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Résumé

Le processus de contact est I'un des systémes de particules en interaction les plus étudiés.
Il peut s’interpréter comme un modeéle pour la propagation d’un virus dans une population
ou sur un réseau. L’objectif de cette thése est d’étudier la relation entre la structure locale
du réseau et le comportement global du processus sur le réseau tout entier.

Le cadre typique dans lequel on se place est celui d’une suite de graphes aléatoires
(G,) convergeant localement vers un graphe limite G. On étudie alors le comportement
asymptotique du temps d’extinction 7,, du processus sur (G,,; lorsqu’initialement tous les
individus sont infectés. Nous montrons sur plusieurs exemples qu’il existe une transition de
phase lorsque A - le taux d’infection du processus - traverse une valeur critique A\.(G), qui
ne dépend que de G. Plus précisément, pour certains modéles de graphes aléatoires comme
le modele de configuration, le graphe a attachement préférentiel, le graphe géométrique
aléatoire, le graphe inhomogéne, nous montrons que 7, est d’ordre soit logarithmique soit
exponentiel; selon que A est soit inférieur ou supérieur a \.(G).

De plus, dans certains cas, nous montrons des résultats de métastablité: en régime
sur-critique, 7, divisé par son espérance converge en loi vers une variable aléatoire expo-
nentielle de moyenne 1, et la densité des sites infectés reste stable (et non nulle) sur une

période de temps d’ordre typiquement 7,.

Mots-clés: Processus de contact, Systémes de particules en interaction, Graphes aléa-

toires, Metastabilité, Densité metastable, Temps de mort, Transition de phase.



Abstract

The contact process is one of the most studied interacting particle systems and is also
often interpreted as a model for the spread of a virus in a population or a network. The
aim of this thesis is to study the relationship between the local structure of the network
and the global behavior of the contact process (the virus) on the whole network.

Let (G),) be a sequence of random graphs converging weakly to a graph G. Then we
study 7, the extinction time of the contact process on G,, starting from full occupancy. We
prove in some examples that there is a phase transition of 7, when X\ - the infection rate of
the contact process crosses a critical value \.(G) depending only on G. More precisely, for
some models of random graphs, such as the configuration model, preferential attachment
graph, random geometric graph, inhomogeneous graph, we show that 7, is of logarithmic
(resp. exponential) order when A < A\.(G) (resp. A < A(G)).

Moreover, in some cases we also prove metastable results: in the super-critical regime,
T, divided by its expectation converges in law to an exponential random variable with

mean 1, and the density of the infected sites is stable for a long time.

Keywords: Contact process, Interacting particle systems, Random graphs, Metastability,

Metastable density, Extinction time, Phase transition.
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Chapter 1

Introduction

Le processus de contact a été introduit en 1974 par T. E. Harris dans [52]. C’est un
systéeme de spins simple décrivant la propagation d'un virus dans une population ou un
réseau. Un individu (ou un sommet) dans la population (ou le réseau) est soit infecté
soit sain. Un sommet infecté (resp. sain) devient sain (resp. infecté) au taux A fois le
nombre de ses voisins infectés (resp. au taux 1), ou le paramétre \ est aussi appelé taux

d’infection.

Initialement, le processus de contact a été considéré comme un modéle purement
mathématique et il a été bien étudié sur des réseaux réguliers comme Z? et Ty, Iarbre
homogéne de degré d+ 1, dans les années 70, 80 et 90. Plus récemment, avec le développe-
ment d’internet et 'apparition des virus, ce processus a connu un regain d’intérét. Depuis
les années 2000, le processus de contact a été étudié sur beaucoup de réseaux différents,
spécialement sur des réseaux sociaux, aussi bien en informatique qu’en physique théorique,

ou en mathématiques.

Dans cette thése, on s’interesse a la relation entre la structure locale du réseau et le
comportement global du processus sur le réseau tout entier. Le cadre typique dans lequel
on se place est celui d’une suite de graphes aléatoires (G,,) convergeant localement vers un
graphe limite G. On étudie alors le comportement asymptotique du temps d’extinction 7,
du processus sur G,,; lorsqu’initialement tous les individus sont infectés. Nous montrons
sur plusieurs exemples qu’il existe une transition de phase lorsque A traverse une valeur

critique A\.(G), qui ne dépend que de G. Plus précisément, pour certains modéles de
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graphes aléatoires comme le modéle de configuration, le graphe a attachement préférentiel,
le graphe géométrique aléatoire, le graphe inhomogéne, nous montrons que 7, est d’ordre
soit logarithmique soit exponentiel en le nombre des sites de G,,; selon que A est inférieur
ou supérieur a \.(G) respectivement.

De plus, dans certains cas, nous montrons des résultats de métastablité: en régime
sur-critique, 7, divisé par son espérance converge en loi vers une variable aléatoire expo-
nentielle de moyenne 1, et la densité des sites infectés reste stable (et non nulle) sur une
période de temps d’ordre typiquement 7,.

Dans ce chapitre, nous donnons d’abord la définition du processus de contact et ses
caractéristiques de base. Ensuite, nous résumons le développement de I’étude du processus

et annoncons les résultats de la theése.

1.1 Processus de contact

1.1.1 Définition du processus

Etant donné un graphe localement fini G = (V, E) et un paramétre A > 0, le processus
de contact sur G est un processus de Markov (&;)¢=o sur Pespace de configurations {0, 1}V
de générateur infinitésimal donné par

QF(E) =D (F(9ul) = F(E) + AD_(f(dpwé) — F(E)),

veV VW

ol v ~ w signifie que {v,w} € E, et

ey | @) s [ew st
0 siw = v, I(max{{(x),&(y)} =1) siw=w.

Ici et dans toute la thése, 1(E) désigne la fonction indicatrice de 1’événement E. Etant
donné A C V, on note (£;') le processus de contact de configuration initiale A. Si A = {v},
on écrit simplement (&}).

En considérant & comme un sous ensemble de V', via & = {v € V : &(v) = 1}, les

transitions du processus de contact sont données par

& — &\ {v} au taux 1 siv €&,

& — & U{v} au taux Adegg, (v) siv g &,
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oil degg, (v) désigne le nombre de voisins de v qui sont infectés au temps .

1.1.2 Construction graphique et propriétés du processus

Le processus de contact peut étre vu comme un systéme de particules en interaction dans

lequel
(a) une particule meurt au taux 1,

(b) une particule sur un site donne naissance a une autre particule sur chacun des sites

voisins au taux A,
. . . . . L1
(c) s'il y a deux particules sur un méme site, elles se fondent en une immeédiatement.

Ce point de vue donne deux avantages. Tout d’abord, il conduit & une comparaison utile
avec un processus plus simple: la marche aléatoire branchante (i.e. sans la condition
(c)), qui a été bien étudiée. Deuxiémement, & partir de ce point de vue, en donnant une
représentation graphique du processus de contact, on obtient facilement des propriétés de
base du processus. Nous verrons dans le prochain paragraphe une application du premier
avantage. Nous nous concentrons maintenant sur le second.

Pour diriger la construction graphique, nous orientons le graphe G en associant &
chaque aréte deux arétes orientées. Puis assignons des processus de Poisson indépendants
N, d’intensité 1 a chaque sommet v € V' et N, d’intensité A pour chaque aréte orientée e.

On dit qu’il y a un chemin d’infection de (v, s) & (w,t), et noté

(v,8) <> (w,t),

soit si s =t et v =w, soit si s < tetily a une suite de temps s = 59 < 51 < ... <
Sp < Sppq1 = t, et une suite de sommets v = vg, vy, ...,v, = w de telle sorte que pour tout
1=1,...,¢

$; € N0 €t
Nvi N [SZ', Si-i-l} = J.
Alors pour tout A C V, le processus de contact de configuration initiale A est défini par

¢ ={weV:3veVtel que (v,0) < (w,1)}.
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temps |

A

Figure 1.1: Construction graphique sur Z.

Dans la figure 1.1, on désigne les processus de récupération par des croix et les processus
d’infection par des fléches. Un chemin d’infection au temps ¢ est un chemin orienté qui
augmente au temps t, sans passer par une croix, et traverse les fléches d’infection. Dans
cette figure, on dessine les chemins d’infection au temps ¢ en gras.

Monotonie et additivité. La construction graphique nous permet de coupler des proces-
sus de contact avec des états initiaux et des taux différents. En effet, il découle directement

de la construction que
AUB — Ay b pour tout A, B C V. (1.1)

On dit que le processus de contact est additif. En outre, le processus est aussi croissant
en A i.e. pour tout A\; < Ay, il y a un couplage tel que pour toute configuration initiale A
et temps t > 0,

& g, (1.2)

ol (ft()‘)) est le processus de contact avec taux d’infection A. En effet, nous considérons
la construction graphique de ftw) et pour chaque point d'un processus de Poisson ./\/;(AZ),
nous l'effagons avec probabilité A; /2. Le processus obtenu par les nouveaux processus de
points a la méme distribution que ( t()‘l)). Donc, nous avons fait un couplage satisfaisant

(1.2).



Auto-dualité. Une propriété importante du processus de contact est I'auto-dualité i.e.

pour tout A, B C Vett >0,
B¢/ N B # 2) = PP N A # ). (1.3)

Suppose la représentation graphique du processus de contact. Pour t > 0et B C V,

~

on définit un processus dual (£

")s<t en retournant I'axe du temps et les directions des

processus d’infection (des fleches dans Figure 1.1). Plus formellement, pour 0 < s < ¢
8= {v eV :3we B tel que (vt —s) < (w,t)}.
Par la symétrie de la construction graphique,

~ L
(€8, D(eP) o,

Donc,

PENA£0) = PE NA#D)
= P(3ve Aetwe B tel que (v,0) < (w,t))

= PPN B #£9).

Mesures invariantes et convergence compléte. On suppose maintenant que &, est
aléatoire et est distribuée comme une mesure p. Alors, on note la loi de & par p;. On

appelle
Z={p:pm=pvt=0},

I’ensemble des mesures invariantes. Ceci est un ensemble convexe et I’ensemble de ses
points extrémaux est désigné par Z.. Il est évident que dg € Z., ol dg est la configuration
nulle.

L’additivité du processus implique une propriété plus générale des systémes de spins
appelé attractivité. On munit 'espace d’état {0, 1}V avec I'ordre partiel en écrivant n < ¢
si n(v) < ((v) pour tout v € V. On définit alors la monotonie stochastique pour les

mesures de probabilité sur {0,1}". On dit que p < v si

[ tan< [ gav
8



pour toute fonction continue croissante f : {0,1}V — R. L’attractivité signifie que la

monotonie stochastique est préservée par 1’évolution du processus i.e.
si u=v alors M X v pour tout t > 0.

L’attractivité implique que 61 = 7, ol 01+ dénote la loi du processus commencant par
I'occupation compléte et = dénote la convergence en loi. Ici, 7 € Z. et est appelé la
mesure invariante supérieure, tandis que dg est appelé la mesure invariante inférieure. Si
v = dg, alors p; = do pour toute pu et Z = {do}-

On dit qu’il y a la convergence compléte si pour toute configuration initiale A,
&' = a(A)p + (1 — a(A))do,

avec

a(A) = P(E} # BVt > 0),
de maniére équivalente (par l’auto-dualité), si pour tous A et B,
P N B) = a(A)a(B).

Dans le cadre des graphes finis, la convergence compléte peut étre comprise comme la
stabilité du processus autour d’un certain état dans une trés longue période (voir le

théoréme 1.2.3 (iii) et la transition de phase (13)).

1.1.3 Valeurs critiques

La survie du processus de contact (un virus) est une question naturelle. En raison de la

monotonie du processus de contact en A\, on peut définir une valeur critique
M(G) =inf{\ > 0:P(& # @ ¥Vt >0) > 0}.

Cette définition est indépendante du choix de v lorsque G est connexe. Cette valeur
critique concerne la chance de survie globale du processus. On définit aussi une autre

valeur critique pour la chance de survie locale, ou la chance de récurrence, du processus:

Ao(G) = inf{\ > 0 : P(pour tout T, il existe t > T : v € &) > 0},

9



ol v est un sommet arbitraire de G (cette définition ne dépend pas du choix de v si G est
connexe). Il est évident que A;(G) < A2(G). Les valeurs critiques ont été bien comprises
pour les réseaux réguliers Z? et Ty, et elles seront rappelées dans la suite. En dominant le
processus de contact par la marche aléatoire branchante, on obtient une borne inférieure

sur les valeurs critiques pour les graphes de degré borné.

Lemme 1.1.1. Soit G un graphe conneze de degré borné par K. Alors,
M(G) =2 1/K,
et si G est infini, alors \(G) < M (Z) < 0.

Dans cette thése, on étudie seulement la transition de phase du processus de contact
sur des graphes finis lorsque le taux d’infection traverse la premiére valeur critique du

graphe limite. Par conséquent, on note souvent

Le role de Ay dans le carde des graphes finis n’est pas encore compris a ce jour.

1.2 Processus de contact sur les réseaux réguliers

Dans la premiére période de I'histoire du processus de contact, a partir de la fin des
années 1970 jusqu’au début des années 2000, le processus sur les réseaux réguliers comme
74 et Ty a été soigneusement étudié. Beaucoup de beaux résultats ont été obtenus en

développant des techniques importantes.

1.2.1 Processus de contact sur Z? et [0, n]?
Sur 74

Il est établi qu’il y a une transition de phase unique du processus de contact, i.e. la survie

globale est équivalente a la survie locale.
Théoréme 1.2.1. Les assertions suivantes ont lieu.
(i) 0 < Al(Zd) = )\Q(Zd) =: )\C(Zd) < 00.

10



(ii) Si X < A\(Z%), le processus de contact meurt presque sirement et T = {0q}.
(iii) Si A > \(Z?), la convergence compléte a lieu et T, = {do, V}.

La partie (i) a été prouvée par Durrett dans [35] pour d = 1 en 1980. Plus tard,
Bezuidenhout et Grimmett [16] ont généralisé (i) pour d > 2 et prouvé (ii). La partie
(iii) a été établie par 'effort de nombreux auteurs, en particulier Durrett et Griffeath [40],
Schonmann [79], Andjel [4]. Le résultat final a été prouvé par Bezuidenhout et Grimmett
[16].

Bornes exponentielles. Bezuidenhout et Grimmett [17] et Durrett [37] ont montré la
fluctuation du comportement du processus de contact lorsque le taux d’infection traverse
la valeur critique. Pour tout A C Z?, on définit le temps de mort du processus partant
de A par

T =inf{t >0: ¢ = 2}

Théoréme 1.2.2. On a

(i) si A < A\(Z%), alors pour tout v € Z%, la limite suivante eziste et

—log(P(r1%} > ¢
lim —8(P( D _0 >0,

t—o0 t

(ii) si X > N\(Z2), il existe des constantes positives C et €, telles que

IP’(TA<oo) < exp(—¢|Al),

Pt <7® <o00) < Cexp(—et).

Ce théoréme est un ingrédient important pour étudier la transition de phase du pro-
cessus de contact sur les boites finies (voir le théoréme 1.2.3).
Exposant critique. Une question classique est d’étudier la probabilité de survie

lorsque A est proche de la valeur critique. On définit
p(\) =P(& # @Vt > 0).
D’aprés le théoréme 1.2.1 (ii), p(A.) = 0 et on dit que p(A) a un exposant critique 7 si

PA) ~ (A= A)? lorsque A A

11



Il a été montré qu’il existe une constante positive ¢ = ¢(d), telle que pour A\ > A,
p(A) = c(A—=A\).

Ce résultat implique que I'exposant critique, s’il existe, vérifie v < 1. La question de

savoir si 7 = 1 ou non est encore ouverte.

Sur [0,n]?

Il est naturel d’étudier le processus de contact sur les boites finies [0, n]¢ et de comparer
son comportement avec celui du processus sur le réseau infini. Le processus sur les graphes
finis, en particulier sur [0, n]¢, atteint finalement 0 qui est 'unique état absorbant. Une
question intéressante est de savoir a quelle vitesse le processus atteint cet état absorbant.

On définit le temps de mort du processus sur [0,n]? a partir de la pleine occupation par
d
T, =1inf{t > 0: §t[[0’nﬂ =o}.

Alors 7, est fini presque stirement et une transition de phase de 7, a lieu & \.(Z%). Le
résultat suivant montre cette transition de phase et le comportement du processus sur-

critique.
Théoréme 1.2.3. Les assertions suivantes ont lieu.

(i) Si X > \(Z%), il existe une constante positive v, (N), telle que

logr,  (®

" —a Y+(A).
Si A < A\(Z%), alors
Tn (P)
— Y- ()\)7

logn n—oo

avec y_(\) comme dans le théoréeme 1.2.2.

(i1) Si A > \(Z?), alors 7, divisé par son espérance converge en loi vers une variable

aléatoire exponentielle de moyenne 1.

(i) Si X > \(Z?), alors pour toute suite (t,) / oo satisfaisant t,, = o(E(t,)),

o]
Iit%d Iﬂy(ie 0,11 £0) =1) =P (£ £ 2Vt > 0),

ot (£2) est le processus de contact sur Z partant de la configuration ot seul 0 est

infecté.
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Les parties (i) et (ii) ont été prouvées par Durrett et Schonmann [43] et Durrett et
Liu [41] pour d = 1. Mountford les a généralisé dans [62] et [63] pour les dimensions
supérieures. Pour le cas critique en dimension 1, dans [44], les auteurs ont prouvé que si
A= A(Z)

P(n <7, <n) — 1.

La partie (iii) a été prouvée par Schonmann [78], puis généralisée par Simonis [82].

La partie (i) montre la variation de 7, lorsque le taux d’infection traverse la valeur
critique. La partie (ii) nous dit que dans le régime sur-critique, 7, est proche d’une variable
aléatoire exponentielle. De plus, par (iii), on a aussi que la densité des sites infectés est
proche de celle en volume infini sur une trés longue période de temps. Les parties (ii) et

(iii) sont des résultats de métastablité pour le processus de contact.

1.2.2 Processus de contact sur T, et T}

Sur T,

Soit Ty, I'arbre connexe homogéne dans lequel chaque sommet a d + 1 voisins. Le com-

portement ergodique du processus sur T, est plus riche que celui sur Z<.
Théoréme 1.2.4. Pour tout d > 2
(i) 0 <A < Ay < o0,
(i1) si A < A1, le processus meurt presque sirement et Z, = {do},
(177) si Ay < XA < Ay, le processus survit globalement mais pas localement et |Z,| = oo,
(iv) si X > A, la convergence compléte a lieu et I, = {do,V'}.

En trouvant une borne supérieure explicite pour \; et une borne inférieure pour Ao,
Pemantle a prouvé la partie (i) dans |74] pour d > 3, puis Liggett I’a prouvé dans [57|
pour d = 2. Dans [84], Stacey a donné une preuve élégante directe sans borner les valeurs
critiques. La partie (ii) a été prouvée par Morrow, Schinazi et Zhang dans [61]. Pour
(iii), Lalley a montré que le processus de contact avec A = Ay ne survit pas localement.

Durrett, Schinazi dans [39] et Liggett dans [58] ont donné deux fagons de construire une
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infinité de mesures invariantes. La convergence compléte a été prouvée par Zhang [88|
puis une preuve simplifiée a été donnée par Salzano et Schonmann [77].

Barsky, Wu dans [11] et Schonmann dans [80] ont montré que I'exposant critique est
1ie.

P& £ @Yt >0)~(A—X)  lorsque A | Ay

Sur T}

On note T% I'abre homogene de hauteur n. Alors le volume de T7% est (d + 1)d"'. Soit
7, le temps de mort du processus de contact sur T/, partant de la pleine configuration.

Comme sur les boites finies, on espére une transition de phase pour 7,.
Théoréme 1.2.5. On a

(1) si A < Xo(Ty) alors il existe une constante positive ¢y, telle que

Ty, (P
Tn (®)

n n—oo

C1

(ii) si A > Xo(Ty) alors il existe une constante positive cs, telle que

lim —IOgE(Tn) = C9,
n—00 L

de plus T, divisé par son espérance converge en loi vers une variable aléatoire expo-

nentielle de moyenne 1.

Ce théoréme a été prouvé par Cranston, Mountford, Mourrat et Valesin dans [22].
Avant eux, Stacey a prouvé dans [83] des résultats plus faibles. Plus précisément, il a
montré que 7, ~ n si A < Ay, et 7, est d’ordre au moins exp(d”'=%)) pour tout £ > 0 si
A > g

Ce théoréme semble montrer que la transition de phase a lieu au niveau de la deuxiéme
valeur critique du graphe limite. Mais nous allons voir qu’en fait elle a lieu autour de la
premiére valeur critique. Mais ici la bonne notion de limite de T}; n’est pas I'arbre Ty,
mais plutdt 'arbre de la canopée CT,, qui est tel que A(CTy) = Ay(Ty). La notion de
convergence ici est celle de la convergence locale de graphes, introduite par Benjamini et

Schramm que nous rappelons dans le prochain paragraphe.
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1.2.3 Convergence faible de graphes et transition de phase pour

le temps de mort

On donne ici la définition, introduite par Benjamini et Schramm [21], de la convergence
locale d’une suite de graphes. Un graphe enraciné est un couple (G,v) composé d'un
graphe connexe localement fini G et un sommet v dans G appelé la racine. Deux graphes
enracinés (G,v) et (G',v') sont appelés isomorphes s’il existe un isomorphisme de G vers
G’ qui envoie v sur v'. Dans ce cas, on note (G,v) ~ (G',v"). On définit G I'ensemble des
classes d’équivalence de graphes enracinés. On munit G de la topologie locale induite par

la métrique suivante. Pour (G,v) et (G',v') dans G,
dloc((Ga U), (G,, U/)) _ 2—max{r20: l(BG(v,’r’)wBG(v',r))}7

ou Bg(v,r) désigne la boule de rayon r autour de v dans G' qui contient tous les sommets
a distance inférieure & r de v et toutes les arétes entre eux.

Alors, € = (G, dj,.) est un espace métrique complet séparable. Un graphe aléatoire
enraciné est une variable aléatoire a valeur dans £. On définit naturellement la notion de
la convergence faible de graphes aléatoires enracinés comme suit. Une suite de graphes
aléatoires enracinés (G, v,) converge vers (G, v) si pour toute fonction continue bornée
F:G—R,

E[F((Gpn,vn))] = E[F((G,v))] lorsque n — oo. (1.4)

On note dans ce cas

(Goyvn) 2 (@, 0).

Dans la proposition suivante, on donne une caractérisation trés pratique de la convergence

faible de graphes.

Proposition 1.2.6. Une suite de graphes aléatoires enracinés (G, v,) converge vers

(G,v) si et seulement si pour tout (H,w) dans G et tout r fini,
P(Bg, (vn, 1) ~ (H,w)) — P(Bg(v,r) ~ (H,w)) lorsque n — oo. (1.5)

On dit qu’une suite de graphes aléatoires (G,) converge faiblement vers un graphe

enraciné (G, v), et note

(@) = (Gv),
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si

(G, up) (:wé (G,v),

ot (G, uy,) est le graphe aléatoire GG,, enraciné & un sommet choisi uniformément.

La notion de cette convergence faible (ou locale) a été largement étudiée pour de
nombreuses classes de graphes aléatoires tels que les graphes d’Erdos-Rényi, modéles de
configuration, graphes a attachement préférentiel, graphes inhomogénes aléatoires,...

Le graphe régulier aléatoire (défini dans la section suivante) par exemple converge
faiblement vers l'arbre régulier T;. En outre, Mourrat et Valesin ont prouvé dans [66]
qu’il y a une transition de phase de 7, lorsque le taux d’infection traverse \;(Ty): 7, est
d’ordre exponentiel quand A > A (T,), et d’ordre logarithmique quand A < A{(T,).

Nous observons donc que la transition de phase sur le temps de mort sur un graphe
fini semble avoir toujours lieu autour de la premiére valeur critique du graphe limite.
Autrement dit, dans tous les exemples précédents, on observe le phénoméne remarquable

suivant.

(T). Transition de phase (local-global). Supposons que (G,) converge faiblement
vers un graphe enraciné (G,v) et soit 1, le temps de mort du processus de contact sur Gy,

partant de la pleine occupation. Alors

(T1) avec grande probabilité (i.e. avec probabilité qui tend vers 1), 1, est d’ordre expo-

nentiel (resp. logarithmique) en |G| lorsque A > A\(G) (resp. A < A\(G)).

(T2) Dans le régime sur-critique, T, divisé par son espérance converge en loi vers une

variable aléatoire exponentielle de moyenne un.

Ce résultat a en fait été observé dans un certain nombre d’autres exemples: modéles de
configuration avec distribution des degrés & queue lourde, graphes "small-world", graphes
& attachement préférentiel, graphes inhomogénes aléatoires. Ces exemples seront revus
en détail dans la section suivante. Il y a aussi quelques résultats généraux. Pour la phase
sur-critique, dans [64], les auteurs ont montré que si A > A\.(Z) et les degrés des graphes
sont bornés, le temps de mort est d’ordre exponentiel. Récemment, Schapira et Valesin
ont montré que pour tout graphe fini G (sans restriction sur les degrés) et A > A\.(Z), le

temps de mort est d’ordre au moins exponentiel en |G|/ log(|G|)*™ pour tout € > 0. Mais
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comme pour un graphe G infini, en général A\.(G) < A.(Z), la question se pose toujours
de montrer la phase sur-critique dans (71) pour A.(G) < A < A\(Z).

Notons par ailleurs que le résultat dans le régime sous-critique n’est pas vrai en général.
En effet, nous allons construire dans le chapitre 5 un contre-exemple dans lequel 7,, est
d’ordre exponentiel en |G,,|%, avec a > 0, méme si A < \.(G).

Dans le cas ou G,, = Bg(v,n) avec G un graphe transitif et v € G, en appliquant
un résultat de Aizenman et Jung [5], on peut montrer que 7, est d’ordre logarithmique
lorsque A < A\.(G). En effet, ils ont montré que si A < A\.(G) alors il existe des constantes

positives ¢ et C, telles que pour tout ¢t > 0
P(r¥ > t) < Ce™,

ol 7% est le temps de mort du processus de contact sur G partant d’'un sommet w dans

G. Puisque G, est un sous-graphe de G, pour tout t > 0

P(r¥ > t) < Ce™,

n

ou 7,¥ est le temps de mort du processus de contact sur GG, partant d’'un sommet w dans

G,,. Alors
P(r, > t) =PEwe G, : 7" >1t) <C|G,le " =0 lorsque n — oo,

sit = 2log(|Gnl)/c.

Cela étant, GG, ne converge nécessairement vers GG (voir le cas des arbres homogénes
finis). Cependant, si |0Bg(v,n)| = o(|Bg(v,n)|), c’est bien le cas par exemple sur un
réseau régulier de RY, et on a donc bien (T1), au moins en régime sous-critique. Un

exemple plus général est celui o G est un graphe transitif moyennable, (G,,) suite de

Folner de G (i.e. tq. ‘?gﬁ‘ — 0).

Outre le temps de mort, on peut également étudier le comportement de la densité
des sites infectés. Par exemple, le théoréme 1.2.3 (iii) montre que pour le processus de
contact sur les boites finies, la densité converge vers la probabilité de survie du processus
de contact partant d’un seul sommet sur le graphe limite. Dans le cas général, nous

pouvons expliquer ce résultat comme suit: par 'auto-dualité du processus de contact,

[Silw 1

1
t
n n

& £ 2).

’UGVn
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En conséquence, la densité des sommets infectés au temps ¢ peut étre interprétée comme

la moyenne de la probabilité de survie. On peut donc s’attendre a ce que

(73)
AN
plN) = 2 — pa(d) =P # 2V > 0),

pour toute suite (¢,) * oo, au moins si t,, = o(E(7,)).

En outre, comme pour 'exposant critique de pg(A), on s’intéresse également a ’ordre
de grandeur de p,,(A) quand A — A\.(G) et n — oco. Cette question a été envisagée pour les
boites finies, modéles de configuration avec la distribution de degrés en loi de puissance,
graphes a attachement préférentiel et graphes réguliers aléatoires.

Dans la derniére section de ce chapitre, nous passerons en revue 1’étude de toutes les

trois questions (71'1)—(73) pour un certain nombre d’exemples de graphes aléatoires.

1.3 Processus de contact sur des graphes aléatoires et

résultats de la thése

1.3.1 Une bréve histoire de graphes aléatoires

Le sujet des graphes aléatoires est né a la fin des années 1950, lorsque Erdos et Rényi
ont essayé de décrire a quoi ressemble un choix aléatoire de graphe avec n sommets et
m arétes. Aprés, Gilbert a introduit un autre modéle plus simple, noté G(n,p), dans
lequel chacune des n(n — 1)/2 arétes est indépendamment présente avec probabilité p
(si p = 2m/n(n — 1), alors les deux modeéles d’Erdos- Rényi et de Gilbert sont presque
équivalents). Erdos et Rényi ont découvert qu’il existe des transitions de phase pour la
structure du graphe. Par exemple pour Uapparition d’une composante géante: si p = c¢/n
et ¢ < 1, toutes les composantes connexes du graphe ont taille O(logn), mais si ¢ > 1, la
composante la plus grande a s»n sommets avec s = x(c) > 0, et les autres composantes
ont taille O(logn). Les résultats d’Erdos et Rényi ont inspiré beaucoup de travaux dans
la théorie des graphes aléatoires.

Une autre propriété intéressante du graphe d’Erdos-Rényi est sa compacité. Le di-

amétre ou la distance typique (la distance entre deux sommets choisis uniformément)
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est O(logn), ce qui est trés inférieur au nombre de sommets. On dit qu’un graphe a n
sommets est "small-world” si le diamétre ou la distance typique est d’ordre (logn)*, avec
k> 0.

Réseaux "small-world". Dans la piéce "six degrés de séparation" de John Guare, une
mére dit a sa fille que le monde est vraiment petit : "Tout le monde sur la planéte est
séparé par seulement six personnes. Six degrés de séparation. Entre nous et tout le monde
sur cette planéte dont le président des Etats-Unis, un gondolier & Venise, ou un Eskimo".

Le phénoméne de "small-wold" est observé dans divers réseaux. En 1967, Stanley Mil-
gram a donné des lettres a ses amis. Les lettres devaient étre envoyées vers une personne
cible, mais les récipiendaires ne pouvaient qu’envoyer a quelqu’un qu’ils connaissaient.
Trente cing pour cent des lettres sont parvenues a destination et la médiane de nombres
d’étapes que les lettres ont pris était d’environ 6.

Dans les graphes de la collaboration des acteurs (resp. des mathématiciens), deux
personnes sont reliées par une aréte si ils sont apparus dans un méme film (resp. un
méme article). Les données empiriques montrent que le diamétre du graphe des acteurs
est environ 6 et la distance typique dans le graphe des mathématiciens est environ 7.

Albert, Jeong et Barabéasi [2, 9] ont étudié le graphe du réseau internet dont les

sommets sont les pages internets et les arréts sont des liens. Ils ont estimé que la distance
typique est environ 0.35 4+ 2.06 logn, ot n est la taille du graphe.
Loi de puissance et deux modéles. Barabéasi et Albert [8] ont observé que dans les
réseaux sociaux, les degrés des noeuds se répartissent selon une loi de puissance. Plus
précisément, la proportion de sommets de degré k décroit asymptotiquement comme une
puissance de k, simplement avec un exposant a > 0 qui dépend du réseau considéré. Par
exemple pour I'internet, Barabasi et Albert trouvent 'exposant a = 2,1, alors que pour
le réseau des collaborations entre acteurs, ils trouvent a = 2, 3.

Graphe a attachement préférentiel. Pour illustrer la loi de puissance dans les réseaux
sociaux, Barabasi et Albert 8] ont introduit un modéle dynamique, appelé le graphe a
attachement préférentiel. On imagine que I'internet est constamment ajouté une nouvelle
page qui envoie des liens aux pages existantes avec probabilité proportionnelle a leur
popularité. Plus précisément, a 'instant 1, il y a deux sommets vy, v et m arétes entre

eux. Puis pour ¢ > 2, un nouveau sommet v; se connecte & m sommets existants avec la
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régle suivante. Chacune des m nouvelles arétes est reliée & un sommet v; avec probabilité
proportionnelle a deg(v;) + u , avec u > —1. Alors, la fraction de sommets de degré k est
d’ordre k~37%. Autrement dit, ’exposant du graphe est 3 + w.

Modéle de configuration. Si on veut seulement un graphe avec distribution de degrés
donné, il est simple d’utiliser le modéle de configuration. Etant donné une distribution
(px) (ici, pr ~ k=), nous construisons un graphe de n sommets vy, ..., v, comme suit.
Soit Dy, ..., D, une suite de variables aléatoires i.i.d. de méme loi (py). Supposons que
Dy + ... + D, est pair, si non nous ajoutons simplement 1 & un des (D;). Pour tout
1 <7 < n, nous allouons D; demi-arétes au sommet v;. Puis nous collons uniformément
au hasard toutes ces demi-arétes par paires. Alors, dans le graphe obtenu, la fraction de
sommets de degré k converge vers py lorsque n tends vers l'infini.

Nous remarquons que les graphes a attachement préférentiel et modéle de configuration

sont des réseaux "small-world". De plus, les deux graphes convergent faiblement vers des
arbres, nous allons le voir dans sous-sections suivantes.
Epidémie sur réseaux sociaux. Il y a deux modéles de base de I'épidémie: SIR et
S1S. Dans le premier, un individu sensible (S) devient infecté (1) au taux A fois le nombre
de ses voisins infectés, et au taux 1 un sommet infecté entre la classe (R) des sommets
immunisés contre I'infection. Le modéle STR sur un graphe GG a une relation étroite avec
une percolation sur G construite comme suit. Pour chaque aréte (z,y) de G, nous la
supprimons et puis tirons indépendamment deux arréts orientés x — y et y — x avec
méme probabilité A/(A + 1), qui est la probabilité que le virus en = ou y infecte autre
avant de mourir. Alors, le graphe des sites infectés d’une épidémie SIR partant de x
est juste la composante connexe de x dans la percolation orientée. Pour de nombreux
exemples, la percolation orientée (et donc le modeéle STR) est essentiellement équivalente
aux processus branchants qui sont bien étudiés, voir par example [68].

D’un autre coté, dans le modeéle SIS (ou le processus de contact), les individus peuvent
étre réinfectés a plusieurs reprises (puisqu’il n’y a pas d’état immunitaire (R)). Par
conséquent, le processus de contact est en général plus compliqué & étudier et nous n’avons
pas de résultats aussi précis que dans le cas du modéle STR. Cependant, le modéle SIS
peut présenter un état stationnaire, ou l'état endémique dans lequel la densité de sites

infectés reste stable une trés longue période (d’ordre typiquement du temps de mort du
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processus).

En utilisant des méthodes de champ moyen, Pastor-Satorras et Vesignani [76] ont
étudié le processus de contact sur les graphes en loi de puissance. Leur calculs non-
rigoureux suggeérent une conjecture sur A.-la valeur critique pour la persistance du virus

(le processus de contact).

e Si a -I'exposant du graphe- est inférieur a 3, alors A, = 0 i.e. pour tout A positif,
Tn -le temps de mort du virus- est d’ordre exponentiel en n, ot n est le nombre des

sommets du graphe.

e Si3 <a<4,alors A\, > 0,i.e. 7, est d’ordre au plus polynomial (resp. exponentiel)
en nsi A < A (resp. A < A.). De plus, en régime sur-critique, la densité de sites

infectés est p(\) < (A — A\)Y@ 3 quand A | .
e Sia >4, alors A\, > 0et p(A) < (A — ), quand X | A..

Le premier résultat rigoureux autour de cette conjecture est di a Berger, Borgs, Chayes et
Saberi [13]. Ils ont montré que pour le processus de contact sur le graphe a attachement

préférentiel d’exposant 3, A. est nul et ils ont obtenu des estimations pour la densité p(\).

1.3.2 Arbres de Galton-Watson, graphe d’Erdos-Rényi et graphes

inhomogéne aléatoires

Le premier résultat sur le théme du processus de contact sur des graphes aléatoires est
da a Pemantle [74] sur la survie du processus sur des arbres de Galton-Watson. Soit T
un arbre de Galton-Watson avec loi de reproduction q = (gi). Il découle directement du
Lemme 1.1.1 que si le support de q est borné alors A, > 0 i.e. le processus de contact
sur T meurt presque stirement lorsque A est suffisamment petit. Pemantle a donné une

condition suffisante sur q pour que la valeur critique soit zéro.

Théoréme 1.3.1. [74] Si

1i | log x| _
imsup ———— =

k— k 0’ (P)

alors \(T) = 0.
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Ce résultat n’a jusqu’a présent pas été amélioré, et en particulier la question suivante

reste ouverte.
Probléme ouvert. Est-ce que A.(T) > 0 ou non, lorsque |log(qx)| < k.

L’arbre de Galton-Watson est la limite faible de nombreux graphes aléatoires, tels que
le graphe d’Erdos-Rényi, le graphe inhomogéne, et le modéle de configuration. Nous
introduisons maintenant notre résultat sur le processus de contact sur le graphe d’Erdos-
Rényi et une généralisation.

Le graphe inhomogéne aléatoire (GIA). Le graphe d’Erdos-Renyi est homogéne en
un certain sens: toutes les arétes sont présentes avec la méme probabilité, et les degrés
des sommets se concentrent autour du degré moyen. Par contre, les données empiriques
montrent que les réseaux réels sont hétérogénes. Alors, les probabilistes ont généralisé ce
graphe comme suit. Soit (w;) une suite de variables aléatoires i.i.d. de moyenne finie.
Alors pour tout 1 < i,j < n, v; est connecté a v; avec probabilité p; ; = p; ;(w). Lorsque
les p; ; sont égaux, le graphe obtenu est le graphe d’Erdos-Rényi. Il y a plusieurs versions
différentes pour (p;;), telles que le modele de Chung-Lu [1] ot p;; = min{1, ww;/¢,},
ou le modeéle de Britton, Deijfen, Martin-Lof [15] ou p; ; = ww;/(w;w; + £,,), avec £, =
wi+. ..+w,. Nous considérons ici le modéle du graphe Poisson introduit par Norros-Reitu
[69], ou

pij =1 —exp(—wiw;/ly),

car il conduit & un couplage entre le GIA et un arbre de Galton-Watson qui est trés utile.
Nous renvoyons a l’article de Bollobas, Janson et Riordan [19] pour de nombreux autres
modéles et leurs propriétés. Le GIA converge faiblement, voir [19, 53], vers un arbre de
Galton-Watson a deux types dans lequel la loi de reproduction de la racine est p = (py)

et celle des autres sommets est q = (gx), avec
pr = P(Poi(w) = k),

et
qr. = P(Poi(w*) = k),

olt w* est la distribution biaisée par la taille de w. On suppose que les hypothéses suivantes

sont satisfaites:
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(H1) larbre limite est sur-critique, i.e. E(q) > 1,
(H2) le support de gq n’est pas borné et |log(qx)| = o(k) quand k — co.

Théoréme 1.3.2. Supposons (H1) et (H2). Soit 1, le temps de mort du processus de
contact sur le GIA (avec n sommets) partant de la pleine occupation. Alors pour tout
A > 0, avec grand probabilité

log 7, < n.

De plus, (T2) a lieu.

Notons que I’hypothése (H1) est nécessaire, puisque si E(q) est inférieure a 1, toutes les
composantes dans GIA ont taille O(logn). D’autre part, 'hypothése (H2) est essentielle
dans notre preuve. De plus, ce théoréme et le théoréme 1.3.1 impliquent que la transition
de phase (T) est vrai dans ce cas.

Nous prouvons aussi un résultat similaire pour le graphe d’Erdos-Rényi, G(n,p). No-
tons que G(n,p) converge faiblement vers un arbre de Galton-Watson avec loi de repro-
duction de Poisson, qui ne satisfait pas (H2). Donc, nous avons besoin d’une hypothése

plus forte sur le degré moyen np.

Théoréme 1.3.3. Soit 7, le temps de mort du processus de contact sur G(n,p) partant
de tous les sites infectés. Il existe des constantes positives ¢, C dépendant de X telles que
pour tout A > 0 et np > C,

P(7, = exp(cn)) — 1.

De plus, (T2) a lieu.

De méme a la situation des arbres de Galton-Watson, il reste un probléme difficile sur
le G(n,p), ot np est indépendant de .
Probléme ouvert. Pour np fixé, est-ce que A\.(G(n,p)) > 0 i.e. est-ce que pour \ assez

petit, 7, est d’ordre au plus polynomial en n?

1.3.3 Modéle de configuration

Nous considérons le modéle de configuration (définit dans la section 1.3.1) avec la dis-

tribution de degré en loi de puissance i.e. les degrés des sommets ont la méme loi (py)
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donnée par

P~ k™% pour k>1,

avec a > 1. Nous notons le graphe par MC,,(a).

On remarque que si a > 2 alors MC,,(a) converge faiblement vers T(a)-un arbre de
Galton Watson a deux types. Dans cet arbre, la loi de reproduction de la racine est
(p) et celle des autres sommets est (gx)- la distribution biaisée par la taille de (py).
Alors, par le théoréme 1.3.1, on a A\.(T(a)) = 0. Dong, si la transition de phase (T) est
vraie, la valeur critique sur M C,,(a) devrait étre aussi zéro. Par contre, la prédiction de
Pastor-Satorras et Vesgnani dit que la valeur critique est nulle si et seulement si a < 3.
Dans [23], Chatterjee et Durrett ont montré que lorsque a > 2, le temps de mort est
d’ordre exponentiel, autrement dit la valeur critique est zéro, ce qui invalide la prédiction
de Pastor-Satorras et Vesgnani et établit la transition de phase (T). Plus précisément,

Chatterjee et Durrett ont prouvé le théoréme suivant.

Théoréme 1.3.4. [23] Soit (&) le processus de contact sur MC,(a) partant de la pleine
configuration et soit T, le temps de mort du processus. Alors, pour tout N\ > 0, les

assertions suivantes ont lieu.
(i) Sia>2, alors pour tout € > 0, P(7, = exp(n'~)) = 1, quand n — cc.

(i) Si a > 3, alors il existe des constantes positives ¢ et C (ne dépendants pas de \),

telles que

P (C)\1+(a2)(26) < |€exp(\/ﬁ)| < C«)\1+(a2)(15)> 1
n

Ce résultat a été généralisé dans [64, 65| pour tout a > 2:

Théoréme 1.3.5. [6/, 65] Soit (&) le processus de contact sur CM,(a) & partir de la
pleine occupation, avec a > 2. Alors, pour tout A > 0, il existe une constante positive

c = c(A) telle que

Bl 00,

n n—o0

pour toute suite (t,) satisfaisant t,, — 0o et t, < exp(en), ot pa(N) est la probabilité de
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survie du processus de contact sur l’arbre de Galton-Watson T(a). De plus, quand X — 0,

1 .
A3—a si2<a<5b/2
2a—3 .
pa(/\)x “O)\gﬁ SZ5/2<G/<3
2a—3 .
“O;\)\m st a > 3.

Ce théoréme est basé sur I'idée d’approximer le processus de contact sur MC,(a)
(& partir d’'un sommet typique) par le processus sur le graphe limite- T(a), avec une
estimation trés détaillée de la probabilité de survie p,(A).

Dans le cas a est inférieure a 2, MC,(a) ne converge plus. En utilisant une analyse
directe du processus de contact sur le modéle de configuration, nous obtenons le résultat

suivant.

Théoréme 1.3.6. Soit (&) le processus de contact sur MC,(a) partant de la pleine
configuration et soit T, le temps de mort du processus. Alors, pour tout X\ > 0, les

assertions suivantes ont lieu.

(i) Pour tout a > 1, on a 1, devisé par son espérance converges en loi vers une variable

aléatoire de moyenne 1.

(i) Si 1l < a<2, il existe une constante positive ¢ = c(X) telle que

Eul 00,
n n—o0

pour toute séquence (t,,) satisfaisant t, — oo et t, < exp(cn), ol

kA
j=1

De plus, lorsque A — 0,

Aol sil<a<?2

Allog M| sia=2,

Pa(A) =

(ce qui montre en particulier que la prédiction de Chatterjee et Durrett que p(\) devait

étre un O(\) n’était pas correcte).
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1.3.4 Graphe a attachement préférentiel

La premiére réponse mathématique a la prédiction de Pastor-Satorras et Vesignani était
dans l'article "The spread of virus on the Internet" de Berger, Borgs, Chayes, Saberi [13].
Ils ont étudié le processus de contact sur le graphe a attachement préférentiel. Ils ont
montré que si 'exposant du graphe, noté a, est 3 (dans ce cas la probabilité pour qu’un
nouveau sommet soit relié & un sommet v; est proportionnelle au degré de v;), alors la
valeur critique du processus de contact est égale a zéro. Plus précisément, ils ont prouvé

que si a = 3, il existe des constantes positives c et C' telles que pour tout A > 0

P(AC<M<AC>—>1,
n

ou (&) est le processus de contact a partir de la pleine occupation. Dans notre article,

nous généralisons ce résultat comme suit.

Théoréme 1.3.7. Soit (&) le processus de contact sur le graphe & attachement préférentiel
d’exposant a = 3 commencgant par tous les sommets infectés et soit T, le temps de mort

du processus.

(i) 1l existe des constantes positives ¢ and C' telles que
(0 < Bl < on ) = 1-0)
n

pour toute suite (t,) satisfaisant t, — oo et t, < T, = exp (%) et

)\2(173

A= o
Pa(}) Tog A|a—2

(ii) 1, divisé par son espérance converge en loi vers une variable aléatoire de loi expo-

nentielle de moyenne 1.

D’autre part, il a été montré dans [14] que le graphe a attachement préférentiel con-
verge faiblement vers un arbre infini appelé le " Pdlya point graph" (voir aussi le chapitre
3 pour sa définition). Notons cet arbre par T et sa racine par o. Nous prouvons que la
valeur critique du processus de contact sur T est aussi zéro. De plus, la probabilité de
survie du processus sur T est du méme ordre que la densité métastable du processus sur
le graphe a attachement préférentiel. Par conséquent, nous établissons la transition de

phase (T) dans ce cas.
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Théoréme 1.3.8. Soit (&) le processus de contact sur T tel que £ = {o}. Alors il existe

des constantes positives ¢ et C, telles que
cpa(A) SP (& # 2 VE 2 0) < Cpa(R),
avec pa(X) comme dans le théoréme 1.3.7.
Pour les preuves des théorémes 1.3.7 et 1.3.8, nous avons quelques remarques.

e Pour obtenir le temps T,,, nous reprenons une idée de [23]. Nous trouvons les
sommets de degré plus grand que le diamétre du graphe. Ensuite, le virus se propage
dans ces grands sommets un temps exponentiel en leur degré total. Dans le graphe a
attachement préférentiel, le diamétre est d’ordre logn. D’autre part, la distribution
de degré est la loi de puissance d’exposant a. Donc le nombre de sommets de degré
supérieure a logn est d’ordre n/ log® ! n. Par conséquent, nous obtenons une borne

inférieure sur le temps de mort de l'ordre exp(n/log® ?n).

L’ordre optimal du temps de mort est exponentiel en n. Il nous semble qu’il est
possible d’adapter la méthode de [86] pour obtenir une borne inférieure de 'ordre
exp(n/log' ™t n) pour tout ¢ > 0. Cependant, cela ne semble ni facile ni optimal, et

nous n’avons donc pas poursuivi dans cette direction.

e Nous suivons de prés la preuve dans [65] pour calculer la densité métastable des
sites infectés. Nous notons que cette quantité dans le cas du graphe a attachement
préférentiel avec exposant a > 3 est légérement plus grand que celle dans le cas du
modéle de configuration avec le méme exposant. La raison est que la distance entre
les grands sommets (ayant degré plus grand que A~2) est inférieure a celle dans le

modéle de configuration, et donc le virus se propage plus facilement.

1.3.5 Graphes géométriques aléatoires

Un graphe géométrique aléatoire infini, noté par GGA(R), (resp. graphe fini GGA(n, R))
est construit comme suit. L’ensemble des sommets du graphe est composé des atomes
d’un processus ponctuel de Poisson d’intensité 1 sur R? (resp. sur [0, /n]?). Ensuite,

deux sommets sont reliés si la distance euclidienne entre eux est inférieure & R.
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Le graphe géométrique aléatoire n’est pas un bon modéle pour l'internet puisqu’il
n’est ni un réseau de petit monde, ni un graphe présentant une distribution de degré a
queue lourde. Toutefois, il est approprié pour la modélisation du réseau de capteurs ou de
réseau sans fil. Par conséquent, il y a des recherches sur les processus qui se produisent
sur ce graphe, y compris le processus de contact, dans les deux approches théoriques et
pratiques.

Par le lemme 1.1.1, la valeur critique du processus de contact sur un graphe G est
positive lorsque les degrés de GG sont bornés. En revanche, il y a peu de connaissances de
la phase sous-critique sur les graphes de degré non-borné. Dans un article récent, Ménard
et Singh [67] ont introduit la notion de partition fusionnée cumulativement (PFC) qui
est un outil pour regrouper des sommets du graphe en clusters et mesurer leur impact
pour la diffusion du processus. Les auteurs fournissent une condition suffisante pour avoir
A > 0. Comme application, ils ont montré que A\.(GGA) est positif. A ma connaissance,
ils sont les premiers qui donnent un graphe de degré non borné présentant une transition

de phase non triviale.
Théoréme 1.3.9. [67] Pour tout R fixé, nous avons A\.(GGA(R)) > 0.

Nous allons présenter plus concrétement la notion de PFC et le théoréme 1.3.9 aux
chapitres 4 et 5. Nous considérons maintenant le processus de contact sur le graphe
géométrique aléatoire finie. Il a été montré dans [48] qu'en dimension deux, si R? =
O(logn) et R — oo, alors 7, - le temps de mort du processus de contact sur GGA(R, n)
partant de la pleine configuration- satisfait que Cnlogn > log 7, > cnR?/logn pour des
constantes positives c et C.

Nous allons généraliser ce résultat pour toutes les dimensions plus grandes que 2, ainsi

que donner des bornes sur A\.(GGA(R)) en fonction de R.

Théoréme 1.3.10. Il existe des constantes positive ¢ et C, telles que les assertions suiv-

antes ont lieu.

(i) Pour tout \, R >0,
P(log 7, < Cnlog(ARY)) — 1,

et



(i) On a
¢/R* < M\(GGA(R)) < C/R".

(i) Si A > C/R%, alors
P(log 7, > cnlog(ARY)) — 1,

et T, divisé par son espérance converge en loi vers une variable aléatoire de loi

exponentielle de moyenne 1.
Voici quelques observations sur ce théoréme.

e \(GGA(R)) < 1/R% quand R — oo. De plus, si R tend vers I'infini, alors pour tout
A positif, le temps de mort du processus de contact est sur-exponentiel en n. La rai-
son en est que les graphes géométriques aléatoires contiennent de nombreux graphes

complets sur lesquels le processus de contact survit un temps sur-exponentiel.

e La phase sous-critique de la transition de phase (T') est légérement violée: le temps
de mort n’est pas d’ordre logarithmique. Dans le chapitre 5, basé sur un résultat
de [67], nous allons construire un contre-exemple plus fort dans lequel le temps de

mort est d’ordre exponentiel "streched", méme dans la phase sous-critique.

e Nous avons essayé de montrer que si A\ est assez petit, 7, < n? en utilisant les
résultats dans [67], afin d’établir la transition de phase du processus de contact sur
GGA(n, R). Cependant, ce travail exige une étude approfondie de la PFC sur GG A,

qui est encore nouvelle et n’est pas suffisamment détaillée a ce jour.

1.3.6 Percolation long-range en dimension 1

La percolation long-range unidimensionnelle d’exposant s > 1, notée par G,, est définie
comme suit: indépendamment pour tous ¢ et j dans Z, il y a une aréte reliant ¢ et j avec
probabilité |i — j|~*.

Nous allons montrer que le graphe G avec grand exposant satisfait la condition dans

[67] pour que le processus de contact présente une transition de phase non triviale.

Théoréme 1.3.11. Si s > 102, alors A\.(Gs) > 0.
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Il y a une transition de phase dans la structure de la percolation long-range. Si s < 2,
le graphe G présente le phénomeéne de petit monde. Plus précisément, la distance entre
z et y est d’ordre (log|z — y|)**t°) avec » = x(s) > 1, avec probabilité tendant vers 1
quand |z — y| — oco. En revanche, si s > 2, le graphe ressemble en quelque sorte a Z et
la distance est d’ordre |x — y|. D’autre part, nous avons \.(Z) > 0. Par conséquent, nous

conjecturons que le théoréme 1.3.11 a lieu pour tout s > 2.

1.3.7 Graphe régulier aléatoire et modéle de petit monde

Dans cette partie, nous résumons quelques résultats pour le processus de contact sur les
graphes aléatoires avec des degrés bornés, pour lequel la transition de phase (T) a été
établie.

Graphe régulier aléatoire de degré d, noté par GRA(d) est le modéle de configura-
tion avec la distribution de degré constante D = d. Ce graphe converge localement vers
I'arbre régulier T,;. Par les résultats de Mourrat et Valesin [66]; Lalley et Su [56], (T) a

été prouvée dans ce cas. Plus précisément,

(i) si A < A(Ty), alors 7, -le temps de mort du processus a partir de la pleine occupation

est d’ordre logn. En revanche, si A > A\.(T,), alors 7,, est d’ordre exponentiel en n.

(ii) Si A > A.(Ty,), alors 7, divisé par son espérance converges en loi vers une variable

aléatoire de loi exponentielle de moyenne 1.

(iii) Si A > A.(Ty), alors la densité métastable des sites infectés converge en probabilité

vers la probabilité de survie du processus de contact sur 'arbre régulier infini.

La partie (i) a été prouvée indépendamment dans [66] et [56]. La partie (ii) a été prouvée
en [85] et la partie (iii) a été prouvée dans [56]. L’idée de la preuve de (iii) est intéressante.
Les auteurs ont fait une nouvelle construction du processus de contact a partir d’un seul
sommet. Dans cette construction, le processus de contact coévolue avec le graphe. Pour
plusieurs processus sur les modéles de configuration, I'idée de faire une construction dans
laquelle le processus et le graphe évoluent & la méme échelle de temps a été utilisée avec

succés, par exemple dans [54] pour le modéle STR.
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Sur un graphe du petit monde. Dans [38], Durrett et Jung ont considéré une
version discréte du processus de contact sur 57, qui est construit comme suit. Nous
commencons avec un tore (Z mod n)? de dimension d, et connectons tous les couples de
sommets & distance inférieure ou égale a m. Par ailleurs, a chaque sommet est ajoutée
une demi-aréte. Puis, les demi-arétes sont reliées uniformément comme dans le modéle
de configuration. Ce graphe est souvent appelé BC "small-world", puisque dans [10],
Bollobas et Chung ont introduit ce graphe pour m =d = 1.

Il a été montré dans [38] que S converge faiblement vers un graphe appelé le "Big-
world", et noté par B,,. Les degrés de B,, sont bornés. Par conséquent, la valeur critique
du processus de contact sur B,, est positive. Durrett et Jung ont montré une partie de la

transition de phase pour 7,:
(i) Si A < A\ (B,), alors 7, < logn.
(ii) Si A > Ac(B,), ils n’ont pas réussi & montrer que 7, est d’ordre exponentiel.

(iii) En revanche, dans le régime sur-critique A > A.(B,,), si 'on fait une modification du
processus ou a chaque étape chaque site peut, selon un tire a pile ou face, infecter
un sommet choisi uniformément, alors ils montrent que le temps d’extinction de
cette modification du processus est d’ordre exponentiel en n¢. IIs conjecturent que

la méme résultat devrait avoir lieu pour le modéle d’origine.

Comme le graphe BC "small-world" et le graphe régulier aléatoire ont quelques similarités,
nous nous attendons a ce que les techniques de [56, 66| puissent étre adaptées pour prouver

la conjecture de Durrett et Jung ainsi que les questions (72) et (7°3) dans (T).
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Chapter 2

Metastability for the contact process on
the configuration model with infinite

mean degree

Abstract. We study the contact process on the configuration model with a power
law degree distribution, when the exponent is smaller than or equal to two. We
prove that the extinction time grows exponentially fast with the size of the graph
and prove two metastability results. First the extinction time divided by its mean
converges in distribution toward an exponential random variable with mean one,
when the size of the graph tends to infinity. Moreover, the density of infected sites
taken at exponential times converges in probability to a constant. This extends

previous results in the case of an exponent larger than 2 obtained in [23, 64, 65].

2.1 Introduction

In this chapter we will prove metastability results for the contact process on the configura-
tion model with a power-law degree distribution, extending the main results of [23, 65, 64|

to the case when the exponent of the power-law is smaller than or equal to 2.

The configuration model (a definition will be given later) is a popular model of ran-

dom graphs with given degree distribution and it was thoroughly investigated by many
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authors, see [53| for a list of reference. The contact process on the configuration model
was first studied by Chatterjee and Durret in [23|. They have shown that when the de-
gree distribution has a power law (with exponent larger than two), the extinction time
grows faster than any stretched exponential (in the number of vertices), which can be
interpreted in saying that the critical value is zero for these graphs (invalidating thereby
some physicists predictions). On the other hand, it is well known that when the degree
distribution has finite mean, the sequence of graphs converges toward a Galton Watson
tree as the number of vertices increases to infinity. Moreover, by Theorem 1.3.1 (|74,
Theorem 3.2]), the critical value on the limiting Galton Watson tree is also zero (the
process has always a positive probability to survive for any A > 0). Therefore, the phase
transition (T) mentioned in Chapter 1 is satisfied for this class of random graphs.

The configuration model is also interesting for another reason, highlighted in [23]:
when the degree sequence has a power law, the contact process exhibits a metastable
behaviour. This was first proved under a finite second moment hypothesis (equivalently
for exponents larger than three) in [23], and the result has been later strengthened and
extended to exponents larger than two in [65, 64]. To be more precise now, in [23] the
authors proved that when the degree distribution has a power law with finite second

moment, then

P (c/\1+(a—2)(2—5) < ‘fexp(\/ﬁ)’ < O)\1+(a—2)(1—5)> =,
n

for some positive constants ¢ and C' (independent of \), where £ denotes the contact
process starting from full occupancy. In [64] the authors have shown that when the degree
distribution has finite mean (and a power law), the extinction time is w.h.p. exponential
in the size of the graph (when starting from full occupancy), and combined with the

results of [65], one obtains that

|t

n

(e < Bl < cpn) 51

for any sequence (t,) satisfying ¢, — oo and t,, < exp(cn), where

AFa if2<a<5/2
pa(N) = o= f5/2<a<3
mer ifa>3.



In this paper we complete this picture by studying the case of power laws with exponents
a € (1,2]. To simplify the discussion and some proofs we have chosen to consider mainly
only two special choices of degree distribution. Namely we assume that it is given either
by

Pna(d) = Cnaj * for j=1,...,n, (2.1)

for graphs of size n, or by
Pa(j) = Cooad® for 7 > 1, (2.2)

independently of the size of the graph, where (¢, ,) and ¢, are normalizing constants.
However, at the end of the paper we also present straightforward extensions of our results
to more general distributions, see Section 2.7 for more details. Our first main result in

this setting is the following:

Theorem 2.1.1. For each n, let G, be the configuration model with n vertices and degree
distribution given either by (2.1) or (2.2) with a € (1,2]. Consider the contact process
(&)i=0 with infection rate X > 0 starting from full occupancy on G,. Then there is some

positive constant ¢ = c¢(X), such that the following convergence in probability holds:

Eul 00, (23)
n n—00

for any sequence (t,) sastifying t, — oo and t,, < exp(cn), where

P =32 ) (2.4)

Note that as A\ — 0,
P ifl<a<?2

Allog Al if a = 2,

Pa(A) =

which in particular shows that the guess of Chatterjee and Durrett [23] that p,(\) should

be O(X) was not correct.

Now let us make some comments on the proof of this result. One first remark is that
one of the main ingredients in the approach of [65] completely breaks down when the
degree distribution has infinite mean (or when its mean is unbounded like in the case

(2.1)), since in this case the sequence of graphs (G),) does not locally converge anymore.

34



In particular we cannot transpose the analysis of the contact process on G,, (starting from
a single vertex) into an analysis on an infinite limit graph. So instead we have to work
directly on the graph G,,. In fact we will show that it contains w.h.p. a certain number of
disjoint star graphs (i.e. graphs with one central vertex and all the others connected to the
central vertex), which are all connected, and whose total size is of order n (the size of G,,).
It is well known that the contact process on a star graph remains active w.h.p. for a time
exponential in the size of the graph. So our main contribution here is to show that when
we connect disjoint star graphs together, the process survives w.h.p. for a time which is
exponential in the total size of these graphs. To this end we use the machinery introduced
in [23|, with their notion of lit stars. We refer to Proposition 2.4.1 and its proof for more
details. Now it is interesting to notice that while this strategy works in all the cases we
consider, the details of the arguments strongly depend on whether a < 2 or a = 2, and on
the choice of the degree distribution. This explains why we found interesting to present
the proof for the two examples (2.1) and (2.2) (note that these distributions were also
considered in [46], where it was already proved that the distance between two randomly
chosen vertices was a.s. equal either to two or three).

Then to obtain the asymptotic expression for the density (2.3), the point is to use the
self-duality of the contact process. This allows to transpose the problem on the density of
infected sites in terms of survival of the process starting from a single vertex. But starting
from a single vertex, the process has a real chance to survive for a long time only if it
infects one of its neighbors before extinction. Moreover, when it does, one can show that
w.h.p. it immediately infects one of the star graphs mentioned above, and therefore the
virus survives w.h.p. for a time at least t,,. The conclusion of the theorem follows once
we observe that the probability to infect a neighbor before extinction starting from any
vertex is exactly equal to p,(A) in case (2.2) and to

n .
poaV) =32 ) (2.5

A+ 1

in case (2.1), which converges to p,(A), as n — 0.

Our second result is often considered in the literature as another (weaker) expression of

the metastability:

35



Theorem 2.1.2. Assume that the degree distribution on G,, is given either by (2.1) or
(2.2) with a € (1,2], and let 7, be the extinction time of the contact process with infection

rate A\ > 0 starting from full occupancy. Then

(i) the following convergence in law holds

Tn (£)

with £(1) an exponential random variable with mean one,
(i1) there exists a constant C' > 0, such that E(7,) < exp(Cn), for alln > 1.

In particular this result shows that Theorem 2.1.1 cannot be extended to sequences (t,,)
growing faster than exponentially. In fact one can prove (see Remark 2.6.4) that Theorem
2.1.1 holds true for any constant ¢ smaller than liminf(1/n)logE(7,), and cannot be
extended above this limit. This of course raises the question of knowing if the sequence
(1/n)logE(7,) admits a limit or not. Such result has been obtained in a number of
contexts, for instance in [22] or on finite boxes [0, n]? (see [59] Section 1.3), but we could
not obtain it in our setting. One reason, which for instance prevents us to apply the
strategy of [22], is that there does not seem to be a natural way to embed G,, into G,

(or another configuration model with larger size).

Our method for proving Theorem 2.1.2 (i) is rather general and only requires some
simple hypothesis on the maximal degree and the diameter of the graph, which is sat-
isfied in most scale-free random graphs models, like the configuration model with power
law distribution having a finite mean (with the same hypothesis as in [23, 65]), or the
preferential attachment graph (see Chapter 3). We refer to Proposition 2.6.2 and Remark

2.6.3 for more details.

Let us also stress the fact that (ii) would be well known if the graph had order n edges,
as when the degrees have finite mean, but here it is not the case, so we have to use a more

specific argument, see Section 6.

This chapter is organized as follows. In the next section, we recall the well-known
and very useful graphical construction of the contact process. We also give a definition

of the configuration model, fix some notation, and prove preliminary results on the graph
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structure. In Section 3, we prove that G, contains w.h.p. a subgraph, called two-step
star graph, which is made of several star graphs connected together, whose total size is
comparable to the size of the whole graph. We refer to this section for a precise statement,
which in fact depends on which case we consider (a < 2 or a = 2, and distribution (2.1)
or (2.2)). In Section 4 we show that once a vertex (with high degree) of the two-step star
graph is infected, the virus survives for an exponential time. Then we prove Theorem
2.1.1 and 2.1.2 in Sections 5 and 6 respectively. Finally in the last section we discuss

several extenstions of our results to more general degree distributions.

2.2  Preliminaries

2.2.1 Graphical construction of the contact process.

We briefly recall here the graphical construction of the contact process (see more in
Liggett’s book [59]).

Fix A > 0 and an oriented graph G (recall that a non-oriented graph can also be seen
as oriented by associating to each edge two oriented edges). Then assign independent
Poisson point processes N, of rate 1 to each vertex v € V and N, of rate A\ to each
oriented edge e. Set also /\f(uw) = Ueipsw Ne, for each ordered pair (v,w) of vertices,
where the notation e : v — w means that the oriented edge e goes from v to w.

We say that there is an infection path from (v, s) to (w,t), and we denote it by
(v, 8) ¢ (w,1), (2.6)

either if s = ¢t and v = w, or if s < ¢ and if there is a sequence of times s = sy < 51 <
... < s < 841 =t, and a sequence of vertices v = vy, vy, ...,v; = w such that for every
1=1,...,1

s; € Nw,_10) and

N, N [si,801] = @.

Furthermore, for any A, B two subsets of V;, and I, J two subsets of [0, 00), we write

AXIT+— B xJ,
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if there exists v € A, w € B, s € I and t € J, such that (2.6) holds. Then for any A C V,,,

the contact process with initial configuration A is defined by
Go={veV,: Ax{0} +— (v,t)},

for all t > 0. It is well known that (£/!);>0 has the same distribution as the process defined
in the introduction. Just note that in our definition, the Poisson processes associated to
edges forming loops play no role (we could in particular remove them), but this definition
will be convenient at one place of the proof (when we will use that the Y, ,’s are i.i.d. in
Subsection 2.5.1). We define next 77! as the extinction time of the contact process starting
from A. However, we will sometimes drop the superscript A from the notation when it

will be clear from the context. We will also simply write & or 77 when A = {v}.

Finally we introduce the following related notation:
o(v) =inf{s > 0:s € N,}, (2.7)

and

o(e) =inf{s > 0:s € N}, (2.8)

for any vertex v and oriented edge e.

2.2.2 Configuration model and notation.

The configuration model is a well known model of random graph with prescribed degree
distribution, see for instance [53]. In fact here we will consider a sequence (G,) of such
graphs. To define it, start for each n with a vertex set V,, of cardinality n and construct
the edge set as follows. Consider a sequence of i.i.d. integer valued random variables
(Dy)vev,, (whose law might depend on n) and assume that L, = ) D, is even (if not
increase one of the D,’s by 1, which makes no difference in what follows). For each vertex
v, start with D, half-edges (sometimes called stubs) incident to v. Then match uniformly
at random all these stubs by pairs. Once paired two stubs form an edge of the graph.
Note that the random graph we obtain may contain multiple edges (i.e. edges between

the same two vertices), or loops (edges whose two extremities are the same vertex).
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In fact one can also define GG,, by matching the stubs sequentially. This equivalent
construction will be used in particular in Lemma 2.2.2, 2.2.3 and 2.2.4, so let us describe
it now. As with the previous construction we start with a sequence of degrees (D,),ev;,,
and for each v € V,,, D, half-edges emanating from v. Then we denote by H the set
of all the half-edges. Select one of them h; arbitrarily and then choose a half-edge h,
uniformly from A \ {h:}, and match h; and hy to form an edge. Next, select arbitrarily
another half-edge hs from H \ {hy, ho} and match it to another hy uniformly chosen from
H \ {hi1, ho, hs3}. Then continue this procedure until there are no more half-edges. Tt is

possible to show that the two constructions of G,, have the same law.

Now we introduce some notation. We denote the indicator function of a set E by
1(E). For any vertices v and w we write v ~ w if there is an edge between them (in
which case we say that they are neighbors or connected), and v ¢ w otherwise. We also
denote by s, the number of half-edges forming loops attached to a vertex v. We call size

of a graph G the cardinality of its set of vertices, and we denote it by |G|.

A graph in which all vertices have degree one, except one which is connected to all
the others is called a star graph. The only vertex with degree larger than one is called
the center of the star graph, or central vertex. We call two-step star graph a graph
formed by a family of disjoints star graphs, denoted by S(v;)1<i<k, centered respectively
in vertices (v;)1<i<k, plus an additional vertex vy and edges between vy and all the v)’s
(or equivalently it is just a tree, which is of height 2 when rooted at vy). The notation
S(k;dy,...,dyx) will refer to the two-step star graph where v; has degree d; + 1 for all ¢
(which means that inside S(v;), v; has degree d;, or that S(v;) has size d; + 1). These

graphs will play a crucial role in our proof of Theorem 2.1.1.

Furthermore we denote by Bin(n, p) the binomial distribution with parameters n and
p. If f and g are two real functions, we write f = O(g) if there exists a constant
C' > 0, such that f(z) < Cg(x) for all z; f < gif f = O(g) and g = O(f); f = o(g) if
f(z)/g(x) — 0 as x — oco. Finally for a sequence of random variables (X,,) and a function
f N — (0,00), we say that X,, < f(n) holds w.h.p. if there exist positive constants ¢
and C, such that P(cf(n) < X,, < Cf(n)) — 1, as n — 0.
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2.2.3 Preliminary estimates on the graph structure

We first recall a large deviations result which we will use throughout this paper (see for

instance [32]): if X ~ Bin(n,p), then for all ¢ > 0, there exists § > 0, such that
P(|X — np| = cnp) < exp(—Onp) for all n € N and p € [0, 1]. (2.9)

Now we present a series of lemmas deriving basic estimates on the degree sequence and
the graph structure. The first one is very elementary and applies to all the cases we will

consider in this paper.

Lemma 2.2.1. Assume that the degree sequence is given either by (2.1) or (2.2), with
l<a<2 Forj=1,letAj:={v:D,=j} and n; = |A;|. Then there exist positive

constants ¢ and C, such that
P(n; € (engj™®,Cnj™*) for all j =1, Lt =1 —0(1).

Proof. Observe that we always have n; ~ Bin(n,p;), for some p; € (coaj ™% j~%), with

Cooq a8 in (2.2). Thus the result directly follows from (2.9). O

Our next results depend more substantially on the value of a and the choice of the degree

distribution.

Lemma 2.2.2. Assume that the degree distribution is given by (2.1), with a € (1,2). Let
E :={v : D, > n/2}. Let also k > 2 —a and x < 1 be some constants. Then the

following assertions hold
(i) L, <n3% w.h.p.,
(ii) |E| < n* " w.h.p.,
(iii) P(v ~w for all v and w such that D, > n/2 and D, > n") =1—o(1),
(iv) P(s, = 1) =o(1), for any v € V,,,
(v) P (All neighbors of v have degree larger than nX) =1 — o(1), for any v € V,,.
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Proof. Let us start with Part (i). It follows from the definition (2.1) that
E(D,) <n** and Var(D,) < n*"

The result follows by using Chebyshev’s inequality.
Part (ii) is similar to Lemma 2.2.1. For Part (iii), let v and w be two vertices such
that D, > n/2 and D,, > n". Then conditionally on (D,).cy,, the probability that the

)™/8. Hence,

nk

n/8 first stubs of v do not connect to w is smaller than (1 — ¢ m—

n

P n/8
P (vt wl| (D.).ev,, Ly € (en®*,Cn’™%)) < (1 — m) =o(n7?),

which proves (iii) by using (i) and a union bound.

We now prove (iv). To this end, notice that conditionally to D, and L, s, is stochasti-
cally dominated by a binomial random variable with parameters D, and D, /(L,—2D,+2)
(remark in particular that since D, > 1 for all z, the denominator in the last term is always

positive). Hence Markov’s inequality shows that

1)2
P(s, 21| Dy, L) < ————.
(s | ) L. —2D, +2

The result follows by using (i) and that for any fixed ¢ > 0, P(D, > n®) = o(1).
It remains to prove (v). Denote the degrees of the neighbors of v by D, ;, i =1,..., D,.
It follows from the definition of the configuration model that for any ¢ < D, and k # D,,

knk
P(D,; =k |(D.,). =,
(Dos = k| (D2)zev) = 1
where we recall that ny is the number of vertices of degree k. Therefore,
K
P(Dy; < nX | (Ds)zev,,) < ——,
(Dos < 0| (De)een) €
where
k<nXx
Summing over ¢, we get
K,D,

P(3i < Dy: Dyy < 0¥ [ (Dy)zev,,) <

L,—1
Moreover, similarly to the proof of (i), we can see that w.h.p.
Kn — n1+x(2—a).

Together with (i), and using again that D, < n® w.h.p. for any fixed £ > 0, we get (v). O
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Things drastically change when the degree distribution is given by (2.2). In this case
L,, as well as the k maximal degrees, for any fixed k, are all of order n'/(®=1) (for the
comparison with the previous case note that 1/(a — 1) is always larger than a — 3 when
a € (1,2), which is consistent with the fact that the distribution (2.2) stochastically
dominates (2.1)):

Lemma 2.2.3. Assume that the degree distribution is given by (2.2), with a € (1,2).
Denote by (D;)1<i<n the sequence of degrees ranged in decreasing order (in particular D
is the mazimal degree). Let also k > (2—a)/(a—1) and x < 1/(a—1) be some constants.

Then the following assertions hold

(i) there exist (a.s. positive and finite) random variables (;)iso, such that for any fized

k>1,

Ly, D, Dy, Ny
nl/(a—l)’nl/(a—l)"”’m 70771;---7’%)-

n—00

(i) For any e > 0, there exists a positive constant n = n(e), such that for any fized
k>,

liminf P (Di/Ln > ni_l/(“_l) forall 1 <i < k) >1—-¢,

n—oo

and an integer k = k(e), such that

liminf P(Dy + -+ Dy, > L,/2) > 1 —¢.

n—c0
(11i) P(v ~ w for all v and w such that D, > n and D, = n") =1—o0(1),

(iv) P(s, = 1) =o(1), for any v € V,,

(v) P (All neighbors of v have degree larger than nX) =1 — o(1), for any v € V,,.

Proof. Part (i) is standard, we refer for instance to Lemma 2.1 in [46]. More precisely
let (e;);>1 be an i.i.d. sequence of exponential random variables with mean one and
I =e +...+e, forall i > 1 (in particular T'; is a Gamma random variable with

parameters ¢ and 1). Then the result holds with

% = ((a = DTi/coea) 7Y,
for all i > 1, and 7y = >_,7; (which is well a.s. a convergent series).
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For (ii) note that I';/i — 1 a.s. as i — oo. In particular for any ¢, there exists C' > 0,
such that
PI; < Ciforalli>1)>1—¢/2.
The first assertion follows with (i), using also that P(yy < C) > 1 —¢/2, for C large
enough. The second one is an immediate corollary of (i) and the definition of o as the

limit of the partial sum »;_, i, as k — oo.

Parts (iii)-(v) are similar to the previous case. O

We now give an analogous result for the case a = 2, which we will not prove here since it
is entirely similar to the case a < 2 (just for the case when the degree distribution is given
by (2.2), one can use the elementary fact that w.h.p. all vertices have degree smaller than

nloglogn).

Lemma 2.2.4. Assume that the degree distribution is given either by (2.1) or (2.2), with
a=2. Let E' := {v: D, >n%*}. Then the following assertions hold

(i) L, <nlogn w.h.p.,

(it) |E'| <n'* and Y, p Dy =<nlogn w.h.p.,
(iii) P(v ~w for all v and w such that D, > n/logn and D, > (logn)*) =1 —o(1),
(iv) P(s, = 1) =o(1), for any v € V,,.

(v) P (All neighbors of v have degree larger than (logn)?) =1 — o(1), for any v € V,.

2.3 Existence of a large two-step star graph

In this section we will prove that the graph GG, contains w.h.p. a large two-step star graph
S(k;dy,...,dy), the term large meaning that d; + - - - + dy, will be of order n, and all the
d;’s of order at least logn. However, the precise values of k£ and the d;’s will depend on
which case we consider (to be more precise, in the case of degree distribution given by
(2.2) with a € (1,2) we prove that for any ¢ > 0, GG, contains a large two-step star graph
with probability at least 1 — e, with k£ and the d;’s depending on . Nevertheless, the rest

of the proof works mutadis mutandis).
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2.3.1 Casel<a<?2

Bounded degree sequence

We assume here that the law of the degrees is given by (2.1). Recall that £ ={v: D, >
n/2} and A; = {v: D, = 1}. In addition for any vertex v, let us denote by

di(v) = ) 1({w~v}),

wEeA;

the number of neighbors of v in Aj;.
Lemma 2.3.1. There exist positive contants 5 and k, such that
P(#{ve E :di(v) = pn*"'} > kn* ") =1-0(1). (2.10)

Proof. 1t follows from the definition of the configuration model that for any w € A; and

veFR,

P(w ~wv | (D.)zev,) = (2.11)

L,—1

Similarly for any v € F and w # w' € Ay,

|Cov(w ~v,w ~v|(D,))| =

- ()

—0 (%) (2.12)

Define now the set
A, = {en® ™ < L, <Cn® ) N{|A1| = en},

with 0 < ¢ < C, such that
P(A,) =1—o0(1). (2.13)

Note that the existence of ¢ and C' is guaranteed by Lemma 2.2.1 and 2.2.2. Set also
f =c¢/(4C). Then (2.11) and (2.12) show that on A,,

> Pw~o | (D) =260,

weEAL

and

Z Cov(w ~ v,w’ ~ v | (D,)) = o(n**?).

wH#w' €Ay
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Thus by using Chebyshev’s inequality, we deduce that on A,

P(di(v) > pn"" [ (D.)) =P (Z 1({w ~v}) > "

weA]

<DZ>> —1-0(1).
Hence for any v # w € F,
Cov(di(v) = Bn* ', di(w) = pn" | (D.).ev,) = o(1).
Then by using Chebyshev’s inequality again we obtain that on the event {|E| > 2kn?~%},
P(#{veE :di(v) = n*"} 2 en* | (D.):ev,) =1—o(1).
Then (2.10) follows by using (2.13), Lemma 2.2.2 (ii) and taking expectation. O
As a corollary we get the following result:

Proposition 2.3.2. Assume that the law of the degree sequence is given by (2.1) with
a € (1,2). There exist positive constants B and k, such that w.h.p. G, contains as a

subgraph a copy of S(k;dy, ..., dy), with k = kn*~® and d; = Bn®L, for all i < k.

Proof. This is a direct consequence of Lemma 2.2.2 (iii) and Lemma 2.3.1. O

Unbounded degree sequences

We assume here that the law of the degrees is given by (2.2). The proof of the next result

is similar to the one of Lemma 2.3.1, so we omit it.

Lemma 2.3.3. With the notation of Lemma 2.2.3, let (v;)i<n, be a reordering of the
vertices of G, such that the degree of v; is D; for all i (in particular vy is a vertexr with

mazximal degree). Then for any fized i,
P(dy(v;) = Diny/(2L,)) =1 — o(1).
As a consequence we get

Proposition 2.3.4. Assume that the degree distribution is given by (2.2), with a € (1,2).
There ezists a constant ¢ > 0, such that for any € > 0, there exists n = n(e) > 0 and
an integer k = k(g), such that for n large enough, with probability at least 1 — e, G,
contains as a subgraph a copy of S(k;dy, ..., dy), with d; > ni~'/“=Vn for alli > 1, and
di+---+di = cn.
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Proof. Tt follows from Lemma 2.3.3 that for any ¢,
P(dy(v;) = Diny/(2L,)) = 1 — o(1).

Hence for any fixed k,

P (dl(vl) o dy (o) = D +2Ln . Dk)) = 1—o(1).

Moreover, by Lemma 2.2.1 we have P(n; € (cn,Cn)) =1 — o(1). On the other hand, for
any € > 0, by Lemma 2.2.3 (ii), there exist n = n(¢) and k = k(e), such that

P D1+...+Dk>l
L, 2

) >1-—¢/4,
P(Di/Ly > ni V™) Vi<k+1)>1—¢/4
Therefore with probability at least 1 — (32/4), for n large enough, n and % as above,

di(v1) + ...+ di(vg) = en/4,

dy(v;) = eni~V @ Vn/2 Vi <k +1.

Then by using a similar argument as in the proof of Lemma 2.2.2 (iii), we can show that
with probability larger than 1 — (¢/4), vk, and v; are connected for all ¢ < k. The result
follows. O

2.3.2 Casea=2

In this case we can treat both distributions (2.1) and (2.2) in the same way. Recall that

E'={v: D, > n%"}, and d,(v) denotes the number of neighbors in A; of a vertex v.

Lemma 2.3.5. There exists a positive constant [3, such that
P (dy(v) > BD,/logn for allve E')=1—o(1). (2.14)

Proof. The proof is very close to the proof of Lemma 2.3.1. First, for any v € E’ and

w € Ay, we have

D,
P(w~ o | (D.) =< 7

and furthermore for any w # w’ € Ay,
/ D'U
|Cov(w ~v,w" ~v|(D,)) =0 7z |-

n
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Then by using Chebyshev’s inequality, we get that for any v € ',

P (o) < A0/ | (D) =0 (5.

for some constant 8 > 0. The desired result follows by using a union bound and then
Lemma 2.2.1 and 2.2.4 (i)-(ii). O

As a consequence we get

Proposition 2.3.6. Assume that the law of the degree distribution is given either by (2.1)
or (2.2) and that a = 2. There exists a positive constant 8 such that w.h.p. G, contains
as a subgraph a copy of S(k;dy,...,dy), with k < n'/*, d; > pn*/logn for all i < k,
and dy + - -+ d < n.

Proof. Just take for the v;’s the elements of E’. Then use Lemma 2.2.4 (ii)-(iii) and
Lemma 2.3.5. []

2.4 Contact process on a two-step star graph

In this section we will study the contact process on a two-step star graph. Our main

result is the following:

Proposition 2.4.1. There exist positive constants ¢ and C, such that for any two-step star

graph G = S(k;dy, ..., dy), satisfying d; > C'logn/N\?, for alli < k, and dy + ... +dj, = n,
P (1" = exp(cA®n)) =1 —o(1),

where ' is the extinclion time of the conlact process with infection parameter A < 1

starting from vy on S(k;dy, ..., dy).

Note that since we are only concerned with the extinction time here, there is no
restriction in assuming A < 1, as the contact process is stochastically monotone in A (see
[59]). So when A > 1 the same result holds; one just has to remove the A everywhere in

the statement of the proposition.

Now of course an important step in the proof is to understand the behavior of the

process on a single star graph. This has already been studied for a long time, for instance
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it appears in Pemantle [74], and later in [13, 23, 65]. We will collect all the results we
need in Lemma 2.4.2 below, but before that we give some new definition. We say that a
vertex v is lit (the term is taken from [23]) at some time ¢ if the proportion of its infected
neighbors at time ¢ is larger than A/(16e) (note that in [64] the authors also use the term

infested for a similar notion).
Lemma 2.4.2. There exists a constant ¢ € (0,1), such that if (&) is the contact process
with parameter X < 1 on a star graph S with center v, satisfying \%|S| > 64e?, then
(i) P(Eexp(erzisy # @ | v is lit at time 0) > 1 — exp(—cA?|S]),
(i) P(3t > 0:v is lit at timet | &(v) =1) — 1 as |S| — oc.
(111) P(v is lit at time 1 | {o(v) = 1) = (1 — exp(—cA|S])) /e,
(iv) P(v is lit during [exp(cA?|S|),2exp(cA?|S])] | v is lit at time 0) > 1—2exp(—cA?|S)).

Proof. Parts (i), (ii) and (iii) are exactly Lemma 3.1 in [65], and (iv) can be proved
similarly, see for instance Lemma 3.2.7 (iii) in Chapter 3 (similar results can be found in

13, 23, 34, 74]). 0

Proof of Proposition 2.4.1. We first handle the easy case when there is some 1 < i < k,
such that deg(v;) > n/2. First by Lemma 2.4.2 we know that w.h.p. the virus survives
inside S(v;) at least a time exp(cA%d;). Since by hypothesis d; diverges when n tends to
infinity, and since v; and v; are at distance at most two (both are connected to vg), we
deduce that w.h.p. v; will be infected before the extinction of the virus. The proposition

follows by another use of Lemma 2.4.2.

We now assume that d; < n/2, for all i. First we need to introduce some more

notation. For s <t and v, w € S(v;), we write
(v, 5) L5 (w,8), (2.15)

if there exists an infection path entirely inside S(v;) joining (v, s) and (w,t). Similarly if

V and W are two subsets of GG, we write
V x {5y D w x {1},
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if there exists v € V N S(v;) and w € W N S(v;), such that (2.15) holds. Now for £ > 0
and 1 <7 < k define

Jo {gw w {2} <2 S(vy) x {(£ + 1>n2}} .
We claim that for any ¢ > 0 and 1 < ¢ < k, we have
P(Ee; N (Nj2iEf 1) ) < exp(—cA®n), (2.16)

for some constant ¢ > 0. To fix ideas we will prove the claim for i = 1 (clearly by
symmetry there is no loss of generality in assuming this) and to simplify notation we also
assume that ¢ = 0 (the proof works the same for any ¢). Furthermore, in the whole proof
the notation ¢ will stand for a positive constant independent of A, whose value might

change from line to line.

Now before we start the proof we give a new definition. We denote by (£}):>0 the contact
process on S(v;) := S(v1) U {wvp}, which is defined by using the same Poisson processes as
&, but only on this subgraph. In particular with £, the vertex vy can only be infected by
vy, and thus the restriction of ¢ on S(v;) dominates &. We also assume that the starting
configurations of ¢’ and of the restriction of £ on S(v;) are the same. Now for any integer
m < n, define

Gm = {&(vo) = 1for all t € [3m + 2,3m + 3]}.

Let also F; = o(&., s < t) be the natural filtration of the process £’. Then observe that

for any vertex w € S(v;), conditionally on Fj,,, and on the event {&},  (w) = 1}, we have
Gn C {NuN[3m,3m+ 1] = &, N ) N [3m,3m + 1] # &, N, N [3m,3m + 2] = &,
Nwiwo) N[Bm+1,3m + 2] # &, N,, N [3m + 1,3m + 3] = o},

at least if w # v;. Moreover, the event on the right hand side has probability equal to
(1—e=*)%e7?, which is larger than cA?, for some ¢ > 0, and a similar result holds if w = v;.

Therefore for any m and any nonempty subset A C S(v1),
P(Gy, | Fam) 1(Es = A) < (1= eA*)1(&;,, = A).-
In other words, if we define
Hyy = {&3,, N S(v1) # 2},
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we get

P(GS, | Fam) 1(H,,) < 1 —c)?,

for all m < n. By using induction, it follows that

P ((U Gm> N <nﬁl Hm>> < (1—eX)m

n—1

Eoys C () Hn.

m=0

But by construction

Therefore
P(Eoy N{3m €[0,3n —1] : &(vg) = 1 for all t € [m,m + 1]}¢) < exp(—cA’n).

Then by repeating the argument in each interval [3Mn, 3(M +1)n], for every M < n/3—1,
we get
P (Ep1, IM| < n/3) < exp(—cA*n), (2.17)
where
M={m<n®—1:¢vy)=1foralte[mm+1]}.
Now for each 2 < j < k and m < n? — 1, define,

Crj = { Ny N[m.m+ 1] # @, N, N[m,m+2] = o}

Ad;
N {|{weS(vj) Ny N[m41,m+2] # @ and Ny N [m + 1,m + 2] = @} > 1—6;}

Note that these events are independent of M and Ej 1, as they depend on different Poisson
processes. Note also that by using (2.9)

P(Cp,) = (1— e Me 2 x P(B(d;, (1 — e ) /e) > Ad;/(16e))
> o) (2.18)

and thus (since C,, ; and C,,; are independent when m —m’ > 2),

P(ﬂ Ce,

meM

M| > n/3> < exp(—cAn).

Moreover, by construction if m € M and C,,; holds, then v; is lit at some time t €

[m + 1,m + 2]. Therefore by using (2.17),
P(Eoi N{3j € {2,....k} : v is never lit in [0,n%}) < exp(—cAn). (2.19)
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Finally define U; = exp(cA?d;), for all j < k, with the constant ¢ as in Lemma 3.2.8, and
take C' large enough, so that the hypothesis d;A\* > C'logn implies U; > 2n®. Then (2.19)
together with Lemma 2.4.2 (i) imply that
P (Eo1 N (N22F5,)) < exp(—eA™n) + [ U7 < 2exp(—eA’n/2),
i>2

where for the last inequality we used that dy +- - - +dj, > n/2. This concludes the proof of
(2.16). The proposition immediately follows, since by using Lemma 2.4.2, we also know
that P(Fy 1) = 1 —o(1), when vy is infected initially (observe that exp(cA?d;) > n?, if the

constant C' in the hypothesis is large enough). 0

2.5 Proof of Theorem 2.1.1

The proof is the same in all the cases we considered, so to fix ideas we assume in all this
section that the degree distribution is given by (2.1) with a € (1,2). The other cases are
left to the reader.

Let (t,) be as in the statement of Theorem 2.1.1. Define for v € V,,,

Xow = 1({&, # 9}).

The self-duality of the contact process (see (1.7) p. 35 in [59]) implies that for any v > 0,

P(\§¥"| >n) =P (Z X > 7n>

UEVn

and similarly for the reverse inequality. Hence, to prove that |£"|/n converges in proba-

bility to p,(A), we have to show that

P (Z Xnw > (Pna(N) + €)n> —0 asn— o (2.20)

UEVn

and

P (Z Xnw < (pra(X) — 5)n> —0 asn— oo (2.21)

'UG‘/W,

for all € > 0 (recall that p,,()\) converges to p,(A), as n — o0o). We will prove these two

statements in the next two subsections.
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2.5.1 Proof of (2.20)

This part is quite elementary. The idea is to say that if the virus survives for a time %,
starting from some vertex v, then v has to infect one of its neighbors before o(v) (recall
the definition (2.7)), unless o(v) > t,, but this last event has o(1) probability so we can
ignore it. Now the probability that v infects a neighbor before o(v), is bounded by the
probability that one of the Poisson point processes associated to the edges emanating from
v has a point before o(v) (actually it is exactly equal to this if there is no loop attached
to v). Then having observed that the latter event has probability exactly equal to p, (),
we get the desired upper bound, at least in expectation. The true upper bound will follow
using Chebyshev’s inequality and the domination of the X, ,’s by suitable i.i.d. random

variables.

Now let us write this proof more formally. Set Y, , = 1(C,,,), with (recall (2.8))

Choy = {min o(e) < G(U)} ,

ev—r-
where the notation e : v — - means that e is an (oriented) edge emanating from v (possibly
forming a loop). By construction the (Y}, ,)vev, are i.i.d. random variables, and moreover,

the above discussion shows that for all v,
Xow <Y, +1({o(v) > t,}). (2.22)

Now we have

E(Yn,v) = P(Cn,v) = Z]P)(Cn,v | D, = ])]P)(Dv = ])

- n,a na)\- 223
ZJA+1P = pna(A) (2.23)

Therefore it follows from Chebyshev’s inequality that

P (Z Yoo > (Pna(A) + 6/2)n> =o(1),

for any fixed ¢ > 0. On the other hand P(o(v) > t,) = e ™ = o(1). Thus by using

Markov’s inequality we get

P (Z 1({o(v) > t,}) > 871/2) = o(1).

v

Then (2.20) follows with (2.22).
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2.5.2 Proof of (2.21)

This part is more complicated and requires the results obtained so far in Sections 2, 3

and 4. First define Z,,, = 1(A,, N B,,), for v € V,,, where
A, , = {v infects one of its neighbors before o(v)},

and B, , = {{, # @}. Remember that X,,, = 1(B,,), which in particular gives Z, , <
Xno. Therefore the desired lower bound follows from the next lemma and Chebyshev’s

inequality.

Lemma 2.5.1. For any v # w € V,,,
(1) E(Znw) 2 pna(A) —o(1).
(i) Cov(Zyp, Znw) = o(1).

Proof. We claim that
P(B,, | Anw) =1—0(1). (2.24)

To see this first use that w.h.p. there is a large two-step star graph in G, (given by
Proposition 2.3.2). Then use Lemma 2.2.2 (iii) and (v) to see that w.h.p. all neighbors of
v have large degree and are connected to all the v;’s of the two-step star graph (recall that
by construction D,, > n/2, for all 7). Note that in the case a = 2, this is not exactly true,
but nevertheless the neighbors of v and the v;’s are still w.h.p. at distance at most two,
since they are all connected to the set of vertices z satisfying D, > n/logn (and w.h.p.
this set is nonempty). Now if a neighbor, say w, of v is infected and has large degree,
then Lemma 2.4.2 shows that w.h.p. the virus will survive in the star graph formed by
w and its neighbors for a long time. But if in addition w and v; are connected (or more
generally if they are at distance at most two), then v; will be infected as well w.h.p. before
extinction of the process. Then Proposition 2.4.1 gives (2.24).
On the other hand observe that

{s,, =0}NCh, C Ay

Therefore (2.23) and Lemma 2.2.2 (iv) give Part (i) of the lemma. The second part follows

easily by using that we also have A, , C (), ,, and that the C,,,’s are independent. O
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2.6 Proof of Theorem 2.1.2

We first prove a lower bound on the probability that the extinction time is smaller than

n?. Together with the following lemma, we will get the assertion (ii) of the theorem:

Lemma 2.6.1. For every s > 0, we have

P(r, < s) <

This lemma is a direct consequence of the Markov property and the attractiveness of

the contact process, see for instance Lemma 4.5 in [64].

For simplicity we assume that A < 1, and for the other case A > 1, we just need
to slightly modify the values of some constants. We also assume first that the degree

distribution is given by (2.1).

Let 72, be the number of vertices having degree larger than n'/2*. Then n, ~ Bin(n, p,),
where p, = 31720 Pna(f) < n(1=@/2¢ Hence, as for Lemma 2.2.1, there exists a constant

K > 0, such that

P (71, < Kn(1+a)/2“) =1-o(1).
In fact thanks to Lemma 2.2.1, we can even assume that
P, =1-o0(1), (2.25)

where

En = {n; < Knj *forall j < nl/za} N {7, < Kn(H“)/Q“} .

Now if a vertex has degree j, the probability that it becomes healthy before spreading
infection to another vertex is at least equal to 1/(1 + jA) (it is in fact exactly equal to

this if there is no loop attached to this vertex). Since this happens independently for all
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vertices, we have that a.s. for n large enough, on &,,

nl/2a
P(r, < mino(v) | (Du)uev,) = (1/(L+xn)™ [T (1/(1+x7)"
=1
1/A nl/2e
(2A\n)~ Hz m T @A)
1/
nl/2a
>N ]
1/2
nl/2a
>exp | —n | log(2)\) + K Z j %logj | —nglogn
1/X

> exp(—Cn/4),

for some constant C' = C'(\) > 0.
Now for each vertex v, o(v) is an exponential random variable with mean 1. Hence,

a.s. for n large enough and on &,
P(7, < 1% | (Dy)wey,) = e 4 —P3v : o(v) = n?) > e /2,

The same can be proved in the case when the degree distribution is given by (2.2). One
just has to use that w.h.p. all the degrees are bounded by n*(~1 but this does not
seriously affect the proof.

Together with (2.25), it follows that
P(7,, < n?) > exp(—Cn)(1 — o(1)),
and as we already mentioned above, with Lemma 2.6.1 we get the assertion (ii) of the
theorem.
We now prove (i). This will be a consequence of a more general result:
Proposition 2.6.2. Let (GY) be a sequence of connected graphs, such that |G%| < n, for

all n. Let 7, denote the extinction time of the contact process on G2 starting from full

occupancy. Assume that

Dn,max

“n.max 2.26
d, Vlogn e (2.26)
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with Dy, max the mazimum degree and d,, the diameter of GY. Then

Tn, (£)
1).
Br) o S

Proof. According to Proposition 1.2 in [62] and Lemma 2.6.1 above it suffices to show

that there exists a sequence (a,), such that a,, = o(E(7,)) and

sup P(&5, 7 La,r S, # D) = 0(1), (2.27)

vEVR
where (&);>0 denotes the process starting from full occupancy.

Set A = A A 1. Using Lemma 2.4.2, we get
E(72) = exp(eA’ Dy max), (2.28)

with ¢ as in this lemma. Using next (2.26), we can find a sequence (p,,) tending to infinity,

such that

Dn,max

_— . 2.29
(logn V dy)pn o ( )

Now define
b, = exp(cA*(logn V d,)e,) and a, = 4b, + 1.

Then (2.28) and (2.29) show that a,, = o(E(7,)), so it amounts now to prove (2.27) for
this choice of (a,). To this end it is convenient to introduce the dual contact process.

Given some positive real t and A a subset of the vertex set V,, of (G, the dual process

(£44),<, is defined by
M ={veV,: (v,t—s)— Ax{t}},
for all s < t. Tt follows from the graphical construction that for any v,
P(E £ &8 4 2)

= PEweV,: & (w)=0,& #@, 0 #2)
< Y P ( VoLg v L g and €9 N = @ for all £ < an> . (2.30)

weV,

So let us prove now that the last sum above tends to 0 when n — co. Set
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and let u be a vertex with degree larger than 3,. Let then S(u) be a star graph of size 3,
centered at u. Now we slightly change the definition of a lit vertex, and say that w is lit
if the number of its infected neighbors in S(u) is larger than A\3,/(16e). We first claim
that

P(&, # @,u is not lit before b,) = o(1/n). (2.31)
To see this, define K,, = [b,/d,] and for any 0 < k < K, — 1

Ak = {gl:’)dn 7é ®}7

and
By = {&,, x {kd,} +— (u, (k+1)d, — 1)} N {w is lit at time (k4 1)d,,}.
Note that
K,—1
{& # @, u is not lit before b,} C (1] ArN Bj. (2.32)
k=0

Moreover, by using a similar argument as for (2.18), we obtain
P((z,t) «— (¢, t+d, — 1)) = exp(—=Cd,) forany z,2' €V, and t > 0,

for some constant C' > 0 (in fact this is not true if d,, = 1; but in this case one can just
consider time intervals of length d,, + 1 instead of d,,). On the other hand, Lemma 2.4.2
(iii) implies that if u is infected at time ¢ then it is lit at time ¢+ 1 with probability larger
than 1/3, if n is large enough. Therefore for any k < K,, — 1,

P(By, | Gr)1(Ax) < 1 —exp(—Cd,,)/3,

with G the sigma-field generated by all the Poisson processes introduced in the graphical

construction in the time interval [0, kd,|. Iterating this, we get

P ( A A B;;) < (1= exp(—=Cdy)[3)" 7 = of1/n)

k=0
where the last equality follows from the definition of b,. Together with (2.32) this proves
our claim (2.31). Then by using Lemma 2.4.2 (iv) we get

P&, # @,u is not lit at time 2b,) = o(1/n). (2.33)
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Therefore, if we define
A(v) = {&, # @,u is lit at time 2b,},
we get

P(A(v)", &, # @) = o(1/n).
Likewise if
A(w) = {2 £ 2,30 € S(u) : |U| > %5,1 and (z,2b, + 1) < (w,4b, + 1)Vz € U}.
then
P(A(w), g # @) = o(1/n).

Moreover, A(v) and A(w) are independent for all v, w. Now the result will follow if we

can show that for any A, B C S(u) with |A|, |B| larger than A3, /(16¢)

u

P(A x {2b,) 2% B % {2b, +1}) = 1 — o(1/n), (2.34)

where the notation
A><{2b} Bx{?b + 1}

means that there is an infection path inside S(u) from a vertex in A at time 2b, to a

vertex in B at time 2b,, + 1. To prove (2.34), define
A ={z e A\ {u}: N; N [2b,,2b, + 1] = &},

B={ye B\ {u}: N,N[2b,,2b, +1] = &}

Since for any x,

P(N, N[2b,,2b, +1] =@) =1—¢e",

standard large deviations results show that |A| and | B| are larger than (1—e 1)\, /(32¢),
with probability at least 1 — o(1/n). Now let

E={Al > (1= e )AB./(32e)} N{|B] = (1 — e )AB,/(32e)}.

Set

_ —(1ognl)\/@ and J, = {—(logn;\/@} ,

o8



and define for 0 < j < J, — 1

C; = {N.N[2b, + 2jen, 20, + (25 + 2)e,] = &}
N {3z € A: Ny N2, + 2jen, 2b, + (25 + 1)e,) # @}

N {3y € B : Ny N [20, + (25 + 1)en, 2b, + (25 + 2)e,] # D}

Observe that

Jn—1
UJac {A % {2b,} 2 B x {2b, + 1}}. (2.35)
j=0

Moreover, conditionally on A and B, the events (C;) are independent, and

P(C; | A, B) = e *"P(Bin(|A],1 —e ") > 1) x P(Bin(|B|,1 —e ") > 1)

>1/2,

on the event &, if n is large enough. Therefore

Jn—1
IP’(E, N o;) < 277 =o(1/n).
j=0

This together with (2.35) imply (2.34), and concludes the proof of the proposition. [

Remark 2.6.3. This proposition can be used in various examples, for instance to the

case of the configuration model with degree distribution satisfying p(1) = p(2) = 0, and
p(k) ~ ck™® as k — o0,

for some constants ¢ > 0 and a > 2. This is the degree distribution considered in [23, 64].
In this case it is known that w.h.p. the graph is connected and has diameter O(logn),
see |23, Lemma 1.2|, and since the maximal degree is at least polynomial, the proposition
applies well here. It also applies to the preferential attachment graph model considered

by Berger et al [13], see Chapter 3.

Remark 2.6.4. Assume that on a sequence of graphs (G,,), one can prove that w.h.p.
T, = ¢(n), for some function ¢(n), and that in the mean time we can prove (2.27) for
some a, < @(n). Then observe that if (2.3) holds with ¢, = a,, then by using the

self-duality, we can see that the same holds as well with ¢, = ¢(n). In particular, in
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our setting, by using Theorem 2.1.2, we deduce that (2.3) holds with ¢, = exp(cn), for
any ¢ < Ceir := liminf(1/n)log E(7,), but (using again Theorem 2.1.2) it does not when
¢ > Ceig. This argument also explains why the combination of the results in [65] and [64]

give the statement that was mentioned in the introduction for the case a > 2.

Now to complete the proof of Theorem 2.1.2 (i), it remains to show that the hypoth-
esis of the proposition is well satisfied in our case, namely for the maximal connected
component — call it GY — of the configuration model G,. It amounts to show first that
the size of all the other connected components is much smaller, to ensure that w.h.p. the
extinction time on G, and on GY coincide. Remember that with Theorem 2.1.1 we know
that on G, it is w.h.p. larger than exp(cn). In the mean time we will show that the
diameter of G2 is o(n). Since we could not find a reference, we provide a short proof here
(in fact much more is true, see below).

For v € V,, we denote by C(v) the connected component of G,, containing v, and by
[|C(v)|| its number of edges. We also define

d = .
= mas €|

Lemma 2.6.5. Let GG, be the configuration model with n vertices and degree distribution

given either by (2.1) or (2.2), with a € (1,2]. Let d,, = diam(G") be the mazimal distance

between pair of vertices in GY. Then there exists a positve constant C, such that w.h.p.

when 1 < a <2
max(d,,d) <
4logn/loglogn when a = 2.

Proof. We only prove the result for a = 2 here, the case a < 2 being entirely similar. To
fix ideas we also assume that the degree distribution is given by (2.1), but the proof works
as well with (2.2). Set

F={v:D, > (logn)'}.

Lemma 2.2.4 (iii) shows that w.h.p. all the elements of F' are in the same connected
component, and Lemma 2.2.4 (v) then shows that w.h.p. this component has size n(1 —

o(1), in particular it is the maximal connected component. In conclusion we get
P(F CGY)=1-o(1). (2.36)
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Now let,

R, = Z D,.

veF

By construction, the probability that any stub incident to some vertex v ¢ F' is matched
with a stub incident to a vertex lying in F' is equal to R,/(L, — 1). By iterating this
argument, we get

R, R, R,

<
P(d(v, F) > kand [[C0)l| > k[ (Duduer) S 57 5 T —op o

for any k, where d(v, F') denotes the graph distance between v and F' (which by convention
we take infinite when there is no element of ' in C(v)). Then it follows from Lemma 2.2.4
(i) and the fact that R,, < nloglogn, that

C lOg log TL) 2logn/loglogn—1

P (d(v, F) > k, and ||C(v)|] > k») < (

_ -1
10gn _0<n )7

for some constant C' > 0, with k, = 2logn/(loglogn) — 1. This proves the lemma, using
a union bound and (2.36). O

To complete the proof of Part (i) of the theorem, we just need to remember that on
any graph with & edges, and for any ¢ > 1, the extinction time is bounded by 2¢ with
probability at least 1 — (1 — exp(—Ck))" (since on each time interval of length 1 it has
probability at least exp(—Ck) to die out, for some constant C' > 0, independently of the
past). Therefore the previous lemma shows that w.h.p. the extinction time on G¢ and
on G,, are equal, as was announced just above the previous lemma. Then Part (i) of the

theorem follows with Proposition 2.6.2.

2.7 Extension to more general degree distributions

We present here some rather straightforward extensions of our results to more general
degree distributions.

A first one, which was also considered in [46], is to take distributions which interpolate

between (2.1) and (2.2): for any fixed « € [1, o], define

Praell) = Cnaal " for all 1 <5 < n”,

61



where (¢, 4.0) are normalizing constants, and with the convention that the case a = oo
corresponds to the distribution given by (2.2).

It turns out that if @ < 2 and a < 1/(a — 1), one can use exactly the same proof
as in the case @« = 1. When o > 1/(a — 1), using that w.h.p. all vertices have degree
smaller than n'/(*~Y log log n, one can use the same proof as in the case & = co. The case
a = 1/(a — 1) is more complicated, and as in [46], a proof would require a more careful
look at it.

When a = 2, using that w.h.p. all vertices have degree smaller than nloglogn, one

can see that the same proof applies for any o > 1.

Another extension is to assume that there exist positive constants ¢ and C', and some

fixed m > 1, such that for any vertex v,
cj *<P(D,=j)<Cj for m < j < n%,

say with o = 1, but it would work with o = 0o as well. The only minor change in this
case is in the proof of Lemma 2.3.1. But one can argue as follows: just replace the set
Aj by the set of vertices in A,, whose first m — 1 stubs are not connected to any of the
vertices in . By definition these vertices have at most one neighbor in £ and moreover,
it is not difficult to see that this set also has w.h.p. a size of order n. Then the rest of
the proof applies, mutadis mutandis. All other arguments in the proof of Theorem 2.1.1
remain unchanged. Therefore in this case we obtain that:

&l

pra(V) 15 0,
n

with p,.(A) as in (2.5). Theorem 2.1.2 remains also valid in this setting.

Acknowledgments: We thank Daniel Valesin for pointing out a gap in the proof of a

previous version of Proposition 2.6.2.
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Chapter 3

Metastability for the contact process on

the preferential attachment graph

Abstract. We consider the contact process on the preferential attachment graph.
The work of Berger, Borgs, Chayes and Saberi [13] confirmed physicists’ predictions
that the contact process starting from a typical vertex becomes epidemic for an
arbitrarily small infection rate A with positive probability. More precisely, they
showed that with probability A®(1) | it survives for a time exponential in the largest
degree. Here we obtain sharp bounds for the density of infected sites at a time close

to exponential in the number of vertices (up to some logarithmic factor).

3.1 Introduction

The aim of this chapter is to prove a metastability result for the contact process on the
preferential attachment random graph, improving [13]’s result in two aspects: obtaining
a better bound on the extinction time, and estimating more accurately the density of the

infected sites.

The preferential attachment graph (a definition will be given later) is well-known as a
pattern of scale-free or social networks. Indeed, it not only explains the power-law degree
sequence of a host in real world networks, but also reflects a wisdom that the rich get

richer - the newbies are more likely to get acquainted with more famous people rather
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than a relatively unknown person. Therefore there has been great interest in this random
graph as well as the processes occurring on it, including the contact process. In [13], the
authors proved a remarkable result which validated physicists’ predictions that the phase
transition of the contact process occurs at A = 0. More precisely, they showed that there

are positive constants 0, ¢ and C', such that for all A > 0

X <P (Epprym # 8) <A (3.1)
where (') is the contact process starting from a uniformly chosen vertex.
We improve (3.1) as follows.

Theorem 3.1.1. Let (G,) be the sequential model of the preferential attachment graph
with parameters m > 1 and o € [0,1). Consider the contact process (&) with infection

rate A > 0 starting from full occupancy on G,,. Then there exist positive constants ¢ and

C, such that

P (cA”i| log A% < |€;"‘ < O\ |log A|i) = 1—o(1). (3.2)

where | = ﬁ and (t,) is any sequence satisfying t,, — oo and t, < T, = exp <ﬁ) )

By a well-known property of the contact process called self-duality (see [59], Section
I.1) for any ¢ > 0 we have

S # o)) Dl (3.3)

UGVn

Therefore the survival probability as in (3.1) is just the expected value of the density of
infected sites as in Theorem 3.1.1, so that our result is a stronger form of the one in [13].
Additionally we get a more precise estimate of the density and we allow (¢,) to be larger.

Since the empty configuration is the unique absorbing state of the contact process on
finite graphs, the contact process on GG, always dies out. Theorem 3.1.1 shows that before
dying, the contact process remains for a long time in a stationary situation in the sense
that the density of infected sites is stable for a time streched exponential in the number
of vertices. This metastable behavior for the contact process has been observed in some
examples, such as the finite boxes (see Chapter 1), the configuration models (see Chapter
2), the random regular graphs (see [56]).

We also prove another metastable result for the extinction time of the contact process.
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Proposition 3.1.2. Let 7,, be the extinction time of the contact process on the sequential

preferential attachment graph with infection rate A\ > 0 starting from full occupancy. Then

(i) the following convergence in law holds

Tn (£)
1
E(Tn) r:o 5( )a

with £(1) an exponential random variable with mean one,
(i1) there exists a constant C' > 0, such that E(t,,) < exp(Cn), for all n > 1.

This metatstable result has been proved for the contact process on finite boxes (see |24,
62]), finite homogeneous trees (see |22|), configuration models (see [26]), random regular
graphs (see [85]). The proof of Proposition 3.1.2 is immediate, since it is consequence of
Proposition 2.1.2 in Chapter 2 and Lemma 5.3.1 in Chapter 5.

Now let us make some comments on the proof of Theorem 3.1.1.

First, to obtain the time T,, we will use the maintenance mechanism as in [23] instead of
the one in [13]. In the latter the authors used that in the preferential attachment graph
the maximal degree is of order \/n, plus the well-known fact that for any vertex v, the
process survives a time exponential in the degree of v, once it is infected, yielding (3.1). In
the former, on the other hand, when considering the contact process on the configuration
model, Chatterjee and Durrett employed many vertices with total degree of order n'~¢,
for any € > 0, and derived a much better bound on the extinction time. Here, our strategy
is to find vertices with degree larger than Cd(G,,), where C' = C(\) > 0 is a constant
and d(G,,) is the diameter of G,, which is of order logn. Thanks to Proposition 1 in
[23], we can deduce that the virus propagates along these vertices for a time exponential
in their total degree. Moreover, the degree distribution of the graph, denoted by p, has
a power-law with exponent v = 2 + 1/¢. Thus the number of these vertices is of order

n(logn)'™ and their total degree is of order n(logn)~'/%, which explains the bound on

t, in Theorem 3.1.1.

Secondly, to gain the precise estimate on the density, we use ideas from [74, 13, 23, 65]:
if the virus starting at a typical vertex wants to survive a long time, it has to infect a big

vertex of degree significantly larger than A\=2. Then the virus is likely to survive in the
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neighborhood of this vertex for a time which is long enough to infect another big vertex,
and so on. We can see that the time required for a virus to spread from one big vertex
to another is at least A=®() (corresponding to the case when the distance between them
is constant). Besides, it was shown that if deg(v) > K/A?, then the survival time of the
contact process on the star graph formed by v and it neighbors is about exp(cK). Hence
the degree of big vertices should be larger than CA~2|log \|.

Using the idea in |23, 65] for the configuration model, we study the spread of infection
starting from potential vertices which are the vertices having a big neighbor. A potential
vertex infects its big neighbor with probability of order \. Moreover, we will show in
Section 4 that any big vertex has a positive probability to make the virus survive up to
time 7). Therefore the probability for the virus starting from a potential vertex to be
active at time T, is of order \. Hence the density of vertices from where the virus survives
up to T, is of order at least A times the density of potential vertices. This is of order

A x p([A2[log Al,00))A2|log A| =< A% |log A| ¥ yielding the desired lower bound.

For the upper bound, we adapt the proof in [65] for Galton-Watson trees, see the
appendix.

It is interesting to note also that if we consider the contact process on the configuration
2
Y

model with the same power-law degree distribution, the density is of order ' |log )\|_%

(see |65, Theorem 1.1]), which is slightly smaller than the one in (3.2). This difference
is due to the fact that the distance between big vertices in the preferential attachment is

less than the one in the configuration model.

In [14] the authors show that the preferential attachment graph converges weakly
to an infinite graph limit, called the Pdlya-point graph. We also estimate the survival

probability of the contact process on this infinite graph.

Proposition 3.1.3. Let (&) be the contact process on the Polya-point graph with infection

rate A > 0 starting from the root o. There exist positive constants ¢ and C, such that
AT log \|7VY S P(€°0 # @ V) < CAFHY|log A|7V/Y.

Theorem 3.1.1 (resp. Proposition 3.1.3) implies that for all A > 0, the contact process

becomes endemic (resp. survives forever) with positive probability. In other words, the

66



critical values of the contact process on the preferential attachment graph and its weak
limit are all zero. This provides a new example of the phase transition (T) mentioned in

Chapter 1.

Chapter 3 is organized as follows. In the next section, based on [14], we give the
definition of the sequential model of the preferential attachment graph as well as its
weak local limit, the Pélya-point graph. We also prove preliminary results on the graph
structure and fix some notation. We prove Proposition 3.1.3 is proved in Sections 3. The

main theorem 3.1.1 is proved in Section 4 and Proposition 3.1.2 is proved in Section 5.

3.2 Preliminaries

3.2.1 Construction of the random graph and notation.

Let us give a definition following [14] of the sequential model of the preferential attachment
graph with parameters m > 1 and « € [0,1). We construct a sequence of graphs (G,,)
with vertex set V,, = {v1,...,v,} as follows.

First G| contains one vertex v; and no edge, and G5 contains 2 vertices vy, vy and
m edges connecting them. Given G,,_1, we define GG,, the following way. Add the vertex
vy, to the graph, and draw edges between v,, and m vertices wy, 1, . .., Wy, (possibly with
repetitions) from G,,_; as follows: with probability ol ), the vertex w,,; is chosen uniformly

at random from V,,_; where

a ifi=1,

n 2m(n—1 _ ep -
O‘zm(n—2)+2n(m+()1—a)(i—1) =a+0(n™) ifi>2

Otherwise, w,,; = v, with probability

deg!” | (vy)
Z(i)

n—1

Y

where
deg! | (vg) = deg,,_ (o) + #{1 < j <i—1:w,; = v},

is the degree of v;, before choosing w,, ;, and

n—1
Z,(lez egnlfuk Zdegnlvk +i—1=2m(n—2)+1—1,
k=1
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with deg,,_;(vx) the degree of v; in G,,_1.

This construction might seem less natural than in the independent model where with
probability o we choose w,,; uniformly from V,,_; and with probability 1 — «a it is chosen
according to a simpler rule: w,, ; = v; with probability deg,,_;(vg)/2m(n—2). However the
sequential model constructed above is easier to analyze because it is exchangeable, and as
a consequence it admits an alternative representation which contains more independence.
In [14], the authors called it the Pélya urn representation which we now recall in the
following theorem. To this end, we denote by [(a,b) the Beta distribution, whose density
is proportional to 2% 1(1 — z)*~! on [0, 1], and by I'(a, b) the Gamma distribution, whose
density is proportional to % 'e™® on [0,00). For any a < b, U([a,b]) stands for the

uniform distribution on [a, b].

Theorem 3.2.1. [14, Theorem 2.1] Fix m > 1, a € [0,1) and n > 1. Set r = o/(1 —

a), 1 =1, and let s, . .., 1Y, be independent random variables with law

W ~ B(m+2mr, (25 — 3)m + 2mr(j — 1)).

Define
n k
p;=1; J] =), Ske=> @, and I =[Si1,Sk).
t=j+1 j=1
Conditionally on ¢y, ..., Yy, let {Uitr=1.. ni=1..m be a sequence of independent random

variables, with Uy; ~ U([0,Sk_1]). Start with the vertex set V,, = {v1,...,v,}. For
J <k, join v; and vy, by as many edges as the number of indices i € {1,...,m}, such that
Uk, € I;. Denote the resulting random graph by G,,.

Then Gy, has the same distribution as the sequential model of the preferential attach-

ment graph.

We remark that in [14], the authors state the theorem for m > 2. However, their proof
also works properly when m = 1.
From now on, we always consider the random multi-graph G,, constructed as in this

theorem.

We now look at the local structure of G,. It was shown in [14]| that G, is locally

tree-like, with some subtle degree distribution that we now recall. First we fix some
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constants:

1+2 1— 1
T nd =X .
2+ 2r X 1+ 2r

Note that 1/2 < x <1 and 0 < ¢ < 1. Let

X:

F~T(m+2mr1) and F' ~T(m+2mr+1,1).

We will construct inductively a random rooted tree (T',0) with vertices identified with
elements of Uy N? (where vertices at generation ¢ are elements of N°) and a map which
associates to each vertex v a position x, in [0, 1]. Additionally each vertex (except the

root) will be assigned a type, either R or L.
e The root o = (0) has position z, = U, where Uy ~ U([0, 1]).

e Given v € T and its position x,, define

m if v is the root or of type L,
m, =
m—1 if v is of type R.
and
F if v is the root or of type R,
Yo

F' if v is of type L.
The children of v are (v, 1),...,(v,my,), (v,m,+1),...,(v, my+q,), the first m,’s are of
type L and the remaining ones are of type R. Conditionally on ., T(y1),- -, T(vm,)
are i.i.d. uniform random variable in [0, z,], and Z(ym,+1)s-- -5 T(v,m,+q,) are the

points of the Poisson point process on [z, 1] with intensity

ga !
po(x)de = %Td:c.

This procedure defines inductively an infinite rooted tree (T, 0), which is called the

Polya-point graph and (x,),er is called the Polya-point process.

Theorem 3.2.2. [14, Theorem 2.2] The random graph G, constructed as in Theorem
3.2.1 converges weakly to the Pdlya-point graph.

Note that in [14] the authors prove this theorem for m > 2. For m = 1, recently, in [20]
the authors show that the local limit of preferential attachment graph is always the Poélya-
point graph regardless the initial (seed) graph (in our case, the initial graph contains two

vertices vy, v2 and one edge connecting them).
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Now we introduce some notation. We denote the indicator function of a set A by 1(A).
For any vertices v and w we write v ~ w if there is an edge between them (in which case
we say that they are neighbors or connected), and v % w otherwise. We call size of G the
cardinality of its set of vertices, and we denote it by |G|.

A graph in which all vertices have degree one, except one which is connected to all
the others is called a star graph. The only vertex with degree larger than one is called

the center of the star graph, or central vertex.

If f and g are two real functions, we write f = O(g) if there exists a constant C' > 0,
such that f(z) < Cg(x) for all z; f = g (or equivalently g < f) if g = O(f); f =< g if
f=0(g) and g = O(f); f = o(g) if f(z)/g(z) — 0 as © — oo. Finally for a sequence of
r.v.s (X,) and a function f: N — (0,00), we say that X,, < f(n) holds w.h.p. if there
exist positive constants ¢ and C, such that P(cf(n) < X,, < Cf(n)) — 1.

3.2.2 Preliminary results on the random graph.

We first recall a version of the Azuma-Hoeffding inequality for martingales which we will

use throughout this paper (see for instance [25]).

Lemma 3.2.3. Let (X;)i>o be a martingale satisfying | X; — X;_1| < 1 for alli > 1. Then

for any n and t > 0, we have
P (|X, — Xo| > t) < 2exp(—t*/2n).

From this inequality we can deduce a large deviations result. Let (X;);>; be a sequence
of independent Bernoulli random variables. Assume that 0 < 2p < E(X;) < Mp for all 1.
Then there exists ¢ = ¢(M) > 0, such that for all n

P <np < ZXZ- < 2an> > 1 — exp(—cnp). (3.4)
i=1
Now we present some estimates on the sequences (¢;), (¢;) and (Sk).

Lemma 3.2.4. Let (¢;)i, (¢;); and (Sk)r be sequences of random variables as in Theorem
3.2.1. Then there exist positive constants p and 0y, such that for all § < 6y, the following

assertions hold.
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(i) E(y) = 5+ 0(5), E(W]) < 5.
(11) For any € > 0, there exists K = K(¢) < oo, such that

]P)(ga) 2 1 - &
S5 (1Y
Sk k

P(i; <2lognVi=1,...,n) =1—o0(1).

where

<e(j k) VK@)éjék}

&= {

(iii) Asn tends to infinity,

(i) P(p/j = =0/5) = 20.
(v) Elp;1(v; = 0/7)] = 0E(g;).

Proof. Let us start with Part (i). Observe that if ) ~ (a,b), then

a o ala+1)
arp IE(w)_(a+b)(a+b+1)'

E(y) =

Hence the result follows from the fact that ¢; ~ B(m + 2mr, (25 — 3)m + 2mr(j — 1)).
Part (ii) is a direct consequence of Lemma 3.1 in [14].
To prove (iii), we observe that ¢; ~ S(a,b;) with a = m + 2mr and b; = (2m + 2mr)i —

(3m + 2mr). Hence, for all i > 2logn

2logn 1 .
P ;> — a—1 1 — bzfld
(4> 282) = oy [ 0ot
2logn/i
b;
< b (1 B 210'gn) <n?
)

Here, we have used that f(a,b) < O(b~*) when a is fixed. On the other hand, when

t < 2logn, this probability is zero. Therefore
P(itp; < 2logn Vi=1,...,n) =1—o(1).

For Part (iv), Markov’s inequality gives that for any ¢ € (0,1)

Var,, (v;)
(1—6)E(y;)*

P(ly; — E(yy)] > (1 = 0)E(¥y)) <
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Moreover, if ¢ ~ (a,b), then

Var(y)  E(¢?) - (a+1)(a+0b) = b 1

E(p)?  E(@)? —  ala+b+1) “ala+b+1) S

Therefore for any j

1
(1—10)2(m+2mr)

P[OE(¢;) < ¢y < (2—0)E(Y;)] >1—

Hence thanks to (i) we can choose positive constants p and 6, such that for all j

P (¢j € (? %)) > 20, (3.5)

For (v), we notice that

Elp;1(v; > 0/5)] = E[¢;1(¢; > 0/5)]E ( ﬁ (1- %))

> cB(y;)E ( II G- m))

= CE(SOJ')’
for some ¢ > 0, independent of j. Thus the result follows by taking 6 small enough. [

The preferential attachment graph is known as a prototype of small world networks
whose diameter and typical distance (the distance between two randomly chosen vertices)
are of logarithmic order. In fact, these quantities in the independent model were well-
studied, see for instance [33] or [53]. In the following two lemmas, we prove similar
estimates for the sequential model. These estimates are in fact weaker but sufficient for

our purpose.

Lemma 3.2.5. Let d(G,,) be the diameter of the random graph G, i.e. the mazimal

distance between pair of vertices in GG,,. Then there exists a positive constant by, such that
P(d(Gy) < bylogn) =1—o0(1).

Proof. Let € € (0,1/2) be given, and recall the definitions of K (¢) and &, given in Lemma

3.2.4 (ii). We first bound d(vy, v,,). Define a decreasing random sequence (n;);>¢ as follows
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nog = n and for ¢ > 1, n;y is arbitrarily chosen from indices such that v,, , receives an

edge emanating from v, . Define
X; =1({n; <ni—1/2}) and F; = o(n; 1 j <i) Vo((er)).
By the construction of the graph in Theorem 3.2.1, we have
E(Xiy1 | Fi) =P(niy < ni/2 [ F) = %7
with (5;) as in Theorem 3.2.1. We now define
on = inf{i : n;y; <logn}.
Observe that if Zlf X; = (logyn — log, logn), then

k
nE < Ng X 9~ 21 Xi < logn,

which implies that o, < k. Hence for all k

k
Plo, = k| (p:), &) <Py (Z X; < logyn — log,logn | (got),ge) . (3.6)
=1

On the other hand, if ¢ < o, then n; > logn > 2K (¢) for n large enough. Therefore by
Lemma 3.2.4 (ii), we have on &, for i < o,

M>(1—s)([m/2])x> ! =P

=
Sni—l n; — 1 2x+l

In other words, we have for ¢ < o,

Let us define Yy = 0 and for k& > 1,

Yi=> (Xi—E(X;| Fii1,£)) .

i=1
Then (Y}) is a martingale with respect to the filtration (F;) and |Yy — Yi—1] < 1. By

using Lemma 3.2.3 we get that
P[Yi < —kp/2 | (¢0)] < 2exp(—kp*/8). (38)
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Then (3.7) and (3.8) imply that

(ZX kp/2 | (1), € > < 2exp(—kp?/8). (3.9)
Combining (3.6) and (3.9) gives that
P(o, = Clogn | (¢;), &) = O(n™?), (3.10)
for some C' = C(p) > 0. On the other hand,
{o, < Clogn} C {3k <logn : d(v,,v) < Clogn},
and d(vq,vg) < logn for all k& < logn. Therefore,
{o, < Clogn} C {d(vn,v1) < (C+1)logn}.
Hence by (3.10), we obtain that
Pld(vi,v,) = (C+ 1) logn | (¢),E] = O(n~?). (3.11)
Let dg, (vi,v;) be the distance between v; and v; in Gy, for 7, j < k < n. Note that
de, (vi,v5) = d(vi,v) = dg, (vi, v)).
Similarly to (3.11), we deduce that on &, for all i > C'logn,
Pld(vi,v;) = (C +1)1ogi | (¢r)] < P[dg,(vi,v;) = (C+1)logi | (¢r)] = O@E™?).
Hence on &,
Pld(vi,v;) < (C+1)logn Vi = Clogn | (¢:)] =1 —o(1).
Therefore by taking expectation with respect to (¢;) and using Lemma 3.2.4 (ii), we get
P[d(G,) <2(C +1)logn] >1 — 2,

which proves the result by letting £ tend to 0. O]
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Before proving the lower bound on the typical distance, we make a remark which will

be used frequently in this chapter. It follows from the definition of G,, that for all i < 7,

Pl 0y (o) = (1-22)

Sj_l
Hence
Pi my;
< P(o; ~ v; < .
Sj—l ( J | (Spt)) Sj—l
Then by using the following identities
7j—1 n n
Sia=) wr=1]0—v) and ¢ =v; [[ (1 -w),
t=1 t=j t=i+1
we obtain that
i i
D5 P(vr vy | (1) < et (3.12)
Sj_l Sj_l

Lemma 3.2.6. Let wy and wy be two uniformly chosen vertices from V,,. Then there is

a positive constant by, such that w.h.p.

by logn
d Z
(w1, ws) loglogn

Proof. Fix € € (0,1/2) a positive constant. Then we define
I. =& Nn{ip; < 2logn Vi=1,... ,n},
with £ as in Lemma 3.2.4. It follows from 3.2.4 (ii) and (iii) that for all n large enough
P(Z.) > 1 2. (3.13)

We now use an argument from [53, Vol II, Lemma 7.16] to bound the typical distance.
We call a sequence of distinct vertices m = (7y,...,7) a self-avoiding path. We write
m C G, if m; and 741 are neighbors for all 1 < ¢ < k — 1. Let I1(7, j, k) be the set of all
self-avoiding paths of length k& starting from v; and finishing at v;. We then claim that
for all 4,5,k > 1,

(1) P[d(vivvj) =k ‘ (901‘/)71.5} < gk@?]) = Z ]P)[Tr C Gn ’ (@t)vzsL

well(i,j,k)

(11) gk-‘rl(iaj) < ;'gl(ivs)gk(‘s?j)'
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The first claim is clear, because if d(v;,v;) = k then there exists a self-avoiding path in
I1(7, j, k) which is in G,,. For the second one, we note that for any self-avoiding path

= (71,..., ),
P(m C G | (¢1), L) =P(m ~ 2 | (p1), L) x P(7 C Gy | (1), Le),

where 7 = (7, ..., ;). Indeed, if j < k, then the event that v; ~ vy depends only on the
(Uk,i)i<m- Hence this result follows from the facts that the vertices in 7 are distinct and

that the {(Uk;)i<m }x are independent. We are now in position to prove (ii):

gk+1ZJ Z Z P 'NUS=7_TCGTL|(90t)7I€>

SHELJ V€T
well(s,j,k)

< Y Pui~u | (9), L) x P(x C Gy | (1), T)

s#i,5 w€ll(s,j),k)

= Z gl(i, S)Qk(saj)'

Y
We prove by induction on k that there is a positive constant C', such that

(C'logn)?—1

gr(i, ) < N (3.14)
For k = 1, it follows from (3.12) that for all i < j,
i) =P~ 1| (0,2 < i (55| (00.Z.). (5,15
We now claim that on Z,
0 S; < 4logn (3.16)

Sic1 - Wi

Indeed, we recall that on Z,

21
Og”v =1,...,n and

%'\

5 e(i/7)¢ forall j >i> K(e),

with K (¢) as in Lemma 3.2.4 (ii).
If i < j < K(e) then (3.16) holds for all n large enough (the left hand-side is bounded
by 1 and the right-hand side tends to infinity). If j > ¢ > K(e) then

S; 2logn ( i >X 4logn
v Sj-1 i ( ) J—1 Vij (317)
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since i < jand x > 1/2. If i < K(g) < j then using ¢; < 1 and the fact that the sequence

(S;) is increasing, we obtain

Si Sk(e) (K(g) ) “  4logn
v Si—1 Sj-1 ( ) Jj—1 V]
for all n large enough. In any case, (3.16) holds. It follows from (3.15) and (3.16) that

(3.14) holds for k = 1.

Assume now that (3.14) is true for some k, and let us prove it for k£ + 1. By using the
induction hypothesis and (ii), we get that

Clogn (Clogn)*~1  (Clogn)*+!
Gre+1(4, ) 91(2,5)gr(s, J) < =,
= T oW S

which proves the induction step. Now it follows from (i) and (3.14) that

K
1 ..
Pd(wr, w2) < K | (1), L) < —QZ Z 9 (%:7)
n k=1 1<i,j<n
K
1 Z Z C'logn 2k 1 (C’logn)QK

n2 n

N

k=1 1<i,5<n

Therefore if K =logn/(3C loglogn), then P(d(wy,ws | (¢1),Z.) < K) = o(1). Combining
this with (3.13) gives the desired lower bound with by = 1/(3C). O

3.2.3 Contact process on star graphs

As in Chapter 2, we say that a vertex v is lit (the term is taken from [23]) at some time

t if the proportion of its infected neighbors at time ¢ is larger than A/(16e).

Lemma 3.2.7. Let (&) be the contact process on a star graph S with center v. There

exists a positive constant c*, such that the following assertions hold.
(1) P (v is lit at time 1| &(v) = 1) = ¢*(1 — exp(—c*A|S))).
(11) P (3t > 0: v is lit at time t| &(v) =1) =1 as |S| — oc.

(iii) If N2|S| > 64e®, and v is lit at time 0, then v is lit during the time interval
lexp(c*A?]S]), 2 exp(c*A?|S|)] with probability larger than 1 — 2 exp(—c*A\?|S]).
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Proof. Parts (i) and (ii) are exactly Lemma 3.1 (i), (iii) in [65]. For (iii) we need an
additional definition: a vertex v is said to be hot at some time ¢ if the proportion of its
infected neighbors at time ¢ is larger than A/(8e). Then in [23] the authors proved (with
different constants in the definition of lit and hot vertices, but this does not effect the

proof) that
e if v is lit at some time ¢, then it becomes hot before ¢ + exp(c*A? deg(v)),
e if v is hot at some time ¢, then it remains lit until ¢ 4+ 2 exp(c*\? deg(v)),

with probability larger than 1—exp(—c*A\? deg(v)). Now (iii) follows from these claims. [
The following result is Lemma 3.2 in [65].

Lemma 3.2.8. Let us consider the contact process on a graph G = (V, E). There exist
positive constants ¢ and g, such that if 0 < X\ < Ao, the following holds. Let v and w be
two vertices satisfying deg(v) > L5 log (1) d(v, w). Assume that v is lit at time 0. Then

w s lit before exp(c*N\* deg(v)) with probability larger than 1 — 2 exp(—c*A\? deg(v)).

3.3 Proof of Proposition 3.1.3

In this section we study the contact process on the Poélya-point graph (7',0). To prove

Proposition 1.2, we have to show that

P(&° # @ Yt > 0) S AT 7, (3.18)

log A

and
P(E° # @Vt > 0) 2 A0 log \| 7. (3.19)

The proof of (3.18) is based on the proof of the upper bound in Proposition 1.4 in [65]

for the case of the contact process on Galton-Watson trees, and we put it in Appendix.

3.3.1 Proof of (3.19)

In this part, we first estimate the probability that there is an infinite sequence of vertices,

including a neighbor of the root, with larger and larger degree and a small enough distance
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between any two consecutive elements of the sequence. We then repeatedly apply Lemma
3.2.7 and 3.2.8 to bound from below the probability that the virus propagates along these

vertices, and like this survives forever. To this end, we denote by

p(A) = g% log (%) : (3.20)

with ¢* as in Lemma 3.2.7 and 3.2.8.

We denote by wg = (0), and zg = x,,. For any ¢ > 1, let
w; = (0,1,...,1) and z; = x,,.
Then w;’s degree conditioned on z; is m+1 plus a Poisson random variable with parameter

1—$§p
)

v}

1
a:ld’ /Ww_ldx =

where v is a Gamma random variable with parameters a = m +2mr + 1 and 1. Therefore

letting = (1 — 2)/z¥, we have

Pldeg(u) =m + 1+ & | o) = & (G000 [ ) = FrBe ¥ |
KF T ok %
— —(k+1)z k+a71d _ —y k+a,1d
T(a)k! /e ‘ ¥ T Tla)k!(r + 1)k+a /e Y Y
0 0
k
_ I'(k+a)k _ F(k+a)<1 by, (3.21)

['(a)k!(k + 1)kte [(a)k!

where I'(b) = [J7 2" e "dux.

Lemma 3.3.1. There is a positive constant ¢, such that all A > 0,
P(N) > cp(A) 7,
where
N = {3001 g1 = 1, deg(w;,) = 27 0(N) /¥ = p(N)d(w),, wj,,,) V0 > 1}

Proof. 1t follows from Markov’s inequality that for any k£ > 1,

k
P (H U; > 2<k+1>/2> < 2 k=D/2) (3.22)
i=1
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where (U;) is a sequence of i.i.d. uniform random variables in [0, 1].

Since T'(k + a)/k! < k°!, there is a positive constant C, such that for all k >

I'(k+a) ~1
——— < Ck* .
[(a)k!
Then it follows from (3.21) that
[e/2}]
P(deg(w;) <m+1+ (¢/z¥) Z Ok <

for any ¢ > 0. Set j; = 1 and j, = [4¢/4)] for ¢ > 2. Then define

/4
= {2, < (o) /ev) ", deg(w;,) = 2 o(N) /1)
for all £ > 1, where c is a positive constant to be chosen later.

Since 27 p(N) /¥ = 4p(N) /¥ = o(N)d(wj,, wj,,,), we have

NDﬁN’g.

(=1

Since z;, is distributed as z1 x Uy x ... x Uj,_1, applying (3.22) gives that
Pz, < 21477) > 1 - 2(47),

Therefore
Pla;, < (49 (N)/c) WV [ NI] > 1 - 2(47%).

By using (3.23) with (2!7‘c) instead of ¢ we obtain that

P[deg(wy,) = 2 o(A\) /Y | 25, < (450N /)™ V] > 1= C(2' o).

Then it follows from (3.25) and (3.26) that

P (ﬂ/\/g | /\/1> >1-2) 47— (20" = 1/4,
(=2 (=2 (=2

provided c¢ is small enough. We now estimate P(N;). Let

P(A) = (dp(N)/(cv)) 71",
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Recall that x; is uniformly distributed on [0,z¢], with zq ~ UF and Uy ~ U([0,1]).
Therefore

P(z, < 3(\) = E (mm{@“)””o}) > BB > 3(N)

Lo
= PN = e = p(N)/2,  (3.28)
for A small enough. On the other hand, (3.23) gives that for ¢ small enough
PN |21 < p(A) =1 - Cc® > 1/2. (3.29)

We thus can choose ¢ such that the two inequalities in (3.27) and (3.29) are satisfied. Now
it follows from (3.24), (3.27), (3.28) and (3.29) that

PN) 2 (A,

which implies the result. [

Proof of (3.19). By repeatedly applying Lemma 3.2.8 to the pairs of vertices (w;,,w;,,,),

we obtain that

P(& #£ oVt > T | Nywy is lit at some time T') > 1 — 2 Zexp(—c*k%”lgp(}\)/w)
=1

>1-2 Z exp(—=7(21) [ log A| /)
>1/2, (3.30)
for A small enough. On the other hand, by using Lemma 3.2.7 (i), we have

P(w; is lit at some time 7' | A/, 0 is infected at time 0)

> cAE(1 — exp(—c*Adeg(wy)) | N) = c\/2, (3.31)

for some ¢ > 0 (note that on N, we have c¢*Adeg(w;) > 7). Now it follows from (3.30),

(3.31) and Lemma 3.3.1 that
P(& # @Vt > 0) > (1/2) x (ecA/2) x P(N) = MY log A| 7YY,

which proves (3.19) O
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3.4 Proof of Theorem 3.1.1.

By using the self-duality of the contact process (3.3), we see that to prove (3.2), it is

sufficient to show that

P (% ; 1({&, # 2}) < OA'*¥|log Al‘”“’) =1-o(), (3.32)
and
P (%; L({&, # @}) = eX'"?/¥]log A!W’> =1-o(1), (3.33)

for some positive constants ¢ and C. We will prove these two statements in the next two

subsections.

3.4.1 Proof of (3.32)

For r > 1, we define
Lr(o,7) ={(0,0) <> Br(o,1)° x R},

the event that the contact process on the Polya-point graph starting from the root infects

vertices outside Br(o,7). Then we have
{& # oVt = Lr(o,r).
Hence, it follows from (3.18) that there are positive constants C' and R = R(\), such that
P(Lr(0, R)) < CAF¥|log A| 7 . (3.34)
For any v € V,, and R as in (3.34), we define
L,(v,R) ={(v,0) <> Bg, (v, R)° x R}

and

Theorem 3.2.2 yields that

lim P(L,(u, R)) = B(Lr(0, R)), (3.35)

n—oo
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where u is a uniformly chosen vertex from V,. By combing this with (3.34) we obtain

that

lim P(X, = 1) < CAMY|log \|~V/Y,

n—oo

or equivalently

1
lim — > P(X, = 1) < CA'"/|log A7/,
n—oo M

’UEVn

Now, let us consider

W, ={(v,v") € V, x V,, : d(v,v") = 2R + 3},

(3.36)

with R as in (3.34). Since R+ 1 < bylogn/(loglogn) for n large enough, Lemma 3.2.6

implies that

> P((v,0) € W) = o(n?).

v, EVpy

On the other hand, if (v,v") € W,, then X, and X, are independent. Therefore

> Cov(Xy, Xu) = o(n?).

v, €V

Thanks to (3.36) and (3.37) by using Chebyshev’s inequality we get that

P (1 > X, 20N log A\W’) =1-o0(1).
n

’UEVn

Since the contact process on a finite ball in the Polya-point graph a.s. dies out,
lim P(Lr(o, R)* N {& # &) = 0.
Hence for any € > 0, there exists t., such that
P(Lr(o, R)*N{&. # 2}) <e.

For any v € V,,, define
Xv,s = 1(£n(1}, R)C N {511 # ®}>

Then for n large enough such that ¢, > t., we have
1({&, # 2} < Xy + X,
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It follows from Theorem 3.2.2 and (3.39) that

lim E(X,.) =P(Lr(o, R)*N{& # T}) <e.

n—oo

By using this and Markov’s inequality we get that for n large enough, and for any n > 0,

1 E(X, . E(X,. 2
IP(_ZXv,on)gZ”eV"( ’): ( ’><—€. (3.41)
n

nn n n

By combining (3.38), (3.40) and (3.41), then letting ¢ tend to 0, we obtain that

! (i > 1€, £ 21 < 30N mgww) 1),

’UEVn

which proves (3.32). O

3.4.2 Proof of (3.33)

This subsection is divided into three parts. In the first one, we will show that w.h.p. there
are many vertices with large degree (larger than s»* logn). By using on the other hand that
the diameter of the graph is smaller than b, logn, we can deduce that if one of these large
degree vertices is infected, then the virus survives w.h.p. for a time exp(cn/(logn)"/¥),
see Proposition 3.4.2. In the second part, we measure the density of potential vertices
which are promising for spreading the virus to some of these large degree vertices. In the
last part, we estimate the proportion of potential vertices which really send the virus to

large degree vertices, getting this way (3.33).

Lower bound on the extinction time

Our aim in this part is to find large degree vertices as mentioned above. We then prove

that if one of them is infected, the virus is likely to survive a long time.

Lemma 3.4.1. Let 2 > 0 be given. Then there exists a positive constant ¢ = ¢(s), such

that A,, holds w.h.p. with
A, = {G,, contains [en/(logn) Y] disjoint star graphs of size larger than »logn}.
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Proof. Let ¢ € (0,1/3) be given, and let K = K(¢) and & be as in Lemma 3.2.4. Set
an = (Mlogn)"/(=0 with M to be chosen later. Denote by

A=A{v; i €n/ay,2n/a,| and ¢; € (0/1,u/1)}

and

Jo=EN{|A| = 6n/a,},

with 6, p as in Lemma 3.2.4. Recall that the events {¢; € (0/i,1/i)} are independent
and have probability larger than 26. Therefore (3.4) implies that w.h.p. |A| > 6n/a,.

Hence by Lemma 3.2.4 (ii), we have for n large enough

We now suppose that Jy happens. Then, the elements of A can be written as {v;,,...,vj,}

with ¢ € [On/a,,n/a,]. Then define
Ay ={v; :n/2 <j<n}

We will show that all vertices in A have a large number of neighbors in A;. Indeed, it

follows from (3.12) and Lemma 3.2.4 (ii) that for K(¢) < j < k,

¥;S; i\
P(vj ~ i | (¢1), &) =< Sz_i =Y, (m) :

Hence, for all v; € A and v, € Ay,

o
P(vj ~vg | Jo) < pE” = -

(3.42)

Conditionally on (¢;), the events {{v;, ~ vi}}rea, are independent. Hence thanks to
(3.4) we get that there are positive constants 6, ¢, and C, such that
P ( < D My ~ o) < Cal | 5) > 1— exp(~ta,™)
Uk€A1

or equivalently

P(Jy | Jo) > 1 — exp(—fhalX), (3.43)

where

v = {ca, ™ < |Bi| < Cay ™}
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and

By = {v, € Ay 1 vj, ~ v}

Note that in this proof, the value of the constant #; may change from line to line. Now
let us consider

AQ = Al \ B1 and BQ = {’Uk c A2 C Vg, ’Uk}.
We notice that on J; N &, the cardinality of A, is larger than n/2 — Clal™ > n/4. Thus,
similarly to (3.43), there exist positive constants ¢; and Cj, such that

P(J | JiNJo) = 1 —exp(—0ial™),

where

Jo = {c1a, X < |By| < Cray ¥}

Here we can also assume that ¢; < ¢ and C > C. Likewise for all 2 < s < /, define

recursively

As = Asfl \ Bsfly B, = {Uk € As P05 Uk}a
T = {c1a27X < |B,| < Cral ™},

s—1
On Doji’ we have |Ay| > n/2 — sCial™ > n/4. Therefore, similarly to (3.43)

s—1
P (js | .Doji) > 1 —exp —(61a,7).
Hence
¢
P51 2 1 nesp(—tual o
Taking M large enough such that cjal™X > slogn and nexp(—6ial™X) < 1 yields that

P(|Bs| = »logn V1< s<l| D) =>1—a,’ (3.44)

Moreover, by definition B; N By = @ for all s # t. Hence, all vertices in A have more
than sclogn distinct neighbors. Finally, take ¢ such that én/(logn)Y/=%) < 0n/a,, for

instance ¢ < M ~/(1=X)_ In conclusion, we have shown that for any given ¢ € (0,1/3),
P(A,)>1-2—a,'>1- 3¢,

for n large enough. Since this holds for any € > 0, the result follows. O
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To determine the constant s¢ in the definition of A,,, we first recall that
P(B,) =1-o0(1),
where
B, = {d(G,) < by logn}.
Hence to apply Lemma 3.2.8 to the large degree vertices exhibited in the previous lemma,
we need
71 1
xlogn > e log (X) b1 logn.

Moreover, in (3.46), we will use that » > 3/(c*\?). So we let

71 1 3
e { T g (L) 21 s
p max{c* 1z log ()\> b1,c*)\2 (3.45)
Then we let ¢* = ¢*(5¢*) and A,, be defined accordingly as in Lemma 3.4.1.

A set of vertices V' = {wy, ..., w;} C V, is called good if |S(w;) \U;:S(w;)| = s logn
for all 1 <7 < k, where S(v) denotes the star graph formed by v and its neighbors.

Let V¥ be a maximal good set i.e. |V¥| = max{|V|:V CV, is good}.

Proposition 3.4.2. There exists a positive constant c, such that

P, # 26NV, #2)=1-o0(1),
where T,, = exp(cA’n/(logn)/?).

Proof. Thanks to Lemma 3.2.5 and 3.4.1, we can assume that d(G,) < b;logn and
V¥ = &n/(logn)/0=X), Assume also that at time 0 a vertex in V*, say v, is infected.
Due to the definiton of V¥, for any w € V¥, we can select from the set of w’s neighbors
a subset D(w) of size s»*logn, such that D(w) N D(w') = & for all w # w'.
We say that a vertex w in V' is infested at some time ¢ if the proportion of infected sites
in D(w) at time ¢ is larger than \/(16e) (the term is taken from [64]).
It follows from Lemma 3.2.7 (ii) that v becomes infested with probability tending to 1,
asn — oo. Using Lemma 3.2.7 (iii) and 3.2.8 (note that |D(w)| = (7/c*A?)|log A|d(w, w")),

we deduce that for any ¢ > 0 and w € VJ,

P(w is infested at t + 2exp(c*A\?s*logn) | v is infested at t)

> 1 —dexp(—c* N logn).
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Therefore

P(All vertices in V,* are infested at ¢ + 2 exp(c*A\?s* logn) | v is infested at t)
> 1 — 4nexp(—c* A2 logn)

>1-n"", (3.46)

where we have used that ¢*\?»* > 3. Now if all vertices in V. are infested at the
same time, then the proof of Proposition 1 in [23| shows that the virus survives a time
exponential in ) .. deg(v). More precisely, let I,,; be the number of infested vertices

in V* at time t. Then there is a positive constant 7, such that for all k£ < |V F|,
P(Ins = k/2| Lho>k)>1—s;",

where sj, = exp(n\*ksc* log n). The result follows by taking k = [¢*n/(logn)/(=0]. O

Density of potential vertices

In this part we will estimate the proportion of potential sites from where the virus can
be sent with positive probability to a vertex at distance quite small (of order (loglogn)?)
and with large degree (larger than s<*logn).

This proportion approximates the probability that there is an infection path from the
uniformly chosen vertex u to a vertex with degree larger than s»*logn. To bound from
below this probability, we use the same ideas as in Lemma 3.3.1. Indeed, we will find a
sequence of vertices starting from a neighbor of v and ending at a large degree vertex,
satisfying the hypothesis of Lemma 3.2.8 for spreading the virus from w to the ending
vertex (see Lemma 3.4.4).

Here are just some comments on the order of magnitude above. First, if a vertex with
degree larger than »*logn is infected, then w.h.p. it will infect a site in V* | and then we
can conclude with Proposition 3.4.2. Secondly, (loglogn)? is the distance from a potential
vertex to a large degree vertex and is much smaller than the typical distance between
two different potential vertices. Hence the propagation of the virus from these potential

vertices to their closest large degree vertex are approximately independent events.

Set
R, = [(loglog n)z} .
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For w € V,,, define ko(w) by w = vgy(w), and for i > 1 let k;(w) be chosen arbitrarily from

the indices such that vy, () receives an edge emanating from vy, (). We define also
Ho(w) = {ko(w) = n/logn} N {kii(w) > ki(w)/logks(w) = n'? V0 <i < R,}.

Lemma 3.4.3. There is a positive constant 6y, such that for all 6 < 0y, for alle € (0,1/2),

and for any vertex w, we have
(i) for alli < R,

P ( max  deg(v) = e (n/ko(w)) X | £.N Hn(w)) >1—e "

vEBg,, (w,i)
(it) P[Hn(w) | ko(w) = n/logn,&] =1 —o(1/loglogn),
with & as in Lemma 3.2.4 (ii).
Proof. We first prove (ii). It follows from the construction of G, and Lemma 3.2.4 (ii)
that if k;(w)/log k;(w) > K (), then

Slies (w)/ 10g ki (w)]

P[Fia(w) < Fi(w)/ loghi(w) | €, kilw), (p)] = 20 < (14-2) (o)

Hence for all ¢ < R,,, we have

P|kis1(w) > n/(logn)"*? | £, kiw) > n/(logn)"*'|
> Plkini(w) > kiw)/ log ki(w) | £, ki(w) > n/(logn)™*!]

= 1—o((logn)™/?).
Therefore

P ki1 (w) = ki(w)/log ki(w) = n/(logn) " Vi < R, | &, ko(w) = n/logn

= 1—o(R,(logn)™¥?) =1—o(1).

This implies (ii), since n/(logn)™ > y/n for all i < R,,.
We now prove (i). First, we claim that there is a positive constant ¢, such that for

any c¢ < co, there exists ¢ = ¢/(c¢) > 0, such that for all i < R,

/

(&) Plhp(w) < e “ho(w) | N Hy(w)| =1 — e,
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(b) IP)[Elj € (i/2,1) : Yrjw) = ¢/kj(w) | £ N Hn(w)] S 1
(c) P[deg(vk) ¢ (n/k) X |y > c/k:,é’g] > 1 — exp(—c'(n/k)\X), for any v € V.,

From these claims we can deduce the result. Indeed, (a) and (b) imply that with probabil-
ity larger than 1 — 2 exp(—c'i) there is an integer j € (i/2,1) such that k;(w) < e “ko(w)
and g, w) > ¢/kj(w). Then (c) gives that deg(vi,(w)) = e (n/ko(w))' % with
probability larger than 1 — exp(—c’e“!=%)%). Hence (i) follows by taking 6 small enough.

To prove (a), similarly to Lemma 3.2.6, we consider

Xj(w) = 1({k;(w) < kj1(w)/2}) and Fj(w) = o(k(w) : £ < j) V o((pr))-

On H,(w), we have K (¢) < /n < kj(w) for all j < R,. Then by using the same argument
as in Lemma 3.2.6 we obtain that on #H,(w) N &.,

STy — Sl; (w)/ og ki (w
E[Xj(w) | ]:j—l(w)] > [k (w) S [ )/ log kj(w)] > (3'47)
kj(w)—=1
and
[i/2]
ZX > 1 — 2exp(—ip?/16), (3.48)
for some constant p > 0. Since kj;/g(w) < 27P/4kg(w) as soon as Z X;(w) > ip/4,

the claim (a) follows from (3.48).
We now prove (b). Let 6 be the constant as in Lemma 3.2.4 (v). Fix some j € (i/2,1)
and set k = kj(w) — 1 and ¢ = [k;(w)/log kj(w)]. Then we have

P\Yr i) 2 0/kjn(w) | k0] = ( 2 0/t) | k 5)
t {+1

( Z o1y = 0/t) | k, z) (3.49)

k=1
On H,(w) N &, we have k > k;j1(w) > £ > /n > K(¢). Hence, using Lemma 3.2.4 (ii)
and the fact that S, = 1, we get on H,(w) N E.,

Sk = (k/n)X[ = |Sk/Sn — (k/n)X| < e(k/n)* and |5, — (¢/n)*] < e(¢/n)*. (3.50)
Moreover, by Lemma 3.2.4 (v),
Elp (= 0/1)] > (3.51)
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Now using (3.50) and (3.51), we obtain on H,(w) N &,

25 3 watwzom nt) > e (03 a )

Onx
2 mE(Sk _SZ ‘ k7€)
OnXx X X
e (=2 ) = @+ ) /)
> o (3.52)

since € € (0,1/2) and ¢ = [(k + 1)/log(k + 1)]. It follows from (3.49) and (3.52) that

P (Yh1 () 2 0/Kjr(w) | Kj(w), Ha(w) NE) > 6/4. (3.53)
Now it follows from (3.53) that

P (37 € (3/2,1) : Vi 2 0/kyin () | Halw) NE.) < (1= 0/,
which implies (b). Finally, (¢) can be proved similarly as for (3.43). O
Lemma 3.4.4. Let u be a uniformly chosen vertex from V,. Then
P(M) Z Ap(A) Y,
where
M ={3w € Bg, (u, R, : deg(w) = »*logn} N{(&") makes w lit inside Bg, (u, R,)}.

Proof. Define ky by vy, = v and for ¢ > 1 let k; be chosen arbitrarily from the indices

that vy, receives an edge emanating from vy, ,. Let us denote u; = vi, and define also
Hy = Ho(uy) = {ky = n/logn} N {kiy1 = ki/logk; > vnV1<i<R,+1}.

In this proof, we assume that ¢ = o(Ap(\)~"/%) as A — 0. Similarly to Lemma 3.4.3 by
using that kg is chosen uniformly from {1,... ,n}, we have P(H, | £&.) = 1 —0(1/loglogn)
and hence P(E.NH,) = 1 —o(Ap(A\)~1/¥). We assume now that these two events happen.

We recall the claim (c) in the proof of Lemma 3.4.3: there is a positive constant co,

such that for any ¢ < ¢, there exists ¢ = ¢/(¢) > 0, such that
P(deg(vy) = ¢ (n/k) % | ¢ = ¢/k) = 1 — exp(—c (n/k)' %), (3.54)
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for any v, € V,,. Let us consider
My = {k <n/e(N)},
where
P(A) = (4p(N) /6?17,

with 6 a small enough constant (smaller than 6, as in Lemma 3.2.4 and 3.4.3 and smaller

than ¢p), and ¢ = ¢/(6). Define
My =M N{V1 <L <R, Jwy: d(ug, wp) < re, deg(we) = @(N) exp(bre) },

where

re=[40/0?] for 1< (<R, :=[0°R,/S].
By using Lemma 3.4.3 for u; we get that for any ¢ < R

/
n

P ( max  deg(v) > Geew(n/kl)l_)‘) >1—e

vEBg,, (u1,7¢)

If k1 < n/@(A), then

0 exp(Ore) (n/k1)™ ™ > 0.exp(0r) (N > p(\) exp(Ory).

Thus
P (Jv: d(v,uy) < 1o, deg(v) = p(A\) exp(fre) | My) =1 — e /7.
Hence
Ry,
P(My| Mi) > 1Y exp(—46/0) > 1 — 2exp(—4/0). (3.55)
=1
Define

My = M, N {deg(uy) = 40(N)/6%).

Similarly to (3.52), we can show that
P, 2 0/k1 | ki <n/@(N)) = 0/4.
It follows from (3.54) and the fact that ¢/G(\)!™X = 4p()\)/6?, that
P (deg(un) > (/) | by < /BN, > 0/ky) > 1 — exp(—Ag(N)/6%) > 1/2.
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From the last two inequalities we deduce that
P(Ms | My) = 0/8.
Combining this with (3.55) we obtain that
P(MsN M3 | My) > 0/8 —2exp(—4/0) > 0/16. (3.56)

We now bound from below P(M;). Observe that

R Stnsaoml(ko > n/@(\ ko .
P (k< /0 |, ) 3 202 REON 2 iy (50 4 > g0
ko—1 n
Since ky is distributed uniformly on {1,...,n}, we get
E[(ko/n)*1(ko > n/d(N))] < 1.
Therefore
P (M) 2 3N 2 oA
This and (3.56) give that
P (My N Ms) = o(N)7HY, (3.57)

Observe that on My N Mj, we have deg(uy) = p(N)r1 = (N)d(uy, wy) and
deg(we) = p(A) exp(re) = 20(M)re1 2 p(A)d(we, wep)

for all 1 < ¢ < R),. In other words, u; and the vertices (wy) satisfy the condition in

Lemma 3.2.8, and thus applying this lemma inductively yields that
P(wg, is lit inside Bg, (w1, Ry) | Ma N Ms, uy is lit)
Ry,
> 1) exp(—c"Np(\)e”) 2 1. (3.58)
=1

Similarly to (3.31), the probability that (£;') makes u; lit is of order A. It follows from
this and (3.58) that

]P)((ff) makes WR, lit inside Bgn(u, Rn) ‘ M2 N Mg) Z A (359)
In addition, deg(wgr; ) = »*logn. Therefore
M D Myn Mz {(&') makes wg lit inside B, (u, Ry)}.

Combining this with (3.57) and (3.59) gives the result. O
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Proof of (3.33)

For any v € V,,, we define
Y, =1({3w € Bg, (v, R,) : deg(w) = »"logn} N{(§) makes w lit inside Bg, (v, R,)})

and

where T, is as in Proposition 3.4.2. Then

S Z,< Y 1&g, # o)) (360

UEVn ’UGVn

Lemma 3.4.5. The following assertions hold.

(i) P (% > Y, > C)\QO(A)_l/w) =1—0(1), for some ¢ > 0, independent of .
’UEVn

(ii)) P(Z,=1|Y,=1) = 1, as n — oo uniformly in v € V,,.

Proof. For (i), let € € (0,1/2) be given. We have to show that the probability in the

left-hand side is larger than 1 — 2¢ for n large enough. First, Lemma 3.4.4 implies that
P(Y, =1) 2 Ap(N) ",

with u the uniformly chosen vertex, or equivalently

LR =1) 2 Ap(0)

Using Chebyshev’s inequality, Part (i) follows from this and the following claim: on &,

> Cov(Y,,Yy) = o(n?). (3.61)

v, €V,

To prove (3.61), we consider
Vo = {(vi,v;) 14, = n/logn,d(v;,vj) = 2R, + 3}.
Since R, + 1 < bylogn/(loglogn) for n large enough, it follows from Lemma 3.2.6 that

> P((v,0) €V,) = o(n?). (3.62)

v, EVny
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On the other hand, Lemma 3.4.3 gives that if i > n/logn, then on &
P(Jw € Bg, (v, Ry,) : deg(w) > »*logn) =1 —o(1/loglogn).

Moreover, given the graph G, Y, and Y,, only depend on the Poisson processes defined
on the vertices and edges on the balls Bg, (v, R,) and Bg, (v', R,,) respectively. Hence on

E. for all (v,v') € V,,
Cov(Y,,Y,) = o(1/loglogn). (3.63)

Now (3.61) follows from (3.62) and (3.63).
We now prove (ii). If Y, = 1, then there exists a vertex w such that deg(w) > »*logn
and w is lit at some time. Besides, on B,, the diameter of the graph is bounded by b; logn

w.h.p. Hence similarly to Lemma 3.2.8, we can show that on B,
P(w infects a vertex in V* ) > 1 — exp(—c*s»*\*logn).

If one of the vertices in V" is infected, it follows from Proposition 3.4.2 that w.h.p. the

virus survives up to time 7,,. Hence we obtain (ii) by using that 5, holds w.h.p. O

It follows from (3.60), Lemma 3.4.5 and Markov’s inequality that w.h.p.

LS e AN > - Y 2oz e,

vEVR veEVn

which proves (3.33). O

3.5 Proof of Proposition 3.1.2

By applying Proposition 2.1.2, we observe that to prove the convergence in law of 7,, /E(7,),

it suffices to show that
Dn,max N
— m
d(G,) Vlogn ’

with D), max the maximum degree and d(G,,) the diameter of G,,. By Lemma 3.2.5, w.h.p.

(3.64)

d(G,) = O(logn). (3.65)
Using the same argument for (3.43), we have for any sequence (a,) tending to infinity
IP’(HE € [en/an,n/ay,) : deg(ve) > ca}l_x> =1-o0(1),
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for some ¢ > 0. By taking a,, = \/n, we obtain that
P(Dpmax = cnt' /%) =1 — o(1). (3.66)

Therefore (3.64) follows from (3.65) and (3.66) and Proposition 2.1.2 (i) has been proved.

The exponential upper bound of 7, follows from the sparsity of the preferential at-

tachment graph, by applying Lemma 5.3.1.

3.6 Appendix: Proof of (3.18)

We closely follow the proof given in [65] for Galton-Watson trees. However, we have
to take care that in our situation the degrees of the vertices are not independent as in

Galton-Watson trees. This leads to some complications.

To simplify the computation, we consider a modified version of the Pélya-point graph
defined as follows: we use the same construction except that now m, = m and v, ~ F’
for all vertices. Then, the new tree stochastically dominates the original tree (note that
F < F') and thus, it is sufficient to prove the upper bound for the contact process on this
new tree. In this appendix, we always consider this modified graph, and for simplicity,

we use the same notation as for the Polya-point graph.

To describe more precisely the distribution of the Pélya-point graph, we recall a basic

fact of Poisson processes (see for example [45, Chapter 2]).

Claim. For any a < b, let A(a,b) be the set of arrivals of the Poisson process on [a, 0]
with intensity f(x). Then conditional on |A(a,b)| = k, these k arrivals are independently
distributed on [a, b] with the same density f(x)/ fab f(t)dt.

For any vertex v, conditioned on its position z, and its number of descendants m + k,
T(v1),- - T(vym) are ii.d. uniform random variables on [0, x,], and Z(ym+1),-- - T(wmtk)

p—1 .. )
dﬁxw dx (conditional on having
Y=

31 dzx.

x
1—ay

are arrivals of a Poisson process on [z, 1] with intensity =,

k arrivals), and thus @(ymi1); - - - T(wm+k) are distributed on [x,, 1] with density
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On the other hand, similarly to (3.21), for all v with a = m + 2mr + 1,

p(k, z) = P(number of descendants of v =m +k | x, = z)

F(k+a) k,.a
= T e

= k(1 - :Bw)kxw,

since T'(k + a)/k! < k*~1. Moreover,

MA[z~] M
SR i—atr = > / exp(—tx¥)t* " dt
k<M k=0

MAz—"

Mz¥
= (M Az 2= / exp(—u)u"du

Maz¥ Al
= (M Az™%)"
Therefore
Z p(k,z) =< (M A z=%)%2%.
k<M
Similarly,

Z kp(k,z) =< (M Az=%) g™,

k<M
Z K2p(k,z) =< (M Az=%) 2z,
k<M

Z kp(k,z) = O(z™").

k=0

(3.67)

(3.68)

(3.69)
(3.70)

(3.71)

Let 7 > 0 and M € N be given. As in [65], we define for any vertex v the truncated tree

starting from v as

17y = {v}u{w descendant of v : d(v,w) < r,deg(y) < M

for all y & {v,w} in the geodesic from v to w},
and for 1 <7 < r, set
T = {w € Tl - d(v,w) = i}

Sir = {w 1 d(v,w) =i and w is a leaf of T7;,}.
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If v = o, we simply write T}, T} ;. m, and S;, . By definition, if v # o, then

7Y, | = deg(v) — 1,
ST, | = {w : w is a child of v with deg(w) > M},

deg(v)—1

Tl = > ITY 1 (deg((v,5)) < M) for 1<i<r—1,

=1
deg(v)—1

S8yl = Y 1S 1(deg((v,5) < M) for 1<i<r—2,

Jj=1

’ rr]W‘ | T’T‘M‘

If v = o, we just replace deg(o) — 1 by deg(o) in these equations.

(3.72)
(3.73)

(3.74)

(3.75)

(3.76)

As in [65] (more precisely, Sections 6.1, 6.2 and 6.3), we will prove the upper bound

for the contact process on the modified tree by using the four following lemmas.

Lemma 3.6.1. There is a positive constant C, such that

(i) forall1 <i<rand M >m+1,
E(|T;rm) < C(log M),
(ii) for alll1<i<r—1and M >2m+1,

E(|S;ra]) < Cilog M) 1M1

In fact, the bound for E(|T;, u|) plays the same role as the estimate (6.2) in [65], and

the bound for E(]S;, a|) replaces to (6.1).
Lemma 3.6.2. For allr > 0 and M > m + 1, we have
E(|S1,r00|1(|S100] = 2) | deg(o0) < M) = O(M ™ 1og M).
This result is used in the estimate in (6.7) in [65].
Lemma 3.6.3. For allr >0 and M' > M > m + 1, we have
(i) P(deg(0) < M, [Syra| = 1) = O(M 1Y),
(i) P(deg(o") > M| deglo) < M, Supar = {0)) = O ((/30)7%).
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The first estimate is used for the event Bj in [65], and the second one is an analogue
of the bound for ¢q[M’, 00)/q[M, c0) in Proposition 6.3 (at the first line of page 27).

For any r > 0 and M’ > M > m + 1, we define the conditional probability measures

Qi(1) =P(- | deg(o) < M, [S1m| = 1),
Qa(+) = P(- | deg(o) < M, Sy, = {0}, deg(0*) = M').

We call T* the tree T rooted at o*. Similarly as for T, we also define T, ,/, ST, 5/
Lemma 3.6.4. There is a positive constant C', such that
(i) forall1<i<rand M'>M >m+1

Eq, (|T;ru) < (Clog M),

(ii) for alll1 <i<rand M'>M>=m+1

Eq, (1T ul) < C'(log M) M,

(iii) for alll1 <i<r—1and M >m+1,
Equ(150e]) < C(log MY 3/
The bound for Eq, (|7}, ) is used in (6.12) in [65], the bounds for Eq, (|17, 5/|) and
Eq, (|5, 1/]) are used in their Section 6.3.

Assume that Lemmas 3.6.1-3.6.4 hold for a moment, we now prove the upper bound
of the survival probability of the contact process on 7.

Proof of (3.18). Using the same notation in [65], we set

1 2/ +5
pr— —_— = - 1-
M [8)\2—‘ and R [2/1&—1—‘—{—
and define

B} = {deg(o) > M},
R

B} = {deg(o) < M, (0,0) <> <U Si,R,M) x Ry in TR,M} ;
i=2

B§ — {deg(o) g M, |Sl,R,M’ 2 2, o, 0) < Sl,R,M X ]R+ in TR,M} .
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When S; gy = {0}, let 0 < t* < t** be the first two arrival times of the process D(, o+,

the Poisson point process (with intensity \) of transmissions from o to o*. Then, we define
B; = {deg(0) < M, |S1.rm| =1, <inf D,},

where D, is the Poisson point process (with intensity 1) of recoveries at o.
We say that o* becomes infected directly if t* < inf D,. We say that it becomes infected
indirectly if there are infection paths from o to o* but all these paths must visit at least

one vertex different from o and o*. Define
B = {deg(0) < M, |S1rm| = 1,3y € Trar,0 < s <t:(0,0) < (y,5) <> (0,t) inside Tx s }.
Note that if 0* becomes infected indirectly, then B2 must occur. Let us define

Bg = {deg(0) < M, Sy g = {0*},t* < inf D, (0*,t*) <+ B(o, R)° x [t*,00)}.

Then it was shown in |65] that

{(0,0) ¢+ B(o,R)* x R.} | | B} (3.77)

=1

Event B. We observe that by (3.67)

P(deg(o) > M |z, =x) =< 2™ Z k(1 — a2k
k>M

< xaw/talexp(—txw)dt

M
00

= / t*Lexp(—t)dt
Maz¥
< exp(—MzY/2).
We recall that z, ~ U([0, 1])X, with x = 1/(¢» + 1). Thus z, is distributed on [0, 1] with
density (¢ + 1)z¥dz. Hence

P(B}) = /]P’(deg(o) > M|z, =x)(¢+1)a¥ds

1
< /exp(—wa/Z):cwdx
0

A

M—l—l/w _ O()\2+2/1/}>.
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Event Bj. As in [65], we have

R
P(B;) < Z(QA)iEUSi,R,MD
=2
R—1
< M- wz CAlog M) + (C\log M)
R—
< WZ(AHogADwwlogAl)R
=2

< /\3/2—}—2/111.

Here, for the first inequality we have used Lemma 3.6.1 and (3.76).

Event Bj. As in [65], we have

P(B;) < (NE(ISirum/1(IS1ru| > 2) | deg(o) < M)
= OAM~'"Y¥1og M)
= openn)

where we have used Lemma 3.6.2 in the second line.

Event Bj. The number of transmissions from o to o* before time ¢ has Poisson distribution

with parameter \t. Thus,

P(B}) = P(deg(o) < M,|S1ru|=1) /P (Poi(\t) > 2)e "dt
0

= O\Y) / Nt2e~tdt
0
— O()\2+2/¢).

Note that in the second line, we have used Lemma 3.6.3 (i) to estimate the first term and
the fact that P(Poi(u) > 2) < u? to bound the second one.

Event B2. As in [65],

dyeTrym,0<s<t: deg(o) < M,
P(BY) < P(deg(0) < M, |Sypu| = 1P =AM o (o)
(O, O) < (y,S) < (O, t) inside TR,M |Sl,R,]\/[| =1
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By Lemma 3.6.3 (i), the first term is O(A\*/%). Using the same argument in [65], the
second one is bounded by

R
NN X E(|{z € Taar : d(o,x) = i}| | deg(o) < M, [Sy ol = 1)

=1
R

= > N xEq,(ITiml)

i=1
R

< SN [10gA))

i=1

= ON?).

Thus we have

P(BE) = O(\3/2+2/¥),

Event B;. We have

P(Bg) < P(deg(o) < M, |Sp | =1) x P(t* < inf D,)
xP((0*,t*) <+ B(o, R)* x [t*,00) | deg(0) < M, [Sk 5| = 1,t* < inf D)

< MY AxP((0%,0) > Blo,R)° x Ry | deg(0) < M, |Sg |l =1).  (3.78)

Note that we have used Lemma 3.6.3 (i) to bound the first probability. Now, it remains
to bound the third term. We observe that for any M’ > M,

P((0%,0) ++ B(o, R)® x Ry | deg(o) < M, [S1rm| =1)
= Z P((0*,0) <> B(o, R)* x R | deg(0™) = k,deg(o) < M, S1 pm = {0"})
k=M-+1

xIP(deg(0") = k | deg(o) < M, S\ rn = {0"})

N

P((0*,0) <» B(o, R)* x Ry | deg(0o*) = M’,deg(0) < M, S1rm = {0*})
+P(deg(0") = M" | deg(o) < M, Si,pm = {0"})

< Qy((0%,0) +» B(o, R)® x Ry) + O((M/M")/¥). (3.79)

Here, we used Lemma 3.6.3 (ii) to bound the second term and Qy is the conditional
probability depending on M’ which was defined in Lemma 3.6.4.
As in [65], we take
M' = [e1A?|log A|],
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with
gp=¢1/64 and &) =min{(2/¢ —1),2}/4.

Then the second term is of order
(M/MYY < |log A|7V/%. (3.80)
To bound the first term, we notice that
Q2((0%,0) «<» B(o, R)* x R;) < Q2((0%,0) «<» B(o", R —1)° x Ry).
Lemma 3.6.5. There exists 6 > 0, such that
Q3((0*,0) +» B(o*, R —1)° x Ry) < \°.

Proof. We follow the proof and notation in [65, Section 6.3], let R = R — 1, and L; =
[A~51/2]. Then we define

R/

o(T7) :Z<2)‘)i|SZR’,M(T)‘7
i=1
R ‘

W(T") =Y N T .
i=2

where 7™ is the tree T  rooted at o* and T}, ,,, S, j; are defined in Lemma 3.6.4. We now

define

Bl = {6(T")> %), B ={b(T") > N4},

B} = (BIUB)N {{o*} x [0, L] ¢+ (U s;iR,,M> x 1&},

B} = (BYUB)“N{3z:d(o*,2) > 2, {oi?x [0, L1] <> (2,5) <> {0"} X [s,00)
inside T(2) N Thar}s

B2 = {B(o*,1) x {0} <> B(0",1) x {L;} inside B(0*,1)}.
It was explained in [65] that

{(0",0) & B(o*, R')* x R, } C OB;?.

i=1
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Event B?. Similarly to B}, using Lemma 3.6.4, we have
R-1
Eg,(4(T) < D (2N (log M) M'M ™" + (20)% M’ M~ (log M)*
i=1
< /\3/4'
Then using Markov’s inequality we get

Qo(B}) = O(A\/*=1) = O\,

since €} < 1/2.

Event B. We have

Eg,(W(T%) < M"Y (23)%(log M)t~

1=2
S A2

Then it follows from Markov’s inequality that
Qy(B3) = O(X**71) = O(\).

The events BS, B}, BS can be estimated by the same way in [65] to get the bound as in
Lemma 3.6.5. H

Conclusion of the proof of (3.18). By (3.78), (3.79), (3.80) and Lemma 3.6.5, we have
P(BE) S AT2Y(00 4 [log A|7/¥) = O(X+2/¥] log A|1/%).
Now, it follows from (3.77) and the estimates of events (B});<s that
P(& # @Vt > 0) <P((0,0) & B(o,R)* xRy) < P(Bg) = O\ [log A|7/¥),
which proves the desired result. 0

We now turn to prove the series of lemmas 3.6.1-3.6.4.
Proof of Lemma 3.6.1. Since we fix r and M, we omit it in the notation. Let us define

forl1<i<r
filz) = E(|T7|1(deg(v) < M) |z, = z),
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where v is any vertex different from the root o. For 1 <i <r — 1,

fisa (@) = E(|T}, [ 1(deg(v) < M) | 2, = z)
= Y E(|T7,[1(deg(v) =m+ 1+ k) | z, = 2)

k<M-m-—1
= Z E(|TY ] | zo = z,deg(v) = m+ 1+ k)p(k, x)
k<M-—-m—
m-+k

- ¥ YE <|T”]|1deg((v])) )|xvzx,deg(v):m+1+k>p(k,x),

k<M—-m-—1 j=1
where for the last line, we used (3.74).

On the event {z, = x,deg(v) = m+ 14k}, (1), ..., T(,m) are uniformly distributed

on [0, x] and Z(ymt1), - - - T(w,mtk) are distributed on [z, 1]

T 1
fn@) = X % [ swdr+ g [ iy | otk
k<M-m—1 0 T

T 1
< %/ﬁ(y)dw T_L;j)/wywlﬁ(y)dy, (3.81)
0 x

where

F(M,z) = Z kp(k,x).

k<M—-m-—1
Moreover, it follows from (3.72) that
fi(z) = ]E((deg(v) ~ 1) 1(deg(v) < M) |z, = a:) —m+F(M,z).  (3.82)
Hence by (3.69),
filz) SF*(M,z) := (M Az~ ¥)* g™ + 1. (3.83)

After some simple computations, we have

T

1
—/F*(M, y)dy S F*(M,x)log M. (3.84)
T

0

and

1

/wywlF*(M, y)dy < log M. (3.85)

T

1 —a¥
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From (3.81), (3.82), (3.83), (3.84) and (3.85), we can prove by induction that for 1 < i < r,
fi(x) < C'(log M) F*(M, z). (3.86)

for some constant C' > 0. Similarly to (3.81), we also have

BT | 20 = 2) < 2 /fll d+zkpk$/¢w1fz

k>0

It follows from this estimate, (3.71) and (3.86) that
E(|Ti| | 2o = x) < C*(log M)~ (F*(M, ) + 27%).

Hence using that x, ~ U([0,1])* with x = 1/(x + 1), we get that for i < r

1

E(T)) = (+1) / E(T| | 20 = o)a*da

0
< C'(log M)

This proves Lemma 3.6.1 (i). We now prove (ii). To estimate E(|S;|), we define for

1<i<r—1

gi() = E(IS?1(deg(v) < M) | 2, = 2).

As for f;(x), we also have for 1 <i<r—2,

m
giv1(x ;/gz 1_ 1/) /¢ ¥ 1 y)dy, (3.87)
0

and by (3.73),
g1(z) = E([{w : w is a child of v with deg(w) > M}|1(deg(v) < M) | x, = z)

— / go(y)dy + 1_x¢) / vy” " go(y)dy, (3.88)

where
90(y) = P(deg(w) > M | z, = y).
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It follows from (3.67) that

go(y) <y™ > k1 -y
k>M

N y“w/tal exp(—ty")dt

M
00

= /t“‘lexp(—t)dt

My¥

< exp(—My¥ /2).

On the other hand, if 1 > My¥ > 1/2 then

2M
g() Zy™ Y kT —y")

k=M+1
2 1.
Therefore
1(1/2 < My* < 1) < go(y) S exp(—My*/2). (3-89)
Let us define for M > 2
1 x
a=pru(r) =P(deg((v,1)) >M |z, =2) = - /go(y)dy (3.90)
0
1
1 _
B = prar(w) = P(deg((v,m +1)) > M | 2, = o) = —— /wﬂ Loo(y)dy.  (3.91)
Then using (3.89) we obtain that
(Ma) V1 (MzY > 1) Sa < 1(MaY < 1) + (M2¥) V1 (Ma¥ > 1) (3.92)
B < M texp(—Mz¥/2). (3.93)
Define
G*(M,z) = 1(Ma?¥ < 1) + (M2¥)" Y 1(Mz¥ > 1).
Then

BF(M,z) = O(G*(M,x)).
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Therefore using this, (3.88), (3.92) and (3.93) we get

g1(z) = O(G* (M, x)). (3.94)
Furthermore,
1 x
[ 601y = O((10510)6" (1,2)), (3.95)
0
- /WHG*(M, Y)dy = O(M"1(Ma¥ < 1)+ M~V*1(Mz¥ > 1)).  (3.96)
Hence
1
G*(M,y)dy + — G*(M,y)dy = O((log M)G* (M, x)).
From this estimate, (3.87) and (3.94), we can prove by induction that for 1 <i<r—1
gi(x) = O((log M)""'G*(M, x)). (3.97)

We now have

m kp(k,x,)
E([Si] | 7o) < I—/Qz 1 +Z i /wy“’ Ygia(
0

k>0
/ VyYgia(

Finally,

E[G*(M, J}o) —|—m;w(M*11<Mx1/) < 1) + M*l/wl(MlﬂlJ > 1))} — O(Mfl/w).

Then the result follows from the last two estimates.

Proof of Lemma 3.6.2. We also omit here » and M in the notation. Then

E(1S1[1([S1] = 2) | deg(o) < M, z, = )

<Y E(S11(S1] = 2) | o = 2, deg(0) = m + k)p(k, z).

k<M
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Conditionally on the event {z, = z,deg(0) = m + k}, |Si| has the same distribution as
X=Xi4.. +Xp+Yi4... + Y

where (X;) and (Y;) are independent Bernoulli random variables with mean a = py, y(2)

and 8 = pgr.u(x) respectively, as defined in (3.90) and (3.91). Then

E(X1(X >2)=EX)-P(X =1)
=ma+ kB —ma(l —a)™ (1= p)F —kB(1—a)"(1 - p)F?
< (ma + kB)?

< 2(mPa? + K?B2).
Therefore

E(S1[1(181] > 2) | deg(o) < M, o =) < > (2m*a® + 2k*6%)p(k, z)

k<M

< 2m?a? + 232 Z E*p(k, ).

k<M
We now take the expectation with respect to x,. Since it has density (¢ + 1)z¥dx on
[0, 1], the expectation of the first term is of order

1
/oﬁxwdx = O(M~ Y ]og M).

0
By (3.70) and (3.93), the expectation of the second term is equivalent to

1
/BZ(M A =) 2@ DY gy — O(M17VY log M).
0

Combining the last two estimates gives that

1
E(151[1(151] = 2) | deg(o) < M) = /E(|51|1(|51| > 2) | deg(o) < Mz, = z)(¢p 4+ 1)z¥dx
0
= OMY]og M),

which proves the lemma. 0]
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Proof of Lemma 3.6.3. With the same o and [ as in the previous lemma, we have

P(deg(o) < M,|Si| =1z, =)
= Y [ma(l—a)" (1 =B +kB(1— )" (1 = B)* ] p(k, @)

kE<M—-m

< Z [ma’ + kﬂ] p(k‘, ZE)

k<M
< a+ B(M ATV g

Then we take expectation in z, and get
P(deg(o) < M, [$)| =1) = O(M~),

which proves Lemma 3.6.3 (i). For (ii), we note that (1 — 8)* < 1 for 1 < k < M since
S =0O(M™'). Hence using (3.68), we get

P(deg(o) < M,|Si| =1| 2o =2) 2 a(l — )™ H(M A z~?)%2.
By (3.92), there is a positive constant ¢ < 1, such that
(1—a)™! > cl(Mz¥ > 1/c). (3.98)

Therefore

P(deg(o) < M,|S1| =1)= (¥ +1) /IP’ deg(o) < M, |Si| =1 | z, = )2¥dx
0

1

e /a(l — )" N (M A ™) 2 1V dw

Y

0
1

/ (Maz¥) V¥ de

(cM)*l/’ll’

> M~V (3.99)

Vv

On the other hand,
P(deg(0) < M, Sy = {0"},deg(0*) > M' |z, =) < > [ma’ + kB p(k, ).
k<M—-m

< ma + B'F(M, ),

110



with
o = DL,M (z) and p = PR.M' (x).

Similarly to the calculus for a and 3, we get

1

/o/:ﬂdx = O((M")~Y¥),

0

and
/5’F(M,$)x“’ < ML/G_M/W/Q (M Az=") g (@+Dv g
0
< (M/) 1— l/w
Hence
P(deg(o) < M, Sy = {0}, deg(0*) > = / ma’ + B'F(M,x))z"dx
0

=0 ((M)7H¥). (3.100)

Now Lemma 3.6.3 (ii) follows from (3.99) and (3.100). O

Proof of Lemma 3.6.4. We start with (ii), the estimate for [T}, /|. Let us define
A={deglo) < M} and B={Si,n = {0} deg(o*)=M'}.
Similarly to the previous lemma,

P(deg(o) < M, Sy, = {0*},deg(0”) = M'" | z, = )
> [ma’(1—a)™ (1= B)F + kB (L= a)"(1— B)* ] p(k, ) (3.101)

k<M-m
>a"(1—a)" " (M Az %)%, (3.102)
where
o = P(des((0.1)) = M [ 2, = 2) = 1 [ p(0M".5)dy
0
and
1
17 / 1 / w,1
B" = Pdeg((0,m + 1)) = M" | @y = x) = 7—— [ p(M',y)py™dy.
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Similarly to the calculus for a and [, we have

(M/)flfl/wxfll(M/xz/J > 1) 5 o wa(M/xw)(kll(M/xw < 1) (3.103)
+ (M) 5V (M2 > 1),

B <(M)2em M2, (3.104)
Hence, it follows from (3.98), (3.102) and (3.103) that
P(ANB |z, =) > (M) 7Y 1 (Ma? > 1/c).
Therefore
P(ANDB) > (M)~ 1-1/v, (3.105)
We now prove that
E(|T7, 1] 1(A)1(B)) < C*(log M) M (M) 1%,
For i = 1, observe that on AN B, |1}, /| = deg(o*) = M'. Tt follows from (3.101) that
P(ANB |z, =) <ma" + p"F(M,z).
Then using that
1
/o/’xwd:c = O((M')’l’l/w)
0

1
/B”F(M, z)x¥de = O((M') "2 1¥),
0

we obtain
P(ANB) = O((M'")~1-1/¥), (3.106)
Therefore
E(|T7, m]1(A)L(B)) = O(M' (M) 7171%).
For ¢+ > 2, we notice that

|Tz*rM| = ’TZOTM‘ + Z ‘T 2r 2,M s (3.107)
(0,5)#0*
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with the convention |Ty| = 1. We have
B(ITS, s L(AVL(B) | 20 = ) = ho(z) + by afz), (3.108)

where for 1 <17 < r,

ha(e) = E D ITONALB) |2, =«

(0,5)F#0*

hoi(x) = E(|T0uL(AUB) 2, = o).

We first study hy;(z).

hg(z) =E | Y IT50IHALB) |2, =2

(0,5)#o0*
M—m
= Z E Z | lel( ) | o = z,deg(0) =m +k | p(k, z)
k=0 (0.5)#o0"
M—m
= E( ST ITONN(B) | 2o = @, deg(o) = m+k> plk, @), (3.109)
k=0 1<j#As<m+k

where
B = {deg(0) = m + k} N {deg((0, s)) = M’, deg((0,7)) < M Vj # s}.

If 7 # s, then

E (IT0311(Bo) | 20, Tomsn)

<E (0311 (des((0, 1)) < M) | w0, B(des(0,5)) = M | 20,

= fi(-T(O,j))p<M/> T(0,5))- (3.110)
Now using this estimate and the facts that z(o),...,zom) are uniformly distributed on
[20,1] and that z(gm41),-- ., Z@om+r) are distributed on [x,, 1] with density © ,dy, we
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deduce from (3.109) and (3.110) that

1 z M—m
o) < [ / Fwdy | o Z m2p(k, 7) (3.111)
+ i) dy) B Z k*p(k, z)
M—m
+ fity)dy | B+ by fi(y)dy | o (mk)p(k, z).
/ g

Then using these estimates, (3.84), (3.85), (3.86), we obtain

hia(x) < (log M)’ (a”F*(M, 2) 3 plk,x) + B3 Kplk, @) + (8F*(M,2) + a"))

k<M k<M

= (log M)'(Hy(w) + Ha(x) + Hs(2)).

After some computations, we get
1
/ (H(2) + Halz) + Hy(x))a’dz — O(M')~=% log M)
0

Hence

1
/ hyi(z)z¥de < (Clog M) (M)~ 1YY,
0

Note that in (3.107), we need an estimate for hy ;_o(x):

1
/hl,i—2(l')l‘wdl‘ < (Clog M)=H (M), (3.112)

0

We now study he;(x). Similarly to (3.107),

hai(w) = E (T m1(A)LB) | 2o = z) (3.113)

m—+k

= ZE(ZmEm k) | 2o = 7, deg(0) = m+k>p<k,x>,
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with Bj, as in (3.107). Using the same computations in (3.110) and (3.111), we get

(0,
E(| zr?\zll]'( Jk)|$01)7"'7x(0,m+k))

< E (17031 (deg((v,5) = M) | 26,)

Z(0,5)

M —
< / f’L 1 dy+
T0.0) 1- (OJ)

< C'(log M) "M'p(M’, z0 ;). (3.114)

/d}x’/’ lfz 1( )dy p(M 13(0]))

Z(0,5)

Combining (3.113) and (3.114) gives that
M-m
hyi(x) < C*(log M)t M’ Z (ma” + kB") p(k, ).
k=0

Therefore using the same estimate as (3.106), we get
1
/hg’i($)$¢d$ < Ci(log M)~ P M (MY, (3.115)
0
It follows from (3.108), (3.112) and (3.115) that

E(T;,mUANB) = [ E(T,u1(ANB) |z, =) + 1)a¥dx

(hoi(z) + hii1(2)) (Y + 1)z¥dx

I
Q. O\H O\H

<

~

(log M)=2 M (M) ~1=1/%, (3.116)

From (3.105), (3.116), we deduce that

% % 1 %
Eo, (T3, ) = E( T} (| | ANB) = WE(W,T,MH(AHB))

< C'(log M) M, (3.117)

which proves Lemma 3.6.4 (ii). We now prove (iii). Similarly to (3.116) and (3.117),

B, ([Siral) = m/(l“(w) + lima(2)) (¢ + 1)2¥d, (3.118)

0

where

ha(z) = B[ > ISOUIHAB) |z, =2

(0,5)F#0*

bile) = E (IS5 I1AB) |2, =2).

115



We first study [y ;(x). Using the same computation for hy ;(z), we have

ha(z) = E[ Y ISOUILALUB) |2, =2

(0.4) 0"
1 z M—m
< E/Qi(y)dy o mPp(k, x)
0 k=0
_l’_

L M—-m
1 -
1_x¢/¢y”’ 'gi(y)dy | B" E k*p(k, z)

M—-—m
1
+ —/gi(y)dy B+ /W 'giy)dy | o”
a “3 k:()
Then using (3.95), (3.96), (3.97) and some calculus, we get
1
/l“ o(x)x¥dr = O((log M) M/ M~ (M')~1-1/¥), (3.119)
0

For l5;(x), we observe that

loi(x) = (|SZO7~M (A)1(B)| |$o:$)
m-+k
- S (S sA8,0 2= ) ts

On the other hand,

<|5mM|1( Bjk) | x(o,1)7.--,w(o,m+k)>

Z(0,5) 1
m M —m _
< [ oty = [ aswvn iy | 0 a0,)
L(0,9) 2 I x(o 7)
“T(0,5)

= O((log M) ' M'M~'p(M', x(0,5)))-

Here, we used (3.96) to estimate the second term. Therefore

/lgii(x)xwd:c = O((log M) M/ M~ (M) ~1=1/¥). (3.120)

0

Now, it follows from (3.105), (3.118), (3.119) and (3.120) that
Eq,(IS,al) = O((log M) ~'M'M),
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which proves Lemma 3.6.4 (iii). We now prove (i). To estimate Eq, (|75, x]|), we use
(3.99) and the same argument as for Eq, (|7}, ,/[). More precisely, we replace B by
B = {|S1 .| = 1}, replace By, by

By = {deg(0) = m + k} N {deg((0,5)) > M,deg((0,5)) < MV j # s},
replace o’ and " by « and f respectively. We now have

E(|T:r [ 1(A)L(B) | 2, = @)
deg(o)

=E Z|T“’5HM|1 A)L(B)1(deg((0,)) < M) |z, = =

- Z_: E( Z |T 17" 1M|1(Bs,k) | Lo = 5E7d€g(0) = m+k> p(k,x)

k=0 1<j#s<m+k

= hi_1<l’).

Finally, fol hi_1(x)z¥dz can be estimated by the same way for h;;_o(x), and then we get
the desired result. d

Acknowledgments. [ would like to thank Daniel Valesin for his comments and showing

me a gap in a previous version of the proof of (3.18).
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Chapter 4

Contact process on one-dimensional

long range percolation

Abstract. Recently, by introducing the notion of cumulatively merged partition,
Ménard and Singh provide in [67] a sufficient condition on graphs ensuring that the
critical value of the contact process is positive. In this chapter, we show that the
one-dimengsional long range percolation with high exponent satisfies their condition

and thus the contact process exhibits a non-trivial phase transition.

4.1 Introduction

We study the contact process on G, the one-dimensional long range percolation graph
with exponent s > 1, defined as follows: independently for any ¢ and j in Z there is an
edge connecting them with probability |i — j|~°. In particular, G, contains Z so it is
connected.

As we have shown in Lemma 1.1.1, the contact process on graphs with bounded degrees
exhibits a non-trivial phase transition, i.e. A, is positive. In contrast, there is a little
knowledge about the sub-critical phase on unbounded degree graphs. For Galton-Watson
trees, Pemantle proved in [74] that if the reproduction law B asymptotically satisfies that
P(B > x) > exp(—z'~¢), for some £ > 0, then \. = 0. Recently, in [67], by introducing
the notion of cumulatively merged partition (abbr. CMP) (see Section 4.2.2), the authors

provided a sufficient condition on graphs ensuring that A\, > 0. As an application, they
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show that the contact process on random geometric graphs and Delaunay triangulations

exhibits a non-trivial phase transition.

The long range percolation graph was first introduced in [81, 89]. Then it gained
interest in some contexts such as the graph distance, diameter, random walk, see [31] for
a list of reference. The long range percolation is locally finite if and only if s > 1, so we
only consider the contact process on such graphs. Moreover, it follows from the ergodicity

of G that there is a non negative constant A.(s), such that
Ae(Gs) = Ac(s) for almost all graphs Gi. (4.1)

It is clear that the sequence of graphs (Gy) is stochastically decreasing in s in the sense
that G, can be coupled as a subgraph of Gy, if s; > s5. Therefore A.(s1) = Ac(s2).

Hence, we can define
se = inf{s : A.(s) > 0}. (4.2)
We will apply the method in [67] to show that s. < +00. Here is our main result.

Theorem 4.1.1. We have
s. < 102.

There is a phase transition in the structure of the long range percolation. If s < 2,
the graph G exhibits the small-world phenomenon. More precisely, the distance between
z and y is of order (log |z — y|)*™°(") with s = s(s) > 1, with probability tending to 1 as
|z — y| — oo, see for instance [7|. In contrast, if s > 2, the graph somehow looks like Z
(see Section 4.2.1) and the distance now is of order |z — y/|, see [6]. On the other hand, as

mentioned above, we know that \.(Z) > 0. Hence, we conjecture that
Se < 2.
The results in [67] can be slightly improved and thus we could get a better bound on s,

but it would still be far from the critical value 2.

This chapter is organized as follows. In Section 2, we first describe the structure of the

graph and show that G4 can be seen as the gluing of i.i.d. finite subgraphs. Then we
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recall the definitions and results of [67] on the CMP. By studying the moment of the
total weight of a subgraph, we are able to apply the results from [67] and prove our main

theorem. In Section 3, we consider the CMP on G, with s close to 1.

4.2 Proof of Theorem 4.1.1

4.2.1 Structure of the graph

We fix s > 2. For any k € Z, we say that k is a cut-point if there is no edge (7, j) with

1 < kand j > k.

Lemma 4.2.1. The following statements hold.

(i) For allk € Z

P(k is a cut-point) = P(0 is a cut-point) > 0.

As a consequence, almost surely there exist infinitely many cut-points.

(i) The subgraphs induced in the intervals between consecutive cut-points are i.i.d. In
particular, the distances between consecutive cut-points form a sequence of i.1.d.

random variables.

Proof. We first prove (i). Observe that

P(k is a cut-point) = IPP(0 is a cut-point)

= J] @-li-j)

1<0<g
> (-2 3 i)
1<0<y
> 62/(2—5)7

where we used that 1 — 2 > exp(—2z) for 0 < z < 1/2 and

Sl =Y < 2 S

i<0<j ij>1 i>1
S RS S
S os—1 s—2) s—2
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using series integral comparison.
Then the ergodic theorem implies that there are infinitely many cut-points a.s.
Part (ii) is immediate, since there are no edges between different intervals between

consecutive cut-points. O

We now study some properties of the distance between two consecutive cut-points.

Proposition 4.2.2. Let D be the distance between two consecutive cut-points. Then there

erists a sequence of integer-valued random variables (&;);>0 with g = 1, such that
(i) D= zT%]gi with T =inf{i > 1:¢; =0},
(i) T is stochastically dominated by a geometric random variable with mean e*/(>=5),
(1ii) for all il > 1
Ple; > 0| T >i) <0**/(s—2).
Proof. To simplify notation, we assume that 0 is a cut-point. Set X_; = 0 and Xy = 1,
then we define for ¢ > 1
Xy=max{k:3X;, o <j< X;.1—1, j~k},
g =X; — X;_1.
Then ¢; > 0 and we define
=inf{i >1: X;=X,1} =inf{i > 1:¢,=0}.

We have X; = X;_ for all i > T, or equivalently ;, = 0 for all i > T.
Note that Xr is the closest cut-point on the right of 0, so it has the same law as D,

by definition. Moreover

T
Xr = Z £, (4.3)
which implies (i). Observe that for i > 1 we have {T >i} = {X;—2 < X;_1} and
= PAXio<j<Xii<k:j~k|Xi2<X, )

IT a—15-#)

j<0<k
2/(2—
> /(@9

WV
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This implies (ii). For (iii), we note that for ¢,¢ > 1

PX; <X +0| Xia < Xiq) 2 H (1 — 17— k|_s)

j<0
k>t
> 1= |j—k
j<0
k>¢
We have
PBEL D DD BIUE S
j<0 j=1 k=t+1
ko>t
< 0}
120
< (s —2).
Therefore,
Ple; >0 T >1i) <P %/(s—2),
which proves (iii). O

Since the definition of A, is independent of the starting vertex, we can assume that
the initially infected vertex is a cut-point.

It will be convenient to assume that 0 is a cut-point. Suppose that conditioned on
0 being a cut-point and infected at the beginning, we can prove that \. > 0. Since the
distribution is invariant under translations, we have A\. > 0 for the contact process starting
from any cut point.

Hence, from now on we condition on the event 0 is a cut-point. Set Ky =0, for ¢ > 1,
we call K; (resp. K_;) the i cut point from the right (resp. left) of 0. By Lemma 4.2.1
(ii), the graphs induced in the intervals [K;, K;. 1) are i.i.d. Therefore, G is isomorphic
to the graph G, obtained by gluing an i.i.d. sequence of graphs with distribution of the
graph [0, K7). We have to prove that the contact process on G, exhibits a non-trivial

phase transition.

4.2.2 Cumulatively merged partition

We recall here the definitions and results introduced in [67]. Given a locally finite graph

G = (V, E), an expansion exponent a > 1, and a sequence of non-negative weights defined
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on the vertices

(r(z),z € V) € [0,00)",
a partition C of the vertex set V' is said to be (r, a)-admissible if it satisfies
ve,c'ec, C#C = d(C,C") > min{r(C),r(C")}*,

with

r(C) =) r(x).

zeC
We call cumulatively merged partition (CMP) of the graph G with respect to r and « the

finest (r, «)- admissible partition and denote it by C(G,r, «). It is the intersection of all
(r, )-admissible partitions of the graph, where the intersection is defined as follows: for

any sequence of partitions (C;)er,
r~yin N C it xz~yinC; foralliel.

As for Bernoulli percolation on Z¢, the question we are interested in is the existence of
an infinite cluster (here an infinite partition). For the CMP on Z? with i.i.d. weights, we

have the following result.

Proposition 4.2.3. [67, Proposition 3.7] For any o > 1, there exists a positive constant
Be = Be(a), such that for any positive random wvariable Z satisfying E(Z7) < 1 with
v = (4ad)? and any B < B., almost surely C(Z%, BZ, a)-the CMP on Z with expansion

exponent o and i.1.d. weights distributed as BZ-has no infinite cluster.

We note that in [67, Proposition 3.7], the authors only assume that E(Z7) < co and
they do not precise the dependence of 5, with E(Z7). However, we can deduce from their
proof a lower bound on . depending only on E(Z7) (and only on «,~,d if we suppose
E(Z7) < 1), see Appendix for more details. Finally, our .(«) is a lower bound of the
critical parameter A.(«) introduced by Ménard and Singh.

Using the notion of CMP, they give a sufficient condition on a graph G ensuring that

the critical value of the contact process is positive.

Theorem 4.2.4. [67, Theorem 4.1] Let G = (V, E) be a locally finite connected graph.

Consider C(G,r,,a) the CMP on G with expansion exponent a and degree weights
ra(@) = deg(a)1(deg(x) >2).
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Suppose that for some o« > 5/2 and A= 0, the partition C(G,r,, ) has no infinite cluster.
Then
Ae(G) > 0.

Thanks to this result, Theorem 4.1.1 will follow from the following proposition.

Proposition 4.2.5. Fiz s > 102. There exists a positive constant A, such that the

partition C(Gy,rs,5/2) has no infinite cluster a.s.

4.2.3 Proof of Proposition 4.2.5

Let G, and €y be two CMPs. We write C; < C,, if there is a coupling such that €; has

an infinite cluster only if G5 has an infinite cluster.

Lemma 4.2.6. We have
C(Gy,74,5/2) X €(Z,Z4,5/2), (4.4)

with
Zy= ) deg(z)l(deg(z) >A).

0<z< K1

Proof. For i1 € Z, we define

Zi = Z deg(z)1(deg(z) =A).

Ki<a<Kii1
Then (Z;);cz is a sequence of i.i.d. random variables with the same distribution as Z,,
since the graph G, is composed of ii.d. subgraphs [K;, K;y1). Therefore, C(Z,(Z;),5/2)
has the same law as C(Z, Z,,5/2). Thus to prove Lemma 4.2.6, it remains to show that

C(Gy,7s,5/2) = C(Z,(Z),5/2). (4.5)
For any subset A of the vertices of G, we define its projection

Since all intervals [K;, K;1) have finite mean, if |[A| = oo then |p(A)| = co. Therefore, to
prove (4.5), it suffices to show that

z ~yin C(Gy,1,,5/2) implies p(x) ~ p(y) in C(Z,(Z;),5/2). (4.6)
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We prove (4.6) by contradiction. Suppose that there exist xy and yo such that xz¢ ~ yo in
C(Gy,74,5/2) and p(zq) % plyo) in C(Z,(Z;),5/2). Then by definition there exists C, a
((Z;),5/2)-admissible partition of Z, such that p(zq) 7 p(yo) in C.

We define a partition C of G as follows:
z~yinC ifand onlyif p(z)~ p(y)in C.

In other words, an element in C is Uieo[K;, Kiv1) with C a set in C. We now claim that
C is (rs,5/2)-admissible. Indeed, let C' and C’ be two different sets in C. Then by the
definition of C, we have p(C) and p(C") are two different sets in C and

Z Zi = Zdeg 1(deg(z) =A) = r,(C).

iep(C) zeC

Moreover, since these intervals [K;, K, 1) are disjoint,

On the other hand, as C is ((Z;), 5/2)-admissible,
d(p(C),p(C") > min{Z (p(C)), Z(p(C"))}*.
It follows from the last three inequalities that
4(C, C") > min{r, (C),ra(C)}2,

which implies that C is (7, 5/2)-admissible.

Let Cy and C{ be the two sets in the partition C containing p(x¢) and p(yo) respectively.
Then by assumption Cy # C{. We define

éo = U [Kz7 Ki—i—l) and é(l) = U [K“ Ki—i—l)-

i€Co ieCy

Then both Cy and C’() are in C, and Cj # C~’(’) Moreover Cy contains zo and C'(’) contains
yo. Hence zy o yo in C which is a (ra,5/2)-admissible partition. Therefore, xg ¢ yo in
C(Gly,74,5/2), which leads to a contradiction. Thus (4.6) has been proved. O
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We now apply Proposition 4.2.3 and Lemma 4.2.6 to prove Proposition 4.2.5. To do that,
we fix a positive constant 5 < [.(5/2) with (.(5/2) as in Proposition 4.2.3 with d = 1

and rewrite

Zs
ZA = 5?

If we can show that there is A=A (3, s), such that

E ((%)MJ) <1, (4.7)

then Proposition 4.2.3 implies that a.s. C(Z, Z,,5/2) has no infinite cluster. Therefore,
by Lemma 4.2.6, there is no infinite cluster in €(Gl,7x,5/2) and thus Proposition 4.2.5
follows. Now it remains to prove (4.7).

It follows from Proposition 4.2.2 (i) that
T 100
E(K!%) — E(D'%) — E (Z 5i) : (4.8)
i=0

where T" and (g;) are as in Proposition 4.2.2.

Applying the inequality (z; + ...+ 2,)'° < n*(2{% + ... + z19) for any n € N and

1, ..., T, € R, we get
T 100 T
E (Z gi> < E[(T+1D)7) 51100]
=0 1=0
= Y E[(T+1)""UT >1)]. (4.9)
=0

Let p=1+ (s —102)/200 > 1 and ¢ be its conjugate, i.e. p~* + ¢~! = 1. Then applying

Hoélder’s inequality, we obtain

E [(T +1)P®1T > )] <E (T + 1)) (1T > i)

(4.10)
On the other hand,

E(;""UT > i) =E (" | T > i) B(T > 19). (4.11)
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Using Proposition 4.2.2 (iii) we have for i > 1

E(e™|T>i) < 100pZIP(5i > 0| T > i) (0 + 1)000-1
=0

< 100p |1+ 75 (14007 (s - 2)
>1
< Cl = 01(8) < 00,

since by definition
2—s+100p—1=—-1—(s—102)/2 < —1.
Hence for alli > 1
E (1T > 1)) < C\P(T > i). (4.12)
It follows from (4.8), (4.9), (4.10) and (4.12) that

E(K1®) < E[(T+1)%)" |1+ (BT > )"
i=1
= M < o0, (4.13)
since T is stochastically dominated by a geometric random variable.
For any j € Z and any interval I, we denote by deg;(j) the number of neighbors of j
in I when we consider the original graph (without conditioning on 0 being a cut-point).
Now for any non decreasing sequence (zy)r>1 with x; > 1, conditionally on &, =

x1 — 1,69 = X9 — 1, ..., we have for all j € (x,_1,x),

deg(j) -< 1 + deg[xk_g,ack+1)<-j)7

where < means stochastic domination.

Indeed, the conditioning implies that j is only connected to vertices in [zy_2, Tx11] and
that there is a vertex in [r;_1, z;) connected to .

Similarly, if j = xy, it is only connected to vertices in [xy_o, Trio]. Moreover, j is
connected to at least one vertex in [zj_o, ;1) and there is a vertex in [z, Tx11) connected

to zj9. Therefore,
deg(zy) < 2+ deg[xk%ka)(:vk).
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In conclusion, conditionally on j € [0, K7),

where

Hence,

E (deg(5)'*1(deg(j) =) | j € [0, K1) <E(2+Y)' LY >4 -2)).

On the other hand,

with C' =23, i7°. Therefore,

E(2+Y)"1(Y 22 -2))

deg(j) <2+,

Y

Nl

N

N

= deg(—oo,—i—oo) (j) :

P<deg(—oo,+oo)(0) = k)
P(deg(foo,Jroo)(o) = k)

D U U N T

11 <i2<...<l

1 ; C*
W <QZ“> =W

N

k!

k>A—-2

= f(n).

It follows from (4.13), (4.14) and (4.15) that

E(Z\™) = E

E

/N

N

(

K

> deg(j)1(deg(j) >A))

0<j< K1

Py deg(5) ™ 1(deg(s) >A)]

0<i< K1

E(K;™)f(a)

< Mf(A).

Z Ck:(k + 2)100

(4.14)

(4.15)

Since f(A) — 0 as A— oo, there exists Ag€ (0,00), such that M f(A) < ' and thus

(4.7) is satisfied.
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4.3 CMP on G, with s close to 1

In contrast to Proposition 4.2.5, if the exponent s is small enough (close to 1), then the

cumulatively merged partition on G has an infinite cluster.

Proposition 4.3.1. For any o > 1, there exists a positive constant so = so(«), such that

C(Gs,Ta, ) has an infinite cluster a.s. for any A= 0 and 1 < s < Sp.

Proof. Fix a =1+ 6 with 6 > 0 and A> 0. To prove the proposition, we will prove the

following: there exists sg = so(a), such that if 1 < s < sg, then for all N large enough
P (d[o,N](O, N) < (log N)H‘S/z) >1-1/logN, (4.16)

with djo,n)(2,y) the distance between x and y using only edges with extremities in [0, N].

Assume that (4.16) holds for a moment. We now prove the existence of an infinite

cluster in the CMP C(Gy, 75, ). For N € N, we define
de — log N

N (loglog N)? |~

For any 1 < ¢ < [N/dy], we have
P(N —tldy ~kVke{N—ldy+1,...,N— (¢ —1)dn}) = (dn!)"°.
Let us define
ozinf{€> 1N —ldy ~k Yk e {N—EdN+1,...,N—(6—1)dN}}.

As these events are independent, we have for all N large enough

Ploc < [N/(2dx)]) 21— (1 — (le)—S)[N/@dN)]
> 1 —exp(—N/(2dy(dn!)*))
> 1 — exp(—VN), (4.17)

since
dy! < exp(dylogdy) < exp(log N/loglog N) = N°W,

129



Let jy = N — ody. Then on the event ¢ < [N/(2dy)], we have jy € [N/2,N] and
degjo ny(jn) = dn. Moreover, applying (4.16) we get for all N large enough
P(djo,jx1 (0, jn) < (log N)'H% | 0 < [N/(2dy)])

P(djo,jx)(0, jn) < (log jn) ™ | o < [N/(2dw)))

> 1-1/logjy

> 1—1/log(N/2).

WV

Combining this with (4.17), we obtain that for all N large enough
P (35 € (0,N] : dion(0,5) < (log N)l+5/2adeg[o,zv](j) >dy) >1-2/logN.  (4.18)

We take Ny large enough such that (4.18) holds and dy, >A. Then with probability larger
than 1 —2/log Ny, there exists jo € (0, Np|, such that deg(jo) > dn,. Applying (4.18) for
Ny = [Ny ™), we get

P(3j1 € (Jo, o + N1 : d(jo, j1) < (log N1 )72 deg(ji) = dn,) = 1 —2/log Ny.
Applying consecutively (4.18), we obtain

P (3(ji)izo : Ji < Jisr, d(ji, Jis1) < log(Nis1)'™072 deg(ji) = du, for all i > 0)
>1-> 2/logN; (4.19)

i>0
with
N = [N

We note that for all ¢+ > 0,
deg(j;) = dn, > dy, =20 and
min{deg(j;)*, deg(ji+1)*} = d%, = (log Nix1)'**"? = d(ji, jir1).
Therefore, j; and j;1 are in the same cluster of C(Gy, 7., «) for all i > 0. Hence, by (4.19)

P(there is an infinite cluster in C(Gy, 7y, a)) > 1 — Z 2/log N;
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as Ny — oo. Hence, a.s. C(Gg,r,, ) has an infinite cluster.

Now it remains to prove (4.16). Let us define for u € (1, 2)

~ log2
) = gty
Then
w(u) N1 as  u N\ L (4.20)

Therefore (4.16) follows from the following. For any s € (1,2) and € > 0, we will show

that for all N large enough
P (djo,n(0, N) < (log N)9%¢) > 1—1/log N. (4.21)

In [7], Biksup proves that the upper bound of dyp nj(0, N) holds with high probability.
Here based on his proof, we give a lower bound for this probability.
Fix s € (1,2) and € > 0. Since the function s(u) is continuous, there exists a constant

g1 > 0, such that s + 1 <2 and (s +¢1) < 2(s) + /2. Now, let us define

S+ &1
2

v= € (0,1).
For any x € Z and m € N, we define
Bl (z) =[x,z +m] and B, (z)=[r—m,z|

Then for all z < y < # + M and M; = [M"] = [M*%1)/2] large enough, we have

P(B3;, (x) ~ By, (y)) = P(Bin(M7, M~%) > 1)

> 1 —exp(—M*), (4.22)

where A ~ B means that there in an edge between A and B. Applying this inequality
forr =2y=0and y =2, = N and M = N, we get

P(By, (20) ~ By, (21)) 2 1 — exp(=N®),

with Ny = [N”]. Conditionally on this event, there are zy; € By (20) and 219 € By, (21),

such that zg; ~ z19. Therefore

d[O,N](Oa N) < d(Zo, 201) + d(Zgl, ZlO) + d(Zlo, 21) g 2N1 + 1. (423)
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Hence,
P(dp,nj(0, N) < 2N; +1) > 1 — exp(—N7"). (4.24)
Similarly to (4.24), since |29 — 201| < Ny and |27 — z10| < Ny, we have
P(d[z,201) (205 201) < 2N + 1, dpz 201 (210, 21) < 2N3 +1) > 1 — 2exp(—N7?),
with Ny = [N”Q]. Therefore by (4.23),
P(dio,n (0, N) < 202Ny +1) +1) > 1 — exp(—=N°®') — 2exp(—N7').

For any L, by continuing this procedure to the L' step, we have

L-1
P(djon)(0,N) <25(Np +1)) 21— 2 exp(—N;), (4.25)
=0

where N; = [N”i] for 7 > 0. We set

L = [p(N)],

with

H(N) = 18 kl’fg]z[l/_yng ) and () = log(2/e1) + log log log log .
Then

exp(exp(y(N))) = (loglog N)**,

and

™) = exp(p(N) logv) = exp(y(N) — loglog N) = exp(¢)(N))/ log N.
Thus

N7 = exp(v? ™M 1og N) = exp(exp(¥(N))) = (loglog N)?/=t.
Since p(N) =1 < L < ¢(N) and v < 1, we have

(loglog N2/t < Nj = [N”L} < (loglog N2/ (4.26)
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On the other hand

2 = exp(Llog?2) < exp(p(N)log2)
exp(loglog N log2/log(1/v))

exp(»(2v)loglog N)

/A

(log N )™, (4.27)

It follows from (4.26) and (4.27) that for all V large enough
2E(Np 4 1) < (log N)*®)(loglog N)¥ 1) < (log Nt (4.28)

since by the definition of v, we have 3(2v) < s(s) +¢/2.
On the other hand, for any ¢ < L

2" exp(—N;")

N

2F exp(—N;:)
< (log N)*™®) exp(—(loglog N)?)

< (log N)72, (4.29)

for N large enough. Then combining (4.25), (4.28) and (4.29), we obtain (4.21). O

Appendix: a lower bound on S,

In [67], Proposition 3.7 (our Proposition 4.2.3) follows from Lemmas 3.9, 3.10, 3.11 and
a conclusion argument. Let us find in their proof a lower bound on S..

At first, they define a constant ¢ = 2ad 4+ 1 and some sequences
L,=2" and R,=1L,...L, and g, =2"2¢"

In Lemma 3.9, the authors do not use any information on Z and . They set a constant
ko = 24 (c + 1)].
In Lemma 3.10, they suppose that 8 < 1 and the information concerning Z is as

follows. There exists ng, such that for all n > ngy, we have
2'E(Z7) LY, < 1/2,
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with
W= %—3d—4ad2 > 0.
In fact, under the assumption E(Z7) < 1, we can take
d+1

M . (4.30)

o= log ¢

In Lemma 3.10, they also assume that § < 1 and define a constant n;, such that n; > ng

and for all n > ny
Rn+1

ka+1L < —ntl
3 0 n+1 20 )

or equivalently,

60k;™ < R,. (4.31)

In the conclusion leading to the proof of [67, Proposition 3.7|, a lower bound on f, is

implicit. Indeed, with Lemmas 3.9, 3.10, 3.11 in hand, the authors only require that
P(E(Rn,)) 2 1 — ny, (4.32)
where for any N > 1
E(N) = {there exits a stable set S such that [N/5,4N/5]* ¢ S C [1, N]¢}.

We do not recall the definition of stable sets here. However, we notice that by the first
part of Proposition 2.5 and Corollary 2.13 in [67], the event £(N) occurs when the weights
of all vertices in [1, N]¢ are less than 1/2. Therefore

P(E(N)) > P(r(z) <1/2forall z € [1,N]9)
= P(BZ <1/2)
= (1-PBZ>1/2)
= (1-P2 > @28
> (1-28)E(2)Y.
Hence (4.32) is satisfied if
(1- (28)E(Z)" > (1 - ey,),
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or equivalently

(28)E(27) < 1— (1 —e,,) 1.

Hence, under the assumption E(Z7) < 1, we can take

go= g (1-—en)) ",

DO | —

with n; as in (4.31).
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Chapter 5

Contact process on random geometric

graphs

Abstract. In [67], the authors show that the critical value of the contact process on
infinite random geometric graphs is positive. We will give an asymptotic behavior
of this critical value when R -the connecting radius of the graphs tends to infinity.
Moreover, when R is large enough, the contact process on random geometric graphs

restricted to finite boxes survives a time super-exponential in the number of vertices.

5.1 Introduction

An infinite random geometric graph with connecting radius R, noted by RGG(R), (resp.
finite graph RGG(n, R)) is constructed as follows. The vertex set is composed of the
atoms of a Poisson point process with intensity 1 on R? (resp. on [1, /n]?). Then for any
two vertices v # w, we draw an edge between them if ||v — w| < R, where || - || denotes

the Euclidean norm in R<.

Random geometric graphs have been extensively studied for a long time by many
authors, see in particular Penrose’s book [72]. Recently, these graphs have also been
considered as models of wireless networks (see e.g. [51]). Therefore, there has been
interest in processes occurring on it, including the contact process in both theoretical and

practical approaches, see for example [47, 48, 73].
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In [67], by introducing the notion cumulatively merged partition Ménard and Singh
provide a sufficient condition on graphs, say G, ensuring that A\.(G) -the critical value of
the contact process on G is positive. As an application, they prove that \.(RGG(R)) > 0
for all R finite, see Theorem 5.3.6. This is the first example of graphs with unbounded
degree on which the contact process exhibits a non-trivial phase transition.

We will study the asymptotic behavior of \.(RGG(R)) when R tends to infinity and

the extinction time of the contact process restricted on RGG(n, R).

Theorem 5.1.1. Let d > 2 and 7, be the extinction time of the contact process on the
graph RGG(n, R) starting from full occupancy. Then there ezist positive constants e, c,
C and K depending only on d, such that the following statements hold.

(i) For all \,R >0
P(7, < exp(Cnlog(ARY))) =1 — o(1),

and

P(7, > nl8l8") = 1 — o(1).
(i) If R > K/(A A1), then

P(7, > exp(cnlog(ARY))) =1 — o(1)

and
Tn (L)
— 1
E(Tn) n—oo €< )’

with £(1) an exponential random variable with mean one.

(111) We have
e/R* < \(RGG(R)) < K/R".

Theorem 5.1.1 shows that A\.(RGG(R)) < 1/R% as R — co. Moreover, when R tends
to infinity, for any positive infection rate A, the extinction time of the contact process
on RGG(n, R) is super-exponential in n. On the other hand, (i) implies that the sub-
critical regime in the phase transition (T) is slightly violated: the extinction time is
not of logarithmic order when A\ < A.(RGG(R)). In fact, we can construct a stronger

counter-example.
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Proposition 5.1.2. There exists a sequence of random graphs G, converging locally to
an infinite graph G satisfying A(G) > 0, such that for all X > 0, the extinction time of

the contact process on Gy, is at least exp(|G,|°), for some constant ¢ > 0.

We now make some comments on the proof of Theorem 5.1.1. To obtain the asymptotic
behavior of \.(RGG(R)), we improve some details in the proof of [67]. To prove the lower
bound of the extinction time in (ii), we will find in RGG(n, R) a subgraph composed
of many adjacent complete graphs, see Lemma 5.3.2. Then we can compare the contact
process with a super-critical oriented percolation. The upper bound in (i) follows from
a quite general argument: the extinction of the contact process on a graph G = (V) F)
is at most exp(C|V|log(|E|/|V])), for some positive constant C. The lower bound in
(i) is a simple consequence of the appearance of a clique of size larger than log(y/n) in

RGG(n, R) and Lemma 5.2.2.

This chapter is organized as follows. In Section 2, we recall the main result in [67],
then we prove some preliminary results on the contact process on complete graphs, the
oriented percolation in two dimensions and long paths in a site percolation. The main

theorem is proved in Section 3. In the last section, we prove the Proposition 5.1.2.

5.2 Preliminairies

5.2.1 The phase transition of the contact process on RRG(R)

The notion of cumulatively partition percolation (abbr. CMP) and some useful results
applied to the contact process have been presented in Chapter 4, so we do not recall here.
Using Theorem 4.2.4 (|67, Theorem 4.1]) and the following result, the authors prove that

the critical value of the contact process on random geometric graphs is positive.

Theorem 5.2.1. [67, Proposition 3.12] Consider the CMP on RGG(R) with expansion

exponent a = 1 and degree weights
ra(x) = deg(x)1(deg(x) =A).

There ezists positive constant A=A (R), such that C(RGG(R), s, ) has no infinite clus-
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ter. As a consequence,

A(RGG(R)) > 0.

5.2.2 Contact process on complete graphs

We denote by K, the complete graph of size m. Similarly to the results for the contact

process on star graphs in [23, 65|, we prove the following.
Lemma 5.2.2. Assume that A < 1 and mA > 640. Then the following assertions hold.

(i) Let (&) be the contact process on K,,. Then

. R
P (Tm/;ngTm &l =m/4 | &l = m/4) >1-2T.",

with T, = exp(mlog(Am)/16).

(ii) Let K}, and K2, be two disjoint complete graphs of size m, and K, ,, be the graph
formed by adding an edge between these two graphs. Let (&) be the contact process
on K, m. Then

P(¢r, N K21 = m/4| |&N KL > m/4) >1—5T,"

Proof. Part (i) follows from the following claims

P (,nt, led >/ |lal > m2) > 1- 1,0, 5.1
PGt < T2 Il > m/2 |6l > m/4) > 1~ T, 52

First, we observe that |&| increases by 1 with rate A\|[&|(m — |&|) and decreases by 1
with rate |&|. Therefore, the skeleton of (|&]) is a random walk (U,) trapped at 0, which
satisfies Uy = || and

A(m —U,)
Am—U,)+1

U,y =U,+1 with probability p; =

U,o1 =U,+1 with probability 1 — p;.

We now prove (5.1). Assume that || = m/2. Then Uy > m/2. Moreover, if U, €
(m/4,3m/4) then p; = Am/(Am + 4). Hence, when U, € (m/4,3m/4), it stochastically
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dominates a random walk (X,) satisfying X, = m/2 and

Am
Xep1 =X, +1 ith babilit ,
+1 + Wl p]foaully/\m+4
Xep1 =X, —1 ith babilit .
+1 wi proany)\m_i_4

Then 6%+ is a martingale, where

4
I —
Am
Let g be the probability that X, goes below m/4 before hitting 3m /4. It follows from the

optional stopping theorem that
g0 + (1 — q)6*™* < ™2,
Therefore using Am > 640, we get
q < O™t = (4/xm)™* < T3 /(2m?). (5.3)

Hence, the random walk (X,) (and thus (|&|)) makes at least [m*T},] upcrossings between

m/2 and 3m/4 before hitting m/4 with probability larger than
1 — [m?T,,)T,2/(2m?) > 1 —T,"/2. (5.4)

The law of the waiting time between two upcrossings of (|&]) stochastically dominates

E(L), with L = A\[m/2](m — [m/2]) 4+ [m/2], the waiting time when |&| = [m/2].
Suppose that (|¢]) makes more than [m?T;,] consecutive upcrossings. Then the time

that (|&;|) stays above m/4 stochastically dominates S, the sum of [m?T,,] i.i.d. exponen-

tial random variables with mean 1/L. By applying Chebyshev’s inequality, we get
P(S < [m*T,,)/2L) < 4/([m*Ty)) < T.,,'/2. (5.5)

Since L < m?/2, we deduce (5.1) from (5.4) and (5.5).

We now prove (5.2). Assume that |{y| = m/4. Using a similar argument as for (X,.), we
get that when U, € (m/8,m/2), it stochastically dominates a random walk (Y,.) satisfying
Yy = m/4 and

m
m + 2’

Y11 =Y, — 1 with probability 1 — ps.

Y, 11 =Y, + 1 with probability p, =
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Let us define
oy =inf{r:Y, >m/2} and oy = inf{r: Y, < m/8}.
Then similarly to (5.3), we have
P(5y < oy) < (2/Am)™® < T1/3. (5.6)
Since Y, — (2py — 1)r is a martingale, it follows from the optional stopping theorem that
m/4 =E(Y,,nr) — (2p2 — DE(oy A7) < m/2 — (2ps — 1)E(oy AT).

Therefore using mA > 640, we get

m

E A < —
(Y AT S Jap =)

<m/3.
Letting r go to infinity, we obtain
E(oy) < m/3.
Thus using Markov inequality, we have
P(oy > mT,,) < E(oy)/mT,, < T,"'/3. (5.7)
Now, let us define
o =inf{t: |&| > m/2} and o =inf{t: |&| < m/8}.
Then by (5.6),

P(6 <o) <P(Gy <oy) <T,'/3. (5.8)

On the other hand, when |&| € (m/8,m/2) the waiting time at each stage is an exponential
random variable with mean less than 1/M, with M = A[m/8](m — [m/8]) + [m /8], the

mean of the waiting time when |&| = [m/8]. Therefore
oy

ol(c <a) = ZEZ-,
i=1
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where (F;) is a sequence of i.i.d. exponential random variables with mean 1/M and
independent of oy. Hence

[mTm]

P(Tn/2< 0 <6) <Ploy >mT,) +P | Y Ei>T,/2
<2T,'/3. (5.9)
Here, we have used (5.7) to bound the first term, and for the second one we note that
E(E;) = 1/M < 64/(TAm?*) < 1/(70m),

thus using a standard large deviation result, we get a bound for this term. Now, it follows

from (5.8) and (5.9) that
P(oc>T,/2) <T,',

which proves (5.2).

For (ii), let v and w be two vertices in K! and K2 respectively, such that there is an
edge between v and w. Let (&) (resp. (£))) be the contact process on K} (resp. K2).
By (i), we have

P(&r, # @ | |&| = m/4) > 1 - 2T (5.10)
We now claim that
Pt <m?/2:|§] 2 m/4| &2y # @) 2 ™0 (5.11)
To prove (5.11), it amounts to show that
Pt <m/2: &/ =m/4| €] =1) = 2™/, (5.12)
and
P(w gets infected before m?/4 | Sz 7 9) 2 1/2. (5.13)
For (5.12), observe that when |£| < m/4, it increases by 1 in the next stage with proba-
bility

Am — &) 3Am
AMm— &) +17 3xm+4

> 0.9,
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as Am = 640. Moreover, the waiting time to the next stage is an exponential random
variable with mean less than 1. Therefore, the probability that in all the [m/4] + 1 first

stages, |£/| increases and the waiting time is less than 1, is larger than
(0.9(1 _ 671))[m/4]+1 > 2¢~M/4,

which implies (5.12). For (5.13), we note that

[m2/8]—1

{Cepn#otc () &,
i=0
where
E={3v e K} :&.(v;) =1}
We define

Z; = & N {there is no recovery at v; in [2¢,2i + 1] and there is an infection spread from
v; to v in [24,2i + 1], there is no recovery at v in [2i,2i + 2] and there is an

infection spread from v to w in [2i 4 1,2i 4 2]}.

If v; = v, we only consider the recovery in v and the infection spread from v to w. We see

that if one of (Z;) occurs then w gets infected before m?/4 and for any i = 0, ..., [m?/8]—1
P(Z; | M_o&) = e 2(1— e ) > A/ (4€?), (5.14)
as A < 1. Therefore, by using induction we have

P (w is not infected before m*/4

[m?/8]—1 N [m?/8]—1
<P U z)n| N &
=0 =0

< (1= N2/ (aeb))mss)
<1/2, (5.15)
since Am > 640. Thus (5.13) follows.

We now prove (ii) by using (5.11). Suppose that &, # @. We divide the time interval
0,T,,/2] into [T;,/m?] small intervals of length m?/2. Then (5.11) implies that in each
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interval with probability larger than e~/ there is a time s, such that that |€”| > m/4.

Hence, similarly to (5.15) we have
P35 < T2 €0 3 m/4 | € o # ) 31— (1— e Bn/m? 3 1_T71 (5.16)

Suppose that || > m/4 with s < T,/2. Then (i) implies that |7, | > m/4 with
probability larger than 1 — 27,1, Combining this with (5.10) and (5.16), we get (ii). O

5.2.3 Oriented percolation on finite sets

For any positive integer ¢, we consider an oriented percolation process on [0,¢] with

parameter g defined as follows. Let
I'={(i,k) € [0,{] x N:i+Ek is even}.

We then independently draw an arrow from (i, k) to (j,k + 1) with probability ¢, where
j=1i—1orj=1i+ 1. Given the initial configuration A C [0, ¢], the oriented percolation

(Mt)1=0 is defined by
m ={i€0,0]:3j € Ast. (5,0)  (i,0)} for t €N,

where the notation (j,0) <> (i,t) means that there is an oriented path from (7,0) to (7,1).
If A = {z}, we simply write (nf). We call (n;) a Bernoulli oriented percolation with
parameter q.

The oriented percolation on Z, denoted by (7;), was investigated by Durrett in [36].

Using his results and techniques, we will prove the following.

Lemma 5.2.3. Let (1) be the oriented percolation on [0, (] with parameter q. Then there
exist positive constants § and c independent of q and ¢, such that if ¢ > 1 — 0 then the

following statements hold.

(i) For any ¢,

where
oy = inf{t : n)(¢) = 1}.
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(ii) For any ¢,
P(m, #2) =11/t

where t, = [(1—q)~] and (n}) is the oriented percolation starting with n} = [0, ().

(11i) There exist a positive constant § € (0,1) and an integer s, € [exp(cl),2exp(cl)],
such that

P(|n,, N [(1 = B)¢/2,(1+ B)¢/2]| > 36¢/4) > 1 — exp(—cl).

Proof. Part (i) is Theorem B.24 (a) in [59] and (ii) can be proved using a contour argument
as in Section 10 in [36].

We now prove (iii). Let (7;) be the oriented percolation on Z. Then
a=PH"#2oVt) -1 as q— 1.
Hence we can assume that o > 3/4. Now we define
l; = [(8 — a)l/16], lo=1[(84a)l/16] and (3= [(/4].
Then for all ¢ < /3,
Al C e =t by + ] C [ — s, £y + £5] C [0, 4]
Therefore, for any A C [y, (5]

(7' )0<t<€3 = (ntA )0<t<€3 :

Hence, to simplify notation, we use (1;) for the both processes in the interval [0, ¢3]. To
prove (iii), our goal is to show that there exists a positive constant ¢, such that for any

A C [y, L] with |A] > 3al/32,
P(|n;t O [61, 6] = 3al/32) > 1 — exp(—cl). (5.17)

Then repeatedly applying (5.17) implies (iii) with 8 = «/8. (Note that ¢, = [(1 — 8)¢/2]
and o = [(1 + 3)¢/2]). To prove (5.17), it suffices to show that there exists a positive

constant ¢, such that

P(|ng, N[0y, bo]| = 3al /32 | mp, # @) = 1 — exp(—cl) for all x € [{1, (5], (5.18)
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P(nps # @) = 1 — exp(—cl) for all A C [¢1, (5] with |A| > 3a/32. (5.19)
To prove (5.18), we define for any A C Z and ¢ > 0

= supla s 3y € A, (y,0) © (2.1))

2 :=inf{z: 3y c A, (y,0) < (z,1)}.
Then (5.18) is a consequence of the following.
e It is not hard to see that if [(1, 5] C [If,,77,], then

ng, N[04, 6] = i, N [0, 4],

o P(|ng, N [1, bs]| = 3(0y — £1)/4) > 1 — exp(—cl), as 3/4 < a,
o P([i7,,r5] D [l1, 6] | mf, # D) =1 —exp(—cl).

The second claim is a consequence of Theorem 1 in [42]. (Note that in [42] the result is
proved for the contact process, but as mentioned by the author the proof works as well
for oriented percolation). In fact, it still holds if we replace 3/4 by any positive constant

strictly less than «. To prove the third one, we observe that if nj, # & then
(—OO,CC]

T _
Teys = iy

Moreover, by the main result of Section 11 in [36], there is a positive constant ¢, such

that for all integer x,

P <ré3_oo’x] <z 4+ oz€3/2) < exp(—cl).
Therefore if = € [¢1, (5], then

P (r§, =l | 15, # ) = 1 — exp(—cl),
since x + als/2 > 01 + als/2 > ly. Similarly

P(lf, <t |np #2) =1 —exp(—cl).

Then the third claim follows from the last two estimates.
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To prove (5.19), we use the same argument as in Section 10 in [36]. We say that A
is more spread out than B (and write A > B) if there is an increasing function ¢ from
B into A such that |p(x) — ¢(y)| = |z — y| for all z,y € B. (Note that this implies
|A| > |B]). In [36], Durrett proves that there is a coupling such that if A > B then

ntA >nf for all t > 0,

and as a consequence || > [nf| for all t. Hence

On the other hand, by (ii)
P (HZ,“EM“] = ®) < exp(—cl),

with ¢4 = [3al/32] — 1. We observe that A > [¢1,¢; + ¢4] for any A with |A| > 3al/32.
Thus (5.19) follows from the last two inequalities. O

5.2.4 Long path in a site percolation.

The Bernoulli site percolation on Z? with parameter p is defined as usual: designate each
vertex in Z? to be open independently with probability p and closed otherwise. A path
in Z< is called open if all its sites are open. Then there is a critical value p:(d) € (0, 1),
such that if p > p(d), then a.s. there exists an infinite open path (cluster), whereas if

p < pi(d), a.s. there is no infinite cluster.

Lemma 5.2.4. Consider the Bernoulli site percolation on [0,n]? with d > 2 and p > p5(2).
Then there exists a positive constant p = p(p,d), such that w.h.p. there is an open path

whose length is larger than pn?.

Proof. We set m = [n'/4]. For n,d > 2, we say that the box [0,n]? is p-good if the site
percolation cluster on it satisfies:

there exist two vertices z in {m} x [0,n]¢"! and y in {n —m} x [0,n]9" and an open
path composed of three parts: the first one included in [0, m] x [0,n]¢"! has length larger

than m and ends at z; the second one included in [m,n —m] x [0,n]9"! has length larger
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than pn?, starts at z and ends at y; the third one included in [n —m,n] x [0,n]¢"! starts

at y and has length larger than m.

We now prove by induction on d that if p > p5(2), there is a positive constant pg; =
p(p,d), such that w.h.p. the box [0,n]? is pg-good. Then Lemma 5.2.4 immediately

follows.

When d = 2, the statement follows from the main result in [50]. We will prove it for

d = 3, the proof for d > 4 is exactly the same and will not be reproduced here.

For 1 <i < n,let A; = {i} x [2m,n — 2m|*. We define

ny=n—4m and my; = [n}/4].

We say that the i’* plane is mice (or A; is nice) if the site percolation on this plane
satisfies: A; is pp-good (we consider A; as a box in Z?); in each of the rectangles {i} x
[m, 2m +my] x [0,n] and {i} X [n — 2m —my,n —m| x [0, n], there is a unique connected
component of size larger than m, see Figure 5.1 for a sample of a nice plane.

The result for d = 2 implies that w.h.p. A; is ps-good. On the other hand, we know
that w.h.p. in the percolation on a box of size n there is a unique open cluster having
diameter larger than C'logn for some C large enough (see for example Theorem 7.61 in
[49]). Thus w.h.p. there is a unique open cluster of size larger (C'logn)?. Hence A; is
nice w.h.p. for all i = 1,...,n. Moreover, the events {A; is nice} are independent since

the planes are disjoint. Therefore A, holds w.h.p. with
A, ={#{i : m <i<n—m,A;is nice} > n/2}.

On A, there are more than n/2 disjoint open paths (they are in disjoint planes), each
of which has length larger than pyn?. Thus, to obtain an open path of length of order
n?, we will glue these long paths using shorter paths in good boxes of nice planes. To do
that, we define

B, ={ for all 1 <i < [n/2], there exist open paths: f5;,_; C {2i — 1} x [m, 2m] x [0, n]
whose end vertices are v and v with ug = 0,v3 = n; €5, | C {2i—1} x[n—2m,n—m|x[0,n]
whose end vertices are «’ and v' with uf = 0,0} = n; ly; C {2i} x [m, 2m] x [0,n] whose
end vertices are z and t with zo = m, to = 2m; 0, C {2i} x [n — 2m,n —m]| x [0, n] whose

end vertices are 2z’ and ¢’ with 25, =n —2m,t, =n —m}.
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Legend : A = (i+ 1,a;+1), B= (i + 1,bi11)

Figure 5.1: Gluing two long paths.

We observe that fy; 1 is a bottom-top crossing and /s; is a left-right crossing in two
consecutive rectangles. Then they intersect when we consider only the last two coordi-
nates, and the same holds for ¢, ; and ¢,,. Hence on B, for all 1 <i < n— 2, there exist

a; € [m,2m] x [0,n] and b; € [n — 2m,n —m] x [0,n], such that

(i, ai) S ﬁl and (Z -+ 1, ai) € £i+17

(i,b;) € ; and (i + 1,b;) € £, ;.

In other word, we can jump from the i** plane to the next one in two ways. Moreover,
on A, for all i such that the i** plane is nice, the first part of the long open path in A; is
connected to ¢; (as these paths are in the same rectangle {i} x [m,2m + m4] x [0,n] and
have length larger than m;), and similarly the third part is connected to £}, see Figure

5.1.

On A,,NB,, we can find in [m,n—m| x [0,n]? a path of length larger than pyn®/3. Indeed,
let 7 be the first index, such that ¢ > m and A; is nice. We start at an end point, from the

right for example, of the long path in A;, then go along this long path towards the other
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end point. Then we can go to ¢; and arrive at (i,a;). Now we jump to (i + 1,a;) (recall
that it is a neighbor of (i,a;)). If the (i + 1) plane is not nice, we go to (i + 1,a;41)
to jump to the next plane (note that both (i +1,a;) and (i + 1, a;41) are in £;,1). If the
(i +1)™ plane is nice, we now can touch and then go along to the long path in this plane
and arrive at (i+1, ;1) to jump to the next plane. By continuing this procedure, we can
go through all the long paths of nice planes in the definition of A,,. The resulting path is
in [m,n —m] x [0,n]? and has length larger than pyn®/3.

Moreover, in the slabs [0, m] x [0,7]? and [n — m,n] x [0,n]?, w.h.p. we can find two
paths of length larger than m which are connected to the long path we have just found
above. These paths form the required three-parts long path. Therefore on A, NB,,, w.h.p.
the box [0,n]3 is ps-good with p3 = py/3.

Now it remains to show that B,, holds w.h.p. We observe that the probability of the
existence of such a path ¢; is larger than 1 — exp(—cm) for some ¢ > 0 (see for instance
(7.70) in [49]). Thus B, holds w.h.p.

We summary here the change of proving the induction from d — 1 to d when d > 4.

First, in the definition of a nice box, we consider
A; = {i} x [2m,n — 2m]* !,

and the uniqueness of the connected component of size larger than m; in the slabs {i} x
[m, 2m+my]x[0,n]4"2 and {i} x [n—2m—my, n—m]x [0,n]9"2. Secondly, in the definition
of B,,, we consider ¢; C {i} x {m}4=3 x [0,n]? and ¢; C {i} x {n —m}?3 x [0,n]?, two
bottom-top (resp. left-right) crossings in the last two coordinates when i is odd (resp.

even). O

5.3 Proof of Theorem 5.1.1

5.3.1 Proof of Theorem 5.1.1 (i)
Proof of the lower bound 7, > nc'°¢!¢" w_ h.p.

Let z, = [/n/(R/V/d)] and we divide the box [0, ¢/n]? into z¢ separated boxes with the

same volume (R/+v/d)?. Then the numbers of vertices in these boxes form a sequence of
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independent Poisson random variables with the same mean (R/v/d)?. We have
nB(Poi((R/VA)") > log(v/n)) - oo,
Therefore,
2 x P(There are more than log(y/n) vertices in a box) — oo.

Thus
P(There is at least a box having more than log(y/n) vertices) — 1.

On the other hand, all vertices in a small box (of length R/+/d) are connected. Hence,
P(There is a clique of size [log(v/n)] in RGG(n, R)) — 1.

Hence, by Lemma 5.2.2 (i), w.h.p. the extinction time is larger than n¢°s°s" for some

positive constant c. O

Proof the upper bound log 7, < Cnlog(AR?) w.h.p.

We prove an upper bound on the extinction time of the contact process on an arbitrary

graph.

Lemma 5.3.1. Let 7¢ be the extinction time of the contact process on a graph G = (V, E)

starting from full occupancy. Then
(a) P(re < F(IVI],|E])) 21— exp(=|V]),
(b) E(re) < 2F(|V],|E])

with

ANENY
FVLIED = VI (2+ 25

Proof. Observe that (b) is a consequence of (a) and the following. For any s > 0

E(Tg> < m

This result is Lemma 4.5 in |64].
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We now prove (a). Let us denote by (&) the contact process on G starting with full
occupancy. By using Markov’s property and the monotonicity of the contact process, it

suffices to show that
P(&1 = @) > exp(—|V|log(2 + 4\ E|/|V])). (5.20)

Observe that the process dies at time 1 if for any vertex v, it heals before 1 and does
not infect any neighbor. Let o, be the time of the first recovery at v, then o, ~ £(1).
Let 0, be the time of the first infection spread from v to one of its neighbors. Then
it is the minimum of deg(v) i.i.d. exponential random variables with mean A and thus
oy ~ E(Adeg(v)). Moreover o, and o,_, are independent. Therefore

1 — e—(1+Adeg(v)) 1

Ploy <min{ou, 1D = -390 2 205 rdeg@))’

On the other hand, these events {0, < min{o,,1}}, are independent. Then using

Cauchy’s inequality, we get that

2V + 20 oy deg(v) !
V|

4/\|E|>_|V|
s ,
( V]

which implies (5.20). O

P =2) > H(2 +2Xdeg(v))™t > (

veV

The upper bound on 7, follows from Lemma 5.3.1 and the following: w.h.p. G(n,R) =
(Vy, Ey) with

o |V,| <2n
e |E,| < CnR?, for some C' = C(d).

The first claim is clear, since |V,| is a Poisson random variable with mean n. For the
second one, let y, = 1+ [/n/R]. Then we cover [0, /n]? using translations by R/2 for
each coordinate, accounting for (2y, — 1)¢ boxes of volume R?. We observe that points at
distance larger than R are not connected. Hence, |F,| is less than the sum of the number
of edges in the covering small boxes.

These small boxes are partitioned into 2¢ groups such that each group contains at

most y¢ disjoint boxes with the same volume R
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The number of vertices in each box has the same distribution as W, a Poisson random
variable with mean R?. Hence, the number of edges in a box is stochastically dominated
by W?2.

Moreover, in each group the numbers of edges are independent, as the boxes are
disjoint. Therefore, using Chebyshev’s inequality, the total number of edges in a group is
w.h.p. smaller than

209 E(W?) = 2y RY (R +1).
Hence, |E,| is w.h.p. less than

2y RI(RT + 1) < CnRY,

for some C' = C(d) large enough. O

5.3.2 Proof of Theorem 5.1.1 (ii)

We denote by C(¢,m) (resp. C(Z, m)) the graph obtained by attaching a complete graph

of size m to each vertex in [0, ¢] (resp. Z).

Lemma 5.3.2. There exist positive constants ¢ and K, such that if R > K then
(a) w.h.p. RGG(n, R) contains as a subgraph a copy of C([ecnR~Y, [cRY]),
(b) almost surely RGG(R) contains a copy of C(Z,[cRY)).

Proof. We first prove (a). If n/R? is bounded from above, then w.h.p. RGG(n, R)
contains a clique of size of order n and thus the result follows. Indeed, by definition the
vertices in A = [0, R/v/d]? form a complete graph. Moreover the number of vertices in A
is a Poisson random variable with mean R? =< n, and hence w.h.p. it is of order n.

We now assume that n/R? tends to infinity. Let z, = [/n/(R/2V/d)], we divide the
box [0, /n]? into z? smaller boxes of equal size, numerated by (Ea)acq,q¢, whose side
length is R/(2v/d). We see that if v and w are in the same small box or in adjacent ones,
then ||[v — w| < R, hence these two vertices are connected. This implies that the vertices
on a small box form a clique and two adjacent cliques are connected.

For any a € [1,/]? let us denote by
Xo=#{v:veE,}
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the number of vertices located in E,. Then (X,) are independent and X, is a Poisson

random variable with mean

(= (%)d. (5.21)

For any a, we define
Y. = 1({Xa = ﬂ/Q})

Since P(Poi(p) > p/2) — 1 as p — oo, it follows from (5.21) that
PY,=1)—1 as R — 0.
Therefore there is a positive constant K, such that if R > K, then
B(Y, = 1) > p o= (1+p}(2)/2.

We note that the Bernoulli random variables (Y,) are independent. Hence if we say the
small box E, open when Y, = 1 and closed otherwise, then we get a site percolation
on [[1,£]¢ which stochastically dominates the Bernoulli site percolation on [1,¢]? with
parameter p > p3(2). Then Lemma 5.2.4 gives that w.h.p. there is an open path of length
pz¢ =< nR~4 On the other hand, in each open box, there is a clique of size /2 < R? and
these cliques in adjacent open boxes are connected. Hence, (a) has been proved.

The proof of (b) is similar. We divide the whole space R? into small boxes of length
R/2v/d. Then the boxes having more than cR® vertices (for some ¢ small enough) form
a percolation which stochastically dominate a supercritical site percolation on Z¢. Thus
almost surely there is an infinite path of adjacent boxes, each of which contains more than

cR® vertices. Therefore, almost surely there exists a copy of C(Z, [cR%]) in RGG(R). O

Lemma 5.3.3. Let 7,5 be the extinction time of the contact process on C'(€, M) starting

from full occupancy. Then there exist positive constants ¢ and K independent of X\, such

that if \M > K, then
P(rp0 = exp(clMlog(AM))) =1 as £ — oo, (5.22)

with A = A A 1.
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Proof. Let (&) be the contact process on C(¢, M) with parameter A > 0. It is sufficient
to consider the case A < 1, since the contact process is monotone in A. We assume also
that M\ > 640.

For i € [0, (], we say that it is lit at time ¢ (the term is taken from [23]) if the number
of infected vertices in its attached complete graph at time ¢ is larger than M /4.

Let T = exp(M log(AM)/16). For r > 0 and i,j € [0,¢] s.t. |i —j| =1 and i + r is

even, we define

Zi; =1({i is not lit at time r7'})

+1({7 is lit at time rT" and i makes j lit at time (r + 1)7T'}),
where "i makes j lit at time (r 4+ 1)7" means that

Hy € C(j): 3z € C(i) N&r s.t. (x,rT) +— (y, (r+1)T) inside C(:) UC(5) U {i,j}}|
> M/4,

with C(i) the complete graph attached at i. Then (Z];) naturally define an oriented
percolation by identifying

{(,r) & Gr+ D} & {Z; =1}
It follows from Lemma 5.2.2 (ii) that
P(Z;=1|Fr)21-5T" Vr>0and|i—j| =1,

where F; denotes the sigma-field generated by the contact process up to time ¢.

Moreover if © # ¢ and y # j, then Z7 is independent of Z7;. Hence by a result of
Liggett, Schonmann and Stacey [60] (see also Theorem B26 in [59]) the distribution of
the family (Z] ;) stochastically dominates the measure of a Bernoulli oriented percolation
with parameter

Q>1_T_77

with v € (0,1). Moreover, if AM is large enough, then 1 — 777 > 1 — §, with § as in
Lemma 5.2.3.
In summary, when AM is large enough, the distribution of (Z];) stochastically dom-

inates the one of an oriented percolation on [0, ¢] with density close to 1. On the other
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hand, it follows from Lemma 5.2.3 (ii) that w.h.p. the oriented percolation process sur-

vives up to the step
(1= )] > [T > exp(cytM log(AM)),
for some constant ¢ > 0. Hence the result has been proved. O
We now prove a metastablity result for connected graphs containing a copy of C(¢, M).

Lemma 5.3.4. Let (G°) be a sequence of connected graphs, such that |G°| < n, for all n.
Let 1, denote the extinction time of the contact process on GO starting from full occupancy.
Assume that G° contains as a subgraph a copy of C(L,, M). Then there exists a positive
constant K, such that if M > K/(AA 1) and

Un

L 0.23
d, Vlogn e (5:23)
with d,, the diameter of G°, then
Tn (£)
1).
E(1,) — £(1)

Proof. According to Proposition 1.2 in [62], it suffices to show that there exists a sequence
(ay), such that a,, = o(E(7,)) and
Su&) P(&Zn 7é gam 2n 7é Q) = 0(1>7 (524)
veEVn

where (&);>0 denotes the process starting from full occupancy.

Set A = AA 1. By Lemma 5.3.3, we get that if AM is large enough, then
E(7,) > exp(cl, M log(AM)), (5.25)
with ¢ as in this lemma. By (5.23), there is a sequence (¢,) tending to infinity, such that
— = 00, (5.26)
with

kn = [(logn V d,)en).



Now define
b, = s, T and a, =2b, + 1,

with s;,, as in Lemma 5.2.3 (iii) and T = exp(M log(AM)/16).
Then (5.25) and (5.26) show that a,, = o(E(7,)), so it remains to prove (5.24) for this
choice of (a,). We recall the definition of the dual contact process. Given some positive

real t and A a subset of the vertex set V,, of G, the dual process (£2%),«; is defined by
M ={veV,: (vt—s) +— Ax{t}},
for all s <t. For any v,

P(&) # & bo # 9D)
= PEw eV, : & (w)=0,8 # 2,4 # 2)
< Y P ( VoL v L g and €9 N = @ for all £ < an> L (5.27)

wGVn

So let us prove now that the last sum above tends to 0 when n — oo.

By the hypothesis, there are vertices o, . .., z, in GO together with complete graphs
of size M, C(xy), ..., C(xy,), which form a graph isomorphic to C(k,,, M). Now we slightly
change the definition of a lit vertex, and say that z; is lit if the number of its infected
neighbors in C(x;) is larger than M /4 for i =0,. .., k,.

We first claim that for any v

P(A(v)", &, # @) = o(1/n), (5.28)
where
Alv) = {g;;n £ &, |{i € [(1 = BYkn/2, (1 + B)kn/2] : 71 is lit at time by}| > 3ﬁk:n/4},

with £ as in Lemma 5.2.3.
Suppose for a moment that (5.28) holds. On the other hand, the dual process has the

same law as the original process. Therefore it also holds that for any w
P(A(w)e, %" £ @) = o(1/n), (5.29)
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with

Alw) = {A;;j;?bn“ £ @, 38 C [(1 = Bkn/2, (1 + Bk /2] with |S| = 35k, /4 and

Wi C O(x;) with [Wi| = M/4Vi € S : (2,by + 1) ¢— (w,2b, + 1)V € UZESWZ»}.

Note that A(v) and A(w) are independent for all v and w. Moreover, on A(v)NA(w), there
are more than Sk, /2 vertices which are lit in both the original and the dual processes.
More precisely, there is a set S C [(1 — B)kn/2, (1 + B)k,/2] with |S| > Pk,/2 and sets
Ui, W; C C(x;) with |U;|,|W;| = M/4 for all i € S, such that

(v,0) «— (z,b,) forall z € UgU;

(Y, by + 1) «— (w,2b, + 1) forall y € U;esW;.

It is not difficult to show that there is a positive constant ¢, such that for any non-empty

sets U;, W; C C(x;),
P(U; x {0} E W, % (b, + 1)) > e,

where the notation

U; x {0y} €53 W, x {b, + 1}

means that there is an infection path inside C(x;) from a vertex in U; at time b, to a
vertex in W; at time b,, + 1.

Moreover, conditionally on the sets U;, W;, these events are independent. Therefore,
PFi: U; x {by} W, x {by + 1} | Us, W) = 1— (1 — )%/2 =1 — o(1/n),

by our choice of k,,. This implies that

~

P(A(v), A(w), £ N & = @ for all t < a,) = o(1/n). (5.30)

an—t

Combining (5.28), (5.29) and (5.30) we obtain (5.27). Now it remains to prove (5.28).
To see this, we define an oriented percolation (7,),>0 on [0, k,] similarly as in Lemma

5.3.3. For 0 <4,j < k, and 7 > 0, such that |i — j| =1 and i +r is even, we let Z], =1

(or equivalently (i,r) <> (7,7 + 1)) if either x; is not lit at time T or x; is lit at time rT

and x; makes z; lit at time (r + 1)7.
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As in Lemma 5.3.3, there exists a positive constant K, such that if AM > K, then
(7,) stochastically dominates a Bernoulli oriented percolation with parameter 1 — §, with
0 as in Lemma 5.2.3.

Assume that d,, is even, if not we just take the smallest even integer larger than d,,.

Then we set

d, =d, + 2k,.

Now define for k& > 0,
G4, (k) = inf{r > kd, + d, : 70+ (k,) = 1},
where for any A C [0,k,] and ¢t > s > 0,
it = f{r € [0, k] : 3y € A, (y,) > (z,1)}.
Note that kd, + d,, + 2k, = (k + 1)d,. Then using Lemma 5.2.3 (i), we get
P(5, (k) < (k+ Vdo | Fogq,) > € (531)
We observe that if 64, (k) < (k+1)d,, then there is a horizontal crossing before (k+1)d,,.
Hence,
Al = fokdntdn for all ¢ > (k + 1)d,.
Define
& = {1k, N1(1 = Bka/2, (1 + Bk /2)| > 3Bk,/4].
On {6y, (k) < (k+ 1)d,} NE, if (k4 1)d,, < sp, then
[ A (1= B)n /2, (14 B)kn/2]| > 38k /4. (5.32)
Let K,, = [skn/czn] and forany 0 < k< K, — 1
A= 1, #2),
and
By = {g;;dn s {kd,)} +—s (w0, (kdy, + dy, — 1)T)} N {0 is lit at time (kd, + d,)T}

N {4, (k) < (k+1)d,}.
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We have
Kn—1

g #2tc (] A (533)

On the other hand, if zg is lit at time T and 7%7(i) = 1 for s > r, then z; is lit at
time sT'. Hence by (5.32) on &, if one of the events (Ay N By) happens then A(v) occurs.
Combing this with (5.33), we get

Kp—1
{& #oyn AW Cceu () AnB; (5.34)

k=0

Using Lemma 5.2.3 (iii), we obtain a bound for the first term
P(€°) < exp(—ckn) = o(1/n), (5.35)

by the choice of k,. For the second term, by using a similar argument as for (5.14), we

have
P((v,t) <= (zo,t + (d, — 1)T)) = exp(—C(d,, — 1)T") for any t >0,

for some constant C' > 0. On the other hand, if z( is infected at time ¢ then it is lit at
time ¢ + T with probability larger than exp(—CT'). Therefore combing with (5.31), we
get that for any k£ < K, — 1,

P(By, | Gk)1(Ag) < 1 — cexp(—Cd,T),

where G;, = F,; . Iterating this, we get

P < ﬁ AN B,ﬁ) < (1 —cexp(—Cd,T))* "t =o(1/n), (5.36)
k=0

where the last equality follows from the definition of s;,. Combining (5.34), (5.35) and
(5.36) we get (5.28) and finish the proof. O

Proof of Theorem 5.1.1 (i). Suppose that A\ > K/R?, with K as in Lemma 5.3.2. Then
it follows from Lemma 5.3.2 that w.h.p. RGG(n, R) contains a copy of C(¢,, M), with
l, = [ecnR™ and M = [cRY).

If ¢, is bounded (or R? < n), then C({,, M) contains a complete graph of size of
order n. Then Lemma 5.2.2 (i) implies that w.h.p. the extinction time is larger than

exp(cn log(An)), for some ¢ > 0.
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If /,, tends to infinity, then the result follows from Lemma 5.3.3.
To prove the convergence in law of 7,,/E(7,,), we recall some results about the diameter
of the giant component and the size of small components in RGGs. There is a positive

constant Ry, such that if R > Ry, then w.h.p.
(a) the diameter of the largest component is d, = O(n'/?/R),
(b) the size of the second largest component is O((logn)¥@=1).

The first claim is proved in [47] (Corollary 6) and the second one is proved in [72] (Theorem
10.18).

The second claim together with Lemma 5.3.1 above shows that w.h.p. the extinction
time of the contact process on RGG(n, R) and on its largest component are equal. We

are now in a position to complete the proof of (i).

e If R =o0(n/logn), then by (a)

ln

— = .
d, Vlogn >

Therefore, Lemmas 5.3.2 and 5.3.4 imply the convergence in law of 7,,/E(7,).

e If n/logn = O(RY), then

Dn,max
d, Vlogn

Y

since R¢ = O(Dymax), With D, mayx the maximum degree in the largest component.

Thus the result follows from Proposition 2.6.2 in Chapter 2.

5.3.3 Proof of Theorem 5.1.1 (iii)
Proof of the upper bound )\, < K/R?

Lemma 5.3.2 (b) shows that when R? > C, almost surely RGG(R) contains C(Z, [cRY]),
for some positive constants ¢ and C. On the other hand, similarly to Lemma 5.3.3,
by using the comparison the contact process with the oriented percolation, we have the

following.
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Lemma 5.3.5. There exists a positive constant K independent of X, such that if \M > K,
then
P& # @Vt > 0) >0,

where (&) is the contact process on C(Z, M) starting from a single vertex.

Hence, we get that if AR? is large enough, then the contact process on RGG(R)

starting from a single vertex survives forever with positive probability. In other words,
\(RGG(R)) < K/RY,

with K large enough.

Proof of the lower bound ). > ¢/R?

The lower bound on . follows from the two following propositions, which are improved

versions of Theorem 4.1 and Proposition 3.2 in [67].

Proposition 5.3.6. Let G = (V, E) be a locally finite connected graph. Consider C(G,ry, )

the CMP on G with expansion exponent o and degree weights
ra(x) = deg(a)1(deg(x) 22).

Suppose that for some o = 5/2 and A> 0, the partition C(G,r,, ) has no infinite cluster.
Then there exists a positive constant e, such that for any infection rate X < e/ A the

contact process starting from a single vertex dies out almost surely. In other words
M(G) =€/ A

Proposition 5.3.7. Consider the CMP on RGG(R) with ezpansion exponent o > 1 and
degree weights
ra(z) = deg(x)1(deg(x) =A).

Then there exists positive constant K, such that for A= K(R*V 1), the C(RGG(R),r,, )

has no infinite cluster.

Proof of Proposition 5.3.6. Suppose that € = C(G,r,, a) has no infinite cluster. The

keys to prove Theorem 4.1 in [67] are the main estimates in Proposition 4.8 in [67]. More
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precisely, in [67] the authors show that the contact process on G with infection rate A dies
out almost surely if the following holds: For any cluster C' € C satisfying r,(C) < K A,

with K some large constant we have

Total number of infections existing S/, Lol
< exp(=(ra(C) +2)7)/2 (1)
for the contact process fgg

and

E [Extinction time of the contact process fgg < exp(3r,(C)), (12)

where 7 = 0.1 and S/ is the 7 - stabiliser of the cluster C', and fgg is the contact process
restricted to S/, starting from C.

We do not recall the definition of the n - stabiliser here. However, we note that this
is a subgraph of G with degree (considering in G) bounded by r,(C)V A. Thus by the
assumption r,(C) < K A, all the degrees in S/, are smaller than K A.

Observe that the contact process is stochastically dominated by the branching random
walk with the birth rate A and death rate 1. Therefore, the number of infections existing
S/ for the contact process fgg is stochastically dominated by the number of particles in

oS}, for ng - the branching random walk on S/, starting from C, where
St =S¢ U{y + d(Sg,y) = 1},

and

08 = {y : d(St.y) = 1).

For x € C' and ¢ > 0, we define I} the number of particles at distance larger than ¢ from
z of the branching random walk on S/, starting from a particle at x. Then by using the

fact that all vertices in S/, have degree smaller than K A, we get

E(If) < Z M| {walks of length k in S, starting from z}|
k>

< D (AK a)F <20K )7,
k>t

provided that A < 1/(2K A). On the other hand, by Proposition 4.4 in [67], we have if
z € C and y € IS/, then
d(z,y) > [nrA(C)E’/Q} =0(C). (5.37)
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Therefore

E [Total number of infections existing S/, for the contact process fgg}
< E [Total number of particles in 0S/, for the branching random walk ng}

< D Effie) < 2IC|(AK a)19),

zeC

We observe that r,(C') + 1 > |C|. Hence with (AK A) small enough,
2| CIAK 8)™"O < 2(r,(C) + 1)(AK 4)~) < exp(—(r,(C) +2)+1) /2

for all r,(C). Hence, (I1) has been proved.
To prove (I2), we need the following estimate. Let 7% be the extinction time of the
contact process on a graph G with degree bounded by D. Then for any A < 1/2D there

exists a positive constant C) satisfying C'y — 0 as A — 0, such that for all £ > 0
P(r* > t) < Che ™,

for some positive constant ¢y (independent of A). This is consequence of Proposition 3.1

and Lemma 3.2 in [66]. Therefore

(e 9]

E(Tx) g OA/Q_Cotdt = O)\/CQ.
0

Then using the fact that all vertices in S/, have degree less than K A, we obtain that for

AK A small enough
E [Extinetion time of the contact process fgg < |C|Cy/eo < exp(3r,(C)).

In conclusion, when AK A is small enough (I1) and (I2) hold and thus the contact process
dies out a.s. In other words,

A(G) =€/ A,

for € small enough. 0
Proof of Proposition 5.3.7. Using the same argument as in the proof of Appendix in

Chapter 4 for the lower bound of the critical parameter of the Bernoulli CMP, we have

C(RGG(R),r,,a) has no infinite cluster when the following inequality holds.

P(All vertices in [0, R,,]* have weight zero) > 1 — ¢,
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where R,,, and ¢,, are explicit constants as in the Appendix. This is equivalent to
P(All vertices in [0, R,,,]* have degree less than A) > 1 —¢,,. (5.38)
We have for all L > 1
P(3x € [0, Ry, ] : deg(x) >2)

< P(there are more than LR? vertices in [0, R,,|%) + LR% P(deg(z) >A)

< P(Poi(RY) > LRY )+ LRE P(Poi(R?) >4).
We take L large enough, such that the first term is less than ¢,, /2. Then we take K large
enough, such that the second term is less than e,, /2 when A= K(R?V 1).

In conclusion, if A= K(R?V 1), then (5.38) holds and thus €(RGG(R),7,, ) has no

infinite cluster. [l

5.4 Proof of Proposition 5.1.2

Let Y be a random variable whose the law is given by
P(Y =Fk)~ k' for k>1. (5.39)
Then
E(Y') < oo.

Hence, Proposition 4.2.3 implies that C(Z, 5Y,5/2) has no infinite cluster for all 8 < j,,
with f. = Bc(}/a L, 5/2>

Let (Z;) be a sequence of i.i.d. random variables with the same law as Z with
P(Z=k)~k " for k=>1. (5.40)

We construct a sequence of random graphs (G,,) as follows. For all n, we start with the
one dimensional torus (Z mod n). Then at each vertex i, we attach a star graph of size
Z; and denote the set of vertices attached to i by 5;.

Let u,, be a vertex chosen uniformly in G,,. Then

. . n
P(u, isin (Z modn) | (Z;)) = n+2Zi+...+72
1
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and
P(u, is in one of (S;) | (Z;))) — 1—p a.s.

We denote by s(u,) the size of the star graph containing u,,. Then

Pls(w,) = k| (2)) = 50—

where
n =i Zi = kY.
We observe that
ng/n —P(Z =k) a.s.

Therefore

B P(Z+1=k+1)(k+1)
P(s(u,) =k | (Z;)) — E(Z) 11 a.s.

This means that s(u,) converges in law to Z, where Z is a random variable whose the

law is given by
P(Z+1=k+1)(k+1)
E(Z)+1

Moreover, the size of other star graphs at a finite distance from w, converges in law to

P(Z =k)= (5.41)

the distribution of Z. Therefore, the random rooted graph (G, u,) converges locally to
a graph (G, o) constructed as follows.

We start with Z. Then for all ¢ # 0, we attach on 7 a star graph of size Z;. For
the vertex 0, we attach on it a star graph of size Z, where Z is an independent random
variable with law as (5.41). The root o is the vertex 0 with probability p and otherwise o
is a vertex in the star graph attached to 0 (when Z = 0, the root o is always 0).

We observe that in G, deg(i) = Z; + 2 for i # 0 and deg(0) = Z + 2, and the other
vertices have degree 1. Hence for all A> 2, in C(G,7,,5/2) - the CMP on G with degree
weights with parameter A - the total weight of a star graph at a vertex ¢ is

ra({i} US;) =ra(i) + Z ra(v) =1ra(i) = deg(i)1(deg(i) =A). (5.42)
veS;

Moreover, as k — 00,
P(Z =k <k and P(Z=k) <k ',
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since Z is given in (5.40). Therefore, for A large enough,

R+ 2)1(Z >0 -2)<BY and 2+ 2)1(Z =0 =2) < B.Y, (5.43)

since P(Y = k) ~ k7192 (where < means stochastic domination).

Using (5.42) and (5.43), we get
ra({i} U S) < B.Y. (5.44)

Therefore C(G,r,,5/2) is stochastically dominated by the CMP C(Z, 5.Y,5/2), which
almost surely has no infinite cluster by Proposition 4.2.3. Therefore, almost surely
C(G,7,,5/2) has no infinite cluster. Thus by Theorem 4.2.4, the critical value of the

contact process on G is positive:

A(G) > 0. (5.45)

On the other hand,

Therefore,

Thus

1/104) 1

P(G,, contains a star graph of size larger than n
Combining this with Lemma 2.4.2 (i) implies that for all A > 0,

P(The contact proces on G,, survives up to time exp(n'/1%)) — 1. (5.46)

It follows from (5.45) and (5.46) that there exits a sequence of random graphs (G,,) locally
converges to a random rooted graph (G, o) satisfying A\.(G) > 0, such that w.h.p. the

extinction time of the contact process on G, is at least exp(n'/1%%) for all A > 0. O
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Chapter 6

Contact process on rank-one

inhomogeneous random graphs

Abstract. We show that the contact process on the rank-one inhomogeneous random
graphs and Erdos-Rényi graphs with mean degree large enough survives a time
exponential in the size of these graphs for any positive infection rate. In addition, a

metastable result for the extinction time is also proved.

6.1 Introduction

An inhomogeneous random graph (IRG), G,, = (V,,, E,,), is defined as follows. Let V,, =
{v1,...,v,} be the vertex set and let (w;) be a sequence of i.i.d. positive random variables
with the same law as w. Then for any 1 < ¢ # j < n, we independently draw an edge

between v; and v; with probability
pij =1 —exp(—ww;/ly),

where
n
i=1

It is shown in [53]| that when E(w) is finite, G,, converges weakly to a two-stages Galton-

Watson tree. In this tree, the reproduction law of the root is (pg) and the one of other
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vertices is (gx) with

wh
pr = P(Poi(w) = k) =E (ewﬁ> (6.1)
and
gr = P(Poi(w*) = k) = ﬁﬂz (e—wwk!+ ) , (6.2)

where w* is the size-bias distribution of w. We also assume in addition that
(H1) w > 1 as. and E(w) < oo,

(H2) the limiting tree is super critical, or equivalently

(H3) there exits a function (k) increasing to infinity, such that

lim sup ge®/¢#® > 1.
k—o00

Theorem 6.1.1. Let 7,, be the extinction time of the contact process on inhomogeneous
random graphs with the weight w satisfying the hypotheses (H1)— (H3), starting from full

occupancy. Then for any A > 0, there exist positive constants ¢ and C, such that

P(exp(Cn) > 1, = exp(cn)) — 1 as n — oo.

Moreover,
Tn (£)
—  £&(1),
E(Tn) n—00 ( )

with E(1) the exponential random variable with mean 1.

For simplicity, we will replace the hypothesis (H3) by the following stronger version: there

exits a function (k) increasing to infinity, such that
gee®?®) > 1 forall k> 1. (H3')

We will see in Section 3 that this assumption does not change anything to the proof.
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We note that (H1) is necessary for the weak convergence, (H2) is essential since
without it w.h.p. all components have size o(n) and (H3) is the key hypothesis in our

proof.

We also remark that under (H2) and (H3), Pemantle proves in [74] that A\.(GW (g))
is zero, with GW(g) the Galton-Watson tree with reproduction law g¢.

It is worth noting that studying \.(GW(g)) when g < exp(—ck) is still a challenge.
An equivalently interesting problem is to study the extinction time of the contact pro-
cess on a super-critical Erdos-Rényi graph, which is a special inhomogeneous graph and

converges weakly to a Galton-Watson tree with Poisson reproduction law.

Let us make some comments on the proof of Theorem 6.1.1. The upper bound on 7,
follows from Lemma 5.3.1 in Chapter 5. To prove the lower bound, we will show that
G, contains a sequence of disjoint star graphs with large degree, whose total size is of
order n. Moreover, the distance between two consecutive star graphs is not too large, so
that the virus starting from a star graph can infect the other one with high probability.
Then by comparing with an oriented percolation with density close to 1, we get the lower

bound. The convergence in law can be proved similarly as in Chapter 5.

This chapter is organized as follows. In Section 2, we prove some preliminary results
to describe the neighborhood of a vertex in the graph. In Section 3, by defining some
exploration process of the vertices we prove the existence of the sequence of star graphs
mentioned above. Then we prove our main theorem. In Section 4, we prove a similar result
for the Erdos-Rényi graph: for any A > 0, if the mean degree of the Erdos-Rényi graph
is larger than some explicit function of A, then the extinction time is also of exponential

order.

Now we introduce some notation. We denote the indicator function of a set E by
1(E). For any vertices v and w we write v ~ w if there is an edge between them. We call
size of a graph G the cardinality of its set of vertices, and we denote it by |G|. A graph
in which all vertices have degree one, except one which is connected to all the others is
called a star graph. The only vertex with degree larger than one is called the center of

the star graph, or central vertex.
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Furthermore we denote by Bin(n, p) the binomial distribution with parameters n and
p and denote by Poi(u) the Poisson distribution with mean pu. Let X and Y be two
random variables or two distributions, we write X <Y if X is stochastically dominated
by Y. If f and g are two real functions, we write f = O(g) if there exists a constant
C' > 0, such that f(z) < Cg(x) for all z; f < gif f = O(g) and g = O(f); f = o(g) if
f(z)/g(z) = 0 as x — oo. Finally for a sequence of random variables (X,,) and a function
f:N — (0,00), we say that X,, < f(n) holds w.h.p. if there exist positive constants ¢
and C, such that P(cf(n) < X,, < Cf(n)) — 1, as n — co.

6.2 Preliminaries

6.2.1 A preliminary result on the sequence of weights.

Lemma 6.2.1. Let (w;) be the sequence of i.i.d. weights as in the definition of IRGs.
Then for any 6 > 0, there exists 1 = 3,(5) € (0,1), such that

U

P(ZW? (1—5)211)1» for all U C {1,...,n} with |U] 271(1—%1)) — 1.
i=1

Proof. Using the law of large numbers, we get

P (Z wi =n(l+ 0(1))u> — 1,
i=1
with
p=E(w).
Hence, it is sufficient to show that for any § > 0, there exists s, € (0,1), such that
P (Zwl > nu(l—90) forall U C{1,...,n} with |U| = n(1 — %1)> — 1. (6.3)
iU

Let us define
a=sup{t > 0:E(wl(w <t)) <ul->9)}

Then « € (0,+00) and P(w < a) € [0,1). We set

p(l—90) —E(wl(w < Oz))‘

f=Pw<a)+ S
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We now claim that
g <1
Indeed, it follows from the definition of o that for any € > 0,

E(wl(w < a)) < u(l =6) < E(wl(w < a+¢)).

Therefore
(1l —0) — E(wl(w < a)) o E(wlla <w < a+e¢))
a D a
< a+€P(a<w<a+5)

«
— P(w = a),

as € — 0. Hence

B <P(w < a).

If P(w < «) <1, then § < 1 and thus (6.4) is proved. Otherwise,
E(wl(w < a)) =E(w) — aP(w = a) = p — aP(w = ).

Therefore

u(l—0) — E(wl(w < a))

= Plw<a)+ ”

p(l—=9) — p+aoP(w = a)

= Plw<
(w < a) + -

which proves (6.4). Now, we can define

| = % c (0,1)

Observe that to prove (6.3), it suffices to show that
P (w(l) + .. Fwia—sa)n) = n,u(l — 5)) — 1,

where w) < we) ... < wey,) is the order statistics of the sequence (w;).
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Using the law of large numbers, we have

|A]
n
ZiGA Wi

n

—Pw < a) as.

— E(wl(w < a)) a.s.

where

A={i:w <a}.

Therefore, for any ¢ > 0, w.h.p.

Zwi > n(E(wl(w < o)) —e) and |A] < [yn],

icA
with

vy=Pw<a)+e.
Hence for any € > 0, w.h.p.
way + ...+ Wiy = nE(wl(w < a)) —¢)

and

Wy = forall k> [yn]+ 1.

Therefore for any € > 0, w.h.p.

way + - W)t = n(]E(wl(w < a)) — 6) + Lo

with

- [n (u(l—é)—E(wl(w <a))+a)] |

«

On the other hand, by the definition of 3, and ¢, we have
(] +0<14+n(B+e+c/a) <[(1—:sx)n,

when £ < sr7a/2(1 + «). Thus we get (6.5) and the result is proved.
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6.2.2 Coupling of an IRG with a Galton-Watson tree

We describe here the neighborhood of a vertex in a set. Let U C V,, and v € V,,\U, and let
R be a positive integer. We denote by Bg(v,U) the graph containing all vertices in U at
distance less than or equal to R from v. We adapt the construction in [53, Vol. I, Section
3.4] to make a coupling between Bgr(v,U) and a marked mized-Poisson Galton-Watson

tree.

Conditionally on the weights (w;), we define the mark distribution of U to be the

random variable My with distribution
P(My =m) = w,,/ly for all indices m such that v, € U, (6.6)

with ¢y = > w;1(v; € U). Note that £, = ly, .

We define a random tree with root o as follows. We first define the mark of the root

as M, = m, with m the index such that v,, = v. Then o has X, children, with
XO ~ POl(wMogU/gn)

Each child of the root, say z, is assigned an independent mark M,, with the same dis-

tribution as My. Conditionally on M,, the number of children of z has distribution

Suppose that all the vertices at height smaller than or equal to 7 are defined. We
determine the vertices at height (i + 1) as follows. Each vertex at height i, say y, has an
independent mark M, with the same distribution as My and it has X, children, where

X, is a Poisson random variable with mean wMyEU/fn.

We denote the resulted tree by T(v,U) and call it the marked mized-Poisson Galton-
Watson tree associated to (v,U). In order to make a relation between Bg(v,U) and

T(v,U), we define a thinning procedure on T(v,U) as follows.

For a vertex y different from the root, we thin y when either one of the vertices on
the unique path between the root and y has been thinned, or when M, = M,,, for some

vertex g on this path.

We denote by T(v,U) the tree resulting from the thinning on T(v, U).
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Proposition 6.2.2. [53, Vol. II, Proposition 3.10] Conditionally on (w;), the set of
vertices in U at distance k from v (considering the graph induced in U U {v}) has the

same distribution as

({’UMI cx € T(v,U) and |z| = k})

k>0
with |x| the height of x. Moreover, Bg(v,U) contains a subgraph which has the same law
as Tr(v, U)- the graph containing all vertices in ']T(v, U) whose heights are smaller than

or equal to R.

We note that in [53], the author only prove this proposition for U = V' \ {v}. The

proof for any subset of V'\ {v} is essentially the same, so we do not present here.

The law of the marked-mixed Poisson Galton-Watson tree. The offspring distri-

bution of the root is given by
pg = ]P(POi(ijogU/gn) = k’) for k 2 0.

The individuals of the second and further generations have the same offspring distribution,
denoted by (g¥). Tt is given as follows: for all k > 0

gf = P(Poi(wy, by /) = k) = Z P(Poi(wily /tn) = k)w;/ly.

v, eU
If U =1V, we write g,(cn) for g¥. Hence
gt = " P(Poi(w;) = k)w;/l, = P(Poi(W;) = k),
i=1
with W¥ the size-bias distribution of the empirical mean weight W,, = (w; + ...+ w,)/n.

It is shown in [53] that since the (w;) are i.i.d. with the same law as w and E(w) is finite,

W B and wr ©, w*,

n—o0 n—oo

with w* the size-bias distribution of w. Therefore we have the following convergence.

Lemma 6.2.3. [53, Vol. II, Lemma 3.12]. For all k > 0,

n—00

with (gi) as in (6.2).
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Using Lemmas 6.2.1 and 6.2.3, we will show that the distribution (g{) approximates

(gx), provided |U] is large enough.

Lemma 6.2.4. For any ¢ > 0 and K € N, there ezists a constant sy = (e, K) €

(0, 5¢1(1/2)), such that
P(gy = (1—e)gy forall0 <k <K and U CV, with [U| = (1 — s)n) — 1.
Proof. 1f g = 0, then g > (1 — €)gg. Assume that & < K and g > 0. We have
9t — gl < lgf — 91 + 19" — gil.

Lemma 6.2.3 implies that for all n large enough

98" — il < egi/2. (6.7)
On the other hand,
U (n) . Wy . o\ Wi
g — g1 = | _P(Poi(wily/l,) = k) e > P (Poi(w;) = k) -
viel U vievn n
. w; . w; w;
< Y P (Poi(wily /) = k) o P (Poi(w;) = k) Z‘ + > 7
v €U v U
< S [P (Poi(wily/t,) = k) — B (Poi(w;) = k) | -
ly
v, eU
w W w:
P (Poi(w:) = - _ = i
+ 3 P (Poi(w;) = k) (EU &L) + Y 7
v, €U v; U
- Sl + SQ -+ Sg.

Here, we have used that |z;y; — a;b;| < |x; — ai|yi + |yi — bila; for all x;,y;, a;,b; > 0.

We now define

fr(z) = P(Poi(z) = k)
By the mean value theorem, for any x < y

|[fi(x) = fr(y)| < max [fj(u)llz —yl.

<ULy

If k=0, then |fi(u)] = fo(u) = e~™. Therefore |fj(u)| < |fj(z)| for all z < u < y. Hence
[fo(2) = fow)] < fo(z)(y — ).
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If K > 1 then for u > 0,

ukfl uk
! _ —U e
. uk72
k!

V(u) = e “(u* —2ku+ k(k—1))
U
= et (k= VR (b V)

Thus |f}(u)] is decreasing when u > 2k. Hence, for 2k < z < u,

k()] < |fi(@)] < filw).

On the other hand, |f{(u)| < 1 for all u > 0. Therefore

max | fy(u)] < Uz < 2k) + fi(2).

T<ULY

In summary, for all k and 0 <z <y

|fe(z) = fu(y)| < (M(z < 2k) + fir(@))(y — 2).

Applying (6.8), we get that if ¢y > ¢,,/2 then

w; én —/
| fu(wily /€,) — fr(wi)| < (L(wily/l, < 2k) + fr(wily /L)) %
< (N(w; < 4k) + e_wi/wa/k!)w.
Therefore,
w
S o= Z | fr(wily /€,) — fk(wz)‘g_
U
v, eU
n w2(€n . EU) —w1/2 k+2 (g _ KU)
< —ivn “UJ4
h Z ity )+ Z ! lul,
=1
4k (L, — Ly) l & e—wi/%’?“ by — Ly
< =/ = : .
S W (zn ; i eU
Observe that
1 = e Wil 2k t2
— P —w/2, k+2 /1.
nz o —  E(e™w" k) < o0

i=1
On the other hand, ¢, < n. Therefore

w1/2 k+2

— Z = 0(1).
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Hence

ly
Moreover,
w; W,
Sy = P(Poi(w;) = k)|— — —
'Ui;] KU gn
<
; Lyl
Ay — Ly
= o
and

w; gn — KU
= — <K .
S Z 0, >ty
v €U

In conclusion, if ¢y > ¢,/2 and ¢,, < n then

n k(l, — /¢
!g%—gi)l<sl+sz+sgzo<%).

Therefore, there exists 0, = 0x(k, e, gr) > 0, such that if £;; > (1 — 0x)¢,, then

9 — 9| < eqn/2. (6.9)

Define 6 = min{d; : k < K and g, > 0}. Then we have § > 0. Now, by Lemma 6.2.1 there
exists s = 211(5) A1 (1/2) € (0, 1), such that w.h.p. for all U C V,, with |U| > (1 —s)n,

by = (1=06)L,.
Thus by (6.7) and (6.9), w.h.p. for all U C V,, with |U| > (1 — s5)n,
g,g > (1—¢e)gp forall k <K,
which proves the result. O

For any € € (0,1) and K € N, we define a distribution (¢=%) as follow:

g =0 it k>K+1,
g =0 —-e)g if 1<k<K,
K
gt =1—(1-2)> g

k=1

The following result is a direct consequence of Lemma 6.2.4.
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Lemma 6.2.5. For anyc >0 and K € N,
P ((g>") = (¢¥) for all U C V,, with |U| = (1 — s0)n) — 1,
with 5 as in Lemma 6.2.).

Observe that (g=) stochastically increases (resp. decreases) in K (resp. €). Moreover,
it converges to (¢.) as ¢ — 0 and K — oo. Therefore, by the hypothesis (H;), there are

positive constants €5 and Ky, such that for all ¢ < gy and K > K,

ver = kgt >, (6.10)
k=0
where
1
U= —|2—1/ € (Lv).

Define for K > K,
E(K) = {(g°") = (¢¥) and £y = £,/2 for all U C V,, with |U| > (1 — s)n},

with 365 = 355(e0, K) as in Proposition 6.2.5. Using this proposition and Lemma 6.2.1

with the fact that se < 51(1/2), we obtain

lim P(E(K)) — 1. (6.11)

n—oo

We call T. ;¢ the Galton-Watson tree with reproduction law (¢=%). Then (6.10) implies

that T  is super critical when € < gg and K > K. From now on, we set

0i(K) = [K/\/e(BK)],

with the function ¢ as in the hypothesis (H3').

We prove here a key lemma saying that when U is large enough, with positive prob-
ability there exists a vertex in T(v,U) at distance less than v (K) from the root having
more than 3K children (which implies that there exists a vertex with degree larger than

3K in By, (k) (v,U) with positive probability).

Lemma 6.2.6. There are positive constants 01 and K1, such that for all K > K, and

U C V, with |U| =2 (1 — s)n and n large enough,
P (Elx e T(v,U) : |z| < ¥1(K),deg(z) = 3K + 1| E(K)) > 0,
with 9 as in Lemma 6.2.5.

179



Proof. 1f w, -the weight of v- is larger than 10K, then deg(o) is larger than 3K with
positive probability. Indeed, deg(o) is a Poisson random variable with parameter w0y /¢,,.

Moreover, on £(K), we have {y; > £,,/2. Therefore

P(deg(o) = 3K [ £(K)) = P(Poi(w,ly/tn) = 3K | £(K))

> P(Poi(5K) > 3K) > 0.

Hence, the result follows. We now suppose that w, < 10K. Then, in the proof of [53,
Vol. 11, Corollary 3.13], it is shown that for any ¢

P(Ty(v,U) = Ty(v,U)) =1 as n — oo. (6.12)
We denote by
z2V = |z € T(v,U),|z| = £}
By Lemma 6.2.5, conditionally on deg(o) > 1,
Zyh =z, (6.13)
with Z;”® the number of individuals at the ¢** generation of T}, x. We remark that
P(Z,>m"? | Z;>21) =1 asl— oo,

where Z, is the number of individuals at the ¢! generation of a Galton-Watson tree T

with mean m > 1. Therefore, for all ¢ large enough
P(Z, = m"?) > P(|T| = c0)/2.
Hence, for K > K|
P(Z:% > 04%) > P(Z507° > 0°2) > P(|Tey k.| = 00)/2- (6.14)
It follows from (6.13) and (6.14) that for all ¢ large enough,

P(Zyy, 2> 77| E(K)) > P(deg(o) > 1] E(K)) x B(|Tuy x| = 00)/2

WV

(1—e™"2) X P(|Te 1, | = 00) /2

WV

P(| Tz x| = 00)/8. (6.15)
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Here, we have used that w, > 1. Now, we set
Then we have

P (3;1; €T(v,U): || = (+ 1,deg(z) > 3K +1| 22} > #/2) (6.16)

> P(Bin (7", 05x) 1) =1  as K — o0,
since under (H3'),
7"2gsc = 0% exp(—3K/p(3K)) — 00 as K — .

Now, the result follows from (6.12), (6.15) and (6.16). O

6.3 Proof of Theorem 6.1.1

6.3.1 Structure of the proof

For ¢, M € N, we define the class S(¢, M) as the set of all graphs containing a sequence
of ¢ disjoint star graphs of size M with centers (x;);<s, such that d(z;, z;41) <Y1 (M) +1
foralls </ —1.

The proof of Theorem 6.1.1 relies on the following propositions.

Proposition 6.3.1. For any positive integer M, there exist positive constants ¢ and K,

such that K > M and w.h.p. G,, belongs to the class S([cn], K).

Proposition 6.3.2. Let 7,5 be the extinction time of the contact process on a graph of
the class S(0, M) starting from full occupancy. Then there ezist positive constants ¢ and

C' independent of A, such that if h(A\)M > Ciy (M), then
P(rpn = exp(eA*(M)) — 1 as {— oo, (6.17)
with h(\) = A2/|log A| and X = A A 1/2.

Proposition 6.3.3. Let (G°) be a sequence of connected graphs, such that |G2| < n and

GY belongs to the class S(kn, M), for some sequence (k). Lel T, denote the extinction
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time of the contact process on GO starting from full occupancy. Then there exists a positive

constant C, such that if h(A\)M = Cip (M) with h(X) as in Proposition 6.3.2 and

Ky,

—_— 1
d, Vlogn — %% (6.18)
with d,, the diameter of G°, then
Tn (£)
£(1).
By e S

Proof of Theorem 6.1.1. Observe that Proposition 6.3.1 and Lemma 6.3.2 imply the
lower bound on 7,. On the other hand, the upper bound follows from Lemma 5.3.1 in
Chapter 5 and the fact that |E,| < n w.h.p., see [53, Vol. I, Theorem 6.6]. Similarly to
Theorem 2.1.2 (i), we can prove the convergence in law of 7,,/E(7,,) by using Propositions

6.3.1, 6.3.3 and the following:
e w.h.p. d, = O(logn) with d,, the diameter of the largest component of the IRG,
e w.h.p. the size of the second largest component in the IRG is O(logn).

These claims are proved in Theorems 3.12 and 3.16 in [19] for a general model of IRG. O

Proof of Proposition 6.3.2. Similarly to Lemma 5.3.3 in Chapter 5, we can prove (6.17)
by using a comparison between the contact process and an oriented percolation on [[1,n]
with density close to 1. Note that here, we use a mechanism of infection between star
graphs instead of complete graphs as it was the case in Chapter 5. The mechanism for
star graphs is described in Lemmas 3.1 and 3.2 in [65] and the function h(\) is chosen
appropriately to apply these results. O

Proof of Proposition 6.3.3. The proof is the same as for Lemma 5.3.4. O

6.3.2 Proof of Proposition 6.3.1

This subsection is divided into four parts. In the first part, we define a preliminary
process, called an exploration, which uses Proposition 6.2.2 and Lemma 6.2.6 to discover
the neighborhood of a vertex. In Parts two and three, we describe the two main tasks,

and the last part gives the conclusion.
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Exploration process

For v € V, and U C V,, \ {v}, we will define an exploration of v in U of type K (and
denote it by Ex(v,U) and call U the source set of the exploration). The aim of this
exploration is just to find a vertex x in U with degree larger than 3K at distance less

than ¢ (K) from wv.

First, we set xg = v, Uy = U and Wy = {xo} and call it the waiting set. We
define a sequence of trees (T%(v,U))r=0 as the record of the exploration, starting with

T°(v,U) = {wo}. Then we determine N (xq,Up) - the set of neighbors of xq in Up.

o If N(zo,Up) = &, we define U; = Uy and Wy = Wy \ {zo} and T (v, U) = T%(v, U).

o If IN(x0,Up)| = 3K, we arbitrarily choose 3K vertices in N (v,U) to form three
seed sets of size K denoted by F, 1, F, 2 and F, 3. Then we declare that Ex(v,U) is

successful; we stop the exploration and define

U1 - U \ (le U Fv’g U Fv’g).

o If 1 < |N(zo,Up)| < 3K, we define
U = Uy \N(xo,Uy),
T'(v,U) = T°wv,U)UN(x0,Up) together with the edges
between xy and N (xq, Up),
Wiy = (Wo\{mo}) Uiz € N(xo,Up) : dri v (w0, 2) < Y1(K)},
with dr(z,y) the graph distance between x and y in a tree T

Then we chose an arbitrary vertex x; in W, and repeat this step with x; and U; in

place of g and U,.

We continue like this until: the waiting set is empty, or we succeed at some step.

Note that after the k' step, we define

T*(v,U) UN (21, U) together with the edges
T (0,U) = between zp and N (zg, Uy) if [N (x, Up)| < 3K
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and

Uk+1 = .
Uy, \ (Fa:k71 U ka,Q U Fggk,g) if |N($k, Uk)| > 3K,

and

Wit = (Wi \ {2e}) U { € A (s U0 & dpess o (0, 2) < (K.

If the process stop after kq step, we define the remaining source set

U= Uko—i—l :

When an exploration is successful, its outputs are the set U and a vertex, say u, with
three seed sets F,, 1, Fy, 2 and [, 3 of size K. Otherwise, the output is just U.
Lemma 6.3.4. The following statements hold.

(i) For allv and U,

U] > U] = v (K),
with y(K) = (3K)¥1F)+L,
(ii) For all K > K, we have
JLI&O]P’(EK(U, U) is successful | E(K),|U| = (1 — 32)n) > 64,

with 25, 01 and Ky as in Lemmas 6.2.5 and 6.2.6.

Proof. Part (i) follows from the facts that at each step we remove from the source set at
most 3K vertices, and that we only explore the vertices at distance less than or equal to
Yy (K) from v.

We now prove (ii). Similarly to Lemma 6.2.6, if w, -the weight of v- is larger than 10K,

P(deg(v) > 3K) > 6y,

and thus (ii) follows. Suppose that w, < 10K. Then using the same argument in Lemma,
6.2.6, or [53, Vol. TI, Corollary 3.13| (for showing that T,(v,U) = Ty(v,U) w.h.p. when

w, is bounded), we get
P(By, (k)(v,U) has no cycle) =1 as n — oo. (6.19)
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Suppose that By, ) (v, U) is a tree (or has no cycle). Then the order of explorations of

vertices in the waiting set does not effect to the outcome of Ex(v,U). Thus
{Ek(v,U) is successful} D {Ix € By, (k) (v,U) : deg(x) = 3K+1}N{By, k)(v,U) is a tree}.

Therefore, the result follows from Proposition 6.2.2, Lemma 6.2.6 and (6.19). ]

Task I

The goal of this task is to show that w.h.p. by discovering o(logn) vertices, we can find

in G, a subgraph belonging to the class S(L,,,3K) with
L, = [logloglogn|.

ForveV,, K> K;and U C V,, \ {v}, with |U| > (1 — 5/2)n and 35 = 355(0, K) as in
Lemma 6.2.5, we define a trial Tr(v,U, L,, K) as follows.

At level 0, we define Wy = {v} and call it the waiting set at level 0. Then we perform
Ex(v,U) and call U, the source set after this exploration. If it fails, we declare that

Tr(v,U, Ly, K) fails. Otherwise, we are now in level 1 and continue as follows:

Let z; be the vertex with degree larger than 3K + 1 which makes Ex (v, U) successful
and let F,, 1, I}, 2 and Fy, 3 be its three seed sets of size K. We denote W, = F,, s and
call it the waiting set at level 1 (F,, ; and F,, o are reserved for Task II). We sequentially
perform explorations of ;. More precisely, we choose arbitrarily a vertex, say y; in 7]
and operate Ex(y1,U,) and get a new source set U,,. Then we operate Ex(ys,U,,) with

y» chosen arbitrarily from W \ {y;}, and so on.
If none of these explorations is successful, we declare that the trial fails.

If some of those are successful, we are in level 2 and get some triples of seed sets
F 1,F 5 and F 3. Denote by W, the waiting set at level 2, which is the union of all the
seed sets of the third type F' 3. Then we sequentially perform the explorations of vertices
in WQ.

We continue this process until either we explore all vertices in waiting sets, or when

we exceed to the L,-th level.
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We declare that Tr(z, W, L,, K) is successful if we can access to the L,-th level, or
that it has failed otherwise.
Lemma 6.3.5. The followings hold.
(i) A trial discovers at most KTy (K) vertices.
(1) There exist constants 0y € (0,1) and Ky > Ky, such that for any K > Ky and
veV, and U C V, \ {v} satisfying |U| > (1 — 35/2)n, we have
lim P(Tr(v,U, L, K) is successful | E(K)) = 04,
n—oo

with 2 and Ky as in Lemmas 6.2.5 and 6.2.6.

Proof. For (i), we observe that an exploration creates at most one third type seed set of

size K. Then in a trial, we operate at most
1+ K+ K*+ ...+ K" < Kt explorations.
Moreover, an exploration uses at most 1)9(K) vertices. Therefore, a trial discovers at most
K5y (K) = o(logn) vertices.

We now prove (ii). As a trial uses at most o(log n) vertices, and initially |U| > (1—3¢/2)n,
during the trial Tr(v,U, L,, K) the source sets of explorations always have cardinality
larger than (1 — se)n.

Hence, by Lemma 6.3.4 (ii), for all n and K large enough, on £(K) each exploration
in Tr(v,U, L,, K) is successful with probability larger than 6, /2.

On the other hand, each successful exploration creates K new vertices in the next
level. Hence (\Wi\)i@n— the numbers of vertices to explore up to the L,-th level in
the trial stochastically dominate a branching process (1;)i<r, starting from 7y = 1 with

reproduction law 7 given by
P(n=K) =6:/2
P(n=0)=1-6,/2.
We choose K large enough, such that K6; > 2. Then (n;) is super critical, and thus
P(Tr(x, W, L,, K) is successful | E(K)) = P(n,, > 1) > 0,
which proves the result. O
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We can now define Task I, which consists in some trials as follows. We fix a constant
K > K, and set
A={vy,...,v,} and U=V, \A.

We first operate T'r(vy, Uy, Ly, K) with Uy = U.
o If T'r(vy, Uy, Ly, K) is successful, we declare that Task I is successful.
e Otherwise, we call U; the source set after this trial. We then perform Tr(vy, Uy, Ly, K).

We sequentially operate the trials with vertices in A until we get a successful trial or we
use up the vertices of A.
We declare that Task I is successful if there is a successful trial and that it fails

otherwise.

Lemma 6.3.6. We have

lim P(Task I is successful | E(K)) = 1.

n—oo

Proof. By Lemma 6.3.5 (i) in this task, we discover at most
L, K' iy (K) = o(logn) vertices.

Hence, the cardinality of the source set is always larger than n — o(logn). Therefore by
Lemma 6.3.5 (ii), each trial is successful with probability larger than 65/2 for n large
enough.

We define Z the first index such that the trial of vz in Task I is successful (if there is no
such index, we let Z = o0). Then conditionally on Z < L, it is stochastically dominated

by a geometric random variable with parameter 65/2. Therefore

P(T = 00) < (1 — 02/2)" = o(1).

In other words, Task I is successful w.h.p. O
Task 1T
Suppose that Task I is successful. Then there is a sequence of vertices {uy,...,ur, }, such

that d(u;—1,u;) < 1(K) for all 2 < i < L, together with L,, pairs of disjoint seed sets
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(Fu1,17Fu1,2)7 DR (F

ur, 1> Fup, 2) attached respectively to (u;). Moreover, the cardinality

of U*-the source set after Task I- is larger than n — o(logn). Importantly, we have not

yet discovered the vertices in

U+ — U* U U (Fui,l U Fu,-,Q)'

1<i<Ly,

For any set F' C U™ of size K and S C U*\ F we define an experiment Ep(F, S, K)

as follows.

We write F' as {z1,...,2x}. Then we sequentially operate explorations Ex(z1,S.,),
oty Ex(zk,Ss_,), where S, is the source set after the exploration Ex(z;,S,, ,) for
1 <i< Kwith S, = S.

If none of these explorations is successful, we declare that Ep(F, S, K) fails, otherwise
we say that it is successful. In the latter case, there is a vertex u with d(u, F') < ¢1(K)
together with two seed sets F,,; and F), o of size K (in fact, we even have three sets, but

we will only use two of them).
Lemma 6.3.7. We have

(i) the number of vertices used in an experiment is at most Y3(K) = Kio(K),

(ii) there exists a positive constant K3 > K, such that for oll K > Kz, and n large

enough
P(Ep(F, S, K) is successful | E(K),|S| = (1 — 22/2)n) > 2/3,
with 9 as in Lemma 6.2.5.

Proof. Part (i) is immediate, since in an experiment, we perform K explorations and each
exploration uses at most 19(K) vertices. For (ii), we note that by (i) and the assumption
|S| = (1 — 2e2/2)n, the source set S,, has more than (1 — s)n vertices for all i. Hence,

by Lemma 6.3.4 (ii), for all 1 < i < K and n large enough
P(Ek(2i, S:,_,) is successful | E(K)) > 6,/2.
Thus on £(K), the probability that the experiment fails is less than
(1—6,/2)% <1/3,
provided K is large enough. O]

188



We define Task IT as follows. First, we fix a constant K > K3 and let

g1 = %2/(3¢3(K))
We label the seed sets active and make an order as follows
Foui<F,2<F,1<...< FuLwl < FULWQ.

We perform Ep(F,, »,U*, K) and let F, be inactive. If the experiment is successful,

ULy ,2
we find a vertex u at distance smaller than ¢, (K) + 1 from uy, and two seed sets F
and F, o of size K. We now add u in the sequence: uy, ., = u, label these sets F;

uLn+1J
and Fy,  , active, and make an order
n

1,2

< F,

ULpy1,1

< F,

uLn+12.

Fo1<...<F

ULy,1

We then perform the experiment of the newest active set i.e. the active set with the
largest order. After an experiment of an active set, we let it be inactive and either get
a new vertex with two active sets attached on it (if the experiment is successful), or get
nothing (otherwise).

Continue this procedure until one of the three following conditions is satisfied.

e There is no more active set. We declare that Task II fails.
e We do more than [e1n] experiments. We declare that Task II fails.

e We have more than [e;n/4] active sets. We declare that Task II is successful.

Proposition 6.3.8. For all K > K3, we have

lim P(Task II is successful | E(K), Task I is successful) = 1.

n—yo0
Proof. By Lemma 6.3.7 (i), the first [e1n] experiments use at most [scon/3] vertices. There-
fore, during Task II, the source set always has cardinality larger than (1 — 3¢/2)n. Thus
by Lemma 6.3.7 (ii), on £(K) during the time to perform this task, each experiment is
successful with probability larger than 2/3.

Therefore the number of active sets stochastically dominates a random walk (R;)

satisfying Ry = 2L,, and

R;11 = R; — 1 with prob. 1/3.
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Define
Ty =inf{i: R, =0} and Ty =inf{i: R; > [e1n/4]}.
Then using the optional stopping time theorem, we get
P(Ty < To) =1—o0(1).
On the other hand, the law of large numbers gives that
P(Ty < [e1n]) 2 PR, 2 [e1n/4]) = 1 = o(1).
It follows from the last two inequalities that

P(Task II is successful | £(K), Task I is successful)

> P(Ty < min{Ty, [e1n]}) =1 — o(1),

which proves the result. O

Proof of Proposition 6.3.1

By Lemmas 6.3.6, 6.3.8 and (6.11), we can assume that both Tasks I and II are successful.
Then we have more than [g1n/4] active sets. Observe that a vertex is attached to at most
two active sets. Then the number of vertices having at least one active set is larger than
[e1n/8]. Therefore w.h.p. G, belongs to the class S([cn],2K) with ¢ = £,/8. Moreover,

K can be chosen arbitrarily large, so Proposition 6.3.1 has been proved.

6.4 Contact process on Erdos-Rényi random graphs

We recall the definition of G(n,p)-the Erdos-Rényi graph with parameter p. Let V,, =
{v1,...,v,} be the vertex set. Then for 1 < ¢ # j < n, we independently draw an edge

between v; and v; with probability p.

Proposition 6.4.1. Let 7, be the extinction time of the contact process on G(n, p) starting
with all sites infected. There exists a positive constant C, such that for any A > 0 and
np > [C/AOV],

P(r, > exp(cn)) = 1 — o(1),
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with h(X) as in Proposition 6.3.2 and ¢ = ¢(\) a positive constant. Moreover, in this

setting

Tn (£)
E(7,) 730 £(1).

Let us denote by S(¢, M) the graph obtained by attaching to each vertex in [1,n] a
star graph of size M. Similarly to Lemma 6.3.2, we get that if h(A)M is large enough,
then the extinction time of the contact process on S(¢, M) is exponential in ¢ x M w.h.p.

Therefore, similarly to Theorem 6.1.1, Proposition 6.4.1 follows from the following lemma.

Lemma 6.4.2. For any M, there exists a positive constant c, such that if np > 16M!

then w.h.p. G(n,p) contains as a subgraph a copy of S([cn], M).
To prove Lemma 6.4.2, we will use the following.

Lemma 6.4.3. [3, Theorem 2] If np > ¢ > 1 then w.h.p. G(n,p) contains a path of

length [3en] with some positive constant »x = »(c).

Proof of Lemma 6.4.2. We first define
ny = [n/2], A={vy,...,vp,1} and A=V, \ A
For v; € A and v; € A°, define
Y;’j = 1(1)1 ~ Uj).

Then (Y; ;) are i.i.d. Bernoulli random variables with mean p. We set B, = @ and

J
al:inf{jgn: ZY1,k>M}7

k=n1

with the convention inf @ = oco. Define

{k:k‘éal,YLk:l} if o < 00,

By if o7 =o0.

Suppose that o; and B; have been already defined. Then we set

J
Oi+1 = inf {j < n: Z YH_Lkl(]{? € Bz) Z M},

k=n1
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and
B, U {k k< Oit1, k ¢ BZ',Y;JrLk; = 1} if Oit1 < 00,

B =
B; if 0,1 =o00.

Then

‘Bl‘—i_M lf O-i+1 <OO7

|Biy1| =

| Bil if 0441 =00

Hence, for all ¢ < [n/M],
|B;| < iM. (6.20)

We now define

Y;' = 1(0’1 < OO)

Then

P(Yiia=1|B;) = P(oi1 <ool Bj)

= P (i Yirixl(k & Bi)) > M | Bi)

k=n1

= PBin(n—n1+1—|Bi|,p) > M| B;).
It follows from (6.20) that when i < [n/4M],

n—ny+1—|B; > [n/4].
Thus

]E(Yiﬂ ‘ Bz’) = P(Y;H =1 | Bi)

WV

P(Bin([n/4], p) = M)

WV

B(Poi(np/4) > M) /2

WV

1/(M—-1), (6.21)
when np > 8. Now we set
I'={i<[n/4AM]:Y; = 1},

and let
Zy =Y (Vi —E(Y; | Bi_1)). (6.22)



Then (Zy) is a (0(By))- martingale satisfying |Z, — Z;_1| < 1 for all 1 < k < [n/4M].

Thus it follows from Doob’s martingale inequality that

E(Z2 l
P (max|Zk| > x) < (25) < —  forall < [n/4M], x> 0.
k<t x x
In particular, w.h.p.
| Zpnjar | = o(n). (6.23)

It follows from (6.21), (6.22) and (6.23) that w.h.p.

[n/4M]
= > v
i=1
[n/4M]

= Znjam + Z E(Y; | Bi—1)
i=1

2 Zpjam) + [n/AM]/(M - 1)!

> n/(SM)).

Conditionally on |[I'| > n/(8M!), the graph induced in I' contains a Erdos-Rényi graph,
say H,, of size [n/(8M!)] with probability of connection p. Observe that H, is super
critical when

np/(8M!) > 2.

Therefore by Lemma 6.4.3, w.h.p. H, contains a path of length [»n], with 3 = (M) if
np = 16 M.

On the other hand, each vertex in I' has at least M disjoint neighbors in A°. Thus
Lemma 6.4.2 follows. U

Remark 6.4.4. We can use Proposition 6.4.1 to prove the lower bound on the extinction

time in Theorem 6.1.1 for a small class of weights. Indeed, for any p we define

A, =A{v; s w; = /4pE(w)}.
Then
[Apl = (3 + o(1))n,

with
Yp = P(w > /4pE(w)).
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On the other hand, for any v; and v; in A,

P(v; ~v;) = 1—exp(—ww;/t,)

w; 1
2 Wit 1(wlw] < gn) + —1(wiwj > en)
20, 2
N C)
20,
> 2
n

since £, = n(E(w) + o(1)). Therefore, the graph induced in A, contains a Erdos-Rényi
graph G([y,n], p/n). By proposition 6.4.1, if py, — oo, for all A > 0, w.h.p. the extinction

time of the contact process on G([v,n|,p/n) is exponential in n. Hence, when

lim pP(w > v/4pE(w)) = oo, (6.24)

p—0o0

w.h.p. the extinction time on the IRG(w) is exponential in n for all A > 0.

The condition (6.24) is satisfied for some weight w, for example the power-law distribution

with exponent between 2 and 3.
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