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Résumé*

Le travail qui suit comporte quatre chapitres : le premier est centré autour de la
propriété de mélange faible pour les échanges d’intervalles et flots de translation. On y
présente des résultats obtenus avec Artur Avila qui renforcent des résultats précédents
dus & Artur Avila et Giovanni Forni. Le deuxiéme chapitre est consacré a un travail en
commun avec Zhiyuan Zhang et concerne les propriétés d’ergodicité et d’accessibilité
stables pour des systemes partiellement hyperboliques de dimension centrale au moins
égale a deux. On montre que sous des hypotheses de cohérence dynamique, center
bunching et pincement fort, la propriété d’accessibilité stable est dense en topologie
C", r > 1, et méme prévalente au sens de Kolmogorov. Dans le troisieme chapitre, on
expose les résultats d'un travail réalisé en collaboration avec Julie Déserti, consacré
a l'étude d’une famille & un parametre d’automorphismes polynomiaux de C3; on
montre que de nouveaux phénomenes apparaissent par rapport a ce qui était connu
dans le cas de la dimension deux. En particulier, on étudie les vitesses d’échappement &
I'infini, en montrant qu’une transition s’opeére pour une certaine valeur du parametre.
Le dernier chapitre est issu d’un travail en collaboration avec Jiangong You, Zhiyan
Zhao et Qi Zhou; on s’intéresse a des estimées asymptotiques sur la taille des trous
spectraux des opérateurs de Schrodinger quasi-périodiques dans le cadre analytique.
On obtient des bornes supérieures exponentielles dans le régime sous-critique, ce qui
renforce un résultat précédent de Sana Ben Hadj Amor. Dans le cas particulier des
opérateurs presque Mathieu, on montre également des bornes inférieures exponentielles,
qui donnent des estimées quantitatives en lien avec le probleme dit “des dix Martinis”.
Comme conséquences de nos résultats, on présente des applications a I’homogénéité du
spectre de tels opérateurs ainsi qu’a la conjecture de Deift.

The following work contains four chapters: the first one is centered around the
weak mixing property for interval exchange transformations and translation flows. It
is based on the results obtained together with Artur Avila which strengthen previous
results due to Artur Avila and Giovanni Forni. The second chapter is dedicated to a
joint work with Zhiyuan Zhang, in which we study the properties of stable ergodicity and
accessibility for partially hyperbolic systems with center dimension at least two. We show
that for dynamically coherent partially hyperbolic diffeomorphisms and under certain
assumptions of center bunching and strong pinching, the property of stable accessibility is
dense in C"—topology, r > 1, and even prevalent in the sense of Kolmogorov. In the third
chapter, we explain the results obtained together with Julie Déserti on the properties of a
one-parameter family of polynomial automorphisms of C?; we show that new behaviours
can be observed in comparison with the two-dimensional case. In particular, we study the
escape speed of points to infinity and show that a transition exists for a certain value of
the parameter. The last chapter is based on a joint work with Jiangong You, Zhiyan Zhao
and Qi Zhou; we get asymptotic estimates on the size of spectral gaps for quasi-periodic
Schrodinger operators in the analytic case. We obtain exponential upper bounds in the
subcritical regime, which strengthens a previous result due to Sana Ben Hadj Amor. In
the particular case of almost Mathieu operators, we also show exponential lower bounds,
which provides quantitative estimates in connection with the so-called “Dry ten Martinis
problem”. As consequences of our results, we show applications to the homogeneity of
the spectrum of such operators, and to Deift’s conjecture.

1. Mots-clés : Systemes dynamiques, échanges d’intervalles, flots de translation, propriété de mé-
lange faible, systéemes dynamiques partiellement hyperboliques, ergodicité stable, automorphismes po-
lynomiaux, opérateurs de Schrodinger quasi-périodiques, physique mathématique, théorie spectrale.
Keywords: Dynamical systems, interval exchange transformations, translation flows, weak mixing prop-
erty, partially hyperbolic dynamical systems, stable ergodicity, polynomial automorphisms, quasiperi-
odic Schrédinger operators, mathematical physics, spectral theory.
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Introduction

1. Cocycles

Dans les différents chapitres, on rencontrera les objets suivants & plusieurs reprises.
Etant donnés un ensemble M et un groupe H (groupe topologique, groupe de Lie...)
dont on note e 'élément neutre, un cocycle est une paire (f, @), ot f: M — M est une
transformation définie sur M, et ¢: M — H une fonction (continue, lisse...) qui & tout
point de M associe un élément de H. Pour tout « € M, on peut composer ¢ de maniere
naturelle le long de l'orbite de = sous f, par la formule

o) = { o(f"Hx)) - o(f(x)) - p(x), sin>0,

e, sin=0.
Lorsque f est inversible, on note également

Pu(2) = ¢ (fTM(@) o (f (@) 97 (f T (), sin <O

On a alors la relation suivante :

Oman (@) = o (f1(2)) - dn (), Vn,me€Z, x € M. (1.1)

Dans (1.1), on voit qu’on a une action de Z, a travers (n, x) — ¢, (z), ot (n,x) € Zx M,
mais on peut généraliser cette définition également aux actions d’autres groupes.

Un exemple naturel de cocycle est donné par la différentielle d’une fonction f: M —
M lisse définie sur une variété M, en lien avec la formule de la chaine :

D(f")(z) = Df(f""'(x))- - Df(f(x))Df(x), ¥n>0, =€ M.

Avec les notations précédentes, s’il existe une collection de fibres {N,, = € M} au-
dessus des points de M, et si pour tout x € M, ¢(x) envoie N, sur Ny, (c’est le cas
par exemple pour le cocycle différentiel Df(z): T, M — Ty M a travers 'action sur
les sous-espaces tangents), on peut voir le cocycle comme un systéme dynamique fibré
sur {{z} x N, © € M}, ou la dynamique de base est donnée par celle de f, et 'action
dans les fibres est celle associée a ¢.

La plupart des cocycles qui interviendront dans la suite sont des cocycles linéaires :
étant donné un espace A muni d’une mesure de probabilité p, il s’agit d’une paire (T, A)
d’applications mesurables, ou T: A — A et A est une application de A dans un groupe
linéaire, disons A: A — GL(m,K) pour un certain entier m > 0, et ot K =R ou C. On
a alors une action naturelle

 AxK™ — AxK™,
(T’A)'{ (@0) — (T(x), A(x)-v).

2. Mélange faible pour les échanges d’intervalles et flots de translation

Le chapitre consacré aux échanges d’intervalles et flots de translation est tiré d’un
article co-écrit avec Artur Avila.

2.1. Echanges d’intervalles et flots de translation. Soit I C R un intervalle
fermé a gauche et ouvert a droite. Un échange d’intervalles sur I est une bijection de
I telle que pour une certaine partition {I,},ca de I en sous-intervalles, et pour tout
a € A, la restriction f|;, de f a I, est une translation. Ici et dans ce qui suit, on sup-
pose que les intervalles sont indexés par les éléments d’un alphabet A = {a1,...,aq}
sur d > 1 symboles. Une telle application peut-étre completement décrite a l'aide de
deux données : une donnée de longueur, c’est-a-dire un vecteur A € R4 ~ Ri dont les

1



2 INTRODUCTION

coordonnées A, := |I,| correspondent a la taille des différents sous-intervalles, et une
donnée combinatoire T = (my, 7p), ol les bijections my, mp: A — {1,...,d}, indiquent
dans quel ordre les différents sous-intervalles sont réordonnés apres application de f;
par un léger abus de langage, 7 est également appelée une permutation. Plus précisé-
ment, en allant de gauche a droite, 'ordre selon lequel les intervalles sont rangés avant
et apres application de f est donné respectivement par (m; '(1), 7, 1(2),..., 7, (d)) et
(mp (1), 7, 1(2), ..., m; '(d)). On note f(A,7) I'échange d'intervalles associé. On définit
aussi |A| := Y Aa, et alors I = I* := [0, |A]). L’action de f est donnée par un vecteur
de translation w € R4, dont les composantes w,, := Do (B) <y (@) B~ Dome(8)<me () B
correspondent au déplacement induit par f|; . On remarque que w = Q,(\) pour une
certaine application linéaire {2,. Dans ce qui suit, on se restreint au cas d’une donnée
combinatoire irréductible, c’est-a-dire telle que pour tout entier k entre 0 et d — 1, les
k premiers éléments des deux listes précédentes forment deux ensembles distincts (si ce
n’est pas le cas, ’échange d’intervalles f(\, ) se décompose en deux sous-échanges d’in-
tervalles plus simples n’interagissant pas). Deux échanges d’intervalles dont les données
de longueur sont homothétiques ont méme comportement dynamique : on peut donc
projectiviser A en [\] € P4 ~ P41 et considérer la classe d’applications f([\], 7).

Les échanges d’intervalles sont des systemes discrets, et possedent un analogue en
temps continu, correspondant au flot sur certaines surfaces, appelées surfaces de transla-
tion. Une telle surface est une surface de Riemann compacte S munie d’une différentielle
abélienne w non-nulle. La 1—forme holomorphe w possede un nombre fini de zéros, ap-
pelés des singularités; on note ¥ C S l’ensemble de ces zéros, et x, l'ordre du zéro
p € X. Autour d’'un point régulier, on peut définir une carte dans laquelle w est juste
dz; la famille de ces cartes fournit un atlas de S\X dont les fonctions de transition sont
données par des translations. Par ailleurs, au voisinage d’une singularité p, il existe une
carte dans laquelle w devient z"?dz, avec k, > 0. L’aire de S est alors donnée par la
formule [ |w|? < +o0.

On peut également voir une surface de translation comme une surface compacte
munie d'un atlas de translation et possédant un nombre fini de singularités coniques
p € X telles que pour un certain voisinage U, 3 {p}, 'ensemble U, \{p} est isomorphe &
un (k,+ 1)—revétement d'un voisinage épointé de 0 dans R2. Les surfaces de translation
sont des exemples de surfaces plates : toute la courbure (négative) est concentrée dans
les singularités de S, et en notant g > 1 le genre de S, la formule de Gauss-Bonnet s’écrit
alors Zpez kp = 2g — 2. Toute surface de translation peut étre représentée comme un
polygone possédant un nombre pair de cOtés, regroupés par paires de coOtés paralleles
et de méme longueur, et dont 'ensemble des sommets est partitionné en cycles associés
aux singularités.

Lorsque le genre g est fixé, on note M, I’espace des modules des différentielles abé-
liennes sur les surfaces de Riemann compactes de genre g, et M}] I'hypersurface de M,
associée a celles d’aire égale & un. L’ensemble M, est organisé en strates My (k1,. .., Km)
regroupant les différentielles possédant m zéros de multiplicités respectives K1, ..., km.

Le flot de Teichmiiller (T');er agit par matrices diagonales sur w € M, de la
maniere suivante, apres composition par des cartes locales adaptées :

TH(w). = ( eot) ws = [eR(w:)] +ile S (w2)]

En particulier, ce flot préserve les composantes connexes des strates, ainsi que la forme
d’aire. A priori, le flot de Teichmiiller semble juste dilater la coordonnée horizontale
et contracter la coordonnée verticale mais comme on a le droit de découper et recoller
certains morceaux de la surface associée (puisque ces opérations préservent la structure
de translation), on observe des phénomenes de récurrence : pour certains temps bien
choisis, on retrouve une structure proche de la structure initiale. Pour toute composante
connexe % d’une strate de M;, il existe une probabilité u¢ dans la classe de la mesure de
Lebesgue. Le résultat fondamental suivant a été obtenu par Masur et Veech, et montre
que la dynamique associée est effectivement riche.
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Théoréme 0.1 (Masur-Veech [25, 32]). Pour toute composante connexe ¢ comme ci-
dessus, la restriction du flot de Teichmiiller a € est ergodique par rapport a la mesure
e, et méme mélangeante.

Soit f un échange d’intervalles associé aux données (A, 7). On peut lui associer un
flot de translation de la maniére suivante. Pour la donnée combinatoire 7, on définit un
cone convexe de R* par :

THm) ={r| > 7m>0ct » 73<0,VI<k<d-1}
i (B)<k o (B)<k

et on introduit ensemble H*(m) := —Q. (T (7)) C R Les éléments h € H*(r)
s’interpretent comme des données de suspension selon la construction suivante introduite
par Veech : pour tout o € A, on vient “coller” un rectangle de hauteur h, au-dessus,
respectivement en-dessous, du sous-intervalle associé a « avant, respectivement apres
application de f. On peut définir une surface de suspension, obtenue comme un certain
quotient de la réunion de ces rectangles : on identifie les intérieurs des deux rectangles
associés & une meéme lettre, et on opere certains recollements le long des bords des
rectangles selon une combinatoire liée & celle de w. Pour 'alphabet {A, B,C, D} et la
combinatoire m; = (A, B,C, D), m, = (D, C, B, A), on obtient par exemple

Pls Py
Py
A |B| C D
Py
D C B
Py
P
/ 1
Pl B

Notons S = S(A, m, h) la surface de translation obtenue par la construction décrite
ci-dessus. Le flot vertical sur S correspond alors au flot spécial au-dessus de ’échange
d’intervalles f(A, 7).

Les singularités de S ne dépendent que de 7 et sont notées X(7) ; de méme, le genre
g = g(m) de S dépend seulement de 7, et on a la relation 2g = d+ 1 — #3 (7). On définit
également H(w) := Q,(R4) D H* (7). Pour toute singularité s € ¥(r), on considere le
vecteur b* € R? de coordonnées bf := xs(i — 1) — xs(i), 1 <i < d; on a alors h € H(n)
si et seulement si h-b* = 0 pour tout s € X(). De plus, 'espace H(7) est de dimension
paire, égale a 2g, et peut étre identifié a 'homologie de la surface S.

2.2. Procédures d’induction et de renormalisation. La notion de renor-
malisation est fondamentale en systémes dynamiques. Etant donnés une application
f: X — X définie sur un ensemble X, et un sous-ensemble Y de X, on considere I'appli-
cation induite par f sur Y ; pour ’ensemble des points y € Y dont 'orbite future revient
dans Y, il s’agit de 'application de premier retour y +— f"®)(y), ot n(y) € N\{0}
correspond au temps de premier retour de y.

Il existe certaines classes d’applications f pour lesquelles on peut définir une pro-
cédure d’induction & partir de la construction décrite ci-dessus, lorsque ’application
induite par f appartient & cette méme classe. Dans ce cas, 'opération d’induction peut
étre itérée, en considérant des régions de ’espace de plus en plus petites. On peut alors
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également introduire une procédure de renormalisation, ou apres chaque étape d’induc-
tion on effectue un changement d’échelle, de sorte que les applications qu’on obtient par
ce procédé agissent sur un espace de taille fixée.

Les exemples de systemes pour lesquels cette approche est fructueuse sont gé-
néralement de basse dimension, en raison de possibles difficultés de nature conforme
en dimension supérieure, et ces systémes ne peuvent pas étre chaotiques; cela est
notamment 1ié a I’exposant de Lyapunov, qui mesure le taux de croissance exponentielle
des itérés d’un systeme dynamique. En effet, si cet exposant est positif pour I’application
f initiale, il devient de plus en plus grand pour les itérés de f par la procédure de
renormalisation.

Dans le cas des échanges d’intervalles, des procédures d’induction et de renormali-
sation ont été introduites par Rauzy et Veech. Soit f = f(A, ) un échange d’intervalle
défini sur un intervalle I. On suppose que 7 est irréductible, et que les coordonnées de
A sont rationnellement indépendantes. Notons a(t) := 7, '(d), resp. a(b) := 7, '(d), le
symbole du sous-intervalle situé au bord droit de I avant, resp. apres application de f.
En particulier, nos hypotheses entrainent alors que A, (¢) # Aq(s), €t on a donc deux cas :

— si Aa(t) > Aa(r), on définit le sous-intervalle .J := I\, ), et on pose y(A, ) :=
t;

— s Aa(t) < Aa(p), on définit le sous-intervalle J := I'\I,), et on pose y(\, ) :=
b.

On vérifie que y(A\,m) = y(N,7) si A et X sont homothétiques, et on peut donc défi-
nir ([A], 7). Considérons lapplication de premier retour de f sur le sous-intervalle .J ;
il s’agit toujours d’un échange d’intervalles, noté f(/\(l),w(l)), pour certaines données
()\(1), 7r(1)). Dans le premier cas, on obtient par exemple :

On voit que la donnée 7(1) est obtenue & partir de 7 en appliquant la transformation
v(A, ), olt t est définie de la maniére suivante (on Pappelle transformation top) :

of ...ooah_y o) ajyy ... .. oft)
b ooab o alt) ob . db ab)
1t
( afl) e a’}g_l o) af, N ab(t) )
al ... ooy oat) abd) gy .. oagy )]
ou 'on a noté o := 7;71(i), 1 < i < d, * = t,b. La transformation b est appelée

transformation bottom et est définie de maniere analogue. Le plus petit ensemble de
permutations contenant 7 et invariant par les transformations top et bottom est appelé
la classe de Rauzy de m. On peut considérer le diagramme de Rauzy associé, dont les
sommets sont indexés par les éléments de la classe de Rauzy, et les arétes (orientées)
relient deux permutations obtenues I'une a partir de ’autre par ¢ ou b; on notera ~ les
chemins dans ce diagramme obtenus en concaténant des arétes.
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Pour ce qui est des données de longueur, en notant By r := Id + Eqp)a(t) €t Bpx :=
Id+Eq)a(p) les matrices associées aux arétes partant de 7, on a la relation A = B,*;(Am)’ﬂ-
A1) On pose également BE(\, ) = BE([)\],7) := By((A},x),x» €t pour un chemin ~y dans
le diagramme de Rauzy, on notera B, la matrice obtenue en faisant le produit des
matrices associées aux arétes qui composent 7.

Il est facile de voir que les données ()\(l)m(l)) vérifient les mémes hypotheéses que
(A, 7); on peut donc itérer la construction précédente, ce qui permet de définir une
procédure d’induction, appelée induction de Rauzy- Veech. En particulier, on obtient ainsi
une dynamique dans 'espace des paramétres des échanges d’intervalles, qui correspond
a une application Qr: (A, 7) — (AW, 7(D). On introduit également une procédure de
renormalisation, ce qui peut se voir en considérant la donnée projectivisée [A] € Pf, et
la dynamique associée est notée Rr: ([\,7) — ([A\D], 7). L’itéré n—eme de (A7)
par Qg est noté (A, 7(M) et de méme pour Rg. En particulier, on obtient pour Rz
(et similairement pour Q) :

A= By, m)* A, BN, 7) = BYRE (7). B, 7).

Apres n étapes d’induction, l'intervalle obtenu correspond & I A avec les notations
introduites précédemment, et on note J" := . Par définition de B(A,m) et par les
propriétés des produits de matrices, les coefficients de BF([\],7) s’interprétent aussi
comme le nombre de visites des différents sous-intervalles initiaux lorsqu’on considere le
segment de l'orbite sous f des points de J™ avant qu’ils ne reviennent dans J".

L’induction de Rauzy-Veech peut également se voir dans l’espace des rectangles de
suspension. En effet, on supprime les morceaux de rectangles adjacents au sous-intervalle
retiré & I dans la construction précédente, et on vient coller ces derniers au-dessus et
en-dessous d’autres rectangles par le jeu des identifications qu’on a définies.

w

On obtient une nouvelle surface, de méme aire, et cette construction préserve la
structure de translation. Notons h(®) € H*(r) la donnée de suspension décrivant la
hauteur des rectangles. Dans la figure précédente, on voit que les hauteurs des nouveaux
rectangles sont données par le vecteur h(Y) := BE(X, 7) - h(9). De plus, les matrices
B* préservent 'homologie : si Qr(A, ) = (AD, 7)) alors on a BE(\, 7)) - H(r) =
H(7(M). On obtient par conséquent un cocycle de maniere naturelle, défini au-dessus de
la dynamique de Qg :

Or: (\,m,h) = (Qr(A\,m), BE(\,7)-h), he H(r),
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appelé le cocyle de Rauzy ; de méme, on définit un cocycle au-dessus de R, aussi appelé
cocycle de Rauzy et noté Rr. On voit que l'application de l'induction a pour effet
d’allonger la taille des rectangles. Par conséquent, le flot de translation vertical au-
dessus des points de la transversale associée a lintervalle J™ met de plus en plus de
temps avant de revenir sur cette transversale, et induit des éléments de plus en plus
longs dans I’homologie (construits en fermant la trajectoire correspondante par un petit
segment) ; c’est ce genre d’observations qui rend ces procédures si intéressantes pour
décrire les phénomenes asymptotiques liés a la dynamique.

2.3. Le critere de Veech. Le résultat suivant est dit a Veech et fournit une illus-
tration des applications possibles des procédures d’induction-renormalisation. On consi-
dére un échange d’intervalles f = f(A,m) associé & une donnée 7 irréductible, et on
suppose que f = f(A,m) est ergodique.

Théoréme 0.2 (Veech, [32]). Si pour un certain h € R4 et t € R, Iéquation suivante
admet une solution mesurable ¢ non-triviale :

o(f(x)) = 2™thep(z), Vrel,, ac A, (2.1)
alors il existe un ensemble infini E d’entiers naturels tel que

. R o
Eal}zn—l)oo ||Bn ()‘77T) ' thHRd/Zd =0.

L’argument de Veech repose sur des idées liées a la renormalisation. Supposons que
Péquation (2.1) est satisfaite pour une certaine fonction ¢ mesurable non-triviale. En
passant au module dans (2.1), on voit que la fonction |¢| est invariante sous I’action de
f, donc constante presque partout par ergodicité de f; on peut donc se restreindre au
cas ou |¢| = 1. En revanche, la fonction ¢ est a priori seulement mesurable, donc on
sait juste (par le théoréme de Lusin) que pour tout € > 0, il existe un compact K. C I
tel que ¢| k. est continue et la mesure de I\ K, est plus petite que €.

Appliquons 'induction de Rauzy-Veech ; au temps n > 1, on obtient I’échange d’in-
tervalles f,) = f(A™, 7)) = f(QR(\, 7)) défini sur l'intervalle J" = . Pour
Papplication induite 1’équation (2.1) donne alors

O(fn)(x)) = ezmt(h("))%(m), Vo e J%, a € A,
avec (™), = ZB T(Enghﬁ, oll T(S"[; est le nombre de fois que I'orbite des points de J?
Jp = fbgln)v ol
bgl) =3 5 Té"; est le temps de premier retour des points de J2 dans J" sous l'action

de f. Par l'interprétation de B en termes de matrices de temps de retour, ’équation
précédente peut se réécrire :

O(fn)(z)) = 62”1(35([)‘]’”)'“)"(/)(;6), Ve e J, ae€ A (2.2)

visite I'intervalle Iz avant de revenir dans J™; on a également (f(,))

En d’autres termes, s'il existe une solution ¢ & (2.1) associée 4 un vecteur th € R pour
un échange d’intervalles f(\, 7), alors par la procédure d’induction, on voit que ¢ satisfait
une équation similaire & (2.1) pour le vecteur BX([\],7) - th et I'échange d’intervalles
JICARE W(")). Le gain est que l'induction agit comme une sorte de “microscope” puisque
I'intervalle J™ est bien plus petit, et permet donc d’obtenir des propriétés locales sur ¢,
qui est seulement mesurable. Veech montre qu’il existe un ensemble £ C N de temps
tels que pour tout § > 0, pour n € E suffisamment grand, il existe w = w(J™) tel que

/n |p(z) — w|dz < §|J"|.

Par I'inégalité de Markov, on déduit alors que ¢ est de plus en proche d’une constante
sur lintervalle J" & mesure que n € E devient grand : l'ensemble X5 » := {x €
Jn | |6(x) — w| > V/8} est de mesure au plus égale & v/3|.J"|. En considérant les temps
de retour de 'application de renormalisation Rg sur un simplexe A & ]P’f, il montre
également qu’on peut supposer que pour tout n dans F, les sous-intervalles de J™ sont
commensurables : il existe € > 0 tel que pour tout n € FE, le quotient de la longueur
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du plus petit et du plus grand sous-intervalle de J™ est supérieur & €. En combinant ces
arguments, on voit que pour tout § > 0, il existe n € E tel que pour tout a € A, il existe
w=w(J") et x € J satisfaisant

() —w| < V6 et [G(fin) (@) —w| < V0.
Comme ¢ est de module un, on déduit de (2.2) que
|e27ri(Bf([/\]7ﬂ')~th)a _ 1‘ < 2\/3’ Yo € A,
ce qui conclut. O
2.4. La propriété de décroissance rapide. Pour une classe de Rauzy R, on

définit Ag = UrenR7 x {7} x TF (). Cet ensemble est formé de triplets (\, 7, 7), et
dans ces coordonnées, le flot de Teichmiiller peut se lire de la maniere suivante :

TH: (N7, 7) = (e'\,me ir), teR.

Le cocycle de Rauzy devient alors :
Or: (A7) = (BEAm) ™) - A a (BRO,m) 1) - 7).
En identifiant H”f ~ {\ € R4, |\| = 1}, l'application de renormalisation de Rauzy
Rr: ([N, 7) = ([(BRE, 7))~ AL, D) se rééerit également
(BN )N
Rr(\, 7)) = AN
a(hm) ((E’R(Aﬂf)*)l')\l’7T

Soit [A| = 1; on définit tr(A,7) = —log (|(BF(A,7)7!)* - A|), et on remarque que
I’application Rni: A\, 7, 7) = Qg o THAT (X 7, 7) est un produit croisé au-dessus de
Rr. Notons ¢(\, 7, 7) := |\|; Up est défini comme 'ensemble des = € Ag tels que

— Qg(z) est défini et p(Qr(z)) <1 < ¢(z);
— Qr(r) n’est pas défini et p(z) > 1;
- Q;}l(ﬂv) n’est pas défini et ¢(x) < 1.

L’ensemble Ug; est un domaine fondamental pour 'action de Qg, et le flot de Veech
(V) ier est défini comme le flot induit par T* sur Ug. L’application de premier retour
sur la transversale ¢—!(1) est donnée par R g ; réciproquement, on peut voir (V) ¢er
comme le flot spécial au-dessus de 7%3 pour la fonction “toit” tr. Par conséquent, la
dynamique de (V!); est intimement liée & celle de 'application de renormalisation de
Rauzy. Avila-Gouézel-Yoccoz [6] ont étudié Papplication de premier retour de (V!)ier
sur une section précompacte et montré que le temps de premier retour a des queues
exponentielles.

Soit 7 une permutation irréductible, et A une donnée de longueur rationnellement
indépendante. Par les travaux de Marmi-Moussa-Yoccoz [24], on sait qu’il existe un
entier n > 1 tel que la matrice B, ([A],7) a tous ses coefficients strictement positifs. On
définit le simplexe A := B, ([\], 7)* ~Pﬁ. En particulier, il est compactement contenu
dans Pﬁ. En considérant I'application T induite par R sur le simplexe A, on a alors
une partition de Markov

A=Ja,, A =BA,
i

ol A € A, si et seulement si la trajectoire de (A, 7) selon R revient pour la premiere fois
dans A x {7} par un chemin y du diagramme de Rauzy. On note 74 ()) := —log|(B2)~"-
Al le temps de premier retour pour A € A,. De plus, T" préserve une mesure de probabilité
i, et possede la propriété de distortion bornée, i.e., les mesures p., := ﬁ”TJ(M‘AW) sont
comparables & p. Le cocycle induit par le cocycle de Rauzy est alors (T, B), ot B|a, =
B,. Par les résultats d’Avila-Gouézel-Yoccoz, on obtient entre autres que I'application ra
a des queues exponentielles. En notant ||Allp := max{||A|,||A™!||} pour A € GL(d,R),
on peut alors en déduire :
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Proposition 0.3 (Avila-L.). L’application T est a décroissance rapide : il existe C; > 0
et a; > 0 tels que

> oAy <Cre™, Yo<e<l.
w(Ay)<e

De méme, B est a décroissance rapide : il existe Cy > 0 et ay > 0 tels que

Z w(Ay) < Con™2, V¥Yn > 1.
[Byllo=n

2.5. Mélange faible pour les échanges d’intervalles et flots de translation.
On se donne une permutation 7 irréductible; pour que la propriété de mélange puisse
étre satisfaite pour f = f(A,7), il est nécessaire que 7 ne soit pas une rotation; on
suppose dans ce qui suit que cette condition est vérifiée.

Nous avons obtenu les résultats suivants concernant le mélange pour les échanges
d’intervalles et flots de translation ; ils renforcent des théorémes analogues obtenus par
Avila-Forni [5] en termes de mesure.

Théoréme 0.4 (Avila-L.). Soit d > 1 et m une permutation qui n’est pas une rotation ;
alors I'ensemble des [\] € P4 tels que f([A],7) n'est pas faiblement mélangeant est de
dimension de Hausdorff strictement plus petite que d — 1.

Dans le cadre des flots de translation, ils peuvent se paramétrer a ’aide de la donnée
de suspension h € H(m) comme on a vu plus haut. L’énoncé est alors :

Théoréme 0.5 (Avila-L.). Soit 7 comme ci-dessus. L’ensemble des ([\], h) € P4 x H(r)
tels que le flot de translation associé n’est pas faiblement mélangeant est de dimension
de Hausdorff strictement plus petite que 2g + d — 1.

Pour I’échange d’intervalles f, la propriété de mélange faible équivaut au fait que
pour tout ¢ € R, il n’existe pas de fonction ¢: I — C non constante satisfaisant

O(f(2)) = ™ p(x), Vrel
Cela peut également se reformuler en :
(1) f est ergodique (on prend t entier dans I’équation précédente) ;

(2) pour tout t € R\Z, il n’existe pas de fonction ¢: I — C non-nulle telle que
o(f(x)) =™ (x), Voel

Considérons d’abord la propriété d’ergodicité. Veech [31] a montré que l’ensemble
My = {p, fip = p} des mesures invariantes par f est isomorphe au cone

() BE(N, =) - RA.

Gréce a ce fait, on voit que f est uniquement ergodique deés que les conditions suivantes
sont satisfaites :

— il existe n > 1 tel que les coefficients de B*([\],7) sont strictement positifs ;
— pour une infinité d’entiers k > 0, BE(RY ([\], 7)) = BE([\], 7).

Soit A une donnée de longueur rationnellement indépendante. On sait qu’il existe
n > 1 tel que la matrice B,([\],7) a tous ses coefficients strictement positifs, et en
considérant l’application induite par Rp sur le simplexe associé, on peut voir que les
points qui ne reviennent pas une infinité de fois dans ce simplexe ont une dimension de
Hausdorff non-maximale (cela découle d’un résultat d’Avila-Delecroix, par la propriété
de décroissance rapide montrée plus haut). On déduit que l'ensemble des parametres
pour lesquels on n’a pas unique ergodicité n’est pas de dimension de Hausdorff maximale.
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Pour le point (2) ci-dessus, on veut montrer que I’ensemble des parametres \ tels
qu’il existe ¢ € Z et une fonction ¢ non nulle vérifiant

o(f(x)) = ™ o(x), Veel
a une dimension de Hausdorff non-maximale. Le cas du genre un, ie., g = g(w) =
1, est facile, et on se restreint donc au cas ot g > 1. En considérant ’application T'
induite par Rp sur un simplexe compact A adapté (on a un contréle sur les points
qui s’échappent), on peut se ramener au cas d’un cocycle (T, B) pour lequel on a des
propriétés de décroissance rapide, et par le Théoreme 0.2, on a alors pour tout “mauvais
parametre” [A\] € A :
(t.t,....t) € (RAZY) nW*([N]) # 0,

ou 'on a noté

W) = fw € R, lim (BN - wlles e = 0.

Le résultat qu’on veut montrer se ramene donc a étudier la lamination faiblement stable
pour la dynamique du cocycle (T, B) dans l’espace des parameétres.

La géométrie de W* est compliquée et a été abordée dans les travaux d’Avila-
Forni. Un argument important est le résultat d’exclusion de l’espace central-stable, qui
entraine qu'une ligne ne passant pas par 1’origine est chassée de ’origine par 'itération du
cocycle. Cependant, de possibles transitions vers d’autres points a coordonnées entiéres
rendent ’analyse délicate, et Avila-Forni ont introduit pour tenir compte de cela un
argument probabiliste. On utilise leurs estimées en cherchant a obtenir un résultat de
grandes déviations. Pour un réel positif § > 0 petit et une ligne J fixée ne passant pas
par lorigine, au temps n, les mauvais parametres associés se trouvent dans un certain
ensemble

L3 () = A\ € A, JnW5,([A]) # 0}.
On montre 'estimée suivante :
w3 () < Ce 7],

pour des réels k, p > 0. Grace a la propriété de décroissance rapide, on peut alors conclure
sur la dimension de Hausdorff des parametres non faiblement mélangeants.

Le cas des flots de translations se traite a ’aide des données de suspension ; dans
ce contexte, on doit estimer I’ensemble des paires ([A], h) pour lesquelles la propriété de
mélange faible n’est pas satisfaite. Comme pour les échanges d’intervalles, on commence
par fixer h, et pour tout temps n, on construit un recouvrement de ’ensemble des mauvais
parametres [A]. Par le critére de Veech, pour un point dont les itérés croissent en accord
avec le taux attendu (donné par 'exposant de Lyapunov), ce méme recouvrement marche
pour des parametres h' exponentiellement proches de h (relativement & Uentier n), ce
qui permet de construire un bon recouvrement de ’espace des mauvaises paires ([\], h)
au temps n. Le cas des points dont la croissance des itérés est anormalement grande est
géré a 'aide d’'un argument de grandes déviations, ce qui est permis par la propriété de
distortion bornée.

3. Accessibilité pour les systémes dynamiques partiellement hyperboliques

La partie consacrée a la propriété d’accessibilité pour les systemes dynamiques par-
tiellement hyperboliques est issue d’un article en cours de rédaction en collaboration
avec Zhiyuan Zhang, et dont nous donnons une version provisoire dans cette these.

3.1. Rappels rapides de dynamique (partiellement) hyperbolique.

Définition 0.6 (Ensemble hyperbolique). Soit f un difféomorphisme d’une variété rie-
mannienne compacte M. Un ensemble hyperbolique pour f est un sous-ensemble K C M
compact, f—invariant, tel que la restriction a K du fibré tangent admet une décompo-
sition en somme d’un fibré instable E° et d’un fibré stable E",

T.M = E°(x) ® E“(z), VzeK,

qui vérifie les propriétés suivantes :
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— les sous-fibrés E* et E* sont invariants, i.e., D f(E*(x)) = E*(f(z)), * = s, u,
Ve e K ;

— FE* est uniformément contracté, tandis que E“ est uniformément dilaté : il
existe des constantes x°, X" > 0 et ¢ > 0 telles que pour tout x € K,

|Df"(v)]| < ce™X, Vv € E*(z),n >0,
IDf ()| <ece™™,  VYveE"(z),n>0.

En général, I'étude des systemes dynamiques se concentre sur les points qui
possedent une certaine forme de récurrence. Pour une application f: M — M d’un
espace topologique M, la notion la plus forte de récurrence est associée aux points fixes
et périodiques; de maniére plus générale, on peut définir 1’ensemble non-errant Q(f)
comme l’ensemble des points x € M tels que pour tout voisinage U de z, il existe un
entier n > 1 satisfaisant f(U)NU # 0. Dans le cas o M est une variété riemannienne
compacte et ot f est un difféomorphisme de M, on dit que f est Aziome A si Q(f) est
un ensemble hyperbolique pour f; on peut encore assouplir davantage ces conditions &
I’aide de la notion d’ensemble récurrent par chaines. A I'inverse, lorsque la variété M
elle-méme est un ensemble hyperbolique pour f, on dit que f est un difféomorphisme
d’Anosov. Les difféomorphismes hyperboliques vérifient de nombreuses propriétés : par
le lemme de pistage, ils sont structurellement stables, le nombre de classes de récurrence
par chaines est fini, et chacune d’entre elles est transitive. ..

On peut assouplir 'hypothese d’hyperbolicité comme suit. De maniere informelle,
un difféomorphisme f: M — M d’une variété compacte riemannienne M est dit partiel-
lement hyperbolique s’il existe une décomposition

T,M = E°(z) @ E°(z) ® E(z), Yx € M,

du fibré tangent en somme de trois sous-fibrés invariants par la différentielle D f, tels
qu’en restriction au sous-espace stable E° (resp. sous-espace instable E“), Df agit
comme une contraction (resp. dilatation) avec un taux uniforme, et en restriction au sous-
espace central E°, les taux de contraction et d’expansion de D f sont dominés respecti-
vement par ceux de D f|gs et D f|gu. Dans la suite, on notera souvent dy := dim(E*),
dy, = dim(E") et ¢ := dim(E°). Par des arguments de transformation de graphe, les
fibrés stable et instable s’intégrent en des feuilletages invariants par la dynamique de f :

Théoréme 0.7 (Hirsch-Pugh-Shub, [19]). Supposons que f est de classe C". On a entre
autres :

— pour * = s,u, il existe un feuilletage W5 tel que pour tout x € M, la feuille
Wi (x) est une variété immergée de classe C" tangente a E* ;

— pour tout x € M, W; (z) est formée des points donc lorbite future converge
vers celle de y plus vite que les contractions de D f"|ge (s, et Wf“ vérifie une
propriété symétrique.

— la régularité transverse des feuilletages W; et Wi est Hélder.

Le fibré central n’est en revanche pas forcément uniquement intégrable, et méme
lorsque c’est le cas, il peut avoir des propriétés pathologiques.

On dit qu’un difféomorphisme partiellement hyperbolique f est dynamiquement co-
hérent lorsque les fibrés E<@ E" et E°® E*° s’integrent respectivement en des feuilletages
Wi et Wi* 5 on obtient alors un feuilletage central WW§ en intersectant les feuilles de ces
derniers. De plus sous une hypothese additionnelle, dite d’exzpansivité le long des plaques,
le feuilletage central présente une forme de stabilité structurelle.

3.2. Accessibilité.

Définition 0.8 (Accessibilité, classes d’accessibilité). Un difféomorphisme partiellement
hyperbolique f: M — M est dit accessible si pour toute paire de points x,y € M, il existe
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un chemin «y: [0,1] — M reliant x a4y obtenu en concaténant des chemins y;: [0,1] — M,
i =1,...,n, dont I'image est entiérement contenue dans une feuille stable ou instable
de f; en d’autres termes, Im(~;) C W}k(v(O)) pour * = s ou u. De tels chemins vy sont
appelés des chemins d’accessibilité (su—paths en anglais), et les images des chemins ~y;
ci-dessus sont appelés des arcs de .

Pour tout point x € M, on définit également la classe d’accessibilité de x pour f
comme l'ensemble des points y qui peuvent étre atteints a partir de x en suivant un
chemin d’accessibilité. On note Accy(x) la classe d’accessibilité de x. L’ensemble des
classes d’accessibilité forme une partition de M. En particulier, le difféomorphisme f
est accessible si et seulement cette partition est réduite a une seule classe, i.e., M tout
entier.

3.3. Accessibilité et ergodicité. Dans les années 30, Hopf [20] a prouvé l'er-
godicité du flot géodésique sur une surface compacte de courbure strictement négative.
Pour cela il a introduit un argument lié & I’étude des moyennes de Birkhoff le long des
feuilletages stables et instables. Cette idée a depuis été appliquée dans de nombreux
contextes et est aujourd’hui connue sous le nom d’argument de Hopf.

Soit f: M — M un difféomorphisme partiellement hyperbolique conservatif d’une
variété compacte connexe riemannienne M de dimension d. Etant donnée une fonction
intégrable ¢: M — R, on note aJr la limite supérieure des moyennes de Birkhoff de ¢
selon f :

n—-4o0o

-+ . 1 ¢
=1 — "
0] 1msupn;¢of

Lorsque ¢ est continue, on voit que pour tout = € M, y € W}(w),

limy, 1 oo [0(f™(z)) — &(f"(y))] = 0, d’ou $+(x) = $+(y) En particulier si la limite
limg, 4 oo %22:1 ¢ o f" existe en x, alors elle existe sur toute la feuille Wj‘i(x) et y est

constante. On peut définir de maniére analogue une fonction ¢ en considérant les itérés
de f dans le passé; dans ce cas, la fonction ¢ est constante sur les feuilles instables
pour f.

Par ailleurs, pour une fonction ¢: M — R dans L?, le théoréme ergodique de Bir-
khoff implique que EJF coincide (modulo 0) avec la projection de ¢ sur le sous-espace
de L? des fonctions f—invariantes. Pour montrer que le difféomorphisme f est ergo-
dique, il suffit donc de voir que pour toute fonction continue ¢: M — R, la fonction $+
est constante presque partout. Par la discussion précédente, et comme 1’ensemble des
fonctions f—invariantes est égal & I’ensemble des fonctions f~!—invariantes, on sait que
$+ = ¢ presque partout. De plus, a’r est constante le long des feuilles stables, tandis
que ¢ est constante le long des feuilles instables.

L’argument précédent a permis a Hopf de montrer ’ergodicité des difféomorphismes
d’Anosov dans le cas ou les feuilletages stable et instable sont lisses ; en effet en raisonnant
localement a 'aide de cartes, on obtient une paire de feuilletages transverses du cube
[—1,1]%, et le théoréme de Fubini nous dit qu’une fonction mesurable constante le long de
deux feuilletages transverses est constante presque partout. Cela conclut, par connexité
de M.

Cependant, il n’est pas vrai que pour un difféomorphisme d’Anosov général, les
feuilletages stable et instable sont de classe C'. En revanche, lorsque le difféomorphisme
est de classe C?, ces feuilletages posseédent la propriété d’absolue continuité ; rappelons
que pour un feuilletage F, cette propriété a pour conséquences :

(1) pour tout ensemble mesurable A C M, Vol(A) = 0 si et seulement si
Vol z(;)(A) = 0 pour presque tout € M, olt Volz(,) est le volume riemannien
induit sur la feuille de F passant par x;

(2) pour tout disque local D transverse & F, si Dy C D est de volume nul dans D,
alors la réunion des feuilles de F passant par les points de Dy est de volume
nul dans M.
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Pour un difféomorphisme d’Anosov f de classe C?, la preuve de I'ergodicité procede alors
de la maniere suivante. On considere une fonction continue ¢: M — R. Avec les notations

- . -+ =
précédentes, on sait que ¢ = ¢ sur un ensemble M’ C M de mesure totale, et on veut

montrer que ¢ est constante presque partout. Grace & 1’absolue continuité, on sait par
la propriété (1) ci-dessus que pour presque tout x € M, Wi(z)N M " est de mesure totale

dans W4 (x). Pour un tel z, et pour tout y € Wi(z)NM', ona ¢ (y) = 3 ) =9 (2).

Alors, en posant M" := U W#(y), on obtient que $+ est constante sur M'NM",
yEWJf ()M’
égale a $+(m) ; par la conséquence (2) ci-dessus de ’absolue continuité, on sait aussi que

.. .=t
M" est de mesure totale dans un voisinage de z; la fonction ¢ est donc constante
presque partout sur un voisinage de x, ce qui conclut, par connexité de M.

Théoréme 0.9 (Grayson-Pugh-Shub, [17]). Soit S une surface hyperbolique, et soit
{®}, le flot géodésique sur le fibré unitaire tangent T*S. Alors ®!, I'application temps-
un du flot, est stablement ergodique : il existe un voisinage U de ®' dans Diff?>(T1 S, Vol)
tel que toute fonction f € U est ergodique.

Ce résultat est le premier exemple de systeme dynamique partiellement hyperbolique
mais non hyperbolique stablement ergodique. Peu de temps apres, Pugh et Shub ont
formulé la conjecture suivante :

Conjecture 0.10 (Pugh-Shub [27]). Sur toute variété compacte, la propriété d’ergodi-
cité est satisfaite pour un ouvert dense de difféomorphismes de classe C? partiellement
hyperboliques préservant le volume.

Dans le cas partiellement hyperbolique, on n’a plus transversalité des feuilletages
stable et instable comme pour un difféomorphisme d’Anosov, et la propriété d’accessi-
bilité (ou pour le moins, une condition qui s’en rapproche) est ce dont on a besoin pour
espérer faire fonctionner un argument du type de celui introduit par Hopf. A laide de la
notion d’accessibilité, cette conjecture se divise en deux parties de la maniere suivante :

Conjecture 0.11 (Pugh-Shub [27]). La propriété d’accessibilité est satisfaite pour un
ouvert dense de difféomorphismes de classe C? partiellement hyperboliques, préservant
ou non le volume.

Conjecture 0.12 (Pugh-Shub [27]). Un difféomorphisme partiellement hyperbolique
de classe C? préservant le volume et possédant la propriété d’accessibilité essentielle est
ergodique.

Ici, la notion d’accessibilité essentielle est une version faible au sens mesuré de
I’accessibilité, qui dit que pour deux ensembles quelconques A et B de volume strictement
positif, il existe un chemin d’accessibilité reliant un point de A & un point de B.

L’hypothese de center-bunching est classique en dynamique partiellement hyperbo-
lique. De maniere informelle, pour un systéme dynamique partiellement hyperbolique
f+ M — M elle signifie que le défaut de conformalité de D f|ge est dominé par 'hyper-
bolicité de Df|gs et Df|g«. En particulier, elle est toujours vraie lorsque la dimension
centrale est égale a un.

Sous I’hypothése de center-bunching, Burns-Wilkinson [14] ont vérifié que la pro-
priété d’accessibilité essentielle entraine ’ergodicité.

3.4. Stabilité de I’accessibilité. Etant donnés une variété riemannienne com-
pacte M et un difféomorphisme f: M — M partiellement hyperbolique, on dit que f
est stablement accessible s’il existe un voisinage U/ de f en topologie C! dont tous les
éléments sont (partiellement hyperboliques et) accessibles.

Plus généralement, étant donné un point x € M, on dit que la classe d’accessibilité
Accy(x) est stable, si pour tout compact K C Accy(z), il existe un voisinage Ug de f
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en topologie C! tel que pour tout g € U, on a K C Accy(x). Il découle de la définition
que les classes d’accessibilité stables sont nécessairement ouvertes.

Différents résultats ont été obtenus pour un fibré central de basse dimension (c’est-
a-dire pour ¢ = dim(E°) petit) relativement a la stabilité de accessibilité.

Lorsque ¢ = 1, accessibilité est une propriété stable, par un résultat de Didier [15].

Pour le cas de la dimension deux, Avila-Viana ont montré le résultat suivant, qui
est la réciproque a la propriété énoncée ci-dessus.

Théoréme 0.13 (Avila-Viana, [11]). Supposons ¢ = 2. Alors toute classe d’accessibilité
ouverte est stable.

En particulier, cela leur a permis de vérifier la conjecture de stabilité dans le cas
d’un fibré central de dimension deux.

Théoréme 0.14 (Avila-Viana, [11]). La propriété d’accessibilité est stable pour les
systemes partiellement hyperboliques dont le fibré central est de dimension deux.

Leur stratégie repose sur l'utilisation de certaines paramétrisations (non injectives)
des classes d’accessibilité.

Théoréme 0.15 (Avila-Viana, [11]). Pour tout difféomorphisme partiellement hyper-
bolique f: M — M, il existe un entier k > 1, un voisinage U de f et une suite
Py U x M x RF(dutds)l s Nr Q’applications continues, tels que pour tous £,m > 1,
(9,2,v) €U x M x RF(dutds)l

(1) Pm(g, Pi(g, 2,v),w) = Prym(g, 2, (v,w)) pour tout w € RF(dutds)m
(2) M > ¢ Pi(g,¢,v) € M est un homéomorphisme et Py(g,-,0) =1d;
(3) Acey(z) = U1 Pa({(g. 2)} x RHGHa0n)

L’entier ¢ ci-dessus est lié au nombre d’arcs dont sont formés les chemins d’accessibi-
lité. Grace a ces paramétrisations, les auteurs construisent des chemins de déformation
de la maniére suivante. Pour un difféomorphisme f et un point z € M, un chemin de
déformation basé en (f,z) est un chemin ~: [0,1] — M tel que pour un certain entier
¢ > 1, il existe une application bornée T': [0,1] — RF(dutds)t telle que v = Py(f, z,T).
Ces chemins possedent des continuations naturelles : pour (g,w) proches de (f,z), le
chemin P;(g,w,T) est proche de Py(f,z,T"). De plus, en présence d’une classe d’accessi-
bilité ouverte, ces chemins de déformation permettent d’approcher n’importe quel autre
chemin, selon le résultat suivant :

Théoréme 0.16 (Avila-Viana, [11]). Si f: M — M est un difféomorphisme partiel-
lement hyperbolique, et s’il existe @ € M dont la classe d’accessibilité Accy(x) est

ouverte, alors I'ensemble des chemins de déformation basés en (f,x) est dense dans
CO([07 1}7 Accf(x))'

La preuve du théoreme repose sur I'argument suivant. Soient f et « tels que Accy(x)
soit ouverte, et soient z,y € Accy(x); les auteurs montrent qu'il existe un voisinage U de
f et un voisinage V de z tels que pour tous (g, w) € U XV, Accy(z) = Accy(w). Pour cela,
ils considerent un disque D C Accy(z) de dimension deux passant par z et transverse a
E° @ E", et deux chemins 7y et 1, dans D s’intersectant transversalement en un unique
point. Par le Théoréme 0.16, ces chemins peuvent étre approchés uniformément par
des chemins de déformation v et 7, basés respectivement en (f, 2) et (f,y), de nombre
d’intersection égal & un (par conservation du nombre d’intersection par homotopie). Pour
(g,w) € U x V, ces chemins peuvent étre déformés en des chemins de déformation 74 et
~u basés respectivement en (g, z) et (g, w) ; de plus, il existe z; € Im(7;) et z,, € Im(7,,)
tels que W (xs) N Wy (z.,) # 0, et alors, les points z et w sont bien dans la méme classe
d’accessibilité pour g, ce qui conclut.
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FIGURE 1. Les chemins initiaux et leurs images apres déformation.

3.5. Densité de D’accessibilité. La densité de la propriété d’accessibilité a été
montrée par Dolgopyat-Wilkinson dans [16] en topologie C!; dans leur preuve, ils ob-
tiennent l'accessibilité en combinant une propriété d’accessibilité globale, modulo une
famille de disques transverses aux feuilles stables et instables, et une propriété d’acces-
sibilité locale pour ces disques, qui peut étre vérifiée apres perturbation C! dans le cas
ou on a un controle suffisant des temps de retour.

En topologie C™, r > 2, différents résultats ont été obtenus dans le cas ou la dimen-
sion centrale c est petite.

Dans le cas ou ¢ = 1, la densité de Iaccessibilité en topologie C”, r € N>y U {0},
a été montrée par F. Rodriguez-Hertz, M.A. Rodriguez-Hertz et R. Ures dans [30]. Soit
f: M — M une application partiellement hyperbolique sur une variété riemannienne
compacte M. Dans ce contexte, 'ensemble I'(f) des classes d’accessibilité non-ouvertes
possede une structure de lamination, en lien avec la propriété d’intégrabilité jointe des
fibrés stable et instable. En particulier, si T'(f) = 0, alors toute classe d’accessibilité
est ouverte, et donc f est accessible. L’argument utilisé par les auteurs pour prouver la
densité de Paccessibilité repose sur le fait que si I'(f) # 0, M, alors T'(f) possede néces-
sairement un point périodique, et ils montrent également que pour tout point périodique
x de f, on peut perturber f en une application g en topologie C” telle que la classe
d’accessibilité de x pour g soit ouverte.

Considérons & présent le cas ot ¢ = 2. Dans un article récent [21], Horita-Sambarino
ont vérifié la densité de la propriété d’accessibilité en topologie C” pour une certaine
classe de systemes, possédant entre autres un feuilletage central compact. Leur argument
utilise notamment le fait que la classe d’accessibilité d’un point fixe est invariante
par la dynamique; en analysant la dynamique en restriction & la feuille centrale
passant par un tel point, et grace aux résultats additionnels sur la structure des classes
d’accessibilité en basse dimension, cela leur permet de montrer que de maniere typique,
la classe d’accessibilité intersecte une telle feuille en suffisasamment de points, et est donc
nécessairement ouverte. Par ailleurs, Avila-Viana ont également obtenu un résultat de
densité en topologie C" par des arguments différents.

Dans notre travail, on s’intéresse a la densité en topologie C" des propriétés
d’accessibilité et d’ergodicité pour une classe de systemes de dimension centrale au
moins égale & deux. En termes informels, on montre que pour un systéme partiellement
hyperbolique f dynamiquement cohérent, possédant la propriété de center bunching,
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dont les holonomies stables et instables ont des estimées de régularité Holder suffisante,
et si le feuilletage central est uniformément compact, ou si les fibrés centre-stable et
centre-instable sont de classe C', alors pour tout entier J > 0 assez grand, la propriété
d’accessibilité stable (et donc d’ergodicité stable) est C™ — J—prévalente au sens de
Kolmogorov dans un voisinage de f (petit par rapport & la norme C*). Cette notion,
nettement plus forte que la densité, a été introduite afin de pallier 'absence de mesure
sur D’espace des difféomorphismes : on considére un cube de dimension J dans cet
ensemble, et on travaille alors par rapport a la mesure image héritée de la mesure de
Lebesgue.

La difficulté pour obtenir ce genre de résultats vient du fait qu’il est difficile d’obtenir
des perturbations qui produisent des déplacements suffisants des chemins d’accessibilité
pour générer de I'accessibilité localement lorsqu’on veut garder un controle sur la norme
C? de ces perturbations.

Pour voir cela, considérons une variété M de dimension n > 1 et un difféomorphisme
f:+ M — M de classe C”, r > 1. Etant donnés 2o € M et un point y “proche” de f(zo),
on cherche & approcher f en topologie C” par un difféomorphisme g € Diff" (M) tel
que g(zg) = y. De plus on suppose que la perturbation est gg—localisée, c¢’est-a-dire
J1B(z0,20)¢ = 9| B(wo,e0)c- Quitte & considérer des cartes locales, et en posant ¢ := go f~ L
x:= f(xzg), le probleme se ramene donc a chercher un difféomorphisme ¢ de R™ de classe
C" tel que

(1) [[¢ = Id[lcr < & pour un certain § > 0, ou l'on a posé [|¢ — Id[|cr =
SUpgepn Maxo<i<r |0 (¢ — 1)

(2) o(z) =y;
(3) @lB(z,e)e = 1d|B(a,e)e Pour un certain € > 0.

Soit z € R™ satisfaisant € < ||z — z|| < 2¢. On a par la formule de Taylor (ot o désigne
un multi-indice) :

y—z=(¢p—1d)(x Z_:i'_ild)() —|—ZR )z — 2)*

x| =0 « le|=r

ou la premiére somme s’annule (car ¢ coincide avec Id sur un voisinage de z), et ol

> Ral2)(@—2)*| < sup [0f(¢ — 1) [crlle — 2]" < dla — 2.
jal=r serr
On obtient alors

ly — @l < dllw — z||” $ 6", et donc &2 (6 |y — )"

En particulier, on peut voir que le déplacement des holonomies induit par une perturba-
tion J—petite en topologie C" et e—localisée est au plus de l'ordre de de” ; des lors que
r > 2, il est difficile par des perturbations suffisamment localisées (ce qui est important
notamment pour garantir un bon controle des holonomies) d’obtenir un déplacement
suffisant pour créer des classes d’accessibilité ouvertes.

Pour pallier ce probleme, notre argument s’appuie sur un résultat topologique obtenu
par Bonk-Kleiner qui énonce une propriété suffisante pour que I'image d’une application
continue soit d’intérieur non-vide, qu’on peut voir comme une forme faible d’injectivité.
On cherche alors a vérifier les hypotheses de leur résultat pour une certaine applica-
tion qui encode la structure des classes d’accessibilité, afin de produire de ’accessibilité
locale. On montre qu’il est en effet possible de vérifier ces hypotheses aprées certaines per-
turbations infinitésimales ; la preuve repose sur un argument d’exclusion de parametres,
puisqu’on peut estimer le volume des mauvais parametres pour lesquels une certaine
situation pathologique apparait. Cependant, 'application qu’on utilise pour décrire la
classe d’accessibilité doit étre Holder pour un exposant suffisamment proche de 1; en
effet, si ce n’est pas le cas, il se pourrait que la classe d’accessibilité soit de dimension
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de Hausdorff totale sans étre ouverte, et alors, il devient difficile de vérifier qu’on peut
par perturbation détruire les situations pathologiques ol les hypotheses du lemme to-
pologique ne seraient pas vérifiées. On combine ces arguments permettant d’obtenir des
propriétés d’accessibilité locale avec des arguments globaux pour obtenir la propriété
d’accessibilité totale.

4. Etude d’une famille d’automorphismes polynomiaux de C?

Le chapitre consacré aux automorphismes polynomiaux de C? est tiré d’un article
co-écrit avec Julie Déserti, accepté pour publication dans le journal The Journal of
Geometric Analysis.

Hénon s’est intéressé aux propriétés d’une famille d’automorphismes polynomiauz
de R? qui porte aujourd’hui son nom ; il s’agit des applications

Gap: (20,21) — (@ — zg —bz1, 20), a€R, b=Jac(gep) #O0.

La dynamique de telles applications a fait I’objet de nombreux travaux. Selon les va-
leurs choisies pour les parametres, on peut observer différents types de phénomenes : un
comportement de type fer a cheval de Smale, ou un comportement non hyperbolique.
Benedicks-Carleson [12] ont notamment établi pour certaines valeurs des parametres
(par exemple pour a = —1,4 et b = 0,3) la présence d'un “attracteur étrange” vers
lequel les orbites convergent sous ’action de g, . Il est également intéressant de consi-
dérer les automorphismes obtenus en prenant a, b complexes dans la définition ci-dessus;
dans le plan projectif complexe P, ils induisent les applications birationnelles suivantes,
obtenues en homogénéisant les polynomes précédents (on conserve la méme notation) :
Gab: (201211 22) ——» (az% - zg —bz129 : 2029 : z%)
Pour une application birationnelle f, le lieu d’indétermination Ind(f) est défini comme
I’ensemble des points ou I'application f n’est pas définie, c’est-a-dire ceux pour lesquels
les trois coordonnées s’annulent. On obtient ici Ind(g, ) = (0 : 1 : 0); en regardant ce
qui se passe pour l'inverse, on trouve cette fois Ind(g;llj) = (1:0:0). En particulier,
Ind(g%b)ﬂInd(g;ll)) = (; de plus, Ind(g;i) est attractif pour g, p, tandis que Ind(g, ;) est
attractif pour ga_llj Les applications de Hénon peuvent étre généralisées en considérant
des polynomes en zy de degré supérieur au lieu des polynémes quadratiques du type a —
22, et les lieux d’indétermination de telles applications possédent les mémes propriétés.
Les applications de Hénon sont un cas particulier d’applications algébriqguement
stables (cette notion sera définie au chapitre 3). Pour une application f de ce type,
on peut définir une fonction de Green

Crons i BTG

n—+00 dar
ou 'on note d le degré de f. En général, la fonction G n’est pas continue. Elle satisfait
la relation

Gof=d-G,
donc pour les points ou G est non-nulle, on a une mesure précise de la vitesse avec
laquelle ces derniers s’échappent a l'infini : par 1’équation précédente, I’ensemble de
niveau {p | G(p) = ¢} est envoyé par f sur I’ensemble de niveau {p | G(p) = dc}.

Le groupe des automorphismes polynomiaux de C2 a une structure de produit amal-
gamé ; ce fait a permis a Friedland et Milnor de montrer que dans le cas de la dimension
deux, tout automorphisme polynomial possédant une dynamique “riche” est de type Hé-
non. Plus précisément, un automorphisme polynomial de C? est soit conjugué & un
automorphisme élémentaire (au sens ou il préserve une certaine fibration rationnelle),
soit conjugué a un produit d’applications de Hénon généralisées. Par exemple, pour
I'automorphisme élémentaire e: (zq,21) = (azo + 22, Bz1 +7), a3 # 0, on obtient

e: (z0:21:29) —-» (azon + 22 Brizg + 22 zg) ,

et on voit que Ind(e) = Ind(e~!) = (1: 0 : 0) & I'inverse de ce qu’on a observé plus haut.
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En fait, cette dichotomie peut méme étre enrichie :

— les automorphismes élémentaires préservent une fibration rationnelle, ont un
centralisateur non-dénombrable, et sont d’entropie nulle;

— d’un autre c6té, les automorphismes de type Hénon ne préservent aucune courbe
rationnelle selon un résultat dit & Brunella [13], ont un centralisateur dénom-
brable, par un resultat di & Lamy [23], préservent un courant dont le support
est la fermeture des points d’orbite bornée, et coincide également avec la ferme-
ture des variétés stables de points hyperboliques (par les travaux de Bedford,
Fornaess, Lyubich, Sibony, Smillie etc.).

Il est donc naturel de se demander si de tels phénomenes peuvent étre observés pour des
automorphismes polynomiaux de C", pour n supérieur ou égal a trois. Dans le cas ou
n = 3, il n’y a pas de structure amalgamée, ni d’analogue au résultat de classification
de Friedland et Milnor.

Nous avons étudié le cas de la famille & un parametre d’automorphismes polyno-
miaux de C? composée des éléments de la forme

Uyt (20,21, 22) = (20 + 21 + 2828, 20, aza),

ol « est un nombre complexe non-nul de module plus petit que un, ¢ est un entier
supérieur ou égal a deux, et d un entier plus grand que 1. On remarque que ce sont des
produits-croisés au-dessus de l'application linéaire z — «z, et la dynamique dans les
fibres est donnée par des automorphismes de type Hénon.

Nous avons montré que le comportement dynamique des éléments de cette famille
est assez différent de ce qu’on observe dans le cas de la dimension deux ; en particulier,
les propriétés de cette famille empruntent a la fois aux automorphismes élémentaires et
aux automorphismes de type Hénon. Par exemple, il existe une unique fibration ration-
nelle invariante et les degrés des itérés croissent de maniere exponentielle tandis que le
centralisateur est dénombrable. On exhibe notamment une application birationnelle qui
fournit une semi-conjugaison de cet automorphisme avec une application

éa: (2’0721,2’2) = (QSQ(ZO,Zl),OLZQ>,

qui est le produit direct de 'application linéaire z — az et d’un certain automorphisme
¢o de type Hénon, ce qui explique le comportement intermédiaire des éléments de la
famille.

On remarque que le feuilletage {20 = const} est préservé par ¥, ; de plus, 'hy-
perplan {z2 = 0} est fixe, et attire I'orbite future de tout point lorsque |a| < 1. En
restriction a cet hyperplan, la dynamique est donnée par une application linéaire, et
on a deux comportements possibles : ou bien les points s’échappent a 'infini avec une
vitesse exponentielle donnée par les termes de la suite de Fibonacci (le nombre d’or ¢
est valeur propre), ou bien ils convergent vers {0} avec vitesse exponentielle. Dans le
premier cas, on dit que la vitesse d’échappement est de type Fibonacci.

Supposons que |a| < 1. Comme {z2 = 0} est attractif, on peut se demander si ce
genre de dynamique persiste pour des points suffisamment proches de cet hyperplan.
On montre que c’est effectivement le cas, lorsque |a| est suffisamment petit, c’est-a-dire
quand on converge suffisamment vite vers {zz = 0}. On montre en fait la transition
suivante :

Théoréme 0.17 (Déserti-L.).

— Supposons 0 < |a < ©(1=a)/d_ Alors pour les points dans un certain voisinage
de {z2 = 0} on a deux comportements possibles : ou bien ils s’échappent a
linfini avec vitesse Fibonacci, ou bien ils appartiennent a la variété stable de
Porigine et convergent vers cette derniere exponentiellement vite; en d’autres
termes, dans ce voisinage, le comportement est semblable a ce qu’on observe
sur {z2 = 0}.

— Supposons p(!=D/% < |a| < 1. En dehors de {z, = 0}, la vitesse d’échappement
Fibonacci est impossible ; plus précisément, pour les points dans {zo # 0}, ou
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bien ceux-ci appartiennent a la variété stable de l'origine, ou bien ils partent a
linfini avec vitesse maximale.

La transition précédente peut s’expliquer par exemple a ’aide d’un “cocycle”

q—1_d
A(Zo721,22) = (1+Zf “2 (1))

associé a la dynamique; en effet, on voit que les deux premieres coordonnées de W,
s’expriment & partir de ce dernier : (29 + 21 + 2824, 20) = A(p) - (20, 21). Partant d’un
point p, on note P (p) la premiere coordonnée de l'itéré n—eme W2 (p); on obtient
alors -
n q—1,nd, d
Awy(p) = (1 RO ),

A Taide de ces matrices, on voit donc une compétition s’installer entre le troisieme
terme, qui converge exponentiellement vite vers 0 avec vitesse «, et la croissance du
premier terme, qui est gouvernée précisément par la matrice A(P”(p)). On déduit de
I’observation précédente la dichotomie :

— si la vitesse d’échappement des premiers termes est trop faible par rapport & |«/,

1 .
1 0), qui a pour valeurs propres ¢
et —o~ 1. En particulier, sauf si les points appartiennent & la variété stable de
l'origine, ils s’échappent a 'infini avec vitesse Fibonacci;

les matrices précédentes convergent vers (

— sinon les matrices explosent, donc les premieres coordonnées grandissent tres
vite, et s’échappent a l'infini avec une vitesse bien supérieure a la vitesse Fibo-
nacci.

Le degré dynamique de I'application ¥, est égal a ¢ > 2. Bien que ¥, ne soit pas
algébriquement stable, on montre qu’il est quand méme possible de définir une fonction
de Green pour VU,, en normalisant par g; cette fonction nous permet de déduire des
informations sur les vitesses d’échappement de ¥, a I'infini. Par la semi-conjugaison, on
montre également qu’il est possible de relier la fonction obtenue a la fonction de Green
de l'application ¢, introduite précédemment, et qui possede de bonnes propriétés. On
obtient le résultat :

Théoréme 0.18 (Déserti-L.). Soit 0 < |a| < 1. Pour tout point p € C3, la limite
suivante existe N
lo pr
Lo ()]
n—+4o0 q"
La fonction G$a associée est plurisousharmonique, Holder et satisfait G$a o¥, = q-GJ\ICa.
De plus, on obtient I’encadrement

G+
1 < limsup L(m </,
Ipll—+oo log [|P]]

pour un certain ¢ > 1. L’ensemble {p € C? | GJ\ICQ (p) > 0} des points s’échappant avec
une vitesse maximale est ouvert, connexe et est de mesure infinie.

Dans le cas ou |a| = 1, Phyperplan {zo = 0} n’est plus attractif; on montre alors
que la dynamique est similaire a celle d'un automorphisme de type Hénon en restriction
a une feuille {|z2| =c}, ¢ #0:

— soit lorbite de p est bornée;
— soit Iorbite s’échappe a 'infini avec vitesse maximale.

De plus, il est possible de construire des mesures intéressantes a partir des courants
de Green. 1l est facile de voir que V¥, laisse invariants certains ensembles, et pour ces
derniers, on déduit de propriétés de mélange associées aux automorphismes de Hénon
un résultat d’ergodicité par rapport aux mesures qu’on a obtenues.
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5. Théorie spectrale des opérateurs de Schrédinger quasi-périodiques
unidimensionnels

Le chapitre consacré aux opérateurs de Schrodinger est basé sur un article co-écrit
avec Jiangong You, Zhiyan Zhao et Qi Zhou.

5.1. Rappels de théorie spectrale. En physique quantique, la probabilité de
trouver une particule dans une certaine région de I’espace est associée a une certaine fonc-
tion d’onde. L équation de Schrdédinger donne la loi d’évolution d’une fonction d’onde
au cours du temps; étant donnés une fonction d’onde initiale g et un opérateur de
Schrodinger H,, = —A + v, pour un certain potentiel v, et ot 'on note A le laplacien,
cette équation a la forme suivante :

1at¢ = vav 1/’(7 0) = 111}0'

Une solution formelle de I’équation précédente peut alors s’écrire :

G- t) = e Moy (5.1)

N

Pour décrire le mouvement, on est donc amené a “diagonaliser” 'opérateur H,, c’est-a-
dire & étudier le spectre de ce dernier, dont la définition est rappelée dans ce qui suit.

Dans la suite, on considere le cas d’une particule astreinte a se déplacer sur un espace
unidimensionnel, discrétisé; en d’autres termes, la fonction d’onde vit dans I'espace de
Hilbert des fonctions ¢2(Z) :

C@Z):={Y: Z—>C| > [Wm)* <o},  (p,1):=Y em)v(n).

nez neEZ

Définition 0.19 (Opérateurs de Schrodinger avec potentiel dynamiquement défini).
Soit f: (M,v) — (M, v) une transformation inversible ergodique d’un espace M muni
d’une mesure v, et soit V: M — R une fonction mesurable et bornée. Pour 6 € M,
Popérateur de Schrédinger Hy, z.9: *(Z) — (*(Z) est défini par la formule :

(Hy..0(¥))(n) :=P(n+1) +4(n - 1) + V(f"(0))¢(n), vneZ

Cette définition est consistante avec celle donnée ci-dessus : on a Hy y9 = H, ou le
laplacien est le laplacien discret, et le potentiel au point n € Z est donné par v(n) :=

V(f(0)).

Remarque 0.20. Dans le chapitre consacré aux opérateurs de Schrédinger, on consi-
dére exclusivement des opérateurs de Schrédinger quasi-périodiques sur (*(Z), ce qui
correspond au cas ou M est égal au tore d—dimensionnel dans la définition précédente,
ie., T4 := R%/Z9 d > 1, et ou le potentiel est défini par la dynamique d’une certaine
translation Ry : © — x 4+ o de vecteur de rotation o € T% aux coordonnées rationnelle-
ment indépendantes. On note alors H = Hy o9 := Hy g, 0.

Soit H un opérateur auto-adjoint sur ¢2(Z), cest-a-dire, (Hp, ) = (p, HY).
L’ensemble résolvant de H correspond a ’ensemble des valeurs E € C pour lesquelles
l'opérateur (H — E - 1d)~! existe et est borné, et le spectre ¥ = X (H) est défini comme
le complémentaire de I’ensemble résolvant. Comme H est auto-adjoint, le spectre est un
sous-ensemble compact non-vide de R, et ’on a

Y={EcR|(H—-E-1d) ™" nest pas défini}.

Le calcul fonctionnel permet d’appliquer des fonctions a l'opérateur H, et en particulier,
de donner un sens a (5.1). Etant donné ¢ € ¢*(Z), on a pour toute fonction mesurable
localement bornée g: R — C :

(6, g(H)p) = / 9(E)duy(E), VE€C\S,

ol fuy = fy(H) est la mesure spectrale associée a 1.
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Remarque 0.21. Dans le cas d’un opérateur de Schrodinger Hy = Hy sq, 0 € M,
défini comme dans la Définition 0.19, on introduit la mesure spectrale canonique g :

po = s, (Ho) + ps, (Hyp),

et on peut voir que toute mesure spectrale fiy (Hy) est absolument continue par rapport
a pg. On définit également la densité intégrée d’états

No(B) = [ uol(=oc. Bl

Pour ¢ € £2(7Z), la mesure spectrale se décompose de maniére unique comme somme
d’une partie absolument continue, d’une partie singuliere continue et d’une partie pure-
ment ponctuelle :

ap = Hapac + Hap,sc + Hap,pps
Ol [y qc €St absolument continue par rapport a la mesure de Lebesgue, py sc est sup-
portée par un ensemble de mesure de Lebesgue nulle et ne charge pas les points, et iy pp
a pour support un ensemble dénombrable de points. Par rapport a cette décomposition,
on définit alors les sous-espaces :

C(Z) = { € (T | juy = pryp+}, O * = ac, sc, pp,

et on a l?(Z) = (*(Z)qc®* (L) 5o HL*(Z)pp. Le spectre de H|p2(z), . est noté Xge = Lac(H)
et est appelé le spectre absolument continu de H, et on définit de maniére analogue
Yo et Xpp. On dit également que H a un spectre purement absolument continu si
0*(Z) e = ?(Z), et de méme pour sc et pp. En particulier, si H a un spectre purement
absolument continu, alors ¥,. = 3, mais la réciproque n’est pas toujours vraie.

Le théoréme suivant décrit le comportement des solutions (5.1) par rapport aux
propriétés de la fonction d’onde initiale .

Théoréme 0.22 (Théoreme RAGE).
(1) o € £*(Z),p si et seulement si pour tout € > 0, il existe n € N tel que

> AGm e )P <6, VEER.

Im|=n

(2) o € £%(Z)ac ® €*(Z)s. si et seulement si pour tout n € N, on a

. 1 4 —itH 2
#&Zp/m%;K%m o) Pdt = 0.

(3) Sipg € £?(Z)qe, alors pour tout n € N, on a
lim Z | (8, e Hapo) > = 0.

[t]—o0 iml<n
Remarque 0.23. En d’autres termes, si la mesure spectrale de la fonction d’onde ini-
tiale est purement ponctuelle, alors le mouvement de la particule est essentiellement
confiné a une région bornée de I'espace. Au contraire, si la mesure spectrale initiale est
continue, alors les moyennes de I’évolution de la particule au cours du temps quittent
toute région bornée, et si elle est absolument continue, le méme résultat est vrai sans
avoir a passer a la moyenne.

On voit en particulier que le spectre purement ponctuel est lié au caractére isolant
d’un matériau, tandis que le spectre purement absolument continu est associé a des
propriétés de conduction du matériau.

Théoréme 0.24. Avec les notations de la Définition 0.19, supposons que M est un
espace métrique compact, que f est un homéomorphisme de M, et que V: M — R
est continu. On considére les opérateurs Hy rg, 0 € M. Si f est minimal, c’est-a-
dire lorsque toutes ses orbites sont denses, alors le spectre X(Hv ), respectivement
le spectre absolument continu ¥..(Hv,,0), est indépendant de § € M ; en particulier, on
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note Xy 5 = X(Hvy,r). Notons que la partie concernant le spectre absolument continu
est bien plus délicate; il s’agit d’un résultat di a Last et Simon.

5.2. Motivations au probléeme de la réductibilité. Dans le cas continu, on
rappelle le théoreme de Floquet :

Théoréme 0.25 (Floquet). Etant donnés n > 1, T > 0, soit f € C°(R,gl(n,K)) un
champ de vecteurs T—périodique, ot1t K = R ou C. On considere I’équation différentielle
X'(z) = f(z) X(2), X(0) =1d.

Alors toute solution de I'équation différentielle précédente s’écrit sous la forme X (x) =

b(x)e¥ o, ot uy est une constante et
(1) b est une fonction T—périodique si K = C;
(2) b est une fonction 2T —périodique si K = R.

Maintenant, étant donné un entier d > 1, on se donne un vecteur de fréquences

a = (a1,...,aq) € RY rationnellement indépendant. Soit K = R ou C, et n > 1.
On se restreint au cadre analytique dans ce qui suit, et on se donne une fonction
/i R — gl(n,K) telle que f: x — F(az) := F(ajz,...,aqx) pour une certaine fonction

analytique F': T? — gl(n,KK). On considére alors 1’équation différentielle
X'() = f(2) - X(x).

Un des buts de la théorie quasi-périodique est de voir dans quelle mesure le résultat de
Floquet se généralise dans ce cadre, c’est-a-dire lorsque f est quasi-périodique comme
ci-dessus.

En prenant o € R? comme précédemment, considérons & présent un opérateur de
Schrodinger quasi-périodique H,, ot v(x) = V(ax) pour une certaine fonction analytique
V: T4 — R. On définit le module des fréquences M := {{j, ) | j € Z4}.

L’équation aux valeurs propres H,© = FE1 peut alors se réécrire sous la forme

précédente. En effet, en posant X (x) := (ZJ,((Q;))), on obtient :

X0 =) X0, 10= () p o) (52)

et on a f: R — gl(2,R). On dit alors que I"équation H,¢ = Ev posséde une représen-
tation de Floquet si elle possede deux solutions linéairement indépendantes de la forme

b1 (x)e®,  by(x)e 07, s1 2wy € M,
ou bien
(b1(z) + exba(z))e™®®,  ba(x)e™°® = bg(x)e” 0%, si 2iwg € M,
oit e = 0,1, et b; = B;(a-) pour une fonction analytique B;: T — R, i = 1,2, 3.

Remarque 0.26. Une condition suffisante pour que I’équation H,1» = E1) admette une
représentation de Floquet est que le systéme (5.2) puisse étre transformé en un systéme
analogue a coefficients constants, c’est-a-dire qu’il existe une matrice C' € gl(2,R) et
pour tout x, un changement de coordonnées T(E,x) € GL(2,R) de sorte qu’en posant
X(z) =:T(E,2z)Y (x), on obtienne

Y'(z) = CY(z).

En d’autres termes, le systéme (5.2) est réductible & un systéme a coefficients constants.

Comme on l'a dit, les résultats présentés dans le chapitre consacré aux opérateurs
de Schrodinger sont énoncés dans le cadre discret. Comme dans la remarque 0.20, on se
donne un opérateur de Schrodinger quasi-périodique H = Hy 9 ; on se restreint ici au
cas ol la fréquence o € R\Q est irrationnelle et ot V': T — R est analytique. La rotation
x — x + o est minimale, donc le spectre £(Hy o, 9) est indépendant de 6, et on le note
Yy o. Pour une énergie I¥ dans Yy, il n’est pas toujours possible de résoudre 1’équation
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aux valeurs propres Hy o 0Y = Et avec ¥ € (?(Z). Cependant on peut trouver des
solutions a croissance modérée :

Théoréme 0.27 (Théoréme de Berezanskii). Pour tout ¢ € (*(Z), et pour
to(Hv,o,0)—presque tout E, il existe une solution non-nulle & Hy o ¢¢ = Ev vérifiant
[¥(n)| <1+ |n|, pour tout n € Z.

Pour E € R, une solution formelle & I'équation Hy g1 = FE satisfait la relation :

(w(:;(:)D) = A0 + na) - (1#(15)1(2)1)) , Vnecz.

ot (o, A) = (v, S) est le cocycle de Schrédinger défini par

SY(z) == (E—le(x) _01> , VzeT.

Comme dans le cadre continu détaillé ci-dessus, on se demande s’il existe une représen-
tation de Floquet. Par la remarque 0.26, cela nous amene naturellement & introduire la
notion de réductibilité pour le cocycle (o, A). La définition qui suit est donnée dans le
cadre analytique, qui est celui qui nous intéresse ici.

Définition 0.28 (Réductibilité). On dit qu’un cocycle analytique (a, A), A: T —
SL(2,R), (pas nécessairement de type Schridinger) est réductible s’il existe une ma-
trice constante B € PSL(2,R) et une transformation analytique Z: T — PSL(2,R) qui
conjugue le cocycle (a, A) au cocycle constant (a, B) :

Z(x+a) 'A(x)Z(x) =B, VzeT.

En notant A, (z) := Az + (n — 1)a) --- A(x), n > 0, les itérés du cocycle, on voit alors
que la croissance de ces derniers est donnée par celle des puissances de la matrice B
modulo la conjugaison Z :

A, (z) = Z(x +na)B"Z(x) !, Vo e T.

Une approche importante au probleme de la réductibilité est liée a la théorie KAM.
Dans ce cas, on commence avec un cocycle constant (a, A) auquel on ajoute une petite
perturbation F', et on se demande si le cocycle (o, A+ F') est réductible. La méthode gé-
nérale repose sur un procédé itératif : si au temps n, on a un cocycle (o, A 4 F()) A()
constant et |F' (”)| < 1, on cherche a construire une conjugaison qui transforme le cocycle
(, A + F™) en (a, A®HD 4 FO+D) on A+ est constant et |[F )| <« |[FM)].
Les conjugaisons sont obtenues en résolvant une équation linéarisée, appelée équation
cohomologique. En répétant la construction, et si le produit des conjugaisons converge,
on peut alors réduire le cocycle a un cocycle constant. Une difficulté liée a ces outils
est le probleme des petits diviseurs, qui peuvent poser probleme pour la résolution de
I’équation cohomologique, et pour s’en débarrasser, on est souvent amené a exclure un
certain ensemble de parametres.

La notion de réductibilité peut également étre affaiblie en celle de presque réductibi-
lité, introduite par Avila et Krikorian : dans ce cas, le cocycle ne peut pas forcément étre
conjugué a un cocycle constant, mais on peut trouver des conjugaisons qui transforment
(o, A) en un cocycle dont la partie non-constante est aussi petite qu’on souhaite. Ce
concept généralise de fait le champ d’application de la théorie KAM : pour un cocycle
presque réductible, quitte a conjuguer, on peut se ramener a un cocycle dont la partie
non-constante est tres petite, et espérer alors appliquer les méthodes de la théorie KAM.

5.3. Dualité d’Aubry pour les opérateurs de Schrédinger quasi-
périodiques avec un potentiel analytique. Soit « € R\Q, § € R, et V: T —» R
un potentiel analytique dont on note (0 )rez les coefficients de Fourier. On étudie 1'opé-
rateur de Schrodinger H = Hy 9. On définit également un opérateur de Schridinger
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dual H = H’V@ﬂ par la formule suivante : pour tout n € 7Z,

(H)(n) ==Y Miwth(n — k) + 2cos(2m(0 + na))d(n), Vo € (*(Z).

kEZ

Par exemple, pour les opérateurs presque Mathieu, qui correspondent au cas parti-
culier ou l'on choisit V' := 2Xcos(27-) pour une certaine constante de couplage A € R,
on a la relation

H2/\COS(27T-),a,9 = AHj\-1 cos(27-),a,0 (53)
qui reflete une propriété de symétrie importante connue sous le nom de dualité d’Au-
bry ; dans ce cas, on observe également que I'opérateur dual est encore un opérateur de
Schrodinger, ce qui n’est pas vrai en général.

De maniére informelle, la dualité d’Aubry met en correspondance certaines proprié-
tés des opérateurs H et H. Pour un potentiel analytique général V, elle a notamment
pour conséquence que le spectre Z(ﬁ\/’a)@) de IA{\/?(LQ coincide avec le spectre Xy, de
Hy o p.

Revenons au cas presque Mathieu. Pour toute énergie E/ € Yoy cos(2r.),ar 1€ COCycCle

associé (o, A) = (a, S%E)‘ COS(2Tr')) vérifie :
L(a, A) = max{0,1n|A|},

ou L(a, A) est I'exposant de Lyapunov

L(a, A) = lim suplln|An(x)|.
n—=0 T N
Par conséquent, pour 0 < |A| < 1, la relation (5.3) nous dit que les cocycles associés a
Iopérateur .FAIQA cos(27-),a,6 ONt un exposant de Lyapunov strictement positif, tandis que
ceux associés a Hay cog(2r.),a,0 ONt UN exposant nul, et inversement si 'on considere AL
a la place de . En particulier, une transition s’opére pour |A| = 1. Le résultat suivant,
dua a Jitomirskaya, précise cette transition :

Théoréme 0.29 (Jitomirskaya [22]). Pour presque tous «,8 € R, 'opérateur presque
Mathieu H = Ha) cos(2r-),a,0 Satisfait :

(1) lorsque |\| < 1, H a un spectre purement absolument continu ;
(2) lorsque |A\| =1, H a un spectre purement singulier continu;

(3) lorsque|A| > 1, H a seulement un spectre purement ponctuel, avec des fonctions
propres a décroissance exponentielle.

Remarque 0.30. Par le théoreme RAGE dont I’énoncé est rappelé plus haut, les deux
premiers cas sont plutot associés a un comportement métallique, ou conducteur, tandis
que le troisiéme est relié a un comportement isolant. Dans le troisiéme cas, la conclusion
se réexprime en disant qu’on a de la localisation pour Hyy cos(2x-),a,0 ; €0 particulier, pour
|A| < 1, on voit par (5.3) et par le résultat précédent qu’on a de la localisation pour
TPopérateur dual ﬁg)\ cos(2m),a,0-

Pour des potentiels analytiques V plus généraux, la dualité d’Aubry met a profit
de telles propriétés de localisation pour I'opérateur dual afin d’obtenir des résultats de
réductibilité pour les cocycles associés & Hy o 9. Avila et Jitomirskaya ont généralisé ce
genre d’idées en montrant que lorsque le potentiel V' est “petit”, alors les opérateurs
H V.0 Sont presque localisés (la définition précise sera introduite dans le chapitre relatif
a ces questions), et cela implique des résultats de presque réductibilité pour les cocycles
associés a Hy 0.

5.4. Estimées exponentielles sur la taille des trous spectraux pour des
opérateurs de Schrédinger quasi-périodiques unidimensionnels et homogé-
néité du spectre. Rappelons un résultat di a Herman.
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Théoréme 0.31 (Nombre de rotation fibré). Soit F': X xT — X xT (o1 X est un espace
topologique) un homéomorphisme homotope a l'identité et préservant 'orientation, de
la forme F(x,y) = (f(x),9(y)), et supposons que f soit uniquement ergodique sur X.
Notons F un relévement de F 4 X x R. Alors, pour tout (x,t), et pour py: (x,t) — t, la
limite suivante :

lim l(pQ o F™(x,t) —t)

n—,oo M,
existe et est indépendante du choix de (z,t). On Iappelle le nombre de rotation fibré
de F et on le note p(F). Pour toute mesure de probabilité v invariante par F, p(F) est
aussi égal a la moyenne

/ (pa 0 F(2,1) — t)dv(z, ).
X xT

Soit & € R\Q, 8 € R, V: T — R analytique, et H = Hy ¢ 'opérateur de Schro-
dinger associé. Etant donné E € R, on pose A := SY ; le cocycle (o, A) est homotope a
I'identité. Pour tout = € T, la matrice A(x) est dans SL(2,R) et agit sur les points du
cercle selon la formule :

) cos(27y) — ulz cos(2m(y + ¥ (y)) .
100 (Gam) =9 (inlonty 4 o)+ Y0 €T

pour une certaine fonction ¢: T x T — R, et on définit F: (z,y) — (z + o,y + ¥ (y)).
On appellera la quantité ¥ la “dérive” du cocycle. Comme F est homotope a 'identité
et que r — x + «, le résultat précédent nous permet de définir le nombre de rotation
fibré du cocycle (o, A) comme

pla, A) i= p(F).
Dans ce cas on note également p(E) une détermination dans [0,1/2] du nombre de
rotation fibré p(a, S ) ; il s’agit d'une fonction continue par rapport a E.

Rappelons que les trous spectrauz pour I'opérateur H = Hy o ¢ sont définis comme
les composantes connexes du complémentaire réel du spectre Xy . Le théoréme d’éti-
quetage nous dit que ceux-ci sont indexés par des entiers k € Z; pour k € Z, le trou
spectral associé est noté G(k) = (E; , E;"), avec E;. < E; € R, et en restriction a G(k),
le nombre de rotation fibré est constant ; de plus, 2p appartient au module des fréquences
introduit plus haut :

2p(E) = ka mod Z, VE, <E< E,j

En effet, sur un trou spectral, on a des propriétés d’hyperbolicité uniforme, et donc des
directions stable et instable. Par les propriétés d’invariance par rapport a la dynamique,
on peut utiliser ces directions pour conjuguer le cocycle a un cocycle diagonal, puis
en résolvant des équations cohomologiques, on peut se ramener au cas d’une matrice
constante hyperbolique. En particulier, comme celle-ci fixe deux directions, le nombre
de rotation fibré est nul, et la formule ci-dessus provient juste de la variation du nombre
de rotation sous l'effet des conjugaisons.

En collaboration avec Jiangong You, Zhiyan Zhao et Qi Zhou, nous nous sommes
intéressés au probleme consistant a estimer la taille des trous spectraux. Pour a € R, on

note (Iq)—J) les meilleures approximations rationnelles de a. On définit aussi la quantité
77

B(a) := limsup ngj+1 Qj+1,
j—o0 q;

qui mesure la qualité de ’approximation de « par des rationnels. Lorsque « satisfait une
condition diophantienne, c’est-a-dire est mal approché par les rationnels, on a notamment
B(a) = 0. On dit que l'opérateur quasi-périodique Hy ¢ se trouve dans le régime
sous-critique global si pour toute énergie E dans le spectre, le cocycle (a, S},) est sous-
critique, i.e., la croissance de ses itérés est uniformément sous-exponentielle dans une
bande analytique {|Sz| < §}, 6 > 0. Nous avons obtenu le résultat suivant.
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Théoréme 0.32 (L.-You-Zhao-Zhou). On considére un opérateur de Schrédinger quasi-
périodique Hy o9, ol V: T — R est analytique, et o la fréquence o € R\Q satisfait
B(a) = 0. Comme précédemment, notons {G(k)}recz les trous spectraux. Alors dans le
régime sous-critique global, le trou d’étiquette k # 0 est exponentiellement petit par
rapport a |k| :

IG(k)| < Ce™* vk € Z)\{0}

pour des constantes C, v > 0 indépendantes de k.

Nous montrons en fait un résultat plus général ; pour un potentiel analytique “typi-
que”, Avila [4] a montré que le spectre présente un nombre fini de transitions entre valeurs
d’énergies super-critiques, pour lesquelles ’exposant de Lyapunov est strictement positif,
et valeurs d’énergies sous-critiques, pour lesquelles (v, Sg) est sous-critique, et aucune
énergie n’est critique. Dans ce cas, on montre que les estimées exponentielles précédentes
restent vraies pour les trous spectraux associés a des valeurs d’énergies sous-critiques.

Ce résultat généralise notamment un résultat précédent di & Hadj Amor [18] dans
le cas d’une fréquence « satisfaisant une condition diophantienne, ou elle montrait des
bornes supérieures sous-exponentielles sur la taille des trous spectraux d’un opérateur
de Schrodinger quasi-périodique associé & un petit potentiel (pour plus de détails sur
son travail, on consultera le chapitre 4).

Notre résultat généralise le sien au cas ou S(«) = 0, et on obtient de plus des
estimées exponentielles. En outre, nous montrons le résultat dans le cas sous-critique, ce
qui généralise le cas des petits potentiels. En fait, le résultat dans le cas sous-critique
est une conséquence de la preuve par Avila de la fameuse “Conjecture de la presque
réductibilité” [3] selon laquelle, pour un cocycle (o, A) quasi-périodique avec A: T —
SL(2,R) analytique, si le cocycle (o, A) est sous-critique, alors il est presque réductible.
Gréce a la preuve de cette conjecture, on se ramene au cas des petits potentiels de la
manieére suivante :

— i le cocycle (a, S)) est sous-critique, alors on peut le conjuguer & un cocycle
proche d’une constante ;

— le cocycle auquel on conjugue peut également étre choisi de type Schrodinger,
par des arguments dus & Avila-Jitomirskaya-Krikorian [8] : en particulier, on
se ramene pour [’énergie E au cas d’'un cocycle (a,Sg), ott V est un petit
potentiel et Ee R;

— pour des valeurs de I'énergie E’ voisines de E, on peut également se ramener
a un cocycle (a, Sg/) olt E est la méme énergie que précédemment, et V'’ est
lui aussi petit ; de plus la conjugaison utilisée pour 1’énergie E’ est proche de
celle utilisée pour F;

— on conclut a l'aide d’un argument de compacité.

Le résultat précédent peut donc se ramener au résultat analogue dans le cas d’un petit
potentiel :

Théoréme 0.33 (L.-You-Zhao-Zhou). On considére un opérateur de Schrédinger quasi-
périodique Hy 4,9, o V: T — R est analytique, et ot B(a) = 0. I existe des constantes
absolues co, ko > 0 telles que si V' vérifie 0 < sup|g, . |V (2)| < coe™ pour un certain
0 <e< 1, alors on a

IG(k)| < Ce™* vk e Z\{0}

pour des constantes C,~ > 0 indépendantes de k.

La preuve du résultat précédent s’effectue en deux étapes principales :

— on montre d’abord un résultat de réductibilité pour les énergies E sous-critiques
au bord des trous spectraux. Plus précisément, on montre que les cocycles
associés sont réductibles a des cocycles paraboliques, et on obtient des estimées
précises a la fois sur le coefficient hors-diagonale (il est exponentiellement petit
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par rapport a l’étiquette) et sur les conjugaisons Z = Z(E) (elles sont sous-
exponentielles sur le tore, et on a un contrdle sur leur croissance sur une bande
analytique) ;

— dans un deuxiéme temps, grace au résultat de réductibilité, et en raisonnant
selon un argument introduit par Moser-Péschel [26], on déduit un controle
précis sur les cocycles associés a des énergies £ — § voisines de F, § > 0,
en considérant Z(- + a)"1SY,_sZ, ou Z = Z(E) est la conjugaison construite
ci-dessus; selon un argument de moyenne, on peut faire diminuer la partie
non-constante du cocycle obtenu. En analysant la nouvelle partie constante
(qui se trouve toujours dans SL(2,R)), on voit une transition s’opérer pour
cette derniére entre matrices hyperboliques et matrices elliptiques et ce, pour
une valeur § = J; > 0 exponentiellement petite par rapport a I’étiquette k
du trou spectral. On conclut la preuve en montrant que le terme non-constant
est suffisamment petit par rapport a la variation ey, 0}, =~ dg, du nombre de
rotation qu’on observe pour la partie constante, de sorte que £s; est assez grand
pour induire une variation de celle du cocycle complet, c’est-a-dire, p(E — ) #
p(E) ; on déduit que la taille du trou spectral associé est au plus ¢j,.

Remarque 0.34. On donne une preuve alternative du second point ci-dessus, a ’aide
d’arguments reposant sur la notion de monotonicité pour les cocycles a valeurs dans
SL(2,R) (on renvoie a larticle d’Avila-Krikorian [10] pour une présentation détaillée
de ces concepts). En effet, initialement le coefficient hors-diagonale de la matrice pa-
rabolique ci-dessus est exponentiellement petit, et 'action de la matrice sur le cercle
induit une “dérive” (voir ci-dessus) exponentiellement petite aussi. Par monotonicité des
cocycles de Schrédinger, on sait que I'itéré second de la dérive est strictement monotone,
et en valeur absolue, a une dérivée uniformément minorée. Comme les conjugaisons qu’on
construit sont sous-exponentiellement grandes sur le tore, la dérivée de l'itéré second de
la dérive aprés conjugaison est sous-exponentiellement petite; par comparaison avec la
dérive initiale, on voit donc que pour les cocycles associés a une perturbation § > 0
comme précédemment, la dérive change de signe pour une valeur § = o >0 toujours
exponentiellement petite, ce qui conclut.

Expliquons pourquoi on peut se ramener a un cocycle parabolique pour des valeurs
d’énergie au bord d’un trou spectral. Rappelons le résultat suivant d’Avila-Jitomirskaya
[7], qui est une conséquence du théoréeme de Berezanskii :

Théoréme 0.35. Avec les notations précédentes, si E € Xy, alors il existe 0 = 0(E) €
R et une solution bornée 1) a I’équation aux valeurs propres ﬁvya’gw = E1) satisfaisant
P(0) =1 et |p(n)] <1, Vn e Z.

Sous les hypotheses du théoreme 0.33, considérons une énergie £ = E;‘ située au
bord droit du trou spectral G(k), k # 0. L’énergie est située dans le spectre donc par le
résultat précédent il existe une phase 6(E) et une solution bornée 1/3 a ﬁ\/’a)@l; = Ei.
Par I'hypotheése 0 < sup|g, <. [V (2)| < coe™, 0 < e < 1, on sait d’apres les résultats
d’Avila-Jitomirskaya [7] que les opérateurs de Schrédinger duaux sont presque localisés ;
en fait, dans notre cas, on peut voir que 260(E) = na mod Z pour un certain entier n € Z.
En particulier, cela implique qu’on a de la localisation ; par conséquent les coefficients
de 1& ont une décroissance exponentielle, donc peuvent étre vus comme les coefficients de
Fourier d’une fonction analytique v sur une bande. On définit ’onde de Bloch U: x>

. (eQwiew(x)
eﬂ']nw
Uz = a)

applique la matrice A := S}E/ :

> associée. On peut vérifier qu’elle satisfait la relation suivante lorsqu’on

A(z) - Ux) =U(x +a), VYreT.

Il est facile de voir que U ne s’annule jamais ; posons Z(x) := (Z:{(:r) WRU‘;Z:{(;E)),

olt Ry /4 est la rotation d’angle /2. On obtient une conjugaison complexe & valeurs dans
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SL(2,C) et on a alors pour un certain ¢ € R :

Z(x+ ) Ax) Z(w) = ((1) g) . VaoeT

Le résultat précédent fournit seulement une conjugaison compleze, et ne donne a priori
pas d’information sur la taille de Z et (. Pour obtenir des conjugaisons réelles main-
tenant, on peut considérer les parties réelles et imaginaires de U. Selon des arguments
introduits par Avila-Jitomirskaya [7], [1], en analysant les troncations de I obtenues en
gardant seulement les modes associés a des petits entiers, en utilisant I’analyticité, et
par des estimées sur la croissance des itérés du cocycle («, A), on montre que U nest
jamais “trop petite”; les estimées se font dans un premier temps par rapport a la phase
0(E), donc & l’entier n qui lui correspond, et on montre dans un second temps comment
relier n a I’étiquette k& du trou spectral.

Remarque 0.36. Dans la discussion précédente on analyse ce qui se passe pour un trou
spectral fixé; cependant, il est crucial que les constantes qu’on obtient soient indépen-
dantes du trou considéré. Cela découle en fait de I'uniformité par rapport a I’énergie des
résultats de presque localisation qui sont utilisés dans la construction.

Dans le cas réel, sous les hypotheses et avec les notations précédentes, on obtient
entre autres le résultat de réductibilité suivant dans le cas réel :

Proposition 0.37 (L.-You-Zhao-Zhou). Rappelons que 20(F) = na pour un entier n.
Alors il existe une application U: T — PSL(2,R) analytique et un nombre réel ¢ € R
tels que

0 1

ott |p| < Ce=elnl |U|p < e°UnD)| pour certaines constantes ¢, C' > 0 indépendantes de E.
De plus, on obtient

Uz + )" SE(2)U(x) = (1 ‘p) , VreT, (5.4)

|deg(U)| = [k| < C'|n]
pour une constante C' > 0 indépendante de E.

Ce n’est qu’une partie du résultat; pour un énoncé plus précis, on renvoie au
3 )
chapitre afférent.

On montre également que dans le cas sous-critique global, le nombre de rotation est
1/2—Hsglder. Cela découle d’un résultat d’Avila-Jitomirskaya [7] prouvant la régularité
Holder du nombre de rotation dans le cas des petits potentiels. En combinant ce fait
avec les bornes supérieures sur la taille des trous spectraux, on déduit sous la condition
B(a) = 0 que le spectre de 'opérateur presque Mathieu pour une constante de couplage
|A] # 1 est homogene. L’idée générale est que la condition S(a) = 0 associée & la
continuité Holder entraine une certaine répulsion des trous spectraux et ceux-ci ne
peuvent pas s’accumuler trop dans un intervalle donné, et on conclut a ’aide des bornes
supérieures exponentielles.

Dans notre travail, on s’intéresse aussi dans le cas presque Mathieu a des bornes
inférieures sur la taille des trous spectraux. Le fameux probleme dit “des dix Martinis”,
résolu par Avila-Jitomirskaya [9], énonce que ceux-ci ne sont pas dégénérés. On montre
qu’il est en fait possible d’obtenir des estimées asymptotiques exponentielles par rapport
a I’étiquette du trou spectral. L’argument repose ici entre autres sur un résultat de Avila-
You-Zhou. De plus, on utilise un lemme de réductibilité a un cocycle parabolique ici aussi,
mais pour les bornes inférieures, le résultat non-perturbatif obtenu a ’aide de la dualité
d’Aubry, qui fait intervenir les résonances d’'une phase auxiliaire, est insuffisant pour
conclure. On le remplace donc par des arguments perturbatifs qui permettent d’obtenir
des estimées quantitatives directement en termes de I’étiquette du trou qu’on considere.
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CHAPTER 1

Weak mixing for interval exchange transformations
and translation flows

This chapter is based on a joint work with Artur Avila. '

Let d > 1. In this chapter we show that for an irreducible permutation 7 which is not a
rotation, the set of [\] € P4~" such that the interval exchange transformation f([\], 7) is
not weakly mixing does not have full Hausdorff dimension. We also obtain an analogous
statement for translation flows. In particular, it strengthens the result of almost sure
weak mixing proved by A. Avila and G. Forni in [AF]. We adapt here the probabilistic
argument developed in their paper in order to get some large deviation results. We then
show how the latter can be converted into estimates on the Hausdorff dimension of the
set of “bad” parameters in the context of fast decaying cocycles, following the strategy
of [AD].

Introduction

An interval exchange transformation, or i.e.t., is a piecewise order-preserving bijec-
tion f of an interval I on the real axis. More precisely, I splits into a finite number of
subintervals (I;);=1,....4, d > 1, such that the restriction of f to each of them is a transla-
tion. The map f is completely described by a pair (A, 7) € Ri X G4 Ais a vector whose
coordinates \; := |I;| correspond to the lengths of the subintervals, and 7 a combina-
torial data which prescribes in which way the different subintervals are reordered after
application of f. We will write f = f(A, 7). In the following, we will mostly consider
irreducible permutations 7, which we denote by 7 € &Y; this somehow expresses that
the dynamics is “indecomposable”. Since dilations on A do not change the dynamics of
the i.e.t., we will also sometimes use the notation f([A],7), with [\] € P4"'. For more
details on interval exchange transformations we refer to Section 3.

A translation surface is a pair (S, w) where S is a surface and w some nonzero Abelian
differential defined on it. Denote by ¥ C S the set of zeros of w; its complement S\%
admits an atlas such that transition maps between two charts are just translations (see
Subsection 3.2 for more details on translation surfaces). Interval exchange transforma-
tions can be seen as a discrete version of the geodesic flow on some translation surface,
also called a translation flow. The introduction of these objects was motivated by the
study of the billiard flow on rational polygons, i.e., whose angles are commensurate to
7; the relation between these problems is given by a construction called unfolding, which
associates a translation surface to such a polygon (see for instance [Z2]) and makes the
billiard flow into some translation flow.

In this chapter, we are interested in the ergodic properties of interval exchange
transformations on d > 1 subintervals. It is clear that such transformations preserve the
Lebesgue measure. In fact this is often the unique invariant measure: Masur in [Mal]
and Veech in [V2] have shown that if the permutation = is irreducible, then for Lebesgue-
almost every [\] € Pfl[l, the i.e.t. f([A],7) is uniquely ergodic. As a by-product of our

1. Institut de Mathématiques de Jussieu - Paris Rive Gauche, CNRS UMR 7586, Université Paris
Diderot, Sorbonne Paris Cité Sorbonnes Universités, UPMC Université Paris 06, F-75013, Paris, France
& IMPA, Estrada Dona Castorina 110, 22460-320, Rio de Janeiro, Brazil.
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methods, we will see here that in fact, the set of [A] such that f([A],n) is not uniquely
ergodic does not have full Hausdorff dimension. 2

In another direction, Katok has proved that i.e.t.’s and suspension flows over i.e.t.’s
with roof function of bounded variation are never mixing with respect to Lebesgue
measure, see [Ka|. Basically, what mixing expresses is that the position of a point at
time n is almost independent of its initial position when n > 0 is large. Let us recall that
a measure-preserving transformation f of a probability space (X, m) is said to be weakly
mizing if for every pair of measurable sets A, B € X, there exists a subset J(A,B) C N
of density zero such that

J(A,Bl)i;mn—>+oo m(f " (A) N B) = m(A)m(B). (0.1)

It follows from this definition that every mixing transformation is weakly mixing, and
every weakly mixing transformation is ergodic.

From the previous discussion, it is therefore natural to ask whether a typical i.e.t. is
weakly mixing or not; this point is more delicate except in the case where the permutation
7 associated to the i.e.t. f(A, m)is a rotation of {1,...,d}, ie., w(i+1) =7 (i)+1 mod d,
for all i € {1,...,d}. Indeed, in this case, the i.e.t. f(\, 7) is conjugate to a rotation of
the circle, hence it is not weakly mixing, for every A € Ri.

It is a classical fact that any invertible measure-preserving transformation f is weakly
mixing if and only if it has continuous spectrum, that is, the only eigenvalue of f is 1
and the only eigenfunctions are constants. To prove weak mixing we thus rule out the
existence of non-constant measurable eigenfunctions.

Let us recall some previous advances in the problem of the prevalence of weak
mixing among interval exchange transformations. Partial results in this direction had
been obtained by Katok and Stepin [KS], who proved weak mixing for almost all i.e.t.’s
on 3 intervals. In [V4], Veech has shown that weak mixing holds for infinitely many
irreducible permutations.

The question of almost sure weak mixing for i.e.t.’s was first fully answered by Avila
and Forni in [AF], where the following result is proved:

Theorem 1.1 (Theorem A, Avila-Forni [AF]). Let w be an irreducible permutation of
{1,...,d} which is not a rotation. For Lebesgue almost every A € R%, the i.e.t. f(\, )
is weakly mixing.

They also obtain an analogous statement for translation flows.

Theorem 1.2 (Theorem B, Avila-Forni [AF]). For almost every translation surface
(S,w) in a given stratum of the moduli space of translation surfaces of genus g > 1, the
translation flow on (S,w) is weakly mixing in almost every direction.

Although translation flows can be seen as suspension flows over i.e.t.’s, the second
result is not a direct consequence of the first one since the property of weak mixing is
not invariant under suspensions and time changes.

Note that the previous results tell nothing about zero measure subsets of the moduli
space of translation surfaces; in particular, the question of weak mixing was still open
for translation flows on Veech surfaces, which are exceptionally symmetric translation
surfaces associated to the dynamics of rational polygonal billiards. This problem was
solved in [AD] by Avila and Delecroix:

2. It was pointed out to us by J. Athreya and J. Chaika that more is true actually: the results of
Masur [Maz2] imply that the Hausdorff codimension of [A] € ]P"jf1 such that f([A],7) is not uniquely
ergodic is at least 1/2.

3. Indeed, mixing holds when we can take J(A,B) = 0 in (0.1). For ergodicity, if the set A is
f-invariant, the choice B = A in (0.1) yields that A has either full or zero measure.
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Theorem 1.3 (Theorem 2, Avila-Delecroix [AD]). The geodesic flow in a non-
arithmetic Veech surface is weakly mixing in almost every direction. Indeed, the set
of exceptional directions has Hausdorff dimension less than one.

The proof of almost sure weak mixing in [AF] is based on some parameter exclusion;
however this reasoning is not adapted to the particular case of translation flows on
Veech surfaces. In [AD], the authors have developed another strategy to deal with the
problem of prevalent weak mixing, based on considerations on Hausdorff dimension and
its link to some property that we refer to as fast decay in what follows (see Subsection
2.4 for the definition).

In the present chapter, we improve the “almost sure” statement obtained in [AF];
the proof we give owes much to the ideas developed in [AF] and [AD]. Our main result
is the following.

Theorem A (Avila-L.). Let d > 1 and let 7 € &Y be an irreducible permutation which
is not a rotation; then the set of [\] € P2~" such that f([\], ) is not weakly mixing has
Hausdorff dimension strictly less than d — 1.

We also get a similar statement for translation flows. Let d > 1, and 7 € &Y
which is not a rotation; we consider the translation flows which are parametrized by
a pair (h,[\]) € H(m) x P41 where dim(H (7)) = 2g (we refer to Subsection 3.3 for
a definition). By [AF] we know that the set of (h,[\]) € H(r) x P4 ! such that the
associate flow is weakly mixing has full measure. Here we obtain

Theorem B (Avila-L.). The set of (h,[\]) € H(r) x P4! such that the associate
translation flow is not weakly mixing has Hausdorfl dimension strictly less than 2g+d—1.

1. Outline

The property of weak mixing we are interested in concerns the dynamics of some
i.e.t. f on the interval I, or in other terms, phase space. But f is parametrized by
(A, ) € ]P’ﬂl:1 x GY and we will see that it is possible to define a dynamics on the space
of parameters as well. The so-called Veech criterion gives a link between the property
of weak mixing for phase space and the dynamics of some cocycle in parameter space.

Indeed, “bad” parameters, i.e. corresponding to i.e.t.’s which are not weakly mixing,
can be detected through a cocycle (T, A) derived from the Rauzy cocycle. For a parameter
[A], the weak-stable lamination W*#([)]) is defined to be the set of vectors h whose iterates
under the cocycle get closer and closer to the lattice Z¢. Veech criterion tells us that
the weak-stable lamination W*([)\]) associated to some “bad” parameter [A] contains
the element (¢,...,t) for some ¢t € R\Z. Prevalent weak mixing can thus be obtained
by ruling out intersections between Span(1,...,1)\Z? and W*([\]) for typical [\]. In
[AF], typical meant “almost everywhere”; following the strategy developed by Avila and
Delecroix in [AD], we show here that this holds actually for every [A] but for a set whose
Hausdorff dimension is not maximal, which is stronger.

The study of the weak-stable lamination of (7, A) was done in [AF]. To achieve
this, and given 6 > 0, m € N, the authors introduce the set Ws,,,([A]) of vectors h with
norm less than § and such that the iterates Ay ([\]) - h remain small for the pseudo-norm
| - lga/ze up to time m.

The analysis is based on the following process: given a little segment J near the
origin, its image by the cocycle may again contain a point near some element ¢ € Z%.
When ¢ = 0, the corresponding line is called a trivial child of J. Else, we translate
the image of J by —c to bring it back to the origin, and we call this new segment a
non-trivial child of J. Note that there may be several non-trivial children. The goal of
the study is to show that for most [A], this process has finite life expectancy, that is, the
family generated by a line is finite.
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A key ingredient in the “local” analysis near the origin is the existence of two positive
Lyapunov exponents for surfaces of genus at least 2. For a fixed segment not passing
through the origin, the biggest Lyapunov exponent is responsible for the growth of the
length of its iterates by the cocycle, while the second biggest generates a drift that tends
to kick them further away from the origin.

The second part of the argument corresponds to a “global” analysis which handles
the fact that points near the origin may become close to another integer element under
cocycle iteration. To address this point, Avila and Forni have developed a probabilistic
argument. Choose a finite set S of matrices such that for a typical parameter [A], the
proportion of integers k& > 0 such that A(T*([\])) € S is big. Since the set S is finite,
it is possible to ensure that when the matrix we apply belongs to .S, the only potential
child is trivial, and moreover, such an element kicks each line further from the origin by
at least a given factor. It follows that for a typical [A] and for every line J, the process
has finite life expectancy: for every § > 0 and every line J, there exists some integer
m > 0 such that JNWg, ([A]) = 0.

In the present chapter, we adapt the estimates obtained in [AF] to show that for
every line J, the measure of the set of [A] such that the process survives up to time
m goes to zero exponentially fast with respect to m: if T'}*(J) denotes the set of [A]
such that J N W5, ([\]) # 0, we get that u(I'y*(J)) < Ce™™™||J|| 7 for some constants
C,k,p > 0. We give here a proof of this fact using a general large deviations result
obtained in [AD].

But by [AD], we know that the decay of the volumes p(I'y*(J)) can be converted
into a bound on the Hausdorff dimension of N,,,I'§*(J). Since these sets are intimately
related to the weak-stable lamination, we thus get a control of the Hausdorff dimension
of “bad” parameters [A], which concludes.

For the case of translation flows, we use the parametrization (A, [A]) that comes from
Veech’s zippered rectangle construction. For a fixed parameter h and any integer m > 0,
as for interval exchange transformations, we can estimate the measure of the set of “bad”
parameters [A] at time m; this allows us to construct a cover of this set of parameters.
Then, if we consider some h’' exponentially close to h, then for any “bad” parameter
[XM], we have two cases: either the iterates of the cocycle grow very fast (by some large
deviations result, this happens very rarely), or [\'] belongs to some piece of the cover
constructed for h; in other terms, the previous cover can be taken locally constant with
respect to h. Thus for each integer m > 0, we obtain a cover of “bad” parameters (h, [A])
at time m, and we can then estimate the Hausdorff dimension of non weakly mixing
parameters.

2. Background

As we have explained, the property of weak mixing for i.e.t.’s is related to the
dynamics of a cocycle (T, A) defined in parameter space. An important fact is that
the map T we consider has a property called bounded distortion; indeed it is crucial for
the probabilistic argument that we outlined, in particular to get some large deviations
result. In this section, we will see that under some assumptions, it can be checked when
the map T is obtained by restriction to a simplex compactly contained in the projective
space. Another important point is that the cocycle (T, A) is fast decaying; we will recall
this notion and see how it can be used to give a bound on the Hausdorfl dimension of
certain sets.

2.1. Strongly expanding maps. Let (A, p) be a probability space and T: A — A
a measurable transformation preserving the measure class of u. We say T is weakly
expanding if there exists a partition (modulo 0) {A®) 1 € Z} of A into sets of positive
measure, such that for all I € Z, T maps A® onto A, TW = T|aw is invertible and
the pull-back (7")*u is equivalent to | Aq).
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Let © be the set of all finite words with integer entries. Given [ =1ly...l,_1 € Q,
n—1
we denote by |I| := n its length; we also define Al:= (| T-*A®) and Tt := T"| 1. In
k=0
particular p(Al) > 0 by weak expansiveness.
If | € Q, we denote b := @Tf(u\&). We say that T is strongly expanding if for
some K > 0,

dy
Kl1<T <K, leq. 2.1
< g SE Le (2.1)
Lemma 1.4. Let T be strongly expanding and Y C A with u(Y) > 0; the following
bounded distortion property holds:

T | ) (Y
-sutr) < 1000

2.2. Projective transformations. We let Pflfl C P41 be the projectivization of
Ri. A projective contraction is the projectivization of some matrix B € GL(d,R) with

< K2u(Y), LI eq. (2.2)

non-negative entries; in particular, the associate transformation takes Pi_l into itself.
The image of Pi_l by a projective contraction is called a simplex.

Lemma 1.5 (Lemma 2.1, Avila-Forni [AF]). Let A be a simplex compactly contained
in Pi‘l and {A®},cz a partition of A into sets of positive Lebesgue measure. Let
T: A — A be a measurable transformation such that, for all | € Z, T maps AY onto A,
T = T|aw Is invertible and its inverse is the restriction of a projective contraction.
Then T preserves a probability measure j which is absolutely continuous with respect to
Lebesgue measure and has a density which is continuous and positive in A. Moreover,
T is strongly expanding with respect to p.

2.3. Cocycles. Let (A, i) be a probability space. A cocycle is a pair (T, A), where
T: A — A and A: A — GL(d,R) are measurable maps; it can be viewed as a linear
skew-product (z,w) — (T'(z), A(x)-w) on A xR If n > 0 we have (T, A)" = (T, A,.),
where

Ap(x) = A(T" () - A(z).
We say that (T, A) is integral if A(z) € GL(d,Z) for p-almost every x € A.

Assume that T: A — A is strongly expanding with respect to a partition {A®};cz
of A, and that the o-algebra of y-measurable sets is generated (mod 0) by the Al’s. For
n > 0, we define p, := %Z:;é TFu and take v a weak-star limit of (1,,). Then v is an
ergodic probability measure which is invariant by 7.

Given B € GL(d,R), we define | B|o := max{||B|,||B~!(|}. The cocycle (T, A) is
log-integrable if

/ In ||A(z)|odv(x) < oo. (2.3)
A
We say that (T, A) is locally constant if for all [ € Z, A|pw) is a constant AD . In
this case, foralll € Q, A =1 ...1,, we set
Al — An) oA
2.4. Fast decay. Let (A, p) be a probability space. Assume that T is weakly

expanding with respect to a partition {A®},cz of A and that the cocycle (T, A) is
locally constant. As in [AD], T is fast decaying if there exist C1 > 0, oy > 0 such that

> oAy <CEe™, 0<e<l, (2.4)
n(A®)<e
and we say that A is fast decaying if there exist Co > 0, arg > 0 such that

> wAY) < Cone (2.5)
IAD o>n
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In particular, fast decay of A implies that the cocycle (T, A) is log-integrable. If both T’
and A are fast decaying we say that the cocycle (T, A) is fast decaying.

2.5. Hausdorff dimension. Let X be a subset of a metric space M. Given d €
R, its d—dimensional Hausdorff measure is defined as follows:

T . . N\d
pa(X) = 811_1}(1) {1[51;} z; diam(U;)?, (2.6)

where the infimum is taken over all countable covers {Uf} of X such that diam(Uf) <
for all i.

Definition 1.6. The Hausdorff dimension of X is the unique value d =: HD(X) €
R4 U{oo} such that pugy(X)=0ifd > d and py(X) = oo if d' < d.

2.6. Fast decay & Hausdorff dimension. Let A & IP’flfl be a simplex, and
assume that T': A — A satisfies the hypotheses of Lemma 1.5.

Theorem 1.7 (Theorem 27, Avila-Delecroix [AD]). Assume that T is fast decaying
and take a; > 0 as in (2.4). Forn > 1, let X,, C A be a union of Al with |I| = n, and
define X := liminf X,,. If

n—oo

1
§ :=limsup —— In u(X,,) > 0,
n—00 n

then
HD(X) <d—-1-min(d, ) <d— 1.

3. Interval exchange transformations and renormalization algorithms

Following the notations of [MMY] and [AGY], we recall some classical notions of
the theory of interval exchange transformations (see also [Vial], [V4]). In particular,
we give the definition of Rauzy induction and renormalization procedures. The rough
idea is the following: given an i.e.t. f, we look at the first-return map induced by f on
some subintervals that are chosen smaller and smaller. This allows us to accelerate the
dynamics in phase space in order to capture asymptotic behaviors such as weak mixing.
But each return map is itself an i.e.t., and the corresponding changes of parameters
define a dynamics in parameter space. We also recall some classical notions on trans-
lation surfaces and translation flows, which are a continuous counterpart to i.e.t’s. By
Veech’s “zippered rectangles” construction, it is possible to suspend any i.e.t. to a flow
on a translation surface, which is obtained by gluing rectangles on each subinterval and
performing certain identifications between them. In the space of “zippered rectangles”,
the extension of Rauzy induction can be seen as a cocycle, called the Rauzy cocycle.
Similarly it is possible to define a cocycle over Rauzy renormalization map, and we will
see that by considering first-return maps to a simplex compactly contained in Piﬁl, it
induces a cocycle (T, A) with better properties: indeed, T' has bounded distortion and
(T, A) is fast decaying.

3.1. Interval exchange transformations. Let 4 be an alphabet on d > 1 letters,
and let I C R be an interval having 0 as left endpoint. We choose a partition {I, }aeca
of I into subintervals which we assume to be closed on the left and open on the right.
In the following, we denote R ~ R? and P4 := P(R4') ~ P41, An interval exchange
transformation, or i.e.t., is a bijection of I defined by two data:

(1) A vector A = (Aa)aca € R7 whose coordinates correspond to the lengths of

the subintervals: for every o € A, A\, := |Io|. We also define |\ := > Aq, so
acA

that [ = I := [0, |\]).

(2) A pair T = < :ﬁ ) of bijections m.: A — {1,...,d}, * = t,b, prescribing in
b

which way the subintervals I, are ordered before and after the application of
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the map. The bijections 7, can be viewed as one top and one bottom rows,
where the elements of A are displayed in the order (w7 1(1),..., 7, 1(d)):

af ob ... df
T=\at o ab )
1 Gy ... Qg
We sometimes identify 7 with its monodromy invariant 7 = mp o m, ! and call
it a permutation. We denote by &(.A) the set of all such permutations, and by
G&°(A) the subset of irreducible ones, that is m € G°(A) if and only if for every

1 < k < d, the set of the first k elements in the top and in the bottom rows do
not coincide.

Given a permutation m € G°(A), and for * = t, b, we define linear maps Q*: RA — RA
by
(QLA)a= > As IeR* acA (3.1)
T (B) <ma ()
Set Q2 :=Q° — QL. For any \ € Rﬁ, the interval exchange transformation f = f(\, )
is the map associated with the translation vector w := Q. (\); in other terms,

fx) =24+ ws, x€l,.

Two i.e.t.’s obtained one from another by a dilation on the length parameter A have the
same dynamical behavior; therefore, one can projectivize A to [A] € ]P’f and consider

F(A], ).

3.2. Translation surfaces. A translation surface is a compact Riemann surface
S endowed with some nonzero Abelian differential w. Let X C S be the set of zeros,
or singularities of w. For each s € X, denote by ks the order of s as a zero. For
any p € S\X, there exists a chart defined in the neighborhood of p such that in these
coordinates, w simply writes down as dz. The family of such charts on S\ forms an atlas
for which transition maps correspond to translations in R?. Moreover, every singularity
s has a punctured neighborhood isomorphic via a holomorphic map to a finite cover of
a punctured disk in R?, and such that in this chart w becomes z"*dz.

The form |w| defines a flat metric on S with conical singularities at 3. The total
angle around a singularity s is 2m(ks + 1). The total area of the surface is given by
[ |lw|? < co. Normalized translation surfaces are those for which [ |w[? = 1.

For each 0 € R/2nZ, the directional flow in the direction 6 is the flow (bf’o: S— S
obtained by integration of the unique vector field X4 such that w(Xg) = €. In local
charts, w = dz and we have f’e(z) = z + tel? for small ¢, so directional flows are also
called translation flows. The (vertical) flow of (S,w) is the flow ¢37/2. Translation
flows are not defined at the zeros of w and hence not defined for all positive times on
backward orbits of the singularities. The flows gZ)tS )6 preserve the volume form %w AW
and the ergodic properties of translation flows we will discuss are with respect to this
measure.

Let us recall some results which hold for an arbitrary translation surface: the di-
rectional flow is minimal except for a countable set of directions [Ke], the translation
flow is uniquely ergodic except for a set of directions of Hausdorff dimension at most
1/2 [KMS], [Ma2], and the translation flow is not mixing in any direction [Ka].

It is known that for a genus one translation surface, translation flows are never
weakly mixing. The same property holds for the branched coverings of genus one trans-
lation surfaces, which form a dense subset of translation surfaces. However, Avila and
Forni [AF] have proved that for almost every translation surface of genus at least two,
the translation flow is weakly mixing in almost every direction.

Considering translation surfaces of genus g modulo isomorphism, one gets the moduli
space of Abelian differentials, denoted by M,. It is possible to define a flow (g;)ier
on this space, called the Teichmiiller flow: its action on an Abelian differential w =
R(w) +iS(w) is given by ¢; - w = e'R(w) + ie *S(w). By fixing the order of zeros as
an unordered list x of positive integers, one defines strata M, ,, C M,. We also denote
by M;,n C My, the hypersurface corresponding to normalized surfaces. Each stratum
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is an orbifold of finite dimension. For each connected component C of some M}J,m
there is a well-defined probability measure pe in the Lebesgue measure class which is
invariant by the Teichmiiller flow; it is called the Masur-Veech measure. The implicit
measure-theoretical notions above refer to this measure.

Given a translation surface (S,w), a separatriz is a geodesic line for the metric |w]
starting from a singularity in X; it is called a saddle connection when the separatrix
connects two singularities and has its interior disjoint from Y. The first-return map to
some separatrix for the vertical flow is an interval exchange transformation. Conversely,
it is possible to suspend any interval exchange transformation to a translation flow by a
construction we now briefly recall.

3.3. Veech’s “zippered rectangles” construction. Let A be an alphabet on
d > 1 letters. Given (\,m) € R x &°(A), Veech’s construction allows to suspend the
iet. f(A, ) to a suspension flow on a translation surface S. We consider the convex

cone TT () := {7 € RA > mm>0and > 73<0,1<k<d-—-1;. Let Q,
e (B)<k m(B)<k
be the map defined in Subsection 3.1, and set HF (r) := —Q.(T" (7)) C R{. For any

h € H"(r) and a € A, we define rectangles above (resp. below) top (resp. bottom)
subintervals by:

R! = (w,,w!, + o) x [0,hs] and RZ = (w(bx,wfY + Aa) X [~ha, 0],

where w* := Q%(\), x = t,b. The surface S is obtained by performing appropriate
gluing operations on the union of those rectangles. The initial i.e.t. f corresponds to
the first-return map to the transversal I of the vertical flow in S.

Denote by 7 the monodromy invariant, and let o, be the permutation on {0, ...,d}
defined by
F1(1) - 1, i=0,
or(i) =< d, i=7"1(d),
A Y706+ 1) =1, i#0,71(d).

For i,j € {0,...,d}, we denote i ~ j if ¢ and j belong to the same orbit under o,. Then
the quotient space X(7) := {0,...,d}/ ~ is in one-to-one correspondence with the set
of singularities of S. Moreover, for every s € X(n), let b* € R? be the vector defined by

b = xs(i—1) — xs(@), 1<i<d,

where x, denotes the characteristic function of s. We define Y () := {b%, s € X(m)}.
Let us recall the following result.

Lemma 1.8 (Veech, [V4], §5). Let 7 € &°(A). For each s € X(), one has
1, 0€s, d¢s,
(,...,1)-v°=< -1, 0¢s, des,

0, otherwise.
We define H(7) := Q (RA) = ker(Q,)*.

Proposition 1.9. H(w) coincides with the annulator of the subspace of R4 spanned
by Y(m):

he Hin) <= h-b°=0, s € X(nm).
Moreover, dim(H (7)) = d4+1—#X(mw) = 2g(w), where g(m) is the genus of the suspension
surface S, and H(w) can be identified with the absolute homology H1(S,R) of S.

3.4. Rauzy classes. Let 7 € G°(A4). We denote by a(t) (resp. «(b)) the last
element of the top (resp. bottom) row. We define two bijections of G°(A) as follows; the
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reason why we consider these transformations will become clear in the next subsection.
The top operation t maps 7 to the permutation

t

¢ ¢ ¢

Y A T AR ' Ao | A S 1()) )
t(m) = ,
t(m) < o oAby o) al) ok ... ab

while the bottom operation b maps 7 to

b(r) = of ... oap, a®d) al) o, ... abfy .
= ob oAby ek ab o L ab)

We define a Rauzy class to be a minimal non-empty subset of G%(.A) which is invariant
under t and b. Given a Rauzy class R, the corresponding Rauzy diagram has its vertices
in R and is formed by arrows mapping m € R to &(w) or b(w). The set of all paths in
this diagram is denoted by II(fR).

3.5. Rauzy induction and renormalization procedures. We now recall the
definition of two procedures first introduced by Rauzy in [R] (see also Veech [V1]). Let
R C 6%(A) be some Rauzy class, and let (A, 7) € R7' x R. We denote by a(t) (resp.
a(b)) the last element of the top (resp. bottom) row of 7. Assume that A,y # Ao
and set £ := |X| = min(|Aa()|, [Aap)]). The first-return map of f(A,7) to the subinterval
[0,£) C I is again an i.e.t.; it is the map f(A(1), 7(1), where the parameters (A 7(1)) €
Rﬁ x R are defined as follows:

(1) If Aogey > Aap) (Xesp. Aoy > Aa@)), we let y(A, ) be the top (resp. bottom)
arrow starting at 7, and we set « := «(t) (resp. « := «a(b)).

(2) Let AV := A if € # a5 else, let ALY == [Aar) — Aao)-
7+ 1s the end of the arrow y(A, 7).
3) 71 is the end of th A

This motivates a posteriori the introduction of the top and bottom operations. The
map Qr: (A, 7) = (A, 7(1) defines a dynamical system in parameter space, and is
called the Rauzy induction map.

Since Qr commutes with dilations on A, it projectivizes to a map Rpg: ]P’f X R —
]P’f X fR, called the Rauzy remormalization map. For n > 1, the connected components
of the domain of definition of R% are naturally labeled by paths in II(R) of length n.
Moreover, if  is a path of length n which ends at 7(") € %, and D., denotes the associate
connected component, then R% D, follows the path ~ in the Rauzy diagram and maps
D., homeomorphically to P4 x {7(™}. A sufficient condition for ([A],7) to belong to the
domain of R} for every n > 1 is for the coordinates of [A] to be independent over Q. We
will always assume it implicitely in the following. Since the set of rationally dependent
[A] C IE”;‘\ has dimension d — 2, it is not a limitation for our estimates.

Theorem 1.10 (Masur [Mal], Veech [V2]). Let R C &°(A) be a Rauzy class. Then
RR\MX&R admits an ergodic conservative infinite absolutely continuous invariant mea-

sure u, unique in its measure class up to a scalar multiple. Its density is a positive
rational function.

3.6. The Rauzy cocycle. We denote by FE,z the elementary matrix
(8iadjp)1<ij<d- Let R C &°(A) be a Rauzy class. We associate with any path v € II(R)
a matrix B, € SL(A,Z). The definition is by induction:

— If v is a vertex, we set By := 14.
— If v is an arrow labeled by ¢, we define B, := 14 + FEq)a(1)-
— If v is an arrow labeled by b, we define B, := 14 + Eq(t)a(b)-

— If v is obtained by concatenation of the arrows 7i,...,Vm, then set B, :=
B B

Y+ Py
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Let us stress the following useful fact. Assume that (A7) € ]R“_f_‘ X R belongs to
the domain of Q%, n > 1, and that the application of Q% follows the path . Set
Qn (A, m) := (A 7(M): then

A = (Bx)7h A (3.2)

In particular, if v starts at 7, then we have D, = (B% - P4) x {r}.

With the notations of Subsection 3.5, we define BF(\, 1) := By(xx)- Recall that
H* () == =Q(T;7). Given (A, m) € R% x R and h € H*(r), the map Qr extends in
the following way:

Or(\,m h) == (Qr(\,m), BE(\, @) - h). (3.3)

It describes the way “zippered rectangles” are reordered after application of Rauzy
induction; in particular, it leaves the translation structure unchanged. Recall that
H(7) := Q(RA). Tt is possible to show that if Qr(\,7) = (A1), 7)), then

BE(\, ) - H(r) = H(zW).

We thus obtain an integral cocycle B(\, ) ‘ H(x) OVer Rauzy induction, called the Rauzy
cocycle.

It is easy to see that if [\'] = [A], then v(\,7) = (A, 7), hence the application
([Al,m) — BE([N], ) is well defined. If ([A],7) € P{ x R, then analogously, the restric-
tion BE([\],7) | () defines a cocycle over Rp|pa g, which we will also call the Rauzy
cocycle.

3.7. Recurrence for Ri, bounded distortion and fast decay. We choose
here A = {1,...,d} for some integer d > 1, and denote &Y := G°({1,...,d}). Let
R C &Y be a Rauzy class and choose m € R. Assume that for some path v, € II(R)
which starts and ends at 7, the coefficients of the matrix B, are all positive. We let
A= B -]P"_i.fl; it is a simplex compactly contained in IP’flfl, that we identify here with
{AeRL, [N =3, N = 1}. By projection on the first coordinate, the first-return map
of Rp to A x {r} induces a map T: A — A, whose domain of definition we denote by
A'. By Poincaré recurrence theorem, we know that A! has full measure inside A.

Let us denote by II(R), the subset of paths in II(R) that start and end at m, and
which are primitive in the sense that all intermediate vertices differ from w. Then A!
admits a countable partition (A,),cr(s),, where the subset A, := B> - A corresponds

to those A € A for which (A, ) € D, first returns to A x {r} under Ry after having

*y—1,
followed the path v in the Rauzy diagram. In particular T'|a_: A — &7713\\' In the

following we will denote h, := (T|a,) "

Lemma 1.11. The map T preserves a probability measure p with respect to which it
is strongly expanding, hence has bounded distortion.

ProoF. We have seen that A & }P’i_l admits a countable partition (modulo 0)
{A} en(m), into subsets A, = BX - A of positive Lebesgue measure. For each such 7,
T'|a, maps A, bijectively onto A, and its inverse h, is the restriction of the projective
contraction B. Since A & ]P”fr_l7 Lemma 1.5 tells us that the map T preserves a
probability measure g which is absolutely continuous with respect to Lebesgue measure.

Moreover, T is strongly expanding with respect to u, and it also has bounded distortion
by Lemma 1.4. O

In the following we consider the probability measure p given by Lemma 1.11
Lemma 1.12. The map T is fast decaying.

Before giving the proof, we need to recall a fact from [AGY]. In this paper, Avila,
Gouézel and Yoccoz investigate the properties of a flow defined as a suspension over
Rpr. The set A x {7} can be seen as a transverse section for the flow; moreover, the
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first-return time function ra: A — R4 U {oo} of this flow to A x {n} satisfies: for any
v € II(R)x,

ra 0 hy:t A= log | B - A (3.4)
Their analysis implies the following result.

Theorem 1.13 (Theorem 4.7, Avila-Gouézel-Yoccoz [AGY]). The map ra has expo-
nential tails, i.e., there exists og > 0 such that

A= / 70" 2N dp(\) < oo.
A

By Markov inequality, it follows that for any r > 0,
pA e A, ra(N) >1) < Ae™ 0", (3.5)
They also obtain the following distortion estimate.

Lemma 1.14 (Lemma 4.6, Avila-Gouézel-Yoccoz [AGY]). There exists a constant C' >
0 such that for any path v € II(R),

[D(ra o hy)llco < C. (3.6)
Proof of Lemma 1.12. Let v € II(!R)~. The Jacobian of h, at the point A € A is given
by |det Dhy(N)| = ﬁ We deduce
p(8y) = (85 ) = [ 1B N du) = [ e Oau). @)
A A

Let € > 0 and assume that p(A,) <e. If A\g € A is chosen such that ra o h, is maximal
in Ag, then from (3.7), we see that

rA 0 hy(Ag) > —$ +C(4A),

where we have set C'(A) := W. By (3.6), we obtain a constant C’(A) such that for

any A € A,

In(e)
d

If we choose r := —% + C'(A) in (3.5), we thus get

oAy <A e, ra(M) =)
w(Ay)<e

ra 0 hy(A) > —

+C'(A).

§ Cléal

with C7 := Ae=o0C"(A) 5 0 and ay = o0p/d > 0. O
Furthermore, the Rauzy cocycle induces the locally constant cocycle (T, A) where
A‘Aw = B,y.

Lemma 1.15. The cocycle (T, A) is fast decaying.

PROOF. It remains to show that A is fast decaying. For any v € II(R).,
B, € SL(d,Z); it follows that if ||By[loc < M, then we also have ||B;'ls <

(d —1)!M?=1. In particular, for any n > 0, max(||By|lsc, [|B;'[|cc) > n implies that

min(|| B[c, [(B%) ™ loo) > (ﬁ)ﬁ Therefore, by (3.7), and by equivalence of

the norms, there exists a constant Cy > 0 depending only on d, p and A such that if
[ Byllo > n for some n > 0, then u(A,) = [, |B - A ~4dp(N) < Con™ 71 < Con~L. We
deduce from what precedes that

) ORTES ED DRI,
| B~ llo>n H(Aw)géon_l
SCZn_a27
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where we have set Cy := 0155” > 0 and as := ay > 0, which concludes. O

We have seen that for the transformation T' to be well defined, we have to restrict
ourselves to the (full-measure) subset A! C A. Similarly, for every n > 1, let A™ be

the domain of 7™ and denote by A® := [\ A" the subset of points in A which come
neN
back to A infinitely many times. To conclude this part, we will explain why it is not a

limitation to consider only points in A, since it will not affect the result on Hausdorff
dimension we aim to show. It follows in fact from a result of Avila and Delecroix that
we now recall, and which tells us that the set of escaping points has small Hausdorff
dimension.

Proposition 1.16 (Theorem 29, Avila-Delecroix [AD]). Let A be a simplex in IP"fl
admitting a partition {A®},cz, and let T: A — A be a map with bounded distortion
and such that for every | € Z, T'|pw Is a projective transformation. Assume that T is
fast decaying with fast decay constant a; > 0. Then

a1
HD(A\A*®) <d—-1-— d—1.
(MA™) <d—1- 0

4. General weak mixing for interval exchange transformations &
translation flows

4.1. Weak mixing for interval exchange transformations. Let d > 1 be an
integer and recall that &% := &°({1,...,d}). Our main result is the following.

Theorem 1.17. Let m € &Y be an irreducible permutation which is not a rotation; then
the set of [\] € P41 such that f([\],n) is not weakly mixing has Hausdorff dimension
strictly less than d — 1.

Asrecalled in the introduction, weak mixing for the interval exchange transformation
f is equivalent to the non-existence of non-constant measurable solutions ¢: I — C to
the following equation: _
¢(f(x) = ¥ o(x), wel, (4.1)
for any ¢t € R. This is equivalent to the following two conditions:
— f is ergodic;
— for any t € R\Z, there is no nonzero measurable solution ¢: I — C to the
equation ‘
¢(f(2) = ™o(x), wel (4.2)
Let 7 satisfying the assumptions of Theorem 1.17. The proof follows three steps:

(1) Using fast decay and results of [Mal] and [V2], we show that the set of [A]
such that f([A],7) is not ergodic does not have full Hausdorff dimension.

(2) We then adapt a theorem of Veech [V4] to deal with the case where (1,...,1) ¢
H(7) (the genus-one case is a particular instance of it).

(3) The case where ¢ > 1 and (1,...,1) € H(n) is addressed by adapting the
probabilistic argument contained in [AF] to get some estimate on the Hausdorff
dimension of “bad” parameters.

4.1.1. Unique ergodicity of interval exchange transformations. Let R C 62 be a
Rauzy class, let 7 € R. Given X\ € Ri with rationally independent coordinates, we
consider f = f(A,m): I — I. Let us denote by M := {u, f.p = p} the set of invariant
measures; recall that the map p — (u(I;))i=1,...,a is a linear isomorphism between M ¢
and the set

() BE(A ™) -RY.

n>1
From this fact, Veech (see Proposition 2.13, [V1]) deduces that f([\],n) is uniquely
ergodic as soon as there exists n > 1 such that all the coefficients of BE([\], ) are
positive, and for infinitely many k > 0, BE(R%([\], 7)) = BE([A], 7).
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The first point is handled in [MMY], §1.2.3-1.2.4. In this work the authors show
that for an i.e.t. which satisfies Keane’s condition, there exists an integer n > 1 such that
all the coefficients of BE([\],7) are positive. We won’t detail the definition of Keane’s
condition; just recall that it is implied by our assumption on the coordinates of [A] to be
rationally independent. Moreover, a result due to Keane states that any i.e.t. satisfying
this condition is topologically minimal, that is, the orbit of any point is dense.

Take n > 1 such that all the coefficients of BE([)\], 7r) are positive, and let 7o € TI(RR),
|70 = n, be the corresponding path in the Rauzy diagram. We also assume that o ends
at m. Let A=A, := B} ~]P>‘_ii__1 be the associate simplex; in particular, it is compactly
contained in IP’ff__l since all the coefficients of B, are positive. By expansiveness of
Rauzy renormalization (indeed R (A x {7}) = }P’i_l x {r}), every point in PL* x {r}
is in the forward orbit of a point in A x {r}, so it is enough to estimate the dimension of
parameters which belong to A x {7} and that do not come back infinitely many times
to it. As in Subsection 3.7, we consider the map T: A — A induced by Rr on A; we
have seen that it has bounded distortion and that it is fast decaying for some constant
a1 > 0 (see (2.4) for the definition). From Proposition 1.16, we know that the set A\A>
of [A\] € A whose iterates do not come back to A infinitely many times has Hausdorff
dimension less than d — 1 — 15:(111. Therefore, we deduce from the above criterion that
the set of [A\] € A such that the i.e.t. f([A],7) is not uniquely ergodic has Hausdorff
dimension less than d — 1 — H‘f;l. By the previous remark on expansiveness, we have
thus obtained:

Theorem 1.18. Let d > 1 and let 7 € &Y; the set of [)\] € Pi‘l such that f([A],m) is
not uniquely ergodic has Hausdorff dimension strictly less than d — 1.

4.1.2. Veech criterion for weak mizring. An important ingredient to handle the case
where t ¢ Z in the second and the third steps detailed above is provided by the so-called
Veech criterion for weak mixing, whose statement we now recall.

Theorem 1.19 (Veech, [V4], §7). For any Rauzy class R C &Y there exists an open set
Un C Pi‘l x R with the following property. Assume that the orbit of ((\],7) € P41 xR
under the Rauzy induction map Rp visits Ugy infinitely many times. If there exists a
non-constant measurable solution ¢: I — C to the equation

¢(f(x)) =M g(z), zelf, (4.3)
witht € R, h € R, then
nh_?go HBvIE([/\]ﬂT) +th||ga/za = 0.

RE([ALm)EUR

In the context of weak mixing of i.e.t.’s, it is especially interesting to apply Veech

criterion in the particular case where h = (1,...,1) (see Equation (4.1)).
4.1.3. Analysis of the case where (1,...,1) ¢ H(w). Let us recall a theorem due to
Veech and which states almost sure weak mixing in the case where (1,...,1) ¢ H(m).

Theorem 1.20 (Veech, [V4], §1-6). Let 7 € &Y and suppose that (1,...,1) ¢ H(m).
Then for almost every A\ € R‘i, f(A, m) is weakly mixing.

We want to improve this result in the following way.

Theorem 1.21. Let m € &Y and assume that (1,...,1) ¢ H(m). Then the set of
[\] € P! such that f([\], ) is not weakly mixing has Hausdorff dimension strictly less
than d — 1.

The proof follows [V4]. Fix a Rauzy class R C &Y, let 7 € % and let [\] € P41
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Proposition 1.22 (Proposition 6.5, Veech [V4]). With notations and assumptions as
above, suppose that h € R? is such that there exists an infinite set E of natural numbers
satisfying
lim 2B (N — 1 1< j<d. (4.4)
n—oo

nekr
Then h - b* € Z for all s € 3(w), where b* is defined as in Subsection 3.3.

Let Uy C ]P"i_l X SR be the open set involved in the statement of Veech criterion
(Theorem 1.19). Reasoning as in Subsection 4.1.1, we get that for n > 0 sufficiently
large, there exists a connected component A x {7} C Uy of the domain of definition
of R, which is labeled by a path vy € II(R) of length n starting and ending at = and
such that the matrix B, has all its entries positive. In particular, the corresponding
simplex A = B7 - P‘fl is compactly contained in Piﬁl. By expansiveness of Rauzy
renormalization we know that it is sufficient to estimate the dimension of non-recurrent
parameters which belong to A. As in Subsection 3.7, let T: A — A be the map induced
by Rr on A; we have seen that it has bounded distortion and fast decay. By Proposition
1.16, we deduce that the set A\A> of [A] € A such that the orbit of ([A],7) under R
visits A x {7} finitely many times has Hausdorff dimension strictly less than d—1. Veech
criterion together with Proposition 1.22 thus imply:

Theorem 1.23. Let 7 € &Y; for every [\ in a set whose complement in IP’ff__l has
Hausdorff dimension strictly less than d — 1, and for all h € R?, if f = f([\], 7) satisfies

o(f(z)) = 2™ hig(x), x¢€ I;‘, (4.5)

for some non-constant measurable function ¢: I — C, then h-b® € Z for all s € ¥(r).

The analogous statement was a key ingredient in the proof by Veech of Theorem
1.20.
Proof of Theorem 1.21. Take m € &Y, and assume that it satisfies (1,...,1) & H(m).
By definition, H(7) = Span(Y(7))*, hence for some s € ¥(r), we have (1,...,1)-b° €
Z\{0} (recall that b° has integral coordinates). Then, Lemma 1.8 tells us that in fact,
(1,...,1)-b° = £1.

Let [\] belong to the subset of P2~ for which the conclusion of Theorem 1.23 holds.
We know that its complement does not have full Hausdorff dimension. If f = f([\],7)
is not weakly mixing, then either f is not ergodic or else there exists some nonintegral
t € R and a nontrivial measurable solution to Equation (4.5) for f and h := (¢,...,?).
The first case was handled in Subsection 4.1.1. Assume now that we are in the second
case. By choosing s as previously, Theorem 1.23 implies that ¢(1,...,1)-b* = h-b* € Z.
But we also have (1,...,1)-b* = 1, and by definition, ¢t € R\Z, a contradiction. 0O

The case where g = 1 is contained in the preceding theorem. Indeed, it is easy to
see that under the hypothesis that 7 is not a rotation, our study amounts to considering
the case where 7 is as follows:

w(l) =3, n(2) =2, 7(3) =1,

that is @ = w3, where m4(j) :=d+1—4j, 1 < j < d. But for d odd, we check that
(1,...,1) ¢ H(ra).

Theorem 1.21 enables us to improve a previous result due to Katok and Stepin in
[KS]. Here is the new statement.

Theorem 1.24. If g = 1 and w is an irreducible permutation which is not a rotation,
then f([A], ) is weakly mixing except for a set of [A] of Hausdorff dimension strictly less
than d — 1.

4.1.4. Analysis of the case where g > 1 and (1,...,1) € H(w). To prove Theorem
1.17, it remains to deal with the case where ¢ > 1 and (1,...,1) € H(w). The reason
why we wanted to get rid of the genus one case is the following: the restriction of the
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Rauzy cocycle to H(w) has g positive Lyapunov exponents; in particular we have at
least two positive exponents when g > 1. As explained in the outline, this fact is central
in the argument developed in [AF] and that we are going to adapt in what follows. By
Veech criterion, the result we want to prove is implied by the following theorem:

Theorem 1.25. Let R C &Y be a Rauzy class with g > 1, let m € R and let h € H(m).
Let U C P‘iﬁl X R be any open set. Then the set of [\] € ]P’ffl satisfying

limsup || BE([A], 7) - th|lga/za =0 (4.6)
n—oo
R7([A],m) €U

for some t € R such that th ¢ Z% has Hausdorff dimension strictly less than d — 1.

For the problem of weak mixing of i.e.t.’s, and as we have already said, we are
especially interested in applying this result to h = (1,...,1). Moreover, the above
statement deals with th ¢ Z9¢; indeed, the case where (¢,...,t) € Z? is related to
Equation (4.1) with ¢ an integer, and this part of the study was carried out in Subsection
4.1.1.

ProOOF. Fix m € Rand h € H(m). Let U C Pi‘l x R be any open set and assume
that [\] € P! satisfies (4.6) for some ¢ € R such that th ¢ Z?. We will reduce the
statement to an analogous one, but for a cocycle with better properties.

We may assume that U intersects lefl x {m}. As in Subsection 4.1.3, we take a
connected component A x {7} C U of the domain of R%, n > 1, such that A € IP’fl[l.
We have seen that the set of points whose orbit under Rz does not visit A x {7} infinitely
many times does not have full Hausdorff dimension so that we can restrict ourselves to
points in the complement of this set. Let T: A — A be the map induced by Rr on A.
From Lemma 1.11 we know that T has bounded distortion, which will be crucial for the
following.

Let A® denote the subset of [\] € A to which we can apply T infinitely many
times. * For every [\] € A%, let

A([A]) = Bﬁ[m(w’”)\mﬂ)’

where 7([A]) denotes the first-return time of ([A],7) to A x {7} under Rp. Lemma 1.15
tells us that the cocycle (T, A) is fast decaying. Moreover, (T, A) is locally constant,
integral and log-integrable (the last point follows from fast decay of A as was remarked
in Subsection 2.4). We also see that © := P4~ is adapted to (T, A), that is AV .© C ©
for all [ and for every [\], we have

IA(A]) - wll = JJwl], (4.7)

and

[An ([A]) - wl| = o0 (4.8)
whenever w € R%\{0} projectivizes to an element of ©. Indeed, w € R%\{0}, and
the coefficients of the matrices (A4, ([\])), are positive and go to infinity (see [MMY],

§1.2.3-1.2.4).
In terms of the cocycle (T, A), Equation (4.6) can be rewritten:
lim || A, ([A]) - th||ga/za =0, for some ¢ € R such that th ¢ Z%. (4.9)
n—oo

Let us denote by J;, the line spanned by h. In particular, for each “bad” parameter [A]
we have Jj, N (W*([\)\Z) # (), where

W (A) = {w € RY, | An([\]) - wllza/za — 0}
denotes the weak-stable space for {4, ([A])}n>0. Let then
Evn = AN €A, the W (A},

4. Tts complement does not have full Hausdorff dimension by Proposition 1.16.



46 1. WEAK MIXING FOR L.E.T.’S AND TRANSLATION FLOWS

In Section 6.1 we exhibit a set &, depending only on A (in fact on the line J;) and such

that U Et.n C Ep. Theorem 1.25 follows from the next result, whose proof is
tER, thgZd
deferred to Subsection 6.1.

Theorem 1.26. We have HD(&,) < d — 1.
O

4.2. Proof of Theorem 1.17. Using the previous results, we give here the proof
of Theorem 1.17. Let R C 63 and take m € R an irreducible permutation which is
not a rotation. Assume [\] € P41 is such that f = f([\],7) is not weakly mixing. If
(1,...,1) & H(m), then Theorem 1.21 gives the result. Let us then consider the case
where ¢ > 1 and (1,...,1) € H(w). As we have said, the fact that f is not weakly
mixing means that either it is not ergodic or that for some ¢ € R\Z, there is a nonzero
measurable solution ¢: I — C to

pof=etp, (4.10)

By Theorem 1.18, we know that f([A],7) is uniquely ergodic, hence ergodic, but for a
set of [A] with non-full Hausdorff dimension. It thus remain to deal with Equation (4.10)
for t ¢ Z.

Assume (4.10) holds for some nonzero ¢ and ¢ ¢ Z. Let Ux be the open set given
by Veech criterion (Theorem 1.19), that we apply here with this choice of ¢t and h =
(1,...,1) € H(m). We take a connected component A x {r} C Ux of the domain of
R%, n> 1, such that A € }P’i_l, and we consider the cocycle (T, A) where T: A — A
is the map induced by Rauzy renormalization, and A is induced by the Rauzy cocycle
BR\ H(x)- We know from Theorem 1.16 that we can restrict ourselves to the set A of
[A] to which we can apply T infinitely many times since the set of escaping points does
not have full Hausdorff dimension. By Veech criterion, (4.10) implies that

lim ([ An([) - thllga 2 = 0.

hence [A] € &, with our previous notations. We deduce that [A\] € &, = &, 1), but
by Theorem 1.26, the latter does not have full Hausdorff dimension, which concludes.

4.3. Weak mixing for flows.

4.3.1. Special flows. Any translation flow on a translation surface can be regarded,
by considering its return map to a transverse interval, as a special flow (suspension
flow) over some interval exchange transformation with a roof function constant on each
subinterval.

Let F' = F(h,\,7) be the special flow over the i.e.t. f = f(\, m) with roof function
specified by the vector h € R‘i, that is, the roof function is constant equal to h; on
the subinterval I; = I}, for all i € {1,...,d}. It is possible to see that if F is a
translation flow then necessarily h € H(w). As for interval exchange transformations,
we can projectivize the length data A.

As explained earlier, the phase space of F' is the union of disjoint rectangles D :=
U I; x[0, h;), and the flow F' is completely determined by the conditions Fs(z,0) = (z, s),

x € I, s < hy, Fp,(2,0) = (f(x),0), for all ¢ € {1,...,d}. Weak mixing for the flow F'
is equivalent to the non-existence of non-constant measurable solutions ¢: D — C to
O(Fi(x)) = T ¢(x),
for any t € R, or, in terms of the i.e.t. f,
(1) f is ergodic;

(2) for any ¢ # 0 there are no nonzero measurable solutions ¢: I — C to Equation
(4.3).
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Theorem 1.27. Let 7 € &Y with g > 1. For every h € (H(m) NR%) and every

[\ € IP’ifl except for a subset of Hausdorff dimension strictly less than d — 1, the special
flow F(h,\,7) is weakly mixing.

The proof is an immediate consequence of Veech criterion and of Theorem 1.25.

4.3.2. Weak mixing for translation flows. Let R C 62 be a Rauzy class with d > 1,
and let 7 € 8. We have seen that the associate space of translation flows is parametrized
by (h,[\]) € H(m) x P4, where H(r) has dimension 2g. As for i.e.t.’s, we want to prove
that the set of (h,[\]) € H(r) x P! such that the corresponding flow is not weakly
mixing has Hausdorff dimension strictly less than 2g + d — 1. If we look at Theorem
1.27, the point is that the Hausdorff dimension of a product is not necessarily less than
the sum of the Hausdorff dimension of the two factors.® Considering the return map to
a transverse interval, and by Veech criterion, it is enough to show the following.

Theorem 1.28. Let U C P! x R be any open set. The set of (h,[\]) € (H(m)\Z%) x
P‘i_l satisfying
timsup  [|BE(N], 7) - bllzajze = 0
n—o0

RE([A],m)eU
has Hausdorff dimension strictly less than 2g + d — 1.

Again we restrict ourselves to a simplex A € ]P’i_l, and we define a cocycle (T, A),
where T': A — A is the map induced by Rauzy renormalization. We let

Fi={(hN) € H(m) x A, h e WH(A)\Z.

It is then sufficient to show the following result, which is proved in Subsection 6.2.
Theorem 1.29. We have HD(F) < 29 +d — 1.

5. Study of the weak-stable lamination

5.1. The probabilistic argument of Avila and Forni [AF]. As in [AF], we
consider here an abstract locally constant integral cocycle (T, A). We also assume that
T has bounded distortion®, and that (T, A) is fast decaying; as we have already seen,
this implies that (T, A) is log-integrable. Let © C Pi‘l be a compact set adapted to
(T, A) (see (4.7) and (4.8) for the definition). We define J = J(0) to be the set of lines
in R?, parallel to some element of © and not passing through 0.

Recall the definition of the weak-stable lamination associated to the cocycle (T, A)
at some point x € A:

W (z) :={w € R, | An () - w||ga/ze — 0},

where || - [[ga/za is the euclidean distance from Z?. For 0 < § < 1/10 and n > 0, we
define
W5, () == {w € Bs(0), Yk <n, ||Ax(z)  w|ga/ze <}
and we let
W3 (x) = ﬂ Wgn(m)
n>0
For every such § and for all w € W#(x), we see that there exists ng > 0 such that for
every n > ny, there exists ¢, (w) € Z% with A, (x) - w — ¢, (w) € W§(T"(x)).

Recall that Q denotes the set of all finite words with integer entries. For any 0 <
§ < 1/10 and [ € Q, let ¢s(l,J) be the number of connected components of the set
ALJ N Bs(0)) N Bs(Z\{0}). If J € J, we let ||J|| denote the distance between J and
0. Given J with ||J|| < ¢ and [ € Q, let Jy1,...,J;¢50,0) be all the lines of the form
AL. J — ¢ where AL (J N Bs(0)) N Bs(c) # 0 with ¢ € Z4\{0}: such lines are called

5. For instance, it is possible to find X and Y, HD(X) = HD(Y) = 0, but HD(X x Y) = 1.
6. with respect to a measure p.
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non-trivial children of J. We also define J; o := AL- J. If [|AL- J|| < &, then J, ¢ is called
a trivial child of J.

Remark 1.30. We define ¢5(l) := sup ¢s(l,J). It is clear that by making § — 0,
JeJg

non-trivial children become rarer, which means that for any (fixed) | € ), the function
d — ¢s(l) is non-decreasing. We see that there exists some 6; > 0 such that for 6 < 4y,
we have ¢s(l) = 0.

FIGURE 1. A line and its first-generation children

Fix N € N\{0}, and let Q¥ be the set of all words of length N. The set A admits a

countable partition [ J AW and since A is locally constant, it is possible to associate to
leZ

each z € A a word lo(x)ly (x)lz(x) ..., where L, (x) € QV is such that TV (z) € Aln(@),
We call such a l,(x) a “slice” of x. To each slice [,,(x) of x corresponds the matrix
Aln(@) — AN (T™N(x)). The integer N enables us to accelerate the process so as to
“see” the Lyapunov exponents.

In order to study the weak-stable lamination, Avila and Forni introduced the
following process. Given z € A, § > 0 and a line J with ||J|| < §, we apply successively
the matrices (A(*)), to J and estimate the number of children at each step. A priori
this number might grow exponentially fast; in fact the probability that this process
survives up to time m goes to zero exponentially fast with m as we will see.

Given 0 < n < 1/10, select a finite set Z C QO of big measure:

pllJAt] >1-n (5.1)

ez

Since the cocycle is locally constant and log-integrable, there exists 0 < 79 < 1/10
such that for 0 < n < ng,

> nfAlou(al < . (5.2)
1eQN\Z
which will ensure that in average, matrices with label in Z overcome the others.
Moreover, since Z is finite, it is possible by Remark 1.30 to ensure that for each
J € J, when the matrix we apply to J is labeled by a word in Z, then the only potential
child is trivial. But the existence of at least two positive Lyapunov exponents generates a
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drift that makes each child further from the origin than the original line was. Therefore,
if we can do so that a typical € A has enough slices in Z, then the previous process
has good chances to have finite life expectancy.

For every m > 0, we define

L) s={z € A, JOWS,,n(2) # 0}

It is the set of points for which the above process will last a minimum of m steps. The
main result of this section is the following.

Proposition 1.31. There exists Ny € N\{0} such that for N > Ny, we may find
constants C' > 0, k > 0 and p > 0 such that for every J € J,

w5 () < Ce "™ | J]|7".

Note that the dependence in J in the previous expression is quite reasonable: the
process will survive longer if the initial line J is chosen close to the origin, that is, when
I.7]| is small.

To prove Proposition 1.31, we condition the probabilities according to whether we
are in Z or not: given measurable sets X,Y C A such that u(Y) > 0, and with the
notations of Section 2, let

P (X]Y) = ”(f(;)Y) ve M= i, 1€ OV}, (5.3)
P(XIY) = sup PL(XY). (5.4)

We introduce functions ¢, ¥ to encode whether slices belong to Z or not. More
precisely, let 1: QN — Z be such that (1) = 0 if [ € Z, and (1) # (I') whenever
I #1' and I,I' ¢ Z. We denote by QN the set of all words whose length is a multiple
of N. Let then ¥: OV — Q be given by U(I*...I™) = (") ... (™), where I' € QN
i=1,...,m. For any d € (Q, define

Al .= U AL
1e¥—1(d)

Let p > 0. For each d € Q, |d| = m, we define C(d) > 0 as the smallest number
such that

P(L§(J)|A%) = sup, P, (NAY <Cc@|I)~*, Jed. (5.5)
ve
Note that C(d) < 1 for all d; indeed, if ||J|| > 4§, then I'{"(J) = 0, else
PIT())|AY)|J||P < §# < 1. The following technical estimate is the key step in the
proof of Proposition 1.31.

Lemma 1.32 (Claim 3.7, Avila-Forni [AF)). There exists Nyg € N\{0} such that for
N > Ny, if Z C QN and 0 < n < 1y are taken such that (5.1) and (5.2) hold, then there
exists po(Z) > 0 such that for 0 < p < pg(Z), and for 0 < 6 < 1/10 sufficiently small,
we have for any d = (dy ...d,,) € Q:

c< [Ta-» TI 1A%+ 14N [o(20)9). (5.6)
d;i=0

di#0, p(1')=d;

This means that at each occurrence of a slice in Z, the previous quantity decreases by
at least a given factor. Therefore, if the behavior of matrices with label in Z is prevalent,
it follows that for a typical infinite word d = dydads . . ., the probability P(T'y*(J)|Ad™)
goes to zero exponentially fast with respect to m, where we have set d™ := dids . .. d,,.



50 1. WEAK MIXING FOR L.E.T.’S AND TRANSLATION FLOWS

5.2. Large deviations: proof of Proposition 1.31. At this point we fix N >
No, Z C OV, 0<n<mn9,0<p<po(Z)and 0 < & < 1/10 in such a way that the
assumptions of Lemma 1.32 are satisfied; we also assume that ¢ is small enough such
that ’

> (pIn][ALo + In(1 + [[ Ao (26)" ) (AL — pu | | AL | =a <. (5.7)
1EQN\Z ez

This ensures that on average, the behavior of words in Z prevails. For any € A, we
let
{ —p ifre |J AL

lez
pln || Ao + In(1 + ||AL[o(20)?) if z € AL 1€ QN\Z.

For each k € N, we define the random variable

A — R
Xk:{ r s (TFN(z)),

m—1

and we set Sy, := Y. Xj. From (5.7) and the T—invariance of u, we get: for every
k=0
k>0,
E(Xg) := / (TN (2)) du(z) = a < 0.
A
For z € AL, |d| = m, let Cy,(2) := C(d). Then by (5.6),
InCp,(z) < Sp(x).

Since T is ergodic, Birkhoff’s ergodic theorem implies that for almost every x € A,

S ()

limsupw <limsup ——= = a < 0.

m—oo m m—oo m

It follows that for almost every = € A, there exists mg such that for m > mg we have
Cp(7) < €. Define

e

Ep={z €A, Cp(z)>e™}.

We show the following large deviations result for C,:
Lemma 1.33. There exist # < 1 and C > 0 such that u(E,,) < CB™.

To prove this result, we will use a general estimate obtained in [AD] and that we
now recall. Let U: A — A be a transformation with bounded distortion with respect to
the reference measure u, let v be the invariant measure, and (U, B) a locally constant
cocycle over U. The expansion constant of (U, B) is the maximal ¢ € R such that for all
v # 0 and almost every z € A, 8

1
lim —1In||B,(z)-v| > ¢
n—oo N

The following theorem tells us that the measure of points which exhibit anomalous
Lyapunov behavior at time n decays exponentially fast with n.

Theorem 1.34 (Theorem 25, Avila-Delecroix [AD]). Assume that B is fast decaying.
For every ¢ < ¢, there exist C3 > 0, az > 0 such that for every unit vector v,

plz, [|Ba(x) - of| < e} < Cyemom,
Proof of Lemma 1.33. With the notations introduced before, we define the cocycle

(U, B), where U := TV and B(z) := e 7®) € GL(1,R). When x € AL |I| = N, we
denote BY := B(z). Note that the map U has bounded distortion.

7. By (5.1) and (5.2), the left hand side is less than %p(n — %) < 0 when § — 0.
8. The limit exists by Oseledets theorem applied to v.
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Since Z is finite, for n big enough, |B® |y > n implies that [ € Q¥\ Z, and it follows
from the definition of « that
1BWlo = | AH|5(1+ [|AM0(26)7) > (| AY¢,

and then B is fast decaying since A is.

We deduce from (5.7) the value of the expansion constant of the cocycle (U, B): we
have ¢ = —a > 0. Indeed, B,,(z) = e~ 5m(®) 5o by Birkhoff’s ergodic theorem, for
|[v| =1 and almost every x € A,

1 - _
lim L n (By(z) v = lim —om@) @D
n—oo M m—o0o m
We apply Theorem 1.34 with ¢’ := —a/2 < ¢ to get C3 > 0, ag > 0 such that
p{z € A, Bp(x) <™} < Cae™™.

Since €5m(#®) = (B,,(x))~!, the last inequality gives

I ({x €A, SL(:E) > a}) < Cge” 3™,
m 2

By definition, In C, (x) < Sp,(z), hence

which concludes. O

Using Lemma 1.33 and the fact that Cp,(z) < 1, we therefore obtain
[ Cote) duta) = [ Cowiuta)+ [ Cutw)inta)
A En A\Eq,

< u(Bn) + [ e du(o)

< 56771 +emo¢/2
< Ce ™™™,

with # := min(—In 8, —a/2) > 0 and C:= 1+ C > 0.

From (5.5) and the formula of total probability, we thus get
pTP) < D wAYPLUTF ()AL

deQ), |d|=m
< /A Con @I dp() < Ce™m 17|12,

which concludes the proof of Proposition 1.31. O

6. End of the proof of weak mixing

6.1. Weak mixing for i.e.t.’s: proof of Theorem 1.26. We conclude here the
proof of Theorem 1.26. We consider the cocycle (T, A) defined in Subsection 4.1.4. Note
that it meets all the assumptions made in Section 5. Since T is fast decaying, it is
also legitimate to use the results of Subsection 2.6 to convert Proposition 1.31 into an
estimate on Hausdorff dimension. With the notations introduced in Subsection 5.1, let
0 = Pi_l and J = J(O), and choose some integer N > 0 sufficiently big so that the
assumptions of Lemma 1.32 are satisfied.

Let J be a line in 7. For every m > 0, we denote

L3 () ={INed, JnW;§,.~([A]) # 0} (6.1)
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With our previous notations, it is clear that T'¥*(J) is a union of A4, with |d| = m. Now,
Proposition 1.31 implies that there exist constants C,k,p > 0 such that p(I'y*(J)) <
Ce ™| J|| =", which yields

hmsup—— In u(T5(J)) > k > 0.

m—ro0

Recall that T is fast decaying for some fast decay constant a; > 0. By Theorem 1.7, we
9
get

HD | () T3(J) | <d—1—min(k,a). (6.2)

m>0

For every n > 0, the same reasoning remains true for 7" < N Fg”(J)). Indeed,
m>0

since T' leaves p invariant, we get as before
1
limsup —— Inpu(T7" (I'5*(J))) > &,
m—oo m

and therefore,

HD | () T7"(@3(J)) | <d—1—min(k,a1). (6.3)
m>0
As in Subsection 4.1.4, we consider h € H(w) and t € R satisfying th ¢ Z?. Let
x = [A\] € A be such that th € W#(z), i.e.,, x € & ). We fix some small § > 0. By
definition, th € W*(z) means that there is ng = ng(z) > 0 such that for every n > no,
there exists ¢, (z) € Z? satisfying
Ap(z) - th —cp(x) € W5(T™(x)). (6.4)

Let us denote by Jj, the line generated by h, and set J,, (x) := Ap(2) - Jp — cn(2).

Lemma 1.35. For any n; > ng, there exists n > ny such that J, j(x) does not pass
through 0, i.e., J, n(x) € J.

PRrROOF. Fix ny > ng. Assume by contradiction that J,, j,(x) passes through 0 for all

n > ny. Since from (4.7) and (4.8), the matrices A,(z) expand © = P!, and because
Jnn(x) € © with || J, 5 (z)|| < 0, we obtain

lim | An—n, (T (2)) " (An(x) - th — cu(2))]| = 0. (6.5)

But

An—ny (T ()7 (An (@) - th — cq(2))

= A (x) th— Ay _p, (T™ () - cn(2)

= Ay, (2) th —cp, (2) +cn, (2) + Ap_p, (T™(2) 71 - cp(z)

|[-]|<é, constant w.r.t. n € 74

so from (6.5), ¢, (2) + Ap_p, (T (2)) "L cp(z) = 0 and A, (z)-th—cp, (z) = 0, whence
th = (A, (2))71 - cp, (v) € Z2 (since A, (z) € SL(d,Z)), a contradiction. O

Let « = [A] € & . By the previous lemma, there are infinitely many n > no(z)
such that J, j(z) € J. Let us choose such an n. By (6.4), we also know that Jn nl@)n
Ws(T™(x)) # 0. From the definition introduced in (6.1), we get T (x) € T'J"(Jn,n(x)),
for any m > 0, that is,

ze () T TF (Jnn(@)).

m>0

9. The sequence (I'§*(J))m is decreasing, so that iminfT'y*(J) = () TF(J).
m—r o0
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Let us define J, := {M - J, — ¢ | (M, ¢) € SL(d,Z) x Z¢} N J. By definition, we have
that for every n > 0, J, »(x) belongs to the countable set J,. We have thus obtained

U éwcea= U O7@u).

tER, thgZ4 n>0, JEJr m>0
Moreover, we deduce from estimate (6.3) that
HD(&,) <d—1—min(k, 1) <d— 1.
(]

6.2. Weak mixing for flows: proof of Theorem 1.29. We consider the co-
cycle (T, A) introduced in Subsection 4.3.2. Recall that by Subsection 3.7, we know
that there exists a probability measure p for which T has the property of bounded
distortion; we denote by {A(l)}lez the associate partition. Moreover, the cocycle
(T, A) is fast decaying. Let L > 0 be the maximal Lyapunov exponent, i.e., L :=
limy,— 400 %fA In [|A,,(z)||du(x). In the next proposition, we estimate the measure of
the set of points with anomalous Lyapunov behavior, that is, those for which the it-
erates of the cocycle (T, A) grow too fast. This large deviations result follows from
fast decay of the cocycle and almost independence, which itself is implied by bounded
distortion.

Proposition 1.36. For any L> L, there exist C~',£ > 0 such that for every n > 0,
p{z € A | [Au(@)] 2 eP}) < Cesm.

PROOF. For any (z,n) € A x N, we set I(z,n) := 1In|A,(z)|; similarly, for
any word [ € Q of length n, we set I(I) := L In||A}. By definition of L and L, and
by bounded distortion (see Subsection 2.1 for the definition), there exist ng > 0 and
0 > 0 such that for any [ € Q, any n > ng, we have [, (I(x,n) — L)dpt(z) < —6.
Given an integer n > 0 and a word [ € 2, let us consider the function %, ;: ¢t —
I et”(l(m’”)*z)dui(z) (we just write %, when [ = 0); it is well defined by fast decay
of A. Moreover, we have #,,,(0) = 1 and .7, ,(0) < —ngfl < 0. Therefore there
exist 8p,& > 0 such that for any [ € Q, we have Z,,;(dg) < e %" and for any
0 <n < ng, Fni(do) < 2e %", By definition, for any two words [,1’, we have ,u(AE) =
Tf(u‘AL)(ALI) = u(AYEE(AY). Besides, for any z € A and integers n,n’ > 0, we have
(n+n)I(z,n+n") <nl(x,n)+n'I(T"(x),n'). Let n > 0 be any integer. We deduce
that

Frang(@) = D e dEE g (AL
|2]=mn,|"|=n0
< Z 650"0(1@/)’Z)d,u1(Ay) Z e5on(1(D*Z)dﬂ(AL)
=m0 |L|=n

S sup 9%7;(50) . fn(ao) S Gi&)nog\n(é‘o).

|L]=n

Therefore, for any n > 0, considering the euclidean division n = kng + r of n by ng,
with £ > 0 and 0 < 7 < ng, we obtain .%,,(§) < e~kéono . 2¢=%7 < 2¢=%" We conclude
by noting that u{x € A | [|A,(2)| > eF"} < .F,(80) < 2%, O

We now come to the proof of Theorem 1.29. Fix 0 < § < 1/10 sufficiently small.

With the notations introduced in Subsection 4.3.2, let (h,[A]) € F; we denote Jj, :=
Span(h), and Jj, := {M - J, —c | (M, ¢) € SL(d,Z) x Z¢} N J. As previously, we have

Ne U N T‘"( g}2(.])). (6.6)
n>0, JeJp, m>0

Fix n > 0, and take (M, ¢) € SL(d, Z) x Z¢ such that J = Jps,.(h) := M-Jp, —c € Tp.
We know from Proposition 1.31 that there exist constants C, x, p > 0 such that for any
m >0, p(T~"(T5(J))) < Ce "™[|J||7”. Recall that we denote by L the maximal



54 1. WEAK MIXING FOR L.E.T.’S AND TRANSLATION FLOWS

Lyapunov exponent of (T, A). Given L' > NL, let X,,, := {z € A | | Ay ()] > ™},
by Proposition 1.36, we know that pu(T~"(X,,)) < Ce=¢™ for certain constants 5,5 > 0.
Then the proof of Theorem 1.7 given in [AD] provides us with constants C’, ¢, K > 0
together with a cover {BJ"™ ™"}, ~o of =™ (I'?(J) U X,,) by balls of diameter at
—C'm

most e , satisfying

> diam(Bj Moy < K (6.7)
k>0
Recall that T'{*(J) := {z € A, JNW;, n(x) # 0} is the set of points 2 € A for which

the process introduced earlier lasts for at least m steps. By definition, x € T-™(T'§*(J))
if and only if there exists w € J N Bs(0) such that

| AR(T™(2)) - wllgajze < 3, Yk <mN.

If instead of J, we start the process with a line J' close to J, we see that the first
iterates of J' N Bs/2(0) under the cocycle remain close to those of J N Bs/2(0). More
precisely, given 0 < & < §/2 - e_L/m7 assume that the line J’ is e—close to J in the sense
that for any w’ € J' N Bs/2(0), ||77(w’) — w'|| < &, where 7; denotes the orthogonal
projection on J. Let ' € T7"(I'f),(J')); then there exists w’ € J' N Bs/3(0) such
that ||Ax(T"(2')) - w'||lgajze < §/2, for any k < mN. Set w := 7;(w’) € J N Bs(0).
Since k — ||Ak(T™(2"))|| is increasing, we deduce that either 2’ € T—"(X,,), or for any
0<k<mN,

1AK(T" () - wllajza < /2 + [ A(T™(@)lle < 6/2(1 + | An(T™(2")]le"™) < 6,

hence 2’ € T~"(I'y*(J)). Therefore, there exists C” > 0 depending only on 4, L’ such
that for each b/ € H(r) with d(h,h’) < e ¢"™, and if J' := Ju (k') denotes the
corresponding line, then the same cover will work for the “bad” parameters associated
with J’, that is,

T (Tya(0)) € | B,
k

and [\]eT™ (1"3’;2(])) whenever (I, [N]) € F.
Let us choose a cover {U;};>¢ of H(w) ~ R?9 by open balls of diameter less than
1. For any j,m > 0, we take a countable collection {hfﬁ,p}pzo C Uj such that U; C

UpB(hi, .63, ), where 0 < &), < e=C"™ for all p > 0, and such that for some

m,p’ “m

0 < K’ < 400, we have
> ()% < K. (6.8)
p=>0

From the previous discussion, we may also assume that there exists a constant 0 < K <
+00 such that for any integers j,m,p,n > 0, any M € SL(d,Z), ¢ € Z%, there exists

m,n,M,c,h’

an open cover {B, "7 k>0 of the set T-"(Iy(Jar,e(hd, ) U Xi) by balls of
diameter at most e‘clm, which satisfies
3 diam(By MO o1 < g (6.9)
k>0

and such that for any (h, [\]) € F, we have:

— h € U; for some j > 0, and for any m > 0, there exists p > 0 such that
h € B(hi, ,, 07

m,p’ 7;'1717)'

— There exist n > 0, M € SL(d,Z), ¢ € Z% such that Jys.(h) € J), and for any

J
m,n,M,c,hm'p

m >0, [\ € T-"(T,(Jare(h) € UiB;

. i M . m,n,M,c,hj
For each j,m,n, M, c,p, k as above, set r;""""“P := diam(B,; "™P) and take a

. ) . j 2g
cover {B)" " MEPFY of B(hd, .63, ) by O <<r7"‘6"§“1’) ) many balls of diameter
k

m,p’ T m,p
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j M
rp O We get

1 M k m,n,M,c,hfﬂ ,
o U N(ysmmiert s, v (6.10)
7,n,M,cm>0 \p,k,l

For any j,m,M,c, and for every integer m > 0, let us denote Y7 mMc

Up,k’l B{””’"’M’c’p’k X B;n’n’M’c’hﬁ’p. We deduce from (6.8) and (6.9) that

. ; M k m,n,M,c,h? 1
§ dlam(Blj’m’n’ Pk o B rn,p)2g+d 1-46

k
p,k,l
) 2
57 T
< m,p ( Jym,n,M,c,p\2g+d—1—6’
< : 17 it )
jym,n,M,c,p

pk \"k
— E J 2g § : j,m,n,M,c,p\d—1—5'
- (5m7p) X (rk )

P k
< KK'.

We deduce that HD (m Yf%nvaC) <2g+d—1—0. But from (6.10), we know that

m>0-"m
F is contained in a countable union of such sets, so that HD(F) < 2g + d — 1, which
ends the proof. O
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CHAPTER 2

C"—prevalence of stable ergodicity for a class of
partially hyperbolic systems

This chapter is based on a joint work with Zhiyuan Zhang. 1 The version presented
here is provisional, a final version will follow thereafter.

In this chapter, we prove that for r € N>y U {oc0}, for any dynamically coherent,
center bunched and strongly pinched volume-preserving C" partially hyperbolic diffeo-
morphism f: X — X, if either (1) its center foliation is uniformly compact, or (2) its
center-stable and center-unstable foliations are of class C, then there exists a C!—open
neighbourhood of f in Diff" (X, Vol), in which C*—stable ergodicity is C"—prevalent
in Kolmogorov’s sense. In particular, this result verifies Pugh-Shub’s stable ergodic-
ity conjecture in this region. As applications, we partially answer an open question of
Pugh-Shub [23], and a generic version of an open question of Hirsch-Pugh-Shub [17].

1. Introduction

Smooth ergodic theory, that is, the study of statistical and geometric properties of
measures invariant under a smooth transformation or flow, is a much studied subject in
the modern dynamical systems. It has its root in Boltzmann’s Ergodic Hypothesis in the
study of gas particles back in the 19*" century. Ever since Birkhoff’s proof of his ergodic
theorem, there has been a constant interest in understanding the genericity of ergodic
systems. The pioneering work of Kolmogorov in the 1950’s provided the first obstruction
to the genericity of ergodicity for Hamiltonian systems. His idea was later developed
into what is now known as the Kolmogorov-Arnold-Moser (KAM) theory. On the other
hand, the work of Hopf and Anosov-Sinai provided open sets of ergodic systems, known
as Anosov systems, or uniformly hyperbolic systems.

Definition 2.1 (Anosov diffeomorphisms). Given a compact Riemannian manifold X,
a diffeomorphism f € Diff 1(X ) is called uniformly hyperbolic or Anosov if there exists a
continuous splitting TX = E*® E" of the tangent bundle into D f—invariant subbundles
and constants X*, x° > 0 such that for any x € X, we have

IDf(on)ll < e X Jloa]l, Voo € E*(2)\{0}, (L.1)

cu

[Df(v2)ll > eX loa]l,  Vop € E*(2)\{0}. (1.2)

For the next nearly thirty years after Anosov-Sinai’s work, uniformly hyperbolic
systems remained the only examples where ergodicity was known to appear robustly.
A breakthrough came when Grayson, Pugh, Shub [14] gave the first non-hyperbolic
example of a stably ergodic system, i.e., the time-one map of the geodesic flow on the
unit tangent bundle of a surface of constant negative curvature. Such systems are special
cases of partially hyperbolic systems, which are defined as follows.

Definition 2.2 (Partially hyperbolic diffeomorphisms). Given a smooth Riemannian
manifold X with compact closure, a C' diffeomorphism f: X — X is called partially
hyperbolic if its C' norm is uniformly bounded and there exist a nontrivial continuous

1. Université Paris Diderot, Sorbonne Paris Cité, Institut de Mathématiques de Jussieu-Paris Rive
Gauche, UMR 7586, CNRS, Sorbonne Universités, UPMC Univ Paris 06, F-75013 Paris, France.
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60 2. C"—PREVALENCE OF STABLE ERGODICITY

splitting of the tangent bundle into D f—invariant subbundles, TX = E°® E°® E", and
constants X", x° > 0 and x°, x° € R such that

— X7 <XOSXO<XY (1.3)
and for any x € X, any v; € E*(2)\{0}, va € E°(2)\{0}, vs € E*(x)\{0}, we have
IDf()]| < e full, (1.4)
X lua|l < [[Df(v2)]| < X Jloal (1.5)
X sl < IDf(v3)]l - (1.6)
We set E¢* := E° ® E*, x = s,u. Throughout this chapter we always assume that

>—CC S 0 S XC.
Let Vol be the volume form induced by the Riemannian metric. For any integer r €

N>1 U {oo}, we denote by PH"(X) (resp. PH"(X,Vol)) the set of all C" (resp. C”
volume-preserving) partially hyperbolic systems on X.

Let f € PH'(X). It is well-known (see [17]) that E* and E* are uniquely integrable
to continuous foliations W; and WY respectively, called the stable and unstable foliations.
For any x € X and * = s, u, we denote by Wj(z) the leaf of W} through z; then Wy ()
is an immersed C"—manifold. Besides, the stable and unstable foliations are invariant
under the dynamics:

fOWVi(x)) = Wi(f(x)), VreX, *=s,u.

If f € PH?*(X), the transverse regularity of Wi and W} is Holder (see [25]).
Based on [14] and other results, Pugh-Shub formulated the following conjecture.

Conjecture 2.3 (Pugh-Shub’s Stable Ergodicity Conjecture, [23]). Stable ergodicity is
C"—dense among the set of C" volume-preserving partially hyperbolic diffeomorphisms
on a compact connected manifold, for any integer r € N>o U {oc0}.

Since its introduction, this conjecture and related questions on stable ergodicity have
been extensively studied, for instance in the following series of works [24, 9, 13, 30,
29, 28, 8, 1, 2]. We will later elaborate on the connections between them.

Conjecture 2.3 has its origin in several concrete models. Given an integer n > 1,
let us recall that the linear automorphism of T™ := R™/Z"™ associated to a matrix
A € SL(n,Z) is defined as the unique diffecomorphism f4: T™ — T™ such that the
following diagram commutes,

R® —4 R™

T fa T
where 7: R™ — T"™ denotes the natural projection. Back in the 1970’s, Hirsch-Pugh-
Shub [17] already asked the following question.

Question A. Is any ergodic linear automorphism of T™ stably ergodic, for n > 27

A special case of the above question was asked again in [14] for an explicit 4 x 4
matrix. The latter question was solved by F. Rodriguez-Hertz in [30]. In [23], the
author said that the validity of Conjecture 2.3 would imply a positive answer to the
following Question A’ (see the remark below Conjecture 1 in [23]):

Question A’. Given integers n,r > 2, is the C"—generic volume-preserving perturba-
tion of any ergodic automorphism of T™ ergodic?

Question A’ has a positive answer when f: T" — T" is an ergodic automorphism
satisfying one of the following assertions:

(1) f has no eigenvalue of modulus 1;
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(2) f has 1 eigenvalue of modulus 1, by [29];
(3) f is pseudo-Anosov with 2 eigenvalues of modulus 1, by [30].

Another open question is the following. The version we give here is stronger than
that initially stated in [23].

Question B. Let M, N be two compact Riemannian manifolds, and assume that M
supports a C" volume-preserving Anosov diffeomorphism g: M — M, r € N>o U {co}.
Is the C"—generic volume-preserving perturbation of g x Id: M x N — M x N ergodic?

The answer is yes when dim(N) = 1, by [29]. A recent result of Avila-Viana [3]
also gives an affirmative answer to Question B when dim(N) = 2. To the best of our
knowledge, Question B is open for any N of dimension at least 3.

In this chapter, we will give a partial answer to both Question A’ and Question B.
Before stating our results, we introduce the following notion.

Definition 2.4 (Pinching). An Anosov diffeomorphism f with constants X*,\“ as in
(1.1), (1.2) is called 8—pinched for some 6 € (0,1) if there exist X", xX° > 0 such that

e X < |Df YTt < IDfI| < X,
—X° 0% <0, X"—0%° >0

A partially hyperbolic system f with constants x*, x*, x¢, x¢ as in (1.3)—(1.6) is said
to be O—pinched for some 6 € (0,1) if there exist x*, x* > 0 such that

e X < |DfY|TT < |IDf) < X
—X°+0x" <x° X" -0 > X"

By definition, given any Anosov or partially hyperbolic diffeomorphism f, there
exists § € (0,1) such that f is §—pinched. We will answer Question A’ and Question B
for those with pinching exponents close to 1.

Theorem C (L.-Zhang). Let n > 2 be some integer. For any r € N>o U {o0},

any linear partially hyperbolic automorphism fa: T™ — T", ergodic or not, that is
(%)%—pinched, where ¢ is the number of eigenvalues of A € SL(n,Z) of modulus 1,

there exists U, a C*—open neighbourhood of fa in PH"(T™, Vol), such that for some
C"—dense subset U' of U, any map in U’ is a C*—stably ergodic diffeomorphism. In

particular, we give an affirmative answer to Question A’, for any (C’l)i— pinched f4.

(&

Note that even for linear automorphisms with two-dimensional center, we give a
partial generalisation of the result present in [30], in the following sense:

(1) we removed the pseudo-Anosov condition;
(2) our result also applies to non-ergodic maps;

(3) we weaken the regularity condition (for the perturbations) from C® to C?.
Theorem D (L.-Zhang). The answer to Question B is yes, for any (";1)%—pinched
C" volume-preserving Anosov diffeomorphism g: M — M, n > 2 being the dimension
of N.

Theorems C, D are easy consequences of a more general result we proved, which
is stated in the next section. As we will see, when dim(E*) > 2, we actually obtained
prevalence in Kolmogorov’s sense, a notion which is much stronger than density.

1.1. Stable ergodicity and accessibility. In [24], the authors proposed a route
to prove the Stable Ergodicity Conjecture. They divided the conjecture into two parts,
using the following geometric notion, originating in an argument due to Hopf [16].

Definition 2.5 (Accessibility). Given any partially hyperbolic diffeomorphism f: X —
X, an su—path is a path obtained by concatenating finitely many subpaths — called arcs,
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or legs — each of which lies entirely in a single leaf of the stable foliation W?$ or of the
unstable foliation Wy . The diffeomorphism f is said to be accessible if any two points in
X can be connected by some su—path. We say that f is (C'—)stably accessible if there
exists U, a C'—open neighbourhood of f, such that any g € U is accessible.

Conjecture 2.6 (Accessibility implies ergodicity). Essential accessibility implies ergod-
icity among C? volume-preserving partially hyperbolic diffeomorphisms.

Recall that essential accessibility is a weakening of the notion of accessibility in the
measured sense. It means that for any two measurable sets A, B of positive volume,
there exist a € A and b € B which can be connected by some su—path.

Conjecture 2.7 (Density of accessibility). For any integer r € N> U {oo}, stable
accessibility is open and dense among C" partially hyperbolic diffeomorphisms, volume-
preserving or not.

The state-of-the-art on Conjecture 2.6 was obtained by Burns and Wilkinson in [8].
They proved Conjecture 2.6 under one mild technical condition called center bunching,
which asserts, in loose terms, that the hyperbolic part dominates nonconformality of
the center. Their result improved earlier work of Pugh-Shub in [24], which required two
technical conditions: dynamical coherence and a stronger form of center bunching. In the
work of Burns-Wilkinson, the assumption of dynamical coherence was made unnecessary
thanks to the introduction of the so-called fake foliations. Here, dynamical coherence
is a very commonly used notion in the study of partially hyperbolic systems. It asserts
certain joint integrability of the invariant subspaces E¢, E®, E*. We will give the formal
definitions of most of the above notions in Section 2.2.

In comparison, there is a paucity of progress towards Conjecture 2.7. When the
center dimension is one, that is, dim(E°) = 1, it was proved by F. Rodriguez-Hertz,
M.A. Rodriguez-Hertz and R. Ures in [29]. It is still open for any dimension larger than
1. To describe the current state of Conjecture 2.7, we mention several related results,
which were obtained among certain classes of systems.

e Burns-Wilkinson [9] proved a version of Conjecture 2.7 for compact group
extensions over Anosov systems.

e In a recent paper [18], Horita-Sambarino obtained some C"—density result for
a class of partially hyperbolic diffeomorphisms with dim(E¢) = 2 and uniformly
compact center foliations (see Definition 2.22).

e Another C"—density result for partially hyperbolic systems with dim(E¢) = 2
was obtained recently by Avila-Viana [3] using a very different method.

e Zhang [33] recently proved C"—density of C?—stable ergodicity for a class
of skew products over Anosov maps, satisfying pinching, bunching conditions
with certain type of dominated splitting in the center subspace. This is the
first C"—density result for systems with arbitrary center dimension.

The difficulty of Conjecture 2.7 is mainly due to the C2—smallness of the perturba-
tion. In fact, the C'—density of stable accessibility was already proved by Dolgopyat-
Wilkinson [13] in 2003. There was a line of research focused on the C! version of Con-
jecture 2.3. In the case where dim(E°) = 1, 2, this was proved in [6] and [28]. Recently,
the C'—version of Conjecture 2.3 was completely solved by Avila-Croviser-Wilkinson
[2].

As the main result of this chapter, we will verify C”—density of stable ergodicity in
C!' —neighbourhoods of two classes of partially hyperbolic systems, defined by some tech-
nical conditions; they are general enough to include those in Questions A, B. Compared
to previous work, our result has two main novelties:

(1) This is the first time that C"—density of stable ergodicity is proved for fully
nonlinear systems with arbitrary center dimension, for » > 2. The compact
group extensions considered in [9] also have higher center dimension, but they
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are simpler as the action on the fiber is by group translation, hence is charac-
terised by finitely many parameters.

(2) We prove the prevalence of stable ergodicity in a measure-theoretical sense.

To provide motivations for (2), let us mention that in dynamical systems, there are
two ways to approach the question of genericity: topological and metric. These notions
are sometimes conflicting. For instance, a topological generic orientation-preserving cir-
cle diffeomorphism has rational rotation number, while in many one-parameter families
of circle diffeomorphisms, the set of parameters with irrational rotation number has pos-
itive Lebesgue measure. For detailed exposition and more examples on the differences
between these two notions of genericity, we refer the reader to [19] and [4]. There are
different ways to define measure-theoretical prevalence, see [19, 21]. In the following we
use the notion of typical dynamical system in the Kolmogorov sense. In loose terms, a
property for diffeomorphisms is said to be prevalent in the C” — J—Kolmogorov sense if it
holds for a full measure set in a C"—generic J—parameter family. The formal definition
is given in Definition 2.10.

Our main theorem in this chapter is the following.

Theorem E (L.-Zhang). Let X be a compact Riemannian manifold. Letr € N>oU{oo},
and assume that f € Diff"(X) is a volume-preserving dynamically coherent partially
hyperbolic system, with ¢ := dim(E€) > 1. If f is center bunched and satisfies at least
one of the following assertions:

— fis (%)%fpinched and has uniformly compact center foliation,

— fis (% )% —pinched and the maps x — E®(x), E°“(z) are of class C?,
then there exists a C'—open neighbourhood of f in Diff"(X), denoted by U, such that
C'—stable accessibility is prevalent in the C" — J—Kolmogorov sense in U, for any
J > Jy. Here Jy is an integer depending only on dim(X).

Moreover, let Vol be the volume form on X given by the metric, and assume that
f € Diftf" (X, Vol) satisfies one of the previous conditions. Then the above conclusion is
true for Uy, a C*—open neighbourhood of f in Diff" (X, Vol), in place of U. In particular,
C' —stable ergodicity is C"—dense in Uy.

1.2. Idea of the proof.?

As in the aforementioned paper [13] of Dolgopyat-Wilkinson on C'! —density of stable
accessibility, the proof is split into two parts: accessibility is obtained by combining a
global argument, refered to as accessibility modulo a family of center disks, with a local
one.

For a partially hyperbolic diffeomorphism f that admits a center foliation integrating
the center subspace, accessibility modulo a family of center disks is a weakening of the
notion of accessibility; it holds if for a finite collection of disks in some center leaves,
any two points in the whole manifold can be joined by a path formed by arcs in stable
or unstable leaves of f and arcs in the center disks of the family we consider. In other
words, it is a kind of su—path for which jumps within the center disks in the family
are also allowed. Moreover, when the center foliation also has some form of structural
stability, such a family of center disks also exists for nearby diffeomorphisms. In order
to make perturbations, it is important that the family of center disks we work with has
slow recurrence. This part of the argument follows the same line as in the paper of
Dolgopyat-Wilkinson, since the property of being accessible modulo a family of center
disks with good properties can be checked after a C"—small perturbation, » > 1 (to
build such a family, we require that the fixed points of f* be isolated, for k¥ > 1), and
in fact, it is prevalent in a sense that will be made precise. Additional difficulties come
from the fact that we consider families of diffeomorphisms instead of a single one. While
for nearby maps, the natural continuation of the initial family of disks works, for others,
we show that it is possible to define a new family, whose elements as well as their first

2. We refer the reader to the next section for the definitions of the notions appearing in the discussion
that follows.
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iterates under the dynamics do not intersect elements of the initial family. This is crucial
for the second part of the argument.

The second part consists in getting some local accessibility property: after a typical
perturbation, we show that it is possible to make each center disk in the previous col-
lection accessible. Contrary to the first point, the proof given for the C''—case cannot
be carried out in C" topology. Indeed, in [13], the authors consider a finite collection
of accessible sequences based on some center disk, and perform perturbations to show
that every sequence can be used to move in a certain direction. Therefore, by composing
such sequences, it is possible to reach any point in a small ball contained in the center
disk. But if we consider the C? norm of the perturbation, it is impossible to induce a
sufficiently big C° displacement of holonomies to make this strategy work.

In our work, we thus replace their topological argument by another one, derived
from a result due to Bonk-Kleiner [5], which ensures that the image of a certain map
has nonempty interior; this map encodes the structure of some accessibility class, and
is obtained by concatenating holonomy maps along certain 4—legged su—paths which
come back to a common center disk that we want to make accessible. Besides, under
some mild center bunching assumption, this map is differentiable. Then, to check the
hypotheses of our topological lemma, we show that it is enough to consider infinitesimal
displacements instead of C° displacements as above, which thus allows to deal with
C"—small perturbations, for any r > 1. An important step consists in investigating
the changes induced by a family of perturbations on the differentials of holonomy maps
along certain su—paths. A classical fact is that we can get a good control provided that
the local center disks through the corners of the su—path have some slow recurrence to
the support of the perturbations we consider. This can be verified in connection with
the definition of the collection of center disks considered above. From this, we deduce
that a certain map from some parameter space of perturbations to phase space — here,
some center disk — is a submersion.

If follows from this fact that we can make some parameter exclusion and show that
for a typical C" perturbation, the hypotheses of the previous topological lemma are
satisfied. Since the map we consider takes values in a given accessible class, we thus
get some local accessibility. Indeed, “bad” situations, for which the assumptions of the
lemma are not satisfied, correspond to unlikely coincidences that we may expect to be
destroyed by a generic perturbation (basically, the bad case is when the images of a
very big number of pairwise disjoint “spheres” by our map all cross a common point).
One of the restrictions comes from the fact that the holonomies need to be sufficiently
Holder for this approach to be carried out; indeed, we use some interpolation argument,
by considering only a finite set of points, and showing that the control we have for them
can be propagated to nearby points, provided that we require some suitable pinching
condition.

By applying this strategy to all the points in some center disk of a family as con-
sidered above, we show that for a generic perturbation, any point within these disks
belongs to some open accessible class. Therefore, connectedness of these disks implies
that in fact, each of them is accessible. Combining this with the property of the map of
being accessible modulo this collection of center disks, we can then get full accessibility.

In the definition of the map describing the structure of a certain accessibility class,
we ask for some property called dynamical coherence, which, a priori, could fail to hold
even for maps close to the initial one. Yet, a standard notion, refered to as plaque expan-
siveness in the literature, ensures that the center foliation has some form of structural
stability. Under this assumption, it is possible to define a natural continuation of the
previous map for nearby partially hyperbolic systems. Moreover, once the hypotheses
of the topological lemma we use are satisfied for the map associated to a given partially
hyperbolic diffeomorphism, they are still satisfied for the related map corresponding to
C'—close diffeomorphisms, by a continuity argument; then, the “room” generated by
the perturbations applied to the initial diffeomorphism can be used to verify that for
C'—close maps, the property of local accessibility also holds. Yet, a subtlety comes
from the fact that our methods require some control on the Hélder exponent of certain
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holonomy maps; then we need a quantitative version of the notion of structural stability.
For this we borrow results coming from [27], where the authors show that this can be
indeed verified in two settings, when the center foliation is uniformly compact, or the
center-stable and center-unstable bundles are C'. Moreover, by varying the radius of the
elements in the family of center disks we consider, the property of being accessible mod-
ulo a finite collection of center disks is C!—open as well. In particular, the accessibility
property we generate by the method outlined above is C'! —stable.

Convention. In the course of the chapter, we will often use constants depending on
a diffeomorphism f (and that may or may not depend on other things). We say that
a constant C' depending on a C" diffeomorphism f is C"—uniform if it works for all
diffeomorphisms in a C"—open neighbourhood of f. We introduce several constants
related to a diffeomorphism in Notations 1, 3, 5.

Givenl > 0 and diffeomorphisms f1, fo, ..., fi, we use the notation Hézl fi to denote
fro---o fi, where by convention [[;_;,, fi :==1d for any j =1,...,1 - 1.

2. Preliminaries

2.1. Prevalence.

Definition 2.8 (C" topology). Let r > 1 be an integer. Given integers m,n > 1, the
C" topology on C"(R™ R™) is the topology induced by the norm || - ||cr, where

Ifller == sup  [0,fl,  VfeCT(R™R"). (2.1)
0<i<r, z€R™
The C* topology on C*°(R™ R™) is the topology induced by the metric dce, where
o If =gl
de(f,g) == o~k __1L JIC” Vf,g € C®(R™ R"™). 2.2
(o) =2 T g ( 22)

If M and N are two smooth Riemannian manifolds, we define accordingly the C" topol-
ogy on C"(M,N) for r € NU {oc0}.

Definition 2.9 (Parameter family). Given integers r,m,n,J > 1, we define the space
C"([0,1)7,C"(R™,R™)) as the set of families {f,,}., of maps f,, € C"(R™,R") such that
the derivatives 9%,07 f,,(z) are well-defined for every 0 < i, j < r and depend continuously
on (w,z) € [0,1]7 x R™. For {f,}. € C"([0,1]7,C"(R™,R")), we set

{fotoller == sup 0,07 fu(@)]- (2.3)
0<2,5<r, z€M
The C™ topology on C"([0,1]7, C™(R™,R™)) is the topology induced by ||-||c~. Endowed
with this norm, the space C"([0,1]7,C"(R™,R")) is complete. The C* topology on
C>=([0,1)7,C°(R™,R")) is defined by analogy.
Let r € NU {oo}. Given smooth Riemannian manifolds M, N and U C C"(M, N),
a C" — J—family in U is an element {f.,}, € CT([0,1]7,U). We define the C" topology
on C"([0,1]7,U) analogously and denote by dc+ the associate metric.

Throughout this chapter, for any integer J > 1, we will use the notation
CBy :=[0,1)7.

Definition 2.10 (Prevalence). Let M be a smooth Riemannian manifold, and let U be
a C"—open set in C"(M, M), r € NU{oo}. A property & for maps in C" (M, M) is said
to be prevalent in the C" — J— Kolmogorov sense in U, if for a C"—generic C" — J—family
{fu}w in U and for Lebesgue—almost every parameter w € CBy, f, satisfies Z.

We introduce the following notion for technical reasons.

Definition 2.11 (Good family). Let M be a smooth Riemannian manifold and let
r € NU {oo}. Given an integer J > 1, a family of diffeomorphisms {fu,}, €
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C"(CBy,Diff"(M)) is said to be good if the fixed points of fk are isolated for all in-
teger k > 1 and Lebesgue—almost every w € CBj.

Proposition 2.12. Let M be a smooth compact Riemannian manifold with volume
form Vol. There exists Jy = Jo(dim(M)) > 1 such that the following is true. Given
integersr € N>oU{oo} and J > Jy, let { f, }wecn, be a C"—J—family in Diff" (M) (resp.
in Diff" (M, Vol)). Then for any € > 0, there exists {g, }wecn,, & good C" — J—family
in Diff"(M) (resp. in Diff" (M, Vol)), such that der({fu}, {9.}) < e.

PROOF. It is essentially contained in the proof of Theorem 2.2 in [20]. In [20], the
author investigates prevalence of Kupka-Smale diffeomorphisms in Diff"(M). Here we
also need a volume-preserving version of such a result when dim(M) > 3. In contrast to
the Kupka-Smale property, our notion of good family is only a transversality condition
on the level of 0—jets. The following lemma suffices for our purpose.

Lemma 2.13. For any integers p,q > 3,7 > 2, for any C" map f: (—1,1)? — RY,
there exists an integer L > 1, and C'*° divergence-free vector fields Vi,...,Vy on RY,
supported in (—1,1)%, such that the following is true. Let us denote by ﬁ‘}}? : R — RY
the time—b; map of the flow generated by V;, and let F': (—1,1)P*L — RY be defined by

F(x,b) == FF o0 FP(f(x), Vo e (=1,1)P, b= (by,...,br) € (-1, 1)~

Then the map
@ (-1, 1P+l — RP x RY
' (z,b) = (x,F(z,0))

is a submersion for any (z,b) such that F(x,b) € (—1,1)9.

Lemma 2.13 is proved by a direct construction. Using this lemma in place of Lemma
1.5 in [20], the proof of Proposition 2.12 proceeds as that of Theorem 2.2 in [20]. O

2.2. Partially hyperbolic diffeomorphisms. Fix an integer d > 1. We let X
be a smooth d—dimensional Riemannian manifold with volume form Vol.

Let f: X — X be any C! partially hyperbolic diffeomorphism or Anosov map. For
x = u,s, we denote by dw; the distance restricted to some leaf of W5, and for any

z € X, any 0 >0, we set Wi(x,0) = {y € Wi(z) | dw;(z,y) <o}

Definition 2.14 (Accessible class). Let f: X — X be a C! partially hyperbolic diffeo-
morphism. For any x € X, any £ > 0 and any integer k > 1, we define Accy(z, ¢, k) to be
the set of all points y € X that can be attained from x through some k—Ilegged accessible
sequence T = zg, 21, - .., 2k = Yy, where foreach0 < i < k—1, z;41 € W;(zi,Z)UW?(zi,l).
We set

Accyp(z) == U Accy(z, 4, k),

£>0,k>1

and say Accy(x) is the accessible class of f at x.

For any f € PH'(X), accessible classes of f form a partition of X, and by Definition
2.5, f is accessible if and only this partition consists of a single class.

Definition 2.15 (Dynamical coherence). A partially hyperbolic diffeomorphism
f: X — X is dynamically coherent if E°°, E* are integrable to foliations Wes, W,
called the center stable foliation, resp. the center unstable foliation, where Wi subfoli-
ates W§*, while Wy subfoliates W§*. In this case, we set W§(x) := W (x) N Wi (x)
for any x € X; the collection of all such leaves forms a foliation Ws, called the center
foliation, which integrates E°, and subfoliates both W¢* and Wj* (see [10]). We de-
note by dW;,dW;'%dW;“ the associate leafwise distances. For any x € X, o > 0, and
* = ¢, cs,cu, we set Wi(z,0) :={y € Wi(z) | dw;(z,y) <o}
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It is an open question whether dynamical coherence is a C'—open condition. A
closely related property is plaque expansiveness, which is another commonly-used notion
in the study of partially hyperbolic systems. Here, the terminology “plaque” refers to
some local center manifold.

Definition 2.16 (Plaque expansiveness). Let f € PH'(X) be dynamically coherent.
Given € > 0, a sequence (r,)nez € X% is said to be an e—pseudo orbit with respect
to Wi if for any n € Z, f(zn) € W§(wp41,6). We say that f is plaque ezpansive if
there exists € > 0 such that if (p,)nez, (qn)nez are e—pseudo orbits with respect to Wi
satisfying d(pn, qn) < € for all n € Z, then q, € W§(py) for all n € Z.

In other terms, either plaque orbits spread apart to distance bounded away from 0
or the plaques overlap. The following result is due to Hirsch-Pugh-Shub.

Proposition 2.17 (Theorem 7.1, [17]). If f € PH'(X) is dynamically coherent and
plaque expansive, then any g € PH'(X) which is sufficiently C'—close to f is also
dynamically coherent. Moreover, there exists a homeomorphism h = hg: X — X, called
a leaf conjugacy, such that for any x,y € X in the same f—center leaf, h(x),h(y) also
belong to the same g—center leaf. Besides, for any f—center leaf C, we have

h(f(C)) = g(b(C))-

Definition 2.18 (Holonomies). Let f € PH'(X) be a dynamically coherent partially
hyperbolic diffeomorphism. For x = u, s, let C; and Cy be two local center leaves which
are contained in the same c * —leaf of f. If C; and Cy are sufficiently close, then by
transversality, there is a subset C; C Cy such that for any x € Cy, the local x—leaf
through x intersects Co at a unique point, denoted by Hj . ., (z) € Wi(z,1) NCa. We
thus get a well-defined local homeomorphism

Hje e, Ci— Co, (2.4)

called the (local) (un)stable holonomy map between C; and Co. For any x1 € X and any

T2 € W (21) sufficiently close to x1, we define Hf 0= H;’W;(Il,l),w;,(m’l). In this

case, there exists o > 0 such that the map Hj , . is well defined on W$(z1,0) and
maps ¥ € W§(x1,0) to H

fiz1,22

;T2

(z) € Wi(z, 1) N Wi(22,1).

Similarly, if {*,1} = {u, s} and Wy, Wh are sufficiently close local ¢ T —leaves, then
for some subset Wi C W, there is a well-defined local homeomorphism

H}(’W17W2 : Wl — WQ,
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also called the (un)stable holonomy map. If x1,zo € X are sufficiently close, we set

H: = H* . . There is no risk of confusion, since when x1 and x
far,@n £ (@1, 1), W5 (22,1) ’ ! 2

belong to the same W}%*—]eaf, then for any x € Wj‘i(xl, 1), whenever defined, the images
H}7W;(Il,1)7W‘?(z2,l)(a€) and H;,w;*(zl,l),w;*(zz,l)(m) coincide.
Now, let x = u,s, and let x1 € X. If x5 € W)Cc(xl, 1) is sufficiently close to x1, then
there exists o > 0 such that the (local) center holonomy map
Hf o2 W;(xl,a) — W}(mQ)

along local leaves in W5 is a well-defined local homeomorphism.

The following result of Pugh-Shub-Wilkinson in [25] relates the pinching condition
in Definition 2.4 with the regularity of u, s—holonomy maps.

Proposition 2.19. If f € PH'(X) is 6—pinched for some € (0,1), then the local
unstable and stable holonomy maps are uniformly 60— Holder.

In the same vein, under some condition saying that the hyperbolic behaviour of the
map dominates the lack of conformality in the center, unstable, resp. stable holonomies
are at least of class C! when we consider their restriction to some center-unstable, resp.
center-stable leaf. The precise definition is as follows.

Definition 2.20 (Center bunching). A partially hyperbolic system f: X — X is called
center bunched if the following two conditions hold:

“X° =X+ X°<0, —X"+x°—-x"<0.
Here, we take the constants x°, x*, X%, X¢ as in (1.3)—(1.6).
The following result relates the condition of center bunching to the regularity of

u, s—holonomies; it is contained in the proof of the main theorem in [25] and will be
used in several places.

Proposition 2.21. If f € PH*(X) is dynamically coherent and center bunched, then
local unstable, resp. stable holonomy maps between center leaves are C'! when restricted
to some center unstable, resp. center stable leaf, and have uniformly continuous deriva-
tives.

In the previous statement, uniformity of the continuity is a simple consequence of
the invariant section theorem and of the compactness of X.

2.3. On leaf conjugacy.

Definition 2.22. A foliation is said to be uniformly compact if all the leaves are com-
pact, and the leaf volume of the leaves is uniformly bounded.

In the rest of the chapter, we will focus on dynamically coherent systems satisfying
one of the following properties:
(a) W$ is a uniformly compact foliation;
(b) the maps x — E°(z), E<%(z) are of class C1.

Proposition 2.23. A dynamically coherent partially hyperbolic diffecomorphism f sat-
isfying (a) or (b) is plaque expansive.

PROOF. It is proved in [11], under (a), respectively in [17], under (b). O

These properties ensure that the leaf conjugacy b appearing in Theorem 2.17 has
additional regularity properties. We will use the following result of Pugh-Shub-Wilkinson
[27].
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Proposition 2.24 (Theorems A-B, [27]). Let f € PH'(X) be dynamically coherent,
satisfying (a) (resp. (b)), and let  be a constant such that

0<9<min<>f,,>f>§1. (2.5)
X° X"

Then for some C'—open neighbourhood Uy = Uy(f,0) of f, for any g € Uy, the leaf con-
Jjugacy by in Theorem 2.17 exists and can be made 0—Hélder, and local center holonomies
between sufficiently close leaves are uniformly §—Hélder (resp. 0*— Holder).

In the following, we use Propositions 2.19, 2.21, 2.23 and 2.24 while keeping track
of the uniformity of various quantities. We summarise these statements as follows.

Notation 1. Given an integer d > 3 and a d—dimensional compact Riemannian mani-
fold X with metric d(-,-), let f € PH*(X) be dynamically coherent and plaque expan-
sive. Then there exist C'—uniform constants hy >0,05 € (0,hy), Cy > 1 satisfying

1) For x = ¢, s,u,cs,cu, for any x € X, y € Wi(x,o¢), we have
( ) s €9, ; Ly ;Y bi )

(2) (Local product structure) For {x,t} = {u,s}, for any * € X, any y €
B(z,0y), Wf;(x,hf) transversally intersects W;T(y,hf) at a unique point z,
and dw; (l‘,Z),dW;T (z,y) < Cypd(z,y). If in addition, y € W (z,0y), then
dW‘Ti (Zvy) < Cde;* (l'vy)

Still assuming that f is dynamically coherent and plaque expansive, then by Propo-
sitions 2.19, 2.21, 2.23 and 2.24, there exist C'—uniform constants Ay > 1, 4 > 0,
0,07 € (0,1), and a C*—uniform constant Ay > 0, such that

(3) (Center bunching) If f € PH?*(X) is center bunched, then for * = u, s, for
any © € X and y € W¢*(z, %), the holonomy map Hj, ,: Wi(z, %) —
W4(y,Croy) is well-defined. Moreover, DH7 . is uniformly continuous with

respect to the variables® (f,x,y) and has norm bounded by Ay
(4) (Pinching) f is 0 —pinched. Besides, if f € PH?(X), then for {*,1} = {u, s},

for any x € X, y € W}(%%f), the holonomy map H}my We(x, %) —

Wi (y, 1) is well-defined and has 6'; —Hélder norm bounded by Ay.

(5) (Hélderness of the leaf conjugacy and of local center holonomy maps) If f

satisfies (a), resp. (b), then ¢ satisfies (2.5) in place of 6, and for any g €
PH'(X) such that dei(f,g) < ey, there exists a leaf conjugacy h = b, as in
Proposition 2.17 and whose 9}' —Holder norm is bounded by Ay. Moreover, for
any z € X, any y € We(x, %), the holonomy map H ,, , is defined everywhere
on Wy(z, %), % = u, s, and its 6 — Holder norm, resp. its (0'})*—Holder norm,
is bounded by Ay.

Let f € PH?(X) be dynamically coherent, center bunched, with ¢ := dim(E£§) > 2.
For * = a,b, we say that f satisfies (xe) if f satisfies condition (*) above, and
c—1

0,67)° > <, (ve)

where a(a) := 2, a(b) := 3. Moreover, if f satisfies (%) and
oS cCc o ou oC os  ou o)
- 1
g (E 2 T (£ 5
X° X" c
then by Definition 2.4, Propositions 2.19, 2.24, we can choose 0%, 0/} such that (xe) holds.

Let us state the most general version of our result, which contains Theorem E.

3. i.e., for g € PHI(X) Cl—close to f and ' € X, resp. y’ € W; (2') close to z, resp. y.
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Theorem F (L.-Zhang). Let r € N>oU{oo} and f € PH'(X), with ¢ := dim(E}) > 1.
If f is dynamically coherent, center bunched, and satisfies one of the following conditions:

(1) the center foliation of f is uniformly compact, and B(f,a) > (¢ — 1)/,
(2) the maps x — E®(x), E¢“(z) are of class C', and B(f,b) > (c —1)/c,

then there exist U, a C'—open neighbourhood of f in Diff"(X), and an integer Jo only
depending on dim(X), such that for any J > Jy, C'—stable accessibility, hence also
C'—stable ergodicity, is prevalent in U in the C" — J—Kolmogorov sense.

Moreover, let f € Diff" (X, Vol) satisfy the above condition. Then the above conclu-
sion is true for Uy, a C*—open neighbourhood of f in Diff" (X, Vol), in place of U. In
particular, C*—stable ergodicity is C"—dense in Uj.

Indeed, if f is —pinched for some 6 € (0,1), then we can see that B(f, *) > §1+2«(),
x = a,b. Then, it is direct to see that Theorem F implies Theorem E.

3. Random perturbations

3.1. Basic notions and constructions. In this section, we will establish some
estimates for certain perturbations of the holonomy maps of a dynamically coherent
plaque expansive partially hyperbolic system. We start by considering the following
more general situation.

Let X be a compact Riemannian manifold with volume form Vol induced by the
metric. Given f € Diff' (X), we will repeatedly use the following suspension construction.

Definition 2.25 (C" deformation). Let r € N>; U{oo}, f € Diff"(X), and take a € R!
for some integer I > 1. Let U be an open neighbourhood of a in R!. Any C" map
f:Ux X — X which satisfies f(a,-) = f is called a C" deformation at (a, f) with

I—parameters. We associate with f the suspension map T(f) defined by

UxX — U><AX,
(0,z) — (b f(b,z)).

If in addition f(b,-) € Diff'(X,Vol) for all b € U, then we say that f is a volume-
preserving C" deformation.

In the following, U will be taken sufficiently small so that various conditions are
satisfied. We will use the notation U = U({¢;};) to express that U satisfies the conditions
associated to the collection of parameters {c;};, and can be chosen to only depend on
{ci}i; when the conditions associated to the parameters {c}; are more restrictive than
those associated to {c;};, we also denote U({c};};) C U({c;}:) to represent that U({c}};)
is chosen as a subset of U({c;};) depending on {c}};.

T =T(f): { (3.1)

Definition 2.26 (Infinitesimal C" deformation). Given integers I, > 1, a C" map
V:R! x X — TX is called an infinitesimal C" deformation with I—parameters if

(1) for each B € R, V(B,-) is a C" vector field on X,
(2) for each x € X, B+ V(B,x) is a linear map from R to T, X.

Given a € R!, f € Diff (X), and V, an infinitesimal C" deformation with
I—parameters, then for any sufficiently small € > 0, we associate with V a C" deforma-
tion at (a, f) with I—parameters, denoted by f , and which is defined by the following
formula:

f' { UxX — X
' (b,x) = FPyp—an(l, f(2)),

where U = B(a,e¢) C R! and for any B € R!, Zv(B,y: R x X — X denotes the

flow generated by the vector field V(B,-). In this case, we say that f is generated by
V. Besides, if for each B € R!, V(B,") is divergence-free, then Fv(B,) is a volume-
preserving flow, and we say that V is a volume-preserving infinitesimal C" deformation.
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The following lemma will be used to estimate the derivatives of holonomy maps in
Proposition 2.36 when f is a dynamically coherent, plaque expansive partially hyperbolic
diffeomorphism. We defer its proof to Appendix A.

Lemma 2.27. Let r € Nsg U {oc}, I € N>, and f € Diff"(X). Let f: U x X — X
be a C" deformation at (0, f) generated by some infinitesimal C" deformation with

I—parameters V, and take T = T(f) as in Definition 2.25. For eachv € T(U x X), we
denote by mx (v) the component of v in TX. Then there exists a C?—uniform constant
Co = Co(f) > 0, such that by possibly taking U smaller, the following is true:

(1) [IDT]| < Co(1 + |85V || x) and || D*T|| < Co(1 + [[0s0:V || ) (1 + |85V [ x );
(2) |l7xDT((0,z), B) = V(B, f(2))|| < diam(U) |0,V | x 1002V || x [|B]| for any
(z,B) € X x TyU.

PROOF. See Appendix A. O

Some of the estimates will depend on the support of a deformation or of an infini-
tesimal deformation, which we now define.

Definition 2.28. For an infinitesimal C" deformation with I—parameters V: Rl x X —
TX, we define

suppx (V) := {x € X | 3B € R’ such that V(B,z) # 0}.
Given an open neighbourhood U of the origin in RY, and a C" deformation at (a, f) with
I—parameters f: U x X — X, we define

suppy (f) := {# € X | 3b € U such that f(b,z) # f(a,z)}.

It is clear from Definitions 2.26 and 2.28 that for any infinitesimal C" deformation
V', if f is the C" deformation of f generated by V', then we have

suppx (f) C f~*(suppx (V). (3.2)

We introduce the following definitions, motivated by the need to control return times
of a map to the support of a deformation. Indeed, it will be crucial later on to estimate
the changes induced by perturbations on the stable and unstable holonomies.

Definition 2.29. Let f € Diff'(X). For any subsets A, B C X, we define
R(f,A,B) :=inf{n >0 | f"(A)NB # 0 or f~"(A)N B # 0};
R>o(f,A,B) :=inf{n > 0| f"(A) N B # 0};
Ri(f,A,B) :=inf{n>1| ff"(A)N B # 0}.

For any subset A C X, we use the abbreviation Ry (f, A) := Ry (f, A, A).
Let f: U x X = X be a C! deformation of f. Given A, B C X, we set

Ri(f,A,B) :=inf{n > 1| 3be U such that f(b,-)*"(A) N B # 0}.

We define R(f, A, B), Rzo(ﬁ A, B), Ri(ﬂ A) in an analogous way. Moreover, it is clear
that R(f, A, B) = min(R>o(f, A, B),R_(f, A, B)).

3.2. c¢—disk and c—family.

Definition 2.30 (c¢—disk). Let f: X — X be a dynamically coherent partially hyper-
bolic diffeomorphism. For each x € X and o > 0, we call C = VVJ%'(:JC7 o) the center disk
of f (or c—disk of f for short) centered at x with radius o, and we set o(C) := o. For
any ¢ € (0,1], we also define 0C := W§(z,00).

Definition 2.31. Let f € PH'(X) be a dynamically coherent partially hyperbolic
diffeomorphism. A collection of disjoint center disks D = {C1,...,Ck} is called a family
of center disks for f, or c—family for f. We set
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— (D
(D
D

(D) =
Given 6 € (0,1) and k € N>1, we say that D is a (0, k)—spanning c—family for f if

infcep{o(C)},

) =
)= SUPCGD{Q( )}

303

—n

X = Ucep Uzeoc ACCf(x, 1, k)

o

Given a collection D = {Cy,...,Ck} of subsets of X and o > 0, we define:
(Ciyo) :={z e X | d(z,C;) < o}, Vie{l,...,K},
(D,0) := UK (C;,0).

A collection D of subsets of X is called o—sparse if for any two distinct C,C' € D,
(C,0),(C',0) are disjoint. Any c—family for f is c—sparse for some o > 0.

The following lemma is a consequence of the continuity of the invariant foliations
with respect to the dynamics, and will be used in several places. It says, among other
things, that the property of having a spanning c—family is open in C' topology.

Lemma 2.32. Let f € PH'(X) be dynamically coherent and plaque expansive. For
any k,K € N>y, 0 € (0,1), ¢ € (0,1], p;r > 0, pp € (0,2pn), & > 0, and any

€ (0,0), there exist real numbers s = »(pm,0) > 0, A = X([,0,0, pm,0) > 0,
and a C'—open neighbourhood U = U(f, k,0,6, pm,par,o) of f in PH'(X) such
that given any o—sparse (0,k)—spanning c—family D = {C'}i=1, . x for f satisfy-
ing [r(D),7(D)] C (0m, égM) then for all g € U, the following is true: any family

= {C; = Wg(x}, 0}) }i=1,... x satistying ] € B(xi, \) and o] € (0; + /2, 0i + 5) for
alli € {1,...,K} is a (0, k + 2)—spanning c—family for g. Besides, [r(Dy),7(Dy)] C
(0m,0nm), and for each i € {1,..., K}, C; C (C o), G’Cé c (0'Ct, o).

PrOOF. Fix D as in the above statement and set s := min(p,,,c/2). For any
i € {1,...,K}, we have C* = chc(xi,gi) for some x; € X and g; > p,,. Fix any
0 € (0i + %/2,0i + »). In particular, ¢ € (pm,pam), W§(zi,0;) C (C',0/2) and
Wé(zi,0'0;) C (0C',0/2). Let ¢ = ¢(f,0, pm,0) > 0 be such that (W§(z;,00;),25) C
UyeW;(zi,eg;) Accy(y,1,2) for all i € {1,..., K}. By Proposition 2.17, W', Wg* (resp.
Wy, W) exist and are uniformly transverse for all g sufficiently close to f in PH(X).
Thus, there exists A = A(f,6,0', p,0) > 0 such that for any ¢ € PH'(X) with
der(f,g) < A, for each i € {1,...,K}, if 2} € B(w;,A), then Wi(x], 0f) C (Ct, o),
We(x;,0'0;) C (0'C* o) and (W§(zi,00i),5) C UyeW;(x;,eg;) Accg(y,1,2). Now, since
D is (0, k)—spanning for f, by continuous dependence of the invariant foliations with
respect to the dynamics, there exists X' = N (f,k,0,60, pm,0) € (0,\) such that for
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any g € PH'(X) with dei(f,g) < N, any 2 € X, there exists an accessible sequence
for g with k legs of length at most 1 from z to a point y € (W¢(x;,00;),<) for some
i€{1,...,K}. Combined with the earlier discussion, this concludes. O

3.3. Extended map and center subspaces. Given f € PH'(X), let

X% X6 X%, X* be as in Definition 2.2 so that (1.3) to (1.6) are satisfied. Let
¢ :=min(¥° + ¥°, x" — ¥°)- (3.3)

Since —x*® < x¢ < x°¢ < x* and x° <0 < x¢, we have 0 < £ < min(x®, x*).

Lemma 2.33. Let 7 € N>; U {oo} and let f € PH"(X) be dynamically coherent and
plaque expansive. Given a € R! and a neighbourhood U C R! of a, let f: U x X — X
be a C" deformation at (a, f) with I—parameters. If U is chosen sufficiently small,

the map T = T(f) is a C" dynamically coherent partially hyperbolic system for some
T—invariant splitting

T,U T, X = E7(b,x) ® EG(b,x) ® Ef(b,x), V(bx)eU x X.
We denote such U by U(DC'). Moreover, for any (b,z) € U x X, x = u, s,

Bi(ba) = {0} & B, (2)  Wilba) = (B} x Wi, (@), (34)
and there exists a unique linear map vy(x,-): TyU — Ef(b7_)(a:) = Ef(b7»)(x) ® Ef(b’_)(x)
such that

E%(b,(t) = Graph(yb(Qj?)) EBE;?(Z,’)(:L‘) (35)

If in addition r > 2 and f is center bunched, then, after replacing U by U(CB) C
U(DC), u, s—holonomy maps between center leaves of T (within distance 1) are C* when
restricted to some cu, cs—leaf, with uniformly continuous, uniformly bounded deriva-
tives.

PROOF. In the following, we let * = u or s. For all b € U, E; is close to E%,

()
and the expansion/contraction rate of f(b, -) along E}L(/; ) is close to that of f along
E;f/ *. Thus, by choosing U small enough, the map 7" can be made arbitrarily C'—close
to To: (b,x) — (b, f(x)), which is a dynamically coherent partially hyperbolic system
Wg =U x WJ?*) By C'—openness of partial hyperbolicity, and since f is assumed
to be plaque expansive, we deduce that T itself is partially hyperbolic and dynamically
coherent. Besides, for any (b,z) € U x X, any B+v € T,U & T, X,

DT((b,z), B +v) = B+ [0,f((b,z), B) + 8, f((b, ), v)]. (3.6)

Then DT'(b, z) maps {O}GBE;;(b )(x) to {O}EBEJ";(b ‘)(f(b, x)), which gives EX.(b,x) =

{0} & E;;(b )(ac) Given (b,z) € U x X, it is direct to check that Wi.(b, z) C {b} x X.
Moreover, for any (b, z') € Wr (b, z), we have T, »y(W5(b,z)) = Ef(b,z") = {0} &
E;;(b.)(x/), hence Wi (b,z) C {b} x W}i(b')(w). The other inclusion is shown in an
analogous way.
Now, if » > 2 and f is center bunched, by C!—openness of center bunching, for
sufficiently small U, we can verify that 7™ is also center bunched for some n € N. The

smoothness of s, u—holonomy maps of T' follows from Proposition 2.21. O

Let f, U, f and T be as in Lemma 2.33. In the following, for any (byz) e Ux X, we
will tacitly use the inclusions E;;(b )(x) — {0} @ E;;(b )(x) C U ®T,X for x = s,u,c,
and the inclusion R! ~ TyU @ {0} € T,U & T, X.

For any (b,z) € U x X and v € T,U & T, X, we denote by wx(v) the component

of vin T, X, and we let m,(v) be the component of v in E;’;(b ) for x = u,s,c. For any

vector w € ES.(b,x), we also set m,(w) := w — m.(w). By a slight abuse of notation, we
define mx (b, z) := x for any (b,z) € U x X.
The following lemmata collect some basic properties of the center bundle Ef.
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Lemma 2.34. There exists a C'—uniform constant C; = C1(f) > 0, such that, after
possibly reducing the size of U, we have

sup [lvo(z,)[| < Cr [T e -
reX

ProoOF. For any (z,B) € X x ToU, and for all m > 0, we have by (3.6):
muvo(x, B) = Df™"(f™(z), 7, DT™((0, x), B 4+ myvo(x, B)))

- ZDf ), 70 f (0, f"~ (), B)).
Since B + muvo(z, B) = (B +1/0(x,B)) —7svo(x, B) € E$¥(0,x), for U sufficiently small,

the first term above goes to zero (like (| DT|gg: ||| DT~/ gx||)™), while the series in the
second term converges, hence

muvo(z, B) ZDf 2), m O f((0, /" (), B)):-

Therefore, we see that sup,cy ||Tuvo(z, )| < ¢1 ||T]|o1 for some C'—uniform constant
¢1 = c1(f) > 0. We argue similarly for the stable component of 1. O

Lemma 2.35. After possibly reducing the size of U, the following is true:
(1) For any x € X\suppx (f), any B € ToU, we have
DT (B + vy(z,B)) = B+ vy(f(z), B).
Equivalently, D f(x,vo(z,-)) = vo(f(z),").
(2) There is a C*—uniform constant Cy = Co(f) > 0 such that ¥(z, B) € X x TyU,
v (x, B)|| < Ca||T|cr max(e™R-(Froswpx (DX e~ Rzolfsuppx (DX | B

PROOF. Proof of (1): For any z € X\suppy (f), any B € TyU, (3.6) implies that
DT((0,z),B) = B. We have DT(vy(x,B)) € E3*(0, f(x)) and, by (3.5), DT(B +
w(x, B)) € Graph(vo(f(x),-)) + E7(f(x)). Thus

DT(B + wo(z, B)) € (B + E(0, f(z))) N (Graph(vo(f(x),-)) + E5(f(x)),
while the right hand side contains only B + vy(f(x), B).
Proof of (2): By (1), for any 2 € X and 0 < n < R_(f,{z},suppx (f)), we have
wsvo(x, B) = D f" (mwsvo(f~"(x), B)), VB € TyU.
After possibly reducing the size of U, by Lemma 2.34 we have for some C'—uniform
constant Cq = C1(f) >0
Imovo(, )| < G [T e 1= Umsurpx (I,
Similarly, we have ||m,v(z, )| < Cy ||| e~ Rzo(fmsuppx (X" O

3.4. Holonomy maps. We introduce the following notation.

Notation 2. Let f € PHQ(X) be dynamically coherent, plaque expansive and center
bunched. Given I € N>1, a € R!, and a C? deformation fiUxX = X at (a, f), we
will always assume that U satisfies the conclusion of Lemma 2.33, i.e., U = U(CB).
When the exponents —y°® < x° < ¢ < x* for f are given (see Definitions 2.2, 2.4),
we also assume that U is chosen small enough such that the same exponents and the
same constants hf,af,C’f,Kf,gf,(‘)},H}’,Af (as in Notation 1) work for the perturbed

map f(b,-), for all b e U. We denote in this case U = U(x) C U(CB).

In the following, we fix an integer I > 0 and a map f € PH?(X) as in Notation
2, welet f: U x X — X be a C? deformation at (0, f) with I—parameters, and we set
T =17(f).
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The following proposition gives bounds for the derivatives of holonomy maps with
respect to parameters.

Proposition 2.36 (A priori estimates). There exists a C?—uniform constant Cs =
C3(f) > 0, such that the following is true. Take any x € X, y € W¢"(x,0y), and set
z:=H}, (z). Let U=U(x). Then for any B € ToU, we have

|7eDHE (0,07 0 (B + vo(a, B))|
< Cy(lvo(, )l + (= )| + | DT dywy , 2| Bl (3.7)

We have an analoguous statement for any x,y in a local center stable leaf.

PROOF. This is essentially proved in [25]. We sketch the main ideas and refer to [25]
for the details. Let E”:,ﬁ (resp. E%S) be a smooth bundle that closely approximates EY.
(resp. E$) and let § = §(f) > 0 be a small C' —uniform constant such that the following
is true. We trivialize E%, E%S by choosing C*° embeddings ¢, : Eéﬁ — U x X xR™ and
19 E‘%S — U x X x R™2, where for i = 1,2, m; € N, and R™ is equipped with a metric
|| - |l; such that the Lipschitz constant of ; is uniformly bounded by some C*—uniform
constant cg = ¢g(f) > 0. Following [25], we can construct a family of Lipschitz functions

{Vp: B(Ogm1,28) — R™2},cpyxx parametrizing local unstable manifolds: for any p =
(b,x) € U x X, we have

WE(D.5/2) C exp(Graph(s; sy | s))) © Wi, 20).
Moreover, there exists a C?—uniform constant ¢; = ¢1(f) > 0 such that for any suffi-
ciently close p,q € U x X in the same center unstable manifold of T,
17p(2) = 7a(2)ll2 < 1 || D*T || d(p, @)l|=l1, V= € B(0,28) C R™. (3.8)

Let b€ U, x € X and p = (b,z). In a small neighbourhood of z, we can define a
coordinate chart 7,: (—1,1)? — X with the following properties:

(1) we have 7,(0) = x, thus we can (and do) assume that # = 0 and p = (b,0);
(2) D7,(0,-) maps R% x {0} (resp. {0} x R¢t%s) to E}f(b )(x) (resp. ES  ());

f(b,)
(3) E}f(b ) is close to the tangent space of 7,((—=1,1)% x {zes}), 2es € (—1,1)T;
(4) Eﬁb ) is close to the tangent space of 7,({z,} x (—=1,1)°F4s), 2, € (—1,1)%.

Such a chart is obtained by choosing a chart that satisfies the first two conditions, and
then by considering its restriction to a sufficiently small neighbourhood of the origin.
We can also choose 7, to depend continuously on p.
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In the following, we fix p = (b,0) and 7 = 7,. We will not distinguish a point
in 7((—=1,1)?) and its coordinate under 7-1. Besides, we identify any tangent vector
v € T, X with its preimage D7~ !(v), whenever it is defined. Without loss of generality,
we assume that & is small compared to the size of 7((—1,1)%).

Let p’ = (b,2') € Wi(p) be a point sufficiently close to p such that there exists

wy € ll(E%(p, 4/2)) C R™ satistying

@ = expy (¢ " (wo) + 15 yp(w))- (3.9)
Let B € T,U, and let t > 0 be any sufficiently small constant. Set
y=y(t) =tw(z,B), q=q(t):=p+t(B,v(z,B))=b+1tB,y). (3.10)

We define

y" = exp, (17" (wo) + 13 74 (w0))-

Then by (3.8), (3.10), and since 11, 22 have Lipschitz constants uniformly bounded by ¢y,
we deduce that

2" =" | < ca(llyll + [1vp(wo) — vq(wo)|l2)
< es(tllvy(z, B)|| + || D>T|| (|B]| + llvs(z, B)[D)|woll1), (3.11)
for two CQ—uniform constants ca = ca(f), cs = c3(f) > 0.
Let ¢ := Hf, (q). By the definition of holonomies, {¢'} = Wg*(p') N Wi(q).
By (3.4), WT( ) = {b+ tB} x W}f(bHB,.)(y), hence ¢ = (b + tB,y’) for some
y € W}L(bthB,-)( y). On U x 7((=1,1)4), W (p') is closely approximated by E$(p') =

Graph(vy(2',-)) ® Ec?b )( x’). We deduce that for some v (t) € Ec?b )( z'),

y =12+t (x', B) +v°(t) + o(t),
hence
(v —y") = v () =tw(2', B) + 2’ —y" + o(t). (3.12)
Since ¢/, y"” € WY (y), we also know that y' — y” is close to E% (y"), while

f(b+tB,") f(b+tB,-)

v (t) € chf(b _)(x’). For any b1,bs € U, and yi,y2 sufficiently close to z, the angle

between E}f(bl )( y1) and E]cfzb )(yg) is uniformly bounded from below. Hence, by pro-

jection on the centre-stable part, it follows from (3.12) that ||v°*(t)|| < ca(t||lvp(2’, B)|| +
lz" —y"|)), for some C?—uniform constant c4 = c4(f) > 0, and

ly" = "Il < (1 + ca) (tllve (2’ B) + [l2" = ")) (3.13)

Combining estimates (3.11) and (3.13), and since ||[rxp’ —7xd'|| < ||' —v" ||+ ||y —
y"||, we deduce that for some C?—uniform constant c5 = c5(f) > 0,

Imxp’ = mxd'll < es (@, ) + (@', )| + [ DTl dyw (")) ¢ Bl
We conclude that for any p = (b, z), p’ = (b,2’) € W(p), and B € T,U,

Imxp’ = ax Hy, 0 (KB + (. B)))|
t
< sl + (@, )+ | DT dw (2B

as desired. 0

HﬂcDH%,P,p’ (B + Vb(xv B))H = }E}(l)

Lemma 2.37. Let x = u,s. Take x € X, yEWf(:CJf)andsetz:—Hﬁ ,(@). We

define mo = Rao(f, {2, 2}, suppy (f) and m_ == R_(f, {z, 2}, supp (/).
(1) For any B € TyU, we have

T DHT (0.2),0,4)(B + vo(x, B)) = B + 1o(2, B).

(2) There exists a C?—uniform constant Cy = Cy(f) > 0 such that for any B €
CZ—‘OUva

7eDH; (0.0 0 (B + v0(@, B)) | < Cafe™ 200X =X | DT ||| DT | dyy; (2, 2)) | B
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PROOF. We consider the case where * = u. The other one is handled similarly.

Proof of (1): for any (b,z) € U x X, we know by (3.4) that W¥(b,z) C {b} x X,
hence the image of Hy. ) ) is contained in {b} x X. Then for any B € ToU, we
have DH%’(O’m)’(O’y)(B +w(x,B)) € B+ T,X, while (B +T.X) = B+ 1vy(z, B).

Proof of (2): by Proposition 2.36 and Lemma 2.35 (2), there exist C?, resp.
C!—uniform constants co = ca(f) > 0, resp. ¢; = c¢1(f) > 0, such that

‘ TeDHT, (0.2 (0.4 (B + wo(z, B))H
ca([lvo@, ) + lvo(z, )l + || DT dwy (, 2)) || B
(e—min(mzoiu,mfxé) |T||C1 + ||D2TH dW}L(CC,Z)) ”BH )

IN

N

C2C1

O

Proposition 2.38. There exists a C?>—uniform constant Cs = Cs(f) > 0, such that the
following is true. Fix any C, Ry > 0, 0 € (0,0). Assume that f is generated by V, an
infinitesimal C? deformation such that o ||0,0,V || + |0sV | x < C. Let £ > 0 be given
by (3.3), and set
min(y*, Y*)&
¢ = XX S g 3.14
20+ ") &1
Then there exists an open neighbourhood U = U(Ry,c) C U(x) of the origin such that
the following properties hold:
(1) Let y € W¢*(z,0) and 2 = H}, (v). Assume that x ¢ suppx (V) and
R_(f,{x,z},suppx(V)) > Ro. Then for any B € TyU,

(2) Lety € W§*(x,0) and z :== Hj ,  (z). Assume that R (f,{x, 2}, suppx(V)) >
Ry. Then for any B € TyU,

|

In particular, we note that the terms on the right hand side of the above inequalities
are independent of o, which will later allow us to choose the infinitesimal deformation
V very localized.

TeDHE (0,01 0. (B + vo(a, B)) = eV (B, 2)| < CsC%e ¢ | B

TeDH3, (0,01 0 (B + vo(, B))| < CsC2e € B,

PROOF. We first prove (1). Without loss of generality, we assume that
S 200 +x)
min(x*, x*)
By Lemma 2.37 (1), for any B € TyU, we have
T DHY (0.2),0,4)(B + vo(z, B)) = B + 1o(2, B). (3.15)
For any 2 < m < Ry, B € TyU, successive application of Lemma 2.35 (1) gives
DT ™(B + vy(w,B)) = B+ vo(f ™ (w),B), w=uzor z. (3.16)
Moreover, & ¢ suppy (V), hence f~1(x) ¢ suppy (f) and we get
DT YB + vy(z, B)) = B+ vo(f*(z), B).
Let 1 < n < Ry — 1. The invariance of the foliations under the dynamics yields
TeDHY, (0.2),(0,5)(B + v0(2, B)) = 7 DHF. (¢ 1) (0,.)(B + vo(z, B))
= DT ((my + ) DHE 0 (0,0), 7 0,5 DT~ " (B + vo(, B)))
= 1 DT"((mp + 7e) DHE. p—n (0 2) 7-n(0,) (B + 10 (f " (), B))), (3.17)
where we have used that DH;W’T,H(OJ)’T,”(O,Z)(B +vo(f~"(z),B)) € ES(T~"(0, 2)).
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Claim. There exists a C%2—uniform constant ¢; = c1(f) > 0 such that

PrROOF. By y € W§*(x,0), for some C!—uniform constant ¢y = co(f) > 0, we
obtain

TeDHE 1 n(0.2), -7 (0.2) (B + 10(f (@), B))H < O (e MO RomIXD) o7 | B

dywu (T7"(0,2), T7"(0, 2)) < e_"’zudwa; (z,2) < cpe”™X"g.
By Lemma 2.27, there also exist C?—uniform constants ¢; = ¢;(f) > 0, i = 3,4, 5,
|IDT|| < esC,  ||D°T|| < ca(L+11060:V | x) (1 + 18V x) < csC%0™ 1.
Recall that R_(f, {x,z},suppx (V)) > Ry > n by assumption, thus by (3.2),
Roo(f {f 7" (@), f7"(2)} suppx (f) = n — 1,
R (f,Af7" (@), 7"(2)},suppx (£)) = Fo — .
Then the claim follows from Lemma 2.37 (2). d

~—  —

oS s

Fix an integer n € (2(>‘<5X+>Z“)RO’ )Zsiiu

By Lemma 2.37 (1), we have
Ty DH pn(0,2). 10,2 (B +0(f"(2), B)) = B+w(f"(2),B). (3.19)

By (3.16), (3.17), (3.18), (3.19) and the fact that ||[DT™|ge
Cl—uniform constant cg = cg(f) > 0, we deduce that for some C?—uniform constant
Cc7 = C7(f) > O,

< 2" X B < e | B

Ry). By the above claim, we get

TeDHT. 1-n(0,0), 10,9 (B +10(f " (@), B))H < 2¢,C%e X" ||B]|. (3.18)

oo
< cge™ for some

7 DHE (0.0) 0y (B + vo(@, B) = w.DT(B + vo(f(2), B))H

By Lemma 2.27, we have that for some C?—uniform constant cg = cg(f) > 0,4
||7TCDT(B +1o(f~(2),B)) — 7.V (B, z)”
= ||7DT((0, f~'(2)), B) = .V (B, 2)|| < csdiam(U)C?*o~" ||B]| .

By choosing U sufficiently small such that diam(U) < ce~Fo¢, we thus get (1).

Under condition (2), a similar argument (by choosing 52— Ro < n < %RO)

shows that for some C%?—uniform constant cg = co(f) > 0, we have

|

Remark 2.39. Let f € PH?*(X) be as in Notation 2. Set +(u) := —, +(s) := +. In
the following, given any infinitesimal C? deformation V as above, * = u,s, Ry > 0,
o€ (0,07), z € X, y € W§*(z,0) such that Ry (f,{z, H}, ,(2)},suppx(V)) > Ro,
we let U = U(Rp,0) C U(x) C U(CB) C U(DC) (see Lemma 2.33 and Notation 2) be
such that

— diam(U) < e~ Rt
o Ri(*) (f7 {x7H;,x,y(x)}7supr(V)) > R07
where f : U x X = X is the C? deformation generated by V.

7eDH. 0.0 0 (B + 0(@, B))| < coC2e XXV B < g2 | .

g

4. By (3.6), DT(B +wo(f~"(2), B)) — DT((0, f~*(2)), B) = Df(vo(f~'(2), B)) € E"(2).
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4. Submersion from parameter space to phase space

In this section, we will estimate the measure of parameters in a C" deformation cor-
responding to certain “unlikely coincidences”. First, we need to estimate the derivatives
(with respect to parameters) of holonomy maps along certain su—paths.

Throughout this section, we fix a map f € PH?> (X) which is dynamically coherent,
plaque expansive and center bunched.

Definition 2.40. Given x € X, a triplet v = (x1,22,73) € X is called a f—loop at x
if the following holds:

1 € Wi(x), =2 € Wi(z1), x3 € Wf(z2), 7€ W (3).
The length of 7y is defined as

U(y) = dywy(, 1) + dys (21, 22) + dw (22, 23) + dyyes (23, 2).

9f

By points (1)—(3) in Notation 1, for each f—Ioop vy such that {(y) =: o < 3, we
have a well-defined map Hy : Wi (z, AJ74U) = Wi(z, (1+Cp)o):

. ITS u s u
Hfﬁ '_Hf’wz’wa’wz,Is frxy,wet fix,xy

Let f: Ux X — X be aC! deformation at (0, f), and let T = T(f) For any f—loop
v = (x1,2,x3) at x, we define the lift of v for T as 4 := ((0,x1), (0, z2), (0, z3)).

Notation 3. Recall that ¢ = dim ES, and let
Kf = CCfASlcc. (4.1)

We fix a C*—uniform constant Gy € (0, 1002‘%) such that for any x € X, any collection
{v; = (xj1,%j2,2j3)}j=1,..c of f—loops at x such that {(v;) < 75,V1 < j < ¢, the
map H;Zl Hy ., is defined on W§(x,5y). In this case, for any 1 < k < c+ 1 we set
Y = H;:ll H¢ ., (z), and for 1 < j < ¢ we define

Yin =Hf,. (W), Y2 =Hi, o,Wi) Yis=Hi, . . (Y52)

Wf(zll)

dw/(::;. 1) <0
zji
< Coldwi(@iy;) + dwy(w, 1)) < Agdwi(, ;)

Yja

Wilz;3)

The following lemma follows from Notations 1, 3 by straightforward computations.
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Lemma 2.41. Let f,x,7;,y;j,y;,r be given as in Notation 3. Assume that for some
o0 €(0,5¢), we have {(vy;) <o, Vj=1,...,c. Then foranyj=1,...,c, dW;(x,yj+1) <
Cyo+ A;‘cdwﬁ (x,y;), hence letting y; o := y; and y; 4 = Yj+1, we have

dye (2, 95), dws (255, yj k) < Kpo < 55, vk =1,2,3,
Ay (Y, k=1 Yj,k)s dws (Yj ks Yjes1) < 3CpKypo < 35, VE=1,3.

In the following, we let I >0 be an integer, let V be an infinitesimal C? deformation
with —parameters, and let f : U x X — X be the C? deformation at (0, f) generated

by V. Set T =T(f).

Lemma 2.42. There exists a C?—uniform constant Cs = Cg(f) > 0 such that the
following is true. Let o € (0,5), x € X and let v = (1, x2,x3) be a f—loop at = with
L(y) < 0. Assume that C, Ry > 0 satisfy

(1) o 060:Vlx + 10Vl x < C;
(2) R(f,{z, 22,23}, suppx(V)) > Ro;
(3) Re(f,{z1},suppx(V)) > Ro.
Let &' be defined as in (3.14), and take U = U(Ry, o) as in Proposition 2.38. Let 4 be

the lift of v for T. Then, the holonomy map Hr s is C' in an open neighbourhood of
in W¥(z), and for any B € ToU, we have

Hﬂ-CDHTf?/(B + VO(:I;7 B)) - D(H;,Ig,IH?,wg,ng;,Il,ZEQ)(WCV(B’ m1))” S CGCQ@_RO&/ ||BH :
PrOOF. Let z = xg € X. By definition, we have

HTKAY = ';",(0@3),(07:v)H%,(0@2),(O,wg)H;"7(0,;E1),(O,a:z)H’;L“,(O,z),(O,ml)'
Since f is center bunched and U C U(CB), Lemma 2.33 implies that H%,(o 2)

,(0,21)°
1 .
H%,(O,xl),(o,a:z)’ H%,(O,Iz),(o,mg) and H%,(O,:L’g),(o,x) are C'* when restricted to ¢ * —leaves,

* =u,s. Given any B € TyU, let us calculate DHy (B + vo(z, B)). Set x4 := Hy (),
Iy(B) :== B+ 1vy(z,B) € ES(0,z). Fori=1,...,4, we define

IZ(B) = DH;“t,(O,a:i,l),(O,mi)(Iifl(B)) S E%(O, (Ei), (42)

where *; = v if i = 1,3 and *; = s if ¢ = 2,4. In particular, we have DHr 5(B +
vo(x, B)) = I4(B). Then by Lemma 2.37 (1) and simple induction we see that

Ii(B) =I;(B) + (B+vy(z;, B)), Vi=1,...,4, (4.3)
with I¢(B) := w.(I;(B)). By (4.2), we thus obtain
I;(B) = DHy!, | , (17 \(B)) +7eDHE . ) 0,00 (B + vo(zio1, B)). (4.4)

By the hypothesis we made on V, we see that zg,x2,z3,24 ¢ suppy(V) and
Ri(f,zi,suppx(V)) > Rg for 0 < i < 4. Since U = U(Ry, o), we can apply Proposition
2.38 to obtain
} TeDHE 0 1) 0.0y (B + vo(@, B)) — w.V (a1, B)H < CsC2eRof | B,
’ TrCDH%V(O7It—1)7(O7Ii)(B + vo(Ti-1, B))H < 0502671%06/ 1Bll, i=2,4,
Combining this with (4.3) and (4.4), we see that there exists a C?—uniform constant
Cs = Cs(f) > 0 such that

7eDH, (0.02)(0.00) (B + vo(@2, B)|| £ C5C%~ ¢ || B

HIE(B) - WCD(HJS‘,wg,xH}L,xQ,xgH;,xl,xz)(ﬂ-CV(Bv‘rl))H < CGCQB?ROE ||B|| .

The following definition is motivated by Lemma 2.41 and Lemma 2.42.
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Definition 2.43. Given any o € (0, (12C;K;)™15¢), C, Ry > 0, let v = (z1, 32, x3) be
a f—loop at a point © € X. We say that V is adapted to (v,0,C, Ry) if the following
holds:

(1) £(y) <o and 7 [|0p0: V] x + 10V x < C;

(2) R(f,W§(z,Kyo),suppx (V) > Ro for z = x, 22, 23;

(3) Re(f,W§(z1, Kyo),suppx(V)) > Ro.

Proposition 2.44. For any integer L > 0, real numbers C,x > 0, there exist
C?—uniform constants Ry = Ro(f,L,c,C,k) > 0 and ko = ko(f, L,c,C, k) > 0 such
that the following is true.

Let x € X, 0 € (0,(12C;Ky¢)™'G¢). Foreach 1 < i < L, 1 < j < ¢, let
Yij = (Tij1,%i 2,2 ;3) bea f—loop at x of length at most ¢ such that V is adapted
to (vi,j,0,C, Ry). Let U = U(Ry,12C¢K o). Denote by B = (Ba)i<a<r & generic
element of TyU = R! and assume that for each integer 1 < jo < ¢, there exist indices
{ovjhi<i<pi<j<e C{1,...,1} such that for any 1 < i,k <L and1<j<c, ifi#kor
J # jo, then for all z € W§(w; 1, Kyo), we have

DB Bak,c (WCV(B,Z)) = 0, (45)

g
while for any z € W§(x; j, 1, Kro), we have
det (B — Dsg,, | .....Ba,  (TV(B,2)))| > 2&. (4.6)
Let 4;; be the lift of ~, ; for T, and set z; := H§:1 Hy ., (x). Then there exists a
linear subspace H C ToU = R! of dimension Lc such that
det (E|lg) > Ko,
ToU — Tl Ef(z),

where we have set Z: c
B v (meD(ITjzy Hrs,,) (B + vo(w, B)) )

i=1,...,L

PRrROOF. Foreach 1 <i< L and 1 < j < ¢, we define

vig = ILZ) Hpn,, (@), Yiga = Hf,. . (4ij),
Yige = Hj, oo ,Wig1), vigs = Hi, o (Uij2)
By the choice of 7y in Notation 3, Lemma 2.41 yields
Yi,j EW}?(J} de) Yi,j.k GW;(:Eijk,KfJ) Vk=1,2,3. (4.7)

Denote by v; ; = (¥ij.1,Yi.j.2, Yi.j,3) the associated f—loop at y; ;.
By assumption, for any 1 < ¢ < L, 1 < j < ¢, we have {(v; ;) < o, thus by Lemma
2.41, £(v; ;) <12C; Ko < @y. Since V' is (v; 5,0, C, Rg)—adapted, we get

R(f,{vij,Yij.2,¥i43}5uppx (V) > Ro,  Re(f,{yij1},suppx (V) > Ro.
Let H := &k, &_, ROp,, . Define Zg: H — [[;2, E§(z;) by

Eu(B) = (reD([] Hrs,,)(B+vo(z, B)),_, -

gouay

j=1
By Lemma 2.37, we have for any 1 <4,k < L:
Dpoy ooy, ( HHT%] )(B +vo(z, B))) ZIzkl
j=1

where for each 1 <[ < ¢ we set

Ii,k,l(B) :=Dp B D( H HTK%’].)(’ITCDHT’:“J(B + VO(yi,l7B))))~
j=I+1
It is clear that for all 1 <i< L,1 <[ <eg,

meDHr 5, (B + vo(yi, B)) = meDHr 5 (B + vo(yiu, B)),

ap, 1oy o
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where we denotes by 4;, the lift of fy;’l for T. Since ’y;’l and V satisfy the assump-
tions of Lemma 2.42 with (o,C) replaced by (12C;K;0,12CtK;C), and by U =
U(Ry,12C¢K¢0), we deduce that there exists a C?—uniform constant ¢; = ¢1(f) > 0
(we incorporate the term 12C; Ky in ¢1), such that

C
|Ii7kvl(B) - DBOL]C117"'7BO¢}CYC (D( H Hfa’Yi,j ’ H?7Ii,l,373H?7wi,l,27$i,l,3H?#Ei,l,l7Ii,l,2)
Jj=l+1

(7 V (B, yign)))| < c1C?e ™8| B
Givenany 1 <i,k<Land1l<j<g if i # k or j # jo, then by (4.7), z = y; ;1 satisfies
(4.5), hence
1L k5] < c2C2e 08",
while by (4.7), z =y, j,,1 satisfies (4.6), hence

|det (Li,50)| > c3k — C4C2€7R0€/.

Here ¢, c3,c4 > 0 are C2—uniform constants depending only on f, c.

Thus for some C?—uniform constant c5 > 0 depending only on f, L, ¢, C, for any Ry
sufficiently large depending only on f, L, ¢, C, k, we have det (Zg) > csx”. Moreover,
it is easy to see that Ry is C?—uniform with respect to f. Let xg := csx’. Then g is
C?—uniformly depending on f, L, c, C, k. This concludes the proof. O

5. Finding spanning c—families with slow recurrence

Since we will be working with a parametrised family of diffeomorphisms, we need a
bit more work to find suitable c—families. Let us start by recalling a result present in
[13]. We use here the notations introduced in Subsection 3.2.

Lemma 2.45 (Accessibility modulo central disks). Let f € PH'(X) be dynamically
coherent. Assume that the fixed points of f* are isolated, for all k > 1. Then for every
integer R > 0 there exists a c—family for f, denoted by D = D(f, R), such that

1

(1) /(D) <R,
(2) R(f,D) >R,
(3) D is (g5,2)—spanning.
For the convenience of the choice of some constants, we replaced the constant % in
[13] by g5. This does not introduce any new difficulty into the proof. The following is
an immediate consequence of the above lemma.

Corollary 2.46. Assume that f € PHl(X ) is dynamically coherent, plaque expansive,
and the fixed points of f* are isolated for all k > 1. Then for every R > 0, there exist
C'—uniform constants N = N(f,R) > 0, p = p(f,R) € (O,E_l) and o = o(f,R) >0
such that the following is true. For all g sufficiently C'—close to f, there exists Dy,
a (45,4)—spanning c—family for g such that (1), (2) in Lemma 2.45 are satisfied for
(Dy, g) in place of (D, f). Moreover, we have

(1) £(Dg) > p,

(2) n(Dy) <N,

(3) Dy is o—sparse,
(4) R(g.(Dy,0)) > R.

PROOF. Let D = D(f,2R) be a c—family for f given by Lemma 2.45. Set N :=
n(D) 4+ 1. Take p € (0, (2R)~1) such that r(D) > p, and choose ¢ > 0 so that (3), (4
(D) p € (0,(2R) P, ;

above are true for (D, f,40) in place of (Dy,g,0). Let U = U(f,2, %, %,p, R ",o0)bea
C'—open neighbourhood of f as given by Lemma 2.32. Then there exists &’ C U such
that for g € U’, (4) is satisfied by any c—family for g, denoted by D,, as in Lemma 2.32.
Therefore, the above conclusion holds for any g € U’. (]
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While working with a family of diffeomorphisms, we will need to consider several
c—families. The following proposition will serve as a key step in the inductive construc-
tion in Proposition 2.70.

Proposition 2.47. Let r € N>y U {oc0}, J > 1, and let {f,}uecn, be a good (see
Definition 2.11) C™ — J—family of diffeomorphisms in the space of dynamically coher-
ent, plaque expansive C" partially hyperbolic diffeomorphisms. Then for any integers
K,Ry > 1, any real numbers ¥ > 0, hg > 0, there exists a compact set 3y € CBy
with Leb(CB;\;) < 9, an integer Ny > 1, and real numbers pg € (0, ho), p1 € (0, po),
00, Ao > 0 such that the following is true.

Take any w € €, and any integer 0 < | < K — 1. For any collection of points
{wit_, € B(w, o) NCBy, any 1 <i <1, let D; be a c—family for f,, such that

(1) [£(Ds), (D)) C (p1; po),
Then there exists a (55,6)—spanning c—family for f,,, denoted by Dyy1, such that (1),
(2) above are satisfied for i = I + 1, and moreover,

(1) Dy is og—sparse, and (Dyy1,00) is disjoint from ({D;}_;, 00);
(2) for any w' € B(w, \g) N CB;, we have

o R(fu, (Dit1,00), {Di}._1,00)) > Ro, o Ri(fur, (Diy1,00)) > Ro.

PrOOF. We choose €2; to be any compact set contained in CBj; such that
Leb(CB;\Q) < ¥, and for any w € Qy, the fixed points of f* are isolated for any
integer k > 1. The existence of §; is guaranteed by our hypothesis that {f,}wecn, is
a good family.

By the compactness of CBj, there exists pa € (0, hg) such that for any w € CBy,
z € X, the tangent space of W§ (z,4p2) is sufficiently close to £ () such that for any
y € B(z, p2), W§_(y,4p2) intersects B(z, p2) in a single local center manifold.

Let po € (0, %) be small enough so that for any w € CBj, any x € X, we have

feOWV5 (x, p0)) € WE (fE(2),p2), V= Ro <p < Ro. (5.1)

By Corollary 2.46 applied to R > max(pal, Ry), and by the compactness of €, there
exist Ng > 0, p1 € (0,p0), 01 € (0,p2) such that for all w € €y there exists a
(45.4)—spanning c—family for f,,, denoted by D(w), such that [r(D(w)), F(D(w))] C
(p1,po), n(D(w)) < No, D(w) is oy —sparse, and R(f.,, (D(w),a1)) > Ro.

Take o3 > 0 sufficiently small such that for any w € CBy, x € X, y € B(z,03), and
any p € (p1, po), we have W5 _(y, p) C (W5 (x,p),01/2) and®

WS (, 4i0p) c U Aecr(21,2). (5.2)
z€EWS (y,35P)

Take o2 > 0 such that for any w € CBy, any z € X, any collection of 2Ry Ny K
points {xi}?ffNoK C X, there exists y € B(x,03) such that for all 1 <i < 2RyNoK, we
have d(W$_ (v, p2), W5, (zi, p2)) > 302.

Take a small constant \g > 0 such that for any w € CBj, ' € B(w, o) N CBy,
z € X, and any —Ry < p < Ry, we have

fEOWV5 (@, p0)) C (FEOWE, (2, o)), 02)- (5:3)

Fix any w € Q. Let D= ZS(w) be given by the above discussion: we denote D=
{Ci,...,Cn,} for some Ny < Ny. We take I, {wi}t_; and {D;}._, as in the proposition.
We will modify D to obtain Di+1 that satisfies the conclusion of the proposition.

We will define Ci11,1,...,Ci41,n, by induction so that D;1q = {Cg+171, . 7Cl+1,N1}
is a (%,6)—spanning c—family for f,,. Let 0 < j < N7 — 1 be an integer such that for

5. Again, (5.2) follows from uniform transversality of W?Z and W}‘w, resp. ijz and W;éw,
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all 1 <k < j, Ciy1, is defined and satisfies o(Cj4+1.x) € (p1, po)s

1 ~
106k © U Aces(21,2), (5.4)
J/’G%CH_LLA,
and
(Cl+1,k, 0'2) n (C/, (72) = @, VC' e My, (5.5)
where
M= | rou U mCawnu U Bk (56
1<i<l, CeD;, 1<m<k-1, —Ro<p#0<Ro
—Ro<p<Ro —Ro<p<Ro

The above is true for j = 0. By the choices of py and Ag, by (5.1) and (5.3), for
any 1 < i <1, C € D;, and —Ry < p < Ry, there exists € X such that f2(C) C
(fEOWS, (2, p0)),02) C (W5 (f8(2),p2),02). Similarly, for each 1 < m < j,—Ry <
p < Ry, there exists © € X such that f5(Cry1,m) C Wi (z,p2). Clearly, [M; 1] <
2RyNoK. Let € X and p € (p1,po) be such that 5j+1 =W (z,p). By (5.1), (5.2),
and by the choice of 03,03 above, there exists y € B(T,03) such that the center disk
Cit1,j+1 := W5 (y, p) satisfies (5.4) and (5.5) for k = j+1, and Cr41,541 C (C~j+1,01/2).
We complete the construction of D;4; by induction.

Since D is (45,4)—spanning, by (5.4), Dy41 is (55,6)—spanning. By taking oo > 0
sufficiently small, depending only on {f,}, Ro, 02, we can ensure that for any —Ry <

p < Ro, any C € U, <,<; 1 Di, we have fE((C,200)) C (f£(C),02/4).
By further requiring that oy < 02/10, (5.5) implies that D;41 is 20¢9—sparse, and

® R(fu, (Dis1,200), ({Di}i_y,200)) > Ro, ® Ri(fuw, (Dit1,200)) > Ro.

By continuity, and after possibly taking Ag to be even smaller, but depending only on
{fu}, po, p1, Ro, No, K, 0¢, we can ensure that for all w’ € B(w, Ag) N CBy,

i R(fw'v (Dl-‘rla O'O)a ({,Di}é=17 UO)) > ROy L4 Ri(fw'v (Dl-‘rla O-O)) > RO-

6. A stable criterion for stable values

6.1. A criterion for stable values. In this section we state a topological lemma
that is at the core of our construction of open accessible classes. First we borrow a few
definitions from [5].

Definition 2.48. If f: X — Y is a continuous map between metric spaces X and Y,
theny € Y is a stable value of f if there is € > 0 such that y € Im(g) for every continuous
map g: X — 'Y such that dco(f,g) < e.

Definition 2.49. A continuous map f: X — Y between metric spaces X and Y is
called light if all point inverses f~1(y), y € Y, are totally disconnected.

We will use the following quantified version of Definition 2.49.

Definition 2.50. Given a constant € > 0, a continuous map f: X — Y between metric
spaces X and Y is called e—light if for every y € Y, every connected component of
f~1(y) has diameter strictly smaller than e.

Now we state the main topological result we will be using in this section.

Theorem 2.51. For any n € N, there exists a constant € = e(n) > 0 such that any
e-light continuous map f: [0,1]™ — R™ has a stable value.

PRrOOF. In Appendix B. O
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Remark 2.52. Theorem 2.51 is a direct adaptation of a result due to Bonk-Kleiner: in
[5], Proposition 3.2, the authors proved that any light continuous map from a compact
metric space of topological dimension at least n to R™ has stable values.

Corollary 2.53. For any integer ¢ > 1, let {Za }aca be an open cover of [0, 1]¢ such that
diam(%,) < €(c) for all « € A, where €(c) is given by Theorem 2.51. Let f: [0,1]° — R€
be a continuous map such that for any x € [0, 1]¢, there exists T C A satisfying

(1) mael'f(a%a) - @,
(2) © € U, for alla € T.
Then f has a stable value.

PrROOF. By Theorem 2.51, it suffices to check that f is e(c)—light. Given any
x € [0,1]¢, take Z C A satisfying (1), (2). In particular, there exists « € Z such that
f(z) & f(0%.). We denote by P, the connected component of f~!(f(z)) containing z.
We claim that P, is contained in %,. Indeed, by the continuity of f, f~1(f(x)) has no
accumulating point in 0%,. If P, N (%,)¢ # 0, then we can find two disjoint open sets
U,V such that P, CUUYV and P, NU, P, NV are both nonempty. This contradicts
the connectedness of P,., hence the claim is true. In particular, the diameter of P, is not
larger than the diameter of %, which by hypothesis is strictly smaller than €(c). Since
x is an arbitrary point in [0,1]¢, we deduce that f is e(c)—light. O

1

[

s
Q/a? -
I

g

6.2. Choosing a cover by disjoint squares. In this section, we define a cover
of [0, 1]° by open cubes, which will later be used when we apply Corollary 2.53 to show
the existence of open accessible classes.

Given an integer ¢ > 2, a positive constant 6 € (021, 1), we set
3c+1
Ko(c,) = [———]+1 Ki(c,0) := cKqy(c,b). 6.1
O(Ca ) [C—(C—l)gfl—‘—i_ ’ 1(C, ) c O(C’ ) ( )

In the following, we will fix ¢, § and abbreviate K;(c, ) as K;, i =0, 1.
By direct construction, we can fix a cover {%, }aca of [0,1]¢ by open sets in R€,
which satisfies:
(1) Ais a finite set and for all & € A, there exist constants {pa.i, Ga.i}i=1
[_132] SUCh that %a = (pa,luQQ,l) X X (pa,cv%x,c);
(2) for any o € A, diam(%,) < €(c), where €(c) is given by Theorem 2.51;

.....

(3) for each z € [0, 1]°, there exists a subset Z C A with more than K; elements
satisfying that x € %, for all & € Z, and {0%, }acz are mutually disjoint;

(4) for each i € {1,...,c}, the points {pa, Ga,i}ac.a are mutually distinct.
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For each integer i € {1,...,c}, we let B; := {Pa.i;¢a,itaca, and for each a € A, we

denote 0'% := (Pa,1,Ga1) X -+ X (Pasi=1, Gavsi—1) X {Pavsi> Govsi } X (Payi—1,Gevsi—1) X -+ X
(Pa,cr Qa,c)- Given any s € [—1, 2], we introduce the normalized coordinate

. 6t —2+s
(i, s) = e € (0,1]. (6.2)
Note that for any i < i’ and any s,s" € [—1,2], ¢(i,s) < ¢(i’,s"). We also set
o . VPN
0 < Chnin := 100( min l(i,t) — @(i,t)]) < +oo. (6.3)
t£t' €B;

Definition 2.54. We define the set
I={0,B,{st = (st,1,...,8tc) ren) | 1 €{1,...,¢c}, BCB;, |B| = Ky, (6.4)
and s; € [—1,2]"71 x {t} x [-1,2]°7%, Vt € B)}.

7. Holonomy maps associated to a family of loops

7.1. Continuous and regular family of loops.

Definition 2.55. Given f € PH'(X) and x € X, a one-parameter family {y(s) =
(w1(s),w2(5),23(5)) }sefo,1] of f—loops at x is said to be continuous if for any i = 1,2,3,
the map s — x;(s) is continuous. We define

U(y) = Szl[tp” £(y(s)).

Lemma 2.56 (Continuation of f—loops). Let f € PH'(X), and let v be a continuous
family of f—loops at x € X satisfying ((y) < 5. Then there exist U, a C'—open
neighbourhood of f, depending only on f, as well as 5~ > 0 such that for any g € U
and y € B(z,sy~), we can define 7 ,, a continuous family of g—loops at y, such that

v¢,» = and each coordinate of 4 ,(s) depends continuously on (g,y, s).

PROOF. Let v = (z1,22,23). If (g,y) is chosen sufficiently close to (f,x), then for
any s € [0, 1], the following leaves intersect at a unique point, and we define

(1) {ygals)} :== Wy y, hy) "W (a1 (s), hy);
(2) {yg.2(s)} = Wy(yga(s), hy) NWg(2(s), hy);
(3) {yg.3(s)} := Wy (yg.2(s), hp) DWg*(y, hy).
Then the family vg 4 := (Yg,1,Yg,2; Yg,3) has the desired properties. O
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7.2. A criterion for stable accessibility. In all this subsection, we consider
a partially hyperbolic diffeomorphism f € PH'(X) that is dynamically coherent and
plaque expansive. Given z € X, and v = {7(s)}s¢[0,1], a continuous family of f—loops
at z, satisfying £() < G (defined in Notation 3), we introduce

[_lv 2]C - chc(l‘),
s=(81,.--,8:) (H;:l Hi (.5, (2)-
By Notation 3, v is well-defined. Besides, it is clear that Im(¢) C Accy(x).

¢=¢(f7$a’7)3 { (71)

Cs)e[-L2e

R
o
-

Hop2.0) © Hipao(1,))()

Hipaos)(x)

i(ple. )

Definition 2.57 (Property (P)). We say that f satisfies property (P) if there exist
0<0<0 <1,k>1, and D, a (6,k)—spanning c—family for f, such that for any
C € D, any x € 0'C, there exists a continuous family of f—loops at x, denoted by
{72(s) = (z1(s),z2(s),x3(s))}s, with () < T, such that the following is true: for any
CeD,zelC, ifth, :=(f,x,v,) is taken as in (7.1), then for any (i,B,{s:}+eg) € T
(defined in (6.4)), there exist t,t' € B such that ¥, (s:) # V¥ (s¢r).

Lemma 2.58. If f satisfies property (P), then f is accessible.

PROOF. Assume that f satisfies (P) for 0 < 0 < 6’ < 1, k > 1, some (6, k) —spanning
c—family for f, denoted by D, and families of f—loops {vs}seoc, cep. Take C € D,
x € 6C, and set ¢, := ¥, (f,x, 7). We claim that Accy(x) is open.

To see this, take s € [0,1]°. By the definition of the open cover introduced in
Subsection 6.2, there exists a subset Z C A with |Z| > K, such that s € %, for
all @ € Z, and {0% }acz are mutually disjoint. Let us show that Nyezt,(0%) = 0.
Assume it is not true; by (6.1) and the pigeonhole principle, we may choose i € {1,...,c}
and Z' C T with |Z'| = Ko, such that Npert,(0°%,) # 0. By definition, 8'%, C
[—1,2]"71 x B; x [—1,2]°7%, hence there exists (i, B, {s:}+) € I such that

wm(st) = 'l/JI(St/), Vt, t/ S B,

which contradicts (P). Therefore, Nyez, (0%,) = 0. Since s can be taken arbitrary in
[0,1]¢, Corollary 2.53 implies that 1, has a stable value y, and thus, Im(¢),,) contains an
open neighbourhood of {y} in W¢(z). But ¢, takes values in W§(x) N Accy(z), hence
the latter has non-empty interior; saturating by local stable and unstable leaves, we
deduce that Accy(z) has non-empty interior too. Then, it is clear that the accessibility
class Accy(z) is open, and the claim is proved.

Now, since D is (0, k)—spanning, the previous claim implies that for any = € X,
the accessible class Accy(x) is open. By the compactness of X, there exists a finite set
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{x1,..., 2} C X such that X = UF_, Accy(z;). Since X is connected, we thus conclude
that f is accessible. O

Corollary 2.59. Under the assumptions of Lemma 2.58, f is C'' —stably accessible.

PROOF. By Lemma 2.58, it suffices to show that the set of f € PH'(X) satisfying
(P) is a C'—open set. Assume that f satisfies (P) for 0 < 6 < 6 < 1, k> 1, and D,
a (0, k)—spanning c—family for f. Let ¢, be as in Lemma 2.56 and let o € (0,¢y,)
be a sufficiently small constant to be determined. By Lemma 2.32; there exists U, an
open neighbourhood of f in PH'(X), depending only on f, k,6,6’, o, such that for any
g € U, there exists Dy, a (6, k+ 2)—spanning c—family for g, such that for each C,; € D,
0'Cy € (0'C,0). For each y € 0'Cy, take x € §'C with y € B(x,0) C B(z,sy.); applying
Lemma 2.56 to v, we obtain 7, ,, a continuous family of g—loops at y which is close to
2. By choosing o sufficiently small, we can ensure that for any ¢ sufficiently close to
f,any Cy € Dy, y € 0Cy, any (i, B, {st}tes) € T, letting 97 := 1(g,y,74.y), then there
exists t,t € B such that ¥J(s;) # ¥J(s). Thus any map g sufficiently close to f in the
C! topology satisfies (P), which concludes. O

7.3. Parametrising an accessible set using a family of loops. To optimize
the pinching exponents in our theorems, we will mainly consider the class of continuous
families of loops as follows.

Definition 2.60 (Regular family). Given a diffeomorphism f € PH*(X), € X and

constants o € (0, ?), C > 0, a continuous family {v(s) = (z1(s),z2(s),z3(s))}s of
f—loops at z is said to be a (o, C)—regular family of f—loops at x if it satisfies:

(1) z1(s) € Wi(z, %C’;zo) for all s € [0,1], and 4(7) < o;

(2) the map s x1(s) is injective and C—Lipschitz (with respect to dyy );

(3) there exists 2’ € W§*(x, %0;20) such that x2(s) € Wi (a2', o) for all s € [0,1].
In this case, we say that vy is determined by 2’ and (x1(s))se[o,1]- Indeed, for any s € [0, 1],
x2(s) is the unique intersection of W§(x1(s), hy) and W§*(2', hy), and x3(s) is the unique
intersection of Wi (x2(s), hy) and W (x, hy). 6

Let f € PH? (X) be dynamically coherent and plaque expansive, let z € X, C > 0,
o€ (O,%), and take {y(s) = (z1(s),22(s),23(5))}seo,1], @ (0, C)—regular family of
f—loops at x, determined by 2" € W§*(z, %Cfda) and (71(s))sejo,1)- Let fiUxX =X
be a C! deformation at (a, f), with U = U(x) as in Notation 2, and set T = T'(f). We
now define continuations of a regular family of f—loops.

Definition 2.61. We define a lift of {v(s)}s as

Y(s) = ((a,21(s)), (a, 22(s)), (a, z3(s))), Vs €0,1]. (7.2)

Then by continuity, there exists a C?—uniform constant do,7 = 0a,7(T) > 0 such that
B(a,d4,7) C U, and for any (b,y) € WSs((a,x),d,,1), any s € [0, 1], each of the following
intersections exists and is unique:

(1) {(b,31(b,y, )} := Wit((b ), hy) VWS (@, 01(5)), )

(2) {(b,22(b,,))} = W (b, E1(b,9, 5)), hp) VWS ((a, ), )

(3) (b, 3(b,, )} = WE((b, 52(b, . 9)), hy) OV WEE ((a,), hg).
We thus get a continuous family of f(b,-)—loops at y, denoted by {7y, (s)}s, where

Yo,y (8) = (£1(b,y, 5), Z2(b, y, 5), 3(b,y, s)), Vs e€]0,1].

Note that in general, -y, Iis different from Vi) 85 defined in Lemma 2.56.

— =~

6. Indeed, set o/ := %C;ZO'. Then d(z’,21(s)) < 20’ < oy, hence by Notation 1, z2(s) is well
defined, and dyys(z1(s), z2(s)), dyyeu(x2(s),z’) < 2Cf0’ < oy. Then x3(s) is well defined, and
dyyu (z2(8), 23(8)), dyye (z3(s),z') < ZCJ%U’. Then, £(y(s)) < o' +2C¢0’ + 40?0’ +o' <o.
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There exists a C?>—uniform constant 8, 7 = 8, 7(T,0) € (0,041), such that for any

(b,y) € Wi((a,x),dq,1), we have £(vp,) < 20 < T j(p,)- By Notation 3, the following
map is well-defined:

~ W ((a,7),00.7) X [-1,2] — Wi(a,z),
— (T): T , I 7.3
8= | (oyos) = (T Hraeuap) b)Y
Moreover, by Lemma 2.41, for any (b,y,s) € W5((a,x),8a.7) X [—1,2]¢, we have
WXQZ(bvya 5) = 'd](f(ba ')a yvlyb,y)(s) € W;(b7)(ya 2Kf0) - B(yv QCijU) (74)

Notation 4. Assume that fy € PH*(X) is dynamically coherent, center bunched and
satisfies (ae) (resp. (be)). Then we define a C'—open neighbourhood of fo, denoted by
U(fo), satisfying the following properties:

(1) U(fo) C Uo(fo,0%,), where the latter is given by Proposition 2.24,

(2) U(fo) is small enough so that any f € U(fo) is uniformly 0 —pinched, uni-
formly center bunched, and dynamically coherent. Moreover, the constants
htys055,Chos Npys €, In Notation 1 work for any f € U(fy).

By points (1), (2), (4), (5) in Notation 1, such U(fy) exists. We stress that we do not
require Ay to be uniformly bounded for f € U(fy).

The following lemma is important, and is the place where several technical conditions
introduced earlier come into use.

Lemma 2.62. Let fy € PH*(X) be as in Notation 4. Then for any f € U(f), for a C?
deformation at (a, f) with I—parameters fiUxX > X in U(fo) with U = U(x), for
any C >0, o € (0,(100C;K;)"'5¢), any x € X, any (o, C')—regular family of f—Ioops
at x, denoted by vy, there exists a C''—uniform constant éfo = afo(fo) > 0 such that
the following is true. Let T = T(f) and let ¢ be defined as in (7.3). Then for all

(b,y) € Ws.((a,x),04,1), any s,s" € [—1,2]¢, we have
d((b,y,5),9(b,y,5")) < cCPCp AFH3]s — 5|,
where 0y := 0% (07 )?, (resp. 0o := 0, (07)°) and by (ae) (resp. (be)),

c

- 1
00 = 0;,(0))% > <= c

(resp. 0o = 0, (0%,)° >

). (7.5)

PrROOF. Given s = (s),s’ = (s,) € [—1,2]%, and for any j € {1,...,c}, set t; :=
©(j,85) € [0,1] and t; := (4, s}) € [0,1] (see (6.2)). For each 0 <i < ¢, we let

vi =[] Hrse)bw), wi= ][] Hr 51 (vi)-
Jj=1 j=i+1

Arguing as in (7.4), for each 0 < i < ¢, we see that mx (v;) € W]C;(b ‘)(y, 2K o). Moreover,
we have wg = ¥(b,y,s’), w. = ¥(b,y,s). Thus it is enough to estimate d(wg,w.). For

any 0 < i < c¢— 1, we observe that

o~ ~

wi= [ HrawHrse @), win= 11 Hrse)(Hrae,00©))-
Jj=i+2 Jj=i+2

The maps {HTﬁ(tg_)}jzl . are obtained by composing holonomy maps. Since f, thus
T, are C? and center bunched, Notation 1 (3) and Notation 2 yield

d(wi, wir1) < NFA(Hp s, ) (00), Hr e, (09)-

i

Therefore, it suffices to prove that for any Z = (b,2) where b € B(a,d,7) and z €
We¢ (y72Kf0)a any p,q € [0,1],

F(b,)
dyve | (mx (Hr5)(2)), 7x (Hr 5(0)(2))) < C%c1A}|p — q|™
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for some C'—uniform constant ¢; = ¢1(fp) > 0. To see this, we set

Zl = H’%,(a,z),(a,zl(p))(z)’ Zi = H’%,(a,z),(a,ivl(q))(z),

Zy = Hp (0 o) ama o) (D1)s Z2= Hip (0 () (0,200 (£1)5

Z3 2= HY (0 (p) (aes ) (Z2)s 2357 HE (4 0,()) (a,05(0)) (Z2):
Clearly, Z;, Z! € {b} x X for i € {1,2,3}, thus we set z; := 7x(Z;), z; .= wx(Z]).

V\/f:bb.)(l)

. =<2 . .
Claim. We have dw}g(b’_>(z1, 21) < Ay, Crodwye (x1(p), z1(¢))?. Here §; = (07,)? if (a) is
satisfied, otherwise 01 = (9}’0)3, when (b) is satisfied.

PROOF. We abbreviate x1(p) (resp. 21(q)) as 21 (resp. z}). By Notation 1 (5), we
see that there exists a leaf conjugacy between W5 and WJC, (5, denoted by by, such that

d(hp(z1), ho(2))) < Kfodw}t (21, x/l)9}’0_ Moreover, by construction, we have (b, hp(x1)) €
Wi (a,z1) and (b, hp(z])) € Ws(a,x)). But we also have (b,z1) € W5(a,z1) and
(b,z1) € Ws(a,2). This implies that z; € W;(b .)(hb(:rl)) and 2] € W;(b')(bb(x’l)).
By Notation 1 (5), we can see that

dyws, (2124) < Ry Crydlby(a), bo(@))™,

where 0 = 07 if (a) is satisfied, otherwise 05 = (9}’0)2, since in this case (b) is satisfied.

) .
Hence dw}ib’_)(zl,zi) < Ay, Crodyye (w1,2))%, since 0, = 0’ 02. O

By Notation 1 (4) and 9}0—pinching of f(b,-)7 we obtain dwg?b_>(zQ,z§) <
Afdw;:(ub ) (21, zi)e;‘O. By Notation 1 (3) and center bunching of f(b,-), we get

dwe,  (mx (Hrs0)(2)), 7x (Hr5(9)(2))) < Agdwe - (23, 23)

’

[
< CfOA?dW;?b” (ZQ, Zé) < OfoA:]g‘dW}L(b“)(zla le) fo

—92 0. 6
< AfOCJ%OA?J)CdW? (1(p), z1(q)) 0"
Since 7 is (o, C')—regular, we have dyyu (21(p), #1(q)) < Clp — q|- We conclude the proof
by noting that 6y = 0% 6:. O
8. Constructing charts and vector fields

In order to construct an infinitesimal deformation, we will first introduce coordinates
in a neighbourhood of each c—disk. Throughout this section, we fix r € N>oU {00}, and
a map f € PH"(X) with ¢ := dim(E$) > 2, which is dynamically coherent and plaque
expansive.
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Notation 5. Recall that we denote d := dim(X), d; := dim(E%), dy = dim(E}). There
exist C"—uniform constants hy € (0,hy¢), Cy > 1 such that the following is true. For
any c—disk of f, denoted by C = W$(x,h), with x € X and h € (0,hy), there exists a
C" volume-preserving map ¢ = ¢(C): (—h,h)? — X such that ¢(0) = z and

(1) 5C C o((—h/4,h/4)° x {0}PFd) € ¢((—2h/3,2h/3) x {0}4u+de) C C;

(2) lI¢llc> < Cys

(3) Dp(0,R® x {0}%+4=), Dp(0, {0} x R x {0}%), Dp(0, {0} x Re) are
respectively equal to E$(z), E}(x), E4(x);

(4) for any y € ¢((—h, h)*), M.Dp, " : ES(y) — R® has determinant bounded from
below (resp. above) by 5;1 (resp. Cy), where II.: R? ~ R® x R% x R%: — R¢
denotes the canonical projection.

For * = u, s, set e, := (1,0,...,0) € R%. For any \ € (0,h), we define
W) = ¢((—h, h)® x {deu} x (—h, h)™),
WUA) = ¢((—h, h)® x (=h,h)® x {Xes}).
Moreover, for any ¢ > 0, there exists a C*—uniform constant hy ¢ € (0,hs) so that

for any c—disk C of f with radius h € (0,hy), taking ¢ = ¢(C) as above, then for any
y € ¢((—h,h)?), Do, " E{(y) @ E}(y) — R® has norm bounded by (.

Using the chart ¢ defined in Notation 5, we will construct regular families of loops
for f and nearby diffeomorphisms.

Lemma 2.63. There exist C2—uniform constants hy € (0,hy), Cy > 2%]“6;1 such that

the following is true. For any p € (O,Tzf), any o € (0,5’;1p), there exist constants
ég = éo(f,p,0) > 0, 69 = 60(f,p,0) € (0,0), such that for any c—disk C of f with
radius h € (p,hy), any g € PH(X) such that dea(f,g) < €o, any © € (%C,&o), there
exists {y(s) = (w1(s), v2(5), v3(5))}se(0,1), @ (0, Cy)—regular family of g—loops at x with
the following properties: letting o' := ~;%0, we have

(i) for any s € [0,1], any i = 2,3, Wg(z(s), Kyo) is disjoint from the image

O((=h, h) Tl x (=G, F)%);

(ii) take Cin as in (6.3). For any s € [0,1], we have

|92

/

Wi (x1(s), Kyo) C o((=h/2,h/2)° x (so’e, + (—C Lo’ C L o)) x (-

min min

")

PROOF. Set {z'} := Wy (z,hy) "W (c'). By Notation 1, Notation 5 (2), (3), and
by taking hy, €, 6o sufficiently small, éf sufficiently large, we have the following.

)

o Q
—~ ot

(1) For each s € [0, 1], each of the following intersections exists and is unique:
(a) {z1(s)} := Wy (z, hy) "W (s0”);
(b) {z2(s)} := Wy(z1(s), hy) "W (2", hy);
(c) {xs(s)} := Wy (wa(s), hy) "W (x, ).
(2) For each s € [0, 1], set y(s) := (x1(s), 2(s),x3(s)). Then v := {v(s)}sc[o,1] is
a (o, Cy)—regular family of g—loops at = (see Definition 2.60).
By Notation 1, Notation 3, Notation 5 (2), (?l)’ C~‘f0 <h< Ef, and (7), (i7) follow
from straightforward computations, by letting hy, resp. Cy, be sufficiently small, resp.
sufficiently large. O
Remark 2.64. By point (i), for any s,s' € [0,1] with |s — 8’| > 5C! | we have
Wi(z1(s), Kpo) "N Wy(x1(s), Kfo) = 0.
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Definition 2.65. For any c—disk C such that o(C) =: h € (0, hy), with hy as in Notation
5, we define a collection of vector fields as follows. We let ¢ = ¢(C): (—h,h)? — X be
given by Notation 5, and let o € (0,h). We let p>?: (—h,h)% — Rsq be a C* function
such that

(1) supp(p*?) C (—=0/3,0/3)% and p*°|(_y/5,0/502: = 1;

2) I ller < 10% .
We easily verify that such p*° exists by explicit construction (see Appendix C).

Similarly, for each i € {1,...,c}, each t € B;, we let pgy (=h,h)% — Rsq be a

C® function such that

(1) supp(pgzzt) C (=202t 0,20 L 0)% + (i, t)oe,, where ¢, Ciin are taken as

min min

in (6.2), (6.3), and Pgif,t|(70,;;0,0,;},,0)@+¢(i,t>aeu =1;
(2) ‘pgft o < 10*Cpino L.

For each 1 < j < ¢, let Uj: (—h,h)® — R® be a C*° divergence-free vector field such
that

(1) U; restricted to (—h/2,h/2)¢ is equal to the constant vector, denoted by e;,
that has 1 at j-th coordinate and 0 at the others;

(2) U; vanishes outside (—2h/3,2h/3)°.
Since ¢ > 2, such U; always exists. Moreover, we can assume that U; satisfies ||U;||cr <
C.h=! for all j € {1,...,c} for some constant C, = C,(c) > 0. Now, for each i,j €
{1,...,ch, teB;, welet UZ, , it (=h, h)® — R be the vector field
UC.i1j(2) = pgii o (20)p*7 (25)Uj(2c), V2 = (2¢, 20, 25) € (=h, h)%,

and we set
V&1 = DU, 1;): (8.1)

Remark 2.66. By construction, it is clear that
suppx (V&;1.;) C &((—2h/3,2h/3)° x (—20,20)% 1),
Thus for any oy > 0, there exists o > 0 such that for any C, 1, j,t in Definition 2.65,
supr(VCU,z‘,t,j) C (C,00).

Lemma 2.67. There exists a constant Cfc > 0 such that for any h € (0,hy), o € (0,h),
any c—disk C for f, with radius o(C) = h, the vector fields {VZ, , ;}i je(1.....c} teB, are
well-defined, divergence-free and satisfy:

o [0:VEi il + 1VEi sl < C5- (8.2)
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PRrOOF. For each h,0,C,1,j,t as in the lemma, the vector field Ug ; , ; is divergence-
free. By Notation 5, ¢ = ¢(C) is volume-preserving, hence by (8.1), V¢, is also
divergence-free. By ||¢]o2 < Cy and the C'—bounds on p*°, peisj0 Uj in Definition
2.65, we can choose Cff > 0 to be sufficiently large so that (8.2) holds. O

The following lemma describes the values taken by V{7, , . at the corners of loops
that we will construct in Section 9.

Lemma 2.68. There exists a constant ky > 0 such that for any p; € (0, %Ef),
g € (0,5’;1p1), o € (0,0) there exists a constant A\ = Ai(f,p1,0) > 0 such
that for any o—sparse (21—0,6)fspann1'ng c—family for f, denoted by D, satisfying
[r(D),7(D)] C (p1, %%), for any g € PH"(X) such that doi(f,g) < A1, there exists
Dy, a (55,8)—spanning c—family for g with [r(D,),7(Dy)] C (p1,hy) such that the
following is true.

For any C, € Dy, we have Cq C (C,0) and 1C, C (75C,0) for some C € D,
and for each = € %Cg, there exists a (o, 5f)—regular continuous family of g—Iloops
at x, denoted by {v(s) = (21(s), z2(s), ¥3(5))}sejo,1), such that for any i € {1,...,c},
s € [0,1], t € By, any y € Wy(z, Kyo) UWg(xa(s), Kypo) UWG(x3(s), Kyo), and any

z € Wy(x1(p(ist)), Kfo), letting o' := 5;%0, we have

Ve =0,V1<j<c det (7 VE50(2))im1e) > Ky (8.3)

PROOF. Let p,0,0,D be as in the lemma and let o1 := 6¢(f, p1,0) > 0 be as in
Lemma 2.63. By Lemma 2.32 applied to (k, 0,6, pm, prr, o) := (6, %, %,pl, %Ef,al),
there exists u > 0 depending only on f,p1,0 such that for any ¢ € PH"(X) with
dei(f,g) < p, there exists Dy, a (55, 8)—spanning c—family for g, with [r(D,),7(Dy)] C
(pl,ﬁf), such that for each C, € Dy, we have C; C (C,01) C (C,0) and +C, C
(15C,01) C (15C, o) for some C € D.

Let Ay := min(u, o(f, p1,0)) > 0. Then for any g € PH"(X) such that de:(f, g) <

A1, we can apply Lemma 2.63 to any c—disk C € D of f, since it has radius in (p1, %hf),
and any x € 15C; C (75C, 01), to construct {y(s)}sejo,1], & (0, Cy)—regular continuous
family of g—loops at z such that the following is true. Let 4, 7, s, t, 0’ be as in the lemma.
Then

(1) We(w4(s), Kgo), i = 2,3, are disjoint from ¢((—h, h)T x (-

(2) Wg(x,KfU) C o((—h/2,h/2)¢ x (_0*1 017071 J/)du % (_%7

min min

!’
;%) %)

)4);

’
g
2

’
g
5



94 2. C"—PREVALENCE OF STABLE ERGODICITY

() we have We(a1((i, 1), K o) © ((—h/2,h/2)° x ((i, Dyo'e, +
+( Cmma len ) ) X <_%7%)ds)'
Then, by the properties in Definition 2.65 and by Notation 5 (4), (8.3) holds for some
k¢ > 0 depending only on 6}«. O

9. On the prevalence of the accessibility property
In this section, we fix two integers r € N>o U {oco} and J > 1.

9.1. Constructing perturbations for a family of diffeomorphisms. Let
{fata be a C" — J—family in the space of dynamically coherent, plaque expansive,
center bunched C” partially hyperbolic diffeomorphisms on X with center dimension at
least 2.

Let Qg be an open set satisfying Qg € CBjy, let U; be an open neighbourhood of
the origin in R! for some integer I > 1, and let f: Qo x Uy x X = X be a C" map
such that f(a,(),ac) = fo(z) for all (a,z) € Qp x X. In particular, for any a € Qo, the
map f(a,-): Uy x X — X is a C" deformation of f,. We set T, := T(f(a, -)). Moreover,
by applying Lemma 2.34 to f(a, -) in place of f, for any (b,x) € Uy x X, we denote by

vi(z,): RT — E;’(‘ b, )( x) the unique linear map such that

E%a (byz) = GTaph(l/g( ))& Ec(a b, )( ). (9'1)

Definition 2.69 (Removability). Letf be as above. Given p,, pa,0,C,k > 0, a € Qq,
we say that f is (pm, pu, 0, C, k)—Removable at a if the following is true. There exists
D, a (g5,8)—spanning c—family for f, with [r(D),7(D)] C (pm,pa), such that for
each C € D, for each v € %C, there exists a (o,C')—regular continuous family v of
fa— loops at x with the following properties. Let Ky,I' be taken as in Subsection
6.2. For any (i,B,{si}iep) € T and (t,j) € Bx{1,...,c}, we set v ; := v(¢(J, 5¢)),
Y5 1= A0y 56,))s 20 := ([1j=) Hfo e ;) (2), and we define
T(]Ul — H EC (Zt) RKOc,

a,r* 1B (92)
’ B~ (re(D (Ilizy Hro, ) - (B + 06w, B))

Then there exists a linear subspace H C R! of dimension Kyc such that

(1]

teB

\det (Zq.0ls)| > k.

In the remaining of Subsection 9.1, we consider a good C" — J—family {f,}eeccs,.
With the notations of Lemmata 2.67, 2.68 and Notation 3, and by compactness, we can
choose 01,02,[( < 400 bufﬁmently large, resp. h k > 0 sufficiently small, such that
Cﬁ>Cf,CQ>Of andK>Kf + 4, resp. h<hf and k < Ky, for all a € CBj.
The main goal of this subsection is the following.

Proposition 2.70. There exist constants Q,k; > 0, p; € (0, %71) such that for any
¥ > 0, any sufficiently small o > 0, there exist

— an open set Q satisfying Qo € CB; and Leb(CB;\Qp) < 9;

— an integer I > 0;

— an open neighbourhood of the origin in R!, denoted by U; =

Ur({fa},0. Ko, e, G}, v);

—acC" mapf:CBJxUl xX—=X

such that the following is true:

— f(a,0,2) = fu(z), for all (a,z) € CBy x X;
<Q;
Cl

— f is (pl,ﬁ, o, 62, k1)—Removable at a, for all a € Q.




9. ON THE PREVALENCE OF THE ACCESSIBILITY PROPERTY 95

To prepare for the proof of Proposition 2.70, we first show the following lemma.

Lemma 2.71~. There exist constants Ry,k1 > 0 such that the following is true. For
any p1 € (0, 3h), any sufficiently small ¢ > 0, there exists a constant Ay = A2(p1,0) >0
such that for any a € CBy, if D is a 3K o—sparse (35, 6)—spanning c—family for f, with
[r(D),7(D)] C (p1, %E), and if V' is an infinitesimal C" deformation satistying

(1) 030,V x + [0Vl < C and Ry (fa, (D,3K0),suppx (V) > Ri;

2 ~_ 1
(2) for B = (BC,i,t,j)CG’D,i,jG{l,‘..,c},tGBi € R2UPICIAl and Ufl = Cf,f g,

!
ga .
V(B, ')|(’D,2f(a) = E : BC,i,t,jVC,z‘,t,jv
CED,i,je{l,....c},teEB;

then there exists a neighbourhood of the origin Uy = Ui({f.},0, Ko,c, Cf,n) C
RQ”(D)fW _such that the C" deformation f: CBjy x Uy x X — X generated by V
is (p1, h, 0, Ca, k1)—Removable at o/, for any o' € B(a, A\2) NCBj.

PrOOF. By compactness, we can choose R; > 0, k1 > 0 so that for any a € CBy,
Ry > Ro(fa, Ko,e,CH 5, 1 < Ko(fay Koy, CF, £) as in Proposition 2.44. Let A\; =
A1(p1,0) be given by Lemma 2.68. By (1), we can choose Ay € (0, A1) such that for
any a,D as in the statement of the lemma, for any a' € B(a, 2) N CB;, we have
Ri(fa,(D,2K0),suppx(V)) > Ry. Then we apply Lemma 2.68 to a, D to obtain D', a

(35, 8)—spanning c—family for fo with [r(D’),7(D’)] C (p1,h) such that the conclusion
of Lemma 2.68 holds.

For any C' € D', any = € %C’, let v be a (o, C~'2)—regu1ar continuous family of
far—loops at x satisfying the conclusion of Lemma 2.68. We claim that for any s € [0, 1],
the vector field V' in the lemma is adapted to (v(s), o, C¥, Ry). Indeed, by K> Ky, +4
and C' C (D,0), we have W§ (2, Ky, 0) C (D, 2K o) for any z € {x, 21(s), 22(s), 23(s)}.
Then by the choice of Az, we verify (2), (3) in Definition 2.43 for v(s) in place of . We
verify (1) in Definition 2.43 by the fact that y(s) is (o, Cy)—regular and the hypothesis
on V. Thus the claim is true.

For any (i, B,{s;}iep) € T, any (t,5) € B x {1,...,c}, we take -y, ; as in Definition
2.69. Let C < +oo be large enough such that C > Cy, for any a € C'Bj, and take
U, = U(R1,12CI?0) as in Proposition 2.44. Since (4.5), (4.6) are satisfied by (8.3),
for small enough o > 0, we can apply Proposition 2.44 to (f,, Ko, Cf, 5, Videjttes) in
place of (f,L,C,x,V,{v;}~,), which concludes. O

PROOF OF PROPOSITION 2.70: Let Ry,k1 > 0 be given by Lemma 2.71. Take any
¥ > 0. We set K := 507. Then by applying Proposition 2.47 to 7,J,{f.}a, K, and

to (Ru, %E) in place of (Rp,ho), we obtain a compact set 3 € CB; and constants
No € N>1,p9 € (0,2h), p1 € (0, p0), 00, Ao > 0 satisfying the conclusion of Proposition
2.47. For sufficiently small o > 0, we let Ao = A2(p1,0) be taken as in Lemma 2.71.

Let T > 0 be some large integer such that \ := % < min(Ag, A2), and set Wy :=
(=35> 37)”. We choose points {a,...,an,} C Q1, My < T7, such that the collection
{W; = a; + 2Wo}1<i<m, forms an open cover of {1, and the cover multiplicity of

{a; + 10Wy }1<i<n, is bounded by K.

Let ©: R/ — [0, 1] be a smooth function such that ©|sy, = 1 and supp(©) C 3W.
Let ©; := O(- —q;) for all 1 <14 < My, so that supp(0;) C a; + 3Wj.

For each 1 < i < My, we will inductively define a (55, 6)—spanning c—family for f,,,
denoted by D;, in the following way. Assume that for some k € {1,..., My}, and for all
1 <i<k—1, we have defined D; satisfying

(1) D; is a og—sparse (55,6)—spanning c—family for f,,;
(2) [£(Da), 7(Da)] C (15 po);

(3) n(DZ) < Np.



96 2. C"—PREVALENCE OF STABLE ERGODICITY

Note that it is always true for k = 1.

Let {i1,...,%} be the set of all indices p € {1,...,k — 1} such that (a, + 3Wp) N
(ax + 3Wo) # 0. In particular, ay € (a, + 10W)), hence | < K. Then we can apply
Proposition 2.47 to obtain a spanning c—family for f,,, denoted by Dy, such that (1),
(2), (3) above are true for i = k. Moreover, for any 1 < j <1, (D;;,00) is disjoint from
(Dk,00), and for all a € Wy, C B(ag, \o), we have

® R(fa,(Dy,00),({Ds,}—1,00)) > Ri, o Ri(fa,(Dy,00)) > Ry.

Having constructed {D; }1<;<n,, we set I, := n(Dy)c > i, |Bi| for each 1 < k < M.
~_1
Let g, = C; 20, and let V) R x X — TX be the infinitesimal C" deformation
ak
defined as follows:

V(B ) = > BeingVeik ;o VB = (Beia;) € R (9.3)
CeDy,i,5€{1,...,.c},teB;
By Remark 2.66, for all sufficiently small o > 0, we have suppy (V*)) C (Dy,00). Let
I = 22/21 I,. For any B = (Bk)ﬁiol € R!, where B;, € R for each 1 < k < My, we
define a C" map V: CBy xR x X —» TX:

Mo
V(a,B,") =Y Ora)V¥(By,"). (9.4)
k=1

By definition, the map V is linear in B. Given any a € CBy, let {i1,...,4;} be the set
of indices p such that ©,(a) # 0. Note that [ < K. Moreover, by construction, we see
that the sets (D;;,00) are mutually disjoint for j € {1,...,1}, and

l
suppx (V(a, B,-)) | |(Ds,, 00). (9.5)
j=1

By (9.4), for each B = (By)1<k<m, € RY, for any j € {1,...,1l}, we have
V(a7 B7 )|(DL] ,00) — Gij (a)v(l]) (Bijv )‘(D,J ,00)) (96)
hence by (9.3), (9.5), and by Lemma 2.67, we deduce that
o |00V || x + 18V | x < Ch. (9.7)
Again, by the above construction, we see that

Ry (fa, ({Ds; Y521, 00)) > Ra. (9.8)

Let Uy be a small neighbourhood of the origin in R, and for any (a,b) € CB; x Uy,
let Fy(ap,.y: R x X = X be the flow generated by V(a,b,-). We define

5 {CBJXUOXX - X, 9.9)

f: (a,b,2) = Fyap(l, fal@)).

It is clear that f is C”, and for each a € CBy, f(a7 ): Ugx X — X is the C" deformation
of f, generated by V(a,-). By (9.7), (9.9), and Lemma 2.27 (1), we obtain Hf o <Q

for some @ > 0 depending only on {f,}, and C%, after possibly reducing the size of U.

For each 1 < k < My, Dy is a og—sparse (;—O,G)fspanning c—family for f,,,
and by (9.6), for each B = (Bj)i<i<m, € R!, we see that V(ak, B, ) (Dy,00) =
V&) (B, )| (py,00)- Thus, by (9.3), (9.5), (9.7), (9.8), for all sufficiently small o > 0,
the assumptions of Lemma 2.71 are satisfied, hence the C" deformation f : CBy x
Uy x X —- X is (pl,ﬁ,a,ég,m)fRemovable at a, for any a € Wy C Bl(ag, A2),
where Uy = Ui({fa},0, Ko, ¢, C%,K) C Uy. Let Qp = UQ/I:”l Ws. Then f is
(pl,ﬁ,a, 6'2, k1)—Removable at a for all a € Qy. By our choices of {a;}, we also have
Q1 C Qo, which implies Leb(CB\g) < . This concludes the proof. O
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9.2. Getting accessibility by perturbation. In the rest of this section, we fix
amap fo € PH"(X, Vol) with ¢ := dim(E¢ ) > 2, which is dynamically coherent, center
bunched and satisfies (ae) or (be).

Let f € U(fo) NDiff" (X, Vol) (U(fp) is defined in Notation 4), and let C be a c—disk
of f with radius h in (0,hs). We let ¢ = ¢(C) be the chart given by Notation 5. Let
f:Ux X — X be a C" deformation at (a, f), and set T = T(f). Then for C > 0,
o € (0, %), xz € C, and 7, a (o,C)—regular continuous family of f—loops at z, let ¥ be
given by (7.2), and let ¥ be given by (7.3). Moreover, for all sufficiently small o > 0,
we have Tx (b, y,s) € ¢((—h, h)?) for all (b,y,s) € WS ((a,x),0..7) x [—1,2]¢, thus we
can define

o { We((a,x),0a1) x [-1,2]° — RS, (9.10)

(b,y,s) — Lo tmxip(b,y,s),

where we denote by II,.: R? ~ R¢ x R% x R% — R¢ the canonical projection.

Lemma 2.72. Let 1 f,C,’y,@/AJ be as above. Then there exist C?—uniform constants
Co=Co(f) >0, 00 =0o(fo) € (Czl , 1) such that, after possibly reducing the size of U,
the following is true:

(1) Vs € [-1,2]¢, the map (b,y) — ®(b,y,s) is C', and D®(b,y, s) is uniformly

'~

continuous, uniformly bounded by Cy;
(2) Y(b,y) € W5((0,2),8a.1), s = ®(b,y, s) has p—Holder norm less than Co.

PRrROOF. Point (1) follows from the fact that f is C?, center bunched, and Lemma
2.33. Point (2) follows from Lemma 2.62. O

The main technical result of this section is the following. It provides estimates on
the volume of “bad” parameters under some removability condition.

Proposition 2.73. Let {f,}sccn, be a good C™ — J—family in U(fy) N Diff" (X, Vol).
For any Q,C, k1 > 0, any sufficiently small h > 0, p1 € (0,h), and for all sufficiently
small o > 0, the following is true: assume that there exist

— an open set Qq satisfying Qo € CBy;
— and integer I > 0;
— an open neighbourhood U, of the origin in RY;
—acC" mapf:CBJxleX%X
such that
— f(a,O,-) = f,, for alla € CBy;

~ . <@
— fis (p, h,0,C, k1)—Removable at a, for all a € €.

Then for any sufficiently small € > 0, any sufficiently small § > 0, there exists a
subset £ = E(e,8) C Qo x Uy of “bad” elements in the parameter space such that
(1) Leb(€) < 0;
(2) for any (a,b) € (Qo x (U1 N B(0,e))\E, f(a,b,-) is C1—stably accessible.

PROOF. In the following, we take 8 = 6y(fy) as in Lemma 2.72, and set Ky :=
Ko(c,0) as in (6.1). By Lemma 2.72, 6 > <=1 and thus K, > 2.

Let f,Q,C’,m,h,pl,cr be as in the proposition. Let T: CBy x Uy x X — CBjy X
Uy x X be the C" map T: (a,b,z) — (a,b,f(a,b,z)).

For any a € Qq, f can be regarded as a C" deformation at ((a,0), f) with J + I
parameters. Let v, 0(z,-): R/ — E$%(x) be the (unique) linear map given by Lemma
2.34. On the other hand, f(a,-) can be regarded as a C” deformation at (0, f,) with
I parameters. Set T, := T(f(a,-)) and let v¢(z, ): RT — Ef"(z) be the unique linear
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map satisfying (9.1) for b = 0. It is direct to see that v&(x, B) = v,0(z, {0}’ x B) for
all z € X, B € RY. In the following we tacitly use the inclusion R’ € {0}/ x R’ and for
any B € R!| we abbreviate v, o(z, {0}/ x B) as v, 0(z, B).

Let a € Qg be fixed. By the hypothesis of (p1, h, o, C, k1)—Removability, we can
choose D = D(a), a (35,8)—spanning c—family for f,, and for any C € D, any = €
%OC, we let v = v(a,z) be a (o, C)—reguljir continuous fainily of fg—loops at . By
compactness, we can fix a small constant ¢ > 0 such that § < min(d. 0),7,%0,1,,) for
all @’ € Qp, where g(a’,O),T’go,Ta, are given by Definition 2.61. Let 4 be the lift of v for
T, and let ®: W5((a,0,),8) x [-1,2]¢ — R® be the map associated to 4 and T as in
(9.10). For each (i, B, {st}tep) € T, set
W%((Q,O,x),g) — RKOCv

(a'l7b,7y) = ((I)(alablvy7st))t€[)”
Differentiating ¥ at (a,0, ), we obtain for each B € R’:

DY ((a,0,z), B+ v40(z,B)) = (D@((a, 0,z,st), B+ vqo(z, B)))

U= lIja,C,a:,i,B,{st} : { (911)

teB

= (U.D¢~'mxD([] Hrs.,) (B + vao(x, B))),cp-

j=1
Let 7¢ ; be the lift of ¢ ; for T,. Then by definition and by Lemma 2.37, we obtain

7TXD( H HT"/t,j)(B + Va’O(ia B)) = 7Tcl)( H HTa7’7t,j)<B + V(()l(m7 B)) + Vg(z7 B)’
Jj=1 j=1
where we have set 2 := [[j_, Hy, ~, ().
Let ¢ > 0 be a small constant to be determined. Let i > 0 be sufficiently small such
that for any o’ € CBy, we have h < hy,, ¢ (as in Notation 5). Then by Lemma 2.34,
there exists a constant D; > 0 depending only on {f. }. such that for any B € Rf,

[MD¢~ 15 (2, B)|| < Di¢Q|IB] - (9.12)

By (p1,h,0,C, k1)—Removability at a, there exists a linear subspace H C R! of
dimension K¢ such that

|det (H 5 B — w.D([] Hr, 5,,)(B+v§(x, B))) | > 1. (9.13)

j=1
Then by (9.12), we can choose ¢ > 0 to be sufficient small, depending only on
(Q, k1, {fa tarccB, ), such that for some constant Dy > 0 depending only on { fo' }orccB, s

|det (H > B+ DV((a,0,z), B+ vao(z, B)) € R®)| > Dy 'k,

Now, by Lemma 2.72 and the pre-compactness of g, DV is uniformly continuous,
with norms uniformly bounded for all choices of a,C,z,1, B, {s:}. Then, by possibly
reducing the size of § independently of the choices of a,C,xz,i,B,{s:}, we can assume

that for any (a',V',y) € W5((a,0,x),9), there exists a subspace H' C Ty 1 (o x Up) of
dimension K¢ such that

1
|det (DW(a,' V', y)|s)| > §D;1m. (9.14)
By compactness, for any C € D, we can choose a finite set A(a,C) C %OC such that
V(a,C):= |J Wi((0,2)9) (9.15)
z€A(a,C)

is an open neighbourhood of {a} x {0} x C in W5.. By Lemma 2.32 and by compactness,
there exists a constant 69 > 0 (independent of the choices of a,C,x,i, B, {s;}) such
that for any (a’,V') € B(a,d) x (U1 N B(0,4)), there exists D', a ({5, 10)—spanning
c—family for f(a’,V,-), such that for any C' € D', {a’} x {b'} x €' C V(a,C) for
some C € D. Without loss of generality, we assume that U; C B(0,d) and we set
U(CL) = B(a,§0) X Ul.
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Now, by the pre-compactness of {2y, we can find a finite set I C €y such that
Qo x Uy C Ugexld(a). (9.16)

By (6.1) we have % > 1. Let 8 € (O,min(% — 1,1)), so that

—(c— 1)K0# + cKo — 2¢ > 1. Then, choose n > 0 small enough such that

145
0
For any sufficiently small 6 > 0, for each ¢ € {1,...,c}, for any t € B;, let V;; be a
55" —net in [—1,2""1 x {t} x [=1,2]°"% such that |\ ;| < 6= (==,

We denote by ¥ the diagonal of (R¢)%e ~ RFo¢_ that is,

Y= {(y,...,y) € RFc |y c RY, (9.18)
and for any 6 > 0, we let X5 be the j—neighbourhood of ¥ defined by
s = {(yi)i<i<k, € (R)™0 | 3y € R, |y — y| < 6, V1 <i < Ko}
Given any a € K, C € D, x € A(a,C) and (i, B,{st}1eB) € ', let D = D(a) be the

(%,8)—Spanning c—family for f, given aboveiand set U=V, c .5 s} By (9.14), the

map DV is a submersion from W%((a,0,x), ) to its image, and is uniformly transverse
to X, i.e., whenever w = (a/,V',y) € W%((a,0,z),6) N T~1(),

Ty(uw)E + DY (T W5 ((a,0,),5)) ~= RF0°,

Therefore, \I/;é7z,i787{st}(2) is a submanifold of W%((a,0,),6) of dimension” J + I +

2¢ — Kpc. Besides, by uniform transversality, there exists 4; > 0 independent of the
choice of a,C, x,i, B, {s;} such that for any 0 < § < 01, we have

W(W;é,w,i,ﬁ,{st}(z5)7 6) < 6K0C_20_I_J_777 (919)

v:=—Kj (c—1)+ Koc—2c— (Ko+1)n—1>0. (9.17)

where we denote by 4/(S,d) the minimal number of §—balls required to cover a set S.

Sty € 0'Uag,

20 © o0 09 o o000 0 OOCQOQOQOOO
S1, € U,

000 00000000000 00000 ©
000000000000 0000000

©0 00 © 060 00000000

For any 0 < § < 61, let £ = £(0) be the subset of “bad” parameters in the space
CBJ X U1:

&= U 7TC’BJ><U1(\Ij;az’i’&{st}(za))- (9.20)
a€lC, CeED,
z€A(a,C),
(LB,{St}th)EF s.t. VteB, StENt,i

7. See Theorem 3.3 of [15]; by transversality, ¥~1(£) C W5%((a,0,z),8) has same codimension as
¥ in R¥o¢, Here, transversality is w.r.t. the parameter b’, and by (9.14), it is uniform in variables a, z,
which gives a uniform bound in (9.19) on the number of balls needed to cover ¥—1(Zy).
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Since in the above collection, only the last item, N;;, depends on 4, there exists a
constant D3 > 0 such that for any 0 < § < 61,

N (E,0) < D35—Ko#(C—l)—KonéKoc—%—I—J—n _ (D36U)5_1_J+1.

By (9.17), there exists 0 < d2 < d; such that D303y < 1. We deduce that Leb(€) <
§TH N (E,8) < b for all 0 < § < da, which concludes the proof of (1).

Now we claim that for all sufficiently small € > 0, all sufficiently small § > 0,
£ =£(e,6), and any (a,b) € (Qo x (Uy N B(0,e)\E, f(a,b,-) is C*—stably accessible.

Indeed, by (9.16), for any (a,b) € (o x (U1 N B(0,€)))\&, there exists ag € K such
that (a,b) € U(ap). Let Dy = D(ag). Then by the definition of U(ag), there exists a
(%, 10)—spanning c—family for f(a7 b, -), denoted by D, such that for each C € D, there
exists Co € Dy such that {a} x {b} x {5C C V(ap,Co). Then for each = € ;C, by (9.15),

there exists zg € A(ag, Co), such that (a,b,z) € W5((ao,0, o), 9).

Claim. For any (i,B,{st}iep) € T, take ¥ := W, ¢/ 200 B.(s,) @ in (9.11). Then,
U(a,b,xz) ¢ ¥, where ¥ denotes the diagonal as in (9.18).

PROOF. Indeed, for any (i, B, {s;: }tep) € I, there exists {w; }+cp such that w, € Ny ;
and |s —wy| < 5% for all t € B. Since (a,b) ¢ &, and by (9.20), there exist ¢,t" € B such
that |®(a,b,z,w;) — ®(a,b, z,wy)| > §, where @ is defined as in (9.10) for ((ao,0),zo)
in place of (a,z). By Lemma 2.72, we get

|®(a,b,z,wt) — P(a,b, z,s¢)| < Dy B |®(a, b,z wy) — (a, b, x, 5¢)| < Dydt P

for some constant D,y > 0 independent of §. The claim follows, since for sufficiently
small § > 0, we then have

|®(a,b,x,s:) — P(a,b,x,s¢)] >0 — 2D,6M 8 > 0.
O

Let vy be the (o,C)—regular continuous f,,—loops at zo associated to (ag, o).
Since § < g(a,O),T < 0(a,0),r and (a,b,x) € W5((ag,0,0),5), let vap. be the con-
tinuous family of f(a,b,-)floops at x associated to 7y according to Definition 2.61.
By (7.3), (7.4), (9.10), we see that f(a,b,-) satisfies (P) for D, {Yapateeic, cep and

¥ =0(f(a,b,-),,Yap) as in (7.1). Thus, (2) follows from Corollary 2.59. O
Combining Propositions 2.70 and 2.73, we are ready to prove Theorem F.

PrROOF OF THEOREM F. We only detail the volume-preserving case, for the proof
of the other one follows the same line, replacing Diff" (X, Vol) by Diff" (X).

By Notation 1, for any map f in Theorem F, f is dynamically coherent, center
bunched, with ¢ := dim(E¢$) > 2, and satisfies (ae) or (be). Set U := U(f)NDiff" (X, Vol),
and let {fa}acpo,1) be a good C" — J—family of diffeomorphisms in &/. Without loss of
generality, we can assume that {fs},c[0,1j2 C"—extends to an open neighbourhood of
[0,1]7. Then, by Proposition 2.70 and Proposition 2.73, for any ¥ > 0, there exist an
open set y C [0,1]7 with Leb([0,1]7\Qo) < 9, an open neighbourhood of the origin in
R!, denoted by Uy, and a C” map f: [0,1]7 x U; x X — X s.t. for all sufficiently small
€ > 0 and for all sufficiently small § > 0, there exists £ C Qg x Uy such that Leb(£) <
and f(a,b,-) is C'—stably accessible for all (a,b) € (Qo x (Uy N B(0,€)))\E. Given € >0
arbitrarily small, let § € (0,e/9) and £ = E(¢,6) be as above, and for all b € Uy, set
EY .= £N(Q x {b}). Then, by Fubini’s theorem, there exists b € U; N B(0, ¢) such that

Leb ((([0,1]7\Q0) x {b}) UE®) < Leb([0,1]7\Q) + € 'Leb(£) < 29. (9.21)
For any integer n > 1, we consider the following collection of C" — J—families in U:
Fo = {{fatacpays € C"([0,1]7,U) | the set of a € [0,1]7 such that

fa is not C'—stably accessible has measure less than %}
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It follows from Proposition 2.12 and (9.21) above that for any n > 1, the set Umz” Fm
is C'—open and C"—dense in the space C"([0,1]7,U). In particular,
n>lm>n

is residual, and by definition, for any {fa}acjo,1)7 € G, the set of a € [0, 1]7 such that f,
is not C'!'—stably accessible has measure zero. This concludes the proof. O

Appendix A

PROOF OF LEMMA 2.27. Let V: R x X — T'X be a C" vector field as in Definition
2.26, and let U C R’ be a small neighbourhood of the origin. We let .%: RxU x X — X
be the associate flow; it is defined by the following equation:

W F(t,b,x) =V (b, Z(t,b,x)), (9.22)
with initial condition % (0,b,2) = f(x). For any (s,b,2) € R x U x X, we have
e 0,7 (0,b,z) =0, e 02.7(0,b,z) = 0,0, 7 (0,b,x) = 0,

© 0;.7(0,b,z) = 0. f(z), o 027 (0,b,x) = 02 f(z),
o f(b,x) = F(1,b,x), o f(x) = F(s,0,x).
By differentiating (9.22), we obtain the following equations:
010y F = 0.V, F, 010pF = OV + 0,VOpF,
OOEF = 0PV (0,7 ,0,.F) + 0, VO Z,
010y0y F = 040,V (O, 00 F ) + 02V (00 F , 0p.F ) + 0,V 00, 7,
OOEF = O}V + 20,0,V (0y, 00.F ) + 02V (0y.F, 00.F ) + 0, VOZ.F .
By a slight abuse of notations, we use ||-|| to denote the uniform norm for:
— derivatives of f, 9,V and 0,0,V as functions defined on X;
— derivatives of f and V as functions defined on U x X;
— derivatives of .# as functions defined on [0,1] x U x X.

To prove (1), we need to bound the norms of 92.7 (1,b, x), 9,0,% (1,b,z), 9.7 (1,b, )
for b € U,x € X. It is clear that by reducing the size of U, we can assume that
|0,V < 5. Then by Grénwall’s inequality and possibly reducing the size of U, there
exists an absolute constant ¢y > 0 such that

10-7 || < comax(L, [[0:£1)), 067 < collOpV]x -

Since B — V(B,) is linear, 92V = 0, hence by Grénwall’s inequality, there exists an
absolute constant ¢; > 0 such that

027 < (|02 /1] + eo [|02V || 1027
< ||02f|| + e1 [|02V || max(1, 1|02 £]1*).-
106027 | < co(|00aV [ 10=F || + |02V || 102Z 1 106F [l 111 )
< e1([060:V[| + |02V || 10V ]| ) max(L, [|0x £1]).
1027 || < co(l|0e0aV || |00 || + |02V || 1067 1%)
< a(00V [ 0:V ]| + |02V [18:V 1)

Note that by possibly reducing the size of U (depending only on |82V (0,-)||, || fllc:,

|0,V]), we can ensure that |02V < min(max(1, 10 £117)"1, 18,V ~). Thus there
exists an absolute constant ¢ > 0 such that

[, <12 les < 2+ 100:VIDA+ [l + 105V

We conclude the proof of (1) by noticing that ||D2T|| < Hf‘ R
X
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To prove (2), we remark that

mxDT((0,2), B) = 8,f((0,z), B) = 8, ((1,0, ), B) = /1 0t0p-F ((s,0,x), B)ds.
Then we conclude O

1067 ((1,0,2),B) = V(B, f(x))|| = H/o 010 ((s,0,2),B) — OV (B, #(s,0,z))ds

<N0:VIHIO VI |1 B]l < diam(U) [[060:V'[| [|06 V]| | B -

Appendix B

PROOF OF THEOREM 2.51. Recall that the order of a cover O = {Oj}rek is the
supremum of all numbers #K’ such that NgexOr # (. Let then Vy be a cover of
X :=[0,1]™ such that Vy does not admit an open refinement of order less than or equal
to n. Take § > 0 a Lebesgue number of the cover V, and define € := §/2.

Assume that f: X — Y is elight. Let T be some triangulation of Y and denote
by U = {U;}icr its open star cover. For every i € I, f~1(U;) can be written as a
disjoint union of connected open sets; their collection is an open cover of X, denoted
by V = {V,}jes. For ecach j € J, we let a(j) € I be such that V; C [~ (Uyy).
By assumption, f is e-light, hence we can choose 1" fine enough such that each V; has
diameter smaller than 2¢ = §. Therefore V is an open refinement of Vy; in particular,
any open refinement of V has order at least n + 1.

We define Ner(i) as the collection of subsets I’ C I such that N;epU; # 0. We
define Ner(V) in a similar way. Both Ner(U/) and Ner(V) are simplicial n—complexes,
and we identify them with their geometric realization.

Given a partition of unity {p;} subordinate to U, we get a homeomorphism p: ¥ —
Ner(U) which maps a point y € U;, N---NU;, to the point p(y) of the simplex (i1, . ..,%),
and whose barycentric coordinates are given by (ps, (v), ..., pi,(y))-

In [5], the authors show that « induces a local homeomorphism ¢: Ner(V) — Ner(Hf).
Moreover, given j € .J, we define v; := xv, - (pa(j)©¢). Those functions define a partition
of unity subordinate to V. We let v: X — Ner(V) be the associate map, where v takes
z € X to the point of Ner(V) with barycentric coordinates given by (v;(z));. By
construction, the following diagram commutes:

x—71 .y

Ner(V) — Ner(U)

Let us see that some n-simplex o of Ner(V) has an interior point & which is a stable
value of v: X — Ner(V). In particular, p=1(¢(€)) is a stable value of f, which concludes.
Assume it is not the case. Then we may form a set S by choosing one interior point
from each n-simplex of Ner(V) and perturb v on a small neighbourhood of v=1(S)
to get v/: X — Ner(V)\S. Let us denote by p: Ner(V)\S — [Ner(V)],—1 the radial
projection to the (n — 1)—skeleton of Ner(V). Note that the barycentric coordinates of
V' :=pov': X — [Ner(V)],—1 are subordinate to V. Pulling back the open star cover
of Ner(V) by v, we get a refinement of V of order at most n, a contradiction. O

Appendix C

In this appendix, we recall how to obtain smooth bump functions with support of
size o and whose C! norm is of order O(c™1).

Lemma 2.74. Let n > 0. Given « > 8 > 0, there exists a constant C = C'(a, ) > 0
such that for any x € R™ and any o > 0, there exists a smooth function p = p,: R™ —
[0,1] which meets the following requirements:
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(1) supp(p) C B(z,a0),
(2) Plgapny =1
(3) llpller < Co™ .

PROOF. We start by considering the one-dimensional case. Fix a > > 0, and let
1
x € R. We define F': R — R, where F(t) := e -9 if t € (0,1), and F(t) := 0 else. For

any ¢t € R, we set G(t) := % and H(t) := ffoo G(u)du. For any € > 0, we also

define H,(t) := eH(t/€). Now, given o > 0, we set 6(0) := (o — )0 /2 and we take 0(0)
such that 0(c)H,2(5(0)) = 1/2. Tt is easy to see that 6(c) ~ 6(c)"1/2 = (a— B)"to~L.
We introduce the function

Tt { O(o)Hyz2(t) ift € (—o0,d(0)],

o 1—0(0)Hy2(26(0) —t) ift € [6(0),+00),

and finally, we define p,: t — J,(t — z + ao)Js(x —t + ao). It is easy to check that
po: R — [0,1] is smooth, and that it satisfies po |[y— g0 z+80] = 1 and ps|(z—ao,etac)e = 0.
Hence, we are left with estimating its C' norm. Note that ||p} || < 6(0)||H.s|/oo. We
deduce from what precedes that

5l < 0()|[H || oo = 8(0) < Co™
for some constant C' > 0 that only depends on «, .

If z € R™, then for any t € R™, we just replace the previous function by p,: ¢ —
Jo (||t — z|| + ao)Jy(—||t — x| + ao). O
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CHAPTER 3

Dynamics of a family of polynomial automorphisms
of C3, a phase transition

This chapter is based on a joint work with Julie Déserti. 1

The polynomial automorphisms of the affine plane have been studied a lot: if f is
such an automorphism, then either f preserves a rational fibration, has an uncountable
centralizer and its first dynamical degree equals 1, or f preserves no rational curves,
has a countable centralizer and its first dynamical degree is > 1. In higher dimensions
there is no such description. In this article we study a family (¥,), of polynomial
automorphisms of C3. We show that the first dynamical degree of ¥, is > 1, that
W, preserves a unique rational fibration and has an uncountable centralizer. We then
describe the dynamics of the family (¥, )., in particular the speed of points escaping to
infinity. We also observe different behaviors according to the value of the parameter «.

1. Preliminaries

1.1. On the structure of Aut(C?).

Definition 3.1 (Aut(C?), Bir(P2)). One defines Aut(C?) as the set of bijections f of
C? such that for some polynomials Py, Py, Py, P3 € Clzg, 21], one has

fi(20,21) = (Po(20,21), Pr(20, 1)), 7' (20,21) = (Pa(20,21), P3(20, 21)).

In other terms, f is invertible and the coordinate functions of f and f~' are given
by polynomials. The algebraic degree of f, denoted by deg(f), is defined as follows:
deg(f) := max(deg(F), deg(Py)).

We denote by P% the complex projective plane, endowed with homogeneous coordi-
nates. A rational map of P% of degree d > 1 is a map of the form g = (Py : Py : P,) for
some homogeneous polynomials {P;};—o.... 2 of degree d without common factors. Such
a map g is birational if there exists a rational map h such that hog= goh =1d. One
denotes by Bir(IP%) the group of all birational self maps of PZ.

If g = (P : Py : P2) € Bir(P%), we define the indeterminacy set Ind(g) of g to be
the set where g is not defined, that is the set of all points at which the three components
of g vanish simultaneously:

Ind(g) := {p € PZ| Po(p) = P1(p) = Pa(p) = 0}.
Definition 3.2 (Affine, elementary automorphisms).
— The set of all maps of the form
u { c? — C?
(20,21) +—  (a120+b121 + c1,a220 + baz1 + ¢2),

with a;,b;,c; € C, i = 1,2, and a1by — agby # 0, is a subgroup A C Aut(C?),
called the group of affine automorphisms.

1. Université Paris Diderot, Sorbonne Paris Cité, Institut de Mathématiques de Jussieu-Paris Rive
Gauche, UMR 7586, CNRS, Sorbonne Universités, UPMC Univ Paris 06, F-75013 Paris, France.
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108 3. POLYNOMIAL AUTOMORPHISMS OF C?

— The set of all maps of the form
o { c? — C?
‘ (20,21) +— (azo+ P(21),B2z1+7),
where a, 3,7 € C, a3 # 0, and P € Cl[z;], is a subgroup E C Aut(C?) called

the group of elementary automorphisms. In particular, note that any element
e € FE preserves the rational fibration {z; = cst}.

— We also define the subgroup S C Aut(C?):
S:=ANE = {(Zo,zl) — (a120 +b1z1 + c1,bazy —|—(32) | a; b, c; € C, a1bs # 0}

To any polynomial automorphism f = (P, P;) of C? of degree d one can associate
a map in Bir(PPZ) as follows:

. . d 20 A1\ . _d 20 21\ . 4
(ZO.Zl .22) -—=> (ZQPO (2'72 .Z2P1 ;,; tZ9 ]
2 <2 2 2

For example, let us consider the elementary automorphism eg: (29, 21) + (azo+2{, B21+
v), with «, 8,y € C, a8 # 0, d > 2. It corresponds to the birational map

eq: (20121 :22) ——» (ozzozg_l + 28 B8 +y2d 29),

and in this case, we see that Ind(eq) = (1:0:0).

The following result is due to Jung.

Theorem 3.3 (Jung’s Theorem, [20]). The group Aut(C?) is the amalgamated product
of A and F along S, i.e.,
Aut(C?) = Axg E.
This means that each element f € Aut(C?) can be written as a product
f=(a1)eras...an(en), a; € A\E, e; € E\A,

and this decomposition is unique modulo the relations

-1 /=1 _ .

ae; = (a;8)(s tei), eia; = (e;8')(s' "ay), Vs, s € 8.

There are many proofs of Jung’s Theorem. Let us give a flavour of that given
by Lamy in [22]: for any f € Aut(C?), he exhibits a map ¢ € Bir(P%) induced by
an elementary automorphism of C? such that #Ind(fe~!) < #Ind(f). Recursively,
he thus obtains a map g = fo; @5 ' ...p " with #Ind(g) = 0 and ¢; € Bir(P%),
i = 1,...,k, induced by elementary automorphisms. But #Ind(g) = 0 means that g
comes from an affine automorphism, hence f can be written as a product of elementary
and affine automorphisms.

From a dynamical point of view, both affine and elementary automorphisms are
simple. Yet there are elements of Aut(C?) with a much more interesting behaviour. In
particular, Hénon introduced families of quadratic automorphisms of the plane with very
complicated dynamics ([17, 18, 5, 11]), defined as follows:

Gap: (20,21) — (a — zg —bz1,20), a€C, b= Jac(ges) € C".

Numerical experiments have shown that for some values of the parameters a, b, the orbits
of g4, converge to some “strange attractor”, while for some other values, a hyperbolic
behaviour reminiscent of Smale’s horseshoe appears [11]. Let us introduce the following
generalization of the families considered by Hénon.

Definition 3.4 (Hénon automorphisms). A map h € Aut(C?) is a Hénon automorphism
if there exist 6 € C* and P € C[zg], with deg P > 2, such that
h: (20, 21) = (P(20) — 021, 20)-

Note that h = ea, where a: (z0,21) — (z1,20) € A\E, and e: (29,21) — (=020 +
P(z1),z1) € E\A.
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One way to measure the complexity of a dynamical system is through the notion
of topological entropy. Indeed, positive entropy is usually associated with chaotic be-
haviours. In dimension 1, the topological entropy of a rational fraction coincides with
the logarithm of its degree. Yet, the algebraic degree of a polynomial automorphism of
C? is not invariant under conjugacy, thus [24, 13] introduced the first dynamical degree,
which is defined for a polynomial automorphism of f € Aut(C?) as

Af) = (deg f")!/".

It is invariant under conjugacy, and it satisfies the following inequalities: 1 < A(f) <
deg f. It was proved in [28, 4] that the topological entropy is equal to the logarithm of
the first dynamical degree.

Let us denote by H the semigroup generated by Hénon automorphisms. In other
terms, any f € H is of the form

f:hlhg...hk, hjl (20721)*—> (Pj(Zo)—(stl,Zo),

where §; € C*, P; € Clz], deg P; > 2.

If f € H, then deg(f™) = (deg(f))™, and thus, the first dynamical degree of f
coincides with its algebraic degree. In particular, for any automorphism f € Aut(C?) of
Hénon type, the first dynamical degree of f satisfies A(f) > 2. On the other hand, if f
is conjugate to an elementary automorphism, then we have deg(f™) = deg(f) for every
n > 1, and in this case, the first dynamical degree is A\(f) = 1.

Based on Jung’s Theorem, Friedland and Milnor have shown that in fact, any two-
dimensional polynomial automorphism f with a rich dynamical behaviour (in the sense
that A(f) > 1) can be described in terms of Hénon maps.

lim
n—-4oo

Theorem 3.5 (Friedland-Milnor, [14]). For any f € Aut(C?), one has the following
alternative:

— either f is conjugate to an elementary automorphism, i.e., there exists ¢ €
Aut(C?) such that ofe~! € E. In particular, f preserves a rational fibration;

— or f is conjugate to a product of Hénon automorphisms, i.e., there exists ¢ €
Aut(C?) such that ofp~! € H. In this case, we say that f is an automorphism
of Hénon type. By a result due to Brunella, any such f does not preserve any
rational curve ([9]).

Equivalently, for a map f € Aut(C?), we have:
— A(f) =1 if and only if f is conjugate to an element in E;
— AM(f) > 1 if and only if f is conjugate to an element in H.

Remark 3.6. As soon as k > 3, the growth of degrees of iterates of a polynomial
automorphism of C* can be much more varied. For instance, in [7], Bonifant-Fornaess
study sequences of degrees of iterates for polynomial automorphisms of C> of degree 2,
and show that there are only a finite number of them. Given a polynomial automorphism
f and n > 1, we denote d,, = d,(f) := deg(f™). Recall that the Fibonacci sequence is
the sequence (F,),, defined by: Fy =0, F; =1 and for all n > 2,

Fy=F,_ 1+ F .

Then, the authors give examples of polynomial automorphisms f € Aut(C?) of degree
at most 2 for which we observe the following behaviours:

— d, =2, for every n > 1;

— d, = 2", for every n > 1;

— dyy, = 2" doy g =271 for every n > 1 (such maps are called flushing);
— dp, = Fj4o for every n > 1;

— d,, = 2F, 4, for every n > 1;
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— the degree remains constant after high enough iterates (such maps are called
basic).

As in Bass-Serre theory [25], one defines a graph T as follows:

— The set of vertices of T is the disjoint union of points in the quotient spaces
Aut(C?)/A and Aut(C?)/E. In other terms, a vertex is a left coset of the form
fA :={fa|a € A} or of the form gF := {ge | e € E}, for some elements
f,g € Aut(C?).

— Edges of T are labelled by elements in the quotient space Aut(C?)/S. They
are left cosets of the form hS := {hs | s € S} for some h € Aut(C?).

ca B ae A
cA
aF
ed E 1dE Id A ac’ 4
ae A
d E
dd B ae A

FIGURE 1. Some vertices in the tree 7

Remark 3.7. Let h € Aut(C?). By construction, the endpoints of the edge labelled by
hS are the vertices hA and hE. In other terms, given f,g € Aut(C?), hS connects fA
and gFE if and only if hS € fANgE, and in this case, hA = fA and hE = gF.

Remark 3.8. The fact that A and E are amalgamated along S implies that there is no
nontrivial cycle in the graph T, that is, T is a tree. Besides, one may define a natural
action of Aut(C?) on T by left translation: given f,g € Aut(C?), and for X = A, E or
S, one sets [ - (9X) := (fg)X. By construction, E is the stabilizer of IdE. Therefore,
for any f € Aut(C?), fEf~1 is the stabilizer of the vertex fE, and similarly for A and
S. In particular, the fundamental domain of this action is a segment, that is, an edge
together with its two vertices, where A and E are the stabilizers of the vertices, and
thus, S is the stabilizer of the entire segment. Moreover, T is the unique tree (up to
isomorphism) satisfying the above properties.

It is possible to endow the set of vertices of 7 with a natural metric: indeed, for
any two vertices p,q, we let d(p,q) € N be the number of edges in the path which
connects p to g. Then, the action of Aut(C?) on T by left translation induces a faithful
representation of Aut(C?) as a subgroup of isometries of (T, d).

If the action of f € Aut(C?) leaves two vertices p,q € T invariant, then it also fixes
the edges between them, and thus, we may consider the sub-tree of T (possibly reduced
to the empty set) which is fixed by f; we denote it by T;.

To any f € Aut(C?), one can associate a length function

T 3p—dp, f(p)) € Ry.
By [25], the following properties hold:
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— there exists a vertex in 7 which realizes the infimum

0= ;relgd(p, f);

— £ > 0if and only if 7y = (), and then, the set of vertices that realize this infimum
¢ is an infinite geodesic, denoted by Geo(f), on which f acts by translation of
length £.

Remark 3.9. Theorem 3.5 can thus be reformulated as follows. Let f € Aut(C?); one
then has:

— T; # 0 if and only f is conjugate to an elementary automorphism;

— Ty =0 if and only f is conjugate to an element of H; in this case, there exists
a unique Infinite geodesic, Geo(f), on which f acts by translation.

The fact that Aut(C?) acts nontrivially on the tree 7 was successfully used in
different contexts. For instance, given f, g € Aut(C?), then by looking at their respective
actions on T, one can study the relations between these two maps and deal with questions
such as “do f and g commute?”, or “do f and g generate a free group?”.

Besides the notion of dynamical degree recalled above, an important criterion to
measure chaos is by looking at the size of the centralizer of an element. For an element
f of a group G, one defines the centralizer Cent(f,G) of f in G as follows:

Cent(f,G) := {g eG| fg:gf}.

Of course, the centralizer of an element f € G always contains the group {f" | n € Z}
of its iterates. We say that the centralizer of f is trivial when it is reduced to it. In
general, the more complicated the dynamics of a system is, the smaller its centralizer is
expected to be.

The description of centralizers of discrete dynamical systems is an important problem
in real and complex dynamics: Julia ([19]) and Ritt ([23]) showed that the centralizer
of a rational function f of P! is in general the set of iterates of f, except for some very
special f. Later Smale asked if the centralizer of a generic diffeomorphism of a compact
manifold is trivial ([27]). Since then a lot of mathematicians have looked at this question
in different contexts.

Using the action of Aut(C?) on 7, Lamy was able to describe the centralizer of
polynomial automorphisms in two complex variables.

Theorem 3.10 (Lamy, [21]). Given f € Aut(C?) of degree at least 2, the centralizer
Cent(f, Aut(C?)) is generated by two elements g, h € Aut(C?) satisfying:

— Mg) > 2, and Geo(f) = Geo(g);

— h is conjugate to a rotation (zg, z1) — (azo,[21), where «, 8 are two roots of
unity of the same order;

— there exists an integer n such that hg = gh™.

In particular, Cent( f, Aut(C?)) is isomorphic to Z x Z/pZ, where p is the order of h.

Corollary 3.11. The centralizer Cent(f, Aut(C?)) of a map f € Aut(C?) is countable
if and only if f is of Hénon type.

Let us summarize the results recalled in the previous discussion. For two-dimensional
polynomial automorphisms, one observes a clear dichotomy between the following two
very different behaviours; for any f € Aut(C?),

— either f preserves a rational fibration, its first dynamical degree satisfies A\(f) =
1, its centralizer is uncountable, and Ty # 0;

— or f does not preserve any rational curve, its first dynamical degree satisfies
A(f) > 1, its centralizer is countable, Ty = @, and f has infinitely many
hyperbolic periodic points.
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Such a global picture is not available in higher dimension. The work presented
in what follows is concerned with the study of a one-parameter family of polynomial
automorphisms of C3. We will see that elements in this family have features which mix
properties of elementary automorphisms and of automorphisms of Hénon type.

1.2. General notions on Aut(C*). Let k£ > 1 be an integer. We denote by Pg
the complex projective space of dimension k. A point z € IP’(ZE can be represented by
homogeneous coordinates; we write:

z=(20:21:...:2k-1:2k), 2 €C,Vi=0,... k.

Definition 3.12 (Polynomial automorphisms, rational maps).

— A polynomial map of C* is a map f = (fo, fi,...,fx_1) whose coordinate
functions {f;}i=o,...k—1 are given by polynomials. We denote by deg(f) :=
maxo<;<k—1deg(f;) the algebraic degree of f. In this case, we also define the
first dynamical degree of f as

A(f) = (deg f™)*/.

lim
n—-+4o0o
— A polynomial map f is said to be dominant if it is generically of rank k. We

denote by End(C¥) the set of all such maps.

— A polynomial automorphism of C* is a bijection of C* such that both f and
f~1 are polynomial maps. We denote by Aut(C¥) the set of all such maps.

— A rational map of P of degree d > 1 is a map of the form f = (Fy : Fy :...:
Fy_1: F}) for some homogeneous polynomials {F;}i—o, .., of degree d without
common factors. Such a map f is birational if there exists a rational map g
such that go f = fog = 1d. We denote by Bir(PX) the set of all birational
maps.

Remark 3.13. If f = (Fy : Fy : ... : F}) is a rational map of Pk, it is not defined
everywhere. One thus introduces the indeterminacy set Ind(f) as the set of common
zeros of its components, i.e.,

Ind(f) == {p € PE | Fo(p) = Fi(p) = -+ = Fy_1(p) = Fr(p) = 0}.

Since the F;’s do not have common factors, Ind(f) is an analytic set of codimension at
least 2.

Given a map f = (fo, fi,..., fx_1) € End(C*) of degree d, one can consider its
extension to }P’(’é, which is the rational map defined as follows:

20 & Zk— 20 % Zk—
i . . . d 0 ~1 k=11 | L.d 0 ~1 k—1 i
(zo.zl.....zk_l.zk)——e (Zkfo(,,..., ).....Zkfk_1<,,..., >>,

2k 2k 2k Rk Rk 2k

we still denote it by f.

Remark that if we consider a birational map of IP’(’E that comes from a map f €
End(CF), then its indeterminacy set is necessarily contained in the hyperplane at infinity,
{2z = 0}. In general, the behaviour under iteration of the hyperplane at infinity plays a
central role in the study of f.

Definition 3.14 (Fatou set, Julia set). Given f € End(C*), we define F(f) as the
largest open set on which the family (f™),>o is locally equicontinuous. By definition,
F(f) is open; it is called the Fatou set. Its complement, denoted by J(f), is closed, and
is called the Julia set. It is related to sensitivity to initial conditions: given a point in
the Julia set, the dynamical behaviour of nearby points can be totally different.

Definition 3.15. Let f € Aut(CF). Given any hyperbolic fixed point p € C* (that is,
such that the eigenvalues of the differential of f at p have modulus different from one),
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the stable, resp. unstable manifolds of f at p are defined as
Wi(p) :={q € C" | lim d(p,f"(q)) =0},
resp. W}‘(p) ={q € ck | lim d(p, f~"(q)) = 0}.
n—-+oo
Let j be the number of eigenvalues of the differential of f at p with modulus less than

one. Then W5 (p) is biholomorphic to C’, and W} (p) is biholomorphic to Ck—i.
We define the sets of points with bounded forward, resp. backward orbits:

K}T = {p e C* | (f"(p))n>0 is bounded},
resp. K; :=={p€ CF | (f7™(p))n>0 is bounded},
and we let Ky := K;{ N Kf_ be the set of points whose entire orbit is bounded. We also

define in as the topological boundary ofK]jf, ie., in = 8Kjf. Clearly, any fixed point
of f isin Ky, and we can generalize the previous definitions by setting

Wi(K) :={q € C*| lim f"(q) € Ky}

Wi (Ky) :=={q € C*| nBToo f(q) € Ky}
1.2.1. Plurisubharmonic functions, currents.

Definition 3.16 (Plurisubharmonic functions). Let Q be an open subset of C*, for
some integer k > 1. Given an upper semicontinuous function u: 0 — [—00, +00) which
is not identically —oo in any component of €}, we say that u is plurisubharmonic in € if
for any p € Q, w € C* such that p + wD C Q,

T 27
where we denote by D the unit disk D :={z € C | |z| < 1}.

1 27 )
u(p) < = / u(p + we)do),
0

Example 3.17.

— Let Q C CF be an open set. If f is holomorphic in Q and is not identically
vanishing, then log || f|| is plurisubharmonic in Q.

— A function v € Lllo . is equal almost everywhere to a plurisubharmonic function
if and only if
Z 7820 pip; >0
7 821'(95]' ="

for every p € C*. In particular, the left-hand side defines a positive measure.
— Let Q1,95 C C* be two open sets. If g: Q; — Qs is holomorphic and u is
plurisubharmonic in s, then w o g is plurisubharmonic in ), or identically

—o0. In particular, by this property, it is thus possible to use charts in order
to define plurisubharmonic functions on complex manifolds.

Definition 3.18 (Currents). Given an integer k > 1 and an open set Q in CF, let us
denote by DP4(Q2) the smooth differential forms ¢ with compact support of the form

o= > pudzAdzy,
[I|=p, |J]=q
where dz; = dz;, N\ -+ Ndz;, and dz; = dzj, \--- Ndz;,. Given integers p,q < k, the
space of currents of bidegree (k — p,k — q) is the dual space of DP1(Q)). A current T of
bidegree (k — p,k — q) is a differential form with distributions as coefficients:

T = Z T pdzp Ndz .

|1’ |=k—p
|J |=k—q
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In this case, given any test function ¢ € DP4(Q)), we denote the action of T on ¢ by
(T, ).

Given p < k, let T be a current of bidegree (k — p,k — p). It is positive if (T, @) > 0, for
all forms

=i A@ A ANy ATy, oy € DVOQ).

In particular, a current 7' =1}, . T; jdz; A dz; of bidegree (1,1) is positive if and
only if for all (pg,...,px_1) € C¥, the distribution

Z Tijpip; = 0.

1,7

We denote d¢ = @, so that dd® = 299. Let © C C* be an open set. We can
associate with any plurisubharmonic function u in 2 a positive current of bidegree (1, 1)
as follows:

. 82
ddu=-%" 37“@% A dz;.

Conversely, given any closed positive current T of bidegree (1,1), then for every p € Q,
there exists a neighbourhood U of p and a plurisubharmonic function « in U such that
T = dd°u in U. We say that the function u is a potential of T.

Definition 3.19 (Pull-back of a current of bidegree (1,1)). Given integers k > [ and two
open sets Q, C CF, Qy C C, let f: Q; — Qy be a holomorphic map of rank I. Let T be
a closed positive current of bidegree (1,1) on Q. We define its pull-back by f, denoted
by f*T, as follows. Given p € 4, let q := f(p) and ro > 0 such that B(q,r2) C Q2. In
B(q,r3), we have T = ddu for some plurisubharmonic function w. There exists r; > 0
such that f(B(p,r1)) C B(q,r2). Then, we set f*T'|pg(, r,) := dd°(uo f). This definition
is independent of the choice of the potential u.

1.2.2. Algebraically stable endomorphisms.

Definition 3.20 (Algebraically stable endomorphism). A map f € End(C*) is alge-
braically stable if for any hypersurface V' and any integer n € N, the components of F™
do not vanish identically on V.

Let f be a polynomial automorphism of C*. By the above remark on the indetermi-
nacy set of polynomial automorphisms, f is algebraically stable if and only if, for every
n €N,

7" ({2 = 0} ~ Ind(f™) ¢ Tnd(f).

Example 3.21. For k = 2, a fundamental example of algebraically stable maps is given

by Hénon automorphisms, introduced previously. Indeed, if h(zg,z1) = (P(20) =021, 20),

with 6 € C*, P € C[z), deg(P) > 2, then h({ze = 0}) = (1:0:0), which is fixed.
More generally, any element in H C Aut(C?) is algebraically stable.

Let us recall the following result.

Proposition 3.22 (Fornaess-Sibony, [12]). The map f is algebraically stable if and
only if deg(f™) = (deg(f))" for every n > 1.

In particular, if f is algebraically stable, then the first dynamical degree A(f) coin-
cides with deg(f), so there is no risk of confusion when we refer to the degree of such a
map.

Remark 3.23. For k = 2, a polynomial automorphism is algebraically stable if and
only if its inverse is.
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Yet, for k > 3, there exist polynomial automorphisms of C* which are algebraically
stable, but whose inverse is not. We can think of the following example, due to Guedj:
given A € C* and a € C*, we consider

f(z0,21,22) = (2(2) + Az1 + aza, )\7123 + 21, 20).

Then f({z3 =0}) = (A:1:0:0) is fixed, hence f is algebraically stable. On the other
hand,

f (20,21, 22) = (22,21 — A 25,07 (20 — A21)),

and f~1({z3=0})=(0:1:0:0) C Ind(f~1).

Definition-Proposition (Green functions, Green currents). Let f € End(C*) be an
algebraically stable endomorphism of degree d > 2. We can associate with f the Green
function

+ n
G=Gy:z— lim log™ [l/*(2)Il (Z)H
n—+00 dn
In general, the function G is not continuous.
We can also assign to f the so-called Green current, defined as T = Ty := dd“GYy,
which is a closed current of bidegree (1,1). The current T is positive by plurisub-
harmonicity of Gy, and we can also see that it is non-zero. Indeed, if w denotes the

standard Kahler form on PE, then considering the extension of f to P&, we see that
f ZYW
gives zero mass to the hyperplane at infinity {2, = 0}, hence T = T|cx has mass one in

Ck.

T :=lim, o is a well-defined positive closed current on ]P’fé of mass one which

When the map f is a polynomial automorphism, we also denote G}“ =Gy, GJT =
Gy, Tf+ =T}, and Tf_ =Ty

Let f € End(C*) be algebraically stable of degree d > 2, and let G = G, and
T = Ty. By construction, G' and T transform nicely under the dynamics:

Gof=d-G,  f*(T):=dd°(Gof)=d-T. (1.1)

The set {p € C* | G(p) > 0} corresponds to points which escape to infinity with maximal
speed. Moreover, it is a trapping region in the sense that f({p € C* | G(p) > 0}) C
{p € CF | G(p) > 0}; indeed, for any ¢ > 0, it follows from (1.1) that the level set
{p € C* | G(p) = c} is mapped by f to the level set {p € C* | G(p) = dc}.

Theorem 3.24 (Fornaess-Sibony, [12]). Given f € End(CF) that is algebraically stable,
let G = Gy and T' = Ty. Then the support of T' is contained in the set JJT, which is
thus nonempty.

Proposition 3.25 (Guedj-Sibony, [15]). Let f € End(CF) be algebraically stable, and
let G = Gf. Then

. G(p) _
im sup =
Ipll—oc 10g [P

Moreover, the set {p € C*¥ | G(p) > 0} is connected, and of infinite measure on any
complex line where G is not identically zero.

For any f € End(C*) which is algebraically stable, one can inductively define the
analytic sets X,;(f) by

{ X1(f) = f({zs = 0} ~ Ind())),
X (f) = FOG () ~md(f)), Vj>1.

The sequence (X;(f)); is decreasing, X;(f) is non-empty since f is algebraically stable,
so it is stationary. Denote by X(f) the corresponding limit set. In particular, X (f)
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is always contained in {z; = 0}. In this case, we also introduce U(f), the basin of
attraction of X (f):

U(f):={peCh| lm f"(p)€X(f)},
and we set K(f) :== CF\U(f).

Theorem 3.26 (Guedj-Sibony, [15]). Let f € End(C*) be algebraically stable, and let
G = Gy. Then

K(f) c {peC" | Gp) =0}. (1.2)
In particular, U(f) is of infinite measure and has non-empty fine interior. Moreover, the
basin of any attractive fixed point has complement of infinite measure which is open in
the fine topology. When f is a biholomorphism, such a basin is biholomorphic to C¥.

Remark 3.27. By definition, (1.2) means that points whose forward iterates are not
attracted by X (f) do not escape to infinity with maximal speed. Yet, in general, the
set KC(f) is different from the set of points with bounded forward orbit.

1.2.3. Weakly regular endomorphisms.

Definition 3.28 (Weakly regular endomorphism). Let f € End(CF) be algebraically
stable. We say that f is weakly regular if X (f) NInd(f) = 0.

Let f € End(CF). In this case, X (f) is an attracting set for f; in other words there
exists an open neighborhood V of X (f) such that f(V) € V and Nj 2 f7(V) = X(f).

Theorem 3.29 (Guedj-Sibony, [15]). Let f € End(CF) be weakly regular. The follow-
ing assertions hold:
(1) K(f)={p € C* | G(p) =0}, and G is continuous in C¥; in particular, K(f) is
closed in CF;

(2) OK(f) N {z = 0} = K(f) N {z = 0} = Ind(f);

(3) dim(X(f)) + dim(Ind(f)) = k — 2.
Theorem 3.30 (Guedj-Sibony, [15]). Let f € Aut(CF). Assume that f~! is weakly
regular and that Ind(f~!) is an attracting set for f. Then we have:

(1) Ky =K(fY)={pe C* | Gy (p) = 0}, and thus, K is closed in C*;

(2) let B(Ind(f~')) denote the basin of attraction of Ind(f~'); then K}r =

CF\B(Ind(f1)), and KJT is closed in C*;
(3) Ki N{z, =0} =X(f")=J/ n{z =0}

(4) Ky =K Jf NK 7 lIs a compact polynomially convex subset of C* which contains
the non-wandering set of f;

(5) W;(Kf) = K;{, and W}‘(Kf) =K.
1.2.4. Regular automorphisms.

Definition 3.31 (Regular automorphism). Let k > 1 be an integer. A polynomial
automorphism f € Aut(C*) is regular if Ind(f) N Ind(f~') = 0.

It is direct to see that any regular automorphism f is weakly regular, as well as its
inverse f~!. It follows that both f and f~! are algebraically stable.

Example 3.32. Let us consider the case where k = 2. With the notations introduced
previously, we can check that any element f € H is regular. In particular, regular
automorphisms can be seen as a generalization of automorphisms of Hénon type to
higher dimension.
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Remark 3.33. Observe that the notion of regular automorphism depends on the choice
of coordinates, because when we conjugate a regular automorphism by a polynomial
automorphism, the action on the hyperplane at infinity is not under control, and it may
happen that the new automorphism is not regular.

When k = 3, Bisi was able to give a description of the centralizer of regular polyno-
mial automorphisms of C3. In this respect, we see that the behaviour of such maps is
similar to that of automorphisms of Hénon type in dimension 2.

Theorem 3.34 (Bisi, [6]). Let f € Aut(C?) be a regular polynomial automorphism,
and let g € Cent(f, Aut(C3)). Then there exist two integers n,m € Z such that f* = g™.

For regular automorphisms, various results obtained previously for algebraically sta-
ble and weakly regular maps can be strengthened.

Theorem 3.35 (Guedj-Sibony, [15]). Let f be a regular polynomial automorphism
of Ck. Then we have f({z = 0}\Ind(f)) = Ind(f~'), so X(f) = Ind(f~!), and
X(f~Y) = Ind(f). In particular, the set Ind(f) is attracting for f=1, and Ind(f~!) is
attracting for f.

From this, we see that all the results appearing in Theorem 3.30 above apply in the
case of regular automorphisms. Let us collect some consequences of previous results and
of the works [3, 15, 4, 12, 1, 2].

Proposition 3.36. Given any regular automorphism f of C* of degree at least 2, the
following is true:

— the functions Gj[ and G]T are continuous;

— K;{ and K; are closed in C*, and we have
Kf=K(f)={peCt|Gf(p)=0}, K;=K(f")={peC"|G;(p) =0}

in other terms, any point with unbounded forward orbit escapes goes to the
attractor X (f) with maximal speed, and similarly in the past;

— the interior of Kfi is contained in the Fatou set F(f*1);

— the set Ky of points with bounded orbit is a compact subset of Ck;

— assume that dim(X (f*!)) = 0; in this case, TfjE is extremal in the cone of
closed positive currents of bidegree (1,1) on IP’{E whose support is contained in
Kif = K;[ UX (fF!) and is the unique positive closed current of bidegree (1, 1)
and of mass 1 with support on ﬁ;

— set £ := dim(Ind(f~1)) + 1. We denote by J}f@ the intersection with C* of the
support of the current (T;r)e, and by J;, _, the intersection with CF of the
support of (T;)k_l. Then the current py := (TJT)Z/\(T;)’“_I is invariant under

f and defines a probability measure on J;fz NJp s

— for any saddle fixed point p of f, we have W}(p) C J}F, and Wi (p) C J; .

Example 3.37. Recall that H denotes the semigroup of polynomial automorphisms
of C? generated by Hénon automorphisms. Let f € H, with d := deg(f) > 2; f is
a regular automorphism, and the Green functions G}r and G are Holder continuous.

Moreover, by construction, the associate Green currents satisfy f*(T]T y=4d- T]T and
f*(Tf_) = éTf_. Letting puy := TJZ" AT, one sees that the current piy is indeed invariant
by f:

Frlug) = @O NI ) =d-Tf Ad™ Ty = py.
In this case, the support of T]T coincides with J;r = 0K, which also equals the Julia
set J(f) of f. Similarly, the support of Ty coincides with J,” = 0K, which also equals
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the Julia set J(f~1) of f~!. Besides we have in this case that dim(Ind(f*!)) = 0, i.e.,
¢ =k —{=1. Then, it follows from the results recalled above that uy is an invariant
probability measure with support in the compact set 0K .

Theorem 3.38 (Bedford-Lyubich-Smillie, [1, 2, 3, 4]). Let f € H. For any hyperbolic
fixed point p of saddle type for f, that is, such that the eigenvalues A1, Ao of the differ-
ential of f at p satisfy |\1] <1 < [Xz|, we have seen that W;(p) C J;r and W} (p) C J; .

In fact, Wj(p) is dense in J;r, and similarly, W} (p) is dense in J; . Equivalently, we

have Wi(p) = J; and Wi (p) = J; .
Moreover, the measure py maximizes entropy and is well approximated by Dirac
masses at saddle points.

Theorem 3.39 (Fornaess-Sibony, [12]). Let f € Aut(CF) be a regular automorphism
such that dim(X (f)) = 0, that is, £ = 1 with our previous notations. Then the measure
= Tf+ A (TJT )¥=1 defined above is mixing. In other terms, for any test functions ¢

and i, we have
/w(f”)dfduf — </<ﬂduf> (/W#f)

As a consequence, one recovers results obtained by Bedford-Smillie [3, 4] for Hénon
maps.

as n goes to infinity.

Corollary 3.40. For k = 2,3, if f € Aut(C*) is regular, then it is mixing for the
measure [ty defined above. In particular, any element f € H is mixing with respect to
pp=TF AT} .

2. Introduction to the results

As we detailed above, there exists a global description of the group of polynomial
automorphism Aut(C?). Contrary to the two-dimensional case, the group Aut(C?) and
the dynamics of its elements are much less-known. Indeed, the algebraic structure of
this group is poorly understood. In the following we study the properties of the family
of polynomial automorphisms of C3 given by

Uyt (20,21,22) — (20 + 21 + zgzg,zmazg),

where o denotes a nonzero complex number with modulus < 1, ¢ an integer > 2, and d
an integer > 1.

The automorphism ¥, can be seen as a skew product over the map zo — «azs, and
whose dynamics in the fibers is given by automorphisms of Hénon type. More precisely,
if z2 € C, let us denote 1,,: (20,21) = (20 + 21 + 2825, 20); then W, (20, 21,22) =
(12,(20,21), uz2), and for every n > 1, we have ¥%(zq, 21, 22) = ((¢¥2,)n(20,21), ™ 22),
where

(wzz)n = wa”*le ©:-+0 '(/JQZQ o '(/)zz-
Let ®, be the polynomial automorphism of C? given by

Do (20,21, 22) = (ol (20 + 21 + 28), ' 20, z2), (2.1)

d
q—1°
map of P, given in the affine chart z3 = 1 by

where [ := It is possible to show that ¥, is conjugate to ®, through the birational
0= (Z()Zé, leé7 ZQ)a

that is, # o ¥, = ®, 0 §. We introduce the homothety s, : (20, 21) — a!(z0, 21), and we
denote by ¢ := 1y the Hénon automorphism ¢: (z9,21) — (20 + 28 + 21, 20). Letting
ba = Sa® = al¢, one sees that

D, (20,21, 22) = (da(20,21), @22). (2.2)
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In particular, ¥, is semi-conjugate to the automorphism of Hénon type ¢,. The ad-
vantage is that the action of @, in the fibers, given by ¢, is independent of the base
point z5. Moreover, ®, has better properties than ¥,; in particular, we will see that
it is algebraically stable (see Subsection 3.1). Nevertheless 6 is birational so we might
loose some information (see Section 7).

The family of automorphisms {¥, }, satisfies the following properties:

Proposition G (Déserti-L.). Take 0 < || < 1. Then
— the first dynamical degree of the automorphism ¥, (resp. ¥, 1) is ¢ > 2;
— the centralizer of ¥, is uncountable;
— if 0 < |a| <1, then ¥, preserves a unique rational fibration, {za = cst}.

We then focus on the dynamics of ¥,,, 0 < || < 1. Let us introduce a definition. We
denote by ¢ = 1"'2—‘/5 the golden ratio. We say that the forward orbit of p goes to infinity

with Fibonacci speed if the sequence (U7 (p)o~™)n>0 converges and liIJIrl U2 (p)p™" =
- n—-+0oo

p’ # Ocs. In particular this implies

@5 @) ~ lIp[l"™.

The hypersurface {z2 = 0} is fixed by ¥, and the induced map on it is a linear Anosov
diffeomorphism. We see that for any p € {23 = 0}, either its forward orbit goes to Ocs
exponentially fast, or it escapes to infinity with Fibonacci speed. Concerning points
escaping to infinity with maximal speed, we prove:

Theorem H (Déserti-L.). Fix 0 < |a] < 1. For any point p € C2, the limit

log* ||¥3 (p)]
n

lim exists. The function

n—-+o0o

log™ ||@™
Gga (p) — hm Og || a(p) H

n—-+o0o q”

is plurisubharmonic, Holder continuous, and satisfies G$a oV, =gq- G’&Za. Set 0 =
2 max (%1, 1); then
q

G+
1 < limsup L(m </
Ipll—+o0 l0g [|P]]

Moreover, the set £ := {p € C? | G&Ca (p) > 0} of points escaping to infinity with
maximal speed is open, connected, and has infinite Lebesgue measure on any complex

line where G, is not identically zero. In particular, the set {p € C? | liIE (127 (p)|| =
« n—-+0oo

+oo} is of infinite measure. We also exhibit an explicit open set ) C £.

Theorem I (Déserti-L.). Assume 0 < |a| < 1. Then ¥, has a unique periodic point at
finite distance, Ocs = (0,0,0), which is a saddle point of index 2. The fixed hypersurface
{z2 = 0} attracts any other point. Moreover, the set K;,ra of points with bounded for-
ward orbit is exactly the stable manifold Wy, (Ocs), and the latter can be characterized

analytically. The set J\}fa = 8[(&,: thus corresponds to Wy, (Ocs).

We observe a phase transition in the dynamics of the family {¥,}o<|aj<1 for the
value |a| = p(1-9/d;

Theorem J (Déserti-L.). Assume0 < |a| < o(1=9/4. ThesetV := {p e C? | G$a(p) =
0} is a closed neighborhood of the hyperplane {zo = 0}. It consists in the disjoint union
Q" UWy_(0cs), where Q" has non-empty interior and the forward orbit of any point
p € Q' goes to infinity with Fibonacci speed.
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Note that we also define an analytic function g whose domain of definition is equal
to V, and which parametrizes the stable manifold in the sense that Wg, (Ocs) coincides
with the zero set Z of g.

Theorem K (Déserti-L.). Assume now p(!~9/? < |a| < 1. For any p € C3, exactly
one of the following cases occurs:

— either p € Wy, (Ocs) and its forward orbit converges to Ocs exponentially fast;

— orp € {z =0} \ Wy (0cs) and it goes to infinity with Fibonacci speed;
— or the speed explodes: Gfga (p) > 0.

In particular, contrary to the previous situation where the set 2" has non-empty
interior, we see here that Fibonacci speed does not occur outside the hypersurface {z3 =

0}.

Remark 3.41. We stress the fact that for any 0 < |a| < 1, the forward orbit of a point
under ¥, is bounded if and only if it goes to Ocs. Moreover, we see that in the case the
orbit is unbounded, it has to escape to infinity. This rigidity phenomenon is related to
the properties of the automorphism of Hénon type ¢, to which ¥, is semi-conjugate,
and which possesses an attractor at infinity such that the positive iterates of any point
whose forward orbit is not bounded escape to it.

Theorem L (Déserti-L.). Assume |a| = 1. We define Ky, to be the set of points
p € C3 whose orbit (V" (p))nez is bounded. Similarly to what we did above, we define
the Green function Gy, . Then for any point p € C3, exactly one of the following
assertions is satisfied:

— either the orbit of p is bounded, i.e. p € Ky _;

— orp € {z = 0} \ {Ocs} and either its forward orbit or its backward orbit
escapes to infinity with Fibonacci speed;

— or Gy, (p) > 0 or Gy _(p) > 0; in this case, either its forward orbit or its
backward orbit escapes to infinity with maximal speed.

We define the associate Green currents T&,ta = ddCGéa, and we set [y, = T&fa A
T\Ija A dza N\ dZz. The measure py,, is invariant by ¥, and supported on the set 0Ky, .
For any py # 0, the set Cp, := C? x {pge” | © € R} is invariant under W,. Define
Tp, = 0Kw,_ NCp,; it is also invariant and we show that when « is not a root of unity,
(Yalg,,, bw,) is ergodic.

3. Degree growths & invariant fibrations

3.1. Degrees and degree growths. The results in this part hold for any « # 0.
As we saw previously, the first dynamical degree is an important invariant; in this section
we will thus compute A\(UE!) and A(®E!). Let us first mention a big difference between
dimension 2 and higher dimensions: if f belongs to Aut(C?) then deg f = deg f~!.
This equality does not necessarily hold in higher dimension; nevertheless if f belongs to
Aut(C"), then deg f < (deg f~1)"~! and deg f~! < (deg )"~ ! (see [26]).

Lemma 3.42. We have for any n > 0 both

n

q" —1
qg—1

deg(¥2) =¢" +d x

and
deg(¥,") = deg(¥y,).
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PRrooOF. Let us denote by (Pc(yn))nz,l the sequence of polynomials where

Po(z_l)(ZO;ZhZQ) =2z
Péo)(zo,zl,z'g) = 2
vn>0 PUTY = MY 4 PO 4 (P (an ),

In particular, for every n > 0, U%(zq, 21, 22) = (Pé")(zo, 21,22), Po(ln_l)(zo, 21, ZQ),Q”ZQ).
Since the degree of the third component does not change, and the second component
is just the first one at time n — 1, the growth of the degree is supported by the first
component, that is deg(¥7) = deg(Pc(y")). Let us then show the result by induction on
n. The result is true for n = 0. If it holds for n > 0, then we have

n

qn+1 _ 1

n n n n q
(P ) = deg ((PE)1(0")) =g (a7 +

q—1 )+dq"+1+d><

qg—1
O

Recall that for a polynomial automorphism f of C3, the first dynamical degree of f
is defined by

A(f) = lim_(deg f")!/".

Corollary 3.43. Since ¢" < deg(¥7) < (d+ 1)¢™, it follows that
M¥a) =AY = ¢

Following the definition of algebraic stability recalled in Subsection 1.2.2, Lemma
3.42 and Proposition 3.22 imply that ¥, is not algebraically stable, as well as W 1. It
can also be seen directly from the definition. Indeed the map

Wo = ((20 + 20) 28797 42828 1 20287 s zp2d 970 209
sends zz3 =0 onto (1 :0:0:0) and Ind(¥,) = {20 =0, 23 =0} U{22 =0, 23 = 0}.
Similarly, we see that

Ind(¥,') = {21 =0, 23 =0} U {20 =0, 23 =0},

and V! sends z3 =0 onto (0:1:0:0) € Ind(¥;1).

Let us now consider the automorphism ®,, introduced in (2.1). We see that ®,,({zo #
0, z3 =0}) =(1:0:0:0) does not belong to Ind(®,) and (1 : 0: 0 : 0) is a fixed
point of ®, hence ®7({zp # 0, 23 =0}) = (1:0:0:0) for any n > 1. In particular,
®,, is algebraically stable. We have for every n > 0, deg(®%) = ¢™. As we have recalled,
for n > 3, there exist examples of maps f € Aut(C?) which are algebraically stable but
whose inverse f~! is not algebraically stable. Yet this is not the case for ®,. Indeed,

- L 23

al al ol ald "«

-1 -1 -1 -1
. 2122 2122 2023 21 2924 p
D (2021122 23) = D= : :

so® ({21 #0, 23 =0}) =(0:1:0:0) does not belong to Ind(®_ ') = {21 = 0,23 =0}
and is fixed by ®_!. Hence ®. 1 is also algebraically stable. As a result one can state:
Proposition 3.44. For any integer n > 1 the following equalities hold

deg(®y) = deg(®.") = ¢",  A(®@a) = M@;1) = ¢.

By (2.2), we have ®,(20,21,22) = (al¢(z0,21),@22). Since the third component
does not carry any growth, we similarly have

deg(ef) = deg(¢,") = 4",  Ada) = Mog') = q.

In particular, ¢, € Aut(C?) satisfies A\(¢) > 2. We deduce from Theorem 3.5 that ¢,
is an automorphism of Hénon type, i.e., it is conjugate to an element in H.
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3.2. Rational invariant fibrations. Let us come back to dimension 2 for a while.
As we have recalled, if f is a polynomial automorphism of C2, the following dichotomy
holds: either f is conjugate to an elementary automorphism, and then, it preserves a
rational fibration, or f is of Hénon type, and in this case, it does not preserve any rational
curve ([9]). Does there exist an analogous geometric criterion which could be used to
distinguish polynomial automorphisms of C™ for n > 3?7 Contrary to the 2-dimensional
case we will see, as soon as n = 3, that "no invariant rational curve” does not mean "first
dynamical degree > 1”.

Assume that 0 < |a| < 1. Recall that

(ba = ((ba(ZOv 21), a22)7

and from what precedes, we know that ¢, is of Hénon type.

Proposition 3.45. For any 0 < |«a| < 1, the polynomial automorphism ®,, preserves a
unique rational fibration, the fibration given by {zs = cst}.

Corollary 3.46. For any 0 < |a| < 1, the polynomial automorphism ¥, preserves a
unique rational fibration, the fibration given by {zs = cst}.

PROOF OF PROPOSITION 3.45. Since ¢, is of Hénon type, it does not preserve ra-

tional curves ([9]). Therefore, the only rational fibration invariant by ®, is {z2 =
cst}. O

4. Centralizers

As we have recalled above, Lamy has proved that the centralizer of a polynomial
automorphism of C? of Hénon type is essentially trivial ([21]), but for polynomial auto-
morphisms of C¥, k& > 3, unless for regular automorphisms (see [6]), few general results
on centralizers are known.

Fix o with 0 < |a| < 1. We would like to describe Cent(®,, Aut(C?)). Of course it
contains {@Z |n e Z} but also the following one-parameter family

{(nz0,m21,v22) |v € C*,n a (¢ — 1)-th root of unity}.

We show that the centralizer is essentially reduced to the iterates of ®, and such
maps.

Let f € Cent(®,, Aut(C?)); we write f = (fo, f1, f2)-

Lemma 3.47. We have %«E =0, % = 0. Therefore, the last component fo only

depends on zs, and in fact it is a homothety:
f2(20, 21, 22) = fa(z2) = p2a, peC

PROOF. If we focus on the third coordinate in relation ®, o f = f o ®,, we get
afy = fa 0 ®,, that is, for every (29, 21, 22) € C3,

afo(z0,21,22) = fQ(OtlZo +alz + ozlzg, alz, azg).

Taking the derivatives in the different coordinates, we obtain:

O‘% = al(1+qz8_1)g—£o©a+alg—£o®a,

aZl = dSLog,, (4.1)
0, 2]

aa—zz = O‘TZ o®,.

Let us consider the first coordinate, and assume that % # 0; we will get a contra-
diction by looking at highest-order terms in zg. Since fo € Cl[z1, 22][20], we can write

f2(20,21,22) = Y. Ry(z1, 22)2E, where the Ry are polynomials and kg is the degree in
k<Ko
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zo of fo. From our hypothesis, kg > 1. We also look at the expansion of Ry, # 0:

ng (21722 Z QnL z2 Zl ) Qmo 7& 0.

m<mg

For the three terms, we look at the term of highest order in zj:

032 (20,20, ) = akoRiy (o1, 22) o
Ozl(l—l-ng—l)afz od (20721’22) = qk-oal(k'g—‘,-mo)Qmo(aZQ)ngO_;’_mU_l T
al gf’ o ®,(z0,21,22) = moal(ko+mo)Qmo (a22)23k0+m071 4.

Since we assume kg > 1, and ¢ > 1, we have gko+mo—1 > kg—1 so the coefficient of the

term in z2* "1 must vanish. But this coefficient is (gko+mo)a!Fotm0) Q. (azy) # 0,

a contradiction. Hence g—g = 0, and it follows from the second equation of (4.1) that

af 2 = () as well. Therefore, fo = fo(22).

Now, since f € Aut(C?), we know that fo is of degree at most 1. The map f
commutes with @, so it must preserve its fixed point Ocs, and we conclude that fo: 2o —
uzo for some p € C*. O

Recall that ¢o: (20,21) + a'(z0 + 20 + 21,20). Let us denote f = (fo, fr)-
projecting the commutation relation on the first two coordinates, we get

poof=fod,. (4.2)
Lemma 3.48. The map f only depends on the first two coordinates.
PROOF. We rewrite (4.2) as the following system:

! ! lpg o
S 9

We then get:
ol foo®o+a fo+ ol flo®y = fyo @

Let dy be the degree of fy € C[zo, 21][22]. Since @, does not change the degree in 25, we
obtain

deg(a'fo 0 @) = deg(a® fo) = deg(fo 0 @) = do, deg(a' f§ 0 o) = dj,

but ¢ > 1, which implies that dy = 0: fy does not depend on z;. Using the second
equation of (4.3), we see that f; does not depend on z3 either. O

Therefore, Equation (4.2) can be rewritten:

¢aof:fo¢a~

But ¢, is an automorphism of Hénon type, so according to Theorem 3.10, one has
that for some n € N:

Corollary 3.49. The map f belongs to the countable set Cent(¢pq, Aut(C?)) ~ Z x Z,,.

We have seen that for any f = (fo, f1, f2) € Cent(®,, Aut(C?)), (fo, f1) depends
only on (zg,21) and belongs to Cent(¢,, Aut(C?)), and that f, depends only on zy and
is a homothety. We conclude:

Proposition 3.50. The centralizer of ®,, in Aut(C?) is uncountable. More precisely
Cent(®,, Aut(C?)) = Cent(¢q, Aut(C?)) x {20+ pzo | p € C*} =~ (ZxZ,)xC*, n € N.

Corollary 3.51. The centralizer of ¥,, in Aut(C?) is uncountable.
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5. Dynamics on the invariant hypersurface zo =0

The following holds for any a # 0. Let us recall that the Fibonacci sequence is the
sequence (F},), defined by: Fp =0, F; =1 and for all n > 2

Fo=F, 1+ F, 2.

The hypersurface {22 = 0} is invariant, and when |a| < 1, it attracts every point
p € C3. On restriction to this hypersurface, the growth is given by the Fibonacci
numbers (F),),:

\IJZ‘ZQ:O = (Fn+1ZO =+ Fnzl,Fnzo —+ Fn_lzl), n Z ]. (51)
Similarly,

Zg Z2
—1 _ q
U (20, 21, 22) = <Z1,—Zl + 20 — Zloﬂ’a) ,

and we have
\I/(;n‘z2:()l (Z()7 21) —> (—1)”(Fn,120 — Fnzh _FnZO —|— Fn+121>, n Z 1. (52)

Moreover, it is easy to see that any periodic point of ¥, belongs to the hypersurface
{z2 = 0}. In fact, ¥, has a unique fixed point at finite distance, Ocs = (0,0,0), and
has no periodic point of period larger than 1. Let ¢ := 1"'2—‘/5 be the golden ratio and
¢ = —1/p. Since
" — ()" ¥
F, 75 7 +o(1),

we deduce from (5.1) that any point (¢’z,z,0) with z € C converges to Ocs when we
iterate U, while any other point of the form (8z,2,0) with z # 0 and 8 # ¢’ goes
to infinity. Likewise, we see from (5.2) that any point (¢z,z,0) with z € C converges
to Ocs when we iterate W1, while any other point of the form (8z,2,0) with z # 0
and 8 # ¢ goes to infinity. Furthermore, in both cases, the speed of the convergence
is exponential since it is in O(|¢|™™) with |¢| > 1. In other terms, the linear map
Ualz=0: (20,21) — (20 + 21, 20) is hyperbolic, with a unique fixed point Oc2 = (0,0)
of saddle type, and whose stable, respectively unstable manifolds correspond to the
following lines:

W@Q‘zzzo(ocz) =Ay = {(gp’z,z) |z € (C}, Wff,a‘z?:()(()@) =A, = {(<pz,z) |z € (C}.

Moreover, ¢ and ¢’ are just the eigenvalues of ¥, |,,—o, and A,, A,/ the corresponding
eigenspaces.

6. Points with bounded forward orbit, description of the stable manifold
W3, (Ocs)

When 0 < |a| < 1, we remark that Ocs is a hyperbolic fixed point of saddle type.
The tangent space at Ocs can be written as Ty, (C?) = E§,_(0cs) @ Ey,_(0cs), where the
stable, respectively unstable spaces are given by

E&,a (0@3) = Atp’ X {0} (&) {0@2} X (C, E}f,a (OC3) = A‘P X {0}
These spaces integrate to stable and unstable manifolds
s . 3 : n —
Wy, (0cs) = {pe C| lim Wi(p)=0cs},
u ,_ 3 : -n _
W\I!a (0@3) = {p eC | WLEI-ir-loo \Pa (p) = 0@3}7

which are invariant by the dynamics; furthermore, Wy (0cs) = A, x {0}, while
W, (Ogs) is biholomorphic to C? (see [26]). Note that (A, x {0}) U ({0c2} x C) C
W5 (Ogs), but it is easy to see? that Wj _(0Ogs) # Ay x C.

2. Indeed if p = (po,p1,p2) satisfies p2 # 0 and p1 = —ppo, we see that P(io) (p) + @Pél)(p) =
po(1+ ¢ —¢?) + wpgpg = <ppgpg # 0 hence A,/ x C is not left invariant by Wq.
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{2 =0}

In the next statement, we introduce a series that encodes the growth of forward
iterates of a point.

Lemma 3.52. Let p = (po,p1,p2) € C3. For every n > 0 and any a € C, we have
n , a ..
PO (p) + @ P (p) = @™ | opo +p1+ 18 Y (Pé”(p)) e (6.1)
§=0

PROOF. For n > 0 we have the following set of equalities:

PPV = PMp) o+ PV + (PEY () (arps)

(x ) P (p) P V) + PO + (PUTY ()2 )
(x @) PV = PUTPm) o+ POV + (PETP ()Y@ %)
: : + : +
(x " PP (p) PP+ pe + (PO(p)(aps)?
(x ") P& (p) o+ m + (POP)(p)e

Summing up, and because p? — ¢ — 1 = 0, we obtain

n

. q P
PUY(p) + o P (p) = ¢ | opo + o1+ 08D (Pc(f)(P)) ¢ Ial
j=0

For every n > —1, we define the polynomial g, € C[z] = Clzo, 21, 22] by
gn(2) =gz + 2+ 24 Y (PO(2) 9 ad = (PID () + ¢ P ()
3=0
We also introduce the power series

+oo
. q . .
9(2) =z + 21 + 2§ > (Pfﬂ)(Z)) o lald
=0

“+o0
=g tat Y om0 (BUI() - PYT() - PO (2)).
j=—1
Let us denote by D its domain of definition, that is the set of p € C3 such that the series
4 a
> (Po(t])(p)) p~7al? converges, and let

Z:={peD|glp) =0}
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be the set of its zeroes. It is easy to check that both D and Z are invariant by the
dynamics, that is ¥,(D) C D and ¥,(Z) C Z. Moreover, if p € D, we denote by

~ a
rn(p) := >Z ) (Po(f )(p)> ¢ 7a?? the tail of the corresponding series.
Jjzn+

Corollary 3.53. Suppose 0 < |a| < 1. Let K\Ifa denote the set of points p = (po, p1,p2)
whose forward orbit {U%(p), n > 0} is bounded. This is equivalent to the fact that the
sequence (\Pé”) ()]), 5o is bounded. If p € K , then for every n > 0, we have

lgn(p)| = O(™"). (6.2)
In particular we deduce that
Ky CZ, and |r(p)=0(e™™). (6.3)

PRrROOF. It follows immediately from Lemma 3.52. Indeed under our assumptions
we have:

192 (D)l < (P& () + 07 P ()™ = O(0™").

This implies p € Z. Then we also have g,,(p) = g(p) — pirn(p) = —pdr,(p) and |r,(p)| =
O(p™™). O

Remark 3.54. We can see (6.3) as a codimension one condition that points with
bounded forward orbit have to satisfy. Also, we see from (6.2) that locally, such points
are close to the analytic manifold Z, := {p € C* | g,(p) = 0} for n > 0 big. If
p = (po, p1,0), we recover from (6.3) that p has bounded forward orbit if and only if it
belongs to the stable manifold Wy, (Ocs) N{z2 =0} = Ay x {0}.

When 0 < |a| < 1, we have the following analytic characterization of the stable
manifold Wy, (Ocs).

Proposition 3.55. Assume 0 < |a| < 1. The point p = (po, p1,p2) € C* belongs to the
stable manifold Wy, (Ocs) if and only if the following properties hold:

—pEZ;

— the series E | (p |cp is convergent.
J

Equivalently, p € Wy, (0cs) if and only if 3, |g; (p)|? converges.

PrOOF. If p belongs to the stable manifold Wy _(0Ocs), then its forward orbit is
bounded and Corollary 3.53 tells us that p € Z. Moreover we have

@) =0 > ¢ e | =0(p"al™),
j>n+1

hence |r,(p)|¢" = O(Ja|™®) and the series > I7;(p)|¢? converges.
For the other implication, we get from Lemma 3.52 that for every j > 0,

PV (p) + ¢~ PP (p) = —pS’r;(p). (6.4)

Now let n > 0. Write equations (6.4) for j = 0,...,n and combine them to obtain

Pt () — ﬂ - n+J+1 Ji—n
W) = p0+p2z ()’ ™.
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The first term of the right hand side goes to 0 with n; we split the sum as follows:

n ln/2]
Y (D) (p)pl T = Y (=) (p)pd o
j=0 =0
+ Z (_1)n+j+1,rj(p)@j<pj—n.
j=In/2]+1
We get
Ln/2] _ . oo
S (=) ()@ T < RIS " ()]
7=0 =0

hence it goes to 0 with respect to n. For the remaining term, we estimate

n +oo
SN e < > )l
j=n/2]+1 j=n/2]+1

which goes to 0 as well. We conclude that lirJrrl Po(tn)(p) =0, hence p € W5, (0cs).
n—-+oo @

The other equivalence follows from the fact that for p € Z, we have g,(p)
d
—p57n(p)-

o

Corollary 3.56. Assume 0 < |a| < 1. Then the forward orbit of a point p = (pg, p1,p2)
is bounded if and only if p belongs to the stable manifold W‘ia(OCs) ; in other terms,

K;ja =Wy, (0cs).

PROOF. Letp € K\;,ra. We have already seen in Corollary 3.53 that p € Z. Moreover,

if we denote r,(p) = > (Po(tj)(p)) 0 7ad?, then Zm |g03 is convergent since
j>n+1 j

r;(p)] = O(¢~7|al’®). Then, Proposition 3.55 tells us that p € W§_(0Ocs). The other

implication is straightforward. O

Lemma 3.57. Assume now |a| = 1. We have seen that p € K$a implies that p € Z and
Irn(p)] = O(¢™"). Conversely, if p € Z and }_; |r; (p)|¢’ is convergent, then p € KJ, .

PrOOF. Assume that p € Z and that Z |ri(p cp converges. As previously, we

J
have for every n > 0:

n—1
P{M(p) = ( 0, +p8 > (1) r(p)p? (Y,
7=0

+oo .
From our assumption we deduce that |P,§") (p)] < Ipol + Ip21¢ X |rj(p)|¢?, hence
§=0

[P (p)] = O(1). 0

7. Birational conjugacy

Assume 0 < |a| < 1. We recall here some facts concerning the dynamics of the
automorphism of Hénon type ¢, and so on the dynamics of ®, = (¢4, @z2). Denote by
Fd‘fa = I'(¢a) the largest open set on which (¢7,)n>0 is locally equicontinuous, by K * the
set of points p € C? such that (¢”(p))n>0 is bounded and by J J; its topological boundary
Recall that ¢, = al¢, where ¢ = (20 + 20 + 21,20) is a Hénon automorphism. In
particular, ¢ € H, hence it is regular (see Definition 3.31 and Example 3.32). It is direct
to see that Ind(¢,) = Ind(¢), and similarly for ¢, '. Therefore, Ind(¢,) N Ind(¢, 1) =
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Ind(¢) NInd(¢~1) = 0, that is, @, is regular. In particular, it is algebraically stable (see
Definition 3.20), hence we can define the Green function

log™ ||ga (20, z0)|
+ . ' %0,
Gg. i (20,21) = ngrfoo o .

It satisfies the invariance property ng 0Py =q- Gqfa. We define the associate Green
current TJr = dchJr . Of course there are similar objects Fy ., K, . Jy.s G;@ and
T; assoc1ated to the inverse map ¢, !; we also set K, := Kga N K;a. One inherits a
probability measure g, = T oo N1, which is invariant by ¢g.

Since the automorphisms ¢*! are regular, hence weakly regular, they possess at-
tractors X (¢o) = (1:0:0) and X(¢;*) = (0: 1 :0) whose basins are biholomorphic
to C2, by the result of Guedj-Sibony [15, Corollary 1.8] stated in Theorem 3.26. One
denotes by K(¢Z) the complement of these basins. Besides, according to the results of
[8, 3, 4, 12, 1, 2] recalled previously, the following properties hold:

— the function G;‘a is Holder continuous;

— we have the following characterization of points with bounded orbit:
= ={peC’|G; (p)=0}; (7.1)
this tells us that pomts either have bounded foward orbit, or escape to X (¢)
with maximal speed;
— let p be a saddle point of ¢,; then J;ﬂ is the closure of the stable manifold
W3, (p);
— the support of TJr coincides with the boundary of K(;" , l.e., J+ ;

— the current TJr is extremal among positive closed currents in C? and is — up
to a multlphcatlve constant — the unique positive closed current supported on
K B

— the invariant measure pg, has support in the compact set 0Ky, , is mixing,
maximises entropy and is well approximated by Dirac masses at saddle points.

One introduces analogous objects for the automorphism ®,. In particular, @, is
algebraically stable so we can also define the Green function
log™ ||®"
Gj}; = lim w
@ n—-+o00o q"

In fact, for any (zo,z1,20) € C3, Gga(zmzl,zg) = G;fa(zo,zl) because if z5 # 0,

log |a" 22|

liIJIrl = 0. We introduce the holomorphic map
n——+00
h: C3 — C?, h: (20,21, 22) — (202h, 2125).

It follows from the previous remark that GJr 0f = G+ o h where 0 = (2925, 2125, 2)
conjugates ®, to U, (i.e. 0¥, = 0,0). Moreover for () < |a| < 1, one gets that

Kga = Kga x C, Ky, =K, x{0}, Ko, = K, x {0},
while for |a| =1,

Ki =KJ xC, Ky, =K, x{C}, Ko, = K;, x {C}.

Both ®, and ®_! are weakly regular (see Definition 3.28); furthermore X (®,) =
(1:0:0:0) and X(®_,') = (0:1:0:0). Therefore (1:0:0:0) (resp. (0:1:0:0))
is an attracting point for ®, (resp. ®,'). By Theorem 3.26 above, we know that the
basin of attraction of (1:0:0:0) is biholomorphic to C3.

We do not inherit these properties for ¥,. Indeed remark that Kg_, X(®,) and
X(®,1) are contained in {zz = 0}; but {22 = 0} is contracted by #=! (recall that
0¥, = ®,0) onto {29 = z3 =0} and {22 = 23 = 0} = Ind(T,,).
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8. Definition of a Green function for W,

In this part, we assume 0 < |a| < 1. As for ¢, and @, and despite the fact that ¥,
is not algebraically stable, we will see that it is possible to define a Green function for
the automorphism V¥, which has almost as good properties. In particular, we will see
that this function carries a lot of information about the dynamics of the automorphism
U,. As for algebraically stable maps, we define this function as a limit, normalizing the
growth of forward iterates of ¥, by the first dynamical degree, which is equal here to q.

Let p = (po,p1,p2) € C3, and define C = C(pz) := 3max(1,[pz|?) > 0. We remark
that for n > 0, we have |a"ps|? < C, hence max(||[¥7*1(p)||,1) < C max(||¥"(p)|,1)?.
We deduce that for every n > 0,

log" |wg* (p)l| _ log" [[¥5(p)| _ log(C)
qn+1 q’n - qTL+1 ’
hence
log™ || log™" P (p)], [P
o O8I o max(POGLIPY V0 oy
n— 0o q" n— 400 q" o

exists. By construction, the function G$a satisfies G$a oV, =gq- G’&Za. We note that
on restriction to the hypersurface {z2 = 0},

G$a ‘{22:0} =0

Indeed, if p = (po, p1,0), then log™ |Pc(yn)(p)| = O(n) since we have seen that the forward
iterates of p grow at most with Fibonacci speed.

For every n > 0, we have 0 o U7 = ®7 o f. In particular, the following limits exist
and satisfy:

. log" |00 Ty log™ || o 0]
lim ————— = - g

n—-+4oo q n—-+oo q

=G} ob. (8.1)

Define the open set U := {(20,21,22) € C*| 22 # 0} and let p = (po,p1,p2) € U. For
every n > 0, recall that

00 2(p) = 0(PL(0). P (p).amps) = (PO ()0 pa)l, P~ (0) 0" pa)l a"p ).
For j € {n — 1,n}, we have

log™ |PY) (p)| — llog™ |a"ps| < log™ | P (p)(a"pa)!| < log™ [P (p)| + llog™ |a"pal,
so that

log™ [|0 0 U7 log™ || @7

o8 102 ¥30)| _los® B0
q q

We deduce from (8.1) that

log™ || ™ logt o
Gt (p) = tim RN, loeT )00 Vo)l

n—-+00 q n——+o00 qn

= Gga of(p) = G;‘u o h(p).

(8.2)
Now if p = (po,p1,0), then we have seen that GJ\ISQ(p) = 0. Note that h(p) = Ocz and
0(p) = Ocs; therefore, G o 0(p) = G} o h(p) = 0. We conclude that (8.2) holds for
any point p € C3.

The function G$a is not = —oo, it is upper semicontinuous and satisfies the sub-
mean value property (since Gga does and 0: C3 — C3 is holomorphic); in other terms,
Gfga is plurisubharmonic. Moreover, we know that G;fa is Holder continuous, and A is
holomorphic, hence G’$a is Holder continuous as well. We have shown:

Proposition 3.58. For any point p € C3, the limit

+ n
lim lOg ||\I]a(p)” = GJ\Iga(p)

n——+o00 q"
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exists; the function G$W = ngn 0f = G;a o h is plurisubharmonic, Hélder continuous,
and satisfies G$a o, = q~G$m. We can then define the positive current TJW = ddCG$a.
The maps 01, and h|y are submersions, and T\ifa = (H\M)*(Tga ) = (h\u)*(T(;; u).
We also have Wi (T§ ) =q- Ty .

Remark 3.59. We observe that contrary to the case of ¢, the set K&Ca of points whose
forward orbit is bounded is stricly contained in {p € C?| G‘i,'a (p) = O}; indeed, we have
seen that the latter always contains {zp = 0} ¢ KJ .

9. Analysis of the dynamics of the automorphism ¥,

In this section, we further analyze the dynamics of the automorphism ¥, distin-
guishing between the value of 0 < |a] < 1. In particular, we want to describe what
happens outside the invariant hypersurface {zo = 0}, where we have seen that the dy-
namics corresponds to the one of a linear Anosov diffeomorphism.

We see that a transition occurs for |a| = ¢'=9/, Indeed, when |a| < ¢ =9/4 we
observe different behaviors in the escape speed outside {23 = 0} according to the choice
of the starting point p = (pg, p1, p2): Fibonacci, or bigger than 19" for some 1 > 1. On
the contrary, for |a| > (17974 we see that it is impossible to escape to infinity with
Fibonacci speed, while the second case persists.

Let us say a few words about the critical value ¢! ~9/¢ where the transition happens.
We define the cocycle A: C* — GL2(C) by:

q—1 _d
A(Z(),thz) = (1 * Zi) “2 (1)) )

and if M € My(C) and v = (vp,v1) € C?, we set M - v := vM7. Recall that for every
29 € C, we consider 1,, = (z0+21+2124, z9). We remark that for every p = (po, p1,p2) €
C3, p, (Posp1) = A(p) - (po, p1). As usual we denote Ag(p) :=Id and for n > 1,

An(p) = AT (p)) - AT (p)) - A(Ya(p)) - Alp).
In particular, for every n > 0, U%(p) = (A.(p) - (po,p1),a™p2); equivalently,
(PS (p), P (p)) = An(p) - (po, p1)- Note that

AU (p)) = <1 + (P (p)) 1~ o dpd 1> _

« 1 0
- . (n) q—1 nd __ . n . 1 1
If nggloo (P (p))" am =0, then ngrfoo A(P2(p)) = <1 0), whose largest

eigenvalue is . Then the growth will be exactly Fibonacci unless the initial
point belongs to W, (Ocs). But then

(¢ Mal!)" = O(IPS (p)|"~Hal™?) = o(1),
and necessarily |a| < o(1=9/d,

— If |a| > ¢1=9/? Fibonacci growth is impossible; indeed if \Pén) (p)| = Ce™
with C' > 0, then

[P ()1 o™ = O (97 Hal )"
but here i := 9=t a|? > 1 so that [P (p)| > Ca=1nyn| P (p)| and the
growth is much more in fact.

We will also see that this transition reflects an analogous change in the dynamics of
the automorphism of Hénon type ¢q: for |a| < p(1=9/4 the point Oc: is a sink of ¢,
while for || > @(1=9/d_ the point Ocz becomes a saddle fixed point.

The following general lemma will be useful in the analysis that follows.
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Lemma 3.60. Assume that 0 < |a| < 1, and that p = (po, p1, p2) satisfies:
[P (p)] = O([(1 = &)¢]™).

Then with our previous notations, p € Z.

Proor. This follows again from Lemma 3.52. Indeed for every n > 0,

92 (0)] < (IPY D) + ¢ PP (D))" = O((1 —€)")
hence g(p) = lim g,(p) =0. O

n—-+oo

9.1. Points escaping to infinity with maximal speed. The results of this
subsection hold for any 0 < |a| < 1. We start by exhibiting an explicit non-empty open
set of points escaping to infinity very fast; then we state some facts concerning the set
of points going to infinity with maximal speed, and show how they can be derived from
the properties of the Green function G&Ca.

Set v := }E(lg)‘ We choose M > 0 sufficiently large so that M (¢ — 1) + dy > 0 (this

is possible since by hypothesis, ¢ — 1 > 0).

Proposition 3.61. We define the open set
Q= {p = (po,p1.p2) € C*| |po| > [p1] > 0 and [p1|**[p2|* > 2+ o™ }.
Then for any point p € 2, we have G, (p) > 0; moreover the sequence (|P(§n) (P)Dn is
increasing.
The proof splits in two lemmas that we are going to detail now.
Lemma 3.62. For any point p in §2 the escape speed is superpolynomial: for any
n > —1,
[P (0)] = [palo™™. (9.1)

Moreover the sequence (|PC(Y") (p)|)n is increasing.

PRrROOF. The proof is by induction on n > —1. Let p € Q; we will show that
(|P(§n)(p)|)n is increasing and that (9.1) holds. It follows from our assumptions that

— [PV )] = [p1| = il
— [P ()| = [pol = [pa-
— Take n > 0 and assume that |P(§n) (p)| > |p1|eM™ and |Po(¢")(p)| > |Po(¢n_1)(p)|.

We estimate:
[P (p)] > [P (p)] (1 PS) (p) 7o pa] * — 2)
> [P (p)|([pr |7 |pa| M e Tdn _ 9

> [p1|™™ (Ip1]?7 p2|? — 2)
Z ‘pl‘@M(n+1)

because M(q — 1) +dy > 0 and |p;|97 p2|? — 2 > oM. Since |p1 |77 |pa|? —
2 > 1, the previous inequalities also show that \P,J(,n+1)(p)| > |P(§n) (p)|, which
concludes the induction.

O
Lemma 3.63. Recall thaty := }E(‘g)l and that M > 0 is chosen such that M (¢—1)+d~ >
0. Take p € C3 such that the sequence (\Po(f") (p))n>o0 Is increasing, and assume that
there exists ng > 1 such that for every n > ng, the following inequality holds?3:

P (p)| > M.

3. In particular, this is satisfied for points p € €2 as we have seen in Lemma 3.62.
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Then the escape speed is much bigger in fact: there exist ny > ng and 1 > 1 such that
for every n > ny,

|P{ (p)] ="

In terms of the Green function introduced above, we then get G’$a (p) > 0.

PROOF. Since (\Po((n) (p)|)n>0 is increasing, we have for every n > 0,
[P )]l p2)? = [PI D (p) = PV (p) = POV () < BIPSTV(0)). (9:2)

Set z, = ln|Po(¢n) (p)|. From our hypotheses, we know that for every n > ng, x, >
Mnlne. Since M(q — 1) +dy > 0, we can take € > 0 small such that we still have
M(q—1—¢)+dy> 0. Let ny > ng be chosen such that for n > ng, n(M(¢g—1—¢) +
dy)Inp 4+ dln |p2| — In3 > 0. Thanks to (9.2), we get: for every n > ny,

Tnt1 = qTn +ndylnp +dln|ps] —1n3
>Q+e)z, +(n(M(g—1—¢)+dy)Inp+dln|ps| —In3)
> (14 ¢e)x,.

We then obtain: for every n > nj,
T, > (1+ 5)"‘”61‘% > (14 )" " MnjIn .
As a result there exists n; > n( such that for n > ny,

Tn _ (9/2)" "0 Mnglng
n? — n? -

—(ndylny + dln |ps] — In3).

We can then refine the previous inequalities: for n > nq,

1
Tnt1 2 qn +ndylng +dln|py| —In3 > ¢ (1 - 2) Tn.
n

Let C = ][] (17 #) Tp,q~ ™ > 0; for every n > nq, we have x,, > Cq", hence
n>ni
1PS (p)| = 57", where i := ¢ > 1. O

Remark 3.64. We have seen that the automorphism ¢, possesses an attractor at in-
finity X(¢o) = (1 : 0 : 0) whose basin is biholomorphic to C?. Then there exists
C = C(a) > 0 such that the forward orbit of any point p = (pg,p1) € C? such that
Ipo| > |p1| and ||p]] > C is attracted by X(¢s); in particular, p ¢ K;fa, and thus,
G:ga (p) > 0. If p = (po, p1,p2) € C? satisfies |po| > |p1] and ||(po,p1)|| - [p2|* > C, we
see that |h(p)|| > C, hence G;fa (h(p)) > 0, and GJ‘ICQ (p) > 0 as well. The definition of
the set € in Proposition 3.61 is coherent with this observation.

Proposition 3.65. Set ¢ := 2max(l,1). We have

G+
1 < limsup \P“(p) < /.
Ipll—+oc 10 [|P]l

The set £ := {p € C? | G$a (p) > 0} of points escaping to infinity with maximal speed is
open, connected and of infinite measure on any complex line where G$a is not identically
zero. In particular, the set

3 : n _
peC| lm W) = +oo)
of points whose forward orbit goes to infinity is of infinite measure.

PrOOF. The openness of £ follows directly from the continuity of G&Za, shown in
Proposition 3.58.
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The proof of the fact that £ has infinite measure follows arguments given by Guedj-
Sibony [15] Since ¢, is algebraically stable, we know from Proposition 1.3 in [15] that
GL. (D)

Hhan SUP TG = 1. Therefore
G RN lim sup Gg, ohp)  1log |pa| +log [|(po, 1)
HpH—H-OO 10g||p|| lp=(p0,p1,p2) || —+00 10g|\h( e log [|p||
G-‘r
< £ limsup ba (@ =/.

5] —+o0 10g [Pl

For the other inequality, we remark that

Gy (p) G} ohlp ) log [|(po, p1) |
lim > lim sup
le\—>+oo 1og||pH lp=(po.,p1,1)[|>+o0 IOth( i IOgH(po,pl,l)H
G+
= limsup %(@ =1

5] —-+o0 l0g [|P]]

Assume that p € C? satisfies G$a (p) > 0, and for some v # Ocs, consider the line
= {p+tv |t € C}. Denote by m(r) the Lebesgue measure of the set {e™*, z €
R | GJ\IZQ (p + re®v) > 0}. From what precedes, we know that there exists C' > 0 such
that for every r > 0,
Gy (p+ re'®v) < Llog™(r) + C.
By the sub-mean value property,

1 [ , 1
0< Gfga (p) < o Gfga (p+re®v)de < 2—(€log (r) + C)m(r).
0
2rGY  (p)

Therefore, m(r) > Tos™ (350" and integrating over r, we get that the set of points p in
L such that G$a (p) > 0 has infinite measure. The proof of connectivity is also based on

the slow growth of G$a and follows from similar arguments (see [16]). O

9.2. General remarks when 0 < |a| < 1. In this case, Ocs is a hyperbolic fixed
point of ¥, of saddle type, and Corollary 3.56 tells us that the set K\'I,"a of points
with bounded forward orbit is exactly the stable manifold Wy, (0Ocs). We thus have

J$Q = (‘9K$ =W; (0@3) Let p = (po,p1,p2) € C3. For n >0,

00U (p) = (PL(p)(@"p2)', PL" D (p)(@"p2)',a"p2) = (67 0 h(p),a”ps).  (9.3)
From (9.3), we get that h(Wy_(0Ocs)) = W5 _(0c2) = K(;'a.‘l We deduce that J;a =
OW;3_ (0c2). Besides, we know that K = {pe C* | G} (p) =0}, and this set is closed
by continuity of G;f In particular, Wj_(Ocz) is closed. For any p € C?, there are two

possible behaviors: either p € W§_ (Oc2) and then its forward iterates converge to Ocz
exponentially fast, or they go to infinity with maximal speed.

9.3. Analysis of the dynamics in the case where 0 < |a| < @1=9)/d We show
that under this assumption, we can construct a set of points with non-empty interior for
which the escape speed is much smaller, in fact Fibonacci.

From our hypothesis on «, we can take ¢ > 0 small enough so that n := ((1 +

e)p)lal? < o.

Proposition 3.66. Assume 0 < |a| < ¢1=9/4 We consider the following open neigh-
borhood of the hypersurface {z = 0}:

Q' := {p = (po,p1,p2) € C*| (|po| + Ip1))? Hpal? < pe}.
If p € QV, there are two possible behaviors:

4. Indeed, if p € W§,_(0cs), then h(p) € W5 _(0c2); conversely, if (po,p1) € K(Za, then (po,p1) =
h(po,p1,1) and (po,p1,1) € Kf =W§_(0cs).
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— either p belongs to the stable manifold Wy, (Ocs) and then its forward iterates
converge to Oca exponentially fast;

— or p goes to infinity with Fibonacci speed: (Po(ln) (p)<p_")n>0 converges and we

have

lim P (p)p™™" e C*.

n—-+oo

Remark 3.67. The last result tells us that if we start close enough to {z2 = 0} C ¥/, the
dynamics is similar to the one we observe on restriction to this invariant hypersurface:
either the starting point belongs to Wy, | (Ocs) and in this case its forward orbit converges
to Ocs with exponential speed, or the iterates escape to infinity with speed exactly
Fibonacci. We remark that when |a| is small, we can choose ¢ > 0 reasonably large,
so that the set €)' becomes larger and larger. This is coherent with the fact that the
smaller |« is, the faster we converge to the hypersurface {zo = 0}.

We start by showing that the speed cannot be more than Fibonacci.
Lemma 3.68. Any point p € Q' grows at most with Fibonacci speed, that is, there
exists C' = C(pg,p1) > 0 such that for any n > 0,

[P ()] < Co™

PROOF. Let C = C(po,p1) := |po| + |p1] and & > 0 be chosen as explained above.

We first show that for every n > 0,
IP{Y ()] < C((1+e)p)™
The result is clearly true for n = 0, and for n = 1 we have
[P @) < [pol + Ipa] + po|Ipal” < C(1+ C7Hpa|*) < C(1+ )
Suppose that it holds for n — 1 and n, that is
P () < C((L+e)e)™ ™, [P ()] < C((1+e)p)™
We then have
PO (p)] <

PO (p)] + |PL D (p)] + (P (9))1 (" pa) ]
<C((1+e))" +C((L+e)p)" ™"+ Cp2|? (1 +£))?|ed )"
<C+e)"e" ! + Copen”

O

< C(1+e)"" ™ 4 Ce(1 + )"

—C((1+e)p)" ™,

which concludes the induction.
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Using this fact, we obtain a good control on the non-linear term: for any n > 0,
(PEY (9) (@ p2)] < Cpa|* (1 + £))*||")" = Con”,
where Cy = Co(po,p1) := 5’4,05. For every n > 0, we have
[PSH ()] < IR (0)] + [P (0)] + (P (9) (0 p2) |
< [PY ()| + [PS D (p)] + Con™.

Thanks to the same trick as in the proof of Lemma 3.52, we obtain:

n J
) U
P ()] + (0 = DIPS ()] < @ [ lpol + [pa] +Co (gp)

Jj=0

+oo J
Since 7 < ¢, we can set C' = C(pg,p1) = ¢! <<p|p0| +p1| +Co >, (g) > We then
3=0
get: for every n > 0,
[PSV ()] < Cp™

d

The proof of Proposition 3.66 is the combination of Lemma 3.68 and of the next
result.

Lemma 3.69. Assume 0 < |a| < ¢179/¢ and take p € C3 \ Wj _(0c:) with speed less
than Fibonacci, i.e., there exists C' > 0 such that for every n > 0, |Pén)(p)| < Co™.

Then p goes to infinity with speed exactly Fibonacci: (P(En)(p)w_")n>O converges and

we have
lim P (p)p™" e C*.

n—-+4oo

PRrOOF. Take p € C* \ W (0Ocs) such that for every n > 0, |P(§n) (p)| < Cy™,
C > 0. We first show that p goes to infinity with speed at least Fibonacci too, i.e., there
exists C' = C’(pg, p1) > 0 such that for every n > 0, |Po(¢n)(p)| > C'¢". Recall that if
(20, 21, 22) € C3, we denote

q—1 _d
A(zo,21,22) 1= (1 + Z% “2 é) )

and that for n > 0, (Pc(y") (p),Pé"_l)(p)) = An(p) - (po,p1), where

An(p) = AT (p) - ACYL2(p) - A(Ya(p)) - A(p).
Note that for every j > 0,

A(\I/Ja(p)) — <1 + (Péj)(ﬁ))qilajdpg (]j) . (94)

Since |P(§j)(p)| < Cyp?, we see that
(P () a?p3| < CO pol (" el < v, (9.5)
where 1 := @9 !a|? < 1 and v := CIYpy|? > 0. Set My := G é) If e >0, let us

consider B.(My) := {M € M,(C) | | M — Myl|oc < e}. We see from (9.4) and (9.5) that
for every j > 0, A(V,(p)) € B,,i(My). For € > 0 small, every matrix M € B.(My) is
hyperbolic with eigenvalues close to ¢ and ¢’; moreover we can choose a family of cones
(€-)e>0 around A, satisfying the following: there exist Cp, C1 > 0 such that for each
M € B.(My), every vector v € €. will be expanded by a factor close to ¢:

(1= Coe)plv] < [IM - vf| < (1 + Cre)elo]-

Since p ¢ Wy, _ (Oc3), the iterates of (po, p1) are expanded and accumulate on the unstable
space A, = {(¢z,2) | 2 € C} of My. In fact the angle Z(A,, A;(p) - (po,p1)) decreases
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exponentially fast, and we can assume that for some ny > 0 and for every j > ny,
A(¥(p)) € B,y (Mo) maps 6, to €,,i+1. We deduce that for every n > ng,

n—1
: An(p) - (po,p
TT (1= Cov?)l|Ang ) - (pos )] < 122 2L B0
Jj=no .
n—1 )
< 11 @+ Covn?)1An, () - (9o, p1)I-
Jj=no
+oo
Let O := @™ (1 — Covn?)||Any (P) - (Po,p1)|| > 0. We have thus obtained: for every
J=no

n >0,
1P (p), P~V (@) = C'e™.

Now, we note that p belongs to D, the domain of definition of the series g introduced
carlier. Indeed, for any j > 0, [P (p)|9p~7|ad < CU(p7|a|?)? and ©?~ ol < 1.
We have shown that the sequence (Pé”)(p),Pé"‘”(p))n accumulates on the unstable
direction {(¢z,z) | z € C} of My; therefore, we get

P (p)

n—-+oo Po(4 1) (p)

Recall that for n > 0, g,(p) := (Pa(,”“)(p) + 1P (p))~". We have seen that p € D,
and then, (g, (p))n converges. From (9.6) we deduce that for every n > 0,

(n+1)
gn(p) = (Pa(m + </91> PMp)e™ ~ (¢ +¢ ) P (p)p™

P (p)
This implies that (Pé”) (p)~™)n>0 converges. But we also know from what precedes
that liI_iI_l \Pc(yn) (p)p~™| > 0, so that HIE p{M (p)p~™ € C*, which concludes. O
n—-+4oo n—+00

Recall that we take ¢ > 0 small enough so that ((1 + )p)?|al? < ¢, and that
Q' := {(po,p1,p2) € C*|(|po| + |p1])9 |p2|* < pe}. We deduce from Proposition 3.66
that
G|y =0 (9.7)
Indeed, the forward iterates of any point in ' grow at most with Fibonacci speed as
we have seen. In particular, the set {p € C3 | Gy+ (p) = 0} has non-empty interior. Set
§ := (pe)*/(@=1) and define the open ball

Bs == {p = (po,p1) € C* | [[Pll1 = lpol + |ps| < 6}

Recall that [ = qfdl and that h: (29,21, 22) = (2025, 2125). Remark that h(Q') C Bs.
Indeed, if p = (po, p1,p2) € ', then

B 1/(g-1) B
IA(p) |11 = [poph| + [p1ps] = ((pol + Ip1 )T~ p2l?) " < (pe)/) =6,

Conversely, if (pOapl) € B57 then (pOapl) = h(p07p171) with (pOaplal) € 9/7 so that
h(Q') = B;s in fact. Since Gy, = G;fa o h, we deduce from (9.7) that

G;a \35 =0.

But as we have seen, K;a = {(po,p1) € C? | G:;a (po,p1) = 0}. We conclude that for

la| < o(1=9D/ any point (pg,p1) € Bs has bounded forward orbit under ¢,. Actually
we can say more. Recall that ¢, = al(zo + 21 + z8,20). We see that Oc2 is a sink of
¢o; indeed, the largest eigenvalue of the Jacobian is ale, which is stricly smaller than 1
from the assumption we made on . For any p € C? and n > 0,

000 (p) = (P (p)(ap2)', P D (p)("p2)', a"p2) = (¢ 0 h(p),a"p2).  (9.8)
If p € ', we know from Proposition 3.66 that there exists C' > 0 such that for any
n >0, [PY(p)| < Com. But then, | P (p)(a™p2)!| < Clpal (99 al?)™/ (@~ and
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0?7 1|al? < 1, so we deduce from (9.8) and the equality Bs = h(Q’) that any point in Bjs
goes to Ocz by forward iteration of ¢; equivalently, the basin of attraction Wy (Ocz2)
of the sink O¢2 contains the ball Bs. Recall also that it is a general fact that for a sink
p of ¢a, Wj_(p) is biholomorphic to c2.

In the following, we will see how the previous results enable us to give a description
of the dynamics of ¥,, in the case where 0 < |a| < p(1=9/4. Let p € C3. We have shown
previously that K\;ja = Wy, (Ocs), so assume that the forward orbit of p under ¥, is
not bounded. There are two possibilities:

— either GJ‘ICQ (p) > 0 and the iterates of p go to infinity with maximal speed; in
this case, we also have G:;a(h(p)) =Gy (p) > 0;

— or G (p) =0 and G;fa (h(p)) = G} (p) = 0 too. But then we know from the
general properties of ¢, that h(p) € qua. From Subsection 9.2, we also have
Kga =Wj_(0cz). It follows from (9.8) that nll)rfm |Po(¢n) (p)(a™py)!| exists and

vanishes. Since | = d/(q — 1), we deduce that ll)IJ{l |Po(én) (p)|9~amps|? = 0,
} (1)> where A is the cocycle introduced

earlier. Reasoning as before, and since by assumption p ¢ Wy (Ocs), we
conclude accordingly that p escapes to infinity with Fibonacci speed.

hence ngrfooA(\I/a(p)) = M, = (

‘We have thus shown:

Proposition 3.70. When 0 < |a| < ¢1=9/¢  the point Ocs is a saddle ﬁxed point of
U, of index 2, and J§ = 0Ky =W (0@3) Moreover, {p € C* | G}, (p) = 0} =

“TOW; (0c2)) = Q" UWs, (Ocs), where Q" has non- empty interior (it contams the set
Q' ~ Wy, (0cs)), and the forward orbit of points that belong to it goes to infinity with
Fibonacci speed. Moreover, W; (Ocz) is biholomorphic to C?, and

=W (0c) = {Fe C | G, () = 0},

We summarize this as follows:

h
{z22=0} = {Oc2};
Ky, =W;, (0cs) — Kj =W; (0c2); (9.9)
Q' = W(‘; (0@2)
{peC |Gy (p) >0} — {p€C2\G+]5)>0}

Thanks to the last statement, we now give an alternative description of the stable
manifold Wy, (Ocs) in terms of the set Z of zeros of the series g introduced previously.

Proposition 3.71. Assume 0 < |a| < (1=9/¢ Set V := ={peC?| G+ =0} =
Q"UWy_(Ocs). Then V coincides with the domain of definition D of the series g intro-
duced earlier. Moreover, we have the following parametrization of the stable manifold:

Wi (0cs) =Z={peV]|gp)=0} =] ¥, nZ)
n>0
Proor. Let p € V. We know from Proposition 3.70 that there exists C' > 0 such
that for any 7 > 0, |Po(f)(p)| < C¢J. Then p belongs to the domain of definition of g
since in this case, |PY ()70~ |afi? < C9(p= |a|?) and @7 |a|? < 1. Tt is also clear
that if Gf{,a (p) > 0, then p & D.
Recall that for any n > 0,

n , a ..
gn<z) = Y20 + 21 + Z2d Z (Po(tj)(z)) Sp_jajd — (P(gn+1) (Z) + Lp_lP(in) (Z))(p_". (910)
7=0
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If pe Q" =V~ Wi (0cs), then as in the proof of Lemma 3.69, we see that the

sequence (Pén) (p)~™)n>0 converges; moreover, we get from (9.10):

(n+1)(
. o «a p) -1 (n) -n __ -1 . (n) —-n
Jim g, (p) = lim (PC(J‘) o ¢ ) P )™ = (p+¢77) lim FM(p)e".

But we also know that lilf |P(§n)(p)g0_"| > 0, so that g(p) = lirf gn(p) # 0 and
n——+o00 n——+o00

p ¢ Z. This shows that if p € Z then p € Wy, (Ocs); the other implication is always
true.

The last point follows from the fact that for €' C V), we have Q'NWg, (0cs) = U'NZ.
Moreover, )’ contains a neighborhood of O¢s so the orbit of any point p € Wy (Ocs)
will eventually reach €. To conclude, we note that by invariance of the stable manifold,
we have W&,a (O¢s) = UnZO\I’;n(Q/ N W\ia (0O¢s)). O

9.4. Analysis of the dynamics in the case where p(!~9/? < |a| < 1. Thanks
to previous results, we show the following intermediate result concerning the dynamics
of U, in this case.

Proposition 3.72. Assume p(!~9/? < |a| < 1. For p € U = {29 = 0}¢, we show the
following trichotomy:

— either p belongs to the stable manifold Wy (Ocs); in this case, its forward
iterates converge to Ocs with exponential speed;

— or there exist € > 0 and ng > 0 such that for n > ny,

IPS (0] < (1= e)p)"™;
in this case p € Z. Furthermore,

lim sup [P{™ (p)|7~ o™ > 0;

n——+oo
— or the orbit of p escapes to infinity very fast: G$O (p) > 0. Moreover the

sequence (|P(£") (p)|)n is increasing after a certain time.

PROOF. Take 0 < ¢ < 1— ¢ !|a|¥(1=9. Note that y := |a|?((1 —€)p)? > 1. Let

p = (po,p1,p2) € Wy, (Ocs); according to Corollary 3.56 its forward orbit is unbounded.

Suppose that there exists ng > 0 such that for every n > ny, |PC(¥") )| < (1 —¢e)p)™.

From Lemma 3.60, we know that p € Z. Moreover, if limsup|Pé") (p)|7~ || = 0,
n—+oo

= 1 (1) and the growth is at least
Fibonacci, which is excluded. We are then in the second case of Proposition 3.72.

Let us handle the remaining case. In particular, we can take ng > 0 as big as we
want such that |Po(¢n°)(p)\ > ((1 —¢)g)™. Note that since by assumption |a| > @1 —9)/4,
and we have (¢ — 1) + dy > 0 (with the notations of Lemma 3.63). In particular,
M = 1 satisfies the hypotheses of this lemma. Take ng > 0 sufficiently large such
that \Pé"f’)(p)\ > ((1 —e)p)™ and p™|pe|? > 2 + . We can always assume that

PU ()] = [PV (p)]. Since |(PE™) (p))7 (o)

then with our previous notations, lim A(¥7(p))
n—-+00

> u", we deduce

Po(tnoJrl) Po(én071)
T(m = (P ()" (0" |pal” + 1 + f@ > p™pa|? —2 > .
Pa™" (p) P (p)

This shows that after time at most ng, the sequence (|P(§¢n) (p)|)r is increasing, moreover,
there exists Cy > 0 such that for any n > 0,

[P\ (p)| > Cop™.

5. Else there exists n1 < ng such that |Pén1)(p)| > ((1—¢€)p)™0 and |Pén1)(p)| > |Po(("1_l>(p)| and
we consider nj instead of ng.
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The assumptions of Lemma 3.63 are satisfied, and we thus get the desired estimate on
the speed. O

Remark 3.73. Denote by S the set of points corresponding to the second case described
in Proposition 3.72. A priori, points in S might exhibit a rather complicated dynamics:
their forward orbit is not bounded, still, it could happen that it does not escape to
infinity. We will see that in fact this behavior does not occur: S = (). This is related to
the properties of the automorphism of Hénon type ¢, to which ¥, is semi-conjugate:
oo possesses an attractor at infinity which attracts any point whose forward orbit is not
bounded.

Let us see how the previous result enables us to conclude the analysis of the dynamics
of ¥, when ¢(1=9/4 < |a| < 1. Note that in this case, Oc2 becomes a saddle point for
¢o. We have seen in Subsection 9.2 that Wj_ (Oc2) = K * is closed. Therefore, we
recover the fact recalled above in the particular case of the saddle fixed point Ocz, and
which asserts that J¢ =W; (0((;2) W _(0cz). Let p = (po,p1,p2) € C*. Forn >0,

60 Wi(p) = (P (p)(@"p2)', PV (p)(@"p2)',a”p2) = (¢ © h(p), @"pa).  (9:11)
Recall that U := {z2 = 0}° and that S C U denotes the set of points whose behavior
is described in the second item of Proposition 3.72. From the estimate on the speed we
obtained, we know that

Sc{peC®| Gy (p) = 0}.
Since G, = Gy, o h, we deduce that h(S) C {p € C* | G;fa(fi) =0} = W3 (0c2).
Assume that S is non-empty and take p € S. From (9.11), and because by definition
S C U, we see that nEIJIrloo [P (p)| - |a|™ exists and vanishes. Since [ = d/(q — 1), this

is in contradiction with the estimate limsup |P{" (p)[97! - |a|™® > 0 given in Proposition
n—-+oo

3.72. Let us rephrase what we have obtained:

Proposition 3.74. When ¢!'~9/¢ < |a| < 1, the automorphism ¥, shares a certain
number of properties with the automorphism of Hénon type ¢,. The point Ocs is a fixed
point of ¥, of saddle type, and J,ifa = 8K$ = Wy, (0cs). Moreover, it follows from
the previous discussion that

h
(20} = {0} 012

K{ =Wj (0cs) K =W; (0c2);
{pe<C3\G+ )>0} — {peCQ\G+ (p) > 0}.
In this situation, we see that the set Q' introduced in the case where 0 < |a| < p(1=9/4

shrinks to the hyperplane {z3 = 0} which is contracted by h; in particular, it has empty
interior.

9.5. A few words on the case where |a| = 1. Note that in this case, the point
Ocs is still fixed by ¥, but it is no longer hyperbolic. We show the following trichotomy:

Proposition 3.75. Let p € U = {22 = 0}°. We have three possibilities:
— either p € K\;ru, that is, its forward orbit is bounded;

—orpe zZ\ K\'I,:; in particular, |P§”) (p)| = o(¢™9);

— or G$a (p) > 0; moreover the sequence (|Po€") (p)|)n Is increasing after a certain
time.

PROOF. Assume that p ¢ K;fa and p € D. This implies |Po(é") (p)| = o(¢™?). From
Lemma 3.60, and since g > 1, we deduce that p € Z and we are in the second case.

Let us then assume that p ¢ D and fix € > 0 such that (1 —€)p > 1. From
Lemma 3.60, we see that for every ng > 0, it is possible to find n > ng such that
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\Pc(yn)(p)| > ((1 — €)p)™. Arguing as in the proof of Proposition 3.72, we see that the
assumptions of Lemma 3.63 are satisfied after a certain time, and we conclude that we
are in the third case described above. O

Remark 3.76. Note that for any p € C3, either its forward orbit escapes to infinity
with maximal speed (this corresponds to the third case), or p € Z. We denote by S’ the
set of points corresponding to the second case described in Proposition 3.75. We will
show later that in fact 8’ = ).

When o™ = 1 for some n > 1, we see that the dynamics of ¥, is essentially given
by the one of the Hénon automorphism ¢ = ¢, so we assume in the following that « is
not a root of unity.

Reasoning as before, (9.11) tells us that h(K§ ) = K(;a ={peC?| nga (p) = 0},
but now, h(Wy_(0cs)) & W;_ (0c2). Again, K$a #{peC?| G'\I,"a (p) = 0} since there
are points in {22 = 0} escaping to infinity with Fibonacci speed. The point Oz is still
a saddle point of ¢, hence J;{O = 8K$ Wg (0@2) The map ¥, ! is of the same
form as W, and similarly, we have h(Ky ) = K, = ={peC?| G, (p) = 0} as well as
J(;a = aK(; = W (0@2)

We define quu = K{ NKy ;note that Ky, N{z = 0} = (A, x{0})N(A, x{0}) =
{Ocs}, and that h(Ky,) = K,,. We also see that 6|y maps bijectively Ky, N onto
Ko, NU = Ky, x C*. In particular, Ky, = {Ocs} U0 (K, x C*). Since 0|y is a
biholomorphism, we deduce that:

0Ky, = 0({0cs} U0 (Ky, x C*)) = {0cs} UO~1(0K4, x C*).

Now, Proposition 3.75 implies that for any p € U, either |P(§n)(p)| = O(¢?/9) (this
corresponds to the first and the second cases described in this proposition), or G$a (p) >
0. With the notations of Proposition 3.75, assume that S’ # ) and let pe 8’ C (Kg )"
In particular, G§, (p) = 0. But G _(p) = GJr (h(p)), so h(p) € {p € C? | G+ (p) =
0} = K, + . Then Equatlon (9.11) implies that peKJ .» & contradiction: we conclude

that & = 0.
We define a Green function G, in the same way as we did before, as well as a

current Ty, = dd(Gy ). We note that Ty |, = (01u)*(Ts, |,,) = (hlu)* (T} |,,), and
by construction, the currents T\Ij,[a satisfy \I"(;(Tia) =q¢*l. T\i,ta. The measure

py, =Ty NTy Ndz Ndz
is invariant by ¥,. Moreover, if we denote pa,, 1= pe, A dza A dzz, then

pwa iy = (hl)" (g 10) N dza A dzz = (01)" (Ba 12)- (9.13)

Since pg, has support in the compact set 0Ky, , we deduce from (9.13) that ug, is
supported on 0Ky, = {Ocs} U1 (0K, x C*).

For every py # 0, the set C,, := C? x {pge”c | z € R} is invariant both by W,
and ®,. We know that (¢q, fte, ) is mixing (in particular, weakly mixing), and for any
p2 # 0, the restriction of zo — azs to Cp, is ergodic for dzs A dzz, hence (P, |Cpy > U, ) is
ergodic (see [10] for instance). We define 7, := 0Ky_ N C,,; this set is invariant, and
we know that py, |z is supported on it. By (9.13), we conclude that (Va|z,_,pw,) is
ergodic too. Yet there is no hope to get mixing properties for ¥, since by projection on
the third coordinate, zo — azs is a quasiperiodic factor of the dynamics. We have thus
obtained:

Proposition 3.77. For any point p € C3, we are in exactly one of the following cases:
— either the orbit of p is bounded, i.e. p € Ky_;
— orp€ {2z =0}~ {0cs};
— or Gy, _(p) >0 or Gy _(p) > 0.
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The measure py, Is invariant by ¥, and supported on the set 0Ky, = {0cs} U

0~1(0Ky, x C*). Moreover, when ps # 0 and « is not a root of unity, (Va|yz, , 1w, ) is
ergodic.
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CHAPTER 4

Asymptotics of spectral gaps for quasi-periodic
Schrodinger operators

This chapter is based on a joint work with Jiangong You,' Zhiyan Zhao,? and
Qi Zhou.? The version presented here is provisional, a final version will follow thereafter.

For non-critical almost Mathieu operators, and for every Diophantine frequency, we
establish exponential asymptotics on the size of spectral gaps; based on these estimates,
we show that the spectrum of such operators is homogeneous. We also prove that
for a (measure-theoretically) typical quasi-periodic analytic potential, the spectrum is
homogeneous. As an application of our results, we verify the discrete version of Deift’s
conjecture [26] for subcritical analytic quasi-periodic potential. These results answer a
series of open problems of Damanik-Goldstein et al [14, 23, 25, 34|, and Kotani [43].

1. Introduction and main results

In the present work, we consider one-dimensional discrete Schrodinger operators.
We work in the quasi-periodic context, that is, given a phase 0 € T :=R/Z, a frequency
a € R\Q, and some function V': T — R, the potential at the point of index n is V (0+na).
The associate Schrodinger operator H = Hy,o ¢ is defined by:

(Hu)p = tpy1 + tp—1 + V(0 + na)u,, VneZ, (1.1)

where 0 € T := R/Z is the phase, V: T — R is the potential, and o € R\Q is the
frequency. In the following, we always assume that V' is analytic. A central example
is the so-called almost Mathieu operator (AMO), which corresponds to the case where
V = 2\ cos(27-) for some coupling constant A € R. This quasi-periodic model originates
from physics and has attracted constant interest there; for instance, it plays a central
role in the theory by Thouless et al [51] of the integer quantum Hall effect, which partly
led to the Nobel Prize that Thouless was awarded in 2016.

1.1. Bounds on spectral gaps. It is well known that the spectrum of Hy ¢ is a
closed non-empty subset of R, independent of 8 if « is irrational. We denote it by Xy 4.

Given an operator Hy g, the integrated density of states (IDS) Ny, is defined as
follows:

Ny.o(E) ::/ufv,aﬂ(—oo,E]dG, VE € R, (1.2)
T

where f € (*(Z) satisfies || f|s2(z) = 1, and M{/,a,e is the spectral measure of H corre-
sponding to f. The Gap-Labelling Theorem [16, 39] tells us that Ny o(E) € aZ$ Z for
any energy F € R\Xy,,. Any bounded connected component of R\Xy ,, is called a spec-
tral gap. In particular, we may associate with each spectral gap G an integer k € Z\{0}
such that the integrated density of states restricted to G satisfies Ny o, = koo mod Z. We
call k the label of the spectral gap G, and we denote G = Gy (V) = (B, (V), Ef (V)),
with £, (V) < Ef (V) € R. In this chapter, we will establish exponential asymptotics
for the spectral gaps of the AMO Hyy cos(27-),a,0- From the physical side, after Von
Klitzing’s discovery on quantum Hall effect [40], Thouless and his coauthors [51] gave
a theoretic explanation by showing that the Hall conductance at the plateaus is related
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to a topological invariant known as Chern number, thus it is quantized. Our main work
is to estimate the size of each plateau when the frequency « is Diophantine. Recall that
a € R? is called Diophantine if there exist K > 0 and 7 > d— 1 such that o € DC(K, 1),
where
K
DC(K,T) := {w cR?: in£|<n,w> —Jjl > Ca Vne Zd\{O}} . (1.3)
Jje n|T
We also set DC := Ugs0,r>4-1DC(K, 7). Given A € R, let us denote by G (A) the
spectral gaps of the almost Mathieu operator Ha) cos,o,0- We obtain the following result:

Theorem M (L.-You-Zhao-Zhou). Let o € R\Q with a € DC, and let |A| # 0,1. Then
there exist constants Cy, Cy., Ve, ¥y, > 0 which depend on A but not on «, k, such that

Cre " < 1GR(N)] < Cre Bl Wi € Z\{0}.

In fact, the upper bound on the size of spectral gaps can be generalized to Hy 4.9
for any sufficiently small analytic potential V' and any frequency o € R\Q satisfying

B(a) = 0. Recall that if ({;—J) is the sequence of best approximants of «, we define
J ]

In g
B(a) := limsup M,
Jj—o0 q;

which measures how Liouvillean « is. In particular, o € DC implies that S(a) = 0.

Theorem N (L.-You-Zhao-Zhou). We consider a one-dimensional quasi-periodic
Schrédinger operator Hy,q 9, where V. € C¥(T,R) is analytic and o € R\Q satisfies
B(a) = 0. As above, the spectral gaps are denoted by {Gy(V)}rez. There exist abso-
lute constants co, ko > 0 such that if 0 < supjg, < [V (2)| < coe™® for some 0 < € < 1,
then

1Ge(V)| < Ce™ ¥ vk € 7\ {0}

for some constants C,~v > 0 depending only on V and «.

Let V € C¥(T,R) be an anaytic potential. For any E € R, the Schrddinger cocycle
is defined by («, SY ), where S (z) == (E _1‘/(33) _01> An energy E € Yy, is called
supercritical, resp. subcritical, if the associate Lyapunov exponent satisfies L(a, Sk ) > 0,
resp. L(a, SY(x)) =0 for [Sz| < 4.

Remark 4.1. We will later show (see Theorem Q) that the conclusion of Theorem N
is true for any analytic potential V in the “subcritical” regime.

The proof of Theorem N relies on duality arguments. This method allows us to
relax the Diophantine condition to the subexponential regime f(«) = 0, but it cannot
be carried out in the higher dimensional setting. Thus, it is interesting to ask whether
it is possible to obtain exponentially decay of the gaps through KAM methods, in order
to deal with vectors of frequency. We obtain the following result:

Theorem O (L.-You-Zhao-Zhou). Let a € R? with o € DC(K, 7) for certain constants
K >0and T >d—1, and let h > 0. Then there exist constants ¢y, C > 0 which depend
on V (but not on «, k), and a constant v which only depends on h, such that if

sup |V (x)| = sup |V (2)] < e(V),
zeT zeR

then the spectral gaps (Gx(V)); of Xy, obey
|GR(V)| < Ce™ kI vk e 29\ {0}.

In the following, we review some recent works in which the question of estimating
the size of spectral gaps for Schréodinger operators is investigated.
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In [35], Hadj Amor studies the case of discrete Schrédinger operators in the pertur-
bative regime. By a KAM approach, she has obtained subexponential upper bounds on
the size of spectral gaps.

Theorem 4.2 (Hadj-Amor, Theorem 2, [35]). Given an integer d > 1, let a € R? be
a Diophantine frequency, and assume that V: T — R is analytic. There exist constants
o, ko > 0 depending only on K, T such that if V satisfies sup|q,|<. V@O (2)] < cpebo,
i =20,1,2, then we have

GR(V)| < Ce ™", vk € Z\{0},

where C, k > 0 are two numerical constants, and -y is a constant that only depends on
K, 1, €.

The main part of her proof consists in showing an almost reducibility result thanks
to a KAM scheme of faster convergence. Hadj Amor uses it together with some
transversality properties to get a lower bound on the variation of the rotation number
on some intervals. But on a non-collapsed spectral gap, the rotation number is constant,
and this thus gives an upper bound on the length of the gap. Although Hadj Amor
[35] focuses on the case of discrete Schrédinger operators, her method applies in the
continuous case as well.

Similarly to the discrete model described above, the case of continuous Schrédinger
operators also draws attention. Given an integer d > 1, let o = (a,...,aq) € R? be a
rationally independent vector of frequencies. We denote by C*(«) the space of functions
f:R — R such that f: z — F(aix,...,aqr) for some analytic function F: T¢ — R.
For any v € C*(«), the associate Schrodinger operator H = H,, is the unique self-adjoint
extension of the operator acting on the space of C? functions with compact support by

—A+v:iYp Rz =" (2) +v(x)d(x)). (1.4)
If E € R, we define p,(E) := limy_,o0 = arg(y)'(x) + ith(z)), where 1 is any solution
to Hy = Ev. The quantity p, is called the rotation number; it is constant precisely
on spectral gaps, defined as the connected components of the real complement of the
spectrum of H. By the Gap-Labelling Theorem, any spectral gap can be assigned an el-

ement in Z?, where the spectral gap G (v) associated to k € Z? satisfies Polaew) = <k’2a> .

The first result giving upper bounds for spectral gaps of continuous Schrédinger
operators is due to Moser-Poschel [46]. Let o € R? satisfy |(n,a)| > Q(|n|)~! for any
n € Z%\{0}, where (2 is some not too rapidly increasing approximation function, and set

<l€,Oé> <k _2j7a> ZQ(UDI}

R(Q):{ 5 k ezt
Given v € C¥(«), Moser-Péschel consider the continuous Schrédinger operator H,, de-
fined as above. They have shown the following result, which provides Floquet represen-
tations and gives estimates on the size of the gaps.

if j # k € Z%, then

Theorem 4.3 (Moser-Poschel, Theorem 1.3, [46]). If|k| is sufficiently large and @ €

R(Q), then Gi(v) is either collapsed to a point {Ey(v)}, in which case there are two
linearly independent solutions Hi; = Ey(v);, i = 1,2,

TRy (1), ho: x s e M EOTR(Z) v e 0¥(a),

or Gi(v) = (B}, (v), E; (v)) with E, (v) < E}f (v), and for E = E,_(v), E;f (v), there are
two linearly independent solutions Hi; = Ev;, i = 1,2,

1/113 T = eﬂ-i<k’a>z(xl(x) + IXQ(I))v 1/)2: T ewi(k,a}mx2(z)7 X1, X2 € Cw(a)'
Moreover, the following upper bound holds:
|Gr(v)] < Ce™

for some constants C,~ > 0 independent of k.

Pr:ixr e
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Moser-Poschel’s results were recently sharpened by Damanik-Goldstein in [21]. Be-
sides showing exponential decay of the size of spectral gaps, they also obtain some inverse
spectral result: if the size of the gaps decays exponentially with respect to their label,
then the Fourier coefficients of the potential also have exponential decay, and thus, the
potential is analytic.

Theorem 4.4 (Damanik-Goldstein, Theorem B, [21]). Assume that o € RY satisfies
the Diophantine condition o € DC(K,7) for some 0 < K < 1landd—1< 7 < +00.
Let v € C¥ (), v:x = >, ca 0, €22 and assume that the Fourier coefficients
(0 ) peza satisty |0,| < ee=70"l for some small € > 0 and some o > 0. Then there exists
£ = O (~g, K,7) > 0 such that if ¢ < (), then the spectral gaps of H = H, obey

IGr(v)| < 2ee= 2 vk € Z4\{0}.

Conversely, there exists 1) > 0 such that if for some ¢ < e and v > 4~,, we have
|G (v)| < eeFl VE € Z94\{0}, then the Fourier coefficients satisfy |0,| < e'/2e~ 21"l
for all n € 7.

Let us also mention that the main target of their result was its application to the
problems of isospectral potentials (see [24]) and the existence of a global solution to
the KAV equation 9;¢) + 931 +19,p = 0 with small quasi-periodic initial data (see [22]
for more details).

Remark 4.5. Our method to prove Theorem O still applies for continuous Schrédinger
operators, which thus gives a new proof of Damanik-Goldstein’s result [21]. While their
result is perturbative, ours is nonperturbative, i.e. the smallness of V does not depend
on the Diophantine constants K, T.

As for lower bounds on the size of spectral gaps, it dates from the long-standing
conjecture refered to in the literature as the “Ten Martini Problem”, which asks whether
the spectrum of the almost Mathieu operator Hay cos(2r.),a,0 15 @ Cantor set, in the case
where A # 0 and « is irrational. This problem was solved by Avila-Jitomirskaya [6].

The so-called “Dry Ten Martini Problem” elaborates on this question and asks, for
all A # 0, all irrational «, and all integer k, if there is an open interval G (\) such that
the restriction of the IDS to G (\) satisfies Nay cos(2r.),o = ka mod Z. In other terms,
any spectral gap predicted by the Gap-Labelling theorem for Hyj cos(27),a,0 1S nOD-
degenerate. In [13], Avila-You-Zhou have proven this fact for any non-critical coupling
constant, i.e., |A| # 1. Note that the “Dry Ten Martini Problem” only concerns openness
of the spectral gaps, without any quantitative estimates on their size. In Theorem M,
we obtain quantitative lower bound estimates on the size of the gaps; besides, we show
that the sequence (|Gy|)x decays exponentially. This kind of exponential decay appears
to be optimal even in the rational case [36, 45]. Moreover, Helffer-Kerdelhué-Sjostrand
proved that for any k, there exist Ao = Ao(a, k) > 0 and C' = C(a, k) > 0 such that if
IA| < Ao, then |GR(N\)] > \F/C.

1.2. Homogeneous spectrum. Another main topic in this chapter is the homo-
geneity of the operator Xy ,. Recall the usual definition of this notion, introduced by
Carleson [18].

Definition 4.6. Given a positive number p > 0, a closed set S C R is called
u—homogeneous if there exists g > 0 such that for any E € S and any 0 < € < ¢y, we
have

ISN(E —¢€, E+¢€)| > pe. (1.5)

The link between homogeneity of the spectrum and the inverse spectral theory of
almost-periodic potentials was established in the work of Sodin-Yuditskii [49, 50], who
studied the inverse spectral problem for reflectionless Jacobi matrices whose spectrum
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is a given homogeneous set. Recall that V is reflectionless if

lin%) RG(z,z; E+in) =0 for all z and Lebesgue almost every E € (V)
n—

where G(x,y; E +in) = (Hy — E — In)~Y(z,y),n > 0 is the Green function. Differ-
ent classes of potentials, which are in fact reflectionless, were studied, prior to [20],
in the basic works on ergodic potentials by Deift-Simon [27], Johnson [38], Johnson-
Moser [39], Kotani [41, 42]. It was shown by Craig [20] that being reflectionless is the
key feature which allows for the development of a number of fundamental objects from
the periodic theory like auxiliary spectrum, trace formula, product expansions (see also
the work by Gesztezy-Simon [31]). Employing the version of the trace formula from
[31], Gesztezy-Yuditskii [33] found another remarkable consequence of the homogeneity
property combined with being reflectionless: the spectrum is purely absolutely continu-
ous (see also the paper by Poltoratski-Remling [47], where an even stronger result was

established).
Let us recall previous results on homogeneity of the spectrum. For a continuous
Schrodinger operator H, = —A + v defined as in (1.4), homogeneity of the spectrum

was shown by Damanik-Goldstein-Lukic [23], provided that v is small enough and that «
satisfies a certain Diophantine condition. Their proof is based on localization estimates
and uses the exponential upper bounds obtained by Damanik-Goldstein [21]. Let us
also mention that they establish a calibration between the gaps and the bands of the
operator similar to that we will give later (see Theorem Q).

As for discrete quasi-periodic Schrédinger operators, Hadj Amor showed that Xy 4
is homogeneous, provided that « is Diophantine and that V is sufficiently small. In-
deed, it is almost a direct corollary of Corollary 3 in [35], though she didn’t clarify
the concept of homogeneity in her paper. For the positive Lyapunov exponent regime,
Damanik-Goldstein-Schlag-Voda [25] have obtained the following result. Let V: T — R
be analytic, and assume that there exists Ly > 0 such that for any F € R, the Lya-
punov exponent L(E) satisfies L(E) > Lg. Then Yy, is p—homogeneous for some
w=p(V,K,7,Ly) > 0, provided that o € R\Q satisfies a strong Diophantine condition.
Here, a being strong Diophantine means that there exist K, 7 > 0 such that

inf jnor — j| 2
In this case, we write « € SDC(K, 7). Analogously, we set SDC := Uk r~o SDC(K, 7).
In view of these results, it is natural to investigate the global homogeneity property for
general quasi-periodic potentials, as was also asked by Damanik-Goldstein-Schlag-Voda
[25] (see also Remark (2) after Theorem 1 in [25]). We will show the following:

Theorem P (L.-You-Zhao-Zhou). Let o« € SDC. Then for a (measure-theoretically)
typical analytic potential V: T — R, the spectrum Xy, is p—homogeneous for some
0<p<l.

In order to precise the meaning of this result, let us recall Avila’s global theory of one-
frequency quasi-periodic Schrodinger operators. Avila has shown that for a (measure-
theoretically) typical V' € C¥(T,R), there exist an integer k¥ > 1 and a collection of
points a; < by < --- < ax < by, in the spectrum Yy, such that Yy, C U [a;,b;],
where energies alternate between supercritical and subcritical along the sequence (Xy,,N
[a;, b;]);. Throughout this chapter, we denote by {I; }1<i<m the intervals such that the
energies in Yy, N I; are subcritical, and we set E?}jg = U;i(Bv,o N I;). While the
supercritical part is considered by [25], in this work, we shall focus on the subcritical
part of the spectrum. In fact, Damanik-Goldstein-Schlag-Voda [25] asked the following
question (see Problem 1 of [25] and Question 3.1 of [23]): assume that the Lyapunov
exponent L(c, ng) vanishes identically on Xy, for all 0 < A < Ap; is the spectrum
Y Av,o homogeneous for any 0 < A < Ag? We answer their question as follows:

Theorem Q (L.-You-Zhao-Zhou). Let us assume that §(a) = 0. Then for a typical
analytic potential V: T — R, the following assertions hold:
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(1) For each i € {1,...,m}, the integrated density of states Ny, . is %fH(')'lder
continuous on restriction to I;.

(2) There exist constants C,~y > 0 depending on V,a, such that |G| < Ce /¥
whenever k € Z\{0} satisfies 0Gy, N X # 0.

(3) Foreachi € {1,...,m}, any £ > 0, there exists ¢ > 0 depending on &, V, « such
that for any k # k' € Z, |K'| > |k|, satisfying G, N I; # 0 and OGy N I; # (),
we have

dist([Ey, B, [Ep, EfR]) > ce 8K

(4) For any p € (0,1), E“V“z is p1—homogeneous.

The first point generalizes to the subcritical regime results obtained previously by
Avila-Jitomirskaya [7] and Hadj Amor [35] in the perturbative setting, while the third
point is proven by combining Hoélder continuity of Ny, together with the arithmetic
condition S(a) = 0. Let us recall that the supercritical part of the spectrum was
previously studied by Goldstein-Schlag [32], where they proved Holder continuity of the
integrated density of states.

Remark 4.7. By Avila’s global theory, we know that for a typical analytic potential,
the spectrum has no critical energy; besides, we have spectral uniformity: there exists
Lo > 0 such that L(E) > Lg for any E € Z?}E. Thus, Theorem P is proved by combining
Theorem @ together with the results of [25] concerning the supercritical regime. Let
us stress that the proof of homogeneity in Theorem Q is very different from that given
in [25]; for us, the main ingredients are exponential upper bounds on the spectral gaps
and Hoélder continuity of the integrated density of states in the subcritical regime.

Remark 4.8. As a consequence of Theorem P and of the work of Gesztezy-Yuditskii
[33], we can give another proof of Avila’s Spectral Dichotomy Conjecture, which states
that for typical V, o, 0, Hy, ¢ has either pure point spectrum or purely absolutely
continuous spectrum.

Indeed, given o € SDC, 0 € T, and for a (measure-theoretically) typical analytic
potential V: T — R, the operator Hy ¢ can be written as the direct sum of H‘j?,a"9

and H,, , , whose respective spectral types correspond to “large-like” and “small-like”
operators. More precisely, H{f o> Tesp. Hy, o is the operator obtained by projecting
Hy,o on Xy, resp. on E%}fg, H{/" o0 Satisfies Anderson localization (by the results of

[15]), while Hy, , o has purely absolutely continuous spectrum.

Let us now consider the case of AMO, i.e., Hy) cos(.),a,0, With A € R, € R\Q, 6 € T.
To a large extent, the homogeneity property of the spectrum of Hay cos(.),a,0 depends
on A, «. Damanik-Goldstein-Lukic (Question 3.2 of [23]) asked for which values of A
the spectrum of AMO was homogeneous. Besides, early back to 1997, Kotani already
asked if lim;_, qu/qjﬂ =0, 0 < A < 1, whether the spectrum is homogeneous, where
(p;/ qj)j is the sequence of best approximants of . We obtain the following result:

Corollary R (L.-You-Zhao-Zhou). Assume that 8(a) = 0 and |A| # 0,1. Recall that
the gaps in the spectrum of Ha cos,a,9 can be labelled as Gy, = (E,, E,j), for k € Z\{0}.
We also denote Gg := N‘;;({O}) = (—o0, E], with E € R. Then the following conclusions
hold:

(1) The IDS Ny cos,o is %—Hi)’lder continuous.

(2) There exist constants C,~v > 0 depending on \,«, such that |G| < Ce7I¥l,
for any k € Z\{0}.

(3) For any £ > 0, there exists a constant ¢ > 0 depending on &, \, , such that for
every k # k' € Z\{0} with |k'| > |k|, we have

dist([Ey;, B, (B, B > eV,
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(4) Similarly, we have E, — E > ce™¢I*| for any k € Z\{0}.

(5) For any p € (0,1), X0 cos,a is t—homogeneous.

If |A\| = 1, then by results due to Avila-Krikorian [9] and Last [44], | X2« = 0 for ev-
ery o € R\Q, hence the spectrum is not homogeneous. Prior to us, Damanik-Goldstein-
Schlag-Voda [25] proved that if @ € SDC and |A| # 0, 1, then Yo cos o is homogeneous.
Compared to their result, we generalize the condition o« € SDC to S(«) = 0, and we
establish a calibration between the gaps and the bands of the operator (see estimates
(1) —(3) in the above statements). Indeed, as pointed out by Damanik-Goldstein-Schlag-
Voda [25]: “This feature was not known for the almost Mathieu operator even in the
regime of small coupling”. In their work, they only established the following weaker
estimate: there exists No(a, A\) > 0 such that if N > Ny and G1, G2 are two gaps with
1G1l, |G| > ™" then dist(Gy, Go) > e=10e N for some Cy = Co(A, ) > 0. Also we
proved that the spectrum is yu—homogeneous for any p € (0,1), while in [25] they only
proved that the spectrum is p—homogeneous for some p € (0,1) which depends on a;, A.

Notice that in our Theorem, the arithmetic property S(a) = 0 is essential, since
after our work, Avila-Last-Shamis-Zhou [11] proved that if 5 > 0, then o cos,o is nOt
homogeneous for e # < \ < €.

1.3. Deift’s conjecture. Deift’s conjecture asks whether for almost periodic initial
data, solutions to the KdV equation are almost periodic in the time variable. Recall that
calibration estimates between the gaps and the bands of Schrodinger operators similar
to those obtained above play an important role in the solution of Deift’s conjecture [26]
with small analytic quasi-periodic data [22, 24)].

Let us make a short review of recent developments towards this conjecture. Tsugawa
[62] proved local existence and uniqueness of solutions in the case of a Diophantine
frequency and when the Fourier coefficients of the potential decay at a sufficiently fast
polynomial rate. Damanik-Goldstein [22] proved global existence and uniqueness for a
Diophantine frequency and small quasi-periodic analytic initial data. Recently, Binder-
Damanik-Goldstein-Lukic [14] proved that in the same setting, solutions are in fact
almost periodic in time, thus establishing Deift’s conjecture in this special case. In this
chapter, we consider the discrete version of Deift’s conjecture, i.e., whether for almost
periodic initial data, solutions to the Toda flow are almost periodic in the time variable.

Let us recall the definition of the Toda flow. We identify the Schrédinger operator
Hy o0 with a doubly infinite Jacobi matrix J°, where for every (m,n) € Z,

V(0 +na), m=n,
=19 1, |m —n| =1,
0 otherwise.

In particular, J° is self-adjoint and tridiagonal. For any Jacobi matrix .J and any
polynomial f with real coefficients, we define M¢(J) := f(J) and decompose the matrix
M/ (J) into the sum of an upper triangular matrix MJT(J ) and a lower triangular matrix

M (J). We also set Mf(J) = M]T(J) — M (J). Then, the Toda flow is defined by

%J(t) = [Mp(J (), J(®)], J(0) = Hv,a- (1.7)
More generally, given f € L*°(X,R) with ¥y, C X, we define M;(J) := f(J) in
the sense of standard functional calculus. We consider the associated Toda flow as in
(1.7), where My (J) is defined accordingly. In fact, Binder-Damanik-Goldstein-Lukic
[14] raised the open question whether one could generalize their result to Avila’s sub-
critical regime, in particular, for the most important example: almost Mathieu operator,
whether the result holds for 0 < |A| < 1. In this chapter, we give an affirmative answer

to their question as follows:
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Corollary S (L.-You-Zhao-Zhou). Let o« € R\Q with S(a) = 0. Given an analytic
potential V: T — R which is subcritical,* then for any function f € L°°(X,R) with
Yva C X and any 6 € T, the Toda flow with initial condition J(0) = Hy, ¢ admits a
unique solution J = J(t) defined for all t € R. Moreover, for every t € R, J(t) is an
almost-periodic Jacobi matrix with constant spectrum Xy q.

In particular, the above conclusion holds for any V' = 2\ cos(27-) with [A| < 1.

1.4. Ideas of the proofs. As for the upper and lower bounds of spectral gaps,
we need to analyze the behavior of a Schrodinger cocycle around the edge point of
some spectral gap, hence reducibility and almost reducibility properties are the central
problems.

We shall review in Section 3 and Section 4 two crucial tools that are available
to study the reducibility of Schrédinger cocycles in the local regime: one is based on
KAM methods, while the other one relies on the almost localization argument (via
Aubry duality) given by Avila-Jitomirskaya [7]. By these methods, it is possible to show
that for an energy F. on the boundary of some spectral gap, the Schrodinger cocycle
(o, Sg) can be reduced to a constant cocycle, associated with some parabolic matrix.
The quantitative estimates we obtain on the size of both the off-diagonal element of the
parabolic matrix and the conjugacy can be expressed in terms of the label of the spectral
gap we consider. Then, we study Schrodinger cocycles associated with nearby energies,
ie., E,+ ¢ for |§] small; keeping the previous conjugacy, we transform (c, Sg* 4+5) into a
cocycle close to constant. Moreover, as in the averaging method introduced by Moser-
Péschel [46], we can conjugate once more so that the non-constant part is now of order
two in ¢; looking at the rotation number of the leading term of the cocycle obtained
after this averaging step, and by the control we have on the error term, we are able to
get the desired bounds.

By Avila’s proof of the Almost Reducibility Conjecture, it is in fact possible to gen-
eralize this approach to Schrodinger cocycles in the global subcritical regime. Indeed,
such cocycles are almost reducible; moreover, we can assume that the constant cocy-
cles to which they are close after conjugacy are either SO(2, R)—cocycles (by Claim in
Corollary 4.2 in [54]) or Schrédinger cocycles in the non-perturbative regime (by Lemma
2.2 in [8]). In particular, in the first case, we may still perform a KAM scheme, while
in the second case, results specific to cocycles of Schrodinger type, such as those based
on Aubry duality, can still be used. Moreover, by a compactness argument, we have a
uniform control on the conjugacies with respect to £ € Xy . As a result, we are able
to transform each Schrodinger cocycle associated with a subcritical energy into another
one in the local regime, and then argue as above.

Similarly to the proof of Corollary 3 in [35], homogeneity of the spectrum Xy,
in the subcritical regime is derived from the upper bounds on the size of spectral
gaps, together with Holder continuity of the rotation number of associate Schrodinger
cocycles (see Theorem 4.64 and its proof for details). Together with the previous work of
Damanik-Goldstein-Schlag-Voda [25], which handles the case of supercritical regime, we
can show homogeneity of the spectrum Xy, for a typical analytic potential V': T — R
and « € SDC, in view of Avila’s global theory of one-frequency Schrédinger operators [5].

The remaining of the chapter is organized as follows: in Section 2, we review some
classical facts on the theory of quasi-periodic cocycles, in particular those of Schrodinger
type, and how they can be used in the study of spectral theory of Schrédinger opera-
tors. In Section 3 and Section 4, we explain the two main techniques available to get
reducibility statements in the local regime: a perturbative method of KAM type, and
a non-perturbative one based on Aubry duality. In Section 5, we explain how Avila’s
proof of the Almost Reducibility Conjecture can be used to generalize the previous re-
sults to the global subcritical regime. Bounds on spectral gaps will be shown in Section
6, following an averaging argument due to Moser-Poschel [46]. In Section 7, we give
another proof of the upper bounds on the size of spectral gaps, using a monotonicity

4. i.e., such that for any E € 3y, the cocycle (a, Sg) is subcritical.
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argument. We conclude the chapter by Section 8, where we prove homogeneity of the
spectrum for typical one-frequency quasi-periodic Schrodinger operators.

2. Preliminaries

2.1. Notations. For a bounded analytic function f defined on a strip {|Sz| < h},

h >0, we set |f|n := sup |f(z)]. Analogously, if f is a continuous function defined on
|Sz|<h
R which is 1—periodic, we can see f as a function on T and we set | f|r := sup |f(z)| =
€T

sup|f(z)|. Let f € C¥(T, X), where X is the range of f. In the case where f admits a
T€R

bounded analytic extension to the strip {|Sz| < h}, h > 0, we denote f € C¥(T, X).
In the following, the frequency associated to Schrodinger operators or quasi-periodic
cocycles will be denoted by «, with o € T¢, d > 1. We introduce the notation (n) :=

(n,a)
2

for any n € Z%. When 0 € R, we also set ||0||r := inf;ez |0 — j|.
In the formulations and proofs of various assertions appearing in this chapter, we
shall encounter constants which may depend on several quantities. All such constants

will be denoted by ¢, ¢1, 3, ..., and sometimes, the same symbol might refer to different
constants in case there is no ambiguity. Moreover, in some estimates, we will use the
notations “<”, “>7 “0”... instead of exhibiting an explicit numerical constant.

2.2. Continued Fraction Expansion. Let a € (0,1)\Q. We set ag := 0 and
ag := a. For k > 1, we define inductively

_ _ 1
aj 1= [akfl], oy = akil —ap = G(ag-1) = {ak ) } .

Let po :== 0, p1 := 1, qo := 1, ¢1 := a1, and for k£ > 2, we define inductively py :=
kPr—1 + Pk—2, Qk = axqGk—1 + qk—2. Then (g, )n is the sequence of denominators of the
best rational approximants of «; indeed, we have

[kallr > [[gn-1allr, Y1 <k < gn. (2.1)

Besides,

< lgnallr <

2.2
2Qn+1 dn+1 ( )

Note that S(a) = limsup h‘?}% = 0 implies that for any £ > 0, there exists ¢ > 0 such
j—o0 7
that
|kallr > cee™*, Wk > 1. (2.3)

2.3. Cocycles and hyperbolicity. Givend > 1, A € C*(T9,SL(2,C)), and some
rationally independent o € R?, we define the quasi-periodic cocycle (o, A):

[ TéxC? — T4xC?
(a,A).{ (x,v) — (x4 a,Az) v).

The iterates of (a, A) are of the form (a, A)™ = (na, A, ), where

A () = Alz+ (n—1)a) - A(z + a)A(x), n>0,
e A Yz +na)A Yz +(n+1Da)---A Yz —a), n<O.

The Lyapunov exponent is given by the formula

In the case of a quasi-periodic cocycle, « is rationally independent, hence z — = + « is
uniquely ergodic and we have

L(a, A) = lim sup l111|.An(a:)|.

n—oo zEeTd n



154 4. QUASI-PERIODIC SCHRODINGER OPERATORS

The cocycle (o, A) is called uniformly hyperbolic if, for every x € T9, there exists a
continuous splitting C? = E*(z) @ E“(x) such that for some constants C > 0, ¢ > 0,
and for every n > 0,

[An(2) v < Ce |, v e E%(x),
|An ()™ 0] < Ce|v], v € E%(z + na).

This splitting is invariant by the dynamics, which means that for every x € T4, A(x) -
E*(z) = E*(xz + «), for x = “s” or “u”. In this case, we clearly have L(a, A) > 0.
Uniform hyperbolicity can be characterized by a cone-field criterion and is a robust
property: the subset of uniformly hyperbolic cocycles, denoted by UH, is open in R% x
C*(T4,SL(2,C)).
Moreover, a cocycle (o, A) € R? x C*(T9,SL(2,C))\UH can be either
— supercritical, or non-uniformly hyperbolic, if L(a, A) > 0;

— subcritical if there exists ¢ > 0 such that supq, <. In[|A.(2)[ = o(n), ¥n > 0,
that is, the iterates are uniformly subexponentially bounded on a strip;

— critical in other cases.

2.4. The fibered rotation number. In this part, we restrict ourselves to the
case of a real cocycle (a, A) € T¢ x C¥(T%,SL(2,R)), with d > 1 and « rationally
independent. Such a cocycle acts naturally on the circle; this allows to define a notion
of rotation number, which is intimately related to spectral gaps as we will see.

We introduce the projective skew-product Fu: T4 x S' — T? x S!, where

Az) - w
Fy(z,w) = (x—i—a, ) .

[A(z) - w]
If A: T? — SL(2,R) is homotopic to the identity, then it is also the case of Fa. It
is therefore possible to lift the latter to a map Fa: T¢ x R — T¢ x R of the form
Fa(z,y) = (z + a,y + ¥, (y)), where for every z € T?, v, is Z-periodic. Let us denote
by 7: T% x R — T? x S! the projection (z,y) + (z,€e2™¥). Then,

Fpoom=mo ﬁA.

The map ¢: T x T — R is called a lift of A. Let p be any probability measure on
T¢ x R which is invariant by Fy4, and whose projection on the first coordinate is given
by Lebesgue measure. The number

o) = [ .(9) dulay) mod 7

does not depend on the choices neither of the lift ¢ nor of the measure p, and is called
the fibered rotation number of (a, A) (see [39] for more details).

The fibered rotation number is invariant under real conjugacies which are homotopic
to the identity. In fact, a more general result also holds. Recall that the fundamental
group of SL(2,R) is isomorphic to Z. Let

cos 2w —sin 27l
Ry = (sin27r9 cos 2l ) , 0eT

Assume that A A®): T¢ — SI,(2,R) are homotopic to the identity, and that for some
conjugacy Z: T¢ — PSL(2,R),

Z(x+a) TAY (1) Z(x) = AP (), VoeT?
The map Z: T? — PSL(2,R) is homotopic to & — R (x..) for some k € Z%; the quantity

2
k is called the degree of A, and is denoted by deg(Z). Both A and A® are homotopic
to the identity, hence the associate cocycles have well-defined fibered rotation numbers,
and the following formula relates one to the other:

ple, A(l)) = pla, A(2)> + (k). (2.4)
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2.5. Schrédinger cocycles. Given a potential V' € C¥(T,R) and a frequency
a € R\Q, a fundamental example of one-frequency quasi-periodic cocycles is the case of
Schriadinger cocycles (o, S%), where for any E € R,

Alz) = SY(z) = (E -’ (z) _01> , VzeT.

Such cocycles were introduced because of their link with the eigenvalue equation
Hy o pu = Eu, where 6 € T; indeed, any formal solution v = (uy)nez satisfies

(u”'+1> = A(0 + na) - ( tn ) , VYneZ.
Uy, Up—1

Let us also recall the following well-known fact, which relates spectral properties of
Hy o9 to the dynamics of Schrédinger cocycles (o, S ): indeed, an energy E belongs to
the spectrum Yy, if and only if (o, S}) is not uniformly hyperbolic.
For a Schrédinger cocycle, the Lyapunov exponent depends on the energy F, so we
denote
L(E) = Lvo(E) := L(a, S).

For any energy E € R, the map x + SY% () is homotopic to the identity, hence there
is a well-defined rotation number p(a, S} ). Moreover, p(a, S} ) admits a determination
in [0,1/2], which is denoted by p(E) = pyo(E). The following formula relates the
rotation number to the integrated density of states N = Ny, introduced in (1.2):

N(E) =1 - 2p(E).

Moreover, by Thouless formula, we also have the following relation between the inte-
grated density of states N and the Lyapunov exponent L:

L(E) = /m |E — E'|dN(E").

2.6. Aubry duality. With the above notations, we now focus on the case d = 1
and « € R\Q. In this part, we recall the notion of localization for dual Schrédinger
operators, and how it is linked to reducibility properties for one-frequency Schrédinger
cocycles. This fact is often referred to as Aubry duality in the literature.

Given a frequency « € T, a potential V € C¥(T,R) and a phase 6 € T, we introduce
the dual Schrédinger operator H= ﬁv7a,g, defined on ¢?(Z) by the following formula:

(ﬁﬁ)] = Z@lﬁj_l + 2008(27‘(’(9 —‘y—jOé))ﬂj, Vj € Z, (25)
LeZ

where the 9;’s are the Fourier coefficients of V.

Definition 4.9 (Anderson localization). We say that the operator flv,aﬂ is localized if
it has pure point spectrum with exponentially decaying eigenvectors.

Definition 4.10 (Reducibility). We say that a cocycle (o, A) € R\Q x C¥(T, SL(2,R))
is reducible if it can be conjugated to a constant cocycle, i.e., there exist Z €
C¥(T,PSL(2,R)) and B € SL(2,R) such that

Z(x +a) tA(x)Z(z) = B, Vo e T.

Eliasson [30] has shown that when the frequency « is Diophantine and A is close to
a constant, the associate cocycle is typically reducible in a measure-theoretic sense.

For real cocycles, the interest of allowing the function Z to take values in PSLa(R)
is illustrated for instance by the following reducibility result in the uniformly hyperbolic
case.

Theorem 4.11. Let (o, A) be a uniformly hyperbolic cocycle, with « Diophantine
and A analytic. Then there exists an analytic map Z: T — PSLy(R) such that x —
Z(x + o) tA(x)Z(z) is constant.
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The version of Aubry duality stated here follows the precise formulation given in
Avila-Jitomirskaya’s paper [7].

Theorem 4.12 (Classical Aubry duality). Let a € R\Q. Assume that 0, F € R are
such that there exists a non-zero exponentially decaying solution H Va0t = Eu. We let
A= SE.
(1) If 20 ¢ aZ ®Z, then there exists Z € C¥(T,SL2(R)) such that for every x € T,
Z(x + o) tA(2)Z(z) = R4y, ie., (o, A) is reducible to a constant rotation
matrix. In particular, | Ay, (z)] = O(1).
(2) If 20 € aZ @ Z, then there exist Z € C¥(T,PSLy(R)) and x € C¥(T,R) such
that for every x € T, Z(x + o) tA(x)Z(x) = (:El H:l(j)
A, (z)] = O(n). When a € DC, we can take k constant, and the cocycle
(a, A) is thus reducible to a constant parabolic cocycle.

) . In particular

This result together with property (2.4) imply that p(E) = £60 + (m) for some m € Z.

The proof of this result involves an algebraic relation between the families of op-
erators {Hy a0 }ocr and {1{[\/7(1,9}9611{. Aubry duality is based on an algebraic relation
between the families of operators {Hy .0 }oer and {I:IV’a’g}geR. It is based on the fol-
lowing identity: if u: T — C is an ¢?(Z) function whose Fourier series @ = (ig)kez

) ~ . R 627r10u(1,) .
satisfies Hy o0t = E'i, then the Bloch wave U: x — w(z — o) satisfies
SE(x)-U(z) = ™ U(x + o), VzeT. (2.6)

2.7. Almost localization. Let a € R, § € R, ¢g > 0. We say that k£ € Z is an
co—resonance of 0 if |20 — ka|r < e~“*l and ||20 — ka|lr = minj; <z |20 — la||r. Note
that 0 is always a resonance. Moreover, 8 is resonant if the set of resonances is infinite.
In the particular case where 6 = (n) for some n € Z, 6 is non-resonant; indeed, n is an
especially strong resonance, and there is no resonance k with |k| > |n|.

Definition 4.13 (Almost localization). Let a € T and V € C¥(T,R). We say that
the family {HV7Q79}9€R is almost localized if there exist Cy,Cq,€9,€1 > 0 such that
any solution 4 = ({y)rez to the eigenvalue problem ﬁm,ea = E4 with 4 = 1 and
|| < 1+ |k| satisfies

i < Cre=*L Gy (1 + |ny)) < k| < Cytnjaal,

where {n;}; are the ey—resonances of 0.
Note ® that almost localization implies localization for non-resonant 6.

Theorem 4.14 (Avila-Jitomirskaya, Theorems 3.2, 5.1 of [7]). Let o € R with 8(«) = 0.
Then, given any Cy > 1 and any V € C¥(T,R), there exists A\g = Ag(V') > 0 such that
for any \ € R satisfying 0 < |A| < Ao, there exist g = eo(V,\) > 0, e1(V,A,Cy) > 0
and Cy = C1(V, \,Cp) > 0 such that {ﬁAV’aﬁ}geR is almost localized with parameters
Co, Cy, €9, €1. More precisely, we can take any \g > 0 satistying |A\gV]e < coefo for some
0 < € < 1, where ¢y, kg > 0 are absolute constants.

In the almost Mathieu case, i.e., when the potential has the form 2\ cos(27-) for
some A € R, then Ay = 1.

Avila-Jitomirskaya [7] have generalized Aubry duality by showing that almost lo-
calization of dual Schrodinger operators also implies some weak form of reducibility of
associate Schrédinger cocycles. We recall the notion of almost reducibility introduced
by Avila-Krikorian.

5. See Remark 3.3 in [7].
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Definition 4.15 (Almost reducibility). We say that a cocycle (o, A) is (analytically) al-
most reducible if for any n > 0, there exist h,, > 0, conjugacies Z(™ Cy (T,PSL(2,R)),
and constant matrices B,, € SL(2,R), such that
i My = =
dim[A)() ~ Byla, =0,
where A" .= Z(M (. +a)"TA(-)Z™) (). We say that the cocycle (a, A) is strongly, resp.
weakly almost reducible, if h,, — 0, resp. h, — ho > 0.

In the above formula, the cocycle (o, A™) is close to the constant cocycle (o, By,)
when n is large; yet, a priori, we don’t have further information on the form of the
conjugate cocycle (a, A(™). For some results which are specific to Schrodinger cocycles,
such as those based on Aubry duality, it is useful to know that the conjugate cocycle
can be taken of Schrodinger type. It is the content of the following lemma.

Lemma 4.16 (Avila-Jitomirskaya, Lemma 2.2 of [8]). Let @ € R\Q, A €
C¥(T,SL(2,R)), and assume that («, A) is almost reducible. Then there exists hg > 0
such that for every v > 0, there exist V € Cy (T,R) satistying |V[n, < v, E € R and
Z € Cy (T, PSL(2,R)) such that

Z(x+a) tA(x)Z(x) = SE(x), Ve e T. (2.7)

Moreover, for every 0 < n < ho, there exists § > 0 such that whenever A e
C“(T,SL(2,R)) satisfies |A — A|, < §, then there exist V € C¥(T,R) with |V, < v
and Z € Cy(T,PSL(2,R)) such that [Z — Z|, <~ and Z(x + o) YA(z)Z(z) = SY(z),
Vz € T.

Remark 4.17. Let o € R\Q satisfy (o) = 0. With the notations of the previous
lemma, we see that if the cocycle (a, A) is almost reducible, then it can be conjugated to a
Schrodinger cocycle («, S’g) in the perturbative regime, that is, such that the potential V'
satisfies the assumptions of Theorem 4.14. Indeed, if cg, kg > 0 are the absolute constants
appearing in the statement of the theorem, we choose 0 < ¢ < min(hg, 1) and v < coeo.
Then, the potential V given by Lemma 4.16 satisfies |V|. < |V |, < coe*, hence the
dual operators {ﬁv’a?9}9 are almost localized for certain constants Cy,Cq,€g,e1 > 0.
Moreover, the same holds for any cocycle (o, A) sufficiently close to (v, A), since by the

previous lemma, we can conjugate (a, A) to (v, Sg) with |V]. < coe.

As a consequence of Theorem 4.14, Avila-Jitomirskaya [7] have obtained almost
reducibility results for Schrodinger cocycles.

Theorem 4.18 (Theorem 1.4, [7]). Assume that the frequency « satisfies B(«) = 0 and
that the potential V: T — R is analytic. There exists A\g = Ao(V) > 0 such that for
0 < |Al < Ao(V), the cocycles associated with {Hxv,q.6}ecr are almost reducible.

In fact, under the same assumptions, they obtain a more precise statement.

Theorem 4.19 (Theorem 4.1, [7]). Assume that 0 < |A| < Ao(V'). Let E € R, and set
A= SE,. Then there exists h = h(\,V,a) > 0 with the following properties:

(1) If p(E) is h-resonant, then there exists a sequence of conjugacies Z") &
C“ (T, SLy(R)) such that Z(™ (- + a) "t A(-)Z(™)(-) converges to a constant ro-
tation uniformly in the strip {|Sz| < h}.

(2) If p(E) is not h-resonant and 2p(FE) ¢ «Z & 7, then there exists Z €

C“(T,SL(2,R)) which can be analytically extended to {|Sz| < h} and such
that Z(- +a) LA(-)Z(-) is a constant rotation.

(3) If 2p(E) € aZ ® Z, then A is (analytically) reducible through a conjugacy
Z € C¥(T,PSL(2,R)).
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For a global picture on reducibility results, we refer to the paper of You and Zhou
[54].

2.8. Global theory of one-frequency Schrédinger operators & Almost Re-
ducibility Conjecture. Let a € R\Q, and suppose that A € C¥(T,SL(2,C)) admits
a holomorphic extension to the strip {z € C: |[3z| < h}, h > 0. Then for any |¢| < h we
can define A, € C¥(T,SL(2,C)) by A.(z) = A(z + ie). We also introduce the following
function, which is called the acceleration of (a, A):

The acceleration is an upper semi-continuous function in (R\Q)xC* (T, SL(2, C)). More-
over, it is quantizatized, that is, p(a, A) € Z (see [5]).

By quantization, € — L(«, A.) is a piecewise affine function. We say that (a, A) €
(R\Q) x C¥(T,SL(2,C)) is regular if € — L(a, A) is affine for € in a neighborhood of
0. Suppose that L(c, A) > 0; then («, A) is regular if and only if («, A) is uniformly
hyperbolic.

For any (o, A) € (R\Q) x C¥(T, SL(2,R)), regular cocycles (p(«, A) = 0) are split
into two groups: those with positive Lyapunov exponent (uniformly hyperbolic cocy-
cles), and those with zero Lyapunov exponent (subcritical cocycles). On the other hand,
non-regular cocycles (p(a, A) # 0) are classified as follows: those with positive Lyapunov
exponent (supercritical cocycles), and those with zero Lyapunov exponent (critical co-
cycles).

We recall the notion of prevalence introduced in [5] for analytic potentials. Given
an arbitrary function e: Z; — R with exponential decay, and any probability measure
pon A= {(tm)mez, € C¥ | Vm € Zy, [tm] < 1} with compact support, we define
a probability measure p. on C¥(T,R) with compact support; indeed, it is obtained by
push forward of p under the map

A3 (tm)mez, — Z e(m)2§R(tm62”im“).

m>1

Then, for any a € R\Q, and given a starting condition V° € C*(T,R), we declare a
property P to be typical in the measure-theoretical sense if for y.—almost every pertur-
bation W, property P holds for the potential V := V? + W. Energies E € X, y can be
either subcritical, critical, or supercritical. We are now able to state the main result of
Avila’s global theory:

Theorem 4.20 (Avila [5]). Let o € R\Q. Then for a (measure-theoretically) typical
V € C¥(T,R), the spectrum Yy, has no critical energy.

Let us recall two results about Lyapunov exponents of almost Mathieu cocycles
(o, S22 C™)) B e R,

Theorem 4.21. [17] For a € R\Q, E € Yoy cos(ar),ar We have L{a, S "™)) =
max{0,In |A|}.

Theorem 4.22. [5] For « e R\Q,0< A< 1, F€R, and € > 0,
L(a, 5125)‘ cos(2m-) (- +ie)) = max{L(a, S?E)‘ COS(2”')), In A + 27e}.
In particular, for almost Mathieu cocycles with 0 < A < 1, all energies are subcritical.

In the case of general one-frequency quasi-periodic analytic Schrédinger operators,
for energies in the spectrum, almost reducibility implies strong vanishing of the Lya-
punov exponent, that is, cocycles grow subexponentially on a band; this can be seen
as a “mirror” condition to positivity of Lyapunov exponent. Conversely, in [7], Avila-
Jitomirskaya have formulated the so-called “Almost Reducibility Conjecture”, according
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to which, for a general one-frequency quasi-periodic SL(2,R)—cocycle, subcriticality
should imply almost reducibility.
Let us illustrate this for almost Mathieu operators. In this case, Aubry duality gives

Hj) cos(2m),a,0 = AHjy\—1 cos(27-),a,0

for every § € R and A # 0. Besides, in the almost Mathieu case, we see from the
result recalled above that for 0 < A < 1, all energies are subcritical, i.e., cocycles
(o, S? C03(277‘)), E € R, have subexponential growth on a band. By Theorem 4.14, the
dual operators {I;TQ,\ cos(27-),0,0 Joer are almost localized, and by Theorem 4.18 above,
the cocycles associated with { Hy cos(2r.),a,0 Jocr are almost reducible.

The “Almost Reducibility Conjecture” is a cornerstone of the theory; it has been
recently proven by Avila:

Theorem 4.23 (Avila [3]). Let o € R\Q satisfy 3(a)) = 0, and let A € C*¥(T, SL(2,R)).
If the cocycle (a, A) is subcritical, then it is almost reducible.

3. Quantitative almost reducibility

In this section, we present perturbative methods which can be employed to deal
with the question of reducibility of quasi-periodic cocycles. In a first part, we recall the
KAM scheme used by Hadj-Amor [35]; one drawback of this approach is that it may
cause a significant loss in the radius of analyticity after conjugacy. To cope with it, in a
second part, we thus explain another scheme, which does not require to shrink too much
the region of analyticity. Basically, the idea is to perform the conjugacy first and then
deal with resonances.

3.1. Review of the KAM scheme of Eliasson/Hadj-Amor. Let ag, gg, 79 > 0,
and let d > 1 be some integer. Given Ay € SL(2,R) with [Ag| < ao, Fy €
C% (T4, gl(2,R)) with |Fply, < &0, and o € DC(K, 7) for some K >0 and 7 > d — 1 (see
(1.3)), we consider the quasi-periodic cocycle (a, Ag + Fp):

TxC? — TxC?
(z,v) = (z+a,(Ap+ Fo(x)) - v).

Let p = p(a, Ag + Fp) be the rotation number of the cocycle (o, Ag + Fp).
In this subsection, we detail the KAM scheme present in [35] (originally introduced
by Eliasson [30]) and apply it to the reducibility of the above cocycle.

(OZ,AO +.F())Z { (31)

Proposition 4.24. There exists €, = €,(Ao, K, T,79,d) > 0 such that for 0 < gg < &,
the following assertions hold. Let k € Z4\{0} and assume that p(c, Ag + Fp) = (k).
1) There exists W e C;”((2’1I‘)d, SL(2,R)) for some r = r(|k[) € (0,70), satisfying
[W|, < Desl¥l| where D = D(K,7,d) > 0 and ¢ = &(K,7,79) > 0, and
B € SL(2,R) with p(0, B) = 0, such that
W(z +a) (Ao + Fo(z))W(z) = B, VYaeT%

2) If tr(B) = 2, then there exist W € C¥((2T)% SL(2,R)) with [W|, < Del¥|
and k € R such that

Wiz +a)  (Ag + Fo(z))W(z) = (é T) , VaeTd (3.2)
Set ¢ := 2(1)—0. Take g > 0 as above, and define the sequence {¢;};en by €41 =

sjl*". From now on, we always assume that |Fy|,, = €o is small enough such that i

is compatible with every simple calculation in the proof, e.g., e < NZ7 with Ny =
191 1n .
)

[l

PRrOOF OF 1). The conjugacy W is given by the KAM scheme. Assume that we
are at the (j + 1) KAM step, with A; € SL(2,R) and F; € cy (T?, gl(2,R)) satisfying
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|Fy|;; < e for some r; € (0,70). As shown in [35], we can construct

Wi € 0¥ ((2T)%,SL(2,R)), Aj41 € SL(2,R), Fjy1 € C¥ . ((2T)% gl(2,R)),

Tji+1 Ti+1
for some suitable 7,11 € (0,7;) such that
Wi (z + ) (A + Fj(2)) Wjga (2) = Ajp1 + Fjia(2),
with |Fj+1|Tj+1 < Ej+1-
Let e*2™% be the two eigenvalues of A; and set &; = R(a;). Given W, the

method we use to construct Wj+1 follows a standard KAM procedure, which transforms
the system into another one with smaller non-constant part, by a conjugation close to
identity. To carry out such a standard KAM step, we need the small divisor condition
e? Qi+l
i — (k)| > —L, VO<I|k|<N;:=
|£.7 < >|— |k|T ‘ |— J T
According to whether this condition is fulfilled or not, we distinguish between two cases
in the construction of W;_.

— Case 1. (Resonant step) Assume that for some 0 < |k;| < Nj;, condition (3.3)
does not hold, i.e.,

|Ine]. (3.3)

Lo}

€
&5 = ki)l < = (3.4)
K]
Since o satisfies a Diophantine condition, for a given ¢, there is at most one
such k; € Z% with 0 < |k;| < N;. It is necessary to perform a renormalization

before we can make the standard KAM procedure. More precisely, let

i {j o)

e2 2 0 1
Hk.i»AJ' (x) = CAJ‘ (kjo@) CA;’ ’ (35)
=5 -

0 6—271'

where Cy; is a matrix of normalized eigenvectors corresponding to the eigen-

values e*2™% By a direct computation, we obtain

A(kj) = ij’A]. (:L' + a)_l Aj ijij (x)

e2mi(ey—(k;)) 0 .,
=Ca, ( 0 e—2mi(a;—(k;)) CAj )

After this renormalization, we have
K
&5 — (kj) — (k)| > SR YO0 < |k| < 2N;. (3.6)

Indeed, we get (3.6) by noting that
K €7 K

(B 2 2 16 — (k)] < < :
[kl > T k[T T 2(2)7

(Aj)2 (Aj)2 )
672m§j _ (Aj)ll 627r1§j _ (Aj)ll )
and in view of (3.4) and of the Diophantine condition satisfied by «,
2(14;1+1) _ 40451+ Dlks|™

(97— K
Letting Fy,,y () := Hy, a,(x + o)~ Fj(z) Hy; a,(x), we estimate

Moreover, since C4; is a normalization of (

Ch1 <

16(|A4,] + 1)*elbs e | 27

|F(kj)‘7:j+1 < €5, V0<77j+1 <7rj.

K2
According to [35], we have the following uniform bound on (4;);en:
|A]| S 2(10, \V/j € N. (37)

=

Hence, if we choose 7j41 = N%_, then |F<k < sjl .

j>|fj+1
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— Case 2. (Non-resonant step) If condition (3.3) holds, let k; := 0; then the above
procedure can be done trivially since in this case, Hy; a; = Id, Ag,) = 4;,
Fy.,y = Fj, and (3.3) implies (3.6).

In the two above cases, we can make a standard KAM procedure for Ay + Fii,) ()
since the small divisor condition (3.6) is always satisfied. Then, accordmg to [35], there
exist

W1 € Cy ., ((2T)%,SL(2,R)), A1 € SL(2,R), Fj1 € Gy, ((2T)% gl(2,R)),

such that Wjii(z + @)™ (4 + Fj(2) Wi (2) = Ajir + Fjaa(2), with [Filr,,, <
. i 2
gj+1. Moreover, [Wj1 — Hy; a;lr;0 < €7, [Aj1 — Apyl <7

— If k; = 0, we have Hy; 4, = Id and we choose ﬁ <rjpr < (1 — 4,%) ;.
J

Hence,
. 1
|Wj+1 — Id|,«j+1 < 6;. (38)
— Ifk; # 0, in view of (3.5), |Hg; A, |r, ., < M eri+ilkil Tetting rj 41 =
s5-0=T, We thus get

2 8(1A5] 4 1)2[k;]" o % 9(|As] 4 1)2[ks]"
|Wj+1‘rj+1 < % j+1lk;] +e TJ

eritilksl

In both cases, deg(W;1) = kj, and then, p(a, Aj 1 + Fjy1) = ple, Aj + Fy) — (k).
Since p(a, Ag + Fo) = (k), in view of [35], we know that the cocycle (o, Ag + Fp)

can be reduced to a constant cocycle (0, B) for some B € SL(2,R), with p(0, B) = 0.

This means that the resonant case occurs only finitely many times in the sequence of

conjugacies (Wl+1)zeN, and then, choosing 7 := (1—4=9+1)r; for j > js+1in (3.8), we

see that Hl o W41 converges to some W : (2T)% — SL(2,R) as j — oo, which satisfies

Wz + a) YAy + Fo(x))W(z) = B.

Moreover, since p(a, Ag + Fy) = (k) and p(0, B) = 0, we have deg(W) = k.
Assume that there are s + 1 resonant steps, s € N, associated with integers vectors

k

s ki, €2 where 0 < |kj| <Nj, i=01,...,s.

For two consecutive resonant steps, say the (j; + 1) and (j;41 + 1)*", we can see that

o

€J1+1

|§ji+1 - Jz+1 ’— \k

Ji4+1 |T ’

which implies that [£;, | > m. On the other hand, we have [;, | < ‘k ‘T because
of the renormalization at the (j; + 1)*® step. We thus obtain

1
k\7
|ka‘+1‘ > <4€g> |kji = 5ji kji . (39)
Ji

It is possible to see that the limit map W obtained by the previous construction is
analytic, in fact, W € C7 +1/2((2'11‘)‘I,SL(2,R)). Moreover, combining (3.9) together
with the inequalities

s—1 s—1

gl = > kel < [k < kg |+ D [kl

=0 =0
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1

- (i) " . Hence we deduce

I
4eg

we get (1 —20p)|k;,| < [k| < (1 + 2d0)lkj, |,
‘W|TJ<% < C‘Wj0+1|7“j0+1 to ‘W's+1|7”js+1

s+1 s
gc( e ) |/~ejz.ve2w25=www

9+1 s
<o <<9(2a0K+ 1) ) H (|kﬁ|¢e|kh|)> (2T r1+1) i Iy, |

i=0
9(2 1)2 s+1 s (2710 11+1)(14280)
o (A i)
i=0
O
. Bi1 Bio . .
Proor or 2). Consider B = with Bi1 + Bos = 2. Besides several
By B
trivial cases, for ¢ € T such that tan(27¢) = ?%122 and Kk = Bis — Bo1, we have
R_4,BR, = ((1) ’f) Then, with W := W Ry, we get (3.2). O

3.2. An improved scheme. Given Aj € sl(2,R) with |Ag| < a for some ag > 0,
Fy € By, := C% (T%,s1(2,R)) with | Fyl,, = o for some g, 79 > 0, and oo € DC(K, 7) for
some K > 0, 7 > d — 1, we study reducibility and almost reducibility properties of the

= (Ap + Fy(6

quasi-periodic linear system («, Ag + Fp): { gi c(x o+ Fo(0))
Theorem 4.25. Given any 1’ € (0,7¢), there exists e, = €,(Ao, K, T,70,7’,d) > 0 such
that if 0 < g9 < &, then, for any &' € (0,&¢), there exist W € C%((2T)¢,SL(2,R)),
A’ €sl(2,R) and F' € B, satisfying |F'|,» < &', such that

BaW = (Ag + Fo)W — W(A' + F).

This theorem is proven by a KAM scheme, which can be seen as a strong version of
almost reducibility results of Eliasson [30] and Hadj Amor [35], since in this procedure
we don’t need to shrink too much the region of analyticity. Moreover, we will give a
quantitative estimate on the conjugation W corresponding to the “resonant site”. A
similar result was given by Chavaudret [19] in order to show strong almost reducibility
for analytic and Gevrey quasi-periodic cocycles.

3.2.1. Iterative argument. Let us start with A+ F, A € sl(2,R), and where F € B,
satisfies |F'|, < e for some r,¢ > 0. Since the matrix A satisfies A € sl(2,R), it has two
eigenvalues +i¢, with £ € R UiR. The aim of the following argument is to conjugate
A+ F to Ay + Fy with Ay €5l(2,R) and Fy € B, for any given v, € (0,r) satisfying
|Fy|r, < e. Then, Theorem 4.25 is proved by applying this argument iteratively.

Proposition 4.26 (Iterative argument). Given any ry € (0,r), if € is sufficiently
small (depending only on A, K, T, r,ry), then there exist Ay € sl(2,R), W €
Cf+((2T)d,SL(2,R)) and Fy € B, with |F}|,, < ¢, such that

Moreover,

|Ine]

o=y We have

— (Non-resonant case) if for any n € Z¢ with 0 < |n| < N :=

1

26 = (n, )| = e, (3.10)

then |[Ay — A] < £z, W —1d|,, < £z and |Fyl, < £
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— (Resonant case) if there exists n, € Z¢ such that
26 — (ny,0)| <€, 0<|n,] <N, (3.11)

_1
then |W|T+ < %mﬁ"e””"”*l and ‘F+|T+ < ge2mT4E 90T

Remark 4.27. In the resonant case, n, is the only resonant site which satisfies (3.11).
Indeed, if there exists n., # n, satisfying |26 — (n.,a)| < €0, then, in view of the
Diophantine property of a € R? (see (1.3)), we have

K

1
=l = [(n), = n, )] < 2e70,
.

which implies that |n’.| > 2~ K7e~ a7 — N > N provided that ¢ is small enough such
that

e (3.12)

Remark 4.28. Since a € DC, we can see that the non-resonant condition (3.10) is
always satisfied if A is of hyperbolic type (i.e., when ¢ € i(R\{0})) or of parabolic type
(i.e., when & = 0), since ¢ is small enough such that (3.12) is satisfied. In other words,
the resonant case of A does not occur unless A is of elliptic type, i.e., £ € R\{0}.

Remark 4.29. By combining (3.12) together with the Diophantine condition (1.3),
(3.11) we see that || > ﬁ

For the non-resonant case, the proof follows the standard KAM scheme: we refer
to Subsection 3.1 and [29, 30, 35| for details. From now on, we assume that e is
sufficiently small (depending only on |A|, K, 7, r, 74, d) such that the standard KAM
scheme works.

Let h > 0. Before constructing the conjugation W for the resonant case of A, let
us recall the decomposition of the space By, introduced in [37]. For any given n > 0,
a € R? and A € s1(2,R), we decompose By, = B;Lme)(n) & B}Lre) (1) in such a way that for

any Y € B;Lme) (n),
8aY, [A,Y] € B (), 10.Y — [A,Y]|n > n|Y s (3.13)

nre

Moreover, let I F" and II7 F' be the standard projections from 1;, onto B,(lme) (n) and
B,(lre) (1) respectively.

The definition of the subspaces Béme) (n) and B,(Ire) (n) depends on A € sl(2,R). In
particular, if A is of elliptic type, we have the following precise characterization of IT”7 .Y

)% Y, :
and .Y for any given Y (0) = Z Au(n) }\Z(n) im0 ¢ B,
neze \Ya1(n)  —Y11(n)

Lemma 4.30. If A = ( f) for some £ € R, then

0
—£ 0

iy 0 .
MLy @)= > M! ( () >M62”‘<”’9>

neAi(n) 0 —iY_(n)
£y 0 (Vir(n) =iV (m)emm0
n€Az(n) (Yi1(=n) +iYy (—n))e2mim0) 0 7
iy 0 ‘
LY@ = > M ( e )Me%“”’”
nEZI\ A () 0 —i¥_(n)

(Vir(n) — iV (n))e2mitn®)

0
+ Mt - . , M,
nez%m) ((Yll(_”) + iV (—n))e2min0) 0 )
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where Y. (n) := %(}712(71) + Yai(n)), M := %ﬂ (i _11> and

M) :={neZ: [(n,a)| 20}, Ao(n):={n€Z:|(n,a) —2¢| > n}.  (3.14)
Let us now consider the resonant case of A. Recall that we focus on the elliptic

type, i.e., A has two eigenvalues +i¢ with ¢ € R\{0}, and there exists n, € Z¢ such that
(3.11) is satisfied. By Lemma 8.1 of [37], one can find C4 € SL(2,R) with

Al 23 /A .
|Cal <2 ug | ||n*|5 (3.15)
€] VK

(in view of Remark 4.29), such that A = C;* (Og g) Ca.
1

Based on the decomposition B, = Bﬁnre)(n) & B (n) with n = £30, we have the
following lemma.

Lemma 4.31 (Lemma 3.1 of Hou-You [37]). Assume that ¢ € (0,1078). Then there
exist Y € B, and G € B (e30) such that

Doy = (A+ Fle¥ —e¥ (A+Q),

with Y], < 5%, |G|, < 2e.

Let Ca := MCy = %ﬂ (} _11> Ca. By (3.15), we get

N
ICul < ﬁ|n*|2. (3.16)

For G(0) = Z G(n)e?™n0) ¢ Bgre)(ei) with G(n) = oyt (
nezd
the following lemma shows that it has a special form.

611 (’I’L) élg (n) ) CA
621 (n) —611 (n) ’

Lemma 4.32. Ife is sufficiently small (depending only on |A|, K, 7, r, ry, d), then we
have G(0) = Go + G1(8) + G2(0), with G € B, satisfying |Gs|,, <ee 2™+ ©7 and

~ (G- _
Go :_c;1< 0(0) _GO(O)> Ca, (3.17)

~ 0 Gy (ny)e?mi 00\
GO =Cy — Ca, 3.18
1 ! <G+(n*)62’”<”*’0> 0 4 (3.18)

for some G_(0), G4 (n.) € C satisfying
IG_(0)] < e, |Gy(ny)| < efbe2mrinal, (3.19)

PROOF. In view of Lemma 4.30, and noting that Cy = MCy, we write G €
B(e)(e70) as

- (iG(”) : ) Cactm? (3.20)
nEZA\ A (1/40) 0 —iG_(n)
+ Z c-1 ( 0 (Gi1(n) — ié+(n))62ﬂ'i<n,0>> G,
4 € el —27i(n s
n€ZI\ Ay (1/40) (G11(—n) + 1G4+ (—n))e 27i(n,0) 0

(3.21)
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with G (n) = %(élg(n) + Go1(n)) and for the subsets of non-resonant sites Ay, A,
defined in (3.14). For e sufficiently small, since « is Diophantine, we have

(Z4\ Ay (e®)) N {n € Z: |n| < K7e 7} = {0}, (3.22)
(Z4\ Ag(e®))N{neZ%:|n| <2 7 K7e ® — N} = {n,}. (3.23)

Indeed, given any n € Z%\ A;(e10) and n # 0, we have

1
W < |{n,a)| < 0.

So |n| > K#e~ 0+ which implies (3.22). On the other hand, (3.23) was already shown
in Remark 4.27.
In view of (3.22) and (3.23), the terms in (3.20) can be decomposed as

~_ (iG-(0 0 ~ ~ . (iG- 0 -
C,A_ll <1 ( ) . ) Ca+ Z Czl (1 (’ﬂ) . > CA627T1<n’9>
0 *IG—(O) nezd\A, (e1/40) 0 —iG- (n)

In|>KTe 407

and the terms in (3.21) can be decomposed as

5:}1 < B B 0 (én(n*) _ ié+(n*))62ﬂi<n*,0>> 5A
(G11(—n) + iG+(—n*))e—2ﬂi<n*,9) 0
+ Z 621 ( N ~0 | (én(n) _ i§+(n))62wi(n,9>> 5A_
nezd\ Ay (e1/40) (G11(=n) + 1G4 (—n))e2min0) 0

|n| >N

with N := 277 K7e~m7 — N. Letting G_(0) := iG_(0) and G4 (n,) := Gy1(n.) —
iG4(n.), we then get Gy and G1(6) as in (3.17) and (3.18). The remaining terms are

o (iG— (n) '~0 ) & 4e2m(n0)
nezd\Aq (e1/40) 0 —IG,(TL)
1 |

In|>KTe 407

~_4 0 (6'11(71) _ iéJr(n))eZﬂ'i(nﬂ) _
+ Z Cu ((@11(n)+iC~¥+(n))ez’Ti<"’9> 0 )CA

nezd\Aqy(e1/40)
[n|>N

_ Z éZ(n)€2wi(n,6)

In|>N

for some Ga(n) € sl(2,R), by noting that N’ < K7e~ 7.
By analyticity, the Fourier coefficients of G € B, decay exponentially, hence by
(3.16), we have

~ 2514

Gij(n)] < %N%e*”‘"', Vi,j=1,2, neZ
~ 291 A2

|Go(n)| < %N%e*%r\“l, Y|n| > N.

Then (3.19) follows immediately provided that ¢ is taken sufficiently small such that

[Ine|

27 |A|T KT - < e T0r, (3.24)

r—=r4
By several integrations by parts (see, for example, the proof of Lemma 1 in [35]), there
exists a constant cg > 0, independent of v, 7, and N, such that
29|A|2

|G2|r+ S Cq K2

d
N2T <N+ ) 66727r('r77‘+)./\f.

r—=r4
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If ¢ is sufficiently small such that

11 1 [Inel L

A G T g R 3.25
(r m)( € 10(r—r+)> > r e 507, (3.25)

9 1 4

jQ%yﬂﬂhwlcr1K¢gm&__ el 1 ) NG
K= (r—ry) 00r—ry)  r—1y
(3.26)
__1

then we have |Ga|,, <ee 2™+& 7, -

Lemma 4.33. If ¢ is sufficiently small (depending only on |A|, K, 7, r, 74, d), then
there exist Ay € sl(2,R), Z € Cf+((2']l‘)d, SL(2,R)) and Fy € B, satisfying

24|4]

_ 1
Ay <e®, |2, < e TR By ], S e (3.27)

such that 0,2 = (A+ G)Z — Z(Ay + F). Moreover, A, can be written as

(152 +6-0) Gy (n.) )
B (n.,a) Ca. (3.28)
G (ny) —i (f — e G,(O))
Proor. We define
(nx,0) ~ e27ri<""72’9> 0 B
Z(0) = 2T A C’Zl . oy {nx.0) Cy € C;i((??l’)d’ SL(2, R)).
e <M

Then, |Z|,, < %m*ve”ﬂ"*‘. Letting A := (1 — <"§éa>> A, we have

0aZ = (A+Q)Z - Z(A+ Z7'G2Z).
By a direct calculation, we can see that Z(0)~'GoZ(0) = Gy € sl(2,R) and
0 é+(n*)

-1 =C;! C S .
Z(0)" G1(8)Z(0) =Cy <é+(n*) 0 )C’A € sl(2,R)

Moreover, we have

28‘A|2N2T66—27T7“+6760% <Ee—27rr+6790%
K? = ’

1Z7'G2 2|, <
if € is small enough such that

4 1
27 |A|'r ‘ 1D€|€_”f+(€*ﬁ_€*ﬁ) S 1.

I 3.2
K7(r—ry) (3.29)

Let Fy := Z 'GyZ and Ay := A+Go+Z~1G1Z. Then (3.28) can be easily verified,
and

«|7 24| A
|mmmﬁyfﬁ+kmﬁﬁﬂﬂ*mw
If  is small enough such that (3.24) is satisfied, then we have |A,| < e&. This finishes
the proof of the lemma. O

To conclude the proof of the resonant case in Proposition 4.26, it remains to take
W =¢e"Z.
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3.2.2. Application to the reducibility of linear systems.

Corollary 4.34. Given any v’ € (0,79), there exists e, = €,(Ao, K, 7,70,7’,d) > 0 such
that if 0 < €9 < &, then the following assertions hold. Assume that p(a, Ag+ Fp) = (k)
for some k € Z4\{0}.

1) There exists W € C%((2T)?,SL(2, R)) satisfying |W |, < D1e5!¥l, where Dy =
Dy(K,7,d) >0 and & = S (1, r9) > 0, and B € s1(2,R) with p(0, B) = 0, such
that

O W = (Ap + Fo)W — WB.
2) Ifdet(B) = 0, then there exist W € C%((2T)%,SL(2,R)) with |W|,» < Dyt

277! | k|
1/807

and k € R with |k| < 5 e 2 such that
0. W = (Ao + Fo)W — W (8 g) . (3.30)

PROOF OF 1). The conjugacy W is constructed by applying Proposition 4.26 iter-
atively. Take gg, 7o and 7’ as above. Assume that we are at the (j + 1) KAM step,
where A; € sl(2,R) has two eigenvalues +i{; and F; € B,, satisfies |F}|,, < ¢; for some
€j K g9. We define

ro—1’ [Ing]| 47 In¢g;|
.. = — N, = = . 3.31
R 47+1 710(ry —rj41)  10(ro — ) (3:51)
If e is sufficiently small (depending only on |Agl|, K, 7, ro, ' d), then the conditions
(3.12), (3.24), (3.25), (3.26), (3.29) are satisfied for € = ¢;, r = r; and 4 = rj41. By
Proposition 4.26, we can construct

W € Cf+1((2T)d7SL(2’R))7 Aj+1 € 81(27R)7 Fj+1 S Brj+17

such that 9, W; = (Aj + F;)W; =W, (A1 + Fj.1) with |Fj11lr;,, < €5. More precisely,

— if for any n € Z% with 0 < |n| < Nj, we have |2§; — (n,a)| > 54" then

41

1 ~ 41
|[Aj — Al <ef, Wy —1d]y,,, <€f, |Fitaly,, <ejpr=¢/" (3.32)

— if there exists n; € Z¢ such that [2¢; — (n;, )| < e’:‘;TO, 0 < |n;| < Nj, then

25A4
| ]‘ nj|~re7rrj+1\nj\7 |Fj+1|

907’
Tj+1 — K |

—27Tj 41

|Aj+1| < 8 ‘W | Tj+1 < gjy1i=¢gje

(3.33)

Since p(a, Ag + Fy) = (k), by [30, 35], we know that (a, Ag + Fp) can be reduced

to a constant linear system (0, B) for some B € sl(2 R), with p(0, B) = 0. This means
that we can construct a sequence (W;);eny with W, € . ((2T)4,SL(2,R)), in which
the resonant case occurs only finitely many times. Then, by recalling the estimates for
the non-resonant case in (3.32) and the sequence (’I”j)jeN given in (3.31), we see that

H{:o W41 converges to some W € C%((2T)?, SL(2,R)), such that
W = (Ao + Fo)W — WB.
Moreover, B is the limit of sequence (A;),en, and it is obvious that
|4;| < 2ag, VjeN
Assume that there are s + 1 resonant steps, s € N, associated with integers vectors
Njy,---snj, €LY where 0< |n;|<Nj, i=0,1,...,s.
Then deg(Wji) = n;,, hence k = nj,+---+n;, . Let us focus on two consecutive resonant

steps, say the (j; + 1) and (j;11 + 1)'. By the resonance condition at the j"—step,

we have )
}éjzdrl - <nji+1> < Eﬁfﬂv
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which implies that [£;,, .| > . On the other hand, by the renormalization at the

2|n |
(j: + 1) step combined with (3.12), we get

1
TNES S 2| |7

1
_ —g . L
Thus we can see |nj,,,| > €, %7 [n;,|. Moreover, by the inequalities

s—1 s—1
- Z |nJL + Z |nJL )
=0 1=0

we have (1 — 257 )|n;, | < [k| < (1 + 2577 )|n;,|. Hence we deduce that

< |kl < [ny,

nj,

|W‘r’ < 2|Wj0+1‘7"j0+1 e |W's+1|7'js+1

21+5(s+1) | |
< WH | A [|ny, | et s
1=0
91+6(s+1) ,5+1 5 . .
< (I(SJAGOH <|n e —|"J,|) e (2+7j0+1) 2oio [m; ]
i=0

< Dy etk

for some constants D = Dy (K, T, ao,d) and & = & (ro, 7). O
PRrROOF OF 2). Consider B = Bu B ith B?, + B12aBa; = 0. Besid

. Consider = By -Bu wit 11 + B12B2y = 0. esides
several trivial cases, for ¢ € T such that tan(27¢) = g—ﬁ and Kk = By — Big, we have
R_4BRy = (8 0 . Then, with W := W Ry, we get (3.30).

We still need to estimate |k|. Let us focus on Aj, 1 + Fj, 11, i.e., the system just
after the last resonant step. In view of (3.28) in Lemma 4.33, we have

4 0_1 (fgg "JS’OO JrG]s( )) st(’ﬂjg) N
j5+1 = A' - _ AS’
Gt (ny,) -i(g - et aro))
where 5,4_7.5 € SL(2,C) satisfies A;, = 5,4 <l% 10§ > C~‘A“ and
—ig;, is
22\ /|A; -
|Ca, | < —Y=""|n;, |2, (3.34)
Js \/? s

and G”* (0), G% (n;,) € C satisfy

& — % + G (0 )’ 25]410 —i—gjig < g;{?, ‘Gﬂf (nj )| < gjig e 2mTis Iyl

Note that the (j, + 1)""—step is the last resonant step, then, in view of the size of F; 11,
we have

77.

_ 90
|[Aj. 41— B < 28 eI

~ Bn B :
By (3.34), B can be written as B =C} " | - Ca,,, with

By —Bn
~ ~ 15 25| A;. | ~ 507 1
16 ,—277;, [N, £ s T e Tis+1€; T 3, —2mrj 41|nggl
‘Blg|, |B21| < Ejs e Js 1Tl 4 IVJS j.s Js Js < €js€ Is Ist,

~ 1
Then we have |By;| < el e~2mis+11m5 | since det(B) = 0. So

4 1 1
2 ‘A |Te3 o2t Ing, | < 15? e~ 2mjs+1lnys |
Js — 927 Js

|Bi2l, [Bai| <
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1
Since |k < (1 + 277 )[n;,|, we thus deduce

1 L _2mrlikl
10— j i i /807
|KZ| = |BQI — 312| S 5;_136 27rT‘Js+1|7LJ5‘ S 5;—:6 1+2¢ )

O

3.2.3. Almost reducibility of quasi-periodic cocycles. Correspondingly, we can also
consider the reducibility and almost reducibility of the quasi-periodic SL(2,R)—cocycle

(qn+1> = (Ao + Fo(0 + na)) < on ) )

dn n—1

with Ag € SL(2,R) satisfying |Ag| < ag for some ag > 0, Fy € C¥ (T%,gl(2,R)) with
|Folr, = €0 for some g9, 79 > 0, and o € DC(K, 7) for some K >0, 7 >d — 1.
Similarly to the reducibility of the quasi-periodic linear system, we have

Corollary 4.35. Given any r' € (0,rg), there exists €, = e.(Ag, K, 7,79,7',d) > 0 such
that if 0 < g < ., then the following assertions hold. Assume that p(a, Ao+ Fp) = (k)
for some k € Z4\{0}.

1) There exists W € C%((2T)?,SL(2, R)) satisfying |W | < Dyest¥l where D; =
Dy(K,7,d) > 0 and & = & (7,79) > 0, and B € SL(2,R) with p(0,B) = 0,
such that

W( + Oé)_l(A(] + .F(])W() = B.
2) If tr(B) = 2, then there exist W € C%((2T)%, SL(2,R)) with [W|. < DjetI¥l

27 | k|
/807

1
and k € R with |k| < gfe 1425 such that

W(+a)" (A + F)W () = ((1) ’f) . (3.35)

Remark 4.36. Let K, 7 > 0 be fixed. If Ay varies in some compact subset of SL(2,R),
then e, can be taken uniform with respect to Ag.

4. Almost localization and duality argument

In this part, we study the reducibility of quasi-periodic Schréodinger cocycles by
non-perturbative methods, from the perspective of Aubry duality.

We will need the following results. Next theorem says that it is possible to get an
upper bound on the norm of a trigonometric polynomial once we control enough points
in some orbit of the rotation x — x + «, up to some factor depending on the arithmetic
properties of a and the essential degree® of the polynomial.

Theorem 4.37 (Avila-Jitomirskaya, Theorem 6.1, [7]). Let (p;/q;); denote the sequence
of best approximants of « € R. Let 1 < r < |g;+1/q:]. If p is a trigonometric polynomial
of essential degree | = rq; — 1, and xg € T, then for some absolute constant Cy > 0, we
have

plr < Cogl?y sup [p(zo + ja).
0<j<l

Given a non-zero vector Uy € C?, it is easy to construct a matrix in SL(2,C) with
first column equal to Up; indeed, we just have to solve an equation of the type ad—bc = 1.
When U, depends analytically on some parameter, it is much more difficult to build such
a matrix with good estimates, and it is related to Corona Theorem of Carleson. The
following result can be found in [1] and is a convenient formulation of the case d = 2 of
Uchiyama’s Theorem for the annulus.

6. Recall that a trigonometric polynomial pg: T — C has essential degree at most ¢ > 1 if its Fourier
coefficients outside an interval of length £ are vanishing.



170 4. QUASI-PERIODIC SCHRODINGER OPERATORS

Theorem 4.38 (see Theorem 2.6, [1]). LetUy: T — C? be an analytic function. Assume
that for some 0 < §; < 6, ', we have 6, < [Uyp(2)| < d;* for |3z| < a. Then there exists
7Z: T — SL(2,C) with first column Uy and such that |Z], < 051_262_1(1 —1n §102).

As a consequence of Cauchy formula, Paley-Wiener’s Theorem shows that the
Fourier coefficients of a function which is analytic on a strip decay exponentially fast.
We give here the general statement, although we will only use it for analytic functions
on T.

Theorem 4.39 (Paley-Wiener). Let f € C¥(T™,R) be a real analytic function on the
m—torus T™ := R™/Z™, with Fourier series f(x) = 3 ;cm f;e¥0:m) - For § > 0, we
denote T™ + § := {z € C™/Z™ | z = z0 + 21, 20 € T™, |z1| < d}. The function f has
a holomorphic extension to a neighbourhood of T™ containing T™ + ¢ for some § > 0.
Let M := supgmr5 | f| be the supremum of |f| on it. Then,

] < Me=2mdlil, Vjezm.

In the following, we focus on the case where the frequency a € T satisfies B(a) = 0,
and we consider an analytic potential V' € C} (T, R) for some hg > 0, in the perturbative
regime, that is, such that the dual Schréodinger operators are almost localized. We will
later generalize these results to the global subcritical regime. Fix an energy F € Xy,
located on the boundary of a spectral gap; we will denote the associate matrix by

Alz) = SY(x) = (E_lv(m) (1)) .

For such an energy, the associate Schrédinger cocycle can be reduced to a constant
parabolic cocycle. We will prove here a quantitative version of this fact; more precisely,
we show that the off-diagonal coefficient of the parabolic matrix is exponentially small
in terms of the label of the gap, while we also have a good control on the size of the
conjugacy. These estimates follow from lower bounds on the Bloch waves intervening in
the definition of the conjugacies. In particular, we will use the fact that these are not
too small with respect to the label of the gap. It is important to note that the (implicit)
constants that appear in the following are independent of the spectral gap we work with;
it is a consequence of the uniformity of the constants obtained by almost localization.

The ideas here are based on the methods developed in [7] and [1]. In a first time, we
use the parametrization by some auxiliary phase 6(F), and the estimates we get involve
its last resonance. We then show how they can be translated in terms of the label of the
spectral gap we consider. Our main statement in the following.

Proposition 4.40. Let ¢, kg > 0 be the absolute constants appearing in the statement
of Theorem 4.14. If there exists 0 < e < min(1,hg) such that |V|. < coe, or, in the
almost Mathieu case, if V. = 2\ cos(2n-), with |\| < 1, then for any E € v, satisfying
p(E) = (k) for some k € Z\{0}, the following assertions hold.

1) There exist § = 0(E) = (n), for some n = n(k) € Z, and & = (i), ez, with
o =1 and |4;] < Cre=<ll for constants C1,e; > 0 independent of E (hence
of k), such that Hy, ¢t = Ed.

2) There exist a map U € C¥(T,PSL(2,R)) and a real number ¢ € R such that

U +a) tSE(2)U(z) = <(1) f) , YxeT, (4.1)
with |p| < Coe=c"l |U|p < €D, for some constants ¢,Co > 0 independent
of E. Moreover, set 6y := min(z=€1,hg)/4 > 0; note that & is uniform in E.
In the case of the almost Mathieu operator, i.e., Ha) cos(27-),a,0, |A| < 1, we can
take 0 := —g=In|A|. Then, U is analytic on the strip {|Sz| < 6o}, and for any
0 < &' < 6 < do, there exists a constant C3 = C5(8,6’) > 0 independent of E
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satisfying |U|s < C3e3™" and |p|s < C3e5™1M | where o|r = ¢, and

0 1
3) We have |deg(U)| = |k| < Cy|n| for some constant Cy > 0 independent of E.

U(z+a)1sg(z)U(z)=(1 W)>, 152 < 6. (4.2)

PROOF OF 1). From Theorem 3.3 in [7], we know that there exist some phase 6 =
6(E) € R and a bounded solution 4 to I:Iv@,gzl = Et with 4o =1 and |4,]| <1, Vj € Z.

Moreover, by Theorem 4.14, if for some 0 < e < min(1, hg), we have |V|. < coe*o,
then the operator IA{V%@ is almost localized.

Now, let us show that 8(E) = (n) for some n € Z. Indeed, if §(E) were resonant,
then by Theorem 4.2 in [7], p(a, S%) would be resonant as well. But we know that
pla, SY) = (k) is not resonant; indeed, its last resonance is equal to k. We deduce
that 6(F) is non-resonant, hence by Remark 4.2 in [7], there exists | € Z such that
O(E) = £p(a, SY) + () = (£k + 1), and we take n := +k + 1 € Z.

Let us fix some small g9 > 0, and denote by {n; }o<j< the set of eg-resonances of 0,
with ny = n. Since 6 is non-resonant, in view of Remark 3.3 in [7], the almost localized
sequence (@;); is actually localized, i.e.,

la;] < Cre~<lil vjez. (4.3)
Moreover, as in the definition of almost reducibility, the constants C7,e; > 0 can be
taken uniform in F; in particular, they do not depend on the integer k. O

PROOF OF 2). We fix 0 < h < min(z=€1,hg), where €, > 0 is taken as in 1). For

A = SY, it is shown in [1] that for any § > 0, there exists a constant C = C(§) > 0
independent of E such that

sup | A (2)| < €™ vm e Z. (4.4)

|Sz|<h

Moreover, by (4.3), the 4;’s can be regarded as the Fourier coefficients of a function

U T Yy ;€™ which is analytic on the strip {|Sz| < h}. We also define the
627Ti0u(x)
u(z — )
Alz) - U(z) = E2™U(z + ), VzeT.
Let 6 := 6 — (n), so that 6 € Z, and define U(x) := e™"*1{(z). We thus obtain
A(z)-U(z) = U (z + o) =U(z +a), Yz eT.
We set S := R(U) and T := S(U); then for any z € T, we get
A(z) - S(z) = S(x + a), A(x) - T(x) =T(x + ). (4.5)
Let (p;/qi); denote the sequence of best approximants of a. Let N > |n| be an
integer, and choose ¢ and 1 < r < |gp1/qe] such that r¢p — 1 = N < gpp1. We
denote I := [~|N/2],N — | N/2]], and we consider the function u’: z + djer t;e?™I;
we define UL, U, ST, T! accordingly. Since U! is obtained from U by truncating high
frequency Fourier modes, we deduce from (4.3) that for 0 < § < h,
U —ul]s =0 ™r=ONy gy —tl|s = O(e T h2ON), (4.6)

Given any analytic function f defined on the strip {|Sz| < h}, any ¢ € R such that
|t| < h, we let f; be the function defined on T by f;: x — f(x + it).
Take ¢t € R such that |¢| < h/2. By (4.6), we thus get

/Tbltl(x)dz /Eut(m)das

since [ u; = 1o = 1. Recall that S} + 1T = e™n(+1¢] Similarly, we have

/Tut(x)dx

Bloch wave U: x — ( ); it behaves nicely under application of the cocycle:

> —O(e"™N/%) > 2/3, (4.7)

> —O(e™™N/2) > 9/3.

/ eiﬂm(g;Jrit)(Stf (x) + iTtI (x))dx
T




172 4. QUASI-PERIODIC SCHRODINGER OPERATORS
Therefore, for any ¢ € R such that 0 < § := |t| < h/2, we obtain

max( / |S{ ()| dz, / |T] (z)| dz) 2 e7™0I"l /3 > e mhinl/2 /3, (4.8)
T T
Let us denote by (0;);ez the Fourier coefficients of V. It is possible to see that

A(z) - U (2) — 20U (2 + o) = 210 <g(oz)> , (4.9)

where the Fourier coefficients (§;);ecz of the function g: T — C satisfy

9; = x1(j) (B = 2cos(2m(0 + ja))) ity — Y x1(j = Ditj—ii.

l€Z
Since Hit = Fii, we then get
=95 = xz\1(J) (B —2cos(2m(0 + ja))) i; — Z xza1(J — D)ty (4.10)
IEZ
Since U! (z) = ™™ U (2), (4.9) yields
Alz) - U (2) = U (2 + a) + 2™ (e 09(2)> . (4.11)

By (4.3), and since the 9;’s also decay exponentially fast by analyticity of V on the strip
{|Sz| < ho}, we deduce from (4.10) that g is analytic on the strip {|Sz| < h}; moreover,
for any 0 < § < h/4, we have

€2 g(2) 15 S eI (3 X (e @2l 4 37y (j — e (a2l 2eh D)

JEZ IIEL
S eminlg=rh=0IN (1 4 $™ =2m(h=0)h)
LEZ
< e—TrhN/Q(l n Ze—ﬂhm).
lEZ

Combining the previous estimates with (4.11), we obtain for VI = % T!:

A(z) V() =V (z+a) + 0(e™N/2)  |Sz] < h/4, (4.12)
while by (4.9), we have
A2) - UM (z) = 2™U (2 + a) + O(e™™N/?), 32| < h/4. (4.13)

Let V! = Ur, ST or T!. Since VI has essential degree at most N, by Theorem 4.37,
there exists an absolute constant Cp > 0 such that for any « € T and any ¢ € R, [t]| < h:

Vil < Cog? sup |V (x+ ja)
0<j<N
< Coe®™ sup |V (z+ ja)l. (4.14)
0<j<N

Indeed, () = 0 implies that ¢j, , = e°(rae) = ¢°(N) by the definition of 7 and £.
Using complex conjugacies, we first refine the previous estimate (4.4) on the growth
of the cocycle, following the argument given by Avila in Theorem 3.4 of [1].

Claim (Improved estimates). We have the following estimate:
\Amlnsa < Clm|®, Vm €N, (4.15)

for some constant C' > 0 uniform in E.

PROOF OF THE CLAIM. We follow [1]. Combining (4.4), (4.7), (4.13) and (4.14)
for the trigonometric polynomial 4, we obtain, for some small constants & > 0, §; €
(0,7h/100):

inf  |[U(z)] > ee N,
|Sz|<h/4
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By (4.3), and by the definition of ¢, we also know that U is unifgrmly upper bounded
on the strip {|Sz| < h/4}. Therefore, Theorem 4.38 gives a map Z: T — SL(2,C) with
first column U’ and with good estimates on the strip {|Sz| < h/4}, such that (see (4.13))

= 1 =N e2mio 0 Bi(z)  b(2) N
2ot a0z = (Y o) + (50 7)) 18 <

where |Z|p/a < D1e® N (blysy < D1e® N and [Bi]nya, |Bslnya, [Balnja < Drem™N/2

(C)l d91>’ with d? := e™N/4, Letting

for some uniform constant Bl > 0. Let D := <
P = Zf), we obtain:
_ _ e27ri0 0 _
Bt 0) AR = (T ) + Q). [R5l < b,

where |§)|h/4 < Dye™N/2 and |(:2\h/4 < Dye~™"N/19 From this, we deduce that for
some constant DQ > 0:

sup |As|n/a < Dye? N
Ogsge"hN/mO
Since N can be taken arbitrarily large, we conclude by taking N = ©(lnm). O

In the following, we focus on real conjugacies and we restrict ourselves to the case
where N := |n|. Then, arguing as previously, but with the improved estimates on the
growth of («, A) given by the claim, by combining (4.8), (4.12), (4.14) and (4.15), the
following lower bound holds:

: 1 : I > —o(|nl) )
max(inf |57 ()], inf [T (@)]) > =), (4.16)

where the implicit constant does not depend on F.
Now, set §y := h/4 > 0. Note that the constant dy is uniform in E. Let 0 < d < do.
We claim that there exists a constant Cs > 0 such that for any ¢ € R, [¢t| < §, we have

. 1 : I >0 —Tré\n|_ )
max(inf S/ (2)] inf T/ ()] > Cie (417)

Indeed, if it is not true, then for any constant C' > 0, there exist ¢ € R, [t| <8, z1,20 €T
such that |S!(x1)|, |T{ (z2)| < C’e~™0". Then, if C’ is chosen sufficiently small, (4.12),
(4.14) and (4.15) imply that
|57 b T [ < 711 /5,
which contradicts (4.8). Therefore, we can choose an analytic function x: [—do, do] —
[0, 1] such that letting W (z + it) := x(¢)S] (x) + (1 — x(¢))T} (x) for any (z,t) € T x
[—d0, do]s then the map WY has the following properties. For any 0 < § < &, there exists
a constant C'§ > 0 such that

| %iﬁi S IW!(2)| > Che=mm, (4.18)

We then define W: x + it — x(t)S:(z) + (1 — x(¢))T:(x). From (4.6), we get
W — W5 = O(e ™h=29)Inly = O(e2m0In]y, (4.19)

Therefore, we deduce from (4.5), (4.16) and (4.19) that the map W satisfies:
A(z) - W(z) = W(z + a), (4.20)
inf [W(z)| > e~olnh (4.21)

while, by (4.18), we also have that for some constant Cs > 0, uniform in E,
‘gi?lfd IW(z)| > Cse=™I, (4.22)

Let Ry/4 denote the rotation (x,y) + (—y,x). Since VW does not vanish, we can
define UM € C¢ (T, PSL(2,R)) as follows:

UM () = (W(z) R /4%) . (4.23)
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By (4.20), we thus obtain

UM (z + ) ARUD (2) = (é w(j(zv ,

with (1) € Cg (T,R) given by ©M(2) := %A(z)]ﬂ“%.

By (4.21) and by the formula giving "), we deduce that [P |p < e°(]). Besides,
for any 0 < 0 < dy, it follows from (4.22) that for some uniform constant C§ > 0, we
have the estimate [ |5 < C4e2 1", We set Cy := Cs, > 0.

In view of (4.3), and by the formula giving U, we also have uniform upper bounds:
Wt = O(1), [W|s = O(e™I"l). Combining this with (4.22) and (4.21), we deduce that
for some uniform constant C5 > 0,

T} < eon), UM, < Ggemdolnl, (4.24)

Now, since B(a) = 0, we can find a solution ¢ € C¥(T,R) to the cohomological
equation

O+ a) — 6() = oV () — / e (4.25)

on T, with ngb = 0. Indeed, let 0 < §; < d2 < dg. We obtain a formal solution with

Fourier coefficients W
~(1

n _ SDJ .
¢j = SZrija _ 1 Vj € Z\{0}. (4.26)

The function () is analytic on the strip {|Sz| < dp}. By Paley-Wiener’s Theorem
(Theorem 4.39), the Fourier coefficients of o) decay exponentially fast. Considering
the strip {|Sz| < d2}, we get the estimate:

|g5§.1)| < W5, e 2m02lil < Cye2mdolnlg=2molil - v e 7. (4.27)
For any 0 < 0 < dg, arguing similarly on the strip {|Sz| < 6/2}, we also obtain:
[67] < lpWlse™™! < Cpe2ainle=mlil, vj e Z. (4:28)
Recall that (p;/g¢;); denotes the sequence of best approximants of a. We know that
gio|r = 1§jgi{11if+171 ljalr, and % < Git1lgiolr < 1.

Since B(a) = 0, we also have ¢;41 < e°%). We deduce that for any j € Z\{0} with
¢ < 1jl < ¢ip1 — 1,

< 2gi41 = e”WD. (4.29)

. .1 < 1
6271-1]04 —1| ™ |(Ii04|']1‘
Combining (4.26), (4.27) and (4.29), we deduce that the function ¢: x — 3, ; b e
is analytic on the strip {|Sz| < &}. We see that |¢ls, < C(61,02)eM]s, <
0(51,52)6'262”5“"‘7 vwhere C(61,02) = Zj % For any 0 < § < dg, set
Cs = Cj Zj eg;ji‘i‘l. By (4.28), we thus obtain |¢|p < Cse®™Inl . Since § can be
chosen arbitrarily small, we deduce that |¢|r = e°("]),

Therefore, letting U(z) := UM (2) (é ¢(12)>, we finally get

(1) _
Uz + ) TA(2)U(z) = (é p(2) + ¢(i) (= + a)> . VYS2| < 8o, (4.30)
In particular, by (4.25), we obtain

Uz +a) ' A(z)U(z) = (é f) , vVx € T, (4.31)

with ¢ := [ oM. In view of (4.24), and by the estimates on ¢, there exists a uniform
constant C’4 > 0 such that:

U|r < eo(Inh) U5, < Cyedmdolnl,
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Moreover, by Theorem 3.8 in [1] applied here with the choice n; := n, so that
njt1 = +00, we have
sup | Ag|r < CselnD (4.32)
OSkSec\n\
for certain constants ¢, Cs > 0 independent of E. For any j € N, iterating (4.31), we
obtain

(1 j¢> =U(@ +jo) ' A;(@)U(z), z€T.

0 1
Take j := [e“Il]. Since |Ulr, [U=tr < e°UnD | and by (4.32), |A;lr < Cse?UnD) we
conclude that |p|ec™ < C5e°("D) | and the desired estimate on ¢ follows. (]

PROOF OF 3). Let us now estimate the topological degree of the conjugacy map U.
1 ¢(x)
0 1
For this, we look at the degree of its first column W, seen as a map W : T — R?\{0}.
Recall that

Since = — ) is homotopic to the identity, it is enough to estimate deg(U (1)).

inf [W(z)| > eelnD. (4.33)
z€T
Consider the Fourier expansion W(z) = 3> W;e>™% of W, and its truncation VNV(x) =
JEL

> Wje%ijx for some integer jo € N to be determined. By localization estimates,
[71<50
and from the definition of W, we have |W;| = O(e=<1(il=1"D). Hence, [W — Wi <
e—<1lo=Inl)  Comparing with (4.33), for some uniform constant Cg > 0, we can choose
Jo < Cs|n| such that
W(z) - W(z)| < W(z)|, VzeT.

By Rouché’s theorem, we deduce that deg(W) = deg(W). Consider a coordinate of W
which is not identically vanishing. It is a trigonometric polynomial of degree less than
Cs|nl, so it has at most Cg|n| zeros in T, and we conclude that |deg(W)| < Cs|n|. Hence
ldeg(U)| < Colnl.

Recall that p(E) = (k) and §(EF) = (n). By (4.1), the upper bound on deg(U), and
formula (2.4), we obtain a link between the parametrization by the last resonance n of
0 and the label k, i.e., |k| < Cs|n|. O

4.1. Remarks on the two methods. The first method explained in Section 3 is
of perturbative type, and deals with perturbations of constant cocycles; it can be applied
to general quasi-periodic cocycles taking values in SL(2,R). Note that it also works for
a higher dimensional base. In this KAM scheme, we encounter certain resonant steps,
which are related to the rotation number of the cocycle we start with.

The second method detailed in Section 4 is non-perturbative and works only in the
case of one-dimensional quasi-periodic Schrédinger cocycles. Indeed, it is based on Aubry
duality, and it uses almost localization of a dual Schrodinger operator to get quantitative
estimates on the conjugacy and on the parabolic cocycle obtained after reduction. As
in the first method, we have to deal with resonances, but here, in terms of an auxiliary
parameter §. But as we have seen, this phase can be related to the rotation number of
the spectral gap we consider.

5. Global to local reduction

In this part, we extend to the subcritical regime the reducibility result which was
obtained above in the case of small potentials. Let us first recall the following precise
version of Theorem 4.20 stated above.

Theorem 4.41 (Avila, [5]). Let o € R\Q. For a (measure-theoretically) typical V &
C¥(T,R), there exist k > 1 and a collection of points a1 < by < --+ < a < by in the
spectrum Yy, such that Xy, C Ule[ai,bi] and such that energies alternate between
supercritical and subcritical along the sequence {Xvy o N [a;,b;]}i. Moreover, for each
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i=1,...,k, By Nla b is a compact set that depends continuously (in the Hausdorff
topology) on (a, V).

Let o € R\Q. Throughout this section, we consider a potential V' € C¥(T,R) for
which Xy, presents the above structure. We denote by {I;}1<i<m the intervals such
that the energies in Xy, N I; are subcritical, and by {J;}i<j<m’ (the number m’ of
intervals can be m — 1, m or m + 1) the intervals such that the energies in Xy, N J; are
supercritical.

Let E%}fg = Ui(Zv,aN1;) and X377 = Uj(By,oNJ;). Following the remark in [5], we
have spectral uniformity, i.e., there exists Ly > 0 such that for any F € Ef}fg, L(E) > Ly.
By spectral uniformity, finiteness of the number of transitions between subcritical and
supercritical regimes, and continuity of the Lyapunov exponent, there exists y > 0 such
that dist(X5%P, ¥5%) > y. Indeed, the distance between X"P and 5" is realized by
certain spectral gaps.

From now on, we focus on the subcritical regime, i.e., E € ¥y, N I; for some fixed
1 <4 < m. Let us stress that by Theorem 4.41, the set ¥y, N I; is compact. This fact
is crucial for the whole proof.

By Theorem 4.23 and the definition of almost reducibility, we have

Proposition 4.42. Let o € R\Q satisfying f(a) = 0. There exists hy = h1(V) > 0,
such that for any n > 0, there exists I' = I'(V,n, hy) > 0 such that for every E € E%}l’z,
one can find &g € O} (T,PSL(2,R)) with |®g|n, < I, Rgr) € SO(2,R) for some
¢(E) € T, and Fp € Cf (T,gl(2,R)) with |Fg|s, <mn, such that

Pp(z+a) 'Sy (2)®p(z) = Ry + Fe, VzeT. (5.1)

Remark 4.43. The crucial fact in this result is that we can choose hi to be independent
of E and n, and choose T to be independent of E.

Proor. In view of Theorem 4.23, we deduce that for any £ € Xy o NI;, 1 <7 <m,
the cocycle (o, S¥) is almost reducible, i.e., there exists h = h(E,V) > 0 such that for
any 1 > 0, there exist @g) € C¥(T,PSL(2,R)) and Ag € SL(2,R) with |Ag| < 1, such
that

@5 (- + ) SEC)RE () — Apln <o (5.2)
Moreover, since (o, SY) is subcritical and thus not uniformly hyperbolic, arguing as
in the Claim appearing in Corollary 4.2 in [54], we see that it is possible to choose
Ap = Ry(p) € SO(2,R) for some ¢(E) € T, and @g) € C¥(T,PSL(2,R)) satisfying

_ n
95 (- +a) ' SE()@E () = Romln < 5. (5.3)

Nl

0
Note that by the construction given in [54], we can take @g) = (nO B ) @g) if Ag
n

0 1
As a consequence, for any E’ € R and any x € T, one has

is parabolic, say Ag = <1 ) for some ¢ € R. Otherwise we take (Dg) = @g).

_ n
(8¢ + ) SEORE () ~ Rom vy < 5 +1E - B x 195 Rpy).  (54)

It follows that with the same @?, we have |<I>(Ez)(a:+o<)_15g, (x)(b(Ez)(x) —Rym)lnev) <
7 for any energy E’ in a neighborhood U(FE) of E. Therefore, the same conjugacy <I>(Ez)
works for any E’ € U(FE).

By compactness of Xy, N I;, we can cover it with finitely many open intervals
U(E}),...,U(E]) as above. Then, for any E € Xy,o NI; we choose 1 < k < such that
E € U(E] ), and we set Pp := ®p:i . We thus obtain hy = hy (V) and T = I'(V, ), both
independent of E, such that for any E € Yy, N I;, we have &g € Cy’ (T, PSL(2,R)),
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‘(I)E'|h1(V) < F, and
CI)E( + a)_ng()be() = RqS(E) + Fg
for some Fg € C} (T, gl(2,R)) satisfying |Fg/|n, vy < 7. O

As a consequence of Proposition 4.42, one can easily generalize the results of
Corollary 4.35 and Proposition 4.40 to the global subcritical regime for quasi-periodic
Schrodinger operators.

In particular, for the almost Mathieu operator Haj cos(2r-),a,0 With 0 < [A| < 1, any
energy in the spectrum is subcritical, hence we obtain the following corollary.

Corollary 4.44. For o € DC(K,7) and 0 < || < 1, there exists 0 < h < —5=1In )|

such that if E' € Yy cos(2r.),a Satisfies p(a, S}?‘ COS(QW')) = (k) for some k € Z\{0}, then
for any 0 < b/ < h, there exist k = k(k) € R and Z = Z(k) € C}, (T,PSL(2,R)) such
that

2o+ ) P 2@ = (o 7). weeT (5.5)

and for certain constants D = D(K,7,d) > 0, D' = D'(K,7,d,h,h') >0, ¢ =¢(7,h) >
0, =J(K,7,d,h,h') > 0, we have the estimates:
| Z| < Deslkl, K| < D'e Ik,

ProoF. By Theorems 4.21 and 4.22, we know that if E € o) cos(2r.),a, then
(o, S? COS(277‘)) is subcritical in the regime |3z| < —5= In|A|. Therefore we can apply
Proposition 4.42 and conclude that there exist 0 < h < —% In |A|, a sequence of positive
numbers (1, (h)), going to zero, I';, = 'y (n,, h) > 0 and <I>(£) € C¥(T,PSL(2,R)) with

\‘Dg)h < Ty, such that
@(é}) (1. + a)—lsé)\cos(Qﬂ-)(ﬁ)cbg)(w) = R¢w,(E) + Fn({L‘), Vo € ’]I‘7

where |F,|, < n,. Fix 0 < ' < h. Note that by Remark 4.36, the quantity e, =
ex(Ao, K, 7,h,h',d) > 0 defined in Corollary 4.35 can be taken uniform with respect to
Ap € SO(2,R), thus we denote it by €. (K, 7, h, 1/, d).

Given any 0 < g9 < €.(K, 7, h, 1/, d), one can always find N, large enough such that

nw. (h) < €o.
It follows that |<I>SEN*) n < I'(K, ), hence by footnote 5 of [2], we have |deg(<I>(EN*))| <
C(h)InT. Since we assume p(«, 5123“05(2%)) = (k), then p(av, Ry, () + Fn.) = (k= k.),

with k, := deg(®N*)).
By Corollary 4.35, there exists W € Cy, (T, PSL(2,R)) which reduces (o, Ry, () +

Fy.) to the constant parabolic matrix é lf) Letting Z := @SEN*) W e
Cy,(T,PSL(2,R)), we have (5.5), with the estimate
|Z]w < T(K,7)Dyet et < D(K, 7, d)e

where D; = Dy(K,7,d) > 0 and & = & (7,h) > 0 are taken as in Corollary 4.35.
Besides, we have

N _2mh/ [k—ky| . 27h/ kx| _ 27h/ k|
1 1/807 1 1/807 1/807
|l€‘ < 886 142eq < 5861”50 e 1t2e .
O

On the other hand, Proposition 4.42 has the following consequence in the case of
general analytic potentials. In particular, Proposition 4.40, which only deals with the
perturbative regime, can be generalized as follows to the global subcritical regime for
quasi-periodic Schrédinger operators.
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Corollary 4.45. Given a (measure-theoretically) typical V € C*(T,R) and o € R\Q
satisfying B(a) = 0, then for any E} € I;, k € Z\{0}, 1 < i < m, there exist Y €
C“(T,PSL(2,R)) as well as ¢ € R such that for every z € T,

“1gV _ (1 ¥
Y(z+a) SE;(:E)Y(:E) = (O Nk (5.6)
Moreover, there exists n’ = n’(k) € Z such that
ol < Cae™™l, [Ylp < ™D, k] < Csln'l, (5.7)

for some constants ¢, Cs > 0 independent of k, and where the constant Cy > 0 is taken
as in Proposition 4.40. Moreover, for any sufficiently small € > 0, there exists C. > 0
such that

Y |ojo < Ce®mnl, (5.8)

Of course, a similar statement holds for E, in place of E;.

ProoF. For any E, € Xy ,NI;, the cocycle (o, Sg) is subcritical, hence it is almost
reducible. In particular, it can be conjugated to a cocycle close to constant, which we
may assume to be again of Schréodinger type. Indeed, if cg,ky > 0 are the absolute
constants given by Theorem 4.14, then by Lemma 4.16 and Remark 4.17, there are
ho = ho(V) > 0 and A = A(K, 7, hg) > 0 such that one can find E = E(E,) € R as well
as

— Vg, € CSO(T,PSL(Q,R)) with [¥g,[;, < A — ~ for some ~ > 0,

— Vg, € C’;“l’o (T,R) with |Vg_|c < coe*, for some 0 < e < min(1, ho),

satisfying )
Up, (z+0)7'SY (2)Up, (z) = SJ™ (x), Vo eT.

Moreover, by Lemma 4.16 and Remark 4.17, for every 0 < h < ho, there exists § > 0
such that for F € (E, — §, E, + 0), one can find

— Uy € C¥(T,PSL(2,R)) with | — Ug, |, <, so that W[, < A,

— Vg € C¢(T,R) with [Vg|. < coeto,
satisfying i

Up(z+a) tSE(2)VUp(z) = SgE (), VxeT. (5.9)

By compactness of Xy 4, it is possible to cover it with a finite number of open intervals of
the above type, hence we get a uniform upper bound on ¥g: there are hy = h2(1~/) >0
and A = A(K, 7, hs) > 0 such that for any F € E%}fg, we have |Ug|p, < A and |Vg|. <
coe® for some 0 < e < min(1, hy). Let k. = ki(E) := deg(¥g). Then by footnote 5
of [2], we deduce that the quantity |k.| is also uniformly upper bounded on Z%}fg, ie.,
there exists J = J(K, T, ha) > 0 such that |k.| < J.

Now, for E, = E;” and E = E(E;"), we have p(a,SVE*

N E
Ee Y, o since (Oz7 SEE) is not uniformly hyperbolic. Moreover, the potential Vg, is
in the perturbative regime, hence the assumptions of Proposition 4.40 are satisfied for
the cocycle (o, SEE*). We thus get ¢ € R and U € C¥(T,PSL(2,R)) such that for any
z€eT,

) = (k — k.(E,)). Clearly,

Ul +a) 'S (2)U () = (é ‘f)

Moreover, there exists n’ = n'(k) = n(k — k.) € Z such that || < Coe ' |U|p <
e?Un'D) and |deg(U)| = |k — k.| < Cy|n| for some constants Cy, Cy > 0 independent of k.
Setting Y := W U, we get |V|r < Ae?I™'D | and |deg(Y)| = |k| < J + Cu|n’| < Cs|n/|
for some uniform constant Cs > 0. Now, (5.8) follows by choosing ¢ < min(hg,dp),
where dy > 0 is taken as in Proposition 4.40; indeed, the estimates of Proposition 4.40
give |Ulc/p < Cse3I’l for some constant Cj depending only on ¢, and we also have
|¥E, |c/2 < A. This concludes the proof. O
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6. Moser-Péschel argument and the gap estimates

Given a € R\Q satisfying 8(«) = 0 and a typical V € C¥(T,R), we consider the
quasi-periodic Schrédinger operator on ¢%(Z):
(Hv,a,0w)n = Uny1 + Un—1 + V(na + 0)u,.

Let E. be an edge point of some spectral gap G (V'), and assume that F, € I;, where
I; is some interval associated with subcritical energies as we introduced in Subsection
5. In view of Corollary 4.44 and Corollary 4.45, there exist » > 0 and a conjugacy

X = X X € C¥(T,SL(2,R)), such that for some ¢ € R, we have
Xo1 Xoo

X(z+a) 'Sy (2)X () =B = <(1) g) , VxeT. (6.1)

Lemma 4.46. The coefficients (X;;) satisfy the following relations: for any x € T,

Xo1(z +a) = Xq1(2),
{ Xoz(7 + a) = X12(z) — (Xn1(2), (6.2)
and
X (@ + @) X12(2) = Xn1(2)Xio(@ + @) = 1+ (Xu(e + @) Xu(@).  (63)

For a function f defined on T, we denote by [f] its average with respect to Lebesgue
measure. We have the following estimate on [X?%]:

[XT] = [X3,] > 1X]3%/2. (6.4)

Proor. Equation (6.1) gives: for any z € T,

<(E* = V(@) X11(z) — Xo1(z)  (Ee = V(2))X12(2) - Xzz(l’)) _
Xll(l') Xlg(x)
_ (Xn(x +a) (Xu(r+a)+ X+ a))
X21(SC+OL) CX21(1‘+Oé) +X22(£E+O&)

and we get the first two relations. The third one follows by taking the determinant,
since det (S} ) =1, det (X) =1 and det (B) = 1. Now, if we denote by C;,C5 the
columns of X, by det (X) =1, we get [|C1|?][|C2|?] > 1, hence

[C1P7) = [X3)] + [X3,] = 2[X7y] > [ICoP’] " > X3 ™.
O

Now, given § € R, we move the energy E, to FE,+J, keeping the conjugacy X. Since

Sy .s=SE + (g 8), the relations obtained in (6.2) yield

X(z+a) 'Sy s(x)X(z) = Bs(x) := B+ §P(z), (6.5)

with
P(a) = Xui(2)X12(x) — ¢XF(2)  —¢Xn1(2) Xia(x) + Xip(2)
' — X7 () —X11(7) X12(2)

In the following, we will use the method of averaging to estimate the size of spectral
gaps. For this, we look for a conjugacy near the identity that would conjugate (a, B+JP)
to a cocycle closer to be constant. Then we examine the type of the resulting matrix in
SLa(R) (hyperbolic, parabolic, elliptic) to estimate the size of the gap.

The following lemma is classical. We refer to Proposition 1 in [35], where a similar
statement is proved for any matrix Ay in SLy(R), but under a stronger arithmetic condi-
tion (the eigenvalues of A are required to satisfy some Diophantine condition relatively
to the frequency «).
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Lemma 4.47. Let Ay € SLo(R) be a parabolic matrix, say Ay = <(1) /f> for some

w € R. Assume that the frequency « satisfies 3(a)) = 0. Then for any G € C¥ (T, sl2(R)),
7 > 0, the cohomological equation

Y (z+a)Ay — AgY (z) = Ag(G(z) — [G]), =z €T, (6.6)

admits a unique solution Y: T — sly(R). Moreover, there exists a constant M =

M(a, 7, Ag) > 0 depending only on the arithmetic properties of o, on the analytic
radius 7 and on Ag, such that

S (¢l
Y|ig < ——.
| | /2 ;i

d e
f —d

a

ProOF. Write G = < ) for some functions d, e, f € C¥(T,R); we look for a

solution Y of the form Y =

b ) for some functions a,b,c € C¥(T,R). Finding a
solution to (6.6) amounts to solving the following system:
a(w+a) —a(z) = pel+a)+d(x) - [d],
b +a)—b(x) = e(x)— pd()— e — pd) — plalz +a) + a(x))
czta)—cx) = fl=)-I[f]
We denote by (i,) ez the Fourier coefficients of the function w, where w = a, b, ¢, d, ¢, f.
We start by solving the third equation in Fourier series:

I

e2rija _ 1’

¢o =0, é]‘ = Vj e Z\{O}

Now, since G is analytic on the strip {|Sz| < 7}, Payley-Wiener’s theorem yields:

w; < |Glre™3m2 0w =de, f, Vj €L (6.7)
Moreover, as in (4.29), the condition 8(«) = 0 gives the estimates:
1 :
= | = eoliD
T 1‘ = eI, (6.8)

Combining this with (6.7), we deduce that the Fourier series c: x — >/, é;e*™7 con-
. - —sm#jl/
verges on the strip {|3z| < 37/2}; moreover, we have |c[;/2 < |G|z, %, where

the sum depends only on the analytic radius 7 and the arithmetic properties of a.
Since the function ¢ defined above satisfies ch = 0, the first equation admits a
formal solution with Fourier coefficients given by:
,ueQﬂ—ijaéj +(jj B ’ue27rijo¢fj ch
e2mija _ - (ezmja _ 1)2 e2mija _ 1

Go:=0, ;= Vj € Z\{0}.

By (6.7) and (6.8), we see that the associate Fourier series a: z — >, a;je*™® converges
on the strip {|3z| < 37/2}, and that |al;/2 is controlled by |G|7 and a term that only
depends on Ay (through u), on the analytic radius 7 and on the arithmetic properties
of a.

Similarly, we solve the second equation in Fourier series; moreover, the solution
brax— > jez b;je*™* satisfies analogous estimates, which concludes the proof. O
Proposition 4.48 (see Proposition 2, [35]). We take a parabolic matrix Ay € SLa2(R)
as above. Let A; € C¥(T,gl(2,R)) and €& > 0 be such that Ay + €A;(x) € SL(2,R) for
any |e| < & and x € T. We take M = M(«a, 7, Ap) as previously. If 0 < €, < €, satisfies

M
20|’
then for every e, |e| < &, there exist v e 2/2(T,SL2(R)), AL € SL2(R) and Ay =
As(e): T — SLa(R) depending analytically both on € and « such that for any € T,

Y (@ +a) 7 (Ao + eAy(2) YV (@) = AL+ A (2),

€| Arlr < (6.9)
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where
tr(Ay ' A
AL = Agexp(e[G]), with G:z+— AgtA(z) — wm. (6.10)
Besides, the following estimates are satisfied:
iy - Idle < M|As|zel,
[Ac — Ao < M|Aq]s]e],
|Aglre < M|A]2,

for some constant M = M («, 7, Ag) > 0 depending only on the arithmetic properties of
«, on the analytic radius 7 and on Ay.

Remark 4.49. Assume that for |e| < €, the map Ayg+€A;: T — SL(2,R) is homotopic
to the identity, so that the cocycle (o, Ag + €A1) has a well-defined rotation number.
Although the conjugacy Ye(l) depends on €, it is important for our purpose that it does
not change the rotation number; indeed, by the previous estimates, we may choose €2 > 0
to be sufficiently small such that for |e| < €, the map Ys(l) is homotopic to Id, and thus,
p(a, Ag + €Ar) = p(a, AL + €2 Ag). We will assume this tacitly in the following.

PrOOF. We follow the proof given in [35]. Define G: 2 ~— Aj'A;(z) —
tr(A‘;l%(gc))ld, so that G € C¥(T,sl(2,R)), and let Y be the solution to (6.6) with
this choice of G. Since Ay € SL(2,R), we have |Ay | = |A|, and thus, |G|z < |Ag||A1]7.
By Lemma 447 we deduce that |}~’|r/2 < |G|’: < |AO||A |z. Take €3 > 0 such that
ElA1lr < 2|A 3147 For le| < &, we then have |eY|T/2 < 1/2; we define v = = exp(eY),
Al := Agexp(e[G]), and

Ao(a) = 5 (YO0 + ) (A + e @)Y D)~ 4), VreT.
The first and second inequalities are clearly satisfied, since Ye(l) = exp(ef’) and |61~/|,: )2 <
IATé)I\A1|;|e|, and we also have AL = Ag exp(e[G]), with |€[G]| < |Ap||A1]7|e|. For the third
one, we estimate

62‘A2|f/2 _ ‘Y(l)(~ )71(A0 +ed, )Y(l) _ A/|f/2

<|=Y(-+a)Ag+ AgY + Ag(G — [G))|7/2 X |e|
1
ap> A Y (- +a))FAg (V)
E+1>2 )
7/2
1 8
+ Z k'l'( EY( ))kﬁAl(ey)l
k+1>1 .
7/2
(e[GD*
+ |40 o
E>2

The first term vanishes, and in the three remaining ones, we can factor by €2.
o 2m

Since Zk+l:mW =7, and 2\657|,:/2 < 1, the second term is smaller than

o0 26}7,:
;0( ‘(k+|2/)f)*4‘y|r/2|140|62 <

the third one is smaller than Z+°°

A
V|72l Alrje < 22014 2.

G171 40l < Aol Ax 3.

The

|A0|

4e|Y\T/2|AO|e , and |Y|r/2|A0| < |A1]2. Similarly,

2|eY
%k/lﬂ;/g < 2€‘Y|;/2|A1|r/26 and we have
last term is smaller than 3,5 (k[fQI)k, I[G]|?|Ao|€?, and
U

Now, we apply the previous results to the cocycle (a, Bs) defined in (6.5).
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Proposition 4.50. For any 6 € R, we consider the map Bs = B+4P € C¥(T,SL(2,R))
defined in (6.5). Let M = M(a,r,B), and as in (6.9), we choose 6 > 0 such that
0a|Pl, < 5k, For any § € R with [5] < dy, there exist X" € C%,(T,SL(2,R)) and

r/2
g2 € C75(T,sl(2,R)) satisfying

X0 —1d), < el X1l gl < elX]) (6.11)

:
for some constant ¢ = ¢(«,r) > 0, and such that for any © € T,

XM (@ +a) (B +6P() X\ (@) = exp(bo + 0by + 6%g2(x)), (6.12)

(0 ¢ (X Xie] - $IXE] (X1 X)) + (X3
where by := and by := .
00 —[X7] —[X11X12] + §[X3]

0 1
coefficient ¢, we know that |B| is uniformly bounded for all subcritical energies on the
boundary of a spectral gap. With the above notations, we thus have M = M («a,r). By
a direct calculation, we see that B~1P(x) € sl(2,R) for any x € T, hence the formula in
(6.10) gives here

G=B"'P, and [G]=B'[P]= ([Xl[B()lgi]Q] [)[()f%}ﬁz]) )

Proor. We have B = <1 C), and by the estimates in (5.7) on the off-diagonal

Applying Proposition 4.48 to Bs, we obtain X(gl) € 07‘:’/2(11‘, SL(2,R)) and P, €

C(’:)/Q(T7 gl(za R)) Satisfying

XY —1a), < m|PLal,

|P2|1, < M|P|7,
and such that
XM (@ +a) (B +6P(x) XM (x) = Bexp(3[G)) + 6°Py(z), Va €T.

82

Then, with Ry := P> + 3272, %5~ B[G), we get

Bexp(3[G]) + 6°Pa(x) = B + §[P] + 6 Ra(z) = exp(by + b1 + 0°ga(z))

for some g € C“(T, sl(2,R)) satisfying |gal,/2 S M|P\$+Z;i2 527!2 |[G]|7, and where the

matrices by, by € sl(2,R) are taken as above. This concludes, since by the definitions of P
and G, and since ( is uniformly bounded, we also have |P|, < |X|2 and |[G]| < |X|3. O

B~ / E
/E*(SQ E,

FIGURE 1. Rotation number of the cocycle (a, X§2)(- + a)flsg*+5(~)X§2)(~))

Assume now that FE, is the right edge point of the spectral gap Gi(V'), which
corresponds to the case where the off-diagonal coefficient is positive, i.e., > 0. Then
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we need to focus on E, + § with § < 0. Set X§2) =X X(gl). For any x € T, we have
XP (@ +a) ' Sh 5(@) X P (x) = exp(bo + 6by + 62ga ().

By modifying the value of §, we can approach the left edge point of G(V'), and then
estimate the size of G (V). Indeed, we can determine the boundary of spectral gap by the
change of rotation number of the cocycle (a, exp(bg+3db; +62g2)). As shown symbolically
in Figure 1, when 6 = 0, the rotation number of the cocycle («a,exp(by)) = («, B)
vanishes since B is parabolic.

— For any 0; > 0 such that E, —d; is beyond the left edge of G (V'), the rotation
number of (oz,X(jgl(- +a)7tSY s X(jgl) is non-zero, thus |G (V)| < d1.

— For any 02 > 0 such that F, — 02 € Gg(V), the cocycle (a,Xj;L(- +

a)_ng*_ 5, X (_25)2) is uniformly hyperbolic, and its rotation number is still zero.
Hence |G(V)| > d2.

Let My := by —0by and d(§) := det Ms. Then d(d) is positive and bounded from below,
and d(d2) is negative and bounded from above.

In what precedes, we only considered an energy E, on the right side of G (V); of
course, the case where E, is the left edge point of Gi(V) can be handled in a similar
way.

6.1. Lower bound estimates. For the almost Mathieu operator Haj cos(27-),a,65
we have the following bound for each spectral gap.

Theorem 4.51. Take a with 8(«) = 0. We counsider the spectral gaps {Gi(\)}kez of
the almost Mathieu operator Hyj cos(2r-),a,0, With |[X| # 0,1. Then there exist constants
C’,g > 0 such that

1Gr(\)| > Ce™IFl vk e 7\{0}.

Before giving the proof, let us recall the following result, which plays a key role in
Avila-You-Zhou’s proof of noncritical “Dry Ten Martini Problem” [13]; we just point out
that while Avila-You-Zhou [13] mainly deals with Liouvillean frequencies, the following
proposition really works for all irrational frequencies.

Proposition 4.52 (Avila-You-Zhou [13]). Let a € R\Q, 0 < [\| < 1, E € ¥,5 cos,o and

0<h< filnm. Then there exists T = T(h,\) > 0 such that for € > 0 sufficiently
small, there is no Z € C7(T, (2,R)),

Z(-+ ) t8% s () Z() =1d + F(-), (6.13)
with |Z|fz < 671, ‘F‘B < eT.

PROOF OF THEOREM 4.51. By Aubry duality, Yoxcos2r)a = 22xr-1cos(2r),as
hence we only need to consider the case where 0 < |\| < 1. Thus by Corollary 4.44,
there exists 0 < h < —% In |A| such that the following holds. Let E be an edge point
of the spectral gap G(A); the energy E € Yoy cos.o satisfies p(a, S2<°%) = (k), hence
there exist k = k(k) e R and Z = Z (k) € Ch (T, PSL(2,R)) such that

2o+ ) 1S3 @z = (o 7). vaeT
with the estimates:
|Z|1j2 < Des*, k| < D' IH,

for certain constants D = D(K,7,d) > 0, D' = D'(K,7,d,h) > 0, < = ¢(r,h) > 0,
& =& (K,7,d,h) > 0.

Then we consider (6.1) for the choices X := Z and ¢ := &, E, := E and V :=
2X cos(27). By a straightforward calculation, we have

d(0) = —0[Z} ]k + 6 ([Z11][Z75] — [Z11Z12)%) -
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To get a lower bound on the size of the gap, one only needs to estimate the first-order
term of d(d); one therefore has

|Gr(N)] = clsl[ 2] (6.14)

for some constant ¢ > 0. Since this fact is quite standard (see [13, 46]), we omit the
details.
On the one hand, by (6.4) applied to X := Z, we have

1 1 1 .
Z4]| > =1Z)52 > 5|27, > =D 2e %Ik
2 2 / 2

On the other hand, by Proposition 4.52, there exists T = T'(h/2,A) > 0 such that
|| > D~Te=T¢lIkl In particular, T is independent of E. As a result, it follows from
(6.14) that

|Gr(\)| > eD™ T TeIk ED*Qe*ZCVCI = Ce~ (TH2)IH
2 )
for some constant C' = C'(K, 7,d, h,A) > 0. This finishes the proof of Theorem 4.51. O

6.2. Upper bounds on the size of spectral gaps. Let us consider (6.1) for the
choices X :=Y and ¢ := ¢, where Y and ¢ are given by Corollary 4.45.

Lemma 4.53. By Cauchy-Schwarz inequality, we always have [Y3][Y3] —[Y11Y12]? > 0.
Moreover, the quantity [Y2][Y3] — [Y11Y12]? vanishes if and only if V is constant.

PROOF. By the equality case in Cauchy-Schwarz inequality, [Y3][Yi5]—[Y11Y12]> = 0
if and only if Y7; and Yi, are proportional, that is, Y15 = pY7; for some g € R. From
(6.3), we deduce that for every x € T, pY11(x + a)Y11(x) = —1. It follows that Yi; is
2a-periodic, hence constant since « is irrational. Since Y12 = uY71, and from (6.2), this
implies that the conjugacy Y itself is constant. But the parabolic matrix to which we
conjugate is also constant; therefore, Sg, thus V, are constant too. O

Lemma 4.54. Assume that the potential V' is non-constant. Then, for any € > 0, there
exists C. > 0 such that for every k € 7Z, the following inequalities hold true:

¥2]
0S VEIvAl - WavaP

where n' = n/(k) € Z is defined as in Corollary 4.45.

< Ce™l and [YZ][YA] - [Yi1Y12]2 > C7 e (6.15)

PROOF. Assume by contradiction that there exists € > 0 such that for any C' > 0
and any ko > 0, there exists k € Z with |k| > ko for which the associate integer n/(k)
7]
YAIYE] — P Yie]?

Q(2) == [(Yi2 — 2Y11)?] = [Y1]2% — 2[Y11 Yia)z + [Yi3).

> CeI™'l. Consider the polynomial

satisfies

[Y11Yi2]

The minimum of @ is attained when z = 2N
11

Y11Yi2]\ [Y11Y12] ?
o (M) = | (e )
_ MuiYg]

Hence, Y15 = vz Y11 + o for some o : T — R with [0?] < C-le—cln'l,
11
Moreover, in view of (6.3), we know that for every x € T,

Yir(z + a)o(z) — Yiu(z)o(z + o) = 1+ oY1 (z + a) Y11 (2). (6.16)
Since |Y|r < e?0"'D and || < Cye=cI"'|| we have
[Yi1 (- + @) Yir ()|r = O(e™™).
On the other hand, by Cauchy-Schwarz inequality,
Yin(+a)o() = Yia(Jo(- +a)] = O(e~I"1/2).

it is equal to

Il T I
V7]
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Recall that there exists a uniform constant Cs > 0 such that |n’| > C5'|k|. Since ko
can be taken arbitrarily large, the two sides of (6.16) have different sizes, which gives
the contradiction.

Combining this with the fact that [Y3] > [V]52/2 > e=°("'D (sce (6.4)), we get the
lower bound on [Y3][Y3] — [Y11Yi2)?. O

Thanks to the previous estimates, we are now able to prove Theorem N, that is,
exponential decay of the size of spectral gaps in the subcritical regime. Indeed, we
will deduce from what precedes that the path in slo(R) given by 6 +— by + by, 6 < 0,
is as in the following picture. Then, the general idea is based on the fact that small
perturbations induced by the term §2¢y preserve the transversality of this path.

det <0

Theorem 4.55. Take ¢,C5 > 0 as in Corollary 4.45, and set £ := %C’glc. Then, there
exists C' > 0 such that for any Gi(V), k € Z\{0}, with dG,(V) N I; # 0, we have

|GL(V)| < Ce ¢RI

By the above statement, note that it is sufficient to assume that either E,j €I, or
E," € I;. Here we consider the case where E,:L € I, since it is the one for which we have
stated the results so far, but obviously, the other one is analogous.

PROOF. Let us choose € := {, and take C. > 0 such that inequalities (6.15) are
satisfied for any k € Z. We set C! := CyC. > 0. For a given k, we consider d; :=
2C’e~ %"l By the estimates on Y in Corollary 4.45 (see (5.8)), we see that for |k,
hence |n’|, large enough, we have §; < 8, where 0y is taken as in Proposition 4.50. In
particular, in this regime, it is legitimate to consider the cocycle (o, exp(bg + &by +62g2))
given by Proposition 4.50.

We estimate:

Yy
[lel][YEQ] - [Y11Y12]2

We deduce the following lower bound on the determinant d(d;) = det My, :
d(01) = =01 [Yiile + 6 (VA [Y12] — Vi1 Y12])
Yile
§Y2Y2YY2(5 Lt >
W([YE1[Y7s] — [YiYae]) ( 61 V2 - [V Vial
> 20l E M ortem il Cle I

Tc

=Cle TN, (6.17)

— €

with C7 :=2C-1(C!)2%.
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Let us estimate the norm of My, := by —d1b1; by (5.7), [Y|r < "D thus for some
constant C7 > 0 independent of k, we have

| M, | < Jip| + 01|V [3 < Cre= ¥, (6.18)
1
3
Take § > §;. By Lemma 8.1 of [37], there exists Ps € SL(2,R), with [Ps| < 2 <|1\§(%|)>
such that
. 0 a0)
Ps "MsPs = Ds := .
—4/d(9) 0

Exponentiating, we get
,Pl;l exp(bo — (5b1)735 - R7m7
73(;1 exp(byp — 0b1 + 5292)795 = exp(Ds + ss5),
with ss = 6>P; 'gaPs. For & := &y, and by (6.17) and (6.18), we obtain:

M, C -Fn| e
[Mo,| - C1 e = ((C")"3Cy)eiln'l.

V() T T e E
By (5.8), for any sufficiently small g > 0, there exists a constant C, > 0 such that
Y |p/2 < Cpe®meml.
Choose 0 < ¢ < 155=- By (6.11), there exists ¢ = c(a,0) > 0 such that [go|r <
Y3, < cClet?meln’l < e§In'l; since we also have P51 [Ps, | < 4((C”)~2Cy)esl™'l and
5 =2C"e= "'l we then get

_ ~  _9cl,/
|ss, 1T < 83IP5. |- |galr - |Ps,| < Cae™ Il

for some constant Co > 0 independent of k. According to inequality (2.8) of [7], we
deduce that there exists a numerical constant C3 > 0 such that

‘p(a,exp{M(;l +07g2}) + d(‘sl)’ < Cslss, |1 < (6203)67%‘"%.
Comparing with (6.17), we see that for |k|, hence |n/|, sufficiently large, we have

Vd(61) > |p(a, exp{Ms, +6ig2}) + /d(61)].
In particular, p(a, exp{Ms, + d3g2}) # p(a, exp{M(0)}) = 0. For |k| large enough, we
have thus proven:
Gu(V)] <200 T,
But we know that |k| < Cs|n’|, which concludes. O

Theorem 4.56. Take c¢,Cs > 0 as in Corollary 4.45, and set £ := %Cglc. Then, there
exists C' > 0 such that for any Gi(V), k € Z\{0}, with 0G(V) N I; # 0, we have

|GL(V)| < Ce €Ik,

7. The monotonicity argument

In this part, we study the size of spectral gaps by different methods. We will give
another proof of Theorem 4.55 based on monotonicity arguments; we refer to [10] for
more details in this direction. Here, we deal with a (measure-theoretically) typical po-
tential V € C¥(T,R) and a frequency « € R\Q with §(a) = 0 satisfying the conclusions
of Corollary 4.45.

Recall that the fibered rotation number is defined as the average with respect to
some invariant measure p of a certain quantity, that we refer to as the “drift” in what
follows. It is defined by the natural action of a SL(2, R)—cocycle on the circle.

Schrodinger cocycles depend on the energy F; we know that the fibered rotation
number is monotonic with respect to F. In particular, the derivative of the drift with
respect to the energy is always nonpositive. Yet it is not strictly monotonic: indeed, we
have seen that the rotation number is constant on spectral gaps. This property is linked
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to the fact that the measure p may be supported on fixed points that are independent of
the energy E. In particular we see that (0,1) is mapped to (—1,0) independently of E.
In fact this is essentially the only obstruction to strict monotonicity. When we iterate
once, we see that the derivative with respect to the energy becomes negative.

The proof proceeds as follows. We start with an energy E,j on the right boundary
of the spectral gap labeled by k € Z\{0}. We know that for this value of the energy,
we can conjugate the cocycle to some constant parabolic cocycle. We show that the
initial drift is nonpositive, but exponentially small with respect to k. Monotonicity for
Schrodinger cocycles translates into monotonicity for the conjugate cocycles; in fact, the
derivative of the second iterate of the drift is negative, subexponentially small in terms
of the label. Then we see that after an exponentially small perturbation of the energy,
we have left the spectral gap, which concludes.

Let us recall that for an energy F € R and for « € T, we denote by

st = (5770 )

the associate matrix. The Schrodinger cocycle (o, SY) acts on T x S! by:

. SV(x) . 627riy
2miy E
(z,e”™Y) — (x—!—a, |S}§(w)~62”iy|>'

This map admits a lift to TxR, given by ®¥: (z,y) — (x+a, y+¢Z(y)), where the “drift”
\%4 27iy .
o satisfies EE T2 2mi(y+o7 (1) We denote by ®E: y > y+¢2 () the map giving

ISk (@)-e2miv] ™
the change of argument, and for n > 0, we set (®£)"(y) := <I>$E+(n71)a) o---0®E(y);
it corresponds to the projection on the second coordinate of (®£)"(x,y). Recall that
the rotation number p(E) is obtained by averaging (z,y) — ¢Z(y) with respect to a
measure 4 invariant by ®%:

o(E) = / 6B (y) du(z, y). (7.1)

The spectrum of Schrodinger operators is compact; let Ey > 0 be such that ¥ C
[~ FEo, Eo]. The following result corresponds to (strict) monotonicity for the quantity ®¥
with respect to the energy.

Lemma 4.57 (Lemma 2.3, [4]). Let n > 2; then for any E € R and (z,y) € T x R, the
derivative Op[(®Z)"(y)] is strictly negative. In particular, there exists 9 > 0 such that
for any E € [—FEy, Ep], and any (z,y) € T x R, we have

Oe((®7)* ()] = Oplér (¥) + ¢rraly + 07 (¥)] < —mo < 0. (7.2)

7.1. Analysis of the drift near the boundary of a spectral gap. Given some
integer k € Z\{0}, we look at the spectral gap G (V). Recall that we denote G (V) =
(E.(V),E;f(V)). We assume that the energy E;7 = E} (V) on its right boundary is
subcritical, i.e., E;‘ € I; for some 1 < ¢ < m. By Corollary 4.45, there exist ¥ =

(Yn Y12> € C¥(T,PSL(2,R)) as well as ¢ € R such that for every z € T,
Yor Yoo

Y(e+a) 'Sy (@)Y (@) = (é ‘f) . (7.3)

Moreover, for some integer n’ = n/(k) € Z and constants ¢, D > 0 independent of k, we
have

ol < De~el|Yip <D k] < Dn'|. (7.4)

As we have seen in Section 6, (7.3) implies that for every ¢ € R, and for any = € T,
we have

SV

Vo) = Yo+ 0)Bs(a)Y (), (7.5)
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where Bs(x) = By s(x) is of the following form:
Bs(x) = 1+ 0(Yi(2)Y12(2) — 0¥1i(2)) @+ 0(Yh(2) — Y11 (2)Vi2(2))
s —6YE () 1 —6Y11(2)Yia(z)

Let dj, be the degree of the map Y. We let pi(d) be the fibered rotation number of
the cocycle («, Bs). It follows from (7.5) that

p(Ef +3) = pi(8) + (di). (7.6)

We want to show that for some § < 0 exponentially small, p(E; +8) # p(E}}); from
the previous formula, we see that it is enough to show that pg () # pi(0).

For any x € T, let us denote by y ~ 1 (y) the “drift” associated with the matrix
Bs(x). It is given by the formula:

Bs(x) - ey mi(y4pS
B(SEI;W; — 2miluvl(v) Y(z,y) € T x R.

We also denote by ¥0: (z,y) — (z + a, ¥3(y)) the lift of the action of («, Bs), where
Ul (y) ==y +9S(y). For any (x,y) € T x R, we see that

Ps(tan(2my))
Q(;(tan(27ry))> ’ (7.7)
where Ps5(X) and Qs(X) correspond to two quadratic polynomials
P5(X) :=(p + 0(Yi3(x) — ¢Y11(2)Y12(2))) X2 + 6(2Y11 (2)Yiz(2) — 0¥ (2) X + 6V (2),
Q5(X) :=(1 = Y11 (2)Y12(2)) X* + (¢ + 8[(Yia(2) — Yi1(2)) — ¢Yi1(2)Yia(2)]) X+

+ 14 6(Y11(2)Yi2(z) — @Y7 ().

1
Yo (y) = o arctan <

We denote their respective discriminants by A¢ and A3. It is easy to see that
AY = O] (2) (@0 (2) —4), A= —4+(p+0(Y7 (2) +Y5() = ¢¥i (2)Via(2))).
Since for § = 0, the cocycle («a, By) is constant, the map 92 = ¢/° does not depend on

x. The parabolic matrix By has a unique fixed point, accordingly, 0 is the unique

1>.
0 )
fixed point of y — y +1%(y). Any measure invariant by (x,y) — (z + o,y + ¢°(y)) has
support in the non-wandering set, which is here reduced to T x {0}. We deduce that the
rotation number vanishes: pg(0) = 0.

Assume that 6 > 0, |§] < 1. Since we consider the right boundary of a spectral
gap, we know that ¢ > 0. We assume ¢ > 0. We then see that for 6 > 0 very small,
A‘f < 0 and Ag < 0, so both Ps and Qs are positive. Therefore, for any x € T and
any y € R, the drift ¢ (y) is negative; in particular, the rotation number py,(§) becomes
strictly negative: we have left the spectral gap.

The following estimate shows that the initial drift is exponentially small:

Lemma 4.58. There exists a constant D > 0 independent of k such that for any y € R,
0< —¢y) < De=cI'l. (7.8)

PRroOF. If we take 6 = 0 in (7.7), we see that for every (z,y) € T x R,

@ tan?(27y)
tan?(2my) + ptan(27y) +1/)

(y) = f% arctan ( (7.9)

In particular, the previous quantity is always nonpositive; it vanishes for y = 0 and
attains its minimum when tan(27y) = —2/¢. Therefore, for any (z,y) € T x R,

¥(y) > — - arctan (1(%;/2)2) |

Since by (7.4), 0 < ¢ < De‘CW‘7 the result follows. O
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7.2. Estimates on the derivative of the second iterate of the drift. We
show here that the derivative of the second iterate of 1)° is negative, subexponentially
small; this follows from monotonicity of Schrédinger cocycles, that we detailed above,
through the conjugacy Y.

Recall that for any = € T, we denote by ®Z: y s y + ¢ (y) the map corresponding
to the change of argument under the action of S} (z). The cocycle (0,Y) induces an
action on T x S!, given by the following formula:

. Y (x) - 2™
27miy
) - (o )

The previous map admits a lift to T x R, denoted by
0 = 0": (z,y) = (,0.(y)).
In this case, the map (z,y) — (z,0;1(y)) is also a lift for the action of (0,Y ). We
have the following statement.
Lemma 4.59. For any (z,y) € T x R,
E+

0515=0[(02)* ()] = (07 120) (22" )? 0 ©2(y)) - Ok | p_p+ [(27)(1)] (B (y)).

PROOF. The conjugacy relation (7.5) translates as follows in terms of the lifted
dynamics (see [35] for instance): for any 0 € R, and any (z,y) € T x R,

A
Vi(y) = 0,1, 00r" 7 00,(y).

Iterating once, we obtain:

_ +15
(U2)2(y) = O Ly, o (B2 )% 0 O,(y),

and the result follows, by chain rule. O
Lemma 4.60. The quantities ©',, (O )" are always positive. Moreover,

inf  inf @ > g—olln’l)
inf  inf =) = e ;

, 7.10)
inf inf @71 I > —o(|n |). (
inf ;ER( <)) = e
We also have
sup sup 0’ (y) < "D, sup sup(0;1) (y) < ("', (7.11)
z€T yeR z€T yeR

PRrooOF. For any = € T, the quantity O,(y) is characterized by the following equa-
tion:
_ Y21 (x) + Yao () tan(27y)
Y11(x) + Yia(z) tan(27wy)
Set ¢ = tan(2my). Since det (V) = 1, we thus get

tan(270,(y))

1 + tan(27y)?
(1 + tan(2m0,(y))?)(Y11(x) + Yi2(z) tan(2my))?
1+ ¢
(Y () + Y (2))t? + 2(Y11 (2)Yiz (@) + Yar (2) Va2 (2))t + (Vi (2) + Vi (@)

The denominator is equal to (Yi1(z) + Yi2(2)t)? + (Ya1(z) + Yaa(x)t)?. Set

0.(y) =

a = a = Yj(z)+Vi(2),
b = be = 2(Yn(2)Y12(2) + Vo1 (2)Y22(2)),
c = o = Yi()+Y5(),
so that ©/ (y) = at;jr"lft:c. Since det (Y) = 1, we have b*> — 4ac = —4. In particular,

the discriminant of the denominator is equal to —4, and ©/ (y) is always positive. Set
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M = M, = 2B For any t € [—M, M|, we obtain

1+82 1 o1
at? +bt+c — aM?+ [b|M +c¢ ~ 25¢

For any [t| > M, we have at? > 2|bt|, hence

1+t2 1+ ¢ (1 1
> >min | -, — | .
at2 +bt+c ~ 2at2 +c¢ ¢’ 2a

By (7.4), we know that |Y|r < ("D, We deduce:

1 ,
inf inf ©' >_ > e—olln'D),
Inf 3l 02 (v) = JoorvE 2 €

b

—5, and it is then equal to %;

The polynomial (at? + bt + ¢) is minimal when t = t;, :=
note that ¢, € [-M, M]. For any t € [—-M, M], we have

1+ ¢ 9
—— <a(l+ M*) < 16¢.
at2+bt—|—c_a( +M)satlbe
For any [t| > M, we have at? > 2|bt|, hence
2 2
L+ 201447

at? +bt+c = at?+2c < max(2/a, 1/c).

Recall that |V < en') . Moreover a and ¢ correspond to the squares of the norms of
the columns of Y, hence inft a, inft ¢ > e=°U"']) and we deduce

sup sup O (y) < eo(n'D,
ze€T yeR

For any # € T, the map y + (0,) !(y) is defined in the same way for the matrix
Y (z)~!. In particular, for any (z,y) € T x R, we have

_ —Yo1(x) + Y11 (2) tan(27y)

tan(27(0,)* = ,

hence

©:') (1) = L ,
v (Y (x) + Y3 (2))t2 — 2(Yaa(2)Yia(x) + Yar (2) Y11 (2))t + (Y (2) + Y (2))

and the estimates are proven similarly. O

Recall that 1° denotes the drift associated with the cocycle («, Bs). For any (z,v) €
T x R, we estimate the derivative of its second iterate, given by (V%)2(y) = y + ¢ (y) +

V3, o(y+1¢S(y)). Combining Lemma 4.57, Lemma 4.59 and Lemma 4.60, we deduce the

following lower bound:
Proposition 4.61. We have the following uniform bounds: for any (z,y) € T x R,
= moe”I™D < 951520 [(¥3)*(y)] < —moe ="V < 0. (7.12)
PrROOF. We have seen in Lemma 4.59 that for any (z,y) € T x R,
03150 l(W2)2 ()] = (0, 10) (®5F)2 0 0,(1) - O p_ v [(¥5)2(w)] (©:(y)). (7.13)

Now, we know from Lemma 4.57 that for any (z,y) € T x R,

Op|p=p; [(@2)%(y)] (©:(y)) < =10 (7.14)
From Lemma 4.60 we also have uniform bounds:
—o(|n’ - E;r o(|n’
eI D < (07150) (927 )% 0 O,(y)) < eI, (7.15)

The inequalities in (7.12) then follow from (7.13), (7.14) and (7.15). O
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7.3. End of the proof of upper bounds. Let us see how the previous results
imply exponential decay of the size of spectral gaps. In particular, we obtain another
proof Theorem 4.55.

Near the right edge of G (V'), the cocycle (a, Sg++6) is conjugated to (o, Bs), and
we have the following expansion for the drift of its second iterate: there exist continuous
functions o = al:y — a%(y) and o' = a}: (z,y) — a'(x,y), such that for any

(z,y) € T xR,

(U2)%(y) =y = ¥2(y) + Voraly +45() = a’(y) + da' (z,y) + O(5°).
From (7.8) and (7.12), we have uniform bounds on them: for any (z,y) € T x R,

0<—a’(y) < 2Dec"'l, al(z,y) < —noe0"D < 0.

By compactness, there exists O > 0, with

< s, )

< 2Dmge " Ieto(1) 7.16
bRy ol ()] = 2Pme (7.16)

such that for § < —dy, we may find w,‘z > 0 satisfying: for any (z,y) € T x R,

VO (y) + Y00 (y +¥3(y) > Wl > 0. (7.17)

Take § < —0, and let p be any measure invariant under ¥0: (z,y) — (z + o, U3 (y)).
In particular, [¢2(y)dp = [¢2, o (y+ ¥2(y))du, and we deduce from (7.17) that

P(6) = / U (y) dulzy) > w/2 > 0 = pi(0). (7.18)

Thanks to (7.6) and the remark that follows it, we deduce that E; +6 & G, (V); therefore
E} —E, < 6. From (7.16), and since |k| < D|n’| by (7.4), we obtain uniform constants
C,€& > 0 such that

IG(V)] < Ce I,
which concludes the proof. O

8. Homogeneous spectrum

In this section, we study homogeneity of the spectrum Xy ,, of a Schrédinger operator
Hy o ¢ for some (measure-theoretically) typical potential V' € C¥(T,R), and when the
frequency a € R\Q satisfies a strong Diophantine condition. Homogeneity of X7," has

already been handled in [25], hence we focus on Z“V“E = U;(Zy,o N L) in the following.

8.1. Holder continuity of the rotation number. At first, we consider the in-
tegrated density of states N = Ny, of the Schrédinger operator Hy,, 9. We follow the
strategy of proof of Theorem 1.6 in [7] to show the Hélder continuity of N in the global
regime.

Theorem 4.62. Let §(a) = 0. For a (measure-theoretically) typical V- € C¥(T,R), the
integrated density of states N = Ny, of Hy o ¢ is %—Hb’lder continuouson I;, 1 <i < m.

ProoF. Fix 0 <e< 1,i€{l,...,m} and E € Ty, NI;. In view of (5.9), there
exists a map ¥y € C¥(T,SL(2,R)) which conjugates the Schrédinger cocycle (o, SE)
to a cocycle (a, SEE) in the perturbative regime considered in [7] and [1], that is, with
our choice of €, such that \VE|E < cpefo where cg, kg > 0 are absolute constants.

By Theorem 3.8 of [1], there exist a phase 8/ = ¢'(E) € T and constants C =
C(a,e) > 0, ¢ = c(a,e) > 0 and e = eg(e) > 0 such that the following is true.
Let us denote by {n;}; the set of ey—resonances of ¢, ordered in such a way that
In;| <|nji1]. For any small e > 0, take j such that e=*N < e < On~%¢, withn := |n;|+1
and N := |n;ii| if defined, else N := +oo. By composing ¥y with the conjugacy
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given by Theorem 3.8 of [1], and since ¥ is uniformly upper bounded, we get a map
® € C¥(T,SL(2,C)) such that |®|. < Cn® and

2710’ 1(x T
®(o + ) st = () 0)+(3Ex; qf(;)), Vo,

0 d
d = |®|.Y* and set W := ®D € C¥(T,SL(2,C)). Tt follows from the bounds
on ® and ¢ that |[W|. < C’e'/* for some uniform constant C’ > 0. Define

Ze = W(4a) 'SE W =W(E+a) 'SEW +W( +a)™! <1€ O) W, so that for

0 O
some uniform constant C” > 0, we get

—1
where |q1c, g3le, |qale < Ce N and |q|. < Ce ™. Let D := (d O) with

|Z.]. <1+ C"el/2,
As a result, we obtain the following estimate on the Lyapunov exponent:
L(E +i¢) = L(a, Z.) <In|Z.|. < C"eY/2. (8.1)

The above conclusions are similar to Theorem 4.4 and Corollary 4.6 in [7], and we refer
to them for more details.

On the other hand, by Thouless formula, we have L(E1) = [In|E; — Es|dN(E>)
for any E; > 0. Therefore, there exists a constant ¢’ > 0 such that for any ¢ > 0,

L(E +i¢) = L(E + i) — L(E)

- 1/1n <1 + 52) AN(E')
2 (E—FE')?
>Jd(N(E+¢)— N(E —¢)).
Combining the last estimate with (8.1), we deduce that N(E+¢)—N(E—¢) < C"c/~1el/?
for any small € > 0. Therefore, for any E € Yy, N I;, there exists €® = €%(E) > 0 such
that N is uniformly +—Hélder on [E — &% E + €°]. By the compactness of Sy, N I;,

we can cover it by a finite number of such intervals, and we conclude that the integrate
density of states NV is uniformly %—Hélder on Xy.q N 1. O

Recall that the rotation number p of (a, S§) is related to the integrated density of
states N of Hy 4 ¢ as follows:

N(E)=1-2p(E).
We then have the following corollary.

Corollary 4.63. Let 3(a) = 0. Then the rotation number p of (o, SY) is 3—Holder
continuous on I;, 1 <i < m.

8.2. End of the proofs of Theorem P and Theorem Q.

Theorem 4.64. Let f(«) = 0. Given any po € (0,1), there exists ey = €g(0) > 0 such
that for any E € E?}fg, we have

|E§}fEO(E—6,E+e)|>uoe, V0 <e<ep. (8.2)
Set M := {(n) : n € Z}. We start with the following claim.

Claim. Let £ > 0 be taken as in Theorem 4.55. Then there is a constant ¢ > 0 such
that, for any spectral gap Gy, = (E, , E;"), k € Z\{0}, with [E, ,E;f1N1; # 0, ife > 0
is sufficiently small such that 4‘;726' > |k|, then

Y M) N ES B + N L], o7 H M) N By — 6, By )N T < ces.

b
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PROOF OF THE CLAIM. Take k € Z\{0} and ¢ > 0 as above. We show the above
estimate for the interval [E;", E}f + €] N I;; the other case is handled in a similar way.
Set E, = E,j and assume that [E,, E. + €| NI; # (), otherwise there is nothing to prove.
Since we also have [E, , E;"] N I; # 0, we deduce that E, € I,.

Let N := {n € Z\{0} : p~1((n)) N [Es, E. + €] N I; # 0}. By Corollary 4.63, p
is %—H(ﬂder continuous on I;, hence there exists a constant ¢; > 0 such that for any
nenN,

(B — p(B) < exed, WE € pi((n) N [E., Bu+ N I
On the other hand, take £ > 0 as in Theorem 4.55. Since B(a)) = 0, by (?7?), we see that
there is a numerical constant c¢g > 0 such that

C&hen
p(E.) = p(E)| = |{k —n)| > cce™=F71.
By the above estimate, we get cce™ §lk=nl < ¢1€3 | and thus, [k—n| > ( |n €| +In()).

Since 4‘;—26‘ > |k|, it follows that |n| > |k — n| — |k| > %(§|lne| + ln(Zf)) By the
exponential upper bound obtained in Theorem 4.55, we get

. 8
S )] < C/ = Cef _s(iime+m() _ O (Cl) s
neN ( \1ne|+ln 5 g £ Ce

cq

O

PROOF OF THEOREM 4.64. Fix E € Z?}jg, ie., E € Xy, NI for some 1 <i < m.
Recall that by spectral uniformity, there exists xy > 0 such that dist(Z?}lg, Esup) > X.
Choose 0 < € < x such that (E — ¢, E+¢€)NI; =0 for j # i. We define

C(E,e) :={m e Z\{0}: p " (m)) N (E — ¢, E+¢) N I; # 0}.

Let mg = mo(E, €) € €(E, €) be such that |mg| = m%n : |m|. Since E € Yy, we have
melC(E,e
E ¢ (E,, ,Ef, ) hence |(E,, ,E, )N (E —¢,E+¢)| <e
If |mo| > (|lne| In2), then e&mol < 23¢3. We thus get
2%5%
(B En) N (E— €, E+e)l < 7——
—e

meC(E,e)\{mo}
Otherwise, |mg| < == (\ Inel —1In2) = %| In(2¢)|. In view of the above claim, we obtain
Z (B Ef) N (E—€¢, E+¢)N |
meC(E,e)\{mo}
P HM)N[E — e, B, INL| + [p7 ' (M) + [Ef E+ €] N

mo?
2% Cet (01)8 s
< — | €3,
§ Ce

since the lengths of [E — ¢, E, | and [E}f ., E + €] are both smaller than 2e. Therefore,

mo’
we conclude that there exists a constant ¢y > 0 such that

S B ENN(E -6 E+e)NI| < cped.
meC(E,e)\{mo}

IN

Now fix po € (0,1). Choose € such that 0 < €9 < min{(lz;“))?’, x} and let 0 < € <

€. Combining the previous inequalities, we finally get
(E—e,E+e)NEPe| > 2e— (B, EL )N (E—¢,E+e)

mo?

- > (E-,EN)N(E—e E+e) NI
mee€(E,e)\{mo}

4
2€ — € — c9€3

1
€(1 — coe?®)
Ho¢,

(AVARAVARRLY,
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as desired. O

PROOF OF THEOREM Q. It just remains to prove point (3) giving lower bounds on
bands. Let then k # k' € Z, |k'| > |k|, with 0G, N I; # @ and dGy N I; # (. Without
loss of generality, we can assume that [E;, B, C I; and dist([E, , E{ ], [E, B]) =
E,, — E. On the one hand, since 8(a) = 0, for any £ > 0, (2.3) implies that there
exists cg > 0 such that

P(Eg) — p(B5)] = (K — K] = ce™W M/ > ceeeF12

On the other hand, by Corollary 4.63, for some constant C' > 0, we have Ip(E,,) —
p(EN)| < C(Ey — E;f)?. Combining the above estimates, we conclude that

dist([Ey , By ], [Ey, Bf)) > C2cke™t M,
O

PROOF OF THEOREM P. Assume that the frequency « satisfies a strong Diophan-
tine condition, i.e., & € SDC (see (1.6) for the definition). In particular, this implies
B(a) =0.

Take some pg € (0,1). Arguing as in Theorem 4.64, we see that there exists €/, > 0
such that for any E € X370 and any 0 < e < ¢,

[(E—e,E+€¢)N Z?}fm > [€.
On the other hand, for any J; = [E,, E.], we have Xy o N (B, — X, Ex + X) = Bya N
(E,, Ey). Then the results of [25] (see item (b) of Theorem H) imply that for some
wr = w(V,K,7,Lo,n) > 0, there exists ¢; > 0 such that for any E € ¥"P and any
0<e<e],

[(E—e,E+e€e)N Zi}fm > [i1€E.
Take pg := min{ug, 11} and €, := min{ef, €} }. Then for any F € &, any 0 < € < €}, we
have

(E-6¢E+e)NSval=|(E—6E+e)NIP2| +|(E— €, E+¢)NEPP| > pge.

In other terms, ¥y, is pg—homogeneous. O

PrROOF OF THEOREM R. Assume that a € R\Q satisfies S(o) = 0. In the case
of the almost Mathieu operator, we have Hyy cos(2r-),0,06 = AMHax-1cos(2r.),a,0 fOr any

A € C\{0}. Moreover, by Aubry duality, the spectrum of Hy, cos(2-),a,0 coincides with
that of Hax cos(2r),a,0- In other terms, Yoy cos(2r),a = Z2a-1 cos(2r-),a- Lherefore, since
we restrict ourselves to |A| # 1, we only need to consider the case where |A| < 1. This
corresponds to the subcritical regime, and Theorem 4.64 then implies that for any given
p € (0,1), the spectrum Yoy cos(27.),o 1S —homogeneous. O



9

(10]
(11]

(12]

(13]
14]

(15]
(16]
(17)

(18]

[19]
[20]
[21]
[22
23]
[24]
[25]

[26]

27)

Bibliography

Avila, A.; The absolutely continuous spectrum of the almost Mathieu operator, preprint.
Avila, A.; Almost reducibility and absolute continuity I, preprint.

Avila, A.; KAM, Lyapunov exponents and the spectral dichotomy for one-frequency Schrédinger
operators, in preparation.

Avila, A.; On the spectrum and Lyapunov exponent of limit periodic Schrédinger operators, Com-
mun. Math. Phys. 288, 907-918 (2009).

Avila, A.; Global theory of one-frequency Schrddinger operators, Acta Math. 215, 1-54 (2015).
Avila, A., Jitomirskaya, S.; The Ten Martini Problem, Ann. of Math. 170, 303-342 (2009).
Avila, A., Jitomirskaya, S.; Almost localization and almost reducibility, J. Eur. Math. Soc. 12,
93-131 (2010).

Avila, A., Jitomirskaya, S.; Hélder continuity of absolutely continuous spectral measures for one-
frequency Schridinger operators, Commun. Math. Phys. 301, 563-581 (2011).

Avila A. and Krikorian R.; Reducibility or non-uniform hyperbolicity for quasi-periodic Schrodinger
cocycles, Annals of Mathematics. 164, 911-940 (2006).

Avila, A., Krikorian, R.; Monotonic cocycles, Inven. math. 202(1), 271-331 (2015).

Avila A., Last Y., Shamis M., Zhou Q.; ; On the abominable properties of the Almost Mathieu
operator with well approzimated frequencies, in preparation.

Avila A., You J., Zhou Q.; Sharp phase transitions for the almost Mathieu operator,
ArXiv:1512.03124

Avila, A., You, J., Zhou, Q.; Dry ten Martini problem in the non-critical case, preprint.

Binder, I., Damanik, D., Goldstein, M., Lukic, M.; Almost periodicity in time of solutions of the
KdV equation, arXiv preprint arXiv:1509.07373. (2015).

Bourgain J., Goldstein M.; On nonperturbative localization with quasi-periodic potential, Ann. of
Math. 152, 835-879 (2000).

Bellissard, J., Lima, R., Testard, D.; Almost periodic Schrddinger operators, Mathematics +
physics. Vol. 1, 1-64, World Sci. Publishing, Singapore (1985).

Bourgain, J., Jitomirskaya, S.; Continuity of the Lyapunov exponent for quasi-periodic operators
with analytic potential, J. Stat. Phys. 108, 1203-1218 (2002).

Carleson, L.; On H® in multiply connected domains, in Conference on harmonic analysis in honor
of Antoni Zygmund, Vol. I, IT (Chicago, Ill., 1981), Wadsworth Math. Ser., 349-372. Wadsworth,
Belmont, CA, 1983.

Chavaudret, C.: Strong almost reducibility for analytic and Gevrey quasi-periodic cocycles. Bull.
Soc. Math. Fr., 141(1), 47-106(2013).

Craig, W.; The trace formula for Schridinger operators on the line, Comm. Math. Phys. 126(2),
379-407 (1989).

Damanik, D., Goldstein, M.; On the inverse spectral problem for the quasi-periodic Schrodinger
equation, Publ. Math. Inst. Hautes Etudes Sci., 119, 217-401 (2014).

Damanik, D., Goldstein, M.; On the existence and uniqueness of global solutions for the Kdv
equation with quasi-periodic initial data, J. Ame. Math. Soc. 29(3), 825-856 (2016).

Damanik, D., Goldstein, M., Lukic, M.; The spectrum of a Schridinger operator with small quasi-
periodic potential is homogeneous, to appear in J. Spec. Theory. arXiv:1408.4335.

Damanik D., Goldstein M., Lukic M.; The Isospectral Torus of Quasi-Periodic Schrodinger Oper-
ators via Periodic Approxzimations, Invent Math. Volume 207, Issue 2, 895-980 (2017).

Damanik, D., Goldstein, M., Schlag, W., Voda, M.; Homogeneity of the spectrum for quasi-periodic
Schrddinger operators, to appear in JEMS.

Deift, P.; Some open problems in random matriz theory and the theory of integrable systems.
Integrable Systems and Random Matrices, 419-430, Contemp. Math. 458, Amer. Math. Soc.,
Providence, RI (2008).

Deift, P., Simon, B.; Almost periodic Schrodinger operators, Communications in mathematical
physics, 90 (3), 389-411 (1983).

195



196
28]
[29]
[30]
[31]
[32]
[33]
[34]
[35]
[36]
[37]
3]
[39]
[40]
[41]

42]

[43]
[44]
[45]
[46]
[47]

(48]
[49]

[50]

[51]
52]
[53]

[54]

BIBLIOGRAPHY

Delyon, F., Souillard, B.; The rotation number for finite difference operators and its properties,
Commun. Math. Phys. 89 (3), 415-426 (1983).

Dinaburg, E.I., Sinai, Y.G.: The one-dimensional Schrédinger equation with quasi-periodic poten-
tial. Funkt. Anal. Priloz. 9, 8-21(1975).

Eliasson, L. H.; Floquet solutions for the 1—dimensional quasi-periodic Schrédinger equation, Com-
mun. Math. Phys. 146, 447-482 (1992).

Gesztesy, F., Simon, B.; The zi function, Acta Mathematica, 176 (1), 49-71 (1996).

Goldstein, M., Schlag, W.; Hélder continuity of the integrated density of states for quasi-periodic
Schridinger equations and averages of shifts of subharmonic functions, Ann. Math. (2) 154-1,
155-203 (2001).

Gesztesy, F., Yuditskii, P.; Spectral properties of a class of reflectionless Schrédinger operators, J.
Func. Anal. 241, 486-527 (2006).

Goldstein, M. Private communication in the conference ” Almost-Periodic and Other Ergodic Prob-
lems” (2015).

Hadj Amor, S.; Holder continuity of the rotation number for quasi-periodic cocycles in SL(2,R),
Commun. Math. Phys. 287 (2), 565-588 (2009).

Helffer B., Kerdelhué P. and Sjostrand J.; Le papillon de Hofstadter revisité, Mémoire de la SMF
43, supplément au bulletin de la SMF 118, Fasc. 3 (1990).

Hou, X., You, J.; Almost reducibility and non-perturbative reducibility of quasi-periodic linear
systems, Invent math. 190, 209-260 (2012).

Johnson, R. A.; The recurrent Hill’s equation, Journal of Differential Equations, 46 (2), 165-193
(1982).

Johnson, R., Moser, J.; The rotation number for almost periodic potentials, Commun. Math. Phys.
84, 403-438 (1982).

Klitzing K.V., Dorda G., Pepper M.; New method for high-accuracy determination of the fine-
structure constant based on quantized Hall resistance, Phys. Rev. Lett. 45 (6): 494-497 (1980).
Kotani S.; Ljapunov indices determine absolutely continuous spectra of stationary random one-
dimensional Schrédinger operators, North-Holland Mathematical Library, 32, 225-247 (1984).
Kotani S.; One-dimensional random Schrodinger operators and Herglotz functions, Probabilistic
Methods in Mathematical Physics, K. Ito and N. Ikeda (eds.), Academic Press, New York, 219-250
(1987).

Kotani, S.; Generalized Floguet theory for stationary Schrédinger operators in one dimension,
Chaos, Solitons and Fractals, 8 (11), 1817-1854 (1997).

Last Y.; Zero measure spectrum for the almost Mathieu operator, Comm. Math. Phys 164, no. 2,
421-432 (1994).

Van Mouche P.; The coezistence problem for the discrete Mathieu operator, Comm. Math. Phys.
122, no. 1, 23-33 (1989).

Moser, J., Poschel, J.; An extension of a result by Dinaburg and Sinai on quasi-periodic potentials,
Commun. Math. Helv. 59 (1), 39-85 (1984).

Poltoratski, A., Remling, C.; Reflectionless Herglotz functions and Jacobi matrices, Commun.
Math. Phys. 288 (3), 1007-1021 (2009).

Puig, J.; A nonperturbative Eliasson’s reducibility theorem, Nonlinearity 19, 355-376 (2006).
Sodin, M., Yuditskii, P.; Almost periodic Sturm-Liouville operators with Cantor homogeneous
spectrum, Comment. Math. Helv. 70 (4), 639-658 (1995).

Sodin, M., Yuditskii, P.; Almost periodic Jacobi matrices with homogeneous spectrum, infinite-
dimensional Jacobi inversion, and Hardy spaces of character-automorphic functions, J. Geom.
Anal. 7 (3), 387-435 (1997).

Thouless D.J., Kohmoto M., Nightingale M.P. and den Nijs M.; Quantised Hall conductance in a
two dimensional periodic potential, Phys. Rev. Lett. 49, 405-408 (1982).

Tsugawa K.; Local well-posedness of KdV equations with quasi-periodic initial data, SIAM Journal
of Mathematical Analysis, 44, 3412-3428 (2012).

Vinnikov, V., Yuditskii, P.; Functional models for almost periodic Jacobi matrices and the Toda
hierarchy, Matematicheskaya fizika, analiz, geometriya 9 (2), 206-219 (2002).

You, J., Zhou, Q.; Embedding of analytic quasi-periodic cocycles into analytic quasi-periodic linear
systems and its applications, Commun. Math. Phys. 323, 975-1005 (2013).



	Remerciements
	Introduction
	1. Cocycles
	2. Mélange faible pour les échanges d'intervalles et flots de translation
	3. Accessibilité pour les systèmes dynamiques partiellement hyperboliques
	4. Étude d'une famille d'automorphismes polynomiaux de C3
	5. Théorie spectrale des opérateurs de Schrödinger quasi-périodiques unidimensionnels

	Bibliographie
	Chapter 1. Weak mixing for interval exchange transformations and translation flows
	Introduction
	1. Outline
	2. Background
	3. Interval exchange transformations and renormalization algorithms
	4. General weak mixing for interval exchange transformations & translation flows
	5. Study of the weak-stable lamination
	6. End of the proof of weak mixing

	Bibliography
	Chapter 2. Cr-prevalence of stable ergodicity for a class of partially hyperbolic systems
	1. Introduction
	2. Preliminaries
	3. Random perturbations
	4. Submersion from parameter space to phase space
	5. Finding spanning c-families with slow recurrence
	6. A stable criterion for stable values
	7. Holonomy maps associated to a family of loops
	8. Constructing charts and vector fields
	9. On the prevalence of the accessibility property
	Appendix A
	Appendix B
	Appendix C

	Bibliography
	Chapter 3. Dynamics of a family of polynomial automorphisms of C3, a phase transition
	1. Preliminaries
	2. Introduction to the results
	3. Degree growths & invariant fibrations
	4. Centralizers
	5. Dynamics on the invariant hypersurface z2=0
	6. Points with bounded forward orbit, description of the stable manifold Ws(0C3)
	7. Birational conjugacy 
	8. Definition of a Green function for 
	9. Analysis of the dynamics of the automorphism 

	Bibliography
	Chapter 4. Asymptotics of spectral gaps for quasi-periodic Schrödinger operators
	1. Introduction and main results
	2. Preliminaries
	3. Quantitative almost reducibility
	4. Almost localization and duality argument
	5. Global to local reduction
	6. Moser-Pöschel argument and the gap estimates
	7. The monotonicity argument
	8. Homogeneous spectrum

	Bibliography

