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Quand vous travaillez, vous êtes une flûte
dont le coeur transforme en musique le

chuchotement des heures.
Qui parmi vous voudrait être un roseau
muet et silencieux, alors que le monde

entier chante à l’unisson ?

Khalil Gibran
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À ma mère...
Merci pour tes prières...
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Mesures réduites, Grandes solutions et

Singularités de quelques problèmes

paraboliques

Résumé

Cette thèse est constituée de trois parties.
La première est consacrée à dégager les notions de “bonne mesure” et de “mesure réduite”
pour deux problèmes paraboliques non linéaires : le premier traite le cas d’une mesure
de Radon positive comme valeur initiale et l’autre traite le cas d’une mesure de Radon
positive au bord latéral. Pour chacun de ces problèmes et suite à un phénomène de relaxa-
tion, on construit une suite qui converge vers la plus “grande” sous-solution du problème
donné. En plus, on cherche des “capacités universelles” et on établit des équivalences avec
des mesures de Hausdorff.
Dans la deuxième partie, on cherche des conditions d’existence et d’unicité de “grande
solutions” pour des problèmes paraboliques dont le terme non linéaire est un terme d’ab-
sorption. Des conditions sur le bord du domaine permettent de prouver l’unicité de la
solution.
Dans la troisième partie, on étudie les “singularités” de deux problèmes paraboliques non
linéaires : l’un traite le cas où la non linéarité dépend de la variable temps et l’autre traite
le cas où le terme non linéaire dépend des coordonnées d’un point de l’espace. Pour le pre-
mier, notre but est d’éliminer la singularité à l’origine. En cours, on démontre la variante
de l’estimation de Brézis-Friedman. Pour le second, on étudie les singularités isolées et on
prouve l’existence et l’unicité de la solution dans le cas sous-critique.

Mots clés. Equations paraboliques, mesures de Radon, capacités, mesures de Haus-
dorff, solutions singulières, auto-similarité, singularités éliminables, semi-groupes de contrac-
tions, opérateur maximal monotone, critère de Wiener, singularités isolées.
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FRANÇOIS RABELAIS DE TOURS, PARC DE GRANDMONT, F-37200 TOURS FRANCE.



x

Reduced measures, Large solutions and

Singularities of some parabolic problems

Abstract

The thesis at hand is composed of three parts.
The first part is devoted to present the notions of “good measure” and “reduced measure”
for two non-linear parabolic problems, one of which treats the case of a positive Radon
measure as an initial value, and the other treats the case of a positive Radon measure on
a lateral boundary. For each of these problems we construct a sequence, after a relaxa-
tion phenomenon, which converges to the “greatest” sub-solution of the given problem.
Moreover, we look for “universal capacities” and we establish equivalence with Hausdorff
measure.
In the second part, we establish existence and uniqueness conditions for “large solutions”
of parabolic problems whose non-linear term is an absorption one. Some boundary condi-
tions will permit to prove uniqueness of solutions.
In the last part we study the “singularities” of two non-linear parabolic problems. The
non-linear term of one problem depends on a time variable and of the other on the spatial
coordinates of a point. For the former problem, we aim at eliminating the singularity
at the origin and we prove the variant of Brézis-Friedman as by-product. For the later
problem, we study isolated singularities and we prove the existence and uniqueness of
solutions in the sub-critical case.

Key words. Parabolic equations, Radon measures, capacities, Hausdorff measures, sin-
gular solutions, self-similarity, removable singularities, semi-groups of contractions, maxi-
mal monotone operators, Wiener criterion, isolated singularities.
1991 Mathematics Subject Classification, 35K60.
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Introduction

Cette thèse est constituée de trois parties.

La première est consacrée à dégager les notions de bonne mesure et de mesure réduite
pour deux problèmes paraboliques non linéaires : le premier traite le cas d’une mesure
de Radon positive comme valeur initiale et l’autre traite le cas d’une mesure de Radon
positive au bord latéral.

Dans la deuxième partie, on cherche des conditions d’existence et d’unicité de grande
solution pour des problèmes paraboliques dont le terme non linéaire est un terme d’ab-
sorption.

Dans la troisième partie, on étudie les singularités de deux problèmes paraboliques
non linéaires : le premier traite le cas où la non linéarité dépend de la variable temps et
l’autre traite le cas où le terme non linéaire dépend des coordonnées d’un point de l’espace.

1 Présentation des résultats

Les résultats de cette thèse sont regroupés en 6 chapitres.

– Chapitre 1. “ Reduced measures associated to parabolic problems ” (Article paru
dans Proceedings Steklov Inst.).

– Chapitre 2. “On uniqueness of large solutions of nonlinear parabolic equations in
nonsmooth domains” (Article à parâıtre dans Advanced Nonlinear Studies).

– Chapitre 3. “Solutions of some nonlinear parabolic equations with initial blow-up”
(Article à parâıtre dans Quaderni di Mathematica).

– Chapitre 4. “Solutions de quelques équations paraboliques nonlinéaires explosant en
t = 0 et au bord d’un domaine.”
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– Chapitre 5. “Singularités éliminables”.

– Chapitre 6. “Singularités isolées”.

2 Mesures Réduites.

Dans le premier chapitre, on traite la première partie qui est consacrée à dégager la
notion de mesure réduite pour les deux probèmes paraboliques semi-linéaires suivants :











∂tu− ∆u+ g(u) = 0 dans QT := Ω × (0, T )

u = 0 sur ∂ℓQT := ∂Ω × (0, T )

u(., 0) = µ dans Ω

(2.1)

et










∂tu− ∆u+ g(u) = 0 dans QT := Ω × (0, T )

u = µ′ sur ∂ℓQT := ∂Ω × (0, T )

u(., 0) = 0 dans Ω

(2.2)

où Ω est un domaine borné de R
N , N > 1, g est une fonction continue croissante définie

sur R et s’annulant sur (−∞, 0] et µ et µ′ sont des mesures de Radon positives définies
respectivement sur Ω et ∂Ω × (0, T ).
Dans ce chapitre, on répond à la question suivante : Etant donnée une mesure de Radon
positive ν sur Ω, existe-t-il une plus grande mesure de Radon µ inférieure à ν pour la-
quelle le problème (2.1 ) admet une solution ? Si µ existe, elle est dite la mesure réduite
associée à ν. Une mesure de Radon positive pour laquelle le problème (2.1 ) admet une
solution est dite une bonne mesure. Ce type de problèmes est maintenant bien compris
pour les équations elliptiques non linéaires. Les bonnes mesures sont des mesures relaxées
universelles (par rapport à g). Ce type de problème a été d’abord étudié par Vazquez [28]
qui a traité le problème

−∆u+ eau = µ dans R
2. (2.3)

Il a prouvé que la mesure réduite est la somme de la partie non atomique de µ et la partie
atomique où les coefficients des masses de Dirac de tout atome a sont tronqués à la valeur
2π/a. Récemment, les mesures relaxées ont été mises en évidence par Brézis, Marcus et
Ponce [10] et par Brézis et Ponce [11] pour les problèmes stationnaires associés :

{

−∆u+ g(u) = µ dans Ω ⊂ R
N

u = 0 sur ∂Ω
(2.4)

et
{

−∆u+ g(u) = 0 dans Ω ⊂ R
N

u = µ sur ∂Ω.
(2.5)
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Elles sont obtenues de diverses façons mais la manière la plus naturelle est de remplacer
le terme non linéaire g par une forme tronquée gk = min{k, g} (k > 0), de résoudre le
problème approché, par exemple

{

−∆uk + gk(uk) = µ dans Ω ⊂ R
N

uk = 0 sur ∂Ω
(2.6)

puis de faire tendre k vers l’infini. Il se produit alors un phénomème de relaxation, c’est
à dire que la fonction uk converge vers une fonction u∗ qui vérifie alors

{

−∆u∗ + g(u∗) = µ∗ dans Ω ⊂ R
N

u∗ = 0 sur ∂Ω
(2.7)

où µ∗ 6 µ est la mesure relaxée de µ. Les propriétés de µ∗ sont très importantes. Elles
sont naturellement associées à des capacités de Bessel. Dans l’article [10], Brézis, Marcus
et Ponce ont traité le problème (2.4 ). Leur résultat principal est

Théorème 2.1 Etant donnée une mesure de Radon µ, soit uk la solution de

{

−∆uk + gk(uk) = µ dans Ω ⊂ R
N

uk = 0 sur ∂Ω.
(2.8)

Alors uk converge vers une fonction u∗ dans Ω quand k tend vers l’infini, où u∗ est la plus
grande sous-solution de (2.4 ).

Remarque 2.1 Ainsi, ils ont prouvé qu’il existe une seule mesure de Radon µ∗ telle que

−
∫

Ω

u∗∆ζ +

∫

Ω

g(u∗)ζ =

∫

Ω

ζdµ∗ ∀ζ ∈ C2
0

(

Ω
)

.

µ∗ est la mesure réduite associée à µ et elle est bien une bonne mesure.

En plus, ils ont prouvé un résutat relatif à la capacité universelle du problème (2.4 ).

Proposition 2.1 On suppose que K ⊂ Ω un compact. Alors

capH1 (K) = 1/2 cap∆,1 (K) .

Avec

cap∆,1(K) = inf

{
∫

Ω

|∆ψ| dx :

ψ ∈ C∞
c (Ω), ψ ≥ 1 dans un voisinage de K

} (2.9)
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et

capH1(K) = inf

{
∫

Ω

|∇ψ|2 dx :

ψ ∈ C∞
c (Ω), ψ ≥ 1 dans un voisinage de K

} (2.10)

Dans l’article [11], Brézis et Ponce ont traité le problème (2.5 ). Ils ont établi un équivalent
du résultat de celui prouvé par Brézis, Marcus et Ponce [10] en ce qui concerne la mesure
réduite. Et par rapport à la capacité universelle du problème (2.5 ), ils ont démontré le
résutat suivant :

Proposition 2.2 On suppose que K ⊂ Ω un compact. Alors

c∂Ω (K) = HN−1 (K) .

Avec HN−1 est la mesure de Hausdorff et

c∂Ω (K) = inf

{
∫

Ω

|∆ψ| dx :

ψ ∈ C2
0(Ω), −∂ψ

∂n
≥ 1 dans un voisinage de K

} (2.11)

où ∂
∂n

est la dérivée par rapport au vecteur normal sortant de ∂Ω.

Dans le premier chapitre de cette thèse la démarche est similaire, mais la difficulté in-
trinsèque rend l’étude plus délicate. D’abord, on étudie le problème (2.1 ) dans cette
perspective et on répond à la question demandée. On traite l’ensemble des bonnes me-
sures relatif à g et on prouve que toute bonne mesure est absolument continue par rapport
à la mesure de Hausdorff HN . De la même manière, on étudie le problème (2.2 ).

Remarque 2.2 On construit le phénomène de relaxation associé au problème (2.1 ) de
la façon suivante. Soit {gk} une suite croissante de fonctions continues croissantes définies
sur R, s’annulant sur (−∞, 0] et tel que

0 6 gk(r) 6 ckr
p + c′k ∀r > 0, ∀k > 0

lim
k→∞

gk(r) = g(r) ∀r ∈ R,

pour certains constantes positives ck et c′k et p ∈ (1, (N + 2) / (N + 1)). Il existe une
solution unique u = uk de











∂tu− ∆u+ gk(u) = 0 dans QT

u = 0 sur ∂ℓQT

u(., 0) = µ dans Ω

(2.12)
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Notre résultat principal est

Théorème 2.2 Quand k → ∞, la suite {uk} converge dans L1 (QT ) vers une fonction
positive u∗ tel que g(u∗) ∈ L1

ρ (QT ) avec ρ = ρ(x) = dist (x, ∂Ω), et il existe une mesure
positive µ∗ inférieure à µ telle que











∂tu
∗ − ∆u∗ + g(u∗) = 0 dans QT

u∗ = 0 sur ∂ℓQT

u∗(., 0) = µ dans Ω.

(2.13)

En plus, u∗ est la plus grande sous-solution du problème (2.1 ).

Pour la capacité relative au problème (2.1 ), on a prouvé le résultat suivant :

Théorème 2.3 Pour tout compact k ⊂ Ω, on a

HN (K) = cΩ (K) .

Avec

cΩ(K) = inf

{
∫ ∫

QT

|∂tψ + ∆ψ| dx dt :

ψ ∈ C2,1
ℓ,0 (QT ), ψ(x, 0) ≥ 1 dans un voisinage de K

}

(2.14)

où C2,1
ℓ,0 (QT ) est l’espace des fonctions dans C2,1(QT ) qui s’annulent sur ∂Ω× [0, T ]∪Ω×

{T}.
Pour le problème (2.2 ), on a prouvé le théorème suivant :

Théorème 2.4 Pour tout compact k ⊂ ∂lQT , on a

HN (K) = c∂lQT
(K) .

Avec

c∂lQT
(K) = inf

{
∫ ∫

QT

|∂tψ + ∆ψ| dx dt :

ψ ∈ C2,1
ℓ,0 (QT ), −∂ψ

∂n
≥ 1 dans un voisinage de K

} (2.15)

Ces deux capacités aboutissent à de bonnes mesures universelles. Ainsi on a réussi à
démontrer ces deux théorèmes :

Théorème 2.5 Soit µ une mesure de Radon positive sur Ω. Si µ est une bonne mesure
associée à g, alors µ ∈ L1

ρ(Ω).

Théorème 2.6 Soit µ une mesure de Radon positive sur ∂ℓQT . Si µ est une bonne mesure
associée à g, alors µ ∈ L1(∂ℓQT ).
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3 Grandes Solutions.

La deuxième partie est constituée des chapitres 2, 3, et 4.

Soit Ω un domaine de R
N et f une fonction continue à valeurs réelles ; une fonction

u ∈ C1 (Ω) est dite une grande solution si

−∆u+ f (u) = 0 dans Ω, (3.1)

si

lim
ρ(x)→0

u (x) = ∞, (3.2)

où ρ(x) = dist (x, ∂Ω). Ce type de problème est étudié d’abord par Bierberbach et Rade-
macher [5], [27] dans le cas où f(u) = eu et N = 2 ou 3. Loewner et Nirenberg [21] ont
prouvé l’existence et l’unicité d’une fonction positive u qui satisfait







−4(N−1)
N−2

∆u+ u
N+2
N−2

+ = 0 dans Ω

lim
ρ(x)→0

u(x) = ∞ sur ∂Ω

où Ω est un domaine borné régulier. En plus, Bandle et Marcus [1], [2] et [3] ont démontré
l’unicité de la grande solution de

−∆u+ uq+ = 0

où q > 1 et ∂Ω est régulier et compact. Pour les équations elliptiques de second ordre

−Lu+ uq+ = 0

Véron [30] a prouvé l’existence et l’unicité de la grande solution de ces équations dans
le même type de domaine. L’existence d’une grande solution dépend de l’existence d’une
solution maximale qui elle même dépend de la condition de Keller Osserman [18], [26].

Définition 3.1 Une fonction g ∈ C(R+) satisfait la condition de Keller Osserman si il
existe une fonction croissante positive h tel que

g(r) ≥ h(r), ∀r ∈ R+ et

∫ ∞

a

(
∫ r

0

h(s)ds

)
−1
2

<∞, ∀a > 0.

Il est bien connu que si f est croissante et satisfait la condition de Keller Osserman alors
une grande solution existe dans tout domaine borné régulier. L’unicité dans les domaines
réguliers est établie sous des conditions supplémentaires sur f (Bandle et Marcus [1], [2]
et [3]). Ils ont établi les résultats suivants :
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Théorème 3.1 Soit Ω un domaine borné de R
N avec un bord ∂Ω qui est de classe C2 et

f une fonction continue à valeurs réelles telle que

lim
r→∞

r−qf(r) = 1,

pour q > 1. On suppose que r → f(r)

r
est croissante sur R

+
∗ . Alors il existe une unique

grande solution positive de (3.1 )- (3.2 ).

Imposant les conditions suivantes sur f (Bandle et Marcus [1], [2] et [3]) rend l’unicité
plus faible que celle établie dans le théorème 3.1 :

1. f est C1 sur R
+, s’annule en 0 et f est positive sur R

+
∗ ,

2. f (βt) ≤ β1+µf(t), ∀ β ∈ (0, 1), ∀t ≥ t0
β
, pour un t0 ≥ 1 et µ > 1,

3. f (βt) ≤ βf(t), ∀ β ∈ (0, 1), ∀t ≥ 0.

Le théorème suivant (Véron [29]) est une adaptation d’un résultat de Iscoe [17].

Théorème 3.2 On suppose que Ω est un domaine borné de R
N étoilé par rapport à O et

que f est croissante et satisfait

k2h(k)f(ρ) ≤ f(h(k)ρ+ l(k)), (∀ρ ∈ R, k > 1)(resp.(∀ρ > 0, k > 1)),

où h (resp. l) est une fonction continue définie sur (1,∞) avec une limite 1 (resp. 0) en
1. Alors il existe au plus une grande solution (resp. une grande solution positive) de (3.1
)- (3.2 ) dans Ω.

Le cas où f(u) = |u|q−1u avec q > 1 est bien compris :

1. Il existe toujours une solution maximale.

2. La solution maximale est grande si et seulement si ∂Ω satisfait un critère de type
Wiener utilisant la capacité de Bessel C2,q′ ce qui est toujours vrai lorsque 1 < q <
N
N−2

.

3. Pour tout q > 1, l’unicité est obtenue dans tout domaine Ω avec un bord compact
tel que ∂Ω est localement le graphe d’une fonction continue (Marcus-Véron [22]). Si
1 < q < N

N−2
, l’unicité est assurée lorsque ∂Ω = ∂Ω

c
(Véron [30]).

Labutin [19] a prouvé l’existence de solution de

(E)

{

−∆u+ |u|q−1 u = 0 dans Ω
lim

ρ(x)→0
u(x) = ∞ sur ∂Ω

Théorème 3.3 Soit Ω ⊂ R
N , N ≥ 3, un domaine borné, et soit q > 1. Les affirmations

suivantes sont équivalentes :

1. (E) a une solution u ∈ C2
loc(Ω)
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2. L’ensemble Ωc = R
N\Ω n’est pas fin, i.e.

∫ 1

0

C2,q′ (Ω
c ∩B (x, r))

rN−2

dr

r
= +∞ pour tout x ∈ Ωc,

avec
1

q
+

1

q′
= 1.

Ce théorème dit que la résolution de (E) est équivalente à un test de Wiener relatif à
une certaine capacité. Le Gall et Dhersin [12] ont prouvé par des méthodes probabilistes
l’existence d’une solution pour (E) si q = 2. Ils ont prouvé un théorème plus fort affirmant
que l’existence d’une solution explosant en un point x0 ∈ ∂Ω est équivalente au critère de
Wiener en x0. Wiener [31] a prouvé que le critère de Wiener par la capacité électrostatique
classique est nécessaire et suffisant pour la résolution du Problème de Dirichlet pour les
fonctions harmoniques.

Remarque 3.1 On rappelle le critère classique de Wiener : un ouvert Ω de R
N vérifie le

critère de Wiener si, pour tout σ ∈ ∂Ω,

∫ 1

0

C1,2 (Ωc ∩B (σ, r))

rN−2

dr

r
= +∞ pour tout x ∈ Ωc,

où C1,2 est la capacité électrostatique. Si Ω est un domaine avec un bord compact et vérifie
le critère de Wiener, alors pour toutes fonctions φ ∈ C (∂Ω) et ψ ∈ L∞

loc

(

Ω
)

, une solution
au sens faible de

{

−∆w = ψ dans Ω
w = φ sur ∂Ω

est continue jusqu’au bord de Ω.

Concernant les tests de Wiener pour la résolution du problème de Dirichlet pour des
problèmes elliptiques et paraboliques, on renvoie aux références suivantes [4], [6], [13],
[14], [15], [16], [20], [25], [32] et [33].
Dans le chapitre 2, on traite le problème :

∂tu− ∆u+ |u|q−1u = 0 dans Q∞
Ω := Ω × (0,∞). (3.3)

On s’intéresse aux solutions positives de (3.3 ) qui satisfont

lim
t→0

u (., t) = f(.) dans L1
loc (Ω) (3.4)

où f ∈ L1
loc+ (Ω) et

lim
(x,t)→(y,s)

u (x, t) = ∞ ∀(y, s) ∈ ∂Ω × (0,∞). (3.5)

Dans ce chapitre on démontre deux types de résultats :
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Théorème 3.4 On suppose que q > 1 et Ω est un domaine borné. Alors pour tout f ∈
L1
loc+ (Ω), il existe une solution maximale ūf du problème (3.3 ) vérifiant (3.4 ). Si 1 <

q < N/ (N − 2), ūf satisfait (3.5 ). En plus, si 1 < q < N/ (N − 2) et ∂Ω = ∂Ω
c
, ūf est

la solution unique du problème qui satisfait (3.5 ).

Théorème 3.5 On suppose que q > 1, Ω est un domaine borné et ∂Ω est localement un
graphe continu. Alors pour tout f ∈ L1

loc+ (Ω), il existe au plus une solution du problème
(3.3 ) vérifiant (3.4 ) et (3.5 ).

Dans l’appendice de ce chapitre, on étudie une équation autosimilaire qui joue un rôle
important dans notre construction,











H ′′ +
(

N−1
r

+ r
2

)

H ′ + 1
q−1

H − |H|q−1 = 0

lim
r→0

H(r) = ∞
lim
r→∞

r2/(q−1)H(r) = 0

Dans le chapitre 3, on traite le problème de Cauchy-Dirichlet PΩ,f











∂tu− ∆u+ |u|q−1u = 0 in QΩ
∞

u = f on ∂Ω × (0,∞)

limt→0 u(x, t) = ∞ ∀x ∈ Ω.

(3.6)

On construit une solution positive uΩ of (3.6 ) avec f = 0 appartenant à C(0,∞;H1
0 (Ω)∩

Lq+1(Ω)) grâce aux résultats de Brézis [7] et [8] concernant les semi-groupes de contraction
engendré par les sous-différentielles des fonctions convexes dans les espaces de Hilbert. On
considère aussi une approximation interne de Ω par des domaines bornés réguliers Ωn tels
que Ω = ∪nΩn. Pour chaque domaine Ωn, il existe une solution maximale uΩn du problème
PΩn,0. La suite {uΩn} est croissante. Sa limite uΩ := limn→∞ uΩn est la solution minimale
positive de PΩ,0. On démontre que uΩ = uΩ. Si ∂Ω satisfait le critère parabolique de
Wiener [33], il existe des solutions pour PΩ,0. On construit la solution maximale uΩ de ce
problème. On démontre deux théorèmes principaux :

Théorème 1. Si ∂Ω est compact et satisfait le critère parabolique de Wiener, alors

uΩ = uΩ.

Théorème 2. Si ∂Ω est compact et satisfait le critère parabolique de Wiener, et si f ∈
C(0,∞; ∂Ω) est positive, uΩ,f est la solution unique positive du problème PΩ,f .

Dans le chapitre 4, on traite le problème :

∂tu− ∆u+ |u|q−1u = 0 dans Q∞
Ω := Ω × (0,∞). (3.7)
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On s’intéresse aux solutions positives de (3.7 ) qui satisfont

lim
t→0

u (., t) = ∞ dans Ω (3.8)

et

lim
(x,t)→(y,s)

u (x, t) = ∞ ∀(y, s) ∈ ∂Ω × (0,∞). (3.9)

Dans ce chapitre on démontre le résultat suivant :

Théorème 3.6 On suppose que q > 1 et Ω est un domaine borné. Alors il existe une
solution maximale ū du problème (3.7 ). Si 1 < q < N/ (N − 2), ū satisfait (3.8 ) et (3.9
). En plus, si 1 < q < N/ (N − 2) et ∂Ω = ∂Ω̄c, ū est la solution unique du problème qui
satisfait (3.8 ) et (3.9 ).

4 Singularités

La troisième partie est constituée des chapitres 5 et 6. Dans le chapitre 5, on traite le
problème

∂tu− ∆u+ tαuq = 0 dans QT = R
N×]0, T [ (4.1)

où T > 0, α > −1 et q > 1. Soit u ∈ C2,1
(

R
N × (0, T )

)

∩ C
(

R
N × [0, T )\{(O, 0)}

)

une
solution de (4.1 ) dans QT qui satisfait

u(x, 0) = 0 dans R
N\{O}. (4.2)

On va trouver des estimations pour une solution u de (4.1 ) en relation avec la solution
maximale de φ′ + tαφq = 0 explosant en t = 0 et la solution très singulière monodi-
mentionnelle de (4.1 ). Ces estimations vont nous permettre de trouver une variante de
l’estimation de Brézis-Friedman [9], dans leur article ils ont traité l’équation

∂tu− ∆u+ uq = 0 dans Ω × (0, T ) (4.3)

où Ω est un domaine de R
N . Ils ont obtenu l’estimation suivante pour toute solution de

(4.3 )

u(x, t) ≤ C (N, q)
(

|x|2 + t
)

1
q−1

∀(x, t) ∈ Ω × (0, T )\ {0} .

Dans le cas q ≥ N+2
N

, cette estimation a aidé à éliminer la singularité en O, leur résulat
est le suivant :

Théorème 4.1 Soit u ∈ C2,1 (Ω × (0, T )) ∩ C (Ω × [0, T )\{(O, 0)}) une solution de (4.3
) dans Ω× (0, T ) et satisfait u(x, 0) = 0 dans Ω\{O}. Si q ≥ N+2

N
, alors on peut prolonger

u en un élément de C2,1 (Ω × [0, T )).
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Donc notre but est d’éliminer la singularité en O. On démontre la variante de l’estimation
de Brézis-Friedman suivante :

Théorème 4.2 Pour N ≥ 1, q > 1 et α > −1, il existe k > 0 telle que pour tout
(x, t) ∈ QT et pour toute solution u de (4.1 ) vérifiant

lim
t→0

u(x, t) = 0 ∀x 6= 0

on a
u(x, t) ≤ k

(

|x|2 + t
)−α+1

q−1 .

Pour éliminer la singularité en O, on a le résultat suivant :

Théorème 4.3 Soit u ∈ C2,1
(

R
N × (0, T )

)

∩ C
(

R
N × [0, T )\{(O, 0)}

)

une solution de
(4.1 ) dans R

N × (0, T ) et satisfait u(x, 0) = 0 dans R
N\{O}. Si q ≥ 1 + (2 (1 + α)) /N ,

avec α > −1, alors on peut prolonger u en un élément de C2,1
(

R
N × [0, T )

)

.

Dans le chapitre 6, on étudie les singularités isolées dans le demi-espace du problème

ut − ∆u+ x2α
1 u

q = 0, (4.4)

dans le domaine E =
{

(x, t) : x ∈ R
+ × R

N−1, t ∈ R
+
}

, où q > 1, α > −1. Avec

u(0, x′, 0) = 0, x′ ∈ R
N−1\{O}, (4.5)

u(x1, x
′, 0) = 0, x′ ∈ R

N−1, x1 > 0. (4.6)

Une généralisation du résultat est ainsi établie dans ce chapitre. On étudie le problème
suivant :

ut − ∆u+

p
∑

i=1

x2α
i u

q = 0, 2 ≤ p ≤ N (4.7)

dans le domaine G =
{

(x, t) : x ∈ R
p
+ × R

N−p, t ∈ R
+
}

, où q > 1, α > −1. Avec

u(0, xp+1, ..., xN , 0) = 0, (xp+1, ..., xN ) ∈ R
N−p\ {O} , t > 0, (4.8)

u(x1, ..., xp, xp+1, ..., xN , 0) = 0, (x1, ..., xp) ∈ R
p
+. (4.9)

Pour (x, t) ∈ R
N × (0,∞), on pose

η =
x√
t

et τ = − ln t.

Alors l’application (x, t) → (η, τ) est un homéomorphisme de R
N ×R+ dans R

N ×R. Soit
une fonction réelle v dans R

N × R+, on note Sv la fonction donnée par

(Sv)(η, τ) = t
1+α
q−1 v(x, t),∀(η, τ) ∈ R

N × R,

avec q > 1 et α > −1. Si Sv est indépendante de τ alors on dit que v est autosimilaire.
Dans leur article [23], Marcus et Véron ont étudié le problème dans le cas α = 0 et ils ont
trouvé le théorème suivant :
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Théorème 4.4 Soit le problème

ut − ∆u+ uq = 0, (4.10)

dans le domaine E =
{

(x, t) : x ∈ R
+ × R

N−1, t ∈ R
+
}

, avec

u(0, x′, t) = 0, x′ ∈ R
N−1, t > 0 (4.11)

u(x1, x
′, 0) = 0, x′ ∈ R

N−1, x1 > 0, (x1, x
′) 6= (0, 0). (4.12)

1. Si q ≥ N+3
N+1

, alors le problème n’a pas de solution dans C
(

E\O
)

autre que la solution
triviale.

2. Si 1 < q < N+3
N+1

, alors il existe une solution unique positive autosimilaire Us ∈
C
(

E\O
)

. En plus hs := SUs satisfait l’estimation suivante, pour tout m ∈
(

0, 1
q−1

)

:

Cmη1|η|2m−N−1 ≤ exp
|η|2

4 hs (η) ≤ Cη1|η|
2

q−1
−N−1 ∀η ∈ R

+ × R
N−1, |η| > 1

où Cm et C sont deux constantes positives.

3. La solution Us est maximale dans le sens qu’elle domine toute solution u ∈ C
(

E\O
)

.

Dans le cas elliptique, Marcus et Véron [24] ont étudié le problème

−∆u+ xα1u
q = 0, (4.13)

dans le domaine E ′ =
{

x ∈ R
N , x1 > 0

}

, avec

u(0, x′) = 0, x′ ∈ R
N−1 (4.14)

u ∈ C
(

E ′\O
)

.

Ils ont défini pour τ > 0 et pour toute fonction v ∈ E ′ la transformation

Sτv(x) = τ
2+α
q−1 v(τx) ∀x ∈ E ′.

Ils ont prouvé le théorème suivant :

Théorème 4.5 1. Si q ≥ N+1+α
N−1

, alors le problème n’a pas de solution dans C
(

E ′\O
)

autre que la solution triviale.

2. Si 1 < q < N+1+α
N−1

, alors il existe une solution unique positive autosimilaire Us ∈
C
(

E ′\O
)

. La fonction Us est de la forme

Us(x) = w(σ)|x|− 2+α
q−1 , σ =

x

|x| ,

w est la solution unique du problème
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{

∆σw + λw − (σ.e1)
αwq = 0 sur SN−1

+

w = 0 sur ∂SN−1
+

avec ∆σ est l’opérateur de Laplace-Beltrami sur la sphère unité,

λ = 2+α
q−1

(

2+α
q−1

+ 2 −N
)

et e1 est le vecteur unité dans la direction de l’axe x1.

3. Toute solution u du problème est dominée par la fonction Us. Alors il existe une
constante C tel que

|u(x)| ≤ Cd (x, ∂Ω) |x|− 2+α
q−1

−1.

Dans ce chapitre, on a prouvé les deux théorèmes suivants :

Théorème 4.6 Soit le problème

ut − ∆u+ x2α
1 u

q = 0, (4.15)

dans le domaine E =
{

(x, t) : x ∈ R
+ × R

N−1, t ∈ R
+
}

, avec

u(0, x′, 0) = 0, x′ ∈ R
N−1\{O}, (4.16)

u(x1, x
′, 0) = 0, x′ ∈ R

N−1, x1 > 0, (4.17)

avec α > −1 et q > 1. Si 1 < q < N+3+2α
N+1

, alors il existe une solution unique positive

autosimilaire Us ∈ C
(

E\O
)

. En plus hs := SUs satisfait l’estimation suivante, pour tout

m ∈
(

0, 1+α
q−1

)

:

Cmη1|η|2m−N−1 ≤ exp
|η|2

4 hs (η) ≤ Cη1|η|
2+2α
q−1

−N−1 ∀η ∈ R
+ × R

N−1, |η| > 1 (4.18)

où Cm et C sont deux constantes positives.

Théorème 4.7 Soit le problème

ut − ∆u+

p
∑

i=1

x2α
i u

q = 0, (4.19)

dans le domaine G =
{

(x, t) : x ∈ R
p
+ × R

N−p, t ∈ R
+
}

, avec

u(0, xp+1, ..., xN , 0) = 0, (xp+1, ..., xN ) ∈ R
N−p\ {O} , t > 0, (4.20)

u(x1, ..., xp, xp+1, ..., xN , 0) = 0, (x1, ..., xp) ∈ R
p
+, (4.21)

avec α > −1 et q > 1. Si 1 < q < N+2α+p+2
N

, alors il existe une solution unique positive

autosimilaire Us ∈ C
(

G\O
)

. En plus hs := SUs satisfait l’estimation suivante :

exp
|η|2

4 hs (η) 6 Cη1η2...ηp|η|
2+2α
q−1

−p(N+p−2)−2 pour tout η ∈ G, |η| > 1. (4.22)
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[9] H. Brezis and A. Friedman. Nonlinear parabolic equations involving measures as
initial conditions. J. Math. Pures Appl. (9), 62(1) :73–97, 1983.

[10] H. Brezis, M. Marcus, and A. C. Ponce. Nonlinear elliptic equations with measures
revisited. In Mathematical aspects of nonlinear dispersive equations, volume 163 of
Ann. of Math. Stud., pages 55–109. Princeton Univ. Press, Princeton, NJ, 2007.

[11] H. Brezis and A. C. Ponce Ponce. Reduced measures on the boundary. J. Funct.
Anal., 229(1) :95–120, 2005.

[12] J.F. Dhersin and J.F. Le Gall. Wiener’s test for super-Brownian motion and the
Brownian snake. Probab. Theory Related Fields, 108(1) :103–129, 1997.

17



18 Bibliographie

[13] L.C. Evans. and R.F. Gariepy. Wiener’s criterion for the heat equation. Arch.
Rational Mech. Anal., 78(4) :293–314, 1982.

[14] E. Fabes, D. Jerison, and C. Kenig. The Wiener test for degenerate elliptic equations.
Ann. Inst. Fourier (Grenoble), 32(3) :vi, 151–182, 1982.

[15] E.B. Fabes, N. Garofalo, and E. Lanconelli. Wiener’s criterion for divergence form
parabolic operators with C1-Dini continuous coefficients. Duke Math. J., 59(1) :191–
232, 1989.

[16] R. Gariepy and W.P. Ziemer. Thermal capacity and boundary regularity. J. Diffe-
rential Equations, 45(3) :374–388, 1982.

[17] I. Iscoe. On the supports of measure-valued critical branching Brownian motion.
Ann. Probab., 16(1) :200–221, 1988.

[18] J. B. Keller. On solutions of ∆u = f(u). Comm. Pure Appl. Math., 10 :503–510,
1957.

[19] A.D. Labutin. Wiener regularity for large solutions of nonlinear equations. Ark.
Mat., 41(2) :307–339, 2003.

[20] W. Littman, G. Stampacchia, and H. F. Weinberger. Regular points for elliptic
equations with discontinuous coefficients. Ann. Scuola Norm. Sup. Pisa (3), 17 :43–
77, 1963.

[21] C. Loewner and L. Nirenberg. Partial differential equations invariant under conformal
or projective transformations. In Contributions to analysis (a collection of papers
dedicated to Lipman Bers), pages 245–272. Academic Press, New York, 1974.
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Chapitre 1

Reduced measures associated to

parabolic problems

Ce chapitre est constitué d’un article à parâıtre dans Proceedings Steklov Inst. traitant
la notion de “Mesure Réduite” pour l’équation parabolique ∂tu − ∆u + g(u) = 0 dans
Ω× (0,∞) avec les conditions suivantes (P ) : u = 0 sur ∂Ω× (0,∞), u(x, 0) = µ et (P ′) :
u = µ′ on ∂Ω × (0,∞), u(x, 0) = 0 où µ et µ′ sont des mesures de Radon positives et g
est une fonction continue croissante.
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1 Introduction

Let Ω be a bounded domain of R
N , N ≥ 1 and g a nondecreasing continuous function

defined on R and vanishing on (−∞, 0]. This article is concerned with the following
question : Given a positive Radon measure ν on Ω, does it exist a largest Radon measure
µ below it for which the initial value problem











∂tu− ∆u+ g(u) = 0 in QT := Ω × (0, T )

u = 0 in ∂ℓQT := ∂Ω × (0, T )

u(., 0) = µ in Ω.

(1.1)

admits a solution ? Whenever µ exists, it is called the reduced measure associated to ν.
A positive Radon measure for which (1.1 ) is solvable is called a good measure. This

(1)To appear in Proceedings Steklov Inst.
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type of problems is now well understood for nonlinear elliptic equations. This relaxation
phenomenon appeared in the measure framework in the paper [11] by Vazquez dealing
with solving the problem

−∆u+ eau = µ in R
2. (1.2)

He proved that the reduced measures is the sum of the non-atomic part of µ and the
atomic part where the coefficients of the Dirac masses at any atom a are truncated from
above at the value 2π/a. Recently the general relaxation problems for the nonlinear elliptic
equations

{

−∆u+ g(u) = µ in Ω ⊂ R
N

u = 0 in ∂Ω
(1.3)

and
{

−∆u+ g(u) = 0 in Ω ⊂ R
N

u = µ in ∂Ω
(1.4)

are studied respectively by Brezis, Marcus and Ponce [3] and Brezis and Ponce [4]. They
prove the existence of a reduced measure µ∗ and study its properties, in particular its
continuity properties with respect to the capacity W 1,2 for problem (1.3 ), or the (N-1)-
dimensional Hausdorff measure for problem (1.4 ).

In this article we study the initial value problem in this perspective and we prove
that for any positive bounded Radon measure µ in Ω there exists a largest measure µ∗,
smaller than µ such that (1.1 ) is solvable. We study the set of good measures relative to
g and prove that any good measure is absolutely continuous with respect to the Hausdorff
measure HN . In a similar way we study the Cauchy-Dirichlet problem











∂tu− ∆u+ g(u) = 0 in QT := Ω × (0, T )

u = µ in ∂ℓQT := ∂Ω × (0, T )

u(., 0) = 0 in Ω,

(1.5)

and we prove that the reduced measure is absolutely continuous with respect to the same
Hausdorff measure HN .

The proof of many results here follows the ideas borrowed from the theory of reduced
measures for elliptic equations as it is developed in [3] and [4]. We choose to expose them
for the sake of completeness.

2 Initial value problem

In this section Ω is a bounded domain in R
N and ρ(x) = dist (x, ∂Ω). We denote by

M(Ω) the set of Radon measures in Ω and, for α ∈ R, by M
α(Ω) the subset of µ ∈ M(Ω)

satisfying
∫

Ω

ρα(x) d |µ| <∞.
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Thus M
α
+(Ω) is the positive cone and M

0
+(Ω) the set of bounded measures. For q ∈ [1,∞),

we denote by Lqρα(Ω) the corresponding weighted Lebesgue spaces. For 0 ≤ τ < σ ≤ T
we set Qτ,σ := Ω × (τ, σ), Qσ := Ω × (0, σ) and denote by ∂ℓQτ,σ := ∂Ω × (τ, σ] and
∂ℓQσ := ∂Ω × (0, σ] the lateral boundary of these sets. Throughout this paper we make
the following assumption on g

g is a nondecreasing continuous function defined on R and vanishing on (−∞, 0]. (2.1)

Definition 2.1 Let µ ∈ M
1
+(Ω). A function u ∈ L1(QT ) is a weak solution of (1.1 ) in

QT if g(u) ∈ L1
ρ(QT ) and

∫ ∫

QT

(−u∂tζ − u∆ζ + ζ g(u)) dx =

∫

Ω

ζ dµ, (2.2)

for all ζ ∈ C2,1
ℓ,0 (QT ), which is the space of functions in C2,1(QT ) which vanish on ∂Ω ×

[0, T ] ∪ Ω × {T}.
We define in a similar way a weak subsolution (resp. supersolution) of (1.1 ) by imposing
the same integrability conditions on u and g(u) and

∫ ∫

QT

(−u∂tζ − u∆ζ + ζ g(u)) dx dt ≤
∫

Ω

ζ dµ, (2.3)

resp.
∫ ∫

QT

(−u∂tζ − u∆ζ + ζ g(u)) dx dt ≥
∫

Ω

ζ dµ, (2.4)

for all positive test functions in the same space. More generally we define a subsolution
(resp. supersolution) of equation

∂tu− ∆u+ g(u) = 0 in QT (2.5)

as a function u ∈ L1
loc(QT ) such that g(u) ∈ L1

loc(QT ) and
∫ ∫

QT

(−u∂tζ − u∆ζ + ζ g(u)) dx dt ≤ 0, (2.6)

resp.
∫ ∫

QT

(−u∂tζ − u∆ζ + ζ g(u)) dx dt ≥ 0, (2.7)

for all positive test functions ζ in the space C2,1
0 (QT ).

If a solution of (1.1 ) exists, it is unique, and we shall denote it by uµ. It is not true
that problem (1.1 ) can be solved for any positive bounded measure µ although it is the
case if µ is absolutely continuous with respect to the N-dimensional Hausdorff measure
HN .
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Definition 2.2 A measure for which the problem can be solved is called a good measure
relative to g. The subset of M

1
+(Ω) of good measures relative to g is denoted by GΩ(g).

If µ ∈ M
1
+(Ω) belongs to GΩ(g) for any g satisfying (2.1 ), is called a universally good

measure.

There are many sufficient conditions which insure the solvability of (1.1 ), for example

∫ ∫

QT

g(E[µ])ρ(x)dx dt <∞, (2.8)

where E[µ] is the heat potential of µ in Ω, that is the solution v of











∂tv − ∆v = 0 in QT

v = 0 in ∂ℓQT

v(., 0) = µ in Ω.

(2.9)

We recall the parabolic Kato inequality

Lemma 2.3 Let W be a domain in Ω × R, v ∈ L1
loc(W ) and h ∈ L1

loc(W ) such that

−∂tv + ∆v ≥ h in D′(W ). (2.10)

Then
−∂tv+ + ∆v+ ≥ hχ[v≥0] in D′(W ). (2.11)

Proof 1 Let {σj} be a regularizing sequence with compact support in the N + 1 ball
B̃ǫj(0) (ǫj → 0 as j → ∞), and vj = v ∗ σj. If V ⊂ W is such that dist (V,W c) > 0, vj is
defined in V whenever ǫj < dist (V,W c). Then

−∂tvj + ∆vj ≥ hj = h ∗ σj in D′(V ), (2.12)

and everywhere in V . For δ > 0 let

jδ(r) =























0 if r < −δ
(r + δ)2

2δ
if − δ ≤ r ≤ 0

r +
δ

2
if r > 0.

Since
−∂tjδ(vj) + ∆jδ(vj) = j′δ(vj) (−∂tvj + ∆vj) + j′′δ (vj)|∇vj|2 ≥ j′δ(vj)hj,

and φ ∈ C∞
0 (W ) is nonnegative and has compact support in V , it follows that

∫

W

jδ(vj) (∂tφ+ ∆φ) dx dt ≥
∫

W

j′δ(vj)hjφ dx dt.
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Letting j → ∞, and using the fact that jδ and j′δ are continuous and, for some subsequence
still denoted {ǫj}, {(vǫj , hǫj)} converges to (v, h) in L1

loc and almost everywhere in W , we
derive from the Lebesgue theorem

∫

W

jδ(v) (∂tφ+ ∆φ) dx dt ≥
∫

W

j′δ(v)hφ dx dt.

Now jδ(v) converges to v+ in L1
loc and j′δ(v(x, t)) converges to 0 if v(x, t) < 0 and to 1 if

v(x, t) ≥ 0, i.e. to χ[v≥0]. Using again the Lebesgue theorem, we obtain

∫

W

v+ (∂tφ+ ∆φ) dx dt ≥
∫

W

χ[v≥0]hφ dx dt,

which is (2.11 ). �

Remark 2.1 In an equivalent way, we can state Lemma 2.3 as follows : If v ∈ L1
loc(W )

and h ∈ L1
loc(W ) are such that

∂tv − ∆v ≤ h in D′(W ). (2.13)

Then
∂tv+ − ∆v+ ≤ hχ[v≥0] in D′(W ). (2.14)

Definition 2.4 Let u ∈ L1
loc(QT ). 1- We say that u admits the Radon measure µ as an

initial trace if it exists

ess limt→0

∫

Ω

u(., t)φ dx =

∫

Ω

φ dµ ∀φ ∈ C0(Ω). (2.15)

We shall denote µ = TrΩ(u).

2- We say that u admits the outer regular positive Borel measure ν ≈ (S, µ) as an initial
trace if it exists an open subset R ⊂ Ω and µ ∈ M+(R) such that

ess limt→0

∫

Ω

u(., t)φ dx =

∫

Ω

φ dµ ∀φ ∈ C0(R). (2.16)

and, with S = Ω \ R,

ess limt→0

∫

Ω

u(., t)φ dx = ∞ ∀φ ∈ C0(Ω), φ ≥ 0, φ > 0 somewhere on S. (2.17)

We shall denote ν = trΩ(u).

The trace operator is order preserving. The proof of the following result is straightforward.
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Proposition 2.5 Let u and ũ in L1
loc(QT ).

1- Suppose TrΩ(u) = µ and TrΩ(ũ) = µ̃. Then

ũ ≤ u =⇒ µ̃ ≤ µ. (2.18)

2- Suppose trΩ(u) = ν ≈ (S, µ) and trΩ(ũ) = ν̃ ≈ (S̃, µ̃). Then

ũ ≤ u =⇒ S̃ ⊂ S and µ̃Sc ≤ µSc . (2.19)

The next classical results characterize the nonnegative supersolutions or subsolutions. We
give their proof for the sake of completeness.

Proposition 2.6 Let u ∈ L1(QT ) be a nonnegative supersolution of (2.5 ) in QT such
that g(u) ∈ L1(QT ). Then there exists a positive Radon measure µ such that µ = TrΩ(u).

Proof 2 If 0 < σ < τ < T are two Lebesgue points of t 7→ ‖u(., t)‖L1 and φ ∈ C2
0(Ω),

φ ≥ 0, we set Qσ,τ = Ω×(σ, τ), take ζ(x, t) = χ[σ,τ ](t)φ(x) (by approximations) and derive
from the definition that

∫

Ω

u(., τ)φ dx−
∫

Ω

u(., σ)φ dx+

∫ ∫

Qσ,τ

(−u∆ζ + ζ g(u)) dx dt ≥ 0. (2.20)

Set

H(σ) =

∫ ∫

Qσ,τ

(−u∆φ+ φ g(u)) dx dt

Then H ∈ L1(0, τ) and the mapping

σ 7→ Ψ(σ) = −
∫

Ω

u(., σ)φ dx−H(σ)

is a.e. nondecreasing on (0, τ ] and it admits an essential limit L(φ) ∈ R as σ → 0.
Therefore it exists

ℓ(φ) = ess limσ→0

∫

Ω

u(., σ)φ dx,

and the mapping φ 7→ ℓ(φ) defines a positive Radon measure µ in Ω. �

It is possible to get rid of the integrability assumption on u if it is assumed that u
vanishes on the boundary and Ω is bounded.

Proposition 2.7 Let u be a positive supersolution of (2.5 ) in QT which vanishes on
∂ℓQT in the sense that (2.4 ) holds for all nonnegative ζ ∈ C2,1

ℓ,0 (QT ). If g(u) ∈ L1
ρ(QT ),

there exists µ ∈ M
1
+(Ω) such that µ = TrΩ(u).
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Proof 3 As a test function we take ζ(x, t) = χ[σ,τ ](t)φ1(x) where φ1 is the first eigen-

function of −∆ in W 1,2
0 (Ω), φ1 ≥ 0 and λ1 the corresponding eigenvalue. Thus (2.20 ) is

replaced by

∫

Ω

u(., τ)φ1 dx−
∫

Ω

u(., σ)φ1 dx+

∫ ∫

Qσ,τ

(λ1u+ g(u))φ1dx dt ≥ 0. (2.21)

If we set

X(τ) =

∫ ∫

Qσ,τ

uφ1 dx dt,

and

G(σ) =

∫ ∫

Qσ,τ

φ1 g(u) dx dt,

then (2.21 ) reads as

X ′(σ) + λ1X(σ) +G(σ) ≥ X ′(τ) a.e. 0 < σ < τ,

which yields to
d

dσ

(

eλ1σX(σ) −
∫ τ

σ

eλ1t (G(t) −X ′(τ)) dt

)

≥ 0.

The conclusion follows as in Proposition 2.6. Notice also that another choice of test func-
tion yields to u ∈ L1(Ω). �

For subsolutions of (2.5 ) we prove the following.

Proposition 2.8 Let u ∈ L1(QT ) be a nonnegative subsolution of (2.5 ) in QT such that
g(u) ∈ L1(QT ). Then there exists a positive outer regular Borel measure ν on Ω such that
ν = trΩ(u).

Proof 4 Defining H as in the proof of Proposition 2.6 we obtain that

σ 7→ Ψ(σ) =

∫

Ω

u(., σ)φ dx+H(σ)

is nonincreasing on (0, τ ] and it admits a limit L∗(φ) ∈ (−∞,∞] as σ → 0. For any ξ ∈ Ω
the following dichotomy holds,

(i) either there exists a φ ∈ C2
0(Ω) verifying φ(ξ) > 0 such that L(φ) <∞,

(ii) or for any φ ∈ C2
0(Ω) verifying φ(ξ) > 0, L(φ) = ∞.

The set R(u) of ξ such that (i) occurs is open and there exists µ ∈ M+(R(u)) such that

L(φ) =

∫

R(u)

φ dµ ∀φ ∈ C0(R(u)).
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The set S(u) = Ω \ S(u) is relatively closed in Ω. Further, if φ ∈ C0(Ω) is nonnegative
and positive somewhere on S(u), there holds

ess limt→0

∫

Ω

u(., σ)φ dx = ∞.

The outer regular Borel measure ν is defined for any Borel subset E ⊂ Ω by

ν(E) =







∫

E

dµ if E ⊂ R(u)

∞ if E ∩ S(u) 6= ∅.

�

The next lemma is the parabolic counterpart of an elliptic result proved in [4]

Lemma 2.9 Let f ∈ L1
ρ(QT ) and u ∈ L1(QT ) such that

∫ ∫

QT

u(∂tζ + ∆ζ)dx dt = −
∫ ∫

QT

fζ dx dt (2.22)

for every ζ ∈ C2,1
ℓ,0 (QT ). Then

lim
n→∞

n

∫ ∫

QT∩{ρ(x)≤n−1}
|u| dx dt = 0. (2.23)

Proof 5 We assume first that f ≥ 0, then u ≥ 0. Let H be a nondecreasing concave C2

function such that H(0) = 0, H ′′(t) = −1 for 0 ≤ t ≤ 1 and H(t) = 1 for t ≥ 2. Let ξ0 be
the solution of











∂tξ0 + ∆ξ0 = −1 in QT

ξ0(., T ) = 0 in Ω̄

ξ0(x, t) = 0 in ∂Ω × [0, T ].

(2.24)

Let wn = n−1H(nξ0), then

−∂twn − ∆wn ≥ −nH ′′(nξ0) |∇ξ0|2 ≥ nχ
{ξ0≤n−1}

|∇ξ0|2 .

Therefore
∫ ∫

QT

fwndx dt = −
∫ ∫

QT

u(∂twn + ∆wn)dx dt ≥ n

∫ ∫

QT

|∇ξ0|2 udx dt.

But wn ≤ min{ξ0, n−1}, therefore, by the Lebesgue theorem,

0 = lim
n→∞

∫ ∫

QT

fwndx dt = lim
n→∞

n

∫ ∫

QT

|∇ξ0|2 udx dt.
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Let ǫ > 0, by Hopf lemma on QT−ǫ, there exists c1 > 0, c2 > 0 such that |∇ξ0| ≥ c1 on
∂Ω × [0, T − ǫ] ; thus c2ξ0 ≤ ρ ≤ c−1

2 ξ0 and

lim
n→∞

n

∫ ∫

QT−ǫ∩{ξ0(x)≤n−1}
udx dt = 0.

Clearly we can extend f to be zero for t > T and ũ to be the weak solution of










∂tũ+ ∆ũ = 0 in QT,T+ǫ

ũ(., T ) = u(., T ) in Ω̄

ũ(x, t) = 0 in ∂Ω × [T, T + ǫ].

Notice that it is always possible to assume that T is a Lebesgue point of t 7→ ‖u(., t)‖L1

inasmuch this function is actually continuous. Replacing T by T + ǫ, we derive (2.23 ).
Next, if u has not constant sign, we denote by v the weak solution of











∂tv − ∆v = |f | in QT

v(., 0) = 0 in Ω̄

v(x, t) = 0 in ∂Ω × [0, T ].

Then |u| ≤ v and the proof follows from the first case. �

Lemma 2.10 Let f ∈ L1
ρ(QT ) and u ∈ L1(QT ) such that

−
∫ ∫

QT

u(∂tζ + ∆ζ)dx dt ≤
∫ ∫

QT

fζ dx dt (2.25)

for every ζ ∈ C2,1
ℓ,0 (QT ), ζ ≥ 0. Then, for the same class of test functions ζ, there holds

−
∫ ∫

QT

(∂tζ + ∆ζ)u+dx dt ≤
∫ ∫

QT∩{u≥0}
fζ dx dt. (2.26)

Proof 6 By Lemma 2.3, (2.26 ) holds for any ζ ∈ C2,1
0 (QT ). Let {γn} be a sequence

of functions in C2,1
0 (QT ) such that 0 ≤ γn ≤ 1, γn(x, t) = 1 if ρ(x) ≥ n−1 or t ≥ n−1,

‖∇γn‖L∞ ≤ Cn, ‖∆γn‖L∞ ≤ Cn2 and ‖∂tγn‖L∞ ≤ Cn. Given ζ ≥ 0 in C2,1
ℓ,0 (QT ), ζγn is

an admissible test function for Kato’s inequality (2.26 ), thus

−
∫ ∫

QT

(∂t(ζγn) + ∆(ζγn))u+dx dt ≤
∫ ∫

QT∩{u≥0}
f(ζγn) dx dt. (2.27)

When n → ∞ the right-hand side of (2.27 ) converges to the right-hand side of (2.26 ).
Moreover ∂t(ζγn) = γn∂tζ+ ζ∂tγn, ∇(ζγn) = γn∇ζ+ ζ∇γn and ∆(ζγn) = γn∆ζ+ ζ∆γn+
2∇ζ.∇γn. Thus

∂t(ζγn) + ∆(ζγn) = γn∂tζ + ζ∂tγn + γn∆ζ + ζ∆γn + 2∇ζ.∇γn.
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Since ζ vanishes on ∂Ω × [0, T ] and is bounded with bounded gradient, there holds
∣

∣

∣

∣

∫ ∫

QT

(ζ∂tγn + ζ∆γn + 2∇ζ.∇γn)u+ dx dt

∣

∣

∣

∣

≤ Cn

∫ ∫

QT∩{ρ(x)≤n−1}
u+ dx dt

which goes to 0 as n→ ∞. This implies (2.26 ). �

If we deal with subsolution or supersolutions of problem (1.1 ) we have the following
results

Theorem 2.11 Let µ ∈ M
1
+(Ω) and u be a nonnegative subsolution of (1.1 ). Then the

initial trace of u is a positive Radon measure µ̃ such that µ̃ ≤ µ. Furthermore, if (1.1 )
admits a weak solution uµ, there holds u ≤ uµ.

Proof 7 Step 1. There holds µ̃ ≤ µ. If σ is a Lebesgue point of t 7→ ‖ũ(., t)‖L1 and
φ ∈ C2

0(Ω), φ ≥ 0, we can take ζ(x, t) = χ[0,σ](t)φ(x) (by approximations) and derive
from (2.3 ) that

∫

Ω

u(., σ)φ dx+

∫ ∫

Qσ

(−u∆ζ + ζ g(u)) dx dt ≤
∫

Ω

φ dµ, (2.28)

thus, by Proposition 2.8, using the fact that u ∈ L1(QT ) and g(u) ∈ L1
ρ(QT ),

ess lim
σ→0

∫

Ω

u(., σ)φ dx ≤
∫

Ω

φ dµ. (2.29)

It follows that the initial trace ν̃ ≈ (S(u), µ̃ has no singular part (S(u) = ∅) and µ̃ ≤ µ.
This implies that φ 7→ m(φ) is a measure dominated by µ that we shall denote by µ̃. It
represents the initial trace of ũ, and we shall denote it by

µ̃ = TrΩ(ũ). (2.30)

Next we take ζ ∈ C2,1
ℓ,0 (QT ), ζ ≥ 0, and get at any Lebesgue point σ as in Proposition 2.6-

Proposition 2.8
∫ ∫

Qσ,T

(−u∂tζ − u∆ζ + ζ g(u)) dx dt ≤
∫

Ω

u(., σ)ζ dx,

we derive, by letting σ → 0,
∫ ∫

QT

(−u∂tζ − u∆ζ + ζ g(u)) dx dt ≤
∫

Ω

ζ(., 0) dµ̃. (2.31)

Step 2. There exists uµ̃ and uµ̃ ≤ uµ. For k > 0 set gk(r) = min{g(r), k} and let u = ukµ̃
be the solution of











∂tu− ∆u+ gk(u) = 0 in QT := Ω × (0, T )

u = 0 in ∂ℓQT := ∂Ω × (0, T )

u(., 0) = µ̃ in Ω.

(2.32)
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Defining in the same way ukµ, we obtain ukµ̃ ≤ ukµ, u
k
µ̃ ≥ uk

′

µ̃ and ukµ ≥ uk
′

µ ≥ uµ for

k′ > k > 0. If ζ ∈ C2,1
ℓ,0 (QT ) is nonnegative, there holds

∫ ∫

QT

ζ gk(u
k
µ)dx dt =

∫

Ω

ζ dµ+

∫ ∫

QT

(∂tζ + ∆ζ)ukµdx dt. (2.33)

Clearly ukµ converges to some U ≥ uµ when k → ∞, the right-hand side of (2.33 ) converges
to

∫

Ω

ζ dµ+

∫ ∫

QT

(∂tζ + ∆ζ)Udx dt,

and gk(u
k
µ) converges to g(U) a. e. By Fatou

∫ ∫

QT

ζ g(U)dx dt ≤ lim inf
k→∞

∫ ∫

QT

ζ gk(u
k
µ)dx dt,

thus, using the monotonicity of g,

∫ ∫

QT

ζ g(uµ)dx dt ≤
∫ ∫

QT

ζ g(U)dx dt ≤
∫

Ω

ζ dµ+

∫ ∫

QT

(∂tζ + ∆ζ)Udx dt. (2.34)

Because uµ satisfies (2.2 ), all the three terms in (2.34 ) are equal, U = uµ and

lim
k→∞

∫ ∫

QT

ζ gk(u
k
µ)dx dt =

∫ ∫

QT

ζ g(uµ)dx dt. (2.35)

Next ukµ̃ decreases and converges to some Ũ , gk(u
k
µ̃) → g(Ũ) a.e., and

∫ ∫

QT

ζ g(Ũ)dx dt ≤ lim
k→∞

∫ ∫

QT

ζ gk(u
k
µ̃)dx dt =

∫

Ω

ζ dµ̃+

∫ ∫

QT

(∂tζ + ∆ζ) Ũdx dt.

(2.36)
Since 0 ≤ ζ gk(u

k
µ̃) ≤ ζ gk(u

k
µ). In order to prove that

lim
k→∞

∫ ∫

QT

ζ gk(u
k
µ̃)dx dt =

∫ ∫

QT

ζ g(Ũ)dx dt, (2.37)

we use the following classical result : Let hn ≥ h̃n ≥ 0 two sequences of measurable func-
tions in some measured space (G,Σ, dm) which converge a. e. in G to h and h̃ respectively.
Then

lim
n→∞

∫

G

hndm =

∫

G

hdm =⇒ lim
n→∞

∫

G

h̃ndm =

∫

G

h̃dm.

Therefore (2.35 ) implies (2.37 ). From (2.36 ) we get

∫ ∫

QT

ζ g(Ũ)dx dt =

∫

Ω

ζ dµ̃+

∫ ∫

QT

(∂tζ + ∆ζ) Ũdx dt. (2.38)
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This relation is valid with any ζ ∈ C2,1
ℓ,0 (QT ) with constant sign. It implies in particular

that TrΩ(Ũ) = µ̃. Thus uµ̃ exists and Ũ = uµ̃.

Step 3. We claim that u ≤ uµ̃. Set w = u− uµ̃, it follows from (2.31 ),

∫ ∫

QT

(−w∂tζ − w∆ζ + (g(u) − g(uµ̃))ζ) dx dt ≤ 0 (2.39)

for any ζ ∈ C2,1
ℓ,0 (QT ), ζ ≥ 0. Using Lemma 2.10 we derive

∫ ∫

QT∩{w+≥0}
(−(∂tζ + ∆ζ)w+ + (g(u) − g(uµ̃))ζ) dx dt ≤ 0 (2.40)

We take ζ = ξ0 given by (2.24 ). Since g is nondecreasing, we derive

∫ ∫

QT∩{w+≥0}
w+dx dt ≤ 0. (2.41)

Thus u ≤ uµ̃ ≤ uµ. �

Remark 2.2 It is noticeable that Step-2 of the proof of Theorem 2.11 can be stated in
the following way. If µ ∈ M

1
+(Ω) is a good measure, any measure µ̃ such that 0 ≤ µ̃ ≤ µ

is a good measure.

Consider µ ∈ M
1
+(Ω). The relaxation phenomenon associated to (1.1 ) can be construc-

ted in the following way. Let {gk} be an increasing sequence of continuous nondecreasing
functions defined on R, vanishing on (−∞, 0] and such that

(i) 0 ≤ gk(r) ≤ ckr
p + c′k ∀r ≥ 0, ∀k > 0

(ii) lim
k→∞

gk(r) = g(r) ∀r ∈ R,
(2.42)

for some positive constants ck and c′k and p ∈ (1, (N+2)/(N+1)). Since (2.8 ) is satisfied,
there exists a unique solution u = uk to











∂tu− ∆u+ gk(u) = 0 in QT

u = 0 in ∂ℓQT

u(., 0) = µ in Ω.

(2.43)

It is noticeable that, if the assumption µ ∈ M
1
+(Ω) were replaced by µ ∈ M

0
+(Ω),

the exponent p in (2.42 ) should have been taken smaller than (N + 2)/N . In the sequel
C will denote a positive constant, depending on the data, not on k, the value of which
may change from one occurrence to another. Our first result points out the relaxation
phenomenon associated to the sequence {uk}.
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Theorem 2.12 When k → ∞, the sequence {uk} converges in L1(QT ) to a some non-
negative function u∗ such that g(u∗) ∈ L1

ρ(QT ), and there exists a positive measure µ∗

smaller that µ with the property that











∂tu
∗ − ∆u∗ + g(u∗) = 0 in QT

u∗ = 0 in ∂ℓQT

u∗(., 0) = µ∗ in Ω.

(2.44)

Furthermore u∗ is the largest subsolution of problem (1.1 ).

Proof 8 By [7, Lemma1.6] there holds

‖uk‖L1 + ‖gk(uk)‖L1
ρ
≤ C

∫

Ω

ρ dµ, (2.45)

and, by the maximum principle,

uk ≤ E[µ] in QT . (2.46)

For any ǫ > 0 we denote Qǫ,T = Ω × [ǫ, T ]. Since E[µ] is uniformly bounded in Qǫ,T for
any ǫ > 0, it follows by the parabolic equations regularity theory that, uk is bounded in
C1+α,α/2(Qǫ,T ) for any 0 < α < 1. Furthermore, if k′ > k, gk′(uk) ≥ gk(uk) thus uk is a
super-solution for the equation satisfied by uk′ . This implies uk ≥ uk′ and u∗ := limk→∞ uk
exists and satisfies

u∗ ≤ E[µ] in QT .

Because of (2.46 ) uniform boundedness holds also in Lp(QT ), for any p ∈ [1, (N +
2)/(N + 1)). By the Lebesgue theorem the convergence occurs in Lp(QT ) too, for any
p ∈ [1, (N + 2)/(N + 1)), and locally uniformly in QT by the standard regularity theory.
By continuity gk(uk) converges to g(u∗) uniformly in Qǫ,T , thus u∗ satisfies

∂tu
∗ − ∆u∗ + g(u∗) = 0 in QT

and vanishes on ∂ℓQT . By the Fatou theorem
∫ ∫

QT

g(u∗)ζ dx dt ≤ lim inf
k→∞

∫ ∫

QT

gk(uk)ζ dx dt,

for any ζ ∈ C(QT ), ζ ≥ 0, and there exists a positive measure λ in QT such that

gk(uk) → g(u∗) + λ,

weakly in the sense of measures. Thus for any ζ ∈ C2,1
ℓ,0 (QT ), there holds

∫ ∫

QT

(−u∗∂tζ − u∗∆ζ + g(u∗)ζ) dx dt =

∫

Ω

ζ(x, 0) dµ−
∫ ∫

QT

ζ dλ. (2.47)
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Since gk(uk) converges to g(u∗) uniformly in Qǫ,T for any ǫ > 0, the measure λ is concen-
trated on Ω × {0}. We denote by λ̃ its restriction to Ω × {0}, set

µ∗ = µ− λ̃,

and derive from (2.47 ),

∫ ∫

QT

(−u∗∂tζ − u∗∆ζ + g(u∗)ζ) dx dt =

∫

Ω

ζ(x, 0) dµ∗. (2.48)

This implies u∗ = uµ∗ and TrΩ(u∗) = µ∗, thus µ∗ is a positive measure. Let v be a
nonnegative subsolution of problem (2.2 ). By Proposition 2.8 there exists µ̃ ∈ M

1
+(Ω)

such that TrΩ(v) = µ̃ and µ̃ ≤ µ. Since gk(v) ≤ g(v), u is a subsolution for problem (2.43
). By Theorem 2.11 v ≤ uk := uk,µ. Thus limk→∞ uk = u∗ ≥ v. �

Theorem 2.13 The reduced measure µ∗ is the largest good measure smaller than µ.

Proof 9 Clearly µ∗ is a good measure smaller than µ. Assume now that µ̃ is a good
measure smaller than µ. Then uµ̃ is a subsolution for problem (2.2 ). By (Theorem 2.11)
uµ∗ is larger than uµ̃. Thus TrΩ(uµ̃) = µ̃ ≤ TrΩ(uµ∗) = µ∗. �

The next technical result characterizes the good measures

Theorem 2.14 Let µ ∈ M+(Ω). Then µ ∈ GΩ(g) if and only if gk(uk) → g(u) in the
weak sense of measures in M

1(QT ).

Proof 10 Assume gk(uk) → g(u) in the weak sense of measures in M
1(QT ). Letting

k → ∞ in (2.33 ), we obtain (2.2 ) for any ζ ∈ C2,1
ℓ,0 (QT ). Thus u∗ = uµ. Thus µ∗ = µ and

µ is a good measure. Conversely, assume µ is a good measure. By Theorem 2.13, µ∗ = µ.
Thus uk → u∗ = uµ and uk → uµ in L1(Ω) and a.e. in Ω. Assume ζ ∈ C2,1

ℓ,0 (QT ), ζ ≥ 0.
We let k → ∞ in (2.33 ) and derive

lim
k→∞

∫ ∫

QT

gk(uk)ζ dx dt =

∫

Ω

ζ dµ+

∫ ∫

QT

(∂ζ + ∆ζ)uµ dx dt =

∫ ∫

QT

g(uµ)ζ dx dt,

(2.49)
by (2.2 ). Because {gk(uk)} is uniformly bounded in L1

ρ(QT ), the result follows by density.
�

As in [4] an easy consequence of Theorem 2.13 is the following result which points out
the fact that µ and µ∗ differ only on a set with zero N-dimensional Hausdorff measure.

Corollary 2.15 Let µ ∈ M
1
+(Ω). There exists a Borel set E ⊂ Ω, with Hausdorff measure

HN(E) = 0, such that (µ− µ∗)(Ec) = 0.
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Proof 11 Let µ = µr + µs be the Lebesgue decomposition of µ, µr (resp. µs) being the
absolutely continuous (resp. singular) part relative to the Hausdorff measure HN in R

N .
Both measures are positive. Since µr ∈ L1

ρ(Ω), it is a good measure. Then µr ≤ µ∗ by
Theorem 2.13. Therefore

0 ≤ µ− µ∗ ≤ µ− µr = µs.

Since µs is singular relative to HN , its support E satisfies HN(E) = 0. This implies the
claim. �

Corollary 2.16 Let µ ∈ M
1
+(Ω) such that µ(E) = 0 for any Borel set E ⊂ Ω with

HN(E) = 0. Then µ is a good measure.

Proof 12 Let E ⊂ Ω is a Borel set with HN(E) = 0, then µr(E) = 0. Since µ(E) = 0, it
implies µs(E) = 0. Because the support of µs is a set with zero N-dimensional Hausdorff,
µ = µr = µ∗. �

Theorem 2.17 Let µ1, µ2 ∈ M
1
+(Ω). If µ1 ≤ µ2, then µ∗

1 ≤ µ∗
2. Furthermore

µ∗
2 − µ∗

1 ≤ µ2 − µ1. (2.50)

Proof 13 For k > 0 let u = uk,i (i = 1, 2) be the solution of











∂tu− ∆u+ gk(u) = 0 in QT

u = 0 in ∂ℓQT

u(., 0) = µi in Ω.

(2.51)

Since µ1 ≤ µ2, uk,1 ≤ uk,2. By the convergence result of Theorem 2.12, the relaxed
solutions u∗i satisfies u∗1 ≤ u∗2. Since µ∗

i = TrΩ(u∗i ), it follows µ∗
1 ≤ µ∗

2. We turn now to the
proof of (2.50 ). If ζ ∈ C2,1(Q̄t), ζ ≥ 0, which vanishes on ∂ℓQt, we have from the weak
formulation

∫ ∫

Qt

(−(uk,2 − uk,1)(∂tζ + ∆ζ) + ζ(gk(u
∗
2) − gk(u

∗
2))) dx dt

=

∫

Ω

ζ(x, 0)d(µ2 − µ1) −
∫

Ω

ζ(x, t)(uk,2 − uk,1)dx

We fix ξ ∈ C2
0(Ω̄), ξ ≥ 0 and choose for ζ the solution of











∂tζ + ∆ζ = 0 in Qt

ζ = 0 on ∂ℓQt

ζ(x, t) = ξ in Ω,

.



38 2. Initial value problem

Then, letting k → ∞, we derive

∫

Ω

(u∗2 − u∗1)(x, t)ξdx ≤
∫

Ω

ζ(x, 0)d(µ2 − µ1).

Finally, if t → 0, using the trace property and the fact that ζ(x, 0) → ξ in C0(Ω̄), we
obtain

∫

Ω

ξd(µ∗
2 − µ∗

1) ≤
∫

Ω

ξd(µ2 − µ1).

This implies (2.50 ). �

Corollary 2.18 If µ is a good measure, any positive measure ν smaller than µ is a good
measure.

Proof 14 Let ν ∈ M
1
+(Ω), ν ≤ µ. By (2.50 )

0 ≤ ν − ν∗ ≤ µ− µ∗.

Thus µ = µ∗ =⇒ ν = ν∗. �

Corollary 2.19 Let µ1, µ2 ∈ M
1
+(Ω). 1- If µ1 and µ2 are good measures, then so is

inf{µ1, µ2} and sup{µ1, µ2}.
2- If E ⊂ Ω is a Borel set and µ ∈ M

1
+Ω), µ∗

E = [µE]∗

3- Assume that µ1 and µ2 are mutually singular. Then (µ1 + µ2)
∗ = µ∗

1 + µ∗
2.

Proof 15 1- The fact that inf{µ1, µ2} is a good measure is clear from Corollary 2.18. Let
ν = sup{µ1, µ2}. Then µ1 ≤ ν∗ and µ2 ≤ ν∗. Then ν = sup{µ1, µ2} ≤ ν∗.

2- We recall that µE(A) = µ(E ∩ A), for any Borel subset A of Ω. We can also write
µE = χ

E
µ. Since µ ≥ µ∗, χ

E
µ ≥ χ

E
µ∗ and also µ∗ ≥ χ

E
µ∗. Thus χ

E
µ∗ is a good measure

and [χ
E
µ]∗ ≥ χ

E
µ∗ by Theorem 2.13. Conversely, [χ

E
µ]∗ ≤ χ

E
µ implies that χ

E
[χ

E
µ]∗ =

[χ
E
µ]∗. But χ

E
µ ≤ µ implies [χ

E
µ]∗ ≤ µ∗ and therefore [χ

E
µ]∗ = χ

E
[χ

E
µ]∗ ≤ χ

E
µ∗.

3- If µ1 and µ2 are mutually singular, then so are µ∗
1 and µ∗

2. Actually, µ1+µ2 = sup{µ1, µ2}
and µ∗

1 +µ∗
2 = sup{µ∗

1, µ
∗
2}. By assertion 1, [sup{µ∗

1, µ
∗
2}]∗ = sup{µ∗

1, µ
∗
2}. Then µ∗

1 +µ∗
2 is a

good measure smaller than µ1 +µ2, thus µ∗
1 +µ∗

2 ≤ (µ1 +µ2)
∗. Conversely, there exist two

disjoint Borel sets A andB such that µ1 = χ
A
µ1 and µ2 = χ

B
µ2 and µ1+µ2 = χ

A
µ1+χB

µ2.
Thus (µ1 + µ2)

∗ = (χ
A
µ1 + χ

B
µ2)

∗ and χ
A
(µ1 + µ2)

∗ = (χ
A
µ1 + χ

A
µ2)

∗ = χ
A
µ∗

1 = µ∗
1.

Similarly, χ
B
(µ1 + µ2)

∗ = (χ
B
µ1 + χ

B
µ2)

∗ = χ
B
µ∗

2 = µ∗
2. Since

(µ1 + µ2)
∗ = χ

A∪B
(µ1 + µ2)

∗ = χ
A
(µ1 + µ2)

∗ + χ
B
(µ1 + µ2)

∗,

the result follows. �
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Theorem 2.20 The set GΩ(g) is a convex lattice. Furthermore

[inf{µ, ν}]∗ = inf{µ∗, ν∗}, (2.52)

and
[sup{µ, ν}]∗ = sup{µ∗, ν∗}. (2.53)

Proof 16 For the sake of completeness, we present the proofs of these assertions which
actually the ones already given in [3]. Let µ1, µ2 ∈ GΩ(g) and ν = sup{µ1, µ2}. Since
µi ≤ ν, it follows from Theorem 2.17 that µi = µ∗

i ≤ ν∗. Thus sup{µ1, µ2} ≤ ν∗ which
reads ν ≤ ν∗, and equality follows. Next, assume θ ∈ [0, 1]. Then µθ = θµ1 + (1 − θ)µ2 ≤
ν = sup{µ1, µ2}. Since ν ∈ GΩ(g), and any measure dominated by a good measure is a
good measure, µθ ∈ GΩ(g). It follows by Theorem 2.13 that µθ = µ∗

θ.

Next, by Corollary 2.19, [inf{µ∗, ν∗}] is a good measure. Since [inf{µ∗, ν∗}] ≤ [inf{µ, ν}],
it follow by Theorem 2.13 that

inf{µ∗, ν∗} ≤ [inf{µ, ν}]∗. (2.54)

Conversely,
inf{µ, ν} ≤ µ =⇒ [inf{µ, ν}]∗ ≤ µ∗,

and similarly with ν. Thus [inf{µ, ν}]∗ ≤ inf{µ∗, ν∗}.
For the last assertion, by Hahn’s decomposition theorem there exist two disjoint Borel
sets A and B such that Ω = A ∪ B and sup{µ, ν} = χ

A
µ + χ

B
ν. Actually, µ ≥ ν on A

and ν ≥ µ on B. This implies also sup{µ∗, ν∗} = χ
A
µ∗ + χ

B
ν∗. Thus, by Corollary 2.19,

[sup{µ, ν}]∗ = (χ
A
µ+ χ

B
ν)∗ = χ

A
µ∗ + χ

B
ν∗ = sup{µ∗, ν∗},

since sup{χ
A
µ∗, χ

B
ν∗} = sup{µ∗, ν∗}. �

Theorem 2.21 Let µ, ν ∈ M
1
+. Then

|µ∗ − ν∗| ≤ |µ− ν| . (2.55)

Proof 17 We first assume µ ≥ ν. By Theorem 2.17,

0 ≤ µ∗ − ν∗ ≤ µ− ν.

This implies (2.55 ). Next we write sup{µ, ν} = ν + (µ − ν)+. Since ν ≤ sup{µ, ν},
ν∗ ≤ [sup{µ, ν}]∗ = sup{µ∗, ν∗} by Theorem 2.20. Thus

[sup{µ, ν}]∗ − ν∗ ≤ sup{µ, ν} − ν = (µ− ν)+.

Thus implies (µ∗ − ν∗)+ ≤ (µ− ν)+. Similarly (ν∗ − µ∗)+ ≤ (ν − µ)+. �
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In order to characterize the universally good measures, we introduce a capacity natu-
rally associated to the weak formulation of problem (2.2 ). This yields to a capacity type
characterization of HN . If K ⊂ Ω is compact, we denote

cΩ(K) = inf

{
∫ ∫

QT

|∂tψ + ∆ψ| dx dt :

ψ ∈ C2,1
ℓ,0 (Q̄T ), ψ(x, 0) ≥ 1 in a neighborhood of K

}

.

(2.56)

Theorem 2.22 For every compact K ⊂ Ω, we have

HN(K) = cΩ(K). (2.57)

Proof 18 Let K ⊂ Ω be compact.

Step 1. We claim that for any ǫ > 0, there exists ψǫ = ψ ∈ C2,1
ℓ,0 (Q̄T ) such that ψ ≥ 0 in

QT , ψ(x, 0) ≥ 1 on K and
∫ ∫

QT

|∂tψ + ∆ψ| dx dt ≤ cΩ(K) + ǫ. (2.58)

Let ξ ∈ C2,1
ℓ,0 (Q̄T ) such that ξ(x, 0) ≥ 1 on K and

∫ ∫

QT

|∂tξ + ∆ξ| dx dt ≤ cΩ(K) + ǫ/2.

Let {ηj} be a regularizing sequence depending only on the space variable and such that
the support of ηj is contained in the ball Bǫj , with ǫj → 0 as j → ∞. If we extend ξ in
R
N × [0, T ] as a C2,1-function, we set

fj(x, t) = ηj ∗ |∂tξ + ∆ξ| (x, t) =

∫

Ω

ηj(x− y) |∂tξ + ∆ξ| (y, t)dy.

If j → ∞, {fj} converges to |∂tξ + ∆ξ| uniformly in Q̄T . Let vj be the solution of











∂tvj + ∆vj = −fj in QT

vj = 0 in ∂ℓQT

vj(., T ) = 0 in Ω.

Clearly vj ≥ 0 in QT . Let v be the solution of











∂tv + ∆v = − |∂tξ + ∆ξ| in QT

v = 0 in ∂ℓQT

v(., T ) = 0 in Ω.
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By the maximum principle v ≥ max{ξ, 0}, thus v(x, 0) ≥ 1 on K. Because vj(x, 0) →
v(x, 0) uniformly on Ω̄, for any 0 < α < 1, we can fix jα such that vjα(x, 0) ≥ α on K
and ‖fjα‖L1(QT ) ≤ ‖∂tξ + ∆ξ‖L1(QT ) + ǫ/4. Next ψα = α−1vjα . Then ψα ≥ 0 in QT , and

ψα(x, 0) ≥ 1 on K. Moreover

∫ ∫

QT

|∂tψα + ∆ψα| dx dt = α−1

∫ ∫

QT

|∂tvjα + ∆vjα| dx dt

≤ α−1

(
∫ ∫

QT

|∂tξ + ∆ξ| dx dt+ ǫ/4

)

≤ α−1 (cΩ(K) + 3ǫ/4) .

Next we fix

α =
cΩ(K) + 3ǫ/4

cΩ(K) + ǫ

and derive (2.58 ).

Step 2. There holds

HN(K) ≤ cΩ(K). (2.59)

From (2.58 ),

∫ ∫

QT

(−∂tψ − ∆ψ) dx dt ≤
∫ ∫

QT

|∂tψ + ∆ψ| dx dt ≤ cΩ(K) + ǫ.

But
∫ ∫

QT

(−∂tψ − ∆ψ) dx dt =

∫

Ω

ψ(x, 0)dx−
∫ ∫

∂ℓQT

∂ψ

∂n
dS dt ≥ HN(K)

since ψ(x, T ) = 0, ψ(x, 0) ≥ 1 onK, and the normal derivative of ψ on ∂ℓQT is nonpositive.
This yields to (2.59 ) because ǫ is arbitrary.

Step 3. For any ǫ > 0 there exists ψ ∈ C2,1
ℓ,0 (Q̄T ) such that 0 ≤ ψ ≤ 1+ǫ in QT , ψ(x, 0) ≥ 1

on K and
∫ ∫

QT

|∂tψ + ∆ψ| dx dt ≤ HN(K) + ǫ. (2.60)

For δ > 0 let Kδ = {x ∈ R
N : dist (x,K) ≤ δ}. By the regularity of HN , we can choose δ

small enough such that

HN(Kδ ∩ Ω) ≤ HN(K) + ǫ/5.

We fix ξ ∈ C2,1
ℓ,0 (Q̄T ) such that 0 ≤ ξ ≤ 1 and

ξ(x, 0) =

{

1 if x ∈ Kδ/2

0 if x ∈ Ω̄ \Kδ.
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Let σ > 0 and

ρσ(x, t) =

(

1 − t

σ

)2

+

.

Since |ξt + ∆ξ| (x, t) = 0 a. e. on {(x, t) : ξ(x, t) = 0} and {(x, t) : ρσ(x, t) > 0} ⊂
Ω̄ × [0, σ], we can choose σ such that

∫ ∫

∂ℓQT∩{(x,t):ξ≤ρσ}

∂ξ

∂n
dS dt+

∫ ∫

{(x,t):ξ≤ρσ}
|ξt + ∆ξ| dx dt ≤ ǫ/5.

We set u = ρσ − (ρσ − ξ)+. Because ρσ is independent of x, the argument developed by
Brezis and Ponce [4] applies in the sense that ∆u(., t) ∈ M(Ω) and ∆u(., t) = ∆ξ(., t) on
{x : ξ(x, t) < ρσ(t)} and more explicitely ∂tu+∆u = ∂tξ+∆ξ on {(x, t) : ξ(x, t) < ρσ(t)}.
In addition

∂tu = ∂tρσ − sign+(ρσ − ξ)(∂tρσ − ∂tξ),

and ∂tu = ∂tρσ a.e. on {(x, t) : ξ(x, t) ≥ ρσ(x, t)}. Because ρσ is decreasing, we finally
obtain

∂tu+ ∆u ≤ 0 on {(x, t) : ξ(x, t) ≥ ρσ(x, t)}.
We notice that ∂tu is bounded, and, following [4],

‖∂tu+ ∆u‖
M

=
∥

∥

∥
(∂tu+ ∆u)χ

{ξ≥ρσ}

∥

∥

∥

M

+
∥

∥

∥
(∂tu+ ∆u)χ

{ξ<ρσ}

∥

∥

∥

M

=
∥

∥

∥
(∂tu+ ∆u)χ

{ξ≥ρσ}

∥

∥

∥

M

+

∫ ∫

{ξ<ρσ}
|∂ξ + ∆ξ| dx dt

= −
∫ ∫

{ξ≥ρσ}
d(∂tu+ ∆u) +

∫ ∫

{ξ<ρσ}
|∂ξ + ∆ξ| dx dt

≤ −
∫ ∫

QT

d(∂tu+ ∆u) + 2

∫ ∫

{ξ<ρσ}
|∂ξ + ∆ξ| dx dt

≤ −
∫ ∫

QT

d(∂tu+ ∆u) + 2ǫ/5.

(2.61)

Next, by definition,

−
∫ ∫

QT

d(∂tu+ ∆u) = −
∫ ∫

QT

u(∂t1 − ∆1) dx dt−
∫

Ω

(u(x, T ) − u(x, 0))dx

−
∫ ∫

∂ℓQT

∂u

∂n
dS dt

=

∫

Ω

u(x, 0)dx−
∫ ∫

∂ℓQT

∂u

∂n
dS dt

=

∫

Ω

ξ(x, 0)dx+

∫ ∫

∂ℓQT∩{(x,t):ξ≤ρσ}

∂ξ

∂n
dS dt

≤ HN(Kδ)/+ ǫ/5

≤ HN(K) + 2ǫ/5.

(2.62)



Chapitre 1. Reduced measures associated to parabolic problems 43

We finally derive

‖∂tu+ ∆u‖
M

≤ HN(K) + 4ǫ/5. (2.63)

Next, we smooth the measure |∂tu+ ∆u| using a space convolution process with the same
ηj, as in Step 1. One can construct a function ψ ∈ C2,1

ℓ,0 (Q̄T ) such that 0 ≤ ψ ≤ 1 + ǫ in

Q̄T , ψ(x, 0) ≥ 1 on K and

∫ ∫

QT

|∂tψ + ∆ψ| dx dt ≤ ‖∂tu+ ∆u‖
M

+ ǫ/5. (2.64)

Combining (2.63 ) and (2.64 ), one derive (2.60 ).

Step 4. There holds

cΩ(K) ≤ HN(K). (2.65)

Actually, (2.60 ) implies

cΩ(K) ≤ HN(K) + ǫ.

Letting ǫ→ 0 yields to (2.65 ). �

Thanks to this result we are able to characterize the universally good measures.

Theorem 2.23 Let µ ∈ M
1
+(Ω). If µ ∈ GΩ(g) for any function g satisfying (2.1 ), then

µ ∈ L1
ρ(Ω).

Proof 19 We follow essentially the proof of [4, Th 7].

Step 1. We claim that for every Borel set Σ ⊂ Ω, such that HN(Σ) = 0, there exists a
continuous function g verifying (2.1 ) such that µ∗ = 0 for any µ ∈ M

1
+(Ω) satisfying

µ(Σc) = 0.

Let {Kj}j∈N∗ be an increasing sequence of compact subsets of Σ such that K = ∪jKj and
µ(Σ \K) = 0. Since HN(Kj) = 0 for any j ≥ 1, it follows from Theorem 2.22 [Step 3],
that there exists ψj ∈ C2,1

ℓ,0 (Q̄T ) such that 0 ≤ ψj ≤ 2 in QT , ψj(x, 0) ≥ 1 on Kj and

∫ ∫

QT

|∂tψj + ∆ψj| dx dt ≤ 1/j.

In particular,

|∂tψj + ∆ψj| → 0 a.e. in QT ,

and, since ψj solves










∂tψj + ∆ψj = ǫj in QT

ψj(x, T ) = 0 in Ω

ψj(x, t) = 0 on ∂ℓQT
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with ǫj → 0 in L1(QT ) it follows ψj → 0 in L1(QT ) and a.e.. Furthermore there exists
some G ∈ L1

ρ(QT ) such that

ρ−1 |∂tψj + ∆ψj| ≤ G ∀j ∈ N
∗.

By a theorem of De La Vallée-Poussin noticed in [5], there exists a convex function
h : (−∞,∞) 7→ [0,∞) such that h(s) = 0 for s ≤ 0, h(s) > 0 for s > 0,

lim
t→∞

h(t)

t
= ∞ and h(G) ∈ L1

ρ(QT ).

Let g = h∗ be the convex conjugate of h. We denote by µ∗ = µ∗(g) the reduced measured
associated to g. Since µ∗ ∈ GΩ(g), we denote by u the solution of the corresponding initial
value problem. Taking ψj as a test function in (2.2 ), we obtain

∫ ∫

QT

(−u(∂tψj + ∆ψj) + ψjg(u)) dx dt =

∫

Ω

ψj(x, 0)dµ∗. (2.66)

We first assume that µ ∈ M
0(Ω), thus we can take 1 as a test function (this is easily

justified by approximations) and obtain

∫ ∫

QT

g(u)dx dt =

∫

Ω

dµ∗. (2.67)

Therefore

µ∗(Kj) ≤
∫ ∫

QT

(−u(∂tψj + ∆ψj) + ψjg(u)) dx dt (2.68)

and

|−u(∂tψj + ∆ψj) + ψjg(u)| ≤
|∂tψj + ∆ψj|

ρ
uρ+ ψjg(u)

≤ h (ρ−1 |∂tψj + ∆ψj|) ρ+ g(u)ρ+ ψjg(u)

≤ h(G)ρ+ Cg(u)

(2.69)

By Lebesgue’s theorem, the right-hand side of (2.68 ) tends to 0 when j → ∞. Thus
µ∗(Kj) = 0, for any j ∈ N

∗, and finally µ∗(Σ) = 0.
Next we assume µ ∈ M

1(Ω). Then there exists an increasing sequence of µn ∈ M
0(Ω)

with compact support in Ω such that µn ↑ µ. Using what is proved above, µ∗
n(Σ) = 0

and, by Theorem 2.17, µ∗ ≤ µ − µn, thus µ∗(Σ) ≤ (µ − µn)(Σ). Letting n → ∞ implies
µ∗(Σ) = 0.

Step 2. If µ ∈ M
1
+(Ω) is good, for any Borel set Σ ⊂ Ω, with HN−1(Σ) = 0, we denote

ν = µΣ. Then there exists gν such that g∗ν = 0. Since ν ≤ µ, ν ∈ GΩ(g), thus ν = ν∗ = 0
and finally, µ(Σ) = 0. Thus µ ∈ L1

ρ(Ω). �
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3 The Cauchy-Dirichlet problem

In this section Ω is again a smooth bounded domain in R
N and ρ(x) = dist (x, ∂Ω). We

denote by M(∂ℓQT ) the set of Radon measures in ∂ℓQT and by M+(∂ℓQT ), the positive
ones. The function g is supposed to satisfy (2.1 ). We consider the Cauchy-Dirichlet
problem











∂tu− ∆u+ g(u) = 0 in QT := Ω × (0, T )

u = µ in ∂ℓQT := ∂Ω × (0, T )

u(., 0) = 0 in Ω,

(3.1)

Definition 3.1 Let µ ∈ M+(∂ℓQT ). A function u ∈ L1(QT ) is a weak solution of (3.1 )
if g(u) ∈ L1

ρ(QT ) and

∫ ∫

QT

(−u∂tζ − u∆ζ + ζ g(u)) dx = −
∫

∂ℓQT

∂ζ

∂ν
dµ, (3.2)

for every ζ ∈ C2,1
0 (Q̄T ).

Solutions of (3.1 ) are always unique ; sufficient conditions for existence are developed in
[8]. We define, similarly to the cases of the initial value problem, super and subsolutions
of 3.1 . In which case, the equality sign in 3.2 is replaced by ≥ and ≤ respectively, the
integrability conditions on u and g(u) being preserved. As simple example for existence
of a solution it is the case when g satisfies

∫ ∫

QT

g(PH [µ](x, t))ρ(x)dx dt <∞. (3.3)

In this formula P
H [µ] is the Poisson-heat potential of µ in QT , that is the solution of











∂tv − ∆v = 0 in QT

v = µ in ∂ℓQT

v = 0 in Ω.

(3.4)

Definition 3.2 A measure µ for which problem (3.1 ) can be solved is called a good
measure relative to g for the Cauchy-Dirichlet problem. The set of good measures is
denoted by G∂ℓQT (g), and a universally good measure is a measure which belongs to
G∂ℓQT (g) for any g satisfying (2.1 ).

The notion of lateral trace is defined in [9]. For β > 0, we denote

Ωβ = {x ∈ Ω : ρ(x) < β}, Ω′
β = {x ∈ Ω : ρ(x) > β} and Σβ = ∂Ωβ.

We shall also denote Σ = Σ0 = ∂Ω. There exists β0 > 0 such that for any β ∈ (0, β0], the
mapping x ∈ Ωβ 7→ (σ(x), ρ(x), where σ(x) is the unique point on ∂Ω which minimizes the
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distance from x to ∂Ω, is a C2 diffeomorphism from Ω̄β to Σ × [0, β0]. If φ ∈ L1
loc(∂ℓQT ),

we denote φβ(x, t) = φ(σ(x), t), for any x ∈ Σβ and dSβ is the surface measure on Σβ. for
the sake of simplicity

Definition 3.3 Let u ∈ L1
loc(QT ). 1- We say that u admits the Radon measure µ ∈

M+(∂ℓQT ) as a lateral boundary trace if it exists

ess limβ→0

∫ T

0

∫

Σβ

uφβ dSβdt =

∫ ∫

∂ℓQT

φ dµ ∀φ ∈ C0(R). (3.5)

We shall denote µ = Tr∂ℓQT
(u).

2- We say that u admits the outer regular Borel measure ν ≈ (Σ, µ) as a lateral boundary
trace if it exists an open subset R ⊂ ∂ℓQT and µ ∈ M+(R) such that

ess limβ→0

∫ T

0

∫

Σβ

uφβ dSβdt = ∞ ∀φ ∈ C0(∂ℓQT), φ ≥ 0, φ > 0 somewhere in S, (3.6)

with S = ∂ℓ \ R. We shall denote ν = Tr∂ℓQT
(u).

Propositions 2.5, 2.6, 2.7, 2.8 and Theorem 2.11 are still valid, if we replace the notion of
initial trace by the notion of lateral boundary trace.The new version of Theorem 2.11 is
the following.

Theorem 3.4 Let u be a nonnegative subsolution of (3.1 ). Then the lateral boundary
trace of u is a positive Radon measure µ̃ such that µ̃ ≤ µ. Furthermore, if (3.1 ) admits
a weak solution uµ there holds u ≤ uµ.

We consider now a sequence of functions gk satisfying (2.42 ). For any positive Radon
measure µ on ∂ℓQT , it is possible to solve, with u = uk,











∂tu− ∆u+ gk(u) = 0 in QT

u = µ in ∂ℓQT

u(., 0) = 0 in Ω.

(3.7)

The following result is proved as Theorem 2.12

Theorem 3.5 When k → ∞, the sequence {uk} converges in L1(QT ) to a some nonne-
gative function u∗ such that g(u∗) ∈ L1

ρ(QT ) and there exists a positive Radon measure
µ∗ smaller that µ with the property that











∂tu
∗ − ∆u∗ + g(u∗) = 0 in QT

u∗ = µ∗ in ∂ℓQT

u∗(., 0) = 0 in Ω.

(3.8)

Furthermore u∗ is the largest subsolution of problem (3.1 ).
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Mutadis mutandis, the reduced measure µ∗ on the lateral boundary inherits the pro-
perties of the reduced measure at initial time and the assertions of Theorems 2.13, 2.14,
Corollaries 2.15, 2.16, Theorem 2.17, Corollaries 2.18, 2.19 and Theorems 2.20 and 2.21,
are valid in the framework of the lateral bondary reduced measure. The main novelty is
the intruction of a new capacity on ∂ℓQT . If K ⊂ ∂ℓQT is compact, we denote

c
∂ℓQT

(K) = inf

{
∫ ∫

QT

|∂tψ + ∆ψ| dx dt

: ψ ∈ C2,1
ℓ,0 (Q̄T ), −∂ψ

∂ν
≥ 1 in some neighborhood of K

}

.

(3.9)

Theorem 3.6 For every compact K ⊂ ∂ℓQT , we have

HN(K) = c
∂ℓQT

(K). (3.10)

Proof 20 Let K ⊂ ∂ℓQT be compact.

Step 1. For any ǫ > 0 there exists ψ ∈ C2,1
ℓ,0 (Q̄T ), ψ ≥ 0 such that −∂ψ(x, t)/∂ν ≥ 1 in

some neighborhood of K.

Let ξ ∈ C2,1
ℓ,0 (Q̄T ) such that −∂ψ(x, t)/∂ν ≥ 1 on K and

∫ ∫

QT

|∂tξ + ∆ξ| dx dt ≤ c
∂ℓQT

(K) + ǫ/2.

We extend ξ as a C2,1(RN × [0, T ])-function and define fj, vj and v in the same way as in
the proof of Theorem 2.22, Step 1. Since fj → ∂tξ + ∆ξ uniformly in Q̄T ,

∂vj
∂ν

→ ∂v

∂ν
,

uniformly in Q̄T . Since v and ξ vanishes on ∂ℓQT and at t = T , v ≥ ξ, thus

0 ≤ ∂ξ

∂ν
≤ −∂v

∂ν
on ∂ℓQT ,

and −∂v/∂ν ≥ 1 in some neighborhood ofK. For α ∈ (0, 1) we fix j0 such that −∂vj0/∂ν ≥
α on K and

∫ ∫

QT

|∂tvj0 + ∆vj0| dx dt ≤
∫ ∫

QT

|∂tξ + ∆ξ| dx dt+ ǫ/4.

We set ψ = α−1vj0 and get

∫ ∫

QT

|∂tξ + ∆ξ| dx dt ≤ α−1(c
∂ℓQT

(K) + 3ǫ/4).
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We end the proof as in Theorem 2.22, Step 1.

Step 2. In this step we follow essentially the proof of [4, Lemma 8]. For any ǫ > 0 there
exists ψ ∈ C2,1

ℓ,0 (Q̄T ), such that 0 ≤ ψ ≤ ǫ, −∂ψ(x, t)/∂ν ≥ 1 in some neighborhood of K
and

∫ ∫

QT

|∂tψ + ∆ψ| dx dt ≤ HN(K) + ǫ and

∣

∣

∣

∣

ψ

ρ

∣

∣

∣

∣

≤ 1 + ǫ in QT . (3.11)

Let δ > 0 and Ñδ(K) = {(x, t) : dist ((x, t), K)}, be such that

HN(Nδ(K) ∩ ∂ℓQT ) ≤ HN(K) + ǫ

We take ξ ∈ C2,1
ℓ,0 (Q̄T ) such that ξ > 0 in QT , ∂ξ/∂ν = −1 on Nδ/2(K) ∩ ∂ℓQT and

∂ξ/∂ν = 0 on ∂ℓQT \ Nδ, 0 ≤ −∂ξ/∂ν ≤ 1 and ξ/ρ ≤ 1 + ǫ, we first take a > 0 small
enough so that

∫ ∫

∂ℓQT∩{ξ<a}

∂ξ

∂ν
dS dt+

∫ ∫

QT∩{ξ<a}
|∂tξ + ∆ξ| dx dt < ǫ,

and set u = a− (a− ζ)+. Then, the same method as in Theorem 2.22-Step 3 yields to

‖∂tu+ ∆u‖
M

≤ HN(K) + 4ǫ/5. (3.12)

The conclusion of the proof is similar. �

By an easy adaptation of the proof of Theorem 2.23 we have the following characte-
rization of the universally good measures.

Theorem 3.7 Let µ ∈ M+(∂ℓQT ). If µ ∈ G∂ℓQT (g) for any function g satisfying (2.1 ),
then µ ∈ L1(∂ℓQT ).
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Chapitre 2

On uniqueness of large solutions of

nonlinear parabolic equations in

nonsmooth domains

Ce chapitre est constitué d’un article à parâıtre dans Advanced Nonlinear Studies dans
lequel on étudie l’existence et l’unicité du problème (P) : ∂tu−∆u+ uq = 0 (q > 1) dans
Ω × (0,∞), u = ∞ sur ∂Ω × (0,∞) et u(., 0) ∈ L1(Ω), où Ω est un domaine borné de
R
N . On construit une solution maximale, démontre que cette solution maximale est une

grande solution lorsque q < N/(N − 2) et elle est unique si ∂Ω = ∂Ω
c
. Si ∂Ω possède la

propriété du graphe local, on démontre qu’il existe au plus une solution du problème (P).

51



52



Chapitre 2. On uniqueness of large solutions of nonlinear parabolic equations in nonsmooth

domains 53

On uniqueness of large solutions of nonlinear

parabolic equations in nonsmooth domains (1)

Waad Al Sayed Laurent Véron

Laboratoire de Mathématiques et Physique Théorique,

Université François Rabelais, Tours, FRANCE

Abstract We study the existence and uniqueness of the positive solutions of the problem

(P) : ∂tu − ∆u + uq = 0 (q > 1) in Ω × (0,∞), u = ∞ on ∂Ω × (0,∞) and u(., 0) ∈ L1(Ω),

when Ω is a bounded domain in R
N . We construct a maximal solution, prove that this maximal

solution is a large solution whenever q < N/(N − 2) and it is unique if ∂Ω = ∂Ω
c
. If ∂Ω has the

local graph property, we prove that there exists at most one solution to problem (P).

1991 Mathematics Subject Classification. 35K60, 34.
Key words. Parabolic equations, singular solutions, self-similarity, removable singularities

1 Introduction

Let q > 1 and let Ω be a bounded domain in R
N with boundary ∂Ω := Γ. It has

been proved by Keller [5] and Osserman [11] that there exists a maximal solution u to the
stationnary equation

−∆u+ |u|q−1u = 0 in Ω. (1.1)

When 1 < q < N/(N − 2) this maximal solution is a large solution in the sense that

lim
ρ(x)→0

u(x) = ∞ (1.2)

where ρ(x) = dist (x, ∂Ω). Furthermore Véron proves in [12] that u is the unique large
solution whenever ∂Ω = ∂Ω

c
. When q ≥ N/(N−2) his proof of uniqueness does not apply.

Marcus and Véron prove in [7] that, there exists at most one large solution, provided ∂Ω
is locally the graph of a continuous function. The aim of this article is to extend these
questions to the parabolic equation

∂tu− ∆u+ |u|q−1u = 0 in Ω × (0,∞). (1.3)

(1)To appear in Advanced Nonlinear Studies
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We are interested into positive solutions which satisfy

lim
t→0

u(., t) = f in L1
loc(Ω), (1.4)

where f ∈ L1
loc+(Ω) and

lim
(x,t)→(y,s)

u(x, t) = ∞ ∀(y, s) ∈ Γ × (0,∞). (1.5)

Notice that if the initial and boundary conditions are exchanged, i.e. u(., t) blows-up
when t → 0 and coincides with a locally integrable function on Γ × (0,∞), this problem
is associated with the study of the initial trace, and much work has been done by Marcus
and Véron [9] in the case of a smooth domain. In particular they obtain the existence and
uniqueness when q is subcritical, i.e. 1 < q < 1 + 2/N .

In this article we prove two series of results :

Theorem A Assume q > 1 and Ω is a bounded domain. Then for any f ∈ L1
loc+(Ω) there

exists a maximal solution uf to problem (1.3 ) satisfying (1.4 ). If 1 < q < N/(N − 2),
uf satisfies (1.5 ). At end, if 1 < q < N/(N − 2) and ∂Ω = ∂Ω

c
, uf is the unique solution

of the problem which satisfies (1.5 ).

The proof of uniqueness is based upon the construction of self-similar solutions of (1.3
) in R

N \ {0}× (0,∞), with a persistent strong singularity on the axis {0}× (0,∞) and a
zero initial trace on R

N \ {0}. This solution, which is studied in Appendix, is reminiscent
of the very singular solution of Brezis, Peletier and Terman [2], although the method
of construction is far different. The uniqueness is a delicate adaptation to the parabolic
framework of the proof by contradiction of [12].

Theorem B Assume q > 1, Ω is a bounded domain and ∂Ω is locally a continuous graph.
Then for any f ∈ L1

loc+(Ω) there exists at most one solution to problem (1.3 ) satisfying
(1.4 ) and (1.5 ).

For proving this result, we adapt the idea which was introduced in [7] of constructing
local super and subsolutions by small translations of the domain, but the non-uniformity
of the boundary blow-up creates an extra-difficulty. In an appendix we study a self-similar
equation which plays a key-role in our construction,



















H ′′ +

(

N − 1

r
+
r

2

)

H ′ +
1

q − 1
H − |H|q−1 = 0

limr→0H(r) = ∞
limr→∞ r2/(q−1)H(r) = 0.

(1.6)

We prove the existence and the uniqueness of the positive solution of (1.6 ) when 1 < q <
N/(N − 2) and we give precise asymptotics when r → 0 and r → ∞.

This article is organised as follows : 1- Introduction. 2- The maximal solution 3- The
case 1 < q < N/(N − 2). 4- The local continuous graph property. 5- Appendix.
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2 The maximal solution

In this section Ω is an open domain of R
N , with a compact boundary Γ := ∂Ω. If G

is any open subset of R
N and 0 < T ≤ ∞, we denote QG

T := G× (0, T ). If f ∈ L1
loc+(Ω),

we consider the problem










∂tu− ∆u+ |u|q−1u = 0 in QΩ
∞

limt→0 u(., t) = f(.) in L1
loc(Ω)

lim(x,t)→(y,s) u(x, t) = ∞ ∀(y, s) ∈ Γ × (0,∞).

(2.1)

By the next result, we reduce the lateral blow-up condition by a locally uniform one in
which we set ρ(x) = dist (x,Γ).

Lemma 2.1 The following two conditions are equivalent

lim
(x,t)→(y,s)

u(x, t) = ∞ ∀(y, s) ∈ Γ × (0,∞) (2.2)

and
lim

ρ(x)→0
u(x, t) = ∞ uniformly on [τ, T ], (2.3)

for any 0 < τ < T <∞.

Proof 21 It is clear that (2.3 ) is equivalent to the fact that (2.2 ) holds uniformly on
Γ × [τ, T ]. By contradiction, we assume that (2.2 ) does not hold uniformly for some
T > τ > 0. Then there exists β > 0 such that for any δ > 0, there exist two couples
(yδ, sδ) ∈ Γ × [τ, T ] and (xδ, tδ) ∈ Ω × [τ, T ] such that

|xδ − yδ| + |tδ − sδ| ≤ δ and u(xδ, tδ) ≤ β. (2.4)

Taking δ = 1/n, n ∈ N
∗, we can assume that {δ} is discrete and that yδ → y ∈ Γ and

sδ → s ∈ [τ, T ]. Thus xδ → y and tδ → s. Therefore (2.4 ) contradicts (2.2 ). �

Theorem 2.2 For any q > 1 and f ∈ L1
loc+(Ω), there exists a maximal solution u := uf

of
∂tu− ∆u+ |u|q−1u = 0 in QΩ

∞ (2.5)

which satisfies
lim
t→0

u(., t) = f(.) in L1
loc(Ω). (2.6)

Proof 22 Let Ωn be an increasing sequence of smooth bounded domains such that Ωn ⊂
Ωn+1 ⊂ Ω and ∪Ωn = Ω. For each n let un,f be the increasing limit when k → ∞ of the
un,k,f solution of











∂tun,k,f − ∆un,k,f + uqn,k,f = 0 in QΩn
∞

un,k,f (x, t) = k in ∂Ωn × (0,∞)

un,k,f (x, 0) = fχ
Ωn

in Ωn.

(2.7)
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By the maximum principle and a standard approximation argument n 7→ un,k,f is decrea-
sing thus n 7→ un,f too. The limit uf of the un,f satisfies (2.5 ) and (2.6 ). It is independent
of the exhaustion {Ωn} of Ω. Let u be a positive solution of (2.5 ) in QΩ

∞ which satisfies
(2.6 ). Since the initial trace of u is a locally integrable function, uq ∈ L1

loc(Ω× [0,∞)). By
Fubini we can assume that, for any n, u ∈ L1

loc(∂Ωn × [0,∞)). Because (u− un,k,f )+ ≤ u
and tends to 0 when k → ∞, it follows by Lebesgue’s theorem that

lim
k→∞

‖(u− un,k,f )+‖L1(∂Ωn×(0,T )) = 0 ∀T > 0.

Applying the maximum principle in Ωn × (0,∞) yields to

u ≤ lim
k→∞

un,k,f = un,f =⇒ u ≤ lim
n→∞

un,f = uf .

�

Theorem 2.3 For any q > 1 and f ∈ L1
loc+(Ω), there exists a minimal nonnegative

solution uf of (2.5 ) in QΩ
∞ which satisfies (2.6 ).

Proof 23 The scheme of the construction is similar to the one of uf : with the same
exhaustion {Ωn} of Ω, we consider the solution un,0,f solution of











∂tun,0,f − ∆un,0,f + uqn,0,f = 0 in QΩn
∞

un,0,f (x, t) = 0 in ∂Ωn × (0,∞)

un,0,f (x, 0) = fχ
Ωn

in Ωn.

(2.8)

By the maximum principle, n 7→ un,0,f is increasing and dominated by uf . Therefore it
converges to some solution uf of (2.5 ), which satisfies (2.6 ) as un,0,f and uf do it. Using
the same argument as in the proof of Theorem 2.2, there holds un,0,f ≤ u in QΩn

∞ for a
suitable exhaustion. Thus uf ≤ u. �

Remark 2.1 Because of the lack of regularity of ∂Ω, there is no reason for uf (resp uf )
to tend to infinity (resp. zero) on ∂Ω × (0,∞).

The next statement will be very usefull for proving uniqueness results.

Theorem 2.4 Assume q > 1, f ∈ L1
loc+(Ω) and uf is a nonnegative solution of (2.5 )

satisfying (2.6 ). Then there exists a nonnegative solution u0 of (2.5 ) satisfying

lim
t→0

u0(., t) = 0 in L1
loc(Ω), (2.9)

such that
0 ≤ uf − uf ≤ u0 ≤ uf , (2.10)

and
0 ≤ uf − uf ≤ u0 − u0. (2.11)
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Proof 24 Step 1 : construction of u0. The function w = uf − uf is a nonnegative subso-
lution of (2.5 ) which satisfies

lim
t→0

w(., t) = 0 in L1
loc(Ω).

Using the above considered exhaustion of Ω, we denote by vn the solution of











∂tvn − ∆vn + vqn = 0 in QΩn
∞

vn(x, t) = uf − uf in ∂Ωn × (0,∞)

vn(x, 0) = 0 in Ωn.

(2.12)

By the maximum principle

uf − uf ≤ vn ≤ uf in QΩn
∞ .

Therefore vn+1 ≥ vn on ∂Ωn× (0,∞) ; this implies that the same inequality holds in QΩn
∞ .

If we denote by u0 the limit of the {vn}, it is a solution of (2.5 ) in QΩ
∞. For any compact

K ∈ Ω, there exists nK and α > 0 such that dist (K,Ωc
n) ≥ α for n ≥ nK therefore

vn remains uniformly bounded on K by Brezis-Friedman estimate [3]. Thus the local
equicontinuity of the vn (consequence of the regularity theory for parabolic equations)
implies that u0 satisfies (2.9 ).

Step 2 : proof of (2.11 ). We follow a method introduced in [8] in a different context. For
n ∈ N and k > 0 fixed, we set

Zf,n = uf,n − uf and Z0,n = u0,n − u0,

where we assume that the n are chosen such that uf , u0 ∈ L1
loc(∂Ωn × [0,∞)), and

φ(r, s) =







rq − sq

r − s
if r 6= s

0 if r = s.

By convexity,
{

r0 ≥ s0, r1 ≥ s1

r1 ≥ r0, s1 ≥ s0
=⇒ φ(r1, s1) ≥ φ(r0, s0).

Therefore
φ(uf,n, uf ) ≥ φ(u0,n, u0) in QΩn

T ,

and

0 = ∂t(Zf,n − Z0,n) − ∆(Zf,n − Z0,n) + uqf,n − uqf − uq0,n + uq0

= ∂t(Zf,n − Z0,n) − ∆(Zf,n − Z0,n) + φ(uf,n, uf )Zf,n − φ(u0,n, u0)Z0,n,

which implies

∂t(Zf,n − Z0,n) − ∆(Zf,n − Z0,n) + φ(uf,n, uf )(Zf,n − Z0,n) ≤ 0.
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But Zf,n − Z0,n = 0 in Ωn × {0} and

∫ ∞

0

∫

∂Ωn

|Zf,n − Z0,n| dS dt = 0

by approximations. By the maximum principle Zf,n,k − Z0,n,k ≤ 0. Letting n→ ∞ yields
to

uf − uf ≤ u0 − u0,

which ends the proof. �

3 The case 1 < q < N/(N − 2)

In this section we assume that Ω is a domain of R
N with a compact boundary. We

first prove that the maximal solution is a large solution

Theorem 3.1 Assume 1 < q < N/(N−2) and f ∈ L1
loc+(Ω) . Then the maximal solution

uf of (2.5 ) in QΩ
T which satisfies (2.6 ) satisfies also (2.3 ).

Proof 25 In Appendix we construct the self-similar solution V := VN of (2.5 ) in Q
R

N\{0}
∞

which has initial trace zero in R
N \ {0} and satisfies

lim
|x|→0

VN(x, t) = ∞,

locally uniformly on [τ,∞), for any τ > 0. Furthermore VN(x, t) = t−1/(q−1)HN(|x|/
√
t).

If a ∈ ∂Ω, the restriction to Ωn of the function VN(x − a, t) is bounded from above by
un,f . Letting n→ ∞ yields to

VN(x− a, t) ≤ uf (x, t) ∀(x, t) ∈ QΩ
∞. (3.1)

If we consider x ∈ Ω and denote by ax a projection of x onto ∂Ω, there holds

t−1/(q−1)HN(ρ(x)/
√
t) = VN(x− ax, t) ≤ uf (x, t). (3.2)

Using (5.2 ), we derive that uf satisfies (2.3 ). �

Theorem 3.2 Assume 1 < q < N/(N − 2), f ∈ L1
loc+(Ω) and ∂Ω = ∂Ω

c
. Then uf is the

unique solution of (2.5 ) in QΩ
T which satisfies (2.6 ) and (2.3 ).

Proof 26 Assume that uf is a solution of (2.5 ) in QΩ
T such that (2.6 ) and (2.3 ) hold.

By Theorem 2.4 there exists a positive solution u0 with zero initial trace such that

0 ≤ uf − u0 ≤ uf (3.3)
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and (2.11 ) are satisfied. Since uf (x, t) ≤ ((q − 1)t)−1/(q−1) (notice that this last expression

is the maximal solution of (2.5 ) in QR
N

∞ ), the function u0 satisfies also (2.3 ). Therefore,
it is sufficient to prove that u0 = u0 := u.

Step 1 : bilateral estimates. Since ∂Ω = ∂Ω
c
, for any a ∈ ∂Ω, there exists a sequence

{an} ⊂ Ω
c

converging to a. If u is any solution of (2.5 ) in QΩ
T which satisfies (2.3 ) and

(2.9 ), there holds

VN(x− an, t) ≤ u(x, t) =⇒ VN(x− a, t) ≤ u(x, t).

In particular, if a = ax, we see that u satisfies (3.2 ). In order to obtain an estimate from
above we consider for r < ρ(x) the solution (y, t) 7→ ux,r(y, t) of















∂tux,r − ∆ux,r + uqx,r = 0 in Q
Br(x)
∞

lim(y,t)→(z,0) ux,r(y, t) = 0 ∀z ∈ Br(x)

lim|x−y|↑r ux,r(y, t) = ∞ locally uniformly on [τ,∞), for any τ > 0

(3.4)

Then
u0(y, t) ≤ ux,r(y, t) =⇒ u0(y, t) ≤ ux,ρ(x)(y, t) ∀(y, t) ∈ Q

Bρ(x)(x)
∞ .

In particular, with u0,r = ur and since ux,r(y, t) = u0,r(|x− y| , t),

u0(x, t) ≤ uρ(x)(0, t) = (ρ(x))−2/(q−1)u1(0, t/(ρ(x))
2).

Therefore

t−1/(q−1)HN(ρ(x)/
√
t) ≤ u(x, t) ≤ u0(x, t) ≤ (ρ(x))−2/(q−1)u1(0, t/(ρ(x))

2). (3.5)

The function s 7→ u1(0, s) is increasing by the same argument as the one of Corollary 4.3
and bounded from above by the unique solution P of

{

−∆P + P q = 0 in B1

lim|x|→1 P (x) = ∞.
(3.6)

Therefore it converges to P locally uniformly in B1 and lim
s→∞

u1(0, s) = P (0). Thus

t/(ρ(x))2 → ∞ =⇒ (ρ(x))−2/(q−1)u1(0, t/(ρ(x))
2) ≈ P (0)(ρ(x))−2/(q−1). (3.7)

On the other hand, if t/(ρ(x))2 → ∞, equivalently ρ(x)/
√
t→ 0,

t−1/(q−1)HN(ρ(x)/
√
t) ≈ λN,qt

−1/(q−1)(ρ(x)/
√
t)−2/(q−1) = λN,q(ρ(x))

−2/(q−1), (3.8)

by (5.4 ).

Next, in order to obtain an estimate from above of u1(0, s) when s → 0, we compare
u1 to a solution uΘ of (2.5 ) in QΘ

∞, where Θ is a polyhedra inscribed in B1 ; this polyhedra
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is a finite intersection of half spaces Γi containing Θ. In each of the half space Γi, with
boundary γi, we can consider the solution Wi of (2.5 ) in QΓi

∞ which tends to infinity on
γi × (0,∞) and has value 0 on Γi × {0}. This solution depends only on the distance to
γi and t. Thus it is expressed by the function V1 defined in Proposition 5.1 when N = 1.
Moreover, since a sum of solutions is a super solution,

u1 ≤ uΘ ≤
∑

i

Wi =⇒ u1(0, s) ≤ s−1/(q−1)
∑

i

H1(dist (0, γi)/
√
s). (3.9)

We can choose the hyperplanes γi such that for any δ ∈ (0, 1), there exists Cδ ∈ N∗ such
that

u1(0, s) ≤ Cδs
−1/(q−1)H1((1 − δ)/

√
s). (3.10)

Using (5.3 ) we derive

u(x, t) ≥ cN,q(ρ(x))
2/(q−1)−N tN/2−2/(q−1)e−(ρ(x))2/4t,

when ρ(x)/
√
t→ ∞, and

u0(x, t) ≤ Ct−1/(q−1)H1((1 − δ)ρ(x)/
√
t)

≤ C(1 − δ)2/(q−1)−1(ρ(x))2/(q−1)−1t1/2−2/(q−1)e−((1−δ)ρ(x))2/4t,

from (3.10 ). Therefore, there exists θ > 1 such that

u0(x, t) ≤ C(1 − δ)2/(q−1)−N(ρ(x))2/(q−1)−N tN/2−2/(q−1)e−(ρ(x))2/4θt ≤ Cu(x, θt), (3.11)

when ρ(x)/
√
t → ∞. Finally, when m−1 ≤ ρ(x)/

√
t ≤ m for some m > 1, (3.5 ) shows

that (ρ(x))−2/(q−1)u1(0, t/(ρ(x))
2) and t−1/(q−1)HN(ρ(x)/

√
t) are comparable. In conclu-

sion, there exist constants C > P (0)/λN,q > 1 and θ > 1 such that

u(x, t) ≤ u0(x, t) ≤ Cu(x, θt) ∀(x, t) ∈ QΩ
∞. (3.12)

Step 2 : End of the proof. Let τ > 0 and C ′ > C be fixed. The function

t 7→ uτ (x, t) := C ′u(x, t+ θτ)

is a supersolution of (2.5 ) in Ω × (0,∞) which satisfies uτ (x, 0) = C ′u(x, θτ) > u0(x, τ)
by (3.12 ). Furthermore,

C ′u(x, t+ θτ) ≥ C ′(t+ θτ)−1/(q−1)HN

(

ρ(x)/
√
t+ θτ

)

= C ′λN,q(1 + o(1))(ρ(x))−2/(q−1),

as ρ(x) → 0, locally uniformly for t ∈ [0,∞). Similarly,

u0(x, t+ τ) ≤ (ρ(x))−2/(q−1)u1(0, (t+ τ)/(ρ(x))2) = P (0)(1 + o(1))(ρ(x))−2/(q−1),
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as ρ(x) → 0, and also locally uniformly for t ∈ [0,∞). Therefore (u0(x, t) − uτ (x, t))+

vanishes in a neighborhood of ∂Ω × [0, T ] for any T > 0. By the maximum principle

uτ (x, t) ≥ u0(x, t) ∀(x, t) ∈ Ω × (0,∞).

Letting τ → 0 and C ′ → C yields to

u(x, t) ≤ u0(x, t) ≤ Cu(x, t) ∀(x, t) ∈ QΩ
∞. (3.13)

The conclusion of the proof is contradiction, following an idea introduced in [8] and
developped by [12] in the elliptic case. We assume u 6= u0, thus u < u0. By convexity the
function

w = u− 1

2C
(u0 − u)

is a supersolution and w < u. Moreover w > w′ := ((1+C)/2C)u and w′ is a subsolution.
Consequently, there exists a solution u1 of (1.3 ) which satisfies

w′ < u1 ≤ w =⇒ u0 − u1 ≥
(

1 +K−1
)

(u0 − u) in QΩ
∞. (3.14)

Notice that u1 satisfies (2.9 ) and (2.3 ), therefore it satisfies (3.13 ) as u does it. Replacing
u by u1 and introducing the supersolution

w1 = u1 −
1

2C
(u0 − u1)

and the subsolution w′
1 := ((1 +C)/2C)u1 we see that there exists a solution u2 of (2.5 )

such that
w′

1 < u2 ≤ w1 =⇒ u0 − u2 ≥
(

1 +K−1
)2

(u0 − u) in QΩ
∞. (3.15)

By induction, we construct a sequence of positive solutions uk of (2.5 ), subject to (2.9 )
and (2.3 ) such that

u0 − uk ≥
(

1 +K−1
)k

(u0 − u) in QΩ
∞. (3.16)

This is clearly a contradiction since (1 +K−1)
k → ∞ as k → ∞ and u0 is locally bounded

in QΩ
∞. �

4 The local continuous graph property

In this section, we assume that ∂Ω is compact and is locally the graph of a continuous
function, which means that there exists a finite number of open sets Ωj (j = 1, ..., k) such
that Γ ∩ Ωj is the graph of a continuous function. Our main result is the following

Theorem 4.1 Assume q > 1 and f ∈ L1
loc+(Ω). Then there exists at most one positive

solution of (2.5 ) in QΩ
∞ satisfying (2.6 ) and (2.3 ).
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Suppose uf satisfies (2.5 ) in QΩ
∞ satisfying (2.6 ) and (2.3 ), then clearly the maximal

solution uf endows the same properties. In order to prove that uf = uf , we can assume
that f = 0 by Theorem 2.4. We denote by u this large solution with zero initial trace. We
consider some j ∈ {1, ..., k}, perform a rotation, denote by x = (x′, xN) ∈ R

N−1 × R the
coordinates in R

N and represent Γ ∩ Ωj as the graph of a continuous positive function φ
defined in C = {x′ ∈ R

N−1 : |x′| ≤ R}. We identify C with {x = (x′, 0) : |x′| ≤ R} and
set

Γ1 = {x = (x′, φ(x′)) : x′ ∈ C},
Γ2 = {x = (x′, xN) : x′ ∈ ∂C, 0 ≤ xN < φ(x′), },

and

GR = {x ∈ R
N : |x′| < R, 0 < xN < φ(x′)}.

We can assume that GR ⊂ Ω ∪ Γ1,

inf{φ(x′) : x′ ∈ C} = R0 > 0 and sup{φ(x′) : x′ ∈ C} = R1 > R0.

For σ > 0, small enough, we consider φσ ∈ C∞(C) satisfying

φ(x′) − σ/2 ≤ φσ(x
′) ≤ φ(x′) + σ/2 ∀x′ ∈ C,

and set

Gσ,R = {x ∈ R
N : |x′| < R, 0 < xN < φσ(x

′) − σ}
and

G′
σ,R = {x ∈ R

N : |x′| < R, 0 < xN < φσ(x
′) + σ}.

The upper boundaries of Gσ and G′
σ are defined by

Γ1,σ = {x = (x′, φσ(x
′) − σ) : x′ ∈ C},

Γ′
1,σ = {x = (x′, φσ(x

′) + σ) : x′ ∈ C},
and the remaining boundaries are

Γ2,σ = {x = (x′, xN) : x′ ∈ ∂C, 0 ≤ xN ≤ φσ(x
′) − σ},

Γ′
2,σ = {x = (x′, xN) : x′ ∈ ∂C, 0 ≤ xN ≤ φσ(x

′) + σ}.
In order to have the monotonicity of the domains, we can also assume

φσ(x
′) − σ < φσ′(x′) − σ′ < φσ′(x′) + σ′ < φσ(x

′) + σ ∀ 0 < σ′ < σ ∀x′ ∈ C, (4.1)

thus, under the condition 0 < σ′ < σ,

Gσ,R ⊂ Gσ′,R ⊂ GR ⊂ G′
σ′,R ⊂ G′

σ,R. (4.2)
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The localization procedure is to consider the restriction of u to QGR∞ := GR× (0,∞), thus
u is regular in GR ∪ Γ2 × [0,∞) and satifies

lim
xN→φ(x′)

u(x′, xN , t) = ∞, (4.3)

uniformly with respect to (x′, t) ∈ C × [τ, T ], for any 0 < τ < T . We construct vσ as
solution of

∂tvσ − ∆vσ + vqσ = 0 in QGσ,R
∞ := Gσ,R × (0,∞), (4.4)

subject to the initial condition

lim
t→0

vσ(x, t) = 0 locally uniformly in Gσ,R, (4.5)

and the boundary conditions

lim
xN→φσ(x′)−σ

vσ(x
′, xN , t) = ∞ ∀(x′, t) ∈ C × (0,∞], (4.6)

uniformly on any set K × [τ, T ], where T > τ > 0 and K is a compact subset of C and

vσ(x, t) = 0 ∀(x, t) ∈ Γ2,σ × [0,∞). (4.7)

We also construct wσ as solution of

∂twσ − ∆wσ + wqσ = 0 in Q
G′

σ,R

T := G′
σ,R × (0,∞), (4.8)

subject to the initial condition

lim
t→0

wσ(x, t) = 0 locally uniformly in G′
σ,R, (4.9)

and the boundary conditions
{

(i) wσ(x, t) = 0 ∀(x, t) ∈ Γ′
1,σ × [0, T ],

(i′) lim(x,s)→(y,t)wσ(x, t) = ∞ ∀(y, s) ∈ Γ′
2,σ × [0, T ].

(4.10)

The functions vσ and wσ inherit the following properties in which the local graph
property plays a fundamental role, allowing translations of the truncated domains in the
xN -direction.

Lemma 4.2 For σ > σ′ > 0 there holds

vσ′ ≤ vσ in QGσ,R
∞ , (4.11)

wσ′ ≤ wσ in Q
G′

σ′,R
∞ , (4.12)

(i) vσ(x
′, xN − 2σ, t) ≤ u(x′, xN , t) in QGR∞

(ii) u(x′, xN , t) ≤ vσ(x, t) + wσ(x, t) in Q
Gσ,R
∞ .

(4.13)
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Proof 27 The inequalities (4.11 ) and (4.12 ) are the direct consequence of the fact that
the domains Gσ,R and G′

σ′,R are Lipschitz and the functions vσ and wσ are constructed
by approximations of solutions of (2.5 ) with bounded boundary data. For proving (4.13
)-(i), we compare, for τ > 0, u(x, t− τ) and vσ(x

′, xN − 2σ, t) in QGR∞ . Because u satisfies
(2.3 ), and vσ(x

′, xN −2σ, 0) = 0 in GR, (4.13 )-(i) follows by the maximum principle. The
proof of (4.13 )-(ii) needs no translation, but the fact that the sum of two solutions is a
supersolution. �

Corollary 4.3 There exist v0 = lim
σ→0

vσ and w0 = lim
σ→0

wσ and there holds

v0 ≤ u ≤ v0 + w0 in QGR
∞ . (4.14)

Moreover, the functions t 7→ v0(x, t) and t 7→ w0(x, t) are increasing on (0,∞), ∀x ∈ GR.

Proof 28 The first assertion follows from (4.11 )-(4.12 ), and (4.14 ) from (4.13 ). Since

v0 is the limit, when σ → 0 of vσ which satisfy equation (4.4 ) in Q
Gσ,R

T , initial condition
(4.5 ) and boundary conditions (4.6 ), (4.7 ), it is sufficient to prove the monotonicity of
t 7→ vσ(., t). Moreover vσ is the limit, when k tends to infinity of the vk,σ solutions of (2.5

) in Q
Gσ,R

T , which satisfy the same boundary conditions as vσ on Γ2,σ × [0, T ], the same
zero initial condition and

lim
xN→φ(x′)−σ

vk,σ(x
′, xN , t) = k.

For τ > 0, we define Vτ by Vτ (x, t) = (vk,σ(x, t) − vk,σ(x, t + τ))+. Because ∂Gσ,R is
Lipschitz and Vτ is a subsolution of (2.5 ) which vanishes on ∂Gσ,R× [0, T ] and at t = 0, it
is identically zero. This implies vk,σ(x, t) ≤ vk,σ(x, t + τ), and the monotonicity property
of v0, by strict maximum principle and letting σ → 0. The proof of the monotonicity of
w0 is similar. �

The key step of the proof is the following result.

Proposition 4.4 Let ǫ, τ > 0. Then there exists δǫ > 0 such that, if we denote

Gδ,R′ = {x = (x′, xN) : |x′| < R′ and φ(x′) − δ ≤ xN < φ(x′)},

there holds, for R′ < R/
√
N − 1,

w0(x, t) ≤ ǫv0(x, t+ τ) ∀(x, t) ∈ Q
Gδ,R′

∞ . (4.15)

Proof 29 Using the result in Appendix, we recall that V := V1 is the unique positive
and self-similar solution of the problem











∂tV − ∂zzV + V q = 0 in R+ × R+

limt→0 V (z, t) = 0 ∀z > 0

limz→0 V (z, t) = ∞ ∀t > 0,

(4.16)
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and it is expressed by V1(z, t) = t−1/(q−1)H1(x/
√
t), where H1 satisfies (5.2 )-(5.3 ) with

N = 1. We set RN = R/
√
N − 1 so that

C∞ := {x′ = (x1, ..., xN−1) : sup
j≤N−1

|xj| < RN} ⊂ C = {x′ : |x′| ≤ R}

and we define

w̃(x, t) = W (xN , t) +
N−1
∑

j=1

(W (xj −R, t) +W (R− xj, t)).

The function w̃ a super solution in Θ × R
+ where Θ := {(x′, xN) : x′ ∈ C∞, xN > 0}

which blows up on

{x : xN = 0 , sup
j≤N−1

|xj| ≤ R}
⋃

j≤N−1

{x : xN ≥ 0 , xj = ±R} .

Therefore w0 ≤ w̃ in Q
GRN
T . Moreover w̃(x, t) → 0 when t→ 0, uniformly on

G∗
α,R′ := {x = (x1, x2) : |x1| ≤ R′, α ≤ x2 ≤ φ(x1)},

for any α ∈ (0, R0] and R′ ∈ (0, RN). Since for any τ > 0, v0(x, t + τ) → ∞ when

ρ(x) → 0, locally uniformly on [0,∞), and w̃(x, t) remains uniformly bounded on Q
Gδ,R′

∞ ,
for any δ > R0, it follows that for any ǫ > 0 there exists δǫ > 0 such that

w0(x, t) ≤ w̃(x, t) ≤ ǫv0(x, t+ τ) ∀(x, t) ∈ Q
Gδǫ,R′

∞ .

�

Proof of Theorem 4.1. Assume u is a solution of (2.5 ) satisfying (2.6 ) and (2.3 ). Then

there holds in Q
Gδǫ,R′

∞ ,

v0(., t) ≤ u(., t) ≤ v0(., t) + ǫv0(., t+ τ). (4.17)

Therefore
v0(., t+ τ) ≤ u(., t+ τ) ≤ v0(., t+ τ) + ǫv0(., t+ 2τ),

from which follows

(1 + ǫ)u(., t+ τ) ≥ (1 + ǫ)v0(., t+ τ) ≥ v0(., t) + ǫv0(., t+ τ)

since t 7→ v0(., t) is increasing by Corollary 4.3. The maximal solution u0 satisfies (4.17 )

too ; consequently the following inequality is verified in Q
Gδǫ,R′

∞ ,

(1 + ǫ)u(., t+ τ) ≥ u0(., t). (4.18)
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Since ∂Ω is compact, there exists δ∗ > 0 such that (4.18 ) holds whenever t ∈ [0, T ] (T > 0
arbitrary) and ρ(x) ≤ δ∗. Furthermore

lim
t→0

max{(u0(x, t) − (1 + ǫ)u(x, t+ τ))+ : ρ(x) ≥ δ∗} = 0

because of (2.6 ). Since (u0(x, t)− (1 + ǫ)u(x, t+ τ))+ is a subsolution, which vanishes at
t = 0 and near ∂Ω × [0, T ], it follows that (4.18 ) holds in QΩ

T . Letting ǫ → 0 and τ → 0
yields to u ≥ u0. �

Remark 4.1 The existence of large solutions when q ≥ N/(N−2) is a difficult problem as
it is already in the elliptic case. We conjecture that the necessary and sufficient conditions,
obtained by Dhersin-Le Gall when q = 2 [4] and Labutin [6] in the general case q > 1,
and expressed by mean of a Wiener type criterion involving the CR

N

2,q′ -Bessel capacity, are
still valid. As in [7], it is clear that if ∂Ω satisfies the exterior segment property and
1 < q < (N − 1)/(N − 3), then u0 is a large solution.

5 Appendix

The proof of this result is based upon the existence of solution of (2.5 ) in Q
R

N\{0}
∞

with a persistent singularity on {0} × [0,∞).

Proposition 5.1 For any q > 1, there exists a unique positive function V := VN defined
in R+ × R+ satisfying, for any τ > 0















∂tV − ∆V + V q = 0 in Q
R

N\{0}
∞

lim(x,t)→(y,0) V (x, t) = 0 ∀y ∈ R
N \ {0}

lim|x|→0 V (x, t) = ∞ locally uniformly on [τ,∞), for any τ > 0

(5.1)

Then VN(x, t) = t−1/(q−1)HN(|x|/
√
t), where H := HN is the unique positive function

satisfying


















H ′′ +

(

N − 1

r
+
r

2

)

H ′ +
1

q − 1
H −Hq = 0 in R+

limr→0H(r) = ∞
limr→∞ r2/(q−1)H(r) = 0.

(5.2)

Furthermore there holds

HN(r) = cN,qr
2/(q−1)−Ne−r

2/4(1 +O(r−2)) as r → ∞, (5.3)

and
HN(r) = λN,qr

−2/(q−1)(1 +O(r)) as r → 0, (5.4)
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Proof 30 If we assume 1 < q < N/(N − 2), the C2,1,q′ parabolic capacity of the axis
{0} × R ⊂ R

N+1 is positive, therefore there exists a unique solution u := uµ to the
problem

∂tu− ∆u+ |u|q−1u = µ ∈ R
N × R, (5.5)

(see [1]) where µ is the uniform measure on {0} × R+ defined by
∫

ζdµ =

∫ ∞

0

ζ(0, t)dt ∀ζ ∈ C∞
0 (RN+1).

If we denote Tℓ[u](x, t) = ℓ2/(q−1)u(ℓx, ℓ2t) for ℓ > 0, then Tℓ leaves the equation (1.3 )
invariant, and Tℓ[uµ] = uℓ2/(q−1)−Nµ. If we replace µ by kµ (k > 0), we obtain

Tℓ[ukµ] = uℓ2/(q−1)−Nkµ. (5.6)

Moreover, any solution of (2.5 ) in R
N \ {0} × R+ which vanishes on R

N \ {0} × {0} is
bounded from above by the maximum solution u := U of

−∆u+ uq = 0 in R
N \ {0}. (5.7)

This is obtained by considering the solution Uǫ of






−∆u+ uq = 0 in R
N \Bǫ

lim
|x|→ǫ

u(x) = ∞.
(5.8)

Actually,

U(x) := lim
ǫ→0

Uǫ(x) = λN,q|x|−2/(q−1) with λN,q :=

[(

2

q − 1

)(

2q

q − 1
−N

)]1/(q−1)

,

(5.9)
an expression which exists since 1 < q < N/(N − 2). If we let k → ∞ in (5.6 ), using the
monotonicity of µ 7→ uµ, we obtain that ukµ → u∞µ, u∞µ ≤ U and

Tℓ[u∞µ] = uℓ2/(q−1)−N∞µ = u∞µ ∀ℓ > 0. (5.10)

This implies that u∞µ is self-similar, that is

u∞µ(x, t) = t−1/(q−1)h(x/
√
t).

Furthermore, h(.) is positive and radial as x 7→ uµ(x, t) is, and it solves

h′′ +

(

N − 1

r
+
r

2

)

h′ +
1

q − 1
h− hq = 0 in R+. (5.11)

Since uµ(x, 0) = 0 for x 6= 0, the a priori bounds ukµ ≤ U , the equicontinuity of the
{ukµ}k>0 implies that u∞µ(x, 0) = 0 for x 6= 0 ; therefore

lim
r→∞

r2/(q−1)h(r) = 0. (5.12)
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The same argument as the one used in the proof of Corollary 4.3 implies that t 7→ uµ(x, t)
is increasing, therefore limx→0 uµ(x, t) = ∞ for t > 0. This implies limr→0 h(r) = ∞. Then
the proof of (5.3 ) follows from [10, Appendix]. When r → 0, h could have two possible
behaviours [13] :

(i) either
h(r) = λN,qr

−2/(q−1)(1 +O(r)), (5.13)

(ii) or there exists c ≥ 0 such that

h(r) = cmN(r)(1 +O(r)), (5.14)

where mN(r) is the Newtonian kernel if N ≥ 2 and m1(r) = 1 + o(1).

If (ii) were true with c > 0 (the case c = 0 implying that h = 0 because of the behavior
at ∞ and maximum principle), it would lead to

u∞µ(x) = c|x|2−N tN−2−1/(q−1)(1 + o(1)) as x→ 0, (5.15)

for all t > 0. Therefore
∫ T

ǫ

∫

B1

uqkµdx dt < C(ǫ), (5.16)

for any ǫ > 0 and k ∈ (0,∞]. We write (5.5 ) under the form

∂tukµ − ∆ukµ = gk + kµ

where gk = −uqkµ, then ukµ = u′kµ + u′′k, where

∂tu
′
kµ − ∆u′kµ = kµ

and
∂tu

′′
k − ∆u′′k = gk.

By linearity u′kµ = ku′µ. Because of (5.16 ) u′′k remains uniformly bounded in L1(B1×(ǫ, T ).
This clearly contradicts limk→∞ u′kµ = ∞. Thus (5.4 ) holds. The proof of uniqueness is
an easy adaptation of [7, Lemma 1.1] : the fact that the domain is not bounded being
compensated by the strong decay estimate (5.3 ). This unique solution is denoted by VN
and h = HN . �
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Chapitre 3

Solutions of some nonlinear parabolic

equations with initial blow-up

Ce chapitre est constitué d’un article à parâıtre dans Quaderni di Mathematica dans
lequel on étudie l’existence et l’unicité de solutions de ∂tu − ∆u + uq = 0 (q > 1) dans
Ω× (0,∞) où Ω ⊂ R

N est un domaine à bord compact, avec les conditions u = f ≥ 0 sur
∂Ω× (0,∞) et la condition initiale limt→0 u(x, t) = ∞. Utilisant la théorie des opérateurs
maximaux monotones dans les espace de Hilbert établie par Brézis, on construit une
solution minimale quand f = 0, peu importe la régularité du bord du domaine. Lorsque
∂Ω satisfait le critère parabolique de Wiener et f est continue, on construit une solution
maximale et on démontre qu’elle est la solution unique qui explose en t = 0.
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Solutions of some nonlinear parabolic equations with
initial blow-up (1)

Waad Al Sayed Laurent Véron

Laboratoire de Mathématiques et Physique Théorique,

Université François Rabelais, Tours, FRANCE

Abstract We study the existence and uniqueness of solutions of ∂tu − ∆u + uq = 0 (q > 1)

in Ω × (0,∞) where Ω ⊂ R
N is a domain with a compact boundary, subject to the conditions

u = f ≥ 0 on ∂Ω × (0,∞) and the initial condition limt→0 u(x, t) = ∞. By means of Brezis’

theory of maximal monotone operators in Hilbert spaces, we construct a minimal solution when

f = 0, whatever is the regularity of the boundary of the domain. When ∂Ω satisfies the parabolic

Wiener criterion and f is continuous, we construct a maximal solution and prove that it is the

unique solution which blows-up at t = 0.

1991 Mathematics Subject Classification. 35K60.
Key words. Parabolic equations, singular solutions, semi-groups of contractions, maximal monotone operators, Wiener

criterion.

1 Introduction

Let Ω be a domain of R
N (N ≥ 1) with a compact boundary, QΩ

∞ = Ω × (0,∞) and
q > 1. This article deals with the question of the solvability of the following Cauchy-
Dirichlet problem PΩ,f











∂tu− ∆u+ |u|q−1u = 0 in QΩ
∞

u = f on ∂Ω × (0,∞)

limt→0 u(x, t) = ∞ ∀x ∈ Ω.

(1.1)

If no assumption of regularity is made on ∂Ω, the boundary data u = f cannot be
prescribed in sense of continuous functions. However, the case f = 0 can be treated if the
vanishing condition on ∂Ω × (0,∞) is understood in the H1

0 local sense. We construct a
positive solution uΩ of (1.1 ) with f = 0 belonging to C(0,∞;H1

0 (Ω) ∩ Lq+1(Ω)) thanks

(1)To appear in Quaderni di Mathematica
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to Brezis results of contractions semigroups generated by subdifferential of proper convex
functions in Hilbert spaces. We can also consider an internal increasing approximation
of Ω by smooth bounded domains Ωn such that Ω = ∪nΩn. For each of these domains,
there exists a maximal solution uΩn of problem PΩn,0. Furthermore the sequence {uΩn}
is increasing. The limit function uΩ := limn→∞ uΩn is the natural candidate to be the
minimal positive solution of a solution of PΩ,0. We prove that uΩ = uΩ. If ∂Ω satisfies the
parabolic Wiener criterion [9], there truly exist solutions of PΩ,0. We construct a maximal
solution uΩ of this problem. Our main result is the following :

Theorem 1. If ∂Ω is compact and satisfies the parabolic Wiener criterion, there holds

uΩ = uΩ.

In the last section, we consider the full problem PΩ,f . Under the same regularity and
boundedness assumption on ∂Ω we construct a maximal solution uΩ,f and we prove

Theorem 2. If ∂Ω is compact and satisfies the parabolic Wiener criterion, and if f ∈
C(0,∞; ∂Ω) is nonnegative, uΩ,f is the only positive solution to problem PΩ,f .

These type of results are to be compared with the ones obtained by the same authors
[1] in which paper the following problem is considered











∂tu− ∆u+ |u|q−1u = 0 in QΩ
∞

limdist (x,∂Ω)→0
u(x, t) = ∞ locally uniformly on (0,∞)

u(x, 0) = f ∀x ∈ Ω.

(1.2)

In the above mentioned paper, it is proved two types of existence and uniqueness result
with f ∈ L1

loc(Ω), f ≥ 0 : either if ∂Ω = ∂Ω
c

and 1 < q < N/(N − 2), or if ∂Ω is locally
the graph of a continuous function and q > 1.

Our paper is organized as follows : 1- Introduction. 2- Minimal and maximal solutions.
3- Uniqueness of large solutions. 4- Bibliography.

2 Minimal and maximal solutions

Let q > 1 and Ω be a proper domain of R
N , N > 1 with a non-empty compact

boundary. We set QΩ
∞ = Ω × (0,∞) and consider the following problem

{

∂tu− ∆u+ uq = 0 in Ω × (0,∞)
u(x, t) = 0 on ∂Ω × (0,∞).

(2.1)

If there is no regularity assumption on ∂Ω, a natural way to consider the boundary
condition is to impose u(., t) ∈ H1

0 (Ω). The Hilbertian framework for this equation has
been studied by Brezis in a key article [2] (see also the monography [3] for a full treatment
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of related questions) in considering the maximal monotone operator v 7→ A(v) := −∆v+
|v|q−1v seen as the subdifferential of the proper lower semi-continuous function

JΩ(v) =







∫

Ω

(

1

2
|∇v|2 +

1

q + 1
|v|q+1

)

dx if v ∈ H1
0 (Ω) ∩ Lq+1(Ω)

∞ if v /∈ H1
0 (Ω) ∩ Lq+1(Ω).

(2.2)

In that case, the domain of A = ∂JΩ is D(A) := {u ∈ H1
0 (Ω) ∩ Lq+1(Ω) : ∆u ∈ L2(Ω)},

and we endow DΩ(−∆, ) with the graph norm of the Laplacian in H1
0 (Ω)

‖v‖DΩ(−∆) =

(
∫

Ω

(

(∆v)2 + |∇v|2 + v2
)

dx

)1/2

.

Brezis’ result is the following.

Theorem 2.1 Given u0 ∈ L2(Ω) there exists a unique function v ∈ L2
loc(0,∞;DΩ(−∆))∩

C(0,∞;H1
0 (Ω) ∩ Lq+1(Ω)) such that ∂tv ∈ L2

loc(0,∞;L2(Ω)) satisfying

{

∂tv − ∆v + |v|q−1v = 0 a.e. in QΩ
∞

v(., 0) = u0 a.e. in Ω.
(2.3)

Furthermore the mapping (t, u0) 7→ v(t, .) defines an order preserving contraction semi-
group in L2(Ω), denoted by S∂JΩ(t)[u0], and the following estimate holds

‖∂tv(t, .)‖L2(Ω) ≤
1

t
√

2
‖u0‖L2(Ω) . (2.4)

From this result, we have only to consider solutions of (2.1 ) with the above regularity.

Definition 2.2 We denote by I(QΩ
∞) the set of positive functions u ∈ L2

loc(0,∞;DΩ(−∆))∩
C(0,∞;H1

0 (Ω) ∩ Lq+1(Ω)) such that ∂tu ∈ L2
loc(0,∞;L2(Ω)) satisfying

∂tu− ∆u+ |u|q−1u = 0 (2.5)

in the semigroup sense, i. e.

du

dt
+ ∂JΩ(u) = 0 a.e. in (0,∞). (2.6)

If Ω is not bounded it is usefull to introduce another class which takes into account the
Dirichlet condition on ∂Ω : we assume that Ωc ⊂ BR0 , denote by ΩR = Ω ∩BR (R ≥ R0)
and by H̃1

0 (ΩR) the closure in H1
0 (ΩR) of the restrictions to ΩR of functions in C∞

0 (Ω),
thus we endow DΩR

(−∆, ) with the graph norm of the Laplacian in H̃1
0 (ΩR)

‖v‖DΩR
(−∆) =

(
∫

ΩR

(

(∆v)2 + |∇v|2 + v2
)

dx

)1/2

.
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Definition 2.3 If Ω is not bounded but Ωc ⊂ BR0 , we denote by I(QΩloc∞ ) the set of
positive functions u ∈ L2

loc(Q
Ω
∞) such that, for any R > R0, u ∈ L2

loc(0,∞;DΩR
(−∆)) ∩

C(0,∞; H̃1
0 (ΩR) ∩ Lq+1(ΩR)), ∂tu ∈ L2

loc(0,∞;L2(ΩR)) and u satisfies (2.5 ) a. e. in QΩ
∞.

Lemma 2.4 If u ∈ I(QΩ
∞) or I(QΩloc∞ ), its extension ũ by zero outside Ω is a sub-

solution of (2.1 ) in (0,∞) × R
N such that ũ ∈ C(0,∞;H1

0 (RN) ∩ Lq+1(RN)) and
∂tũ ∈ L2

loc(0,∞;L2(RN)).

Proof 31 The proof being similar in the two cases, we assume Ω bounded. We first notice
that ũ ∈ C(0,∞;H1

0 (RN)) since ‖ũ‖H1
0 (RN ) = ‖ũ‖H1

0 (Ω). For δ > 0 we set

Pδ(r) =







r − 3δ/2 if r ≥ 2δ
r2/2δ − r + δ/2 if δ < r < 2δ
0 if r ≤ δ

and denote by uδ the extension of Pδ(u) by zero outside QΩ
∞. Since uδ t = P ′

δ(u)∂tu, then
uδ t ∈ L2

loc(0,∞;L2(RN)) and ‖uδ t‖L2 ≤ ‖∂tu‖L2 . In the same way ∇uδ = P ′
δ(u)∇u, thus

uδ ∈ L2
loc(0,∞;H1

0 (RN)) and ‖uδ‖H1
0
≤ ‖u‖H1

0
. Finally −∆uδ = −P ′

δ(u)∆u−P ′′
δ (u) |∇u|2 .

Using the fact that P ′
δu

q ≥ uqδ, we derive from (2.6 )

∂tuδ − ∆uδ + uqδ ≤ 0

in the sense that
∫ ∫

QRN
∞

(∂tuδζ + ∇uδ.∇ζ + uqδζ) dxdt ≤ 0 (2.7)

for all ζ ∈ C∞((0,∞) × R
N), ζ ≥ 0. Actually, C∞((0,∞) × R

N) can be replaced by
L2(ǫ,∞;H1

0 (RN)) ∩ Lq′((ǫ,∞) × R
N). Letting δ → 0 and using Fatou’s theorem implies

that (2.7 ) holds with uδ replaced by ũ. �

Lemma 2.5 For any u ∈ I(QΩ
∞), there holds

u(x, t) ≤
(

1

(q − 1)t

)1/(q−1)

:= φq(t) ∀(x, t) ∈ QΩ
∞. (2.8)

Proof 32 Let τ > 0. Since the function φq,τ defined by φq,τ (t) = φq(t− τ) is a solution of

φ′
q,τ + φqq,τ = 0

and (u− φq,τ )+ ∈ C(0,∞;H1
0 (Ω)), there holds

1

2

d

dt

∫

Ω

(u− φq,τ )
2
+dx+

∫ ∫

QΩ
∞

(

∇u.∇(u− φq,τ )+ + (uq − φqq,τ )(u− φq,τ )+

)

dxdt = 0.

Thus s 7→ ‖(u− φq,τ )+(s)‖L2 is nonincreasing. By Lebesgue’s theorem,

lim
s↓τ

‖(u− φq,τ )+(s)‖L2 = 0,

thus u(x, t) ≤ φq,τ (t) a.e. in Ω. Letting τ ↓ 0 and using the continuity yields to (2.8 ).
�
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Theorem 2.6 For any q > 1, the set I(QΩ
∞) admits a least upper bound uΩ for the order

relation. If Ω is bounded, uΩ ∈ I(QΩ
∞) ; if it is not the case, then uΩ ∈ I(QΩloc∞ ).

Proof 33 Step 1- Construction of uΩ when Ω is bounded. For k ∈ N
∗ we consider the

solution v = vk (in the sense of Theorem 2.1 with the corresponding maximal operator in
L2(Ω)) of







∂tv − ∆v + vq = 0 in Ω × (0,∞)
v(x, t) = 0 in ∂Ω × (0,∞)
v(x, 0) = k in Ω.

(2.9)

When k → ∞, vk increases and converges to some uΩ. Because of (2.8 ) and the fact that Ω
is bounded, uΩ(t) ∈ L2(Ω). It follows from the closedness of maximal monotone operators
that uΩ ∈ L2

loc(0,∞;DΩ(−∆))∩C(0,∞;H1
0 (Ω)∩Lq+1(Ω)), ∂tuΩ ∈ L2

loc(0,∞;L2(Ω)) and

duΩ

dt
+ ∂JΩ(uΩ) = 0 a.e. in (0,∞). (2.10)

Thus uΩ ∈ I(QΩ
∞). For τ, ǫ > 0, the function t 7→ uΩ(x, t− τ)+ ǫ is a supersolution of (2.1

). Let u ∈ I(QΩ
∞) ; for k > φq(τ), the function (x, t) 7→ (u(x, t) − uΩ(x; t − τ) − ǫ)+ is a

subsolution of (2.1 ) and belongs to C(τ,∞;H1
0 (Ω)). Since it vanishes at t = τ , it follows

from Brezis’ result that it is identically zero, thus u(x, t) ≤ uΩ(x, t−τ)+ǫ. Letting ǫ, τ ↓ 0
implies the claim.

Step 2- Construction of uΩ when Ω is unbounded. We assume that ∂Ω ⊂ BR0 and for
n > R0, we recall that Ωn = Ω ∩ Bn. For k > 0, we denote by uΩn

the solution obtained
in Step 1. Then uΩn

= limk→∞ vn,k where vn,k is the solution, in the sense of maximal
operators in Ωn of











dvn,k
dt

+ ∂JΩn(vn,k) = 0 a.e. in (0,∞)

vn,k(0) = k.
(2.11)

It follows from Lemma 2.4 that the extension ṽn,k by 0 of vn,k in Ωn+1 is a subsolution for
the equation satisfied by vn+1,k, with a smaller initial data, therefore ṽn,k ≤ vn+1,k. This
implies ũΩn

≤ uΩn+1 . Thus we define uΩ = limn→∞ uΩn
. It follows from Lemma 2.5 and

standard regularity results for parabolic equations that u = uΩ satisfies

∂tu− ∆u+ uq = 0 (2.12)

in QΩ
∞. Multiplying

duΩn

dt
+ ∂JΩn(uΩn

) = 0 (2.13)

by η2uΩn
where η ∈ C∞

0 (RN) and integrating over Ωn, yields to

2−1 d

dt

∫

Ωn

η2u2
Ωn
dx+

∫

Ωn

(

|∇uΩn
|2 + uq+1

Ωn

)

η2dx+ 2

∫

Ωn

∇uΩn
.∇η ηuΩn

dx = 0.
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Thus, by Young’s inequality,

2−1 d

dt

∫

Ωn

η2u2
Ωn
dx+

∫

Ωn

(

2−1|∇uΩn
|2 + uq+1

Ωn

)

η2dx ≤ 2

∫

Ωn

|∇η|2u2
Ωn
dx.

If we assume that 0 ≤ η ≤ 1, η = 1 on BR (R > R0) and η = 0 on Bc
2R, we derive, for

any 0 < τ < t,

2−1

∫

Ωn

u2
Ωn

(., t)η2dx+

∫ t

τ

∫

Ωn

(

2−1
∣

∣∇uΩn

∣

∣

2
+ uq+1

Ωn

)

η2dxds

≤ 2

∫ t

τ

∫

Ωn

u2
Ωn
|∇η|2dxds+ 2−1

∫

Ωn

u2
Ωn

(., τ)η2dx.

(2.14)
From this follows, if n > 2R,

2−1

∫

Ω∩BR

u2
Ωn

(., t)dx+

∫ t

τ

∫

Ω∩BR

(

2−1
∣

∣∇uΩn

∣

∣

2
+ uq+1

Ωn

)

dxds ≤ CRN(t+ 1)τ−2/(q−1).

(2.15)
If we let n→ ∞ we derive by Fatou’s lemma

2−1

∫

Ω∩BR

u2
Ω(., t)dx+

∫ t

τ

∫

Ω∩BR

(

2−1 |∇uΩ|2 + uq+1
Ω

)

dxds ≤ CRN(t+ 1)τ−2/(q−1).

(2.16)
For τ > 0 fixed, we multiply (2.13 ) by (t− τ)η2duΩn

/dt, integrate on (τ, t)×Ωn and get

(t− τ)

∫

Ωn

∣

∣

∣

∣

duΩn

dt

∣

∣

∣

∣

2

η2dx+
d

dt
(t− τ)

∫

Ωn

(

|∇uΩn
|2

2
+
uq+1

Ωn

q + 1

)

η2dx

=

∫

Ωn

(

|∇uΩn
|2

2
+
uq+1

Ωn

q + 1

)

η2dx− 2(t− τ)

∫

Ωn

∇uΩn
.∇ηduΩn

dt
ηdx.

Since

2(t−τ)
∣

∣

∣

∣

∫

Ωn

∇uΩn
.∇ηduΩn

dt
ηdx

∣

∣

∣

∣

≤ (t− τ)

2

∫

Ωn

∣

∣

∣

∣

duΩn

dt

∣

∣

∣

∣

2

η2dx+4(t−τ)
∫

Ωn

∣

∣∇uΩn

∣

∣

2 |∇η|2 dx,

we get, in assuming again n > 2R,

2−1

∫ t

τ

∫

Ω

(s− τ)

∣

∣

∣

∣

duΩn

dt

∣

∣

∣

∣

2

η2dxds+ (t− τ)

∫

Ω

(

|∇uΩn
|2

2
+
uq+1

Ωn

q + 1

)

η2dx

≤ 4

∫ t

τ

(s− τ)

∫

Ω

∣

∣∇uΩn

∣

∣

2 |∇η|2 dxds,
(2.17)
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from which follows,

2−1

∫ t

τ

∫

Ω∩BR

(s− τ)

∣

∣

∣

∣

duΩn

dt

∣

∣

∣

∣

2

dxds+ (t− τ)

∫

Ω∩BR

(

|∇uΩn
|2

2
+
uq+1

Ωn

q + 1

)

dx

≤ 4

∫ t

τ

(s− τ)

∫

Ω∩B2R

∣

∣∇uΩn

∣

∣

2
dxds.

(2.18)
The right-hand side of (2.18 ) remains uniformly bounded by 8C(2R)N(t − τ)tτ−2/(q−1)

from (2.15 ). Then

2−1

∫ t

τ

∫

Ω∩BR

(s− τ)

∣

∣

∣

∣

duΩn

dt

∣

∣

∣

∣

2

dxds+ (t− τ)

∫

Ω∩BR

(

|∇uΩn
|2

2
+
uq+1

Ωn

q + 1

)

dx

≤ 8C(2R)N(t− τ)tτ−2/(q−1)

(2.19)
By Fatou’s lemma the same estimate holds if uΩn

is replaced by uΩ. Notice also that this
estimate implies that uΩ vanishes in the H1

0 -sense on ∂Ω since ηuΩ ∈ H1
0 (Ω) where the

function η ∈ C∞
0 (RN) has value 1 in BR and Ωc ⊂ BR. Moreover estimates (2.16 ) and

(2.19 ) imply that uΩ satisfies (2.12 ) a.e., and thus it belongs to I(QΩloc∞ ).

Step 3- Comparison. At end, assume u ∈ I(QΩ
∞). For R > n0 let WR be the maximal

solution of
−∆WR +W q

R = 0 in BR. (2.20)

Existence follows from Keller-Osserman’s construction [5],[8], and the following scaling
and blow-up estimates holds

WR(x) = R−2/(q−1)W1(x/R), (2.21)

and
WR(x) = Cq(R− |x|)−2/(q−1)(1 + ◦(1)) as |x| → R. (2.22)

For τ > 0 set v(x, t) = u(x, t) − uΩ(x, t − τ) −WR(x). Then v+ is a subsolution. Since
v(., τ) ∈ L2(Ω), lims↓τ ||v+(., s)||L2 = 0. Because ηuΩ ∈ H1

0 (Ω) for η as above, ηv+ ∈
H1

0 (Ω). Next, supp v+ ⊂ Ω∩BR. Since u, uΩ are locally in H1, we can always assume that
their restrictions to ∂BR × [0, T ] are integrable for the corresponding Hausdorff measure.
Therefore Green’s formula is valid, which implies

−
∫ t

τ

∫

Ω∩BR

∆v+dxdt =

∫ t

τ

∫

Ω∩BR

|∇v+|2dxdt ∀t > τ.

Therefore
∫

Ω∩BR

v2
+(x, t)dx+

∫ t

τ

∫

Ω∩BR

(

|∇v+|2 + (u− (uΩ(., t− τ) +WR)q)v+

)

dxdt ≤
∫

Ω∩BR

v2
+(x, s)dx.

We let s ↓ τ and get v+ = 0, equivalently u(x, t) ≤ uΩ(x, t − τ) + WR(x). Then we let
R → ∞ and τ → 0 and obtain u(x, t) ≤ uΩ(x, t), which is the claim. �
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Corollary 2.7 Assume Ω1 ⊂ Ω2 ⊂ R
N are open domains, then uΩ1 ≤ uΩ2 . Furthermore,

if Ω = ∪Ωn where Ωn ⊂ Ωn+1, then

lim
n→∞

uΩn = uΩ, (2.23)

locally uniformly in QΩ
∞.

Proof 34 The first assertion follows from the proof of Theorem 2.6. It implies

lim
n→∞

uΩn = u∗Ω ≤ uΩ,

and u∗Ω is a positive solution of (2.5 ) in QΩ
∞. There exists a sequence {u0,m} ⊂ L2(Ω) such

that S∂JΩ(t)[u0,m] ↑ uΩ as n → ∞, locally uniformly in QΩ
∞. Set u0,m,n = u0,mχΩn ; since

u0,m,n → u0,m in L2(Ω) then S∂JΩ(.)[u0,m,n] ↑ S∂JΩ(.)[u0,m] in L∞(0,∞;L2(Ω)). If ṽm,n is
the extension of vm,n := S∂JΩn (.)[u0,m,n] by zero outside QΩn

∞ it is a subsolution smaller
than S∂JΩ(.)[u0,m,n] and n 7→ ṽm,n is increasing ; we denote by ṽm its limit as n → ∞.
Since for any ζ ∈ C2,1

0 ([0,∞) × Ω) we have, for n large enough and s > 0,

−
∫ s

0

∫

Ω

(ṽm,n (∂tζ + ∆ζ)) dxdt =

∫

Ω

u0,m,nζ(x, 0)dx−
∫

Ω

ṽm,n(x, s)ζ(x, t)dx,

it follows

−
∫ s

0

∫

Ω

(ṽm (∂tζ + ∆ζ)) dxdt =

∫

Ω

u0,mζ(x, 0)dx−
∫

Ω

ṽm(x, s)ζ(x, t)dx.

Clearly ṽm is a solution of (2.5 ) in QΩn
∞ . Furthermore

lim
t→0

ṽm(t, .) = u0,m a.e. in Ω.

Because
‖ṽm(t, .) − u0,m‖L2(Ω) ≤ 2 ‖u0,m‖L2(Ω) ,

it follows from Lebesgue’s theorem that t 7→ ṽm(t, .) is continuous in L2(Ω) at t = 0.
Furthermore, for any t > 0 and h ∈ (−t, t), we have from 2.4 ,

‖ṽm,n(t+ h, .) − ṽm,n(t, .)‖L2(Ωn) ≤
|h|
t
√

2
‖u0,m,n‖L2(Ωn)

=⇒ ‖ṽm(t+ h, .) − ṽm(t, .)‖L2(Ω) ≤
|h|
t
√

2
‖u0,m‖L2(Ω) .

(2.24)

Thus ṽm ∈ C([0,∞);L2(Ω). By the contraction principle, ṽm = S∂JΩ(t)[u0,m] is the unique
generalized solution to (2.3 ). Finally, there exists an increasing sequence {u0,m} ⊂ L2(Ω)
such that for any ǫ > 0, and τ > 0,

0 < uΩ − S∂JΩ(t)[u0,m] ≤ ǫ/2
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on [τ,∞) × Ω. For any m, there exists nm such that

0 < S∂JΩ(t)[u0,m] − ṽm,n ≤ ǫ/2

Therefore
0 < uΩ − uΩn ≤ ǫ,

on [τ,∞) × Ωn. This implies (2.23 ). �

We can also construct a minimal solution with conditional initial blow-up in the
following way. Assuming that Ω = ∪Ωm where Ωm are smooth bounded domains and
Ωm ⊂ Ωm+1. We denote by um the solution of











∂tum − ∆um + |um|q−1um = 0 in QΩm

∞

um = 0 in ∂Ωm × (0,∞)

limt→0 um(x, t) = ∞ locally uniformly on Ωm.

(2.25)

Such a um is the increasing limit as k → ∞ of the solutions um,k of the same equation,
with same boundary data and initial value equal to k. Since Ω

m ⊂ Ωm+1, um < um+1.
We extend um by zero outside Ωm and the limit of the sequence {um}, when m → ∞
is a positive solution of (2.5 ) in QΩ

∞. We denote it by uΩ. The next result is similar to
Corollary 2.7, although the proof is much simpler.

Corollary 2.8 Assume Ω1 ⊂ Ω2 ⊂ R
N are open domains, then uΩ1 ≤ uΩ2 . Furthermore,

if Ω = ∪Ωn where Ωn ⊂ Ωn+1, then

lim
n→∞

uΩn = uΩ, (2.26)

locally uniformly in QΩ
∞.

Proposition 2.9 There holds uΩ = uΩ.

Proof 35 For any m, k > 0, ũm,k, the extension of um,k by zero in QΩmc

∞ is a subsolution,
thus it is dominated by uΩ. Letting successively k → ∞ and m→ ∞ implies uΩ ≤ uΩ. In
order to prove the reverse inequality, we consider an increasing sequence {uℓ} ⊂ I(QΩ

∞)
converging to uΩ locally uniformly in QΩ

∞. If Ω is bounded there exists a bounded sequence
{uℓ,0,k} which converges to uℓ(., 0) = uℓ,0 in L2(Ω) and S∂JΩ(.)[uℓ,0,k] → S∂JΩ(.)[uℓ,0] in
L∞(0,∞;L2(Ω)). Therefore

S∂JΩ(.)[uℓ,0,k] ≤ uΩ =⇒ S∂JΩ(.)[uℓ,0] ≤ uΩ =⇒ uΩ ≤ uΩ. (2.27)

Next, if Ω is unbounded, Ω = ∪Ωn, with Ωn ⊂ Ωn+1 are bounded, we have

lim
n→∞

uΩn = uΩ



82 2. Minimal and maximal solutions

and
lim
n→∞

uΩn = uΩ

by Corollary 2.7 and Corollary 2.8. Since uΩn = uΩn from the first part of the proof, the
result follows. �

Remark 2.1 By construction uΩ is dominated by any positive solution of (2.12 ) which
satisfies the initial blow-up condition locally uniformly in Ω. Therefore, uΩ = uΩ is the
minimal solution with initial blow-up.

If Ω has the minimal regularity which allows the Dirichlet problem to be solved by
any continuous function g given on ∂Ω × [0,∞), we can consider another construction
of the maximal solution of (2.1 ) in QΩ

∞. The needed assumption on ∂Ω is known as the
parabolic Wiener criterion [9] (abr. PWC).

Definition 2.10 If ∂Ω is compact and satisfies PWC, we denote by JQΩ
∞

the set of

v ∈ C((0,∞) × Ω) ∩ C2,1(QΩ
∞) satisfying (2.1 ).

Theorem 2.11 Assume q > 1 and Ω satisfies PWC. Then JQΩ
∞

admits a maximal element
uΩ.

Proof 36 Step 1- Construction. We shall directly assume that Ω is unbounded, the boun-
ded case being a simple adaptation of our construction. We suppose Ωc ⊂ BR0 , and for
n > R0 set Ωn = Ω ∩ Bn. The construction of un is standard : for k ∈ N∗ we denote by
v∗k = v∗n,k the solution of (2.9 ). Lemma 2.5 is valid for v∗k. Notice that uniqueness follows
from the maximum principle. When k → ∞ the sequence {vk} increases and converges
to a solution un of (2.12 ) in QΩn . Because the exterior boundary of Ωn is smooth, the
standard equi-continuity of the sequence of solutions applies that un(x, t) = 0 for all (x, t)
s.t. |x| = n and t > 0. In order to see that un(x, t) = 0 for all (x, t) s.t. x ∈ ∂Ω and t > 0,
we see that un(x, t) ≤ φτ (x, t) on (τ,∞) × Ωn, where







∂tφτ − ∆φτ + φτ q = 0 in QΩ
∞

φτ (x, τ) = φq(τ) in Ω
φτ (x, t) = 0 in ∂Ω × [τ,∞)

(2.28)

Such a solution exists because of PWC assumption. Since v∗n,k is an increasing function
of n (provided the solution is extended by 0 outside Ωn) and k, there holds ũn ≤ un+1 in
Ωn+1. If we set

uΩ = lim
n→∞

ũn,

then uΩ ≤ φτ for any τ > 0. Clearly uΩ is a solution of (2.12 ) in QΩ
∞. This implies that

uΩ is continuous up to ∂Ω × (0,∞), with zero boundary value. Thus it belongs to JQΩ
∞

.

Step 2- Comparison. In order to compare uΩ to any other u ∈ JQΩ
∞

, for R > R0 we set
vR,τ (x, t) = uΩ(x, t − τ) + WR(x), where WR is the maximal solution of (2.20 ) in BR.
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The function (u − vR,τ )+ is a subsolution of (2.12 ) in Ω ∩ BR × (τ,∞). It vanishes in a
neighborhood on ∂(Ω ∩ BR) × (τ,∞) and of Ω ∩ BR × {τ}. Thus it is identically zero.
If we let R → ∞ in the inequality u ≤ vR,τ and τ → 0, we derive u ≤ uΩ, which is the
claim. �

Proposition 2.12 Under the assumptions of Theorem 2.11, uΩ ∈ I(QΩ
∞) if Ω is bounded

and uΩ ∈ I(QΩloc∞ ) if Ω is not bounded.

Proof 37 Case 1 : Ω bounded. Let Ωn be a sequence of smooth domains such that

Ωn ⊂ Ωn ⊂ Ωn+1 ⊂ Ω

and ∪nΩn = Ω. For τ > 0, let un,τ be the solution of











∂tun,τ − ∆un,τ + uqn,τ = 0 in Ωn × (τ,∞)

un,τ (., τ) = uΩ(., τ) in Ωn

un,τ (x, t) = 0 in ∂Ωn × [τ,∞)

(2.29)

Because uΩ(., τ) ∈ C2(Ω
n
), un,τ ∈ C2,1(Ω

n × [τ,∞)). By the maximum principle,

0 ≤ uΩ(., t) − un,τ (., t) ≤ max{uΩ(x, s) : (x, s) ∈ ∂Ωn × [τ, t]} (2.30)

for any t > τ . Because uΩ vanishes on ∂Ω × [τ, t], we derive

lim
n→∞

ũn,τ = uΩ (2.31)

uniformly on Ω × [τ, t] for any t ≥ τ , where ũn,τ is the extension of un,τ by zero outside
Ωn. Applying (2.15 ) and (2.19 ) with η = 1 to ũn,τ in Ω yields to

2−1

∫

Ω

ũ2
n,τ (., t)dx+

∫ t

τ

∫

Ω

(

|∇ũn,τ |2 + ũq+1
n,τ

)

dxds ≤ C(t+ 1)τ−2/(q−1). (2.32)

and

2−1

∫ t

τ

∫

Ω

(s− τ)(∂sũn,τ )
2dxds+ (t− τ)

∫

Ω

( |∇ũn,τ |2
2

+
ũq+1
n,τ

q + 1

)

(t, .)dx ≤ C(t− τ)tτ−2/(q−1).

(2.33)
Letting n→ ∞ and using (2.31 ) yields to

2−1

∫

Ω

u2
Ω(., t)dx+

∫ t

τ

∫

Ω

(

|∇uΩ|2 + uq+1
Ω

)

dxds ≤ C(t+ 1)τ−2/(q−1). (2.34)

and

2−1

∫ t

τ

∫

Ω

(s− τ)(∂suΩ)2dxds+ (t− τ)

∫

Ω

( |∇uΩ|2
2

+
uq+1

Ω

q + 1

)

(t, .)dx ≤ C(t− τ)tτ−2/(q−1).

(2.35)
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Since L2(τ, t;H1
0 (Ω)) is a closed subspace of L2(τ, t;H1(Ω)), for any 0 < τ < t, uΩ ∈

L2
loc(0,∞;H1

0 (Ω)). Furthermore ∂suΩ ∈ L2
loc(0,∞;L2(Ω)). Because uΩ satisfies (2.12 ), it

implies uΩ ∈ I(QΩ
∞).

Case 2 : Ω unbounded. We assume that Ωc ⊂ BR0 . We consider a sequence of smooth
unbounded domains {Ωn} ⊂ Ω (n > 1) such that sup{dist (x,Ωc) : x ∈ ∂Ωn} < 1/n as
n → ∞, and , thus ∪nΩn = Ω. For m > R0 we set Ωn

m = Ω ∩ Bm. Therefore Ωn
m ⊂ Ωn

m ⊂
Ωn+1
m+1 and ∪n,mΩn

m = Ω. For τ > 0, let u = um,n,τ be the solution of



























∂tu− ∆u+ uq = 0 in Ωn
m × (τ,∞)

u(., τ) = uΩ(., τ) in Ωn
m

u(x, t) = 0 in ∂Ωn × [τ,∞)

u(., τ) = uΩ(., τ) in ∂Bm × (τ,∞).

(2.36)

By the maximum principle,

0 ≤ uΩ(., t) − um,n,τ (., t) ≤ max{uΩ(x, s) : (x, s) ∈ ∂Ωn × [τ, t]} → 0, (2.37)

as n→ 0. Next we extend um,n,τ by zero in Ω \ Ωn and apply (2.15 )-(2.19 ) with η as in
Theorem 2.6 and m > 2R. We get, with ΩR = Ω ∩BR,

2−1

∫

ΩR

u2
m,n,τ (., t)dx+

∫ t

τ

∫

ΩR

(

2−1 |∇um,n,τ |2 + uq+1
m,n,τ

)

dxds ≤ CRN(t+ 1)τ−2/(q−1),

(2.38)
and

2−1

∫ t

τ

∫

ΩR

(s− τ)

∣

∣

∣

∣

dum,n,τ
dt

∣

∣

∣

∣

2

dxds+ (t− τ)

∫

ΩR

( |∇um,n,τ |2
2

+
uq+1
m,n,τ

q + 1

)

dx

≤ 8C(2R)N(t− τ)tτ−2/(q−1)

(2.39)
We let successively m → ∞ and n → ∞ and derive by Fatou’s lemma and (2.37 ) that
inequalities (2.38 ) and (2.39 ) still hold with uΩ instead of um,n,τ . If we denote by H̃1

0 (ΩR)
the closure of the space of C∞(ΩR) functions which vanish in a neighborhood on ∂Ω, then
(2.38 ) is an estimate in L2(τ, t; H̃1

0 (ΩR)) which is a closed subspace of L2(τ, t;H1(ΩR)).
Therefore uΩ ∈ L2

loc(0,∞; H̃1
0 (ΩR)). Using (2.39 ) and equation (2.12 ) we conclude that

uΩ ∈ I(QΩloc∞ ). �

We end this section with a comparison result between uΩ and uΩ.

Theorem 2.13 Assume q > 1 and Ω satisfies PWC. Then uΩ = uΩ.

Proof 38 By Proposition 2.9 and Theorem 2.11-Step 2, uΩ ≤ uΩ. If Ω is bounded, we can
compare uΩ(., .) and uΩ(.+ τ, .) on Ω× (0,∞). Since uΩ, the least upper bound of I(QΩ

∞)
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belongs to I(QΩ
∞), and uΩ(. + τ, .) ∈ I(QΩ

∞) we derive uΩ(. + τ, .) ≤ uΩ(., .), from which
follows uΩ ≤ uΩ. Next, if Ω is not bounded, we can proceed as in the proof of Theorem 2.6
by comparing uΩ(., .)+WR and uΩ(.+τ, .) on ΩR× (0,∞), where WR is defined in (2.20 ).
Because (uΩ(.+ τ, .) − uΩ(., .) −WR(.))+ is a subsolution of (2.12 ) in QΩR∞ which vanishes
at t = 0 and near ∂ΩR× (0,∞) ; it follows uΩ(.+ τ, .) ≤ uΩ(., .) +WR(.). Letting R → ∞
and τ → 0 completes the proof. �

3 Uniqueness of large solutions

Definition 3.1 Let q > 1 and Ω ⊂ R
N be any domain. A positive function u ∈ C2,1(QΩ

∞)
of (2.12 ) is a large initial solution if it satisfies

lim
t→0

u(x, t) = ∞ ∀x ∈ Ω, (3.1)

uniformly on any compact subset of Ω.

We start with the following lemma

Lemma 3.2 Assume u ∈ C2,1(QΩ
∞) is a large solution of (2.12 ), then for any open subset

G such that G ⊂ Ω, there holds

lim
t→0

t1/(q−1)u(x, t) = cq :=

(

1

q − 1

)1/(q−1)

uniformly in G. (3.2)

Proof 39 By compactness, it is sufficient to prove the result when G = Bρ and Bρ ⊂
Bρ′ ⊂ Ω. Let τ > 0 ; by comparison, u(x, t) ≥ uBρ′

(x, t + τ) for any (x, t) ∈ QΩ
∞. Letting

τ → 0 yields to u ≥ uBρ′
. Next for τ > 0,

φq(t+ τ) ≤ uBρ′
(x, t) + uBc

ρ′
(x, t) +WR(x) ∀(x, t) ∈ QR

N

∞ .

Similarly

max{uBρ′
(x, t+ τ), uBc

ρ′
(x, t+ τ)} ≤ φq(t) +WR(x) ∀(x, t) ∈ QR

N

∞ .

Letting R → ∞ and τ → 0,

max{uBρ′
, uBc

ρ′
} ≤ φq ≤ uBρ′

+ uBc
ρ′

in QR
N

∞ .

For symmetry reasons, x 7→ uBc
ρ′
(x, t) is radially increasing for any t > 0, thus, for any

ρ < ρ′ and T > 0, there exists Cρ,T > 0 such that

uBc
ρ′
(x, t) ≤ Cρ,T ∀(x, t) ∈ Bρ × [0, T ].

Therefore
lim
t→0

t1/(q−1)uBρ′
(x, t) = cq uniformly on Bρ.
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Because
uBρ′

(x, t) ≤ u(x, t) ≤ φq(t) ∀(x, t) ∈ QΩ
∞,

(3.2 ) follows. �

As an immediate consequence of Lemma 3.2 and (2.23 ), we obtain

Proposition 3.3 Assume q > 1 and ∂Ω is compact. Then uΩ is a large solution.

We start with the following uniqueness result

Proposition 3.4 Assume q > 1, Ω satisfies PWC, ∂Ω is bounded, and either Ω or Ωc

is strictly starshaped with respect to some point. Then uΩ is the unique large solution
belonging to J (QΩ

∞).

Proof 40 Without loss of generality, we can suppose that either Ω or Ωc is strictly star-
shaped with respect to 0. By Theorem 2.11, uΩ exists and, by (2.23 ) and Lemma 3.2,
it is a large solution. Let u ∈ J (QΩ

∞) be another large solution. Clearly u ≤ uΩ. If Ω is
starshaped, then for k > 1, the function uk(x, t) := k2/(q−1)u(kx, k2t) is a solution in QΩk

,
with Ωk := k−1Ω. Clearly it is a large solution and it belongs to J (QΩk

). For τ ∈ (0, 1),
set uk,τ (x, t) = uk(x, t− τ). Because ∂Ω is compact,

lim
k↓1

dH(∂Ω, ∂Ωk) = 0,

where dH denotes the Hausdorff distance between compact sets. By assumption uΩ ∈
C([τ,∞) × Ω) vanishes on [τ,∞) × ∂Ω, thus, for any ǫ > 0, there exists k0 > 1 such that
for any

k ∈ (1, k0] =⇒ sup{uΩ(x, t) : (x, t) ∈ [τ, 1] × ∂Ωk} ≤ ǫ.

Since uk,τ + ǫ is a super solution in QΩk
which dominates uΩ on [τ, 1]× ∂Ωk and at t = τ ,

it follows that uk,τ + ǫ ≥ uΩ in (τ, 1] × Ωk. Letting successively k → 1, τ → 0 and
using the fact that ǫ is arbitrary, yields to u ≥ uΩ in (0, 1] × Ω and thus in QΩ

∞. If Ωc is
starshaped, then the same construction holds provided we take k < 1 and use the fact
that, for R > 0 large enough, uk,τ +ǫ+WR is a super solution in QΩk∩BR

which dominates
uΩ on [τ, 1] × ∂Ωk ∩ BR and at t = τ . Letting successively R → ∞, k → 1, τ → 0 and
ǫ→ 0 yields to u ≥ uΩ �

As a consequence of Section 2, we have the more complete uniqueness theorem

Theorem 3.5 Assume q > 1, Ω ⊂ R
N is a domain with a bounded boundary ∂Ω sa-

tisfying PWC. Then for any f ∈ C(∂Ω × [0,∞)), f ≥ 0, there exists a unique positive
function u = uΩ,f ∈ C(Ω × (0,∞)) ∩ C2,1(QΩ

∞) satisfying











∂tu− ∆u+ |u|q−1u = 0 in QΩ
∞

u = f in ∂Ω × (0,∞)

limt→0 u(x, t) = ∞ locally uniformly on Ω.

(3.3)
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Proof 41 Step 1 : Existence. It is a simple adaptation of the proof of Theorem 2.11. For
k, τ > 0, we denote by u = uk,τ,f the solution of











∂tu− ∆u+ |u|q−1u = 0 in Ω × (τ,∞)

u = f in ∂Ω × (τ,∞)

u(x, τ) = k on Ω.

(3.4)

Notice that uk,τ,f is bounded from above by uΩ(., .− τ) + vf,τ , where vf,τ = v solves











∂tv − ∆v + |v|q−1v = 0 in Ω × (τ,∞)

v = f in ∂Ω × (τ,∞)

v(x, τ) = 0 on Ω.

(3.5)

If we let k → ∞ we obtain a solution u∞,τ,f of the same problem except that the condition
at t = τ becomes limt→τ u(x, t) = ∞, locally uniformly for x ∈ Ω. Clearly u∞,τ,f dominates
in Ω× (τ,∞) the restriction to this set of any u ∈ C(Ω×∞))∩C2,1(QΩ

∞) solution of (3.3
), in particular uΩ. Therefore u∞,τ,f ≥ u∞,τ ′,f in Ω × (τ,∞) for any 0 < τ ′ < τ . When
τ → 0, u∞,τ,f converges to a function uf which satisfies the lateral boundary condition
uΩ,f = f . Therefore uΩ,f satisfies (3.3 ).

Step 2 : Uniqueness. Assume that there exists another positive function u := uf ∈ C(Ω×
(0,∞)) ∩ C2,1(QΩ

∞) solution of (3.3 ). Then uf < uΩ,f . For τ > 0, consider the solution
v := vτ of











∂tv − ∆v + |v|q−1v = 0 in Ω × (τ,∞)

v = 0 in ∂Ω × (τ,∞)

v(x, τ) = uf (x, τ) on Ω.

(3.6)

Then vτ ≤ uf in Ω × (τ,∞). In the same way, we construct a solution v : ṽτ of the same
problem (3.6 ) except that the condition at t = τ is now v(x, τ) = uΩ,f (x, τ) for all x ∈ Ω.
Furthermore vτ ≤ ṽτ ≤ uΩ,f . Next we adapt a method introduced in [6], [7] in a different
context. We denote

Zf = uΩ,f − uf and Z0,τ = ṽτ − vτ , (3.7)

and, for (r, s) ∈ R
2
+,

h(r, s) =

{ rq − sq

r − s
if r 6= s

0 if r = s.

Since r 7→ rq is convex on R+, there holds
{

r0 ≥ s0, r1 ≥ s1

r1 ≥ r0, s1 ≥ s0
=⇒ h(r1, s1) ≥ h(r0, s0).

This implies
h(uΩ,f , uf ) ≥ h(ṽτ , vτ ) in Ω × [τ,∞). (3.8)
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Next we write

0 = ∂t(Zf − Z0,τ ) − ∆(Zf − Z0,τ ) + uqΩ,f − uqf − (ṽqτ − vqτ )

= ∂t(Zf − Z0,τ ) − ∆(Zf − Z0,τ ) + h(uΩ,f , uf )Zf − h(ṽτ , vτ )Z0,τ .
(3.9)

Combining (3.8 ), (3.9 ) with the positivity of Zf and Z0,τ , we derive

∂t(Zf − Z0,τ ) − ∆(Zf − Z0,τ ) + h(uΩ,f , uf )(Zf − Z0,τ ) ≤ 0, (3.10)

in Ω × (τ,∞). On ∂Ω × [τ,∞) there holds Zf − Z0,τ = f − f = 0. Furthermore, at
at t = τ , Zf (x, τ) − Z0,τ (x, τ) = uΩ,f (x, t) − uf (x, τ) − uΩ,f (x, t) + uf (x, τ) = 0. By
the maximum principle, it follows Zf ≤ Z0,τ in Ω × [τ,∞). Since τ > τ ′ > 0 implies
vτ (x, τ) = uf (x, τ) ≥ vτ ′(x, τ) and ṽτ (x, τ) = uΩ,f (x, τ) ≥ ṽτ ′(x, τ), the sequences {vτ}
and ṽτ converge to some functions {v0} and ṽ0 which belong to C(Ω× (0,∞))∩C2,1(QΩ

∞)
and satisfy (3.3 ) with f = 0 on ∂Ω × (0,∞). Furthermore

uΩ,f − uf ≤ ṽ0 − v0. (3.11)

Since uΩ,f ≥ uΩ, ṽ0 ≥ uΩ, which implies that ṽ0 = uΩ by the maximality of uΩ. If Ω′ is

any smooth bounded open subset such that Ω
′ ⊂ Ω there holds by an easy approximation

argument v0 ≥ uΩ′ in Ω′ × (0,∞). Therefore v0 ≥ uΩ = uΩ = uΩ, by Proposition 2.9 and
Theorem 2.13. Applying again Theorem 2.13 we derive that the right-hand side of (3.11
) is zero, which yields to uΩ,f = uf �
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Chapitre 4

Solutions de quelques équations

paraboliques nonlinéaires explosant

en t = 0 et au bord d’un domaine

Dans ce chapitre, on étudie l’existence et l’unicité du problème (P) : ∂tu − ∆u + uq = 0
(q > 1) dans Ω × (0, T ), u = ∞ sur ∂Ω × (0, T ) et u(., 0) = ∞ dans Ω, où Ω est un
domaine borné de R

N . On construit une solution maximale, et on démontre que cette
solution maximale est l’unique grande solution.
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1 Introduction

Dans ce chapitre, on étudie la notion de “GRANDE SOLUTION” pour l’équation
parabolique

∂tu− ∆u+ uq = 0 dans Q = Ω×]0, T [ (1.1)

où Ω est un domaine borné de R
N et q > 1.

Dans la cas elliptique, le problème

(Eg)

{

−∆u+ g(x, u) = 0 dans Ω
lim

ρ(x)→0
u(x) = 0 sur ∂Ω

avec g ∈ C (Ω × R; R+) et ρ(x) est la distance d’un point x de Ω au bord de Ω, est étudié
d’abord par Bierberbach et Rademacher [4], [12] dans le cas où g(u) = eu et N = 2 ou 3.
Après, Loewner et Nirenberg [8] ont prouvé l’existence et l’unicité d’une fonction positive
u qui satisfait







−4(N−1)
N−2

∆u+ u
N+2
N−2

+ = 0 dans Ω

lim
ρ(x)→0

u(x) = ∞ sur ∂Ω

où Ω est un domaine borné régulier. En plus, Bandle et Marcus [1], [2], [3] ont démontré
l’unicité de la grande solution de

−∆u+ uq+ = 0

où q > 1 et ∂Ω est régulier et compact. Pour les équations elliptiques de second ordre

−Lu+ uq+ = 0

Véron [14] a prouvé l’existence et l’unicité de la grande solution de ces équations dans
le même type de domaine. L’existence d’une grande solution dépend de l’existence d’une
solution maximale qui elle même dépend de la condition de Keller Osserman [6], [11].

Définition 1.1 Une fonction g ∈ C(R+) satisfait la condition de Keller Osserman si il
existe une fonction croissante positive h tel que

g(r) ≥ h(r), ∀r ∈ R+ et

∫ ∞

a

(
∫ r

0

h(s)ds

)−1/2

<∞, ∀a > 0.

Il est bien est connu [6], [11] que si g est croissante et satisfait la condition de Keller Osser-
man (le cas où h = g) alors une grande solution existe dans tout domaine borné régulier.
L’unicité dans les domaines réguliers est établie sous des conditions supplémentaires sur
g (Bandle et Marcus [1], [2] et [3]). Ils ont établi les résultats suivants :
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Théorème 1.1 Soit Ω un domaine borné de R
N avec un bord ∂Ω qui est C2 et g est une

fonction continue à valeurs réelles tel que

lim
r→∞

r−qg(r) = 1,

pour q > 1. On suppose que r → g(r)

r
est croissante sur R

+
∗ . Alors il existe une unique

grande solution positive de (Eg).

Imposant les conditions suivantes sur g rend l’unicité plus faible que celle établie dans le
théorème 1.1 :

1. g est C1 sur R
+, s’annulle en 0 et g est positive sur R

+
∗ ,

2. g (βt) ≤ β1+µg(t), ∀ β ∈ (0, 1), ∀t ≥ t0
β
, pour un t0 ≥ 1 et µ > 1,

3. g (βt) ≤ βg(t), ∀ β ∈ (0, 1), ∀t ≥ 0.

Le théorème suivant (Véron [15]) est une adaptation d’un résultat de Iscoe [5].

Théorème 1.2 On suppose que Ω un domaine borné de R
N étoilé par rapport à O et que

g est croissante et satisfait

k2h(k)g(ρ) ≤ g(h(k)ρ+ l(k)), (∀ρ ∈ R, k > 1)(resp.(∀ρ > 0, k > 1)),

où h (resp. l) est une fonction continue définie sur (1,∞) avec une limite 1 (resp. 0) en
1. Alors il existe au plus une grande solution (resp. une grande solution positive) de (Eg)
dans Ω.

Le cas où g(u) = |u|q−1u avec q > 1 est bien compris :

1. Il existe toujours une solution maximale.

2. La solution maximale est grande si et seulement si ∂Ω satisfait un critère de type
Wiener utilisant la capacité C2,q′ (prouvé par Labutin [7]), ce qui est toujours vrai
lorsque 1 < q < N/(N − 2).

3. Pour tout q > 1, l’unicité est obtenue dans tout domaine Ω avec un bord compact
tel que ∂Ω est localement le graphe d’une fonction continue (Marcus-Véron [9]). Si
1 < q < N/(N − 2), l’unicité est assurée lorsque ∂Ω = ∂Ω

c
(Véron [14]).

Labutin [7] a prouvé l’existence de solution de

(E)

{

−∆u+ |u|q−1 u = 0 dans Ω
lim

ρ(x)→0
u(x) = ∞ sur ∂Ω

Théorème 1.3 Soit Ω ⊂ R
N , N ≥ 3, un domaine borné, et soit q > 1. Les affirmations

suivantes sont équivalentes :

1. (E) a une solution u ∈ C2
loc(Ω)
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2. L’ensemble Ωc = R
N\Ω n’est pas fin, i.e.

∫ 1

0

C2,q′ (Ω
c ∩B (x, r))

rN−2

dr

r
= +∞ pour tout x ∈ Ωc,

avec
1

q
+

1

q′
= 1.

On rappelle le critère de Wiener classique : un ouvert Ω de R
N vérifie le critère de

Wiener si, pour tout σ ∈ ∂Ω,

∫ 1

0

C1,2 (Ωc ∩B (σ, r))

rN−2

dr

r
= +∞,

où C1,2 est la capacité électrostatique. Si Ω est un domaine avec un bord compact et vérifie
le critère de Wiener, alors pour toutes fonctions φ ∈ C (∂Ω) et ψ ∈ L∞

loc

(

Ω
)

, une solution
au sens faible de

{

−∆w = ψ dans Ω
w = φ sur ∂Ω

est continue jusqu’au bord de Ω.

Dans ce chapitre, on s’intéresse au problème :

(P )











∂tu− ∆u+ uq = 0 dans Ω × (0, T )
lim

ρ(x)→0
u(x, t) = ∞ pour tout t ∈ (0, T )

lim
t→0

u(x, t) = ∞ pour tout x ∈ Ω

Une solution de (P ) est dite grande solution. On va étudier l’existence d’une solution
maximale de (1.1 ) ensuite prouver que cette solution est grande enfin montrer l’unicité
de la grande solution sous une condition sur le bord de Ω.

2 Explosion de la solution en t = 0 et sur ∂Ω×]0, T [

Soit le problème

(P )











∂tu− ∆u+ uq = 0 dans Ω × (0, T )
lim

ρ(x)→0
u(x, t) = ∞ pour tout t ∈ (0, T )

lim
t→0

u(x, t)u = ∞ pour tout x ∈ Ω

Une solution u ∈ C (Ω × (0, T )) de (P) est dite grande solution.
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Lemme 1 Pour tout q > 1 et pour toute solution u de l’équation (1.1 ), on a ∀ (x, t) ∈
Ω × (0, T )

u(x, t) ≤ ϕq(t) + UΩ(x), (2.1)

avec UΩ(x) est la solution maximale de −∆u+ uq = 0 dans Ω et ϕq(t) = ((q − 1)t)
−1
q−1 est

le solution maximale de ϕt + ϕq = 0, t ∈ (0, T ) explosant en t = 0.

Preuve

Soit (Ωn)n une suite croissante de domaines réguliers tel que ∪nΩn = Ω. Pour tout n, la
fonction UΩn solution maximale de

−∆u+ uq = 0 dans Ωn

est une solution positive de (1.1 ) dans Ωn ×
(

1
n
, T
)

. De même, la fonction ϕq est une
solution positive de (1.1 ) dans Ωn ×

(

1
n
, T
)

. Soit u une solution de (1.1 ). La fonc-
tion UΩn(x) + ϕq(t − 1/n) est une sur-solution positive de (1.1 ) dans Ω × (0, T ). Ainsi,
(u(x, t− 1/n) − UΩn(x) − ϕq(t− 1/n))+ est une sous-solution de (1.1 ) dans Ω × (0, T ).
En plus,

lim
t→1/n

∫

Ω×(0,T )

(u(x, t− 1/n) − UΩn(x) − ϕq(t− 1/n))+ dx = 0,

par le théorème de Lebesgue, (u(x, t− 1/n) − UΩn(x) − ϕq(t− 1/n))+ étant majorée par
u avec u ∈ C (Ω × (0, T )). De même, (u(x, t− 1/n) − UΩn(x) − ϕq(t− 1/n))+ = 0 sur
∂Ω × (0, T ). On déduit finalement que

u(x, t) ≤ ϕq(t− 1/n) + UΩn(x).

Quand n tend vers l’infini,

u(x, t) ≤ ϕq(t) + UΩ(x),

où UΩ(x) est la solution maximale de −∆u+ uq = 0 dans Ω.

Théorème 2.1 Soit Ω un domaine dans R
N . Il existe une solution maximale pour (1.1

).

Preuve

Soit V une solution de (1.1 ) et (Ωn)n une suite croissante de domaines réguliers tel que
∪nΩn = Ω. Par l’estimation (2.1 ), il existe une solution maximale un de (1.1 ) dans
Ωn×] 1

n
, T [ avec un est la limite croissante de la suite un,k quand k → ∞ qui est solution

de







∂tu− ∆u+ uq = 0 dans Ωn × ( 1
n
, T )

u = k sur ∂Ωn × ( 1
n
, T )

u = k dans Ωn ×
{

1
n

}
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Quand n crôıt, un décroit et on a

un ≥ up|Ωn ≥ V |Ωn pour p > n.

Comme (un) est décroissante et minorée par V , alors un converge vers u quand n tend
vers l’infini et u ≥ V . D’où u est la solution maximale qu’on va noter u.

Lemme 2 Pour tout q > 1, on a ∀(x, t) ∈ Ω × (0, T )

u(x, t) ≥ max {ϕq(t), UΩ(x)} . (2.2)

Preuve

Soit (Ωn)n une suite croissante de domaines réguliers tel que ∪nΩn = Ω. Dans Ωn×
(

1
n
, T
)

,
u(x, t) ≥ UΩn(x) puisque UΩn est finie sur le bord de Ωn. En plus, u(x, t − 1/n) ≥ ϕq(t)
puisque ϕq(t) est finie en t = 1/n. On fait tendre n à l’infini, on obtient

u(x, t) ≥ UΩ(x) et u(x, t) ≥ ϕq(t) dans Ω × (0, T ) .

D’où,
u(x, t) ≥ max {ϕq(t), UΩ(x)} .

Théorème 2.2 Si 1 < q < N/(N − 2), la solution maximale est une grande solution.

Preuve

Par les estimations (2.1 ) et (2.2 ), on a

max {ϕq(t), UΩ(x)} ≤ u(x, t) ≤ ϕq(t) + UΩ(x).

Or
1/2 (ϕq(t) + UΩ(x)) ≤ max {ϕq(t), UΩ(x)} ,

donc
1/2 (ϕq(t) + UΩ(x)) ≤ u(x, t) ≤ ϕq(t) + UΩ(x)

et u est une grande solution puisque UΩ(x) est une grande solution de −∆u+ uq = 0 par
le théorème 5 dans [13].

Théorème 2.3 Les affirmations suivantes sont équivalentes :

1. ∂Ω = ∂Ω
c
.

2. ∀x ∈ ∂Ω, ∃ {xn} ⊂ Ω
c
, lim
n→∞

xn = x.

3. ∀x ∈ ∂Ω, ∀ǫ > 0, B(x, ǫ)∩Ω
c 6= φ, avec B(x, ǫ) est la boule de centre x et de rayon

ǫ.

4. Si Ωǫ =
{

x ∈ R
N ; dist

(

x,Ω
)

< ǫ
}

, alors ∀x ∈ ∂Ω, lim
ǫ→0

dist (x,Ωc
ǫ) = 0.
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Preuve

On a toujours :

∂Ω
c
= Ω

c ∩ Ω ⊂ Ωc ∩ Ω = ∂Ω.

(1.) ⇒ (3.)
Si (3.) n’est pas vrai,

∃x0 ∈ ∂Ω ∃ǫ0 > 0 tel que B(x0, ǫ0) ∩ Ω
c
= φ.

Ce qui implique que x0 /∈ Ω
c

et donc x0 /∈ ∂Ω
c
, alors (1.) n’est pas vrai.

(3.) ⇒ (1.)

Soit x ∈ ∂Ω. Si ∀ǫ > 0, B(x, ǫ) ∩ Ω
c 6= φ alors x ∈ Ω

c
. Comme x ∈ ∂Ω = Ωc ∩ Ω alors

x ∈ Ω ∩ Ω
c
= ∂Ω

c
.

(2.) ⇒ (3.)

D’une façon évidente car pour ǫ = 1/n, on a x1/n ∈ B(x, 1/n) ∩ Ω
c
.

(3.) ⇒ (2.)

On prend ǫ = 1/n et xn ∈ B(x, 1/n) ∩ Ω
c

alors lim
n→∞

xn = x.

(2.) ⇒ (4.)
Supposons que (4.) n’est pas vrai. Il existe x0 ∈ ∂Ω, α > 0 et ǫn → 0 tel que dist(x0,Ω

c
ǫn) ≥

α. Ce qui implique que dist(x0,Ω
c
ǫ) ≥ α, ∀0 < ǫn < ǫ puisque Ωǫn ⊂ Ωǫ. Alors Ωc

ǫ ⊂ Ωc
ǫn .

Comme ǫn → 0, on en déduit que dist(x0,Ω
c
ǫ) ≥ α, ∀ǫ > 0. Si il existait {xn} ⊂ Ω

c
tel que

lim
n→∞

xn = x0 alors dist(xn,Ω) = δn > 0. Donc xn ∈ Ωc
δn

et dist(x0, xn) ≥ α contradiction,

alors (2.) n’est pas vrai.
(4.) ⇒ (2.)

Soit xǫ ∈ Ωc
ǫ tel que |xǫ − x| = dist(x,Ωc

ǫ) → 0 quand ǫ → 0 ; donc si ǫ = 1/n, x1/n ∈ Ω
c

car (Ω ⊂ Ωǫ ⇒ Ωc
ǫ ⊂ Ω

c
) et lim

n→∞
x1/n = x.

Théorème 2.4 On suppose que 1 < q < N/(N − 2) et que ∂Ω = ∂Ω
c
, alors il existe une

grande solution et une seule de (P ).

Preuve

Soit (Ωǫ) la suite de domaines à bord lipschitzien défini dans le théorème 2.3. On note
par la fonction V = VΩǫ la solution du problème stationnaire :

{

−∆V + V q = ψ dans Ωǫ

V = 1/ǫ sur ∂Ωǫ

Quand ǫ tend vers 0, la fonction VΩǫ converge vers VΩ qui est une solution minimale-
maximale (par le théorème 8 de [13]) de −∆V + V q = 0 dans Ω. La fonction VΩ est une
grande solution et elle est unique par le théorème 8 de [13]. Soit u une grande solution de
(P ). Puisque

u(x, t) ≥ max {ϕq(t), VΩ(x)} ,
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et par (2.1 ), on a

1/2 ≤ u

ϕq(t) + VΩ(x)
≤ 1.

Ce qui implique l’unicité de u.

Corollaire 2.1 On suppose que q > 1 et ∂Ω est localement un graphe continu. Alors il
existe au plus une grande solution de (P ).

Preuve

Si ∂Ω est localement un graphe continu alors ∂Ω = ∂Ω
c
. Donc par le théorème 2.4, s’il

existe une grande solution de (P ), elle est unique.

Corollaire 2.2 On suppose que q > 1, ∂Ω est localement un graphe continu et ∂Ω sa-
tisfait le critère de Wiener classique. Alors il existe une grande solution et une seule de
(P ).

Preuve

Par le théorème 1.4 de [10], VΩ est l’unique grande solution de −∆u + uq = 0 dans Ω.
D’où l’unicité de la solution pour (P ) par le théorème 2.4.
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Chapitre 5

Singularités éliminables

Dans ce chapitre, on étudie l’équation parabolique

∂tu− ∆u+ tαuq = 0 dans QT = R
N×]0, T [

où T > 0, α > −1 et q > 1.
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1 Introduction

Dans ce chapitre on considère le problème

∂tu− ∆u+ tαuq = 0 dans QT = R
N×]0, T [ (1.1)

où T > 0, α > −1 et q > 1. Soit u ∈ C2,1
(

R
N × (0, T )

)

∩ C
(

R
N × [0, T )\{(O, 0)}

)

une
solution de (1.1 ) dans QT qui satisfait

u(x, 0) = 0 dans R
N\{O}. (1.2)

Dans leur article [6], Marcus et Véron ont étudié ce problème dans le cas où α ≥ 0 et

1 < q < qα,N = 1+ 2(1+α)
N

. Ils ont trouvé une solution autosimilaire de (1.1 ) sous la forme

U(x, t) = t−
1+α
q−1 V

(

x√
t

)

,

et qui satisfait
lim
t→0

U(x, t) = 0 ∀x 6= 0.

Cette solution est dite très singulière. Ainsi V satisfait

−∆V − 1

2
η.∇V − γV + V q = 0 dans R

N (1.3)

et

V (η) = C|η|
2(1+α)

q−1
−Ne

−|η|2

4 (1 + o(1)) quand |η| → ∞.

Avec

η =
x√
t
, γ =

1 + α

q − 1
et C > 0.

En plus, la fonction V est positive et radiale.

Soit E(x, t) = (4πt)
−N
2 e

−|x|2

4t le noyau de la chaleur dans QT . Si 1 < q < qα,N , alors

∫ ∫

QT

Eq(x, t)tαdxdt <∞.

Dans leur même article, ils ont prouvé que : si 1 < q < qα,N alors pour tout k > 0 il
existe une solution unique uk de (1.1 ) avec la donnée initiale kδO. En plus, k → uk est

croissante et u∞ := lim
k→∞

uk satisfait u∞(x, t) = t−
1+α
q−1 V

(

x√
t

)

.

Ce type de solutions est étudié par Brézis, Peletier, Terman. Dans leur article [1], Ils ont
étudié le problème

∂tu− ∆u+ uq = 0 dans R
N×]0,∞[ (1.4)

u > 0 sur R
N×]0,∞[ (1.5)
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u(x, 0) = cδ(x) sur R
N (1.6)

où N ≥ 1, c > 0 est une constante et δ(x) est la masse de Dirac à l’origine. Un résultat
de Brézis et Friedman [2] affirme que si 1 < q < N+2

N
, alors il existe une solution unique

uc pour (1.4 )-(1.6 ). Lorsque q ≥ N+2
N

, il n’existe pas de solution pour (1.4 )-(1.6 ) et en
fait toute solution de (1.4 ) tel que u ≥ 0 sur R

N×]0,∞[ et

lim
t↓0

∫

RN

u(x, t)ξ(x)dx = 0 ∀ξ ∈ C∞
0 (RN\ {O})

est identiquement nulle.
Ce chapitre est composé de plusieurs sections : Dans la première section, on va trouver
des estimations pour une solution u de (1.1 ) en relation avec la solution maximale de
φ′ + tαφq = 0 explosant en t = 0 et la solution très singulière monodimentionnelle de
(1.1 ). Ces estimations vont nous permettre de trouver une variante de l’estimation de
Brézis-Friedman [2], dans leur article ils ont traité l’équation

∂tu− ∆u+ uq = 0 dans Ω × (0, T ) (1.7)

où Ω est un domaine de R
N . Ils ont trouvé l’estimation suivante pour toute solution de

(1.7 )

u(x, t) ≤ C (N, q)
(

|x|2 + t
)

1
q−1

∀(x, t) ∈ Ω × (0, T )\ {0} .

Dans le cas q ≥ n+2
n

, cette estimation a aidé à éliminer la singularité en O, leur résulat
est le suivant

Théorème 1.1 Soit u ∈ C2,1 (Ω × (0, T ))∩C (Ω × [0, T )\{(O, 0)}) une solution de ∂tu−
∆u + uq = 0 dans Ω × (0, T ) et satisfait u(x, 0) = 0 dans Ω\{O}. Si q ≥ n+2

n
, alors on

peut étendre u à un élément dans C2,1 (Ω × [0, T )).

Donc notre but dans la troisième section, c’est d’éliminer la singularité en O. Dans la
section suivante, on démontre un équivalent d’un résultat de Moutoussamy-Véron. Dans
leur article [7], ils ont étudié le problème

−∆V − 1

2
η.∇V − 1

q − 1
V + |V |q−1V = 0 dans R

N (1.8)

Ils ont introduit (inspirés par une méthode variationnelle de Escobedo-Kavian [4]) la

fonction poids K(η) = exp
(

η2

4

)

et les espaces de Sobolev

Hm
K =

{

φ ∈ Hm
loc(R

N) :

∫

|Dβφ|2Kdη <∞,∀β ∈ N
N , |β| ≤ m

}

et l’espace de Lebesgue

LsKθ =
{

φ ∈ Lsloc(R
N) :

∫

|φ|sKθdη <∞
}
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pour s ≥ 1 et θ > 0 et ils ont défini

E =
{

V ∈ H1
K ∩ Lq+1

K satisfait (1.8)
}

.

Soit L l’opérateur autoadjoint sur H1
K défini par

LV = −K−1div(K∇V ).

La théorie spectrale de L sur H1
K est étudiée par Escobedo-Kavian [4]. Ils ont prouvé que

les valeurs propres de L sont

λk =
N + k − 1

2
, k ≥ 1

et les espaces propres correspondants sont

N (L− λkI) =
{

∑

|β|=k−1

aβD
βK−1

}

où aβ sont des réels. Moutoussamy-Véron [7] ont prouvé la proposition suivante :

Proposition 1.1 Soit Eλ l’ensemble de V appartenant à H1
K ∩ Lq+1

K satisfaisant

K−1div(K∇V ) + λV − |V |q−1V = 0 dans R
N (1.9)

(q > 1 et λ ∈ R). Alors on a :

1. Si λ ≤ N
2
, Eλ est réduit à la fonction nulle.

2. Si N
2
< λ ≤ N+1

2
, Eλ contient trois éléments : la fonction nulle, V et −V où V est

la solution unique de (1.9 ) appartenant à H1
K ∩ Lq+1

K .

3. Si λ > N+1
2

, Eλ contient les trois éléments précédents et un nombre fini de solutions
variantes sous O(N).

2 Estimations

Théorème 2.1 Pour toute solution u de (1.1 ) on a

u(x, t) ≤ cαt
−α+1

q−1 pour tout (x, t) ∈ QT ,

avec cα =
(

α+1
q−1

)
1

q−1
et α > −1.

Preuve

Soit u une solution de (1.1 ) et soit (x, t) ∈ QT .
Cas où α ≥ 0

Soit φ(t) = cαt
−α+1

q−1 avec cα =
(

α+1
q−1

)
1

q−1
la solution maximale de
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{

φ′ + tαφq = 0
φ(0) = +∞.

Soit τ > 0, R > 0 et BR la boule de centre O et de rayon R. On note V1,τ la solution de

{

−∆V1,τ + ταV q
1,τ = 0 dans B1

lim
|x|→1

V1,τ = +∞ (2.1)

on effectue le scaling

VR,τ (x) = R
−2
q−1V1,τ

( x

R

)

.

VR,τ (x) est la solution du problème (2.1 ) dans la boule BR. La fonction VR,τ tend vers 0
uniformément sur tout compact de R

N quand R → ∞. Soit

w(x, t) = φ (t− τ) + VR,τ (x) ,

w est une sur-solution de (1.1 ) dans BR × [τ, T ). En fait,

∂tw − ∆w + tαwq =

∂tφ(t− τ) − ∆VR,τ + tα (φ(t− τ) + VR,τ (x))
q

≥ − (t− τ)α φq(t− τ) − ταV q
R,τ + tαφq(t− τ) + tαV q

R

≥ (tα − (t− τ)α)φq(t− τ) + (tα − τα)V q
R,τ ≥ 0

puisque α ≥ 0 et la fonction t→ tα est croissante. Et comme w(x, τ) = ∞ et w|∂BR
= ∞,

on déduit que
u(x, t) ≤ w(x, t) = φ(t− τ) + VR,τ (x),

on fait tendre R vers l’infini et τ vers 0, on obtient

u(x, t) ≤ cαt
−α+1

q−1 pour tout (x, t) ∈ QT .

Cas où −1 < α < 0

Soit τ > 0 et (x, t) ∈ R
N × (τ, T ). Soit φτ (t) = cα (tα+1 − τα+1)

−1
q−1 la solution de

{

φ′
τ + tαφqτ = 0
φτ (τ) = +∞

On note V1,T la solution de

{

−∆V1,T + TαV q
1,T = 0 dans B1

lim
|x|→1

V1,T = +∞ (2.2)

on effectue le scaling

VR,T (x) = R
−2
q−1V1,T

( x

R

)

.
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VR,T est la solution du problème (2.2 ) dans la boule BR. La fonction VR,T tend vers 0
uniformément sur tout compact de R

N quand R → ∞. Soit

w(x, t) = φτ (t) + VR,T (x),

w est une sur-solution de (1.1 ) dans BR × (τ, T ). En fait,

∂tw − ∆w + tαwq = φ′
τ − ∆VR,T + tα (φτ (t) + VR,T (x))q

= −tαφqτ − TαV q
R,T + tα (φτ (t) + VR,T (x))q

≥ −tαφqτ − TαV q
R,T + tαφqτ + tαV q

R,T

≥ (tα − Tα)V q
R,T ≥ 0

puisque −1 < α < 0 et la fonction t → tα est décroissante. Et comme w(x, τ) = ∞ et
w|∂BR

= ∞, on déduit que

u(x, t) ≤ w(x, t) = φτ (t) + VR,T (x),

on fait tendre R vers l’infini et τ vers 0, on obtient

u(x, t) ≤ cαt
−α+1

q−1 pour tout (x, t) ∈ QT .

Remarque 2.1 Pour N = 1 et q > 1, l’équation (1.3 ) s’écrit

V ′′ +
η

2
V ′ +

1 + α

q − 1
V − V q = 0 où η > 0. (2.3)

Les solutions V = Vc de (2.3 ) tel que V ′
c (0) = 0, Vc(0) = c avec c ∈]0, cα[, avec cα =

(

α+1
q−1

)
1

q−1
, vérifient

lim
η→∞

η
2(1+α)

q−1 Vc(η) = λc > 0 (2.4)

avec λc est une constante strictement positive. Ces solutions ont le comportement asymp-
totique suivant

Vc(η) = λcη
−2(1+α)

q−1 (1 + 0(1)) lorsque η → ∞. (2.5)

Leur existence est établie par Kamin et Peletier [5]. Si 1 < q < qα,1, par Brézis, Terman,
Pelletier [1], il existe c∗ > 0 tel que la solution très sigulière V ∗ = Vc∗ vérifie

lim
η→∞

η
2(1+α)

q−1 V ∗(η) = 0

et

V ∗(η) = λc∗e
−η2

4 η
2(1+α)

q−1
−1 (1 + o(1)) lorsque η → ∞. (2.6)
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Théorème 2.2 Pour N = 1 et si q > 1 avec α > −1, il existe k > 0 tel que pour tout
(x, t) ∈ R × (0, T ) et pour toute solution u de

ut − uxx + tαuq = 0 (2.7)

vérifiant

lim
t→0

u(x, t) = 0, ∀x 6= 0,

on a

u(x, t) ≤ kt−
α+1
q−1 Vc

(

x√
t

)

∀ (x, t) ∈ R × [0, T ]\ {(0, 0)} ,

où c et Vc sont définis dans la remarque 2.1.

Preuve

Une solution autosimilaire de (2.7 ) a la forme

v(x, t) = t−
α+1
q−1 V

(

x√
t

)

où V vérifie (2.3 ). On fixe a > 0 (idem si a < 0) et c ∈]0, cα[. Soit u une solution de (2.7
) vérifiant

lim
t→0

u(x, t) = 0 ∀x 6= 0.

Alors lim
t→0

u(a, t) = 0 et on a

u(a, t) ≤ cαt
−α+1

q−1 ∀t ∈]0, T ] par le théorème 2.1 .

Cas où α ≥ 0
Pour R, τ > 0, soit VR,τ (x− a) la solution de (2.1 ) dans la boule de centre a et de rayon
R. On pose

vc,a,τ (x, t) = (t− τ)−
α+1
q−1 Vc

(

x− a√
t− τ

)

.

On définit l’ensemble

Da,R,τ =
{

(x, t) : 0 < a < x < R + a, τ < t ≤ T
}

.

Soit θ ∈]0, c
cα

[. On va comparer les deux fonctions θu(x, t−τ) et ψ(x, t−τ) = vc,a,τ (x, t)+
VR,τ (x − a) dans Da,R,τ . La fonction θu est une sous-solution de (2.7 ) dans Da,R,τ (θ <
c
cα
< 1) et ψ(x, t− τ) est une sur-solution de (2.7 ) dans Da,R,τ . Alors (θu− ψ)+ est une

sous-solution dans Da,R,τ . En plus,

lim
t→τ

∫

Da,R,τ

(θu− ψ)+ (t− τ, x)dx = 0
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par le théorème de Lebesgue, (θu− ψ)+ étant majorée par u avec u ∈ C
(

R
N × [0, T )\{(O, 0)}

)

,
lim
t→τ

(θu− ψ)+ = 0 presque partout et lim
t→τ

u(x, t − τ) = 0 pour tout x 6= O. Si x = a,

(t− τ)−
α+1
q−1 Vc(0) = (t− τ)−

α+1
q−1 c et ψ(a, t− τ) = (t− τ)−

α+1
q−1 c. On a

θu(a, t− τ) − ψ(a, t− τ) = θu(a, t− τ) − (t− τ)−
α+1
q−1 c <

c

cα
u(a, t− τ) − (t− τ)−

α+1
q−1 c

≤ c

cα
(t− τ)−

α+1
q−1 cα − (t− τ)−

α+1
q−1 c = 0.

Alors θu(a, t−τ) < ψ(a, t−τ). Et si x = R+a, VR,τ (x−a) explose, d’où θu(R+a, t−τ) <
ψ(R + a, t− τ). Par le principe de comparaison, on a

θu(x, t− τ) ≤ ψ(x, t− τ) dans Da,R,τ .

On fait tendre R vers l’infini, τ vers 0 et a vers 0+. D’où, si θ → c
cα

,

u(x, t) ≤ cα
c
t−

α+1
q−1 Vc

(

x√
t

)

pour tout x > 0.

i.e. pour tout x < 0. Par continuité,

u(x, t) ≤ cα
c
t−

α+1
q−1 Vc

(

x√
t

)

.

Cas où −1 < α < 0
Soit VR,T (x− a) la solution de (2.2 ) dans la boule de centre a et de rayon R. On définit
l’ensemble

Da,R =
{

(x, t) : 0 < a < x < R + a, 0 < t ≤ T
}

.

Soit θ ∈]0, c
cα

[. On va comparer les deux fonctions θu(x, t) et ϕ(x, t) = t−
α+1
q−1 Vc

(

x− a√
t

)

+

VR,T (x−a) dansDa,R. La fonction θu est une sous-solution de (2.7 ) dansDa,R (θ < c
cα
< 1)

et ϕ(x, t) est une sur-solution de (2.7 ) dans Da,R. Alors (θu− ϕ)+ est une sous-solution
dans Da,R. En plus,

lim
t→0

∫

Da,R

(θu− ϕ)+ (t, x)dx = 0

par le théorème de Lebesgue, (θu− ϕ)+ étant majorée par u avec u ∈ C
(

R
N × [0, T )\{(O, 0)}

)

,
lim
t→0

(θu− φ)+ = 0 presque partout et lim
t→0

u(x, t) = 0 pour tout x 6= O. Si x = a,

t−
α+1
q−1 Vc(0) = t−

α+1
q−1 c et ϕ(a, t) = t−

α+1
q−1 c. On a

θu(a, t) − ϕ(a, t) = θu(a, t) − t−
α+1
q−1 c <

c

cα
u(a, t) − t−

α+1
q−1 c ≤ c

cα
t−

α+1
q−1 cα − t−

α+1
q−1 c = 0.

Alors θu(a, t) < ϕ(a, t). Et si x = R+a, VR,T (x−a) explose, d’où θu(R+a, t) < ϕ(R+a, t).
Par le principe de maximum,

θu ≤ ϕ dans Da,R.
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On fait tendre R vers l’infini et a vers 0+. D’où, si θ → c
cα

,

u(x, t) ≤ cα
c
t−

α+1
q−1 Vc

(

x√
t

)

pour tout x > 0.

On fait de même pour x < 0 et on déduit

u(x, t) ≤ cα
c
t−

α+1
q−1 Vc

(

x√
t

)

∀x 6= 0.

Corollaire 2.1 Pour N = 1 et si 1 < q < qα,1 avec α > −1, il existe k > 0 tel que pour
tout (x, t) ∈ R × (0, T ) et pour toute solution u de (2.7 ) vérifiant

lim
t→0

u(x, t) = 0 ∀x 6= 0,

on a

u(x, t) ≤ kt−
α+1
q−1 V ∗

(

x√
t

)

,

avec V ∗ est définie dans la remarque 2.1.

Pour la preuve, c’est la même que celle du théorème précédent. On prend 0 < θ < c∗
cα

avec
c∗ est défini dans la remarque 2.1. On aura k = cα

c∗ .

Corollaire 2.2 Pour N > 1 et si q > 1 avec α > −1, pour tout (x, t) ∈ R
N × (0, T ) et

pour toute solution u de (2.7 ) vérifiant

lim
t→0

u(x, t) = 0 ∀x 6= 0,

on a

u(x, t) ≤ cα
c
t−

α+1
q−1 Vc

( |x|√
t

)

(2.8)

avec c, cα et Vc sont définis dans la remarque 2.1.

Preuve

Soit x = (x1, x
′) avec x′ = (x2, ..., xN ).

Etape 1. On affirme que pour (x1, t) 6= (0, 0),

u(x, t) ≤ cα
c
t−

α+1
q−1 Vc

(

x1√
t

)

Cas où α ≥ 0
Pour R, τ > 0, soit VR,τ (x) la solution de (2.1 ) dans la boule de centre O et de rayon R.
On définit l’ensemble

Dx1,R,a,τ =
{

(x, t);x1 > a, |x| < R et τ < t < T
}
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On compare dans Dx1,R,a,τ pour 0 < θ < c
cα

, les deux fonctions

θu(x1, x
′, t) et (t− τ)−

α+1
q−1 Vc

(

x1 − a√
t− τ

)

+ VR,τ (x).

On obtient comme dans le théorème 2.2,

u(x, t) ≤ cα
c
t−

α+1
q−1 Vc

(

x1√
t

)

pour x1 6= 0.

Cas où −1 < α < 0
Soit VR,T (x) la solution de (2.2 ) dans la boule de centre O et de rayon R. On définit
l’ensemble

Dx1,R,a =
{

(x, t);x1 > a, |x| < R et 0 < t < T
}

On compare dans Dx1,R,a pour 0 < θ < c
cα

, les deux fonctions

θu(x1, x
′, t) et t−

α+1
q−1 Vc

(

x1 − a√
t

)

+ VR,T (x).

On obtient comme dans le théorème 2.2,

u(x, t) ≤ cα
c
t−

α+1
q−1 Vc

(

x1√
t

)

pour x1 6= 0.

Etape 2. Fin de la preuve.
Soit y ∈ R

N\ {0}. Il existe une rotation Ry de R
N telle que Ry(y) = Y = (|y| , 0, ..., 0).

Soit uRy (x, t) = u
(

R−1
y (x), t

)

. Comme l’équation est invariante par rotation, la fonction
uRy vérifie (2.7 ) et lim

t→0
uRy (x, t) = 0 ∀x 6= 0. Donc

uRy(x, t) ≤
cα
c
t−

α+1
q−1 Vc

(

x1√
t

)

pour x1 6= 0.

En particulier

uRy(Y, t) ≤
cα
c
t−

α+1
q−1 Vc

( |y|√
t

)

.

Or

uRy(Y, t) = u
(

R−1
y (Ry(y)) , t

)

= u(y, t),

d’où

u(y, t) ≤ cα
c
t−

α+1
q−1 Vc

( |y|√
t

)

.
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Corollaire 2.3 Pour N > 1 et si 1 < q < qα,N avec α > −1, pour tout (x, t) ∈ R
N×(0, T )

et pour toute solution u de (2.7 ) vérifiant

lim
t→0

u(x, t) = 0 ∀x 6= 0,

on a

u(x, t) ≤ cα
c∗t

−α+1
q−1 V ∗

( |x|√
t

)

(2.9)

avec c∗, cα et V ∗ sont définis dans la remarque 2.1.

Pour la preuve, c’est la même que celle du corollaire précédent. On prend c = c∗ avec c∗
est défini dans la remarque 2.1.

Théorème 2.3 Pour N ≥ 1, q > 1 et α > −1, il existe k > 0 tel que pour tout (x, t) ∈ QT

et pour toute solution u de (1.1 ) vérifiant

lim
t→0

u(x, t) = 0 ∀x 6= 0

on a

u(x, t) ≤ k
(

|x|2 + t
)

−(α+1)
q−1 .

Preuve

Si |x|2 ≤ t, alors

(|x|2 + t)
−(α+1)

q−1 ≥ 2
−(α+1)

q−1 t
−(α+1)

q−1 ≥ 2
−(α+1)

q−1

min{Vc(η) : η ≤ 1}t
−(α+1)

q−1 Vc

( |x|√
t

)

d’après (2.8 ) ≥ 2
−(α+1)

q−1

min{Vc(η) : η ≤ 1}
c

cα
u(x, t).

Si |x|2 ≥ t, alors

(|x|2 + t)
−(α+1)

q−1 ≥ 2
−2(α+1)

q−1 |x|
−2(α+1)

q−1

= 2
−2(α+1)

q−1

( |x|√
t

)

−2(α+1)
q−1

t
−(α+1)

q−1

d’après (2.5 ) = 2
−2(α+1)

q−1 t
−(α+1)

q−1
1

λc
Vc

( |x|√
t

)

d’après (2.8 ) ≥ 2
−2(α+1)

q−1
c

cα

1

λc
u(x, t).
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3 Singularités éliminables

Théorème 3.1 Soit u ∈ C2,1
(

R
N × (0, T )

)

∩ C
(

R
N × [0, T )\{(O, 0)}

)

une solution de
(1.1 ) dans R

N × (0, T ) et satisfait u(x, 0) = 0 dans R
N\{O}. Si q ≥ qα,N , avec α > −1,

alors on peut étendre u à un élément dans C2,1
(

R
N × [0, T )

)

.

Preuve

Etape 1. Soit ρ > 0. On affirme que

∫ T

0

∫

B(O,ρ)

tαuq(x, t)dxdt <∞.

On a u(x, t) ≤ k (|x|2 + t)
−(1+α)

q−1 , pour |x| < ρ et t ∈ (0, T ). Puisque q ≥ qα,N alors

u(x, t) ≤ k′ (|x|2 + t)
−N
2 , pour |x| < ρ et t ∈ (0, T ) avec k′ = k (ρ2 + T )

N−
2(1+α)

q−1
2 . D’où

∫ T

0

∫

B(O,ρ)

u(x, t)dxdt <∞.

Soit ξ ∈ D
(

R
N × [0, T [

)

tel que 0 ≤ ξ ≤ 1 et ξ = 1 sur B(O, ρ) × [0, T
2
]. Soit η ∈

C∞ ([0,∞)) une fonction de troncature telque η′ ≥ 0, η(t) = 1 sur [2,∞) et η(t) = 0
sur [0, 1]. On pose ηn(t) = η(nt) pour n ∈ N

∗ et on prend φn(x, t) = ηn (|x|2 + t) ξ(x, t)
comme fonction test. Alors

∫ T

0

∫

RN

(−u∂tφn − u∆φn + tαuqφn) dxdt = 0,

et
∫ T

0

∫

RN

tαuqφndxdt =

∫ T

0

∫

RN

(u∂tφn + u∆φn) dxdt.

On définit l’ensemble

Dn = {(x, t) : n−1 ≤ |x|2 + t ≤ 2n−1}.

Puisque

∂tφn = η′nξ + ηn∂tξ,

∆φn = ξ∆ηn + 2∇ηn.∇ξ + ηn∆ξ,

on a

|∂tφn| ≤ C
(

(n+ 1)χDn + χDc
n

)

et

|∆φn| ≤ C
(

(n+ 1)χDn + χDc
n

)

,
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pour une constante C > 0. D’où

∫ T

0

∫

RN

tαuqφndxdt ≤ Cn

∫ ∫

Dn

udxdt+ C.

Or
∫ ∫

Dn

udxdt ≤ C

∫ ∫

Dn

(

|x|2 + t
)

−N
2 ≤ Cn

N
2 |Dn| =

C

n
|D1|.

Alors

∫ T

0

∫

RN

tαuqφndxdt reste bornée quand n→ ∞ et donc

∫ T

0

∫

RN

φnt
αuq(x, t)dxdt <∞.

Etape 2. On affirme que u est une solution au sens de distributions dans R
N × [0, T ).

Si ξ ∈ D
(

R
N × [0, T )

)

et φn(x, t) = ηn (|x|2 + t) ξ(x, t) alors

∫ T

0

∫

RN

(−u∂tφn − u∆φn + tαuqφn) dxdt = 0.

Il faut vérifier que

lim
n→+∞

∫ T

0

∫

RN

u∂tηnξ = lim
n→+∞

∫ T

0

∫

RN

u∆ηnξ = lim
n→+∞

∫ T

0

∫

RN

u∇ηn∇ξ = 0.

On a
∣

∣

∣

∣

∫ T

0

∫

RN

u∂tηnξ

∣

∣

∣

∣

≤ Cn

∫ ∫

Dn

u,

∣

∣

∣

∣

∫ T

0

∫

RN

u∆ηnξ

∣

∣

∣

∣

≤ Cn

∫ ∫

Dn

u

et
∣

∣

∣

∣

∫ T

0

∫

RN

u∇ηn∇ξ
∣

∣

∣

∣

≤ C
√
n

∫ ∫

Dn

u.

Par Hölder, on a

∫ ∫

Dn

u =

∫ ∫

Dn

t
α
q ut

−α
q ≤

(
∫ ∫

Dn

tαuq
)

1
q
(
∫ ∫

Dn

t
−αq′

q

)
1
q′

.

Pour l’estimation de

∫ ∫

Dn

udxdt, on considère les deux cas −1 < α < 0 et α ≥ 0.

Cas où −1 < α < 0.
On a

−αq′
q

=
−α
q − 1

> 0.
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Sur Dn, on a

|x|2 + t ≤ 2

n
⇒ t ≤ 2

n
− |x|2 ≤ 2

n
,

et

t
−α
q−1 ≤

(

2

n

)
−α
q−1

.

Donc

(
∫ ∫

Dn

t
−αq′

q

)
1
q′

≤
(

∫ ∫

Dn

(

2

n

)
−α
q−1

)
1
q′

≤ C ′

n
−α

(q−1)q′

|Dn|
1
q′ ≤ C ′

n
−α

(q−1)q′

(

C

n
N
2

+1

)
1
q′

.

En plus, on a
−α

(q − 1)q′
+
N + 2

2q′
≥ 1.

En fait,

−α
(q − 1)q′

+
N + 2

2q′
− 1 =

−α
q

+
(q − 1)(N + 2)

2q
− 1 =

Nq − 2α−N − 2

2q
≥ 0,

puisque Nq ≥ N + 2 + 2α. Alors

∫ ∫

Dn

u ≤
(
∫ ∫

Dn

tαuq
)

1
q C ′′

n
−α

(q−1)q′
+N+2

2q′

et

n

∫ ∫

Dn

u ≤ C ′′
(
∫ ∫

Dn

tαuq
)

1
q

→ 0 par l’étape 1.

Cas où α ≥ 0.
On a −α

q
≤ 0. On a

∫ ∫

Dn

u =

∫ ∫

Dn

T
α
q uT

−α
q ≤

∫ ∫

Dn

T
α
q ut

−α
q =

∫

Dn

T
α
q ut

−α
q t

−α
q t

α
q t

2
q t

−2
q ≤

∫

Dn

T
α
q uT

2
q t

α
q t

−(2α+2)
q ≤ CT,N,q,α

(
∫ ∫

Dn

tαuq
)

1
q
(
∫ ∫

Dn

t
−(2α+2)q′

q

)
1
q′

.

Or

t
−(2α+2)q′

q = t
−(2α+2)

q−1 ,
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et la fonction t→ t
−(2α+2)

q−1 est localement intégrable sur (0, T ). Alors,

(
∫ ∫

Dn

t
−(2α+2)q′

q

)
1
q′

≤ C ′ |Dk,x|
1
q′ ≤ C ′

(

C

n
N+2

2

)
1
q′

.

Et
∫ ∫

Dn

u ≤
(
∫ ∫

Dn

tαuq
)

1
q C ′′

n
N+2
2q′

.

On a
N+2

2

q′
≥ 1. En fait,

N + 2

2q′
− 1 =

(N + 2)(q − 1)

2q
− 1 =

Nq −N − 2

2q
≥ 0,

car α ≥ 0 et Nq ≥ N + 2 + 2α. Alors

n

∫ ∫

Dn

u ≤ C ′′
(
∫ ∫

Dn

tαuq
)

1
q

→ 0 par l’étape 1.

Etape 3. Fin de la preuve.
On pose M = max

∂B(O,ρ)×[0,T ]
u(x, t) + 1 et on définit ũ par

ũ =







u(x, t) si t > 0,

0 si t < 0

ũ satisfait ∂tũ− ∆ũ+ tαũq = 0 au sens de distributions dans R
N × (−T, T ). Donc on a

∂t (ũ−M)+ − ∆ (ũ−M)+ ≤ 0 dans R
N × (−T, T )

et (ũ−M)+ = 0 au voisinage de R
N−1 × (−T, T ) ∪ R

N × {−T}. Alors par le principe de
comparaison (ũ−M)+ = 0 et u ≤M . On pose M ′ = min

∂B(O,ρ)×[0,T ]
u(x, t) + 1. Donc on a

∂t (M
′ − ũ)

+ − ∆ (M ′ − ũ)
+ ≤ 0 dans R

N × (−T, T )

et (M ′ − ũ)+ = 0 au voisinage de R
N−1 × (−T, T )∪R

N ×{−T}. Alors par le principe de
comparaison (M ′ − ũ)+ = 0 et u ≥M ′. Donc par la théorie de la régularité des solutions
d’équations paraboliques, u est une solution forte et peut être étendue par continuité à
une fonction qui est C2,1

(

R
N × [0, T )

)

.
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4 Solution très singulière

Proposition 4.1 Soit E ′
λ l’ensemble de V appartenant à H1

K ∩ Lq+1
K satisfaisant

K−1div(K∇V ) + λV − V q = 0 dans R
N (4.1)

(q > 1 et λ ∈ R). Alors on a :

1. Si λ ≤ N
2
, E ′

λ est réduit à la fonction nulle.

2. Si N
2
< λ ≤ N+1

2
, E ′

λ contient deux éléments : la fonction nulle, et V où V est la

solution unique de (1.9 ) appartenant à H1
K ∩ Lq+1

K .

3. Si λ > N+1
2

, E ′
λ contient les deux éléments précédents et un nombre fini de solutions

positives variantes sous O(N).

Preuve

La preuve est la même que celle de Moutoussamy-Véron [7].
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Chapitre 6

Singularités isolées

Dans ce chapitre, on étudie les singularités isolées des solutions des équations :

1. ut − ∆u + x2α
1 u

q = 0 dans le domaine E =
{

(x, t) : x ∈ R
+ × R

N−1, t ∈ R
+
}

, avec

u(0, x′, 0) = 0, x′ ∈ R
N−1\{O}, et u(x1, x

′, 0) = 0, x′ ∈ R
N−1, x1 > 0.

2. ut − ∆u +

p
∑

i=1

x2α
i u

q = 0, 2 ≤ p ≤ N, dans le domaine G =
{

(x, t) : x ∈ R
p
+ ×

R
N−p, t ∈ R

+
}

, avec u(0, xp+1, ..., xN , 0) = 0, (xp+1, ..., xN ) ∈ R
N−p\ {O} , t > 0, et

u(x1, ..., xp, xp+1, ..., xN , 0) = 0, (x1, ..., xp) ∈ R
p
+.
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1 Introduction

Ce chapitre est constitué de deux sections. Dans toutes les parties, on prend q > 1 et
α > −1. Dans la première section, on étudie les singularités isolées dans le demi-espace
du problème

ut − ∆u+ x2α
1 u

q = 0, (1.1)

dans le domaine E =
{

(x, t) : x ∈ R
+ × R

N−1, t ∈ R
+
}

, avec

u(0, x′, 0) = 0, x′ ∈ R
N−1\{O}, (1.2)

u(x1, x
′, 0) = 0, x′ ∈ R

N−1, x1 > 0. (1.3)

La seconde section est une généralisation de la section précédente. On étudie le problème
suivant :

ut − ∆u+

p
∑

i=1

x2α
i u

q = 0, 2 ≤ p ≤ N (1.4)

dans le domaine G =
{

(x, t) : x ∈ R
p
+ × R

N−p, t ∈ R
+
}

, avec

u(0, xp+1, ..., xN , 0) = 0, (xp+1, ..., xN) ∈ R
N−p\ {O} , (1.5)

u(x1, ..., xp, xp+1, ..., xN , 0) = 0, (x1, ..., xp) ∈ R
p
+. (1.6)

Pour (x, t) ∈ R
N × (0,∞), on pose

η =
x√
t

et τ = − ln t.

Alors l’application (x, t) → (η, τ) est un homéomorphisme de R
N ×R+ dans R

N ×R. Soit
une fonction réelle v dans R

N × R+, on note Sv la fonction donnée par

(Sv)(η, τ) = t
1+α
q−1 v(x, t),∀(η, τ) ∈ R

N × R,

avec q > 1 et α > −1. Si Sv est indépendante de τ alors on dit que v est autosimilaire.
Si u est une solution de (1.1 ) dans E alors w = Su satisfait

−wτ − ∆w − 1

2
η.∇w − α+ 1

q − 1
w + η2α

1 wq = 0

dans E∗ =
{

(η, τ) : η ∈ R
+ × R

N−1, τ ∈ R

}

. Soit K(η) = exp
|η|2

4 , cette équation peut

s’écrire sous la forme

−wτ −K−1div(K∇w) − α+ 1

q − 1
w + η2α

1 wq = 0. (1.7)
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En particulier si u est une solution autosimilaire, alors w satisfait

−K−1div(K∇w) − α+ 1

q − 1
w + η2α

1 wq = 0. (1.8)

Si en plus, u ∈ C(E\O) et satisfait (1.2 ) et (1.3 ) alors w = Su est une solution de (1.8
) dans R

+ × R
N−1 avec

w (0, η2, ..., ηN ) = 0 et lim
|η|→∞

|η|
2(1+α)

q−1 w(η) = 0. (1.9)

On pose A = R
+ × R

N−1. Si γ est une fonction continue, positive dans A et m ∈ N, on
note Wm,2

γ (A) l’espace de Sobolev avec le poids γ,

Wm,2
γ (A) =

{

ϕ ∈ Wm,2
loc (A) :

∫

A
|Dαϕ|2γ(η)dη <∞,∀α ∈ N

N , |α| 6 m
}

.

Wm,2
0,γ (A) est la fermeture de C∞

0 (A) dans Wm,2
γ (A) et Lsγ(A) est un espace de Lebesgue

avec un poids.
Si Ω est un domaine de R

N et F est une fonction positive dans L∞
loc(Ω), on pose

LFv = −F−1div(F∇v),∀v ∈ W 1,1
loc (Ω).

On considère l’opérateur LK sur W 1,2
0,K(A). La fonction ψ1 :=

η1

K
est une fonction propre

positive avec une valeur propre λ1 = N+1
2

et les dérivées de ψ1 sont aussi des fonctions
propres pour cet opérateur. Par Escobedo-Kavian [1], on a

Lemme 3 L’opérateur LK est un isomorphisme entre W 1,2
0,K(A)

⋂

W 2,2
K (A) et L2

K(A). Les

valeurs propres de LK dans W 1,2
0,K(A) sont λk = N+k

2
, k = 1, 2, · · · . L’espace propre

ker(LK −λkI) est engendré par
{

Dαψ1 : α = (α1, α2, · · · , αN) , |α| = k− 1, α1 est pair
}

.

En particulier ker (LK − λ1I) est un espace de dimension 1 engendré par ψ1.

On rappelle un théorème établi dans le livre de Berger, Gauduchon et Mazet [4].

Théorème 1.1 Les valeurs propres de l’opérateur de Laplace-Beltarmi −∆SN−1 dans l’es-
pace W 1,2

(

SN−1
)

sont λk = k (k +N − 2), k = 0, 1, 2, .... L’espace propre correspondant
Hk est l’espace des restrictions sur SN−1 des polynômes harmoniques de degré k, et la
dimension de Hk est

dk =
(N + k − 3) (N + k − 4) ...N (N − 1)

k!
(N + 2k − 2) .

Dans leur article [2], Marcus et Véron ont étudié le problème dans le cas où α = 0 et ils
ont prouvé le théorème suivant :
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Théorème 1.2 Soit le problème

ut − ∆u+ uq = 0, (1.10)

dans le domaine E =
{

(x, t) : x ∈ R
+ × R

N−1, t ∈ R
+
}

, avec

u(0, x′, t) = 0, x′ ∈ R
N−1, t > 0 (1.11)

u(x1, x
′, 0) = 0, x′ ∈ R

N−1, x1 ≥ 0, (x1, x
′) 6= (0, 0). (1.12)

1. Si q ≥ N+3
N+1

, alors le problème n’a pas de solution dans C
(

E\O
)

autre que la solution
triviale.

2. Si 1 < q < N+3
N+1

, alors il existe une solution unique positive autosimilaire Us ∈
C
(

E\O
)

. En plus hs := SUs satisfait l’estimation suivante, pour tout m ∈
(

0, 1
q−1

)

:

Cmη1|η|2m−N−1 ≤ exp
|η|2

4 hs (η) ≤ Cη1|η|
2

q−1
−N−1 ∀η ∈ R

+ × R
N−1, |η| > 1

où Cm et C sont deux constantes positives.

3. La solution Us est maximale dans le sens qu’elle domine toute solution u ∈ C
(

E\O
)

.

Dans le cas elliptique, Marcus et Véron [3] ont étudié le problème

−∆u+ xα1u
q = 0, (1.13)

dans le domaine E ′ =
{

x ∈ R
N , x1 > 0

}

, avec

u(0, x′) = 0, x′ ∈ R
N−1\{O} (1.14)

u ∈ C
(

E ′\O
)

.

Ils ont défini pour τ > 0 et pour toute fonction v ∈ E ′ la transformation

Sτv(x) = τ
2+α
q−1 v(τx) ∀x ∈ E ′.

Ils ont obtenu le théorème suivant :

Théorème 1.3 1. Si q ≥ N+1+α
N−1

, alors le problème n’a pas de solution dans C
(

E ′\O
)

autre que la solution triviale.

2. Si 1 < q < N+1+α
N−1

, alors il existe une solution unique positive autosimilaire Us ∈
C
(

E ′\O
)

. La fonction Us est de la forme

Us(x) = w(σ)|x|− 2+α
q−1 , σ =

x

|x| ,

w est la solution unique du problème
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{

∆σw + λw − (σ.e1)
αwq = 0 sur SN−1

+

w = 0 sur ∂SN−1
+

avec ∆σ est l’opérateur de Laplace-Beltrami sur la sphère unité,

λ = 2+α
q−1

(

2+α
q−1

+ 2 −N
)

et e1 est le vecteur unité dans la direction de l’axe x1.

3. Toute solution u du problème est dominée par la fonction Us. Alors il existe une
constante C tel que

|u(x)| ≤ Cd (x, ∂Ω) |x|− 2+α
q−1

−1.

Si u est une solution de (1.4 ) dans G alors w = Su satisfait

−wτ − ∆w − 1

2
η.∇w − α+ 1

q − 1
w +

p
∑

i=1

η2α
i w

q = 0

dans G∗ =
{

(η, τ) : η ∈ R
p
+ × R

N−p, τ ∈ R

}

. Cette équation peut s’écrire sous la forme

−wτ −K−1div(K∇w) − α+ 1

q − 1
w +

p
∑

i=1

η2α
i w

q = 0. (1.15)

En particulier si u est une solution autosimilaire, alors w satisfait

−K−1div(K∇w) − α+ 1

q − 1
w +

p
∑

i=1

η2α
i w

q = 0. (1.16)

Si en plus, u ∈ C(G\O) et satisfait (1.5 ) et (1.6 ) alors w = Su est une solution de (1.16
) dans R

p
+ × R

N−p avec

w (0, ηp+1,...,ηN
) = 0 et lim

|η|→∞
|η|

2(1+α)
q−1 w(η) = 0. (1.17)

2 Le cas du demi-espace.

Théorème 2.1 Soit le problème

ut − ∆u+ x2α
1 u

q = 0, (2.1)

dans le domaine E =
{

(x, t) : x ∈ R
+ × R

N−1, t ∈ R
+
}

, avec

u(0, x′, 0) = 0, x′ ∈ R
N−1\O, (2.2)

u(x1, x
′, 0) = 0, x′ ∈ R

N−1, x1 > 0, (2.3)
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avec α > −1 et q > 1. Si 1 < q < N+3+2α
N+1

, alors il existe une solution unique positive

autosimilaire Us ∈ C
(

E\O
)

. En plus hs := SUs satisfait l’estimation suivante, pour tout

m ∈
(

0, 1+α
q−1

)

:

Cmη1|η|2m−N−1 ≤ exp
|η|2

4 hs (η) ≤ Cη1|η|
2+2α
q−1

−N−1 ∀η ∈ R
+ × R

N−1, |η| > 1 (2.4)

où Cm et C sont deux constantes positives.

La démonstration de ce théorème se base sur plusieurs lemmes qu’on va établir.

Lemme 4 Soit R ≥ 0, on pose

AR =
{

η ∈ R
N : η1 > 0, |η| > R

}

.

Soit F une fonction continue dans AR, positive dans AR, et soit λ ∈ R. On considère
l’équation

Mu := LFu− λu+ η2α
1 uq = 0 (2.5)

1. On suppose que u1 est une sous-solution faible positive de (2.5 ) et que u2 est une
sur-solution faible positive de (2.5 ) dans W 1,2

loc (AR)∩C
(

AR

)

. En plus, on suppose
que u1 ∈ L2

F (AR). Alors

u1 ≤ u2 sur ∂AR, lim
|η|→∞

u1 = lim
|η|→∞

u2 = 0 ⇒ u1 ≤ u2 dans AR. (2.6)

2. Soit 0 ≤ R ≤ R′ < ∞ et on pose AR,R′ = AR\AR′ . On suppose que u1 est une
sous-solution faible positive de (2.5 ) et que u2 est une sur-solution faible positive
de (2.5 ) dans W 1,2

loc (AR,R′) ∩ C
(

AR,R′

)

. Alors

u1 ≤ u2 sur ∂AR,R′ ⇒ u1 ≤ u2 dans AR,R′ . (2.7)

Preuve

Soit ǫ > 0 et ǫ′ > 0 tel que 0 < ǫ′ < ǫ. On pose

w1 =

(

(u1 + ǫ′)2 − (u2 + ǫ)2)

+

u1 + ǫ′
et w2 =

(

(u1 + ǫ′)2 − (u2 + ǫ)2)

+

u2 + ǫ
. (2.8)

Alors w1, w2 ∈W 1,2
0 (AR). Si on teste l’inéquation Mu1 ≤ 0 par w1 et Mu2 ≥ 0 par w2 et

on retranche les résultats, on obtient

−
∫

AR

(∇u1.∇w1 −∇u2.∇w2)Fdη ≥
∫

AR

(uq1w1 − uq2w2) η
2α
1 Fdη

−λ
∫

AR

(u1w1 − u2w2)Fdη. (2.9)
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Le support de w1 et de w2 est inclus dans l’ensemble Θ(ǫ) =
{

η ∈ R
N
+ : u1(η) > u2(η)+ǫ

}

et on a w1 < w2 dans Θ(ǫ). On a
∫

AR

(∇u1.∇w1 −∇u2.∇w2)Fdη

=

∫

Θ(ǫ)

[

∣

∣

∣

∣

∇u1 −
u1 + ǫ′

u2 + ǫ
∇u2

∣

∣

∣

∣

2

+

∣

∣

∣

∣

∇u2 −
u2 + ǫ

u1 + ǫ′
∇u1

∣

∣

∣

∣

2
]

Fdη (2.10)

Et par le théorème de Lebesgue, on a

lim
ǫ→0

∫

AR

(u1w1 − u2w2)Fdη = 0.

En fait

u1w1 − u2w2 =

(

1 − u2

u2 + ǫ

)

(

(u1 + ǫ′)2 − (u2 + ǫ)2)

+
≤ u2

1.

Or
(

1 − u2

u2+ǫ

)

(

(u1 + ǫ′)2 − (u2 + ǫ)2)

+
tend vers 0 preque partout quand ǫ, ǫ′ → 0 et u2

1

est intégrable d’où le résultat. Enfin,

uq1w1 − uq2w2 =

(

uq−1
1 − uq2

u2 + ǫ

)

(

(u1 + ǫ′)2 − (u2 + ǫ)2)

+

=

(

(

uq−1
1 − uq−1

2

)

+ ǫ
uq−1

2

u2 + ǫ

)

(

(u1 + ǫ′)2 − (u2 + ǫ)2)

+

qui est positive. Donc, par le lemme de Fatou,

lim
ǫ→0

∫

AR

η2α
1 (uq1w1 − uq2w2)Fdη ≥

∫

{u1>u2}
η2α

1

(

uq−1
1 − uq−1

2

) (

u2
1 − u2

2

)

Fdη. (2.11)

Alors par (2.9 ) et (2.11 ),
∫

{u1>u2}
η2α

1

(

uq−1
1 − uq−1

2

) (

u2
1 − u2

2

)

Fdη ≤ 0

ce qui implique que u1 ≤ u2.

Lemme 5 L’équation

rz′′ +

(

c1 +
r2

2

)

z′ + c2rz = 0, r ∈ (0,∞) (2.12)

possède deux solutions linéairement indépendantes z1 et z2 avec le comportement asymp-
totique à l’infini suivant :

z1(r) = r2c2−c1−1 exp
−r2

4 (1 + o(1)) et z2(r) = r−2c2(1 + o(1)). (2.13)
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La preuve de ce lemme est faite dans l’article de Marcus-Véron [2].

Théorème 2.2 Soit 1 < q < N+3+2α
N+1

et λ = 1+α
q−1

. Il existe une solution unique h ∈
W 1,2

0,K (A) ∩ Lq+1

η2α
1 K

(A) du problème

LKh− λh+ η2α
1 hq = 0 dans A = R+ × R

N (2.14)

vérifiant les conditions suivantes :

w (0, η2, ..., ηN) = 0 et lim
|η|→∞

|η|
2(1+α)

q−1 w(η) = 0. (2.15)

En plus h vérifie l’estimation (2.4 ). Finalement, pour tout q > 1, si h est une solution
de (2.14 -2.15 ), alors h ∈ W 1,2

0,K (A) ∩ Lq+1

η2α
1 K

(A) et h satisfait les inégalités suivantes :

exp
|η|2

4 h(η) ≤ Cη1|η|
2+2α
q−1

−N−1 pour tout η ∈ A, |η| ≥ 1 (2.16)

hs (η) ≥ Cmη1|η|2m−N−1 ≤ exp
|η|2

4 pour tout η ∈ A, |η| ≥ 1. (2.17)

Preuve

Etape 1 Existence d’une sur-solution de (2.14 ).

Soit z1 comme dans le lemme 5 avec c2 = λ = 1+α
q−1

et c1 = N − 1. On a γ = η1
|η| est la

première fonction propre et N−1 est la première valeur propre de l’opérateur de Laplace-
Beltrami −∆SN−1 dans W 1,2

0

(

SN−1
+

)

. La fonction U = z1(r)γ, r = |η| est une sur-solution
positive de (2.14 ) dans A. En fait,

LKU − λU + η2α
1 U q =

−
(

z′′1 +

(

N − 1

r
+
r

2

)

z′1 + λz1

)

γ − 1

r2
z1∆SN−1γ + η2α

1 U q =

=
N − 1

r2
U + η2α

1 U q > 0.

Etape 2 Existence d’une sous-solution de (2.14 ).

Soit la fonction propre ψ = K−1η1 de LK correspondante à la valeur propre N+1
2

. Pour ǫ
assez petit, on considère la fonction ǫψ. Cette fonction est une sous-solution positive de
(2.14 ) dans A. En fait, on remarque d’abord que

Si q <
N + 3 + 2α

N + 1
alors λ =

1 + α

q − 1
>
N + 1

2
.

En plus on a
LK (ǫψ) − λ (ǫψ) + η2α

1 (ǫψ)q =
(

N + 1

2
− λ

)

ǫψ + η2α
1 ǫqψq =
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ǫψ

(

N + 1

2
− λ+ η2α

1 ǫq−1ψq−1

)

.

En remplaçant ψ par sa valeur, on a

η2α
1 ǫq−1ψq−1 = ǫq−1η2α+q−1

1 exp
−|η|2(q−1)

4 ≤ ǫq−1η2α+q−1
1 exp

−η2
1(q−1)

4

qui est une quantité bornée. D’où

LK (ǫψ) − λ (ǫψ) + η2α
1 (ǫψ)q ≤ 0.

Etape 3 La sur-solution domine la sous-solution.
Cela se garantit par le fait que

U = η1|η|2c2−c1−2 exp
−|η|2

4 et 2c2 − c1 − 2 > 0.

Etape 4 Existence d’une solution de (2.14 ).
Puisque U > ǫψ, on peut trouver une solution h de (2.14 ) dans A entre les deux fonctions
U et ǫψ.
Etape 5 Si 1 < q < N+3+2α

N+1
, la fonction h vérifie (2.16 ).

Soit z1 comme dans le lemme 5 avec c2 = λ = 1+α
q−1

et c1 = N−1. On choisit R0 suffisament

grand de sorte que z1(r) > 0 pour r > R0. On a que γ = η1
|η| est la première fonction propre

et N − 1 est la première valeur propre de l’opérateur de Laplace-Beltrami −∆SN−1 dans
W 1,2

0

(

SN−1
+

)

. Si R > R0 alors la fonction U = z1(r)γ, r = |η|, est une sur-solution de
(2.14 ) dans AR. En fait,

LKU − λU + η2α
1 U q =

−
(

z′′1 +

(

N − 1

r
+
r

2

)

z′1 + λz1

)

γ − 1

r2
z1∆SN−1γ + η2α

1 U q =

=
N − 1

r2
U + η2α

1 U q > 0.

On choisit C > 0 pour avoir

Cz1(R0)γ(σ) > h(R0, σ)∀σ ∈ SN−1
+ .

Alors par le lemme 4,
CU > h dans AR0 .

Alors h satisfait (2.16 ). Et on déduit que h vérifie (2.15 ).
Etape 6 Pour tout q > 1, toute solution de (2.14 -2.15 ) vérifie (2.16 ).
Soit h une solution de (2.14 -2.15 ). Soient z1 et z2 définis comme dans le lemme 5, avec
c2 = λ = 1+α

q−1
et c1 = N − 1, et on choisit R0 suffisamment grand pour avoir z1(r) > 0,

z2(r) > 0 pour r ≥ R0. Par l’étape 1, la fonction U = γz1 est une sur-solution de (2.14 )
dans AR0 avec γ = η1

|η| est la première fonction propre de l’opérateur de Laplace-Beltrami
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−∆SN−1 dans W 1,2
0

(

SN−1
+

)

. En plus si z est une solution de (2.12 ), alors z est une sur-
solution de (2.14 ). On choisit C > 1 tel que

Cz1 (R0) γ (σ) ≥ h (R0, σ) , ∀σ ∈ SN−1
+ ,

et soit ǫ > 0. Alors CU et ǫz2 sont deux sur-solutions de (2.14 ) dans AR0 . D’où, la
fonction Vǫ = CU + ǫz2 est une sur-solution positive de (2.14 ) dans AR0 . Par (2.15 ) et
(2.13 ), il existe Rǫ > R0 tel que ǫz2 (r) > h (r, σ) pour tout r ≥ Rǫ et tout σ ∈ SN−1

+ .
Donc, si R > Rǫ, par le lemme 4,

Vǫ ≥ h dans
{

η ∈ R
N : η1 > 0, R > |η| > R0

}

.

Et donc Vǫ ≥ h dans AR0 . On fait tendre ǫ vers 0 et on utilise (2.13 ), on conclut qu’il
existe une constante C ′ ≥ C tel que

h ≤ Cγz1 = C ′η1r
2(1+α)

q−1
−N−1 exp

−r2

4 dans AR0 .

Etape 7 La fonction h ∈ W 1,2
0,K (A) ∩ Lq+1

η2α
1 K

(A) .

Par l’étape 6, si h est une solution de (2.14 ), alors h ∈ Lp
η2α
1 K

(A), pour tout p > 1. Il

reste à démontrer que ∇h ∈ L2
K (A). Pour tout ρ > 0,

∫ ρ

0

∫

SN−1
+

|∇h|2Kdη =

∫ ρ

0

∫

SN−1
+

(

h2
r + r−2|∇Sh|2

)

rN−1 exp
r2

4 dσdr

=

∫ ρ

0

∫

SN−1
+

(

−η2α
1 hq+1 + λh2

)

rN−1 exp
r2

4 dσdr +

∫

SN−1
+

hhr (ρ, σ) ρN−1 exp
ρ2

4 dσ.

En intégrant par parties, on obtient

∫ R

0

∫

SN−1
+

hhr (ρ, σ) ρN−1 exp
ρ2

4 dσdρ =

1

2
h2 (R)RN−1 exp

R2

4 dσ − 1

2

∫ R

0

∫

SN−1
+

h2 (ρ)

(

(N − 1) ρN−2 +
ρN

2

)

exp
ρ2

4 dσdρ.

Par l’estimation (2.16 ),

1

2
h2 (R)RN−1 exp

R2

4 dσ → 0 quand R → ∞

et

1

2

∫ R

0

∫

SN−1
+

h2 (ρ)

(

(N − 1) ρN−2 +
ρN

2

)

exp
ρ2

4 dσdρ converge quand R → ∞.
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En conséquent il existe une suite Rn qui tend vers l’infini tel que

∫

SN−1
+

hhr (Rn, σ)RN−1
n exp

R2
n
4 dσ → 0.

On remplace ρ par Rn, on obtient

∫ ρ

0

∫

SN−1
+

(

−η2α
1 hq+1 + λh2

)

rN−1 exp
r2

4 dσdr converge quand n→ ∞

et
∫

SN−1
+

hhr (ρ, σ) ρN−1 exp
ρ2

4 dσ → 0 quand n→ ∞.

On déduit alors que ∇h ∈ L2
K (A).

Etape 8 La solution h satisfait (2.17 ).
Soit c2 > 0. Par le lemme 4, il existe une solution zc2 de (2.12 ) avec c1 = N − 1 tel que

zc2 = r2c2−N exp− r2

4 (1 + o(1)) .

Soit µ > λ1

(

SN−1
+

)

, il existe une solution du problème

{

∆SN−1ϕ+ µϕ− (σ.e1)
2α ϕq = 0 sur SN−1

+

ϕ = 0 sur ∂SN−1
+

avec e1 est le vecteur unité dans la direction de l’axe x1. On pose w = ϕ (σ) zc2 (r). On
suppose que r est suffisamment grand de sorte que zc2 (r) > 0. Alors,

LKw − λw + η2α
1 wq =

−
(

z′′c2 +

(

N − 1

r
+
r

2

)

z′c2 + λzc2

)

ϕ− 1

r2
zc2∆SN−1ϕ+ η2α

1 wq =

= −ϕzc2
(

λ− c2 − µr−2 + ϕq−1
(

r−2 (σ.e1)
2α − η2α

1 zq−1
c2

))

.

On suppose que c2 ∈ (0, λ) et on conclut pour r suffisamment grand que

LKw − λw + η2α
1 wq ≤ 0.

Alors w = ϕ (σ) zc2 (r) est une sous-solution de (2.14 ).
Etape 9 Unicité de la solution de (2.14 ).
Pour montrer l’unicité, on suppose que h′ est une autre solution de (2.14 ). Alors pour
ǫ > 0, h′ǫ = (1 + ǫ)h′ est une sur-solution. Et pour 0 < δ′ < δ, on a

∫

A

(

−div(K∇h)
h+ δ′

+
div(K∇h′ǫ)
h′ǫ + δ

+ η2α
1

(

hq

h+ δ′
− h′qǫ
h′ǫ + δ

)

K

)

(

(h+ δ′)
2 − (h′ǫ + δ)

2
)

+
dη
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≤ λ

∫

A

(

h

h+ δ′
− h′ǫ
h′ǫ + δ

)

(

(h+ δ′)
2 − (h′ǫ + δ)

2
)

+
dη.

On a
(

hq

h+ δ′
− h′qǫ
h′ǫ + δ

)

(

(h+ δ′)
2 − (h′ǫ + δ)

2
)

+
≥ 0,

et

0 ≤
(

h

h+ δ′
− h′ǫ
h′ǫ + δ

)

(

(h+ δ′)
2 − (h′ǫ + δ)

2
)

+
≤
(

(h+ δ′)
2 − (h′ǫ + δ)

2
)

+
.

Par le théorème de Lebesgue, on a

lim
δ′→0

lim
δ→0

∫

A

(

h

h+ δ′
− h′ǫ
h′ǫ + δ

)

(

(h+ δ′)
2 − (h′ǫ + δ)

2
)

+
Kdη = 0.

En utilisant la formule de Green, on a
∫

A

(

−div(K∇h)
h+ δ′

+
div(K∇h′ǫ)
h′ǫ + δ

)

(

(h+ δ′)
2 − (h′ǫ + δ)

2
)

+
dη

=

∫

h≥h′ǫ

(

∣

∣

∣

∣

∇h− h+ δ′

h′ǫ + δ
∇h′ǫ

∣

∣

∣

∣

2

+

∣

∣

∣

∣

∇h′ǫ −
h′ǫ + δ

h+ δ′
∇h
∣

∣

∣

∣

2
)

Kdη ≥ 0.

On fait tendre δ′ vers 0 puis δ vers 0 et par le lemme de Fatou on a
∫

h≥h′ǫ
η2α

1

(

hq−1 − h′q−1
ǫ

) (

h2 − h′2ǫ
)

Kdη ≤ 0.

Alors h ≤ h′ǫ. Puisque ǫ est arbitraire, h ≤ h′ ensuite on inverse l’inégalité. On obtient
h = h′.

3 Le cas du général.

Théorème 3.1 Soit le problème

ut − ∆u+

p
∑

i=1

x2α
i u

q = 0, (3.1)

avec 2 ≤ p ≤ N, dans le domaine G =
{

(x, t) : x ∈ R
p
+ × R

N−p, t ∈ R
+
}

et

u(0, xp+1, ..., xN , 0) = 0, (xp+1, ..., xN ) ∈ R
N−p\ {O} , t > 0, (3.2)

u(x1, ..., xp, xp+1, ..., xN , 0) = 0, (x1, ..., xp) ∈ R
p
+, (3.3)

avec α > −1 et q > 1. Si 1 < q < N+2α+p+2
N

, alors il existe une solution unique positive

autosimilaire Us ∈ C
(

G\O
)

.
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Preuve

Etape 1 Existence d’une sur-solution de (1.16 ).

Soit z1 comme dans le lemme 5 avec c2 = λ = 1+α
q−1

et c1 = p (N + p− 2). On prend la

fonction propre v = η1η2...ηp

|η| correspondante à la valeur propre p (N + p− 2) de l’opérateur

de Laplace-Beltrami −∆SN−1 . La fonction U = z1(r)v, r = |η| est une sur-solution positive
de (1.16 ) dans G. En fait,

LKU − λU +

p
∑

i=1

η2α
i U

q =

−
(

z′′1 +

(

p (N + p− 2)

r
+
r

2

)

z′1 + λz1

)

v − 1

r2
z1∆SN−1v +

p
∑

i=1

η2α
i U

q =

=
p (N + p− 2)

r2
U +

p
∑

i=1

η2α
i U

q > 0.

Etape 2 Existence d’une sous-solution de (1.16 ).

Soit la fonction propre u = K−1η1η2...ηp de LK correspondante à la valeur propre (N +
p)/2. Pour ǫ assez petit, on considère la fonction ǫu. Cette fonction est une sous-solution
positive de (1.16 ) dans G. En fait, on remarque d’abord que

Si q <
N + 2α+ p+ 2

N
alors λ =

1 + α

q − 1
> (N + p)/2.

En plus on a

LK (ǫu) − λ (ǫu) +

p
∑

i=1

η2α
i (ǫu)q =

((N + p)/2 − λ) ǫu+

p
∑

i=1

η2α
i ǫ

quq =

ǫu

(

(N + p)/2 − λ+

p
∑

i=1

η2α
i ǫ

q−1uq−1

)

.

On a
p
∑

i=1

η2α
i ǫ

q−1uq−1 = η2α
1 ǫq−1uq−1 + η2α

2 ǫq−1uq−1 + ...+ η2α
p ǫ

q−1uq−1.

En remplaçant u par sa valeur, on a

η2α
1 ǫq−1uq−1 = ǫq−1

p
∏

i=2

ηq−1
i η2α+q−1

1 exp
−|η|2(q−1)

4 ≤ ǫq−1

p
∏

i=2

ηq−1
i η2α+q−1

1 exp
−η2

1(q−1)

4
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qui est une quantité bornée. De même, on a

η2α
2 ǫq−1uq−1 = ǫq−1

p
∏

i=1,i6=2

ηq−1
i η2α+q−1

2 exp
−|η|2(q−1)

4 ≤ ǫq−1

p
∏

i=1,i6=2

ηq−1
i η2α+q−1

2 exp
−η2

2(q−1)

4

qui est une quantité bornée. D’où

LK (ǫu) − λ (ǫu) +

p
∑

i=1

η2α
i (ǫu)q ≤ 0.

Etape 3 La sur-solution domine la sous-solution.
Cela se déduit du fait que

U = η1η2...ηN |η|2c2−c1−2 exp
−|η|2

4 et 2c2 − c1 − 2 > 0.

Etape 4 Existence d’une solution de (1.16 ).
Puisque U > ǫu, on peut trouver une solution h de (1.16 ) dans G entre les deux fonctions
U et ǫu.
Etape 5 Unicité
On utilise la même méthode de l’étape 9 du lemme 2.2.

Lemme 6 Soit R ≥ 0, on pose

GR =
{

η ∈ R
N : η1 > 0, η2 > 0, ..., ηN > 0, |η| > R

}

.

Soit F une fonction continue dans GR, positive dans GR, et soit λ ∈ R. On considère
l’équation

Mu := LFu− λu+

p
∑

i=1

η2α
i u

q = 0 (3.4)

1. On suppose que u1 est une sous-solution faible positive de (3.4 ) et que u2 est une
sur-solution faible positive de (3.4 ) dans W 1,2

loc (GR) ∩ C
(

GR
)

. En plus, on suppose
que u1 ∈ L2

F (GR). Alors

u1 ≤ u2 sur ∂GR, lim
|η|→∞

u1 = lim
|η|→∞

u2 = 0 ⇒ u1 ≤ u2 dans GR. (3.5)

2. Soit 0 ≤ R ≤ R′ < ∞ et on pose GR,R′ = GR\GR′ . On suppose que u1 est une
sous-solution faible positive de (3.4 ) et que u2 est une sur-solution faible positive
de (3.4 ) dans W 1,2

loc (GR,R′) ∩ C
(

GR,R′

)

. Alors

u1 ≤ u2 sur ∂GR,R′ ⇒ u1 ≤ u2 dans GR,R′ . (3.6)

Preuve

On suit la même méthode de la preuve du lemme 4.
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Lemme 7 Si 1 < q < N+2α+p+2
N

, la solution h de (1.16 ) satisfait l’inégalité suivante :

exp
|η|2

4 h (η) 6 Cη1η2...ηp|η|
2+2α
q−1

−p(N+p−2)−2 pour tout η ∈ G, |η| > 1. (3.7)

Preuve

Soit z1 comme dans le lemme 5 avec c2 = λ = 1+α
q−1

et c1 = p (N + p− 2). On choisit

R0 suffisament grand de sorte que z1(r) > 0 pour r > R0. On prend la fonction propre
v = η1η2...ηp

|η| et la valeur propre correspondante p (N + p− 2) de l’opérateur de Laplace-

Beltrami −∆SN−1 . Si R > R0 alors la fonction U = z1(r)v, r = |η|, est une sur-solution
de (1.16 ) dans GR. En fait,

LKU − λU +

p
∑

i=1

η2α
i U

q =

−
(

z′′1 +

(

p (N + p− 2)

r
+
r

2

)

z′1 + λz1

)

v − 1

r2
z1∆SN−1v +

p
∑

i=1

η2α
i U

q =

=
p (N + p− 2)

r2
U +

p
∑

i=1

η2α
i U

q > 0.

On choisit C > 0 pour avoir

Cz1(R0)v(σ) > h(R0, σ)∀σ ∈ la partie positive de SN−1
+ .

Alors par le lemme 6,
CU > h dans GR0 .

Alors h satisfait (3.7 ). Et on déduit que h vérifie (1.17 ).
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Mesures réduites, Grandes solutions et Singularités

de quelques problèmes paraboliques

Résumé. Cette thèse est constituée de trois parties. La première est consacrée à dégager les no-
tions de “bonne mesure” et de “mesure réduite” pour deux problèmes paraboliques non linéaires.
Pour chacun de ces problèmes et suite à un phénomène de relaxation, on construit une suite
qui converge vers la plus “grande” sous-solution du problème donné. En plus, on cherche des
“capacités universelles” et on établit des équivalences avec des mesures de Hausdorff. Dans la
deuxième partie, on cherche des conditions d’existence et d’unicité de “grande solutions” pour
des problèmes paraboliques dont le terme non linéaire est un terme d’absorption. Des conditions
sur le bord du domaine permettent de prouver l’unicité de la solution. Dans la troisième partie,
on étudie les “singularités” de deux problèmes paraboliques non linéaires.
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Abstract. The thesis at hand is composed of three parts. The first part is devoted to present the
notions of “good measure” and “reduced measure” for two non-linear parabolic problems. For
each of these problems we construct a sequence, after a relaxation phenomenon, which converges
to the “greatest” sub-solution of the given problem. Moreover, we look for “universal capacities”
and we establish equivalence with Hausdorff measure. In the second part, we establish existence
and uniqueness conditions for “large solutions” of parabolic problems whose non-linear term is
an absorption one. Some boundary conditions will permit to prove uniqueness of solutions. In
the last part we study the “singularities” of two non-linear parabolic problems.
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