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❧♦❣✐2✉❡% ❡♥❢♦✉✐% ❞❛♥% ❧❡ %♦✉%✲%♦❧✳ ❊♥ ❡✛❡"✱ ❧❡% ♠❡%✉(❡% ♠❛❣♥-"✐2✉❡% %♦♥" (❛♣✐❞❡% ❡" %❛♥%

✐♠♣❛❝" %✉( ❧✬❡♥✈✐(♦♥♥❡♠❡♥"✳ ❈❡""❡ ♠-"❤♦❞❡ ❝♦♥%✐%"❡ @ ♠❡%✉(❡( ❧❡ ❝❤❛♠♣ ♠❛❣♥-"✐2✉❡

@ ❧❛ %✉(❢❛❝❡ ❞❡ ❧❛ ❚❡((❡ ✿ ✉♥ ❝❤❛♥❣❡♠❡♥" ❞❡ ♣(♦♣(✐-"- ♠❛❣♥-"✐2✉❡ ✭❛✐♠❛♥"❛"✐♦♥✮ ❞❛♥%

❧❡ %♦✉%✲%♦❧ ❡♥❣❡♥❞(❡ ✉♥❡ ♣❡("✉(❜❛"✐♦♥ ❞✉ ❝❤❛♠♣ ♠❛❣♥-"✐2✉❡ "❡((❡%"(❡ ❡♥(❡❣✐%"(-✱ ❞✐"❡

❛♥♦♠❛❧✐❡ ♠❛❣♥-"✐2✉❡✳ ▲✬♦❜❥❡❝"✐❢ ❡%" ❞❡ ❞-❞✉✐(❡ ❞❡% ♣❛(❛♠$"(❡% %✉( ❧❛ %♦✉(❝❡ @ ♣❛("✐(

❞❡ ♠❡%✉(❡% ❞❡ %✉(❢❛❝❡✳ ❉❡ ❢❛G♦♥ ❣-♥-(❛❧❡✱ ❧❡% ❞♦♥♥-❡% %♦♥" ♣(-%❡♥"-❡% %♦✉% ❧❛ ❢♦(♠❡

❞❡ ❝❛("❡% ❞❛♥% ❧❡ ♣❧❛♥ ❤♦(✐③♦♥"❛❧ ♦✉ ❞❡ ❝♦✉♣❡% ❧❡ ❧♦♥❣ ❞✬✉♥ ♣(♦✜❧✳ ▲♦(% ❞❡ ❧✬-"❛♣❡

❞✬✐♥"❡(♣(-"❛"✐♦♥ ✉♥❡ ❛♥♦♠❛❧✐❡ ♠❛❣♥-"✐2✉❡ %❡(❛ ✈✉❡ ❝♦♠♠❡ ✉♥❡ ❛%%♦❝✐❛"✐♦♥ ❞❡ ♣❛("✐❡%

♣♦%✐"✐✈❡% ❡" ♥-❣❛"✐✈❡% ❞❛♥% ❧❡ %✐❣♥❛❧✳ ❈❡ %♦♥" ❧❛ ❢♦(♠❡ ❡" ❧❛ ❞✐%♣♦%✐"✐♦♥ ❞❡ ❝❡% ❧♦❜❡%

♣♦%✐"✐❢% ♦✉ ♥-❣❛"✐❢% 2✉✐ ❞♦♥♥❡♥" ❞❡% ✐♥❢♦(♠❛"✐♦♥% %✉( ❧❛ %♦✉(❝❡✳ ❊♥ ❡✛❡"✱ ❧❛ ❣-♦♠-"(✐❡

❞✬✉♥❡ ❛♥♦♠❛❧✐❡ ♠❛❣♥-"✐2✉❡ ❞-♣❡♥❞ ❞❡ ♣❧✉%✐❡✉(% ♣❛(❛♠$"(❡% ✿ ❧❛ ♣♦%✐"✐♦♥ ❞❡ ❧✬♦❜❥❡" ❞❛♥%

❧✬❡%♣❛❝❡✱ %❛ ❣-♦♠-"(✐❡✱ %❡% ♣(♦♣(✐-"-% ♠❛❣♥-"✐2✉❡% ✭❛✐♠❛♥"❛"✐♦♥✮ ❡" ❡♥✜♥ ❧✬❡♥❞(♦✐" ♦J

❧❡% ♠❡%✉(❡% ♠❛❣♥-"✐2✉❡% ♦♥" -"- ❛❝2✉✐%❡% ✭❝❤❛♠♣ ♠❛❣♥-"✐2✉❡ (-❣✐♦♥❛❧✮✳ K♦✉( ❡%"✐♠❡(

❝❡% ♣❛(❛♠$"(❡% ❞❡ ♥♦♠❜(❡✉① ♦✉"✐❧% ♦♥" -"- ❞-✈❡❧♦♣♣-% ❛✜♥ ❞❡ "(❛♥%❢♦(♠❡( ❧✬❛♥♦♠❛✲

❧✐❡ ♦❜%❡(✈-❡ ✿ ❧❛ (-❞✉❝"✐♦♥ ❛✉ ♣L❧❡✱ ❧❡ ❣(❛❞✐❡♥" ❤♦(✐③♦♥"❛❧✱ ❧❡ %✐❣♥❛❧ ❛♥❛❧②"✐2✉❡✱ ❧❡ "✐❧"

❛♥❣❧❡✱ ❧❛ "❤❡"❛ ♠❛♣✳ ✳ ✳ ❆✉❝✉♥ ❞❡ ❝❡% ♦✉"✐❧% ♥❡ ♣❡(♠❡" ❞❡ ❝❛(❛❝"-(✐%❡( ❝♦♠♣❧$"❡♠❡♥"

❧✬❡♥%❡♠❜❧❡ ❞❡% ♣❛(❛♠$"(❡% ❡" ✐❧% %❡ ❜❛%❡♥" %♦✉✈❡♥" %✉( ✉♥❡ ❤②♣♦"❤$%❡ ✐♥✐"✐❛❧❡ ❢♦("❡✳

K❛( ❡①❡♠♣❧❡✱ ❧✬♦♣-(❛"❡✉( ❞✉ %✐❣♥❛❧ ❛♥❛❧②"✐2✉❡ ♣♦✉( ❞❡% ♦❜❥❡"% @ "(♦✐% ❞✐♠❡♥%✐♦♥%✱ %✉♣✲

♣♦%❡ ✉♥❡ ❝♦♥♥❛✐%%❛♥❝❡ ❞❡ ❧❛ ❞✐(❡❝"✐♦♥ ❞✬❛✐♠❛♥"❛"✐♦♥✱ ❞-"❡(♠✐♥❛♥"❡ ♣♦✉( ❧❛ ❧♦❝❛❧✐%❛"✐♦♥

❧❛"-(❛❧❡ ❞❡ ❧✬♦❜❥❡"✳ ▲✬♦❜❥❡❝"✐❢ ❞❡ ❝❡""❡ "❤$%❡ ❡%" ❧❛ ❝❛(❛❝"-(✐%❛"✐♦♥ ❞❡% ❛♥♦♠❛❧✐❡% ♠❛✲

❣♥-"✐2✉❡%✱ ❛✜♥ ❞❡ 2✉❛♥"✐✜❡( ❝❡("❛✐♥% ♣❛(❛♠$"(❡% ❞❡ ❧❛ %♦✉(❝❡ ✭♣(♦❢♦♥❞❡✉(✱ ❞✐(❡❝"✐♦♥

❞❡ ❧✬❛✐♠❛♥"❛"✐♦♥ ❡" ❣-♦♠-"(✐❡✮✳ ▲❡ ♠❛♥✉%❝(✐" ♣(-%❡♥"❡ ✉♥❡ ❛♣♣(♦❝❤❡ ❞✐❞❛❝"✐2✉❡ ❞-❜✉✲

"❛♥" ❛✈❡❝ ✉♥ ❝❛% ❞✬-"✉❞❡ 2✉✐ ♠❡" ❡♥ (❡❧✐❡❢ ❧❡% 2✉❡%"✐♦♥% ♠❛❥❡✉(❡% ❞❡ ❝❡ ♠❛♥✉%❝(✐"✳

▲❡% 2✉❡%"✐♦♥% ♣♦("❡♥" %✉( ❧❛ ❝♦♠♣(-❤❡♥%✐♦♥ ❡" ❧❛ ✈✐%✉❛❧✐%❛"✐♦♥ ❞❡ ❧❛ %♦✉(❝❡ ♠❛❣♥-"✐2✉❡

❞❡ ♠❛♥✐$(❡ ❢♦♥❞❛♠❡♥"❛❧❡ ♠❛✐% ❛✉%%✐ %✉( ❞❡% ❛%♣❡❝"% ❞✬❛♠-❧✐♦(❛"✐♦♥% ♦♣-(❛"✐♦♥♥❡❧❧❡% ❡"

♠-"❤♦❞♦❧♦❣✐2✉❡% ❛✐♥%✐ 2✉✬✉♥❡ ♦✉✈❡("✉(❡ %✉( ❞❡% ♣(♦❜❧-♠❛"✐2✉❡% ❞❡ ❣-♦♣❤②%✐2✉❡ ♠❛(✐♥❡

❡" ❛(❝❤-♦❧♦❣✐2✉❡✳

▲❡ ♠❛♥✉%❝(✐" ❡%" ♦(❣❛♥✐%- ❡♥ %✐① ❝❤❛♣✐"(❡% ✿

▲❡ ♣(❡♠✐❡( ❝❤❛♣✐"(❡ ❞✬✐♥"(♦❞✉❝"✐♦♥ ♣(-%❡♥"❡ ❧❡% ❞✐✛-(❡♥"❡% ♣(♦❜❧-♠❛"✐2✉❡% ❛❜♦(❞-❡%

❞❛♥% ❧❡ ♠❛♥✉%❝(✐" ♣❛( ❧❡ ❜✐❛✐% ❞✬✉♥ ❝❤❛♥"✐❡( "②♣❡ ❞❡ ❞-♣♦❧❧✉"✐♦♥ ♣②(♦"❡❝❤♥✐2✉❡✳ ▲❡ ♠❛✲

"-(✐❡❧ ❡" ❧❡% ♣(♦❝-❞✉(❡% ✉"✐❧✐%-% %♦♥" ❞-❝(✐"% ❜(✐$✈❡♠❡♥"✳ ▲❛ ❞❡(♥✐$(❡ ♣❛("✐❡ ❞❡ ❝❡ ❝❤❛♣✐"(❡

♠❡" ❡♥ -✈✐❞❡♥❝❡ ❧❡% ♣(♦❜❧$♠❡% ❡" 2✉❡%"✐♦♥% (❡♥❝♦♥"(-%✳

▲❡ %❡❝♦♥❞ ❝❤❛♣✐"(❡ ❞-"❛✐❧❧❡ ❧❡% ❞✐✛-(❡♥"❡% ❢♦♥❝"✐♦♥% ❞✉ ♠❛❣♥-"✐%♠❡ ❡♥ "(♦✐% ❞✐♠❡♥✲

%✐♦♥% ✿ ❧❡ %✉♣❡(♣♦"❡♥"✐❡❧ %❝❛❧❛✐(❡✱ ❧❡ ♣♦"❡♥"✐❡❧ %❝❛❧❛✐(❡✱ ❧❡ ❝❤❛♠♣ ♠❛❣♥-"✐2✉❡✱ ❧✬✐♥"❡♥%✐"-

❞❡ ❧✬❛♥♦♠❛❧✐❡ ♠❛❣♥-"✐2✉❡✱ ❧❡ "❡♥%❡✉( ♠❛❣♥-"✐2✉❡ ❡" ❡♥✜♥ ❧❡ "❡♥%❡✉( ❞✉ ❣(❛❞✐❡♥" ❞✬❛♥♦✲

♠❛❧✐❡ ♠❛❣♥-"✐2✉❡✳ ❯♥❡ -"✉❞❡ ❞❡ ❝❡% ❢♦♥❝"✐♦♥% ❡%" ❡✛❡❝"✉-❡ ❛✜♥ ❞❡ ❝❛(❛❝"-(✐%❡( ❧❡✉(%

♣(♦♣(✐-"-% ✭✐♥❞-♣❡♥❞❛♥❝❡ ♦✉ ❞-♣❡♥❞❛♥❝❡ ❞❡ ❝❡("❛✐♥% ❞❡% ♣❛(❛♠$"(❡% ❧✐-% @ ❧❛ %♦✉(❝❡✮
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❢❛8♦♥ ♠❛+❤2♠❛+✐$✉❡✳ ❈❡❝✐ ❡#+ #✉✐✈✐ ❞✬✉♥❡ 2+✉❞❡ ❞❡# ♦♣2(❛+❡✉(# ❞❡ ❞♦✉❜❧❡ (2❞✉❝+✐♦♥ ❛✉

♣=❧❡ ❡+ ❞❡ #✐❣♥❛❧ ❛♥❛❧②+✐$✉❡✳ ❯♥❡ ❛♥❛❧②#❡ ❡+ ✉♥❡ ❝♦♠♣❛(❛✐#♦♥ ❞❡# ❞❡✉① ❞2✜♥✐+✐♦♥# ❞✉

#✐❣♥❛❧ ❛♥❛❧②+✐$✉❡ ♣♦✉( ❞❡# ❛♥♦♠❛❧✐❡# @ +(♦✐# ❞✐♠❡♥#✐♦♥# #♦♥+ ❢❛✐+❡#✳

▲❡ +(♦✐#✐9♠❡ ❝❤❛♣✐+(❡ +(❛✐+❡ ❞✉ ❞2✈❡❧♦♣♣❡♠❡♥+ ❞❡# ♠2+❤♦❞❡# ♣♦+❡♥+✐❡❧❧❡# ✭❣(❛✈✐♠2+(✐❡

❡+ ♠❛❣♥2+✐#♠❡✮ ♣♦✉( ❞❡# #+(✉❝+✉(❡# @ ❞❡✉① ❞✐♠❡♥#✐♦♥# ✭✐♥✈❛(✐❛♥+❡# ❞❛♥# ❧❛ ❞✐(❡❝+✐♦♥

♣❡(♣❡♥❞✐❝✉❧❛✐(❡ ❛✉ ♣(♦✜❧✮✳ ▲❡ ❝❤❛♣✐+(❡ ❝♦♠♠❡♥❝❡ ♣❛( ❧✬2+✉❞❡ ❞❡ ❧✬✐♥+❡♥#✐+2 ❞❡ ❧✬❛♥♦♠❛❧✐❡

♠❛❣♥2+✐$✉❡ ♣♦✉( ✉♥ ❝②❧✐♥❞(❡ ✐♥✜♥✐ ❡+ ♠♦♥+(❡ ❧❡# ♣♦✐♥+# ♣❛(+✐❝✉❧✐❡(# ❞❛♥# ❧❡ ❞♦♠❛✐♥❡ #♣❛✲
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#♣❛+✐❛❧ #♦♥+ ❝♦♥❢(♦♥+2# @ ❞❡# ❧♦✉(❞❡✉(# +❤2♦(✐$✉❡# ❡+ $✉❡ ❧❡# 2$✉❛+✐♦♥# ♥❡ ♣❡(♠❡++❡♥+
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❜4#♦♥✳

✷✾





▲✬✐♥✈❡&'✐♦♥✱ ❛♣&,' ❧✬❛♣♣❧✐❝❛/✐♦♥ ❞❡ ❧✬♦♣1&❛/❡✉& ❞❡ '✐❣♥❛❧ ❛♥❛❧②/✐5✉❡ ✈❡❝/♦&✐❡❧✱ '✉♣♣♦'❡

5✉❡ ❧❛ '♦✉&❝❡ ❡'/ ✉♥❡ '♣❤,&❡✱ ♦& ❧❡' ♦❜❥❡/' &❡❝❤❡&❝❤1' ♦♥/ ✉♥❡ ❣1♦♠1/&✐❡ ❞✐✛1&❡♥/❡✳ ❉❛♥'

❧❡' ❝❛' ♦= ❧❛ ❧♦♥❣✉❡✉& ❞❡ ❧✬♦❜❥❡/ ❡'/ '✉♣1&✐❡✉&❡ > ❧❛ ❞✐'/❛♥❝❡ ❧❡ '1♣❛&❛♥/ ❞❡' ❝❛♣/❡✉&'✱

❧❡' &1'✉❧/❛/' ❞❡ ❧✬✐♥✈❡&'✐♦♥ ♥❡ ♣❡✉✈❡♥/ ?/&❡ 5✉✬❡&&♦♥1'✳

✶✳✸ ❖$❣❛♥✐)❛*✐♦♥ ❞✉ ♠❛♥✉)❝$✐*

▲✬❛♣♣❧✐❝❛/✐♦♥ ❞❡ ❧❛ ♠1/❤♦❞❡ ♠❛❣♥1/✐5✉❡ ♣♦✉& ✉♥ ❝❤❛♥/✐❡& ❞❡ ❞1♣♦❧❧✉/✐♦♥ ♣②&♦/❡❝❤✲

♥✐5✉❡ ♣&1'❡♥/1❡ ❞❛♥' ❧❛ ♣❛&/✐❡ ♣&1❝1❞❡♥/❡ ♠♦♥/&❡ ❧❡' ❞✐✣❝✉❧/1' ✐♥❤1&❡♥/❡' > ❧❛ ❞✐'❝✐♣❧✐♥❡

❞❡' ♠1/❤♦❞❡' ♣♦/❡♥/✐❡❧❧❡'✳ ❊♥ ❡✛❡/✱ ❧❛ ❝❛&❛❝/1&✐'❛/✐♦♥ ❞❡' '♦✉&❝❡' > ❧✬♦&✐❣✐♥❡ ❞❡' ✈❛&✐❛✲

/✐♦♥' ❞❡ '✐❣♥❛❧ ❡♥&❡❣✐'/&1 > ❧❛ '✉&❢❛❝❡ &❡'/❡♥/ ❡♥❝♦&❡ ❞✐✣❝✐❧❡' ♣❛& ❧❛ ♠✉❧/✐/✉❞❡ ❞❡ ♠♦❞,❧❡'

♣❡&♠❡//❛♥/ ❧✬❛❥✉'/❡♠❡♥/ ❞❡' ❞♦♥♥1❡'✳ ❈❡ /&❛✈❛✐❧ ❞❡ /❤,'❡ ❛ ♣♦✉& ♦❜❥❡❝/✐❢ ❞❡ ❝❤❡&❝❤❡&

❞❡' '♦❧✉/✐♦♥' ♣♦✉& ♠✐❡✉① ❝♦♥/&❛✐♥❞&❡ ❧❛ ❧♦❝❛❧✐'❛/✐♦♥✱ ❧❛ ❣1♦♠1/&✐❡ ❡/ ❧✬❛✐♠❛♥/❛/✐♦♥ ❞❡'

'♦✉&❝❡'✳ F♦✉& ❛♣♣♦&/❡& ❞❡' 1❧1♠❡♥/' ❞❡ &1♣♦♥'❡ ❞❡✉① ❛♣♣&♦❝❤❡' ♦♥/ 1/1 ❝❤♦✐'✐❡' ✿ ❧✬❛♣✲

♣&♦❝❤❡ /❤1♦&✐5✉❡ ❡/ ❧✬❛♣♣&♦❝❤❡ ❡①♣1&✐♠❡♥/❛❧❡✳

▲❡" ❛♥♦♠❛❧✐❡" ♠❛❣♥*+✐,✉❡" . +/♦✐" ❞✐♠❡♥"✐♦♥"

▲❡ ❞❡✉①✐,♠❡ ❝❤❛♣✐/&❡ ♣♦&/❡ '✉& ❧❡' ❞✐✛1&❡♥/❡' ♠❛♥✐,&❡' ❞✬1❝&✐&❡ ❧❡' ❢♦♥❝/✐♦♥' ♠❛❣♥1✲

/✐5✉❡' ❡♥ /&♦✐' ❞✐♠❡♥'✐♦♥' ♣♦✉& ✉♥❡ '♣❤,&❡ ✿ '✉♣❡&♣♦/❡♥/✐❡❧✱ ♣♦/❡♥/✐❡❧✱ ❝❤❛♠♣✱ ✐♥/❡♥'✐/1

❞❡ ❧✬❛♥♦♠❛❧✐❡✱ /❡♥'❡✉& ❞❡ ❣&❛❞✐❡♥/ ♠❛❣♥1/✐5✉❡ ❡/ /❡♥'❡✉& ❞❡ ❧✬❛♥♦♠❛❧✐❡ ♠❛❣♥1/✐5✉❡✳

❯♥❡ 1/✉❞❡ ❞❡'❝&✐♣/✐✈❡ ② ❡'/ &1❛❧✐'1❡ '✉& ❞❡' ❝❛' '②♥/❤1/✐5✉❡' ♠♦♥/&❛♥/ ❧❡' ❡✛❡/' ❞❡ ❧❛

❣1♦♠1/&✐❡✱ ❞❡ ❧❛ ❧♦❝❛❧✐'❛/✐♦♥ ❡/ ❞❡ ❧✬❛✐♠❛♥/❛/✐♦♥ ❞❡' '♦✉&❝❡' ♣♦✉& ❧❡' '✐① ❢♦♥❝/✐♦♥'✳ ❉❡'

❞1✈❡❧♦♣♣❡♠❡♥/' /❤1♦&✐5✉❡' '✉& ❧❡ ♣♦/❡♥/✐❡❧ ❡/ ❧✬✐♥/❡♥'✐/1 ❞❡ ❧✬❛♥♦♠❛❧✐❡ '♦♥/ &1❛❧✐'1' ❛✜♥

❞❡ 5✉❛♥/✐✜❡& ❧✬❡✛❡/ ❞❡ ❧❛ ♣&♦❢♦♥❞❡✉& ❞✬✉♥❡ '♦✉&❝❡ '✐♠♣❧❡ '✉& ❧❛ ❧♦❝❛❧✐'❛/✐♦♥ ❞❡' ❡①/&❡♠❛

❞❛♥' ✉♥ ♣❧❛♥ ❤♦&✐③♦♥/❛❧✳ ❉❡' ❝❛' '②♥/❤1/✐5✉❡' ❡/ ❞❡' ❞1✈❡❧♦♣♣❡♠❡♥/' /❤1♦&✐5✉❡' '❡&♦♥/

1❣❛❧❡♠❡♥/ ❢❛✐/' '✉& ❧❡' ♦♣1&❛/❡✉&' ❞❡ ❞♦✉❜❧❡ &1❞✉❝/✐♦♥ ❛✉ ♣K❧❡ ❡/ ❞❡ '✐❣♥❛❧ ❛♥❛❧②/✐5✉❡✳

❯♥❡ 1/✉❞❡ ❝♦♠♣❛&❛/✐✈❡ ❞❡' ❞❡✉① ❞1✜♥✐/✐♦♥' ❞✉ '✐❣♥❛❧ ❛♥❛❧②/✐5✉❡ ❡♥ /&♦✐' ❞✐♠❡♥'✐♦♥' ②

❡'/ ♣&♦♣♦'1❡ ♣♦✉& ✉♥❡ '/&✉❝/✉&❡ '✐♠♣❧❡ ❞✉ /②♣❡ '♣❤,&❡✳

▲❡" ❛♥♦♠❛❧✐❡" ♠❛❣♥*+✐,✉❡" . ❞❡✉① ❞✐♠❡♥"✐♦♥"

▲❡ /&♦✐'✐,♠❡ ❝❤❛♣✐/&❡ ❞✐'❝✉/❡ ❞❡' ♠?♠❡' ♣&♦❜❧1♠❛/✐5✉❡' ❞❡ ❝❛&❛❝/1&✐'❛/✐♦♥ ❞❡' ❛♥♦♠❛✲

❧✐❡' ♠❛❣♥1/✐5✉❡'✱ ♠❛✐' ♣♦✉& ❞❡' ♦❜❥❡/' > ❞❡✉① ❞✐♠❡♥'✐♦♥'✳ ▲❡ ❢❛✐/ ❞✬❛✈♦✐& ❞❡' '♦✉&❝❡' ✐♥✲

✈❛&✐❛♥/❡' ❞❛♥' ✉♥❡ ❞✐&❡❝/✐♦♥ ❞♦♥♥1❡ ♣❡&♠❡/ ❧❛ '✐♠♣❧✐✜❝❛/✐♦♥ ❞❡' ❡①♣&❡''✐♦♥' /❤1♦&✐5✉❡'✳

❉❡ ♣❧✉'✱ ❧✬✐❞1❡ ♣&♦♣♦'1❡ ♣❛& ◆❛❜✐❣❤✐❛♥ ✭✶✾✼✷✮ ❞✬1❝&✐&❡ ❧❡' 15✉❛/✐♦♥' ❞❛♥' ❧❡ ❞♦♠❛✐♥❡

❞❡ ❧✬❛❧❣,❜&❡ ❝♦♠♣❧❡①❡ ❡'/ ❛♣♣&♦❢♦♥❞✐❡ ❡/ ♥♦✉' ♣&♦♣♦'♦♥' ❧✬1❝&✐/✉&❡ ❞❡' ❢♦♥❝/✐♦♥' ❞❡'

♠1/❤♦❞❡' ♣♦/❡♥/✐❡❧❧❡' > ❞❡✉① ❞✐♠❡♥'✐♦♥' '♦✉' ❧❛ ❢♦&♠❡ ❞✬✉♥❡ ❢♦♥❝/✐♦♥ ❝♦♠♣❧❡①❡ ❞✬✉♥❡

✈❛&✐❛❜❧❡ ❝♦♠♣❧❡①❡✳ ❈❡ ❢♦&♠❛❧✐'♠❡ ♦✛&❡ ✉♥❡ ♥♦✉✈❡❧❧❡ ❢❛S♦♥ ❞❡ &❡♣&1'❡♥/❡& ❧❡' ❛♥♦♠❛❧✐❡'

❞❛♥' ❧❡ ♣❧❛♥ ❝♦♠♣❧❡①❡✳ ❉❛♥' ❧❛ '✉✐/❡ ❞✉ ❝❤❛♣✐/&❡✱ 5✉❡❧5✉❡' ♣♦✐♥/' '♦♥/ ♣&1'❡♥/1' ♣♦✉&

♠♦♥/&❡& ❧❡' ♥♦✉✈❡❧❧❡' ✐♠♣❧✐❝❛/✐♦♥' ❞❡ ❝❡//❡ 1❝&✐/✉&❡ ♣♦✉& ❧✬✐♥/❡&♣&1/❛/✐♦♥ ❞❡' ❛♥♦♠❛❧✐❡'

♠❛❣♥1/✐5✉❡' > ❞❡✉① ❞✐♠❡♥'✐♦♥' ❞❛♥' ❞❡' ❝❛' '②♥/❤1/✐5✉❡'✳

▲✬❛♣♣/♦❝❤❡ ❡①♣*/✐♠❡♥+❛❧❡ ✿ ♠❡"✉/❡" ♠✉❧+✐✲*❝❤❡❧❧❡"

▲❡ 5✉❛/&✐,♠❡ ❝❤❛♣✐/&❡ ♣&1'❡♥/❡ ❧✬❛♣♣&♦❝❤❡ ❡①♣1&✐♠❡♥/❛❧❡ ♣♦✉& ❧❛ ❝❛&❛❝/1&✐'❛/✐♦♥ ❞❡'

'♦✉&❝❡' > ❧✬♦&✐❣✐♥❡ ❞❡' ❛♥♦♠❛❧✐❡' ♠❛❣♥1/✐5✉❡'✳ ❉❛♥' ✉♥ ♣&❡♠✐❡& /❡♠♣' ❧❡' ❞✐'♣♦'✐/✐❢'

❞❡ ♠❡'✉&❡ ② '♦♥/ ♣&1'❡♥/1' ♣♦✉& ❧✬❛❝5✉✐'✐/✐♦♥ ❞❡ ♠❡'✉&❡' > ❞✐✛1&❡♥/❡' ❛❧/✐/✉❞❡'✱ ❛✐♥'✐

5✉❡ ❧❡' ♣&♦❝1❞✉&❡' ♠✐'❡' ❡♥ ♣❧❛❝❡✳ F✉✐' ✉♥❡ ♠✐'❡ ❡♥ &❡❧✐❡❢ ❞❡' ❞✐✛1&❡♥/❡' ❞♦♥♥1❡' ❛❝✲

5✉✐'❡' ❡'/ ♣&1'❡♥/1❡✱ ❛✜♥ ❞✬❡'/✐♠❡& ❧✬❛♣♣♦&/ ❞❡ ❧✬❛❝5✉✐'✐/✐♦♥ > ♣❧✉'✐❡✉&' ❛❧/✐/✉❞❡' ♣♦✉&

❧❛ ❝❛&❛❝/1&✐'❛/✐♦♥ ❞✬✉♥ ♦❜❥❡/ ♣&1❝✐'✳

▲❡" ❛♥♦♠❛❧✐❡" ♠❛❣♥*+✐,✉❡" ♠❛/✐♥❡"

▲❡ ❝✐♥5✉✐,♠❡ ❝❤❛♣✐/&❡ ♣&1'❡♥/❡ ✉♥❡ ❛♣♣❧✐❝❛/✐♦♥ ❞❡' ❞1✈❡❧♦♣♣❡♠❡♥/' /❤1♦&✐5✉❡' ♣&♦✲

♣♦'1' ❛✉① ❛♥♦♠❛❧✐❡' ♠❛❣♥1/✐5✉❡' ♠❛&✐♥❡'✳ ❊♥ ❡✛❡/ ❧❛ ❝❛&❛❝/1&✐'❛/✐♦♥ ❞❡ ❧❛ ❞✐&❡❝/✐♦♥

❞❡ ❧✬❛✐♠❛♥/❛/✐♦♥ ❛♣♣❛&❡♥/❡ ❡'/ ✐♠♣♦&/❛♥/❡ ♣♦✉& ❧✬❡'/✐♠❛/✐♦♥ ❞❡ ❧❛ ♣❛❧1♦❧❛/✐/✉❞❡ ♦= ❧❛

✸✶



❝!♦#$❡ ♦❝&❛♥✐*✉❡ ,✬❡,$ ❢♦!♠&❡✱ ♣❧✉, ♣!&❝✐,&♠❡♥$ ♦3 ❡❧❧❡ ❛ ❛❝*✉✐, ,♦♥ ❛✐♠❛♥$❛$✐♦♥ !&♠❛✲

♥❡♥$❡✱ ❝❛! ❝❡ ♣❛!❛♠5$!❡ ♣❡!♠❡$ ❞❡ ❝♦♥$!❛✐♥❞!❡ ❧❡, ♠♦❞5❧❡, ❞❡ ❝✐♥&♠❛$✐*✉❡ ❞❡, ♣❧❛*✉❡,✳

▲✬❛♣♣❧✐❝❛$✐♦♥ ❡,$ ❢❛✐$❡ ,✉! ❞❡, ❞♦♥♥&❡, ❛&!♦♠❛❣♥&$✐*✉❡, ❛❝*✉✐,❡, ,✉! ❧❛ ③♦♥❡ ❞❡ ❢!❛❝$✉!❡

❏❛♥ ▼❛②❡♥✳

❆♣♣❧✐❝❛&✐♦♥) ❛*❝❤,♦❧♦❣✐.✉❡)

▲❡ ❞❡!♥✐❡! ❝❤❛♣✐$!❡ ♣!&,❡♥$❡ ❧✬❛♣♣♦!$ ❞❡, ❞❡✉① ❛♣♣!♦❝❤❡, $❤&♦!✐*✉❡, ❡$ ❡①♣&!✐♠❡♥$❛❧❡,

♣♦✉! ❧❛ ❝❛!❛❝$&!✐,❛$✐♦♥ ❞✬❛♥♦♠❛❧✐❡, ♠❛❣♥&$✐*✉❡, ❞❛♥, ❧❡ ❝❛❞!❡ ❞✬✉♥❡ ♣!♦❜❧&♠❛$✐*✉❡

❛!❝❤&♦❧♦❣✐*✉❡✳ ▲❛ ♠✐,❡ ❡♥ A✉✈!❡ ❞❡ ❧❛ ❝❛!$♦❣!❛♣❤✐❡ ♠❛❣♥&$✐*✉❡ ❤❛✉$❡ !&,♦❧✉$✐♦♥ ❛

♣❡!♠✐, ❞❡ ♠✐❡✉① ✐♠❛❣❡! ❧❡, ,$!✉❝$✉!❡, ❞✉ ,♦✉,✲,♦❧ ❡$ ❧✬❛♣♣❧✐❝❛$✐♦♥ ❞❡ ❝❡!$❛✐♥, ♦✉$✐❧,

$❤&♦!✐*✉❡, ❛ ♣❡!♠✐, ❞❡ ♠✐❡✉① ❝♦♥$!❛✐♥❞!❡ ❧❛ ❣&♦♠&$!✐❡✱ ❧❛ ❧♦❝❛❧✐,❛$✐♦♥ ❡$ ❧✬❛✐♠❛♥$❛$✐♦♥

❞✬✉♥❡ ,$!✉❝$✉!❡ ✐♥$❡!♣!&$&❡ ❝♦♠♠❡ ♣♦✉✈❛♥$ C$!❡ ✉♥ ❛♥❝✐❡♥ ❜❛,,✐♥ ❞❡ !&$❡♥$✐♦♥✳
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φ T.m2 Ω

T.m
→
B T

T/m

T T
→
A

T.m
∫ →

R
∫ →
J ∇

→
J A/m

→
R

∥

∥

∥

→
J
∥

∥

∥

→
J

→
J .

→
R



T.m2

φ(x, y, z) =
µo

4π

∥

∥

∥

→
J
∥

∥

∥

4πR3
a

3

r
.

µo r =
√

(x− xo)2 + (y − yo)2 + (z − zo)2

(x, y, z) (xo, yo, zo)

Ra Vs = 4πR3
a

3

φmax = φ(x = xo, y = yo, z) =
µo

4π

∥

∥

∥

→
J
∥

∥

∥Vs

|z − zo|
.

→
m=

→
J Vs



❋✐❣✉$❡ ✷✳✸ ✕ ❈❛&'❡ ❡' ♣&♦✜❧ ❞✉ /✉♣❡&♣♦'❡♥'✐❡❧ ❝❛❧❝✉❧3/ ♣♦✉& '&♦✐/ /♣❤5&❡/ ✭&❛②♦♥ ❞❡ ✶

♠✮ ♣❧❛❝3❡/ ; ❞❡/ ♣&♦❢♦♥❞❡✉&/ ❞✐✛3&❡♥'❡/ ✭✷✱ ✹ ❡' ✽ ♠✮✳ ▲❡ ♣❛/ ❞❡ ❧❛ ❣&✐❧❧❡ ❡/' ❞❡ ✷✵ ❝♠✳

❙✉& ❧❛ ✜❣✉&❡ ✷✳✸✱ ❧✬✐♥'❡♥/✐'3 ❞✐♠✐♥✉❡ ❛✈❡❝ ❧❛ ♣&♦❢♦♥❞❡✉& ❞❡ ❧❛ /♣❤5&❡ ❛❧♦&/ G✉❡ ❧❛

❧❛&❣❡✉& ❞❡ ❧✬♦✉✈❡&'✉&❡ ❞❡ ❧❛ ❝♦✉&❜❡ ❛✉❣♠❡♥'❡✳ ▲❛ ❞❡♠✐ ❧❛&❣❡✉& ❞❡ ❧❛ ❝♦✉&❜❡ ❛✉ ♥✐✈❡❛✉

❞❡ ❧❛ ♠♦✐'✐3 ❞✉ ♠❛①✐♠✉♠ ❞❡ ❧✬✐♥'❡♥/✐'3 ❞❡ ❧❛ ❝♦✉&❜❡ ❡/' 3❣❛❧❡ ;

√
3zo ✭/✐ ♦♥ ♣♦/❡ ③❂✵✮✳

❖♥ ❝♦♥/'❛'❡ ✉♥❡ ✐♥'❡&❛❝'✐♦♥ ❡♥'&❡ ❧❡/ '&♦✐/ /♣❤5&❡/✳ ❊♥ ❡✛❡'✱ ❧❛ ❢♦♥❝'✐♦♥ 3'❛♥' ❡♥

1
r
✱ ❧❛

❞3❝&♦✐//❛♥❝❡ ❡/' ❧❡♥'❡✳

✷✳✶✳✶✳✷ ❇❛%%❡❛✉

❙✐ ♦♥ ❣3♥3&❛❧✐/❡ ❧✬❡①♣&❡//✐♦♥ ❞✉ /✉♣❡&♣♦'❡♥'✐❡❧ ♠❛❣♥3'✐G✉❡ ♣♦✉& ✉♥ ❜❛&&❡❛✉✱ ✐❧ ♥♦✉/

❢❛✉' ✐♥'3❣&❡& ❧✬3G✉❛'✐♦♥ ✭✷✳✶✮✳ ❙♦✐' ✉♥ /❡❣♠❡♥' ❛❧❧❛♥' ❞❡ ✲a ; a ❧❡ ❧♦♥❣ ❞❡ ❧✬❛①❡ ❞❡/ y✳
▲✬❡①♣&❡//✐♦♥ ❞❡✈✐❡♥'

φ(x, y, z) =
µo

4π

∥

∥

∥

→
J
∥

∥

∥
dxodzo

∫ a

−a

dyo
√

(x− xo)2 + (y − yo)2 + (z − zo)2
. ✭✷✳✸✮

❊' ❛♣&5/ ✐♥'3❣&❛'✐♦♥ ❧❡ &3/✉❧'❛' ❡/'

φ(x, y, z) =
µo

4π

∥

∥

∥

→
J
∥

∥

∥ dxodzo log

(

√

(x− xo)2 + (y − a)2 + (z − zo)2 + (y − a)
√

(x− xo)2 + (y + a)2 + (z − zo)2 + (y + a)

)

.

✭✷✳✹✮

▲✬3G✉❛'✐♦♥ ♦❜'❡♥✉❡ ❝♦♥'✐❡♥' ✉♥ ❧♦❣❛&✐'❤♠❡✱ ❝❡ G✉✐ ❝♦♠♣❧✐G✉❡ ❧✬❡/'✐♠❛'✐♦♥ ❞❡ a✳ ▲❛ ❧♦✲

❝❛❧✐/❛'✐♦♥ ❞❡ ❧❛ /♦✉&❝❡ ♥✬❡/' ♣❛/ ❞✐&❡❝'❡✳ ❉❡ ♣❧✉/✱ G✉❛♥❞ ♦♥ ❢❛✐' '❡♥❞&❡ a ✈❡&/ ❧✬✐♥✜♥✐ ❧❡
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 ✉♣❡$♣♦&❡♥&✐❡❧ &❡♥❞ +❣❛❧❡♠❡♥& / ❧✬✐♥✜♥✐✳ ❈❧❛  ✐4✉❡♠❡♥&✱ ♦♥  ✉♣♣♦ ❡ 4✉❡ ❧❡  ✉♣❡$♣♦&❡♥✲

&✐❡❧ ❡ & ♥✉❧ ❡♥ x = 1✱ ❛✐♥ ✐ ♦♥ ❝♦♥ ❡$✈❡ 4✉❛♥❞ ♠9♠❡ ✉♥❡ ❡①♣$❡  ✐♦♥ ♣♦✉$ ❞❡  ♦✉$❝❡ 

✐♥✜♥✐❡ ✳

✷✳✶✳✶✳✸ ❈❛& ❣(♥(*❛❧

❙✐ ♦♥  ♦✉❤❛✐&❡ ❣+♥+$❛❧✐ ❡$ ❧❡  ✉♣❡$♣♦&❡♥&✐❡❧ / ❞❡ ❣+♦♠+&$✐❡ ♣❧✉ ❝♦♠♣❧❡①❡ ❞❛♥ 

❧✬❡ ♣❛❝❡ ❝❡❧❛ ❞❡✈✐❡♥& $❛♣✐❞❡♠❡♥& &$= ❢❛ &✐❞✐❡✉①✳

▲❛  &$❛&+❣✐❡ ❝❤♦✐ ✐❡ ❞❛♥ ❝❡ ♠❛♥✉ ❝$✐& ❡ & ❞❡ ♣$❡♥❞$❡ ❞❡ ♠♦❞=❧❡  ②♥&❤+&✐4✉❡ / ♣❛$✲

&✐$ ❞❡  ♦♠♠❛&✐♦♥ ❞❡  ♣❤=$❡ ❛✐♠❛♥&+❡ ✳ ❙✐①  &$✉❝&✉$❡ ✱ ♦♥& +&+ ❝❤♦✐ ✐❡ / ♣❛$&✐$ ❞❡ 

♠♦❞=❧❡ ♣✉❜❧✐+ ❞❛♥ ❧❛ ❧✐&&+$❛&✉$❡ ✿ ✉♥❡  ♣❤=$❡✱ ✉♥ ❝❡$❝❧❡ ❡& ✉♥ ❝②❧✐♥❞$❡ ✈❡$&✐❝❛❧  ❡♠✐✲

✐♥✜♥✐✱ ✉♥ ❜❛$$❡❛✉ ❤♦$✐③♦♥&❛❧✱ ✉♥❡ ♣❧❛4✉❡ ❡& ❡♥✜♥ ✉♥ ♣$✐ ♠❡  ❡♠✐✲✐♥✜♥✐ ✈❡$ ❧❡ ❜❛ ✳

D♦✉$ ❞❡  ♦✉❝✐ ❞❡ $❛♣✐❞✐&+ ❞❡ ❝❛❧❝✉❧ ❛✐♥ ✐ 4✉❡ ♣♦✉$ ♠✐♥✐♠✐ ❡$ ❧❡ ✐♥&❡$❛❝&✐♦♥ ❡♥&$❡

❧❡ ❞✐✛+$❡♥&❡  ♦✉$❝❡ ✱ ❧❡ $+ ✉❧&❛&  ❡$♦♥& ♣$+ ❡♥&+  ✉$ ❞❡✉① ❣$❛♣❤✐4✉❡ ❞✐✛+$❡♥& ✭❧❡ 

 &$✉❝&✉$❡  ❛♥ ❛♥❣❧❡ ❞$♦✐& ❡& ❧❡  &$✉❝&✉$❡ ❛✈❡❝ ❛♥❣❧❡ ❞$♦✐&✮✳

❋✐❣✉$❡ ✷✳✹ ✕ ❈❛$&❡ ❡& ♣$♦✜❧ ❞✉  ✉♣❡$♣♦&❡♥&✐❡❧ ❝❛❧❝✉❧+ ♣♦✉$ &$♦✐  &$✉❝&✉$❡ ❞✐✛+$❡♥&❡ ✿

 ♣❤=$❡✱ ❝❡$❝❧❡ ❡& ❝②❧✐♥❞$❡ ✈❡$&✐❝❛❧  ❡♠✐✲✐♥✜♥✐ ✭❝$❡✉①✮✳ ▲❡ ♣❛ ❞❡ ❧❛ ❣$✐❧❧❡ ❡ & ❞❡ ✷✵ ❝♠✳

▲❡ ♣$♦✜❧ ❡ & ❧♦❝❛❧✐ +  ✉$ ❧❛ ❝❛$&❡ ❛✈❡❝ ❧❛ ❧✐❣♥❡ ❜❧❡✉❡✳ ▲❡ ❝♦♦$❞♦♥♥+❡ ❞✉ ❝❡♥&$❡ ❞❡ ❧❛

 ♦✉$❝❡  ♦♥& ❞+✜♥✐❡ ❡♥&$❡ ♣❛$❡♥&❤= ❡ ✳

▲❛ ❧♦♥❣✉❡✉$ ❞✬♦♥❞❡ ❞✉  ✐❣♥❛❧ +✈♦❧✉❡ ❛✈❡❝ ❧❛ ❣+♦♠+&$✐❡✱ ♣♦✉$ ❧❛  ♣❤=$❡ ❧❡  ✐❣♥❛❧

❡ & ♣❧✉ ❤❛✉&❡ ❢$+4✉❡♥❝❡ 4✉❡ ❝❡❧✉✐ ❞✉ ❝②❧✐♥❞$❡✳ D♦✉$ ❧❡  ✐❣♥❛❧ / ❧✬❛♣❧♦♠❜ ❞✉ ❝❡$❝❧❡✱ ❧❛
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T.m

ĵ



Ω(x, y, z) =
∂φ(x, y, z)

∂~r
ĵ =

µoVs

4π

Jx(x− xo) + Jy(y − yo) + Jz(z − zo)

r3
. ✭✷✳✺✮

▲❡ '✐❣♥❡ ❞❡ ❧❛ ❢♦♥❝1✐♦♥ '❝❛❧❛✐2❡ ❞3♣❡♥❞ ❞✉ 23'✉❧1❛1 ❞✉ ♣2♦❞✉✐1 '❝❛❧❛✐2❡ ❡♥12❡

✖ ❧✬❛✐♠❛♥1❛1✐♦♥

→
J













∥

∥

∥

→
J
∥

∥

∥
cos(IJ) cos(DJ)

∥

∥

∥

→
J
∥

∥

∥ cos(IJ) sin(DJ)
∥

∥

∥

→
J
∥

∥

∥
sin(DJ)













✖ ❧❡ ✈❡❝1❡✉2 ❞✐'1❛♥❝❡ ❡♥12❡ ❧❛ '♦✉2❝❡ (xo, yo, zo) ❡1 ❧❡ ♣♦✐♥1 ❞❡ ♠❡'✉2❡

→
r







x− xo

y − yo

z − zo






,

❛✈❡❝ DJ ❡1 IJ ❧❛ ❞3❝❧✐♥❛✐'♦♥ ❡1 ❧✬✐♥❝❧✐♥❛✐'♦♥ ❞✉ ❝❤❛♠♣ ♠❛❣♥31✐;✉❡ 23❣✐♦♥❛❧ ✭❋✐❣✉2❡

✷✳✷✮✳ ❆ ❧✬❛♣❧♦♠❜ ❞❡ ❧❛ '♦✉2❝❡✱ ❧❡ ♣♦1❡♥1✐❡❧ '❝❛❧❛✐2❡ ♠❛❣♥31✐;✉❡ ♥❡ ❞3♣❡♥❞ ♣❛' ❞❡ ❧❛

❞3❝❧✐♥❛✐'♦♥ ❞❡ ❧✬❛✐♠❛♥1❛1✐♦♥✱ ✐❧ ❞3♣❡♥❞ ✉♥✐;✉❡♠❡♥1 ❞❡ ❧✬✐♥❝❧✐♥❛✐'♦♥ ❡1 '✬3❝2✐1 ✿

Ω(x = xo, y = yo, z) =
µoVs

4π

Jz
(z − zo)2

. ✭✷✳✻✮

❋✐❣✉$❡ ✷✳✻ ✕ ❈❛21❡ ❡1 ♣2♦✜❧' ❞✉ ♣♦1❡♥1✐❡❧ ❝❛❧❝✉❧3' ♣♦✉2 '✐① '♣❤F2❡' ❞❡ ✉♥ ♠F12❡ ❞❡

2❛②♦♥ ❞♦♥1 ❧❡ ❝❡♥12❡ ❡'1 ♣❧❛❝3 H ❞❡✉① ♠F12❡' ❞❡ ♣2♦❢♦♥❞❡✉2✳ ❉❡✉① ❞3❝❧✐♥❛✐'♦♥' ✭0o ❡1

90o✮ ❡1 12♦✐' ✐♥❝❧✐♥❛✐'♦♥' ✭0o✱ 45o ❡1 90o✮ ❞✐✛32❡♥1❡' ♦♥1 313 ❝❤♦✐'✐❡'✳ ▲❡ ♣❛' ❞❡ ❧❛ ❣2✐❧❧❡

❡'1 ❞❡ ✷✵ ❝♠✳ ▲❡ ♣2♦✜❧ ♠❛❣❡♥1❛ ❡'1 ♣♦✉2 ❞❡' ❞3❝❧✐♥❛✐'♦♥' 3❣❛❧❡' H 90o ❡1 ❧❡ ♣2♦✜❧ ❝②❛♥

♣♦✉2 ❞❡' ❞3❝❧✐♥❛✐'♦♥' ♥✉❧❧❡'✳
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❙✉" ❧❡% ✈❛"✐❛)✐♦♥% ♦❜%❡"✈-❡% ❞✉ ♣♦)❡♥)✐❡❧ ❧❡% 0✉❛)"❡ ❧❡% ♣❧✉% 1 ❣❛✉❝❤❡ ♣♦%%5❞❡♥) ❞❡✉①

❡①)"❡♠❛ ✭✉♥ ♣♦%✐)✐❢ ❡) ✉♥ ♥-❣❛)✐❢✮ ❛❧♦"% 0✉❡ ❧❡% ❞❡✉① ❞❡ ❞"♦✐)❡ ♣"-%❡♥)❡♥) ✉♥ ✉♥✐0✉❡
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❧✬❛✐♠❛♥)❛)✐♦♥ ❛ %❡✉❧❡♠❡♥) ♣♦✉" ❡✛❡) ✉♥❡ "♦)❛)✐♦♥ ❞❡ ❧❛ ❝❛")❡ ❛✉)♦✉" ❞❡ ❧✬❛①❡ ✈❡")✐✲

❝❛❧ ♣❛%%❛♥) ♣❛" ❧✬♦❜❥❡)✳ ■❧ ❡%) ❢❛❝✐❧❡ ❞❡ ❞-♠♦♥)"❡" ❝❡))❡ ❛✣"♠❛)✐♦♥✳ ❙♦✐) ❧❡ ♣♦)❡♥)✐❡❧

♠❛❣♥-)✐0✉❡ ❞✬✉♥❡ %♣❤5"❡ ❛✐♠❛♥)-❡ ♣❧❛❝-❡ ❡♥ (0, 0, zo) ❞❡ ❞-❝❧✐♥❛✐%♦♥ θ ❡) ❞✬✐♥❝❧✐♥❛✐%♦♥

♠❛❣♥-)✐0✉❡ IJ ✱ ❧❡ ♣♦)❡♥)✐❡❧ ♠❛❣♥-)✐0✉❡ %❝❛❧❛✐"❡ %✬-❝"✐)

Ω(x, y, z) =
µoVs

∥

∥

∥

→
J
∥

∥

∥

4π

cos(IJ) (cos(θ)x+ sin(θ)y) + sin(IJ)(z − zo)

r3
. ✭✷✳✼✮

❙♦✐) ✉♥ %❡❝♦♥❞ ❝❛% ❞❡ ✜❣✉"❡ ❛✈❡❝ ✉♥❡ %♣❤5"❡ ❛✐♠❛♥)-❡ ♣❧❛❝-❡ ❡♥ (0, 0, zs) ❞❡ ❞-❝❧✐✲
♥❛✐%♦♥ ♥✉❧❧❡ ❡) ❞✬✐♥❝❧✐♥❛✐%♦♥ ♠❛❣♥-)✐0✉❡ IJ ✳ ❈❡♣❡♥❞❛♥)✱ ❝❡))❡ ❢♦✐%✲❝✐ ❧❡% ❝♦♦"❞♦♥♥-❡%

❞✉ ♣❧❛♥ ❤♦"✐③♦♥)❛❧ ♦♥) %✉❜✐❡% ✉♥❡ "♦)❛)✐♦♥ θ ❛✉)♦✉" ❞❡ ❧✬❛①❡ ✈❡")✐❝❛❧ z✳

Ω(x′, y′, z′) =
µoVs

∥

∥

∥

→
J
∥

∥

∥

4π

cos(Ij)x
′ + sin(Ij)(z

′ − z′o)

r′3
✭✷✳✽✮

❙✐ ♦♥ "❡♠♣❧❛❝❡ ♣❛" ❧❡% ❝♦♦"❞♦♥♥-❡% ❞✉ ♣"❡♠✐❡" "❡♣5"❡ (x, y, z) ✿





x′

y′

z′



 =





cos(θ) sin(θ) 0
−sin(θ) cos(θ) 0

0 0 1









x
y
z





✭✷✳✾✮

Ω(x, y, z) =
µoVs

∥

∥

∥

→
J
∥

∥

∥

4π

cos(Ij)(cos(θ)x+ sin(θ)y) + sin(Ij)(z − zo)

r3
. ✭✷✳✶✵✮
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❞♦♥♥❡♥) ✉♥ "-%✉❧)❛) ✐❞❡♥)✐0✉❡✳ ▲❛ ❢♦"♠❡ ❞✉ ♣♦)❡♥)✐❡❧ ♠❛❣♥-)✐0✉❡ %❝❛❧❛✐"❡ ♥✬❡%) ♣❛%

❞-♣❡♥❞❛♥)❡ ❞❡ ❧❛ ❞-❝❧✐♥❛✐%♦♥ ♠❛❣♥-)✐0✉❡✳ ▲❡% ❝❛% %②♥)❤-)✐0✉❡% ♣"-%❡♥)-% ❞❛♥% ❧❛ ✜❣✉"❡

✷✳✻ ♠❡))❡♥) ❡♥ -✈✐❞❡♥❝❡ 0✉❡ ❞❛♥% ❧❡ ❝❛% ❣-♥-"❛❧ ♦♥ ❛ ❞❡✉① ❡①)"❡♠❛ ✿ ✉♥ ♠❛①✐♠✉♠ ❡)

✉♥ ♠✐♥✐♠✉♠✳ ❈❡))❡ ❝♦♥%)❛)❛)✐♦♥ ♥✬❡%) ♣❛% ✈❛❧❛❜❧❡ 0✉❛♥❞ ❧❡ ✈❡❝)❡✉" ❛✐♠❛♥)❛)✐♦♥ ❡%)

✈❡")✐❝❛❧ ✭I = 90o ♦✉ −90o✮✳ ❊♥ ❡✛❡)✱ ❞❛♥% ❝❡ ❝❛% ❧❡ ♣"♦❞✉✐) ✈❡❝)♦"✐❡❧

→
J .

→
r
❡%) ♠❛①✐✲

♠✉♠ ❝❛" ❧❡% ❞❡✉① ✈❡❝)❡✉"% ♦♥) ❧❛ ♠U♠❡ ❞✐"❡❝)✐♦♥ ❡) ✉♥ ❞❡% ❞❡✉① ❡①)"❡♠❛ ❡%) 1 ❧✬✐♥✜♥✐✳

❉❛♥% ❧❛ %✉✐)❡ ♥♦✉% ❛❧❧♦♥% ❝❤❡"❝❤❡" ❧❡% ❡①♣"❡%%✐♦♥% )❤-♦"✐0✉❡% ❞❡ ❝❡% ❞❡✉① ❡①)"❡♠❛✳ V♦✉"

❧❡% )"♦✉✈❡"✱ ✐❧ ♥♦✉% ❢❛✉) "-%♦✉❞"❡ ✉♥ %②%)5♠❡ ❝♦♥)❡♥❛♥) ❧❡% ❞❡✉① ❞-"✐✈-❡% ♣❛")✐❡❧❧❡% ❞✉

♣♦)❡♥)✐❡❧ ♠❛❣♥-)✐0✉❡ ❞❛♥% ✉♥ ♣❧❛♥ ❤♦"✐③♦♥)❛❧ ❧♦"%0✉✬❡❧❧❡% %♦♥) -❣❛❧❡% 1 ③-"♦✳ ❉❛♥% ❧❡

❝❛% ❞✬✉♥❡ %♣❤5"❡ ♣❧❛❝-❡ 1 ❧✬♦"✐❣✐♥❡ ❞✉ "❡♣5"❡ (0, 0, 0)✱ ♦♥ ❛















∂Ω

∂x
∝ 3(Jxx+ Jyy + Jzz)x− Jxr

2 = 0,

∂Ω

∂y
∝ 3(Jxx+ Jyy + Jzz)y − Jyr

2 = 0.
✭✷✳✶✶✮

❙✐ ♦♥ ♣"❡♥❞ ❡♥ ❝♦♥%✐❞-"❛)✐♦♥ ❧❡ ❢❛✐) ♣"-❝-❞❡♥)✱ ♦♥ ♣❡✉) %✐♠♣❧✐✜❡" ❧❡ %②%)5♠❡ ❡♥

♣"❡♥❛♥) ✉♥❡ ❞-❝❧✐♥❛✐%♦♥ ♥✉❧❧❡

✸✾



{

3(Jxx+ Jzz)x− Jxr
2 = 0

3(Jxx+ Jzz)y = 0.
✭✷✳✶✷✮

▲❡' '♦❧✉+✐♦♥' ❞✉ '②'+0♠❡ '♦♥+











x1 =
−3Jzz +

√

9J2
z z

2 + 8J2
x(y

2 + z2)

4Jx
x2 =

−3Jzz −
√

9J2
z z

2 + 8J2
x(y

2 + z2)

4Jx
y1 = 0 y2 = 0.

✭✷✳✶✸✮

❆✐♥'✐ ❧❡ ♣♦+❡♥+✐❡❧ ♠❛❣♥7+✐8✉❡ ❛ ❞❡✉① ❡①+:❡♠❛ ❡♥ M1(
−3Jzz+

√
9J2

z z
2+8J2

xz
2

4Jx
, 0) ❡+ ❡♥

M2(
−3Jzz−

√
9J2

z z
2+8J2

xz
2

4Jx
, 0)✳

❖♥ ❝♦♥'+❛+❡ 8✉❡ ❧❡' ❝♦:❞♦♥♥7❡' ❞❡' ❡①+:❡♠❛ '♦♥+ ❞7♣❡♥❞❛♥+❡' ❞❡ ❧❛ ♣:♦❢♦♥❞❡✉: ❞❡

❧❛ '♣❤0:❡✳ ▲❛ ❞✐'+❛♥❝❡ ❡♥+:❡ ❧❡' ❞❡✉① ❡①+:❡♠❛ ❡'+ ❞7✜♥✐❡ ♣❛: ❧✬78✉❛+✐♦♥

d(M1,M2) =
√

(x2 − x1)2 + (y2 − y1)2 = z

√

9

4
tan(Ij)2 + 2 ✭✷✳✶✹✮
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✭'❛✉❢ ♣♦✉: ❧❡ ❝②❧✐♥❞:❡✮✳
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div(
→
B (x, y, z)) = 0. ✭✷✳✶✺✮

❈❡((❡ )*✉❛(✐♦♥ ♣❡1♠❡( ❞❡ ❞)✜♥✐1 ✉♥❡ ❢♦♥❝(✐♦♥ 7❝❛❧❛✐1❡ (❡❧❧❡ *✉❡

→
B (x, y, z) = −∇Ω(x, y, z). ✭✷✳✶✻✮

❆✈❡❝ Ω ❧❡ ♣♦(❡♥(✐❡❧ 7❝❛❧❛✐1❡✳ ▲❡ 7✐❣♥❡ ♥)❣❛(✐❢ ✈✐❡♥( ❞✬✉♥❡ ❝♦♥✈❡♥(✐♦♥ ❝♦♠♠✉♥)♠❡♥( ❛❞✲

♠✐7❡ ✿ ❧♦17*✉❡ ❞❡✉① ❡♥(✐()7 ✐❞❡♥(✐*✉❡7 7✬❛((✐1❡♥( ♦♥ ♠❡( ✉♥ 7✐❣♥❡ ♣♦7✐(✐❢ ❡( ❧♦17*✉✬❡❧❧❡7

7❡ 1❡♣♦✉77❡♥( ✉♥ 7✐❣♥❡ ♥)❣❛(✐❢✳ ▲❡ ❝❤❛♠♣ ♠❛❣♥)(✐*✉❡ 7✬❡①♣1✐♠❡ ❡♥ Tesla✳ ■❧ ② ❛ ❞❡✉①

7(1❛()❣✐❡7 ♣♦77✐❜❧❡7 ✿ 7♦✐( ❧❛ ♠❡7✉1❡ ❛❜7♦❧✉❡ ❝✬❡7(✲F✲❞✐1❡ *✉❡ ❧✬♦♥ ♠❡7✉1❡ ❧✬✐♥(❡♥7✐() ❞✉

❝❤❛♠♣ ♠❛❣♥)(✐*✉❡ ✭❈❡7✐✉♠✱ ♣1♦(♦♥✮ 7♦✐( ❧❛ ♠❡7✉1❡ ✈❡❝(♦1✐❡❧❧❡ ♦✉ (❡♥7♦1✐❡❧❧❡ ✭❋❧✉①❣❛(❡✱

❙◗❯■❉✮✳

✷✳✶✳✸✳✶ ❙♣❤'(❡

M♦✉1 ✉♥❡ 7♣❤N1❡ ❞♦♥( ❧❡ ❝❡♥(1❡ ❡7( ❞)✜♥✐ ♣❛1( ❧❡7 ❝♦♦1❞♦♥♥)❡7 (xo, yo, zo)✱ ❧❡7 ❝♦♠✲

♣♦7❛♥(❡7 ❞✉ ❝❤❛♠♣ ♠❛❣♥)(✐*✉❡ 7✬)❝1✐✈❡♥(

→
B (x, y, z)































Bx(x, y, z) =
µoVs

4π

3(Jx(x− xo) + Jy(y − yo) + Jz(z − zo))(x− xo)− Jxr
2

r5

By(x, y, z) =
µoVs

4π

3(Jx(x− xo) + Jy(y − yo) + Jz(z − zo))(y − yo)− Jyr
2

r5

Bz(x, y, z) =
µoVs

4π

3(Jx(x− xo) + Jy(y − yo) + Jz(z − zo))(z − zo)− Jzr
2

r5
.

✭✷✳✶✼✮

▲✬✐♥(❡♥7✐() ❞✉ ❝❤❛♠♣ ♠❛❣♥)(✐*✉❡ ❞✬✉♥❡ 7♣❤N1❡ ✈❛✉(

∥

∥

∥

→
B (x, y, z)

∥

∥

∥ =
µoVs

4π

√

3(Jx(x− xo) + Jy(y − yo) + Jz(z − zo))2 +
∥

∥

∥

~J
∥

∥

∥ r2

r4
✭✷✳✶✽✮

▲❛ ✈❛❧❡✉1 ❞✉ ❝❤❛♠♣ ♠❛❣♥)(✐*✉❡ F ❧✬❛♣❧♦♠❜ ❞✬✉♥❡ 7♣❤N1❡ ❡7( )❣❛❧❡ F

→
B (x = xo, y = yo, z)































Bx(x = xo, y = yo, z) =
µoVs

4π

−Jx
(z − zo)3

By(x = xo, y = yo, z) =
µoVs

4π

−Jy
(z − zo)3

Bz(x = xo, y = yo, z) =
µoVs

4π

2Jz
(z − zo)3

✭✷✳✶✾✮

❙✐ ♦♥ 7✉♣♣♦7❡ ❝♦♥♥✉❡ ❧❛ ❧♦❝❛❧✐7❛(✐♦♥ ❞❡ ❧❛ 7♣❤N1❡✱ ❛❧♦17 ✐❧ ❡7( 7✐♠♣❧❡ ❞❡ ❞)(❡1♠✐♥❡1

❧❛ ❞)❝❧✐♥❛✐7♦♥ ❡( ❧✬✐♥❝❧✐♥❛✐7♦♥ ❞❡ ❧✬❛✐♠❛♥(❛(✐♦♥

Dj = arctan(
By(x = xo, y = yo, z)

Bx(x = xo, y = yo, z)
), pourBx > 0

Dj = π − arctan(
By(x = xo, y = yo, z)

Bx(x = xo, y = yo, z)
), pourBx < 0

Ij = arctan(
Bz(x = xo, y = yo, z)

√

(B2
x(x = xo, y = yo, z) + B2

y(x = xo, y = yo, z))
).

✭✷✳✷✵✮
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→
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→
R

→
B

∥

∥

∥

→
B
∥

∥

∥

T =
∥

∥

∥

→
B
∥

∥

∥
−
∥

∥

∥

→
R
∥

∥

∥

T =
∥

∥

∥

→
F +

→
R
∥

∥

∥
−R = R

√

1 + 2

→
F R̂

R
+

F 2

R2
−R

R̂
→
F

T (x, y, z) =
→
F (x, y, z)R̂ = FxR̂x + FyR̂y + FzR̂z.

0o 45o



▲❛ ✜❣✉%❡ ✷✳✶✸ ♣%,-❡♥/❡ ❧✬✐♥/❡♥-✐/, ❞❡ ❧✬❛♥♦♠❛❧✐❡ ♠❛❣♥,/✐6✉❡ ♣♦✉% -✐① -♣❤9%❡- ❞♦♥/

❧❛ ❞✐%❡❝/✐♦♥ ❞✬❛✐♠❛♥/❛/✐♦♥ ❡-/ ❞✐✛,%❡♥/❡ ❞❡ ❧❛ ❞✐%❡❝/✐♦♥ ❞✉ ❝❤❛♠♣ ♠❛❣♥,/✐6✉❡ %,❣✐♦✲

♥❛❧ ✭%,♠❛♥❡♥❝❡✮✳ ❈♦♠♠❡ ♣♦✉% ❧❡ ♣♦/❡♥/✐❡❧✱ ❧✬✐♥/❡♥-✐/, ❞❡ ❧✬❛♥♦♠❛❧✐❡ ❡-/ ✉♥❡ ❢♦♥❝/✐♦♥

-❝❛❧❛✐%❡ 6✉✐ ♣♦--9❞❡ B ❧❛ ❢♦✐- ❞❡- ♣❛%/✐❡- ♥,❣❛/✐✈❡- ❡/ ♣♦-✐/✐✈❡-✳ D♦✉% ❧❡- ❝❛- /❡-/,-✱ ♦♥

❝♦♥-/❛/❡ 6✉❡ ❧❡- ♣❛%/✐❡- ♣♦-✐/✐✈❡- -♦♥/ ❞✬❛✉/❛♥/ ♣❧✉- ✐♥/❡♥-❡- 6✉❡ ❧❡ ✈❡❝/❡✉% ❛✐♠❛♥/❛/✐♦♥

-✬❛♣♣%♦❝❤❡ ❞❡ ❧❛ ✈❡%/✐❝❛❧❡✳ ■❧ ❡-/ ❞✐✣❝✐❧❡ ❞❡ -♦%/✐% ❞❡- /❡♥❞❛♥❝❡- ❝❛% ❧❡ -✐❣♥❛❧ ♣%♦✈✐❡♥/

❞✬✉♥❡ ♣%❡♠✐9%❡ ♣%♦❥❡❝/✐♦♥ ✭❧❛ ❞,%✐✈,❡ ❞✉ -✉♣❡%♣♦/❡♥/✐❡❧ ♣%♦❥❡/,❡ ❞❛♥- ❧❛ ❞✐%❡❝/✐♦♥ ❞❡

~J✮
6✉✐ ❛ ,/, ❞,%✐✈,❡ ❡/ ♣%♦❥❡/,❡ ❞❛♥- ❧❛ -❡❝♦♥❞❡ ❞✐%❡❝/✐♦♥ ❞✉ ❝❤❛♠♣ ♠❛❣♥,/✐6✉❡ %,❣✐♦♥❛❧✳

▼❛✐♥/❡♥❛♥/ -✐ ♦♥ -✬✐♥/,%❡--❡ ❛✉ ❝❛- ♦I ❧❡- ❞❡✉① ❞✐%❡❝/✐♦♥- ❞❡ ♣%♦❥❡❝/✐♦♥ -♦♥/ ✐❞❡♥/✐6✉❡-

✭❝❛- ❞✬✉♥❡ -♦✉%❝❡ ❛②❛♥/ ✉♥❡ ❛✐♠❛♥/❛/✐♦♥ ✐♥❞✉✐/❡✮✳ ▲✬✐♥/❡♥-✐/, ❞❡ ❧✬❛♥♦♠❛❧✐❡ ♠❛❣♥,/✐6✉❡

♣♦✉% ✉♥❡ -♣❤9%❡ -✬,❝%✐/ ✭❙❛❧❡♠ ❡! ❛❧✳✱ ✷✵✵✷✮ ✿

T (x, y, z) =
µo

∥

∥

∥

→
J
∥

∥

∥
Vs

4π

3
(

Ĵ .
→
r
)2

− r2

r5
. ✭✷✳✷✹✮

❈♦♠♠❡ ♣♦✉% ❧✬❡①♣%❡--✐♦♥ ❞✉ ♣♦/❡♥/✐❡❧✱ ✐❧ ❡-/ ♣♦--✐❜❧❡ ❞❡ ♠♦♥/%❡% 6✉❡ ❧❛ ❞,❝❧✐♥❛✐-♦♥ ❛ ❧❡

♠P♠❡ ❡✛❡/ 6✉✬✉♥❡ %♦/❛/✐♦♥ ❞❡ %❡♣9%❡✳ ❙♦✐/ ❧✬❛♥♦♠❛❧✐❡ ♠❛❣♥,/✐6✉❡ ❞✉❡ B ✉♥❡ -♣❤9%❡ ♣❧❛✲

❝,❡ ❡♥ (0, 0, zo) ❞✬❛✐♠❛♥/❛/✐♦♥ ✐♥❞✉✐/❡ ❛✈❡❝ ✉♥❡ ❞,❝❧✐♥❛✐-♦♥ ,❣❛❧❡ B θ ❡/ ✉♥❡ ✐♥❝❧✐♥❛✐-♦♥
✈❛❧❛♥/ I ❞❛♥- ✉♥ %❡♣9%❡ ❞,✜♥✐ ♣❛% ❧❡- ❝♦♦%❞♦♥♥,❡- ①✱ ② ❡/ ③✱ ❧✬❛♥♦♠❛❧✐❡ -✬,❝%✐/

T (x, y, z) =
µo

∥

∥

∥

→
J
∥

∥

∥Vs

4π

3 (cos(I)(cos(θ)x+ sin(θ)y) + sin(I)(z − zo))
2 − r2

r5
. ✭✷✳✷✺✮

❙♦✐/ ✉♥❡ -❡❝♦♥❞❡ ❛♥♦♠❛❧✐❡ ❧✐,❡ B ✉♥❡ -♣❤9%❡ ✐♥❞✉✐/❡ ❞❡ ❞,❝❧✐♥❛✐-♦♥ ♥✉❧❧❡ ❡/ ❞✬✐♥❝❧✐✲

♥❛✐-♦♥ ,❣❛❧❡ B I ❞❛♥- ✉♥ -❡❝♦♥❞ %❡♣9%❡ ①✬✱ ②✬ ❡/ ③✬ ❞,✜♥✐❡ ♣❛% ❧❛ %❡❧❛/✐♦♥ ✭✷✳✾✮

T (x′, y′, z) =
µo

∥

∥

∥

→
J
∥

∥

∥
Vs

4π

3 (cos(I)x′ + sin(I)z)2 − r2

r5
. ✭✷✳✷✻✮

❊♥ %❡♠♣❧❛V❛♥/ ❧❡- ❝♦%❞♦♥♥,❡- ①✬ ②✬ ❡/ ③✬ ♣❛% ① ② ③✱ ❧✬❡①♣%❡--✐♦♥ ❞❡✈✐❡♥/

T (x, y, z) =
µo

∥

∥

∥

→
J
∥

∥

∥
Vs

4π

3 (cos(I)(cos(θ)x+ sin(θ)y) + sin(I)z)2 − r2

r5
. ✭✷✳✷✼✮

❖♥ %❡/%♦✉✈❡ ❜✐❡♥ ❧❛ ♠P♠❡ ❡①♣%❡--✐♦♥ 6✉❡ ❧✬,6✉❛/✐♦♥ ✭✷✳✷✺✮✳
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❛✈❡❝ ✉♥❡ ❛✐♠❛♥(❛(✐♦♥ ✐♥❞✉✐(❡ ♣❧❛❝0❡/ < ❞❡✉① ♠:('❡/ ❞❡ ♣'♦❢♦♥❞❡✉'✳ ▲❡ ♣❛/ ❞❡ ❧❛ ❣'✐❧❧❡

❡/( ❞❡ ✷✵ ❝♠✳

❈❡((❡ ✐♥✈❛'✐❛♥❝❡ ❡/( 0❣❛❧❡♠❡♥( ✈✐/✐❜❧❡ /✉' ❧❛ ✜❣✉'❡ ✭✷✳✶✹✮✱ ❧❡/ ❛♥♦♠❛❧✐❡/ ♠❛❣♥0(✐4✉❡/

/✉❜✐//❡♥( ❞❡/ /✐♠♣❧❡/ '♦(❛(✐♦♥/ ❞❡ 90o ✭❤❛✉( ❡( ❜❛/✮✳ ❉♦♥❝ ❧❛ ❞0❝❧✐♥❛✐/♦♥ ❛ ✉♥ /✐♠♣❧❡

❡✛❡( ❞❡ '♦(❛(✐♦♥ ❞❡ ❧✬❛♥♦♠❛❧✐❡✱ ♣❛' ❝♦♥('❡ ❧✬✐♥❝❧✐♥❛✐/♦♥ ❝❤❛♥❣❡ ❧❛ ❢♦'♠❡ ❞❡/ ❞✐✛0'❡♥(/

❧♦❜❡/ ♣♦/✐(✐❢/ ❡( ♥0❣❛(✐❢/ ❡( ❧❛ ❧♦❝❛❧✐/❛(✐♦♥ ❞❡/ ♠❛①✐♠❛ ❞❡ ❝❡/ ❧♦❜❡/✳ ❘❡❝❤❡'❝❤❡' ❧❡/

❡①('❡♠❛ '❡✈✐❡♥( < ('♦✉✈❡' ♣♦✉' 4✉❡❧❧❡ ❧♦❝❛❧✐/❛(✐♦♥ /✉' ✉♥ ♣❧❛♥ ❤♦'✐③♦♥(❛❧ ❧❡ ♥✉♠0'❛(❡✉'

❞❡ ❧❛ ❞0'✐✈0❡ ❞❡ ❧✬❛♥♦♠❛❧✐❡ ❡/( ♥✉❧✳ ❆✜♥ ❞❡ /✐♠♣❧✐✜❡' ❧❡/ ❡①♣'❡//✐♦♥/✱ ♦♥ ✈❛ /❡ ♣❧❛❝❡'

❞❛♥/ ❧❡ ❝❛/ ♣❛'(✐❝✉❧✐❡' ❞✬✉♥❡ /♣❤:'❡ ♣❧❛❝0❡ < ❧✬♦'✐❣✐♥❡ ❞✉ '❡♣:'❡ ❡( ❞✬❛✐♠❛♥(❛(✐♦♥ ✐♥❞✉✐(❡

❞♦♥( ❧❛ ❞0❝❧✐♥❛✐/♦♥ ❡/( ♥✉❧❧❡✳ ▲✬❡①♣'❡//✐♦♥ ❞❡ ❧✬❛♥♦♠❛❧✐❡ ❞❛♥/ ❝❡ ❝❛/ ♣❛'(✐❝✉❧✐❡' /✬0❝'✐(

T (x, y, z) =
µo

∥

∥

∥

→
J
∥

∥

∥
Vs

4π

3 (cos(I)x+ sin(I)z)2 − r2

r5
. ✭✷✳✷✽✮

❆✐♥/✐ '❡❝❤❡'❝❤❡' ❧❛ ❧♦❝❛❧✐/❛(✐♦♥ ❞❡ ❝❡/ ❡①('❡♠❛ '❡✈✐❡♥( < '0/♦✉❞'❡ ❧❡ /②/(:♠❡















∂T (x, y, z)

∂x
= 0,

∂T (x, y, z)

∂y
= 0.

✭✷✳✷✾✮

❆✈❡❝ ❧❡/ ❞✐✛0'❡♥(/ ♣❛'❛♠:('❡/ ❞✉ ♣'♦❜❧:♠❡ ❧❡ /②/(:♠❡ /✬0❝'✐(

{

x3(−3J2
x + 1) + x2(−8JxJz)z + x(y2(2J2

x + 1) + z2(2J2
x − 5J2

z + 1)) + 2JxJzz(y
2 + z2) = 0

y
(

x2(1− 5Jx2) + x(−10JxJzz) + z2(1− 5J2
z ) + y2

)

= 0

✭✷✳✸✵✮

❛✈❡❝ Jx✱ Jy ❡( Jz ❧❡/ ❝♦♠♣♦/❛♥(❡/ ❞✉ ✈❡❝(❡✉' ❛✐♠❛♥(❛(✐♦♥✳ ■❧ /✬❛❣✐( ❞❡ ♣♦❧②♥O♠❡/ ❞❡

❞❡❣'0 ✸✱ ❝❡ 4✉✐ ✐♥❞✐4✉❡ 4✉❡ ❧❛ /♦❧✉(✐♦♥ ❣0♥0'❛❧❡ ♣♦//:❞❡ ('♦✐/ '0♣♦♥/❡/ ♣♦//✐❜❧❡/✳ ◆♦✉/

♥✬❛✈♦♥/ ♣❛/ '0/♦❧✉ ❡♥❝♦'❡ ❝❡ /②/(:♠❡✱ ❝❡♣❡♥❞❛♥( /✐ ♦♥ /✬✐♥(0'❡//❡ ❛✉ ❝❛/ ♦Q ❧✬✐♥❝❧✐♥❛✐/♦♥
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❞❡ 90o ✭❧❡ ❝❤❛♠♣ ❡)* ✈❡,*✐❝❛❧✮✱ ♦♥ ♦❜*✐❡♥*

{

x(x2 + y2 − 4z2) = 0

y
(

x2 − 4z2 + y2
)

= 0.
✭✷✳✸✶✮

▲❡) )♦❧✉*✐♦♥) )♦♥*

{

x = 0 = x =
√

y2 + 4z2 = x = −
√

y2 + 4z2

y = 0 = y =
√
x2 − 4z2 = y = −

√
x2 − 4z2

✭✷✳✸✷✮

▲❡ ♣,❡♠✐❡, ♠❛①✐♠✉♠ ❡)* : (0, 0) : ❧✬❛♣❧♦♠❜ ❞❡ ❧❛ )♣❤<,❡ ❡* ✈❛✉* T (0, 0, z) =
µo

∥

∥

∥

→

J

∥

∥

∥
Vs

4π
2
z3

❡* ❧❡ )❡❝♦♥❞ ❡)* ✉♥ ❝❡,❝❧❡ ❝❡♥*,= : ❧✬❛♣❧♦♠❜ ❞❡ ❧❛ )♣❤<,❡ ❡* ❞❡ ,❛②♦♥ =❣❛❧

: ❞❡✉① ❢♦✐) ❧❛ ♣,♦❢♦♥❞❡✉, ❡* ❧✬❛♥♦♠❛❧✐❡ ✈❛✉* T (2z, 0, z) =
µo

∥

∥

∥

→

J

∥

∥

∥
Vs

4π
− 2√

5z3
✳

✷✳✶✳✹✳✶ ●%♦♠%()✐❡, ♣❧✉, ❝♦♠♣❧❡①❡ ✲ ❝❛, ,②♥(❤%(✐7✉❡,

❙()✉❝(✉)❡, ❛))♦♥❞✐❡, ▲❛ ✜❣✉%❡ ✷✳✶✺ ♣%,-❡♥/❡ ❧❡- ❝❛%/❡- ❡/ ♣%♦✜❧- ❞❡ ❧✬✐♥/❡♥-✐/, ❞❡

❧✬❛♥♦♠❛❧✐❡ ♠❛❣♥,/✐7✉❡ ♣♦✉% ❞❡✉① ❞✐%❡❝/✐♦♥- ❞✬❛✐♠❛♥/❛/✐♦♥ ❡/ ❞❡✉① ❞✐%❡❝/✐♦♥- ❞❡ ❝❤❛♠♣

♠❛❣♥,/✐7✉❡ %,❣✐♦♥❛❧✳ ▲❡ ♠❛①✐♠✉♠ ❞❡ ❧✬✐♥/❡♥-✐/, ❞❡ ❧✬❛♥♦♠❛❧✐❡ ❡-/ ♦❜/❡♥✉ 7✉❛♥❞ ❧❡-

❞❡✉① ✈❡❝/❡✉%- -♦♥/ ✈❡%/✐❝❛✉①✱ ✐❧ -❡ ♣❧❛❝❡ = ❧✬❛♣❧♦♠❜ ❞❡ ❧❛ -/%✉❝/✉%❡ ❡/ ❡-/ ❡♥/♦✉%, ♣❛%

✉♥❡ ♣❛%/✐❡ ♥,❣❛/✐✈❡✳ >♦✉% ❧❛ ♣❛%/✐❡ ✐♥❢,%✐❡✉%❡ ✭Dr = 0o ❡/ Ir = 90o✮✱ ♦♥ %❡/%♦✉✈❡ ❧❡-

♠B♠❡- %,-✉❧/❛/- 7✉❡ ❧❛ ❝♦♠♣♦-❛♥/❡ ✈❡%/✐❝❛❧❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥,/✐7✉❡ ✭❝❛% Rx = 0 ❡/

Ry = 0✮✳

✺✶





❋✐❣✉$❡ ✷✳✶✻ ✕ ❈❛'(❡* ❡( ♣'♦✜❧* ❞❡ ❧✬✐♥(❡♥*✐(3 ❞❡ ❧✬❛♥♦♠❛❧✐❡ ♠❛❣♥3(✐6✉❡ ❝❛❧❝✉❧3❡* ♣♦✉'

*✐① *('✉❝(✉'❡* ♣❧❛❝3❡* : ❞❡✉① ♠;('❡* ❞❡ ♣'♦❢♦♥❞❡✉' ✿ ✷ ❜❛''❡❛✉①✱ ✷ ♣❧❛6✉❡* ❡( ✷ ♣'✐*♠❡*

✐♥✜♥✐✳ ▲❡ ♣❛* ❞❡ ❧❛ ❣'✐❧❧❡ ❡*( ❞❡ ✸✵ ❝♠✳

✺✸



❙!"✉❝!✉"❡& ❛♥❣✉❧❡✉&❡& ❉❛♥# ❧❡ ❝❛# ❞❡ #()✉❝(✉)❡# ❛♥❣✉❧❡✉#❡# ✭❋✐❣✉)❡ ✷✳✶✻✮✱ ❧❛ ♣)❡✲

♠✐8)❡ ❝❛)(❡ ❡#( ✉♥❡ ❝♦♠❜✐♥❛✐#♦♥ ❞❡ ❧❛ ❝♦♠♣♦#❛♥(❡ ❡♥ ② ❡( ③ ❞✉ ❝❤❛♠♣ ♠❛❣♥>(✐?✉❡✱

❛❧♦)# ?✉❡ ❧❛ ❝❛)(❡ ✐♥❢>)✐❡✉)❡ )❡♣)>#❡♥(❡ #✐♠♣❧❡♠❡♥( ❧❛ ❝♦♠♣♦#❛♥(❡ ✈❡)(✐❝❛❧❡ ❞✉ ❝❤❛♠♣

♠❛❣♥>(✐?✉❡ ✭❋✐❣✉)❡ ✷✳✶✶✮✳ ❆✐♥#✐ ❞❛♥# ❧❡ ♣)❡♠✐❡) ❝❛#✱ #❡✉❧❡# ❧❡# ❧✐♠✐(❡# ❡#(✲♦✉❡#( #♦♥(

❜✐❡♥ ✈✐#✐❜❧❡#✱ ❧❡# ❧✐♠✐(❡# ♥♦)❞✲#✉❞ #♦♥( ❜❡❛✉❝♦✉♣ ♠♦✐♥# ♥❡((❡#✳

❈❡ ,✉✬✐❧ ❢❛✉! "❡!❡♥✐"

▲✬✐♥(❡♥#✐(> ❞❡ ❧✬❛♥♦♠❛❧✐❡ ♠❛❣♥>(✐?✉❡ ✈❛ E()❡ ❞>✜♥✐❡ ❡♥ ❣>♥>)❛❧ ❝♦♠♠❡ ❧❛ ♣)♦❥❡(>❡ ❞✉

❝❤❛♠♣ ♠❛❣♥>(✐?✉❡ ♠❡#✉)> ❞❛♥# ❧❛ ❞✐)❡❝(✐♦♥ ❞✉ ❝❤❛♠♣ ♠❛❣♥>(✐?✉❡ )>❣✐♦♥❛❧ ✭❞❛♥# ❧❡ ❝❛#

♦H ❧✬✐♥(❡♥#✐(> ❞✉ ❝❤❛♠♣ ❞✬❛♥♦♠❛❧✐❡ ❡#( ❢❛✐❜❧❡ ❞❡✈❛♥( ❧✬✐♥(❡♥#✐(> ❞✉ ❝❤❛♠♣ ♠❛❣♥>(✐?✉❡

)>❣✐♦♥❛❧✮✳ ▲✬❛♥♦♠❛❧✐❡ ♠❛❣♥>(✐?✉❡ ❡#( #✐♠♣❧❡♠❡♥( ❧❛ ❝♦♠❜✐♥❛✐#♦♥ ❞❡# ()♦✐# ❝♦♠♣♦#❛♥(❡#

❞✉ ❝❤❛♠♣ ♠❛❣♥>(✐?✉❡✳ ❉❛♥# ❧❡# ❝❛# ❞✬✉♥❡ #♣❤8)❡ ♦H ❧❡# ❞❡✉① ❞✐)❡❝(✐♦♥# ❞❡ ❧✬❛✐♠❛♥(❛(✐♦♥

❡( ❞✉ ❝❤❛♠♣ ♠❛❣♥>(✐?✉❡ )>❣✐♦♥❛❧ #♦♥( ✐❞❡♥(✐?✉❡# ✭#♦✉)❝❡ ❞✬❛✐♠❛♥(❛(✐♦♥ ✐♥❞✉✐(❡✮✱ ❧❛

❞>❝❧✐♥❛✐#♦♥ ❛ ✉♥❡ #✐♠♣❧❡ ❡✛❡( ❞❡ )♦(❛(✐♦♥ ❛✉(♦✉) ❞✬✉♥ ❛①❡ ✈❡)(✐❝❛❧ ❡( ❧❛ ❞✐#(❛♥❝❡ ❡♥()❡

❧❡# ❡①()❡♠❛ ❡#( ♣)♦♣♦)(✐♦♥♥❡❧❧❡ K ❧❛ ♣)♦❢♦♥❞❡✉) ❞❡ ❧❛ #♦✉)❝❡✳

✷✳✶✳✺ ▲❡ &❡♥(❡✉* ❞✬❛♥♦♠❛❧✐❡ ♠❛❣♥3&✐4✉❡

■❧ ❛ >(> ❞>✜♥✐ ❞❛♥# ❧❡ (❤8#❡ ❞❡ ❋❧❡✉)② ✭✷✵✶✶✮ ✉♥ (❡♥#❡✉) ❞❡ ❧✬❛♥♦♠❛❧✐❡ ♠❛❣♥>(✐?✉❡

❚❆▼✳ ■❧ ❞>❝♦✉❧❡ ❞✬✉♥❡ ❞♦✉❜❧❡ ❞>)✐✈❛(✐♦♥ ❞✉ #✉♣❡)♣♦(❡♥(✐❡❧ ✭N❡❞❡)#❡♥ ✫ ❘❛#♠✉##❡♥✱

✶✾✾✵✮ ✭❡♥ ❣)❛✈✐♠>()✐❡✮ ✭❋❧❡✉)②✱ ✷✵✶✶✮

❚❆▼(x, y, z) =







∂2φ

∂2x

∂2φ

∂x∂y

∂2φ

∂x∂z
∂2φ

∂y∂x

∂2φ

∂2y

∂2φ

∂y∂z
∂2φ

∂z∂x

∂2φ

∂z∂y

∂2φ

∂2z






✭✷✳✸✸✮

▲❡ ❚❆▼ ❡#( ❝♦♥#()✉✐( ❞❡ ❢❛S♦♥ #②♠>()✐?✉❡ ❡( ❧❛ #♦♠♠❡ ❞❡# (❡)♠❡# ❞❡ ❧❛ ❞✐❛❣♦✲

♥❛❧❡ ✭❧❛ ()❛❝❡✮ ❡#( ♥✉❧❧❡✳ ❆✐♥#✐ #✉) ❧❡# ♥❡✉❢ ❝♦♠♣♦#❛♥(❡# ❞✉ (❡♥#❡✉) #❡✉❧❡# ❝✐♥? #♦♥(

✐♥❞>♣❡♥❞❛♥(❡#✳

✷✳✶✳✺✳✶ ▲❛ &♣❤:"❡

❉❛♥# ❧❡ ❝❛# ❞✬✉♥❡ #♣❤8)❡ ❧❡# ❝♦♠♣♦#❛♥(❡# ❞✉ (❡♥#❡✉) #✬>❝)✐✈❡♥( ✭❋❧❡✉)②✱ ✷✵✶✶✮

❚❆▼(x, y, z)











































































































φxx(x, y, z) =
µo

∥

∥

∥

→
J
∥

∥

∥
Vs

4π

3(x− xo)
2 − r2

r5

φyy(x, y, z) =
µo

∥

∥

∥

→
J
∥

∥

∥Vs

4π

3(y − yo)
2 − r2

r5

φzz(x, y, z) =
µo

∥

∥

∥

→
J
∥

∥

∥
Vs

4π

3(z − zo)
2 − r2

r5

φxy(x, y, z) =
µo

∥

∥

∥

→
J
∥

∥

∥Vs

4π

3(x− xo)(y − yo)

r5

φxz(x, y, z) =
µo

∥

∥

∥

→
J
∥

∥

∥Vs

4π

3(x− xo)(z − zo)

r5

φyz(x, y, z) =
µo

∥

∥

∥

→
J
∥

∥

∥
Vs

4π

3(z − zo)(y − yo)

r5

✭✷✳✸✹✮

✺✹



▲♦"#$✉❡ ❧❡ ♣♦✐♥+ ❞❡ ♠❡#✉"❡ ❡#+ . ❧✬❛♣❧♦♠❜ ❞❡ ❧❛ #♣❤3"❡✱ ♦♥ ❝♦♥#+❛+❡ $✉❡ #❡✉❧❡# ❧❡#

❝♦♠♣♦#❛♥+❡# ❞❡ ❧❛ ❞✐❛❣♦♥❛❧❡ #♦♥+ ♥✉❧❧❡#✳

❚❆▼(x, y, z)















































































φxx(x = xo, y = yo, z) = −
µo

∥

∥

∥

→
J
∥

∥

∥Vs

4π

1

(z − zo)3

φyy(x = xo, y = yo, z) = −
µo

∥

∥

∥

→
J
∥

∥

∥Vs

4π

1

(z − zo)3

φzz(x = xo, y = yo, z) =
µo

∥

∥

∥

→
J
∥

∥

∥Vs

4π

2

(z − zo)3

φxy(x = xo, y = yo, z) = 0

φxz(x = xo, y = yo, z) = 0

φyz(x = xo, y = yo, z) = 0

✭✷✳✸✺✮

❙✐ ♦♥ "❡❣❛"❞❡ ❧❡ ❝❛# #②♥+❤?+✐$✉❡✱ ♦♥ ❝♦♥#+❛+❡ $✉❡ ❧✬♦♥ ❛ #✐① ❢♦✐# ❧❡ ♠B♠❡ ❞❡##✐♥ ♣♦✉"

❧❡# #✐① ❝♦♠♣♦#❛♥+❡# ✭❋✐❣✉"❡ ✷✳✶✼✮✳ ▲✬❛♠♣❧✐+✉❞❡ ❞❡# ❝♦♠♣♦#❛♥+❡# ❞❡# ❞❡✉① ♣"❡♠✐❡"#

+❡"♠❡# ❞❡ ❧❛ ❞✐❛❣♦♥❛❧❡ ✭φxx, φyy✮ #♦♥+ ✐❞❡♥+✐$✉❡#✱ ❡+ ♦♥ ❝♦♥#+❛+❡ #✐♠♣❧❡♠❡♥+ ✉♥❡ "♦+❛✲

+✐♦♥ ❞✉ #✐❣♥❛❧ ❞❡ 90o✱ ♦"✐❡♥+❛+✐♦♥ ♥♦"❞✲#✉❞ ♣♦✉" ❧❛ ❝♦♠♣♦#❛♥+❡ φxx ❡+ ❡#+✲♦✉❡#+ ♣♦✉" ❧❛

❝♦♠♣♦#❛♥+❡ φyy ✳ ▲❡ #✐❣♥❛❧ ❧✐? . ✉♥❡ #♣❤3"❡ ❡#+ ❝♦♥#+✐+✉? ❞❡ +"♦✐# ❡①+"❡♠❛ ❛❧✐❣♥?# ❞♦♥+

❧❡ ♠❛①✐♠✉♠ ❡#+ ♥?❣❛+✐❢ ❡+ #❡ #✐+✉❡ . ❧✬❛♣❧♦♠❜ ❞❡ ❧❛ #♦✉"❝❡✳ ▲❡# ❞❡✉① ❛✉+"❡# ❡①+"❡♠❛ #❡

♣❧❛❝❡♥+ . ✷✳✹ ❝♠ ❞❡ ♣❛"+ ❡+ ❞✬❛✉+"❡ ❞✉ ♠❛①✐♠✉♠ ❞❛♥# ❧❡ ❝❛# ❞✬✉♥❡ #♣❤3"❡ ♣❧❛❝? . ✷ ♠

❞❡ ♣"♦❢♦♥❞❡✉"✳

❋✐❣✉$❡ ✷✳✶✼ ✕ ❈❛"+❡# ❞❡# ❝♦♠♣♦#❛♥+❡# ❞✉ +❡♥#❡✉" ❞✬❛♥♦♠❛❧✐❡ ♠❛❣♥?+✐$✉❡ ❚❆▼ ❝❛❧✲

❝✉❧?❡# ♣♦✉" #✐① #♣❤3"❡# ♣❧❛❝?❡# . ❞❡✉① ♠3+"❡# ❞❡ ♣"♦❢♦♥❞❡✉"✳ ▲❡ ♣❛# ❞❡ ❧❛ ❣"✐❧❧❡ ❡#+ ❞❡

✷✵ ❝♠✳

✺✺
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Ωyz(x = xo, y = yo, z) = −3
µoVs

4π

Jy
(z − zo)4

.
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❙✐ ♦♥ *✉♣♣♦*❡ ❝♦♥♥✉ ❧❛ ❧♦❝❛❧✐*❛1✐♦♥ ❞❡ ❧❛ *♣❤45❡✱ ✐❧ ❡*1 ♣♦**✐❜❧❡ ❞❡ 5❡15♦✉✈❡5 ❧❛ ❞9❝❧✐✲

♥❛✐*♦♥ ❡1 ❧✬✐♥❝❧✐♥❛✐*♦♥ ❞✉ ❧✬❛✐♠❛♥1❛1✐♦♥✳

Dj = arctan

(

Ωyz

Ωxz

)

Ij = arctan

(

Ωxx
√

Ω2
xz + Ω2

yz

)

= arctan

(

Ωyy
√

Ω2
xz + Ω2

yz

)
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❊1 ❧❛ ♥♦5♠❡ ❞✉ 1❡♥*❡✉5 ✭5❛❝✐♥❡ ❞❡ ❧❛ *♦♠♠❡ ❞❡* 9❧9♠❡♥1* ❛✉ ❝❛559✮ *❡ 59*✉♠❡ *✐♠♣❧❡✲

♠❡♥1 ❡♥ ✉♥❡ ❢♦♥❝1✐♦♥ ❡♥

1
r4

|❚●▼(x, y, z)| = µoVs

4π

3
√
2

(z − zo)4

√

J2
x + J2

y + 3J2
z . ✭✷✳✹✵✮
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❞❡5♥✐45❡ ❝♦♠♣♦*❛♥1❡ ❞❡ ❧❛ ❞✐❛❣♦♥❛❧❡ ❞✉ 1❡♥*❡✉5 Ωzz ♣59*❡♥1❡ ✉♥ ❡①15❡♠✉♠ F ❧✬❛♣❧♦♠❜
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▲❡ 1❡♥*❡✉5 ❞✉ ❣5❛❞✐❡♥1 ♠❛❣♥91✐G✉❡ ❚●▼ ❡*1 ✉♥ 1❡♥*❡✉5 59❡❧ ❝❛559 ❡1 *②♠915✐G✉❡

❞♦♥1 ❧❛ 15❛❝❡ ❡*1 ♥✉❧❧❡✱ ♣❛5 ❝♦♥*9G✉❡♥1 ✐❧ ❡*1 ♣♦**✐❜❧❡ ❞❡ ❧❡ ❞✐❛❣♦♥❛❧✐*❡5 ❡1 15♦✉✈❡5 ❧❡*
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❧❡ ❝❛. ♦I ❧✬✐♥❝❧✐♥❛✐.♦♥ ❡.& ❞❡ 45o ✱ ✉♥ ❡①&#❡♠✉♥ ❡.& ✈✐.✐❜❧❡ ❡& ✐❧ ❡.& 5 ❧✬❛♣❧♦♠❜ ❞❡ ❧❛

.&#✉❝&✉#❡ <✉❛♥❞ ❧❛ ❞4❝❧✐♥❛✐.♦♥ ❡.& ♥✉❧❧❡ ❡& ❞4❝❛❧4 ❞❡ ✵✳✶ ♠ <✉❛♥❞ ❧❛ ❞4❝❧✐♥❛✐.♦♥ ✈❛✉&

90o✳ ❊♥✜♥ <✉❛♥❞ ❧✬✐♥❝❧✐♥❛✐.♦♥ ❡.& ♥✉❧❧❡✱ ♦♥ ❛ ❧✬❛♣♣❛#✐&✐♦♥ ❞✬✉♥ .❡❝♦♥❞ ❡①&#❡♠✉♠✱ ♣❧✉.

❢❛✐❜❧❡ 5 ❞#♦✐&❡ <✉❛♥❞ ❧❛ ❞4❝❧✐♥❛✐.♦♥ ❡.& ❞❡ 90o ❛❧♦#. <✉✬❛✈❡❝ ✉♥❡ ❞4❝❧✐♥❛✐.♦♥ ♥✉❧❧❡ ✉♥

✉♥✐<✉❡ ❡①&#❡♠✉♠ ❡.& ✈✐.✐❜❧❡ ❡& ✐❧ .❡ .✐&✉❡ 5 ❧✬❛♣❧♦♠❜✳

❱❛❧❡✉%& ♣%♦♣%❡& H#❡♠✐D#❡♠❡♥&✱ ❞❛♥. ❧❡ ❝❛. .②♥&❤4&✐<✉❡ ♦♥ ❝♦♥.&❛&❡ <✉❡ ❧✬❛♠♣❧✐&✉❞❡

❞❡. ❝❛#&❡. ♦.❝✐❧❧❡ ❡♥&#❡ ✲✶ ❡& ✶ <✉❡❧<✉❡ .♦✐& ❧❛ ✈❛❧❡✉# ♣#♦♣#❡✳ ❖♥ ♥❡ ✈♦✐& ♣❛. ❞❡ ❢♦#♠❡

♣❛#&✐❝✉❧✐D#❡ #❡..♦#&✐#✱ ♦♥ ❝♦♥.&❛&❡ ❞❡. ✈❛#✐❛&✐♦♥. ❢♦#&❡. ❧♦✐♥ ❞❡ ❧✬❛♣❧♦♠❜ ❞❡. .♦✉#❝❡.✳ ❖♥

❞✐.❝❡#♥❡ ✉♥ .❝❤4♠❛ ❞❛♥. ❧❛ #4♣❛#&✐&✐♦♥ ❞❡. ♣❛#&✐❡. ♣♦.✐&✐✈❡. ❡& ♥4❣❛&✐✈❡. .❡✉❧❡♠❡♥& ❞❛♥.
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Ωxx Ωxz

Ωyy

Ωyz Ωzz



Ωxx



❞✐❛❣♦♥❛❧❡ Ωyy✱ ❝❡**❡ ❢♦✐,✲❝✐ ❧❡, ❝♦♥*❛❝*, ❡,* ❡* ♦✉❡,* ,♦♥* ✈✐,✉❛❧✐,0,✳ ❈♦♠♠❡ ♣♦✉5 ❧❛

❝♦♠♣♦,❛♥*❡ ♣50❝0❞❡♥*❡ ❧❡, ♣❛5*✐❡, ♣♦,✐*✐✈❡, ,♦♥* 6 ❧✬❛♣❧♦♠❜ ❞❡, ,*5✉❝*✉5❡, ❡* ❧❡, ♥0✲

❣❛*✐✈❡, 6 ❧✬❡①*05✐❡✉5✳ ❙❡✉❧❡ ❧❛ ❣0♦♠0*5✐❡ ❞✉ ,❡❣♠❡♥* ♣50,❡♥*❡ *5♦✐, ❡①*5❡♠❛✱ ✉♥ ♣♦,✐*✐❢

6 ❧✬❛♣❧♦♠❜ ❡* ❞❡✉① ♥0❣❛*✐❢, ❞❡ ♣❛5* ❡* ❞✬❛✉*5❡ ❞❡ ❧❛ ,*5✉❝*✉5❡✳ ;♦✉5 ❧❡, ,*5✉❝*✉5❡, ♦<

❧❡ ✈❡❝*❡✉5 ❛✐♠❛♥*❛*✐♦♥ ❡,* ✈❡5*✐❝❛❧ ♦♥ ❝♦♥,*❛*❡ ✉♥ ,✐❣♥❛❧ ✭✐♥*❡♥,✐*0 ❡* ❢♦5♠❡ ❞❡, ❧♦❜❡,

♣♦,✐*✐❢, ❡* ♥0❣❛*✐❢,✮ ✐❞❡♥*✐?✉❡ ❛❧♦5, ?✉❡ ❞❛♥, ❧❡ ❝❛, ❞✬✉♥❡ ✐♥❝❧✐♥❛✐,♦♥ 6 45o✱ ✉♥❡ ❛,②✲

♠0*5✐❡ ❛♣♣❛5❛A* ❞❛♥, ❧❡, ,✐❣♥❛✉①✳ ▲❛ *5♦✐,✐C♠❡ ❝♦♠♣♦,❛♥*❡ ❞❡ ❧❛ ❞✐❛❣♦♥❛❧❡ Ωzz ♠❡* ❡♥

0✈✐❞❡♥❝❡ ❧❡, ❧✐♠✐*❡, ❤♦5✐③♦♥*❛❧❡, ❞❡, ,*5✉❝*✉5❡,✳ ❉❛♥, ❧❡ ❝❛, ♦< ❧✬❛✐♠❛♥*❛*✐♦♥ ❡,* 6 90o

✭▲✐❣♥❡ ,✉♣05✐❡✉5❡ ✲ ❋✐❣✉5❡ ✷✳✷✼✮✱ ♦♥ ❝♦♥,*❛*❡ ?✉✬✉♥ ❤❛❧♦ ♣♦,✐*✐❢ ,❡ ❞❡,,✐♥❡ ❛✉*♦✉5 ❞❡

❧❛ ,*5✉❝*✉5❡ ❡* ?✉✬✉♥❡ ♣❛5*✐❡ ♥0❣❛*✐✈❡ ❡,* 6 ❧✬❛♣❧♦♠❜✳ ❉❛♥, ❧✬❛✉*5❡ ❝❛, ✭,*5✉❝*✉5❡, ❞✉

❜❛, ✲ ❛✐♠❛♥*❛*✐♦♥ 6 45o✮✱ ✉♥❡ ❛,②♠0*5✐❡ ,❡ ♠❡* ❡♥ ♣❧❛❝❡ ❛✈❡❝ ✉♥❡ ♣❧✉, ❢♦5*❡ ✐♥*❡♥,✐*0

❞❡ ❧❛ ♣❛5*✐❡ ♣♦,✐*✐✈❡ 6 ❧✬❡,*✳ ❉❛♥, ❧❡ ❝❛, ❞❡, ❞❡✉① ♣❧❛?✉❡,✱ ❧❡, ♣❛5*✐❡, ♥0❣❛*✐✈❡, ❧❡, ♣❧✉,

✐♥*❡♥,❡, ,❡ ,✐*✉❡♥* ❛✉ ♥✐✈❡❛✉ ❞❡, ?✉❛*5❡ ❝♦✐♥, ❞❡ ❧❛ ,*5✉❝*✉5❡✳

❋✐❣✉$❡ ✷✳✷✼ ✕ ❈❛5*❡, ❞❡, ❝♦♠♣♦,❛♥*❡, ❞✉ *❡♥,❡✉5 ❞✉ ❣5❛❞✐❡♥* ♠❛❣♥0*✐?✉❡ ❝❛❧❝✉❧0❡,

♣♦✉5 ,✐① ,*5✉❝*✉5❡, ♣❧❛❝0❡, 6 ❞❡✉① ♠C*5❡, ❞❡ ♣5♦❢♦♥❞❡✉5 ✿ ✷ ❜❛55❡❛✉①✱ ✷ ♣❧❛?✉❡, ❡* ✷

♣5✐,♠❡, ✐♥✜♥✐,✳ ▲❡ ♣❛, ❞❡ ❧❛ ❣5✐❧❧❡ ❡,* ❞❡ ✷✵ ❝♠✳

;♦✉5 ❧❛ ❝♦♠♣♦,❛♥*❡ Ωxy✱ ?✉❛*5❡, ❧♦❜❡, ,♦♥* ✈✐,✐❜❧❡, ♣❛5 ,♦✉5❝❡ ❞❡✉① ♣♦,✐*✐✈❡, ❡*

❞❡✉① ♥0❣❛*✐✈❡,✳ ❈❡, ❧♦❜❡, ,❡ ♣❧❛❝❡♥* ❛✉① ❡①*50♠✐*0, ♦✉ ❛✉① ❝♦✐♥, ❞❡, ,*5✉❝*✉5❡,✳ ❉❛♥,

❧❡ ❝❛, ,②♥*❤0*✐?✉❡ *❡,*0✱ ✐❧, ,♦♥* *♦✉❥♦✉5, ♣❧❛❝0, ❞❡ ❧❛ ♠O♠❡ ♠❛♥✐C5❡ ❧❡, ♣♦,✐*✐❢, ,♦♥*

❛✉① ❡①*50♠✐*0, ♥♦5❞✲♦✉❡,* ❡* ,✉❞✲❡,*✱ ❛❧♦5, ?✉❡ ❧❡, ♥0❣❛*✐❢, ,♦♥* ❛✉① ❝♦✐♥, ♥♦5❞✲❡,*

❡* ,✉❞✲♦✉❡,*✳ ▲❛ ❝♦♠♣♦,❛♥*❡ Ωxz ♠❡* ❡♥ 0✈✐❞❡♥❝❡ ❧❡, ❧✐♠✐*❡, ♥♦5❞✲,✉❞ ❞❡, ,*5✉❝*✉5❡

❝♦♠♠❡ ♣♦✉5 ❧❛ ♣5❡♠✐C5❡ ❝♦♠♣♦,❛♥*❡✳ ▲❛ ❝♦♠♣♦,❛♥*❡ Ωyz ♠❡* ❡♥ 0✈✐❞❡♥❝❡ ❧❡, ❧✐♠✐*❡,

❡,*✲♦✉❡,* ❞❡, ,*5✉❝*✉5❡, ❝♦♠♠❡ ♣♦✉5 ❧❛ ,❡❝♦♥❞❡ ❝♦♠♣♦,❛♥*❡✳

▲❛ ✜❣✉5❡ ✷✳✷✽ ♣50,❡♥*❡ ❧❡, ❝❛5*❡, ❞❡, ✈❡❝*❡✉5, ❡* ✈❛❧❡✉5, ♣5♦♣5❡, ❞✉ *❡♥,❡✉5 ❞❡

❣5❛❞✐❡♥* ♠❛❣♥0*✐?✉❡ ♣♦✉5 ❞❡, ,*5✉❝*✉5❡, ❛♥❣✉❧❛✐5❡,✳ ▲❡, ✈❡❝*❡✉5, ✶ ❡* ✸ ♣50,❡♥*❡♥* ❞❡,

❡①*5❡♠❛ 6 ❧✬❛♣❧♦♠❜ ❞❡, ❧✐♠✐*❡, ❞❡, ,*5✉❝*✉5❡,✱ ❞❡, ♠✐♥✐♠❛ ♣♦✉5 ❧❡ ✈❡❝*❡✉5 ♣5♦♣5❡ ✶ ❡*

✻✻





▼❛❣♥$%✐'✉❡✮ +♦♥% ✐♥%$-❡++❛♥% ♣♦✉- ❧♦❝❛❧✐+❡- ❧❡+ +%-✉❝%✉-❡+ ❛✐♠❛♥%$❡+✳ ▲❡+ ❝❛-%❡+ ❞❡ ✈❛✲

❧❡✉- ♣-♦♣-❡ ✸ ❞✉ ❚❆▼ -❡++❡♠❜❧❡♥% ❛✉① ❝❛-%❡+ ❞❡ ❧✬♦♣$-❛%❡✉- ❞❡  ✐❧ ❛♥❣❧❡ ✉%✐❧✐+$ ♣♦✉-

❧♦❝❛❧✐+❡- ❧❡+ ❧✐♥$❛%✐♦♥+✳

✷✳✷ ▲❡$ %&❛♥$❢♦&♠❛%✐♦♥$

❯♥❡ ❢♦✐+ ❧❡+ ♠❡+✉-❡+ ❛❝'✉✐+❡+ ❡% %-❛✐%$❡+✱ ✈✐❡♥% ❧❛ ♣❤❛+❡ ❞✬✐♥%❡-♣-$%❛%✐♦♥✱ ❞♦♥% ❧✬♦❜✲

❥❡❝%✐❢ ❡+% ❞❡ -$♣♦♥❞-❡ ❛✉① '✉❡+%✐♦♥+ +✉✐✈❛♥%❡+ ✿ ❖B +❡ +✐%✉❡ ❧❡ ❝♦♥%-❛+%❡ ❞✬❛✐♠❛♥%❛%✐♦♥ ❄

◗✉❡❧❧❡ ❡+% +❛ ❣$♦♠$%-✐❡ ❄ ◗✉❡❧❧❡+ +♦♥% +❡+ ♣-♦♣-✐$%$+ ♠❛❣♥$%✐'✉❡+ ❄ E♦✉- -$♣♦♥❞-❡ F ❝❡+

✐♥%❡--♦❣❛%✐♦♥+✱ ✐❧+ ❡①✐+%❡♥% ❞❡✉① ❝❤❡♠✐♥+ ♣♦++✐❜❧❡+ ❧❡+ ♦♣$-❛%❡✉-+ ❡% ❧❡+ ✐♥✈❡-+✐♦♥+✳ ❉❛♥+

✉♥ ♣-❡♠✐❡- %❡♠♣+✱ ♥♦✉+ ❛❧❧♦♥+ ❡①♣❧♦-❡- ❧❛ ♣-❡♠✐H-❡ ✈♦✐❡✳ ▲❡+ ♦♣$-❛%❡✉-+ ❝♦♥+✐+%❡♥% F

%-❛♥+❢♦-♠❡- ✉♥❡ ❝❛-%❡ ♦✉ ✉♥ ♣-♦✜❧ ♠❛❣♥$%✐'✉❡ ❛✜♥ ❞❡ ♠❡%%-❡ ❡♥ $✈✐❞❡♥❝❡ ❝❡-%❛✐♥+ ♣❛✲

-❛♠H%-❡+ ❞❡ ❧❛ +♦✉-❝❡✳ ❉❡ ❢❛J♦♥ ❣$♥$-❛❧❡✱ ❝❡+ ♦♣$-❛%✐♦♥+ +♦♥% ❡✛❡❝%✉$❡+ ❞❛♥+ ❧❡ ❞♦♠❛✐♥❡

+♣❡❝%-❛❧✱ ❝❛- ❞❡+ ♦♣$-❛%✐♦♥+ %❡❧❧❡+ '✉❡ ❧❛ ❞$-✐✈❛%✐♦♥ ♦✉ ❧✬✐♥%$❣-❛%✐♦♥ ❞✬✉♥❡ ❢♦♥❝%✐♦♥ $'✉✐✲

✈❛✉% +✐♠♣❧❡♠❡♥% F ✉♥❡ ♠✉❧%✐♣❧✐❝❛%✐♦♥ ♦✉ F ✉♥❡ ❞✐✈✐+✐♦♥ ♣❛- ❧❛ ❢-$'✉❡♥❝❡✳ ■❧ ❡①✐+%❡ ❞❡

♥♦♠❜-❡✉① ♦♣$-❛%❡✉-+ ✿ ❧✬♦♣$-❛%❡✉- ❞❡ ❞$-✐✈❛%✐♦♥✱ ❞✬✐♥%$❣-❛%✐♦♥✱ ❞❡ ♣-♦❧♦♥❣❡♠❡♥% ✈❡-+

❧❡ ❤❛✉%✱ ❞❡ ♣-♦❧♦♥❣❡♠❡♥% ✈❡-+ ❧❡ ❜❛+✱ ❞❡ -$❞✉❝%✐♦♥ ❛✉ ♣M❧❡✱ ❞❡ +✐❣♥❛❧ ❛♥❛❧②%✐'✉❡✱ ❞❡

+✐❣♥❛❧ ♠♦♥♦❣$♥✐'✉❡✱ ❞❡ %✐❧% ❛♥❣❧❡ ❡% ❞❡ %❤❡%❛ ♠❛♣✳ ▲❛ +✉✐%❡ ❞✉ ♠❛♥✉+❝-✐% ✈❛ +❡ ❢♦❝❛✲

❧✐+❡- +✉- ❞❡✉① ♦♣$-❛%❡✉-+✳ ■❧+ ♦♥% $%$ ❝❤♦✐+✐+ ❝❛- ✐❧+ +♦♥% ✉%✐❧✐+$+ ❢-$'✉❡♠♠❡♥% ❞❛♥+ ❧❛

❜✐❜❧✐♦❣-❛♣❤✐❡ ❧♦-+ ❞❡ ❧✬✐♥%❡-♣-$%❛%✐♦♥ ❞❡ ❝❛-%❡+ ❞✬✐♥%❡♥+✐%$ ❞❡ ❧✬❛♥♦♠❛❧✐❡ ♠❛❣♥$%✐'✉❡ ✿

❧❡+ ♦♣$-❛%❡✉-+ ❞❡ -$❞✉❝%✐♦♥ ❛✉ ♣M❧❡ ❡% ❞❡ +✐❣♥❛❧ ❛♥❛❧②%✐'✉❡✳

✷✳✷✳✶ ❘$❞✉❝(✐♦♥ ❛✉ ♣.❧❡

▲✬✉♥ ❞❡+ ♣-❡♠✐❡-+ ♦♣$-❛%❡✉-+ ❞❡ %-❛♥+❢♦-♠❛%✐♦♥ ❡+% ❝❡❧✉✐ ❞❡ -$❞✉❝%✐♦♥ ❛✉ ♣M❧❡ ✭❇❛✲

-❛♥♦✈✱ ✶✾✺✼ ❀ ❇❛-❛♥♦✈ ❛♥❞ ◆❛✉❞②✱ ✶✾✻✹✮✳ E♦✉- ✉♥❡ ❝❛-%❡ ❞❡ ❧✬✐♥%❡♥+✐%$ ❞❡ ❧✬❛♥♦♠❛❧✐❡

♠❛❣♥$%✐'✉❡✱ ❝❡%%❡ %-❛♥+❢♦-♠❛%✐♦♥ ♣❡✉% Y%-❡ +✐♠♣❧❡ ♦✉ ❞♦✉❜❧❡ ❡% ❝♦♥+✐+%❡ F -❡♥❞-❡ ✈❡-%✐✲

❝❛✉① ❧❡+ ✈❡❝%❡✉-+ ❛✐♠❛♥%❛%✐♦♥ ❡% ❝❤❛♠♣ ♠❛❣♥$%✐'✉❡ -$❣✐♦♥❛❧✳ ❊♥ ❡✛❡%✱ ♣-$❝$❞❡♠♠❡♥%

♦♥ ❛ ✈✉ '✉❡ ❧✬❛♣♣-♦①✐♠❛%✐♦♥ ♣-❡♠✐H-❡ ❞❡ ❧✬✐♥%❡♥+✐%$ ❞✉ ❝❤❛♠♣ ❞✬❛♥♦♠❛❧✐❡ -$+✉❧%❡ ❞✬✉♥❡

❞♦✉❜❧❡ ❞$-✐✈❛%✐♦♥ ❞✐-❡❝%✐♦♥♥❡❧❧❡ ❞✉ +✉♣❡-♣♦%❡♥%✐❡❧ ❞❛♥+ ❧❛ ❞✐-❡❝%✐♦♥ ❞❡ ❧✬❛✐♠❛♥%❛%✐♦♥

❡% ❞✉ ❝❤❛♠♣ ♠❛❣♥$%✐'✉❡ -$❣✐♦♥❛❧✳ ▲✬✐♥%$-Y% ❞❡ ❝❡%%❡ %-❛♥+❢♦-♠❛%✐♦♥ ❡+% '✉❡ ❧✬❛♥♦♠❛✲

❧✐❡ ❞❡✈✐❡♥% +②♠$%-✐'✉❡ ❡% '✉❡ ❧❡ ♠❛①✐♠✉♠ ❞✉ +✐❣♥❛❧ +❡ ♣❧❛❝❡ F ❧✬❛♣❧♦♠❜ ❞❡ ❧✬♦❜❥❡%✳

▲✬♦♣$-❛%✐♦♥ ❞❛♥+ ❧❡ ❞♦♠❛✐♥❡ +♣❡❝%-❛❧ +✬$❝-✐%

drp(u, v) =
s

iĴxu+ iĴyv + Ĵzs

s

iR̂xu+ iR̂yv + R̂zs
, ✭✷✳✹✶✮

❛✈❡❝ Jx✱ Jy ❡% Jz ❧❡+ ❝♦♠♣♦+❛♥%❡+ ❞✉ ✈❡❝%❡✉- ❛✐♠❛♥%❛%✐♦♥ ❀Rx✱ Ry ❡% Rz ❧❡+ ❝♦♠✲

♣♦+❛♥%❡+ ❞✉ ✈❡❝%❡✉- ✉♥✐%❛✐-❡ ❝❤❛♠♣ ♠❛❣♥$%✐'✉❡ -$❣✐♦♥❛❧ ❀s =
√

(u2 + v2)✱ ✉ ❡% ✈ ❧❛
♣✉❧+❛%✐♦♥✳

❈❡% ♦♣$-❛%❡✉- ❡+% ✐♥%$-❡++❛♥% ♣♦✉- ❧♦❝❛❧✐+❡- ❧❛%$-❛❧❡♠❡♥% ❧❛ +♦✉-❝❡✱ ❧❛ ❧✐♠✐%❡ ❞✬✉%✐✲

❧✐+❛%✐♦♥ +❡ +✐%✉❡ ❧♦-+'✉❡ ❧❡+ ❞✐-❡❝%✐♦♥+ ✐♥✐%✐❛❧❡+ ❞❡+ ✈❡❝%❡✉-+ ❛✐♠❛♥%❛%✐♦♥ ❡% ❝❤❛♠♣ ♠❛✲

❣♥$%✐'✉❡ -$❣✐♦♥❛❧ +♦♥% ♣-❡+'✉❡ ❤♦-✐③♦♥%❛❧❡+✱ ♣❛- ❡①❡♠♣❧❡ ✉♥❡ +♦✉-❝❡ ✐♥❞✉✐%❡ ♣-♦❝❤❡ ❞❡

❧✬$'✉❛%❡✉-✳

❙✐ ♦♥ +✬✐♥%$-❡++❡ ❛✉ ❝❛+ +✐♠♣❧❡ ❞✬✉♥❡ +♣❤H-❡ ♣❧❛❝$ ❡♥ (xo, yo, zo)✱ ❧✬❡①♣-❡++✐♦♥ %❤$♦✲
-✐'✉❡ ❞❛♥+ ❧❡ ❞♦♠❛✐♥❡ +♣❡❝%-❛❧ ♣♦✉- ✉♥❡ ❛✐♠❛♥%❛%✐♦♥ (Jx, Jy, Jz) ❡% ❞❡ ❝❤❛♠♣ ♠❛❣♥$✲
%✐'✉❡ -$❣✐♦♥❛❧ (Rx, Ry, Rz) ❡+%

F (u, v) =
µo

∥

∥

∥

→
J
∥

∥

∥

4π
eiuxoeivyo

e−szo

s
(iJxu+ iJyv + Jzs) (iRxu+ iRyv +Rzs) ✭✷✳✹✷✮

✻✽



F (u, v)

Frdp(u, v) = F (u, v)drp(u, v) =
µo

∥

∥

∥

→
J
∥

∥

∥

4π
eiuxoeivyo

e−szo

s
s2

I = 60o D = 45o

I = 6o D = 45o



60o 6o

6o 45o

45o

I = 60o D = 45o

45o
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4♦✉❝✐ ❞❡ ❝❡&&❡ ❛♣♣(♦❝❤❡ ❡4& ❧❛ ❧♦✉(❞❡✉( ❞❛♥4 ❧❡ ❞-✈❡❧♦♣♣❡♠❡♥& ❞❡4 ❝❛❧❝✉❧4✳ ▲✬♦♣-✲

(❛&❡✉( ❡4& -❣❛❧ < ❞❡✉① ✐♥&-❣(❛&✐♦♥4 ❞✐(❡❝&✐♦♥♥❡❧❧❡4 ❡& ❞❡✉① ❞-(✐✈-❡4 ✈❡(&✐❝❛❧❡4✳

✷✳ ◆✬❡①✐4&❡✲&✲✐❧ ♣❛4 ✉♥ ❛✉&(❡ ❛❧❣♦(✐&❤♠❡ ♥✉♠-(✐@✉❡ @✉❡ ❧❛ ✛! ❄

✸✳ ❆✉&(❡4 4♦❧✉&✐♦♥4✳

❋✐❣✉$❡ ✷✳✸✷ ✕ ▲❡ ❞✐❛❣(❛♠♠❡ ♣(-4❡♥&❡ ❧✬❛♠♣❧✐&✉❞❡ ❞❡ ❧❛ ❞✐✛-(❡♥❝❡ ❡♥&(❡ ❧❛ ❝❛(&❡ ❝❛❧✲

❝✉❧-❡ ❞❛♥4 ❧❡ ❞♦♠❛✐♥❡ 4♣❛&✐❛❧ ❡& ❧❛ ❝❛(&❡ ❝❛❧❝✉❧-❡ ❞❛♥4 ❧❡ ❞♦♠❛✐♥❡ 4♣❡❝&(❛❧ ❡♥ ❢♦♥❝&✐♦♥

❞❡ ❧✬✐♥❝❧✐♥❛✐4♦♥✳ ▲❛ ❝♦✉(❜❡ ❜❧❡✉❡ ❛ -&- ♦❜&❡♥✉❡ ♣♦✉( ❞❡4 ❞✐✛-(❡♥❝❡4 ❞❡ ❣(✐❧❧❡4 ♠❡4✉(❛♥&

✹✵①✺✵ ♠ ❡& ❧❛ ❝♦✉(❜❡ ❡♥ ♣♦✐♥&✐❧❧-4 (♦✉❣❡4 ♣♦✉( ✉♥❡ ❣(✐❧❧❡ ❞❡ ✶✵✵①✶✵✵ ♠✳ ▲❛ 4♦✉(❝❡ ❡4&

✉♥❡ 4♣❤H(❡ ❞✬❛✐♠❛♥&❛&✐♦♥ ✐♥❞✉✐&❡✳ ▲❛ ❞-❝❧✐♥❛✐4♦♥ ❡4& ❞❡ 45o✳ ▲❡ ♣❛4 ❞❡ ❧❛ ❣(✐❧❧❡ ❡4& ❞❡

✷✵ ❝♠✳

✷✳✷✳✷ ❙✐❣♥❛❧ ❛♥❛❧②)✐*✉❡

❯♥ ❛✉&(❡ ♦♣-(❛&❡✉( 4♦✉✈❡♥& ❡♠♣❧♦②- ❡4& ❧❡ 4✐❣♥❛❧ ❛♥❛❧②&✐@✉❡✳ ◆❛❜✐❣❤✐❛♥ ✭✶✾✼✷✮ ❧✬✐♥✲

&(♦❞✉✐& < ❧❛ ♠-&❤♦❞❡ ♣♦&❡♥&✐❡❧❧❡ ♠❛❣♥-&✐@✉❡ ♣♦✉( ❞❡4 ♦❜❥❡&4 < ❞❡✉① ❞✐♠❡♥4✐♦♥4✳ ❈❡&&❡

♥♦✉✈❡❧❧❡ ❢♦♥❝&✐♦♥ ❡4& ❝♦♥4&(✉✐&❡ ❡♥ ❛44❡♠❜❧❛♥& ❧❡ 4✐❣♥❛❧ (-❡❧ ❛✈❡❝ ❧❡ ♥♦♠❜(❡ ✐♠❛❣✐♥❛✐(❡

❡& 4❛ &(❛♥4❢♦(♠-❡ ❞✬❍✐❧❜❡(&✳ ❆✐♥4✐✱ ♦♥ ♣❛44❡ ❞✬✉♥ 4✐❣♥❛❧ (-❡❧ < ✉♥ 4✐❣♥❛❧ ❝♦♠♣❧❡①❡✳

❉❡ ❢❛T♦♥ ❣-♥-(❛❧❡✱ ❡♥ ♠-&❤♦❞❡ ♣♦&❡♥&✐❡❧❧❡✱ ❧❡ 4✐❣♥❛❧ ❛♥❛❧②&✐@✉❡ ❝♦((❡4♣♦♥❞ ❛✉ ♠♦❞✉❧❡

✭♥♦(♠❡✮ ❞❡ ❝❡&&❡ ❢♦♥❝&✐♦♥ ❝♦♠♣❧❡①❡✳ ▲✬❛✈❛♥&❛❣❡ ❡4& ❧❛ &(❛♥4❢♦(♠❛&✐♦♥ ❞✬✉♥❡ ❛♥♦♠❛❧✐❡

❞❡ ❢♦(♠❡ ❛4②♠-&(✐@✉❡ ❡♥ ✉♥ 4✐❣♥❛❧ ❞❡ ❢♦(♠❡ 4②♠-&(✐@✉❡ ❡& ❞♦♥& ❧❡ ♠❛①✐♠✉♠ 4❡ 4✐&✉❡

< ❧✬❛♣❧♦♠❜ ❞❡ ❧✬♦❜❥❡& ✭4❛♥4 ❛ ♣(✐♦(✐ 4✉( ❧❛ ❞✐(❡❝&✐♦♥ ❞❡4 ✈❡❝&❡✉(4 ❛✐♠❛♥&❛&✐♦♥ ❡& ❝❤❛♠♣
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❊♥ ❡✛❡&✱ ❡♥ ✶✾✽✹✱ ◆❛❜✐❣❤✐❛♥ ♣(♦♣♦4❡ ❧❛ ❣-♥-(❛❧✐4❛&✐♦♥ ❞✉ 4✐❣♥❛❧ ❛♥❛❧②&✐@✉❡ ♣♦✉( ❞❡4

❣-♦♠-&(✐❡4 < &(♦✐4 ❞✐♠❡♥4✐♦♥4 ✿

A(x, y) =
∂T

∂x
x̂+

∂T

∂y
ŷ + i

∂T

∂z
ẑ ✭✷✳✹✹✮

✼✶
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'+❡❧❧❡ ❡# ♣❛'#✐❡ ✐♠❛❣✐♥❛✐'❡✮✳

✷✳✷✳✷✳✶ ▲❡% ❞'✜♥✐+✐♦♥%
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✭▼♦❤❛♥ ✫ ❆♥❛♥❞ ❇❛❜✉✱ ▲✳✱ ✶✾✾✺❀ ❖❢♦❡❣❜✉ ✫ ▼♦❤❛♥✱ ✶✾✾✵✮

|A(x, y)| =

√

(

∂T

∂x
+

∂T

∂y

)2

+

(

∂T

∂z

)2

. ✭✷✳✹✺✮

▲❛ ,❡❝♦♥❞❡ ❢❛R♦♥ ❞❡ ❝❛❧❝✉❧❡' ❧❡, ❝❤♦,❡,✱ ❡,# ❧❡ ,✐❣♥❛❧ ❛♥❛❧②#✐9✉❡ ✈❡❝#♦'✐❡❧ ✱ ❝✬❡,#✲<✲❞✐'❡

9✉❡ ❧✬♦♥ ♣'❡♥❞ ❧❛ '❛❝✐♥❡ ❞❡ ❧❛ ,♦♠♠❡ ❞❡, #'♦✐, ❞+'✐✈+❡, ♣❛'#✐❡❧❧❡, ❞❡ ❧✬❛♥♦♠❛❧✐❡ ❛✉ ❝❛''+✳

■❧ ♣❡✉# +❣❛❧❡♠❡♥# U#'❡ ❛♣♣❡❧+ ❧❡ ❣'❛❞✐❡♥# #♦#❛❧ ❞❡ ❧✬❛♥♦♠❛❧✐❡✳

|A(x, y)| =

√

(

∂T

∂x

)2

+

(

∂T

∂y

)2

+

(

∂T

∂z

)2
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❉❛♥, ❧❛ '+♣♦♥,❡ < ▼♦❤❛♥ ✭✶✾✾✸✮✱ ❘♦❡,# ❡# ❛❧✳ ✭✶✾✾✷✮ ♦♥# ♠✐, ❡♥ +✈✐❞❡♥❝❡ 9✉❡ ❧❡ ,✐✲

❣♥❛❧ ❛♥❛❧②#✐9✉❡ ,❝❛❧❛✐'❡ +#❛✐# ❞+♣❡♥❞❛♥# ❞❡ ❧❛ ❞✐'❡❝#✐♦♥ ❞❡ ❧❛ ,#'✉❝#✉'❡ ✭❛✐♠❛♥#❛#✐♦♥

❛♣♣❛'❡♥#❡✮✳ ▲❡ ❝❛, ,②♥#❤+#✐9✉❡ +#❛✐# ❝♦♥,#'✉✐# < ♣❛'#✐' ❞✬✉♥ ❞✐,9✉❡✱ ❛✈❡❝ ❞❡, ❞✐'❡❝#✐♦♥,

✈❡'#✐❝❛❧❡, ♣♦✉' ❧❡, ✈❡❝#❡✉', ❛✐♠❛♥#❛#✐♦♥ ❡# ❝❤❛♠♣ ♠❛❣♥+#✐9✉❡ '+❣✐♦♥❛❧ ✭❋✐❣✉'❡ ✷✳✸✸✮✳

❋✐❣✉$❡ ✷✳✸✸ ✕ ❈❛'#❡, ❞❡ ❧✬✐♥#❡♥,✐#+ ❞❡ ❧✬❛♥♦♠❛❧✐❡ ♠❛❣♥+#✐9✉❡✱ ❞✉ ,✐❣♥❛❧ ❛♥❛❧②#✐9✉❡

✈❡❝#♦'✐❡❧ ❡# ❞✉ ,✐❣♥❛❧ ❛♥❛❧②#✐9✉❡ ,❝❛❧❛✐'❡ ♣♦✉' ✉♥❡ ,♣✐'❡ ❞✬❛✐♠❛♥#❛#✐♦♥ ✐♥❞✉✐#❡ +❣❛❧❡ <

D = 0o ❡# I = 90o✳ ▲❡, #✐'❡#, ❜❧❛♥❝, ❧♦❝❛❧✐,❡♥# ❧❛ ,♣✐'❡ ❞❛♥, ❧❡ ♣❧❛♥ ❤♦'✐③♦♥#❛❧✳ ▲❛ ,♣✐'❡
❛ ✉♥ '❛②♦♥ ❞❡ ✸✵ ♠ ❡# ❡,# ♣❧❛❝+❡ < ✺ ♠ ❞❡ ♣'♦❢♦♥❞❡✉'✳

❉❛♥, ❧❛ ✜❣✉'❡ ✷✳✸✸✱ ❧❡ ,✐❣♥❛❧ ❛♥❛❧②#✐9✉❡ ✈❡❝#♦'✐❡❧ ♣'+,❡♥#❡ ❜✐❡♥ ✉♥ ♠❛①✐♠✉♠ ❝♦♥#✐♥✉

< ❧✬❛♣❧♦♠❜ ❞❡ ❧❛ ,♣✐'❡✱ ❛❧♦', 9✉❡ ❧❡ ,✐❣♥❛❧ ❛♥❛❧②#✐9✉❡ ,❝❛❧❛✐'❡ ♠♦♥#'❡ ❞❡ ♣❧✉, ❢❛✐❜❧❡,

❛♠♣❧✐#✉❞❡, ♣♦✉' ❝❡'#❛✐♥❡, ,❡❝#✐♦♥, ❞❡ ❧❛ ,♣✐'❡✳ ◗✉✬❡♥ ❡,#✲✐❧ ♣♦✉' ❞❡, ❞✐'❡❝#✐♦♥, ❞✬❛✐✲

♠❛♥#❛#✐♦♥ ❡# ❞❡ ❝❤❛♠♣ ♠❛❣♥+#✐9✉❡ ❞✐✛+'❡♥#❡, ❄
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❋✐❣✉$❡ ✷✳✸✹ ✕ ❈❛'(❡* ❞❡ ❧✬✐♥(❡♥*✐(0 ❞❡ ❧✬❛♥♦♠❛❧✐❡ ♠❛❣♥0(✐4✉❡✱ ❞✉ *✐❣♥❛❧ ❛♥❛❧②(✐4✉❡

✈❡❝(♦'✐❡❧ ❡( ❞✉ *✐❣♥❛❧ ❛♥❛❧②(✐4✉❡ *❝❛❧❛✐'❡✳ ▲❛ ♣❛'(✐❡ *✉♣0'✐❡✉'❡ ❡*( ♣♦✉' ✉♥❡ *♣✐'❡ ❞✬❛✐✲

♠❛♥(❛(✐♦♥ ✐♥❞✉✐(❡ 0❣❛❧❡ = D = 0o ❡( I = 0o ❡( ❧❛ ♣❛'(✐❡ ✐♥❢0'✐❡✉'❡ ♣♦✉' ✉♥❡ *♣✐'❡

❞✬❛✐♠❛♥(❛(✐♦♥ '0♠❛♥❡♥(❡ Dr = 0o✱ Ir = 0o✱ Dj = 90o ❡( Ij = 0o✳ ▲❡* (✐'❡(* ❜❧❛♥❝*

❧♦❝❛❧✐*❡♥( ❧❛ *♣✐'❡ ❞❛♥* ❧❡ ♣❧❛♥ ❤♦'✐③♦♥(❛❧✳▲❛ *♣✐'❡ ❛ ✉♥ '❛②♦♥ ❞❡ ✸✵ ♠ ❡( ❡*( ♣❧❛❝0❡ =

✺ ♠ ❞❡ ♣'♦❢♦♥❞❡✉'✳

▲❛ ✜❣✉'❡ ✷✳✸✹ ♣'0*❡♥(❡ ❞❡* '0*✉❧(❛(* ♣♦✉' ❞❡✉① ❝❛* *②♥(❤0(✐4✉❡* ♦F ❧❡* ✈❡❝(❡✉'*

❛✐♠❛♥(❛(✐♦♥ ❡( ❝❤❛♠♣ ♠❛❣♥0(✐4✉❡ '0❣✐♦♥❛❧ ♥❡ *♦♥( ♣❛* ✈❡'(✐❝❛✉①✳ ❈❡((❡ ❢♦✐*✲❝✐ ❧❛ ❞✐✛0✲

'❡♥❝❡ ❡♥('❡ ❧❡* ❞❡✉① *✐❣♥❛✉① ❛♥❛❧②(✐4✉❡* ♥✬❡*( ♣❛* ❢'❛♥❝❤❡✳ ❉❡* ❛((0♥✉❛(✐♦♥* ❞❡ ❧✬❛♠✲

♣❧✐(✉❞❡ ❞❡* *✐❣♥❛✉① ❛♥❛❧②(✐4✉❡* *♦♥( ✈✐*✐❜❧❡* *✉' ❝❡'(❛✐♥❡* *❡❝(✐♦♥* ❞❡ ❧❛ *♣✐'❡ 4✉✐ *❡

❢♦♥( ❢❛❝❡✳ ▲✬❛♠♣❧✐(✉❞❡ ❡*( ❧0❣I'❡♠❡♥( ♣❧✉* 0❧❡✈0❡ ♣♦✉' ❧❡ *✐❣♥❛❧ ❛♥❛❧②(✐4✉❡ ✈❡❝(♦'✐❡❧✳

▲❛ ❞0✜♥✐(✐♦♥ ♣'✐*❡ ❞❡ ❢❛J♦♥ ❣0♥0'❛❧❡ ❡♥ ❣0♦♣❤②*✐4✉❡ ❡*( ❝❡❧❧❡ ❞✉ *✐❣♥❛❧ ❛♥❛❧②(✐4✉❡

✈❡❝(♦'✐❡❧✱ ♠❛✐* ♦♥ ❝♦♥*(❛(❡ 4✉❡ ❧♦'*4✉❡ ❧❡* ❞❡✉① ✈❡❝(❡✉'* ❛✐♠❛♥(❛(✐♦♥ ❡( ❝❤❛♠♣ ♠❛❣♥0✲

(✐4✉❡ '0❣✐♦♥❛❧ ♥❡ *♦♥( ♣❛* ✈❡'(✐❝❛✉① ❧✬❛✈❛♥(❛❣❡ ❞❡ ❝❡((❡ ♣'❡♠✐I'❡ ❞0✜♥✐(✐♦♥ ♥✬❡*( ♣❛*

0✈✐❞❡♥(❡ ♣❛' '❛♣♣♦'( = ❧❛ ❞0✜♥✐(✐♦♥ *❝❛❧❛✐'❡✳ ❆✜♥ ❞❡ ♠✐❡✉① ❝♦♠♣'❡♥❞'❡ ❧❡ ❝♦♠♣♦'(❡✲

♠❡♥( ❞❡ ❝❡* ❞❡✉① ❞0✜♥✐(✐♦♥*✱ ❧❛ *✉✐(❡ ❞❡ ❝❡((❡ ♣❛'(✐❡ ♣♦'(❡'❛ *✉' ✉♥❡ 0(✉❞❡ ❝♦♠♣❛'❛(✐✈❡

❞❡* ❞❡✉① ❞0✜♥✐(✐♦♥* ♣♦✉' ✉♥❡ *♣❤I'❡✳ ❊♥ ❡✛❡(✱ ❧❛ ❞0✜♥✐(✐♦♥ *❝❛❧❛✐'❡ ✭❖❢♦❡❣❜✉ ✫ ▼♦❤❛♥✱

✶✾✾✵❀ ▼♦❤❛♥ ✫ ❆♥❛♥❞ ❇❛❜✉✱ ▲✳✱ ✶✾✾✺✮ ❛ ❛✉(❛♥( ❞❡ *❡♥* 4✉❡ ❧❛ ❞0✜♥✐(✐♦♥ ✈❡❝(♦'✐❡❧❧❡

✭❘♦❡*( ❡! ❛❧✳✱ ✶✾✾✷❜✮✳

✷✳✷✳✷✳✷ ❈❛$ ❞✬✉♥❡ $♣❤,-❡ ✐♥❞✉✐/❡

❙✐❣♥❛❧ ❛♥❛❧②/✐4✉❡ ✈❡❝/♦-✐❡❧

❙❛❧❡♠ ❡! ❛❧✳ ✭✷✵✵✷✮ ♠♦♥('❡♥( 4✉❡ ♣♦✉' ✉♥❡ *♦✉'❝❡ ❞✐♣♦❧❛✐'❡ ❧❛ ❞✐'❡❝(✐♦♥ ❞❡ ❧✬❛✐✲

♠❛♥(❛(✐♦♥ ❛ ✉♥ ✐♠♣❛❝( *✉' ❧❛ ❧♦❝❛❧✐*❛(✐♦♥ ❧❛(0'❛❧❡ ❞❡ ❧❛ *♦✉'❝❡ ❡( ❧✬❡''❡✉' ❡*( 0❣❛❧❡ =

('❡♥(❡ ♣♦✉' ❝❡♥( ❞❡ ❧❛ ♣'♦❢♦♥❞❡✉' ❞✉ ❞✐♣X❧❡✳ ▲✬❡''❡✉' ♠❛①✐♠❛❧❡ ❡*( ♣♦✉' ✉♥❡ ✐♥❝❧✐♥❛✐✲

*♦♥ ❞❡ ('❡♥(❡ ❞❡❣'0*✳ ■❧* ♠❡((❡♥( ❡♥ 0✈✐❞❡♥❝❡ 4✉❡ ❧✬❡''❡✉' ❧❛(0'❛❧❡ ❡*( *❡✉❧❡♠❡♥( ❞❛♥*

✼✸



❧❛ ❞✐$❡❝'✐♦♥ ♥♦$❞✲+✉❞✱ ❞❛♥+ ❧❡ ❝❛+ ♦. ❧❛ ❞/❝❧✐♥❛✐+♦♥ ❡+' ♥✉❧❧❡✳

❋✐❣✉$❡ ✷✳✸✺ ✕ ❊$$❡✉$+ +✉$ ❧❛ ❧♦❝❛❧✐+❛'✐♦♥ ❤♦$✐③♦♥'❛❧❡ ❞✬✉♥❡ +♣❤:$❡ ✐♥❞✉✐'❡ +✐ ♦♥ +✉♣♣♦+❡

;✉❡ ❧❡ ♠❛①✐♠✉♠ ❞✉ +✐❣♥❛❧ ❛♥❛❧②'✐;✉❡ ❡+' @ ❧✬❛♣❧♦♠❜ ❞❡ ❧❛ +♦✉$❝❡✱ ❡♥ ❢♦♥❝'✐♦♥ ❞❡

❧✬✐♥❝❧✐♥❛✐+♦♥ ✭❋✐❣✉$❡ ✷ ✭❙❛❧❡♠ ❡! ❛❧✳✱ ✷✵✵✷✮✳

▲❛ ✜❣✉$❡ ✷✳✸✺✱ ❡+' ❧/❣:$❡♠❡♥' ❞✐✛/$❡♥'❡ ♣❛$ $❛♣♣♦$' @ ❝❡❧❧❡ ❞❡ ❙❛❧❡♠ ❡! ❛❧✳ ✭✷✵✵✷✮✱

❧✬❛①❡ ❞❡+ ♦$❞♦♥♥/❡+ $❡♣$/+❡♥'❡ ❧❛ ❧♦❝❛❧✐+❛'✐♦♥ ❞❡ ❧✬❡①'$❡♠❛ ❧❡ ❧♦♥❣ ❞❡ ❧❛ ❞$♦✐'❡ ②❂✵

❧♦$+;✉❡ ❧❛ +♣❤:$❡ +❡ ♣❧❛❝❡ ❡♥ ✭✵✱✵✮ ❡' ♥♦♥ ❧❛ ❞✐+'❛♥❝❡✳ ❊♥ ❡✛❡'✱ ;✉❡❧;✉❡ +♦✐' ❧✬✐♥❝❧✐♥❛✐+♦♥

❧❡+ ❡①'$❡♠❛ +❡ +✐'✉❡♥' +✉$ ❝❡''❡ ❞$♦✐'❡✱ ♣♦✉$ ✉♥❡ +♣❤:$❡ ✐♥❞✉✐'❡✳ ▲❛ ✜❣✉$❡ ✷✳✸✻ ♠❡'

❡♥ /✈✐❞❡♥❝❡ ;✉❡ ♣♦✉$ ✉♥❡ ✐♥❝❧✐♥❛✐+♦♥ ❞♦♥♥/❡ ❧✬❡$$❡✉$ ❞❡ ❧♦❝❛❧✐+❛'✐♦♥ ❤♦$✐③♦♥'❛❧❡ ❡+'

♣$♦♣♦$'✐♦♥♥❡❧❧❡ @ ❧❛ ♣$♦❢♦♥❞❡✉$ ❞❡ ❧❛ +♦✉$❝❡✳

❋✐❣✉$❡ ✷✳✸✻ ✕ ❊$$❡✉$+ +✉$ ❧❛ ❧♦❝❛❧✐+❛'✐♦♥ ❤♦$✐③♦♥'❛❧❡ ❞✬✉♥❡ +♣❤:$❡ ✐♥❞✉✐'❡ ❡♥ ❢♦♥❝'✐♦♥

❞❡ ❧❛ ♣$♦❢♦♥❞❡✉$ ♣♦✉$ ❞✐① ✐♥❝❧✐♥❛✐+♦♥+ ❞✐✛/$❡♥'❡+✳

❉❛♥+ ❧❛ ❝❛+ ❞✬✉♥❡ +♣❤:$❡ ❞✬❛✐♠❛♥'❛'✐♦♥ ✐♥❞✉✐'❡ ❡' ❞❡ ❞/❝❧✐♥❛✐+♦♥ ♥✉❧❧❡✱ ❧❡ +✐❣♥❛❧

❛♥❛❧②'✐;✉❡ ✈❡❝'♦$✐❡❧ +✬/❝$✐' ✭❙❛❧❡♠ ❡! ❛❧✳✱ ✷✵✵✷✮
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Savec = 3
µoVs

4πr4

√

√

√

√5

(→
J .

→
r

r

)4

− 2

(→
J .

→
r

r

)2

+ 1

= 3
µoVs

4πr4

√
5X2 − 2X + 1.

✭✷✳✹✼✮

❆✈❡❝ X =
(

→

J .
→

r
r

)2

✱

→
J ❧❡ ✈❡❝,❡✉. ❛✐♠❛♥,❛,✐♦♥✱

→
r

❧❡ ✈❡❝,❡✉. ❞✐5,❛♥❝❡ ❡, Vs ❧❡ ✈♦❧✉♠❡ ❞❡

❧❛ 5♣❤8.❡✳

❉❛♥5 ❧❛ ,❤85❡ ❞❡ ◆♦❞♦, ✭✷✵✶✹✮✱ ❧❡ ❝❛❧❝✉❧ ❛ =,= ❡✛❡❝,✉= ♣♦✉. ❧❡ ❝❛5 ♦? ❧❡5 ❞❡✉① ✈❡❝✲

,❡✉.5 ❛✐♠❛♥,❛,✐♦♥ ❡, ❝❤❛♠♣ ♠❛❣♥=,✐C✉❡ .=❣✐♦♥❛❧ 5♦♥, ✈❡.,✐❝❛✉①✱ ❧✬❡①♣.❡55✐♦♥ ♦❜,❡♥✉❡

5✬=❝.✐,

Savec90 =
µo

4π

3m

(d2 + z2)3

√
d4 + 4z4. ✭✷✳✹✽✮

❛✈❡❝ ~m ❧❡ ♠♦♠❡♥, ♠❛❣♥=,✐C✉❡ ✭~m = ~JVs✮✳ ❉❛♥5 ❝❡ ❝❛5✱ ✐❧ ❡5, ❛✐5= ❞❡ ✈♦✐. C✉❡ ❧❡ ♠❛①✐✲

♠✉♠ ❞❡ ❝❡,,❡ ❢♦♥❝,✐♦♥ 5❡ 5✐,✉❡ H ❧✬❛♣❧♦♠❜ ❞✉ ❝❡♥,.❡ ❞❡ ❧❛ 5♣❤8.❡✳ ❉❛♥5 ❧❡ ❝❛5 ♣❧✉5

❣=♥=.❛❧ ❞✬✉♥❡ 5♣❤8.❡ ❞✬❛✐♠❛♥,❛,✐♦♥ ✐♥❞✉✐,❡ ❡, ❞❡ ❞=❝❧✐♥❛✐5♦♥ ♥✉❧❧❡✱ ❧❛ .❡❝❤❡.❝❤❡ ❞❡5

♠❛①✐♠❛ ♥✬❡5, ♣❛5 5✐ 5✐♠♣❧❡✳

▲❛ ✜❣✉.❡ ✷✳✸✼ ❡5, ✐♥,=.❡55❛♥,❡✱ ❝❛. ❡❧❧❡ ♠❡, ❡♥ =✈✐❞❡♥❝❡ ❧❡ ❢❛✐, C✉❡ ❧❡ 5✐❣♥❛❧ ❛♥❛❧②,✐C✉❡

✈❡❝,♦.✐❡❧ ❞❛♥5 ❧❡ ❝❛5 ❞✬✉♥❡ 5♣❤8.❡ ❞✬❛✐♠❛♥,❛,✐♦♥ ✐♥❞✉✐,❡ ♣.=5❡♥,❡ ❞❡✉① ♠❛①✐♠❛ C✉✐

✐♥,❡.❛❣✐55❡♥, ❧✬✉♥ ❛✈❡❝ ❧✬❛✉,.❡✳ ❈❧❛55✐C✉❡♠❡♥,✱ ✐❧ ❡5, ❛❞♠✐5 C✉❡ ❧❡ 5✐❣♥❛❧ ❛♥❛❧②,✐C✉❡

♣♦558❞❡ ✉♥ ✉♥✐C✉❡ ❡①,.❡♠❛ ❞❛♥5 ❧❡ ❝❛5 ❞✬✉♥❡ 5♦✉.❝❡ ♣♦♥❝,✉❡❧❧❡ ✭❙❛❧❡♠ ❡! ❛❧✳✱ ✷✵✵✷✮✱ ❝❡

C✉✐ ❡5, ❢❛✉①✳ ❉❛♥5 ♥♦,.❡ ❝❛5 ♣❛.,✐❝✉❧✐❡.✱ ♦♥ ♠♦♥,.❡ ♣❛. ❧❡ ❝❛5 5②♥,❤=,✐C✉❡ C✉✬✐❧ ② ❛ ❞❡✉①

❡①,.❡♠❛ C✉✐ ✐♥,❡.❛❣✐55❡♥,✱ ❧❡ ♣.❡♠✐❡. ❛ ❧❡ ❞❡55✉5 5✉. ❧❡ 5❡❝♦♥❞ ♣♦✉. ❞❡5 ✐♥❝❧✐♥❛✐5♦♥5

✐♥❢=.✐❡✉.❡5 H 26o ❡, ❧❡ 5❡❝♦♥❞ ♣.❡♥❞ ❧❡ ❞❡55✉5 ♣♦✉. ❧❡5 ✐♥❝❧✐♥❛✐5♦♥5 5✉♣=.✐❡✉.❡5✳ ▲❡5 ❞❡✉①

❡①,.❡♠❛ 5♦♥, =❣❛✉① ❡♥ ✈❛❧❡✉. ♣♦✉. ✉♥❡ ✐♥❝❧✐♥❛✐5♦♥ ❞❡ 26o ✭❝♦✉.❜❡ ♣♦✐♥,✐❧❧=5 ❥❛✉♥❡5

❋✐❣✉.❡ ✷✳✸✽✮

✼✺



❋✐❣✉$❡ ✷✳✸✼ ✕ ❈❛'(❡* ❞❡ ❧✬✐♥(❡♥*✐(0 ❞❡ ❧✬❛♥♦♠❛❧✐❡ ❡( ❞✉ *✐❣♥❛❧ ❛♥❛❧②(✐6✉❡ ✈❡❝(♦'✐❡❧ ♣♦✉'

✉♥❡ *♣❤;'❡ ❛✐♠❛♥(0❡ ♣❧❛❝0❡ ❡♥ ✭✵✱✵✱✶✵ ♠✮✳ ▲❡* ❝❛'(❡* ♦♥( 0(0 ❝❛❧❝✉❧0❡* ♣♦✉' *✐① ❝♦✉♣❧❡*

❞❡ ❞0❝❧✐♥❛✐*♦♥ ❡( ❞✬✐♥❝❧✐♥❛✐*♦♥ ❞✐✛0'❡♥(* ✭0o, 10o✮✱ ✭0o, 20o✮✱ ✭0o, 26o✮✱ ✭0o, 30o✮✱ ✭0o, 60o✮
❡( ✭0o, 90o✮✳ ▲❛ ❧♦❝❛❧✐*❛(✐♦♥ ❤♦'✐③♦♥(❛❧❡ ❞✉ ❝❡♥('❡ ❞❡ ❧❛ *♣❤;'❡ ❡*( ✐❧❧✉*('0❡ ♣❛' ❧❡ ❞✐*6✉❡

❜❧❛♥❝✱ ❡( ❧❡* ❡①('❡♠❛ ♣❛' ❧❡* ❞✐*6✉❡* ♠❛❣❡♥(❛✳ ▲❛ ♣❛'(✐❡ ❜❛**❡ '❡♣'0*❡♥(❡ ❧❡* *✐① ♣'♦✜❧*

♥♦'❞✲*✉❞ ❡①('❛✐(* ❞❡* ❝❛'(❡* ❞❡ *✐❣♥❛❧ ❛♥❛❧②(✐6✉❡ ✈❡❝(♦'✐❡❧✳ ■❧* ♦♥( 0(0 ♥♦'♠❛❧✐*0* ✭✐❞0❡

❋✐❣✉'❡ ✭❙❛❧❡♠ ❡! ❛❧✳✱ ✷✵✵✷✮✮✳

❉❛♥* ❧❡* ❝❛* ♦L ❧✬✐♥❝❧✐♥❛✐*♦♥ ❡*( 0❣❛❧❡ M 0o ♦✉ 90o ✭❝♦✉'❜❡* ❝②❛♥ ❡( ❜❧❡✉❡ ✲ ❋✐❣✉'❡

✷✳✸✽✮✱ ❧❡ *✐❣♥❛❧ ❛♥❛❧②(✐6✉❡ ♣'0*❡♥(❡ ✉♥ ♠O♠❡ ♠❛①✐♠✉♠ M ❧✬❛♣❧♦♠❜ ❞❡ ❧❛ *('✉❝(✉'❡✱

♠❛✐* ✉♥❡ ❞0❝'♦✐**❛♥❝❡ M ❧✬✐♥✜♥✐ ❞✐✛0'❡♥(❡✱ ❡❧❧❡ ❡*( ♣❧✉* '❛♣✐❞❡ 6✉❛♥❞ ❧❡* ✈❡❝(❡✉'* *♦♥(

✼✻



✈❡"#✐❝❛✉①✳ ❙✐ ♦♥ -❝"✐# ❧❡ /✐❣♥❛❧ ❛♥❛❧②#✐2✉❡ ♣♦✉" ✉♥❡ ✐♥❝❧✐♥❛✐/♦♥ ♥✉❧❧❡ ❛✈❡❝ ❧❡/ ♥♦#❛#✐♦♥/

❞❡ ◆♦❞♦# ✭✷✵✶✹✮ ✭d2 = x2 + y2✮ ✱ ♦♥ ❛

Savec0 =
µo

4π

3m

(d2 + z2)3

√
4d4 + z4. ✭✷✳✹✾✮

▲❛ /❡✉❧❡ ❞✐✛-"❡♥❝❡ ❛✈❡❝ ❧✬-2✉❛#✐♦♥ ✭✷✳✹✽✮ "-/✐❞❡ ❞❛♥/ ❧❡ ❢❛❝#❡✉" ✹ ❞❛♥/ ❧❛ "❛❝✐♥❡ ❞✉

♥✉♠-"❛#❡✉"✳ ❆ ❧✬❛♣❧♦♠❜ ❞✉ ❝❡♥#"❡ ❧❛ /♣❤G"❡ ❧❡/ ❡①♣"❡//✐♦♥/ ✭✷✳✹✽✮ ❡# ✭✷✳✹✾✮ ✈❛❧❡♥#

Savec0 =
µo

4π

3m

z4
et Savec90 =

µo

4π

6m

z4
✭✷✳✺✵✮

❆ ❧✬❤❡✉"❡ ❛❝#✉❡❧❧❡✱ ❧✬❛❧❣♦"✐#❤♠❡ ❞✬✐♥✈❡"/✐♦♥ ✉#✐❧✐/- ♣❛" ❧❡ ❧❛❜♦"❛#♦✐"❡ ♣♦✉" ❧✬✐♥#❡"♣"-#❛✲

#✐♦♥ ❞❛♥/ ❧❡ ❝❛❞"❡ ❞❡/ ❝❤❛♥#✐❡"/ ❞❡ ❞-♣♦❧❧✉#✐♦♥ ♣②"♦#❡❝❤♥✐2✉❡ ❡/# ❜❛/- /✉" ❧✬-2✉❛#✐♦♥

✭✷✳✹✽✮✱ ❝✬❡/#✲J✲❞✐"❡ 2✉❡ ❧✬♦♥ /✉♣♣♦/❡ ❧❡/ ❞❡✉① ✈❡❝#❡✉"/ ❛✐♠❛♥#❛#✐♦♥ ❡# ❝❤❛♠♣ ♠❛❣♥-#✐2✉❡

"-❣✐♦♥❛❧ ❝♦♠♠❡ ✈❡"#✐❝❛✉①✳ ❈❡##❡ ❤②♣♦#❤G/❡ ✐♠♣❧✐2✉❡ ✉♥❡ ❝♦♥♥❛✐//❛♥❝❡ ❞❡/ ❞✐"❡❝#✐♦♥/

❞❡/ ❞❡✉① ✈❡❝#❡✉"/ ❛✜♥ ❞✬❡✛❡❝#✉❡" ✉♥❡ ❞♦✉❜❧❡ "-❞✉❝#✐♦♥ ❛✉ ♣M❧❡✳ ▲❛ ❝♦♥♥❛✐//❛♥❝❡ ❞❡

❧❛ ❞✐"❡❝#✐♦♥ ❞✉ ❝❤❛♠♣ ♠❛❣♥-#✐2✉❡ "-❣✐♦♥❛❧ ♣❡✉# N#"❡ ♦❜#❡♥✉❡ ❡♥ ✉#✐❧✐/❛♥# ❞❡/ ♠♦❞G❧❡/

#❡❧/ 2✉❡ ❧✬■●❘❋ ✭❚❤-❜❛✉❧# ❡! ❛❧✳✱ ✷✵✶✺❜✮✳ ❈❡♣❡♥❞❛♥# ❧❛ ❞✐"❡❝#✐♦♥ ❞❡ ❧✬❛✐♠❛♥#❛#✐♦♥ ❢❛✐#

♣❛"#✐❡ ❞❡/ ♣❛"❛♠G#"❡/ J #"♦✉✈❡"✱ ✐❧ ❡/# /♦✉✈❡♥# ♣♦/- ❝♦♠♠❡ ❤②♣♦#❤G/❡ 2✉❡ ❧❛ ❞✐"❡❝✲

#✐♦♥ ❡/# ✐❞❡♥#✐2✉❡ J ❝❡❧❧❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥-#✐2✉❡ "-❣✐♦♥❛❧✳ ❆✜♥ ❞❡ 2✉❛♥#✐✜❡" ❧✬❡""❡✉"

2✉❡ ♣"♦✈♦2✉❡ ❝❡##❡ ❛♣♣"♦①✐♠❛#✐♦♥ ❞❛♥/ ❧❡ ❝❛/ ❞✬✉♥❡ /♣❤G"❡ ❞✬❛✐♠❛♥#❛#✐♦♥ ✐♥❞✉✐#❡ ♥♦♥

"-❞✉✐#❡ ❛✉ ♣M❧❡ ♣♦✉" ❧✬❡/#✐♠❛#✐♦♥ ❞❡/ 2✉❛#"❡ ♣❛"❛♠G#"❡/ ❧❛ ❧♦❝❛❧✐/❛#✐♦♥ ✭x s, ys, zs✮ ❡#

❧✬❛♠♣❧✐#✉❞❡ ❞✉ ♠♦♠❡♥# ♠❛❣♥-#✐2✉❡ ♥♦✉/ ❛❧❧♦♥/ ♣"♦❝-❞❡" ♣❛" ❧✬-#✉❞❡ ❞❡ ❝❛/ /②♥#❤-#✐2✉❡✳

▲✬❡/#✐♠❛#✐♦♥ ❞❡/ 2✉❛#"❡ ♣❛"❛♠G#"❡/ /❡ ❢❛✐# J ❧✬❛✐❞❡ ❞✬✉♥ ❛❧❣♦"✐#❤♠❡ ♣"-❞-✜♥✐ ❞❛♥/ ❧❡

❧♦❣✐❝✐❡❧ ▼❛#❧❛❜ ✿ ❢♠✐♥)❡❛*❝❤ ✭▲❛❣❛"✐❛/ ❡! ❛❧✳✱ ✶✾✾✽✮✳ ▲✬✐❞-❡ ❣-♥-"❛❧❡ ❞❡ ❧✬❛❧❣♦"✐#❤♠❡ ❡/#

❞❡ "❡❝❤❡"❝❤❡" ❧❡/ ♣❛"❛♠G#"❡/ 2✉✐ ♣❡"♠❡##❡♥# ❞❡ ♠✐♥✐♠✐/❡" ❧✬-❝❛"# ❡♥#"❡ ✉♥ ♠♦❞G❧❡ ❡#

❞❡/ ❞♦♥♥-❡/✳

❋✐❣✉$❡ ✷✳✸✽ ✕ ❊""❡✉"/ ♦❜#❡♥✉❡/ /✉" ❧❡/ 2✉❛#"❡ ♣❛"❛♠G#"❡/ ❞❡ ❧✬✐♥✈❡"/✐♦♥ ✭ ❧♦❝❛❧✐/❛#✐♦♥

❡♥ ①✱ ❡♥ ②✱ ❡♥ ♣"♦❢♦♥❞❡✉" ❡# ❡♥ ✐♥#❡♥/✐#- ❞❡ ♠♦♠❡♥# ♠❛❣♥-#✐2✉❡✮ ♣♦✉" ❞❡/ /♣❤G"❡/

❞✬❛✐♠❛♥#❛#✐♦♥ ✐♥❞✉✐#❡✳ ▲✬✐♥❝❧✐♥❛✐/♦♥ ✈❛"✐❡ ❞❡ ✵ J 180o✳ ▲❛ ❞-❝❧✐♥❛✐/♦♥ ❡/# ♥✉❧❧❡✳ ▲❡ #❡/#

❛ -#- ❡✛❡❝#✉- ♣♦✉" ❞✐① ♣"♦❢♦♥❞❡✉"/✳

✼✼



▲❛ ♣#❡♠✐'#❡ ♦❜*❡#✈❛,✐♦♥ ✭❋✐❣✉#❡ ✷✳✸✽✮ ❡*, 7✉❡ *✉# ❧❡* 7✉❛,#❡ ♣❛#❛♠',#❡* *❡✉❧❡♠❡♥,

,#♦✐* ✈❛#✐❡♥,✱ ❧❡* ✈❛#✐❛,✐♦♥* ❡♥ y *♦♥, ❞❡ ❧✬♦#❞#❡ ❞❡ 10−4
✭❝❛# ❧❛ ❞=❝❧✐♥❛✐*♦♥ ❡*, ♥✉❧❧❡✮✱ ❝❡❝✐

❡*, ❝♦❤=#❡♥, ♣❛# #❛♣♣♦#, ❛✉① ❛✣#♠❛,✐♦♥* ♣#=❝=❞❡♥,❡*✳ ❈❡ #=*✉❧,❛, ✐♥❞✐7✉❡ =❣❛❧❡♠❡♥,

7✉❡ ❧❡* #=*✉❧,❛,* ❞♦♥♥=* ♣❛# ❧❛ ❢♦♥❝,✐♦♥ ❢♠✐♥$❡❛'❝❤ *♦♥, ❝♦❤=#❡♥,*✳ ❊♥*✉✐,❡✱ ❧❡* ❡##❡✉#*

*✉# ❧❛ ❧♦❝❛❧✐*❛,✐♦♥ ❡♥ x *♦♥, ❞✬❛✉,❛♥, ♣❧✉* ❣#❛♥❞❡* 7✉❡ ❧❛ *♣❤'#❡ ❡*, ♣#♦❢♦♥❞❡✳ ▲✬❡##❡✉#
♠❛①✐♠❛❧❡ ❡*, ♦❜,❡♥✉❡ 7✉❡❧7✉❡ *♦✐, ❧❛ ♣#♦❢♦♥❞❡✉# ♣♦✉# ❞❡* ✐♥❝❧✐♥❛✐*♦♥* ❞✬❡♥✈✐#♦♥ 45 ❡,
135o✳ ❈❡,,❡ ❡##❡✉# ❡*, ❧✐♥=❛✐#❡ ❛✈❡❝ ❧❛ ♣#♦❢♦♥❞❡✉# ❞❡ ❧❛ *♦✉#❝❡✳ D♦✉# ❧❡* ❞❡✉① ❛✉,#❡*

♣❛#❛♠',#❡* ❧❛ ♣#♦❢♦♥❞❡✉# ❡, ❧✬✐♥,❡♥*✐,= ❞✉ ♠♦♠❡♥, ♠❛❣♥=,✐7✉❡✱ ❧❡* ❝♦✉#❜❡* ♣♦**'❞❡♥,

❞❡* ❡①,#❡♠❛ ✐❞❡♥,✐7✉❡* ♣♦✉# ❞❡* ✐♥❝❧✐♥❛✐*♦♥* ❞❡ 25 ❡, 155o✳ ❈❡ ❝♦♠♣♦#,❡♠❡♥, *✐♠✐❧❛✐#❡
❡*, ❝♦❤=#❡♥,✱ ❡♥ ❡✛❡,✱ ♣❧✉* ❧❛ *♦✉#❝❡ ❡*, =❧♦✐❣♥=❡ ❡, ♣❧✉* ✐❧ ❢❛✉, ❛✉❣♠❡♥,❡# *♦♥ ❛♠♣❧✐,✉❞❡

♣♦✉# 7✉❡ ❧✬❛♥♦♠❛❧✐❡ ❝❛❧❝✉❧=❡ *♦✐, ❞❡ ♠F♠❡ ❛♠♣❧✐,✉❞❡✳ ❆✐♥*✐✱ *✐ ♦♥ ❛♣♣❧✐7✉❡ ❧✬❛❧❣♦#✐,❤♠❡

♣♦✉# ✉♥❡ *♣❤'#❡ ✐♥❞✉✐,❡ ♥♦♥ #=❞✉✐,❡ ❛✉ ♣H❧❡✱ ♦♥ ❛ ✉♥❡ ❡##❡✉# *✉# ❧❛ ❧♦❝❛❧✐*❛,✐♦♥ ❧❛,=#❛❧❡

=❣❛❧❡ I ✸✵ ✪ ❞❡ ❧❛ ♣#♦❢♦♥❞❡✉# ❡, ❧✬❡*,✐♠❛,✐♦♥ ❞❡ ❧❛ ♣#♦❢♦♥❞❡✉# ❡*, ❢❛✉**=❡ ❞✬❡♥✈✐#♦♥ ✹✵

✪✳

❙✐ ❧✬♦♥ *♦✉❤❛✐,❡ ,#♦✉✈❡# ❞❡ ❢❛N♦♥ ❢♦#♠❡❧❧❡ ❧✬❡①♣#❡**✐♦♥ ❞❡ ❧❛ ❧♦❝❛❧✐*❛,✐♦♥ ❞❡* ❡①,#❡♠❛✱ ✐❧

♥♦✉* ❢❛✉, ❝❤❡#❝❤❡# ❧❡ ♠❛①✐♠✉♠ ❞❡ ❧✬=7✉❛,✐♦♥ ✭✷✳✹✼✮✳ ❈❡ 7✉✐ #❡✈✐❡♥, I ,#♦✉✈❡# ❧❡* ✈❛❧❡✉#*

♥✉❧❧❡* ❞❡ ❧❛ ❞=#✐✈=❡ ❞✉ *✐❣♥❛❧ ❛♥❛❧②,✐7✉❡✳ D♦✉# ✉♥❡ *♣❤'#❡ ✐♥❞✉✐,❡ ❞❡ ❞=❝❧✐♥❛✐*♦♥ ♥✉❧❧❡✱

❧❛ ❞=#✐✈=❡ ♣❛#,✐❡❧❧❡ ❞❡ ❧✬=7✉❛,✐♦♥ ✭✷✳✹✼✮ ❡♥ ❢♦♥❝,✐♦♥ ❞❡ ❧❛ ✈❛#✐❛❜❧❡ x ❡*,

SA
′

vec(x) =
µo

4π

(10X3 − 2X)(Jxr − (x− xo)X)− 4(x− xo)(5X
4 − 2X2 + 1)

r6
√
5X4 − 2X2 + 1

. ✭✷✳✺✶✮

■❧ ❢❛✉, ❛✐♥*✐ ,#♦✉✈❡# 7✉❛♥❞ ❧❡ ♥✉♠=#❛,❡✉# ❡*, ♥✉❧

(10X3 − 2X)(Jxr − (x− xo)X)− 4(x− xo)(5X
4 − 2X2 + 1) = 0 ✭✷✳✺✷✮

❊♥ ❞=✈❡❧♦♣♣❛♥, ❡, #=❛##❛♥❣❡❛♥, ❧✬❡①♣#❡**✐♦♥ ♦♥ ♦❜,✐❡♥, ✉♥ ♣♦❧②♥H♠❡ ❞❡ ❞❡❣#= ✺ ✭=7✉❛✲

,✐♦♥ 7✉✐♥,✐7✉❡✮

a = 4(−5J4
x + 2J2

x − 1)

b = 18(z − zo)JxJz(−5J2
x + 1)

c = 2(z − zo)
2(−80J2

xJ
2
z + 3J2

x + 1)

d = 2(z − zo)
3JxJz(−55J2

z + 15J2
x + 8)

e = 2(z − zo)
4(−30J4

z + 21J2
z − 3)

f = 2(z − zo)
5JxJz(5J

2
z − 1)

a(x− xo)
5 + b(x− xo)

4 + c(x− xo)
3 + d(x− xo)

2 + e(x− xo) + f = 0

✭✷✳✺✸✮

▲❛ ,❤=♦#✐❡ ❞❡ ●❛❧♦✐* =♥♦♥❝❡ ❧❡ ❢❛✐, 7✉✬✐❧ ♥✬② ❛ ♣❛* ❞❡ ❢♦#♠✉❧❡ ❣=♥=#❛❧❡ ♣♦✉# ❧✬❡*,✐♠❛,✐♦♥

❞❡* #❛❝✐♥❡*✳ ■❧ ❡①✐*,❡ ❞✐✛=#❡♥,❡* ,❡❝❤♥✐7✉❡* ♣♦✉# ❧❛ #❡❝❤❡#❝❤❡ ❞❡* #❛❝✐♥❡* ❞✬✉♥ ♣♦❧②♥H♠❡

❞✬♦#❞#❡ ✺✱ ♠❛✐* ❝❡❧❧❡*✲❝✐ #❡*,❡♥, ❧♦♥❣✉❡* ❡, ❢❛*,✐❞✐❡✉*❡* *❛♥* ❣❛#❛♥,✐❡ ❞❡ #=*✉❧,❛,✳ ▲❡

❞=✈❡❧♦♣♣❡♠❡♥, ♥✬❡*, ♣❛* ❡✛❡❝,✉= ❞❛♥* ❝❡ ♠❛♥✉*❝#✐,✱ ❝❡♣❡♥❞❛♥, ✐❧ *❡#❛✐, ✐♥,=#❡**❛♥, ❞❡

❧❡ ❢❛✐#❡✳

❙✐❣♥❛❧ ❛♥❛❧②'✐(✉❡ +❝❛❧❛✐-❡

✼✽



❋✐❣✉$❡ ✷✳✸✾ ✕ ❈❛'(❡* ❞✉ *✐❣♥❛❧ ❛♥❛❧②(✐2✉❡ *❝❛❧❛✐'❡ ♣♦✉' ✉♥❡ *♣❤7'❡ ❛✐♠❛♥(9❡ ♣❧❛❝9❡ ❡♥

✭✵✱✵✱✶✵ ♠✮✳ ▲❡* ❝❛'(❡* ♦♥( 9(9 ❝❛❧❝✉❧9❡* ♣♦✉' *✐① ❝♦✉♣❧❡* ❞❡ ❞9❝❧✐♥❛✐*♦♥ ❡( ❞✬✐♥❝❧✐♥❛✐*♦♥

❞✐✛9'❡♥(* ✭0o, 10o✮✱ ✭0o, 20o✮✱ ✭0o, 26o✮✱ ✭0o, 30o✮✱ ✭0o, 60o✮ ❡( ✭0o, 90o✮✳ ▲❛ ❧♦❝❛❧✐*❛(✐♦♥

❤♦'✐③♦♥(❛❧❡ ❞✉ ❝❡♥('❡ ❞❡ ❧❛ *♣❤7'❡ ❡*( ✐❧❧✉*('9❡ ♣❛' ❧❡ ❞✐*2✉❡ ❜❧❛♥❝✱ ❡( ❧❡* ❡①('❡♠❛ ♣❛'

❧❡* ❞✐*2✉❡* ♠❛❣❡♥(❛✳

E♦✉' ✉♥❡ *♣❤7'❡ ❞✬❛✐♠❛♥(❛(✐♦♥ ✐♥❞✉✐(❡ ❧❡ *✐❣♥❛❧ ❛♥❛❧②(✐2✉❡ *❝❛❧❛✐'❡ *✬9❝'✐(

Sasca = 3
µoVs

√

5D4r2 − 2D2r4 + r6 + 8JxJzr4D2 + 2xy(25D4 + r4 − 10D2r2) + 4r2D(xJy + yJx)(−5D2 + r2)

4πr7
. ✭✷✳✺✹✮

▲✬92✉❛(✐♦♥ ✭✷✳✺✹✮ ❡*( ❜❡❛✉❝♦✉♣ ♣❧✉* ❝♦♠♣❧❡①❡ 2✉❡ ❧❛ ♣'9❝9❞❡♥(❡ ✭✷✳✹✼✮✱ ❡( ♦♥ ♥❡

♣❡✉( ♣❛* ❧❛ *✐♠♣❧✐✜❡' ❞✬❛✈❛♥(❛❣❡✳ E♦✉' ❧✬9(✉❞✐❡'✱ ♥♦✉* ❛❧❧♦♥* ♣'♦❝9❞❡' ❛✈❡❝ ❧❡ ♠K♠❡ ❝❛*

*②♥(❤9(✐2✉❡ 2✉❡ ♣'9❝9❞❡♠♠❡♥( ✭*♣❤7'❡ ✐♥❞✉✐(❡✮✳

❉❛♥* ❧❛ ✜❣✉'❡ ✷✳✸✾✱ ❧❡ *✐❣♥❛❧ ❛♥❛❧②(✐2✉❡ *❝❛❧❛✐'❡ ♣'9*❡♥(❡ ❞❡* ❛*②♠9('✐❡* ♣❛' '❛♣♣♦'(

M ❧❛ ❞9✜♥✐(✐♦♥ ✈❡❝(♦'✐❡❧❧❡ ✭❋✐❣✉'❡ ✷✳✸✽✮✳ ❖♥ ❝♦♥*(❛(❡ ❝♦♠♠❡ ♣♦✉' ❧❡ *✐❣♥❛❧ ❛♥❛❧②(✐2✉❡

✈❡❝(♦'✐❡❧ ❧❛ ♣'9*❡♥❝❡ ❞❡ ❞❡✉① ❡①('❡♠❛ ✉♥ ❛✉ ♥♦'❞ ❡( ❧✬❛✉('❡ ❛✉ *✉❞✳ ❈❡♣❡♥❞❛♥(✱ ❧❡*

❡①('❡♠❛ ♥❡ *❡ ❞9♣❧❛❝❡♥( ♣❛* ❧❡ ❧♦♥❣ ❞✬✉♥❡ ❞'♦✐(❡ ❞❡ ❞✐'❡❝(✐♦♥ ♥♦'❞✲*✉❞✳

▲✬❡''❡✉' *✉' ❧❛ ❧♦❝❛❧✐*❛(✐♦♥ ❧❛(9'❛❧❡ ❞✬✉♥❡ *♣❤7'❡ ❞✬❛✐♠❛♥(❛(✐♦♥ ✐♥❞✉✐(❡ ❡*( (♦✉❥♦✉'* ✉♥❡

❡①♣'❡**✐♦♥ ❧✐♥9❛✐'❡ ❛✈❡❝ ❧❛ ♣'♦❢♦♥❞❡✉'✱ 2✉❡❧2✉❡ *♦✐( ❧❛ ❞9✜♥✐(✐♦♥✳

✼✾



❋✐❣✉$❡ ✷✳✹✵ ✕ ➱✈♦❧✉*✐♦♥ ❞❡/ ❝♦❡✣❝✐❡♥*/ ❞✐2❡❝*❡✉2/ ✭❞✐❛❣2❛♠♠❡ ❞✉ ❤❛✉*✮ ❡* ❞❡/

❝♦♥/*❛♥*❡/ ✭❞✐❛❣2❛♠♠❡ ❞✉ ❜❛/✮ ❞❡ ❧❛ 2❡❧❛*✐♦♥ ❛✣♥❡ ❡①✐/*❛♥* ❡♥*2❡ ❧❡/ ❡22❡✉2/ ❞❡ ❧♦✲

❝❛❧✐/❛*✐♦♥ ❧❛*<2❛❧❡ ❡* ❧❛ ♣2♦❢♦♥❞❡✉2 ♣♦✉2 ❧❡/ ❞❡✉① ❞<✜♥✐*✐♦♥/ ❞❡ /✐❣♥❛✉① ❛♥❛❧②*✐A✉❡/ ❡♥

❢♦♥❝*✐♦♥ ❞❡ ❧✬✐♥❝❧✐♥❛✐/♦♥✱ ♣♦✉2 ✉♥❡ /♣❤D2❡ ❞✬❛✐♠❛♥*❛*✐♦♥ ✐♥❞✉✐*❡✳

▲❛ ✜❣✉2❡ ✷✳✹✵ ♠♦♥*2❡ ❧✬<✈♦❧✉*✐♦♥ ❞✉ ❝♦❡✣❝✐❡♥* ❞✐2❡❝*❡✉2 ❡* ❞✉ *❡2♠❡ ❝♦♥/*❛♥* ❡♥

❢♦♥❝*✐♦♥ ❞❡ ❧✬✐♥❝❧✐♥❛✐/♦♥ ♣♦✉2 ❧❡/ ❞❡✉① ❞<✜♥✐*✐♦♥/ ❞✉ /✐❣♥❛❧ ❛♥❛❧②*✐A✉❡✳ F❧✉/ ❧❡ ❝♦❡✣❝✐❡♥*

❡/* <❧❡✈< ❡* ♣❧✉/ ❧✬❡22❡✉2 ❡/* ✐♠♣♦2*❛♥*❡✱ ❡* ♦♥ ❝♦♥/*❛*❡ A✉❡ ❧✬❛♣♦❣<❡ ❞❡ ❧✬❡22❡✉2 ♥✬❡/* ♣❛/

❛**❡✐♥*❡ ♣♦✉2 ❧❛ ♠G♠❡ ✐♥❝❧✐♥❛✐/♦♥✳ ▲❛ ❞<✜♥✐*✐♦♥ /❝❛❧❛✐2❡ ❧✬❛**❡✐♥* ❛✉① ❡♥✈✐2♦♥/ ❞❡ 24.5o

✭✵✳✸✷✹✷✮✱ ❛❧♦2/ A✉❡ ❧❛ ❞<✜♥✐*✐♦♥ ✈❡❝*♦2✐❡❧❧❡ ❧✬❛**❡✐♥* I ✉♥❡ ✐♥❝❧✐♥❛✐/♦♥ ♣❧✉/ <❧❡✈<❡ /♦✉/

❢♦2♠❡ ❞✬✉♥ ♣❧❛*❡❛✉ ❛❧❧❛♥* ❞❡ 30o I 33o✭✵✳✸✵✼✮ ✭✐❧ ❢❛✉❞2❛✐* ♣2❡♥❞2❡ ♣❧✉/ ❞❡ ♣♦✐♥*/✱ ♠❛✐/ ❧❡

♣2♦❣2❛♠♠❡ ❡/* *2♦♣ ❧❡♥* I /✬❡①<❝✉*❡2✮✳ ■❧ ❡/* ✐♥*<2❡//❛♥* ❞❡ ♥♦*❡2 A✉❡ ❧❡ /✐❣♥❛❧ ❛♥❛❧②*✐A✉❡

✈❡❝*♦2✐❡❧ ❡/* ♣❧✉/ ❛✈❛♥*❛❣❡✉① ♣♦✉2 ❞❡/ ❝❛/ ♦L ❧✬✐♥❝❧✐♥❛✐/♦♥ ❡/* ✐♥❢<2✐❡✉2❡ I 31o✱ ♣♦✉2 ❧❡/
✐♥❝❧✐♥❛✐/♦♥/ ♣❧✉/ <❧❡✈<❡/✱ ❝✬❡/* ❧❛ /❡❝♦♥❞❡ ❞<✜♥✐*✐♦♥ ✭/❝❛❧❛✐2❡✮ ♦L ❧✬❡22❡✉2 ❞❡ ❧♦❝❛❧✐/❛*✐♦♥

❡/* ♣❧✉/ ❢❛✐❜❧❡✳ F❛2 ❡①❡♠♣❧❡✱ ♣♦✉2 ❧❛ /♣❤D2❡ ❞✬❛✐♠❛♥*❛*✐♦♥ ✐♥❞✉✐*❡ ♠❡/✉2<❡ I ❙*2❛/❜♦✉2❣

✭✐♥❝❧✐♥❛✐/♦♥ 63.5o✮ ♣❧❛❝<❡ I ❞✐① ♠D*2❡/ ❞❡ ♣2♦❢♦♥❞❡✉2✱ ❧✬❡22❡✉2 ❞❡ ❧♦❝❛❧✐/❛*✐♦♥ ❧❛*<2❛❧❡

❢❛✐*❡ I ♣❛2*✐2 ❞❡ ❧❛ ❞<✜♥✐*✐♦♥ /❝❛❧❛✐2❡ /❡2❛ ❞❡ ✶✳✸✷ ♠✱ ❛❧♦2/ A✉❡ ❧✬❡22❡✉2 ❞✉ ✈❡❝*♦2✐❡❧ /❡2❛

❞❡ ✶✳✺✸ ♠ ✭/♦✐* ✉♥ <❝❛2* ❞❡ ✶✹ ✪ ❡♥*2❡ ❧❡/ ❞❡✉① ❞<✜♥✐*✐♦♥/✮✳

✷✳✷✳✷✳✸ ❈❛% ❞✬✉♥❡ %♣❤-.❡ ./♠❛♥❡♥1❡

▲❛ ❣<♥<2❛❧✐/❛*✐♦♥ *❤<♦2✐A✉❡ ❞❡/ <A✉❛*✐♦♥/ ♣2<❝<❞❡♥*❡/ ❡/* ❞✐✣❝✐❧❡♠❡♥* ❛♣♣❧✐❝❛❜❧❡

❞❛♥/ ❧❡ ❝❛/ ♦L ❧❡/ ❞❡✉① ✈❡❝*❡✉2/ ♦♥* ❞❡/ ♦2✐❡♥*❛*✐♦♥/ ❞✐✛<2❡♥*❡/✳ F♦✉2 ❛♣♣2<❤❡♥❞❡2 ❧❡

♣2♦❜❧D♠❡✱ ❧✬<*✉❞❡ ✉*✐❧✐/❡2❛ ❞❡/ ❝❛/ /②♥*❤<*✐A✉❡/✳
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❋✐❣✉$❡ ✷✳✹✶ ✕ ❈❛'(❡* ❞❡* ❡''❡✉'* ❞❡ ❧♦❝❛❧✐*❛(✐♦♥ ❧❛(2'❛❧❡ ❡♥ *✉♣♣♦*❛♥( 4✉❡ ❧❡ ♠❛①✐♠✉♠

❞✉ *✐❣♥❛❧ ❛♥❛❧②(✐4✉❡ *❡ ♣❧❛❝❡ 9 ❧✬❛♣❧♦♠❜ ❞❡ ❧❛ *♦✉'❝❡ ❡♥ ❢♦♥❝(✐♦♥ ❞❡* ✐♥❝❧✐♥❛✐*♦♥* ❞❡

❧✬❛✐♠❛♥(❛(✐♦♥ ❡( ❞✉ ❝❤❛♠♣ ♠❛❣♥2(✐4✉❡ '2❣✐♦♥❛❧✳ ▲❛ ❝♦❧♦♥♥❡ ❞❡ ❣❛✉❝❤❡ ♣'2*❡♥(❡ ❧❡*

'2*✉❧(❛(* ❛✈❡❝ ❧❛ ❞2✜♥✐(✐♦♥ ✈❡❝(♦'✐❡❧❧❡ ❡( ❝❡❧❧❡ ❞❡ ❞'♦✐(❡ ❧❛ ❞2✜♥✐(✐♦♥ *❝❛❧❛✐'❡✳ ▲❡ (❡*(

❛ 2(2 ❡✛❡❝(✉2 ♣♦✉' ✉♥❡ *♣❤B'❡ ❛✐♠❛♥(2❡ ♣❧❛❝2❡ ❡♥ ✭✵✱✵✱✶✵ ♠✮ ❡( ♣♦✉' ✉♥❡ ❞2❝❧✐♥❛✐*♦♥

❞✉ ❝❤❛♠♣ ♠❛❣♥2(✐4✉❡ ♥✉❧❧❡✳ ▲❡* ❞❡✉① ❝❛'(❡* *✉♣2'✐❡✉'❡* ♦♥( 2(2 ♦❜(❡♥✉❡* ♣♦✉' ✉♥❡

❞2❝❧✐♥❛✐*♦♥ ❞❡ ❧✬❛✐♠❛♥(❛(✐♦♥ ♥✉❧❧❡✱ ❝❡❧❧❡* ❝❡♥('❛❧❡* ♣♦✉' Dj = 30o ❡( ♣♦✉' ❝❡❧❧❡* ❞✉ ❜❛*

Dj = 90o✳ G♦✉' (♦✉(❡* ❧❡* ❝❛'(❡* ❧✬2❝❤❡❧❧❡ ❞❡ ❝♦✉❧❡✉' ❡*( ✐❞❡♥(✐4✉❡ ❡( *✬2(❡♥❞ ❞❡ ✵ 9 ✻

♠✳ ▲❡* ❞❡✉① ♣'♦✜❧* ♦'❛♥❣❡* '❡♣'2*❡♥(❡♥( ❧❡* ❝❛* 2(✉❞✐2* ♣'2❝2❞❡♠♠❡♥(✱ ❝✬❡*(✲9✲❞✐'❡ ❧❡

❝❛* ❞✬✉♥❡ ❛✐♠❛♥(❛(✐♦♥ ❞❡ (②♣❡ ✐♥❞✉✐(❡✳

❉❛♥* ❧❡ ✜❣✉'❡ ✷✳✹✶✱ ❧❛ ♣'❡♠✐B'❡ ♦❜*❡'✈❛(✐♦♥ ❡*( 4✉❡ ❧❡* ♦'❞'❡* ❞❡ ❣'❛♥❞❡✉' ♦❜(❡♥✉*

❛✈❡❝ ❧❛ ❞2✜♥✐(✐♦♥ ✈❡❝(♦'✐❡❧❧❡ ❡( *❝❛❧❛✐'❡ *♦♥( *✐♠✐❧❛✐'❡*✳ ❊♥ ❡✛❡(✱ ❧♦'*4✉❡ ❧❡* ❞2❝❧✐♥❛✐*♦♥*

✽✶



 ♦♥# ✐❞❡♥#✐'✉❡ ❧✬❡++❡✉+ ❡ # ❞❡ ✸✳✶✵ ♠ ♣♦✉+ ❧❡ ✈❡❝#♦+✐❡❧ ❡# ❞❡ ✸✳✷✻ ♠ ♣♦✉+ ❧❡  ❝❛❧❛✐+❡✱

❞❛♥ ❧❡ ❝❛ ♦8 ❧❡ ❞9❝❧✐♥❛✐ ♦♥ ❞✐✛;+❡♥# ❞❡ 30o ❧✬❡++❡✉+ ❡ # ❞❡ ✸✳✷✶ ♠ ♣♦✉+ ❧❡ ✈❡❝#♦+✐❡❧ ❡#

❞❡ ✷✳✹✽ ♣♦✉+ ❧❡  ❝❛❧❛✐+❡ ❡# ❡♥✜♥ ❞❛♥ ❧❡ ❝❛ ♦8 ❧✬♦♥ ❛ 90o ❡♥#+❡ ❧❡ ❞❡✉① ❞9❝❧✐♥❛✐ ♦♥ ❧❡

✈❡❝#♦+✐❡❧ ❡ # @ ✺✳✺✶ ♠ ❞✬❡++❡✉+ ❡# ❧❡  ❝❛❧❛✐+❡ @ ✻ ♠✳ ■❧ ❡ # ✐♥#9+❡  ❛♥# ❞❡ ♥♦#❡+ '✉❡ ❞❛♥ 

❧❡  ❡❝♦♥❞ ❝❛ ❧✬❡++❡✉+ ❡ # ✐♥❢9+✐❡✉+❡ ❛✈❡❝ ❧❛ ❞9✜♥✐#✐♦♥  ❝❛❧❛✐+❡✳ ❉❛♥ ❧✬❡①❡♠♣❧❡ ♦8 ❧❡ 

❞❡✉① ❞9❝❧✐♥❛✐ ♦♥  ♦♥# ♥✉❧❧❡ ✱ ❧❡  ❝❤9♠❛ ❣❧♦❜❛❧ ❞❡ ❧❛ +9♣❛+#✐#✐♦♥ ❞❡ ❡++❡✉+ ❡ # ♣+♦❝❤❡✱

❧❡ ❝♦✉♣❧❡ ❞✬✐♥❝❧✐♥❛✐ ♦♥ ❞♦♥♥❛♥# ❞❡ ❢❛✐❜❧❡ ❡++❡✉+  ✉+ ❧❛ ❧♦❝❛❧✐ ❛#✐♦♥ ❞✉ ♠❛①✐♠✉♠

 ❡ ♣❧❛❝❡♥# ❧❡ ❧♦♥❣ ❞✬✉♥❡ ❞+♦✐#❡ ❞✬9'✉❛#✐♦♥ Ij = 180− Ir ❡# ♣♦✉+ ❞❡ ❝♦✉♣❧❡ ❞❡ ❢❛✐❜❧❡ 

✭✐♥❢9+✐❡✉+❡ @ 30o✮ ❡# ❢♦+#❡ ✐♥❝❧✐♥❛✐ ♦♥ ✭ ✉♣9+✐❡✉+❡ @ 150o✮✳ ❉❛♥ ❧❡ ❝❛ ❞✉  ✐❣♥❛❧ ❛♥❛✲

❧②#✐'✉❡ ✈❡❝#♦+✐❡❧ ❛✉ ❢✉+ ❡# @ ♠❡ ✉+❡ '✉❡ ❧❛ ❞9❝❧✐♥❛✐ ♦♥ ❞❡ ❧✬❛✐♠❛♥#❛#✐♦♥ ❛✉❣♠❡♥#❡ ❧❛

③♦♥❡ ❞❡ ❢❛✐❜❧❡ ❡++❡✉+  ❡ #+❛♥ ❢♦+♠❡ ❡♥ ❡❧❧✐♣ ❡ ❡# ✜♥❛❧❡♠❡♥# ❡♥ ❝❡+❝❧❡ ❝❡♥#+9  ✉+ ❧❡ ❝♦✉♣❧❡

❞✬✐♥❝❧✐♥❛✐ ♦♥ (90o, 90o)✳ M♦✉+ ❧❛  ❡❝♦♥❞❡ ❞9✜♥✐#✐♦♥✱ ❧❡ ❝♦♠♣♦+#❡♠❡♥# ✈❛+✐❡ ♣♦✉+ ❧❛ ③♦♥❡

❞❡ ❢❛✐❜❧❡ ❡++❡✉+ ❡♥  ❡ #+❛♥ ❢♦+♠❛♥# ❡♥ ♣ ❡✉❞♦ ❡❧❧✐♣ ❡ ❞♦♥# ❧❛ ♣❡♥#❡ ❛ ✉♥ ❝♦❡✣❝✐❡♥# ❡♥#+❡

✲✵✳✸✵ ❡# ✲✵✳✹✵ ❡# ✜♥❛❧❡♠❡♥# ❞❛♥ ❧❡ ❞❡+♥✐❡+ ❝❛ ❧❛ ③♦♥❡ ❞❡✈✐❡♥# ✉♥❡ ❡❧❧✐♣ ❡ ❞♦♥# ❧✬❛①❡

❛ ✉♥ ❝♦❡✣❝✐❡♥# ❞✐+❡❝#❡✉+ ❞❡ ✶✳ ❉❛♥ #♦✉ ❧❡ ❝❛ ✱ ❡①❝❡♣#9 ❝❡❧✉✐ ♦8 ❧❛ ❞9❝❧✐♥❛✐ ♦♥ ❡ #

9❣❛❧❡ @ 30o ♣♦✉+ ❧❡  ✐❣♥❛❧ ❛♥❛❧②#✐'✉❡ ✈❡❝#♦+✐❡❧✱ ❧✬❡✛❡# ❞❡ ❧✬✐♥❝❧✐♥❛✐ ♦♥ ❞❡ ❧✬❛✐♠❛♥#❛#✐♦♥

❡ # ✐❞❡♥#✐'✉❡ @ ❧✬❡✛❡# ❞❡ ❧✬✐♥❝❧✐♥❛✐ ♦♥ ❞✉ ❝❤❛♠♣ ♠❛❣♥9#✐'✉❡ +9❣✐♦♥❛❧  ✉+ ❧✬❡++❡✉+ ❞❡ ❧♦✲

❝❛❧✐ ❛#✐♦♥✳ ■❧ ❡ # ✐♥#9+❡  ❛♥# ❞❡ +❡❣❛+❞❡+ ❞❛♥ '✉❡❧ ❝❛ ✐❧ ❡ # ♣❧✉ ❛✈❛♥#❛❣❡✉① ❞✬✉#✐❧✐ ❡+

✉♥❡ ❞9✜♥✐#✐♦♥ ♣❧✉#O# '✉❡ ❧✬❛✉#+❡✳

▲❛ ✜❣✉+❡ ✷✳✹✷ ♠♦♥#+❡ ❧❡ ❞♦♠❛✐♥❡ ♦8 ✐❧ ❡ # ♣❧✉ ❛✈❛♥#❛❣❡✉① ❞✬✉#✐❧✐ ❡+ ✉♥❡ ❞9✜♥✐#✐♦♥

♣❧✉#O# '✉✬✉♥❡ ❛✉#+❡ ❡♥ ❢♦♥❝#✐♦♥ ❞❡ ✐♥❝❧✐♥❛✐ ♦♥ ✳ ❉❛♥ ❧❡ ♣+❡♠✐❡+ ❝❛ ❞❡ ✜❣✉+❡✱ ❧❛

♣+9 ❡♥❝❡ ❞✬❛+❝ ❞✬❛♠♣❧✐#✉❞❡ ♣♦ ✐#✐✈❡ 9❣❛❧❡ @ ✷ ❞❛♥ ❧❡ ❝♦✐♥ ❞❡ ❢❛✐❜❧❡ ❡# ❞❡ ❢♦+#❡

✐♥❝❧✐♥❛✐ ♦♥ ✐♥❞✐'✉❡♥# ✉♥ ❛✈❛♥#❛❣❡ ♣♦✉+ ❧❛ ❞9✜♥✐#✐♦♥ ✈❡❝#♦+✐❡❧❧❡✳ ❊♥#+❡ ❧❡ ❞❡✉① ❛+❝ ❡#

❧❛ ♣❛+#✐❡ ❝❡♥#+❛❧❡✱ ✉♥ ❧9❣❡+ ❛✈❛♥#❛❣❡ ❛♣♣❛+❛R# ♣♦✉+ ❧❛ ❞9✜♥✐#✐♦♥  ❝❛❧❛✐+❡✱ ❡♥ ❛♠9❧✐♦+❛♥#

❧❛ ❧♦❝❛❧✐ ❛#✐♦♥ ❞✬✉♥❡ ✈✐♥❣#❛✐♥❡ ❞❡ ❝❡♥#✐♠;#+❡ ✳ M♦✉+ ❧❡  ❡❝♦♥❞ ❡①❡♠♣❧❡✱ ✉♥❡ ❛ ②♠9#+✐❡

❛♣♣❛+❛R# ❝❡❝✐ ❡ # ❧✐9 ❛✉ ❢❛✐# '✉✬✉♥❡ ✈❛+✐❛#✐♦♥ ❞❡ ❧✬✐♥❝❧✐♥❛✐ ♦♥ ❞❡ ❧✬❛✐♠❛♥#❛#✐♦♥ ♥✬❛ ♣❛ 

❧❡ ♠S♠❡ ❡✛❡# '✉✬✉♥❡ ✈❛+✐❛#✐♦♥ ❞❡ ❧✬✐♥❝❧✐♥❛✐ ♦♥ ❞✉ ❝❤❛♠♣ ♠❛❣♥9#✐'✉❡ +9❣✐♦♥❛❧✳ ▲✬9❝❛+#

♠❛①✐♠✉♠ ❛♣♣❛+❛R# ❞❛♥ ❧❡ ❝❛ ♦8 ❧❡ ✈❡❝#❡✉+ ❛✐♠❛♥#❛#✐♦♥ ❡ # ✈❡+#✐❝❛❧ ❡# ❧❡ ✈❡❝#❡✉+ ❣9♦✲

♠❛❣♥9#✐'✉❡ ❡ # ❤♦+✐③♦♥#❛❧ ✭♣+♦❝❤❡ ❞❡ 0o ♦✉ 180o ✮✱ ❛❧♦+ ❧❛ ❞9✜♥✐#✐♦♥  ❝❛❧❛✐+❡ ♠✐♥✐♠✐ ❡

❧✬❡++❡✉+ ❞❡ ✷ ♠✳ ❉❡ ✈❛+✐❛#✐♦♥ ❛❜+✉♣#❡  ♦♥# ✈✐ ✐❜❧❡ ♣♦✉+ ❧❡ ❝♦♠❜✐♥❛✐ ♦♥ ❞✬✐♥❝❧✐♥❛✐✲

 ♦♥ ❢♦+♠❛♥# ❧❡ ❞❡✉① ❛+❝ ♣+9❝9❞❡♥# ✳ ❉❛♥ ❧❛ ♣❛+#✐❡ ❝♦♥✈❡①❡ ✐❧ ❡ # ♣❧✉ ❛✈❛♥#❛❣❡✉①

❞✬✉#✐❧✐ ❡+ ❧❛ ❞9✜♥✐#✐♦♥ ✈❡❝#♦+✐❡❧❧❡ ♣♦✉+ ❧❡ ❢❛✐❜❧❡ ❡# ❢♦+#❡ ✐♥❝❧✐♥❛✐ ♦♥ ❞❡ ❧✬❛✐♠❛♥#❛#✐♦♥

❞✐♠✐♥✉❛♥# ❧✬❡++❡✉+ ❥✉ '✉✬@ ✶✳✼✸ ♠✳ ▲❡ ♣❛+#✐❡ ❝♦♥❝❛✈❡ ❞♦♥♥❡♥# ✉♥ ❛✈❛♥#❛❣❡ @ ❧❛ ❞9✲

✜♥✐#✐♦♥  ❝❛❧❛✐+❡✳ ❉❛♥ ❧❡ ❞❡+♥✐❡+ ❝❛ ✱ ❧✬❡✛❡# ❞❡ ✈❛+✐❛#✐♦♥ ❞❡ ❞❡✉① ✐♥❝❧✐♥❛✐ ♦♥  ♦♥#

✐❞❡♥#✐'✉❡ ✳ ❙✐ ♦♥  9♣❛+❡ ❧❛ ❝❛+#❡ ❡♥ '✉❛#+❡ ♣❛+#✐❡ 9❣❛❧❡ ♣❛+ ❧❡ ♣❛  ❛❣❡ ❞❡ ❞❡✉① ❞+♦✐#❡ 

❞✬✐♥❝❧✐♥❛✐ ♦♥ 9❣❛❧❡ @ 90o✱ ❧❡ ❞❡✉① ❝❛❞+❛♥ ❞♦♥# ❧❡ ✐♥❝❧✐♥❛✐ ♦♥  ♦♥# ✐♥❢9+✐❡✉+❡ @ 90o

❡#  ✉♣9+✐❡✉+❡ @ 90o ♣+9 ❡♥#❡♥# ✉♥ ❛✈❛♥#❛❣❡ ♣♦✉+ ❧✬✉#✐❧✐ ❛#✐♦♥ ❞❡ ❧❛ ❞9✜♥✐#✐♦♥  ❝❛❧❛✐+❡

❞✉  ✐❣♥❛❧ ❛♥❛❧②#✐'✉❡ ❡♥ ❛♠9❧✐♦+❛♥# ❞❡ ✶✳✸✵ ♠ ❧❛ ❧♦❝❛❧✐ ❛#✐♦♥ ❧❛#9+❛❧❡ ❞❡ ❧❛  ♣❤;+❡✳ ▲❡ 

❞❡✉① ❛✉#+❡ ❝❛❞+❛♥# ♠♦♥#+❡♥# ✉♥ ❛✈❛♥#❛❣❡ ❞❛♥ ❧✬✉#✐❧✐ ❛#✐♦♥ ❞❡ ❧❛ ❞9✜♥✐#✐♦♥ ✈❡❝#♦+✐❡❧❧❡

❛❧❧❛♥# ❥✉ '✉✬@ ✽✵ ❝♠ ❞✬❛♠9❧✐♦+❛#✐♦♥✳

✽✷



❋✐❣✉$❡ ✷✳✹✷ ✕ ❝❛&'❡) ♦❜'❡♥✉❡) ❡♥ ❡✛❡❝'✉❛♥' ❧❛ ❞✐✛2&❡♥❝❡ ❡♥'&❡ ❧❡) ❡&&❡✉&) ❞✉❡) 3 ❧❛

❞2✜♥✐'✐♦♥ )❝❛❧❛✐&❡ ♠♦✐♥) ❝❡❧❧❡) ❧✐2❡) 3 ❧❛ ❞2✜♥✐'✐♦♥ ✈❡❝'♦&✐❡❧❧❡✱ ♣♦✉& ❧❡) ♠9♠❡ ❞2❝❧✐♥❛✐✲

)♦♥) ❡' ✐♥❝❧✐♥❛✐)♦♥) ✉'✐❧✐)2❡) ❞❛♥) ❧❡ ✜❣✉&❡ ✷✳✹✶✳ ▲✬❡♥)❡♠❜❧❡ ❞❡) ❝❛&'❡) )♦♥' )❡✉✐❧❧2❡) ❞❡

✲✷ 3 ✷ ♠✳ ▲❡) ✈❛❧❡✉&) ♥2❣❛'✐✈❡) ✐♥❞✐?✉❡♥' ✉♥ ❛✈❛♥'❛❣❡ ❞❡ ❧❛ ❞2✜♥✐'✐♦♥ )❝❛❧❛✐&❡ )✉& ❧❛

✈❡❝'♦&✐❡❧❧❡ ❡' ❧❡) ✈❛❧❡✉&) ♣♦)✐'✐✈❡) ❧✬✐♥✈❡&)❡✳

✽✸



Dr = 0o Ir = 90o



Dr = 4o Ir = 67o

90o

0o 180o 360o

113o

90o

180o

135o 315o

180o

128o 308o

Ij = 0o, Dj = 314oetIj = 180o, Dj = 130o



❋✐❣✉$❡ ✷✳✹✺ ✕ ❊&&❡✉&) ♦❜,❡♥✉❡) )✉& ❧❡) /✉❛,&❡ ♣❛&❛♠3,&❡) ❞❡ ❧✬✐♥✈❡&)✐♦♥ ✭ ❧♦❝❛❧✐)❛,✐♦♥

❡♥ ①✱ ❡♥ ②✱ ❡♥ ♣&♦❢♦♥❞❡✉& ❡, ❡♥ ✐♥,❡♥)✐,> ❞❡ ♠♦♠❡♥, ♠❛❣♥>,✐/✉❡✮ ♣♦✉& ❞❡) )♣❤3&❡)

❞✬❛✐♠❛♥,❛,✐♦♥ &>♠❛♥❡♥,❡✳ ▲✬✐♥❝❧✐♥❛✐)♦♥ ❞❡ ❧✬❛✐♠❛♥,❛,✐♦♥ ✈❛&✐❡ ❞❡ 0 C 180o ❡, ❧❡ ,❡), ❡),
❢❛✐, ♣♦✉& ❞✐① ♣&♦❢♦♥❞❡✉&)✳ ▲❡ ❝❤❛♠♣ ♠❛❣♥>,✐/✉❡ &>❣✐♦♥❛❧ ❡), ✈❡&,✐❝❛❧ ✭I = 90o✮✳

■♠♣❧✐❝❛'✐♦♥ ❞✬✉♥❡ ❛✐♠❛♥'❛'✐♦♥ ./♠❛♥❡♥'❡ ▲❛ ✜❣✉&❡ ✷✳✹✺ ♣&>)❡♥,❡ ❧❡) &>)✉❧✲

,❛,) ❞❡) /✉❛,&❡ ♣❛&❛♠3,&❡) ♦❜,❡♥✉) ♣❛& ✐♥✈❡&)✐♦♥ ✿ ❧❛ ❧♦❝❛❧✐)❛,✐♦♥ (x, y, z) ❡, ❞❡ ❧✬✐♥✲

,❡♥)✐,> ❞✉ ♠♦♠❡♥, ♠❛❣♥>,✐/✉❡✳ ▲❛ ❞✐&❡❝,✐♦♥ ❞✉ ❝❤❛♠♣ ♠❛❣♥>,✐/✉❡ ❡), ✈❡&,✐❝❛❧❡ ❡, ❧❛

❞✐&❡❝,✐♦♥ ❞❡ ❧✬❛✐♠❛♥,❛,✐♦♥ ❡), ❞>✜♥✐❡ ♣♦✉& ✉♥❡ ❞>❝❧✐♥❛✐)♦♥ >❣❛❧❡ C 4o ❡, ❞❡) ✐♥❝❧✐♥❛✐)♦♥)
✈❛&✐❛♥, ❞❡ ✵ C 180o✳ ❈❤❛❝✉♥❡ ❞❡) ❝♦✉&❜❡) ❞❡ ❝♦✉❧❡✉&) ❞✐✛>&❡♥,❡) ✐♥❞✐/✉❡♥, ✉♥❡ ♣&♦❢♦♥✲

❞❡✉& ❞❡ )♣❤3&❡ ❞✐✛>&❡♥,❡ ❛❧❧❛♥, ❞❡ ✶ C ✶✵ ♠✳ ▲✬❡),✐♠❛,✐♦♥ ❞❡ ❧❛ ♣♦)✐,✐♦♥ ❧❛,>&❛❧❡ ❞❡ ❧❛

)♣❤3&❡ ♣&>)❡♥,❡ ✉♥ ♠❛①✐♠✉♠ ❞✬❡&&❡✉& ❧♦&)/✉❡ ❧✬✐♥❝❧✐♥❛✐)♦♥ ✈❛✉, 31o ❡, 149o✳ ▲✬❡&&❡✉&
)✉& ❧❛ ❧♦❝❛❧✐)❛,✐♦♥ ❞❛♥) ❧❛ ❞✐&❡❝,✐♦♥ ♥♦&❞✲)✉❞ ❡), >❣❛❧❡ C 16% ❞❡ ❧❛ ♣&♦❢♦♥❞❡✉& ❡, ❧❛

❞✐&❡❝,✐♦♥ ❡),✲♦✉❡), ❞❡ 11%✳ ▲✬❡&&❡✉& )✉& ❧✬❡),✐♠❛,✐♦♥ ❞❡ ❧❛ ♣&♦❢♦♥❞❡✉& ❡), >❣❛❧❡ C 35%
❞❡ ❧❛ ♣&♦❢♦♥❞❡✉& ❞❛♥) ❧❡) ❝❛) ♦K ❧❡ ✈❡❝,❡✉& ❛✐♠❛♥,❛,✐♦♥ ❡), ❤♦&✐③♦♥,❛❧✳

❈❡ 1✉✬✐❧ ❢❛✉' .❡'❡♥✐.

▲❡ )✐❣♥❛❧ ❛♥❛❧②,✐/✉❡ ❡), ✉♥❡ ❢♦♥❝,✐♦♥ ❝♦♠♣❧❡①❡ /✉✐ ❛ >,> ❞>✜♥✐❡ ♣♦✉& ❧❛ ♣&❡♠✐3&❡ ❢♦✐)

❡♥ ✶✾✼✷ ♣♦✉& ❞❡) ),&✉❝,✉&❡) C ❞❡✉① ❞✐♠❡♥)✐♦♥) ✭◆❛❜✐❣❤✐❛♥✱ ✶✾✼✷✮✳ ▲❛ ❣>♥>&❛❧✐)❛,✐♦♥

♣♦✉& ❞❡) ),&✉❝,✉&❡) C ,&♦✐) ❞✐♠❡♥)✐♦♥) ♣♦)❡ ❧❡ ♣&♦❜❧3♠❡ ❞❡ ❝♦♠♠❡♥, ❛❥♦✉,❡& ❧❛ ,&♦✐✲

)✐3♠❡ ❞>&✐✈>❡ ♣❛&,✐❡❧❧❡ ♣♦✉& ❝♦♥),&✉✐&❡ ❧❛ ❢♦♥❝,✐♦♥ ❝♦♠♣❧❡①❡ ✭❝❡ /✉✐ ♥✬❛ ♣❛) ✈&❛✐♠❡♥,

❞❡ )❡♥)✱ ❝❛& ❧❡) ♥♦♠❜&❡) ❝♦♠♣❧❡①❡) )♦♥, ❞>✜♥✐) ❞❛♥) ✉♥ ♣❧❛♥ ❡, ❧❛ ❣>♥>&❛❧✐)❛,✐♦♥ C ✉♥

❡)♣❛❝❡ ♣❧✉) ❣&❛♥❞ &❡✈✐❡♥, C ✉,✐❧✐)❡& ❧✬❡)♣❛❝❡ ❞❡) /✉❛,❡&♥✐♦♥) ✭✹❉✮✮✳ ❉❡✉① ❞>✜♥✐,✐♦♥)

❞❡ ❧❛ ✈❛❧❡✉& ❛❜)♦❧✉❡ )♦♥, ♣&♦♣♦)>❡)✱ ✈❡❝,♦&✐❡❧❧❡ ✭❘♦❡), ❡! ❛❧✳✱ ✶✾✾✷❜✮ ❡, )❝❛❧❛✐&❡ ✭▼♦✲

❤❛♥ ✫ ❆♥❛♥❞ ❇❛❜✉✱ ▲✳✱ ✶✾✾✺✮✳ ❊♥ ✷✵✵✷✱ ❙❛❧❡♠ ❡, ❛❧✳ ♦♥, ♠♦♥,&> /✉❡ ♣♦✉& ✉♥ ❞✐♣X❧❡

❞✬❛✐♠❛♥,❛,✐♦♥ ✐♥❞✉✐,❡✱ ❧❡ ♠❛①✐♠✉♠ ❞✉ )✐❣♥❛❧ ❛♥❛❧②,✐/✉❡ ✈❡❝,♦&✐❡❧ ♥❡ )❡ )✐,✉❡ ♣❛) C

❧✬❛♣❧♦♠❜ ❞❡ ❧❛ ),&✉❝,✉&❡✳ ▲❡ ❞>❝❛❧❛❣❡ ❡), ♠❛①✐♠✉♠ ♣♦✉& ❞❡) ✐♥❝❧✐♥❛✐)♦♥) ❞✬❡♥✈✐&♦♥
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30o ❡! ❛!!❡✐♥! ❥✉'(✉✬* ✸✵ ✪ ❞❡ ❧❛ ♣1♦❢♦♥❞❡✉1✳ ❉❡ ♣❧✉'✱ ❧✬❡11❡✉1 ❡'! ♣1♦♣♦1!✐♦♥♥❡❧❧❡ * ❧❛

♣1♦❢♦♥❞❡✉1 ❞✉ ❞✐♣7❧❡✳ ❆ ♣❛1!✐1 ❞❡ ❝❛' '②♥!❤<!✐(✉❡' '✐♠✐❧❛✐1❡'✱ ♦♥ ❛ ♣✉ ❝♦♥'!❛!❡1 (✉❡ ❧❡

'✐❣♥❛❧ ❛♥❛❧②!✐(✉❡ ♥❡ ♣1<'❡♥!❡ ♣❛' ✉♥ ♠❛✐' ❞❡✉① ♠❛①✐♠❛✱ ❡! ❞❛♥' ❧❡' ❝❛' ❡①!1@♠❡' ♦A

❧❡' ✈❡❝!❡✉1' ❛✐♠❛♥!❛!✐♦♥ ❡! ❝❤❛♠♣ ♠❛❣♥<!✐(✉❡ 1<❣✐♦♥❛❧ '♦♥! ❤♦1✐③♦♥!❛✉① ❡! ♣❡1♣❡♥❞✐✲

❝✉❧❛✐1❡' ♦♥ ♣❡✉! ❛❧❧❡1 ❥✉'(✉✬* (✉❛!1❡✳ ❉❡' ❝❛' '②♥!❤<!✐(✉❡' ♦♥! <!< ❢❛✐!' ❡♥ ✉!✐❧✐'❛♥! ❧❛

❞<✜♥✐!✐♦♥ '❝❛❧❛✐1❡ ❞✉ '✐❣♥❛❧ ❛♥❛❧②!✐(✉❡ ❡! ❧❡' ❣❛♠♠❡' ❞✬❡11❡✉1' !1♦✉✈<❡' '♦♥! ❞✉ ♠@♠❡

♦1❞1❡ ❞❡ ❣1❛♥❞❡✉1 (✉❡ ❝❡❧❧❡' ♦❜!❡♥✉❡' ❛✈❡❝ ❧❛ ♣1❡♠✐G1❡ ❞<✜♥✐!✐♦♥ ✭✈❡❝!♦1✐❡❧❧❡✮✳ ❆✐♥'✐✱ ♦♥

❛ ♠✐' ❡♥ <✈✐❞❡♥❝❡ (✉❡ ❧❡' ❞❡✉① ❞<✜♥✐!✐♦♥' ❞✉ '✐❣♥❛❧ ❛♥❛❧②!✐(✉❡ ❞❛♥' ❧❡ ❝❛' ❞✬✉♥❡ '♣❤G1❡

❛✐♠❛♥!<❡ ❞♦♥♥❡♥! ❞❡' 1<'✉❧!❛!' '✐♠✐❧❛✐1❡' ♣♦✉1 ❧❛ ❧♦❝❛❧✐'❛!✐♦♥ ❧❛!<1❛❧❡ ❞✬✉♥❡ '♣❤G1❡✳
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❈❤❛♣✐%&❡ ✸

▲❡ ♠❛❣♥-%✐.♠❡ / ❞❡✉① ❞✐♠❡♥.✐♦♥.

▲❡ ❝❤❛♣✐'(❡ ♣()❝)❞❡♥' ❞✐,❝✉'❛✐' ❞❡, ❛♥♦♠❛❧✐❡, ♠❛❣♥)'✐2✉❡, ❡♥ '(♦✐, ❞✐♠❡♥,✐♦♥, ❡'

♠♦♥'(❛✐' ❧❛ ❝♦♠♣❧❡①✐') ❞✉ ♣(♦❜❧5♠❡ ♣♦✉( ❧❛ ❝❛(❛❝')(✐,❛'✐♦♥ ❞✬✉♥❡ ,♦✉(❝❡✳ ❊♥ ❡✛❡'

❧✬❡♥,❡♠❜❧❡ ❞❡, ❞)✈❡❧♦♣♣❡♠❡♥', '❤)♦(✐2✉❡, ,♦♥' ❢❛✐', ♣♦✉( ✉♥❡ ,♣❤5(❡ ❛✐♠❛♥')❡✳ ▲❛ ❣)✲

♥)(❛❧✐,❛'✐♦♥ ❞❡, ❡①♣(❡,,✐♦♥, ♣♦✉( ❞❡, ❢♦(♠❡, ♣❧✉, ❝♦♠♣❧❡①❡, ❡,' ❞✐✣❝✐❧❡ ♣❛( ❧❛ ❧♦✉(❞❡✉(

❞❡, ❝❛❧❝✉❧, ❞❛♥, ❧❡ ❞♦♠❛✐♥❡ ,♣❛'✐❛❧✳ ❈❡♣❡♥❞❛♥'✱ ♣♦✉( ❧❡, ❣)♦♠)'(✐❡, 2✉✐ ♦♥' ❞❡, ♣(♦✲

♣(✐)'), ❞✬✐♥✈❛(✐❛♥❝❡ ❞❛♥, ✉♥❡ ❞✐(❡❝'✐♦♥ ❞♦♥♥)❡✱ ✐❧ ❡,' ♣♦,,✐❜❧❡ ❞✬♦❜'❡♥✐( ❧✬❡①♣(❡,,✐♦♥

'❤)♦(✐2✉❡ ♣❧✉, ❢❛❝✐❧❡♠❡♥' ✭❊✐('③❧❡( ❡! ❛❧✳✱ ✶✾✻✷✮✳ ▲❡, ❛♥♦♠❛❧✐❡, ♠❛❣♥)'✐2✉❡, (),✉❧'❛♥'❡,

❞❡ ❝❡ '②♣❡ ❞❡ ❣)♦♠)'(✐❡ ,♦♥' ❛♣♣❡❧)❡, ❞❡, ❛♥♦♠❛❧✐❡, ♠❛❣♥)'✐2✉❡, H ❞❡✉① ❞✐♠❡♥,✐♦♥, ❡'

❧❡✉(, )'✉❞❡, ♣❡✉✈❡♥' ,❡ ❧✐♠✐'❡( H ✉♥ ♣❧❛♥ ♣❡(♣❡♥❞✐❝✉❧❛✐(❡ ✭♣(♦✜❧✮✳ ❊♥ ✶✾✻✹✱ ❚❛❧✇❛♥✐ ✫

❍❡✐('③❧❡( ♣(♦♣♦,❡♥' ✉♥❡ ❡①♣(❡,,✐♦♥ ♣❡(♠❡''❛♥' ❧❡ ❝❛❧❝✉❧ ❞❡ ❧✬❛♥♦♠❛❧✐❡ ♠❛❣♥)'✐2✉❡ ♣♦✉(

❞❡, ❣)♦♠)'(✐❡, ❞❡ ❢♦(♠❡, 2✉❡❧❝♦♥2✉❡,✳ ❊♥ ✶✾✼✷✱ ◆❛❜✐❣❤✐❛♥ ♣(),❡♥'❡ ✉♥ ♥♦✉✈❡❛✉ ❢♦(♠❛✲

❧✐,♠❡ ♣♦✉( )'✉❞✐❡( ❧❡, ♣(♦✜❧, ❞✬❛♥♦♠❛❧✐❡, ♠❛❣♥)'✐2✉❡, ✿ ❧❡ ,✐❣♥❛❧ ❛♥❛❧②'✐2✉❡✳ ▲✬❛✈❛♥'❛❣❡

❞❡ ❝❡' ♦✉'✐❧ ❡,' ,♦♥ ✐♥✈❛(✐❛♥❝❡ ♣❛( (❛♣♣♦(' H ❧❛ ❞✐(❡❝'✐♦♥ ❞❡ ❧✬❛✐♠❛♥'❛'✐♦♥ ❡' ❞✉ ❝❤❛♠♣

♠❛❣♥)'✐2✉❡ ()❣✐♦♥❛❧✱ ❧❡ ♣(♦✜❧ ❞✬❛♥♦♠❛❧✐❡ ❛,②♠)'(✐2✉❡ ❡,' '(❛♥,❢♦(♠) ❡♥ ✉♥ ♣(♦✜❧ ,②✲

♠)'(✐2✉❡ ❞♦♥' ❧❡, ✈❛❧❡✉(, ♠❛①✐♠❛❧❡, ,♦♥' H ❧✬❛♣❧♦♠❜ ❞❡, ♦❜❥❡',✳ ❈❡♣❡♥❞❛♥'✱ ❧✬✐♥')(S'

,❡ ♣♦('❡ ✉♥✐2✉❡♠❡♥' ,✉( ❧❛ ✈❛❧❡✉( ❛❜,♦❧✉❡ ❞❡ ❝❡''❡ ❢♦♥❝'✐♦♥✱ 2✉✐ ❡,' ✈✉❡ ❝♦♠♠❡ ✉♥❡

❢♦♥❝'✐♦♥ ❝♦♠♣❧❡①❡ ❞)♣❡♥❞❛♥' ❞❡ ❞❡✉① ✈❛(✐❛❜❧❡, ()❡❧❧❡,✳ ❊♥ ✶✾✻✻ ❡' ✶✾✻✼✱ ❇❡'❤ ♣(♦♣♦,❡

❧✬)'✉❞❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥)'✐2✉❡ H ❞❡✉① ❞✐♠❡♥,✐♦♥, ,♦✉, ❧❛ ❢♦(♠❡ ❞✬✉♥❡ ❢♦♥❝'✐♦♥ ❝♦♠♣❧❡①❡

❞)♣❡♥❞❛♥' ❞✬✉♥❡ ✈❛(✐❛❜❧❡ ❝♦♠♣❧❡①❡✳

❈❡ ❝❤❛♣✐'(❡ '(❛✐'❡ ❞❡ ❧✬❛♣♣♦(' ❞❡ ❧✬)'✉❞❡ ❞❡, ❛♥♦♠❛❧✐❡, ♠❛❣♥)'✐2✉❡, ❞❛♥, ❧❡ ♣❧❛♥ ❝♦♠✲

♣❧❡①❡✳ ❚♦✉' ❞✬❛❜♦(❞✱ ❞❡, ❝❛❧❝✉❧, ❞❛♥, ❧❡ ❞♦♠❛✐♥❡ ()❡❧ ,❡(♦♥' ❡✛❡❝'✉), ♣♦✉( ✉♥❡ ,'(✉❝'✉(❡

❞❡ ❢♦(♠❡ ❝②❧✐♥❞(✐2✉❡✱ ♣✉✐, ❧❡, ❞)✈❡❧♦♣♣❡♠❡♥', '❤)♦(✐2✉❡, ❞❛♥, ❧❡ ♣❧❛♥ ❝♦♠♣❧❡①❡ ,❡(♦♥'

♣(),❡♥'),✱ ❡♥✜♥✱ ♥♦✉, ♣(),❡♥'❡(♦♥, ❧✬✐♥')(S' ❞❡ ❝❡ ❢♦(♠❛❧✐,♠❡ ♣♦✉( ❧✬✐♥'❡(♣()'❛'✐♦♥ ❞❡,

❛♥♦♠❛❧✐❡,✳

✸✳✶ ❉$✜♥✐(✐♦♥ ❞❡, ♣❛/❛♠1(/❡, ❞❛♥, ❧❡ ♣❧❛♥

❊♥ ❣)♦♣❤②,✐2✉❡ ❧♦(,2✉❡ ❧❡, ,'(✉❝'✉(❡, ,♦♥' ❝♦♥,✐❞)()❡, H ♣❡✉ ♣(5, ✐♥✈❛(✐❛♥'❡, ❞❛♥,

✉♥❡ ❞✐(❡❝'✐♦♥ ❞♦♥♥)❡ ✭❋✐❣✉(❡ ✸✳✶✮✱ ✐❧ ❡,' ♣♦,,✐❜❧❡ ❞❡ ,✐♠♣❧✐✜❡( ❧❡, ❡①♣(❡,,✐♦♥, ♠❛'❤)♠❛✲

'✐2✉❡, ❞)✜♥✐❡, ❞❛♥, ❧✬❡,♣❛❝❡ H '(♦✐, ❞✐♠❡♥,✐♦♥, ♣♦✉( ❧❡, ())❝(✐(❡ ❞❛♥, ✉♥ ♣❧❛♥ H ❞❡✉①

❞✐♠❡♥,✐♦♥, ♣❡(♣❡♥❞✐❝✉❧❛✐(❡ H ❧❛ ❞✐(❡❝'✐♦♥ ✐♥✜♥✐❡ ❞❡ ❧❛ ,'(✉❝'✉(❡✳

◆♦✉, ❛❧❧♦♥, ♣♦,❡( ❞❡ ♥♦✉✈❡❧❧❡, ✈❛(✐❛❜❧❡, ❞❛♥, ❧❡ ♣❧❛♥ ✭(❡♣5(❡ ❜❧❡✉ ,✉( ❧❛ ✜❣✉(❡ ✸✳✶✮
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 ♣❛#$✐# ❞❡( ✈❛#✐❛❜❧❡( ✉$✐❧✐(-❡( ♣#-❝-❞❡♠♠❡♥$ ❞❛♥( ❧✬❡(♣❛❝❡ ✭#❡♣3#❡ ✈❡#$ (✉# ❧❛ ✜❣✉#❡

✸✳✶✮✳ ▲❛ ❧♦❝❛❧✐(❛$✐♦♥ ❞✉ ♣♦✐♥$ ❞❡ ♠❡(✉#❡ (❡#❛ ♥♦$-❡ ✭cx, cz✮✳ ▲✬❛✐♠❛♥$❛$✐♦♥ ❛♣♣❛#❡♥$❡

❡$ ❧❡ ❝❤❛♠♣ ♠❛❣♥-$✐=✉❡ ❛♣♣❛#❡♥$ (❡#♦♥$ ❞-✜♥✐( ♣❛# ❧❡( ❧❡$$#❡( ♠✐♥✉(❝✉❧❡(

→
j
❡$

→
r
✭❛$✲

$❡♥$✐♦♥  ♥❡ ♣❛( ❢❛✐#❡ ❞❡ ❝♦♥❢✉(✐♦♥ ❛✈❡❝ ❧❛ ✈❛#✐❛❜❧❡ r =✉✐ ❞❡ ❢❛@♦♥ ❣-♥-#❛❧❡ ❝♦##❡(♣♦♥❞

 ✉♥❡ ❞✐($❛♥❝❡✱ ✈♦✐# ❣❧♦((❛✐#❡✮✳ ▲✬❛✐♠❛♥$❛$✐♦♥ ❛♣♣❛#❡♥$❡ ❝♦♥(✐($❡  ♣#♦❥❡$❡# ❧❡ ✈❡❝$❡✉#

❛✐♠❛♥$❛$✐♦♥ ❞❛♥( ❧❡ ♣❧❛♥ ❞✬-$✉❞❡ ✈❡#$✐❝❛❧✱ ♦♥ ♦❜$✐❡♥$

→
j











jx =
∥

∥

∥

→
jl

∥

∥

∥
cos(IJ)cos(α−DJ)

jz =
∥

∥

∥

→
jl

∥

∥

∥
sin(IJ),

✭✸✳✶✮

❛✈❡❝

∥

∥

∥

→
jl

∥

∥

∥
=
∥

∥

∥

→
J
∥

∥

∥

√

(cos(IJ)cos(α−DJ))
2 + (sin(IJ))

2
❡$ α ❧❛ ❞✐#❡❝$✐♦♥ ❞✉ ♣#♦✜❧

♣❛# #❛♣♣♦#$ ❛✉ ♥♦#❞ ♠❛❣♥-$✐=✉❡✳

✸✳✷ ❋♦♥❝'✐♦♥ )*❡❧❧❡ ❞✬✉♥ ❝②❧✐♥❞)❡ ✐♥✜♥✐

C♦✉# ✉♥❡ ($#✉❝$✉#❡ (✐♠♣❧❡ $❡❧❧❡ =✉✬✉♥ ❝②❧✐♥❞#❡ ✐♥✜♥✐✱ ❧❡ ♣♦$❡♥$✐❡❧ ♠❛❣♥-$✐=✉❡ ❡$ ❧❡(

❞❡✉① ❝♦♠♣♦(❛♥$❡( ❞✉ ❝❤❛♠♣ ♠❛❣♥-$✐=✉❡ (✬-❝#✐✈❡♥$ ✭❇❧❛❦❡❧②✱ ✶✾✾✻✮

Ω(cx, cz) = 2
µoπR

2
a

4π

jx(cx − ax) + jz(cz − az)

(cx − ax)2 + (cz − az)2
✭✸✳✷✮

H(cx, cz) = 2
µoπR

2
a

4π

jx((cx − ax)
2 − (cz − az)

2) + 2jz(cx − ax)(cz − az)

((cx − ax)2 + (cz − az)2)2
✭✸✳✸✮

V (cx, cz) = 2
µoπR

2
a

4π

2jx(cx − ax)(cz − az)− jz((cx − ax)
2 − (cz − az)

2)

((cx − ax)2 + (cz − az)2)2
✭✸✳✹✮

❆✈❡❝ Ra ❧❡ #❛②♦♥ ❞✉ ❝②❧✐♥❞#❡✱ cx ❡$ cz ❧❡( ❝♦#❞♦♥♥-❡( ❞✉ ♣♦✐♥$ ❞❡ ♠❡(✉#❡✱ ax ❡$ az ❧❛ ❧♦✲

❝❛❧✐(❛$✐♦♥ ❞✉ ❝❡♥$#❡ ❞✉ ❝②❧✐♥❞#❡ ❡$ jx ❡$ jz (♦♥$ ❧❡( ❝♦♠♣♦(❛♥$❡( ❞✉ ✈❡❝$❡✉# ❛✐♠❛♥$❛$✐♦♥✳

❉❛♥( ❧❡ ❝❛( ♦N ❧✬✐♥$❡♥(✐$- ❞✉ ❝❤❛♠♣ ♠❛❣♥-$✐=✉❡ ❞✉ ❝②❧✐♥❞#❡ ❡($ ❢❛✐❜❧❡ ♣❛# #❛♣♣♦#$

❛✉ ❝❤❛♠♣ ♠❛❣♥-$✐=✉❡ #-❣✐♦♥❛❧✱ ✐❧ ❡($ ♣♦((✐❜❧❡ ❞✬♦❜$❡♥✐# ✉♥❡ ❛♣♣#♦①✐♠❛$✐♦♥ ❞❡ ❧✬❛♥♦✲

♠❛❧✐❡ ❞❡ ❧✬✐♥$❡♥(✐$- ❞❡ ❝❤❛♠♣ ♠❛❣♥-$✐=✉❡ ✭❚❛❧✇❛♥✐✱ ✶✾✻✺❀ ❇❧❛❦❡❧②✱ ✶✾✾✻✮✳ C♦✉# ♦❜$❡♥✐#

❧✬❡①♣#❡((✐♦♥ ❞❡ ❧✬✐♥$❡♥(✐$- ❞❡ ❧✬❛♥♦♠❛❧✐❡✱ ✐❧ ❢❛✉$ ♣#♦❥❡$❡# ❧❡( ❞❡✉① ❝♦♠♣♦(❛♥$❡( H ❡$ V

❞❛♥( ❧❛ ❞✐#❡❝$✐♦♥ ❞✉ ❝❤❛♠♣ #-❣✐♦♥❛❧

→
r
❡$ ♦♥ ♦❜$✐❡♥$

T (cx, cz) = H(cx, cz)cos(It)cos(α−Dr) + V (cx, cz)sin(It)

✱

=✉✐ ❞♦♥♥❡ (❡❧♦♥ ❧❡( ❡①♣#❡((✐♦♥( ❞❡ H ❡$ V

T (cx, cz) = 2
µoπR

2
a

4π

(cx − ax)
2(rxjx − jzrz) + 2(cx − ax)(cz − az)(rxjz − jxrz)− (cz − az)

2(rxjx − rzjz)

((cx − ax)2 + (cz − az)2)2
.

✭✸✳✺✮

✾✵



90o, 45o, 0o,−45oet− 90o



▲✬♦❜❥❡❝'✐❢ ❞❡ '♦✉' ✐♥'❡-♣-/'❛'❡✉- ❡1' ❞❡ '-♦✉✈❡- ❧❛ ❧♦❝❛❧✐1❛'✐♦♥ ❞✉ ❝②❧✐♥❞-❡ ✭ax ❡'

az✮ ❡' 1♦♥ ❛✐♠❛♥'❛'✐♦♥ ✭jx ❡' jz✮✳ ❊♥ /'✉❞✐❛♥' ❧✬/:✉❛'✐♦♥ ✭✸✳✺✮ ❡' ❞❡1 ❝❛1 1②♥'❤/'✐:✉❡1
✭❋✐❣✉-❡ ✸✳✶✮ ♦♥ ♣❡✉' ❝♦♥1'❛'❡- :✉❡ ✿

✖ ax ✈❛ 1✐♠♣❧❡♠❡♥' ❛✈♦✐- ✉♥ ❡✛❡' ❞❡ '-❛♥1❧❛'✐♦♥ ❞❡ ❧✬❛♥♦♠❛❧✐❡ ❧❡ ❧♦♥❣ ❞✉ ♣-♦✜❧✳
✖ az ✈❛ ❛✈♦✐- ✉♥ ❡✛❡' 1✉- ❧❛ ❧♦♥❣✉❡✉- ❞✬♦♥❞❡ ❞❡ ❧✬❛♥♦♠❛❧✐❡ ❡' 1♦♥ ❛♠♣❧✐'✉❞❡✳ E❧✉1

❧❡ ❝②❧✐♥❞-❡ 1❡-❛ ♣-♦❝❤❡ ❞❡ ❧❛ 1✉-❢❛❝❡ ❡' ♣❧✉1 ❧✬❛♥♦♠❛❧✐❡ 1❡-❛ ❤❛✉'❡ ❢-/:✉❡♥❝❡✳

✖ jx ❡' jz ❛✉-♦♥' ✉♥ ❡✛❡' ❞❛♥1 ❧❛ -/♣❛-'✐'✐♦♥ ❞❡1 ♣❛-'✐❡1 ♣♦1✐'✐✈❡1 ❡' ♥/❣❛'✐✈❡1 ❞❡
❧✬❛♥♦♠❛❧✐❡ ✭❋✐❣✉-❡ ✸✳✶✮✳

✖ rx ❡' rz ❛✉-♦♥' ❧❡ ♠F♠❡ ❡✛❡' :✉❡ jx ❡' jz✳ ❆ ❧✬❛✐❞❡ ❞❡ ♠♦❞H❧❡ ❞❡ ❝❤❛♠♣ ♠❛✲

❣♥/'✐:✉❡ ✭♣❛- ❡①❡♠♣❧❡ ❧✬■●❘❋ ✭❚❤/❜❛✉❧' ❡! ❛❧✳✱ ✷✵✶✺❜✮✮✱ ✐❧ ❡1' ♣♦11✐❜❧❡ ❞❡ ❧❡1

❝❛❧❝✉❧❡-✳

■❧ ❡1' /❣❛❧❡♠❡♥' ✐♥'/-❡11❛♥' ❞✬❡1'✐♠❡- ❧❡ -❛②♦♥ ❞✉ ❝②❧✐♥❞-❡✱ ♠❛✐1 ❝❡❧✉✐✲❝✐ ♥✬❛ ❞✬❡✛❡'

:✉❡ 1✉- ❧✬❛♠♣❧✐'✉❞❡ ❞❡ ❧✬❛♥♦♠❛❧✐❡ ❡' ❡1' ❞♦♥❝ ✉♥✐:✉❡♠❡♥' ♠♦❞✉❧/ ♣❛- ❧✬❡1'✐♠❛'✐♦♥

1✉♣♣♦1/❡ ❞❡ ❧✬❛♠♣❧✐'✉❞❡ ❞❡ ❧✬❛✐♠❛♥'❛'✐♦♥✳ ▲❛ ❞/'❡-♠✐♥❛'✐♦♥ ❞❡ ❝❡1 ♣❛-❛♠H'-❡1 ♥✬❡1'

♣❛1 ✉♥ ♣-♦❜❧H♠❡ ❧✐♥/❛✐-❡ ❡' ❞♦♥❝ ✉♥❡ -/1♦❧✉'✐♦♥ ♣❛- ❧❛ ♠/'❤♦❞❡ ❞❡1 ♠♦✐♥❞-❡1 ❝❛--/1

❞❡1 ♣❛-❛♠H'-❡1 ♥❡ ♣❡✉' F'-❡ ❡✛❡❝'✉/❡✳ ❙✐ ❧✬♦♥ 1♦✉❤❛✐'❡ ✐♥✈❡-1❡-✱ ♦♥ ♣❡✉' ❧❡ ❢❛✐-❡ ❡♥

♠✐♥✐♠✐1❛♥' ✉♥❡ ❢♦♥❝'✐♦♥ ❞❡ ❝♦S' ❝♦♥1'-✉✐'❡ T ♣❛-'✐- ❞❡ ❧✬/:✉❛'✐♦♥ ✭✸✳✺✮✱ ❡♥ ❥♦✉❛♥' 1✉- ❧❡1

♣❛-❛♠H'-❡1 ♠❡♥'✐♦♥♥/1 ♣-/❝/❞❡♠♠❡♥'✳ ❖♥ ❛ ✈✉ :✉❡ ❧❛ ♣-♦❢♦♥❞❡✉- ❥♦✉❡ 1✉- ❧❛ ❧♦♥❣✉❡✉-

❞✬♦♥❞❡ ❞❡ ❧❛ ❝♦✉-❜❡✳ E❧✉1 ❧❛ ♣-♦❢♦♥❞❡✉- ❞✉ ❝②❧✐♥❞-❡ ❡1' ❣-❛♥❞❡ ❡' ♣❧✉1 ❧❛ ❧♦♥❣✉❡✉- ❞✬♦♥❞❡

❡1' ❣-❛♥❞❡✳ ❉❛♥1 1❛ '❤H1❡✱ ❆❧❦❤❛'✐❜ ❆❧❦♦♥'❛- ✭✷✵✶✺✮ ♠♦♥'-❡ :✉❡ ❧❛ ❧♦❝❛❧✐1❛'✐♦♥ ❞❡1

❡①'-❡♠❛ ❧❡ ❧♦♥❣ ❞✬✉♥ ♣-♦✜❧ ❞✬❛♥♦♠❛❧✐❡ ♠❛❣♥/'✐:✉❡ ✈❛-✐❡ ❧✐♥/❛✐-❡♠❡♥' ❛✈❡❝ ❧❛ ♣-♦❢♦♥❞❡✉-

♣♦✉- ✉♥ ❝②❧✐♥❞-❡✳ ▲❛ -❡❝❤❡-❝❤❡ ❞❡1 ❡①'-❡♠❛ ❝♦♥1✐1'❡ T -❡❝❤❡-❝❤❡- ♣♦✉- :✉❡❧❧❡1 ✈❛❧❡✉-1

❞❡ cx ❧❡ ♥✉♠/-❛'❡✉- ❞❡ ❧❛ ❞/-✐✈/❡ ♣❛-'✐❡❧❧❡ ❡♥ cx 1✬❛♥♥✉❧❡ ❡' ❝❡❧❛ -❡✈✐❡♥' T -/1♦✉❞-❡ ✉♥❡
/:✉❛'✐♦♥ ❞❡ ❞❡❣-/ ✸✳ ❖♥ ❛ ❞♦♥❝ '-♦✐1 1♦❧✉'✐♦♥1 ♣♦11✐❜❧❡1 ✭❆❧❦❤❛'✐❜ ❆❧❦♦♥'❛-✱ ✷✵✶✺✮































cx1 =
cz − az
cos(It)

(
√
3 cos(

It
3
)− sin(

It
3
)− sin(It))

cx2 = −cz − az
cos(It)

(
√
3 cos(

It
3
) + sin(

It
3
)− 2 sin(It))

cx3 = −cz − az
cos(It)

(2 sin(
It
3
) + 2 sin(It))

✭✸✳✻✮

❛✈❡❝ It = Ir+Ij✳ ❈❡''❡ ♣-❡♠✐H-❡ ❝♦♥1'❛'❛'✐♦♥ ❡1' ❞/❥T '-H1 ✐♥'/-❡11❛♥'❡✱ ❝❛- ✐❧ ❡1' 1♦✉✈❡♥'
❝♦♥1✐❞/-/ :✉✬✉♥❡ ❛♥♦♠❛❧✐❡ ♠❛❣♥/'✐:✉❡ ❡1' ❝♦♥1'✐'✉/❡ ❞❡ ❞❡✉① ♣❛-'✐❡1 ✉♥❡ ♣♦1✐'✐✈❡ ❡'

❧✬❛✉'-❡ ♥/❣❛'✐✈❡✱ ❧❡1 ♠❛'❤/♠❛'✐:✉❡1 ♥♦✉1 ✐♥❞✐:✉❡♥' :✉❡ ❝❡❧❛ ♥✬❡1' :✉✬✉♥ ❝❛1 ♣❛-'✐❝✉❧✐❡-

❡' :✉❡ ❞❛♥1 ❧❡ ❝❛1 ❧❡ ♣❧✉1 ❣/♥/-❛❧ ✐❧ ② ❛ '-♦✐1 ♣❛-'✐❡1 T ✉♥❡ ❛♥♦♠❛❧✐❡ ♠❛❣♥/'✐:✉❡✳ ▲❛

❧♦❝❛❧✐1❛'✐♦♥ ❞❡ ❝❡1 ❡①'-❡♠❛ ❡1' ❧✐♥/❛✐-❡♠❡♥' ❞/♣❡♥❞❛♥'❡ ❞❡ ❧❛ ♣-♦❢♦♥❞❡✉- ❞❡ ❧❛ 1'-✉❝'✉-❡✳

▲❡1 ✐♥❝❧✐♥❛✐1♦♥1 ❛♣♣❛-❡♥'❡1 ❞❡ ❧✬❛✐♠❛♥'❛'✐♦♥ ❡' ❞✉ ❝❤❛♠♣ -/❣✐♦♥❛❧ ❛❣✐11❡♥' ❡①❛❝'❡♠❡♥'

❞❡ ❧❛ ♠F♠❡ ♠❛♥✐H-❡ ❞❛♥1 ❧❛ ❧♦❝❛❧✐1❛'✐♦♥ ❞❡1 ❡①'-❡♠❛✳ ▲❛ ❞✐1'❛♥❝❡ ❡♥'-❡ ❝❤❛:✉❡ ❡①'-❡♠❛

♣❡✉' F'-❡ ❡1'✐♠/❡ ✭❆❧❦❤❛'✐❜ ❆❧❦♦♥'❛-✱ ✷✵✶✺✮































cx1 − cx2 =
cz − az
cos(It)

2
√
3 cos(

It
3
)

cx1 − cx3 = −cz − az
cos(It)

(
√
3 cos(

It
3
)− 3 sin(

It
3
))

cx2 − cx3 = −cz − az
cos(It)

(−
√
3 cos(

It
3
)− 3 sin(

It
3
))

✭✸✳✼✮

✾✷



0o, 45o 90o



 ♦✉#❝❡  ♦♥' ♣❧✉ ❝♦♠♣❧✐,✉-❡ ✳ ❉❡ ❛✉'❡✉# ✱ ❚❛❧✇❛♥✐ ✫ ❍❡✐#'③❧❡# ✭✶✾✻✹✮ ❡' ❲♦♥ ✫ ❇❡✈✐ 

✭✶✾✽✼✮ ♦♥' ♣#♦♣♦ - ❞❡ -,✉❛'✐♦♥ ♣❡#♠❡''❛♥' ❧❡ ❝❛❧❝✉❧ ❞✬❛♥♦♠❛❧✐❡ ♠❛❣♥-'✐,✉❡ ♣♦✉#

❞❡  ♦✉#❝❡ E ❞❡✉① ❞✐♠❡♥ ✐♦♥ ♠❛✐ ❞❡  ❡❝'✐♦♥ ♣♦❧②❣♦♥❛❧❡✳

T (cx, cz) = H(cx, cz)rx + V (cx, cz)rz ✭✸✳✽✮

❛✈❡❝

H(cx, cz) = 2(jxQ(cx, cz)− jzP (cx, cz))

V (cx, cz) = 2(jxP (cx, cz) + jzQ(cx, cz))
✭✸✳✾✮

❛✈❡❝

P (cx, cz) =
((cz − bz)− (cz − az))

2

((cz − bz)− (cz − az))2 + ((cx − ax)− (cx − bx))2
(θa − θb)

+
((cz − bz)− (cz − az))((cx − ax)− (cx − bx))

((cz − bz)− (cz − az))2 + ((cx − ax)− (cx − bx))2
log(

rb
ra
)

Q(cx, cz) =
((cz − bz)− (cz − az))((cx − ax)− (cx − bx))

((cz − bz)− (cz − az))2 + ((cx − ax)− (cx − bx))2
(θa − θb)

+
((cz − bz)− (cz − az))

2

((cz − bz)− (cz − az))2 + ((cx − ax)− (cx − bx))2
log(

rb
ra
)

✭✸✳✶✵✮

❛✈❡❝ ra =
√

(cx − ax)2 + (cz − az)2✱ rb =
√

(cx − bx)2 + (cz − bz)2✱ θa = tan−1 cz−az
cx−ax

✱θb =

tan−1 cz−bz
cx−bx

❀ ✭cx✱cz✮ ❧❡ ❝♦♦#❞♦♥♥-❡ ❞✉ ♣♦✐♥' ♦K ❧❡ ❝❛❧❝✉❧ ❡ ' ❡✛❡❝'✉-✱ ✭ax✱az✮ ❡' ✭bx✱bz✮
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ABSTRACT 

Potential field method aims to characterize the source of a magnetic or gravity anomaly. The 

shape of an anomaly along a profile provides information on the geometry, horizontal location, 

depth and magnetization of the source. For a two dimensional source, the horizontal location, 

the depth and geometry of a source is determined with the curve analysis of the analytic signal. 

However, the amplitude of the analytic signal is independent of the dips of the structure, of the 

apparent inclination of magnetization and of the regional magnetic field. 

To increase the understanding of the source parameters, we propose a new approach to study 

2D potential field equations using complex algebra. Complex equations for different geometries 

of the sources are obtained for gravity and magnetic anomalies in both spatial and spectral 

domains. In the spatial domain, these new equations are compact and correspond to logarithmic 

or power functions with a negative integer coefficient. We show that modifying the shape of 

the source changes the coefficient of the power function, which is equivalent to derivation or 

integration. We display anomaly profiles using plots in the complex plane, which is called 

mapping. The obtained complex curves are loops passing through the origin of the plane. The 

shape of these loops only depends on the geometry and not on the location or depth of the source 

(i.e., a cardioid for a cylinder, a circle for a dyke and a parabola for a step). The orientation of 

the curves in the complex plane is related to the order of derivation or integration, the geometry 

and the dips of the structures, and the apparent inclination of magnetization and of the regional 

magnetic field. The application of these equations and mapping on total-field magnetic 

anomalies across a magmatic dykes in the Caledonides of Finnmark, northern Norway shows 

coherent results to determine the geometry and the apparent inclination of magnetization. 

1.- INTRODUCTION

Characterizing the source of an anomaly is the aim of many geophysical studies. In potential 

field methods (gravity and magnetism), the source parameters are: horizontal location, depth, 

geometry and physical properties (density or magnetization). Gravity and magnetic methods 

are applied to subsurface investigations in different domains such as structural geology, paleo-

reconstruction using marine magnetic anomalies, detection of anthropic objects (e.g., 
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archaeology or unexploded ordnances) etc … The characterization of the source parameters is 

therefore essential to build coherent interpretations. 

For a two dimensional structure, equations can be developed for different geometries using a 

real function (Hubbert, 1948; Nettleton, 1942; Talwani et al., 1959; Talwani and Heirtzler, 

1964) or a complex function with Fourier transform (Gupta, 1988; Sengupta, 1975, 1974).

These functions are usually displayed using plots, with a horizontal location on the horizontal 

axis and anomaly on the vertical axis (Gay, 1963, 1965). However, these ways of describing 

the 2D magnetic or gravity anomalies need long and complicated equations and the shape of 

the resulting plots are not easily related to the source geometry. Nabighian (1972) improved the 

characterization of the magnetic source by using the general theory of the analytic signal. 

According to this author, the analytic signal is a complex function of two real variables with 

the real part corresponding to the horizontal derivative of the magnetic anomaly and the

imaginary part to the vertical derivative. The absolute value of the analytic signal versus a 

horizontal location is usually plotted. The benefit of the analytic signal is to localize the

maximum value of the modulus of the analytic signal over the corners of the structure. The 

structure direction, the magnetization and the regional magnetic field only act on the amplitude 

of the function (Nabighian, 1972). Currently, most studies using the analytic signal (Cooper 

and Whitehead, 2016; Li and Pilkington, 2016; Ma and Du, 2012; Mohan et al., 1982; Salem, 

2005) only use the absolute part of the function, but not its phase. Only few studies deal with 

the phase of the function (Miller and Singh, 1994; Salem et al., 2007; Smith et al., 1998). So 

far, no attention has been paid to the whole complex function and to its graphical representation.

In this paper, we present a generalization of Nabighian’s idea, writing potential field equations 

as complex functions of the complex variable and not like a real function, the absolute value of 

the analytic signal (Nabighian ,1972). Potential field equations (gravity and magnetism) are 

obtained for six different kinds of bodies in both spatial and spectral domains. Primitives and 

derivatives are also computed and we obtain very compact equations. These new potential field 

equations using complex algebra enable us to plot the functions in the complex plane. We call 

‘mapping’ this approach to plot a gravity or magnetic anomaly and describe it in a second part 

of this paper. We obtain complex curves whose shape only depends on the geometry of the 

source. The orientation of the loop depends on the apparent inclination of the magnetization 

and its shape does not depend on the location of the source. The location and depth of the source 

only influences the velocity along the loop.

2.- METHODS

2.1. Magnetic field functions as complex functions 

An Infinite Horizontal Cylinder 

In a 2D Cartesian coordinate system, the potential ! and the two components " and # of the 

magnetic field of an infinite horizontal cylinder are (Talwani and Heirtzler, 1964) 
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!($% , c&) = 2C' *%(c% + -%) . *&(c& + -&)(c% + a/)0 . (c& + -&)0 13 ( 1)

"($%, c&) = 2C' *%((c% + -%)
0 + (c& + -&)0) . 2*&(c% + -%)(c& + -&)[(c% + -%)0 . (c& + -&)0]0 13 ( 2)

#(c%, c&) = 2C' 2*%(c% + -%)(c& + -&) + *&((c% + -%)
0 + (c& + -&)0)[(c% + -%)0 . (c& + -&)0]0 13 ( 3)

where 4' is the proportionality constant, equal to 1 in electromagnetic units and equal to 
56
78

in SI units, $% and $& are the real variables, respectively the horizontal axis and the vertical axis 

positive downward; the horizontal axis has an angle 9 with the geographic north; -% and:-& are 

the coordinates of the center of cylinder; *% and *& are the components of the magnetization with 

;< the apparent inclination >;< =: tan?3 @<A<BD = : tan?3 >
EFG:(HI)

JKG(9LMN?OI)P:P:(Schouten and Cande, 

1976); Q< and R<  are the inclination and declination of the magnetization; 13 = ST0 is the surface 

of the section of the cylinder and T the radius of the cylinder. 

Outside the structure, the magnetic potential satisfies the Cauchy-Riemann equations, so a 

complex analytic function we call the Complex Magnetic Field (4UV(W)) can be defined as 

(Nabighian, 1972) 

4UV(W)($) = "($%, $&) . X:#($%, $&) := 24'13*($ + -)0 =
2Y'13($ + -)0: ( 4)

where * = *% . X:*&, $ = c% . X$&, - = -% . X:-& , X0 = +Z and Y' = 4'* (Figure 1-A3). 

This function is analytic everywhere in the complex plan, except for:$ = -.

A segment 

Using the superposition principle, equation 4 can be integrated to obtain the 4UV(W) of a 

segment [-, \]. The integration is performed along the segment whose equation is - . ^(\ +
-) with r varying between 0 and Z, thus 

4UV(W)($) = _ 2Y'13`^[$ + - + ^(\ + -)]0
3
W

:= 2Y'10\ + - >
Z

$ + \ +
Z

$ + -P ( 5)

bith 10 the surface of the new geometry equal to ST0 . 2Tdef and def the length of the 

segment (Figure 1-A3). Equation 5 can be rewritten as 

4UV(W)($) = 2Y'g?hijk10def > Z
$ + \ +

Z
$ + -P

= 2Y'g?hijk lST
0

def . 2Tm > Z
$ + \ +

Z
$ + -P

( 6)

with ;ef the dip of the segment (Figure 1-C). 

✾✼



If \ o -, using a power approximation at order 1, we have  

4UV(W)($) p 2Y'g?hijkST0def > Z
$ + \ +

Z
$ + -P =

2Y'ST0($ + \)($ + -) p
2Y'ST0($ + -)0 ( 7)

which corresponds to the 4UV(W):of a cylinder (equation 4). 

An infinite dyke 

More interestingly, is the case where \ o q. We obtain 

4UV(W)($) = +rY'g?hijkT$ + - ( 8)

which correspond to the 4UV(W)of an infinite dyke with dip ;ef (Figure 2-A3). Using the 

polar form of the magnetization, i.e. * = *% . X:*& = sghiI, we have  

4UV(W)($) = +24'sg?h(ijk?iI) 2T
$ + - ( 9)

Equation 9 shows that it is impossible to distinguish the apparent inclination of 

magnetization ;< from the dip ;ef of a dyke using the function. Only the value (;ef + ;<) can 

be established. 

A parallelogram 

The same computation can be performed to obtain the 4UV(W) of a parallelogram by using 

equation 5 and integrating along a segment whose equation is - . ^(u + -) with r varying 

between 0 and Z, i.e. 

4UV(W)($) = 2Y'1v\ + - _ > Z
$ + \ + ^(u + -) +

Z
$ + - + ^(u + -)P`^

3
W

( 10)

With 1v the surface of the new geometry equal to ST0 . 2T(def . dwf) . 1Xx(;wf +;ef)defdwf.

Equation (10) can be rewritten as (Figure 1-A3) 

4UV(W)($) = 2Y'1vg?hijkg?hiykdefdwf dz{ ($ + \)($ + u)
($ + -)($ + (\ . u + -)) ( 11)

with (\ . u + -) the fourth point of the parallelogram.

If u o -, using a power approximation at order 1, we have 

4UV(W)($) p 2Y'(ST0 . 2Tdef) > Z
$ + \ +

Z
$ + -P ( 12)

wich corresponds to the 4UV(W) of the segment (Equation 5) 
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A1- Spatial complex functions 4UV(?0) or 4|V(?3) B1-Fourier transform of 4UV(?0) or 4|V(?3)
2Yh13dz{ Z

$ + -
+2Yh13} gh~f

+2Yh10g?hijkdfe:}0 �gh~e + gh~f� 
+2Yh1vg?hijkg?hiykdefdwf::}v �gh~f + gh~e . gh~ew + gh~w�

A2- Spatial complex functions 4UV(?3) or 4|V(W) B2- Fourier transform of 4UV(?3) or 4|V(W)
+2Yh13$ + -

+2XYh13gh~f

2Yh10g?hijkdfe dz{ $ + \$ + - 
2Yh10g?hijkdfe:} �gh~e + gh~f�

2Yh1vg?hijkg?hiykdefdwf �$dz{ ($ + \)($ + u)
($ + -)($ + (\ . u + -))

. dz{ ($ + -)f($ + (\ . u + -))eLw?f($ + \)e($ + u)w � 
2Yh1vg?hijkg?hiykdefdwf::}0 �gh~f + gh~e . gh~ew + gh~w�

 

A3- Spatial complex functions 4UV(W) or 4|V(3) B3- Fourier transform of 4UV(W) or 4|V(3)2Yh13($ + -)0 +2Yh13}gh~f
2Yh10g?hijkdfe > Z

$ + \ +
Z

$ + -P
2Yh10g?hijkdfe: �gh~e + gh~f�

2Yh1vg?hijkg?hiykdefdwf dz{ ($ + \)($ + u)
($ + -)($ + (\ . u + -)) 

2Yh1vg?hijkg?hiykdefdwf} �gh~f + gh~e . gh~ew + gh~w�

A4- Spatial complex functions 4UV(3) or 4|V(0) B4- Fourier transform of 4UV(3) or 4|V(0)
+ rYh13($ + -)v 2XYh13}0gh~f

+2Yh10g?hijkdfe > Z
($ + \)0 +

Z
($ + -)0P

2Yh10g?hijkdfe }�gh~e + gh~f�

2Yh1vg?hijkg?hiykdefdwf � Z
($ + \)($ + -) +

Z
($ + u)($ + (\ . u + -))� 

2Yh1vg?hijkg?hiykdefdwf �gh~f + gh~e . gh~ew + gh~w�
 

Figure 1. Complex magnetic (4UV(�)) and gravity (4|V(�)) equations (A1-A4) and their spectral 

equations (B1-B4) for finite surface structures (C) and their corresponding surface equations. Yh is a

constant with Yh = Y' for complex magnetic functions and Yh = Y� for complex gravity functions. 

$ is the complex variable and } the corresponding waveform. 
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An infinite slab 

if \ tends towards infinity, equation (11) becomes (Figure 2-A3) 

4UV(W)($) = 2Y' 2T: . 1Xx(;wf + ;ef)dwfghijkghiykdwf dz{ $ + u$ + - ( 13)

An infinite step 

Now, if u tends towards infinity, equation 13 becomes (Figure 2-A3) 

4UV(W)($) = 2Y' 1Xx(;wf + ;ef)ghijkghiyk dz{ Z
$ + - ( 14)

The problem with this equation is that when c approaches infinity, the limit of the 4UV(W)
is also infinite. Therefore, the equation has a mathematical sense, but no physical reality. 

This shows that the 4UV(W)and the magnetic field corresponding to the model of the analytic 

signal defined by Nabighian (1972) cannot be measured on the field because they are infinite. 

Equation (11) is also useful to establish the 4UV(W) corresponding to an n-sided polygon 

(Talwani and Heirtzler, 1964; Won and Bevis, 1987). To obtain the equation, the imaginary 

part of \ is set equal to the imaginary part of - and equation 13 becomes  

4UV(W)($) = 2Y' 2T: . 1Xx(;wf)dwfdwfghiyk dz{ $ + u$ + - ( 15)

This equation can be compared to Talwani and Heirtzler (1964) equations, with the real and 

imaginary parts of equation 15 corresponding to equations 4 and 3 of Talwani and Heirtzler 

(1964). Our equation is more compact than Talwani and Heirtzler (1964) equations. The main 

advantage is that the 4UV(W) equation is easily understandable and references to trigonometric 

functions are completely eliminated (Won and Bevis, 1987).

2.2. Derivatives and primitives of magnetic field functions as complex functions 

All the previously defined complex functions (Figures 1,2) are complex-differentiable 

outside the structures. Figure 1-A4 gives the expressions for the three finite surface geometries 

and, to highlight that they correspond to derivatives, the corresponding functions are labelled 

4UV(3), while the complex magnetic field equations were labelled 4UV(W). For the infinite 

surface structure, their derivatives 4UV(3) are given in Figure 2-A4.  

Using the equation of the derivative of the parallelogram (Figure 1-A4), it is obvious to 

compute its expression when \ o q:, u o q and ;ef = ��:We obtain 

4UV(3)($) = +2Y' 1Xx(;wf)ghiyk
Z

$ + - ( 16)
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which corresponds to the analytic function computed by Nabighian (1972) in his equation 

10.

The inverse operation of derivation is to compute the primitives functions (Figure 1-A2). 

The constant of integration is set to zero, to have the 4UV(W) approaching zero as c approaches 

plus or minus infinity. For finite surface structures, the expressions are obvious to find (Figure 

1-A2). Moreover, computing the real component of the 4UV(?3) of the cylinder, we obtain the 

opposite of the potential, as defined in equation (1) which means that the complex potential can 

also be defined from the real potential and its Hilbert transform as proposed by Nabighian 

(1972). 

2.3. Gravity field functions as complex functions and their derivatives and 

primitives 

In gravity, the same computations can be undertaken without particular difficulty. Using 

equation 3.20 of Blakely (1996), we have the potential and the two components of the gravity 

field of an infinite horizontal cylinder 

�($% , c&) = 213Y�dz{ Z
�(c% + a/)0 . (c& + -&)0

|%($%, c&) = +213Y� c% + -%
�(c% + a/)0 . (c& + -&)0

|&(c%, c&) = +213Y� c& + -&
�(c% + a/)0 . (c& + -&)0

where Y� = ��, � is the Newton’s gravitational constant, � the mass per unit length of the 

cylinder and 13 = ST0 is the surface of the cylinder and T the radius of the cylinder. 

Outside the structure, the gravity potential satisfies the Cauchy-Riemann equations, so a 

complex analytic function we call the Complex Gravity Field (4|V(W)) can be defined as 

(Figure 1-A2) 

4|V(W)($) = |%($%, $&) + X:|&($%, $&) := +2Y�13$ + - : ( 17)

For complex functions, the Poisson’s relation acts like a derivative, i.e. 

4UV(3)($) = +Y'Y�
`4|V(W)($)

`$ ( 18)

Thus, to obtain the 4|V(�) functions, we compute the primitives of the 4UV(�) functions. 

More simply, 4|V(�?3) functions are the same as 4UV(�) functions on each line of Figure 1 

✶✵✶



and 2 provided that magnetic and gravity constants, Y':-xu:Y� are being swapped. In Figures 

1 and 2, Yh = Y' for 4UV functions or Yh = Y� for 4|V functions. 

A1- Spatial complex functions 4UV(?0) or 4|V(?3) B1-Fourier transform of 4UV(?0) or 4|V(?3)
2Yh�3($ + -) ���($ + -) 2Yh�3}0 gh~f

2Yh�0}v �gh~f + gh~w�
2Yh�v}v gh~f 

A2- Spatial complex functions 4UV(?3) or 4|V(W) B2- Fourier transform of 4UV(?3) or 4|V(W)
+2Yh�3dz{ Z

$ + - +rXYh�3} gh~f
2Yh�0[($ + -) ���($ + -) + ($ + u) ���($ + u)] + 2Yh�0}0 �gh~f + gh~w�

2Yh�v[($ + -) ���($ + -)] + 2Yh�v}0 gh~f

A3- Spatial complex functions 4UV(W) or 4|V(3) B3- Fourier transform of 4UV(W) or 4|V(3)
+2Yh�3$ + -

+2Yh�3gh~f

2Yh�0dz{ $ + u$ + - 2Yh�0} �gh~f + gh~w�
2Yh�vdz{ Z

$ + -
 

2Yh�v} gh~f

A4- Spatial complex functions 4UV(3) or 4|V(0) B4- Fourier transform of 4UV(3) or 4|V(0)
2Yh�3($ + -)0 +2YX�Z}gX}-

2Yh�0 � Z
$ + u +

Z
$ + -� 2XYh�0�gh~w + gh~f�

+2Yh�v Z
$ + - +2XYX��gX}-

Figure 2. Complex magnetic (4UV(�)) and gravity (4|V(�)) equations (A1-A4) and their spectral 

equations (B1-B4) for infinite surface structures (C) and their corresponding surface equations. Yh is 

a constant with Yh = Y' for complex magnetic functions and Yh = Y� for complex gravity functions. 

$ is the complex variable and } the corresponding waveform.
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2.4. Fourier transform of the complex functions 

Following Nabighian (1972) the Fourier transform of the complex functions can be established 

considering that the domain of variation of the complex variable $ is restricted to the variation 

from �q:�z: . q of its real part and its imaginary part being constant. Consequently, the 

Fourier transform of the first discussed complex equation (equation 4) of an infinite horizontal 

cylinder is 

�V @4UV(W)($%)D = 4UV(W)(}) = _ 2Y'13($ + -)0
L�
?�

g?h~�Bu$% ( 19)

with } the wavenumber.  

Bhattacharyya and Leu (1975) and Murthy and Mishra (1980) have demonstrated the following 

Fourier transform pairs for } � �
Z

($ + -)0 =
($% + -%)0 + ($& + -&)0(($% + -%)0 . ($& + -&)0)0 + 2X:

($% + -%)($& + -&)(($% + -%)0 . ($& + -&)0)0� 2}gh~f
( 20)

Thus the Fourier transform of the complex magnetic field of a cylinder (equation 4) is equal to 

(Figure 1-B3) 

4UV(W)(}) = +2Y'13}gh~f� ( 21)

As shown previously equation 21 corresponds to the Fourier transform of the:4|V(3), with 

Y' = Y�. According to the differentiation theorem in the spectral domain (e.g. (Blakely, 1996))

the spectral equations of 4UV(�)z^:4|V(�) are easily obtained considering that 4UV(�) =
X}:4UV(�?3) and 4|V(�) = X}:4|V(�?3) .

Using the same principle used to obtain equation 5, we have the spectral expression of 4UV(W)
for a segment [a,b] 

4UV(W)(}) = +2Yh_ 13}gh~�fL�(e?f)�u^
3
W

= 2X:Yh10g?hijkdef :�gh~e + gh~f� ( 22)

with 10 = ST0 . 2Tdef�:
If \: o -,

4UV(W)(}) p 2X:Yhg?hijk :ST0def :�gh~e + gh~f�
= 2X:g?hijkYh:ST0def gh~f:�gh~(e?f) + Z� p +2:Yh:ST0:}:gh~f:�

( 23)

The result is the spectral equation of the cylinder (equation 21). 

If \ o .q, t��:���at��n:��:an:�n��n�t�:� ¡�:¢�t�:a:��£ ;ef becomes (Figure 2-B3) 
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4UV(W)(}) p 2XTdefg?hijkdef :gh~f @gh~¤jk¥¦§jk : + ZD
= 2XYhTg?hijk :gh~f�gh~¤jk¨©J:(ijk):g~¤jkJKG:(ijk): + Z�
p +2XYh:Tg?hijk :}:gh~f:�

( 24)

The spectral equation of the 4UV(W) for a parallelogram can be calculated by integration of 

equation 22 (Figure 1-B2) 

4UV(W)(}) = 2XYh_ 10\ + -:�gh~(eL�(w?f)) + gh~(eL�(w?f)�u^
3
W

= 2Yh1vg?hijkg?hiyk}:defdwf �gh~f + gh~e . gh~(eLw?f) + gh~w�
( 25)

If d o -
4UV(W)(}) p 2Yhg?hijkg?hiyk ST

0 . 2Tdef}defdwf gh~f @Z + gh~(e?f)
. gh~(w?f)�gh~(e?f) + Z�D :
p 2XYhg?hijk ST

0 . 2Tdefdef �gh~f + gh~e�
( 26)

The spectral equation of the 4UV(W) of the segment is obtained (equation 22). 

If u o .q
4UV(W)(}) p 2Yhg?hijkg?hiyk 2T . ª�n:(;wf + ;ef)def}def gh~f @Z + gh~(e?f)

. gh~(w?f)�gh~(e?f) + Z�D :
p 2Yhg?hijkg?hiyk 2T . ª�n:(;wf + ;ef)def}def �gh~f + gh~e�

( 27)

If we assume:;ef = �, the spectral equation of Talwani’s equation is obtained (Figure 2B-3). 

If:\ o .q, the spectral equation of the 4UV(W) of an infinite structure can be computed  

4UV(W)(}) p 2Yhg?hiykg?hijkª�n:(;wf + ;ef)} gh~f�Z + gh~(e?f)� :
p 2Yhg?hiykg?hijkª�n:(;wf + ;ef)} gh~f

( 28)

If we assume:;ef = �, we obtain the spectral equation of Nabighian (1972) corresponding to 

equation 9 in his paper. 

2.5. General form of the complex functions 

Figures 1 and 2 show that using complex functions, the behaviour of magnetic and gravity 

functions is simple, because equations are compact and follow a power law. With the exception 

of logarithm functions, all functions can be written in the form 
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4UV(�) = «
($ + -)¬L� ( 29)

with « a constant and  depending on the kind of structure,  = 2 for a cylinder and  = Z for 

an infinite segment. For a parallelogram, the complex function corresponds to a logarithm 

function. At the same time, derivation or integration of the potential field functions is simple 

and, for example, the effect to derive one of the functions is to increase x in equation (29) and 

logarithm functions in our equations can be seen has corresponding to x = �. Thus, it becomes 

obvious that geometries act on potential field functions as derivation or integration. For 

example, the complex magnetic field function of a cylinder is the same function as the 

derivative of the complex magnetic field of an infinite segment, and the complex magnetic field 

function of an infinite segment is the same function as the derivative of the complex magnetic 

field function of a parallelogram. Poisson’s relation allows us to apply these results to complex 

gravity functions. The same result is obtained in the spectral domain with the advantage to have 

simple multiplications by the wavenumber when the geometry or the order of derivation change. 

2.6. Links between magnetic and gravity anomalies and complex functions 

Total-field magnetic anomalies correspond to the difference between measurements of the 

intensity of the magnetic field and a model, usually the International Geomagnetic Reference 

Field (Thébault et al., 2015). Assuming that the anomalous field is small compared to the 

regional field, it has been shown that the total-field magnetic anomaly corresponds to the 

projection of the magnetic anomaly field onto the regional magnetic field. Using complex 

algebra and the definition we have for the 4UV(W), we can define the Complex Magnetic 

Anomaly (4U«(W)) as 

with ;� the apparent inclination of the regional magnetic field. This complex transform 

corresponds to the rotation of the complex magnetic field 4UV(W):of an angle ;�.

For gravity measurements, only the vertical component of the gravity field is measured and 

the anomaly is obtained by subtracting different effects such as the attraction of the reference 

ellipsoid (free-air correction) and of the topography (Bouguer correction). Thus, similarly to 

what was done in magnetism, we define the Complex Gravity Anomaly (4|«(W)) as 

which corresponds to a rotation of  
8
0 of the complex gravity field. 

Having total-field magnetic or vertical gravity anomaly data along a profile, they are Fourier 

transformed and the 4U«(W) or 4|«(W) spectrum is obtained by doubling the spectrum for the 

positive frequencies, cancel the negative ones, and leave the DC level unchanged as defined by 

Nabighian (1972). In contrast to the analytic signal computation, data have not to be 

differentiated. 

4U«(W)($) = 4UV(W)($)gh:i®. ( 30)

4|«(W)($) = 4|V(W)($)gh:MN . ( 31)
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2.7. The estimation of the location and depth of the source 

The general expressions of 4U«(W) and 4U«(3) are obtained with equations 29 and 30  

4U«(W) = «gh:i®
($ + -)¬ ::::-xu:::4U«(3) = + «gh:i®

($ + -)¬L3 ( 32)

Following the idea of the Euler Method (Cooper, 2014; Thompson, 1982), if we take the ratio 

of the 4U«(W) to the 4U«(3), we have 0 

4U«(W)
4U«(3) := + $ + - ( 33)

i.e. 

- = $ .  4U«(W)4U«(3): ( 34)

where  depends on the geometry of the source. If  is known, the location and depth are 

computed everywhere along the curve, i.e. for each value of $, a value of - is obtained. 

3.- MAPPING

4|«(�)z^:4U«(�) functions are complex functions which means that they cannot be 

represented like magnetic or gravity anomaly profiles. Mapping is the classical way to display

a complex function of the complex variable (e.g. Mathews and Howell, 2000), which means 

that two graphs have to be defined, the first one being the display of the complex variable c and 

the second one being the display of the complex function. In 2D geophysics, data are more often 

acquired along a $%-profile at a constant level:$& . That is the reason why we do not plot the 

graph of:$, but only graph of the complex functions the 4|« or the:4U«.

3.1. Mapping of a cylinder  

Figure 3 illustrates this new mapping tool in the particular case of four infinite cylinders 

(equations 4 and 30), at different depths (1 m, 3 m, 5 m and 7 m) and with different apparent 

inclinations of magnetization (0°, 90°, 180° and 270°, Figure 3) for an apparent inclination of 

the regional magnetic field of 60°. In spatial representation, there are four different shapes of 

anomalies with different wavelengths depending on the depth, apparent inclination of each 

structure and apparent inclination of the regional magnetic field. In the complex plane (Figure 

3c), each 4U«(W) corresponds to a loop with exactly the same shape (all cardioid curves (e.g. 

Mathews and Howell, 2000) for this case), but with a different orientation. The orientation angle 

is the angle between the real axis and the line joining the origin and the maximum of the 

absolute value of the:4U«(W). This angle only depends on the apparent inclination of 

magnetization:;< and on the regional magnetic field:;�. In this particular case it is obvious that 

each loop is rotated by 90° from each other, because of the apparent inclinations of 

magnetization we choose (0°, 90°, 180° and 270°). The depth -& of the cylinder has no effect 

on the shape of the:4U«(W), but only on the velocity along the curve of the 4U«(W). Similarly 
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the horizontal location -% of the cylinder has no effect on the shape of the 4U«(W). Finally, in 

the case of magnetic anomaly profiles due to multiple cylinders at different locations, but with 

the same apparent inclination of magnetization, the advantage of the 4U«(W) mapping is that

only one loop will be observed.

Figure 3. a) Magnetic anomaly profile of four cylinders at different depths, 1 m, 3 m, 5 m and 7 m 

respectively; curves 1 through 4 correspond to sources 1 through 4. (b). The apparent inclinations of 

the cylinders are respectively 0°, 90°, 180° and 270° and the apparent inclination of the regional 

magnetic field is equal to 60°. c) Mapping of the 4U«(W) (equation 4 and equation 30) in the complex 

plane. Each cylinder and their 4U«(W) curves are numbered. The amplitude of magnetizations are 

computed to obtain for each 4U«(W) curve a maximum of the absolute value equal to 1.

3.2. Mapping: from cylinder to infinite segment 

Figure 4 shows the evolution of the:4U«(W) from a cylinder located at - = r� . �X:(¯)
(equation 4 and 30) to a semi-infinite horizontal dyke (equation 9 and equation 30). The six 



loops correspond to the cylinder and the five segments with def = 2, 3, 10, 20 and 250 m. The 

apparent inclination of magnetization is induced and equal to 60°. The shape of the 4U«(W)
changes from a cardioid (curve 1) to a circle (curve 6). Between curves 1 and 6, there is a 

rotation of 90° which is due to the geometry of the sources, i.e. the power in the denominator 

changes from 2 to 1. Between these two end members, there is a continuous evolution of the 

shapes of 4U«(W) curves and in Figure 4 we display four particular cases. Curves 2 and 3 are 

similar to curve 1 and mainly show the geometry of a cylinder which means that, qualitatively, 

the length of the segment is not observed. On the contrary, curves 4 and 5 have two maxima of 

the absolute value of their 4U«(W) highlighting the length of a segment.  

Figure 4. a) absolute values of 4U«(W) curves due to a segment (b) with six different lengths 0, 2, 3, 

10, 20 and 250 m (equation 6 with - = r� . �X, ;ef = �° and equation 30). c) Curves 1 through 6 

correspond to the different length segments.The red dots locate the maximum value of the curves. The 

depth of the segments is 3 m and the dip is 0°. The apparent inclination of magnetization is equal to 

60° and the apparent inclination of the regional magnetic field is 60°. 



3.3. Mapping: from infinite segment to Nabighian’s structure

Figure 5 shows the evolution of 4U«(W) curves of an infinite horizontal dyke located at - =
r� . �X (equation 9 and 30) to an infinite step (Nabighian’s structure equation 15, with ;wf =±�° and equation 30). The six curves correspond to the horizontal infinite dyke and five finite 

step with dwf = 5, 20, 150, 5000 and 200000 m. The apparent inclination of magnetization is 

induced and equal to 60°. The shape of the 4U«(W) curves changes from a circle (curve 1) to a 

parabola (curve 6). The increase of the thickness of the step implies that the maximum of the 

absolute value of the 4U«(W) becomes:²q and the limits for $% = ²q can be ²q, showing 

that this complex function has no physical reality. Figure 6 shows the evolution of the 4U«(3)
curves for the same structures. The shape of the curves changes from a cardioid (curve 1) to a 

circle (curve 6) and the shape of the loops corresponds to the 4U«(W) of a cylinder (n=2 in 

equation 29) to a dyke (n=1 in equation 29). When the thickness of the step is infinite the 

Nabighian’s model is obtained and, in contrast to 4U«(W) curves, this family of curves has 

always a physical sense. 

Figure 5. 4U«(W) curves due to vertical steps with six different thicknesses of 0, 5, 20, 150, 5000 and 

200000 m (equation 15, with - = r� . �X, ;wf = ±�° and equation 30). Curves 1 through 6 

correspond to different step thicknesses. The depth of the top of the steps is 3 m. The apparent 

inclination of magnetization is equal to 60° and the apparent inclination of the regional magnetic field 

is 60°. 

The shape of 4U«(W) loops only depends on the geometry and not on the location or depth of 

the structure. The mapping of an infinite cylinder (n=2) is a cardioid. For the dyke (n=1) the 

loop is a circle and for a step a parabola. 



Figure 6. 4U«(3) curves due to vertical steps with six different thicknesses of 0, 5, 20, 150, 5000 and 

200000 m, with - = r� . �X, ;wf = ±�. The depth of the top of the steps is 3 m. Curves 1 through 6 

correspond to different step thicknesses. The apparent inclination of magnetization is equal to 60° and 

the apparent inclination of the regional magnetic field is 60°.

4.- APPLICATION TO MAGNETIC DATA 

High-resolution aeromagnetic data was acquired in 2011-2014 and compiled by the Geological 

Survey of Norway to obtain a detailed magnetic map covering the Caledonides of Finnmark, 

northern Norway (Nasuti et al., 2015). Figure 7a shows the magnetic anomaly map of a small 

area where magnetic data were acquired at an altitude of 60 m with a line spacing of 250 m 

(survey TROFI-14E). The dataset is crossed by a N-S dyke, the Store Ekkeroya dolerite dyke 

which has a thickness of about 16 m and an age of 375 Ma (Guise and Roberts, 2002). The dike 

is better observed by computing the analytic signal (Figure 7b) or the vertical derivative of the 

magnetic anomaly (Figure 7c).  

In the central area of the map, from south to north, the dyke is divided in two branches. 

Overlapping these two dykes, a new single dyke continues toward the north. Thirty profiles are 

extracted through the structure and divided into three groups to take into account morphology 

changes: A northern single anomaly, B multiple anomalies and C southern single anomaly. 

Figure 8 displays from left to right the magnetic anomaly profiles, the analytic signal profiles 

(Nabighian, 1972) and the Complex Magnetic Anomaly (4U«(W)) and its derivative, 4U«(3).
For the 4U« curves, to the left are displayed the curves in x� or x�³¯ and to the right the 

amplitude of the curves are normalized to a maximum absolute value of one. To the north (group 



A) and to the south (group C), single anomalies display simple shapes and 4U«(W) curves 

correspond to a circle. 

Figure 7. a) Magnetic anomaly intensity map of the Store Ekkeroya, dolerite dyke, Norway. b) 

map of the analytic signal, c) map of the vertical derivative of the magnetic anomaly intensity. 

Lines indicate the location of magnetic profiles of Figure 8. Profiles are numbered 1-30 from 

north to south. 

Using equation (9), assuming a vertical dyke (;ef= 90°) and equation 30 with the International 

Geomagnetic Reference Field:(;� = ´µ°), the apparent inclination of the dyke’s magnetization 

can be computed using the angle of the maximum of the 4U«(W), ;'. In this case $% = -% and 

using equations 9 and 30, we have:;' = 8
0 :. ;< . ;� + ;ef which gives ;< = ±±�r° ² ±�´°:for 

profiles 4-9 and 22-30. For the three northernmost profiles, the orientation of the dyke changes 

from 0° to 36° and we obtain an apparent inclination for the dyke magnetization of ;< :=
¶µ�Z° ² µ�´° with:;� = ´±°. For 4U«(3):curves, there are more similar than 4U«(W)curves. 

The apparent inclination of magnetization can be computed from the angle of the maximum of 

the 4U«(3) using ;' = +2:S: . ;< . ;� + ;ef which gives ;' = :µµ° ² Z��r° for profiles 4-

9 and 22-30, and ;' = :´�° ² 2Z�2° for profiles 1-3. For group B, magnetic anomaly and 

analytic signal profiles display the interaction between the two or three dykes depending on the 

latitude. For example, the analytic signal of profile 21 better separates two dykes compared to 

what is observed for the magnetic anomaly profile (Figure 9a). For profile 18, the magnetic 

anomaly and the analytic signal display quite a similar pattern with three undulations (Figure 

8B). In the complex plane 4U«(W) or 4U«(3):curves display completely different patterns 

compared to real functions, with one to three loops depending on the number of dikes and the 

order of derivation of the curve (Figure 9). In the case of profile 21, there is one loop for the 

4U«(W) curve and two loops for the 4U«(3) curve which better shows the existence of the two 

dykes� In the case of profile 18, three loops are observed in both cases and, for the 4U«(3)curve, 

the loops have more similar shapes and are better superposed. 



Figure 8. From left to right profiles of magnetic anomaly, analytic signal, 4U«(W) and 4U«(3)
complex functions and normalized to one 4U«(W) and 4U«(3) complex functions. Profile location is 

given in Figure 7c.



Figure 9. 4U«(W) (a) and 4U«(3) (b) curves of profiles 18 (dotted line) and 21 (continuous line) 

shown in Figures 7-8. Black dots correspond to the maximum of the absolute value of the complex 

functions.

5.- CONCLUSION 

A new approach is proposed to study 2D potential equations and functions using complex 

algebra. Complex equations of all possible 2D geometries can be demonstrated and written 

(Figure 1-2) for 2D gravity and magnetic anomalies in both spatial and spectral domains. These 

complex equations correspond to power functions with a negative integer coefficient. For 

several cases, instead of power functions, a logarithmic function is obtained. One of the 

advantages of this description of 2D potential field functions is that the effect of the shape of 

the sources is equivalent to derivation or integration resulting only in a change of the coefficient 

of the power function. Mapping of the complex functions in the complex plane is a new way to 

interpret magnetic or gravity anomalies. The shape of the curves only depends on the geometry 

and not the location or depth of the sources. The orientation of a curve is due to the order of 

derivation or integration, to the geometry and the dips of the structures and to the apparent 



inclination of magnetization and of the regional magnetic field. The effect of the location and 

depth of the sources on the functions is to change the velocity along the curves, not their shape.
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2jrπR2
a

(c−a)2
−4jrRae

−iθba

c−a

2jr sin(θda−θba)

eiθdaeiθba
log( 1

c−a
)
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θm ❈▼❆ Iapj + Iapr − π Iapj + Iapr +
π
2
− θba Iapj + Iapr − 3π

2
− θba − θda

θm ❈▼❆ ❛♣'%6 ❉❘T 0 3π
2
− θba −π

2
− θba − θda
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CMA
CMA

fmax = CMA(0)(cx = ax) =
µo

4π

2jrA

(i(cz − az))n

CMA(0)(c)

fmax

=
2jrA)

((c− a))n
(i(cz − az))

n

2jrA
= (

i(cz − az)

c− a
)n
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Sa(cx, cz) =

√

(

∂T (cx, cz)

∂cx

)2

+

(

∂T (cx, cz)

∂cz

)2

. ✭✸✳✷✽✮

▲✬❛✈❛♥!❛❣❡ ❞❡ ❝❡! ♦♣0*❛!❡✉* ❡)! 7✉✬✐❧ ❝*0❡ ✉♥❡ ❢♦♥❝!✐♦♥ )②♠0!*✐7✉❡ ❞♦♥! ❧❡ ♠❛①✐♠✉♠

❞❡ ❧❛ ❢♦♥❝!✐♦♥ ❡)! A ❧✬❛♣❧♦♠❜ ❞✬✉♥ ❝❤❛♥❣❡♠❡♥! ❧❛!0*❛❧ ❞✬❛✐♠❛♥!❛!✐♦♥✳ ❈❡♣❡♥❞❛♥! ❝❡!!❡

♣*♦♣*✐0!0 ❞✉ )✐❣♥❛❧ ❛♥❛❧②!✐7✉❡ ❡)! ❞0♣❡♥❞❛♥! ❞✉ ♠♦❞M❧❡ ❡! ❧❛ )!*✉❝!✉*❡ ❞❡ ◆❛❜✐❣❤✐❛♥

♥✬❛ ♣❛) ❞❡ *0❛❧✐!0 ♣❤②)✐7✉❡✳

▲❡ )❡❝♦♥❞ ♦♣0*❛!❡✉* ❡)! ❧❡  ✐❧ ❛♥❣❧❡✱ ✐❧ ❛ 0!0 ✐♥!*♦❞✉✐! ❡♥ ✶✾✾✹ ♣❛* ▼✐❧❧❡* ✫ ❙✐♥❣❤✳

■❧ ❡)! ❝♦♥)!*✉✐! ❝♦♠♠❡ ❧❛ !❛♥❣❡♥!❡ ✐♥✈❡*)❡ ❞✉ *❛♣♣♦*! ❡♥!*❡ ❧❡) ❞❡✉① ❞0*✐✈0❡) ♣❛*!✐❡❧❧❡)

❞❡ ❧✬❛♥♦♠❛❧✐❡ *0❞✉✐!❡ ❛✉ ♣R❧❡ ✿

TILT (cx, cz) = arctan

(

∂T (cx,cz)
∂cz

∂T (cx,cz)
∂cx

)
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✷✵✶✷❀ ❘♦②✱ ✷✵✶✸❀ ❲❛♥❣ ❡ ❛❧✳✱ ✷✵✶✻❀ ❈♦♦♣❡*✱ ✷✵✶✼✮ ✳ ❈❡♣❡♥❞❛♥! ❧❡) ♣*♦♣*✐0!0) ❞❡ ❝❡!

♦♣0*❛!❡✉* )♦♥! ❛✉))✐ ❞0♣❡♥❞❛♥!❡) ❞✉ ♠♦❞M❧❡✳ ❊♥ ❝❤❛♠♣ ❝♦♠♣❧❡①❡✱ ❧❡ )✐❣♥❛❧ ❛♥❛❧②!✐7✉❡

❡! ❧❡  ✐❧ ❛♥❣❧❡ )♦♥! )✐♠♣❧❡♠❡♥! ❧❛ ✈❛❧❡✉* ❛❜)♦❧✉❡ ❡! ❧✬❛*❣✉♠❡♥! ❞✉ CMA(1)

CMA(1)(c) =
∂T (cx, cz)

∂cx
− i

∂T (cx, cz)

∂cz
= Sa(cx, cz)e

iT ILT (cx,cz). ✭✸✳✸✵✮

❙✐ ♦♥ *❡❣❛*❞❡ ❧❡) ❡①♣*❡))✐♦♥) ♣♦✉* ❧❡) !*♦✐) )!*✉❝!✉*❡) ❞❡ *0❢0*❡♥❝❡ ✿ ❝②❧✐♥❞*❡✱ ❞❡♠✐

♣❧❛7✉❡ ✐♥✜♥✐❡ ❡! ♠❛*❝❤❡ ♦♥ ♦❜!✐❡♥! ✿

✶✷✻





✸✳✻✳✷ ❚❤&♦(✐❡

❈♦♠♠❡ ❧❡% ❛♥♦♠❛❧✐❡% )*❡❧❧❡%✱ ❧❡% ❢♦♥❝.✐♦♥% ❝♦♠♣❧❡①❡% CMA ❞❡ .②♣❡

A
(c−a)k+n %♦♥.

❞❡% ❢♦♥❝.✐♦♥% ❤♦♠♦❣5♥❡% ❞❡ ❞❡❣)* ♥ ✭❚❤♦♠♣%♦♥✱ ✶✾✽✷✮

CMA(tc) = tnCMA(c), ✭✸✳✸✶✮

❆✈❡❝ . ✉♥ ♥♦♠❜)❡ )*❡❧ ♣♦%✐.✐❢✳

❉❡ ♠D♠❡ E✉❡ ♣♦✉) ❧❡% ❢♦♥❝.✐♦♥% )*❡❧❧❡% ❞❡ ❞❡✉① ✈❛)✐❛❜❧❡% )*❡❧❧❡%✱ ✐❧ ❡%. ♣♦%%✐❜❧❡ ❞✬*❝)✐)❡

❧✬*E✉❛.✐♦♥ ❞✬❊✉❧❡)

(c− a)CMA(1) = −nCMA(0), ✭✸✳✸✷✮

❛✈❡❝ n ❧✬✐♥❞✐❝❡ %.)✉❝.✉)❛❧ ✭❚❤♦♠♣%♦♥✱ ✶✾✽✷✮✳ ▲✬❡①♣)❡%%✐♦♥ ♣)*❝*❞❡♥.❡ ♣❡✉. %✬*❝)✐)❡ %♦✉%
❧❛ ❢♦)♠❡

CMA(0)

CMA(1)
= −c− a

n
. ✭✸✳✸✸✮

❆✐♥%✐ ❧✬❛♣♣❧✐❝❛.✐♦♥ ❞❡ ❧❛ ♠*.❤♦❞❡ ❞✬❊✉❧❡) ❛✉① ❛♥♦♠❛❧✐❡% ❡①♣)✐♠*❡% ❞❛♥% ❧✬❡%♣❛❝❡ ❞❡

❧✬❛❧❣5❜)❡ ❝♦♠♣❧❡①❡ ❡%. %✐♠♣❧❡♠❡♥. ❧❡ )❛♣♣♦). ❡♥.)❡ ❧❛ ❢♦♥❝.✐♦♥ CMA(0)
❡. %❛ ❞*)✐✈*❡

CMA(1)
✳ ❙✐ ♦♥ %✉♣♣♦%❡ ❝♦♥♥✉ ❧✬✐♥❞✐❝❡ %.)✉❝.✉)❛❧✱ ❝✬❡%.✲K✲❞✐)❡ ❧❛ ❣*♦♠*.)✐❡ ❞❡ ❧❛ %♦✉)❝❡✱

♦♥ ♦❜.✐❡♥. ❞✐)❡❝.❡♠❡♥. ❧❛ ❧♦❝❛❧✐%❛.✐♦♥

a = c+ n
CMA(0)

CMA(1)
. ✭✸✳✸✹✮

❉♦♥❝✱ ❡♥ ❝❤❛♠♣ ❝♦♠♣❧❡①❡ ♦♥ ♥✬❛ ♣❧✉% K )*%♦✉❞)❡ ✉♥ ♣)♦❜❧5♠❡ ✐♥✈❡)%❡✱ ♠❛✐% ♦♥

♦❜.✐❡♥. ♣♦✉) ❝❤❛E✉❡ ♣♦✐♥. ❞✉ CMA ✉♥❡ %♦❧✉.✐♦♥ ♣♦✉) ❧❛ ✈❛)✐❛❜❧❡ a✱ ❝❡ E✉✐ ❡%. ❞*.❡)✲
♠✐♥❛♥.✳

❋✐❣✉$❡ ✸✳✶✷ ✕ ❊♥ ❤❛✉.✱ ❛♥♦♠❛❧✐❡ ♠❛❣♥*.✐E✉❡ ❝♦♠♣❧❡①❡ ♣♦✉) .)♦✐% %♦✉)❝❡% ✿ ✉♥ ❝②❧✐♥❞)❡✱

✉♥❡ ❞❡♠✐✲♣❧❛E✉❡ ✐♥✜♥✐❡ ❡. ✉♥❡ ♠❛)❝❤❡✳ ❆✉ ♠✐❧✐❡✉✱ ❛♥♦♠❛❧✐❡ ♠❛❣♥*.✐E✉❡ ✭♥♦✐)✮ ❡. ❧❛

✈❛❧❡✉) ❛❜%♦❧✉❡ ❞✉ %✐❣♥❛❧ ❛♥❛❧②.✐E✉❡ ✭♣♦✐♥.✐❧❧*% ❜❧❡✉%✮ ♣♦✉) ❧❡% .)♦✐% %♦✉)❝❡%✳ ❊♥ ❜❛%✱

)*%✉❧.❛.% ♣♦✉) ❧✬*E✉❛.✐♦♥ ✭✸✳✸✹✮ ❛✈❡❝ ♥❂✵ ✭❜❧❡✉✮✱ ♥❂✶ ✭✈❡).✮ ❡. ♥❂✷ ✭)♦✉❣❡✮✳

▲❛ ✜❣✉)❡ ✸✳✶✷ ♠♦♥.)❡ ❧❡% )*%✉❧.❛.% ♣♦✉) ❧❛ ❧♦❝❛❧✐%❛.✐♦♥ ❧❛.*)❛❧❡ ❡. ❧❛ ♣)♦❢♦♥❞❡✉)

♣♦✉) .)♦✐% ❝♦)♣% ✿ ❝②❧✐♥❞)❡ (n = 2)✱ ♣♦✉$ ✉♥❡ ♣❧❛)✉❡ *❡♠✐✲✐♥✜♥✐❡ (n = 1) ❡/ ✉♥❡ ♠❛$❝❤❡

(n = 0)✳ ▲❡* $4*✉❧/❛/* *♦♥/ ❡①❝❡❧❧❡♥/* ♣♦✉$ ❧❡ ❝②❧✐♥❞$❡ ❡/ ❧❛ ♣❧❛)✉❡ *❡♠✐✲✐♥✜♥✐❡✳ 8♦✉$ ❧❛

♠❛$❝❤❡✱ ❧❡* $4*✉❧/❛/* ♥✬♦♥/ ♣❛* ❞❡ *❡♥* ❝❛$ ❧✬4)✉❛/✐♦♥ ✶✳✸✺ ❞❡✈✐❡♥/ a = c✱ ❝❡ )✉✐ /$❛❞✉✐/

❧❡ ❢❛✐/ )✉❡ ❧❡ CMA(0)
❞❡ ❧❛ ♠❛$❝❤❡ ♥✬❛ ♣❛* ❞❡ *❡♥* ♣❤②*✐)✉❡✳

✶✷✽



✸✳✻✳✸ ■♥%❡'❛❝%✐♦♥ ❞✬❛♥♦♠❛❧✐❡0 ♠❛❣♥2%✐3✉❡0

▲❡" ❞♦♥♥&❡" '&"✉❧*❡♥* "♦✉✈❡♥* ❞❡ ❧✬✐♥*❡'❛❝*✐♦♥ ❡♥*'❡ ♣❧✉"✐❡✉'" "♦✉'❝❡" ♠❛❣♥&*✐3✉❡" ❝❡

3✉✐ ❡♥*'❛4♥❡ ❞❡" ✐♥❝❡'*✐*✉❞❡" ♣♦✉' ❧❛ ❧♦❝❛❧✐"❛*✐♦♥ ❞❡ ❧❛ "*'✉❝*✉'❡✳ ❯♥❡ "♦❧✉*✐♦♥✱ "♦✉✈❡♥*

❡♠♣❧♦②&❡ ❡"* ❞❡ *'❛✈❛✐❧❧❡' ❛✈❡❝ ❧❡" ❞&'✐✈&❡" ❞✉ "✐❣♥❛❧ ✭❍"✉✱ ✷✵✵✷❀ ❈♦♦♣❡' ✫ ❈♦✇❛♥✱

✷✵✵✹❀ ❋❧♦'✐♦ ❡! ❛❧✳✱ ✷✵✵✻❀ ❋❡❞✐✱ ✷✵✵✼✮✳ ▲❛ ❣&♥&'❛❧✐"❛*✐♦♥ ❞❡ ❧✬&3✉❛*✐♦♥ ✭✸✳✶✷✮ ❞♦♥♥❡

a = c+ (n+ p− 1)
CMAp−1

CMAp
, ✭✸✳✸✺✮

❛✈❡❝ ♣ ❧✬♦'❞'❡ ❞❡ ❞&'✐✈❛*✐♦♥ ❞✉ CMA✳

✸✳✻✳✹ 6'✐0❡ ❡♥ ❝♦♠♣%❡ ❞✬✉♥❡ ❝♦♥0%❛♥%❡

▲♦'" ❞❡ ❧✬❛♣♣❧✐❝❛*✐♦♥ I ❞❡" ❛♥♦♠❛❧✐❡" ♠❛❣♥&*✐3✉❡"✱ ♦♥ ♣❡✉* ♥❡ ♣❛" ❛✈♦✐' ❧❛ ♠♦②❡♥♥❡

❞❡" ❞♦♥♥&❡" ♥✉❧❧❡"✱ 3✉✐ '❡♥❞ ✐♠♣♦""✐❜❧❡ ❧❛ '&"♦❧✉*✐♦♥ ❞❡ ❧✬&3✉❛*✐♦♥ ❞✬❊✉❧❡'✳ ❈♦♠♠❡

♣♦✉' ❧✬❛'*✐❝❧❡ ❞❡ ❚❤♦♠♣"♦♥ ✭✶✾✽✷✮✱ ♦♥ ♣❡✉* &❝'✐'❡ CMA(0) = CMA
(0)
i +B ✭❆✈❡❝ ❇ ✉♥❡

❝♦♥"*❛♥*❡ ❝♦♠♣❧❡①❡ ❡* ❧❡ CMA
(0)
i ❧✬❛♥♦♠❛❧✐❡ ♠❛❣♥&*✐3✉❡ ❝♦♠♣❧❡①❡ ❞❡ ❧❛ "♦✉'❝❡✮

(c− a)CMA1 = n
(

CMA0 − B
)

. ✭✸✳✸✻✮

❉❛♥" ❝❡ ❝❛" ♦♥ ❛ ❞❡✉① ✐♥❝♦♥♥✉❡"✱ ❧❛ ❧♦❝❛❧✐"❛*✐♦♥ a ❡* ❧❛ ❝♦♥"*❛♥*❡ B

a+
n

CMA(1)
B = c+ n

CMA(0)

CMA(1)
. ✭✸✳✸✼✮

❖♥ ♦❜*✐❡♥* ❛❧♦'" ✉♥ "②"*U♠❡ ❧✐♥&❛✐'❡ ❞❡ ❧❛ ❢♦'♠❡ Am = d ❞&♣❡♥❞❛♥* ❞❡ ❞❡✉① ✐♥❝♦♥♥✉❡"
❝♦♠♣❧❡①❡" a ❡* B✳ ▲❡ ♣'♦❜❧U♠❡ ✐♥✈❡'"❡ "✬&❝'✐*

A =







1 n

CMA
(1)
1

... ...
1 n

CMA
(1)
k






d =











c1 + n
CMA

(0)
1

CMA
(1)
1

... ...

ck + n
CMA

(0)
k

CMA
(1)
k











m =

(

a
B

)

✭✸✳✸✽✮

▲❛ "♦❧✉*✐♦♥ ♣❛' ♠♦✐♥❞'❡ ❝❛''& ❞❛♥" ❧✬❡"♣❛❝❡ ❞❡" ♥♦♠❜'❡" ❝♦♠♣❧❡①❡" "✬&❝'✐* ✭▼❡♥❦❡✱

✷✵✶✷✮

m = (GHG)−1GHd, ✭✸✳✸✾✮

❛✈❡❝ GH
❧❛ ♠❛*'✐❝❡ ❍❡'♠✐*✐❡♥♥❡ ❞❡ ❧❛ *'❛♥"♣♦"&❡✳

▲✬✐♥❝♦♥✈&♥✐❡♥* ❡"* 3✉❡ ❞❛♥" ❝❡**❡ ❢♦'♠✉❧❛*✐♦♥ ♦♥ ❡"* ♦❜❧✐❣& ❞❡ ❢❛✐'❡ ❛♣♣❡❧ ❛✉ ♣'♦❜❧U♠❡

✐♥✈❡'"❡ ❡* 3✉❡ ❧✬♦♥ ♥❡ *'♦✉✈❡ ♣❧✉" a ❞✐'❡❝*❡♠❡♥*✳

✸✳✻✳✺ ❊0%✐♠❛%✐♦♥ ❞❡ ❧✬✐♥❞✐❝❡ 0%'✉❝%✉'❛❧

❙✐ ♦♥ "♦✉❤❛✐*❡ '&"♦✉❞'❡ ❞❡ ❢❛Z♦♥ "✐♠✉❧*❛♥&❡ ❧❡" ❞❡✉① ♣❛'❛♠U*'❡" ❛ ❡* ♥✱ ✐❧ ② ❛ ❞❡✉①

♠❛♥✐U'❡" ❞❡ ♣'♦❝&❞❡'✳ ▲❛ ♣'❡♠✐U'❡ ♣❡✉* [*'❡ &❝'✐*❡ ❞❡ ❧❛ ❢❛Z♦♥ "✉✐✈❛♥*❡

CMA(0)

CMA(1)
= − 1

n
c+

a

n
. ✭✸✳✹✵✮

\♦✉' ❝❡'*❛✐♥ ❛✉*❡✉'" ✭❇❛'❜♦"❛ ❡! ❛❧✳✱ ✶✾✾✾❀ ❘❡✐❞ ❡! ❛❧✳✱ ✷✵✶✹✮ ❧✬❡"*✐♠❛*✐♦♥ ❞❡ ❧❛ ♣'♦✲

❢♦♥❞❡✉' ❡* ❞❡ ❧✬✐♥❞✐❝❡ "*'✉❝*✉'❛❧ ❡"* ✉♥❡ ❞&♠❛'❝❤❡ ✈❛✐♥❡ ❝❛' ❧❡" ❞❡✉① ✈❛'✐❛❜❧❡" "❡'❛✐❡♥*

❞&♣❡♥❞❛♥*❡"✳ ❈❡♣❡♥❞❛♥* "✐ ♦♥ &❝'✐* ❧✬❡①♣'❡""✐♦♥ ❛✉*'❡♠❡♥* ♦♥ ♦❜*✐❡♥* ✿

c = −n
CMA(0)

CMA(1)
+ a ✭✸✳✹✶✮
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❈❡""❡ #❡❝♦♥❞❡ ♠❛♥✐+,❡ ❞❡ ✈♦✐, ❧❡ ♣,♦❜❧+♠❡ ♣❡,♠❡" ❞❡ ❢♦,♠✉❧❡, ❧❡ ♣,♦❜❧+♠❡ ✐♥✈❡,#❡ ❞❡
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▲❛ ♠1/❤♦❞❡ ❆✜♥ ❞❡ ❝❛❧❝✉❧❡- ❧❡# ❝❛-&❡# 8 ❞✐✛4-❡♥&❡# ❛❧&✐&✉❞❡#✱ ♥♦✉# ❛❧❧♦♥# ✉&✐❧✐#❡-

❧✬♦♣4-❛&❡✉- ❞❡ ♣-♦❧♦♥❣❡♠❡♥& ✈❡-&✐❝❛❧✳ ❈❡& ♦✉&✐❧ ♣❡-♠❡& ❞❡ ♠♦❞✐✜❡- ❧✬❛❧&✐&✉❞❡ ❞✉ ♣❧❛♥

❞❡ ♠❡#✉-❡✳ ❉❛♥# ❧❡ ❞♦♠❛✐♥❡ #♣❡❝&-❛❧✱ ✐❧ #✬4❝-✐& ✭❇❧❛❦❡❧②✱ ✶✾✾✻✮

Op = esz, ✭✹✳✶✮

❛✈❡❝ s =
√
u2 + v2✱ u ❡& v ❧❡# ♣✉❧#❛&✐♦♥# ❞❛♥# ❧❡# ❞✐-❡❝&✐♦♥# ♥♦-❞✲#✉❞ ❡& ❡#&✲♦✉❡#& ❡& z

❧❛ ❞✐#&❛♥❝❡ ♣❛- -❛♣♣♦-& ❛✉ ♣❧❛♥ ❞❡ ♠❡#✉-❡✳

❙✐ z ❡#& ♣♦#✐&✐❢✱ ✐❧ #✬❛❣✐& ❞✬✉♥ ♣-♦❧♦♥❣❡♠❡♥& ✈❡-&✐❝❛❧ ✈❡-# ❧❡ ❜❛#✳ ❈❡❧❛ -❡✈✐❡♥& 8 -❛♣♣-♦✲
❝❤❡- ❞❡ ❢❛K♦♥ ✈✐-&✉❡❧❧❡ ❧❡ ♣❧❛♥ ❞❡ ♠❡#✉-❡ ❞❡# #♦✉-❝❡#✳ ■❧ #✬❛❣✐& ❞✬✉♥ ✜❧&-❡ ❛♠♣❧✐✜❛♥& ❧❡#

❤❛✉&❡#✲❢-45✉❡♥❝❡#✳ ❈❡&&❡ &-❛♥#❢♦-♠❛&✐♦♥ ❡#& #❡♥#✐❜❧❡ ❛✉ ❜-✉✐& ❞❡# ❞♦♥♥4❡# ❡& ❞❡✈✐❡♥&

✈✐&❡ ✐♥#&❛❜❧❡✳

❙✐ z ❡#& ♥4❣❛&✐❢✱ ✐❧ #✬❛❣✐& ❞✬✉♥ ♣-♦❧♦♥❣❡♠❡♥& ✈❡-&✐❝❛❧ ✈❡-# ❧❡ ❤❛✉&✳ ❈❡❧❛ -❡✈✐❡♥& 8 4❧♦✐✲
❣♥❡- ❞❡ ❢❛K♦♥ ✈✐-&✉❡❧❧❡ ❧❡ ♣❧❛♥ ❞❡ ♠❡#✉-❡ ❞❡# #♦✉-❝❡#✳ ■❧ #✬❛❣✐& ❞✬✉♥ ✜❧&-❡ ❛♠♣❧✐✜❛♥& ❧❡#

❜❛##❡#✲❢-45✉❡♥❝❡#✳

▲❛ ✜❣✉-❡ ✹✳✶✻ ♣-4#❡♥&❡ ✉♥❡ ❝♦♠♣❛-❛✐#♦♥ ❡♥&-❡ ❞❡# ❝❛-&❡# ❛❝5✉✐#❡# 8 ✉♥❡ ❛❧&✐&✉❞❡ ❞♦♥♥4❡

❡& ❞❡# ❝❛-&❡# ♦❜&❡♥✉❡# ♣❛- ♣-♦❧♦♥❣❡♠❡♥&# ✈❡-&✐❝❛✉①✳ ▲❡# ❝❛-&❡# ♦❜&❡♥✉❡# ❛♣-O# ♣-♦❧♦♥✲

❣❡♠❡♥&# ✈❡-# ❧❡ ❜❛# ❞❡# ❞♦♥♥4❡# ❛❝5✉✐#❡# ❡♥ ❯▲▼ ♥♦♥ ♣❛# 4&4 ❛❥♦✉&4❡#✱ ❝❛- ✐❧ ② ❛✈❛✐&

❜❡❛✉❝♦✉♣ ❞❡ ❜-✉✐&# ❤❛✉&❡# ❢-45✉❡♥❝❡#✳

❙✐ ♦♥ ❝♦♠♣❛-❡ ❧❡# ❝❛-&❡# ♦❜&❡♥✉❡# ❛♣-O# ♣-♦❧♦♥❣❡♠❡♥&# ✈❡-# ❧❡ ❤❛✉& 8 ✶✵✵ ♠ ❞✬❛❧&✐&✉❞❡

❞❡# ❞♦♥♥4❡# ❛❝5✉✐#❡# ❡♥ ❞-♦♥❡# ❡& ❡♥ #❛❝ 8 ❞♦#✱ ❛✈❡❝ ❧❡# ❞♦♥♥4❡# ♦❜&❡♥✉❡# 8 ✶✵✵ ♠

✭❯▲▼✮✱ ♦♥ ♥❡ -❡&-♦✉✈❡ ♣❛# ❧✬♦-❣❛♥✐#❛&✐♦♥ ❞❡ ❧✬❛♥♦♠❛❧✐❡ ✈✐#✐❜❧❡ #✉- ❧❛ ❝❛-&❡ ♦❜&❡♥✉❡ ❡♥

❯▲▼ ✭❋✐❣✉-❡ ✹✳✶✹✮✱ ♣❛-&✐❡ ♣♦#✐&✐✈❡ ❛✉ #✉❞✲♦✉❡#& ❡& ♣❛-&✐❡ ♥4❣❛&✐✈❡ ❛✉ ♥♦-❞✲❡#&✳ ■❧ ♥✬②

❛ ♣❛# ❞❡ ❧✐♥4❛&✐♦♥ ❡& ❧❡# ❛♠♣❧✐&✉❞❡# #♦♥& ❜❡❛✉❝♦✉♣ ♣❧✉# 4❧❡✈4❡# ✭❢❛❝&❡✉- ✶✵✱ ♣♦✉- ❧❡

♣-♦❧♦♥❣❡♠❡♥& ✈❡-# ❧❡ ❤❛✉& ❞❡# ❞♦♥♥4❡# ❡♥ #❛❝✲8✲❞♦# ✲ ❝❛-&❡ ❡♥ ❤❛✉& 8 ❞-♦✐&❡ ✲ ❋✐❣✉-❡

✹✳✶✻✮✳

7♦✉- ❧❡# ❝❛-&❡# 8 ✶✵ ♠ ✭❙❡❝♦♥❞❡ ❧✐❣♥❡ ✲ ❋✐❣✉-❡ ✹✳✶✻✮✱ ♦♥ ♦❜#❡-✈❡ ✉♥❡ ♠;♠❡ -4♣❛-&✐&✐♦♥

❞❡# ❛♥♦♠❛❧✐❡# ❞✐♣♦❧❛✐-❡#✱ ❧❛ ❢♦-♠❡ ❞❡# ❧♦❜❡# #❡♠❜❧❡ #✐♠✐❧❛✐-❡✳ ▲❛ ❝❛-&❡ ♣-♦❧♦♥❣4❡ ❞❡ ✻

♠ ✈❡-# ❧❡ ❤❛✉& ✭❞❡✉①✐O♠❡ ❧✐❣♥❡✱ ❝❛-&❡ ❝❡♥&-❛❧❡✮ ❛ ❧❡# ♠;♠❡# ❛♠♣❧✐&✉❞❡# 5✉❡ ❧❛ ❝❛-&❡

♦❜&❡♥✉❡ ❛✈❡❝ ❧❡# ♠❡#✉-❡#✳ ▲❛ ❝❛-&❡ ♦❜&❡♥✉❡ ❛♣-O# ✉♥ ♣-♦❧♦♥❣❡♠❡♥& ❞❡ ✾ ♠ ✈❡-# ❧❡ ❤❛✉&✱

♣-4#❡♥&❡ ❞❡# ❛♠♣❧✐&✉❞❡# ♣❧✉# 4❧❡✈4❡#✳

7♦✉- ❧❡# ❝❛-&❡# 8 ✹ ♠ ✭❚-♦✐#✐O♠❡ ❧✐❣♥❡ ✲ ❋✐❣✉-❡ ✹✳✶✻✮✱ ❧✬❛❧✐❣♥❡♠❡♥& ❞✬❛♥♦♠❛❧✐❡# ❞✐♣♦✲

❧❛✐-❡# ♦-✐❡♥&4 ❞❡ 132o◆ ❡#& ✈✐#✐❜❧❡ #✉- ❧❡# &-♦✐# ❝❛-&❡#✳ ▲❡ ❞❡✉①✐O♠❡ ❛❧✐❣♥❡♠❡♥& ♦-✐❡♥&4
150o◆ ❡#& ✈✐#✐❜❧❡ #✉- ❧❛ ❝❛-&❡ ♣-♦❧♦♥❣4❡ ❞❡ ✸ ♠ ✈❡-# ❧❡ ❤❛✉& ✭#❛❝✲8✲❞♦#✮✱ ♠❛✐# ♣❛# #✉-

❧❛ ❝❛-&❡ ♣-♦❧♦♥❣4❡ ❞❡ ✻ ♠ ✈❡-# ❧❡ ❜❛#✳ ❊♥ ❡✛❡&✱ ❧❛ ❝❛-&❡ ♦❜&❡♥✉❡ ♣❛- ♣-♦❧♦♥❣❡♠❡♥& ❞❡#

❞♦♥♥4❡# ♣-4#❡♥&❡ ❞✉ ❜-✉✐& ❤❛✉&❡ ❢-45✉❡♥❝❡ ♣❛-❛❧❧O❧❡ ❛✉① ♣-♦✜❧#✱ ❝❡❝✐ ❡#& ❧✐4 ❛✉ ❢❛✐& 5✉❡

❧✬♦♣4-❛&❡✉- ❞❡ ♣-♦❧♦♥❣❡♠❡♥& ✈❡-# ❧❡ ❜❛# ❥♦✉❡ ✉♥ -Y❧❡ ❞❡ ✜❧&-❡ ♣❛##❡ ❤❛✉&✳

✶✹✸





90o 62o



90o 62o



Jx, Jy, Jz







ha/h



ha/h



1.1 1.2
0, 57



123o 164o



✶✺✹



❈❤❛♣✐%&❡ ✺

▲❡* ❛♥♦♠❛❧✐❡* ♠❛❣♥0%✐1✉❡* ♠❛&✐♥❡*

❞❛♥* ❧❡ ♣❧❛♥ ❝♦♠♣❧❡①❡

❉❛♥# ❧❡ ❝❤❛♣✐*+❡ ✸✱ ♥♦✉# ❛✈♦♥# 1*✉❞✐1 ❧❡# ♠1*❤♦❞❡# ♣♦*❡♥*✐❡❧❧❡# ♣♦✉+ ❞❡# ❛♥♦♠❛❧✐❡#

♠❛❣♥1*✐5✉❡# 6 ❞❡✉① ❞✐♠❡♥#✐♦♥# 6 ❧✬❛✐❞❡ ❞❡ ❧✬❛❧❣9❜+❡ ❝♦♠♣❧❡①❡✳ ❈❡**❡ 1❝+✐*✉+❡ ♣❡+♠❡*

❞✬♦❜*❡♥✐+ ✉♥❡ ❢♦♥❝*✐♦♥ ❝♦♠♣❧❡①❡ ❞1♣❡♥❞❛♥* ❞✬✉♥❡ ✈❛+✐❛❜❧❡ ❝♦♠♣❧❡①❡✱ 5✉✐ ❛ ♣♦✉+ ✐♠♣❧✐✲

❝❛*✐♦♥ ❧❛ ♣♦##✐❜✐❧✐*1 ❞❡ ✈✐#✉❛❧✐#❡+ ❧❡# ❢♦♥❝*✐♦♥# ❞❡# ♠1*❤♦❞❡# ♣♦*❡♥*✐❡❧❧❡# ❞❛♥# ❧❡ ♣❧❛♥

❝♦♠♣❧❡①❡✳ ❈❡❝✐ ♣❡+♠❡* ✉♥❡ ♥♦✉✈❡❧❧❡ ❛♣♣+♦❝❤❡ ♣♦✉+ ❧❛ ❝♦♠♣+1❤❡♥#✐♦♥ ❞❡# ❢♦♥❝*✐♦♥#✳

?❛+ ❡①❡♠♣❧❡✱ ✐❧ ❛ 1*1 ❞1♠♦♥*+1 5✉✬✉♥❡ ✈❛+✐❛*✐♦♥ ❞❡ ❧✬✐♥❝❧✐♥❛✐#♦♥ ❛♣♣❛+❡♥*❡ ♥✬❛ 5✉✬✉♥

#✐♠♣❧❡ ❡✛❡* ❞❡ +♦*❛*✐♦♥ ❞❡ ❧❛ ❝♦✉+❜❡ ❛✉*♦✉+ ❞❡ ❧✬♦+✐❣✐♥❡ ❞✉ +❡♣9+❡✳ ❈✬❡#* ♣♦✉+5✉♦✐✱

❥❡ ♣+♦♣♦#❡ ❞✬❛♣♣❧✐5✉❡+ ❧✬❛❧❣9❜+❡ ❝♦♠♣❧❡①❡ ❛✉① ❛♥♦♠❛❧✐❡# ♠❛❣♥1*✐5✉❡# ♠❛+✐♥❡#✱ ♦B ❧❛

❞1*❡+♠✐♥❛*✐♦♥ ❞❡ ♣❛+❛♠9*+❡# *❡❧# 5✉❡ ❧✬✐♥❝❧✐♥❛✐#♦♥ ❛♣♣❛+❡♥*❡ ❞❡ ❧✬❛✐♠❛♥*❛*✐♦♥ ❡#* ✉♥

❡♥❥❡✉ ♠❛❥❡✉+ ♣♦✉+ ❝♦♥*+❛✐♥❞+❡ ❧❡# ♠♦❞9❧❡# ❞❡ ❝✐♥1♠❛*✐5✉❡ ❞❡# ♣❧❛5✉❡#✳

✺✳✶ ▲❡% ❛♥♦♠❛❧✐❡% ♠❛❣♥-.✐/✉❡% ♠❛1✐♥❡%

✺✳✶✳✶ ❖$✐❣✐♥❡ ❞❡* ❛♥♦♠❛❧✐❡* ♠❛❣♥/0✐1✉❡* ♦❝/❛♥✐1✉❡*

▲♦+# ❞❡ ❧❛ ♠✐#❡ ❡♥ ♣❧❛❝❡ ❞❡ ♥♦✉✈❡❧❧❡# +♦❝❤❡# 6 ❧✬❛①❡ ❞✬✉♥❡ ❞♦+#❛❧❡✱ ❧❡✉+# ♠✐♥1+❛✉①

♠❛❣♥1*✐5✉❡# ❡♥+❡❣✐#*+❡♥* ❧❛ ❞✐+❡❝*✐♦♥ ❞✉ ❝❤❛♠♣ ♠❛❣♥1*✐5✉❡ +1❣✐♦♥❛❧ ❧♦+# ❞❡ ❧❡✉+ ♣❛#✲

#❛❣❡ #♦✉# ✉♥ ❝❡+*❛✐♥ #❡✉✐❧ ❞❡ *❡♠♣1+❛*✉+❡✱ ❞✐* *❡♠♣1+❛*✉+❡ ❞❡ ❈✉+✐❡ ✭580o✱ ♣♦✉+ ❧❛
♠❛❣♥1*✐*❡✮✳ ❖+ ❧❡ ❝❤❛♠♣ ❣1♦♠❛❣♥1*✐5✉❡ 1✈♦❧✉❡ ❛✉ ❝♦✉+# ❞✉ *❡♠♣# ❡* #✉❜✐* ❞❡# ✐♥✲

✈❡+#✐♦♥#✳ ■❧ ❡①✐#*❡ ❛✐♥#✐ ❞❡# ♣1+✐♦❞❡#✱ ❞❡ ♣♦❧❛+✐*1 ♥♦+♠❛❧❡ ♦B ❧❛ ❞✐+❡❝*✐♦♥ ❞✉ ❝❤❛♠♣

❣1♦♠❛❣♥1*✐5✉❡ ❡#* ❧❛ ♠H♠❡ 5✉✬❛✉❥♦✉+❞✬❤✉✐ ✭❜❧♦❝# ♥♦✐+# #✉+ ❧❛ ✜❣✉+❡ ✺✳✶✮❡* ❞❡ ♣1+✐♦❞❡
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♠❛❣♥/ ✐"✉❡% ♠❛3✐♥❡%✱ ♦♥ ♣❡✉ ❝♦♥%✐❞/3❡3 "✉❡ ❧❛ ❣/♦♠/ 3✐❡ ❞❡% %♦✉3❝❡% /✈♦❧✉❡ ❞✬✉♥❡

❢♦3♠❡ ❝②❧✐♥❞3✐"✉❡ ✭♣♦✉3 ❞❡% ❜❧♦❝% ❞❡ ♣❡ ✐ ❡%  ❛✐❧❧❡%✱ ✈✐ ❡%%❡ ❧❡♥ ❡ ❡ ✴♦✉ ♣/3✐♦❞❡ ❞✬✐♥✲

✈❡3%✐♦♥ ❝♦✉3 ❡✮ ' ✉♥❡ ❞❡♠✐✲♣❧❛"✉❡ ✐♥✜♥✐❡ ✭❣3❛♥❞% ❜❧♦❝% ✭%✉♣❡3✲❝❤3♦♥✮✮ ❤♦3✐③♦♥ ❛❧❡ ✭%✐

♦♥ %✉♣♣♦%❡ ❧❛  ♦♣♦❣3❛♣❤✐❡ ♣❧❛♥❡✮✳ ❉❛♥% ❧❡ ❝❤❛♣✐ 3❡ ✸✱ ✐❧ ❛ / / ❞/♠♦♥ 3/ ❧❡% ❡①♣3❡%%✐♦♥%

 ❤/♦3✐"✉❡% ❞❡ ❝❡% ❞❡✉①  ②♣❡% ❞❡ %♦✉3❝❡% ✭❝②❧✐♥❞3❡ ❡ ❞❡♠✐✲♣❧❛"✉❡ ✐♥✜♥✐❡✮

CMA(0) = µo

4π
2e

Iapj eIapr

(c−a)2
❡ CMA(0) = µo

4π
2e

Iapj eIapr e−iθba

(c−a)
. ✭✺✳✷✮

✶✻✷



50o

90o

θba
e−iθba

CMA(0)



CMA

CMA(0)

CMA(0)

km/Ma

n
km/Ma

n
CMA(0)



CMA

CMA(0)

km/Ma

CMA(0)

km/Ma
90o

CMA(0)



♣!❡♠✐%!❡ ❡&' ❧❛ ❝♦♥♥❛✐&&❛♥❝❡ ❞❡ ❧❛ ❞✐!❡❝'✐♦♥ ❞✉ ❝❤❛♠♣ ♠❛❣♥1'✐2✉❡ !1❣✐♦♥❛❧✱ 2✉❡ ❧✬♦♥

&✉♣♣♦&❡ 5'!❡ ❝♦♥♥✉❡ ❡' ❛&&❡③ ❜✐❡♥ ❝♦♥'!❛✐♥'❡ ♣❛! ❧✬✉'✐❧✐&❛'✐♦♥ ❞✬✉♥ ♠♦❞%❧❡ '❡❧ 2✉❡ ❧✬■●❘❋

✭❚❤1❜❛✉❧' ❡! ❛❧✳✱ ✷✵✶✺❜✮✳ ▲❛ &❡❝♦♥❞❡ ❤②♣♦'❤%&❡ ❡&' ❧❛ ❝♦♥♥❛✐&&❛♥❝❡ ❞❡ ❧❛ ❞✐!❡❝'✐♦♥ ❞❡

❧✬❛✐♠❛♥'❛'✐♦♥✱ &♦♥ ❡&'✐♠❛'✐♦♥ ❡&' ❜❡❛✉❝♦✉♣ ♠♦✐♥& ❝♦♥'!❛✐♥'❡✳ ▲✬1❝!✐'✉!❡ ❞❡& 12✉❛'✐♦♥&

❞❡& ♠1'❤♦❞❡& ♣♦'❡♥'✐❡❧❧❡& ❞❛♥& ❧❡ ❞♦♠❛✐♥❡ ❞❡ ❧✬❛❧❣%❜!❡ ❝♦♠♣❧❡①❡ ✐♥❞✐2✉❡ ❞❡ ❢❛H♦♥

❞✐!❡❝'❡ 2✉❡ ❧❛ ♣❤❛&❡ ❞✬✉♥❡ ❛♥♦♠❛❧✐❡ θm ❡&' ❧❛ &♦♠♠❡ ❞❡ ❝✐♥2 ❝♦♥'!✐❜✉'✐♦♥& ✿

✖ ❧✬✐♥❝❧✐♥❛✐&♦♥ ❛♣♣❛!❡♥'❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥1'✐2✉❡ !1❣✐♦♥❛❧ ✭+Iapr✮
✖ ❧✬✐♥❝❧✐♥❛✐&♦♥ ❛♣♣❛!❡♥'❡ ❞❡ ❧✬❛✐♠❛♥'❛'✐♦♥ ✭+Iapj✮
✖ ❧❛ ♣❡♥'❡ ❞❡ ❧❛ &'!✉❝'✉!❡ ✭−θba✮
✖ ❧❛ ❣1♦♠1'!✐❡ ✭−n π

2
✮

✖ ❧✬✐♥'❡!❛❝'✐♦♥✳

▲❡& '!♦✐& ♣!❡♠✐❡!& ♣❛!❛♠%'!❡& ✈♦♥' ❛✈♦✐! ✉♥ &✐♠♣❧❡ ❡✛❡' ❞❡ !♦'❛'✐♦♥ ❞❡& CMA(0)
❞❛♥&

❧❡ ♣❧❛♥ ❝♦♠♣❧❡①❡✱ ♦✉ ✉♥ ❝❤❛♥❣❡♠❡♥' ❞❛♥& ❧❛ !1♣❛!'✐'✐♦♥ ❞❡& ♣❛!'✐❡& ♣♦&✐'✐✈❡& ❡' ♥1✲

❣❛'✐✈❡& ❛✉ ♥✐✈❡❛✉ ❞❡& ♣!♦✜❧& ❞✬❛♥♦♠❛❧✐❡& ✭❛&②♠1'!✐❡✱ ❡♥ !❡♣!1&❡♥'❛'✐♦♥ ❝❧❛&&✐2✉❡✮✳ ▲❡&

❞❡✉① ❞❡!♥✐❡!& ♣❛!❛♠%'!❡& ♦♥' ❞❡✉① ❡✛❡'&✱ ❧❡ ♣!❡♠✐❡! 1'❛♥' ✉♥ ❝❤❛♥❣❡♠❡♥' ❞❡ ❢♦!♠❡ ❞❡&

❝♦✉!❜❡& 2✉✐ ✐♠♣❧✐2✉❡ ❞❛♥& ✉♥ &❡❝♦♥❞ '❡♠♣& ✉♥ ❝❤❛♥❣❡♠❡♥' ❞✬♦!✐❡♥'❛'✐♦♥ ❞❡& CMA(0)
✳

▲❡& ❡✛❡'& ❞❡ ❧❛ ❣1♦♠1'!✐❡ ❡' ❞❡ ❧✬✐♥'❡!❛❝'✐♦♥ &♦♥' ❞❡ ❞1❢♦!♠❡! ❡' ❞❡ ❝❤❛♥❣❡! ❧✬♦!✐❡♥'❛'✐♦♥

❞❡& CMA(0)
✳

❉❛♥& ❧❛ ♣❛!'✐❡ &✉✐✈❛♥'❡✱ ♥♦✉& ❛❧❧♦♥& '❡&'❡! ❧❡& ❛♥♦♠❛❧✐❡& ♠❛❣♥1'✐2✉❡& ❝♦♠♣❧❡①❡& &✉!

✉♥❡ ❣!✐❧❧❡ ❞❡ ❞♦♥♥1❡& ♠✐&❡ P ❞✐&♣♦&✐'✐♦♥ ♣❛! ❧❡ ◆●❯ ✭●❡♦❧♦❣✐❝❡❧ &✉!✈❡② ♦❢ ◆♦!✇❛②✮✳

✺✳✹ ❆♣♣❧✐❝❛)✐♦♥, - ❞❡, ❞♦♥♥0❡,

✺✳✹✳✶ ❈♦♥'❡①'❡ ❣+♦❧♦❣✐.✉❡

❋✐❣✉$❡ ✺✳✶✶ ✕ ▲♦❝❛❧✐&❛'✐♦♥ ❞❡ ❧❛ ③♦♥❡ ❞✬1'✉❞❡✳ ❋♦♥❞ ❝❛!'❡ ●▼❘❚ ✭●❧♦❜❛❧ ▼✉❧'✐✲

❘❡&♦❧✉'✐♦♥ ❚♦♣♦❣!❛♣❤② ❞❛'❛ &②♥'❤❡&✐&✮✳ ▲❡ !❡❝'❛♥❣❧❡ ♥♦✐! ✐♥❞✐2✉❡ ❧❛ ③♦♥❡ ❞✬1'✉❞❡✳

▲❛ ③♦♥❡ ♦V ♥♦✉& ❛❧❧♦♥& '❡&'❡! ❧❡& ❢♦♥❝'✐♦♥& ❝♦♠♣❧❡①❡& &❡ &✐'✉❡ ❞❛♥& ❧✬❡&' ❞❡ ❧✬❆'❧❛♥✲

'✐2✉❡ ◆♦!❞✱ ❛✉ ♥✐✈❡❛✉ ❞❡ ❧❛ ③♦♥❡ ❞❡ ❢!❛❝'✉!❡ ❏❛♥ ▼❛②❡♥ ❡♥'!❡ ❧❡& ❜❛&&✐♥& ❞❡ ◆♦!✈%❣❡

❛✉ &✉❞ ❡' ▲♦❢♦'❡♥ ❛✉ ♥♦!❞✳ ❉❛♥& ❧❛ ♣❛!'✐❡ &✉❞ &❡ '!♦✉✈❡ ❧✬❡①'!1♠✐'1 ❞❡ ❧❛ ❞♦!&❛❧❡ ❢♦&&✐❧❡

❆❡❣✐!✱ 2✉✐ &✬❡&' ❛!!5'1❡ ❞❡ ❢♦♥❝'✐♦♥♥❡! P ❧✬❖❧✐❣♦❝%♥❡✳ ❆ ❧✬♦✉❡&' ❞❡ ❧❛ ③♦♥❡ &❡ '!♦✉✈❡ ❧❡

♠✐❝!♦✲❝♦♥'✐♥❡♥' ❏❛♥ ▼❛②❡♥ ✭❋✐❣✉!❡ ✺✳✶✶✮✳

❈❡''❡ ③♦♥❡ ❡&' ✐♠♣♦!'❛♥'❡ ♣♦✉! ❝♦♠♣!❡♥❞!❡ ❧✬♦✉✈❡!'✉!❡ ❞❡ ❧✬❆'❧❛♥'✐2✉❡ ◆♦!❞✱ ❡♥'!❡

❧❛ ♣❧❛2✉❡ ❞✉ ●!♦❡♥❧❛♥❞ ❡' ❧✬❊✉!❛&✐❡✳ ❉❡ ♥♦♠❜!❡✉&❡& ❞♦♥♥1❡& ❣1♦♣❤②&✐2✉❡& ♦♥' 1'1

✶✻✻





120000 km2



77, 74o

−90o



√

(∂
2T

∂2x
)2 + (∂

2T
∂2y

)2 + (∂
2T

∂2z
)2

1, 95o 77.74o

1, 95o 77.74o



≈ 900nT
≈ 600nT ≈ 300nT



CMA(0) CMA(1)

CMA(0) CMA(1)



❆ ❞"♦✐%❡ ❞❛♥) ❧❛ ✜❣✉"❡ ✺✳✶✽✱ ♦♥ ❛ 3✉❛%"❡ "❡♣"5)❡♥%❛%✐♦♥) ❞✐✛5"❡♥%❡) ❞❛♥) ❧❡ ♣❧❛♥

❝♦♠♣❧❡①❡✳ ▲❛ ♣"❡♠✐;"❡ ❝♦♥❝❡"♥❡ ❧❡ CMA(0)
❡% ♦♥ ❛ ❞❡) ❝♦✉"❜❡) ❞❡ ❢♦"♠❡ ❡% ❞✬♦"✐❡♥%❛%✐♦♥

)✐♠✐❧❛✐"❡) 3✉✐ )❡ )✉♣❡"♣♦)❡♥%✳ ▲❛ ❢♦"♠❡ ❣5♥5"❛❧❡ ❡)% )❡♠❜❧❛❜❧❡ ❛✉ CMA(0)
✈✐)✐❜❧❡ ❞❛♥)

❧❛ ✜❣✉"❡ ✺✳✶✵ ✿ ♦♥ ❡)% ❞❛♥) ❧❡ ❝❛) ♦B ❞❡✉① ❝❡"❝❧❡) ✐♥%❡"❛❣✐))❡♥%✳ ▲❡) ❧♦❜❡) )✉♣5"✐❡✉") )♦♥%

❞❡ ♣❧✉) ❢♦"%❡) ❛♠♣❧✐%✉❞❡) 3✉❡ ❝❡✉① 3✉✐ )❡ )✐%✉❡♥% ❡♥ ❜❛) ❞✉ ❞✐❛❣"❛♠♠❡✳ ▲❡ ❞✐❛❣"❛♠♠❡

❞❡ ❞"♦✐%❡ "❡♣"5)❡♥%❡ ❧❡) CMA(1)
❞❡) %"❡♥%❡ ♣"♦✜❧)✳ ▲❡ ❝♦♠♣♦"%❡♠❡♥% ❞❡) ❝♦✉"❜❡) )❡

"❡))❡♠❜❧❡✱ ❡♥ ❢♦"♠❛♥% ❞❡✉① ❜♦✉❝❧❡) 3✉✐ )❡ ❢♦♥% ❢❛❝❡✳ ▲❡) ♣"❡♠✐;"❡) ❜♦✉❝❧❡) C ❞"♦✐%❡ )♦♥%

❞❡ ♣❧✉) ❢♦"%❡) ❛♠♣❧✐%✉❞❡) ❡% ❝♦""❡)♣♦♥❞❡♥% C ❧✬❛♥♦♠❛❧✐❡ ❥❡✉♥❡ ❈✷✶② ❡% ❧❡) ♣❡%✐%❡) ❜♦✉❝❧❡)

)♦♥% ❧✐5❡) C ❧✬❛♥♦♠❛❧✐❡ ✈✐❡✐❧❧❡ ❈✷✶♦✳ ▲❡) ❞❡✉① ❞✐❛❣"❛♠♠❡) ✐♥❢5"✐❡✉") ❝♦""❡)♣♦♥❞❡♥% ❛✉①

❢♦♥❝%✐♦♥) CMA ❛♣";) ♥♦"♠❛❧✐)❛%✐♦♥ ❝♦♠♣❧❡①❡ ✭❞✐✈✐)✐♦♥ ♣❛" ❧❡ ♠❛①✐♠✉♠ ❞✉ CMA ✲

❝❤❛♣✐"❡ ✸✮✳ M♦✉" ❧❡ CMA(1)
✱ ✉♥❡ )✐♠♣❧❡ "♦%❛%✐♦♥ ❡)% ✈✐)✐❜❧❡✱ ❛❧♦") 3✉❡ ♣♦✉" ❧❡) CMA(0)

♥♦"♠❛❧✐)5)✱ ✐❧ ② ❛ ❞❡✉① %②♣❡) ❞✬♦"✐❡♥%❛%✐♦♥✳ ▲❡) ❞❡✉① ♦"✐❡♥%❛%✐♦♥) )♦♥% )N"❡♠❡♥% ❧✐5❡)

C ❧❛ ✈❛"✐❛❜✐❧✐%5 ❞❛♥) ❧✬❛♠♣❧✐%✉❞❡ ❞❡) CMA(0)
❞❡ ❧✬❛♥♦♠❛❧✐❡ ❥❡✉♥❡ ❡% ✈✐❡✐❧❧❡✳ ❯♥❡ ❢♦✐) ❧❡

♠❛①✐♠✉♠ ❡)% ❧♦❝❛❧✐)5 )✉" ❧✬❛♥♦♠❛❧✐❡ ❥❡✉♥❡ ❈✷✶② ❡% ✉♥❡ ❛✉%"❡ ❢♦✐) )✉" ❧✬❛♥♦♠❛❧✐❡ ✈✐❡✐❧❧❡

❈✷✶♦✱ ♦" ❝❡) ❞❡✉① ♠❛①✐♠❛ )♦♥% ♦"✐❡♥%5) C 180o✳
❆✜♥ ❞❡ ♠✐❡✉① ❝♦♠♣"❡♥❞"❡ ❧❡) ❛♥♦♠❛❧✐❡) ❈✷✶② ❡% ❈✷✶♦✱ ♥♦✉) ❛❧❧♦♥) 5%✉❞✐❡" ❡♥ ❞5%❛✐❧

✉♥ ♣"♦✜❧ ❞❡ ❝❤❛3✉❡ ❢❛♠✐❧❧❡✳

❋❛♠✐❧❧❡ ✶✱ ♣)♦✜❧, ❛✉ ,✉❞

M♦✉" 5%✉❞✐❡" ❧❡) ♣"♦✜❧) ❞✉ )✉❞ ♣"5)❡♥%❛♥% ❞❡✉① ♠❛①✐♠❛ )✉" ❧❡ )✐❣♥❛❧ ❛♥❛❧②%✐3✉❡✱ ❧❡

♣"♦✜❧ ✺ ❛ 5%5 ❝❤♦✐)✐✳ ▲❛ ✜❣✉"❡ ✺✳✶✾ ♠♦♥%"❡ ❧❛ "❡♣"5)❡♥%❛%✐♦♥ ❝❧❛))✐3✉❡ ❡% ❧❡ CMA ♣♦✉"

❧❡ ♣"♦✜❧ ❞❡ ❞♦♥♥5❡) no5 ❡% )♦♥ ♠♦❞;❧❡ ❝♦""❡)♣♦♥❞❛♥%✳

▲❡ ♠♦❞;❧❡ ❛ 5%5 ❝♦♥)%"✉✐% ♣♦✉" ✉♥❡ ✈✐%❡))❡ ❞❡ ❞❡♠✐ %❛✉① ❞✬❡①♣❛♥)✐♦♥ ❞❡ ✶✹✳✻✼

❦♠✴▼❛✱ ♣♦✉" ❧❛ ❝♦♥)%"✉❝%✐♦♥ ❞✉ ❜❧♦❝ ✷✶✳ ▲❡ ❜❧♦❝ ✷✷ ❛ 5%5 5❧♦✐❣♥5 ❞✬❡♥✈✐"♦♥ ✺ ❦♠ ❝❛"

✐❧ ✐♥%❡"❛❣✐))❛✐% ❛✈❡❝ ❧✬❛♥♦♠❛❧✐❡ ❈✷✶♦ ✭✈❛"✐❛%✐♦♥ ❞❡ ❧❛ ✈✐%❡))❡ ❞✬❡①♣❛♥)✐♦♥✮✳ ❆✉ ♠♦❞;❧❡

❛ 5%5 ❛❥♦✉%5 ✉♥❡ ❝♦♥%❛♠✐♥❛%✐♦♥ ❞❡ ✹ ❦♠ ♣♦✉" ❧❡) ❧✐♠✐%❡) ❞❡) ❜❧♦❝)✱ ♣♦✉" ♠♦❞5❧✐)❡"

❧✬✐♥%"✉)✐♦♥ ❞❡ ♠❛%5"✐❛✉① ❤♦") ❛①❡ ❞❡ ❧❛ ❞♦")❛❧❡ ✭▼❡♥❞❡❧ ❡! ❛❧✳✱ ✷✵✵✺✮✳ ▲❛ ❞✐"❡❝%✐♦♥ ❞❡

❧✬❛✐♠❛♥%❛%✐♦♥ ❡)% ✐❞❡♥%✐3✉❡ C ❧❛ ❞✐"❡❝%✐♦♥ ❞✉ ❝❤❛♠♣ ♠❛❣♥5%✐3✉❡ ❛❝%✉❡❧✱ ❛✈❡❝ ✉♥❡ ✐♥❝❧✐✲

♥❛✐)♦♥ ❞❡ 77o ❡% ✉♥❡ ❞5❝❧✐♥❛✐)♦♥ ❞❡ 1.95o✳ ▲❡) ❜❧♦❝) )♦♥% C ✉♥❡ ♣"♦❢♦♥❞❡✉" ❞❡ ✸✱✺ ❦♠
❡% ✐❧) ♦♥% ✉♥❡ 5♣❛✐))❡✉" ❞❡ ✺✵✵ ♠✳

❖♥ ❝♦♥)%❛%❡ 3✉❡ ❧❡ ♠♦❞;❧❡ )✬❛❥✉)%❡ ♠✐❡✉① ❛✈❡❝ ❧❛ ♣❛"%✐❡ ❥❡✉♥❡ ❞❡ ❧✬❛♥♦♠❛❧✐❡ ❈✷✶

3✉✬❛✈❡❝ ❧❛ ♣❛"%✐❡ ❛♥❝✐❡♥♥❡✳ ❈❡%%❡ ♦❜)❡"✈❛%✐♦♥ ❡)% )N"❡♠❡♥% ❧✐5❡ ❛✉ ❢❛✐% 3✉❡ ❧✬❛♥♦♠❛❧✐❡
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CMA(0) CMA(1)
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✈❛"✐❛❜✐❧✐&'( ♦❜(❡"✈'❡( (✉" ❧❡( ❝❛"&❡( ✭❋✐❣✉"❡ ✺✳✶✺✮✳

❯♥ (❡❝♦♥❞ ❛(♣❡❝& ✐♥&'"❡((❛♥& 8 ♦❜(❡"✈❡" ❡(& ❧❛ ❞✐✛'"❡♥❝❡ ❡♥&"❡ ❧❡( ❞❡✉① ♣❤❛(❡( ♦❜&❡♥✉❡(

♣♦✉" ❧❡( ❛♥♦♠❛❧✐❡( ❈✷✶② ❡& ❈✷✶♦✱ ❞❛♥( ❧❛ &❤'♦"✐❡✱ ❡❧❧❡ ❡(& ❞❡ 180o✱ ❝❡ A✉✐ ♥✬❡(& ♣❛( ❧❡

❝❛( ❞❡( ✈❛❧❡✉"( ❡①♣'"✐♠❡♥&❛❧❡(✳ C♦✉" ❧❡ ✢❛♥❝ ❡(&✱ ❡❧❧❡ ❡(& ❞❡ 164o ✭CMA(0)
✮ ❡& 176o

✭CMA(1)
✮ ❡& ♣♦✉" ❧❡ ✢❛♥❝ ♦✉❡(& ❞❡ 147o ✭CMA(0)

✮ ❡& 169o ✭CMA(1)
✮✳ ▲❡ ✢❛♥❝ ♦✉❡(&

♣"'(❡♥&❡ ✉♥ '❝❛"& ♣❧✉( ❢♦"&✱ ✉♥❡ ❤②♣♦&❤G(❡ ♣♦((✐❜❧❡ ❡(& ❧✬✐♥&❡"❛❝&✐♦♥ ❡♥&"❡ ❧❡( ❞❡✉①

❧✐♠✐&❡( ❞✉ ❜❧♦❝✳ ▲♦"( ❞❡ ❧❛ ♠♦❞'❧✐(❛&✐♦♥✱ ❧❛ ✈✐&❡((❡ ❡(&✐♠'❡ '&❛✐& ❞❡ 10 km/Ma✱ ❝❡❧❛
❢❛✐& ✉♥ ❜❧♦❝ ❞✬❡♥✈✐"♦♥ ✶✼ ❦♠ 8 ✹ ❦♠ ❞❡ ♣"♦❢♦♥❞❡✉" 8 ❧✬♦✉❡(& ❝♦♥&"❡ 30 km 8 3.5 km ❞❡

♣"♦❢♦♥❞❡✉" ♣♦✉" ❧❡ ♣❛♥ ❡(&✳ ▲❡( ❡①&"'♠✐&'( ❞✉ ❜❧♦❝ ✷✶ 8 ❧✬❡(& ✐♥&❡"❛❣✐((❡♥& ♠♦✐♥( A✉❡

❝❡❧❧❡( ❞✉ ❜❧♦❝ ♦✉❡(&✳ ◆♦( ❡(&✐♠❛&✐♦♥( &❤'♦"✐A✉❡( ✭'A✉❛&✐♦♥( ✭✺✳✸✮ ✭✺✳✹✮✮ (♦♥& ❜❛('❡( (✉"

✉♥❡ ❞❡♠✐✲♣❧❛A✉❡ ✜♥✐❡✳ ❉❛♥( ❧❡ ❢✉&✉"✱ ❛②❛♥& ❧✬❡①♣"❡((✐♦♥ &❤'♦"✐A✉❡✱ ✐❧ (❡"❛✐& ✐♥&'"❡((❛♥&

❞❡ A✉❛♥&✐✜❡" ❧✬✐♥&❡"❛❝&✐♦♥ ❞✉❡ ❛✉① ❞❡✉① ❧✐♠✐&❡( ❞✬✉♥❡ ♣❧❛A✉❡ ✜♥✐❡✳ ■❧ ❢❛✉& ❢❛✐"❡ '❣❛❧❡♠❡♥&

❛&&❡♥&✐♦♥ ❛✉① ❛♥♦♠❛❧✐❡( ✈♦✐(✐♥❡(✱ A✉✐ ♣❡✉✈❡♥& ✐♥&❡"❛❣✐"✳
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♣♦✉" ❧❡( ❛♥♦♠❛❧✐❡( ❈✷✶② ❡& ❈✷✶♦ ❞❡✈"❛✐❡♥& Q&"❡ '❣❛❧❡( 8 90o✳ ❖" ♣♦✉" ❧❡

✢❛♥❝ ❡(&✱ ♦♥ ❛ 15o ❞❡ ❞✐✛'"❡♥❝❡ ♣♦✉" ❧✬❛♥♦♠❛❧✐❡ ❈✷✶② ❡& 3o ♣♦✉" ❧✬❛♥♦♠❛❧✐❡ ❈✷✶♦✳ C♦✉"

❧❡ ✢❛♥❝ ♦✉❡(&✱ ♦♥ ❛ 13o ♣♦✉" ❧✬❛♥♦♠❛❧✐❡ ❈✷✶♦ ❡& ❧❡ "'(✉❧&❛& ❡(& ♣❛"❢❛✐& ♣♦✉" ❧✬❛♥♦♠❛❧✐❡

❥❡✉♥❡✳ ❈❡( '❝❛"&( (♦♥& (T"❡♠❡♥& ❧✐'( ❛✉① ✐♥&❡"❛❝&✐♦♥( ❞❡( ❛✉&"❡( (♦✉"❝❡(✳

✺✳✺ ❈♦♥❝❧✉(✐♦♥
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"❛♠G&"❡( ♣❡✉✈❡♥& Q&"❡ 8 ❧✬♦"✐❣✐♥❡ ❞❡ ❧✬❛(②♠'&"✐❡ ❞✬✉♥❡ ❛♥♦♠❛❧✐❡ ✿ ❧✬✐♥❝❧✐♥❛✐(♦♥ ❛♣♣❛"❡♥&❡

❞❡ ❧✬❛✐♠❛♥&❛&✐♦♥✱ ❧✬✐♥❝❧✐♥❛✐(♦♥ ❛♣♣❛"❡♥&❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥'&✐A✉❡ "'❣✐♦♥❛❧✱ ❧❡ ♣❡♥❞❛❣❡ ❡&

❧❛ ❣'♦♠'&"✐❡✳ ❈❡♣❡♥❞❛♥& ❧❡( ❝❛( (②♥&❤'&✐A✉❡( '&✉❞✐'( ✭❛♥♦♠❛❧✐❡( ❈✷✶✲❈✷✷✮✱ ♠❡&&❡♥& ❡♥

'✈✐❞❡♥❝❡ A✉❡ ❧✬✐♥&❡"❛❝&✐♦♥ ❡♥&"❡ ❧❡( ❞✐✛'"❡♥&❡( ❛♥♦♠❛❧✐❡( (❡"❛✐& ❧❛ ♣"✐♥❝✐♣❛❧❡ ❝❛✉(❡ ❞❡ ❧❛

❞✐(&♦"(✐♦♥ ❞✬✉♥❡ ❛♥♦♠❛❧✐❡ ✭❝❤❛♥❣❡♠❡♥& ❞❡ ❢♦"♠❡ ❡& ❞✬♦"✐❡♥&❛&✐♦♥✮✳ C♦✉" ♠✐❡✉① ♣"❡♥❞"❡

❡♥ ❝♦♠♣&❡ ❧✬✐♥&❡"❛❝&✐♦♥ ❞❡( ❞'✈❡❧♦♣♣❡♠❡♥&( ♣❧✉( (♦♣❤✐(&✐A✉'( ♣♦✉""❛✐❡♥& Q&"❡ ❡♥&"❡✲

♣"✐( ❡& ✐❧ (❡"❛✐& ✐♥&'"❡((❛♥& ❞✬❛✈♦✐" ❞❡( ❞♦♥♥'❡( ♣❧✉( ♣"♦❝❤❡ ❞❡( (♦✉"❝❡( ✭❞❡❡♣ &♦✇✮✳ C❛"

❛✐❧❧❡✉"(✱ ❧❡( '&✉❞❡( ❞❡( ❛♥♦♠❛❧✐❡( ♦♥& '&' ❢❛✐&❡( ♣♦✉" ❞❡✉① (❡❣♠❡♥&( ❞❡ ❞♦"(❛❧❡ ❞✐✛'"❡♥&(

❡& ✐❧ ❢❛✉❞"❛✐& ♣♦✉✈♦✐" ❡✛❡❝&✉❡" ❧❛ ♠Q♠❡ '&✉❞❡ (✉" ❧❡ ✢❛♥❝ ❝♦♥❥✉❣✉' ❞❡ ❧❛ ❞♦"(❛❧❡✳
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2✉1 ❝❡$$❡ ♣1♦❜❧#♠❛$✐.✉❡ ✭●❛✈❛③③✐✱ ✷✵✶✺❀ ❆❧❦❤❛$✐❜ ❆❧❦♦♥$❛1✱ ✷✵✶✺✮✳

G♦✉1 ✉♥ ❣#♦♣❤②2✐❝✐❡♥✱ ❧❡ $1❛✈❛✐❧ ❛✈❡❝ ❞❡2 ❛1❝❤#♦❧♦❣✉❡2 ❡2$ ✉♥❡ ❝♦❧❧❛❜♦1❛$✐♦♥ ✐♥$#1❡2✲

2❛♥$❡✳ ❊♥ ❡✛❡$✱ ❧❡2 ❛♠♣❧✐$✉❞❡2 ❞❡2 ❛♥♦♠❛❧✐❡2 ♠❛❣♥#$✐.✉❡2 ❧✐#❡2 ❛✉① 2$1✉❝$✉1❡2 ❡♥$❡1✲

1#❡2 2♦♥$ 2♦✉✈❡♥$ ❢❛✐❜❧❡2✱ ❞❡ ❧✬♦1❞1❡ ❞❡ .✉❡❧.✉❡2 ♥❛♥♦$❡2❧❛ ♦✉ ❞✐③❛✐♥❡2 ❞❡ ♥❛♥♦$❡2❧❛ ❀

❝❡❝✐ 1❡.✉✐❡1$ ❧✬❛♠#❧✐♦1❛$✐♦♥ ❞❡ ❧❛ ♠❡2✉1❡ ♣♦✉1 ❛✉❣♠❡♥$❡1 ❧❛ ♣1#❝✐2✐♦♥✳ ❉❡ ♣❧✉2✱ ❧❛ ❝♦❧❧❛✲

❜♦1❛$✐♦♥ ❛✈❡❝ ❧❡2 ❛1❝❤#♦❧♦❣✉❡2 ♣❡1♠❡$ ❞✬♦❜$❡♥✐1 ❧❡2 ♣1❡✉✈❡2 $❡11❛✐♥2✳ ❊♥ ❣#♦♣❤②2✐.✉❡✱

✐❧ ❡2$ 1❛1❡ ❞✬❛✈♦✐1 ❞❡2 ♣1❡✉✈❡2 $❡11❛✐♥2 U ❝♦♥❢1♦♥$❡1 U ✉♥❡ ✐♥$❡1♣1#$❛$✐♦♥ ♦✉ ✉♥ ♠♦❞7❧❡✳

❉❛♥2 ❧❛ 2✉✐$❡ ❞❡ ❝❡ ❝❤❛♣✐$1❡✱ ❥❡ ✈❛✐2 ❞#❝1✐1❡ ❞❡ ❧❛ ♠0♠❡ ❢❛V♦♥ .✉❡ ❞❛♥2 ❧❡ ♣1❡♠✐❡1

❝❤❛♣✐$1❡✱ ❧❡ ❝♦♥$❡①$❡ ❞❡2 ♠❡2✉1❡2✱ ❧❡2 ♣1♦❝#❞✉1❡2 ❧♦12 ❞❡ ❧✬❛❝.✉✐2✐$✐♦♥ ❡$ ❡♥✜♥ ❧❡2 ✐♥$❡1✲

♣1#$❛$✐♦♥2✱ ♣♦✉1 ✉♥❡ ❝❛♠♣❛❣♥❡ ❛1❝❤#♦❧♦❣✐.✉❡ ❋1❛♥❝♦✲❙❛♦✉❞✐❡♥♥❡ 2✉1 ❧❡ 2✐$❡ ❞❡ ❑✐❧✇❛✱

❡♥ ❆1❛❜✐❡ 2❛♦✉❞✐$❡✳

✻✳✶ ❈♦♥&❡①&❡ ❞❡ ❧✬,&✉❞❡

▲❡ 2✐$❡ ❞❡ ❑✐❧✇❛ ✭29o42′02.94′′N, 37o3′34.08′′E✮ ❡2$ 2✐$✉# ❞❛♥2 ❧❛ ♣❛1$✐❡ ♥♦1❞ ❞❡

❧✬❆1❛❜✐❡ ❙❛♦✉❞✐$❡ U ❡♥✈✐1♦♥ ✷✵✵ ❦♠ ❛✉ ♥♦1❞✲❡2$ ❞❡ ❧❛ ✈✐❧❧❡ ❞❡ ❚❛❜✉❦ ❡$ U ✸✵ ❦♠ ❛✉

2✉❞ ❞❡ ❧❛ ❢1♦♥$✐71❡ ❥♦1❞❛♥✐❡♥♥❡✳ ▲❡ 2✐$❡ 2❡ 2✐$✉❡ 2✉1 ✉♥❡ ③♦♥❡ ♣❧❛♥❡ U ✶✶✵✵ ♠ ❞✬❛❧$✐$✉❞❡✱

❞❛♥2 ✉♥ ❡♥✈✐1♦♥♥❡♠❡♥$ ❝♦♥$❡♥❛♥$ ❞✉ ❣172 ❡$ ❞✉ ❝❛❧❝❛✐1❡ ✭❋❛172✱ ✷✵✵✸✱ ✷✵✶✵✱ ✷✵✶✶✮✳ ▲❡

2✐$❡ ❞❡ ✸✵ ❤❛ ❡2$ ❡♥ 1❡$1❛✐$ ❞❡ $♦✉$❡ ❛❝$✐✈✐$# ❛♥$❤1♦♣✐.✉❡✳ ▲❡ 2❡✉❧ ❜#♠♦❧ ❞✬✉♥ ♣♦✐♥$ ❞❡

✈✉❡ ♠❛❣♥#$✐.✉❡ ❡2$ ❧❛ ♣1#2❡♥❝❡ ❞✬✉♥❡ ❝❧]$✉1❡ ❞✬❡♥❝❡✐♥$❡ ♠#$❛❧❧✐.✉❡ ❞#❧✐♠✐$❛♥$ ❧❛ ③♦♥❡

❞✬#$✉❞❡✳

✶✽✺





❧✬❡♥$❡♠❜❧❡ ❞❡ ❧❛ ③♦♥❡ ♣♦✉- ✈♦✐- $✐ ❞❡$ ❛♥♦♠❛❧✐❡$ ♠❛❣♥12✐3✉❡$ ♣♦✉--❛✐❡♥2 -1✈1❧❡- ❞❡$

$2-✉❝2✉-❡$ ♥♦♥ ✈✐$✐❜❧❡$ 5 ❧❛ $✉-❢❛❝❡✳

❋✐❣✉$❡ ✻✳✷ ✕ ❘❡❧❡✈1 2♦♣♦❣-❛♣❤✐3✉❡ ❞❡ ❧❛ ③♦♥❡ ❞✬12✉❞❡ ❡2 -❡❧❡✈1$ ❞❡$ ❜=2✐♠❡♥2$ ♦✉

❛✉2-❡$ 1❧1♠❡♥2$ ✈✐$✐❜❧❡$ 5 ❧❛ $✉-❢❛❝❡ ✭❖✳ ❇❛-❣❡ ✭✷✵✵✽✮✮✳

✻✳✷ ❆❝%✉✐(✐)✐♦♥ ❡) )-❛✐)❡♠❡♥)( ❞❡( ❞♦♥♥1❡(

D♦✉- -1♣♦♥❞-❡ 5 ❧❛ ♣-♦❜❧1♠❛2✐3✉❡✱ ❧❡ ❞✐$♣♦$✐2✐❢ ✉2✐❧✐$1 ❡$2 ❝❡❧✉✐ ❞✉ $❛❝ 5 ❞♦$ ✭❞❡$❝-✐♣✲

2✐♦♥ ❛✉ ❝❤❛♣✐2-❡ ✶✮✳ ◗✉❛2-❡ ❝❛♣2❡✉-$ 2-♦✐$ ❝♦♠♣♦$❛♥2❡$ ❞❡ 2②♣❡ ✢✉①❣❛2❡ ✭❇❛-2✐♥❣2♦♥✱

▼❛❣✲✵✸▼❈✮ $♦♥2 ❞✐$♣♦$1$ 5 ❝✐♥3✉❛♥2❡ ❝❡♥2✐♠O2-❡$ ❧❡$ ✉♥$ ❞❡$ ❛✉2-❡$ ❧❡ ❧♦♥❣ ❞✬✉♥❡

♣❡-❝❤❡ ♣❧❛❝1❡ 5 ✉♥ ♠O2-❡ ♣❛- -❛♣♣♦-2 ❛✉ $♦❧✳ ▲❛ ❢-13✉❡♥❝❡ ❞✬❡♥-❡❣✐$2-❡♠❡♥2 ❡$2 ❞❡

✈✐♥❣2✲❝✐♥3 ♠❡$✉-❡$ 5 ❧❛ $❡❝♦♥❞❡✳ ▲❛ ❧♦❝❛❧✐$❛2✐♦♥ ❞❡$ ❞♦♥♥1❡$ $❡ ❢❛✐2 5 ❧✬❛✐❞❡ ❞✬✉♥ $②$✲

2O♠❡ ●◆❙❙ ✭●❧♦❜❛❧ ◆❛✈✐❣❛2✐♦♥ ❙❛2❡❧❧✐2❡ ❙②$2❡♠✮ ❞✐✛1-❡♥2✐❡❧ ✭❚-✐♠❜❧❡✱ ❞❡✉① ❛♥2❡♥♥❡$

❘✹✮✳ ▲❡ 2♦✉2 ❡$2 ❛❣-1♠❡♥21 ❞❡ ❧✉♥❡22❡ ❍▼❉ ✭❍❡❛❞ ▼♦✉♥2❡❞ ❉✐$♣❧❛②✮ ♣❡-♠❡22❛♥2 ❛✉

♠❛-❝❤❡✉- ❞❡ ✈✐$✉❛❧✐$❡- ❧❡$ ♣-♦✜❧$ 3✉✬✐❧ ❞♦✐2 $✉✐✈-❡✱ ❡2 ❞❡ ✈1-✐✜❡- ❧❡ ❜♦♥ ❡♥-❡❣✐$2-❡♠❡♥2

❞❡$ ❞♦♥♥1❡$ ♠❛❣♥12✐3✉❡$✳

✶✽✼





❙✉" ❧❛ ✜❣✉"❡ ✻✳✸✱ ❧✬-.❛❧♦♥♥❛❣❡ "❡♣"-2❡♥.- ❡♥ "♦✉❣❡ ♠♦♥."❡ ✉♥ ❞-❝❛❧❛❣❡ ❞✬❡♥✈✐"♦♥ ✷ ♠

♣❛" "❛♣♣♦". ❛✉① ❛✉."❡2✳ ▲✬❛♥❛❧②2❡ ❞❡2 ."❛♠❡2 ◆▼❊❆ ✭◆❛.✐♦♥❛❧ ▼❛"✐♥❡ ❛♥❞ ❊❧❡❝."♦♥✐❝2

❆22♦❝✐❛.✐♦♥✮ ♣❡"♠❡. ❞✬♦❜.❡♥✐" ❞❡2 ✐♥❢♦"♠❛.✐♦♥2 2✉" ❧❛ ❧♦❝❛❧✐2❛.✐♦♥✳ ▲❡2 ❡♥"❡❣✐2."❡♠❡♥.2

❝♦♥.❡♥❛♥. ❧✬✐♥❢♦"♠❛.✐♦♥ 2✉" ❧❛ ❣-♦❧♦❝❛❧✐2❛.✐♦♥ 2❡ ♣"-2❡♥.❡♥. ❞❛♥2 ❧❡ ✜❝❤✐❡" ❞❡ ♠❡2✉"❡

2♦✉2 ❧❛ ❢♦"♠❡

> G02[00000000]GPGGA, 070039.30, 2941.87964421, N, 03732.77682653, E, 4,
18, 0.8, 1027.470,M, 12.726,M, 1.3, 0021 ∗ 7A

❛✈❡❝

✖ G02 ✿ ✐♥❞✐)✉❡ )✉✬✐❧ -✬❛❣✐/ ❞✬✉♥ -②-/1♠❡ ❞❡ ❧♦❝❛❧✐-❛/✐♦♥ ❡①/56✐❡✉6 7 ❧✬5❧❡❝/6♦♥✐)✉❡✳

✖ [00000000] ✿ ♥✉♠56♦ ❞❡ ❧❛ /6❛♠❡ ❡♥ ❤❡①❛❞5❝✐♠❛❧✳

✖ GPGGA ✿ ●●❆ ♣♦✉6 ●=❙ ✜① ❡/ ❞❛/❡

✖ 070039.3 ✿ /❡♠♣- ✜①❡ 07 : 00 : 39.3 ❯❚❈✳

✖ 2941.87964421, N ✿ ❧❛/✐/✉❞❡ ❞❡ ✷✾ ❞❡❣65- ♥♦6❞ ❡/ ✹✶✳✽✼✾✻✹✹✷✶ ♠✐♥✉/❡-✳

✖ 03732.77682653, E ✿ ❧♦♥❣✐/✉❞❡ ❞❡ ✸✼ ❞❡❣65- ❡-/ ❡/ ✸✷✳✼✼✻✽✷✻✺✸ ♠✐♥✉/❡-✳

✖ 4 ✿ )✉❛❧✐/5 ✭ 0 = mauvais✱ 1 = GPS✱ 2 =❉✐✛❡6❡♥/✐❛❧ ●=❙ ✱ 4 = Real−T imeKinematic✮

✖ 18 ✿ ♥♦♠❜6❡ ❞❡ -❛/❡❧❧✐/❡-✳

✖ 0.8 ✿ ❉❖= ✭❍♦6✐③♦♥/❛❧ ❞✐❧✉/✐♦♥ ♦❢ ♣6❡❝✐-✐♦♥✮✳

✖ 1027.470,M ✿ ❛❧/✐/✉❞❡ ❡♥ ♠1/6❡ ♣❛6 6❛♣♣♦6/ 7 ❧✬❡❧❧✐♣-♦V❞❡ ❞❡ 65❢56❡♥❝❡ ❲●❙✽✹✳

✖ 12.726,M ✿ ❝♦66❡❝/✐♦♥ ♣❛6 6❛♣♣♦6/ ❛✉ ❣5♦V❞❡ ❡♥ ♠1/6❡✳

✖ 1.3 ✿ ♥♦♠❜6❡ ❞❡ -❡❝♦♥❞❡- 5❝♦✉❧5❡- ❞❡♣✉✐- ❧❛ ❞❡6♥✐16❡ ♠✐-❡ 7 ❥♦✉6 ❉●◆❙❙✳

✖ 0021 ✿ ✐❞❡♥/✐✜❝❛/✐♦♥ ❞❡ ❧❛ -/❛/✐♦♥ ❉●◆❙❙✳

✖ ∗7A ✿ ❝❤❡❝❦-✉♠✳

❙✉" ❧❡ ❣"❛♣❤✐E✉❡ ❡♥ ❜❛2 F ❣❛✉❝❤❡ ❞❡ ❧❛ ✜❣✉"❡ ✻✳✸ ❡2. "❡♣"-2❡♥.- ❧✬✐♥❞✐❝❡ ❞❡ E✉❛❧✐.- ❞❡2

❞♦♥♥-❡2✳ ■❧ ② ❛ ✉♥ ✉♥✐E✉❡ -.❛❧♦♥♥❛❣❡ ♣♦✉" ❧❡E✉❡❧ ❧❡ ❢❛❝.❡✉" ❞❡ E✉❛❧✐.- ❡2. -❣❛❧ F ✶✱

❝✬❡2.✲F✲❞✐"❡ ✉♥ ♣♦2✐.✐♦♥♥❡♠❡♥. 2❛♥2 ❜❛2❡✳ J♦✉" ❝❡. -.❛❧♦♥♥❛❣❡✱ ❧❛ ."❛♥2♠✐22✐♦♥ "❛❞✐♦

❞❡2 ❝♦""❡❝.✐♦♥2 ❞❡ ❧❛ ❜❛2❡ ❛✉ ♠♦❜✐❧❡ ♥❡ ❢♦♥❝.✐♦♥♥❛✐. ♣❛2 ♣♦✉" ✉♥❡ "❛✐2♦♥ ✐♥❝♦♥♥✉❡✳

❈✬❡2. ❧❡ 2❡✉❧ ❝❛2 ❞❡ ❞②2❢♦♥❝.✐♦♥♥❡♠❡♥. ❞❡ ❧❛ ❝♦""❡❝.✐♦♥ ❞✐✛-"❡♥.✐❡❧❧❡ ❡. ♦♥ ♦❜2❡"✈❡ ❜✐❡♥

2❛ ❝♦♥2-E✉❡♥❝❡ ❛✈❡❝ ❧✬-.❛❧♦♥♥❛❣❡ "❡♣"-2❡♥.- ❡♥ "♦✉❣❡ ❡. ❞-❝❛❧- ❞✬❡♥✈✐"♦♥ ❞❡✉① ♠M."❡2✳

❊♥ ③♦♦♠❛♥. 2✉" ❧❛ ❧♦❝❛❧✐2❛.✐♦♥ ❞❡ ❧✬❛♥.❡♥♥❡ ❉●◆❙❙ ❧♦"2 ❞❡ ❧❛ ♣❤❛2❡ ❞✬-.❛❧♦♥♥❛❣❡ ✭❋✐✲
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❡✛❡+ ❞✬❛❥♦✉+❡) ✉♥❡ ❝♦♥%+❛♥+❡ ♦✉ ✉♥❡ )❡❧❛+✐♦♥ ❛✣♥❡ %✉) ❝❤❛ ✉❡ ♣)♦✜❧✳ ❊♥ ❡✛❡+✱ ❧❡% ♣)♦✜❧%

❧❡% ♣❧✉% ❧♦♥❣% ♠❡%✉)❛✐❡♥+ ✼✵✵ ♠✱ 9 ✉♥❡ ✈✐+❡%%❡ ✸ 9 ✹ ❦♠✴❤✱ ♦♥ ❡%+✐♠❡ ❧❡ +❡♠♣% ❞✬❛❝✲

 ✉✐%✐+✐♦♥ 9 ❡♥✈✐)♦♥ ✉♥❡ ✈✐♥❣+❛✐♥❡ ❞❡ ♠✐♥✉+❡%✳ ❖♥ ♣❡✉+ %✉♣♣♦%❡)  ✉✬9 ❝❡++❡ &❝❤❡❧❧❡ ❞❡

+❡♠♣% ❧❡% ✈❛)✐❛+✐♦♥% +❡♠♣♦)❡❧❧❡% %♦♥+ ❧✐♥&❛✐)❡% ✈♦✐)❡ ❝♦♥%+❛♥+❡%✳

❆♥❛❧②%❡ ❛✉① ♣♦✐♥,% ❞❡ ❝/♦✐%❡♠❡♥,

❆♣)C% &+❛❧♦♥♥❛❣❡✱ ❝♦♠♣❡♥%❛+✐♦♥ ❡+ %♦✉%+)❛❝+✐♦♥ ❞❡% ✈❛)✐❛+✐♦♥% +❡♠♣♦)❡❧❧❡%✱ ❧❛ ❝❛)+❡ ❝❛❧✲

❝✉❧&❡ ♣)&%❡♥+❡ ❡♥❝♦)❡ ❞❡% ❡✛❡+% ❧✐&% 9 ❧✬❛❝ ✉✐%✐+✐♦♥✱ ❝✬❡%+✲9✲❞✐)❡ ❞❡% ❞&❝❛❧❛❣❡% ❡♥+)❡ ❧❡%

♠❡%✉)❡% %✉) ♣)♦✜❧✳ ▲❡% ❞&❝❛❧❛❣❡% ♣❡✉✈❡♥+ ❛✈♦✐) ❞❡ ♠✉❧+✐♣❧❡% ♦)✐❣✐♥❡% ✿ ❞&)✐✈❡ ❡♥ +❡♠♣&✲

)❛+✉)❡ ❞❡% ❝❛♣+❡✉)% ❀ ❝❤❛♥❣❡♠❡♥+ ❞❡ ♣♦%✐+✐♦♥ ❞❡% ❝❛♣+❡✉)% ❞❛♥% ❧❛ ♣❡)❝❤❡ ❀ ♠♦❞✐✜❝❛+✐♦♥

❞❡ ❧✬❡♥✈✐)♦♥♥❡♠❡♥+ ♠❛❣♥&+✐ ✉❡ ❞❡% ❝❛♣+❡✉)%✳ ▲❛ ❝♦♥%& ✉❡♥❝❡ ❞❡ ❝❡% ❞&❝❛❧❛❣❡% ❡%+  ✉❡

❧❛ ❞✐✛&)❡♥❝❡ ❞❡ ♠❡%✉)❡ ❞❡ ❧✬✐♥+❡♥%✐+& ❞✉ ❝❤❛♠♣ ♠❛❣♥&+✐ ✉❡ ❛✉① ♣♦✐♥+% ❞❡ ❝)♦✐%❡♠❡♥+

%❡)❛ ♥♦♥ ♥✉❧❧❡✳ ❙✐ ♦♥ ❝♦♥%✐❞C)❡  ✉❡ ♣♦✉) ✉♥ ♣)♦✜❧ ❞♦♥♥& ❧❡ ❞&❝❛❧❛❣❡ ❡%+ ❝♦♥%+❛♥+✱ ❧❡%

♦❜❥❡❝+✐❢% ❞❡ ❧✬❛♥❛❧②%❡ ❞❡% ♣♦✐♥+% ❞❡ ❝)♦✐%❡♠❡♥+ %♦♥+ ❞❡  ✉❛♥+✐✜❡) ❧❡% ❞&❢❛✉+% )&%✐❞✉❡❧%

❞❡% ❞♦♥♥&❡% ❡+ ❞❡ ❧❡% ❝♦))✐❣❡)✳ ❆✈❛♥+ ❧✬❛♣♣❧✐❝❛+✐♦♥ ❞❡ ❧✬❛❧❣♦)✐+❤♠❡ ♠✐♥✐♠✐%❛♥+ ❧❡% &❝❛)+%

❛✉① ♣♦✐♥+% ❞❡ ❝)♦✐%❡♠❡♥+✱ ❧❛ ❞✐✛&)❡♥❝❡ ❞✬✐♥+❡♥%✐+& &+❛✐+ ❞❡ ✶✶✱✶ ♥❚✳ ❆♣)C% ✐♥✈❡)%✐♦♥

❧✬&❝❛)+ ♥✬❡%+ ♣❧✉%  ✉❡ ❞❡ ✶✳✻ ♥❚✳

❘2%✉❧,❛,%

❋✐❣✉$❡ ✻✳✾ ✕ ❈❛)+❡% ❞❡ ❧✬✐♥+❡♥%✐+& ❞✉ ❝❤❛♠♣ ♠❛❣♥&+✐ ✉❡ ♦❜+❡♥✉❡% ❛✈❡❝ ❧❡ %②%+C♠❡ ❞❡

♠❡%✉)❡% ❡♥ ♣❡)❝❤❡ ❤❛✉+❡✳ ▲❛ ❝❛)+❡ ❞❡ ❣❛✉❝❤❡ ❡%+ ❡♥ )❡♣)&%❡♥+❛+✐♦♥ ❧✐♥&❛✐)❡ ❛❧♦)%  ✉❡

❝❡❧❧❡ ❞❡ ❞)♦✐+❡ ❡%+ ❡♥ & ✉✐✲♣♦♣✉❧❛+✐♦♥✳

✶✾✹



▲❛ ✜❣✉%❡ ✻✳✾ ♣%+,❡♥.❡ ❧❡, ❝❛%.❡, ♦❜.❡♥✉❡, ❡♥ %❡♣%+,❡♥.❛.✐♦♥ ❧✐♥+❛✐%❡ ❡. ❡♥ +4✉✐✲

♣♦♣✉❧❛.✐♦♥✳ ▲❛ ♣%❡♠✐7%❡ %❡♣%+,❡♥.❛.✐♦♥ ❝♦♥,✐,.❡ 8 ✉.✐❧✐,❡% ✉♥❡ +❝❤❡❧❧❡ ❞❡ ❝♦✉❧❡✉% 4✉✐

✈❛%✐❡ ❞❡ ❢❛=♦♥ ❧✐♥+❛✐%❡ ❡♥ ❢♦♥❝.✐♦♥ ❞❡ ❧✬✐♥.❡♥,✐.+ ❞✉ ❝❤❛♠♣ ♠❛❣♥+.✐4✉❡✳ ▲❛ ,❡❝♦♥❞❡ ❛

♣♦✉% ♣❤✐❧♦,♦♣❤✐❡ 4✉❡ ❝❤❛4✉❡ ❝♦✉❧❡✉% ❝♦✉✈%❡ ❧❛ ♠?♠❡ ,✉%❢❛❝❡ ,✉% ❧❛ ❝❛%.❡✳ ▲✬✐♥.+%?. ❞❡

❧❛ ❞❡✉①✐7♠❡ %❡♣%+,❡♥.❛.✐♦♥ ❡,. ❞❡ ❞♦♥♥❡% ♣❧✉, ❞❡ ✈✐,✐❜✐❧✐.+ ❛✉① ❛♥♦♠❛❧✐❡, ❞❡ ❢❛✐❜❧❡,

❛♠♣❧✐.✉❞❡,✳

❙✉% ❧❛ ❝❛%.❡ ❞❡ ❣❛✉❝❤❡ ✭❋✐❣✉%❡ ✻✳✾✮ ❧❡, ✈❛%✐❛.✐♦♥, ❞❡ ❧✬✐♥.❡♥,✐.+ ❞✉ ❝❤❛♠♣ ♠❛❣♥+.✐4✉❡

✈♦♥. ❞❡ 43900 ♥❚ 8 44000 ♥❚✳ ▲❛ ♠❛❥♦%✐.+ ❞❡, ❛♥♦♠❛❧✐❡, ,❡ ,✐.✉❡ ,✉% ❧❡, ❜♦%❞✉%❡, ❞❡
❧❛ ③♦♥❡ ❝❛%.♦❣%❛♣❤✐+❡ ❡. ❝❡❝✐ %+,✉❧.❡ ❞❡ ❧❛ ♣%+,❡♥❝❡ ❞✬✉♥ ❣%✐❧❧❛❣❡ ❞❡ 2 ♠ ❞❡ ❤❛✉.❡✉% 4✉✐

❡♥.♦✉%❡ ❧❡ .❡%%❛✐♥✳ ◗✉❡❧4✉❡, ❛♥♦♠❛❧✐❡, ❞✐♣♦❧❛✐%❡, ❞❡ ❤❛✉.❡, ❢%+4✉❡♥❝❡, ,♦♥. ✈✐,✐❜❧❡, ❡.

❝♦%%❡,♣♦♥❞❡♥. 8 ❧❛ ♣%+,❡♥❝❡ ❞✬♦❜❥❡., ❡♥ ♠+.❛❧ .❡❧, 4✉❡ ❧❡, ❢❡%, 8 ❜+.♦♥ ❡♠♣❧♦②+, ♣❛% ❧❡,

❛%❝❤+♦❧♦❣✉❡, ♣♦✉% ❞+❧✐♠✐.❡% ❧❡, ③♦♥❡, ❞❡ ❢♦✉✐❧❧❡,✳

✻✳✷✳✶✳✶ ▲❡✈'( ♠❛❣♥'-✐/✉❡( ♣❛2 ♣❡2❝❤❡ ❜❛((❡

❉❡, ❛❝4✉✐,✐.✐♦♥, ♠❛❣♥+.✐4✉❡, ♦♥. +❣❛❧❡♠❡♥. +.+ ❡✛❡❝.✉+❡, ❛✈❡❝ ❧❡ ,②,.7♠❡ ❞❡ ,❛❝ 8

❞♦, ❡♥ ♣❡%❝❤❡ ❜❛,,❡✳ ▲❡, ❝❛♣.❡✉%, ,♦♥. ♣❧❛❝+, 8 ✈✐♥❣. ❝❡♥.✐♠7.%❡, ❧❡, ✉♥, ❞❡, ❛✉.%❡, ❡.

8 ✉♥❡ ✈✐♥❣.❛✐♥❡ ❞❡ ❝❡♥.✐♠7.%❡, ❞❡ ❧❛ ,✉%❢❛❝❡ ❞✉ ,♦❧✳ ❈❡ ❞✐,♣♦,✐.✐❢ ♣❡%♠❡. ❞✬❛✈♦✐% ✉♥❡

♠❡✐❧❧❡✉%❡ %+,♦❧✉.✐♦♥ ❞❛♥, ❧✬❛❝4✉✐,✐.✐♦♥ ❞❡, ❞♦♥♥+❡, ❡♥ ,❡ %❛♣♣%♦❝❤❛♥. ❞❡, ,♦✉%❝❡, ❡. ❡♥

❛✉❣♠❡♥.❛♥. ❧❛ ❞❡♥,✐.+ ❞❡, ♣%♦✜❧,✳ ❈❡..❡ ♣%♦❝+❞✉%❡ ♣%❡♥❞ ❜❡❛✉❝♦✉♣ ♣❧✉, ❞❡ .❡♠♣,✱ ❝❛%

❧✬♦♣+%❛.❡✉% ❡✛❡❝.✉❡ ✉♥ ♣%♦✜❧ .♦✉, ❧❡, 4✉❛.%❡✲✈✐♥❣. ❝❡♥.✐♠7.%❡, ❛✉ ❧✐❡✉ ❞❡ .♦✉, ❧❡, ❞❡✉①

♠7.%❡, ❀ ♣❛% ❛✐❧❧❡✉%, ❧❛ ♠❛%❝❤❡ ❡,. ♣❧✉, ❧❡♥.❡✳ ◗✉❛.%❡ ③♦♥❡, ❞✬✐♥.+%?. ♦♥. +.+ ❝❛%.♦❣%❛✲

♣❤✐+❡, ❛✐♥,✐✱ ,♦✐. ✉♥ ❤❡❝.❛%❡ ❡. ❞❡♠✐ ❞❡, 4✉❛%❛♥.❡ ❤❡❝.❛%❡, ❞✉ ,✐.❡ ♣%✐♥❝✐♣❛❧✳

❋✐❣✉$❡ ✻✳✶✵ ✕ R❤♦.♦❣%❛♣❤✐❡ ❞✉ ,②,.7♠❡ ❞❡ ♠❡,✉%❡ 8 ❣❛✉❝❤❡ ❡. ♣❤♦.♦❣%❛♣❤✐❡ ❞❡ ❧❛

❞✐,♣♦,✐.✐♦♥ ❞❡, ❝❛♣.❡✉%, ❞❛♥, ❧❛ ♣❡%❝❤❡ 8 ❞%♦✐.❡✳

▲❛ ♣%❡♠✐7%❡ ③♦♥❡ ❝❤♦✐,✐❡ ❡,. ,✐.✉+❡ ❞❛♥, ❧❛ ♣❛%.✐❡ ,✉❞ ❞✉ ,✐.❡ ♣%+,❡♥.❛♥. ✉♥❡ ♣❧✉,

❢♦%.❡ ,+❞✐♠❡♥.❛.✐♦♥ ❡♥.%❡ ❞❡✉① ❣%❛♥❞, ♠♦♥.✐❝✉❧❡, ♣❡%♣❡♥❞✐❝✉❧❛✐%❡, ❝♦♠♣♦,+, ❞❡ %♦❝❤❡,

✭❋✐❣✉%❡ ✻✳✶✶✱ ③♦♥❡ ❜❧❡✉❡✮✳ ❊♥ ❡✛❡.✱ ❝❡..❡ ③♦♥❡ ♣%+,❡♥.❡ ,✉% ❧❛ ❝❛%.♦❣%❛♣❤✐❡ ❝❧❛,,✐4✉❡

✉♥❡ ❛♥♦♠❛❧✐❡ ♠❛❣♥+.✐4✉❡ ❞❡ ❣%❛♥❞❡ ❧♦♥❣✉❡✉% ❞✬♦♥❞❡✱ ❞♦♥. ❧❛ ❣+♦♠+.%✐❡ ❧❛✐,,❡ ♣❡♥,❡%

8 ✉♥❡ ,.%✉❝.✉%❡ ❛♥.❤%♦♣✐4✉❡ ♦%✐❡♥.+❡ ❡,.✲♦✉❡,. ❞✬❡♥✈✐%♦♥ 4✉✐♥③❡ ♠7.%❡, ❞❡ ❧❛%❣❡ ,✉%

❝✐♥4✉❛♥.❡ ♠7.%❡, ❞❡ ❧♦♥❣✳

▲❛ ,❡❝♦♥❞❡ ③♦♥❡ ,❡ .%♦✉✈❡ ❞❛♥, ❧❡ ,❡❝.❡✉% ❆ ❞❡, ❛%❝❤+♦❧♦❣✉❡, ✭❋✐❣✉%❡ ✻✳✶✶✱ ③♦♥❡ ✈❡%.❡✮✳

❉❡, ✈❡,.✐❣❡, ❞❡ ♠✉%, ,♦♥. ✈✐,✐❜❧❡, ❛✉ ,♦❧✳ ❈❡..❡ ③♦♥❡ ❛ ❢❛✐. ❧✬♦❜❥❡. ❞❡ ,♦♥❞❛❣❡, ❛%❝❤+♦✲

❧♦❣✐4✉❡, ❧♦%, ❞✬✉♥❡ ♠✐,,✐♦♥ ♣%+❝+❞❡♥.❡✳ ▲✬❤②♣♦.❤7,❡ +♠✐,❡ ♣❛% ❧❡, ❛%❝❤+♦❧♦❣✉❡,✱ ❡,. 4✉❡

❝❡ ❧✐❡✉ ❛ ❡✉ ✉♥❡ ❢♦♥❝.✐♦♥ ❞❡ ❞+♣♦.♦✐%✳

✶✾✺



▲❛ "#♦✐&✐'♠❡ ③♦♥❡ ♣#♦&♣❡❝".❡ ❡&" &✐"✉.❡ 0 ❧✬❡&" ❞✉ ❞.♣4" &.❞✐♠❡♥"❛✐#❡ ✭❋✐❣✉#❡ ✻✳✶✶✱

③♦♥❡ ❥❛✉♥❡✮✳ ▲❛ ❝❛#"♦❣#❛♣❤✐❡ ♠❛❣♥."✐?✉❡ ❝❧❛&&✐?✉❡ ② ♠♦♥"#❡ ❝❡#"❛✐♥❡& &"#✉❝"✉#❡& ?✉✐
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44o 3.37o
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44o 3.37o
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44.99o 4.2o

−7959 11339 nT.m2

I = 44.99o D = 4.2o



800 nT.m −215 nT 572 nT

(−5.56,−11.65) (−15, 12)
(−40, 33)

I = 45o

I = 44.99o

D = 4.2o

x y

x
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I = 45o D = 90o



I = 44.99o D = 4.2o
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I = 44.99o D = 4.2o



I = 44.99o D = 4.2o
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♣♦&✐+✐❢& ❡+ ♥'❣❛+✐❢& ✭❞✉ ♣♦+❡♥+✐❡❧ ❡+ ❞❡ ❧❛ ❝♦♠♣♦&❛♥+❡ ✈❡,+✐❝❛❧❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥'+✐2✉❡✮

+❡♥❞❡♥+ ; ❝♦♥✜,♠❡, 2✉❡ ❧❛ ❞✐,❡❝+✐♦♥ ❞❡ ❧✬❛✐♠❛♥+❛+✐♦♥ ❡&+ ♣,♦❝❤❡ ❞❡ ❝❡❧❧❡ ❞✉ ❝❤❛♠♣
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❈❛♥❞❡✱ ❙✳❈✳ ✫ ❑❡♥1✱ ❉✳❱✳ ✭✶✾✾✷✮✱ ❯❧*.❛❤✐❣❤ .❡2♦❧✉*✐♦♥ ♠❛.✐♥❡ ♠❛❣♥❡*✐❝ ❛♥♦♠❛❧②

♣.♦✜❧❡2 ✿ ❛ .❡❝♦.❞ ♦❢ ❝♦♥*✐♥✉♦✉2 ♣❛❧❡♦✐♥*❡♥2✐*② ✈❛.✐❛*✐♦♥2 ❄✱ ❏♦✉-♥❛❧ ♦❢ ●❡♦♣❤②&✐❝❛❧

❘❡&❡❛-❝❤ ✾✼✳

❈❧❛7❦✱ ❉✳❆✳ ✭✷✵✶✷✮✱ ■♥*❡.♣.❡*❛*✐♦♥ ♦❢ *❤❡ ♠❛❣♥❡*✐❝ ❣.❛❞✐❡♥* *❡♥2♦. ❛♥❞ ♥♦.✲

♠❛❧✐③❡❞ 2♦✉.❝❡ 2*.❡♥❣*❤ ❛♣♣❧✐❡❞ *♦ *❤❡ ❚❛❧❧❛✇❛♥❣ ♠❛❣♥❡*✐*❡ 2❦❛.♥ ❞❡♣♦2✐*✱ ◆❡✇

❙♦✉*❤ ❲❛❧❡2✱ ❆✉2*.❛❧✐❛✱ ♣♣✳ ✶✕✺✱ ❙♦❝✐❡*② ♦❢ ❊①♣❧♦.❛*✐♦♥ ●❡♦♣❤②2✐❝✐2*2✱ ❞♦✐ ✿

✶✵✳✶✶✾✵✴2❡❣❛♠✷✵✶✷✲✵✼✵✵✳✶✳

❈♦♦♣❡7✱ ●✳ ✭✷✵✶✼✮✱ ❆♣♣❧②✐♥❣ *❤❡ *✐❧*✲❞❡♣*❤ ❛♥❞ ❝♦♥*❛❝*✲❞❡♣*❤ ♠❡*❤♦❞2 *♦ *❤❡ ♠❛✲

❣♥❡*✐❝ ❛♥♦♠❛❧✐❡2 ♦❢ *❤✐♥ ❞②❦❡2 ✿ ❚✐❧*✲ ❛♥❞ ❝♦♥*❛❝*✲❞❡♣*❤ ♠❡*❤♦❞2 ❢♦. *❤✐♥ ❞②❦❡2✱

●❡♦♣❤②&✐❝❛❧ 3-♦&♣❡❝0✐♥❣ ✻✺ ✭✶✮✱ ♣♣✳ ✸✶✻✕✸✷✸✱ ❞♦✐ ✿✶✵✳✶✶✶✶✴✶✸✻✺✲✷✹✼✽✳✶✷✹✶✷✳

❈♦♦♣❡7✱ ●✳ ✫ ❈♦✇❛♥✱ ❉✳ ✭✷✵✵✹✮✱ ❋✐❧*❡.✐♥❣ ✉2✐♥❣ ✈❛.✐❛❜❧❡ ♦.❞❡. ✈❡.*✐❝❛❧ ❞❡.✐✈❛*✐✈❡2✱

❈♦♠♣✉0❡-& ✫ ●❡♦&❝✐❡♥❝❡& ✸✵ ✭✺✮✱ ♣♣✳ ✹✺✺✕✹✺✾✱ ❞♦✐ ✿✶✵✳✶✵✶✻✴❥✳❝❛❣❡♦✳✷✵✵✹✳✵✸✳✵✵✶✳

❈♦✉71❡❛✉✱ ❘✳ ✭✷✵✶✷✮✱ ❉c❝❤❡*2 ❞❡ ❣✉❡..❡ ✲ ❙c♥❛*✳

❉✬❊77✐❝♦✱ ❏✳❘✳ ✭✷✵✵✻✮✱ ❯♥❞❡.2*❛♥❞✐♥❣ ❣.✐❞✜*✱ ■♥❢♦-♠❛0✐♦♥ ❛✈❛✐❧❛❜❧❡ ❛0 ✿ ❤00♣ ✿✴✴✇✇✇✳

♠❛0❤✇♦-❦&✳ ❝♦♠✴♠❛0❧❛❜❝❡♥0-❛❧✴✜❧❡❡①❝❤❛♥❣❡✴❧♦❛❞❋✐❧❡✳ ❞♦✳

❉②♠❡♥1✱ ❏✳ ✫ ❆7❦❛♥✐✲❍❛♠❡❞✱ ❏✳ ✭✶✾✾✺✮✱ ❙♣.❡❛❞✐♥❣ .❛*❡ ❞❡♣❡♥❞❡♥* ♠❛❣♥❡*✐③❛*✐♦♥

♦❢ *❤❡ ♦❝❡❛♥✐❝ ❧✐*❤♦2♣❤❡.❡ ✐♥❢❡..❡❞ ❢.♦♠ *❤❡ ❛♥♦♠❛❧♦✉2 2❦❡✇♥❡22 ♦❢ ♠❛.✐♥❡ ♠❛❣♥❡*✐❝

❛♥♦♠❛❧✐❡2✱ ●❡♦♣❤②&✐❝❛❧ ❏♦✉-♥❛❧ ■♥0❡-♥❛0✐♦♥❛❧ ✶✷✶✱ ♣♣✳ ✼✽✾✕✽✵✹✳

❉②♠❡♥1✱ ❏✳✱ ❈❛♥❞❡✱ ❙✳❈✳ ✫ ❆7❦❛♥✐✲❍❛♠❡❞✱ ❏✳ ✭✶✾✾✹✮✱ ❙❦❡✇♥❡22 ♦❢ ♠❛.✐♥❡

♠❛❣♥❡*✐❝ ❛♥♦♠❛❧✐❡2 ❝.❡❛*❡❞ ❜❡*✇❡❡♥ ✽✺ ❛♥❞ ✹✵ ▼❛ ✐♥ *❤❡ ■♥❞✐❛♥ ❖❝❡❛♥✱ ❏♦✉-♥❛❧ ♦❢

●❡♦♣❤②&✐❝❛❧ ❘❡&❡❛-❝❤ ✾✾✱ ♣♣✳ ✶✷✶✕✶✸✹✳

❉②♠❡♥1✱ ❏✳✱ ❈❤♦✐✱ ❨✳✱ ❍❛♠♦✉❞✐✱ ▼✳✱ ▲❡O✉7✱ ❱✳ ✫ ❚❤❡❜❛✉❧1✱ ❊✳ ✭✷✵✶✺✮ ✱ ●❧♦❜❛❧

❡L✉✐✈❛❧❡♥* ♠❛❣♥❡*✐③❛*✐♦♥ ♦❢ *❤❡ ♦❝❡❛♥✐❝ ❧✐*❤♦2♣❤❡.❡✱ ❊❛-0❤ ❛♥❞ 3❧❛♥❡0❛-② ❙❝✐❡♥❝❡

▲❡00❡-& ✹✸✵✱ ♣♣✳ ✺✹✕✻✺✱ ❞♦✐ ✿✶✵✳✶✵✶✻✴❥✳❡♣2❧✳✷✵✶✺✳✵✽✳✵✵✷✳

❊✐71③❧❡7✱ ❏✳❘✳✱ S❡1❡7✱ ●✳✱ ❚❛❧✇❛♥✐✱ ▼✳ ✫ ❩✉7✢✉❡❤✱ ❊✳●✳ ✭✶✾✻✷✮✱ ▼❛❣♥❡*✐❝ ❛♥♦✲

♠❛❧✐❡2 ❝❛✉2❡❞ ❜② *✇♦✲❞✐♠❡♥2✐♦♥❛❧ 2*.✉❝*✉.❡ ✿ *❤❡✐. ❝♦♠♣✉*❛*✐♦♥ ❜② ❞✐❣✐*❛❧ ❝♦♠♣✉*❡.2

❛♥❞ *❤❡✐. ✐♥*❡.♣.❡*❛*✐♦♥✱ ❚❡❝❤♥✐❝❛❧ .❡♣♦.* ❉❚■❈ ❉♦❝✉♠❡♥*✳

✷✶✹



❋❛✐#❤❡❛❞✱ ❏✳❉✳✱ ❙❛❧❡♠✱ ❆✳✱ ❈❛0❝♦♥❡✱ ▲✳✱ ❍❛♠♠✐❧❧✱ ▼✳✱ ▼❛07❡#7♦♥✱ ❙✳ ✫ ❙❛♠✲

0♦♥✱ ❊✳ ✭✷✵✶✶✮✱ ◆❡✇ ❞❡✈❡❧♦♣♠❡♥+, ♦❢ +❤❡ ♠❛❣♥❡+✐❝ +✐❧+✲❞❡♣+❤ ♠❡+❤♦❞ +♦ ✐♠♣4♦✈❡

,+4✉❝+✉4❛❧ ♠❛♣♣✐♥❣ ♦❢ ,❡❞✐♠❡♥+❛4② ❜❛,✐♥, ✿ ▼❛❣♥❡+✐❝ +✐❧+✲❞❡♣+❤ ♠❡+❤♦❞ +♦ ✐♠♣4♦✈❡

,+4✉❝+✉4❛❧ ♠❛♣♣✐♥❣ ♦❢ ,❡❞✐♠❡♥+❛4② ❜❛,✐♥,✱ ●❡♦♣❤②&✐❝❛❧ +,♦&♣❡❝-✐♥❣ ✺✾ ✭✻✮✱ ♣♣✳ ✶✵✼✷✕

✶✵✽✻✱ ❞♦✐ ✿✶✵✳✶✶✶✶✴❥✳✶✸✻✺✲✷✹✼✽✳✷✵✶✶✳✵✶✵✵✶✳①✳

❋❛#@0✱ ❙✳ ✭✷✵✵✸✮✱ ❈♦♠♠✉♥❛✉+L ♠♦♥❛,+✐M✉❡ ❝❤4L+✐❡♥♥❡ ❡♥ +4❛♥,❥♦4❞❛♥✐❡ ♠L4✐❞✐♦♥❛❧❡ ✿

▲✬L❣❧✐,❡ ❞❡ ❑✐❧✇❛✱ ▲❡& 1❣❧✐&❡& ❡♥ ♠♦♥❞❡ &②,✐❛4✉❡✳

❋❛#@0✱ ❙✳ ✭✷✵✶✵✮✱ ▲✬✐♥❝,❝4✐♣+✐♦♥ ❛4❛❜❡ ❞❡ ❑✐❧✇❛ ✿ ♥♦✉✈❡❧❧❡ ❧❡❝+✉4❡✱ ❙❡♠✐-✐❝❛ ❡- ❝❧❛&&✐❝❛

✸✳

❋❛#@0✱ ❙✳ ✭✷✵✶✶✮✱ ❈❤4✐,+✐❛♥ ♠♦♥❛,+✐❝✐,♠ ♦♥ +❤❡ ❡✈❡ ♦❢ ■,❧❛♠ ✿ ❑✐❧✇❛ ✭❙❛✉❞✐ ❆4❛❜✐❛✮

✖ ♥❡✇ ❡✈✐❞❡♥❝❡✱ ❆,❛❜✐❛♥ ❛,❝❤❡♦❧♦❣② ❛♥❞ ❡♣✐❣,❛♣❤② ✷✷✱ ♣♣✳ ✶✕✶✵✳

❋❡❞✐✱ ▼✳ ✭✷✵✵✼✮✱ ❉❊❳X ✿ ❆ ❢❛,+ ♠❡+❤♦❞ +♦ ❞❡+❡4♠✐♥❡ +❤❡ ❞❡♣+❤ ❛♥❞ +❤❡ ,+4✉❝+✉4❛❧

✐♥❞❡① ♦❢ ♣♦+❡♥+✐❛❧ ✜❡❧❞, ,♦✉4❝❡,✱ ●❡♦♣❤②&✐❝& ✼✷ ✭✶✮✱ ♣♣✳ ■✶✕■✶✶✱ ❞♦✐ ✿✶✵✳✶✶✾✵✴✶✳

✷✸✾✾✹✺✷✳

❋❧❡✉#②✱ ❙✳ ✭✷✵✶✶✮✱ ▼1-❤♦❞❡ ♠❛❣♥1-✐4✉❡ ❛♣♣❧✐4✉1❡ : ❧✬❡①♣❧♦,❛-✐♦♥ ♠✉❧-✐1❝❤❡❧❧❡ ❞✉ ❇❛&✲

&✐♥ ❞❡ ❋,❛♥❝❡✈✐❧❧❡✱ X❤✳❉✳ +❤❡,✐, ❯♥✐✈❡4,✐+L ❞❡ ❙+4❛,❜♦✉4❣✳

❋❧♦#✐♦✱ ●✳✱ ❋❡❞✐✱ ▼✳ ✫ F❛07❡❦❛✱ ❘✳ ✭✷✵✵✻✮✱ ❖♥ +❤❡ ❛♣♣❧✐❝❛+✐♦♥ ♦❢ ❊✉❧❡4 ❞❡❝♦♥✈♦❧✉✲

+✐♦♥ +♦ +❤❡ ❛♥❛❧②+✐❝ ,✐❣♥❛❧✱ ●❡♦♣❤②&✐❝& ✼✶ ✭✻✮✱ ♣♣✳ ▲✽✼✕▲✾✸✱ ❞♦✐ ✿✶✵✳✶✶✾✵✴✶✳✷✸✻✵✷✵✹✳

●❛✐♥❛✱ ❈✳✱ ●❡#♥✐❣♦♥✱ ▲✳ ✫ ❇❛❧❧✱ F✳ ✭✷✵✵✾✮✱ X❛❧❛❡♦❝❡♥❡✲❘❡❝❡♥+ ♣❧❛+❡ ❜♦✉♥❞❛4✐❡,

✐♥ +❤❡ ◆❊ ❆+❧❛♥+✐❝ ❛♥❞ +❤❡ ❢♦4♠❛+✐♦♥ ♦❢ +❤❡ ❏❛♥ ▼❛②❡♥ ♠✐❝4♦❝♦♥+✐♥❡♥+✱ ❏♦✉,♥❛❧ ♦❢

-❤❡ ●❡♦❧♦❣✐❝❛❧ ❙♦❝✐❡-② ✶✻✻ ✭✹✮✱ ♣♣✳ ✻✵✶✕✻✶✻✱ ❞♦✐ ✿✶✵✳✶✶✹✹✴✵✵✶✻✲✼✻✹✾✷✵✵✽✲✶✶✷✳

●❛✐♥❛✱ ❈✳✱ ◆❛0✉7✐✱ ❆✳✱ ●❡♦✛#❡②✱ ❙✳❑✳ ✫ ❇❧✐0❝❤❦❡✱ ❆✳ ✭✷✵✶✼✮ ✱ ❇4❡❛❦✲✉♣ ❛♥❞

,❡❛✢♦♦4 ,♣4❡❛❞✐♥❣ ❞♦♠❛✐♥, ✐♥ +❤❡ ◆❊ ❆+❧❛♥+✐❝✱ ❚❤❡ ●❡♦❧♦❣✐❝❛❧ ❙♦❝✐❡-② ♦❢ ▲♦♥❞♦♥✳

●❛#❝P0✱ ▼✳ ✫ ●❡❡✱ ❏✳❙✳ ✭✷✵✵✼✮✱ X❛❧❡♦♠❛❣♥❡+✐❝ ❡✈✐❞❡♥❝❡ ♦❢ ❧❛4❣❡ ❢♦♦+✇❛❧❧ 4♦+❛+✐♦♥,

❛,,♦❝✐❛+❡❞ ✇✐+❤ ❧♦✇✲❛♥❣❧❡ ❢❛✉❧+, ❛+ +❤❡ ▼✐❞✲❆+❧❛♥+✐❝ ❘✐❞❣❡✱ ●❡♦❧♦❣② ✸✺ ✭✸✮✱ ♣♣✳

✷✼✾✕✷✽✷✳

●❛✈❛③③✐✱ ❇✳ ✭✷✵✶✺✮✱ ▼1-❤♦❞❡ ♠❛❣♥1-✐4✉❡ ♠✉❧-✐✲1❝❤❡❧❧❡ : -,♦✐& ❞✐♠❡♥&✐♦♥& ❛♣♣❧✐4✉1❡ :

❧✬1-✉❞❡ ❛,❝❤1♦❧♦❣✐4✉❡ ❞✉ &✐-❡ ❞❡ ◗❛&, ❆❧❧❛♠✱ ♦❛&✐& ❞❡ ❇❛❤❛,✐②❛✱ ❊❣②♣-❡ ✱ X❤✳❉✳ +❤❡,✐,

❙+4❛,❜♦✉4❣✳

●❛✈❛③③✐✱ ❇✳✱ ▲❡ ▼❛✐#❡✱ F✳✱ ▼✉♥0❝❤②✱ ▼✳ ✫ ❉❡❝❤❛♠♣✱ ❆✳ ✭✷✵✶✻✮ ✱ ❋❧✉①❣❛+❡ ✈❡❝✲

+♦4 ♠❛❣♥❡+♦♠❡+❡4, ✿ ❆ ♠✉❧+✐,❡♥,♦4 ❞❡✈✐❝❡ ❢♦4 ❣4♦✉♥❞✱ ❯❆❱✱ ❛♥❞ ❛✐4❜♦4♥❡ ♠❛❣♥❡+✐❝

,✉4✈❡②,✱ ❚❤❡ ▲❡❛❞✐♥❣ ❊❞❣❡ ✸✺ ✭✾✮✱ ♣♣✳ ✼✾✺✕✼✾✼✱ ❞♦✐ ✿✶✵✳✶✶✾✵✴+❧❡✸✺✵✾✵✼✾✺✳✶✳

●❡❡✱ ❏✳✱ ❙❝❤♥❡✐❞❡#✱ ❉✳❆✳ ✫ ❑❡♥7✱ ❉✳❱✳ ✭✶✾✾✻✮ ✱ ▼❛4✐♥❡ ♠❛❣♥❡+✐❝ ❛♥♦♠❛❧✐❡, ❛,

4❡❝♦4❞❡4, ♦❢ ❣❡♦♠❛❣♥❡+✐❝ ✐♥+❡♥,✐+② ✈❛4✐❛+✐♦♥,✱ ❊❛,-❤ ❛♥❞ +❧❛♥❡-❛,② ❙❝✐❡♥❝❡ ▲❡--❡,&

✶✹✹ ✭✸✕✹✮✱ ♣♣✳ ✸✷✼✕✸✸✺✱ ❞♦✐ ✿✶✵✳✶✵✶✻✴❙✵✵✶✷✲✽✷✶❳✭✾✻✮✵✵✶✽✹✲✼✳

●❡❡✱ ❏✳❙✳✱ ❈❛♥❞❡✱ ❙✳❈✳✱ ❍✐❧❞❡❜#❛♥❞✱ ❏✳❆✳✱ ❉♦♥♥❡❧❧②✱ ❑✳ ✫ F❛#❦❡#✱ ❘✳▲✳

✭✷✵✵✵✮✱ ●❡♦♠❛❣♥❡+✐❝ ✐♥+❡♥,✐+② ✈❛4✐❛+✐♦♥, ♦✈❡4 +❤❡ ♣❛,+ ✼✽✵ ❦②4 ♦❜+❛✐♥❡❞ ❢4♦♠ ♥❡❛4✲

,❡❛✢♦♦4 ♠❛❣♥❡+✐❝ ❛♥♦♠❛❧✐❡,✱ ◆❛-✉,❡ ✹✵✽✳

●❡❡✱ ❏✳❙✳ ✫ ❑❡♥7✱ ❉✳❱✳ ✭✷✵✵✼✮✱ ❙♦✉4❝❡ ♦❢ ♦❝❡❛♥✐❝ ♠❛❣♥❡+✐❝ ❛♥♦♠❛❧✐❡, ❛♥❞ +❤❡

❣❡♦♠❛❣♥❡+✐❝ ♣♦❧❛4✐+② +✐♠❡ ,❝❛❧❡✱ ❚,❡❛-✐&❡ ♦♥ ●❡♦♣❤②&✐❝&✱ ❱♦❧✳ ✺ ✿ ●❡♦♠❛❣♥❡-✐&♠ ♣♣✳

✹✺✺✕✺✵✼✳

✷✶✺



●❡"♥✐❣♦♥✱ ▲✳✱ ❇❧✐,❝❤❦❡✱ ❆✳✱ ◆❛,✉4✐✱ ❆✳ ✫ ❙❛♥❞✱ ▼✳ ✭✷✵✶✺✮ ✱ ❈♦♥❥✉❣❛(❡ ✈♦❧❝❛♥✐❝

.✐❢(❡❞ ♠❛.❣✐♥2✱ 2❡❛✢♦♦. 2♣.❡❛❞✐♥❣✱ ❛♥❞ ♠✐❝.♦❝♦♥(✐♥❡♥( ✿ ■♥2✐❣❤(2 ❢.♦♠ ♥❡✇ ❤✐❣❤✲

.❡2♦❧✉(✐♦♥ ❛❡.♦♠❛❣♥❡(✐❝ 2✉.✈❡②2 ✐♥ (❤❡ ◆♦.✇❛② ❇❛2✐♥ ✿ ❈❖◆❏❯●❆❚❊ ❱❖▲❈❆◆■❈

❘■❋❚❊❉ ▼❆❘●■◆❙✱ ❚❡❝#♦♥✐❝' ✸✹ ✭✺✮✱ ♣♣✳ ✾✵✼✕✾✸✸✱ ❞♦✐ ✿✶✵✳✶✵✵✷✴✷✵✶✹❚❈✵✵✸✼✶✼✳

●❡"♥✐❣♦♥✱ ▲✳✱ ❖❧❡,❡♥✱ ❖✳✱ ❊❜❜✐♥❣✱ ❏✳✱ ❲✐❡♥❡❝❦❡✱ ❙✳✱ ●❛✐♥❛✱ ❈✳✱ ▼♦❣❛❛"❞✱

❏✳❖✳✱ ❙❛♥❞✱ ▼✳ ✫ ▼②❦❧❡❜✉,4✱ ❘✳ ✭✷✵✵✾✮✱ ●❡♦♣❤②2✐❝❛❧ ✐♥2✐❣❤(2 ❛♥❞ ❡❛.❧② 2♣.❡❛✲

❞✐♥❣ ❤✐2(♦.② ✐♥ (❤❡ ✈✐❝✐♥✐(② ♦❢ (❤❡ ❏❛♥ ▼❛②❡♥ ❋.❛❝(✉.❡ ❩♦♥❡✱ ◆♦.✇❡❣✐❛♥✕●.❡❡♥❧❛♥❞

❙❡❛✱ ❚❡❝#♦♥♦♣❤②'✐❝' ✹✻✽ ✭✶✲✹✮✱ ♣♣✳ ✶✽✺✕✷✵✺✱ ❞♦✐ ✿✶✵✳✶✵✶✻✴❥✳(❡❝(♦✳✷✵✵✽✳✵✹✳✵✷✺✳

❍✐♥③❡✱ ❲✳✱ ✈♦♥ ❋"❡,❡✱ ❘✳❘✳❇✳ ✫ ❙❛❛❞✱ ❆✳❍✳ ✭✷✵✶✸✮ ✱ ●,❛✈✐#② ❛♥❞ ♠❛❣♥❡#✐❝

❡①♣❧♦,❛#✐♦♥✱ ❝❛♠❜.✐❞❣❡ ✉♥✐✈❡.2✐(② ♣.❡22✳

❍♦",✜❡❧❞✱ ❆✳ ✭✶✾✹✸✮✱ ❏♦✉.♥❡② (♦ ❑✐❧✇❛✱ ❚.❛♥2❥♦.❞❛♥✱ ❚❤❡ ❣❡♦❣,❛♣❤✐❝❛❧ ❥♦✉,♥❛❧

✶✵✷ ✭✷✮✱ ♣♣✳ ✼✶✕✼✼✳

❍♦",✜❡❧❞✱ ●✳✱ ❍♦",✜❡❧❞✱ ❆✳ ✫ ●❧✉❡❝❦✱ ◆✳ ✭✶✾✸✸✮ ✱ ].❡❤✐2(♦.✐❝ ❘♦❝❦✲❉.❛✇✐♥❣2 ✐♥

❚.❛♥2❥♦.❞❛♥✱ ❆♠❡,✐❝❛♥ ❏♦✉,♥❛❧ ♦❢ ❆,❝❤❛❡♦❧♦❣② ✸✼ ✭✸✮✱ ♣♣✳ ✸✽✶✕✸✽✻✳

❍,✉✱ ❙✳❑✳ ✭✷✵✵✷✮✱ ■♠❛❣✐♥❣ ♠❛❣♥❡(✐❝ 2♦✉.❝❡2 ✉2✐♥❣ ❊✉❧❡.✬2 ❡`✉❛(✐♦♥✱ ●❡♦♣❤②'✐❝❛❧

♣,♦'♣❡❝#✐♥❣ ✺✵ ✭✶✮✱ ♣♣✳ ✶✺✕✷✺✳

❑❡♥♥❡4❤ ▲✳ ❱❡"♦,✉❜ ✫ ▼♦♦"❡,✱ ❊✳▼✳ ✭✶✾✽✶✮✱ ❚❡❝(♦♥✐❝ .♦(❛(✐♦♥2 ✐♥ ❡①(❡♥2✐♦✲

♥❛❧ .❡❣✐♠❡2 ❛♥❞ (❤❡✐. ♣❛❧❡♦♠❛❣♥❡(✐❝ ❝♦♥2❡`✉❡♥❝❡2 ❢♦. ♦❝❡❛♥✐❝ ❜❛2❛❧(2✱ ❏♦✉,♥❛❧ ♦❢

●❡♦♣❤②'✐❝❛❧ ❘❡'❡❛,❝❤ ✽✻✳

❑♦✐✈✐,4♦✱ ❊✳❆✳✱ ●♦"❞♦♥✱ ❘✳●✳✱ ❉②♠❡♥4✱ ❏✳ ✫ ❆"❦❛♥✐✲❍❛♠❡❞✱ ❏✳ ✭✷✵✶✶✮ ✱ ❚❤❡

2♣.❡❛❞✐♥❣✲.❛(❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ ❛♥♦♠❛❧♦✉2 2❦❡✇♥❡22 ♦❢ ]❛❝✐✜❝ ♣❧❛(❡ ♠❛❣♥❡(✐❝ ❛♥♦♠❛❧②

✸✷ ✿ ❘❡✈✐2✐(❡❞✱ ▲✐#❤♦'♣❤❡,❡ ✸ ✭✻✮✱ ♣♣✳ ✸✼✶✕✸✼✽✱ ❞♦✐ ✿✶✵✳✶✶✸✵✴▲✶✻✼✳✶✳

▲❛❣❛"✐❛,✱ ❏✳❈✳✱ ❘❡❡❞,✱ ❏✳❆✳✱ ❲"✐❣❤4✱ ▼✳❍✳ ✫❲"✐❣❤4✱ U✳❊✳ ✭✶✾✾✽✮ ✱ ❈♦♥✈❡.❣❡♥❝❡

♣.♦♣❡.(✐❡2 ♦❢ (❤❡ ◆❡❧❞❡.✕▼❡❛❞ 2✐♠♣❧❡① ♠❡(❤♦❞ ✐♥ ❧♦✇ ❞✐♠❡♥2✐♦♥2✱ ❙■❆▼ ❏♦✉,♥❛❧

♦♥ ♦♣#✐♠✐③❛#✐♦♥ ✾ ✭✶✮✱ ♣♣✳ ✶✶✷✕✶✹✼✳

▲❡ U✐❝❤♦♥✱ ❳✳ ✫ ❍❡✐"4③❧❡"✱ ❏✳❘✳ ✭✶✾✻✽✮✱ ▼❛❣♥❡(✐❝ ❛♥♦♠❛❧✐❡2 ✐♥ (❤❡ ■♥❞✐❛♥ ❖❝❡❛♥

❛♥❞ 2❡❛✲✢♦♦. 2♣.❡❛❞✐♥❣✱ ❏♦✉,♥❛❧ ♦❢ ●❡♦♣❤②'✐❝❛❧ ❘❡'❡❛,❝❤ ✼✸ ✭✻✮✱ ♣♣✳ ✷✶✵✶✕✷✶✶✼✱

❞♦✐ ✿✶✵✳✶✵✷✾✴❏❇✵✼✸✐✵✵✻♣✵✷✶✵✶✳

▲❡✉✱ ▲✳❑✳ ✭✶✾✽✻✮✱ ▼❛❣♥❡(✐❝ ❡①♣❧♦.❛(✐♦♥ ✇✐(❤ .❡❞✉❝(✐♦♥ ♦❢ ♠❛❣♥❡(✐❝ ❞❛(❛

(♦ (❤❡ ❡`✉❛(♦.✱ ❈❧❛22✐✜❝❛(✐♦♥ ❛✉① ➱(❛(2✲❯♥✐2 ✸✷✹✴✸✹✺✱ ✸✷✹✴✸✸✶ ❀ ❈❧❛22✐✜❝❛✲

(✐♦♥ ✐♥(❡.♥❛(✐♦♥❛❧❡ ●✵✻❋✶✼✴✷✼✱ ●✵✶❱✸✴✹✵✱ ●✵✶❱✸✴✵✽ ❀ ❈❧❛22✐✜❝❛(✐♦♥ ❝♦♦♣e.❛✲

(✐✈❡ ●✵✻❋✶✼✴✷✼✱ ●✵✶❱✸✴✹✵✱ ●✵✶❱✸✴✵✽✼ ❀ ❈❧❛22✐✜❝❛(✐♦♥ ❡✉.♦♣e❡♥♥❡ ●✵✶❱✸✴✵✽●✱

●✵✶❱✸✴✹✵✱ ●✵✻❋✶✼✴✷✼✳

▲✐✱ ❳✳ ✭✷✵✵✽✮✱ ▼❛❣♥❡(✐❝ .❡❞✉❝(✐♦♥✲(♦✲(❤❡✲♣♦❧❡ ❛( ❧♦✇ ❧❛(✐(✉❞❡2 ✿ ❖❜2❡.✈❛(✐♦♥2 ❛♥❞

❝♦♥2✐❞❡.❛(✐♦♥2✱ ❚❤❡ ❧❡❛❞✐♥❣ ❡❞❣❡ ✷✼ ✭✽✮✱ ♣♣✳ ✾✾✵✕✶✵✵✷✳

▼❛,♦♥✱ ❘✳●✳ ✫ ❘❛✛✱ ❆✳ ✭✶✾✻✶✮✱ ▼❛❣♥❡(✐❝ 2✉.✈❡② ♦✛ (❤❡ ✇❡2( ❝♦❛2( ♦❢ ◆♦.(❤

❆♠❡.✐❝❛✱ ✸✷ ◆✳ ❧❛(✐(✉❞❡ (♦ ✹✷ ◆✳ ❧❛(✐(✉❞❡✱ ●❡♦❧♦❣✐❝❛❧ ❙♦❝✐❡#② ♦❢ ❆♠❡,✐❝❛ ❇✉❧❧❡#✐♥

✼✷ ✭✽✮✱ ♣♣✳ ✶✷✺✾✕✶✷✻✺✳

▼❛4❤Y✱ ❱✳ ✫ ▲Y✈Z[✉❡✱ ❋✳ ✭✷✵✵✸✮✱ ❍✐❣❤ .❡2♦❧✉(✐♦♥ ♠❛❣♥❡(✐❝ 2✉.✈❡② ❢♦. 2♦✐❧ ♠♦♥✐✲
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●❡♦♣❤②-✐❝- ✺✺ ✭✶✷✮✱ ♣♣✳ ✶✺✺✽✕✶✺✻✻✳

@❡L)♦♥♦L✐#✱ ❑✳❊✳✱ ●♦)❞♦♥✱ ❘✳●✳ ✫ ❆❝L♦♥✱ ●✳❉✳ ✭✶✾✾✷✮ ✱ ❉❡*❡%♠✐♥✐♥❣ ♣❛❧❛❡♦♠❛✲

❣♥❡*✐❝ ♣♦❧❡C ❛♥❞ ❛♥♦♠❛❧♦✉C C❦❡✇♥❡CC ❢%♦♠ ♠❛%✐♥❡ ♠❛❣♥❡*✐❝ ❛♥♦♠❛❧② C❦❡✇♥❡CC ❞❛*❛

❢%♦♠ ❛ C✐♥❣❧❡ ♣❧❛*❡✱ ●❡♦♣❤②-✐❝❛❧ ❥♦✉%♥❛❧ ✐♥&❡%♥❛&✐♦♥❛❧ ✶✵✾ ✭✶✮✱ ♣♣✳ ✷✵✾✕✷✷✹✳

@✐❧❦✐♥❣L♦♥✱ ▼✳ ✫ ❇❡✐❦✐✱ ▼✳ ✭✷✵✶✸✮✱ ▼✐*✐❣❛*✐♥❣ %❡♠❛♥❡♥* ♠❛❣♥❡*✐③❛*✐♦♥ ❡✛❡❝*C ✐♥

♠❛❣♥❡*✐❝ ❞❛*❛ ✉C✐♥❣ *❤❡ ♥♦%♠❛❧✐③❡❞ C♦✉%❝❡ C*%❡♥❣*❤✱ ●❡♦♣❤②-✐❝- ✼✽ ✭✸✮✱ ♣♣✳ ❏✷✺✕❏✸✷✱

❞♦✐ ✿✶✵✳✶✶✾✵✴❣❡♦✷✵✶✷✲✵✷✷✺✳✶✳

❘❡✐❞✱ ❆✳❇✳✱ ❊❜❜✐♥❣✱ ❏✳ ✫ ❲❡❜❜✱ ❙✳❏✳ ✭✷✵✶✹✮✱ ❆✈♦✐❞❛❜❧❡ ❊✉❧❡% ❊%%♦%C ✲ *❤❡ ✉C❡

❛♥❞ ❛❜✉C❡ ♦❢ ❊✉❧❡% ❞❡❝♦♥✈♦❧✉*✐♦♥ ❛♣♣❧✐❡❞ *♦ ♣♦*❡♥*✐❛❧ ✜❡❧❞C ✿ ❆✈♦✐❞❛❜❧❡ ❊✉❧❡% ❊%%♦%C✱

●❡♦♣❤②-✐❝❛❧ 8%♦-♣❡❝&✐♥❣ ✻✷ ✭✺✮✱ ♣♣✳ ✶✶✻✷✕✶✶✻✽✱ ❞♦✐ ✿✶✵✳✶✶✶✶✴✶✸✻✺✲✷✹✼✽✳✶✷✶✶✾✳

❘♦❡#L✱ ❲✳❘✳✱ ❆)❦❛♥✐✲❍❛♠❡❞✱ ❏✳ ✫ ❱❡)❤♦❡❢✱ ❏✳ ✭✶✾✾✷❛✮✱ ❚❤❡ C❡❛✢♦♦% C♣%❡❛❞✐♥❣

%❛*❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ *❤❡ ❛♥♦♠❛❧♦✉C C❦❡✇♥❡CC ♦❢ ♠❛%✐♥❡ ♠❛❣♥❡*✐❝ ❛♥♦♠❛❧✐❡C✱ ●❡♦♣❤②✲

-✐❝❛❧ ❏♦✉%♥❛❧ ■♥&❡%♥❛&✐♦♥❛❧ ✶✵✾ ✭✸✮✱ ♣♣✳ ✻✺✸✕✻✻✾✳

❘♦❡#L✱ ❲✳❘✳✱ ❱❡)❤♦❡❢✱ ❏✳ ✫ @✐❧❦✐♥❣L♦♥✱ ▼✳ ✭✶✾✾✷❜✮✱ ▼❛❣♥❡*✐❝ ✐♥*❡%♣%❡*❛*✐♦♥

✉C✐♥❣ *❤❡ ✸✲❉ ❛♥❛❧②*✐❝ C✐❣♥❛❧✱ ●❡♦♣❤②-✐❝- ✺✼ ✭✶✮✱ ♣♣✳ ✶✶✻✕✶✷✺✱ ❞♦✐ ✿✶✵✳✶✶✾✵✴✶✳

✶✹✹✸✶✼✹✳

❘♦②✱ ■✳●✳ ✭✷✵✶✸✮✱ ❚✐❧* ❛♥❣❧❡ ✐♥*❡%♣%❡*❛*✐♦♥ ♦❢ ❞✐♣♣✐♥❣ ❢❛✉❧* ♠♦❞❡❧✱ ❏♦✉%♥❛❧ ♦❢ ❆♣♣❧✐❡❞

●❡♦♣❤②-✐❝- ✾✽✱ ♣♣✳ ✸✸✕✹✸✱ ❞♦✐ ✿✶✵✳✶✵✶✻✴❥✳❥❛♣♣❣❡♦✳✷✵✶✸✳✵✼✳✵✵✾✳

❙❛✐❧❤❛❝✱ @✳ ✭✶✾✾✾✮✱ ❆♥❛❧②-❡ ♠✉❧&✐✲=❝❤❡❧❧❡ ❡& ✐♥✈❡%-✐♦♥ ❞❡ ❞♦♥♥=❡- ❞❡ ❣=♦♣❤②-✐?✉❡- ❡♥

●✉②❛♥❡ ❋%❛♥❝❛✐-❡✳✱ Y❤✳❉✳ *❤❡C✐C ■♥C*✐*✉* ❞❡ ♣❤②C✐[✉❡ ❞✉ ❣❧♦❜❡ ❞❡ Y❛%✐C✳

❙❛❧❡♠✱ ❆✳✱ ❘❛✈❛L✱ ❉✳✱ ●❛♠❡②✱ ❚✳❏✳ ✫ ❯#❤✐❥✐♠❛✱ ❑✳ ✭✷✵✵✷✮ ✱ ❆♥❛❧②*✐❝ C✐❣♥❛❧

❛♣♣%♦❛❝❤ ❛♥❞ ✐*C ❛♣♣❧✐❝❛❜✐❧✐*② ✐♥ ❡♥✈✐%♦♥♠❡♥*❛❧ ♠❛❣♥❡*✐❝ ✐♥✈❡C*✐❣❛*✐♦♥C✱ ❏♦✉%♥❛❧ ♦❢

❆♣♣❧✐❡❞ ●❡♦♣❤②-✐❝- ✹✾ ✭✹✮✱ ♣♣✳ ✷✸✶✕✷✹✹✳

❙❛❧❡♠✱ ❆✳✱ ❲✐❧❧✐❛♠#✱ ❙✳✱ ❋❛✐)❤❡❛❞✱ ❉✳✱ ❙♠✐L❤✱ ❘✳ ✫ ❘❛✈❛L✱ ❉✳ ✭✷✵✵✽✮ ✱ ■♥✲

*❡%♣%❡*❛*✐♦♥ ♦❢ ♠❛❣♥❡*✐❝ ❞❛*❛ ✉C✐♥❣ *✐❧*✲❛♥❣❧❡ ❞❡%✐✈❛*✐✈❡C✱ ●❡♦♣❤②-✐❝- ✼✸ ✭✶✮✱ ♣♣✳

▲✶✕▲✶✵✱ ❞♦✐ ✿✶✵✳✶✶✾✵✴✶✳✷✼✾✾✾✾✷✳

❙❛❧❡♠✱ ❆✳✱ ❲✐❧❧✐❛♠#✱ ❙✳✱ ❋❛✐)❤❡❛❞✱ ❏✳❉✳✱ ❘❛✈❛L✱ ❉✳ ✫ ❙♠✐L❤✱ ❘✳ ✭✷✵✵✼✮ ✱ ❚✐❧*✲

❞❡♣*❤ ♠❡*❤♦❞ ✿ ❆ C✐♠♣❧❡ ❞❡♣*❤ ❡C*✐♠❛*✐♦♥ ♠❡*❤♦❞ ✉C✐♥❣ ✜%C*✲♦%❞❡% ♠❛❣♥❡*✐❝ ❞❡%✐✲

✈❛*✐✈❡C✱ ❚❤❡ ▲❡❛❞✐♥❣ ❊❞❣❡ ✷✻ ✭✶✷✮✱ ♣♣✳ ✶✺✵✷✕✶✺✵✺✳

✷✶✽



❙❝❤♠✐❞&✱ (✳✱ ❈❧❛-❦✱ ❉✳✱ ▲❡2❧✐❡✱ ❑✳✱ ❇✐❝❦✱ ▼✳✱ ❚✐❧❜-♦♦❦✱ ❉✳ ✫ ❋♦❧❡②✱ ❈✳ ✭✷✵✵✹✮ ✱

●❊❚▼❆●✖❆ ❙◗❯■❉ ♠❛❣♥❡1✐❝ 1❡♥4♦6 ❣6❛❞✐♦♠❡1❡6 ❢♦6 ♠✐♥❡6❛❧ ❛♥❞ ♦✐❧ ❡①♣❧♦6❛1✐♦♥✱

❊①♣❧♦%❛'✐♦♥ ●❡♦♣❤②.✐❝. ✸✺ ✭✹✮✱ ♣♣✳ ✷✾✼✕✸✵✺✳

❙❝❤♠✐❞&✱ (✳❲✳ ✫ ❈❧❛-❦✱ ❉✳❆✳ ✭✷✵✵✻✮✱ ❚❤❡ ♠❛❣♥❡1✐❝ ❣6❛❞✐❡♥1 1❡♥4♦6 ✿ ■14 ♣6♦♣❡61✐❡4

❛♥❞ ✉4❡4 ✐♥ 4♦✉6❝❡ ❝❤❛6❛❝1❡6✐③❛1✐♦♥✱ ❚❤❡ ▲❡❛❞✐♥❣ ❊❞❣❡ ✷✺ ✭✶✮✱ ♣♣✳ ✼✺✕✼✽✳

❙❝❤♦✉&❡♥✱ ❍✳ ✫▼❝❈❛♠②✱ ❑✳ ✭✶✾✼✷✮✱ ❋✐❧1❡6✐♥❣ ♠❛6✐♥❡ ♠❛❣♥❡1✐❝ ❛♥♦♠❛❧✐❡4✱ ❏♦✉%♥❛❧

♦❢ ●❡♦♣❤②.✐❝❛❧ ❘❡.❡❛%❝❤ ✼✼ ✭✸✺✮✱ ♣♣✳ ✼✵✽✾✕✼✵✾✾✱ ❞♦✐ ✿✶✵✳✶✵✷✾✴❏❇✵✼✼✐✵✸✺♣✵✼✵✽✾✳

❚❛❧✇❛♥✐✱ ▼✳ ✭✶✾✻✺✮✱ ❈♦♠♣✉1❛1✐♦♥ ✇✐1❤ 1❤❡ ❤❡❧♣ ♦❢ ❛ ❞✐❣✐1❛❧ ❝♦♠♣✉1❡6 ♦❢ ♠❛❣♥❡1✐❝

❛♥♦♠❛❧✐❡4 ❝❛✉4❡❞ ❜② ❜♦❞✐❡4 ♦❢ ❛6❜✐16❛6② 4❤❛♣❡✱ ●❡♦♣❤②.✐❝. ✸✵ ✭✺✮✱ ♣♣✳ ✼✾✼✕✽✶✼✳

❚❛❧✇❛♥✐✱ ▼✳ ✫ ❍❡✐-&③❧❡-✱ ❏✳❘✳ ✭✶✾✻✹✮✱ ❈♦♠♣✉1❛1✐♦♥ ♦❢ ♠❛❣♥❡1✐❝ ❛♥♦♠❛❧✐❡4 ❝❛✉4❡❞

❜② 1✇♦ ❞✐♠❡♥4✐♦♥❛❧ 416✉❝1✉6❡4 ♦❢ ❛6❜✐16❛6② 4❤❛♣❡✱ ❙'❛♥❢♦%❞ ✉♥✐✈❡%.✐'② ♣✉❜❧✐❝❛'✐♦♥. ♦❢

'❤❡ ❣❡♦❧♦❣✐❝❛❧ .❝✐❡♥❝❡.✱ ❝♦♠♣✉'❡%. ✐♥ '❤❡ ♠✐♥❡%❛❧ ✐♥❞✉.'%✐❡. ✳

❚❤O❜❛✉❧&✱ ❊✳✱ ❋✐♥❧❛②✱ ❈✳ ✫ ❚♦❤✱ ❍✳ ✭✷✵✶✺❛✮✱ ❙♣❡❝✐❛❧ ✐44✉❡ ✏■♥1❡6♥❛1✐♦♥❛❧ ●❡♦♠❛✲

❣♥❡1✐❝ ❘❡❢❡6❡♥❝❡ ❋✐❡❧❞✖1❤❡ 1✇❡❧❢1❤ ❣❡♥❡6❛1✐♦♥✑✱ ❊❛%'❤✱ =❧❛♥❡'. ❛♥❞ ❙♣❛❝❡ ✻✼ ✭✶✮✱

❞♦✐ ✿✶✵✳✶✶✽✻✴4✹✵✻✷✸✲✵✶✺✲✵✸✶✸✲✵✳

❚❤O❜❛✉❧&✱ ❊✳✱ ❋✐♥❧❛②✱ ❈✳❈✳✱ ❇❡❣❣❛♥✱ ❈✳❉✳✱ ❆❧❦❡♥✱ (✳✱ ❆✉❜❡-&✱ ❏✳✱ ❇❛--♦✐2✱

❖✳✱ ❇❡-&-❛♥❞✱ ❋✳✱ ❇♦♥❞❛-✱ ❚✳✱ ❇♦♥❡22✱ ❆✳✱ ❇-♦❝❝♦✱ ▲✳✱ ❈❛♥❡&✱ ❊✳✱ ❈❤❛♠❜♦✲

❞✉&✱ ❆✳✱ ❈❤✉❧❧✐❛&✱ ❆✳✱ ❈♦T22♦♥✱ (✳✱ ❈✐✈❡&✱ ❋✳✱ ❉✉✱ ❆✳✱ ❋♦✉-♥✐❡-✱ ❆✳✱ ❋-❛&&❡-✱

■✳✱ ●✐❧❧❡&✱ ◆✳✱ ❍❛♠✐❧&♦♥✱ ❇✳✱ ❍❛♠♦✉❞✐✱ ▼✳✱ ❍✉❧♦&✱ ●✳✱ ❏❛❣❡-✱ ❚✳✱ ❑♦-&❡✱

▼✳✱ ❑✉❛♥❣✱ ❲✳✱ ▲❛❧❛♥♥❡✱ ❳✳✱ ▲❛♥❣❧❛✐2✱ ❇✳✱ ▲O❣❡-✱ ❏✳▼✳✱ ▲❡2✉-✱ ❱✳✱ ▲♦✇❡2✱

❋✳❏✳✱ ▼❛❝♠✐❧❧❛♥✱ ❙✳✱ ▼❛♥❞❡❛✱ ▼✳✱ ▼❛♥♦❥✱ ❈✳✱ ▼❛✉2✱ ❙✳✱ ❖❧2❡♥✱ ◆✳✱ (❡✲

&-♦✈✱ ❱✳✱ ❘✐❞❧❡②✱ ❱✳✱ ❘♦&❤❡-✱ ▼✳✱ ❙❛❜❛❦❛✱ ❚✳❏✳✱ ❙❛&✉-♥✐♥♦✱ ❉✳✱ ❙❝❤❛❝❤&✲

2❝❤♥❡✐❞❡-✱ ❘✳✱ ❙✐-♦❧✱ ❖✳✱ ❚❛♥❣❜♦-♥✱ ❆✳✱ ❚❤♦♠2♦♥✱ ❆✳✱ ❚\✛♥❡-✲❈❧❛✉2❡♥✱

▲✳✱ ❱✐❣♥❡-♦♥✱ (✳✱ ❲❛-❞✐♥2❦✐✱ ■✳ ✫ ❩✈❡-❡✈❛✱ ❚✳ ✭✷✵✶✺❜✮✱ ■♥1❡6♥❛1✐♦♥❛❧ ●❡♦✲

♠❛❣♥❡1✐❝ ❘❡❢❡6❡♥❝❡ ❋✐❡❧❞ ✿ 1❤❡ ✶✷1❤ ❣❡♥❡6❛1✐♦♥✱ ❊❛%'❤✱ =❧❛♥❡'. ❛♥❞ ❙♣❛❝❡ ✻✼ ✭✶✮✱

❞♦✐ ✿✶✵✳✶✶✽✻✴4✹✵✻✷✸✲✵✶✺✲✵✷✷✽✲✾✳

❚❤♦♠♣2♦♥✱ ❉✳❚✳ ✭✶✾✽✷✮✱ ❊❯▲❉[❍ ✿ ❆ ♥❡✇ 1❡❝❤♥✐]✉❡ ❢♦6 ♠❛❦✐♥❣ ❝♦♠♣✉1❡6✲❛44✐41❡❞

❞❡♣1❤ ❡41✐♠❛1❡4 ❢6♦♠ ♠❛❣♥❡1✐❝ ❞❛1❛✱ ●❡♦♣❤②.✐❝. ✹✼ ✭✶✮✱ ♣♣✳ ✸✶✕✸✼✳

❱✐♥❡✱ ❋✳❏✳ ✫▼❛&&❤❡✇2✱ ❉✳ ✭✶✾✻✸✮✱ ▼❛❣♥❡1✐❝ ❛♥♦♠❛❧✐❡4 ♦✈❡6 ♦❝❡❛♥✐❝ 6✐❞❣❡4✱ ◆❛'✉%❡✳

❲❛♥❣✱ ❨✳●✳✱ ❩❤❛♥❣✱ ❏✳✱ ●❡✱ ❑✳(✳✱ ❈❤❡♥✱ ❳✳ ✫ ◆✐❡✱ ❋✳❏✳ ✭✷✵✶✻✮✱ ■♠♣6♦✈❡❞

1✐❧1✲❞❡♣1❤ ♠❡1❤♦❞ ❢♦6 ❢❛41 ❡41✐♠❛1✐♦♥ ♦❢ 1♦♣ ❛♥❞ ❜♦11♦♠ ❞❡♣1❤4 ♦❢ ♠❛❣♥❡1✐❝ ❜♦❞✐❡4✱

❆♣♣❧✐❡❞ ●❡♦♣❤②.✐❝. ✶✸ ✭✷✮✱ ♣♣✳ ✷✹✾✕✷✺✻✱ ❞♦✐ ✿✶✵✳✶✵✵✼✴4✶✶✼✼✵✲✵✶✻✲✵✺✺✶✲✸✳

❲✐❧2♦♥✱ ❍✳ ✭✶✾✽✺✮✱ ❆♥❛❧②4✐4 ♦❢ 1❤❡ ♠❛❣♥❡1✐❝ ❣6❛❞✐❡♥1 1❡♥4♦6✱ ❚❡❝❤♥✐❝❛❧ ❘❡♣♦61 ✽✺✲✶✸

❉❘❊[ ❈❛♥❛❞❛✳

❲♦♥✱ ■✳❏✳ ✫ ❇❡✈✐2✱ ▼✳ ✭✶✾✽✼✮✱ ❈♦♠♣✉1✐♥❣ 1❤❡ ❣6❛✈✐1❛1✐♦♥❛❧ ❛♥❞ ♠❛❣♥❡1✐❝ ❛♥♦♠❛❧✐❡4

❞✉❡ 1♦ ❛ ♣♦❧②❣♦♥ ✿ ❆❧❣♦6✐1❤♠4 ❛♥❞ ❋♦616❛♥ 4✉❜6♦✉1✐♥❡4✱ ●❡♦♣❤②.✐❝. ✺✷ ✭✷✮✱ ♣♣✳ ✷✸✷✕

✷✸✽✳

❲②♥♥✱ ❲✳✱ ❋-❛❤♠✱ ❈✳(✳✱ ❈❛--♦❧❧✱ (✳✱ ❈❧❛-❦✱ ❘✳✱ ❲❡❧❧❤♦♥❡-✱ ❏✳ ✫ ❲②♥♥✱ ▼✳

✭✶✾✼✺✮✱ ❆❞✈❛♥❝❡❞ 4✉♣❡6❝♦♥❞✉❝1✐♥❣ ❣6❛❞✐♦♠❡1❡6✴▼❛❣♥❡1♦♠❡1❡6 ❛66❛②4 ❛♥❞ ❛ ♥♦✈❡❧

4✐❣♥❛❧ ♣6♦❝❡44✐♥❣ 1❡❝❤♥✐]✉❡✱ ■❊❊❊ ❚%❛♥.❛❝'✐♦♥. ♦♥ ▼❛❣♥❡'✐❝. ✶✶ ✭✷✮✱ ♣♣✳ ✼✵✶✕✼✵✼✱

❞♦✐ ✿✶✵✳✶✶✵✾✴❚▼❆●✳✶✾✼✺✳✶✵✺✽✻✼✷✳

✷✶✾



✷✷✵



❆♥♥❡①❡ ❆

▲❛ ❧✐()❡ ❞❡( ✈❛,✐❛❜❧❡( ✉)✐❧✐(/❡(

❆✳✶ ▲❡% ✈❛(✐❛❜❧❡% %❝❛❧❛✐(❡%

φ ❧❡ "✉♣❡%♣♦'❡♥'✐❡❧ ♠❛❣♥-'✐.✉❡ "❝❛❧❛✐%❡ ❡♥ T.m2
✳

µo ❧❛ ♣❡%♠-❛❜✐❧✐'- ❞❛♥" ❧❡ ✈✐❞❡ 4π10−7 Tm/A✳

θj ♦✉ Iapj ❧✬✐♥❝❧✐♥❛✐"♦♥ ❛♣♣❛%❡♥'❡ ❞❡ ❧✬❛✐♠❛♥'❛'✐♦♥✳

θr ♦✉ Iapr ❧✬✐♥❝❧✐♥❛✐"♦♥ ❛♣♣❛%❡♥'❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥-'✐.✉❡ %-❣✐♦♥❛❧✳

Ω ❧❡ ♣♦'❡♥'✐❡❧ ♠❛❣♥-'✐.✉❡ "❝❛❧❛✐%❡ ❡♥ T.m
a = ax + iaz ❧❛ ✈❛%✐❛❜❧❡ ❝♦♠♣❧❡①❡ ❧♦❝❛❧✐"❛♥' ❧❛ "♦✉%❝❡✳

c = cx + icz ❧❛ ✈❛%✐❛❜❧❡ ❝♦♠♣❧❡①❡ ❧♦❝❛❧✐"❛♥' ❧❡ ♣♦✐♥' ❞❡ ♠❡"✉%❡ ❞❛♥" ❧❛ ♣❧❛♥✳

j = jx + ijz ❧✬❛✐♠❛♥'❛'✐♦♥ ❛♣♣❛%❡♥'❡ ✭❝♦♠♣❧❡①❡✮ ❞❛♥" ❧❡ ♣❧❛♥ A/m✳

♥ ❧✬✐♥❞✐❝❡ ❛✉ ❞-♥♦♠✐♥❛'❡✉% ❞❡" ❢♦♥❝'✐♦♥" ❝♦♠♣❧❡①❡" ✭❣-♦♠-'%✐❡✮✳

✉✱ ✈ ❡' s =
√
u2 + v2 ❧❛ ❢%-.✉❡♥❝❡ ❡♥ s−1

✳

x, y, z ❧❡" ❝♦♦%❞♦♥♥-❡" ❞✉ ♣♦✐♥' ❞❡ ♠❡"✉%❡ ❞❛♥" ❧✬❡"♣❛❝❡ ; '%♦✐" ❞✐♠❡♥"✐♦♥"✳

xo, yo, zo ❧❡" ❝♦♦%❞♦♥♥-❡" ❞❡ ❧❛ "♦✉%❝❡ ❞❛♥" ❧✬❡"♣❛❝❡ ; '%♦✐" ❞✐♠❡♥"✐♦♥"✳

❆ ❧❡ "✐❣♥❛❧ ❛♥❛❧②'✐.✉❡✳

❈▼❋ ❧❡ ❝❤❛♠♣ ♠❛❣♥-'✐.✉❡ ❝♦♠♣❧❡①❡ ❡♥ T ✳

❈▼❆ ❧✬❛♥♦♠❛❧✐❡ ♠❛❣♥-'✐.✉❡ ❝♦♠♣❧❡①❡ ❡♥ T ✳

CMA(1)
❧✬❛♥♦♠❛❧✐❡ ♠❛❣♥-'✐.✉❡ ❞-%✐✈-❡ ❡♥ T/m✳

❉ ❡' ■ "♦♥' ❧❛ ❞-❝❧✐♥❛✐"♦♥ ❡' ❧✬✐♥❝❧✐♥❛✐"♦♥ ✭❛♥❣❧❡"✮✳

DJ ❡' IJ "♦♥' ❧❛ ❞-❝❧✐♥❛✐"♦♥ ❡' ❧✬✐♥❝❧✐♥❛✐"♦♥ ❞✉ ✈❡❝'❡✉% ❛✐♠❛♥'❛'✐♦♥✳

DR ❡' IR "♦♥' ❧❛ ❞-❝❧✐♥❛✐"♦♥ ❡' ❧✬✐♥❝❧✐♥❛✐"♦♥ ❞✉ ✈❡❝'❡✉% ❝❤❛♠♣ ♠❛❣♥-'✐.✉❡ %-❣✐♦♥❛❧✳

Sasca ❧❡ "✐❣♥❛❧ ❛♥❛❧②'✐.✉❡ "❝❛❧❛✐%❡✳

Savec ❧❡ "✐❣♥❛❧ ❛♥❛❧②'✐.✉❡ ✈❡❝'♦%✐❡❧✳

❚ ❧✬✐♥'❡♥"✐'- ❞❡ ❧✬❛♥♦♠❛❧✐❡ ♠❛❣♥-'✐.✉❡ ❡♥ T ✳

Vs ✈♦❧✉♠❡ ❞❡ ❧❛ "♣❤D%❡ ❞❡ %❛'♦♥ Ra ❡♥ m3
✳

❆✳✷ ▲❡% ✈❛(✐❛❜❧❡% ✈❡❝.♦(✐❡❧❧❡%

~m ❧❡ ♠♦♠❡♥' ♠❛❣♥-'✐.✉❡ A.m2
✳

~r ❧❡ ✈❡❝'❡✉% ❞✐"'❛♥❝❡ ❡♥'%❡ ❧❡ ♣♦✐♥' ❞❡ ♠❡"✉%❡ ❡' ❧❛ "♦✉%❝❡ ❡♥ m✳

~T ❧❡ ❝❤❛♠♣ ♠❛❣♥-'✐.✉❡ ❞✬❛♥♦♠❛❧✐❡ ❡♥ T ✳

~B ❧❡ ❝❤❛♠♣ ♠❛❣♥-'✐.✉❡ ❡♥ T ✳

~F ❧❡ ❝❤❛♠♣ ♠❛❣♥-'✐.✉❡ ❞✬❛♥♦♠❛❧✐❡ ❡♥ T ✳

~J ❧✬❛✐♠❛♥'❛'✐♦♥ ❡♥ A/m✳

✷✷✶



~R ❧❡ ❝❤❛♠♣ ♠❛❣♥)*✐,✉❡ .)❣✐♦♥❛❧ ✭♠♦❞2❧❡✲■●❘❋✮ ❡♥ T ✳

❆✳✸ ▲❡% ✈❛(✐❛❜❧❡% ,❡♥%♦(✐❡❧❧❡%

❚❆▼ *❡♥:❡✉. ❞❡ ❧✬❛♥♦♠❛❧✐❡ ♠❛❣♥)*✐,✉❡ ❡♥ ❚✳

❚●▼ *❡♥:❡✉. ❞✉ ❣.❛❞✐❡♥* ♠❛❣♥)*✐,✉❡ ❡♥ ❚✴♠✳

✷✷✷



❚❛❜❧❡ ❞❡& ✜❣✉*❡&

✶✳✶ ❙❝❤%♠❛ ❞❡* ❞✐✛%-❡♥/❡* %/❛♣❡* ❞✬✉♥ ❝❤❛♥/✐❡- ❞❡ ❞%♣♦❧❧✉/✐♦♥ ♣②-♦/❡❝❤✲

♥✐7✉❡✳ ▲❡* -❡❝/❛♥❣❧❡* ❜❧❡✉* ♠❡//❡♥/ ❡♥ %✈✐❞❡♥❝❡ ❧❡* %/❛♣❡* ❣%♦♣❤②*✐7✉❡*

❞✐*❝✉/%❡* ❞❛♥* ❧❡ ♠❛♥✉*❝-✐/✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺

✶✳✷ ▲❛ ♣❤♦/♦❣-❛♣❤✐❡ ❞❡ ❣❛✉❝❤❡ ❛ %/% ♣-✐*❡ ❧❡ ✷✼ ❥❛♥✈✐❡- ✶✾✹✹ ❧♦-* ❞✬✉♥ ❜♦♠✲

❜❛-❞❡♠❡♥/ ❛♠%-✐❝❛✐♥✳ ▲❛ ♣❤♦/♦❣-❛♣❤✐❡ ❞❡ ❞-♦✐/❡ ❛ %/% ♣-✐*❡ ❧❡ ✷✼ ❥✉✐♥

✶✾✹✹ ❛♣-B* ✉♥ ❜♦♠❜❛-❞❡♠❡♥/ ❛♠%-✐❝❛✐♥✳ ▲❡ -❡❝/❛♥❣❧❡ -♦✉❣❡ ✐♥❞✐7✉❡ ❧✬❡♠✲

♣-✐*❡ ❞✉ ❝❤❛♥/✐❡- ❞❡ ❋♦♥/❡♥❡/✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻

✶✳✸ F❤♦/♦❣-❛♣❤✐❡ ❞✬✉♥ ♦♣%-❛/❡✉- %7✉✐♣% ❞✉ ❞%/❡❝/❡✉- ❋❊❘❊❳ ✹✳✵✸✷ ❆F■✳ ✳ ✶✼

✶✳✹ ❙❝❤%♠❛ ♣-%*❡♥/❛♥/ ✉♥❡ ❞❡* ♠%/❤♦❞❡* ❞✬❡*/✐♠❛/✐♦♥ ❞❡ ❧❛ ♣-♦❢♦♥❞❡✉- ❞✬✉♥

♦❜❥❡/ ✭❈♦✉-* ♣♦✉- ❧❛ ❞%/❡❝/✐♦♥ ✲ ❋♦❡-*/❡-✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼

✶✳✺ ▼❛/%-✐❡❧* ❞❡ ♠❡*✉-❡ R ❣❛✉❝❤❡ ❡/ ✉♥ ❡①❡♠♣❧❡ ❞❡ *✉♣♣♦-/ R ❞-♦✐/❡✳ ✳ ✳ ✳ ✳ ✶✽

✶✳✻ ▲✉♥❡//❡ ❍▼❉ ✭❍❡❛❞✲▼♦✉♥/❡❞ ❉✐*♣❧❛②✮ ♣❡-♠❡//❛♥/ ❞❡ ✈✐*✉❛❧✐*❡- ❧❡* ❞♦♥✲

♥%❡* ❞❡ ♥❛✈✐❣❛/✐♦♥ ❡/ ♠❛❣♥%/✐7✉❡* ❡♥ /❡♠♣* -%❡❧ ◆♦❞♦/ ✭✷✵✶✹✮✳ ✳ ✳ ✳ ✳ ✳ ✶✾

✶✳✼ ▲❡* ❞✐✛%-❡♥/❡* %/❛♣❡* ❞✬❛❝7✉✐*✐/✐♦♥ ♣♦✉- ❧❛ ♠❡*✉-❡ ♠❛❣♥%/✐7✉❡ *✉- ❧❡

/❡--❛✐♥✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵

✶✳✽ ❙❝❤%♠❛ ♠♦♥/-❛♥/ ❧❡* ♣-♦✜❧* ❡/ /-❛✈❡-*❡* R -%❛❧✐*❡- *✉- ❧❡ /❡--❛✐♥✳ ❘%*✉❧✲

/❛/* ❞❡ ❧❛ ♥❛✈✐❣❛/✐♦♥ ♦❜/❡♥✉❡ ❛♣-B* ❧❛ ❥♦✉-♥%❡ ❞❡ ❝❛-/♦❣-❛♣❤✐❡ ❞✉ ✶✼

❛✈-✐❧ ✷✵✶✸ *✉- ❧❡ ❝❤❛♥/✐❡- ❞❡ ❋♦♥/❡♥❡/✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶

✶✳✾ ▲❡* ❞✐✛%-❡♥/❡* %/❛♣❡* ❧♦-* ❞❡ ❧❛ ♣❤❛*❡ ❞❡ /-❛✐/❡♠❡♥/ ❡/ ❞❡ ❝♦--❡❝/✐♦♥ ❞❡*

♠❡*✉-❡*✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷

✶✳✶✵ ❈❛-/❡* ❞❡ ❧✬✐♥/❡♥*✐/% ❞❡ ❧✬❛♥♦♠❛❧✐❡ ♠❛❣♥%/✐7✉❡ ♦❜/❡♥✉❡* ❛♣-B* ❧❡* /-❛✐/❡✲

♠❡♥/* ♣♦✉- ❧❡ ❝❤❛♥/✐❡- ❞❡ ❋♦♥/❡♥❡/✳ ▲❡* ❝❛-/❡* ❞❡ ❣❛✉❝❤❡ *♦♥/ ❡♥ -❡♣-%✲

*❡♥/❛/✐♦♥ ❧✐♥%❛✐-❡ ❡/ ❝❡❧❧❡* ❞❡ ❞-♦✐/❡ ❡♥ %7✉✐♣♦♣✉❧❛/✐♦♥✳ ▲❡* ❞❡✉① ❝❛-/❡*

❞✉ ❜❛* ♦♥/ %/% ♦❜/❡♥✉❡* ♣♦✉- ❧❛ ❥♦✉-♥%❡ ❞✉ ✶✼ ❛✈-✐❧ ✷✵✶✸✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✹

✶✳✶✶ ▲❡* ❞✐✛%-❡♥/❡* %/❛♣❡* ❧♦-* ❞❡ ❧✬✐♥/❡-♣-%/❛/✐♦♥ ❞❡* ❞♦♥♥%❡*✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✺

✶✳✶✷ ❈❛-/❡* ❛♣-B* ❛♣♣❧✐❝❛/✐♦♥ ❞❡ ❧✬♦♣%-❛/❡✉- ❞❡ *✐❣♥❛❧ ❛♥❛❧②/✐7✉❡✳ ▲❡* /✐-❡/*

❜❧❛♥❝* ✐♥❞✐7✉❡♥/ ❧❡* ♠❛①✐♠❛ ❞✉ *✐❣♥❛❧ ❛♥❛❧②/✐7✉❡ ❧✐%* ❛✉① -%*❡❛✉① ✭%❧❡❝✲

/-✐7✉❡ ❡/ ❡❛✉✮✳ ▲❡* /✐-❡/* ♦-❛♥❣❡ ❞%❧✐♠✐/❡♥/ ❞❡* ③♦♥❡* ♦Z ❧❛ ❝♦♥❝❡♥/-❛/✐♦♥

❞✬❛♥♦♠❛❧✐❡* ❡*/ ♣❧✉* %❧❡✈%❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✻

✶✳✶✸ F❤♦/♦❣-❛♣❤✐❡ ❛%-✐❡♥♥❡ ✭■●◆✮ ❞❡ ❧❛ ③♦♥❡ ❞✬%/✉❞❡ ❡♥ ✶✾✻✵✱ 7✉❛♥❞ ❧❡ /❡--❛✐♥

%/❛✐/ ✉/✐❧✐*% ♣❛- ❧✬❛-♠%❡ ❛♠%-✐❝❛✐♥❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✻

✶✳✶✹ ❈❛-/❡ ❞❡ *✐❣♥❛❧ ❛♥❛❧②/✐7✉❡ *✉♣❡-♣♦*%❡ R ❧❛ ♣❤♦/♦❣-❛♣❤✐❡ ❛%-✐❡♥♥❡ ✭■●◆✮

❞❡ ❧❛ ③♦♥❡ ❞✬%/✉❞❡ ❡♥ ✶✾✻✵ ❛✉ ♥✐✈❡❛✉ ❞❡* ❜❛♥❞❡* *♦♠❜-❡*✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼

✶✳✶✺ ❈❛-/❡* ❞❡ ❧✬✐♥/❡♥*✐/% ❞❡ ❧✬❛♥♦♠❛❧✐❡✱ ❞❡ *✐❣♥❛❧ ❛♥❛❧②/✐7✉❡ ❡/ ❞❡ ❣-❛❞✐♦♠%✲

/-✐❡ ✭❞✐✛%-❡♥❝❡ ❡♥/-❡ ❞❡✉① ❣-✐❧❧❡* ❞✬❛❧/✐/✉❞❡ ✷✻ ❝♠ ❡/ ✾✵ ❝♠✮ ♣♦✉- 7✉❛/-❡

❛♥♦♠❛❧✐❡* ✭❝✐❜❧❡*✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✽

✶✳✶✻ ▼✐*❡ ❡♥ ♣❧❛❝❡ ❞✬✉♥ ❡①♣❧♦*✐❢ ❞❡ /②♣❡ ♣❧❛*/-✐/❡ ✭❡①♣❧♦*✐✈❡✮ *✉- 7✉❛/-❡ ♦❜✉*

❞✬❛-/✐❧❧❡-✐❡ ❞❡ ✶✺✺ ♠♠✱ *✉- ✉♥ ❝❤❛♥/✐❡- ♠✐❧✐/❛✐-❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✾

✶✳✶✼ F❤♦/♦❣-❛♣❤✐❡ ❞❡ ❧❛ ♠✐*❡ ❛✉ ❥♦✉- ❞❡* ❞❡✉① ♠✉♥✐/✐♦♥*✱ ❝✐❜❧❡ ✶ ❡/ ❝✐❜❧❡ ✹✳ ✳ ✸✵

✷✷✸



✷✳✶ ❙❝❤&♠❛ ♠♦♥+,❛♥+ ❧❡/ ❞✐✛&,❡♥+❡/ ,❡❧❛+✐♦♥/ ❡♥+,❡ ❧❡/ ❢♦♥❝+✐♦♥/ ❞✉ ♠❛❣♥&✲

+✐/♠❡ ✭✐♥/♣✐,& ❞❡ ❋❧❡✉,② ✭✷✵✶✶✮✮✳ φ ❧❡ /✉♣❡,♣♦+❡♥+✐❡❧ /❝❛❧❛✐,❡ ♠❛❣♥&+✐=✉❡

❡♥ T.m2
✳ Ω ❧❡ ♣♦+❡♥+✐❡❧ /❝❛❧❛✐,❡ ♠❛❣♥&+✐=✉❡ ❡♥ T.m✳

→
B ❧❡ ❝❤❛♠♣ ♠❛❣♥&✲

+✐=✉❡ ❡♥ T ✳ ❚●▼ ❧❡ +❡♥/❡✉, ❞❡ ❣,❛❞✐♦♠&+,✐❡ ♠❛❣♥&+✐=✉❡ ❡♥ T/m✳ ❚❆▼

❧❡ +❡♥/❡✉, ❞✬❛♥♦♠❛❧✐❡ ♠❛❣♥&+✐=✉❡ ❡♥ T ✳ ❚▼■ ❧✬✐♥+❡♥/✐+& ❞❡ ❧✬❛♥♦♠❛❧✐❡

♠❛❣♥&+✐=✉❡ ❡♥ T ✳
→
A ❧❡ ♣♦+❡♥+✐❡❧ ✈❡❝+❡✉, ♠❛❣♥&+✐=✉❡ ❡♥ T.m✳

∫ →
R /✐❣♥✐✲

✜❡ ❧✬✐♥+&❣,❛+✐♦♥ ❞❛♥/ ❧❛ ❞✐,❡❝+✐♦♥ ❞✉ ❝❤❛♠♣ ♠❛❣♥&+✐=✉❡ ,&❣✐♦♥❛❧✳

∫ →
J

/✐❣♥✐✜❡ ❧✬✐♥+&❣,❛+✐♦♥ ❞❛♥/ ❧❛ ❞✐,❡❝+✐♦♥ ❞❡ ❧✬❛✐♠❛♥+❛+✐♦♥✳ ∇ ✐♥❞✐=✉❡ ❧✬❛♣✲

♣❧✐❝❛+✐♦♥ ❞❡ ❧✬♦♣&,❛+❡✉, ❣,❛❞✐❡♥+✳

→
J ❡/+ ❧❡ ✈❡❝+❡✉, ❛✐♠❛♥+❛+✐♦♥ ❡①♣,✐♠&

❡♥ A/m✳

→
R ❡/+ ❧❡ ✈❡❝+❡✉, ❞&✜♥✐//❛♥+ ❧❛ ❞✐,❡❝+✐♦♥ ❞✉ ❝❤❛♠♣ ♠❛❣♥&+✐=✉❡

,&❣✐♦♥❛❧✳ ▲❡/ ③♦♥❡/ ❞❡ ❝♦✉❧❡✉, ✐♥❞✐=✉❡♥+ ❧❛ ❞&♣❡♥❞❛♥❝❡ ❞❡/ ❢♦♥❝+✐♦♥/ ❛✉①

♣❛,❛♠G+,❡/

∥

∥

∥

→
J
∥

∥

∥
✭♦,❛♥❣❡✮ ✱

→
J ✭❜❧❡✉✮ ❡+

→
J .

→
R ✭✈❡,+✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸

✷✳✷ ❙❝❤&♠❛ ❞✉ ,&❢&,❡♥+✐❡❧ ❞❡ ❧✬&+✉❞❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✹

✷✳✸ ❈❛,+❡ ❡+ ♣,♦✜❧ ❞✉ /✉♣❡,♣♦+❡♥+✐❡❧ ❝❛❧❝✉❧&/ ♣♦✉, +,♦✐/ /♣❤G,❡/ ✭,❛②♦♥ ❞❡ ✶

♠✮ ♣❧❛❝&❡/ M ❞❡/ ♣,♦❢♦♥❞❡✉,/ ❞✐✛&,❡♥+❡/ ✭✷✱ ✹ ❡+ ✽ ♠✮✳ ▲❡ ♣❛/ ❞❡ ❧❛ ❣,✐❧❧❡

❡/+ ❞❡ ✷✵ ❝♠✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✺

✷✳✹ ❈❛,+❡ ❡+ ♣,♦✜❧ ❞✉ /✉♣❡,♣♦+❡♥+✐❡❧ ❝❛❧❝✉❧& ♣♦✉, +,♦✐/ /+,✉❝+✉,❡/ ❞✐✛&,❡♥+❡/ ✿

/♣❤G,❡✱ ❝❡,❝❧❡ ❡+ ❝②❧✐♥❞,❡ ✈❡,+✐❝❛❧ /❡♠✐✲✐♥✜♥✐ ✭❝,❡✉①✮✳ ▲❡ ♣❛/ ❞❡ ❧❛ ❣,✐❧❧❡

❡/+ ❞❡ ✷✵ ❝♠✳ ▲❡ ♣,♦✜❧ ❡/+ ❧♦❝❛❧✐/& /✉, ❧❛ ❝❛,+❡ ❛✈❡❝ ❧❛ ❧✐❣♥❡ ❜❧❡✉❡✳ ▲❡/

❝♦♦,❞♦♥♥&❡/ ❞✉ ❝❡♥+,❡ ❞❡ ❧❛ /♦✉,❝❡ /♦♥+ ❞&✜♥✐❡/ ❡♥+,❡ ♣❛,❡♥+❤G/❡/✳ ✳ ✳ ✳ ✸✻

✷✳✺ ❈❛,+❡ ❡+ ♣,♦✜❧ ❞✉ /✉♣❡,♣♦+❡♥+✐❡❧ ❝❛❧❝✉❧&/ ♣♦✉, +,♦✐/ /+,✉❝+✉,❡/ ❞✐✛&✲

,❡♥+❡/ ✿ ❜❛,,❡❛✉✱ ♣❧❛=✉❡ ❡+ ♣,✐/♠❡ /❡♠✐✲✐♥✜♥✐✳ ▲❡ ♣❛/ ❞❡ ❧❛ ❣,✐❧❧❡ ❡/+

❞❡ ✷✵ ❝♠✳ ▲❡ ♣,♦✜❧ ❡/+ ❧♦❝❛❧✐/& /✉, ❧❛ ❝❛,+❡ ❛✈❡❝ ❧❛ ❧✐❣♥❡ ❜❧❡✉❡ ❡+ ❡/+

♣❡,♣❡♥❞✐❝✉❧❛✐,❡ ❛✉① /+,✉❝+✉,❡/✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✼

✷✳✻ ❈❛,+❡ ❡+ ♣,♦✜❧/ ❞✉ ♣♦+❡♥+✐❡❧ ❝❛❧❝✉❧&/ ♣♦✉, /✐① /♣❤G,❡/ ❞❡ ✉♥ ♠G+,❡ ❞❡

,❛②♦♥ ❞♦♥+ ❧❡ ❝❡♥+,❡ ❡/+ ♣❧❛❝& M ❞❡✉① ♠G+,❡/ ❞❡ ♣,♦❢♦♥❞❡✉,✳ ❉❡✉① ❞&✲

❝❧✐♥❛✐/♦♥/ ✭0o ❡+ 90o✮ ❡+ +,♦✐/ ✐♥❝❧✐♥❛✐/♦♥/ ✭0o✱ 45o ❡+ 90o✮ ❞✐✛&,❡♥+❡/ ♦♥+
&+& ❝❤♦✐/✐❡/✳ ▲❡ ♣❛/ ❞❡ ❧❛ ❣,✐❧❧❡ ❡/+ ❞❡ ✷✵ ❝♠✳ ▲❡ ♣,♦✜❧ ♠❛❣❡♥+❛ ❡/+ ♣♦✉,

❞❡/ ❞&❝❧✐♥❛✐/♦♥/ &❣❛❧❡/ M 90o ❡+ ❧❡ ♣,♦✜❧ ❝②❛♥ ♣♦✉, ❞❡/ ❞&❝❧✐♥❛✐/♦♥/ ♥✉❧❧❡/✳ ✸✽
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♣%♦❢♦♥❞❡✉%✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✷
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✷✳✸✹ ❈❛&'❡) ❞❡ ❧✬✐♥'❡♥)✐'/ ❞❡ ❧✬❛♥♦♠❛❧✐❡ ♠❛❣♥/'✐3✉❡✱ ❞✉ )✐❣♥❛❧ ❛♥❛❧②'✐3✉❡ ✈❡❝✲

'♦&✐❡❧ ❡' ❞✉ )✐❣♥❛❧ ❛♥❛❧②'✐3✉❡ )❝❛❧❛✐&❡✳ ▲❛ ♣❛&'✐❡ )✉♣/&✐❡✉&❡ ❡)' ♣♦✉& ✉♥❡

)♣✐&❡ ❞✬❛✐♠❛♥'❛'✐♦♥ ✐♥❞✉✐'❡ /❣❛❧❡ < D = 0o ❡' I = 0o ❡' ❧❛ ♣❛&'✐❡ ✐♥✲

❢/&✐❡✉&❡ ♣♦✉& ✉♥❡ )♣✐&❡ ❞✬❛✐♠❛♥'❛'✐♦♥ &/♠❛♥❡♥'❡ Dr = 0o✱ Ir = 0o✱
Dj = 90o ❡' Ij = 0o✳ ▲❡) '✐&❡') ❜❧❛♥❝) ❧♦❝❛❧✐)❡♥' ❧❛ )♣✐&❡ ❞❛♥) ❧❡ ♣❧❛♥

❤♦&✐③♦♥'❛❧✳▲❛ )♣✐&❡ ❛ ✉♥ &❛②♦♥ ❞❡ ✸✵ ♠ ❡' ❡)' ♣❧❛❝/❡ < ✺ ♠ ❞❡ ♣&♦❢♦♥❞❡✉&✳ ✼✸

✷✳✸✺ ❊&&❡✉&) )✉& ❧❛ ❧♦❝❛❧✐)❛'✐♦♥ ❤♦&✐③♦♥'❛❧❡ ❞✬✉♥❡ )♣❤E&❡ ✐♥❞✉✐'❡ )✐ ♦♥ )✉♣♣♦)❡

3✉❡ ❧❡ ♠❛①✐♠✉♠ ❞✉ )✐❣♥❛❧ ❛♥❛❧②'✐3✉❡ ❡)' < ❧✬❛♣❧♦♠❜ ❞❡ ❧❛ )♦✉&❝❡✱ ❡♥

❢♦♥❝'✐♦♥ ❞❡ ❧✬✐♥❝❧✐♥❛✐)♦♥ ✭❋✐❣✉&❡ ✷ ✭❙❛❧❡♠ ❡! ❛❧✳✱ ✷✵✵✷✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✹

✷✳✸✻ ❊&&❡✉&) )✉& ❧❛ ❧♦❝❛❧✐)❛'✐♦♥ ❤♦&✐③♦♥'❛❧❡ ❞✬✉♥❡ )♣❤E&❡ ✐♥❞✉✐'❡ ❡♥ ❢♦♥❝'✐♦♥

❞❡ ❧❛ ♣&♦❢♦♥❞❡✉& ♣♦✉& ❞✐① ✐♥❝❧✐♥❛✐)♦♥) ❞✐✛/&❡♥'❡)✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✹

✷✳✸✼ ❈❛&'❡) ❞❡ ❧✬✐♥'❡♥)✐'/ ❞❡ ❧✬❛♥♦♠❛❧✐❡ ❡' ❞✉ )✐❣♥❛❧ ❛♥❛❧②'✐3✉❡ ✈❡❝'♦&✐❡❧ ♣♦✉&

✉♥❡ )♣❤E&❡ ❛✐♠❛♥'/❡ ♣❧❛❝/❡ ❡♥ ✭✵✱✵✱✶✵ ♠✮✳ ▲❡) ❝❛&'❡) ♦♥' /'/ ❝❛❧❝✉✲

❧/❡) ♣♦✉& )✐① ❝♦✉♣❧❡) ❞❡ ❞/❝❧✐♥❛✐)♦♥ ❡' ❞✬✐♥❝❧✐♥❛✐)♦♥ ❞✐✛/&❡♥') ✭0o, 10o✮✱
✭0o, 20o✮✱ ✭0o, 26o✮✱ ✭0o, 30o✮✱ ✭0o, 60o✮ ❡' ✭0o, 90o✮✳ ▲❛ ❧♦❝❛❧✐)❛'✐♦♥ ❤♦&✐✲

③♦♥'❛❧❡ ❞✉ ❝❡♥'&❡ ❞❡ ❧❛ )♣❤E&❡ ❡)' ✐❧❧✉)'&/❡ ♣❛& ❧❡ ❞✐)3✉❡ ❜❧❛♥❝✱ ❡' ❧❡)

❡①'&❡♠❛ ♣❛& ❧❡) ❞✐)3✉❡) ♠❛❣❡♥'❛✳ ▲❛ ♣❛&'✐❡ ❜❛))❡ &❡♣&/)❡♥'❡ ❧❡) )✐① ♣&♦✲

✜❧) ♥♦&❞✲)✉❞ ❡①'&❛✐') ❞❡) ❝❛&'❡) ❞❡ )✐❣♥❛❧ ❛♥❛❧②'✐3✉❡ ✈❡❝'♦&✐❡❧✳ ■❧) ♦♥' /'/

♥♦&♠❛❧✐)/) ✭✐❞/❡ ❋✐❣✉&❡ ✭❙❛❧❡♠ ❡! ❛❧✳✱ ✷✵✵✷✮✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✻

✷✳✸✽ ❊&&❡✉&) ♦❜'❡♥✉❡) )✉& ❧❡) 3✉❛'&❡ ♣❛&❛♠E'&❡) ❞❡ ❧✬✐♥✈❡&)✐♦♥ ✭ ❧♦❝❛❧✐)❛'✐♦♥

❡♥ ①✱ ❡♥ ②✱ ❡♥ ♣&♦❢♦♥❞❡✉& ❡' ❡♥ ✐♥'❡♥)✐'/ ❞❡ ♠♦♠❡♥' ♠❛❣♥/'✐3✉❡✮ ♣♦✉&

❞❡) )♣❤E&❡) ❞✬❛✐♠❛♥'❛'✐♦♥ ✐♥❞✉✐'❡✳ ▲✬✐♥❝❧✐♥❛✐)♦♥ ✈❛&✐❡ ❞❡ ✵ < 180o✳ ▲❛
❞/❝❧✐♥❛✐)♦♥ ❡)' ♥✉❧❧❡✳ ▲❡ '❡)' ❛ /'/ ❡✛❡❝'✉/ ♣♦✉& ❞✐① ♣&♦❢♦♥❞❡✉&)✳ ✳ ✳ ✳ ✳ ✼✼

✷✳✸✾ ❈❛&'❡) ❞✉ )✐❣♥❛❧ ❛♥❛❧②'✐3✉❡ )❝❛❧❛✐&❡ ♣♦✉& ✉♥❡ )♣❤E&❡ ❛✐♠❛♥'/❡ ♣❧❛❝/❡ ❡♥

✭✵✱✵✱✶✵ ♠✮✳ ▲❡) ❝❛&'❡) ♦♥' /'/ ❝❛❧❝✉❧/❡) ♣♦✉& )✐① ❝♦✉♣❧❡) ❞❡ ❞/❝❧✐♥❛✐)♦♥ ❡'

❞✬✐♥❝❧✐♥❛✐)♦♥ ❞✐✛/&❡♥') ✭0o, 10o✮✱ ✭0o, 20o✮✱ ✭0o, 26o✮✱ ✭0o, 30o✮✱ ✭0o, 60o✮ ❡'
✭0o, 90o✮✳ ▲❛ ❧♦❝❛❧✐)❛'✐♦♥ ❤♦&✐③♦♥'❛❧❡ ❞✉ ❝❡♥'&❡ ❞❡ ❧❛ )♣❤E&❡ ❡)' ✐❧❧✉)'&/❡

♣❛& ❧❡ ❞✐)3✉❡ ❜❧❛♥❝✱ ❡' ❧❡) ❡①'&❡♠❛ ♣❛& ❧❡) ❞✐)3✉❡) ♠❛❣❡♥'❛✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✾

✷✳✹✵ ➱✈♦❧✉'✐♦♥ ❞❡) ❝♦❡✣❝✐❡♥') ❞✐&❡❝'❡✉&) ✭❞✐❛❣&❛♠♠❡ ❞✉ ❤❛✉'✮ ❡' ❞❡) ❝♦♥)'❛♥'❡)

✭❞✐❛❣&❛♠♠❡ ❞✉ ❜❛)✮ ❞❡ ❧❛ &❡❧❛'✐♦♥ ❛✣♥❡ ❡①✐)'❛♥' ❡♥'&❡ ❧❡) ❡&&❡✉&) ❞❡ ❧♦✲

❝❛❧✐)❛'✐♦♥ ❧❛'/&❛❧❡ ❡' ❧❛ ♣&♦❢♦♥❞❡✉& ♣♦✉& ❧❡) ❞❡✉① ❞/✜♥✐'✐♦♥) ❞❡ )✐❣♥❛✉①

❛♥❛❧②'✐3✉❡) ❡♥ ❢♦♥❝'✐♦♥ ❞❡ ❧✬✐♥❝❧✐♥❛✐)♦♥✱ ♣♦✉& ✉♥❡ )♣❤E&❡ ❞✬❛✐♠❛♥'❛'✐♦♥

✐♥❞✉✐'❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✵

✷✳✹✶ ❈❛&'❡) ❞❡) ❡&&❡✉&) ❞❡ ❧♦❝❛❧✐)❛'✐♦♥ ❧❛'/&❛❧❡ ❡♥ )✉♣♣♦)❛♥' 3✉❡ ❧❡ ♠❛①✐♠✉♠

❞✉ )✐❣♥❛❧ ❛♥❛❧②'✐3✉❡ )❡ ♣❧❛❝❡ < ❧✬❛♣❧♦♠❜ ❞❡ ❧❛ )♦✉&❝❡ ❡♥ ❢♦♥❝'✐♦♥ ❞❡) ✐♥✲

❝❧✐♥❛✐)♦♥) ❞❡ ❧✬❛✐♠❛♥'❛'✐♦♥ ❡' ❞✉ ❝❤❛♠♣ ♠❛❣♥/'✐3✉❡ &/❣✐♦♥❛❧✳ ▲❛ ❝♦❧♦♥♥❡

❞❡ ❣❛✉❝❤❡ ♣&/)❡♥'❡ ❧❡) &/)✉❧'❛') ❛✈❡❝ ❧❛ ❞/✜♥✐'✐♦♥ ✈❡❝'♦&✐❡❧❧❡ ❡' ❝❡❧❧❡ ❞❡

❞&♦✐'❡ ❧❛ ❞/✜♥✐'✐♦♥ )❝❛❧❛✐&❡✳ ▲❡ '❡)' ❛ /'/ ❡✛❡❝'✉/ ♣♦✉& ✉♥❡ )♣❤E&❡ ❛✐♠❛♥✲

'/❡ ♣❧❛❝/❡ ❡♥ ✭✵✱✵✱✶✵ ♠✮ ❡' ♣♦✉& ✉♥❡ ❞/❝❧✐♥❛✐)♦♥ ❞✉ ❝❤❛♠♣ ♠❛❣♥/'✐3✉❡

♥✉❧❧❡✳ ▲❡) ❞❡✉① ❝❛&'❡) )✉♣/&✐❡✉&❡) ♦♥' /'/ ♦❜'❡♥✉❡) ♣♦✉& ✉♥❡ ❞/❝❧✐♥❛✐)♦♥

❞❡ ❧✬❛✐♠❛♥'❛'✐♦♥ ♥✉❧❧❡✱ ❝❡❧❧❡) ❝❡♥'&❛❧❡) ♣♦✉& Dj = 30o ❡' ♣♦✉& ❝❡❧❧❡) ❞✉

❜❛) Dj = 90o✳ T♦✉& '♦✉'❡) ❧❡) ❝❛&'❡) ❧✬/❝❤❡❧❧❡ ❞❡ ❝♦✉❧❡✉& ❡)' ✐❞❡♥'✐3✉❡ ❡'

)✬/'❡♥❞ ❞❡ ✵ < ✻ ♠✳ ▲❡) ❞❡✉① ♣&♦✜❧) ♦&❛♥❣❡) &❡♣&/)❡♥'❡♥' ❧❡) ❝❛) /'✉❞✐/)

♣&/❝/❞❡♠♠❡♥'✱ ❝✬❡)'✲<✲❞✐&❡ ❧❡ ❝❛) ❞✬✉♥❡ ❛✐♠❛♥'❛'✐♦♥ ❞❡ '②♣❡ ✐♥❞✉✐'❡✳ ✳ ✽✶
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✷✳✹✷ ❝❛%&❡( ♦❜&❡♥✉❡( ❡♥ ❡✛❡❝&✉❛♥& ❧❛ ❞✐✛1%❡♥❝❡ ❡♥&%❡ ❧❡( ❡%%❡✉%( ❞✉❡( 2 ❧❛

❞1✜♥✐&✐♦♥ (❝❛❧❛✐%❡ ♠♦✐♥( ❝❡❧❧❡( ❧✐1❡( 2 ❧❛ ❞1✜♥✐&✐♦♥ ✈❡❝&♦%✐❡❧❧❡✱ ♣♦✉% ❧❡(

♠8♠❡ ❞1❝❧✐♥❛✐(♦♥( ❡& ✐♥❝❧✐♥❛✐(♦♥( ✉&✐❧✐(1❡( ❞❛♥( ❧❡ ✜❣✉%❡ ✷✳✹✶✳ ▲✬❡♥(❡♠❜❧❡

❞❡( ❝❛%&❡( (♦♥& (❡✉✐❧❧1❡( ❞❡ ✲✷ 2 ✷ ♠✳ ▲❡( ✈❛❧❡✉%( ♥1❣❛&✐✈❡( ✐♥❞✐>✉❡♥& ✉♥

❛✈❛♥&❛❣❡ ❞❡ ❧❛ ❞1✜♥✐&✐♦♥ (❝❛❧❛✐%❡ (✉% ❧❛ ✈❡❝&♦%✐❡❧❧❡ ❡& ❧❡( ✈❛❧❡✉%( ♣♦(✐&✐✈❡(

❧✬✐♥✈❡%(❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✸

✷✳✹✸ ▲❡( ❞❡✉① ♣%❡♠✐B%❡( ❝❛%&❡( ♠♦♥&%❡♥& ❧✬❡%%❡✉% (✉% ❧❛ ❧♦❝❛❧✐(❛&✐♦♥ ❧❛&1%❛❧❡

❞✬✉♥❡ (♣❤B%❡ ♣❧❛❝1❡ 2 ✶✵ ♠ ❞❡ ♣%♦❢♦♥❞❡✉% ♣♦✉% ❧❡( ❞❡✉① ❞1✜♥✐&✐♦♥( ❞✉

(✐❣♥❛❧ ❛♥❛❧②&✐>✉❡ ✈❡❝&♦%✐❡❧ ✭❣❛✉❝❤❡✮ ❡& (❝❛❧❛✐%❡ ✭❞%♦✐&❡✮✳ ▲❛ ❞✐%❡❝&✐♦♥ ❞✉

❝❤❛♠♣ ♠❛❣♥1&✐>✉❡ %1❣✐♦♥❛❧ ❡(& ✜①1❡ ✈❡%&✐❝❛❧❡♠❡♥& ✭Dr = 0o ❡& Ir =
90o✮ ❡& ♣♦✉% ❝❡( ❞❡✉① ❝❛%&❡( ❧✬1❝❤❡❧❧❡ ❞❡( ❝♦✉❧❡✉%( ❡(& (❡✉✐❧❧1❡ ❞❡ ❢❛I♦♥

✐❞❡♥&✐>✉❡ ❞❡ ✵ 2 ✸ ♠✳ ▲❛ ❝❛%&❡ ❧❛ ♣❧✉( 2 ❞%♦✐&❡ ♣%1(❡♥&❡ ❧❛ ❞✐✛1%❡♥❝❡ ❞❡(

❞❡✉① ❝❛%&❡(✳ ▲✬❛①❡ ❞❡( ❛❜(❝✐((❡( %❡♣%1(❡♥&❡ ❧❡( ✈❛%✐❛&✐♦♥( ❞❡ ❧✬✐♥❝❧✐♥❛✐(♦♥

❞❡ ❧✬❛✐♠❛♥&❛&✐♦♥ ❡& ❧✬❛①❡ ❞❡( ♦%❞♦♥♥1❡( ❧❡( ✈❛%✐❛&✐♦♥( ❞❡ ❞1❝❧✐♥❛✐(♦♥✳ ✳ ✳ ✽✹

✷✳✹✹ ▲❡( ❞❡✉① ♣%❡♠✐B%❡( ❝❛%&❡( ♠♦♥&%❡♥& ❧❛ ❞✐(&❛♥❝❡ ❡♥&%❡ ❧❡ ♠❛①✐♠❛ ❡& ❧❛ ❧♦✲

❝❛❧✐(❛&✐♦♥ ❧❛&1%❛❧❡ ❞✬✉♥❡ (♣❤B%❡ ♣❧❛❝1❡ 2 ✶✵ ♠ ❞❡ ♣%♦❢♦♥❞❡✉% ♣♦✉% ❧❡( ❞❡✉①

❞1✜♥✐&✐♦♥( ❞✉ (✐❣♥❛❧ ❛♥❛❧②&✐>✉❡ ✈❡❝&♦%✐❡❧ ✭❣❛✉❝❤❡✮ ❡& (❝❛❧❛✐%❡ ✭❞%♦✐&❡✮✳ ▲❛

❞✐%❡❝&✐♦♥ ❞✉ ❝❤❛♠♣ ❣1♦♠❛❣♥1&✐>✉❡ ❡(& (✐♠✐❧❛✐%❡ 2 ❝❡❧❧❡ ❞❡ ❙&%❛(❜♦✉%❣

✭Dr = 4o ❡& Ir = 67o✮ ❡& ♣♦✉% ❝❡( ❞❡✉① ❝❛%&❡( ❧✬1❝❤❡❧❧❡ ❞❡( ❝♦✉❧❡✉%( ❡(&

(❡✉✐❧❧1❡ ❞❡ ❢❛I♦♥ ✐❞❡♥&✐>✉❡ ❞❡ ✵ 2 ✸ ♠✳ ▲❛ ❝❛%&❡ ❧❛ ♣❧✉( 2 ❞%♦✐&❡ ♣%1✲

(❡♥&❡ ❧❛ ❞✐✛1%❡♥❝❡ ❞❡( ❞❡✉① ❛✉&%❡( ❝❛%&❡(✳ ▲✬❛①❡ ❞❡( ❛❜(❝✐((❡( %❡♣%1(❡♥&❡

❧❡( ✈❛%✐❛&✐♦♥( ❞❡ ❧✬✐♥❝❧✐♥❛✐(♦♥ ❞❡ ❧✬❛✐♠❛♥&❛&✐♦♥ ❡& ❧✬❛①❡ ❞❡( ♦%❞♦♥♥1❡( ❧❡(

✈❛%✐❛&✐♦♥( ❞❡ ❞1❝❧✐♥❛✐(♦♥✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✺

✷✳✹✺ ❊%%❡✉%( ♦❜&❡♥✉❡( (✉% ❧❡( >✉❛&%❡ ♣❛%❛♠B&%❡( ❞❡ ❧✬✐♥✈❡%(✐♦♥ ✭ ❧♦❝❛❧✐(❛&✐♦♥

❡♥ ①✱ ❡♥ ②✱ ❡♥ ♣%♦❢♦♥❞❡✉% ❡& ❡♥ ✐♥&❡♥(✐&1 ❞❡ ♠♦♠❡♥& ♠❛❣♥1&✐>✉❡✮ ♣♦✉% ❞❡(

(♣❤B%❡( ❞✬❛✐♠❛♥&❛&✐♦♥ %1♠❛♥❡♥&❡✳ ▲✬✐♥❝❧✐♥❛✐(♦♥ ❞❡ ❧✬❛✐♠❛♥&❛&✐♦♥ ✈❛%✐❡ ❞❡

0 2 180o ❡& ❧❡ &❡(& ❡(& ❢❛✐& ♣♦✉% ❞✐① ♣%♦❢♦♥❞❡✉%(✳ ▲❡ ❝❤❛♠♣ ♠❛❣♥1&✐>✉❡

%1❣✐♦♥❛❧ ❡(& ✈❡%&✐❝❛❧ ✭I = 90o✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✻

✸✳✶ ❙❝❤1♠❛ %❡♣%1(❡♥&❛♥& ❧❡ %❡♣B%❡ 2 ❞❡✉① ❞✐♠❡♥(✐♦♥( ♣❛% %❛♣♣♦%& ❛✉ %❡♣B%❡

2 &%♦✐( ❞✐♠❡♥(✐♦♥( ♣♦✉% ✉♥ ❝②❧✐♥❞%❡ ✐♥✜♥✐✳ ❈❛%&❡( ❞❡ ❧✬✐♥&❡♥(✐&1 ❞❡ ❧✬❛♥♦✲

♠❛❧✐❡ ♠❛❣♥1&✐>✉❡ ♣♦✉% ❞❡( ❝②❧✐♥❞%❡( ✐♥✜♥✐( ♦%✐❡♥&1( ♥♦%❞ (✉❞✱ ♣❧❛❝1( 2 ✹

♠ ❞❡ ♣%♦❢♦♥❞❡✉%✳ ▲✬❛✐♠❛♥&❛&✐♦♥ ❡(& (✉♣♣♦(1❡ ✐♥❞✉✐&❡ ❡& ❧❡( ❝✐♥> ❝❛( ♦♥&

1&1 ♠♦❞1❧✐(1( ♣♦✉% ✉♥❡ ✐♥❝❧✐♥❛✐(♦♥ ❛♣♣❛%❡♥&❡ ❞❡ 90o, 45o, 0o,−45oet− 90o✳ ✾✶

✸✳✷ ❆♥♦♠❛❧✐❡( ♠❛❣♥1&✐>✉❡( ❞✉❡( 2 ❞❡( ❝②❧✐♥❞%❡( ♣❧❛❝1( 2 ♣❧✉(✐❡✉%( ♣%♦❢♦♥✲

❞❡✉%( ✭✶✱ ✸✱ ✼✱ ✶✸ ❡& ✷✵ ♠✮✱ ♣♦✉% ✸ ✐♥❝❧✐♥❛✐(♦♥( ❛♣♣❛%❡♥&❡( ✭0o, 45o ❡& 90o✮✳
▲❡( ❝②❧✐♥❞%❡( ♦♥& ✉♥❡ ❛✐♠❛♥&❛&✐♦♥ ✐♥❞✉✐&❡✳ ▲❡( ❝♦✉%❜❡( ♦♥& 1&1 ♥♦%♠1❡(

❛✜♥ ❞❡ ♠✐❡✉① ❝♦♠♣❛%❡% ❧❡✉%( ❢♦%♠❡(✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✸

✸✳✸ ❆♥♦♠❛❧✐❡ ♠❛❣♥1&✐>✉❡ ❝♦♠♣❧❡①❡ ✭❈▼❆✱ ❈♦♠♣❧❡① ▼❛❣♥❡&✐❝ ❆♥♦♠❛❧②✮

❞✉❡ 2 ❞❡( ❝②❧✐♥❞%❡( ♣❧❛❝1( 2 ♣❧✉(✐❡✉%( ♣%♦❢♦♥❞❡✉%( ✭✶✱ ✸✱ ✼✱ ✶✸ ❡& ✷✵

♠✮✱ ♣♦✉% ✸ ✐♥❝❧✐♥❛✐(♦♥( ❛♣♣❛%❡♥&❡( ✭0o, 45o ❡& 90o✮✳ ▲❡( ❝②❧✐♥❞%❡( ♦♥& ✉♥❡
❛✐♠❛♥&❛&✐♦♥ ✐♥❞✉✐&❡✳ ▲❡( ❝♦✉%❜❡( ♦♥& 1&1 ♥♦%♠1❡( ❛✜♥ ❞❡ ♠✐❡✉① ✈✐(✉❛❧✐(❡%

❧❡✉%( ❢♦%♠❡( ✭❋✐❣✉%❡ ✸✳✷✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✻

✸✳✹ ❆♥♦♠❛❧✐❡( ♠❛❣♥1&✐>✉❡( ❡& ❈▼❆ ❝♦%%❡(♣♦♥❞❛♥&( ♣♦✉% ✉♥ ❝②❧✐♥❞%❡✱ ♣♦✉%

&%♦✐( ✐♥❝❧✐♥❛✐(♦♥( ❛♣♣❛%❡♥&❡( ❞✐✛1%❡♥&❡( 0o ✭❞✐❛❣%❛♠♠❡ ❞✉ ❤❛✉&✮✱ 45o

✭❞✐❛❣%❛♠♠❡ ❞✉ ♠✐❧✐❡✉✮ ❡& 90o ✭❞✐❛❣%❛♠♠❡ ❞✉ ❜❛(✮✳ ▲❡( ♣♦✐♥&( ❞❡ ❝♦✉❧❡✉%

✐♥❞✐>✉❡♥& ❧❡( ❡①&%❡♠❛ ❞✉ ♣%♦✜❧ ❞✬❛♥♦♠❛❧✐❡ ♠❛❣♥1&✐>✉❡ ❡& ❧❡✉% ❧♦❝❛❧✐(❛✲

&✐♦♥ (✉% ❧❡ ❈▼❆✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✼

✷✷✽



✸✳✺ ❆♥♦♠❛❧✐❡+ ♠❛❣♥-.✐/✉❡+ ❡. ❈▼❆ ❝♦44❡+♣♦♥❞❛♥. 7 ✉♥ +✐❧❧✱ ♣♦✉4 .4♦✐+ ✐♥❝❧✐✲

♥❛✐+♦♥+ ❛♣♣❛4❡♥.❡+ ❞✐✛-4❡♥.❡+ 0o ✭❞✐❛❣4❛♠♠❡ ❞✉ ❤❛✉.✮✱ 45o ✭❞✐❛❣4❛♠♠❡

❞✉ ♠✐❧✐❡✉✮ ❡. 90o ✭❞✐❛❣4❛♠♠❡ ❞✉ ❜❛+✮✳ ▲❡+ ♣♦✐♥.+ ❞❡ ❝♦✉❧❡✉4 ✐♥❞✐/✉❡♥.

❧❡+ ❡①.4❡♠❛ ❞✉ ♣4♦✜❧ ❞✬❛♥♦♠❛❧✐❡ ♠❛❣♥-.✐/✉❡ ❡. ❧❡✉4 ❧♦❝❛❧✐+❛.✐♦♥ +✉4 ❧❡

❈▼❆✳ ❖♥ +✉♣♣♦+❡ /✉❡ ❧✬❛✐♠❛♥.❛.✐♦♥ ❞❡ ❧❛ +.4✉❝.✉4❡ ❡+. ✐♥❞✉✐.❡✳ ✳ ✳ ✳ ✳ ✶✶✾

✸✳✻ G4♦✜❧+ ❞❡ ❧✬✐♥.❡♥+✐.- ❞❡ ❧✬❛♥♦♠❛❧✐❡ ♠❛❣♥-.✐/✉❡ ♣♦✉4 +✐① ❣-♦♠-.4✐❡+ ❞❡

+.4✉❝.✉4❡+ ❞✐✛-4❡♥.❡+ ✭♥❂✵✱✺✱ ♥❂✶✱ ♥❂✶✱✺✱ ♥❂✷✱ ♥❂✷✱✺ ❡. ♥❂✸✮✳ ▲✬✐♥✲

❝❧✐♥❛✐+♦♥ ❛♣♣❛4❡♥.❡ ❞❡ ❧✬❛✐♠❛♥.❛.✐♦♥ ❡. ❞✉ ❝❤❛♠♣ ❣-♦♠❛❣♥-.✐/✉❡ ✈❛✉.

45o✳ ▲✬✉♥✐/✉❡ ♣♦✐♥. /✉✐ ❞-✜♥✐. ❧❛ +.4✉❝.✉4❡ ❛ ♣♦✉4 ❝♦♦4❞♦♥♥-❡+ ✭✺✵✱✶✵✮✱

❧❛ ❝♦♥+.❛♥.❡ ❚ ❡+. -❣❛❧❡ 7 ✶✳ ▲❡ ♣❛+ ❞✬-❝❤❛♥.✐❧❧♦♥♥❛❣❡ ❞✉ ♣4♦✜❧ ❡+. ❞❡

✶✵ ❝♠✳ ▲✬❡♥+❡♠❜❧❡ ❛ -.- ♥♦4♠❛❧✐+- ❛✜♥ ❞❡ +❡ ❝♦♥❝❡♥.4❡4 +✉4 ❧❛ ❢♦4♠❡ ❞❡+

❛♥♦♠❛❧✐❡+ ❡. ❧❡✉4+ ❡①.4❡♠❛✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✵

✸✳✼ ❘❡♣4-+❡♥.❛.✐♦♥ ❞❡+ ❈▼❆ ♥♦4♠❛❧✐+-+ ♣♦✉4 ❞✐✛-4❡♥.❡+ ✈❛❧❡✉4+ ❞❡ ♥✳ ✳ ✳ ✳ ✶✷✶

✸✳✽ ❛✮ ▲❛ ❝♦✉4❜❡ ❜❧❡✉❡ ❡+. ❧❡ CMA ♣♦✉4 ✉♥ ❝②❧✐♥❞4❡ ✐♥✜♥✐ ✭n = 2✮✳ ▲❛
❝♦✉4❜❡ ❝②❛♥ ❡+. ❧❡ ♣4♦❧♦♥❣❡♠❡♥. ✈❡4+ ❧❡ ❤❛✉. ❞✉ CMA ❞❡ ✺ ♣❛+✱ +♦✐. ✺✵

❝♠✳ ▲❡+ ❞4♦✐.❡+ ✈❡4.❡+ +♦♥. ❧❡+ ♥♦4♠❛❧❡+ ❛✉ CMA✱ ❧❡+ ❞4♦✐.❡+ 4♦✉❣❡+ +♦♥.
❧❡+ ♥♦4♠❛❧❡+ ❛✉ ♣4♦❧♦♥❣❡♠❡♥. ❞✉ CMA✳ ▲❡+ +❡❣♠❡♥.+ ♥♦✐4+ 4❡♣4-+❡♥.❡♥.

❧❡+ -❝❛4.+ ❡♥.4❡ ❧❡ CMA ❡. ❧❡ ♣4♦❧♦♥❣❡♠❡♥. ❞✉ CMA ♣♦✉4 ✉♥❡ ♠R♠❡

✈❛4✐❛❜❧❡ ci✳ ❇✮ ③♦♦♠ ❞❡ ❧❛ ③♦♥❡ ✶✳ ❈✮ ③♦♦♠ ❞❡ ❧❛ ③♦♥❡ ✷✳ ▲❡+ ♣❛+.✐❧❧❡+

♠❡..❡♥. ❡♥ -✈✐❞❡♥❝❡ ❧❡+ ♣♦✐♥.+ ❞❡ ❝4♦✐+❡♠❡♥. ❞❡+ ♥♦4♠❛❧❡+ ♣4♦❝❤❡+ ❞❡

❧✬❛♣❧♦♠❜ ❞❡ ❧❛ +.4✉❝.✉4❡✳ ▲❛ ♣❛+.✐❧❧❡ 4♦✉❣❡ ❡+. ♣♦✉4 ❧❡ ♣4♦❧♦♥❣❡♠❡♥. ❞✉

CMA ❡. ❧❛ ✈❡4.❡ ♣♦✉4 ❧❡ CMA✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✷

✸✳✾ ❊✛❡. ❞✬✉♥❡ 4-❞✉❝.✐♦♥ ❛✉ ♣V❧❡ ♣♦✉4 ❞❡+ ♠♦❞W❧❡+ +②♥.❤-.✐/✉❡+ ❝♦♥+.4✉✐.+

❛✈❡❝ .4♦✐+ +.4✉❝.✉4❡+ ✿ ✉♥ ❝②❧✐♥❞4❡ ❡. ❞❡✉① ❞②❦❡+ ♣❡♥.-+ ❞❡ 135o ❡. 90o✳
❖♥ ❝♦♥+✐❞W4❡ ✉♥❡ ❛✐♠❛♥.❛.✐♦♥ 4-♠❛♥❡♥.❡ ❛♣♣❛4❡♥.❡ ❞❡ 20o✳ ▲✬✐♥❝❧✐♥❛✐+♦♥
❛♣♣❛4❡♥.❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥-.✐/✉❡ 4-❣✐♦♥❛❧ ❡+. ❞❡ 50o✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✸

✸✳✶✵ ❈❛+ +②♥.❤-.✐/✉❡+ ❝♦♠♣❛4❛♥. ❧✬❛♥♦♠❛❧✐❡ ✭❝♦✉4❜❡ ❜❧❡✉❡✮✱ ❧✬❛♥♦♠❛❧✐❡ ❞♦✉❜❧❡

4-❞✉✐.❡ ❛✉ ♣V❧❡ ✭❝♦✉4❜❡ 4♦✉❣❡✮ ❡. ❧✬❛♥♦♠❛❧✐❡ ❛♣4W+ ❧✬❛♣♣❧✐❝❛.✐♦♥ ❞❡ ❧❛ ♥♦4✲

♠❛❧✐+❛.✐♦♥ ❝♦♠♣❧❡①❡ ✭❝♦✉4❜❡ ✈❡4.❡✮ ❡♥ 4❡♣4-+❡♥.❛.✐♦♥ ❝❧❛++✐/✉❡ ✭❣❛✉❝❤❡✮

❡. ❡♥ 4❡♣4-+❡♥.❛.✐♦♥ ❝♦♠♣❧❡①❡ ✭7 ❞4♦✐.❡✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✺

✸✳✶✶ ❙✐❣♥❛❧ ❛♥❛❧②.✐/✉❡ ✭❝♦✉4❜❡ ❜❧❡✉❡✮ ❡.  ✐❧ ❛♥❣❧❡ ✭❝♦✉4❜❡ ♦4❛♥❣❡✮ ♣♦✉4 ✉♥

❝②❧✐♥❞4❡✱ ✉♥❡ ❞❡♠✐✲♣❧❛/✉❡ ✐♥✜♥✐❡ ❡. ✉♥❡ ♠❛4❝❤❡✳ ▲❡+ ♣❛4❛♠W.4❡+ ❞✉ ❝❛+

+②♥.❤-.✐/✉❡ +♦♥. ❧❡+ ♠R♠❡+ /✉❡ ❝❡✉① ❞❡ ❧❛ ✜❣✉4❡ ✸✳✶✵✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✼

✸✳✶✷ ❊♥ ❤❛✉.✱ ❛♥♦♠❛❧✐❡ ♠❛❣♥-.✐/✉❡ ❝♦♠♣❧❡①❡ ♣♦✉4 .4♦✐+ +♦✉4❝❡+ ✿ ✉♥ ❝②❧✐♥❞4❡✱

✉♥❡ ❞❡♠✐✲♣❧❛/✉❡ ✐♥✜♥✐❡ ❡. ✉♥❡ ♠❛4❝❤❡✳ ❆✉ ♠✐❧✐❡✉✱ ❛♥♦♠❛❧✐❡ ♠❛❣♥-.✐/✉❡

✭♥♦✐4✮ ❡. ❧❛ ✈❛❧❡✉4 ❛❜+♦❧✉❡ ❞✉ +✐❣♥❛❧ ❛♥❛❧②.✐/✉❡ ✭♣♦✐♥.✐❧❧-+ ❜❧❡✉+✮ ♣♦✉4 ❧❡+

.4♦✐+ +♦✉4❝❡+✳ ❊♥ ❜❛+✱ 4-+✉❧.❛.+ ♣♦✉4 ❧✬-/✉❛.✐♦♥ ✭✸✳✸✹✮ ❛✈❡❝ ♥❂✵ ✭❜❧❡✉✮✱

♥❂✶ ✭✈❡4.✮ ❡. ♥❂✷ ✭4♦✉❣❡✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✽

✹✳✶ ❈❛4.❡ ❞❡+ .4❛♥❝❤-❡+ ❡♥ ✶✾✶✽ +✉♣❡4♣♦+-❡ 7 ✉♥❡ ♣❤♦.♦❣4❛♣❤✐❡ +❛.❡❧❧✐.❛✐4❡

❞❡ ❧❛ ❜❛+❡ ❛❝.✉❡❧❧❡✳ ▲❡+ ❧✐❣♥❡+ 4♦✉❣❡+ ❝♦44❡+♣♦♥❞❡♥. ❛✉① .4❛♥❝❤-❡+ ❛❧❧❡✲

♠❛♥❞❡+ ❡. ❧❡+ ❜❧❡✉❡+ ❛✉① .4❛♥❝❤-❡+ ❢4❛♥\❛✐+❡+ ▼♦♥.❛♥♦ ✫ G✐♥❝❡❜♦✉4❞❡

✭✷✵✶✵✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✷

✹✳✷ G❤♦.♦❣4❛♣❤✐❡ ❛-4✐❡♥♥❡ ❛♣4W+ ❧❡ ❜♦♠❜❛4❞❡♠❡♥. ❞❡+ ❛❧❧✐-+ ❞✉ ✷✵ ♠❛✐ ✶✾✹✹

+✉♣❡4♣♦+-❡ ❛✉ ♣❧❛♥ ❞❡ ❧❛ ❜❛+❡ ❡. ❞❡ +❡+ ❛❧❡♥.♦✉4+✳ ▲♦4+ ❞❡ ❝❡ ❜♦♠❜❛4❞❡✲

♠❡♥. ✸✸✸ .♦♥♥❡+ ❞❡ ♠✉♥✐.✐♦♥+ ❢✉4❡♥. ✉.✐❧✐+-❡+ ✭▼♦♥.❛♥♦ ✫ G✐♥❝❡❜♦✉4❞❡✱

✷✵✶✵✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✸

✹✳✸ G❤♦.♦❣4❛♣❤✐❡ ❞❡ ❧✬❯▲▼ ✭❧✬✉❧.4❛✲❧-❣❡4 ♠♦.♦4✐+-✮ ✉.✐❧✐+- ❧♦4+ ❞❡ ❧❛ ❝❛♠✲

♣❛❣♥❡ ❞❡ ♠❡+✉4❡ ❞❡+ ✶✺ ❡. ✶✻ ❥✉✐♥ ✷✵✶✺✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✹

✷✷✾



✹✳✹ ▲♦❝❛❧✐(❛)✐♦♥ ❞❡( -♦✉)❡( (✉✐✈✐❡( ♣❛- ❧✬❯▲▼ (✉♣❡-♣♦(4❡ 5 ❧❛ ♣❤♦)♦❣-❛♣❤✐❡

❛4-✐❡♥♥❡ ✭●♦♦❣❧❡ ❊❛-)❤✮ ❧♦-( ❞❡ ❧❛ ❝❛♠♣❛❣♥❡ ❞❡ ♠❡(✉-❡ ❞❡( ✶✺ ❡) ✶✻ ❥✉✐♥

✷✵✶✺✳ ▲❛ ❧✐❣♥❡ ✈❡-)❡ ✐♥❞✐C✉❡ ❧✬❡♠♣-✐(❡ ❞❡ ❧✬❛♥❝✐❡♥♥❡ ❜❛(❡ ❛4-✐❡♥♥❡✳ ✳ ✳ ✳ ✶✸✹

✹✳✺ F❤♦)♦❣-❛♣❤✐❡ ❞❡ ❧✬■❚✶✽✵ ✭❊❝❛ ❉-♦♥❡(✮ ✉)✐❧✐(4 ❧♦-( ❞❡ ❧❛ ❝❛♠♣❛❣♥❡ ❞❡

♠❡(✉-❡ ✶✺ ❡) ✶✻ ❥✉✐♥ ✷✵✶✺✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✺

✹✳✻ ▲♦❝❛❧✐(❛)✐♦♥ ❞❡( -♦✉)❡( (✉✐✈✐❡( ♣❛- ❧❡ ❞-♦♥❡ ■❚✲✶✽✵✱ ❧♦-( ❞❡( ❝✐♥C ✈♦❧(

5 ❞✐✛4-❡♥)❡( ❛❧)✐)✉❞❡( (✉♣❡-♣♦(4❡ 5 ❧❛ ♣❤♦)♦❣-❛♣❤✐❡ ❛4-✐❡♥♥❡ ✭●♦♦❣❧❡

❊❛-)❤✮ ❧♦-( ❞❡( ✷✸ ❡) ✷✹ ❥✉✐♥✳ ▲❛ ❧✐❣♥❡ ✈❡-)❡ ✐♥❞✐C✉❡ ❧✬❡♠♣-✐(❡ ❞❡ ❧✬❛♥✲

❝✐❡♥♥❡ ❜❛((❡ ❛4-✐❡♥♥❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✺

✹✳✼ ❉-♦♥❡ ♠❛)-✐❝❡ ✶✵✵ ✭●❡♦)✐(✮ ✉)✐❧✐(4 ❧♦-( ❞❡ ❧❛ ❝❛♠♣❛❣♥❡ ❞❡ ♠❡(✉-❡ ❞✉ ✷✸

❛✉ ✷✼ ❥❛♥✈✐❡- ✷✵✶✼✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✻

✹✳✽ ❊①❡♠♣❧❡ ❞❡ ❞-♦♥❡ 5 ✈♦✐❧✉-❡ ✜①❡ 5 ❣❛✉❝❤❡✳ ▲❡ ♠♦❞Q❧❡ ♥✉♠4-✐C✉❡ ❞❡ (✉-✲

❢❛❝❡ ✭▼◆❙✮ ♦❜)❡♥✉ ♣❛- ♣❤♦)♦❣-❛♠♠4)-✐❡ (✉- ❧❛ ③♦♥❡ ❆ ✭❋✐❣✉-❡ ✹✳✾✮✳ ✳ ✳ ✶✸✼

✹✳✾ ▲♦❝❛❧✐(❛)✐♦♥ ❞❡( -♦✉)❡( (✉✐✈✐❡( ♣❛- ❧❡ ❞-♦♥❡ ♠❛)-✐❝❡ ✶✵✵✱ ❧♦-( ❞❡( ❝✐♥C

✈♦❧( 5 ❞✐✛4-❡♥)❡( ❛❧)✐)✉❞❡( ✭❞✉ ✷✸ ❛✉ ✷✻ ❥❛♥✈✐❡- ✷✵✶✼✮ (✉♣❡-♣♦(4❡ 5 ❧❛

♣❤♦)♦❣-❛♣❤✐❡ ❛4-✐❡♥♥❡ ✭●♦♦❣❧❡ ❊❛-)❤✮✳ ▲❛ ❧✐❣♥❡ ✈❡-)❡ ✐♥❞✐C✉❡ ❧✬❡♠♣-✐(❡

❞❡ ❧✬❛♥❝✐❡♥♥❡ ❜❛(❡ ❛4-✐❡♥♥❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✼

✹✳✶✵ ❉✐(♣♦(✐)✐❢ ❞✬❛❝C✉✐(✐)✐♦♥ ♣❧❛❝4 (✉- ✉♥ (❛❝✲5✲❞♦(✱ 4C✉✐♣4 ❞❡ ❤✉✐) ❝❛♣)❡✉-(✳ ✶✸✽

✹✳✶✶ ▲♦❝❛❧✐(❛)✐♦♥ ❞❡( -♦✉)❡( (✉✐✈✐❡( ❛✈❡❝ ❧❡ (②()Q♠❡ ❞❡ (❛❝✲5✲❞♦( (✉♣❡-♣♦(4❡

5 ❧❛ ♣❤♦)♦❣-❛♣❤✐❡ ❛4-✐❡♥♥❡ ✭●♦♦❣❧❡ ❊❛-)❤✮✱ ♦❜)❡♥✉❡ ❞✉ ✷✸ ❛✉ ✷✻ ❥❛♥✈✐❡-

✷✵✶✼✳ ▲❛ ❧✐❣♥❡ ✈❡-)❡ ✐♥❞✐C✉❡ ❧✬❡♠♣-✐(❡ ❞❡ ❧✬❛♥❝✐❡♥♥❡ ❜❛(❡ ❛4-✐❡♥♥❡✳ ✳ ✳ ✳ ✶✸✽

✹✳✶✷ ❉✐(♣♦(✐)✐❢ ❞✬❛❝C✉✐(✐)✐♦♥ ♠♦♥)4 (✉- ✉♥ C✉❛❞✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✾

✹✳✶✸ ▲♦❝❛❧✐(❛)✐♦♥ ❞❡( -♦✉)❡( (✉✐✈✐❡( ♣❛- ❧❡ C✉❛❞ (✉♣❡-♣♦(4❡ 5 ❧❛ ♣❤♦)♦❣-❛♣❤✐❡

❛4-✐❡♥♥❡ ✭●♦♦❣❧❡ ❊❛-)❤✮ ❞✉ ✷✸ ❛✉ ✷✻ ❥❛♥✈✐❡- ✷✵✶✼✳ ▲❛ ❧✐❣♥❡ ✈❡-)❡ ✐♥❞✐C✉❡

❧✬❡♠♣-✐(❡ ❞❡ ❧✬❛♥❝✐❡♥♥❡ ❜❛(❡ ❛4-✐❡♥♥❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✾

✹✳✶✹ ❈❛-)❡ ❞❡ ❧✬✐♥)❡♥(✐)4 ❞❡ ❧✬❛♥♦♠❛❧✐❡ ♠❛❣♥4)✐C✉❡ ❡♥ -❡♣-4(❡♥)❛)✐♦♥ ♥♦-♠❛❧❡✳
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❝✐❜❧❡) ♦♥' /'/ ♠✐)❡ ❛✉ ❥♦✉&✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✶

✹✳✷✹ ❊♥ ❛❧❧❛♥' ❞✉ ❤❛✉' ✈❡&) ❧❡ ❜❛)✱ ♦♥ ❛ ❧❡) ❝❛&'❡) ♦❜'❡♥✉❡) ❛✈❡❝ ❧❡ ❧❡✈/ 6

✺ ♠✱ ♣✉✐) ❧❡) ❝❛&'❡) ❛❝3✉✐)❡) 6 ✸ ♠ ❡' ❡♥✜♥ ❧❡) ❝❛&'❡) ❛❝3✉✐)❡) 6 ✶ ♠

)♦❧✳ ▲❛ ❝♦❧♦♥♥❡ ❞❡ ❣❛✉❝❤❡ ♣&/)❡♥'❡ ❧❡) ❝❛&'❡) ❞❡ ❧✬✐♥'❡♥)✐'/ ❞❡ ❧✬❛♥♦♠❛❧✐❡

♠❛❣♥/'✐3✉❡ ✭)❡✉✐❧❧/❡ 6 ✲✶✵✵ 6 ✷✵✵ ♥❚✮✳ ▲❛ ❝♦❧♦♥♥❡ ❞❡ ❞&♦✐'❡ ♠♦♥'&❡ ❧❡)

❝❛&'❡) ❛♣&8) ✉♥❡ ❞♦✉❜❧❡ &/❞✉❝'✐♦♥ ❛✉ ♣B❧❡ ❡' ❧✬❛♣♣❧✐❝❛'✐♦♥ ❞❡ ❧✬♦♣/&❛'❡✉&

❞❡ )✐❣♥❛❧ ❛♥❛❧②'✐3✉❡ ✭)❡✉✐❧❧/❡ 6 ✵ 6 ✸✵ ♥❚✴♠✮✳ ▲❡) &❡❝'❛♥❣❧❡) ❡♥ ♣♦✐♥'✐❧❧/)

❜❧❛♥❝) ❡' ♥♦✐&) ✐♥❞✐3✉❡♥' ❧❡) ❧✐♠✐'❡) ❞❡ ❧❛ ③♦♥❡ ❝✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✷

✷✸✶



✺✳✶ ❙❝❤&♠❛ ♠♦♥+,❛♥+ ❧✬❛❝❝,&+✐♦♥ ♦❝&❛♥✐0✉❡ ❡+ ❧❡3 ❜❧♦❝3 ❞✬❛✐♠❛♥+❛+✐♦♥3 ♦♣✲

♣♦3&❡3 ✭●❡❡ ✫ ❑❡♥+✱ ✷✵✵✼✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✻

✺✳✷ ❉❡✉① ♣,♦✜❧3 3②♥+❤&+✐0✉❡3✱ ❧❡ ♣,♦✜❧ 3✉♣&,✐❡✉, ♥✬❛ ♣❛3 ❞✬❛♥♦♠❛❧♦✉& &❦❡✇✲

♥❡&& ❡+ ❧❡ 3❡❝♦♥❞ ❡♥ F 20o ✭G❡+,♦♥♦+✐3 ❡+ ❛❧✳✱ ✶✾✾✷✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✼

✺✳✸ ▼♦♠❡♥+ ❞✐♣♦❧❛✐,❡ ❛①✐❛❧❡ ✈✐,+✉❡❧ ✭❱❆❉▼✮ ❞✉ ❝❤❛♠♣ ♠❛❣♥&+✐0✉❡ ♦❜+❡♥✉

F ♣❛,+✐, ❞✬&❝❤❛♥+✐❧❧♦♥3 ❞❡ 3&❞✐♠❡♥+3 ❡+ ❞❡ ,♦❝❤❡3 ✈♦❧❝❛♥✐0✉❡3 ♣♦✉, ✉♥❡

♣&,✐♦❞❡ 3✬&+❡♥❞❛♥+ ❞❡ ♥♦3 ❥♦✉,3 F ✼✽✵ ❦❛ ✭●❡❡ ❡+ ❛❧✳✱ ✷✵✵✵✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✽

✺✳✹ ➱❝❤❡❧❧❡ ❞❡3 ✐♥✈❡,3✐♦♥3 ❞✉ ❝❤❛♠♣ ❣&♦♠❛❣♥&+✐0✉❡ ✭●❡❡ ✫ ❑❡♥+✱ ✷✵✵✼✮✳ ✳ ✶✺✽

✺✳✺ ▲❡ ♣,♦✜❧ 3✉♣&,✐❡✉, ❡3+ ❝❛❧❝✉❧& ❛✈❡❝ ✉♥❡ &❝❤❡❧❧❡ ❞✬✐♥✈❡,3✐♦♥ ❝❧❛33✐0✉❡✳ ▲❡

♣,♦✜❧ ✐♥❢&,✐❡✉, ❡3+ ❝♦♥3+,✉✐+ ❡♥ ❛❥♦✉+❛♥+ ❞❡3 ✐♥+❡,✈❛❧❧❡3 ❞❡ ♣♦❧❛,✐+& +,V3

❝♦✉,+3✳ ✭❇❛❛❧❛✱ ✷✵✵✺✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✾

✺✳✻ ➱✈♦❧✉+✐♦♥ ❞✉ ❞❡❣,& ❞✬❛♥♦♠❛❧♦✉3 3❦❡✇♥❡33 ❡♥ ❢♦♥❝+✐♦♥ ❞✉ ❞❡♠✐✲+❛✉① ❞✬❡①✲

♣❛♥3✐♦♥ ✭❑♦✐✈✐3+♦ ❡+ ❛❧✳✱ ✷✵✶✶✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✵

✺✳✼ G,♦✜❧3 ♠❛❣♥&+✐0✉❡3 ❝❧❛33✐0✉❡3 ✭F ❣❛✉❝❤❡✮ ❡+ CMA(0)
✭F ❞,♦✐+❡✮ 3②♥+❤&✲

+✐0✉❡3 ❝❛❧❝✉❧&3 F ❧✬❛♣❧♦♠❜ ❞✬✉♥❡ ❝,♦Y+❡ ♦❝&❛♥✐0✉❡ ❞❛+&❡ ❞❡ ✹✵ F ✺✵ ▼❛✳

▲❛ ❞❡♠✐✲✈✐+❡33❡ ❞✬❡①♣❛♥3✐♦♥ ❡3+ ❞❡ ✺✺ ❦♠✴▼❛✳ ▲❡3 ♣,♦✜❧3 ❡+ CMA(0)

✭❈♦♠♣❧❡① ♠❛❣♥❡+✐❝ ❆♥♦♠❛❧②✮ ♦♥+ &+& ♦❜+❡♥✉3 ♣♦✉, ❝✐♥0 ✐♥❝❧✐♥❛✐3♦♥3

❛♣♣❛,❡♥+❡3 ✿ 0o ✭❜❧❡✉ ❝❧❛✐,✮✱ 25o ✭❜❧❡✉✮✱ 50o ✭❜❧❡✉ ❢♦♥❝&✮✱ 75o ✭✈❡,+ ❝❧❛✐,✮

❡+ 90o ✭✈❡,+ ❢♦♥❝&✮✳ ❖♥ 3✉♣♣♦3❡ 0✉❡ ❧✬❛✐♠❛♥+❛+✐♦♥ ❛ ❧❛ ♠^♠❡ ❞✐,❡❝+✐♦♥

0✉❡ ❧❡ ❝❤❛♠♣ ♠❛❣♥&+✐0✉❡ ,&❣✐♦♥❛❧✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✶

✺✳✽ ❈❛3 3②♥+❤&+✐0✉❡3 ♠♦♥+,❛♥+ ❧✬&✈♦❧✉+✐♦♥ ❞✬✉♥❡ 3+,✉❝+✉,❡ ❝②❧✐♥❞,✐0✉❡ ✭♥❂✷✱

❝♦✉,❜❡ ♥♦✐,❡✮ F ✉♥❡ ♣❧❛0✉❡ 3❡♠✐✲✐♥✜♥✐❡ ✭♥❂✶✱ ❝♦✉,❜❡ ♦,❛♥❣❡✮✳ ▲❡3 ❧♦♥✲

❣✉❡✉,3 ❞❡3 0✉❛+,❡ 3❡❣♠❡♥+3 3♦♥+ ❞❡ ✺ ❦♠✱ ✶✵ ❦♠✱ ✸✵ ❦♠ ❡+ ✐♥✜♥✐✳ ▲❛

♣,♦❢♦♥❞❡✉, ❞❡3 3+,✉❝+✉,❡3 ❡3+ ❞❡ ✺ ❦♠✳ ❖♥ 3✉♣♣♦3❡ ❧✬❛✐♠❛♥+❛+✐♦♥ ✐♥❞✉✐+❡

❡+ ❧✬✐♥❝❧✐♥❛✐3♦♥ ❛♣♣❛,❡♥+❡ ✈❛✉+ 50o✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✸

✺✳✾ ❈❛3 3②♥+❤&+✐0✉❡ ♠♦♥+,❛♥+ ❧❡3 ♣,♦✜❧3 ❡+ ❧❡3 CMA 3✉, ❧❛ ♣&,✐♦❞❡ ❞❡ +❡♠♣3

❛❧❧❛♥+ ❞❡ ✹✵ F ✺✵ ▼❛✱ ♣♦✉, ❞✐✛&,❡♥+❡3 ✈✐+❡33❡3 ❞✬❡①♣❛♥3✐♦♥✳ ▲❡3 ❞✐,❡❝+✐♦♥3

❞❡ ❧✬❛✐♠❛♥+❛+✐♦♥ ❡+ ❞✉ ❝❤❛♠♣ ♠❛❣♥&+✐0✉❡ 3♦♥+ ✈❡,+✐❝❛❧❡3✳ ▲❡ ♠♦❞V❧❡ ❡3+

❝♦♥3+✐+✉& ❞❡ ❜❧♦❝3 ❛✐♠❛♥+&3 ❞♦♥+ ❧✬&♣❛✐33❡✉, ❡3+ &❣❛❧❡ F ✺✵✵ ♠ ✭❉②♠❡♥+

❡+ ❛❧✳✱ ✶✾✾✹✮✳ ▲❛ ❝♦✉,❜❡ ❡♥ +✐,❡+3 ,♦✉❣❡3 ❡3+ ❧❛ ✈❛❧❡✉, ❛❜3♦❧✉❡ ❞✉ CMA(0)
✳

▲❡3 +✐,❡+3 ♥♦✐,3 ♣,&3❡♥+❡♥+ ❧❡3 ❛3②♠&+,✐❡3 ✈✐3✐❜❧❡3 3✉, ❧❡3 ❛♥♦♠❛❧✐❡3✳ ✳ ✳ ✳ ✶✻✹

✺✳✶✵ CMA(0)
❞❡3 ❛♥♦♠❛❧✐❡3 ✷✶ ❡+ ✷✷ ❝❛❧❝✉❧&❡3 ♣♦✉, ✉♥❡ ✈✐+❡33❡ ❞❡ ❞❡♠✐✲

❡①♣❛♥3✐♦♥ ❞❡ ✷✵ km/Ma✳ ▲❡3 ✐♥❝❧✐♥❛✐3♦♥3 ❛♣♣❛,❡♥+❡3 ❞❡ ❧✬❛✐♠❛♥+❛+✐♦♥

❡+ ❞✉ ❝❤❛♠♣ ♠❛❣♥&+✐0✉❡ ,&❣✐♦♥❛❧ 3♦♥+ ❞❡ 90o✳ ▲❡ +,❛✐+ ♣❧❡✐♥ ❝♦,,❡3♣♦♥❞

❛✉ ❝❛3 ♦a ❧❡ ❝❛❧❝✉❧ ❛ &+& ❢❛✐+ ❛✈❡❝ ❧❡3 ❞❡✉① ❜❧♦❝3 ❡+ ❧❡3 ❝♦✉,❜❡3 ❡♥ ♣♦✐♥+✐❧❧&3

♣♦✉, ❧❡3 ❝❛❧❝✉❧3 ❞❡3 ❛♥♦♠❛❧✐❡3 ❛✈❡❝ ✉♥ ✉♥✐0✉❡ ❜❧♦❝✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✺

✺✳✶✶ ▲♦❝❛❧✐3❛+✐♦♥ ❞❡ ❧❛ ③♦♥❡ ❞✬&+✉❞❡✳ ❋♦♥❞ ❝❛,+❡ ●▼❘❚ ✭●❧♦❜❛❧ ▼✉❧+✐✲❘❡3♦❧✉+✐♦♥

❚♦♣♦❣,❛♣❤② ❞❛+❛ 3②♥+❤❡3✐3✮✳ ▲❡ ,❡❝+❛♥❣❧❡ ♥♦✐, ✐♥❞✐0✉❡ ❧❛ ③♦♥❡ ❞✬&+✉❞❡✳ ✳ ✶✻✻

✺✳✶✷ ❈❛,+❡ 3+,✉❝+✉,❛❧❡ ❞❡ ❧❛ ❞♦,3❛❧❡ ❞✬❆❡❣✐, ❞&❞✉✐+❡ ❞❡ ❧✬✐♥+❡,♣,&+❛+✐♦♥ ❞❡3

❞♦♥♥&❡3 ♠❛❣♥&+✐0✉❡3 ❡+ ❣,❛✈✐♠&+,✐0✉❡3 ❡♥+,❡ ❧❛ ♠❛,❣❡ ✈♦❧❝❛♥✐0✉❡ ❞❡

▼f,❡ ✭▼❱❘▼✮ ❡+ ❞✉ ♠✐❝,♦✲❝♦♥+✐❡♥+ ❏❛♥ ▼❛②❡♥ ✭❏▼▼❈✮✳ ❊❏▼❋❩ ✿

③♦♥❡ ❞❡ ❢,❛❝+✉,❡ ❡3+ ❞❡ ❏❛♥ ▼❛②❡♥✱ ◆❇❋❩ ③♦♥❡ ❞❡ ❢,❛❝+✉,❡ ❞✉ ❜❛33✐♥

❞❡ ◆♦,✈V❣❡✱ ❲❏▼❋❩ ③♦♥❡ ❞❡ ❢,❛❝+✉,❡ ♦✉❡3+ ❞❡ ❏❛♥ ▼❛②❡♥✳ ❋✐❣✉,❡ ✺ ❞❡

●❡,♥✐❣♦♥ ❡+ ❛❧✳ ✭✷✵✶✺✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✼

✺✳✶✸ ▲♦❝❛❧✐3❛+✐♦♥ ❞❡ ❧✬❡♠♣,✐3❡ ❞❡ ❧❛ ❝❛♠♣❛❣♥❡ 3✉, ❧❛ ❝❛,+❡ ❜❛+❤②♠&+,✐0✉❡

✭F ❣❛✉❝❤❡✮✳ ▲♦❝❛❧✐3❛+✐♦♥ ❞❡ ❧❛ ❝❛♠♣❛❣♥❡ ❏❛3✵✺✱ ❛✈❡❝ ❧❡3 ♣,♦✜❧3 ❡+ ❧❡3

+,❛✈❡,3❡3 ❡♥ ❜❧❡✉ ✭F ❞,♦✐+❡✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✽

✺✳✶✹ ❈❛,+❡3 ❞❡ ❧✬✐♥+❡♥3✐+& ❞❡ ❧✬❛♥♦♠❛❧✐❡ ♠❛❣♥&+✐0✉❡ ❡♥ ,❡♣,&3❡♥+❛+✐♦♥ ♥♦,♠❛❧❡

F ❣❛✉❝❤❡ ❡+ ❡♥ &0✉✐♣♦♣✉❧❛+✐♦♥ F ❞,♦✐+❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✽

✷✸✷



✺✳✶✺ ▲❛ ❝❛&'❡ ❞❡ ❣❛✉❝❤❡ ♣&♦✈✐❡♥' ❞❡ ❧✬❛&'✐❝❧❡ ●❡&♥✐❣♦♥ ❡! ❛❧✳ ✭✷✵✵✾✮✱ ;✉♣❡&♣♦✲

;❛♥' ❧✬✐♥'❡&♣&='❛'✐♦♥ ❞❡ ❧❛ ③♦♥❡ ? ❧❛ ❝❛&'❡ ❞❡ !✐❧! ❛♥❣❧❡✳ ▲❛ ❝❛&'❡ ;✉♣=&✐❡✉&❡

❞❡ ❞&♦✐'❡ ❡;' ❧❛ ❝❛&'❡ ❞❡ !✐❧! ❛♥❣❧❡✳ ▲❛ ❝❛&'❡ ✐♥❢=&✐❡✉&❡ ❡;' ❧❛ ❝❛&'❡ ❞❡ ;✐❣♥❛❧

❛♥❛❧②'✐B✉❡ ? ❧✬♦&❞&❡ ✷✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✾

✺✳✶✻ ❈❛&'❡ ❞❡ ❧❛ ✈❛❧❡✉& ♣&♦♣&❡ ✸ ❞✉ '❡♥;❡✉& ❞❡ ❧✬❛♥♦♠❛❧✐❡ ♠❛❣♥='✐B✉❡ ❚❆▼

♣♦✉& ✉♥❡ ❛✐♠❛♥'❛'✐♦♥ ✐♥❞✉✐'❡ ❞❡ ❞=❝❧✐♥❛✐;♦♥ 1, 95o ❡' ❞✬✐♥❝❧✐♥❛✐;♦♥ 77.74o✳✶✼✵

✺✳✶✼ ❈❛&'❡; ♣&=;❡♥'❛♥' ❧❛ ♣&❡♠✐H&❡ ③♦♥❡ ❞✬='✉❞❡✳ ❛✮ ❈❛&'❡ ;❝❤=♠❛'✐B✉❡ ❞❡ ❧❛

③♦♥❡ =❧❛❜♦&=❡ ? ♣❛&'✐& ❞❡ ❧❛ ❝❛&'❡ ❞✮✳ ▲❡; ;❡❣♠❡♥'; ♥♦✐&; ❡♥ ♣♦✐♥'✐❧❧=;

&❡♣&=;❡♥'❡♥' ❧❡; ♣&♦✜❧; ✈✐;✐❜❧❡; ;✉& ❧❛ ✜❣✉&❡ ✺✳✶✽✳ ❜✮ ❈❛&'❡ ❞❡ ❧✬✐♥'❡♥;✐'=

❞❡ ❧✬❛♥♦♠❛❧✐❡ ♠❛❣♥='✐B✉❡ ❡①♣&✐♠=❡ ❡♥ ♥❛♥♦ ❚❡;❧❛✳ ❝✮ ❈❛&'❡ ❞❡ '✐❧' ❛♥❣❧❡✳

❞✮ ❈❛&'❡ ❞❡ ❧❛ ✈❛❧❡✉& ♣&♦♣&❡ '&♦✐; ❞✉ '❡♥;❡✉& ❞✬❛♥♦♠❛❧✐❡ ♠❛❣♥='✐B✉❡✳

▲❡; &❡❝'❛♥❣❧❡; ❡♥ ♣♦✐♥'✐❧❧=; ❜❧❛♥❝; ❧♦❝❛❧✐;❡♥' ❧❛ ③♦♥❡ ♦N ❧❡; ♣&♦✜❧; ♦♥' ='=

❡①'&❛✐';✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✶

✺✳✶✽ ❱✐;✉❛❧✐;❛'✐♦♥ ❞❡; '&❡♥'❡ ♣&♦✜❧; ❡①'&❛✐'; ;✉& ❧❡ ✢❛♥❝ ❡;' ✭❋✐❣✉&❡ ✺✳✶✼✮✳ ▲❛

❝♦❧♦♥♥❡ ❞❡ ❣❛✉❝❤❡ ♣&=;❡♥'❡ ❧❡; '&❡♥'❡ ♣&♦✜❧; ❞❡ ❧✬✐♥'❡♥;✐'= ❞❡ ❧✬❛♥♦♠❛✲

❧✐❡ ♠❛❣♥='✐B✉❡ ❡♥ &❡♣&=;❡♥'❛'✐♦♥ ❝❧❛;;✐B✉❡✳ ▲❛ ❝♦❧♦♥♥❡ ;✉✐✈❛♥'❡ ♠♦♥'&❡

❧❡; ♣&♦✜❧; ❞❡ ❧❛ ✈❛❧❡✉& ❛❜;♦❧✉❡ ❞✉ ;✐❣♥❛❧ ❛♥❛❧②'✐B✉❡ ✭❛✉ ;❡♥; ❝❧❛;;✐B✉❡

✭◆❛❜✐❣❤✐❛♥✱ ✶✾✼✹✮✮✳ ▲❛ ♣❛&'✐❡ ❣❛✉❝❤❡ ❞❡ ❧❛ ✜❣✉&❡ ♣&=;❡♥'❡ ❧❡ CMA(0)
❡'

CMA(1)
❞❛♥; ❧❛ ♣❛&'✐❡ ;✉♣=&✐❡✉&❡ ❡' ❞❛♥; ❧❛ ♣❛&'✐❡ ✐♥❢=&✐❡✉&❡ ❧❡; CMA(0)

❡' CMA(1)
♥♦&♠=; ❛✉ ;❡♥; ❝♦♠♣❧❡①❡ ✭❝❤❛♣✐'&❡ ✸✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✷

✺✳✶✾ ❆ ❣❛✉❝❤❡ ❡;' &❡♣&=;❡♥'= ❧❡ ♣&♦✜❧ no5 ❞❡ ❞♦♥♥=❡; ❡①'&❛✐'❡; ❞❡ ❧❛ ❣&✐❧❧❡ ♣♦✉&
✉♥ ❝❛♣ ❞❡ 153o ✭❝♦✉&❜❡ &♦✉❣❡✮✳ ▲❛ ❝♦✉&❜❡ ❡♥ ♣♦✐♥'✐❧❧=; ♥♦✐&; ♣&=;❡♥'❡

❧✬✐♥'❡♥;✐'= ❞❡ ❧✬❛♥♦♠❛❧✐❡ ♠❛❣♥='✐B✉❡ ❝❛❧❝✉❧=❡ ? ♣❛&'✐& ❞❡; ❞❡✉① ❜❧♦❝;

;❝❤=♠❛'✐;=; ❡♥ ❞❡;;♦✉;✳ ▲❡; ❞=❝❧✐♥❛✐;♦♥; ❡' ✐♥❝❧✐♥❛✐;♦♥; ✉'✐❧✐;=❡; ♣♦✉& ❧❡

❝❛❧❝✉❧ ;♦♥' 1.95o ❡' 77o✳ ▲❡ ❞❡♠✐✲'❛✉① ❞✬❡①♣❛♥;✐♦♥ ❝❤♦✐;✐ ♣♦✉& ❛❥✉;'❡&

❧❡; ❞♦♥♥=❡; ❡;' ❞❡ ✶✹✱✻✼ ❦♠✴▼❛✳ ▲❡; ❞❡✉① ❞✐❛❣&❛♠♠❡; ♣&=;❡♥'; ;✉& ❧❛

❞&♦✐'❡ ❞❡;;✐♥❡♥' ❧❡; CMA(0)
❡' CMA(1)

=B✉✐✈❛❧❡♥'; ? ❧❛ &❡♣&=;❡♥'❛'✐♦♥

❞❡ ❣❛✉❝❤❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✹

✺✳✷✵ ❆ ❣❛✉❝❤❡ ❡;' &❡♣&=;❡♥'= ❧❡ ♣&♦✜❧ no16 ❞❡ ❞♦♥♥=❡; ❡①'&❛✐'❡; ❞❡ ❧❛ ❣&✐❧❧❡

♣♦✉& ✉♥ ❝❛♣ ❞❡ 153o ✭❝♦✉&❜❡ &♦✉❣❡✮✳ ▲❛ ❝♦✉&❜❡ ❡♥ ♣♦✐♥'✐❧❧=; ♥♦✐&; ♣&=✲

;❡♥'❡ ❧✬✐♥'❡♥;✐'= ❞❡ ❧✬❛♥♦♠❛❧✐❡ ♠❛❣♥='✐B✉❡ ❝❛❧❝✉❧=❡ ? ♣❛&'✐& ❞❡; ❞❡✉①

❜❧♦❝; ;❝❤=♠❛'✐;=; ❡♥ ❞❡;;♦✉;✳ ▲❡; ❞=❝❧✐♥❛✐;♦♥; ❡' ✐♥❝❧✐♥❛✐;♦♥; ✉'✐❧✐;=❡;

♣♦✉& ❧❡ ❝❛❧❝✉❧ ;♦♥' 1.95o ❡' 77o✳ ▲❡ ❞❡♠✐✲'❛✉① ❞✬❡①♣❛♥;✐♦♥ ❝❤♦✐;✐ ♣♦✉&

❛❥✉;'❡& ❧❡; ❞♦♥♥=❡; ❡;' ❞❡ ✶✸✱✺✾ ❦♠✴▼❛✳ ▲❡; ❞❡✉① ❞✐❛❣&❛♠♠❡; ♣&=;❡♥';

;✉& ❧❛ ❞&♦✐'❡ ❞❡;;✐♥❡♥' ❧❡; CMA(0)
❡' CMA(1)

=B✉✐✈❛❧❡♥' ? ❧❛ &❡♣&=;❡♥✲

'❛'✐♦♥ ❞❡ ❞&♦✐'❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✺

✺✳✷✶ ❆ ❣❛✉❝❤❡ ❡;' &❡♣&=;❡♥'= ❧❡ ♣&♦✜❧ ❞❡ ❞♦♥♥=❡; no16 ❡①'&❛✐'❡; ❞❡ ❧❛ ❣&✐❧❧❡

♣♦✉& ✉♥ ❝❛♣ ❞❡ 153o ✭❝♦✉&❜❡ &♦✉❣❡✮✳ ▲❛ ❝♦✉&❜❡ ❡♥ ♣♦✐♥'✐❧❧=; ♥♦✐&; ♣&=✲

;❡♥'❡ ❧✬✐♥'❡♥;✐'= ❞❡ ❧✬❛♥♦♠❛❧✐❡ ♠❛❣♥='✐B✉❡ ❝❛❧❝✉❧=❡ ? ♣❛&'✐& ❞❡; B✉❛'&❡

❜❧♦❝; ;❝❤=♠❛'✐;=; ❡♥ ❞❡;;♦✉;✳ ▲❡; ❞=❝❧✐♥❛✐;♦♥; ❡' ✐♥❝❧✐♥❛✐;♦♥; ✉'✐❧✐;=❡;

♣♦✉& ❧❡ ❝❛❧❝✉❧ ;♦♥' 1.95o ❡' 77o✳ ▲❡ ❞❡♠✐✲'❛✉① ❞✬❡①♣❛♥;✐♦♥ ❝❤♦✐;✐ ♣♦✉&

❛❥✉;'❡& ❧❡; ❞♦♥♥=❡; ❡;' ❞❡ ✶✸✱✺✾ ❦♠✴▼❛✳ ▲❡; ❞❡✉① ❞✐❛❣&❛♠♠❡; ♣&=;❡♥';

;✉& ❧❛ ❞&♦✐'❡ ❞❡;;✐♥❡♥' ❧❡; CMA(0)
❡' CMA(1)

=B✉✐✈❛❧❡♥' ? ❧❛ &❡♣&=;❡♥✲

'❛'✐♦♥ ❞❡ ❞&♦✐'❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✺

✷✸✸



✺✳✷✷ ❆ ❣❛✉❝❤❡ ❡*+ ,❡♣,.*❡♥+. ❧❡ ♣,♦✜❧ ❞❡ ❞♦♥♥.❡* no16 ❡①+,❛✐+❡* ❞❡ ❧❛ ❣,✐❧❧❡

♣♦✉, ✉♥ ❝❛♣ ❞❡ 153o ✭❝♦✉,❜❡ ,♦✉❣❡✮✳ ▲❛ ❝♦✉,❜❡ ❡♥ ♣♦✐♥+✐❧❧.* ♥♦✐,* ♣,.✲

*❡♥+❡ ❧✬✐♥+❡♥*✐+. ❞❡ ❧✬❛♥♦♠❛❧✐❡ ♠❛❣♥.+✐=✉❡ ❝❛❧❝✉❧.❡ > ♣❛,+✐, ❞❡* ❞❡✉①

❜❧♦❝* *❝❤.♠❛+✐*.* ❡♥ ❞❡**♦✉*✳ ▲❡* ❞.❝❧✐♥❛✐*♦♥* ❡+ ✐♥❝❧✐♥❛✐*♦♥* ✉+✐❧✐*.❡*

♣♦✉, ❧❡ ❝❛❧❝✉❧ *♦♥+ 1.95o ❡+ 77o✳ ▲❡ ❞❡♠✐✲+❛✉① ❞✬❡①♣❛♥*✐♦♥ ❝❤♦✐*✐ ♣♦✉,

❛❥✉*+❡, ❧❡* ❞♦♥♥.❡* ❡*+ ❞❡ ✶✸✱✺✾ ❦♠✴▼❛✳ G♦✉, ❧❡ ❜❧♦❝ ✷✶✱ ❧✬❛♠♣❧✐+✉❞❡ ❞❡

❧✬❛✐♠❛♥+❛+✐♦♥ ❛ .+. ♠♦❞✐✜.❡✳ ▲❡* ❞❡✉① ❞✐❛❣,❛♠♠❡* ♣,.*❡♥+* *✉, ❧❛ ❞,♦✐+❡

❞❡**✐♥❡♥+ ❧❡* CMA(0)
❡+ CMA(1)

.=✉✐✈❛❧❡♥+ > ❧❛ ,❡♣,.*❡♥+❛+✐♦♥ ❞❡ ❞,♦✐+❡✳✶✼✻

✺✳✷✸ ❆ ❣❛✉❝❤❡ ❡*+ ,❡♣,.*❡♥+. ❧❡ ♣,♦✜❧ ❞❡ ❞♦♥♥.❡* no16 ❡ ❞❡ ❧❛ ❣,✐❧❧❡ ♣♦✉, ✉♥ ❝❛♣

❞❡ 153o ✭❝♦✉,❜❡ ,♦✉❣❡✮✳ ▲❛ ❝♦✉,❜❡ ❡♥ ♣♦✐♥+✐❧❧.* ♥♦✐, ♣,.*❡♥+❡ ❧✬✐♥+❡♥*✐+.

❞❡ ❧✬❛♥♦♠❛❧✐❡ ♠❛❣♥.+✐=✉❡ ❝❛❧❝✉❧.❡ > ♣❛,+✐, ❞❡* ❞❡✉① ❜❧♦❝* *❝❤.♠❛+✐*.*

❡♥ ❞❡**♦✉*✳ ❆✉ ❜❧♦❝ ♠♦❞.❧✐*❛♥+ ❧✬❛♥♦♠❛❧✐❡ ❈✷✶ ❞❡ ❧❛ +♦♣♦❣,❛♣❤✐❡ ② ❛
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Caractérisation des anomalies magnétiques : approches théorique et 

expérimentale : applications à des objets anthropiques et géologiques
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 Les anomalies magnétiques enregistrées en surface sont une excellente source d’information pour car-

tographier les structures du sous-sol. L’objectif de ce travail est d’améliorer la caractérisation des sources à 

l’origine d’anomalies magnétiques, par le biais de développements théoriques et expérimentaux.

 Dans un premiers temps, une démarche théorique cohérente d’étude des fonctions en magnétisme à trois 

dimensions est développée et certaines propriétés des fonctions magnétiques ont été mises en évidences telle 

que la présence de plusieurs maxima pour l’opérateur de signal analytique. 

 Pour des structures invariantes dans une direction horizontale (structures à deux dimensions), l’idée de 

Nabighian (1972) a été généralisée, ce qui implique une nouvelle façon d’étudier les méthodes potentielles à 

deux dimensions. Ces développements ont permis de proposer une nouvelle approche théorique et de nouvelles 

représentations dans le plan complexe des fonctions magnétiques. 

 La deuxième approche de ce travail est expérimentale. Une étude y est faite par le biais de données et de 

 Dans un troisième temps, les développements théoriques et expérimentaux sont mis en œuvre pour deux 

exemples : des anomalies magnétiques en domaine océanique de type Vine et Mathews et une cartographie pour 

l’archéologie.

Mots clés : 

Méthodes potentielles, signal analytique, fonctions complexes, mesures multi-échelle, UXO, anomalies magné-

tiques marines, aéromagnétisme, archéologie 

 

 Magnetic anomalies recorded outside bodies provide high quality information relative toburied struc-

tures.  By using theoretical and experimental developments, this thesis aims to improve the characterisation of 

the source inducing the magnetic anomaly. 

 Firstly, some properties of three dimensional magnetic functions are presented, for example the pres-

ence of several maxima of the analytic signal operator (3D) is demonstrated. 

  The Nabighian (1972) equation is generalized, which imply a new process to study potential method in 

 The second approach is experimental. Synthetic cases are used to estimate the contribution of different 

anomalies and archaeological magnetic prospection.

Keywords: 

anomalies, aeromagnetic data, archaeology  


