-747, Mig-29}.

Suppose an expert who is providing his opinion about the class C of a de-
tected plane. The opinion is given in the form of a possibility distribution m
defined as follows:

T (C=F-18) = 0.3;
7 (C'=Boeing-747) = 1;
™1 (C=Mig-29) = 0.6;

For instance, the degree 0.6 represents the degree of possibility that the
detected plane is a Mig-29. m is normalized since maz (0.3, 1, 0.6) is equal
to 1. m (C=Boeing-747) = 1 means that it is fully possible that the detected
plane s a Boeing-7}7.

An example of a possibility distribution w) which is more specific than m
s given by:

T (C=F-18) = 0.2;
71 (C=Boeing-747) = 1;
m (C=Mig-29) = 0.4;

1.4.2 Non-specificity

As mentioned in (Higashi & Klir, 1883), possibility theory deals with a source
of imperfection called non-specificity (imprecision). As previously said in the
beginning of this chapter, this type of imperfection is manifested in our in-
ability to distinguish which of several possible alternatives is the true one
in a particular situation. The larger the set of possible alternatives is, the
larger the non-specificity is. More precisely, non-specificity is connected with
sizes (cardinalities) of relevant sets of alternatives (Klir & Wierman, 1998).

Thus, in some decision-making situations, one need to measure the amount
of imprecision inherent in each given possibility distribution in order to de-
cide which is the most informative one. The non-specificity index having the
best properties is the so-called U-uncertainty measure proposed in (Higashi
& Klir, 1883). The U-uncertainty measure has the form: U : R — IR
where R denotes the set of all finite and ordered possibility distributions and
IR" stands for the set of positive real numbers.



20 Chapter 1: Possibility Theory: An Overview

Given an ordered possibility distribution m = (m), 7(2), ..., T(n)) such
that 1 = 7y > m(e) = ... > m(n), the U-uncertainty of m, is given by:

n

U(m)=[ > () — masn) loga i ] + (1—7q)) logs m (1.2)

i=1

where 7,41y = 0 by convention (Klir & Folger, 1988). Note that the range
of U is [0, loga n]. U(mw) = 0 is obtained for the case of complete knowledge
(precise information) and U(w) = loga n is reached for the case of total
ignorance. Note also that the second term of the equation, i.e., (1-m()) logs n
generalizes U for sub-normalized 7.

Example 1.2 We can compute the non-specificity degree of each possibility
distribution m and 7| given in the previous example, then check that w) is
more specific than .

Ranking degrees of my and m' in decreasing order yields to m; =< 1,0.6,0.3 >
and 7 =< 1,0.4,0.2 >.

= U(m) = (1—0.6)xlogz(1)+ (0.6 —0.3) xloga(2) + (0.3 —0) xlog2(3) = 0.775
and

= U(r]) = (1-0.4)xlog2(1)+(0.4—0.2) xlog2(2) + (0.2 —0) xloga(3) = 0.517
= U(m) > U(m}) then m is more “non-specific” (imprecise) than ). Con-
versely, m is more specific than .

1.4.3 Possibility and Necessity measures

Contrary to probability theory which uses only one measure, namely the
probability measure P, possibility theory uses tow dual measures: the possi-
bility measure Il and the necessity measure N.

In fact, probability theory is self-dual in the sense that the confidence
in an event A can be determined from the confidence of the complement of
that event A. Formally, P(A) = 1 — P(A). Hence, the expression “It is
not probable that not A” means that “It is probable that A”, while “it is not
possible that not A” does not only mean that “it is possible that A” but it
leads to a stronger conclusion: “it is necessary that A”.

Conversely, “it is possible that A” does not entail anything about the
possibility nor the impossibility of not A. Thus, possibility theory makes
a distinction between the concepts of possibility (plausibility) and necessity
(certainty) of an event which are dually related. Let us define these two dual
measures:
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Possibility measure

Given a possibility distribution 7, we can define the possibility measure
of any subset A C ) by:

[1(4) = max m(w). (1.3)

IT1(A) is called the possibility degree of A, it evaluates to what extent it

is possible that the actual value of x belongs to A. This measure evaluates
at which level A is consistent with our knowledge expressed by 7.

Necessity measure

The necessity measure of any subset A C () is defined by:

N(4) = 1~ 11(A) = min(1 - 7,(w) (1.4)

N(A) is called the necessity degree of A. It evaluates to what extent
we are certain that the actual value of x belongs to A. This measure eval-
uates at which level A is certainly implied by our knowledge expressed by 7.

Note that the possibility measure IT and the necessity measure N of pos-
sibility theory recover, respectively, the plausibility function pl and the belief
function bel previously defined in belief function theory when focal elements
are nested. Formally, two different focal elements A and B are said to be
nested when A C B or B C A. In this case, pl = II and bel = N.

Main properties of the possibility measure Il and the necessity measure
N are summarized, respectively in Table 1.2 and Table 1.3.

Table 1.2: Possibility measure II (case of normalized 7)

I(A) = 1 and II(A) =0 A is certainly true
II(A) = 1 and II(A4) €]0,1] A is somewhat certain
(A) =1 and II(A) = 1 total ignorance
II(A) > II(B) A is a prior more plausible than B
max(IT(A),TI(A)) = 1 A and A cannot be both impossible
IM(AUB) = max(II(A),II(B)) |disjunction axiom
IM(ANB) < min(II(A),TI(B)) |conjunction axiom

From the above definitions of possibility and necessity measures, it is
clear that these dual set-functions quantify the uncertainty of events which
makes possibility theory able to deal not only with imprecision but also with
uncertainty:.
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Table 1.3: Necessity measure N (case of normalized 7)

N(A) =1and N(A) =0 A is certainly true

N(A) €]0,1[ and N(A) =0 A is somewhat certain

N(A)=0and N(A) =0 total ignorance

min(N(A), N(4)) =0 unique link existing between N(A) and N (A)
N(ANB) = min(N(A),N(B)) |conjunction axiom

N(AUB) > max(N(A),N(B)) |disjunction axiom

Example 1.3 Let us consider the possibility distribution m given in FExam-
ple 1.1 and A = {Boeing-7}7}.

II(A) = max{1l} = 1, which means that it is fully possible that the detected
plane is a Boeing-7/7 but we are not certain about this fact. Hence, the cer-
tainty degree that C'=Boeing-747 is given by:

N(A)=1-1I(A) =1 —max{0.3,0.6} = 0.4.

1.4.4 The qualitative setting of possibility theory

In the quantitative setting of possibility theory (the by default setting), pos-
sibility degrees are real numbers in the interval [0,1]. These degrees should
have precise values and precise significations. In other words, the chosen
value of each possibility degree must be justified.

However, in some situations, experts meet difficulties in providing exact
numerical values of possibility degrees. It seems to be more natural for
them to say that one situation is more plausible than another one instead
of committing to each situation a particular numerical possibility degree.
Hence, a solution is to use an order relation between each possible situation
of the universe of discourse €.

Ordinal uncertainty

The idea of ordering different states of the world was first modeled by Spohn’s
ordinal conditional functions (Spohn, 1988) also known as kappa functions
denoted by k. x functions map states of the world into ordinals. The smaller
the ordinal, the more plausible the state of the world for the agent.

In the possibilistic framework, contrary to the numerical representation
of uncertainty in which possibility degrees make sense in the scale [0,1], the
idea of the qualitative representation of uncertainty lies in equipping the
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referential 2 with a total pre-order! denoted by >,. This total pre-order
corresponds to a plausibility relation on 2 which enables us to express
that some situations are more plausible than others. The relation w =, W’
(resp. w >, W', w <, w') means that w is as plausible as (resp. more plausible
than, less plausible than) w’.

Example 1.4 The plausibility relation relative to the possibility distribution
w1 qiven by the expert in Example 1.1 1s given by:

C = Boeing-747 >,C = Mig-29 >,.C = F-18
Here are some definitions regarding plausibility relations:

e Most plausible states: Given A = {w,, ..., wy} C €, the most plausible
state(s) in the set A is defined by:

maX(A) = {wi Wy € A, /H wj; € A s.t. Wj >n wi} (15)

The most plausible state in our example is Boeing-747.

e Least plausible states: Given A = {w,, ..., w,} C Q, the least plausible
state(s) in the set A is defined by:

min(A) ={w;, 1w, € A, Aw; € A sit. w; >, w;} (1.6)

The least plausible state in our example is F-18.

Qualitative possibility distribution

The basic idea of the qualitative possibility distribution is to equip the uni-
verse of discourse ) with a finite and totally ordered scale. This ordered
scale is denoted by £L = {ay = 1, a1, ..., an, ayy1 = 0} such that
a=1>a > ... > a, > apy1 =0.

A qualitative possibility distribution (QPD) also denoted by m, is a func-
tion which associates to each element w of the universe of discourse €2 an
element from the totally ordered scale £, thus, enabling us to express that
some states are more plausible than others without referring to any numeri-
cal value and this is what makes the difference with the quantitative setting.
Note that, in the qualitative setting, the possibilistic scale can be numerical,
e.g., £L={0,0.1,0.2,...,0.9, 1} where only the order relation between numbers
is meaningful, and not their absolute values.

LA relation > on € is a total pre-order if > is reflexive, transitive and for all wq, wa,
we have either wy > ws or wy > wy.
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Example 1.5 Let us continue with Example 1.1. The possibility distribution
m1 can be represented qualitatively by the expert by the following QPD m/ :
) (C=F-18) = ag;

7 (C=Boeing-747) = ap;

] (C=Mig-29) = ay;

From this QPD, we can conclude that Boeing-747 is more plausible than
Mig-29 which is in turn more plausible than F-18 since ag > as > ag. Nu-
merical values assigned to a; have no importance but the ranking is of great
importance. Hence, we can derive an infinity of quantitative possibility dis-
tributions from a qualitative one.

1.4.5 Discounting

Information taken from an expert or a sensor should not be accepted blindly.
In fact, it is possible that the expert has not a great level of expertise about
the domain or that the sensor is becoming obsolete for some reasons and thus
provides bad measures.

Hence, the reliability of the source providing an information should be
taken into account to update this information. Let a be the degree of relia-
bility of given source providing a possibility distribution 7, then 7 is changed
into (Dubois & Prade, 1988a):

7 = maz(m, 1 —a) (1.7)

Note that when a=1 (fully reliable source), we are fully confident on that
source, hence the distribution remains unchanged (7’ = 7). In the case of ab-
solutely unreliable source (a«=0), the information will be considered as fully
imprecise (i.e. a situation of total ignorance: Vw, n’(w) = 1). Equation (1.7)
represents one form of discounting of a given possibility distribution.

There exist other discounting formulas. In (Yager, 1984), the author
suggested other expressions:

7 = min(l, 1 —a+mn) (1.8)

/

™ = axr+1—a (1.9)
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Note that all three rules can be applied in the numerical setting, whereas,
Equation (1.9) does nothing in the qualitative setting. In fact, it preserves
the initial order given by the source. On the other hand, we can use either
Equation (1.7) or Equation (1.8) in the qualitative setting,.

The difference between these two latter expressions is that Equation (1.7)
respects the source’s high-possibility assertions, and (1-«) divides the reliable
from the unreliable, whereas, with Equation (1.8), o divides what is reliable
from what is not reliable.

Example 1.6 Suppose that the reliability of the source providing the possi-
bility distribution m of Example 1.1 is o = 0.3 (low reliability). Hence, if we
discount my:

According to Equation (1.7), we obtain:
7 (O =F-18)=maz(0.3,1-0.3)=0.7;
71 (C'=Boeing-747)=max(1,0.7)=1;
7 (C=Mig-29)=max(0.6,0.7)=0.7;

According to Equation (1.8), we obtain:
7 (C=F-18)=min(1,1-0.9+0.3)=1;

71 (C'=Boeing-747)=min(1,0.7+1)=1;
7 (C=Mig-29)=min(1,0.7+0.6)=1;

According to Equation (1.9), we obtain:
T (C=F-18)=0.5%0.340.7=0.79;

71 (C=Boeing-747)=0.3*1+0.7=1;

7 (C=Mig-29)=0.3%0.6+0.7=0.88;

1.4.6 Possibilistic logic

In this section, we give a brief background on possibilistic logic. First, we
need to introduce some notations in order to help understanding this section.

Let V. = {Vi,V5,...,V,,} be a set of n variables. Dy, = {v1,va,...,0n}
denotes the finite domain of V;. ¢, ¥, x, ... C € denotes a propositional
formula (or a preference) obtained from V' using logical operators such as
A (conjunction), V (disjunction), — (negation). Each w € ( represents an
interpretation. w = ¢ means w is a model of ¢ (or w satisfies ¢ in case of
preferences). L and T denote respectively contradictions and tautologies.
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Definition

Possibilistic logic (Dubois et al., 1994) is an extension of classical logic to
deal with incomplete information. Contrary to classical logic where all for-
mulas have the same degree of certainty (or priority in case of preferences), in
possibilistic logic, each formula is assigned a degree of certainty (or a priority
degree or weight).

Formally, a possibilistic formula is a pair (¢, a) where ¢ is a classical
first-order formula and « € [0, 1] corresponds to its certainty degree. The
pair (¢, «) expresses that ¢ is certain at least to the degree a, i.e., N(¢)
> «), where N is a necessity measure.

Possibilistic knowledge bases

A possibilistic knowledge base (Dubois et al., 1994), denoted by X, corre-
sponds to a finite set (i.e. a conjunction) of possibilistic formulas:

Y={(¢i,):i=1,...,n}

where n denotes the number of formulas in 3. Namely, a possibilistic knowl-
edge base is a classical knowledge base in which formulas are ordered ac-
cording to their certainty degrees. Note that formulas with a; = 0 are not
explicitly represented in the knowledge base.

Possibilistic knowledge bases can be considered as compact representa-
tions of possibility distributions. In fact, from each possibilistic knowledge

base X, we can derive its corresponding possibility distribution 7y, as follows
(Dubois et al., 1994): Vw € Q,

. 1 1fV(¢z,al)€E,w):¢)z
mo(w) = { 1 —max{a; : (¢, ) € X and w l~ ¢;}  otherwise.

This means that the possibility degree associated to each interpretation
w corresponds to the maximum certainty degree (or priority degree) of the
formulas that are not satisfied by w.

Example 1.7 Let us consider two binary variables relative to the shape
(Shp) and the speed (Spd) of a detected aerial plane, such that: Shp={Big(b),
Small(— b)}, Spd={ Fast(f), slow(— f)}. Let ¥ = {(bV f,0.6), (bV —f,0.2),
(=bV —f,0.9)}} be a possibilistic knowledge base. The associated s, is given
i Table 1.4.
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Table 1.4: The joint possibility distribution 7y

Shp Spd ms(Shp A Spd)
b I 0.1
b -f 1

b f 0.8

~b Sf 0.4

Inference in possibilistic logic

Given three propositional formulas ¢, ¥ and y, the basic inference rule in
possibilistic logic put in clausal form is the resolution rule (Benferhat &
Prade, 2006):

(= Vi, a); (o V X, B) E (¥ Vx, min(a, B)).

Inconsistency degree of a possibilistic knowledge base

A key feature of possibilistic logic is its capability to deal with inconsistent
knowledge bases (Benferhat & Prade, 2006). Each possibilistic knowledge
base ¥ is associated with a level of inconsistency given by:

Incons(¥) = mazx{a : X, EL}

where ¥, = {¢; : (¢s, ;) € ¥ and «; > a}. Incons(X) = 0 means that the
possibilistic knowledge base is consistent. Hence, a conclusion is considered
accepted if its necessity degree is higher than the inconsistency degree of the
knowledge base.

1.5 Information fusion in possibility theory

Information fusion is considered as a very important task which is widely
used in different areas, e.g., robotic (multi-sensor fusion), image processing
(exploiting several images), risk analysis (fusion of experts’ opinions), etc.

Different combination modes are proposed to deal with the problem of
possibilistic information fusion and all of them are based on a set-theoretic
view (Dubois & Prade, 1988a). Hence, in order to combine possibility dis-
tributions issued from distinct sources and which should pertain to the same
variable, one should match the appropriate fusion operator to the situation
under study.
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The choice of the combination mode is strongly related to the assumption
about the reliability of sources. We first, present the basic symmetric combi-
nation operators, namely the conjunctive and the disjunctive operators. In
the second part of this section, we will present some refined fusion modes,
namely, the prioritized or weighted fusion and the adaptive fusion.

1.5.1 Basic symmetric combination modes

Let us first present the fusion problem in a general case as follows:

Source 1 re A CQ
Source 2 r e Ay CQ
What should be said about x?

The chosen merging method depends on how much the sources agree and
what is known about their reliability. Indeed, if A; N Ay # ), than we can
say that both sources are reliable and we can combine them using the in-
tersection, i.e., x € A; N Ay. Otherwise, if Ay N Ay = (), than we are sure
that at least one of the sources is wrong and the combination rule can be
the union, i.e., z € A;UAy which assumes that the other source is not wrong.

In possibility theory, sources provide information in the form of possibility
distributions. Let m; be the possibility distribution given by source s;, the
basic combination modes are also the conjunctive and disjunctive ones and
the choice of the appropriate mode depends on the sources.

The conjunctive fusion

Conjunctive fusion is chosen when all sources agree (i.e. they are consistent
with each others) and when all of them are reliable. The conjunctive operator
is defined as follows (Dubois & Prade, 2000):

VweD mh(w) = Qi1 mi(w) (1.10)

where ® is a [0,1]-valued operation defined on [0,1]x[0,1]. Candidates for
conjunctive fusion operators are called triangular norms (t-norms) (Klement
et al., 2000) and the most used are the following:

e a®b = min(a,b) (minimum).
e a®b = a.b (product).

e a®b = max(0,a+b-1) (linear product or Lukasievicz t-norm).
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For all a, b, ¢, d € [0,1], each t-norm is characterized by the following
axioms:

(al) Boundary conditions: a®l = a and 0®a = 0.

(a2) Monotonicity: a®b < c®d whenever a < ¢ and b < d.
(a3) Commutativity: a®b = b®a.

(a4) Associativity: (a®(b®c)) = ((a®b)®c).

The min operator corresponds to a logical view of the combination pro-
cess. In fact, the result is given by the source which assigns the least pos-
sibility degree to a given value. The min operator is supported by both
quantitative and qualitative possibility distributions. On the other hand,
the use of the product operator assumes that possibility degrees are num-
bers. Such operator reinforces the lack of complete possibility in the sense
that if all sources agree that an element w = x is not fully possible, then
it will receive a degree strictly smaller than the one resulted from the min
operator. Finally, the linear product operator has the characteristic of dis-
carding elements that both sources consider as little possible.

The above analysis explains the difference between the existing conjunc-
tive operators which could help in deciding which conjunctive operator is
suitable for what situation. Nevertheless, there are no quantitative measures
judging precisely when a particular operator should be selected. Recently,
based on an analysis of the relation between inconsistency and distance be-
tween two possibility distributions, the author in (Liu, 2007) has proposed
guidelines to recommend how to select a merging operator.

The disjunctive fusion

Disjunctive fusion is applied when sources disagree (i.e. they are not consis-
tent with each others) and it is known for sure that one of them is reliable
but it is not known which one. The disjunctive operator is defined as follows
(Dubois & Prade, 2000):

VweQ, m(w) =iz, mi(w) (1.11)

where @ is a [0,1]-valued operation defined on [0,1]x[0,1]. Disjunctive fusion
operators are called triangular conorms (t-conorms) (Klement et al., 2000)
and by duality with the t-norms listed above, we have:
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e a®b = max(a,b) (maximum).
e adb = a+b-a.b (probabilistic sum).

e a®b = min(1l,a+b) (bounded sum or Lukasievicz t-conorm).

For all a, b, ¢, d € [0, 1], each t-conorm is characterized by the following
axioms:

(b1) Boundary conditions: 1€&a = 1 and Oda = a.

(b2) Monotonicity: a®b < c¢cdd whenever a < ¢ and b < d.
(b3) Commutativity: a®db = bda.

(b4) Associativity: (a®(bdc)) = ((adb)de).

In the quantitative setting, we can choose one among all of these t-
conorms. Note that the probabilistic sum loses more information than the
maximum, and the Lukasievicz t-conorm even more so (Dubois & Prade,
1994b). In the contrary, in the qualitative setting, where the order between
degrees is important, we apply the maximum operator.

The normalized conjunctive fusion

When using Equation (1.10), one may obtain a subnormalized possibility dis-
tribution, i.e., it may happen that ¥V w, m,(w) < 1. Such situation expresses
that there is a conflict between the combined sources: there is no value of x
for which all sources consider as fully possible.

If the conflict (Inc(wy)) is strong, we should use a disjunctive merging
operator. In the case of weak conflict, we can assume that both sources are
reliable. Hence, it is possible to use a conjunctive operator then normalize
the result given by 7, as follows (written here for two sources for the sake of
simplicity):

T (w)

VUJGQ, W(W):m

(1.12)
where 7, (w) = m (w) ® mo(w) and

h(my, 7o) =1 — Inc(my, m) = supyeq m1(w) @ mo(w) = sup mh.

h(my, ) expresses the degree of agreement of the two sources (Dubois &
Prade, 1998b). Obviously, this operator requires that the two sources should
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not be in absolute conflict (i.e. h(m,m2) should not be equal to 0).

It is important to note that a qualitative normalization also exists and
consists in moving to 1 the highest possibility degree of the obtained distri-
bution 7, and letting the rest unchanged. Unfortunately, all these normal-
ization methods result in some loss of information.

Example 1.8 Let us continue with Example 1.1. Suppose another expert sy
who is providing his opinion about the class of the detected plane in the form
of a possibility distribution my. Thus, we obtain the two possibility distribu-
tions:

T (C=F-18) = 0.3; o (C=F-18) =0.5;
71 (C=Boeing-747) = 1; And 7o (C=Boeing-747) = 0.8;
™1 (C=Mig-29) = 0.6; 709 (C=Mig-29) = 1;

When observing these two distributions, we can see that the two sources dis-
agree since they do not share any common fully supported element of 2.
Moreover, we do not know which one of the two sources is reliable. Hence,
in this case, one can be cautious and choose a disjunctive merging operator.
For instance taking & = max in Equation (1.11), we obtain:

v (C=F-18) = 0.5;
my (C=Boeing-747) = 1;
my (C=Mig-29) = 1;

Assuming that sources (the experts) are reliable, and since the amount of
conflict is small (Inc(my A me)=0.2) we can apply Equation (1.12). For in-
stance, taking ® = min, we obtain:

A (C=F-18) = 0.3/0.8 = 0.375;
A (C=Boeing-747) = 0.8/0.8 = 1;
A (C=Mig-29) = 0.6/0.8 = 0.75;

1.5.2 Refined fusion modes

The basic symmetric combination modes are based on an assumption about
the reliability of sources. In practice, we can find cases where some sources
are more reliable than others as well as cases where nothing is known about
the reliability of the sources. Thus, refined operators are proposed to solve
these problems (Dubois & Prade, 1994b).
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The prioritized fusion

Given n sources s;—1., with given reliability degrees a;—; ,, the prioritized
(weighted) fusion operators, represents a generalization of the conjunctive
and the disjunctive rules. For instance, when taking the linear product t-
norm and its dual bounded sum t-conorm, we obtain:

Trha = MiNi—1., max(m;, 1 — ), (1.13)

Tva = Mati=1., min(m;, ;). (1.14)

Example 1.9 Let us continue with Example 1.8. Suppose that the reliability
degrees of experts sy and so are respectively equal to 0.8 and 0.4. The distri-
butions m and o are changed into:

m (C=F-18) = min(0.5,0.8) = 0.53;

71 (C=Boeing-747) = min(1,0.8)=0.8;

71 (C=Mig-29) = min(0.6,0.8) = 0.6;
And

7 (C=F-18) = min(0.5,0.4) = 0.4;

7h (C=Boeing-747) = min(0.8,0.4) = 0.4;
7h(C=Mig-29) = min(1,0.4) = 0.4;

The distribution given by the prioritized disjunctive rule using FEquation
(1.14) is given by:

Tva(C=F-18) = mazx(0.5,0.4) = 0.4;
Tva (C=Boeing-747) = max(0.8,0.4) = 0.8;
Tva (C=Mig-29) = maz(0.6,0.4) = 0.0;

The adaptive fusion

Suppose we have to combine two possibility distributions m; and 7y provided,
respectively, by two sources s; and s, and nothing is known about their relia-
bility. Authors in (Dubois & Prade, 1994a) elaborated an adaptive operator
which allows a switch from conjunctive fusion to disjunctive fusion according
to the amount of conflict (Inc(m A ms)) existing between s; and sy. The
adaptive fusion operator is the following:

Yw € Q, map(w) = maz(mp(w), min(ry(w), 1 — h(m, m)))  (1.15)

min(m (w), o (w

where 7, (w) = ) D and my(w) = maz(m(w), m(w)).
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Example 1.10 Let us continue with Example 1.8 to explain the adaptive fu-
sion operator. Let us compute m,(C):

v (C=F-18) = maz(0.3, 0.5) = 0.5;
mv (C=Boeing-747) = maz(1, 0.8) = 1;
m (C=Mig-29) = maz(0.6, 1) = 1;

Then, the adaptive fusion operator (1.15) gives the following distribution:

Tap (C=F-18) = maz(0.375, min(0.5, 1-0.8)) = 0.375;
wap (C=Boeing-747) = max(1, min(1, 1-0.8)) = 1;
map(C=Mig-29) = max(0.75, min(1, 1-0.8)) = 0.75;

The accumulative fusion

When we have to merge possibility distributions provided by a large number
of independent sources, we can use the accumulative fusion mode which is a
weighted arithmetic mean:

Yoiey ai x mi(wp)
Z?:1 Q5
where o; € [0, 1] stands for the reliability of source s;. If the different sources
are all consistent which others, the resultant possibility distribution will be
normalized otherwise it will be non-normalized. In the latter case, we can
normalize it by dividing each map(w,) by maxﬁlﬂAF(wp). Again, this nor-

malization results in an information loss.

(1.16)

TAF (m1,m2,...,75) (wp) =

Example 1.11 As previously stated, the accumulative fusion is more appro-
priate when we have to merge a large number of possibility distributions. In
this example, the aim is just to illustrate the use of this operator using the
same possibility distributions of example 1.8. Let us suppose that both sources
are fully reliable, i.e., oy = ag = 1:

TAF(mmp) (C=F-18)= 23E05 —() /-
TAF (m1,m2) (C—Boemg T47)= & =0.9;
TAF(ryma) (C=Mig-29)= 1126 = 2 5

After normalizing mar, we obtain:

7TAF (m1,m2) (C—Boemg 747)_ 09 7.
b ) (C=Mig-29) = 33055,
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Moreover, as stated by the authors in (Dubois & Prade, 2006), the result
of this merging operator is not a possibility distribution.

The contextual adaptive fusion: a merging operator for possibilistic
knowledge bases

In a recent work (Hunter & Liu, 2008), the authors have proposed a contex-
tual adaptive merging algorithm which, intelligently, integrate both conjunc-
tive and disjunctive fusion operators.

The algorithm dynamically selects the so-called largely partially maximal
consistent subsets (LPMCSs) of sources by assessing the coherence of the in-
formation in each subset. Then, information in each LPMCS will be merged
conjunctively. Finally, the obtained results will be merged disjunctively.

Interestingly, the proposed algorithm automatically creates high quality
LPMCSs which sizes are not fixed a priori. This is done by taking into
account the quality of information provided by each source as well as the
consistency of sources in relation to a reference source. Moreover, relaxation
of conjunctive merge is used since the algorithm does not require that the
conjunctively merged possibility distribution from a LPMCS to be normal.

1.6 Possibilistic conditioning

The conditioning presents another important notion in possibility theory. It
consists in revising our initial knowledge, represented by a possibility distri-
bution 7 by the arrival of a new absolutely certain piece of information e.
Let us denote by A the set of models of e. The initial possibility distribution
7 is then changed into another possibility distribution 7’ = =(. | A) with
A # () and TI(A) > 0.

Depending on whether we are in a qualitative setting, where the scale
[0,1] is only used for encoding an ordering between the different degrees, or
if we are in a quantitative setting, where degrees are genuine numbers, we
can use one of the following definitions:

e In an ordinal setting, the highest possibility degree (i.e. 1) is assigned
to the best element of A, which leads to the min-based conditioning
first introduced by Hisdal (Hisdal, 1978). Then, in (Dubois & Prade,
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1988a), the authors have proposed the following solution:

1 if m(w) =TI(A) and w € A
T(W [ A) = 7(w) if T(w) < TI(A) and w € A (1.17)
0 otherwise.

¢ In a quantitative setting, all elements of A are proportionally changed
using the product-based conditioning. The conditioning in the quan-
titative setting is also known as the Dempster’s rule of conditioning

(Shafer, 1976) defined by:

m(w) -
w(w |, A) = { oy HweA (1.18)
0 otherwise.

Many other possibilistic conditioning solutions were proposed in the liter-
ature. For more details, see (Bouchon-Meunier et al., 2002; De Baets et al.,
1999; De Cooman, 2001; Fonck, 1997).

Example 1.12 Let us consider the two variables used in FExample 1.8 with
the joint possibility distribution given in Table 1.5. Consider now that we
receie a fully certain piece of information indicating that the detected aerial
plane is a big one. Thus, A = {b A f, b A =f} and we have II(A) =
mazx(0.8, 0.4) = 0.8.

Then, using Equation (1.17) (resp. Equation(1.18)), the qualitative (resp.

quantitative) possibility distribution in Table 1.5 will be transformed into the
one presented in Table 1.6 (resp. Table 1.7).

Table 1.5: Initial distribution

Shp Spd w(Shp A Spd)
b i 0.8
b y 0.4

b f 0.6

-b ~f 1




36 Chapter 1: Possibility Theory: An Overview

Table 1.6: Min-based conditioning

Shp Spd w(Shp A Spd)
b f 1

b -f 0.4

—b f 0

—b —f 0

Table 1.7: Product-based conditioning

Shp Spd w(Shp A Spd)
b 7 1
b Sf 0.5

b I 0

—b -f 0

1.7 Possibilistic networks

Possibilistic networks (Ben Amor et al., 2003; Benferhat & Smaoui, 2007;
Borgelt et al., 1998; Fonck, 1994) are graphical models used to deal with
the representation and processing of uncertain information. They represent
a counterpart of probabilistic Bayesian networks (Jensen, 1996; Pearl, 1988)
to handle incomplete and missing data. In real world problems, a possibilistic
network is a compact representation of a possibility distribution.

1.7.1 Notations and definitions on graphs

Let V = {11, Va,...,V,,} be a set of variables. Dy, denotes the domain of the
variable V;. Let E be a part of the cartesian product V x V.

e A graph isacouple G = (V, E') where V is the set of nodes composing
G and E corresponds to the set of edges connecting some pairs of nodes
inV.

A directed graph is a graph in which all edges in F are oriented
(oriented edges are called arcs).

In an arc V1 V3, the node V; (called origin) is the parent of V5 (called
end). Conversely, V5 is the child of V.

A root is a node with no parents and a leaf is a node with no children.

A path is a sequence of nodes in which each pair of nodes is linked by
an arc.
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e A cycle is a path which starts by a node V; and ends at the same node
Vi.

e A DAG (Directed Acyclic Graph) is a directed graph without cycles.
For any node V; € V of a DAG G-

e Desc(V;) denotes the set of descendants of V;, i.e., there exists a path
from V; to each V; € V.

e Pa(V;) denotes the set of parents of V;.

1.7.2 Possibilistic networks: a brief background
A possibilistic network IIG consists of:

e A graphical component: A Directed Acyclic Graph (DAG) in which
each node corresponds to a variable and each arc linking two variables
Vi and Vj represents a dependency relation between the two variables.
The DAG allows to represent conditional independencies between the
variables of the domain under study. Two events ¢ and v are said to
be independent in the context of y when the occurrence of ¢/ has no
effect on our belief about the occurrence of ¢. Formally:

(e A x) = TH(]x)-

Two variables V; and V; are said to be independent in the context of
a variable Vj if the above equality is verified for all realizations of that
variables.

e A numerical component: A quantification of different links of the DAG
by conditional possibilities of each node V; in the context of its par-
ents Pa(V;). Such conditional distributions should respect the following
normalization constraints for each variable V; € V:

- If Pa(V;)=0 (i.e. V;is aroot), then the a priori possibility distribution
relative to V; should satisfy:

max,,1(v;) = 1,Yv; € Dy,

- If Pa(V;)#£0, then the conditional possibility distribution relative to
V; in the context of its parents should satisfy:

mazx, 1 (vi|pa;) = 1,Yv; € Dy, pa; € XD a,cpa(v;)-
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Figure 1.1: A possibilistic network

Table 1.8: Initial distributions
a

a I(a)|| ¢ T(c) b ¢ HBlanc)| a b ¢ I(blanc)
aq 0.4 C1 1 a1 b1 C1 0.3 as b1 C1 1
a9 1 C2 0.6 aq b1 Co 1 as b1 Co 0.1

aq bQ C1 1 as bQ C1 0.7

al b2 Co 0.5 as bg Co 04

Example 1.13 The DAG in Figure 1.1 and the conditional possibilities in
Table 1.8 represent a possibilistic network.

Since in conditioning, there is a product-based (resp. min-based) condition-
ing for the quantitative (resp. qualitative) setting, possibilistic networks can
also be divided into quantitative vs. qualitative networks.

Quantitative Possibilistic networks

Quantitative possibilistic networks are used when possibility degrees pertain

to the unit interval [0,1].

From each quantitative possibilistic network, denoted by IIG,, we can
derive the corresponding joint possibility distribution mrg, on the set of
variables V' = {V}, V4, ..., V,,} using the following equation:

WHGP(‘/la ‘/27 L) Vn) - H?:l 7T(‘/Z|Pa(‘/;))
Example 1.14 Table 1.9 gives the joint possibility distribution (product-
based) relative to the possibilistic network given in Example 1.185.
Qualitative Possibilistic networks

Qualitative possibilistic networks are used when only the ordering induced
from the possibility degrees is important and not the values themselves.
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Table 1.9: Global joint distribution g,

a b c  mng,(aANbAc)| a b c  mng,(anbAc)
al b1 C1 0.12 as bl C1 1

al bl Co 0.24 ag b1 Co 0.06

ai b2 C1 0.4 ag bg C1 0.7

ai b2 Co 0.12 a2 b2 Co 0.24

From each qualitative possibilistic network, denoted by IIG,,, we can
derive the corresponding joint possibility distribution mpg,, on the set of
variables V' = {Vi, V5, ..., V,,} using the following equation:

e, (Vi, Va, ..., V) = minl_ 7(V;| Pa(V;)).

Example 1.15 Table 1.10 gives the joint possibility distribution (min-based)
relative to the possibilistic network given in Fxample 1.15.

Table 1.10: Global joint distribution myyg,,

a b ¢ T, (aNbAC)| a b ¢ mg,,(aNbAc)
ay b1 C1 0.3 as b1 C1 1

aq bl C2 0.4 a9 bl C2 0.1

al b2 C1 0.4 ag bQ C1 0.6

aq b2 C2 0.4 ag b2 C2 0.4

The most important task for which possibilistic networks are used is the task
of possibilistic propagation (inference). Propagation plays an essential role
when possibilistic networks are used for classification (Borgelt & Kruse, 2002;
Haouari et al., 2009).

Given a joint possibility distribution on a set of variables V', the task
of propagation consists in establishing how the realization of specific values
of some variables affects the remaining variables. Such as in probabilistic
Bayesian propagation, this task (more precisely, the decision problem: is
P(A) = a?) is known to be NP-complete (Cooper, 1990). Hence, many
adaptations of well known exact and approximate probabilistic propagation
algorithms to the possibilistic setting were proposed in (Ajroud et al., 2008;
Ben Amor et al., 2003; Borgelt et al., 1998; Fonck, 1994; Gebhardt & Kruse,
1997).
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1.8 Possibility theory and links with other
theories

In this section, we will show that uncertainty theories are interconnected.
More precisely, we will focus on the links that exist between possibility the-
ory and respectively, probability theory, fuzzy set theory and belief function
theory .

1.8.1 Possibility theory and probability theory

Although there exist many formulas allowing to transform a possibility dis-
tribution into a probability distribution and conversely (Dubois et al., 1993;
Yamada, 2001), these two frameworks are totally different and do not han-
dle the same thing. Most of the authors use the following example (first
introduced by Zadeh (Zadeh, 1978)) to shown the difference between the two
concepts:

Consider the number of eggs X that Hans is going to order tomorrow
morning. Let m(z) be the degree of ease with which Hans can eat x eggs
and p(z) be the probability that Hans will eat x eggs tomorrow. X € Q =
{1,2,3,4,5}. Given our knowledge, assume the values given in the following
table:

Table 1.11: Possibility and probability values associated with X
X 1 2 3 4 5
m(z)| 1 1 07 04 0
p(z) 102 06 01 01 0

From Table 1.11, we can observe that it is somewhat difficult to draw
some conclusions about the relation between possibility and probability the-
ories. In fact, we can see that elements which are highly possible are not
necessarily highly probable (e.g. m(z = 1) = 1 and p(z = 1) = 0.2). The
only conclusion that can be drawn is that impossible elements are necessarily
improbable (e.g. m(x = 5) = 0 and p(x = 5) = 0). Conversely, we cannot
decide whether low probable elements are low possible or not.

Nevertheless, probability /possibility transformations are sometimes needed.
Indeed, these transformations are useful especially when dealing with het-
erogenous uncertain and imprecise information (Dubois & Prade, 2006).
Many probability-possibility transformations are proposed in the literature.
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In this section, we will mention only one formula for each direction. For more
details, a good summary of these formulas is given in (Yamada, 2001).
From probability to possibility

Given the universe of discourse 2 = {wy,ws, ..., w, } and a probability distri-
bution p on € such that p(wy) > p(ws) > ... > p(wy,), we can transform p
into 7 using the following equation (Dubois & Prade, 1985):

m(w;) =i *pw;) + En: p(w;),Vi=1.n (1.19)
j=itl

where 37 . p(w;) = 0.

Example 1.16 Let Q) = {wy,ws,ws,ws} and a probability distribution p s.t.:
p(wi) = 0.3, p(wa) = 0.6, p(ws) = 0.1, p(ws) = 0. Hence, we have p(wy) >

p(wi) > p(ws) > p(wy). By applying Equation (1.19), we obtain:
m(we) = (1%0.6) +04 =1,

m(w1) = (2%0.3) +0.1=0.7,

m(ws) = (3%0.1)+0=0.3,

m(wy) = (4%0)+0=0.

From possibility to probability

Conversely, given a possibility distribution 7 on € such that 1 = w(w;) >
m(we) > ... > m(wy,), we can transform 7 into p using the following equation
(Dubois & Prade, 1985):

plwi) = i m(w;) _jﬂ(wﬁl),‘v’i =1.n (1.20)

where 7(wp41) = 0 by convention.

Example 1.17 Let Q = {wy, ws,ws,wy} and a possibility distribution m s.t.:
m(w1) = 0.6, m(wy) = 0.3, m(w3) = 0, m(ws) = 1. By applying Equation
(1.20), we obtain:

p(wyg) = 0.65, p(wy) = 0.25, p(we) = 0.1, p(ws) = 0.

Among many transformation formulas, we have chosen those formulas that
satisfy both the probability-possibility consistency (i.e. II(A) > P(A)) and
the preference preservation principles (i.e. p(w;) > p(w;) < m(w;) > 7(w;))
(Dubois et al., 1993).
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1.8.2 Possibility theory and fuzzy set theory

In (Zadeh, 1978), the author has introduced possibility theory from fuzzy
set theory. Mathematically, a possibility distribution is equivalent to a mem-
bership function but the two concepts are not equivalent and do not refer
neither to the same proposition nor to the same state of knowledge. Suppose
we have a fuzzy statement “x is A” where x is a variable and A a fuzzy set.
This statement can represent two very different situations:

e The expression “x is A” may be a proposition that will be evaluated
with respect to a precise information. It means that, the value of x
is well-known and we estimate to what degree this value is compatible
with the fuzzy label A.

As an example, x can be a person of known height, and we want to
estimate how tall he is. So, if Mike’s height is equal to 179cm, then,
we can estimate that Mike belongs to the set of tall men with a degree
equal to 0.8. This is expressed by fiqn(x) = 0.8.

e The expression “x is A” may represent an imprecise description of the
variable x whose value is ill-known. In this case, all we know is that
“xis A”. Tt corresponds to a situation where information is incomplete
(with lack of precision and certainty) and where values of x can only
be ordered according to their degree of possibility.

Let us continue with the same example. Now, all we know is that “Mike
is tall”, i.e., we do not know his exact height. Hence, given that Mike
is tall, we can say that it is possible that the height of Mike is 179cm
with a degree 0.8 (7,(179¢m) = 0.8), it is possible that the height of
Mike is 185cm with a degree 1 (7, (185¢m) = 1), etc.

Formally, to avoid the confusion between the two concepts, given a single-
valued variable x, the associated possibility distribution 7, given the fuzzy
statement “x is A”, is defined by:

Vw € Q1 (w|A) = pa(x|w).

This is known as Zadeh’s possibilistic principle (Zadeh, 1978) which is
analogous to the difference between a probability distribution p(x|h) (the
probability of the observation x given the hypothesis h) and a likelihood
function I(h|x) (the likelihood of the hypothesis h given the observation x).
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1.8.3 Possibility theory and belief function theory

It has long been recognized that possibility theory; in its numerical setting, is
a special case of belief function theory (Dubois & Prade, 1982). In fact, when
focal elements F; of a given basic belief assignment m are nested, i.e., F} C
F, C,...,C F, (such bba is called a consonant bba), a possibility distribution
7 can be recovered from m (and vice versa) and it can be easily checked that
a belief function is a necessity measure (bel = N) and a plausibility function
is a possibility measure (pl = II).

From m to =«

Let m be a basic belief assignment with nested focal elements: Fy C Fy C
y ey C Iy, where F; = {s1,...,5;}. The possibility distribution 7 is derived
using the following equation (Dubois & Prade, 1986):

w(s5) = S m(F).

Example 1.18 Let Q = {wy, ws,ws,ws} and m s.t.:

m({ws})=0.6 m({ws,wi})=0.2 m{{ws,wi,ws})=0.1 m(2)=0.1
Hence, Fy = {ws} C Fy = {ws, w1} C Fy = {ws,wi,ws} C Fy =

= S1 = W3, S = W1,S83 = Wy and S4 = Ws

Hence:

m(w3) =0.6+02+01+01=1
m(w)=02401+01=04
m(wy) =0.1+0.1=0.2

m(we) = 0.1.

From 7 to m

Let m be a normalized possibility distribution on 2. Let the set of values
7(w;) be {a;]i = 1..p} and they are re-arranged s.t. oy = 1> as... > o, > 0
and a1 = 0. Let:

1. F; ={w|r(w) > a;} for i = 1..p, then F, Fy, ..., F,, are nested subsets;

2. m(F;) = m(w;) — m(w;zq1) for ¢ = 1..p, where w; € F; and w1 € Fii1.
Then m is basic belief mass recovered from 7 with focal elements F; (i = 1..p)
(Dubois & Prade, 1986).

Example 1.19 Let Q = {w;, ws,ws,wy} and 7 s.t.:

m(w)=0.7 7(wy)=1 7(w3)=0.4 T(wy)=0.7

Hence, Fy = {ws}, Fy» = {ws,wiwy} and F3 = Q and the corresponding mass
function is given by:
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m({ws}) =1-0.7=0.3
m({wsz,wiws}) =0.7—04=0.3
m(2) = 0.4.

Possibility theory is also related to other theories which are not detailed
here, e.g., imprecise probabilities (Walley, 1991), rough set theory (Pawlak,
1991) and credal set theory (Cozman, 2000). The crossing between one the-
ory to another via existing transformation rules is often accompanied by a
loss of information, i.e., an increase of imperfection (uncertainty and/or im-
precision). Thus, we must use them with care when necessary (e.g. in fusion
problems when we have to merge, for instance, a probabilistic information
with a possibilistic one).

1.9 Conclusion

In this chapter, we have briefly reviewed some uncertainty theories, namely,
probability theory, belief function theory and fuzzy set theory. We have
mainly emphasized on possibility theory which represents a non-classical
theory that offers a natural model to handle imprecise and uncertain in-
formation.

We start this chapter by clarifying the difference between imprecision
and uncertainty by giving some definitions and examples. Then, we have
introduced many important concepts relative to possibility theory such as
notions of possibility distribution, non-specificity, possibilistic logic, fusion,
possibilistic networks, etc. The link between possibility theory and the other
presented uncertainty theory frameworks was provided at the end of this
chapter.

The next chapter will focus on important tasks in data mining applica-
tions, namely, clustering and classification, in which, possibility theory will
be used to deal with imperfect data.



Chapter 2

Clustering and Classification:
An overview

2.1 Introduction

In the artificial intelligence (Al) research field, machine learning (ML) repre-
sents a proven technology that has had significant impact on both industry
and science. This success is due to its capacity in solving many complex
problems by equipping machines, especially, computers with human intelli-
gent behaviors: learning, recognition, deduction, planning, prediction, etc.
Machine learning techniques have been applied to a variety of domains: infor-
mation retrieval, petroleum industry, computer security, medical diagnosis,
loan application screening, high-tech military systems, molecular biology, etc.

As humans, machines learn from a given experience with the problem do-
main (historical examples). This capacity to learn from experience, analytical
observation, and other means, results in a system that can continuously self-
improve and thereby offer increased efficiency.

In this dissertation, we emphasize on two types of learning schemes,
namely, supervised and unsupervised learning. In a given problem, when
both input and desired output are known at training time, we say that we
are performing a supervised learning. However, unsupervised learning con-
sists in learning from examples, classes of which (desired outputs), are not
known a priori. Semi-supervised learning also exists and consists in learning
simultaneously from labeled and unlabeled examples. A labeled example is
an example with a known class value.

45
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In this chapter, we will especially focus on both clustering and classifica-
tion tasks which represent, respectively, typical unsupervised and supervised
schemas. Some known clustering algorithms will be detailed. Regarding the
classification task, we will present the K-nearest neighbors and the naive
Bayes classifiers and we will give more details about the decision tree classi-
fier which constitutes the main focus of our work.

The rest of the chapter is organized as follows: Section 2.2 starts by giving
a general notation relative to learning problems. Section 2.3 introduces the
typical unsupervised learning task of clustering and provides a brief recall on
two known clustering methods. Section 2.4 is devoted to the other side of
learning, namely, supervised learning and more precisely, to the classification
task. Section 2.5 describes the procedures, the components and basic state
of the art algorithms regarding decision trees.

2.2 Notations for learning problems

Let us give some useful notations relative to learning problems:

o A={A, Ay ..., Ay,}: denotes the set of na attributes (properties,
features) of objects (e.g.: color, age, height, etc.).

o D(Ay) = {ak,, x,y,...}: denotes the finite domain containing all values
relative to a discrete attribute Ay (e.g.: red, blue, green). For continu-
ous attributes, D(Ay) can be the set of real numbers IR or an interval
of IR.

o C ={C1, Oy, ..., Cpe}: denotes the set of nc mutually exclusive labels
or classes to which each object has to belong.

e U = {iy, is, ...}: denotes the object universe. It contains the set
of all objects also called instances. Each instance corresponds to a
description of an object in an attribute-value form.

e T: denotes the training set, i.e., the set of all labeled instances (for
supervised learning) or unlabeled instances (for unsupervised learn-
ing) on which the learning process will be performed. A labeled (resp.
unlabeled) instance is an instance whose class label is known (resp.
unknown).
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2.3 Clustering: an unsupervised learning task

As mentioned in the beginning of this chapter, clustering is the typical unsu-
pervised learning task which consists in determining the intrinsic grouping in
a set of unlabeled instances. Clustering aims at grouping together similar
instances (with respect to their attribute values) into subsets called clusters.
A cluster is therefore a collection of instances which are similar between each
others and dissimilar to instances belonging to other clusters.

Clustering is used in many real world problems such as in marketing for
product positioning and determining target markets, in insurance for iden-
tifying frauds, in psychiatry to construct taxonomies of psychiatric illnesses,
in biology (sequence analysis) for grouping homologous sequences into gene
families, in social network analysis for recognizing communities within large
groups of people, etc.

Clustering methods can be divided into two major families:

e Partitional clustering: this family of clustering algorithms attempts to
partition the data set into a specified number k of disjoint sets of data
(clusters) such that the data within each set are as homogeneous as pos-
sible. Typically, the global criteria involve minimizing some measure of
dissimilarity in the objects within each cluster, while maximizing the
dissimilarity of different clusters. Most known partitional algorithms
are K-means (MacQueen, 1967; Anderberg, 1973) and K-medoids
(Kaufman & Rousseeuw, 1990) for numeric data, K-modes (Huang
& Ng Michael, 2003) for categorical data and K-prototypes (Huang,
1997) for very large data sets with mixed numeric and categorical at-
tribute values.

e Hierarchical clustering: instead of fixing the number of clusters a pri-
ori, this family of algorithms gradually merge objects or divide sets of
objects. In fact, hierarchical Clustering (Hastie et al., 2001) is subdi-
vided into two groups:

-Agglomerative methods: a “bottom up” approach in which each object
starts in its own cluster, and most similar pairs of clusters are merged
sequentially at each step.

-Divisive methods: a “top down” approach in which all objects start in
one cluster, and splits are performed recursively as one moves down.
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In practice, agglomerative techniques are more commonly used. The
end result of the algorithm is a tree of clusters called a dendrogram,
which shows how clusters are related. By cutting the dendrogram at a
desired level, a clustering of the objects into disjoint groups is obtained.

In this section, we will provide one algorithm for each family. We have
chosen to detail the most known state of the art algorithms, namely, the
K-means algorithm for the partitional category and the agglomerative hier-
archical algorithm for the agglomerative category. These algorithms have
provided good results on many real-world applications (Valenti de Oliveira

& Pedrycz, 2007).

2.3.1 K-means algorithm

Given a set of n unlabeled training instances T = {iy, is, i3, ..., i, } where
each instance is characterized by na real-valued attributes. The K-means
algorithm (MacQueen, 1967) starts by specifying the number of desired
clusters to obtain (k < m). Then, it aims to partition 7" into k clusters
{Clusty, Clusty, ..., Clust} using the following algorithm:

Algorithm 1 K-means algorithm
Begin

1. Randomly choose % instances from 7" as the starting centroids c¢j—; .

2. For each instance 7 in T', compute the distance between ¢ and the k cen-
troids, then assign it to the cluster Clust; with j = argmin’_, d(i, c;).

3. When all instances have been assigned, recalculate the new k centroids
(i.e. each centroid corresponds to the vector mean of all instances
belonging to each cluster Clust;= 1..k).

4. Repeat steps 2 and 3 until the k& centroids remain unchanged.

End.

The quality of the clustering provided by the K-means algorithm strongly
depends on many parameters:
- The number of clusters £ which should be chosen a priori.
- The k initially chosen centroids.
- The measure d used to compute distances between pairs of instances. d
could be any metric distance such as (Euclidean, Manhattan, Chebychev,
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Mahalanobis, etc.) and then should be carefully chosen.

In contrast to the k-means algorithm, the k-medoids algorithm chooses
the centers from the instances: medoids are always chosen from the set of
instances in a given cluster (i.e. the least distant instance from all the oth-
ers), whereas centroids are computed and then do not necessarily belong to
the instances of the initial training set.

The main advantages of the K-means algorithm are its simplicity and
speed which allow it to run on large data sets. Its main disadvantages lie in
the difficulty to choose the best value of the parameter k and in the initial
random assignments of the k£ centroids which, with a same data set, will
result on different clusters for each run. Some researches are devoted to the
estimation of the best value of the parameter k£ (Hamerly & Elkan, 2003; Pel-
leg & Moore, 2000). Moreover, many researches have focused on the initial
choice of the centroids (Bradley & Fayyad, 1998; Cao et al., 2009; Redmond
& Heneghan, 2007; Su & Dy, 2007).

K-means is considered as a hard clustering algorithm because each data
point will belong to exactly one cluster. However, with soft clustering al-
gorithms such as fuzzy c-means (Bezdek, 1981; Hoppner et al., 1999), each
point is allowed to belong to more than one cluster.

In fact, for each data point, a coefficient giving the degree of its belong-
ing to the k' cluster is used. This coefficient corresponds to the degree of
membership of the data point to the fuzzy cluster. Hence, data points on
the edge of a cluster, may be in the cluster to a lesser degree than points in
the center of cluster. Usually, the sum of these degrees for any given data
point should be equal to 1. Fuzzy clustering was extensively used in many
real world applications (Valenti de Oliveira & Pedrycz, 2007) for which it has
shown excellent results.

2.3.2 The agglomerative hierarchical algorithm

In agglomerative hierarchical clustering (Boberg & Salakoski, 1993; David-
son & Ravi, 2005; Kurita, 1991), algorithms start with each element as a
separate cluster and merge them into successively larger clusters. At each
particular stage, the two least distant (most similar) clusters are merged.

Distance (or similarity) between two clusters is determined by a linkage
criterion, which is a function of the pairwise distances between instances one
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from each cluster. Most used linkage criteria are:

- Single linkage: the distance between two clusters F' and G is defined as
the minimum pairwise distance between elements, one from each cluster (i.e.
the shortest link between clusters). Formally:

d(F, G) = mm{d(fl,g]) : fz:1|F'| € F and gj:1..|G| € G}

- Complete linkage: the distance between two clusters A and B is defined
as the maximum pairwise distance between elements, one from each cluster
(i.e. the longest link between clusters). Formally:

d(F,G) = max{d(f;, g;) : fiz1.1p| € F and gj—.|c| € G}

- Awverage linkage: the distance between two clusters F' and G is defined
as the average pairwise distance between elements, one from each cluster.
Formally:

IF| G

e L d(fi,g5)
d(F,G) = == Fjar—

Other linkage criteria exist (Hastie et al., 2001) such as the Average group
linkage (the sum of all intra-cluster variance), Ward’s linkage (the increase
in variance for the cluster being merged), V-linkage (the probability that
candidate clusters spawn from the same distribution function), etc. d can be
any one of the above mentioned distance functions.

Given a set of n unlabeled training instances T = {i1,ig,i3,...,in}, the
agglomerative hierarchical algorithm (Hastie et al., 2001) is given as follows:

Algorithm 2 Agglomerative hierarchical algorithm
Begin

1. Start by assigning each instance to a cluster (i.e you obtain n clusters
each one containing just one element.

2. Find the closest (least distant) pair of clusters and merge them into a
single cluster (i.e. now you have one cluster less).

3. Compute distances between the new formed cluster and each of the old
clusters.

4. Repeat steps 2 and 3 until obtaining a single cluster containing all
instances or until reaching a specified stopping criterion.

End.
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The computation of the distances in Step 2 and Step 3 depends on the
chosen linkage criterion. In Step 4, we can define two stopping criteria:

- A distance-based stopping criterion: we stop clustering when the clusters
are too far apart to be merged (i.e., distance between the closest clusters to
merge is greater to a user predefined or computed Threshold.)

- A number of clusters-based criterion: we stop clustering when there is
a sufficiently predefined small number of clusters.

2.4 Classification: a supervised learning task

The typical supervised learning task is classification. It consists in predicting
categorical class labels of new objects based, only, on their attribute values.
In order to perform classification, we use a model constructed from a training
set (learning) whose class labels are known (supervised).

(Classification is an essential predictive modeling task in data mining ap-
plications and is used in many domains such as: medical imaging (e.g. cancer
prediction (Pham, 2008)), drug discovery (Givehchi et al., 2003), meteorol-
ogy (i.e. weather prediction (Riordan & Hansen, 2002)), oceanography (e.g.
tsunami prediction (Blaser et al., 2009)), speech and handwritten recogni-
tion (Tan et al., 2007), biometric identification (Sheng et al., 2005), internet
search engines (Ahmed Hosni & Abd Alla, 2008), credit scoring (Martens
et al., 2007), etc.

(Classification is ensured by a panoply of techniques and related algo-
rithms. We can mention statistical classifiers (e.g. linear discriminant anal-
ysis (Hand, 1982), logistic regression (Hilb, 2009), Hidden Markov mod-
els (Baum & Petrie, 1966), etc.), artificial intelligence (AI) based classifiers
(e.g. K-nearest neighbors (Dasarathy, 1991), decision trees (Quinlan, 1986,
1993), naive Bayes networks (Friedman et al., 1997), support vector ma-
chines (Burges, 1998) (Vapnik, 1995), etc.). Within AI techniques, we find a
special class of classifiers, namely, biologically inspired classifiers such as ar-
tificial neural networks (Bishop, 1996), genetic algorithms (Mitchell, 1998),
ant-miner (Parpinelli et al., 2002) (an ant colony based classifier), artifi-
cial immune system based classifiers (e.g. the artificial immune recognition
system (AIRS) (Watkins et al., 2004), the clonal selection classification al-
gorithm (CSCA) (De Castro & Von Zuben, 2000), etc.).
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In this section, we will briefly present some simple classifications tech-
niques that have reported good results. We will start by giving a brief pre-
sentation of the K-nearest neighbors and the naive Bayes classifiers. This
latter will be used for the generation of possibilistic training sets. Then, an
entire section will be devoted to the decision tree classifier which constitutes
the central technique in our work.

2.4.1 K nearest neighbors classifier

The K-nearest neighbor classifier (K-NN) (Dasarathy, 1991) is among the
simplest classification techniques in machine learning. K-NN is an instance-
based method in which new instances (with unknown class label) are classified
according to their closeness (or distances) to training examples in the feature
space. Hence, contrary to most classification techniques, we can notice that
no explicit training step is required.

Among many voting strategies, majority vote is mainly used. In this
strategy, the instance is assigned to the most frequent class label among the
class labels of the K nearest training examples where K > 0 is a user pre-
defined parameter. If K = 1, then the object is simply assigned to the class
of its nearest neighbor. The choice of the best value of the parameter K
still remains an open question and various heuristics for determining K are
proposed in the literature (Song et al., 2007).

Closeness is computed using well-known distances such as the Euclidean
distance, the Manhattan distance, the Hamming distance, etc. Obviously,
the distance should be chosen according to the nature of the feature vector
space.

K-NN has shown good classification accuracy in case of large training
sets. However, it presents some deficiencies due to the need to determine
the right value of the parameter K and due to the high computation cost
resulting from the process needed to compute distance of each new instance
to all training examples. Besides, because of the absence of a training step,
all the training data should be stored when performing classification.

2.4.2 Naive Bayes classifier

The naive Bayes classifier (NB) (Friedman et al., 1997) is a simple proba-
bilistic model which has been widely used in classification problems. “Bayes”
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because it is based on the Bayes theorem (see Section 1.3.1) and “naive” be-
cause it, naively, assumes that the attributes are independent from each other
given the class (which is not very realistic in real world problems).

Despite its poor independence assumption, N B is known to be a robust
method and has reported good performance in terms of classification accu-
racy (Rish, 2001). Naive Bayes has proven effective in many applications,
including text classification (McCallum & Nigam, 1998), medical diagnosis
(Mitchell, 1997), intrusion detection (Ben Amor et al., 2004a), etc.

Given a labeled training set 7', a probabilistic classifier is represented
by the conditional probability p(C;| A1, As, ..., Ane) where C; € C denotes a
given class label and A, A, ..., A,, denote the set of attributes (features)
characterizing the instances of T

Using Bayes’theorem we obtain:

Ci)*p(A1,A2,...,Ana|Ci
p(c’i|A17A27 "'aATLa) = Bl )p(z,)A(l,in,.z..,Ana) L

Taking into account the naive assumption that any attribute A; is condition-
ally independent from each other attribute A;, we can write:

CH*][12, p(Ax|C;
P(Cil AL, Ay ooy Ang) = 2 pngj;ifZ /)

Given an unlabeled object to classify with attribute values (ai, as, ..., Gna),
the naive Bayes classifier assigns the most probable class label:

C, = argmazc,ec p(C;) * 132, plak|C;)

When the number of training instances is relatively small, p(ax|C;) is gener-
ally estimated using m — estimates (Cestnik, 1990):

planlC) = et

Ne+m
where:
Neq - the number of training examples for which the class label is C; and the
attribute value is ay.
n. : the number of training examples for which the class label is C;.
p : the a priori estimate for p(ax|C;).
m : the equivalent sample size.
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Some extensions of the naive Bayes classifier:

Numerous extensions have been proposed to improve naive Bayes, mainly
for two points:

1. Selecting attribute subsets in which attributes are conditionally inde-
pendent such as with the selective naive Bayes classifier (SBC) (Lang-
ley & Sage, 1994). SBC uses forward selection to find a good subset of
attributes and then uses this subset to construct a naive Bayes.

2. Extending the structure of naive Bayes to represent attribute depen-
dencies such as with:

e Tree augmented naive Bayes (TAN) (Friedman et al., 1997): an
extended tree-like naive Bayes in which the class node directly
points to all attribute nodes and an attribute node can have only
one parent from another attribute node.

e Hierarchical naive Bayes (Zhang, 2004): a tree-like Bayesian net-
work in which internal nodes are hidden variables and leaf nodes
are attributes.

e Hidden naive Bayes (Jiang et al., 2009): an extension of naive
Bayes which creates a hidden parent for each attribute, which
represents the influences from all other attributes.

e ctc.

After giving a brief refresher on the K-nearest neighbors and the naive
Bayes classifier, we will present with more details an additional popular clas-
sifier, namely, the decision tree classifier. Decision trees represent the main
focus of our work.

2.5 Decision trees

Decision trees are considered as one of the most popular classification tech-
niques (Weiss & Kulikovski, 1991). They allow to predict the class value of
an object given known values of its attributes (predictor variables). Their
popularity is due to their ability to represent complex problems in a manner
that is fairly easily for people to understand and due to their good classifica-
tion accuracy compared to other classification techniques. More descriptive
names for decision trees are classification trees (for categorical labels) or
regression trees (for continuous labels).
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2.5.1 Decision tree representation

A decision tree is a flow-chart-like hierarchical tree structure which is com-
posed of three basic elements:

e A decision node which corresponds to an attribute. The root node
is the node at the top of the tree: it has no parent node.

e A branch also called an edge which corresponds to one of the possible
attributes’ values (the test outcome). It leads to another decision node
or to a leaf.

e A leaf which includes objects that, typically, belong to the same class,
or that are very similar. It is labeled by a unique class.

Such a representation allows us to induce decision rules that will be used to
classify new instances. In fact, each path (from the root to a leaf) of the
induced tree corresponds to a decision rule:

If [premisses] then [conclusion]

where premisses correspond to the conjunction of the attributes’ values along
a path and conclusion corresponds to the class labeling the leaf of that path.
Hence, a decision tree consists of a disjunction of these conjunctions (a set
of decision rules).

A decision tree whose class labels are categorical is called a classification
tree, while, it is called a regression tree if the class labels are continuous.

The graphical representation of decision trees helps to make this technique
easier to interpret even when induced trees are quite complex. In fact, in
this case, graphical procedures (e.g. 3D contour plots) can be developed to
simplify the interpretation of such complex trees. Obviously, the graphical
display, the hierarchical nature and the flexibility of decision trees are partly
responsible for the popularity of this classier.

Example 2.1 Let us give an academic example of a classification problem
that may be treated by decision trees. In a bank, given a client’s information,
a decision tree could be used to determine the client’s category. This classifi-
cation will be useful since it allows to the bank to plan its loan policy. Figure
2.1 shows a decision tree for predicting whether a client will be a good client,
or a moderate client, or a doubtful client, based on a training set.
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Figure 2.1: Decision tree for a credit approval system

The above decision tree is composed of:

- 7 decision nodes, each one is labeled by one of the attributes (Job, Credit_History,
Purpose, Checking_account, Amount and Housing).

- 19 branches, each one is labeled by one of the attributes’ values.

- 18 leaves, each leaf is labeled by a unique class from one of the classes (C1,

Cy and Cs).

Details of these values are given as follows:

o The object universe: U = {client;, clients, ...}

o A ={Job, Credit_History, Purpose, Checking_account, Amount, Housing}
The domain of each attribute is given by the following values:
- D(Job) = {unemployed, employed, retired},
- D(Credit_History) = {critical, paid duly, delay},
- D(Purpose) = {car, flat, others},
- D(Checking_account) = {debtor, creditor},
- D(Amount) = {high, medium, low},
- D(Housing) = {own, rent}

o Three classes are defined by the bank and one of them will be assigned
to each client asking for a loan:
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- (4 including reliable clients for whom the bank accepts to give the
whole loan.

- Uy including moderate clients for whom the bank accepts to give a part
of the loan.

- C5 including doubtful and litigious clients for whom the bank refuses
to give the loan.

An example of a rule that can be extracted from the above decision tree is:
If (Job = retired) AND (Credit_History = paid duly) AND (Purpose = flat)
then Cs.

Now suppose a client is presented to the bank to apply for a credit. This
client is characterized by these attributes’ values (Job: employed, Credit_History:
delay, Purpose: car, Checking_account: creditor, Amount: medium and Hous-
ing: rent). How the request of such a client should be treated by the bank?

Using the decision tree (Figure 2.1) induced from the training set of the
bank (which corresponds to the historical of old clients), the predicted class
will be Csy. With respect to this output, the bank will refuse to grant this client
the requested loan.

2.5.2 Decision tree procedures

Decision trees are made up of two main procedures: the building and the
classification procedures also known, respectively, as the induction and the
inference procedures.

1. The building procedure: The induction of a decision tree consists of a
major construction step and an optional step consisting in pruning the
tree.

2. The classification procedure: Once the tree is induced, it will be used
for classifying new instances with unknown class labels.

The building procedure

Construction step

Given a training set, building a decision tree is usually done by starting
with an empty tree and selecting for each decision node the “appropriate”
attribute using the training set. Attributes can be either discrete or contin-
uous. For continuous attributes, we get binary tests (ag; > valy, ap; < valy,
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...), whereas for discrete attributes, one outgoing edge is added to the deci-
sion node for each possible value of the selected attribute. Each leaf of the
induced tree is labeled by a candidate class.

Pruning step

The pruning step is considered as an optional step in the building proce-
dure. It consists in removing, from large and complex trees (with too much
nodes and edges), some edges that seem to be useless in order to simplify
the constructed decision tree, and hence, guaranteeing transparency. The
pruned tree is more comprehensible and gives better classification accuracy
(Mingers, 1989).

There exist two kinds of pruning methods (Esposito et al., 1997):

1. The pre-pruning: applied while building the tree. It is strongly
related to the stopping criteria that control the growth of the tree.

2. The post-pruning also called rule truncation: applied after the
construction of the decision tree. Well known post-pruning methods
are (Mingers, 1989): The minimal cost complexity pruning (Breiman
et al., 1984), the pessimistic error pruning (Quinlan, 1987), the reduced
error pruning (Quinlan, 1987, 1993), the error based pruning (Quinlan,
1993), etc.

The classification procedure

Generally, a decision tree is first constructed in a top-down manner by re-
cursively splitting the training set using tests on attributes.

Then, to classify a new instance having values of all its attributes and
whose class value is unknown, we start with the root of the constructed tree
and follow the path corresponding to the observed value of the attribute
in the interior node of the tree. This process is continued until a leaf is
encountered:

e If the reached node is a leaf, then the instance’s class value is the label
of this leaf.

e Else if the reached node is an attribute, then move down the tree branch
according to the instance’s attribute value and the process continues
until reaching a leaf node.

Finally, the associated label corresponds to the predicted class value of
the instance at hand.
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2.5.3 Decision tree algorithms

Several algorithms for building decision trees have been proposed. The most
popular and applied ones are: simple ID3 (Quinlan, 1986) and its succes-
sor C4.5 “the state-of-the-art” algorithm developed by Quinlan (Quinlan,
1993). We can also mention the CART algorithm of Breiman et al. (Breiman
et al., 1984) and CHAID algorithm (CHi-squared Automatic Interaction De-
tector) (Kass, 1980).

There exist several other decision tree algorithms, and most of them turn
around the algorithms listed above. For instance, we can mention the Option
decision tree algorithm (Kohavi & Kunz, 1997) which allows to select more
than one attribute at each decision node. The LazyDT algorithm (Friedman
et al.,, 1996): a lazy learning variant of C4.5 which only constructs a path
for each given test instance. Incremental decision tree algorithms were also
proposed such as ID4 (Schlimmer & Fisher, 1986), ID5 and ID5R. (Utgoff,
1988, 1989). There is another family of decision tree algorithms so-called
multivariate decision trees (Brodley & Utgoff, 1995). In such trees, each
decision node is assigned a weighted sum of attribute labels (weights are
learnt from the training data).

Nearly, all decision tree algorithms attempt to produce the smallest con-
sistent tree among the set of all consistent trees with the training set. This
bias is justified by Occam’s razor (Domingos, 1999): a widely applied
heuristic of inductive inference which is paraphrased as “all other things
being equal, the simplest solution is the best”. In other words, when mul-
tiple competing models (here trees) are equal (with respect to prediction
accuracy ), the principle recommends selecting the simplest model (here with
respect to tree size).

Components of decision tree algorithms

Algorithms, for decision tree construction, proceed in a top-down recursive
divide and conquer manner. In fact, most of algorithms proposed in the
literature proceed identically, by partitioning the training set successively
using a descendant way (from a root to leaves). This formalism is known as
Top Down Induction of Decision Tree (TDIDT) (Quinlan, 1986). Decision
tree algorithms have many components to be defined:

1. The attribute selection measure: A critical component in decision
tree building, generally based on information theory (Shannon, 1948).
It serves as a criterion in choosing among a list of candidate attributes
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at each decision node, the attribute having the most discriminative
power over classes. Namely, the attribute that generates partitions
where objects are distributed less randomly according to their classes.

Hence, the attribute selection measure is considered as the heart of
common decision tree algorithms. A widely applied “goodness of split”
measures are those suggested by Quinlan, namely, the Information
Gain (Quinlan, 1986) and the Gain Ratio (Quinlan, 1993). There
are other measures such as The Lopez De Mantaras measure
(Lopez De Mantaras, 1991), the normalized gain (Jun & Kim,
1997), The Gini index (Breiman et al., 1984), The g-function of
Cooper and Herskovits (Cooper & Herskovits, 1992), etc.

. The partitioning strategy: The training set will be partitioned ac-

cording to the selected attribute using one of the measures listed above.
With discrete attributes (with a finite number of values), the strat-
egy consists in partitioning the training set according to all possible
attribute values which leads to the generation of one partition per
attribute value, whereas, with numeric continuous attributes, a dis-
cretization step is needed (Fayyad & Irani, 1992).

. The stopping criteria: They determine the conditions of stopping

the partitioning process. Generally, we stop the partitioning if one of
the following situations is presented:

- All objects in a given partition belong to only one class, then the node
is declared as a leaf labeled with this class value.

- No further attribute to test.

- All the remaining attributes have no informational contribution.

The choice of these components (the attribute selection measure, the par-

titioning strategy, the stopping criteria) makes the major difference between
decision tree algorithms.

The ID3 and C4.5 algorithms

ID3 algorithm

ID3 (Induction Decision Tree) is a supervised learning algorithm developed
by Quinlan (Quinlan, 1986) that constructs decision trees by selecting most
informative attributes from top to bottom and recursively dividing the train-
ing set. It only deals with categorical attributes. ID3 has as input the training
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set T that contains objects, in the attribute-value form, whose class labels
are known and produces a decision tree as an output.

The ID3 algorithm (Quinlan, 1986) uses the information gain crite-
rion denoted by Gain (T, Aj) which is defined as the expected reduction
in entropy (impurity) resulting from partitioning 7" according to Aj. This
parameter is expressed as follows:

Gain (T, Ax) = Info (T) — Infos, (T) (2.1)

where Info(T) = =Y Jrea(Ci, T) loga freq(Ci, T) (2.2)
=T 7|
Il
and Infos, (T) = > v Info(T) (2.3)

The entropy of a set T' of instances is given by Equation (2.2) . freq(C;, T')
denotes the number of objects in the training set T belonging to the class
C;. TA* denotes the training subset of T containing objects whose attribute
Ay, has v as value and |T| represents the cardinality of this training subset.

At a given node nd, the training subset relative to that node, denoted
by T4, will be split according to the attribute that maximizes Gain (T,q, A ).

The major steps of the algorithm are presented as follows:

Algorithm 3 ID3 algorithm
Begin

1. If all instances belong to only one class, then the decision node is a leaf
labeled by that class.

2. Else,
Repeat for each generated subset T’

e Select the attribute that maximizes Gain (T, Ay).

e Split T into several subsets, one for each value of the selected
attribute.

Until one of the stopping criteria is satisfied

End.
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The C4.5 algorithm
The information gain criterion used in ID3 algorithm presents a serious lim-
itation. In fact, it favors attributes with a large number of values (Quinlan,
1993). Thus, Quinaln has proposed the C4.5 algorithm (Quinlan, 1993) as
the successor of ID3 algorithm. In order to adjust attributes with many val-
ues, the proposed algorithm uses the gain ratio criterion as the attribute
selection measure. This criterion is defined by:

Gain (T, Ay)

Gain ratio (T, Ay) = 2.4
ain ratio (T, Ac) Split Info (T, Ay) (24)
: Il T,
where Splitinfo (T, Ay) = — logs (2.5)
T T
’UED(Ak)

SplitInfo (T, Ay) represents the potential information generated by di-
viding T" into nb subsets, whereas, the information gain measures the in-
formation relevant to classification that arises from the same division. So,
Gain ratio(T, Ay) expresses the proportion of information generated by the
split that appears helpful for classification. The gain ratio of each attribute
is computed and the one presenting the highest value will be selected. Be-
sides, the C4.5 algorithm offers some improvements of its predecessor 1D3
such as the handling of continuous attributes, the pruning step, etc. For
more details, see (Quinlan, 1993).

Example 2.2 Let us use the golf data set T given in Table 2.1 (Murphy &
Aha, 1996). This training set is characterized by four attributes:

- Outlook: sunny or overcast or rain.
- Temp: hot or mild or cool.

- Humadsty: high or normal.

- Wind: weak or strong.

Two classes are possible either, Cy (play) or Cy (don’t play).
Let us compute the entropy of T using Equation (2.2):

freq(C2,T)
|7

Info(T) = _ freq(C1.T) logs freg(C1,T) _ freq(Ca,

T)
7] 7] o loga

= —1z logs 37 — 71 loga 5 = 0.9%;

In order to compute the information gain of each attribute, let us, first, com-
pUte [nfOOutlook: (T)7 [nfOTemp (T); [nfOHumidity (T) and ]nfOWmd<T)
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Table 2.1: Training set
Outlook| Temp |Humidity |[Wind || Class

sunny hot high weak || Cs
sunny hot high strong|| Cs
overcast | hot high weak || C}
rain mild high weak | C}
rain cool normal | weak | C;
rain cool normal |[strong| C5

overcast | cool normal |[strong| C}
sunny | mild high weak || Cy
sunny | cool | mnormal | weak || Cy

rain mild normal | weak Cy
sunny | mild | normal |strong| Cj
overcast | mild high strong|| Cj

overcast | hot normal | weak | C;

rain mild high strong|| Cy

Using Equation (2.3), we obtain:

63

InfOOutlook (T) = % [nfO(TOUthOk)‘i‘ﬁ ITLfO(TOUthOk)—l—% [nfo(TO“tZOOk)

sunny overcast
= 7i(=zloge 5 —3loga 3) + 1i(—ilogz 3) + 75(—5loge 5 — 3logs 3)

Inforemp(T) = {5 Info(Tu™) + 15 Info(Tuaq®) + 15 Info(Toe™

m cool

2

= i(~3logs § — Hlogs 3) + f1(~ tlogs § — Hogs 3+

L(=3logs 3 — 1logs 1) = 0.911;

Inforumiainy(T) = 15 Info(Tug™™) + i3 Info(Tgmii™) = 0.789;

normal
Infowing(T) = 18—4 Info(TWind) + % Info(TWind) = (.892;

weak strong

Hence,

rain

Gain (T, Outlook) = Info(T) — Infoouteor(T) = 0.94 — 0.694 = 0.246;

Gain (T,Temp) = Info(T) — Inforemy(T) = 0.94 — 0.911 = 0.029;

Gain (T, Humidity)=Info(T) - Infomumidaiy(T) = 0.94—0.789 = 0.151;
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Gain (T, Wind) = Info(T) — Infowina(T) = 0.94 — 0.892 = 0.048;

Let us compute SplitInfo of each attribute to calculate their correspond-
mg gain ratios:

SplitInfo (T, Outlook) = —%logg % — ﬁlogg ﬁ — %logg % = 1.577;

SplitInfo (T, Temp) = —ﬁlom 14—4 — %logg 1% — ﬁlogg 14—4 = 1.556;

SplitInfo (T, Humidity) = _114[092 114 _ 1l4l092 114 —1;

SplitInfo (T,Wind) = —1%[092 % — 1%[092 % = 0.985;

Hence,

Gain ratio(T, Outlook) = Splfta%]g’(g“gzzgok) =928 = 0.156;
Gain ratio(T, Temp) = Spli“il’;g’(;”;f;w) =902 = 0.018

Gain ratio(T, Humidity) = szia%;?(gugiﬁ%y) =0l — 0.151;

Gain ratio(T, Wind) = Spli“ﬁ]g’(?fi%)nd) = 008 = 0.048

As we notice, the “Outlook” attribute has the highest gain ratio. So, it
will be selected as the root of the decision tree relative to T'. We obtain the
following part of the tree:

Outlook
sunny overcast ain
? ? ?

Figure 2.2: Decision tree (level 1)
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Now, we have to look for the attribute to select for each induced node.

o Let us start by the first branch, for sake of simplicity let us denote by
T, the subset TOutlook .

sunny

Info(Ty) = —2 logy 2 — 2 log, 2 = 0.97;

Inforemp(Th) = =2 Info(Tyo™) + 2 Info(T{ i) + 1 Info(TLmP)
= 0.4;

Infouumiaiy(T1) = £ Info(Tinign™™) + 2 Info(Tiomma”) = 0.00;

1normal

Infowina(T1) = 2 Info(TVmd) + 2 Info(TVymd ) = 0.95;

lweak 1strong

Hence,

Gain (T\, Temp) = Info(T\) — Inforemp(T1) = 0.97 - 0.4 = 0.57;
Gain (Ty, Humidity) = Info(Ty)—Infouumidgiy(11) = 0.97—0 = 0.97;
Gain (Ty, Wind) = Info(Ty) — Infowma(T1) = 0.97 - 0.95 = 0.02;

Likewise, let us compute “Split info” of each of the remaining attributes
in order to calculate their gain ratios:

Split Info (Ty, Temp) = —2logy 2 — 2logs 2 — tlog, 3 = 1.521;

Split Info (T, Humidity) = —%logg % — %logg % =0.971;

Split Info (T, Wind) = —%logg % — %logg % =0.971;

Hence,

. . __ Gain (T1, Temp) _ 057 _ .
Gain ratio(Ty, Temp) = Spiit Infol(Th Temp) = 1501 = 0.374,
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. . .. . Gain (T1, Humidity) _ 097 __ .
Gain ratio(Ty, Humidity) = g =7 o Hamidig) = oor1 = 0-999 ;

. . . o Gain (T1, Wind) _0.02 __ .
Gain ratio(Ty, Wind) = g7+ gy = oot = 0-02;

The “Humidity” attribute will be selected as the root of the sub tree
relative to T since it has the highest gain ratio. We have to apply the
same procedure for each induced node to obtain the final decision tree.

For the second branch which corresponds to an overcast outlook, one
of the stopping criteria is fulfilled: all the objects having overcast as a
value of the “outlook” attribute belong to the same class, i.e., Ci. So,
the induced node is declared as a leaf labeled by Cf.

Likewise, when applying the algorithm to the subset relative to the third
branch, namely the branch having rain as a label, we find that the
“wind” attribute have the highest gain ratio.

Continuing the same process, the final decision tree will be presented by

Figure 2.5.
Outlook
sunny overcast rain
Humidity Cy Wind

hig/\lormal weal/\strong

CQ C 1 Cl 02

Figure 2.3: Final decision tree for the golf data set
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Assume we have to classify the instance iy: (sunny, hot, normal, weak)
using the induced decision tree. Starting from the root node and following the
edges labeled by the values relative to the instance iy, we reach a leaf labeled
by Cy which will correspond to the class of the given instance.

2.5.4 Advantages and limits of decision trees

Some of the advantages of the decision tree classifier can be mentioned: it
is among the simplest models to understand and to interpret. Contrary to
other techniques, decision trees require little data preprocessing. Another
advantage is that they are able to effectively handle both numerical and cat-
egorical data.

However, this classifier also presents some pitfalls. First, the problem of
learning the optimal decision tree is known to be a hard task. Consequently,
most decision tree algorithms use heuristics to build a good tree but it is
not guaranteed that the obtained tree is the best one. Second, in some sit-
uations, the decision tree classifier creates over-complex trees that do not
generalize the data well. This is known as the overfitting problem (Breiman
et al., 1984). Solutions such as pruning are discussed in (Esposito et al.,
1997; Mingers, 1989) to avoid this problem.

Furthermore, standard decision tree algorithms such as CART, ID3 and
C4.5 cannot be directly used to deal with data pervaded with uncertainty.
This uncertainty can occur either in the building process (e.g. training sets
having some uncertain attribute values and/or some uncertain class labels)
or in the classification phase (i.e. a new instance to classify having some
uncertain or missing attribute values). This important issue requires many
extensions of these existing standard decision tree algorithms to be made. A
survey of these extensions will be provided in Chapter 4.

2.6 Conclusion

In the first part of this chapter, we have briefly presented some unsupervised
and supervised learning schemas, namely, K-means, agglomerative hierarchi-
cal clustering, K-nearest neighbors and naive Bayes classifier.

In the second part, we have presented with more details the basics of the
decision tree classifier with a detailed example showing how to induce a C4.5
decision tree from a given training set. Conversely to the above mentioned
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techniques, decision trees are well detailed because they constitute the cen-
tral technique in our work.

One of the fundamental problems in real-world classification tasks is the
imperfection inherent in training data. Whether it is related to attribute or
class values, we should never reject these data items because they represent
a part of the knowledge about the problem domain. Consequently, standard
classification techniques such as decision trees should be adapted to handle
such imperfect data. Since in our work, we deal with possibilistic imperfect
information, this adaptation requires a critical component, namely, a possi-
bilistic similarity measure. The next chapter is dedicated to this concept.



Chapter 3

A Property based Analysis of
Possibilistic Similarity
Measures

3.1 Introduction

The concept of similarity is a very important topic for many research fields
and the comparison of objects represents a fundamental task in many real-
world application areas such as, decision making, medicine, meteorology,
psychology, molecular biology, data mining, case-based reasoning, etc.

Uncertainty and imprecision are often inherent in modeling knowledge
for most real-world problems including the above mentioned areas. Uncer-
tainty about values of given variables (e.g. the source of a car breakdown,
the temperature of a patient, the property_value of a client asking for a
loan, etc.) can result from some errors and hence from unreliability (in the
case of experimental measures) or from different background knowledge. As
a consequence, it is possible to obtain different uncertain pieces of informa-
tion about a given value from different sources. Obviously, comparing these
pieces of information could be of a great interest and should be accomplished
effectively in order to solve many problems in the presence of imperfect data.

In fact, consider a classification problem in which the presented training
data are pervaded with uncertainty. This uncertainty could be well man-
aged by introducing the suitable uncertain similarity (or distance) measure
in some components of a standard classifier. Moreover, these similarity mea-
sures could be used for the evaluation of uncertain classifiers, i.e., classifiers

69
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providing uncertain and imprecise classifications instead of exact class la-
bels. Likewise, these measures could be used in clustering from uncertain
data (Krishnapuram & Keller, 1993; Ben Hariz et al., 2006) as the distance
criterion which will allow to decide about the belonging or not of an instance
to a given cluster.

Another interesting use of these uncertain distance measures appears for
sensor diagnosis. Suppose that we have many sensors measuring a given vari-
able. These sensors are allowed to give measures with some errors, conse-
quently, one can represent their outputs by means of possibility distributions
over the different possible values of the variable under study. Suppose that
we are sure that a given sensor s is reliable (a new installed sensor). One
should compare measures (the possibility distributions) given by the different
sensors with the one given by sy and reject or replace those giving different
measures to a certain extent.

Despite the popularity of possibility theory, only few works are dedicated
to similarity measures within this framework (Higashi & Klir, 1983; Kroupa,
2006; Sanguesa et al., 1998). Existing works have provided definitions of
possibilistic similarity functions without natural properties of such measures.
Furthermore, none of the proposed measures has taken into account the con-
cept of inconsistency when measuring possibilistic similarity. In fact, this
latter concept plays an important role when evaluating the similarity degree
between two possibilistic pieces of information as it will be shown later.

In this chapter, we will mainly focus on measures for the comparison of
uncertain pieces of information which are represented by normalized possibil-
ity distributions (Jenhani et al., 2010). We propose natural properties that
these measures should satisfy and provide an inconsistency-based possibilis-
tic similarity function satisfying the proposed axioms.

The rest of the chapter is organized as follows: Section 3.2 briefly re-
calls some distance and similarity measures in other uncertainty frameworks.
Section 3.3 presents a set of natural properties that a possibilistic similarity
measure (PSM for short) should satisfy. Section 3.4 gives a brief overview
of existing similarity and distance measures for possibilistic imperfect infor-
mation. After showing that existing functions do not entirely satisfy the
proposed basic properties, we propose, in Section 3.5, additional properties
that take into account the inconsistency degree between possibilistic pieces
of information. Section 3.6 proposes a new PSM that satisfies all the new
properties.
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3.2 Similarity and distance in related uncer-
tainty theories

Comparing pieces of imperfect information has attracted a lot of attention
in probability theory (Chan & Darwiche, 2005; Kullback & Leibler, 1951), in
belief function theory (Diaz et al., 2006; Fixsen & Mahler, 1997; Jousselme
et al., 2001; Tessem, 1993; Zouhal & Denoeux, 1998), in fuzzy set theory (De
Baets & De Meyer, 2005; Bouchon-Meunier et al., 1996; Fono et al., 2007,
Wang et al., 1995), in credal set theory (Abellan & Gomez, 2006), etc.

In particular, to compare probability distributions, one can use the well-
known Minkowski (and its derivatives, i.e., Euclidean, Manhattan, and Max-
imum distances) and KL-divergence (Kullback & Leibler, 1951), etc. An-
other distance has been proposed by Chan et al. (Chan & Darwiche, 2005)
for bounding probabilistic belief change.

In belief function theory (Shafer, 1976), several distance measures de-
serve to be mentioned. Some distances have been proposed as measures of
performance (MOP) of identification algorithms (Fixsen & Mahler, 1997;
Jousselme et al., 2001). A distance was used for the optimization of the pa-
rameters of a belief k-nearest neighbor classifier (Zouhal & Denoeux, 1998).
In (Tessem, 1993), the author proposed a distance for the quantification of
errors resulting from basic probability assignment approximations. Some
similarity /distance measures used in belief function theory go through the
pignistic transformation (Elouedi et al., 2004; Tessem, 1993; Zouhal & De-
noeux, 1998) of a basic belief assignment into a probability distribution, then
apply probabilistic distances. Recently, in (Diaz et al., 2006), a new similar-
ity measure that takes into account the proximity of the compared bba’s to
the vacuous bba has been proposed.

When different experts attempt to formalize their opinions by means of
credal sets, these latter can be compared using a family of measures called
measures of divergence of credal sets (Abellan & Gomez, 2006). This family
includes inconsistency measure, inclusion index and informative distance.

Many contributions on measures of similarity between fuzzy sets have al-
ready been made (De Baets & De Meyer, 2005; Bouchon-Meunier et al., 1996;
Fono et al., 2007; Wang et al., 1995). For instance, in (Bouchon-Meunier
et al., 1996), authors proposed a similarity measure between fuzzy sets as
an extension of Tversky’s model on crisp sets (Tversky, 1977). The measure
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was used in an image retrieval system (Omhover et al., 2004). In (Wang
et al., 1995), the authors have made a comparison between existing classical
similarity measures for fuzzy sets and proposed the sameness degree which
is based on fuzzy subsethood and fuzzy implication operators. Moreover,
in (De Baets & De Meyer, 2005) and (Fono et al., 2007), many fuzzy dis-
tance measures are proposed as fuzzy versions of classical cardinality-based
distances. A recent work (Bouchon-Meunier et al., 2009) has emphasized on
the importance of the ranking induced by applying a given similarity mea-
sure on pairs of objects rather than on the similarity values themselves. This
study will be extended to fuzzy similarity measures and will help in choosing
the right measure in a given context.

3.3 Basic natural properties of a possibilistic
similarity measure

The issue of comparing imperfect pieces of information depends on the way
these pieces of information are represented. In fact, each kind of imperfection
has to be modeled by the appropriate uncertainty theory otherwise, resulting
models and results of all operations on that models (fusion, inference, etc.)
will not be faithful to the reality. Hence, in the case of possibility theory,
comparing uncertain pieces of information comes down to comparing possi-
bility distributions representing these pieces of information. Hence, we need
a measure to quantify the amount of similarity between two possibility distri-
butions. A fundamental question that arises is: what are natural properties
that such measures should satisfy?

Let m; and 7y be two normalized possibility distributions on the same
universe of discourse (2. Possibility distributions considered in this chapter
are assumed to be normalized. A possibilistic similarity measure (PSM),
denoted by s(my,m2), should satisfy the following basic properties (Jenhani
et al., 2007):

Property 1. Non-negativity
8(7T1, s 2) Z 0.

Namely, similarity between two possibility distributions should never be
negative.
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Property 2. Symmetry
s(my, mo) = s(ma, ).

This property means that the similarity of m compared to 7; or 7m; com-
pared to my is strictly the same.

Property 3. Upper bound and Non-degeneracy
vV m, s(m,m) =1 and Vm;, m;, s(m,m;) < 1.

Namely, identity implies full similarity, which is represented by a possi-
bility degree equal to 1.

Property 4. Lower bound

If Vw; € Q,

i) m(w;) €{0,1}, ma(w;) € {0,1} and i) mo(w;) =1 — m1(w;) then
S(7T1, 7T2):0.

Maximally contradictory possibility distributions have the lowest similar-
ity degree.

Item i) means that m; and 7y should be binary. Since we deal with nor-
malized possibility distributions, items i) and i) imply:
i11) Jw, € Q s.t. m(w,) =1
iv) Fw, €Qs.tom(w,) =0

The following example illustrates properties 3 and /j :

Example 3.1 Let X be a variable with an unknown value and let ) =
{w1,wa, w3, wy} be the set representing the possible values of X. Let us take
the possibility distribution representing the total knowledge on X given by an
agent, i.e., m[1,0,0,0]. Thus, a most similar possibility distribution to m
according to Property 3 is m3[1,0,0,0] (the best case) and according to Prop-
erty 4, the least similar possibility distribution to my is 3]0, 1,1, 1] (the worst
case).

Property 5. Large inclusion (specificity)
If ITLC(’TH,?TQ) = [nc(7r2,7T3) = [nc(m,mg) =0 and Vwi € Q, Wl(wi) S 7r2(wi)
and my(w;) < m3(w;), then s(my, mo)>s(my, m3).

Property 5 means that if we have three information sources: the first one
is giving an information 7y which is more specific than the one given by the
second source 7y which is in turn more specific than the one given by the
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third source 73. Moreover, we assume that all sources agree for at least one
state. Then, m; is closer to my than to ms.

Property 6. Permutation

Let m; and 75 be two possibility distributions and let p be a permutation of
indexes in m and 7y (leading to 7,1y and mp)).

Then, V 7y, T, s(71,72)=S(Tp1),Tp(2))-

Property 6 means that the similarity between two possibility distributions
m and 7, remains the same if we change the order of elements having the
same indexes in both possibility distributions m; and .

Corollary 1. Let s be a similarity measure satisfying the permutation prop-
erty and 7y, 7, m3 and 74 be four possibility distributions and let p (resp.
p') be a permutation of indexes in m and 7y (resp. in 73 and my).

Then, V my, mo, T3, T4, s(m1, 72)>5(m3, ma) HE s(Tp1), Tpi2)) > (T0(3), Tpr(a))-

Corollary 1 follows from the permutation property for the case of four
possibility distributions. The corollary says that if the similarity between
two pieces of uncertain information 7; and m, is greater than the similarity
between 73 and m,, switching or permuting the elements having the same
indexes in 7 and my and doing the same thing for 73 and w4 (but not nec-
essarily the same indexes used with m; and 75), then similarities will remain
unchanged. Hence, similarity between m; and my is still greater than the
similarity between w3 and 7. This expresses the fact that elements of each
possibility distribution have the same degree of importance.

The proof is immediate since following Property 6, s(m, m2) = s(7,01), Tp(2))
and S(?Tg, 7T4) = S(’/Tp/(g), 7Tp/(4)).

The following example illustrates properties 5-6:

Example 3.2 Let X be a variable with an unknown value and let Q =
{w1,ws,ws,wy} be the set representing the possible values of X. Let us
consider the following possibility distributions representing the opinions of
three sources about the exact value of X : m[1,0,0,0], m[1,0.3,0.2,0.5],
m3[1,0.8,0.9, 1].

We can see that Yw;, m(w;) < mo(w;) < m3(w;), which means that 7 is
more specific than wo which is itself more specific than ws. In this case, it is
expected that 1 is more similar to o than ms, namely: s(m,me) > s(m1, m3).
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Let us now permute, for instance, the first and the third elements in the
different distributions. We obtain: 71[0,0,1,0], 75[0.2,0.3,1,0.5], 75[0.9, 0.8,
1,1]. Clearly, we have Yw;, 7 (w;) < mh(w;) < wh(w;). Hence, from Property
5, we can conclude that s(m, ) > s(my, 7% ).

The above six natural properties can be viewed as basic properties of
any possibilistic similarity measure. Nevertheless, they are not satisfied as a
whole by several existing PSMs as it will be shown in the next section.

3.4 Property-based analysis of existing pos-
sibilistic similarity measures

Several names are given to comparison measures which often belong to two
dual measures: similarity measures and dissimilarity measures. Terms such
as closeness, affinity, resemblance, etc. can be considered as expressing the
degree of similarity between objects or pieces of information. Likewise, terms
such as distance and divergence can be thought of as expressing dissimilarity.
We can find many of these words in the literature and generally, they are
expressing the same thing with a possibly slight semantic differences.

The choice of the similarity or distance measure is strongly related to the
domain value of the objects to compare (real values, symbolic values, strings,
etc.) as well as to the representation of that objects (single value, vector of
individual values, sets of values, sets of vectors, etc).

This section reviews some existing possibilistic similarity and distance
functions. An example will be given to illustrate each measure and a counter-
example will be also provided to show what is (are) the property(ies) violated
by that measure. Let us present these measures and show their weaknesses in
expressing information similarity between any given two agents (or sensors)
who are expressing their opinions (or measures), especially, in the form of
possibility distributions.

3.4.1 Information closeness

One of the first works, especially dedicated to the problem of measuring
information similarity between two possibility distributions, was presented
in (Higashi & Klir, 1983). Authors have proposed an information variation-
based measure that is called information closeness denoted by G. Function
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GG is computed using their U-uncertainty measure (Higashi & Klir, 1883)
(Equation (1.2)) and it is applicable to any pair of normalized possibility
distributions. The less the value of G is, the more the pieces of information
are similar (G behaves as a distance measure).

Definition 3.1 Let m; and 7 be two possibility distributions on the same
universe of discourse 2. The information closeness G between m and o is
defined as:

G(my,m) = g(my,m V 7o) + g(me, ™ V 2) (3.1)

where g(m;, 7;) = U(m;) —U(m;). V is taken as the mazimum operator and U
is the non-specificity measure given by FEquation (1.2). Consequently, func-
tion G can be written as G(my,me) = 2% U(m V mg) — U(my) — U(ma).

Example 3.3 Consider the following distributions m, mo, 73 and w4 over
O ={wi, we, w3, wy}: m[l, 0.5, 0.3, 0.7], m[1, 0, 0, 0], m3[0.9, 1, 0.3, 0.7],
[0, 1, 0.3, 0.7]. Let us compute the order expressing which from the infor-
mation given by my, w3 and my is closer to . G(m,me) = 1.12, G(m,m3) =
0.52, G(m,my) = 1.08. According to G, w3 is the closest distribution to m
and w4 18 closer to m than my.

Let 7V be the set of all normalized possibility distributions on 2.

Let Grin = ming,c v 5. cxn{G(m;,7j) } and Grae = max,,exn 7. exn{G(m;,
'1 3Ty i 3Ty
7;)}. One can easily check that G, = 0 and Gee = 2 * loga(|Q]) —
logs(|2] = 1). Gin is obtained when comparing identical possibility distri-
butions whereas G4, is obtained when comparing a possibility distribution
corresponding to a situation of complete knowledge and its complementary
possibility distribution (e.g. m[1,0,0,0,0] and m5[0, 1,1, 1, 1]).

Hence, we can transform G to a similarity measure Sg whose values are
in the interval [0,1]:

SG —1_ G(mi,mj)=Gmin —1_ G(mi,mj)

G7VL(Z(L' G77L(L"L'
The similarity measure S does not satisfy Property 4 as it is illustrated by

the following counter-example.

Counter-example 3.1 Let us consider the following possibility distribu-
tions: m[1, 0, 0, 0], me[0, 1, 1, 1], m3[0, 1, 0, 1] and m[l, 0, 1, 0O].
Clearly, 1 =1 — w9 and 3 = 1 — 4.
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Hence, Sg should take its minimum value when comparing m and 7o as
well as w3 and my. Nevertheless, according to Sg, we obtain:

o 2xloga(4)—log2(3) __ o
Se(m,ma) =1 = 3o i ogas = L — 1 =0

o 2xloga(4)—2xlog2(2) 2 _
Sa(ms, m) = 1 — 0 O togasy = L — 2 =017

It means that s and m4 are more similar to each other than m and o
are, which is contrary to what is expected: Sg(ms, m4) should be minimal and
equal to Sg(my, m2).

3.4.2 Sangiesa et al.’s distance

In a work focusing on learning possibilistic causal networks (Sanguesa &
Cortes, 2000), the authors have proposed a modified version of a distance
measure (Sanguesa et al., 1998) between two possibility distributions for
DAG (Directed Acyclic Graph) learning and evaluation. This is done by
measuring the distance (which must be minimized) between the possibility
distribution implied by a DAG and the one underlying the database. This
idea is based on the interpretation of independence as information similarity.

Definition 3.2 Given two possibility distributions m and ms on the same
universe of discourse ). The distance between m; and m is defined as the
non-specificity of the distribution difference

distance(my, my) = U(my) (3.2)
where mq(w) = |11 (w;) — m2(w;)| for each w; € .

Example 3.4 If we take the same distributions w1, mo, w3 and 74 of Example
3.3, we obtain:

distance(my, m) = U([0,0.5,0.3,0.7]) = 1.27,

distance(my, m3) = U(]0.1,0.5,0,0]) = 1.1,

distance(my, m4) = U([1,0.5,0,0]) = 0.5.

Hence, according to this measure, wo remains the farthest but w4 becomes the
closest to .

Let distance,i, = mz’nmewzvmjeﬂzv{distance(m-, 7;)} and distance g, =
MAT 7, exN xexn{distance(m;, ;) ). One can check that distancemi, = 0 and
distanceq, = loga(|Q]).

Hence, we can transform distance to a similarity measure Sy;stance Whose
values are in the interval [0,1]:
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S, —1_ distance(m;,nj)—distancemin __ 1 distance(m;,mj)
distance — distancemax - distancemas

Sdistance 18 N0t satisfactory when the distribution difference (|73 — ms|) is sub-
normalized (which occurs most of the time). In this case the second term of
Equation (1.2) will be considered. Note that measuring the non-specificity of
a sub-normalized distribution 7 comes down to measure the non-specificity
of its normalized distribution 7’ s.t 7'(w;) = 7(w;) + (1 — maz,ea{m(w)}).
Obviously, this normalization scheme is not suited for the proposed similarity
function. The following counter-example emphasizes this weakness.

Counter-example 3.2 Let us consider the following possibility distribu-
tions: m[1, 0, 0, 0], me[l, O, 0, 0], m3[0, 1, 1, 1], m4[1, 1, 0, O].

Clearly, m is the closest possible distribution to m, (the best case) while
73 1s the farthest distribution (the worst case). Nevertheless, the results pro-
vided by Sgistance measure do not correspond to these intuitions:

Sdzstance(ﬂ-la 7T2> - 5 = (mlmmum)
Sdzstance<7rla 7T3) =1-5-=0 (mlmmum)
Sdzstance(ﬂ-la 7T4) 1— ; =1 (mammum)

Hence, according to this measure, m and my are minimally similar to
each other. This violates Property 3 because my = w9 and the similarity is
mainimal.

3.4.3 Information divergence

A possibilistic analogy to the probabilistic measure of divergence was pro-
posed in (Kroupa, 2006). The author has used the Choquet integral (Cho-
quet, 1953) as an aggregation operator of the possibility degrees character-
izing the, generally, sub-normalized distribution difference (7g = |m(w;) —
mo(w;)|, for each w; € Q) of any two normalized possibility distributions
and my. Note that in a discrete context, generalized non-additive integrals
such as Choquet integral (Choquet, 1953) and Sugeno integral (Sugeno, 1974)
can be considered as completely flexible aggregation operators (Grabisch,
2002; Marichal, 2000).

Definition 3.3 Given two possibility distributions m and 7w on the same
universe of discourse Q, the measure of divergence D(my|ms) is defined as the
discrete Choquet integral of the degrees of mwy:

D(mi|m2) Z?Td Wo(i)) [T (Ag(iy) — T (Ag(iy))] (3.3)
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where o is a permutation of indexes such that mq(wya)) < ... < Tg(We(n)) and
Astiy = {Wo(i)s s Wom) }» i=1..0 and Asni1) = 0. 11 denotes the possibility
measure (see Equation (1.3)).

Example 3.5 Let us reconsider the same distributions of Example 3.3. The
application of the divergence measure gives:

D(my|my) = 0%(1—-0.7)+0.3%(0.7—0.7)+0.5%(0.7—0.7)+0.7%(0.7—0) = 0.49
D(m|m3) =0%x(1—1)+0*(1—1)+0.1%(1—0.5)+05%(0.5—-0)=0.3
D(m|my) =0%x(1—=1)+0x(1—=1)+05%x(1—-1)+1%x(1—-0)=1

Again, we obtain a different order from Example 3.3 and Example 3.4.
In fact, according to D, 73 is the closest to my and w4 is the farthest.

Let Dypin = ming,exn x.exn {D(mi|m;)} and Doy = MaZy, cxh 7 ey
3 3Ty 7 s .
{D(m;|m;)}. One can check that D,,;, = 0 and Dy = 1. Dyyip is 0ob-
tained when we compare identical possibility distributions whereas D,,q, is
obtained when we compare maximally conflicting possibility distributions
(e.g. Vi, 7, if Inc(m;,m;) =1 then D(m;,m;) = 1).

Hence, we can transform D to a similarity measure Sp whose values are
in the interval [0,1]:

SD =1- D(7Ti|7Tj)

Clearly, the measure Sp is not symmetric and hence violates Property 2 (for
the above example, Sp(ma|m) = 1). Sp(ma|m) = 1 also shows that Property
3 is violated by Sp since the similarity is maximal and 7wy # m. Moreover,
Sp gives the minimum similarity degree (Equal to 0) in the case of maximally
conflicting possibility distributions. In other words, Sp is minimal when the
distribution difference m; is normalized. Counter-example 3.3 emphasizes
this limit:

Counter-example 3.3 Let us consider the same distributions m and 74 of
Ezample 3.3. Let us consider ms[0, 1, 1, 1].

Sp(mi|ms) = Sp(mi|ma) = 0. We can conclude that this measure is not
enough discriminatory since w4 appears to be closer to m, than w5 was.

3.4.4 Minkowski distance and its derivatives

Since possibility distributions are represented by vectors of real values in the
unit interval [0,1], and where the position of each individual value (possibility
degree) is very important, the well-known Minkowski measure on the set of
real numbers IR can be used.
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Definition 3.4 Given two possibility distributions m; and wa on Q = {wy, ...,
wn}, the non-normalized Minkowski distance is given by:

n

Ly(m1,m2) = dz |1 (wi) — ma(wi)[P (3.4)

i=1

Particular and interesting cases of Equation (3.4) are:

o Ly(m,ms) = 2uimy M (@)~ ma(ws)] denotes the normalized Manhattan dis-
tance (or City-Block dzstance}

n

o Lp(m,m) = \/Zil(ﬂl(wi)_ﬂ2(wi))2 stands for the normalized Euclidean
distance.

o Lo(m,me) = maxl  |m(w;) — m2(w;)| is known as the normalized Maz-
imum distance (or Chebyshev distance or chessboard distance).

The above distance measures can be transformed into similarity measures to
compare possibility distributions:

iy T (wi) — mo(w;)]

SM(’TFl,T('Q):l— n (35)
Sp(m,m) =1 — \/El (M wi) = ma(wi)” (3.6)
Sc(my,me) =1— I?ELIX |71 (w;) — ma(w;)| (3.7)

Example 3.6 Let us reconsider the following possibility distributions:

m[1, 0.5, 0.3, 0.7], m3[0.9, 1, 0.3, 0.7] of Example 3.3. The application of
these measures gives:

SM(ﬂ'l,ﬂ'g) = 085,

SE(T['l, 7T3) = 0745,

Sc(my,m3) = 0.5.

We can notice that S¢ is not enough discriminatory since it only concentrates
on highest differences. For instance, if we take m,[1, 1, 1], m[1, 1, 0] and

me[1, 0, 0], we obtain S¢(m,, m,) = So (7, m:) = 0.

Proposition 3.1 Sy, Sg and Sc measures satisfy properties P1-P6.
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Swu, Sg and S measures are based on metric distances which, by definition,
verify properties of non-negativity, symmetry, identity and triangle inequal-
ity (if d is a metric on a set X, then Vz, y, z in X, d(z, z) < d(z,y)+d(y, 2)).
Hence, it is easy to verify that these similarity measures satisfy all the basic
properties P1-P6 proposed in Section 3.3. For more details, see the Proofs
in Appendix A.

The fact that S¢ also satisfies the basic properties, while obviously it is
not fully satisfactory as shown by the above example, means that additional
properties are needed in order to get a genuine definition.

Table 3.1 provides a summary of the different presented similarity mea-

sures versus the six proposed basic natural properties that a possibilistic
similarity measure should satisfy:

Table 3.1: PSM vs. basic natural properties

PSM | Propertyl | Property2| Property3| Property4 | Property5 | Property6
Sa v v v X v v
Sdistance / / X / / /
Sp v X X v v v
Sm v v v v v v
Sk v v v v v v
Sc v v v v v v

In addition to the above mentioned possibilistic similarity and distance
measures, we also mention a work by Fabris (Fabris, 2002) in which the au-
thor has proposed a possibilistic counterpart of the well known probabilistic
mutual information (Shannon, 1948) between two variables X and Y defined
on two different domains of discourse. This measure could not be used in
our case because we are measuring the similarity between two possibility dis-
tributions given on the same domain of discourse (i.e. expressing possibility
degrees on the values of the same variable).

3.5 Additional properties of a possibilistic sim-
ilarity measure

The set of properties P1-P6, proposed in Section 3.3, represents basic prop-
erties of a possibilistic similarity measure (Jenhani et al., 2007). This set
is too minimal and is satisfied by some existing indexes (e.g. Sy, Sg and
Sc). However, these properties do not take into account an important factor,
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namely, the inconsistency degree between the possibility distributions under
comparison. Hence, in this section, we will mainly focus on revising and
extending these properties to highlight the introduction of inconsistency in
measuring possibilistic similarity (Jenhani et al., 2008Db).

3.5.1 Role of inconsistency in measuring possibilistic
similarity

Let us recall that the inconsistency degree between two possibility distribu-
tions 7m; and 79 is assessed by using the measure Inc (Equation (1.1)) and is
given by Inc(my, me) = Inc(m Amy). We take the A as the minimum or prod-
uct operator. When m; A my gives a sub-normalized possibility distribution,
it indicates that there is a conflict between m; and m (Inc(m, m2) €]0, 1]).

The concept of inconsistency should be considered when measuring sim-
ilarity between two normalized possibility distributions. Let us analyze the
following example which motivates this assertion.

Example 3.7 Suppose that a conference chair has to select the best paper
amonyg three selected papers (p1, ps, p3) to give an award to its authors. The
conference chair decides to make a second reviewing and asks two referees
r1 and ry to give their preferences about the papers which, in fact, will be
represented in the form of possibility distributions. Let us consider these two
situations:

Situation 1: The referee r1 expresses his full satisfaction for ps and fully
rejects py and py (i.e. m(p1) = 0, m(p2) = 0, m(p3) = 1) whereas ry ex-
presses his full satisfaction for ps and fully rejects py and ps (i.e. ma(p1) =0,
ma(p2) = 1, ma(ps) = 0). Clearly, p1 will be rejected but the chair cannot
make a decision that fully fits referees’ preferences since they are in conflict.

Situation 2: The referee r expresses his full satisfaction for p1 and ps
and fully rejects py (i.e. w(p1) = 1, m(p2) = 0, @ (ps) = 1) whereas ry
expresses his full satisfaction for py and py and fully rejects ps (i.e. wh(p1) =
1, wh(pa) = 1, wh(ps) = 0). In this case, the conflict disappears and the chair
can make a decision that satisfies both reviewers since they agree that py is a
good paper.

When expressing similarity between experts giving their opinions in the
form of possibility distributions, we prefer a situation in which two experts
share at least one fully possible element (with possibility degree equal to 1)
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than a situation in which two experts share impossible elements (with pos-
sibility degrees equal to 0). That is, possibility degrees 0 and 1 do not play
the same role, this is known as bipolar information (Benferhat et al., 2002;
Dubois & Prade, 2003).

Clearly, from the above example, we can see that, in some situations, sim-
ilarity alone is not sufficient to compare possibility distributions and hence
does not allow to make a decision since the expressed preferences in both
situations have the same similarity.

In fact, if we apply the similarity measures Sy;, Sg and Sc¢ (which, hith-
erto, represent the only possibilistic similarity indexes, among all above pre-
sented measures, satisfying properties P1-P6), to compare the possibility
distributions of the above example: m=|0, 0, 1], m=[0, 1, 0], 7}{=[1, 0, 1]
and m,=[1, 1, 0], we obtain:

Sur(my, me)=Sn (7, m5)=0.33,
SE(’H'l, WQ)ZSE(Wll, 7Té)2018,
Sc(my, m)=Se(m), wh)=0.

Each one of the above used measures considers that the similarity between
71 and 7y is the same as the similarity between 7} and 7/, which is not true
as explained in the example of the referees. To overcome this drawback, we
will enrich the proposed properties by some additional ones.

3.5.2 Additional possibilistic similarity properties

The first extension concerns Property 5, where we consider a particular case
of strict similarity in case of strict inclusion:

Property 7. Strict inclusion

V7r1, o, T3 s.t. ™1 75 Up) 75 3, if 1 S 9 S 3, then S<7T1,7T2> > S(7T1,7T3).
Note that m; # my and m; < 7o imply m < 7y (strict specificity).

Proposition 3.2 Properties P1-P4, P6-P7 imply Property 5.

Property 8. Reaching coherence
Let m and m be two possibility distributions . Let w; € €. Let 7] and 7}
be two normalized possibility distributions s.t.:
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D) Vi # i, mw;) = m(w;) and m(w;) = ma(w;),
ii) Let a s.t. a <1 —maz(m(w;), m(w;)).
If 7 (w;) = m(w;) + a and 7h(w;) = ma(w;) + «, then:

o If Inc(m), wh)=Inc(my, m3), then s(wy, m5) = s(mwy, ma).

o If Inc(m), 7h)<Inc(my, ma), then s(my, mh) > s(mwy, ma).

Property 8 analyzes two sources who are providing conflicting pieces of
information. More precisely, suppose that the two sources, after discovering
that they are conflicting, change their opinions in the same way by enhancing
the degree of a given situation (with the same value). Then, the similarity
will be even larger, if the enhancement leads to a decrease of the conflict.

To illustrate Property 8, suppose that we have the following two maxi-
mally conflicting possibility distributions: m[1, 0, 0] and m5[0, 1, 0] (Inc(my, m2)
= 1). Suppose that the two sources decide to fully support the third situation
and give it a possibility degree equal to 1 (v = 1). We obtain: 7[1,0, 1] and
75[0, 1, 1]. Clearly, Inc(n], m) becomes 0. Hence, s(m, 75) should be greater
than s(m, m).

Property 9. Mutual convergence

Let m; and 75 be two possibility distributions such that for some w;, we have
m1(w;) > mo(w;). Let m) be a normalized possibility distribution s.t.:

i) Wé(wi> G]WQ(Wi)ﬂrl(wi)]v

ii) and Vj # i, m5(w;) = mo(w;).

Hence, we obtain: s(my, mh) > s(m, m2).

The intuition behind Property 9 is the following: consider two sources
which provide normalized possibility distributions m; and 5. Assume that
there exists a situation w where they disagree. Now, assume that the second
source changes its mind and sets my(w) to be closer to 7 (w) (for instance,
source 2 is convinced by arguments given by source 1, and decides to change
the possibility degree given to w with another degree closer to the one given
by source 1, i.e. 71(w)). Then the new similarity between m; and 79 increases.

Corollary 2. Let 7 and m be two possibility distributions such that for
some w;, we have 7 (w;) # me(w;). Let 7 be a normalized possibility distri-
bution s.t.:
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i) my(w;) = mi(wi),
ii) and Vj # 4, mh(w;) = ma(w;).
Hence, we obtain: s(my,7h) > s(my, m2).

Corollary 2, concerns the situation when setting the new degree of mo(w;)
to be equal to 7 (w;).

Property 10. Indifference preserving

Let 7 and 75 be two possibility distributions. Let 7] and 7 be two normal-
ized possibility distributions s.t.

) ¥ £ p mwy) = miwy) and (W) = mw,) +a (esp. w,) =
m(wy) — ).

i) V) £ g, mey) = malw) and mhw,) = ma(w,) + a (resp. Thw,) =
ma(w,) — ).

Then: s(my, ) = s(ma, 7).

Property 10 says that, if we consider two normalized possibility distribu-
tions m; and 7y and we increase (resp. decrease) one situation w, in m; and
one situation w, in m with a same degree o (leading to 7] and ), then
the similarity degree between 7; and 7} will be equal to the one between 7y
and 7). When decreasing « from m; and 7y, the obtained 7} and 7 should
remain normalized.

Let us illustrate property 10. Suppose that we have the following possibil-
ity distributions: m[1,0,0] and m2[0,1,0]. The source providing m; changes
its mind by increasing the possibility degree of the second situation by 1
which leads to 7{[1,1,0]. On the other hand, the second source providing
mo will do the same thing as source one but this time by increasing, with
the same value, the possibility degree of the third situation which leads to
750, 1, 1]. Property 10 requires that s(my, m})=s(mq, 75).

Corollary 3. Let 7 be a possibility distribution and « a positive num-
ber. Let my be a normalized possibility distribution s.t. mo(w;) = m(w;) — @
(resp. ma(w;) = m(w;) + ) and Vj # i, mo(w;) = m(w;).

Let m3 be a normalized possibility distribution s.t. for k& # i, m3(wg) =
T (wr) — o (vesp. m3(wy) = m(wy) + ) and Vj # k, m3(w;) = m(w;), then:
S(T('l, 7T2):S(7T17 7T3).

Corollary 3 says that if one starts with a normalized possibility distri-
bution 71, and modify it (without loosing the normalization condition) by
decreasing (resp. increasing) only one situation w; (leading to m3), or starts
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with a same distribution 7; and only modify, identically, another situation
wy. (leading to m3), then the similarity degree between m; and 75 is the same
as the one between m; and 3.

Let us illustrate Corollary 3. Suppose that we have the following possi-
bility distribution: 7;[1,0,0]. The source providing m; first changes its mind
and gives my[1, 1, 0] which increases the possibility degree of the second situ-
ation with a degree 1. The source will then realize that it made a mistake by
assigning the degree 1 to the second situation instead of the third one. The
correction will lead to 73[1, 0, 1]. Corollary 3 requires that s(my, mo)=s(m1, 73).

3.5.3 Derived propositions

In what follows, we will derive some additional properties that follow from
the above defined properties. Proofs of propositions given in this chapter can
be found in Appendix A.

Proposition 3.3 Let s be a possibilistic similarity measure s.t. s satisfies
Properties 1-10. Then, Vm;, m;, s(m;, mj)=1 iff m;=mn;.

This also means that: Vr; # m;, s(m, ;) < 1.

Proposition 3.3 means that only identity between two distributions imply
full similarity (a consequence of Property 7). Clearly, proposition 3.3 provides
a stronger property than property 3.

Proposition 3.4 Let s be a possibilistic similarity measure s.t. s satisfies
Properties 1-10. Then, Vm;, ©j, s(m,7;)=0 iff Vw, € Q,

i) mi(wp) €{0,1} and mj(w,) € {0,1},

it) and mj(w,) =1 — m;(wp)

Proposition 3.4 means that only completely contradictory possibility dis-
tributions imply a similarity degree equal to 0. It provides stronger results
than property 4.

Proposition 3.5 Let s be a possibilistic similarity measure satisfying Prop-
erties 1-10. Let m; and my be two normalized possibility distributions. Let w;
€ Q. Let © and 7 be two normalized possibility distributions s.t.:

i) Vi #i, m(w;) = m(w;) and m5(w;) = m2(w;),

it) Let a s.t. oo < min(m(w;), mo(w;)).

If 7l (w;) = m(w;) — a and Th(w;) = mo(w;) — a.
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Then:
If Inc(my, 7l )=Inc(my, 7o), then s(m), ) = s(my, m2).
If Inc(m', 7)) > Inc(my,m), then s(my, mh) < s(mwy,ma).

Proposition 3.5 encodes the dual of property 8. In fact, discounting the
possibility degree of a same situation could lead to a decrease of similarity if
the discounting results in an increase of the amount of conflict.

Proposition 3.6 Let s be a possibilistic similarity measure satisfying Prop-
erties 1-10. Let m; and mo be two normalized possibility distributions s.t. for
some wy, m(w;) > mo(w;). Let m (k=3..m) be a set of m possibility distribu-
tions. Fach m is derived in step k from mp_1 as follows:

Z) Wk(wi) = 7Tk_1<w7;) + o (U)Zth (675 G]O, T (wl) — Wk_l(wi)])

i) and Vj # i, m(w;j) = mp—1(wj).

Hence, we obtain s(my,m) < s(my,m3) < s(my,m4) < ... < s(m, 7)) < 1.

Proposition 3.6 is a consequence of Property 9. In fact, starting from a
given possibility distribution 7;, we can define a set of possibility distribu-
tions that, gradually, converge to the most similar possibility distribution to
.

Proposition 3.7 Let s a possibilistic similarity measure satisfying Proper-
ties 1-10. Vi, j € {1,..,m}, Ve € [0,1] and Vw € Q, we have:

s(m, ™) = s(mj, 7). w' ™ means that we subtract € from one situation
w of the possibility distribution m;. We recall that Vi, j € {1,..,m}, the pos-
sibility distributions m;, 75, 7~ and w7~ are normalized.

Figure 3.1 illustrates proposition 3.7:

S{ty, %) S(T, )

stm’u‘ F[1n3)=s'l7[m’ an):' : ‘=S(I[m‘-' n:mn)

|
]

Sl oy =i, )= =8, ) (=| S0, Ty) =501, 7). 280, 7y)

Figure 3.1: Illustration of proposition 3.7
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This proposition follows immediately from property 3 and property 10. In
fact, let us consider two normalized possibility distributions 7; and my. The
equalities in the first line of all boxes is trivial since the similarity between
any identical possibility distributions is maximal and equal to 1 (Property 3).

Let us now analyze one of the boxes of Figure 3.1. As we have already
explained in the illustration of corollary 3 (Section 3.5.2), if we subtract a
value (here €) from one situation (for instance wy) of a possibility distribution
71 which leads to 71; and do the same thing but we subtract € from another
situation (for instance wy) which leads to m2, then s(my,m1) = s(m, m2).
This applies to all boxes of Figure 3.1.

Now, let us look at the equalities between the boxes. Let us take the
second box (i.e. my) and proceed exactly as we did with m. Corollary 3
requires that s(m, 1) = (a1, m22).

Moreover, as illustrated in the explanation of property 10, we should have
s(my,m11) = (g, me1) and s(my, o) = s(me, Ma2).

We can easily check that s(my,m11) = s(m1, T12) = s(m2, Ta1) = (a2, Ta2).

The following section provides a similarity measure that satisfies all prop-
erties which means that P1-P10 is a coherent set of properties.

3.6 Information Affinity: the new inconsis-
tency based possibilistic similarity mea-
sure

Recall that, in Section 3.4, we have discarded some similarity functions,
namely, Sg, Sgistance and Sp since they do not satisfy all the basic proper-
ties (P1-P6) as shown by the different counter-examples. However, we have
provided proofs (in appendix A) showing that Sy, Sg and S¢ satisfy basic
properties P1-P6.

When considering all the proposed extended properties P1-P10, none of
the Sy, Sg and S¢ measures satisfy property 8 as shown by the following
counter-example:

Counter-example 3.4 Let us take again the example of the reviewers given
in Example 3.7 where m=[0, 0, 1], me=/0, 1, 0], ©\=[1, 0, 1] and w4=[1, 1,
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0]. Clearly, we have:

Inc(my,m) = 1. After adding the degree 1 to wy in both m and 7o, the
inconsistency has decreased (Inc(m),7h) = 0). So, according to property 8,
s(mh, mh) should be greater than s(my, ma) which is not the case when taking s
as Sy or Sg or Sc. In fact: Sy (w1, me)=Sy (7], 75 )=0.33, Sg(m1,m2)=
Sg(my,mh)=0.18, Sc (71, ™2 )=Sc (7}, 7 )=0.

Considering the weaknesses related to the aforementioned existing possi-
bilistic similarity measures, we will propose a new measure that overcomes
these drawbacks, i.e., a measure that will satisfy all the proposed properties
P1-P10.

Clearly, there are two important criteria in measuring possibilistic simi-
larity, namely, distance and inconsistency. We have chosen to combine them
using a sum weighted by x and A respectively. The choice of combining these
two criteria is justified by the fact that, in the possibilistic framework, a
distance measure taken alone does not always allow us to decide about the
closest distribution to a given one (as shown by Example 3.7).

Semantically, the proposed measure takes into account a classical infor-
mative distance (Manhattan or Euclidean) along with the well known incon-
sistency measure.

Definition 3.5 Let m and my be two possibility distributions on the same
universe of discourse Q. We define a measure Aff (m1,ms) as follows:

K d(my,m) + A x Inc(my, m2)
K+ A

where k > 0 and A > 0. d denotes one of the L, normalized metric distances
(either Manhattan or Euclidean) between m and my. Inc(my,m) represents
the inconsistency degree between two distributions (see Equation (1.1)) where
A is taken as the product or min conjunctive operators.

Aﬂ‘(ﬂ'l,ﬂ'g) =1-

(3.8)

Intuitively, using the min operator instead of the product means that
we give less importance to the inconsistency degree in Equation (3.8), since
Inc(my * mg) > Inc(min(my, m)).

Note that in Equation (3.8), if we take the Chebyshev distance (i.e.
d = L¢), then P1-P10 are not satisfied. In fact, let us consider the fol-
lowing possibility distributions: m[1,1,1] and ms[1,0,0]. Let us make the
possibility degree of the second situation in 7y equal to the one in m (i.e. by
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adding a degree 1) which leads to w5[1, 1, 0].

If we take d as the Chebyshev distance, A as the minimum conjunctive
operator and k = A = 1, then we obtain Aff(m, 7)) = Aff(m,m) = 0.5.
This violates Property 9 which requires that Aff(my, 75) > Aff (71, m2). The
source of violation is clearly the Chebyshev distance since Inc(my,m) =
Inc(m, ) = 0.

The choice of kK and X\ depends on the problem under study. Generally, one
gives the same importance to distance and inconsistency (i.e. Kk = \) when
assessing the similarity between two possibilistic pieces of evidence. However,
if someone wants to give more importance to distance than to inconsistency,
he should set k > A and vice-versa (i.e. k < \)

Proposition 3.8 The Aff measure satisfies all proposed properties P1-P10.

Next example shows how the Aff measure solves the problem illustrated
by Example 3.7. We also give another general example that illustrates the
Aff measure.

Example 3.8 If we reconsider the example of the referees where m =[0, 0,
1], me=/0, 1, 0], 71 =[1, 0, 1] and wh=[1, 1, 0]. If we apply Aff, we obtain:
Aff (m1,m2)=0.16 < Aff (7,7}, )=0.66 which is conform to what we expect.

Now, let us take Wa:/%, 1, é] and mp=/1, %, %/ If we take N as the min
or the product operator, we obtain ]nc(wa,wb):l—% :3. On the other hand,
S N R N o S
d(7a, mp) =Lps (T4, mp) = a1 33| ki :g.

4,2
Thus, Aff (m,,m) =1— 5;3 =3

The following example illustrates some of the proposed additional prop-
erties in conjunction with the proposed Aff similarity measure.

Example 3.9 For this example, we will take d as the Manhattan distance,
A as the minimum conjunctive operator and k = A = 1.

Let us reconsider the example of the reviewers.

e Suppose that we have three reviewers expressing their opinions about
three papers by providing three possibility distributions: w1 [0, 0, 1],
m[0.5, 0.5, 1] and 731, 1, 1].

Clearly, m < m < m3. We have Aff (71, m) = 0.83 > Aff(m,73) =
0.66. This is confirmed by property 7.
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e Let us now consider a fourth reviewer (w41, 0, 0]). Clearly, the first
and the fourth reviewers are in total conflict (Inc(my,my) = 1) and the
similarity between their opinions is Aff(mi,m4) = 0.16. Suppose that
both reviewers have changed their minds about the second paper and
fully accept it (7(]0, 1, 1] and 7y [1, 1, 0]). Clearly, the conflict has dis-
appeared (Inc(mi, 7)) = 0). In this case, we have Aff (7}, 7)) = 0.66 >
Aff (m1, m4) = 0.16. This is confirmed by property 8.

o Let us now take the opinions of the first and the second reviewers (m [0,
0, 1], m3[0.5, 0.5, 1]). Suppose that the first reviewer has changed his
opinion about the second paper and has joined the second reviewer (7} [0,
0.5, 1]). In this case, we have Aff(mh,m) = 0.91 > Aff (7, m) = 0.83.
This is confirmed by property 9.

o Let us take again the first and the second reviewers (wy [0, 0, 1],m2[0.5,
0.5, 1]). After reading the revised versions of the papers, the first re-
viewer has changed his opinion about the second paper (by adding a
degree of 0.5) and has maintained his opinion on the remaining papers
(1[0, 0.5, 1]). The second reviewer has also changed his opinion but
about the first paper (by adding a degree of 0.5 leading to wh[1, 0.5,
1]). In this case, we have Aff (), m5) = Aff (w1, m) = 0.83. This is
confirmed by property 10.

3.7 Conclusion

In this chapter, we have provided an analysis of natural properties that a pos-
sibilistic similarity measure should satisfy. In a first stage, we have proposed
basic properties of possibilistic similarity functions. Although these basic
properties are not met by most of the existing possibilistic similarity mea-
sures in the literature, they are too minimal. In fact, as it has been shown,
the Minkowski similarity function and its derivatives satisfy the proposed
properties. Moreover, this analysis led us to the conclusion that inconsis-
tency should be taken into account when comparing possibilistic pieces of
information.

Consequently, in a second stage, we have revised and extended these ax-
ioms and proposed a new similarity measure, so-called, Information Affinity,
which combines distance and inconsistency in order to assess the similar-
ity degree between two normalized possibility distributions. We have shown
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that our new measure satisfies both basic and extended set of postulates. In
Chapter 5, the proposed similarity measure will represent a key element for
the induction of decision trees from data with uncertain labels.



Chapter 4

Possibilistic Decision Trees:
Living with Uncertain Labels

4.1 Introduction

(Classification represents an important task in machine learning and data
mining applications. It consists in 1) inducing a classifier from a set of his-
torical examples (training set) with known class labels and then 2) using the
induced classifier to predict the class value (the category) of new objects on
the basis of values of their attributes.

Decision trees are considered as one of the most popular classification
techniques. They are able to represent knowledge in a flexible form which is
easy to understand and to interpret. This justifies their use in decision sup-
port systems, intrusion detection systems, medical diagnosis, bioinformatics,
drug discovery, etc.

Over the last years, many changes of the standard hypothesis of a classi-
fication problem (i.e. building a classifier from a training set, in which, each
instance is labeled by a unique and exact class label) have been risen. Conse-
quently, many classifiers, and especially, many variants of standard decision
tree classifiers have been proposed to deal with such changes. For instance,
multi-label decision trees (Clare & King, 2001; Tsoumakas & Katakis, 2007)
deal with problems where training data can be labeled by more than one class
(not mutually exclusive). In Multi-instance decision tree learning (Blockeel
et al., 2005), the objective is to build a classifier from a set of labeled bags
rather than a set of labeled instances. A bag is a collection of instances that
is labeled positive if all its instances are positive otherwise it is labeled neg-
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ative. Ambiguous-label decision trees (Hiillermeier, 2005) deal with training
instances that are labeled by a subset of candidate classes. That is, contrary
to multi-label classification, a unique class is assumed to be the correct one
(i.e. labels are mutually exclusive).

In this dissertation, we deal with a more general form of ambiguous-label
classification, namely, uncertain-label classification. In spite of the great
progress in ordinary classification field in recent years, the problem of uncer-
tain data has remained a great challenge for classification algorithms. This
uncertainty is often inevitable in real-world applications due to reasons such
as reliability of human observers, imprecise measurement, outdated sources,
sampling errors, etc. For instance, in molecular biology, the functional cate-
gory of a protein is often not exactly known. If we aim to perform an efficient
classification, uncertainty should not be ignored but it should be well man-
aged.

In our work, we address the problem of classification from uncertain data.
More precisely, we deal with Possibilistic decision trees. In this setting, each
training instance is labeled by a possibility distribution over the different pos-
sible classes. Hence, instead of just giving a subset of potential labels (the
case of ambiguous-classification), an expert can express his opinion by giving
an order on the possible labels. Thus, a possibility degree of a given label
expresses the degree of confidence of the expert that the label is the true one.

In this chapter, we present a possibilistic decision tree approach, namely,
the non-specificity based decision tree approach (NS-PDT) (Jenhani et al.,
2008) that allows the induction of decision trees from training instances
whose class labels are given in the form of possibility distributions. The
main characteristic of the NS-PDT approach lies in its ability to keep up the
possibility distributions on labels throughout all its procedures from the root
node to the leaves.

The rest of the chapter unfolds as follows. Section 4.2 starts with em-
phasizing the issue of imperfection in classification problems. Section 4.3
provides a summary of related works on the field of decision trees under un-
certainty. Section 4.4 is devoted to the presentation of the procedures and
components of the NS-PDT possibilistic decision tree approach.
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4.2 Imperfection in classification problems

As models of the real world, databases, or more specifically, training sets
are often permeated with forms of imperfections, including imprecision and
uncertainty. The topic of imperfect databases is gaining more and more at-
tention (Dahabiah et al., 2009a, 2009b; Kwan et al., 1992; Motro, 1996)
since commercial database management systems are not able to deal with
such kind of information. Now, we ask what is imperfect in a training set
and why is it imperfect?

Imperfection in a training set may affect attribute values as well as class
values, for instance, the departure_time of a flight, the temperature of a pa-
tient, the property_value of a client asking for a loan. It can also affect class
values, for example, the exact type of an attack in an intrusion detection sys-
tem, the exact cancer class of a patient in cancer diagnosis applications, the
exact location or type of a detected aerial engine in military applications, etc.

Another interesting real example emphasizing the problem of having un-
certain class labels is the one given in (Denoeux & Zouhal, 2001). It consists
in detecting certain transient phenomena (e.g. k-complexes and delta waves)
in electroencephalogram (EEG) data. Such phenomena are usually difficult
to detect, hence doctors are not always able to recognize them with full
certainty. Consequently, it may be more easy for the doctor to assess the
possibility that certain phenomena are present in the data.

Imperfection might result from using unreliable information sources, such
as faulty reading instruments, or input forms that have been filled out in-
correctly (intentionally or inadvertently). In other cases, imperfection is a
result of system errors, including transmission noise, network latency for sen-
sor networks applications, delays in processing online transactions, etc.

In a learning process, we should never reject or ignore such information
(by affecting the null value to such information) despite of its imperfection.
On the contrary, we should benefit from the maximum amount of information
which should be handled carefully else the learnt model could be inaccurate
or even incorrect. One of the first works dealing with learning from uncertain
data has been presented in (Denoeux, 1995). The author has extended the
well-known k-nearest neighbor classifier to handle uncertain data by using
belief function theory.
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Imperfection may also pervade the classification phase. Indeed, in many
real-world problems, new instances presented to the classification step may
have some attributes that are partially known or even missing. There are
situations where experts are unable to provide the exact value of each at-
tribute of the instance to classify. Moreover, for some measurable attributes,
there are situations where some taken measurements are noisy or missing.
Interestingly, it may be better to classify such instances rather than being
unable to respond to such requests.

In our work, we deal with uncertain and imprecise class labels in the
training set. Instead of rejecting instances having uncertain class labels or
adding a null class value to such instances, we use a convenient mathemati-
cal model to deal with such kind of imperfection, namely possibility theory
(Dubois & Prade, 1988a; Zadeh, 1978). More formally, a possibility degree
will be assigned to each possible class value indicating the possibility that
the instance belongs to a given class (Denoeux & Zouhal, 2001; Zemankova
& Kandel, 1985) instead of using a simple set of disjunctive values with equal
weights. These possibility degrees can be obtained from direct expert’s elici-
tation, i.e., each expert is asked to quantify by a real number between 0 and
1 the possibility that a training instance belongs to each one of the different
classes of the problem. Possibilistic class labels may also be obtained from
an empirical distribution of expert opinions using possibilistic histograms
(Dubois & Prade, 1985).

Possibilistic uncertainty has also been handled within diagnosis problems
(Dubois et al., 1991, 2003) based on the possibilistic counterpart of Bayes the-
orem. Diagnosis problems are somewhat similar to classification problems.
The difference is that, with possibilistic diagnosis, a subset of attributes is
observed. However, in our possibilistic classification problem, all attributes
should be observed except the class attribute.

The question that arises is: how to induce decision trees from training
instances, classes of which are represented by means of possibility distribu-
tions? To respond to this question, we propose a decision tree approach,
namely, NS-PDT, which is based on the concept of non-specificity in possi-
bility theory. Before detailing the approach, let us give some related works
to the field of decision trees under uncertainty.
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4.3 Related works

Many decision tree approaches under uncertainty were proposed in the litera-
ture, namely, probabilistic decision trees (Ciampi et al., 2000; Quinlan, 1987,
1990), belief decision trees (Denoeux & Skarstein-Bjanger, 2000; Elouedi
et al., 2001; Trabelsi et al., 2007; Vannoorenberghe, 2004), possibilistic
decision trees (Ben Amor et al., 2004b; Borgelt et al., 1996; Hiillermeier,
2002; Jenhani et al., 2005), fuzzy decision trees (Janikow, 1998; Marsala
& Bouchon-Meunier, 1999; Mendona et al., 2007; Olaru & Wehenkel, 2003;
Pedrycz & Sosnowski, 2001; Quin & Lawry, 2005; Umano et al., 1994; We-
ber, 1992; Yuan & Shaw, 1995) and credal decision trees (Abellan & Moral,
2005). The difference between the existing approaches mainly lies in the type
of uncertainty related to the problem at hand (e.g. incompleteness, conflict,
imprecision, vagueness, etc.) and especially in the way of dealing with that
uncertainty when building the tree.

Probabilistic decision trees (Quinlan, 1987) aim to classify new instances
having some missing or uncertain attribute values. Hence, they only deal
with uncertainty in the classification phase. This kind of trees include prun-
ing and result on imperfect leaves. An imperfect leaf is a leaf that include
objects really belonging to the leaf’s class and those which are misclassified
due to pruning.

Several approaches for building possibilistic decision trees were proposed.
We can divide them into two sets: those acting under standard decision
tree learning hypotheses (i.e. where training data are exactly labeled and
therefore standard decision tree algorithms can be applied) and those ap-
proaches dealing with non-standard learning hypotheses (i.e. where training
data are not exactly labeled and consequently, standard decision trees cannot

be used).

For instance, in (Borgelt et al., 1996), authors dealt with a standard de-
cision tree learning problem. However, in order to assess the informational
contribution of a given attribute at a given node, they took the probability
distributions of the instances reaching each node as possibility distributions
(an interpretation which is based on the context model of possibility theory
(Kruse et al., 1994)). Then, as the role of the non-specificity in possibility
theory is similar to that of Shannon entropy in probability theory, they have
used non-specificity to choose the attribute giving the most specific partition.
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This measure is slight different from the measure that we will use in this
chapter but it is the way of using this measure that is totally different. In
fact, in our approach, the parameters of the induction method and the in-
duction method itself are different from Borgelt’s work which keeps the same
parameters of the C4.5 algorithm. Furthermore, in our work, the need of
using a non-specificity based attribute selection measure suggests itself since
instances’ classes in the training set are given by normalized possibility distri-
butions. On the contrary, in Borgelt’s work, instances’ classes in the training
set are crisp.

The work presented in (Hiillermeier, 2002) also dealt with standard de-
cision tree learning hypotheses. In this work, the uncertainty related to
heuristic principles used in decision tree learning was captured and modeled
by means of possibility theory. In other words, a possibilistic formalization
of the well known Occam’s Razor principle (Domingos, 1999) was proposed.

In fact, possibility theory was introduced to define a possibilistic branch-
ing over all possible attributes at each decision node. Since taking all possible
attributes could become quite awkward and result on large possibilistic de-
cision trees, the possibilistic branching was applied within the lazy decision
tree technique (Friedman et al., 1996). This procedure resulted on possibilis-
tic decisions since each leaf is labeled by a unique class value quantified by
its possibility degree.

In the work presented in (Ben Amor et al., 2004b), authors have dealt
with uncertainty in the classification phase. More precisely, authors have pro-
posed a method based on leximin-leximax criterion (Moulin, 1988) in order to
make standard decision tree algorithms (e.g. C4.5) able to classify instances
having uncertain attribute values. In a previous work (Jenhani et al., 2005),
we have proposed the possibilistic option decision tree approach which deals
with the uncertainty related to the choice of an attribute at a given decision
node in the building phase. In this approach, each decision node can be split
according to more than one attribute, using multiple attribute-value tests,
or “options”. These option nodes are quantified via possibility distributions.

The second set of possibilistic decision tree approaches deals with un-
certain training data. Uncertainty can affect class labels and/or attribute
values characterizing some or all instances of the training set. In this setting,
uncertainty should not be ignored and consequently, standard decision tree
algorithms should be adapted to such contexts since they cannot be directly
applied. The approach that we will present in this chapter and those that
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will be detailed in next chapter take part of this conjecture.

As we have proposed a non-specificity based attribute selection measure
in our approach, it is important to note that the idea of using non-specificity
for building decision trees is not new. In fact, it has been used with other
uncertainty theory frameworks. In 1995, Yuan et al. (Yuan & Shaw, 1995)
proposed a measure of classification ambiguity which is defined from both a
measure of fuzzy subsethood and a measure of non-specificity. This measure
was used as an attribute selection measure to construct fuzzy decision trees.

Many other fuzzy decision tree techniques were proposed (Janikow, 1998;
Marsala & Bouchon-Meunier, 1999; Mendona et al., 2007; Olaru & Wehenkel,
2003; Pedrycz & Sosnowski, 2001; Quin & Lawry, 2005; Umano et al., 1994;
Weber, 1992). In these different works, fuzzy set theory is principally used
either to manage fuzzy attributes in the training set or to search for the
degree of softness in every node of the built tree or to integrate some inter-
esting fuzzy tools during the building phase. Most of the cited fuzzy decision
tree algorithms are based on a generalized entropy measure, namely, the
star-entropy measure (Tanaka et al., 1979). Differences between these algo-
rithms lie in the way of defining fuzzy modalities and the way of classifying
new objects. An extension, called forests of fuzzy decision trees (Marsala
& Bouchon-Meunier, 1997) was proposed to combine results of many fuzzy
decision trees when dealing with large, unbalanced and multi-class data sets.

More recently, authors in (Denoeux & Skarstein-Bjanger, 2000) have dealt
with the induction of belief decision trees from data with partially defined
classes presented in the form of basic belief assignments (bba’s). The authors
have used a total uncertainty criterion as a measure of discrimination based
on both measures of non-specificity and conflict relative to belief function
theory.

In the same context, another approach was proposed for inducing be-
lief decision trees (BDT) (Elouedi et al., 2000, 2001) and pruning methods
for this approach have been proposed (Elouedi et al., 2002; Trabelsi et al.,
2007). In the BDT approach, the authors have presented two attribute selec-
tion measures using the belief function formalism, one parallel to Quinlan’s
measure based on Shannon entropy (the averaging approach), the other close
in spirit to the Transferable Belief Model (Smets & Kennes, 1994) (the con-
junctive approach). Note that, differently to the approaches listed above,
this approach did not use any non-specificity measure.
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Still within belief decision trees, the work proposed in (Denoeux & Skarstein-
Bjanger, 2000) which is restricted to two-class problems has been extended
to handle the most general case in which each example is labeled by a general
belief function for multi-class problems (Vannoorenberghe & Denoeux, 2002).
The work in (Vannoorenberghe & Denoeux, 2002) has proposed methods to
decompose a multi-class problem into several 2-class problems. Moreover,
the method was applied to a real data concerning acoustic emission testing
pressure vessels. Class labels of each instance of this data set was originally
labeled by a possibility distribution given by an expert. Then, possibility
distributions have been transformed into basic belief masses in order to ap-
ply the proposed belief decision tree approach. This transformation supports
our conjecture that, generally, experts express their uncertainty more easily
by means of possibility distributions.

The common point between belief decision trees and our approach is that
we start with the “same” hypothesis: uncertain classes in the training set,
but the basic concepts and the interpretation of the two theories are different.

Another decision tree approach using non-specificity is the one proposed
in (Abellan & Moral, 2005). In their approach, named credal decision trees,
which has no relation with the ours, the authors used the imprecise Dirich-
let model (Walley, 1991) to estimate the probabilities of instances’ classes
reaching a given node. More specifically, the probability of each class is
transformed into a probability interval (imprecise probability) to obtain what
they called a credal set (a convex set of probability distributions). Then, they
proposed a total uncertainty measure (non-specificity+entropy) to assess the
impurity of the different nodes (credal sets) of the tree under construction.

Several non-standard classification techniques other than decision trees
were proposed in the literature. These include, but are not limited to, the
belief k-nearest neighbor classifier (Denoeux, 1995) and the belief neural
network classifiers (Denoeux, 2000) both based on Dempster-Shafer the-
ory. We can also mention the possibilistic instance-based learning approach
(Hiullermeier, 2003). In (Hiillermeier, 2005), the author reviewed some typ-
ical applications of fuzzy set theory to machine learning techniques. More
recently, a fuzzy lattice reasoning classifier (Kaburlasos et al., 2007) was pro-
posed to induce rules in a mathematical lattice data domain. This classifier
has the advantage of being incremental and able to deal with missing data.
We have only provided some of the uncertain classifiers since the list is too
long.
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4.4 Non-specificity based possibilistic decision
trees (NS-PDT)

A non-specificity based possibilistic decision tree (Jenhani et al., 2008) is a
decision tree with the same representation of an ordinary decision tree, i.e.,
it is composed of decision nodes for testing attributes, branches specifying
attribute values and leaves dealing with classes of the training set.

Before presenting the procedures of the NS-PDT approach, let us recall
the hypotheses of our possibilistic decision tree approaches and provide the
structure of a possibilistic training set.

4.4.1 Hypotheses of possibilistic decision trees and struc-
ture of possibilistic training sets

All the possibilistic decision tree approaches that we propose in this disser-
tation are based on the following hypotheses:

e All instances are characterized by certain and precise attribute values
exactly such as in standard classification problems. Uncertainty and
imprecision about attribute values are not handled in our work neither
in the building nor in the classification phase.

o All attribute values are supposed to be categorical. Attributes with
continuous values are discretized in a pre-processing step.

e (lasses of training instances are uncertainly labeled. Instead of an
exact class label, each instance is assigned a possibility distribution on
the different possible labels.

The above hypotheses result in a possibilistic training set which is slightly
different from a standard training set as shown by Table 4.1:

Table 4.1: Structure of a possibilistic training set
Attribute; | Attributes |...|Attribute,, ||7(C1) 7(Cs) 7(Cs)

il Vlj V2j Vnaj 0.2 1 0.7
ig Vlj V2j . Vnaj 1 0 0
i3 Vlj VQj Vnaj 0 1 1

in Vi, Va, Vnay 1 1 1
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In Table 4.1, we have taken a 3-class problem for clarity reasons. Each
row in Table 4.1 corresponds to a possibilistic training instance which is
characterized by na categorical, certain and precise attribute values and a
possibility degree for each possible class label. With such representation, we
can handle different cases.

For example, the first instance i; represents the general case of an uncer-
tain and imprecise instance. The associated possibility distribution [0.2, 1,
0.7] means that the expert fully supports the label Cy, he gives less support
to C3 and even less support to Cf.

The second instance i, represents a certain and precise instance. In fact,
only one class label is fully supported (C}) and all others are considered as
impossible (with degree equal to 0). Instance iy corresponds to an ordinary
instance which is labeled by class Cf.

The third instance i3 represents an imprecisely labeled instance. In this
case, more than one label are fully possible (with possibility degrees equal to
1) and all others are discarded (with degrees equal to 0). This means that
we do not know which is the true class. This situation has been represented
by means of a set of disjunctive labels in the so-called “ambiguous labeled
instance” (Hiillermeier, 2005).

The last instance i,, represents a situation of total ignorance. This can
represent an instance for which an expert has no idea about the class label. It
can also model instances with missing class labels. Furthermore, this repre-
sentation allows to handle semi-supervised learning problems (Chapelle et al.,
2006). In fact, labeled instances will be assigned fully precise possibility dis-
tributions and unlabeled instances will be assigned possibility distributions
corresponding to total ignorance.

From the examples given in Table 4.1, we can see that such a repre-
sentation allows our different possibilistic decision tree approaches to deal
with some other important problems such as ambiguous classification, semi-
supervised learning as well as the standard certain classification task.

4.4.2 NS-PDT: Building procedure

Standard building procedure (see Chapter 2) starts with an empty tree. The
first step consists in selecting the most informative attribute, i.e., the at-
tribute that, if assigned to the decision node at hand, will produce the least
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conflicting training subsets towards instances’ classes. Note that measuring
the conflict of a training (sub)set comes down to measure the conflict of the
probability distribution on the different classes of the instances belonging to
that set.

For instance, suppose that, in a 2-class problem, we have a training subset
T with 5 instances: 2 instances having class C and the remaining 3 instances
are labeled with class Cs. Then, the probabilities of each class in T are
respectively 2/5 and 3/5. Thus, the probability distribution characterizing
Ty is p = (0.4,0.6). Finally, we need to measure the amount of conflict in p,
which represents the only source of “uncertainty” in probability theory (Klir
& Wierman, 1998). The well-established measure of conflict in probability
theory is the Shannon entropy (Shannon, 1948). Recall that the entropy of a
probability distribution p on a universe of discourse X = {z1, ..., 2, } is given
by:

E(P) = =21 pi * loga p;

Hence, E(T1) = E(p) = —0.4 logs (0.4) — 0.6 logs (0.6) = 0.971. Note that
for a uniform probability distribution on X, i.e., p (z) = 1/|X|,Vx € X (the
case of total conflict), F(p) = logs| X |. However, in the case of total certainty,
ie., p (z) =1 for some z € X, E(p) =0.

In our case, instead of precise classes, we have possibility distributions
over different classes of each training instance. Hence, each training (sub)set
will be characterized by the (sub)set of possibility distributions relative to
the instances of that (sub)set. Therefore, in order to discriminate between
two or n sets, one should measure the amount of uncertainty of such sets and
then select the attribute generating the least uncertain subsets.

Measuring uncertainty of sets of possibility distributions

Before measuring uncertainty or information, one should know what exactly
he wants to measure (Harmanec, 1999). In other words, one should, first,
determine the source(s) of uncertainty ingrained in our mathematical model,
then use the suitable measure of uncertainty relatively to each source.

Let us return to our problem: we want to discriminate between different
sets of possibility distributions. The first idea that comes up is to merge the
different possibility distributions of each set using the well-known fusion op-
erators relative to possibility theory, namely, the t-norms and the t-conorms
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(Dubois & Prade, 1988b). In this way, we obtain a single possibility distri-
bution for each set and we can measure their different non-specificities (using
Equation (1.2)) in order to choose the most specific one (the least non-specific
one), i.e., the most informative one.

This procedure is problematic. In fact, in the decision tree context, in each
node, we have possibility distributions of distinct training instances reaching
that node. These instances have some common attribute values (those values
labeling edges of the path leading to that node) and the remaining attributes
may have different values. So, it is clear that we cannot merge possibility
distributions which are not dealing with the same “object”: a necessary con-
dition for information fusion problems. We generally use the well-known
fusion operators relative to possibility theory, namely, the t-norms and the
t-conorms (Dubois & Prade, 1988b) when we have to merge different infor-
mation (e.g. possibility distributions) provided by different or even a unique
source (e.g. a sensor giving information at different times, etc.) on the same
observed object.

Since fusion is not the appropriate tool in this context, the solution that
we propose is the following: for each set containing n possibility distributions,
we will induce a representative possibility distribution of that set (7ge,), that
is, a possibility distribution that represents the proportion of the different
possibility degrees of the different values (class values). This possibility dis-
tribution is obtained via the arithmetic mean of m; (i=1..n) (Bezdek et al.,
1999) and it is given by:

TAM (Wq) =

(2_mi(wq)) (4.1)

Then, we should normalize 74, to obtain:

TAM (Wq)

4.2
P (o) -

T Rep (Wq) =

Finally, we can measure the non-specificity of mg., using Equation (1.2)
and hence, discriminate between different sets of possibility distributions.

Components of NS-PDT

Ordinary decision tree algorithms are made up of three basic components,
namely, a) attribute selection measure, b) partitioning strategy and c) stop-
ping criteria. Let us define these components for the NS-PDT approach.
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a) Attribute selection measure

For our attribute selection measure, we were inspired by the well-known stan-
dard attribute selection measure, namely, the gain ratio criterion proposed by
Quinlan (Quinlan, 1993). Indeed, as explained above, this measure, which
is essentially based on Shannon entropy, cannot be applied in the case of
possibilistic labels. Hence, we have used the counterpart of the probabilistic
Shannon entropy in possibility theory, namely, the non-specificity measure
which also satisfies a set of mathematical properties: additivity, expansibil-
ity, symmetry, branching, monotonicity, etc (Klir & Wierman, 1998).

Roughly speaking, standard attribute selection measures (e.g. gain ratio)
will select the attribute giving more homogeneous partitions, i.e., giving less
random partitions (i.e. with less entropy values). Likewise, in our possibilis-
tic case, we will select the attribute resulting in less imprecise partitions (i.e.
with less non-specificity values).

Given a training set T in which instances’s classes are presented in the
form of possibility distributions over the different possible class values and
given the set of attributes, the non-specificity gain (NSG) of an attribute
Ay is defined by:

NSG(T, Av) = Ulmhe) — Ua(Thep) (4.3)

where U (WIT%ep) denotes the non-specificity of the possibility distribution rep-
resenting the set of possibility distributions in the set T and

Un(eha) = (o] U (4.4)

NSG(T, Ay) assesses the amount of “information precision” obtained after
splitting our training set according to the attribute Ay.

Proposition 4.1 For any training partition T and for any attribute A, we
have: NSG(T,Ay) € [—loga(nc),logs(nc)] where nc denotes the number of
classes of the problem.

Proof of Proposition 4.1

Recall that the range of the U-uncertainty measure of a possibility distribu-
tion given on a universe of discourse {2 with cardinality n is [0, logs n] (See
Section 1.4.2). In our case, {2 = C and consequently |Q] = nc.



106 Chapter 4: Possibilistic Decision Trees: Living with Uncertain Labels

In Equation (4.3), the difference is minimal when U(7f,,) is minimal (i.e
equal to 0) and Uy, (7f,,) is maximal (i.e. equal to logy(nc)). Hence, the

minimum value of Equation (4.3) is equal to —loga(nc).

Likewise, the difference is maximal when U(nF,,,) is maximal (i.e equal to
loga(nc)) and Uy, (h,,) is minimal (i.e. equal to 0). Hence, the maximum
value of Equation (4.3) is equal to loga(nc).

Note the following particular values of NSG(T', Ay):

o NSG(T, Ar) = —logs(nc): means that splitting according to A will
result in the maximum loss in precision, i.e., resulting subsets are less
precise (in average) than the starting training partition.

e NSG(T, Ar) = 0: means that splitting according to Ay will result in
any loss nor any gain in precision.

o NSG(T, Ay) = loga(nc): means that splitting according to Ay will re-
sult in the maximum gain in precision, i.e., from a maximally imprecise
set, we obtain maximally precise subsets.

Since attribute values of possibilistic training instances are crisp, we will
divide NSG(T, Ax) by Splitinfo(T, Ax) (see Equation (2.5)) in order to
avoid bias for attributes with many values:

NSG(T, Ay)
Splitinfo(T, Ay)

NSGr(T, Ay) = (4.5)

Obviously, the attribute maximizing NSGr (non-specificity gain ratio)
will be assigned to the decision node at hand.

Note that our approach covers the special case of certain training data,
i.e., training data which are labeled by certain possibility distributions. In
this case, w4y will correspond to the frequency distribution ( freq) of the dif-
ferent classes in a training partition. Consequently, the possibility distribu-
tion mge, will represent a kind of normalized frequency N freq (a division by
the maximum frequency). So an important question is: how does U(N freq)
relate to E(freq)? (where U and E denote, respectively, the U-uncertainty
and the Entropy measures).
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To respond to this question, we should note the following cases:

o [f all instances in a training partition have the same class. This means
that the partition is fully precise. Consequently, the possibility distri-
bution w4 (which is normalized by nature) will be equivalent to the
frequency distribution freq (may = freq = N freq). For instance,
if we are dealing with a training data with four classes, we will have
wam = Nfreq = freq = (1,0,0,0). Thus, we obtain U(N freq) =
E(freq) =0.

e [f a partition contains exactly the same proportion of classes. This
case characterizes a situation of total ignorance. Again, the possibility
distribution 745, (which is not normalized here) will be equivalent to
the frequency distribution freq (may = freq). Normalizing 74y, will
result in a fully non-specific possibility distribution N freq. For in-
stance, if we are dealing with a training data with four classes, we will
have freq = (0.25,0.25,0.25,0.25) and N freq = (1,1,1,1). Again, we
obtain the equality: U(N freq) = E(freq) = logs(4) = 2.

e [f a partition is neither pure nor fully non-specific, N freq will be dif-
ferent to freq and U(N freq)#FE(freq). A more relevant conclusion is:
E(freql)>E(freq2) does not always imply that U(N freql)>U(N ferq2).
In fact, let freql = (0.5,0.2,0.2,0.1) and freq2 = (0.4,0.3,0.3,0).
Thus, N freql = (1,0.4,0.4,0.2) and N freq2 = (1,0.75,0.75,0). This
example shows that E(freql) = 1.76 > E(freq2) = 1.57 but U(N freql)
= 0.717 < U(N freq2) = 1.18.

The last case shows that our measure and the entropy based measure do not
always select the same attribute even in the case where the training set is
labeled by certain possibility distributions.

b) Partitioning strategy

Once an attribute is selected at a given decision node and since we only deal
with discrete attributes, the partitioning strategy will be the same as with
ordinary decision trees, i.e., for each value of the selected attribute, an edge
labeled with that value is added. The process continues, recursively, for each
generated training partition 7}, as described in Section 2.5.3.

c) Stopping criteria and structure of leaves

Since our approach is dealing with training instances, classes of which are
characterized by possibility distributions, the stopping criteria, mentioned
in Section 2.5.3 cannot be directly applied and should be adapted to such a
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situation. Moreover, in the NS-PDT approach, leaves are no longer labeled
by exact class labels such as in standard decision trees. Instead, they are
labeled by possibility distributions over the different classes.

We propose the following six cases for which we should stop growing the
tree. For each generated training partition 7}:

1.

If there is no further attribute to test, we declare a leaf labeled by ngpi
the possibility distribution representing the set of possibility distribu-
tions in T,

If |T,|=0, i.e., the generated partition does not contain any instance.
In this case, the leaf will be labeled by the representative possibility
distribution of the parent partition.

If the non-specificity of the possibility distribution representing the
training partition 7, is less or equal to a pre-computed threshold AvgU
(U(Wg’ép) <= AwgU), i.e., the training partition is enough pure. Thus,
we declare a leaf labeled by wﬁgp. AwvgU represents the average of non-
specificity measures of each possibility distribution of each instance of
the whole training set 7"

AvgU = rllzf: U(m) (4.6)

where n denotes the number of instances of the training set (n=|T'|) and
7; denotes the possibility distribution on the classes of the i** instance
in 7. Note that the value of AvgU ranges in the interval [0, loga(nc)]
where nc corresponds to the number of classes of the problem.

. If NSGr < 0 (no information is gained). On the contrary, when con-

tinuing splitting, we will lose information. In this case, the leaf will be
labeled by 77,

If the non-specificity of the possibility distribution representing the
training partition T, is equal to logs(nc) and b, = ﬂz’;p (U(r,) =
U (w?ep) = loga(nc)), i.e., the partition contains only fully non-specific
possibility distributions (total ignorance). In this case, continuing the
partitioning is useless. Hence, we declare a leaf labeled by wﬁ’;p.

If the non-specificity of the possibility distribution representing the
training partition 7}, equals to 0 (U (ﬂ'?ép) = 0), i.e., all instances in the
training partition have the same class (complete knowledge). In this
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case, we declare a leaf labeled by the fully specific possibility distribu-
tion ﬂgﬁp.

It is important to mention that, when stopping criterion 5 or 6 is satisfied,
the value of the NSGr criterion will be equal to 0, i.e., no information gain
is obtained. That is stopping criteria 5 and 6 are special cases of stopping
criterion 4. We separated these criteria just to show the two particular cases
of total ignorance and complete knowledge.

Example 4.1 Let us use a modified version of the golf data set (Murphy &
Aha, 1996) used in Example 2.2 to illustrate the induction of a non-specificity
based possibilistic decision tree (NS-PDT). We have added uncertainty to T
in an artificial manner: a possibility distribution was given for each class of
each instance of T. The training set T is given by Table 4.2:

Table 4.2: Training set with possibilistic class labels

Outlook|Temp |Humidity | Wind ||7(C;) 7(Cs)
1 sunny hot high weak || 0.2 1
io || sunny hot high strong|| 0.4 1
i3 || overcast | hot high weak 1 0.7
n rainy mild high weak 1 0
i5 || rainy cool normal | weak 1 0.8
16 rainy cool normal |strong|| 0.4 1
i7 || overcast | cool normal |strong|| 1 0.9
ig || sunny | mild high weak || 0.3 1
ig || sunny | cool normal | weak 1 0.3
i10|| rainy mild normal | weak 1 0
i11|| sunny | mild | normal |strong|| 1 0.2
i12|| overcast | mild high strong|| 1 0
i13|| overcast | hot normal | weak 1 0.3
14| rainy | mild high strong|| 0 1

Let us, first, compute AvgU (using Equation (4.6)):
AvgU = 237 U(m;) = 5(02+0440.7+0+0.8+0440.9+0.3+0.3+

0+0.2+0+0.3+0) =0.321.

Let us show a detailed computation of the non-specificity gain ratio of only
one attribute, namely, the “Humidity” attribute. One should first determine
Wﬁep: From Table 4.2, using Equation (4.1), we obtain:

7TT _ ((0.2+0.4+1+1+1+0.4+1+0.3+1+1+1+1+1+0) (1+1+0.7+0+0.8+1+0.9+1+0.3+0+OA2+0+0.3+1))
AM — 14 ’ 14

= [0.73,0.58].
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We normalize (using Equation (4.2)) to obtain:

T 0.73 0.587 _ _
TRep = (5737 053 ] =1[1,0.79] = U(Tf'Rep> 0.79.
5u’:nidity Humidity
Let us now determine m g, and g™
H iditn
WThZ-;‘T e [(0.2+0.4+1+1+0.3+1+0) (1+1+0.7+0+1+0+1)]
AM - )
7 THumzdity 7 Humidity
= [0.557,0.671] = WRZ;fh =[0.83,1] = U(?TRZ;M ) = 0.83.
H idit
ety [(1+0.4+1+1+1+1+1) (0.8+1+0.9+0.3+0+0.2+0.3)]
TAM - 7 ) 7

Humidity Humidity

= [0.914,0.5] = mgomet - = [1,0.547) = U(mgom ) = 0.547.

= Unumidity (Wgep) (0 83 4+ 0.547) = 0.688.
= NSG(T, Humzdzty) =0.79 — 0.688 = 0.102.

= NSGr(T, Humidity) = SPZZ%Z;I%“;%Z/Z)@) _ 0 102 — 0.102.

Stmilarly, we obtain:
NSGr(T,Outlook) = 0.055;
NSGr(T, Temp) = 0.027;
NSGr(T,Wind) = 0.017;

Hence, the attribute that will be assigned to the root node will be “Humaid-
ity” since it has the highest non-specificity gain ratio among all the attributes.

We get the following NS-PDT tree:

Hurnidity

high normal
THumicty THumidlty
higgh normal
i1, 03, 13,14 15: 165 17 19
ig: 152, Iy SVERSIPRST

Figure 4.1: First generated NS-PDT tree

- idit dit
For the training subsets TZ-ZZ” W and T e apply the same pro-

cess as we did for the training set T until one of the stopping criteria holds.
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The final NS-PDT tree induced by our algorithm is given by Figure 4.2.

| Hurnidity |
‘ Temp ‘ | Temp |
hot nild ‘ cool hot Tild | coal
(0.6 1] [1 0.87] [0.83 1] [1 0.55] [1 0.55] [1 0.88]

Figure 4.2: Final NS-PDT tree

4.4.3 NS-PDT: Classification procedure

Once the NS-PDT tree is constructed, we can classify any object having
only values of all its attributes (see Section 2.5.2). As mentioned above, each
leaf of our decision tree will be labeled by a possibility distribution over the
different class values. Hence, to make a decision about the class of a given
object, the decision maker can take the fully possible class label (i.e. the class
having a possibility degree equal to 1). Moreover, in cases where there may
be unequal predefined costs depending on several classes in classification, the
decision maker could opt for a cost-sensitive classification. In our case, we
take the more plausible class as the final decision. When we have more than
one more plausible class, we randomly choose one class among them.

Example 4.2 Let us use the induced NS-PDT tree given in Example j.1
to classify the object Oq(Outlook:overcast, Temp:hot, Humidity: high, Wind:
strong). Beginning from the root node of the tree, and following the edges
relative to O1’s attribute values, we reach the leaf labeled by the possibility
distribution [0.6 1]. If we decide to take the fully possible class, object O
will be assigned the class Cs.

4.5 Conclusion

In this chapter, we have dealt with the problem of building decision trees from
imperfect data: an important problem which concerns most of real-world ap-
plications. More precisely, we were inspired by the standard decision tree
approach to find a method that handles possibilistic class labels. We have
proposed an approach that uses the concept of non-specificity in order to
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decide which possibility distribution is more informative than the other.

The NS-PDT approach does not make any meta-treatment on the possi-
bility distributions labeling instances of the training set. Rather, it keeps up
the possibility distributions within all the stages of the building procedure
and especially when evaluating the informativeness of the attributes in the
attribute selection step. This ensures that a maximum amount of informa-
tion is retained.

In next chapter, we propose other possibilistic decision tree approaches:
a similarity-based approach and a clustering-based approach. Contrary to
the NS-PDT approach, each of these approaches tries to get rid of the pos-
sibilistic labels in its own way when assessing the discriminative power of a
given attribute. An in depth empirical evaluation will be further provided
by contrasting the three proposed approaches in Chapter 6.



Chapter 5

Possibilistic Decision Trees:
Getting rid of Uncertain Labels

5.1 Introduction

In the last chapter, a non-specificity based possibilistic decision tree approach
has been proposed (Jenhani et al., 2008). It dealt with building decision trees
from possibilistic labeled examples. In the NS-PDT approach, we have kept
up with the possibility distributions throughout all the building phase and
especially when evaluating the homogeneity of training partitions.

In this chapter, we propose two additional approaches that extend C4.5
algorithm to deal with possibilistic labeled examples. Both approaches are
mainly based on the concept of possibilistic similarity previously detailed
in Chapter 3. The first approach so-called Sim-PDT (for Similarity-based
possibilistic decision tree) introduces the mean similarity of the possibility
distributions belonging to each training partition when evaluating its entropy.
The second approach so-called Clust-PDT (for clustering-based possibilistic
decision tree) uses a clustering step in order to make the C4.5’s gain ratio at-
tribute selection measure applicable even on a set of possibility distributions.

Contrary to the NS-PDT approach detailed in Chapter 4, both Sim-PDT
and Clust-PDT approaches neatly got rid of the possibility distributions la-
beling the training instance when assessing the impurity of a given partition.
Each of these approaches used its own strategy to do that. Interestingly, for
the standard case of exactly labeled training set, both Sim-PDT and Clust-
PDT approaches recover the C4.5 algorithm, whereas the NS-PDT does not
recover it.

113
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The rest of the chapter is organized as follows: Section 5.2 details the
building and classification procedures of the similarity-based possibilistic de-
cision tree approach. Section 5.3 presents the different components of the
clustering-based possibilistic decision tree approach.

5.2 Similarity-based possibilistic decision trees
(Sim-PDT)

A similarity-based possibilistic decision tree (Sim-PDT) (Jenhani et al., 2008,
2008a) has exactly the same representation as a non-specificity-based possi-
bilistic decision tree provided in last chapter. Let us detail, as we did with
the NS-PDT approach, the building and the classification procedures for the
Sim-PDT approach.

5.2.1 Sim-PDT: Building procedure

Recall that in the possibilistic setting, instances’ classes in the training set
will be represented by possibility distributions over the different classes of
the problem instead of exact classes. Consequently, each training partition
will be characterized by a set of possibility distributions corresponding to the
labels of the instances belonging to that partition. Hence, one must find a
way for assessing homogeneity of such partitions. The idea consists in mea-
suring the entropy of each partition weighted by the mean similarity degree
of the possibility distributions in the corresponding partition. Let us define
the basic components for the Sim-PDT approach:

a) Meta-classes and wrapper possibility distributions

Given a training set 7' (the initial partition) containing n instances and given
the set of attributes, let us denote by m; the possibility distribution labeling
the class of the instance ¢ in 7.

In standard decision trees, homogeneity of a partition is determined by
the entropy of that partition. However, in our context, m;’s are most of the
time very different, so it has no sense to directly compute their frequencies
in order to determine the entropy of T' (the entropy will be maximal). More-
over, one cannot simply view each m; as a new class. First, because the
number of classes will be exponential. Second, there are similar distributions
that should be considered as globally expressing same or similar pieces of
information. For instance, we cannot simply consider the distributions [1,
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0.2] and [1, 0.21] as two different exclusive classes, but we will consider them
as similar.

Hence, we need a finite set of Meta-Classes MCj—; ,,. Each MC; cor-
responds to a meta-class which gathers together all possibility distributions
similar to a predefined wrapper possibility distribution (say WD;). More
precisely, wrapper possibility distributions are binary possibility distribu-
tions (i.e., Vw € Q,m(w) € {0,1}) representing special cases of complete
knowledge, partial ignorance and total ignorance representing the set of ref-
erence distributions.

Suppose that we have a problem with nc classes (i.e., 2 = C' = {C}, Cs, ...,
Che}). We define a degree of imprecision dimp € {1, ...,nc} which will allow
to determine the set of WD to be used. For instance, for a problem with
three classes (nc=3):

o If dimp = 1 (First-Level Wrapper Distributions), we will only consider
wrapper possibility distribution corresponding to complete knowledge
(precise classes), i.e., WD = {][1,0,0],[0,1,0],[0,0,1]}.

— MC = {Mcl,MCQ,M03}.

o If dimp = 2 (Second-Level Wrapper Distributions), we will also con-
sider partial ignorance, i.e., WD = {[1,0,0], [0, 1, 0], [0, 0, 1], [1, 1, 0],
[1,0,1],]0,1,1]}.

— MC = {Mcl,MOQ,MOg,MC4,MC5,MOG}.

e If dimp = 3 (Third-Level Wrapper Distributions), we will also consider
total ignorance, i.e., WD = {[1,0,0], [0, 1,0],[0,0,1], [1,1,0],[1,0,1],
0,1,1],[1,1,1]}.

- MC == {MCl,MCQ,MCg,MC4,MC5,MCG,MC7}.

We consider the general case (dimp = nc). After specifying the set of
Meta-Classes M C', to each 7;, we will assign the most similar wrapper distri-
bution, WD; such that j = arg maxt, { Af f(7;, WD;)} where m is the total
number of wrapper distributions and Aff corresponds to the information
affinity index (see Equation (3.8)). Note that, as in standard decision trees,
ties are broken arbitrarily.

b) Affinity-Gain ratio
After mapping the different 7;’s to their corresponding MCj’s, it becomes
possible to assess the discriminative power of each attribute in partitioning
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a set into homogeneous subsets by extending the well-known gain ratio cri-
terion (Quinlan, 1993). First, we define the Affinity-Entropy Gain (AGain)
of an attribute Ay by:

AGain(T, Ay) = AE(T) — AE4, (T) (5.1)
where
AB(T) = =3 (og AT MC)) + (T o S 62
and "
Ay = > Bl apas 5.3

UED(Ak)

where |MC}| in Equation (5.2) denotes the number of objects in the training
set T belonging to the meta-class MC}.

Obviously, to compensate for the information loss resulting from getting
rid of possibilistic labels (by grouping resemblant ;’s into their correspond-
ing MC,’s), we have introduced the AvgAf f(MC}) factor which represents
the average similarity between the original possibility distributions m,—;
assigned to MCj:

n—1 \n
AvgAf F(MCy) = =t it AL (T o) (5.4)

nkx(n—1)
2

The Affinity-gain ratio is expressed in the same way as the classical gain ratio
using SplitInfo (Equation (2.5)):

AGain(T, Ay)
SplitInfo(T, Ax)

AGr(T, Ay) = (5.5)

Obviously, the attribute maximizing AGr will be assigned to the decision
node at hand.

Proposition 5.1 If training sets are crisp, then AvgAff(MC;) = 1.

Proof of Proposition 5.1

In crisp training sets, each instance is labeled by a precise class given in
the form of a fully precise possibility distribution which assigns the degree
1 to the true class label and 0 to all remaining labels. Hence, Vj, we have
MC; = C; . Then, |[MC;| will correspond to the number of instances labeled
by the same class C;. Consequently, we will always have AvgAff(MC;) =1
since it contains identical possibility distributions.
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Corollary 5.1 For crisp trainig sets, the Sim-PDT approach recovers the
standard C4.5 approach.

Example 5.1 Let us use the uncertain training set used in Fxample 4.1 to
illustrate the notion of wrapper distributions. Let us recall the training set:

Table 5.1: Training set with possibilistic class labels

Outlook|Temp |Humidity | Wind ||7(C) 7(Cs)
11 || sunny hot high weak || 0.2 1
io || sunny hot high strong|| 0.4 1
13 || overcast | hot high weak 1 0.7
n rainy mild high weak 1 0
i5 || rainy cool normal | weak 1 0.8
ig rainy cool normal |[strong|| 0.4 1
i7 || overcast | cool | mnormal |strong|l 1 0.9
ig || sunny | mild high weak || 0.3 1
ig || sunny | cool normal | weak 1 0.3
i10|| rainy mild normal | weak 1 0
i11|| sunny | mild normal |strong 1 0.2
i12|| overcast | mild high strong| 1 0
i13|| overcast | hot normal | weak 1 0.3
i14|| rainy mild high strong|| 0 1

When taking dimp = nc = 2, the set of wrapper distributions relative to
this example will be WD = {[1,0],[0,1],[1, 1]}.

Consequently, MC' = {MCy, MCy, MC3} such that MCy = {iq4, 9,110,
i1171127i13}7 MC2 = {i17i27i67i87i14} CI,TLd MC3 = {i37i57i7}'

In this example, Af f is used with: d = Normalized Manhattan distance,
A = min operator and A = k = 0.5.

The Affinity-Entropy of the set T is computed (using Equation (5.2)):
AE(T) = —0.956%( 2 xloga L) —0.95%(Z#logs 2 ) —0.966% (£ xlogs ) = 1.464.

c) Partitioning strategy

Once an attribute is selected at a given decision node and since we only deal
with nominal attributes, the partitioning strategy will be the same as with
standard decision trees (see Section 2.5.3).

d) Stopping criteria
For the Sim-PDT approach, as for standard decision trees, we present the



118 Chapter 5: Possibilistic Decision Trees: Getting rid of Uncertain Labels

following cases for which we should stop the partitioning process for each
generated training partition 7}, and hence stop growing the tree:

1. There is no further attribute to test.

2. There is a partition 7}, in which all possibility distributions belong to
the same Meta-Class MCj.

3. AGr <=0, i.e., no information is gained. In this case, continuing split-
ting produces less similar possibility distributions within the obtained
partitions.

4. |T,|=0: the generated partition does not contain any instance.

e) Structure of leaves
As within NS-PDT trees, leaves of induced Sim-PDT trees will be labeled by
possibility distributions on the different classes rather than crisp classes.

In fact, when the above stopping criterion 1 or 2 or 3 is satisfied for a
training partition 7}, containing n possibility distributions, we will declare a
leaf labeled by the the possibility distribution (7¢ese) Which corresponds to
the closest distribution to all the remaining distributions in the set 7}, which
is given by:

Zj;éi Aff<77i,77j)
EEsTa (56)

Hence, when considering the special case of a leaf with only certain possibil-
ity distributions, if we take the fully possible class of (T¢ise(1))) as a final
decision, we join the solution of majority class adopted by standard decision
trees.

Totose(1p) = arg nlglzilx{

Finally, when stopping criterion 4 is satisfied, we declare a leaf labeled by
the representative possibility distribution (7¢gese) of the set of the previous
level.

Example 5.2 Let us continue with Example 5.1 to show a detailed com-
putation of the affinity-gain ratio of the “Wind” attribute. Let us compute
AE(TYmdy and AE(TYind) using Equation (5.2):

strong weak

AE(TYndY = —(0.95)#(2xloga2) —(0.93)(2xloga2) — (1)* (s xloga§) = 1.397.

strong
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AB(TYind) = —(0.95) * (4 xlogag) — (0.97) % (2 #logs2) — (0.97) x (2 xloga2) =

weak

1.445.

= Using Equation (5.3), we obtain:

AEwina(T) = & % 1.397 + & + 1.445 = 1.424.

= Using Equation (5.1): AGain(T, Wind) = 1.464 — 1.424 = 0.04.

= Using Equation (2.5): SplitInfo(T,Wind) = —3 *loga; — & *loga =
0.985.

= Finally, using Equation (5.5): AGr(T, Wind) = st = 0.0406.

Similarly, we obtain:
AGr(T, Outlook) = 0.213;
AGr(T,Temp) = 0.158;
AGr(T, Humidity) = 0.115;

Hence, we will assign the attribute Outlook to the root node since it maxi-
mizes AGr. We get the following Sim-PDT tree:

| Otlook ‘

TOutlook Toutlook TOutlook
SLNMy overcast rainy
11,12, 1 i3, 17, 14,15, 16,

9,11 112,113 Tips 114

Figure 5.1: First generated Sim-PDT tree

For the training subsets TOuHook = Outlook gy g qOutlook 40 anply the same

sunny ’ - overcast rainy
process as we did for the training set T until one of the stopping criteria

holds.
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The final Sim-PDT tree induced by our algorithm is given by:

| Outlook |
Hurmidity [1 0.3] Wind
hVWrmal Stry/weak
[0.3 1] [0.4 1] [1 0.8] [1 O]

Figure 5.2: Final Sim-PDT tree

5.2.2 Sim-PDT: Classification procedure

The classification procedure of the Sim-PDT approach is strictly identical to
the one of the NS-PDT approach given in Section 4.4.3.

Example 5.3 Let us use the induced Sim-PDT tree to classify the same
object Oy (Outlook:overcast, Temp:hot, Humidity: high, Wind: strong) given
in Example 4.2. Beginning from the root node of the tree, and following
the edges relative to O1’s attribute values, we reach the leaf labeled by the
possibility distribution [1 0.3]. If we decide to take the fully possible class,
object O1 will be assigned the class C.

5.3 Clustering-based possibilistic decision trees
(Clust-PDT)

A clustering-based possibilistic decision tree (Clust-PDT) (Jenhani et al.,
2009) has also the same representation as the NS-PDT and the Sim-PDT
approaches.

5.3.1 Clust-PDT: Building procedure

The latter approaches, namely, NS-PDT and Sim-PDT, present some prob-
lems. For instance, the major problem for the NS-PDT approach is that it
does not recover C4.5 in the certain case. The main problem with the Sim-
PDT approach is related to the number of wrapper possibility distributions
(and hence the number of Meta-classes) to be considered at the beginning of
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the building procedure. In fact, the number of meta-classes is exponential in
the number of classes. This will badly affect the performance of the induced
possibilistic decision trees in terms of classification accuracy and time. To
avoid this problem, we propose a clustering-based approach that performs
a hierarchical clustering of the whole possibility distributions reaching each
partition to automatically determine the meta-classes in each generated par-
tition.

In what follows, we will present the components of the Clust-PDT ap-
proach. We will mainly concentrate on the way the possibility distributions
are clustered and on the attribute selection measure component, namely, the
Clust-Gain ratio measure. As in the Sim-PDT approach, the information
affinity measure proposed in Chapter 3 will play a central role within the
Clust-PDT approach.

a) Clustering of the possibility distributions

Given a training set T' containing n instances and given the set of attributes,
let us denote by m; the possibility distribution labeling the class of the in-
stance ¢ in T'. The idea consists in regrouping similar 7;’s into clusters using
our proposed possibilistic similarity measure (Jenhani et al., 2007, 2008b).
Then, each cluster will be assigned a label (Clust;) so that similar possibility
distributions will no longer be considered as different but will be labeled by
the same label (the label of the cluster).

The following presents the way possibility distributions are clustered.

Hierarchical clustering of the possibility distributions

In the Sim-PDT approach, the number of meta-classes should be fixed a
priori. Moreover, when choosing dimp = nc, this number will increase ex-
ponentially. To address this problem, in this approach, we have chosen to
automatically cluster possibility distributions without fixing the number of
clusters. Hence, we have opted for a hierarchical clustering method.

Given a set of n possibility distributions m;—; , to be clustered, and an
n % n similarity matrix (the similarity between any two possibility distribu-
tions 7y, m is determined by Af f(m, m)), the process of the agglomerative
hierarchical clustering (Johnson, 1967; Hastie et al., 2001) of a set of possi-
bility distributions is performed as follows:

1. Start by assigning each 7; to a cluster, so that if you have n possibility
distributions, you obtain n clusters, each containing just one possibility
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distribution. Let the similarities between the clusters be the same as
the similarities between the possibility distributions they contain.

2. Find the most similar pair of clusters and merge them into a single
cluster, so that now you have one cluster less.

3. Compute similarities between the new cluster and each of the old clus-
ters.

4. Repeat steps 2 and 3 until reaching a predefined similarity threshold
ST.

The similarity between two clusters of possibility distributions can be
computed in several ways which makes the difference between what are called
single-linkage, complete-linkage and average-linkage clustering. We have cho-
sen the complete-linkage clustering in which the similarity between two clus-
ters corresponds to the similarity between the two least similar possibility
distributions (one from each cluster).

The similarity threshold ST" plays the role of a stopping criterion in the
clustering process. In fact, after computing the different similarities between
the clusters formed in step s — 1, if the greatest similarity is strictly less than
ST OR ST < 0.5, we should stop the clustering process and hence keep the
clusters of step s — 1 as a final result. The similarity threshold of a given
partition is computed as follows:

ST — iy it Af f(mi, 7))

n*(n—1)
2

(5.7)

In this approach, performing clustering before and after splitting will not
give the same results because the cluster that will be assigned to a given pos-
sibility distribution strongly depends on the other possibility distributions
on the same partition. Hence, to obtain accurate results, we will integrate
the above hierarchical clustering procedure in the attribute selection step.
Namely, we will re-perform clustering whenever a splitting of a training par-
tition is done.

b) The Clust-Gain ratio attribute selection measure
We define the Clust-Gain ratio by:

ClustGain(T, Ay)

ClustGrT, A) = g fol T, Ay)

(5.8)
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SplitInfo(T, Ax) is given by Equation (2.5) and ClustGain(T, Ay) is given
by:

ClustGain(T, Ay) = ClustE(T) — ClustE4, (T) (5.9)
where 1 i
Ui t; t;
ClustE(T) = — Z<ﬂ logy CLustil (5.10)
=T 7]
and
|7 A
ClustEs (T) = > Y — ClustE(T;*) (5.11)

|Clust;| in Equation (5.10) denotes the cardinality of objects in (sub)-
partition T whose class labels (i.e. possibility distributions) were assigned to
the cluster Clust;. m denotes the number of obtained clusters which varies
from one (sub)-partition 7" to another. Obviously, the attribute maximizing
ClustGr will be selected as the label of the current decision node.

Proposition 5.2 If all training instances are precisely labeled then Clust-
PDT is equivalent to C4.5.

c) The partitioning strategy
We keep the same partitioning strategy of the NS-PDT and Sim-PDT ap-
proaches.

d) The stopping criteria

Stopping criteria for the Clust-PDT approach are the same as for the Sim-
PDT approach. Namely, we should stop the partitioning process for each
generated training sub-partition 7, if :

1. There is no further attribute to test.

2. There is a partition 7, with only one cluster: all possibility distributions
in 7}, belong to the same cluster.

3. ClustGr <= 0: no information is gained.

4. |T,|=0: the generated partition does not contain any instance.

e) Structure of leaves

The Clust-PDT approach with its hierarchical clustering step seeks to remain
faithful to the original possibility distributions of the training set and hence
will produce leaves labeled by one among these possibility distributions.

- When stopping criterion 1 or 2 or 3 is satisfied for a training partition
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T, containing n possibility distributions: we declare a leaf labeled by the
representative possibility distribution of that set (7ciose) (Equation (5.6)).

- When stopping criterion 4 is satisfied, we declare a leaf labeled by the
representative possibility distribution (mcyese) of the set of the previous level.

Example 5.4 In order to illustrate the Clust-PDT approach, we will con-
sider the same possibilistic training set given in Table 5.1.

We should find the most informative attribute that will be selected as the
label of the root node. Namely, we should begin by computing ClustGr(T, Ou—
tlook), ClustGr(T,Temp), ClustGr(T, Humidity) and ClustGr(T, Wind)
then choose the attribute providing the greatest value. In this example, we
will only show steps for computing ClustGr(T, Wind). The same process
applies to the other attributes.

Step1: Split_info(T, Wind) = —2 * loga(L) — & * loga () = 0.985.
Step2: In order to compute ClustGain(T, Wind), we should compute
ClustE(T) and Clust Eyina(T). Let us start by computing Clust E(T).

At this step, we should perform a hierarchical clustering of the possibility
distributions in T as described in Section 5.3.1. The computation of the sim-
tlarity threshold ST associated to T gives the value: 0.649. In this example,
Aff is used with: d = NormalizedManhattan distance, N = min operator
and A\ = Kk = 0.5.

The application of the complete-linkage hierarchical clustering algorithm
onT gives 2 clusters: Clust, = {i1, 12, g, s, 114}, Clusty = {is, 4, i5, i7, i9, i10,
i11, %12, 013}. Hence, ClustE(T) = —% * logQ(%) — 1% * logg(%) = 0.94.

Now, to compute Clust Eyina(T), we should compute ClustE(T}n?) and
ClustE(TYVind) qs we did with ClustE(T).

weak
The application of the complete-linkage hierarchical clustering algorithm
on Ty nd with associated ST = 0.6 (resp. on T, %" with associated ST =
0.67) has given 2 clusters Clust; = {iy,ig,914} and Clusty = {ir,i11,%12}
(resp. 2 clusters Clusty = {is, 14, 15,19, 110, 113} and Clusty = {i1,is}).
= ClustE(T}ne) = =3 xloga(3) — 3 % loga(3) = 1.

strong
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weak

= ClustEwma(T) = & x 14+ £ % 0.811 = 0.892.
= ClustGain(T, Protocole_type) = 0.94 — 0.892 = 0.048.
= ClustGr (T, Protocole_type) = 3038 = 0.049.

and ClustE(Tyvind) = =% % logs(3) — 2 * loga(3) = 0.811.

Similarly, we obtain ClustGr(T, Outlook) = —0.025, ClustGr(T, Temp) =
0.019 and ClustGr(T, Humidity) = —0.24. Hence, the root node of our tree
1s labeled by Wind. We get the following Clust-PDT tree:

| wind |
Twind T¥indd
weak strong
I‘j) 1.3.! I‘d; I‘j) 3‘2" I.lﬁ’ I‘?-’

fg,1g. i1 SIRRIFIRSY!

Figure 5.3: First generated Clust-PDT tree

For the training subsets Tb,7 and Tyind, we apply the same process as

we did for the training set T until one of the stopping criteria holds.

The final Clust-PDT tree induced by our algorithm is given by Figure 5.4.

| Wind \
weak trong
| Outlaak | [1 0.9]
SMNV
[0.3 1] [1 0.8] [1 0]

Figure 5.4: Final Clust-PDT tree
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5.3.2 Clust-PDT: Classification procedure

The classification procedure of the Clust-PDT approach is the same as the
one of the NS-PDT and Sim-PDT approaches.

Example 5.5 Let us use the induced Clust-PDT tree to classify the same
object Oy (Outlook:overcast, Temp:hot, Humidity: high, Wind: strong) given
in Example 4.2. We obtain the possibility distribution [1 0.9]. This situation
18 very close to a situation of total ignorance. Consequently, if we continue
choosing the most plausible class label (i.e. C1), we should do it carefully.

All possibilistic decision tree approaches proposed in this dissertation,
namely, NS-PDT, Sim-PDT and Clust-PDT are designed to handle possi-
bilistic class labels using different manners. When applied to the same possi-
bilistic training set, these different approaches result in different possibilistic
decision trees and hence lead to different classification results. The empirical
comparison of the three approaches will be the focus of the next chapter.

5.4 Conclusion

In this chapter, we have developed two additional approaches so-called Sim-
ilarity and Clustering based possibilistic decision trees. Interestingly, both
approaches represent an extension of C4.5 to the uncertain setting.

In the first approach, the assessment of the impurity of a set of possibil-
ity distributions representing instances’s classes belonging to a given training
partition passes through the following two steps: First, each possibility dis-
tribution is assigned to a meta-class. Second, we evaluate the entropy of the
distributions of meta-classes and weight them by the mean similarity of the
initial possibility distributions forming each meta-class.

The second proposed approach integrates a hierarchical clustering rou-
tine in the standard attribute selection measure (the gain ratio criterion) in
order to assign each possibility distribution to a given cluster which will be
considered as a “Crisp” class. The hierarchical clustering is well suited to
problems where the decision maker suggests a decision (a label) that is as
faithful as possible to original labels (a possibility distribution).

Clearly, in order to be able to extend the gain ratio attribute selection
measure to the possibilistic setting, each approach got rid of the initial pos-
sibilistic labels using its own strategy.
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After the theoretical development of the different proposed possibilistic
decision tree approaches, the next chapter will focus on experimenting these
approaches on different possibilistic versions of data sets taken from the U.C.I
machine learning repository (Murphy & Aha, 1996).



Chapter 6

Experimenting Possibilistic
Decision Trees

6.1 Introduction

Implementing our proposed possibilistic decision tree approaches will allow
us to show the feasibility of the task of building decision trees from instances
classes of which are given in the form of possibility distributions.

We will first show that the simple solution that consists in using a stan-
dard decision tree algorithm (e.g. C4.5) by ignoring the uncertainty by taking
the most plausible class label is not a good solution. Then, we will test our
proposed methods to confirm this result and show that the possibilistic ap-
proaches give more interesting results.

Regarding the three proposed possibilistic approaches, we will try to make
some comparisons not to decide which is the best one but just to make some
conclusions.

The rest of the chapter is organized as follows. In Section 6.2, we provide
all preliminary steps for making our experimentations by giving the char-
acteristics of the used data sets and the way of creating possibilistic labels
for these data sets. We also propose some interesting evaluation criteria for
possibilistic decision trees. In Section 6.3, we report results of the different
approaches on the different data sets and provide a deep analysis of these
results.

128
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6.2 Experimental settings

In this section, we provide all necessary parts related to the evaluation of the
possibilistic decision tree approaches. We start by providing a description of
the used data sets. Then, we explain how possibilistic labels are created in
order to replace the crisp class labels for those data sets. Different perfor-
mance criteria are proposed for the evaluation of possibilistic decision trees.
Finally, we give the commonly used testing strategies.

For the evaluation of the possibilistic decision tree approaches proposed
in this dissertation, we have developed a Possibilistic Decision Tree Toolbox
(PD2T) implemented with Matlab 6.5. The toolbox includes the NS-PDT
approach as well as the Sim-PDT and Clust-PDT approaches. More details
about the toolbox are given in Appendix B.

6.2.1 Data sets

The experimental study is based on several data sets selected from the U.C.I
repository of machine learning databases (Murphy & Aha, 1996). A brief
description of these data sets is given in Table 6.1. #instances, #attributes
and #classes denote respectively the total number of instances, the number
of attributes and the number of classes. Since we only deal with categorical
attribute values, we have chosen the following data sets:

Table 6.1: Description of data sets

Data set #instances|#attributes|#classes
Balance Scale 625 4 3
Car Evaluation 1728 6 4
Hayes-Roth 160 4 3
Lung Cancer 32 56 3
Lymphography 148 18 4
Nursery 12960 8 5
SPECT Heart 267 22 2
Tic-Tac-Toe Endgame 958 9 2
Voting 497 16 2
Breast Cancer Wisconsin 699 8 2

Despite the great interest to the field of data mining from uncertain data
these last years, real uncertain data and more specifically, possibilistic train-
ing data sets are not yet available. Hence, most of researchers on the field of
uncertain data mining create uncertainty in artificial manners.
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Data sets of the U.C.I. repository (and consequently those given in Table
6.1) are crisp data and do not contain neither uncertain attributes nor uncer-
tain class labels. Thus, we should contaminate these data sets by creating for
each instance of each data set, a possibility distribution on the different pos-
sible class labels in order to get the same structure of the training set needed
in building possibilistic decision trees. Namely, each instance will keep its
original attribute values unchanged but its class label will be replaced by a
possibility distribution.

6.2.2 Creating possibilistic labels

The contamination of the class label of a given instance can be done in several
ways. Mainly, two strategies (Hiillermeier & Beringer, 2006) can be used: a
random strateqy and a Bayes strategy.

e In the random strategy, the true class label takes the possibility degree
1 and random possibility degrees € [0, 1] are assigned to the remaining
class labels. The main drawback of this strategy lies in its assumption
that candidate labels occur independently of each other which is not
realistic.

e The Bayes strategy assigns possibility degrees to candidate class labels
in a more controlled way by taking into account the dependency that
could exist between classes. More specifically, a possibilistic training
set (with possibilistic class labels) 77" is obtained from a crisp training
set T as follows:

1. Train a naive Bayes classifier (described in Section 2.4.2) using
the original crisp training set 7. We have used the Weka (Witten
& Frank, 2005)’s implementation of the naive Bayes classifier.

2. Use the obtained naive Bayes classifier to predict the class label of
each training instance in 7. Recall that the naive Bayes classifier
is a probabilistic classifier that provides a probability distribution
on the candidate class labels instead of a unique label. We have
also used the naive Bayes implemented in Weka to obtain these
predictions.

3. For each training instance i, transform the obtained probabilis-
tic prediction p; into a possibility distribution m; using Equation
(1.19).

4. Keep the attribute values of each instance ¢ in 7" unchanged, re-
place its true class label by the obtained m; and add the new
instance to 771'.
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In our experiments, we have opted for the second approach which is more
interesting and in which the determination of possibility degrees on class
labels is more justified than with the random model. Moreover, this latter
could result in possibilistic labels that can largely differ from the initial labels
and this will result in some loss of the semantic of the training set. Hence, by
using the Bayes strategy, we have created the possibilistic version for each one
of the crisp data sets given in Table 6.1, namely, Poss-Balance Scale, Poss-
Car Fvaluation, Poss-Hayes Roth, etc. Obviously, the possibilistic versions
keep the same characteristics provided for the crisp versions (i.e. we have
the same values of #instances, #attributes and #-classes).

6.2.3 Performance indicators

Some criteria for the evaluation of standard decision trees cannot be directly
used with possibilistic decision trees. Hence, we propose three categories of
criteria for the evaluation of the possibilistic decision tree approaches:

1. Tree size criteria: include the number of non-empty leaves (#leaves),
the number of internal nodes (#nodes) and the height of the tree
(height), i.e., the length of the longest path in the tree. The latter
criterion gives an idea about the understandability of the rules repre-
sented by the tree (Deeper trees are less comprehensible).

2. Building time criterion (T.build): measures, in seconds, the time
taken to construct the tree from a given training set.

3. Classification accuracy criteria: assess the efficiency of the con-
structed tree in the classification of new unlabeled instances. Because
training instances are labeled by possibility distributions in possibilistic
decision trees, we propose the following criteria:

e The percentage of Cautious Most Plausible-based correct
classification (CMPcc%): consists in computing the percent-
age of instances whose all most plausible labels (i.e. labels with
a possibility degree equal to 1) given by the induced possibilistic
decision tree are exactly the same as their all initial most plausible
labels (obtained from the possibility distribution labeling the test-
ing instance in the training set). This is a rigid “all or nothing”
criterion. Formally:

number of exactly well classified instances

CMPcc = x 100

(6.1)

total number of classified instances
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CMPcc varies in the interval [0,100]. The larger the CMPcc is,
the better the classier is. If for all instances, we have always only
one most plausible class label, we recover the standard PCC' (per-
centage of correct classification) criterion given by:

PCC = number of well classified instances % 100

total number of classified instances

A well classified instance in the standard setting is an instance
whose predicted label is the same as its initial label.

e The Information Affinity-based criterion (InfoAffC): con-
sists in measuring for each instance the affinity between the initial
possibility distribution labeling the instance (7™*) and the one
obtained by the possibilistic decision tree (77*%!) using our pro-
posed information affinity measure (Equation(3.8)). Formally, for
a training set with n instances, we have:

InfoAffC = izn:Aff(ﬂjf"”,ﬂfeS““) (6.2)
i=1

InfoAffC does not only focus on the most plausible classes. How-
ever, it considers all possibility degrees of the possibility distribu-
tion. Hence, it gives an idea about the quality of the possibility
distributions. InfoAffC varies in the interval [0,1]. High values of
InfoAffC' do not only imply that the induced trees are accurate
but also imply that the possibility distributions provided by the
induced possibilistic trees are of high quality and faithful to the
original possibility distributions.

Other performance criteria are used for the evaluation of standard classifiers
such as the root mean squared error (a widely used measure in statistics) and
the error rate which is exactly the converse of the PCC' criterion. We can
also mention the Kappa statistics (Siegel & Castellan, 1988) which penalizes
the PCC' by the percentage of instances that could be correctly classified
by chance. More recently, receiver operating characteristic (ROC) curves
(Bradley, 1997) have been used to evaluate classification algorithms.

6.2.4 Testing strategy

In order to estimate the accuracy of a classifier in predicting the class labels
of new unlabeled objects, we need what we have called a training set to con-
struct the tree and a testing set (a set of labeled instances) to evaluate it.



Chapter 6: Experimenting Possibilistic Decision Trees 133

The evaluation of standard classifiers consists in comparing the true class
label of each testing instance with the class label predicted by the classi-
fier. However, this cannot be directly applied with uncertain classifiers such
as possibilistic decision trees. In fact, with possibilistic decision trees, we
have possibilistic predictions instead of exact and precise predictions. Con-
sequently, one should compare, for each testing instance, the predicted pos-
sibility distribution with its true class label. At this point, the true class
label of a given testing instance could be either the initial possibility distri-
bution labeling the instance or the initial crisp class labeling the instance.
The choice is strongly related to what is desired and what is expected from
the possibilistic classifier.

If someone wants a precise response from the possibilistic classifier, then
one can apply a decision rule to obtain the class label from the predicted
possibility distribution and compare it with the initial crisp label of the test-
ing instance. This is not our aim in this dissertation.

Conversely, in our work, we only want a response that is as faithful as pos-
sible to what was learned by the classifier: the goal for which our possibilistic
decision tree approaches have been designed. Hence, since our possibilistic
classifiers have learned from instances labeled with uncertain classes, we will
not ask them to give us a precise response. Consequently, for each testing
instance, the possibility distribution labeling its class will be matched against
the predicted possibility distribution (i.e. given by the classifier for that test-
ing instance).

From a given data set, different strategies (Forina et al., 1994; Kohavi,
1995; Picard & Cook, 1984) are proposed for the definition of a training and
a testing set. These strategies do not depend on the nature of the data set
(i.e. wether it is crisp or uncertain) and then can be directly applied to a
possibilistic data set. These strategies are summarized as follows:

e Holdout validation: In this simple method, a subset of instances is
randomly chosen from the complete data set to form a testing set. The
remaining instances are retained as the training set. The problem with
this method is that we are not sure that the randomly selected training
and testing sets are the best ones for the evaluation.

e Repeated random sub-sampling validation: This method ran-
domly splits the data set into a training and a testing set. For each
split, a (possibilistic) decision tree is built on the training set, and then
evaluated using the testing set. Results are then averaged over the



134 Chapter 6: Experimenting Possibilistic Decision Trees

splits. The disadvantage of this method is that some instances may
never be selected in the testing set, whereas others may be selected
more than once.

e K-fold cross-validation: In this method, the data set is partitioned
into K sub-partitions. The cross-validation process is then repeated
K times (the folds): In each fold, each of the K sub-partitions is used
exactly once as the testing data and the remaining K-1 sub-partitions
are used as the training set. The K results are then averaged. The
advantage of this method over repeated random sub-sampling is that
all instances are used for both training and testing, and each instance
is used for testing exactly once. 10-fold cross-validation is commonly
used.

e Leave-one-out cross-validation: From a given data set, this method
takes a single instance as the testing set and the remaining n-1 instances
as the training data. This is repeated such that each instance in the
data set is used once for testing. Formally, this is equivalent to as
a K-fold cross-validation with K = n. Logically, leave-one-out cross-
validation will be the most unbiased testing strategy. However, among
the above strategies, this strategy is the most computationally expen-
sive one because of the large number of times the training process is
repeated.

For our experiments, we have chosen the 10-fold cross-validation strategy
which offers a good compromise between bias and complexity.

6.3 Results and discussion

For reasons of clarity, we report results of the different possibilistic deci-
sion tree approaches per data set. Namely, we put together the results of
the NS-PDT, the Sim-PDT and the Clust-PDT trees for each possibilistic
data set in separated tables (i.e. one table for each possibilistic data set).
We have also added results of a baseline method which ignores uncertainty.
This naive approach consists in taking from each possibilistic class distribu-
tion, the most plausible class label (in case of more than one label, a random
choice is made) and then apply a standard home-made C4.5 algorithm (with-
out pruning). This approach will only serve for a comparison purpose.

Results shown in the different tables (from Table 6.2 to Table 6.11) are
obtained by applying a 10-fold cross-validation testing process on the gener-



Chapter 6: Experimenting Possibilistic Decision Trees 135

ated possibilistic versions of the data sets given in Table 6.1.

Hence, each reported value (per data set, per approach and per criterion)
corresponds to the mean value over the 10 iterations (folds) complemented
by its standard deviation given in brackets.

Standard deviation will give an idea about the degree of dispersion of
the elementary values around their mean. That is, small standard deviation
values (relatively to the mean) indicate that the averaged values are so close
to each others and to their mean, whereas, large values indicate that the
differences between the averaged values are more important.

In what follows, we provide, for each possibilistic data set and for each
possibilistic decision tree approach: the mean number of leaves (M.#leaves),
the mean number of nodes (M.#nodes), the mean height (M.height), the
mean building time (M.T.build), the mean percentage of cautious most plausible-
based correct classification (M.CMPcc%) and the mean of the Information

Affinity-based criterion (M.InfoAffC).

Table 6.2: Possibilistic Balance Scale (Results)
’Method M.#leaves | M. #nodes \M helght\M T. bulld\ M.CMPcc% |M. InfoAﬂ'C‘

INS-PDT }2114 34.83) } 52. ) | 4(0) [9.67 (0.27)[43.82 (16. 76)} 0.77 (0.04) |
[Sim-PDT | 437 (16.5) | 109 412 ) | 4(0) [47.32 (0.37)[ 43.75 (17.69) | 0.83 (0.03) |
l k”“‘”“’k iR )

80

[Clust-PDT[123 (110.16)[3 2.4 (1.96)[ 67.6 (3.75) | 18.15 (14.7) [0.87 (0.01) |
[Baseline [342.2 (13.12) 3.28 4(0) [52.6(0.74) [ 17.23 (12.31) [ 0.74 (0.01) |
Table 6.3: Possibilistic Car Evaluation (Results)
[Method |[M.#leaves | M.#nodes [M.height| M.T.build | M.CMPcc% [M.InfoAffC]|
INS-PDT [9.2 (12.78)] 3.2 (5. 07) \2 1 (2 5)\25 07 (7.11)[ 72.16 (13.12) [ 0.87 (0.06) |
[Sim-PDT [287.8 (11.19)[ 108.3 (3.4) | 4.2 (2.5) [879.23 (10.62)] 70.43 (12.63) | 0.85 (0.05) |
[Clust-PDT[409.4 (245.1)[152.7 (88.03)] 4.8 (2.4) | 650 (32.59) [76.27 (15 43)[0.92 (0.05) |
[Baseline  [295.3 104\1165 2) [ 4.2 (2.5) [843.7 (13.83)] 70.15 (15.4) | 0.81 (0.01) |
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Table 6.4: Possibilistic Hayes-Roth (Results)

’Method \M #leaves\l\/[ #nodes\M helght\M T.build \M CMPCC%‘M InfoAﬁ'C‘
INS-PDT  [39.2 (3.12) [13.8 (1.32)] 4 (0) [2.02 (0.12)[86.14 (11.05)] 0.91 (0.06) |
[Sim-PDT [38.1 (2.34)[12.4 (0.8)] 3 (0) [5.36 (0.18) [ 89.19 (5.52) [ 0.91 (0.05) |
[Clust-PDT][ 51.9 (3.36) [19.8 (1.25)] 3.8 (0.4) | 7.78 (0.23) [90.36 (6.38)[0.92 (0 05) |
[Baseline [ 40.7 (3.42) [ 12.8 (0.7) | 3.8 (0.4) | 7.3 (0.22) [ 80.23 (5.38) | 0.8 (0.05) |
Table 6.5: Possibilistic Lung Cancer (Results)
’Method M. #leaves\M #nodes\M helght\ M.T. bu11d\ M.CMPcc% |M. InfoAffC‘
INS-PDT [ 59. 19.4 ( 19.4 (0.8)[18.13 (1.54)[48.47 (29.01)[0.58 (0.18) |

)| )|
5 (1 1) [13.9 (2 06)]
4) ]26.05 (5.23)] 27.33 (15.67)
9) | )|

24.6 (3.77) | 22.46 (14.82)

0.42 (0.13) |
0.39 (0.08) |

|
[Sim-PDT }16 6 (2. 24)}5 2 (0 75)}
[Clust-PDT] 29.2 (1.47) | 9.4 (0.49) | 5.
| )[7.3(05) [ 5

|
|
31.33 (13.01) [ 0.44 (0.12) |
) |
26.3 (4.21) (0.54) ) ]

’Baseline

Table 6.6: Possibilistic Lymphography (Results)
’Method M. #leaves\M #nodes\M helght\M T. bulld\M CMPCC%\M InfoAffC‘

|
INS-PDT  [138.5 (15.9)[42.8 (4.33) [12.5 (0.67)[23.5 (1.6)[84.38 (10.12)] 0.89 (0.06) |
[Sim-PDT [28.1 (4.06)[12.9 (1.3)] 5 (0) [49.4 (2.18)[87.8 (12.1)[0.91 (0 08) |
[Clust-PDTI[67.7 ( 1271 )]28.9 (3.56) | 9.3 (1.26) [76.81 (2.26)[84.33 (11.44)[ 0.9 (0.06) |

\ 7) ] )[6.3 (1.16) [ 66.6 (2.72) [ 79.54 (10.7) \076 (0.05) |

yBasehne 31.2 ( 14.1 (1.37)

Table 6.7: Possibilistic Nursery (Results)
’Method M.#leaves \M #nodes \M helght\ M.T.build \ M.CMPcc% \M InfoAffC‘

|

INS-PDT  [71.8 (25.74)[28.8 (9.45)[7.8 (0.4)] 589.1 (22.3) | 71.79 (20.64) | 0.9 (0.07) |

[Sim-PDT [108.3 (14.73)[ 41.5 (7.12) | 8 (0) [4723.5 (323.52)] 74.53 (18.21) [ 0.92 (0.04) |

[Clust-PDT] 84.9 (17.32) | 30.6 (5.8) [ 8 (0) [3894.2 (286.43)[76.12 (15.72)]0.96 (0.03) |
| )] 6 50 | ) ) |

[Baseline [ 186.8 (20.2) | 68.3 ( (0) [5073.5 (483.33)] 67.35 (16.4) [ 0.86 (0.05) |
Table 6.8: Possibilistic Spect-Heart (Results)

’Method \ M.#leaves \M #nodes\M helght\ M.T.build \M CMPCC%\M InfoAffC‘

INS-PDT [ 38.7 (10.7) | 37.7 (10.7) [15.6 (2.45)[25.53 (2.71)] 87.61 (8.42) [ 0.88 (0.06) |

[Sim-PDT | 24.2 (1.78)[23.2 (1.78)[10.2 (0.6)[184.58 (10.36)| 90.21 (6.7) [0.92 (0.05) |

[Clust-PDT] 72.8 (11.11) [71.8 (11.11)[15.6 (0.91)[ 231.5 (13.58) | 84.96 676 ) [ 0.86 (0.05) |

[Baseline | 25.4 (2.06) [ 24.4 (2.04) [10.8 (0.74)[ 170.3 (3.45) | 81.51 (5.7) [ 0.82 (0.05) |
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Table 6.9: Possibilistic Tic-Tac-Toe (Results)
M.#leaves \ M.#nodes \M height\ M.T.build \M CMPCC% M. InfoAffC‘

\ \

[216.2 (11.53)[107.6 (5.76)| 8 (0) [22.92 (1.82) [ 86.61 (7.6) [ 0.91 (0.03) |
[Sim-PDT [148.2 (5.81) (0.46) [2409.2 (259.49)] 87.15 (5 5) [0.94 (0.02)]

| ) )|

| ) |

’Method
]NS—PDT

| )| | |

[73.6 (2.9) [7.3 )] )
[Clust-PDT[208.6 (81.04)]103.8 (40. 52 \7 2 (2 4)] 639.7 (49.56) [73.46 (10.08)] 0.87(0.04) |
[Baseline [ 182.4 (5.21) [ 83.7 (2.6) [ 7.6 (0.4) [985.3 (114.86) [ 65.94 (12.8) | 0.72 (0.03) |

Table 6.10: Possibilistic Voting (Results)

’Method \M #leaves\M #nodes\M helght\ M.T.build \M CMPCC%\M InfoAﬁ'C‘
INS-PDT [ 105.8 (20) [52.4 (10.01)[12.5 (1.02)[ 26.72 (4.57) [ 91.93 (4.36) [ 0.93 (0.04) |
[Sim-PDT [26.2 (2 22)\12 6 (1.11)[5.3 (0.45)|623.09 (138.35)[96.58 (2.83)] 0.97 (0.07) |
[Clust-PDT][ 81.4 (11.3) [ 40.2 (5.65) [ 9.3 (0.64) [ 408 (22.21) [ 95.78 207 ) [0.97 (0.01) |
[Baseline [ 36.4 (3.16) [ 17.4 (2.85) [5.9 (0.52) \5279 (96.42) [ 90.23 (2.7) [ 0.85 (0.03) |

Table 6.11: Possibilistic Breast Cancer Wisconsin (Results)
’Method \ M.#leaves \M #nodes\M height\ M.T.build \M.CMPCC%\M InfoAﬂ'C‘

INS-PDT [ 147.5 (29.66) [32.7 (7.95) [ 7.8 (0.4) [19.89 (0.92)] 95.42 (1.78) | 0.95 (0.01) |
[Sim-PDT [119.4 (11.05)]17.7 (0.9)] 6 (0) | 649.1(229.2) | 96 (2. 1) 10.97 (0.07) |
[Clust-PDT] 291.7 (74.77) [95.9 (41.28)] 8 (0) [330.38 (55.4)| 83.27 (6.6) | 0.87 (0.04) |
[Baseline [ 132.6 (14.16) [24.7 (1.72)| 8(0) [597.2 (185.92)] 80.15 (2.3) | 0.84 (0.02) |
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Let us analyze the results for the NS-PDT, Sim-PDT and Clust-PDT ap-
proaches shown in the different tables, according to the following main three
criteria: Tree size, building time and classification accuracy.

1. Tree size:

The size of the tree is determined by the number of its leaves and the
number of its internal nodes. Small trees are always preferred to large ones.

From the different tables, we can remark that the trees induced by the
different approaches are not very large relatively to the size (#instances) and
the dimensionality (#attributes) of the data sets from which their were built.
For instance, the mean number of leaves (resp. the mean number of nodes)
varies from 9.2 (resp. 3.2) to 216.2 (resp. 107.6) for the NS-PDT trees, from
16.6 (resp. 5.2) to 437 (resp. 109) for the Sim-PDT trees and from 29.2
(resp. 9.4) to 409.4 (resp. 152.7) for the Clust-PDT trees.

For the NS-PDT approach, the smallest (resp. the largest) tree is ob-
tained for the Possibilistic Car evaluation (resp. Tic-Tac-Toe) data set. For
the Sim-PDT approach, the smallest (resp. the largest) tree is obtained for
the Possibilistic Lung (resp. Balance) data set. Finally, for the Clust-PDT
approach, the smallest (resp. the largest) tree is obtained for the Possibilistic
Lung (resp. Car evaluation) data set.

The height of a tree can also be considered when evaluating its size, but
it has another more important meaning: it gives an idea about the ease of
interpretation of the rules represented by the tree. Indeed, shorter rules are
preferred.

From the reported results, we notice that for all data sets, there is at
least one possibilistic decision tree approach that does not include all the
attributes in its longest path(s), i.e., for a given data set, we have M.height
< M.#attributes. For instance, for the balance data set, the Clust-PDT ap-
proach does not include all the attributes in its longest path(s). For the Car
evaluation, Lung, Lymphography, Spect-Heart and voting data sets, none of
the three possibilistic approaches includes all attributes in their longest paths.

This means that the different approaches produce decision rules, pre-
misses of which, do not necessarily include all the attributes composing the
data set. Hence, the different approaches produce relatively short rules. In
fact, in the worst cases, lengths of longest paths vary in average from 2.1 (car
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data set; 6 attributes) to 19.4 (Lung data set; 56 attributes) for the NS-PDT
approach, from 3 (Hayes data set; 4 attributes) to 10.2 (Sepct-Heart data
set; 22 attributes) for the Sim-PDT approach and from 2.4 (balance data set;
4 attributes) to 15.6 (Spect-Heart data set; 22 attributes) for the Clust-PDT
approach.

2. Building time':

From the “T.Build” column of the different presented tables, we can see
that the induction of an NS-PDT tree does not take too much time. On the
contrary, the building step is very fast. It varies from 2.2 seconds (Hayes
data set) to 589.1 seconds ~ 6 minutes (Nursery data set). However, the
building time of a Sim-PDT and a Clust-PDT tree takes more time. In fact,
for the Sim-PDT approach, it varies from 5.36 seconds (Hayes data set) to
4723.5 seconds ~ 1 hour and 18 minutes (Nursery data set) and for the Clust-
PDT approach the building time varies from 7.78 seconds (Hayes data set)
to 3894.2 seconds ~ 1 hour and 05 minutes (Nursery data set).

We notice that the building time depends on different parameters (e.g.
#instances, #attributes and #classes) and on the nature of the data set
(sparse or dense). In fact, the shortest building times were obtained for the
Hayes data set which is the smallest one (the smallest compromise between
#instances, #attributes and #classes), whereas the longest times were ob-
tained for the Nursery data set which is the biggest one.

3. Classification accuracy:

Let us analyze the classification accuracy of the different approaches ac-
cording to the two proposed criteria:

a. CMPcc%:

Despite the rigid “all or nothing” nature of this criterion, the different
proposed possibilistic decision tree approaches have reported high percent-
ages. Indeed, for the NS-PDT approach, 8 of the 10 (8/10) data sets have
a CMPcc% > 70%, 6/10 data sets have a CM Pcc% > 80% and 2/10 data
sets have a C M Pcc% > 90%. The Sim-PDT approach has also reported high

!The building time depends on the performance of the machine on which the different
approaches are tested. We have tested our different approaches on a laptop equipped by
an 1.4 GHz centrino processor and a RAM of 512 MB.
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percentages: 8/10 data sets have a CM Pcc% > 70%, 6/10 data sets have a
CM Pcc% > 80% and 3/10 data sets have a C' M Pec% > 90%. For the Clust-
PDT approach, we have 8/10 data sets with a C'M Pcc% > 70%, 5/10 data
sets have a C M Pcc% > 80% and 2/10 data sets have a CM Pec% > 90%.

The low percentages (C'M Pec% < 50) were reported for the possibilistic
balance and lung cancer data sets for all three approaches. These bad results
are not related to the approaches. In fact, for information, the percentage
of correct classification reported for an unpruned C4.5 tree on the original
certain version of the balance (resp. Lung) data set is about 69% (resp. 50%).

Note that if we have used a more relaxed criterion, e.g., a criterion that
will consider an instance as correctly classified if the initial distribution and
the predicted one share at least one most plausible class label, these percent-
ages will considerably increase. We ignored such a criterion because it will
promote those classifiers giving more non-specific distributions. For exam-
ple, if we consider the extreme case of a classifier whose leaves are all labeled
by fully uncertain and imprecise possibility distributions, then it will have
a 100% correct classifications since the uniform possibility distribution will
always share at least one class label with any normalized possibilistic class
distribution.

b. InfoAffC:

Reported values of the InfoAf fC criterion for the different data sets
and for the different approaches are high and close to 1 except for the pos-
sibilistic Lung data set for which we obtained an InfoAf fC equal to: 0.42
for the Clust-PDT approach, 0.44 for the Sim-PDT approach and 0.58 for
the NS-PDT approach.

However, for the NS-PDT approach, 9/10 data sets have an InfoAf fC >
0.7, 7/10 data sets have an InfoAffC > 0.8 and 5/10 data sets have an
InfoAffC > 0.9. The greatest value of 0.95 is reported for the U-Breast
cancer data set. Likewise, for the Sim-PDT approach, we have 9/10 data
sets with an InfoAffC > 0.8 and 7/10 data sets have an InfoAf fC > 0.9.
The greatest value of 0.97 is reported for both voting and Breast cancer data
sets. Finally, for the Clust-PDT approach, we have 9/10 data sets with an
InfoAffC > 0.8 and 5/10 data sets have an InfoAffC > 0.9. The great-
est value of 0.97 is reported for the voting data set.
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These high values indicate that the initial distributions and the predicted
distributions are highly consistent. That is, the two possibility distributions
agree at least on one class label (i.e., they assign a possibility degree equal to
1 to that class label). Besides, a part from the fully possible class labels, the
high reported values of InfoAffC mean that for each class label, its pre-
dicted possibility degree is close to its initial possibility degree. The higher
InfoAf fC is, the closer the possibility degrees are.

Clearly, the InfoAf fC criterion is coherent with the C'M Pcc criterion
for all data sets except for Balance scale and Voting data sets. In fact,
InfoAf fC confirms the results given by CM Pcc and looks also at those
class labels that are not fully possible. For instance, if we take results of the
Clust-PDT approach with the Balance scale data set, we see a significant
divergence between values reported for the C'M Pcc criterion (18.15%) and
InfoAf fC criterion (0.87). This divergence means that for many instances
in this data set, the classifier does not provide full support (i.e. a possibility
degree equal to 1) to initial true class label(s), but instead, it provides pos-
sibility degrees that are too close to 1.

After analyzing the different approaches one by one, we will now contrast
them to make some comparisons. Based on the results given in the different
tables (form Table 6.2 to Table 6.11), we determined for each data set the
approach that has given the best result per each criterion. Obviously, the
approach giving the minimum value of M.#leaves (resp. M.#nodes), (resp.
M.height), (resp. M.T.build) is considered as the best one. However, the
approach giving the maximum value of M.CM Pcc% (resp. M.InfoAffC) is
considered as the best one. Based on the previous tables, the best approach
per data set and per criterion is given in Table 6.12.

From Table 6.12, we can see that, for each one of the used data sets,
no approach outperforms all others on all criteria. For instance, the Sim-
PDT approach does not appear as a best approach for any criterion for the
possibilistic balance, car evaluation and nursery data sets. Likewise, the
Clust-PDT approach does not promote on any criterion for the possibilistic
lung, lymphography, spect-heart and breast cancer data sets. However, in
all rows of Table 6.12 (i.e. for all data sets), we find the NS-PDT approach
as a best approach at least once. Finally, for some data sets (e.g. Hayes,
Tic-Tac-Toe and voting), we find all three approaches as best classifiers, each
one for a given criterion.
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Table 6.12: Best method per data set and per criterion

’Data set #leaves \ #nodes \ height \ T.build \CMPCC%\InfoAﬁ'C ‘
’Poss—Bal. Clust-PDT|Clust-PDT|Clust-PDT| NS-PDT | NS-PDT Clust—PDT‘
’Poss—Car NS-PDT | NS-PDT | NS-PDT |NS-PDT |Clust-PDT Clust—PDT‘
’Poss-Hayes Sim-PDT | Sim-PDT | Sim-PDT | NS-PDT |Clust-PDT Clust—PDT‘
’Poss—Lung Sim-PDT | Sim-PDT | Sim-PDT [Sim-PDT| NS-PDT | NS-PDT ‘

’Poss-Nursery NS-PDT | NS-PDT | NS-PDT |NS-PDT |Clust-PDT Clust—PDT‘
Sim-PDT | Sim-PDT | Sim-PDT | NS-PDT | Sim-PDT Sim—PDT‘
]Poss-Tz'c. Sim-PDT | Sim-PDT |Clust-PDT|NS-PDT | Sim-PDT | Sim-PDT ‘
’Poss—Voting Sim-PDT | Sim-PDT | Sim-PDT | NS-PDT | Sim-PDT Clust—PDT‘
’Poss—Breast, Sim-PDT | Sim-PDT | Sim-PDT |NS-PDT | Sim-PDT Sim—PDT‘

’Poss-Spect.

|

| | | | | |
| | | | | |
e

]Poss—Lympho\ Sim-PDT \ Sim-PDT \ Sim-PDT \NS—PDT\ Sim-PDT \ Sim-PDT ‘

| | | | | |
| | | | | |
| | | | | |
| | | | | |
| | | | | |

Again from Table 6.12, if we look from the side of the criteria (i.e. the
columns), we can see that each one of the three approaches appears as the
best classifier at least once, except for the T.build criterion for which the
Clust-PDT approach does never excel.

Figure 6.1 provides for each criterion, the percentage of each method ap-
pearing as best approach in Table 6.12 on all used data sets. Then, from
Figure 6.1, using a majority vote, we provide, in Table 6.13, the best (most
frequent) method per criterion.

100

E H HS-PDT

a @ Sim-PDT
E Clust-PDT
g O Baseline
o

a

Heaves #nodes height T.build CMPec™ InfolffC

Performance criteria

Figure 6.1: Percentages of approaches appearing as best methods
per criterion

From Table 6.12 and Figure 6.1, we notice that the baseline method had
never appeared as a best method for any criterion and for any data set. More-



Chapter 6: Experimenting Possibilistic Decision Trees 143

over, if we look at the CM Pcc% and InfoAf fC criteria, we can clearly see
that the baseline approach gives always the worst values among those given
by our possibilistic approaches. This difference in classification accuracy
could be more important when possibilistic class distributions become more
imprecise (i.e. when having more than one most plausible class label for each
training instance).

These results mean that ignoring uncertainty by simply taking the most
plausible class label is not a good practice and reduces the accuracy of the
induced classifier. This decrease in accuracy is due to the lack of exploitation
of the information contained in uncertain labels.

Table 6.13: Best method on all data sets per criterion
’ \ #leaves \ #nodes \ height \T.build\CMPcc%\ InfoAffC ‘

[Method[Sim-PDT[Sim-PDT[Sim-PDT|NS-PDT] Simn-PDT [Clust-PDT]

From results shown in Figure 6.1 and Table 6.13, we can draw the follow-
ing additional conclusions:

e Regarding the criteria related to the size of the induced trees, namely,
#leaves and #nodes, the Sim-PDT approach largely outperforms the
other approaches on the ten used data sets (7 against 2 for the NS-PDT
approach and 1 for the Clust-PDT approach).

e Regarding the criterion related to the easiness of the produced rules,
which is represented by the height of the induced trees, the Sim-PDT
approach also outperforms the other approaches on the ten used data
sets (6 against 2 for the NS-PDT approach and 2 for the Clust-PDT
approach).

e In terms of time complexity, the NS-PDT approach largely outperforms
the other approaches on the ten used data sets (9 against 1 for the NS-
PDT approach and 0 for the Clust-PDT approach).

This means that the stopping criteria are quickly satisfied when using
non-specificity as a basis of an attribute selection measure. In fact, av-
eraging the possibility distributions in a given partition and normalizing
the result using Equation (4.1) and Equation (4.2), leads to possibility
distributions (7g.,) that quickly converge to non-specific possibility dis-
tributions and hence their non-specificities will faster increase between
a partition and its sub-partitions.
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e Regarding the accuracy in the classification of new instances, which
generally represents the most important criteria, both Sim-PDT and
Clust-PDT approaches slightly outperform the NS-PDT approach on
the ten used data sets. In fact, if we look to the C'M Pcc% criterion, we
notice that the Sim-PDT approach has won the deal (5 against 3 for
the Clust-PDT approach and 2 for the Ns-PDT approach). That is, if
we are searching for a possibilistic classifier that gives more attention
to the most plausible class labels, the Sim-PDT will be a good solution.

However, if we look to the InfoAffC' criterion, we notice that the
Clust-PDT approach gets the better of the other approaches (5 against
4 for the Sim-PDT approach and 1 for the NS-PDT approach). That
is, if we want a possibilistic classifier that provides possibilistic labels
that are as close as possible to the possibilistic labels from which the
classifier was built, the Clust-PDT approach will be a good solution.
Note that the Sim-PDT approach presents a serious opponent to the
Clust-PDT approach for this criterion.

It is somewhat difficult, and even not convenient, to say that one among
the proposed approaches is the best one. First, the results from which we
have drawn the above conclusions are based on ten data sets. Even if we
consider more data sets, the decision remains difficult because we can always
find new data sets that change the decision about the best possibilistic deci-
sion tree approach. This is known as the “No free lunch theorem” (Wolpert,
1996) which says that no classifier can outperform all others for all data sets.

Second, the criteria according to which the proposed approaches are com-
pared do not generally have the same importance and each one could have its
own preferences for the different presented criteria. In some applications, the
building time could be more important than other criteria for almost equally
accurate approaches. In other applications, the contrary could be true. Thus,
if someone needs something to support his choice among the proposed pos-
sibilistic decision tree approaches, he can specify his preferences about the
different criteria (by giving a weight for each criterion) and then compute a
kind of score (based on the results given in Table 6.13) for each approach
and then choose the one with the highest score.
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6.4 Conclusion

In this chapter, we have emphasized on the evaluation of the three proposed
possibilistic decision tree approaches. Before that, we have provided all pre-
liminary things that will allow us to experiment the different approaches. We
have given the characteristics of the different data sets and we have shown
how possibilistic versions of these data sets are generated. We have also pro-
vided the criteria on which the evaluation of the approaches will be based.

Experimentations have shown good and encouraging results for the dif-
ferent approaches. Despite the uncertainty involved in the classes of the
training set, we have proposed three possibilistic decision tree approaches
which have presented good accuracy rates. Results have also shown that,
opting for a standard decision tree approach by simply ignoring the possi-
bilistic information (i.e. by taking the most plausible class label), presents
the worst solution.

The three proposed approaches are competitive which each others in
terms of classification accuracy with a slight advantage for the Sim-PDT
and Clust-PDT approaches. Hence, an interesting future work, could be the
profiling of these three approaches, i.e., investigating (based on much more
data sets) on how data set properties (e.g., size, dimensionality, number of
classes, percentage of instances with possibilistic labels, etc.) are related to
each possibilistic decision tree approach.



Conclusion

In this PhD thesis, we have developed a decision tree classifier under uncer-
tainty using the possibility theory framework in its quantitative setting.

In fact, contrary to standard decision trees, the so-called possibilistic deci-
sion tree approach allows to deal with imperfection that can exist in training
instances’ class labels. We consider the case where class labels of training
instances are uncertainly defined and are provided by means of possibility
distributions over the candidate class labels. We do not treat the case of
uncertain attribute values.

This change on the structure of the training set makes standard decision
tree classifiers useless. In this setting, the use of ordinary classifiers requires
the rejection of training instances, which, even if presented with uncertain
class labels, contain some useful information that should be taken into ac-
count when building the tree. Hence, rejecting these instances represents a
very naive and lazy solution.

In our work, we have proposed three possibilistic decision tree approaches
to deal with data characterized by uncertain class labels. These approaches
have been respectively named as, non-specificity-based possibilistic decision
trees (NS-PDT), similarity-based possibilistic decision trees (Sim-PDT') and
clustering-based possibilistic decision trees (Clust-PDT).

For each one of these approaches, we have provided the different com-
ponents of the building procedure, namely, the attribute selection measure,
the partitioning strategy, the stopping criteria and the structure of leaves.
Moreover, we have provided the classification procedure for all approaches
which is the same as the one used with standard decision trees except that
the possibilistic approaches provide possibilistic predictions rather than ex-
act predictions.

146
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The main differences between the three proposed approaches lies in the
attribute selection measure. This important measure is used to select the
most informative attribute, i.e., the attribute that, when assigned to a de-
cision node, results in most homogenous partitions with respect to the class
labels of the instances reaching that partition.

When dealing with possibilistic data sets, the attribute selection measure
should be able to assess the information content of a set of possibility distri-
butions rather than a set of crisp classes, since training instances are labeled
by possibility distributions over the different classes. We have presented three
completely different possibilistic attribute selection measures. Each one of
these measures will give rise to a possibilistic decision tree approach.

The first approach, namely, non-specificity based possibilistic decision
trees (NS-PDT) uses the measure of non-specificity in order to asses the in-
formation content of a partition containing a set of possibility distributions.
The idea of using this measure was inspired by the use of Shannon entropy
in (Quinlan, 1986, 1993) for the evaluation of a set of instances labeled by
crisp classes.

This latter, can be represented by means of a probability distribution
over the different classes. Hence, its information content could be assessed
by computing its entropy which evaluates the amount of uncertainty (called
conflict) in a probability distribution. In possibility theory, the only source
of uncertainty is called non-specificity. Hence, we have used the measure of
non-specificity, namely, the U-uncertainty measure to assess the information
content of the representative possibility distribution of a set of possibility
distributions.

The NS-PDT approach, or more precisely, its possibilistic attribute se-
lection measure, does not require any extra processing of the possibility dis-
tributions reaching a given training partition. Contrary to the Sim-PDT
and Clust-PDT approaches, the NS-PDT approach does not try to get rid
of the uncertainty inherent in class labels. That is why we have considered
two families of approaches: the first one, including the NS-PDT approach,
“lives” with uncertain labels in its building procedure. The second family,
including both Sim-PDT and Clust-PDT approaches, gets rid of uncertain
labels when building the tree.

Both Sim-PDT and Clust-PDT approaches discard uncertainty in intelli-
gent ways. Interestingly, this strategy has allowed both approaches to extend
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the well-known C4.5 algorithm to deal with possibilistic class labels. In fact,
in order to be able to apply the gain ratio attribute selection measure of
the C4.5 algorithm on possibilistic training partitions, the possibility distri-
butions labeling each instance should be mapped into a kind of crisp meta-
class. This mapping is essentially based on the similarity between possibility
distributions.

Another main contribution in this thesis is the proposition of a new pos-
sibilistic similarity measure (PSM). A property-based analysis of a PSM has
led us to show that inconsistency plays an important role in assessing the
similarity between two possibilistic pieces of uncertain information. We have
first proposed a set of basic properties that a PSM should satisfy and we have
shown that some existing PSM’s do not satisfy these basic axioms. Then,
we have proposed additional properties that take into account the concept of
inconsistency and we have provided a measure, so-called, Information Affin-
ity, which satisfies all the proposed axioms.

The proposed Information Affinity measure was used in the definition of
major components of both Sim-PDT and Clust-PDT approaches. In fact,
in the Sim-PDT approach, the mapping of the possibility distributions to a
pre-defined set of wrapper distributions was based on the information affin-
ity index. In this way, each partition could be represented by means of a
frequency distribution on the wrapper distributions. Hence, the informa-
tion content of a partition is computed as the entropy of that frequency
distribution weighted by the mean similarity of the set of initial possibility
distributions pertaining to each wrapper distribution. Weights are used to
compensate for the information loss resulted by the mapping of the possibil-
ity distributions to the set of wrapper distributions.

In the Clust-PDT approach, there is no need to define a set of wrapper
distributions a priori because the number of meta-classes associated to each
wrapper distribution is exponential in the number of classes. Instead, the set
of meta-classes in each training partition will be discovered automatically by
the use of a hierarchical clustering which is based on the proposed informa-
tion affinity index. Each obtained cluster will gather together all instances
having similar possibility distributions. Hence, each possibility distribution
will be mapped to its cluster and each cluster will be associated to a meta-
class. In this way, the information content of a partition corresponds to the
entropy of the frequency distribution of meta-classes associated to the differ-
ent instances reaching that partition.
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In order to judge the feasibility of our proposed approaches, we have
implemented them with Matlab 6.0. Then, we have performed several ex-
perimentations on different “contaminated” data sets in order to make some
comparisons of the possibilistic decision tree approaches. We have contami-
nated existing crisp data sets because of the lack of availability of real pos-
sibilistic data sets. Hence, we have proposed a method based on the naive
Bayes classifier’s results to obtain the possibilistic version of any crisp data
set. We have also proposed some performance criteria since some standard
criteria could not be used in the evaluation of possibilistic classifiers. First,
experiments have shown the feasibility of the different proposed approaches.
Second, the obtained results have shown that no approach has outperformed
all others in all data sets but each approach has shown its strengths in some
particular situations.

Some interesting future works have to be mentioned. Regarding our pos-
sibilistic similarity measure, it would be interesting to study the proposed
properties for the case of sub-normalized possibility distributions. Still within
the context of similarity in possibility theory, it would be very interesting to
extend the proposed information affinity measure in order to directly assess
the similarity between two possibilistic causal networks without transforming
them into two possibility distributions since this transformation is known to
be exponential. The proposed measure could be also used to perform clus-
tering from data with uncertain attribute values.

Regarding our proposed possibilistic decision trees, handling imperfec-
tion in attribute values seems to be an important issue, either for symbolic
or continuous attributes. Imperfection in attribute values could be handled
in both building and classification procedures. Moreover, testing and using
our possibilistic decision tree approaches on a real application will confirm
the importance of our contributions. We are thinking about the use of pos-
sibilistic decision trees in the intrusion detection field to handle uncertain
labels (attack names) assigned by a network security administrator to each
observed TCP/IP connection.

It is well known that pruning increases the performance of decision trees
in terms of classification accuracy. Many pruning methods are proposed
for standard decision trees. It would be interesting to adapt these pruning
methods for the case of possibilistic decision trees.
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Proofs of Chapter 3

A.1 Introduction

In this appendix, we recall the different propositions given in Chapter 3 and
provide their proofs.

A.2 Proofs of propositions

Proposition 3.1 Sy, Sg and Sc measures satisfy properties P1-P6.

Proof of Proposition 3.1 We want to prove that Sy;, Sg and S¢ satisfy
basic properties P1-P6. Let 71, mo, m3 and 74 be four normalized possibility
distributions.

Property 1 - Property 2 - Property 3.

Proofs of Properties P1-P3 are immediate since Sy, Sg and S are normal-
ized similarity measures derived from the Minkowski metric which by def-
inition satisfy non-negativity, symmetry, upper bound and non-degeneracy
properties.

Property 4.

Ifv Wi, Wl(wi) € {0, 1}, Fg(wi) S {O, 1} and 7T2(u)i) =1- 7T1(wi>

= ’Wl(wi)—ﬂ'g(u)iﬂ = 1, \/(71'1((4)@') — Wg(wi))Z =1and max|7r1(wi)—72(wi)\ =
1

ﬁSMZO, SE:()andSC:O.

Property 5.
Ifv Wi Fl(wi) S 7T2<(.Ui) S 7r3(wi)

150



Appendix A: Proofs of Chapter 3 151

= Vi, |m(wi) — ma(wi)| < |mi(wi) — m3(wi)]

= Yu; M (wi) — ma(wi)| < 3, [m1(wi) — m3(wi)]

= 1=, [m(wi) — me(wi)| > 1 =3, [m(wi) — m3(wi)]
= Su(m,m2)| > Swu(m, ).

Similarly for S and S¢.

Property 6.

The proof of property 6 is immediate.

Let m and 7y be two normalized possibility distributions and p a permuta-
tion. Let 7,1, my2) be the possibility distributions obtained by permuting
elements having the same indexes in 7; and 7. The pairwise permutation of
the elements has no effect on Sy = Sy (71, m2) = Sy(7p1), Tpa1)) (similarly

for Sg and S¢).
Proposition 3.2 Properties P1-P4, P6-P7 imply Property 5.

Proof of Proposition 3.2 We want to prove that Properties P1-P4, P6-P7
imply P5. Let us recall Property 5:

If Inc(my,me) = Inc(me, m3) = Inc(my, m3) = 0 and Yw; € Q, m(w;) < mo(w;)
and my(w;) < m3(w;), then s(my, mo)>s(my, m3).

Suppose that Inc(m, me) = Inc(mg, w3) = Inc(my, m3) = 0 and Yw; € Q, 71 (w;)
< my(wi) < ma(wi).

Let us consider the following three exclusive cases:

Case 1: m=ms.

= s(m,m2)=1 (Property 3) which corresponds to the mazimum similarity
(Property 3).

= s(my,ma) > s(m,ms3).

Case 2: m=ms.

= m=m3=my (since a hypothesis of Property 5 is m < my < m3).

= s(m1,m9)=1 and s(my,m3)=1 (Property 3).

= s(my,me) > s(my,m3).

Case 3: m#my and m#73.

**Case 3.a: my#ms.

= TFToFT3

= (1) s(my,me) > s(m,m3) (Property 7).

**Case 3.b: my=ms.

= (2) s(my,me)=s(m1,73).

= From (1) and (2), we can conclude that s(my,me) > s(my,m3).
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Proposition 3.3 Let s be a possibilistic similarity measure s.t. s satis-
fies Properties P1-P10. Then, Vr;, w;, s(m;, 7;)=1 iff m;=n;.

Proof of Proposition 3.3 We want to prove that if s satisfies P1-P10,
then it satisfies the strong Upper bound property.

One direction is immediate since m = my = s(m, ma)=1 (Property 3).

Now, suppose that s(my, mo)=1 and m; # .

T # Ty = 3w, s.t. m(wy) # ma(w,). Suppose that m(w,) > ma(w,). Let us
add a (with o = 7 (wp) — ma(wp)) to ma(w,) which leads to .

From property 9, we can conclude that s(my, 7h)>s(m, m3)=1 (contradiction
with property 3). Hence, m = o

Proposition 3.4 Let s be a possibilistic similarity measure such that s
satisfies Properties P1-P10. Then, Vm;, 7;, s(m;, m;)=0 iff Vw, €

i) mi(wy) € {0,1} and 7;(w,) € {0,1},

it) and mj(wp) =1 — m;(wp)

Proof of Proposition 3.4 We want to prove that if s satisfies P1-P10,
then it satisfies the strong Lower bound property.

One direction is immediate since m;=1 — my (with 7 and 7y are binary nor-
malized possibility distributions) = s(my, m)=0 (Property 4).

Let us suppose that:

s(m1,m)=0, m; and 7y are binary possibility distributions and 7 # 1 — 7.
Let us first show that m; = 1—my. Assume that m # 1—m = Jw, s.t. m1(w,) #
1 — ma(w,). Suppose that m(w,) > ma(wp).

Let 3 s.t. m3(wp) < m1(wp) and Yw # wy, m3(w) = m1(w).

From property 9, we can conclude that s(my, mo)= 0 >s(m, 73) (which is im-
possible since the lower bound is 0).

Hence, m; = 1 — ms.

Now, let us show that m; and w9 are binary possibility distributions. Indeed,
suppose that:

s(my,m2)=0, m = 1 — 79 and m; and 7y are not binary possibility distribu-
tions.

71 and 7y are not binary = Inc(mwy, o) < 1.

Let us take all w; verifying min(m (w;), m2(w;)) = 1 — Inc(my, m) (m(w;) < 1
and mo(w;) < 1).

Let us decrease all these w; by « in both 7 and 75 and keep the remaining
possibility degrees of other w; unchanged. According to proposition 3.5, this
will result in an increase of the inconsistency between m; and m, and hence
will result in a decrease of the similarity between m; and m, which is impos-
sible because s(my,m2) is already equal to 0.
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Proposition 3.5 Let s be a possibilistic similarity measure satisfying Prop-
erties P1-P10. Let m and w5 be two normalized possibility distributions. Let
w; € Q. Let 7} and 7, be two normalized possibility distributions such that:
1) Vj # i, m(w;) = m(w;) and m5(w;) = m2(w;),

ii) Let a s.t. @ < min(my(w;), ma(w;)).

If 7} (w;) = m(w;) — @ and 7h(w;) = mo(w;) — .

Then:

If Inc(m}, 7h)=Inc(my, m3), then s(m], m5) = s(my, ma).

If Inc(m}, 7h) > Inc(my, ms), then s(m), 7h) < s(my, m2).

Proof of Proposition 3.5

We want to prove that if s satisfies P1-P10, then when decreasing one situa-
tion from 7 and my by a degree « (leading to 7} and 75) then if Inc(n], %)
increases then s(7}, 7)) < s(my, ma).

The proof of this proposition follows immediately from property 8. In fact,
it is simply the dual of property 8.

We start by 7] and 7, and add (the subtracted) «. Hence, we will recover
m and my and Inc(m, my) decreases. From property 8, we can conclude that
s(my, mo) > s(my, 7).

Proposition 3.6 Let s be a possibilistic similarity measure satisfying Prop-
erties P1-P10. Let m; and 7y be two normalized possibility distributions s.t.
for some w;, m (w;) > mo(w;). Let 7, (k=3..m) be a set of m possibility dis-
tributions. Each 7 is derived in step k from m,_; as follows:

1) me(w;i) = mr—1(wi) + i (with ag €]0, T (w;) — T—1(wi)])

ii) and Vj # i, mp(w;) = mp—1(w;).

Hence, we obtain s(my,ms) < s(m,m3) < s(my,m4) < ... < s(my,m) < 1.

Proof of Proposition 3.6

The proof of proposition 3.6 follows immediately from property 9. In fact,
we are adding a degree a4, to a given situation (step by step) and hence, the
similarity increases at each step.

Proposition 3.7 Let s a possibilistic similarity measure satisfying Prop-
erties P1-P10. Vi,j € {1,..,m}, Ve € [0, 1] and Vw € Q, we have:

s(m, ™) = s(mj, m7°). 7w~ means that we subtract e from one situation
w of the possibility distribution ;. We recall that Vi, j € {1,..,m}, the pos-
i and w7~ are normalized.

sibility distributions m;, m;, ;
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Proof of Proposition 3.7

The proof of proposition 3.7 follows immediately from property 3 and prop-
erty 10. In fact, let us consider two normalized possibility distributions 7
and .

= (1) We have: s(my,m)=s(my, m) = 1 (Property 3).

Now, let us take two situations w, and w, from m and w; and w; from
9.

Let 7} and 7} be two normalized possibility distributions s.t.:

i (wp) = m(wy) — € and Yw; # wy, 71 (w;) = 71 (w;).

1 (wy) = m1(wy) — € and Yw; # wy, 7] (w;) = m1(w;).

Let 7§, and 7 be two normalized possibility distributions s.t. 75(wy) =
mo(wi) — € and Yw; # wy, mh(w;) = ma(w;).

7 (w) = ma(w;) — € and Yw; # wy, 5 (w;) = ma(w;).

= (2) We have: s(my, 7)) = s(my, 7)) and s(ma, ) = s(mq, 7)) (Corollary 3).
= (3) We have also: s(my, 7)) = s(mq, 7h) and s(my, 7)) = s(ma, 7)) (Property
10).

= From (2) and (3) we can conclude that s(m, 7)) = s(m, 7)) = s(mq, 7)) =
s(mo, mY).

Proposition 3.8 The Aff measure satisfies all the proposed properties P1-
P10.

Proof of Proposition 3.8 We want to prove that the Aff measure satisfies
Properties P1-P10. For the proof, d is either the normalized Manhattan or
normalized Euclidean distance. The proof is valid for these two cases. Sim-
ilarly, A can be either the minimum or the product operator. Again, the
proof is valid for these two cases. Given two possibility distributions m; and
9, We have:

Property 1. Non-negativity:
By definition, 0 < d(m,m) < 1. Moreover, 0 < Inc(m,m) < 1 (pos-

o1 e rxd(my,m2)+AxInc(my,m2)
sibility degrees € [0,1]). Hence 0 < S ezl < 1, and 0 <

1— “*d(m’M):jr\;Inc(m’M) < 1 which means 0 < Aff (7, m) < 1.

Property 2. Symmetry:

Both d and Inc are symmetric.

_ kxd(mo,m1)+AxInc(me,m1) kxd(m1,m2)+ Ak Ine(my,m2)
Aﬁc(’ﬁg,’/’(l) =1- PN =1- PESY —(7T1,7T2).
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Property 3. Upper bound and Non-degeneracy:
Proof of the first part of property 3 : If my = my = Aff (71, m)=1:
If m = m, then Aff(my,m) = Aff(m,m) = 1 — =dmmitidndmnm)

K+
1- 080 g
K+ :
The proof of the second part of property 3, namely, V 7;, m;, Aff (m;,7;) <1

has been already given in the proof of property 1.

Property 4. Lower bound:
If 71 and 7 are binary and maximally contradictory possibility distributions,
then: d(my,m) is maximal and Inc(my, m2) is maximal too = d(m,m) =1

— d(my,mo)+Ax1 2) _ eEl4Al —
and InC(?Tl,ﬂ'g) — 1 = kxd(my 7r2)’{+j<\ nc(ﬂ'l 7r2) — R*H+>\* — 1 = Aﬁ(ﬂ'l,ﬂé) — 0

Property 5. Large inclusion:

If 71 is more specific than w9 which is in turn more specific then w3, then
71, Mo and 7y are fully consistent with each other (they all share at least one
state which is fully possible). More formally, Inc(m,ms) = Inc(m, m3) =
Inc(my, m3) = 0 and d(my, m) < d(my,m3). Hence, 1— % >1— %
which implies Aff (71, m2) > Aff (71, 73).

Property 6. Permutation:

Let 7} and 7§ be two possibility distributions obtained by permuting ele-
ments having the same indexes in 7; and 7. Since we proceed pointwise
computation of d and Inc degree by degree, the pairwise permutation of the
elements has no effect on d and Inc. So we obtain d(my, me) = d(7}, 75) and
Inc(my, me) = Inc(ny, wh) = Aff (m1,ma) = Aff (7], 75).

Property 7. Strict inclusion

If 7y is (strictly) more specific than 7o which is in turn (strictly) more specific
then 3, then, as we only deal with normalized possibility distributions, it
is obvious that all these distributions share one fully possible element w =
Inc(my, ) = Inc(my, 3) = Inc(ma, m3) =0

Vw;, m(w;) < mo(w;) < m3(w;). 3wy s.t. m(we) < ma(wg) and 3 wy, s.t.
7T2<wm> < Wg(wm).

= d(my, me)<d(my,m3) = K xd(m,m) < K *d(m,73)

=1- % >1-— % = Aff (my,m) > Aff (71, 73).

Property 8. Reaching coherence

We have d(r}, m5)=d(m, 72) since we added the same value « to m;(w;)ke1,2-
On the other hand, adding « to m;(w;)ke1,2 may result in a decrease (and
not an increase) of the inconsistency. Hence, if Inc(7], 75) < Inc(m, m5) then
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Aff (7}, ) > Aff (m1, ) and if the inconsistency remains unchanged, then

Aff (my, my) = Aff (1, m2).

Property 9. Mutual convergence

We have, m(w;) # mi(w;) and Vj # i, mh(w;) = ma(w;). When taking
mh(wi) = = s.t. & €]me(w;), m1(w;)], we always have:

= d(my,m) < d(m, 7).

On the other hand, we have Inc(m,7h) < Inc(my, m) = K * d(m, 7h) + X *
Inc(my, ) < Kk xd(my, m2) + A % Inc(my, m2)

= Aff (w1, 7h) > Aff (w1, m2).

Property 10. Indifference preserving

1) If we add « to m(w;) and keep the other degrees unchanged (which leads
to 7)) and «a to me(w;) and keep the other degrees unchanged (which leads
to m5)

= d(my, m})=d(m2, wé):ﬁ and Inc(my, 7])=Inc(m, 7)=0 (since we only deal
with normalized distributions)

= Aff (1, m)=Aff (2, 73).

2) The second proof is immediate from 1) if we subtract a.

A.3 Conclusion

In this appendix, we have provided proofs of the different propositions that
we have provided in Chapter 3.



Appendix B

The Possibilistic Decision Tree
Toolbox (PD2T)

B.1 Introduction

In this appendix, we will present our software, namely, the PD2T Toolbox
that we have developed with MATLAB 6.5 to implement different possibilis-
tic decision tree approaches. Some screen shots will be shown in order to
explain the use of this toolbox.

B.2 PD2T Toolbox
The PD2T Toolbox will allow users to:

e Build, save, load, test and use standard decision trees (C4.5) (Quinlan,
1993).

e Build, save, load, test and use possibilistic option decision trees (PODT)
(Jenhani et al., 2005).

e Build, save, load, test and use non-specificity-based possibilistic deci-
sion trees (NS-PDT) (Jenhani et al., 2008).

e Build, save, load, test and use similarity-based possibilistic decision
trees (Sim-PDT) (Jenhani et al., 2008, 2008a).

e Build, save, load, test and use clustering-based possibilistic decision
trees (Clust-PDT) (Jenhani et al., 2009).

157
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B.2.1 Main menu

The main menu of our toolbox is shown in Figure B.1.

) The Possibilistic Decision Tree Toolbox (PD2T) - 0O X

L

File Classifier...

Figure B.1: The PD2T Toolbox main menu

As it is shown, there are two basic menus:

1. The File menu: allowing to cancel the software.

2. The Classifier menu: allowing to choose a decision tree classifier.

B.2.2 C(lassifier menu

This menu has five sub-menus, namely the C4.5 DT, the Possibilistic
Option DT, the NS-PDT, the Sim-PDT and the Clust-PDT sub-menus
(see Figure B.2). It allows to choose to use either the C4.5 classifier (Quinlan,
1993) or the PODT classifier (Jenhani et al., 2005) or the NS-PDT classifier
or the Sim-PDT classifier or the Clust-PDT classifier. In this appendix, we
only give screen shots for the last three approaches which have been proposed
in this dissertation.

J "The Possibilistic Decision Tree Toolbox (PD2T) - 0 (X

Classifier...

C4.5DT

Possibilistic Option DT
NS-PDT

Sim-PDT

Clust-PDT

v v v v v

Figure B.2: The Classifier menu

These last three approaches have exactly the same sub-menus (see Figure
B.3):
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1. Learning: allows to learn (build) a possibilistic decision tree from a
chosen possibilistic training set.

2. Testing: allows to evaluate an already built possibilistic decision tree
on a possibilistic testing set different from the possibilistic training
set from which the classifier was built (a kind of hold out validation
strategy).

3. K-folds CV: allows to evaluate a possibilistic decision tree using the
K-folds cross-validation strategy.

NS-PDT 4 Learning NS-PDT

Sim-PDT » Testing NS-PDT
Clust-PDT » K-folds-C¥ NS-PDT
Sim-PDT L Learning Sim-PDT
Clust-PDT 4 Testing Sim-PDT

K-Folds-C¥ Sim-PDT

Clust-PDT 3 Learning Clust-PDT

Testing Clust-PDT
K-Folds-C¥ Clust-PDT

Figure B.3: The NS-PDT, Sim-PDT and Clust-PDT menus

Learning sub-menu

For our toolbox, we have adopted the same data format used in Weka (Witten
& Frank, 2005), namely, the ARFF format. Each data set is characterized
by two files:

o A heading file containing the list of attributes and the different values of
each attribute including also the class attribute and its different labels.

e A training file containing all the training instances.

Figure B.4 and Figure B.5 show, respectively, the structure of the heading
file and the training file for a given data set.
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X

L

B PossGolf-heading. txt - Bloc-notes ==
Fichier Edition Format Affichage ?
Brelation Possibilistic golf

Battribute outlook {sunny,overcast,rainyt
Battribute Temp {hot,mild, cool}
Battribute Humidity {high,normal}
Battribute wind {strong,weak}

gattribute <1 {0,17}

gattribute <2 {0,117}

Figure B.4: The heading file content

2 PossGolf-training.txt - Bloc-notes =0 E
Fichier Edition Format Affichage ?

sunny, hot, high,weak,0.2,1
sunny, hot,high, strong,0.4,1
owvercast, hot, high, weak,1,0.7
rainy,mild, high,weak,1,0
rainy,cool,normal,weak,1,0.8
rainy,cool,normal, strong, 0.4,
owercast, cool,normal, strong,1
sunny,mild, high,weak,0.3,1
sunny, cool,normal,weak,1,0.3
rainy,mild, normal,weak,1,0
sunny,mild, normal, strong,1, 0.2
overcast,mild,high,strong,1,0
overcast, hot,normal, weak,1,0.3
rainy,mild, high,strong, 0,1

1
,0.9

Figure B.5: The training file content

Learning steps:

1. When the user chooses the Learning sub-menu corresponding to one
of the possibilistic decision tree approaches, two dialog boxes will ask
him to select the heading file and the training file relative to the data
set he wishes to use The following figure (Figure B.6) shows a dialog
box asking to select a heading file of a data set.

2. After selecting the desired approach and the desired data set, the pro-
gram will display the induced tree along with some statistics such as
the time taken to build the tree, the number of its nodes and leaves.
Again, we have chosen to adopt the same display method used by Weka
to display a tree. Figure B.7 shows an example of a possibilistic de-
cision tree induced by the NS-PDT approach for the possibilistic data
set shown in Figure B.4 and Figure B.5.
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Open headlines... ?7 X

Flegarder dans : |_} Poss Headings j o £ B

E] entete_cancer.txt r;] entete-Lympho, bk
E} entete-balance. bxt E} entete-nursery. bxt

E] entete-Car.bxt r;] enkete-Spect, bt

E] entete-golf bt r;] entete-TicTac, bxt

E] enkete-Hayes bxt r;] entete-vote, bxt

@ entete-Lung.kxt @ entete-webTrafic, bk

Mom du fichier : |
Fichiers de type : |AII Files [*.¥] j Annuler

Figure B.6: The “Open Headlines” dialog box

3. Once the tree is constructed and displayed, a dialog box will invite the
user to save the induced possibilistic tree under a “Matlab variables
binary file” with extension “.mat”. Figure B.8 shows the “Saving
learning results as ...” dialog box.

Testing sub-menu

This sub-menu allows to perform a kind of hold out validation strategy (see
Section 6.2.4) to evaluate a classifier. Here, the training and testing data sets
are manually and randomly chosen by the user and not randomly chosen by
the program.

When the user chooses the Testing sub-menu corresponding to one of
the possibilistic decision tree approaches, the following dialog boxes appears
successively:

1. A dialog box asking to select an already built and saved possibilistic
decision tree for a given data set.

2. A dialog box asking to select the heading file corresponding to the data
set used for inducing the saved tree.

3. A dialog box asking to select the testing file. A file having exactly the
same structure of the training file (see Figure B.5). It contains the set
of instances on which the classifier will be evaluated.
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===== Classifier model =====

MNS-PDT Tree

Humidity = high
| Temp = hot @ [0.5925% 1]
mild : [1  0.86357]
cool @ [0.82979 1]
Humidity = normal
= hot @ [1 0. 54687]
| Temp =mild @ [1 0. 54687]
= cool @ [1 0.88235]

Total Mumber of Leawves: 11
size of the tree: 17

Time taken to build the model: 0.641 seconds

Figure B.7: The NS-PDT tree for the possibilistic golf data set

Save learning resulls as...

Envegistier dars | 3 PossTress = & = c¥ Ed-

e

Tupe: MAT files [*.mat) :J Anruller |

Figure B.8: The “Save learning results as...” dialog box
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4. A window that will redisplay the saved tree with its statistics and the
obtained values for the different performance criteria defined is Section
6.2.3.

K-folds CV sub-menu

This sub-menu allows to perform a k-folds cross-validation evaluation strat-
egy for a given approach and for a given data set (see Section 6.2.4). Here,
the training and testing data sets are no longer chosen by the user. The user
is only asked to select the entire data set (the heading file and the training
file containing all the possibilistic instances) and give the number of folds
(see Figure B.9). The program will then proceed to evaluate the possibilis-
tic classifier and display the mean value of each performance indicator (see
Section 6.2.3) over the k folds (see Figure B.10).

J H-folds cross-validation

Glve the number of folds.

g

ok | Dmml‘

Figure B.9: The input box to enter the k£ value

======= Cross-validation resuylts =======
===== Possibilistic Data Set =====
Possibilistic Golf

===== Classifier model =====

Clust-PDT approach

Mumber of folds: 3

Mean Mumber of Leaves: 8.4 (0.3)

Mean Mumber of internal decision nodes: 4.2 (0.4)

Mean Tree Height: 2 (0}

Mean Time taken to build the model: 0.4062 (0.3673) seconds
Mean CMPCC%: 46,6667 (33.9935) %

mMean Infoaffc: 0.68167 (0.073862)

Figure B.10: Results of a 5-folds cross-validation for the Clust-PDT
approach
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B.3 Conclusion

In this appendix, we have briefly presented the PD2T Toolbox. We have
shown some screen shots to explain the main features of our software regard-
ing the possibilistic decision tree approaches presented in this thesis. The
toolbox includes some other approaches that we have presented in previous
works.

This toolbox, which implements the C4.5 algorithm, the PODT algo-
rithm (Jenhani et al., 2005), the NS-PDT, the Sim-PDT and the Clust-PDT
algorithms, will allow users to induce possibilistic decision trees from any
possibilistic data set and test them.
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