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Notations

Notations générales

R3 espace euclidien muni de sa norme usuelle notée | - |
Q domaine borné de R?

0Qoul frontiére de Q2

n vecteur normal unitair a T’

z = (v, 72, 73) élément de Q

v = (v1, V2, V3) champ de vecteurs

p>1 exposant de Lebesgue

p>1 exposant conjugé de p vérifiant % + i =1
-y produit scalaire de x et y

T Xy produit vectoriel de x et y

A: B produit matriciel de A et B
v,=v—(v-n)n composante tangentielle de v

Vv = (8‘%, a%’ g—;’g) gradient de v

div v divergence de v

11
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curl v rotationnel de v
(D(v));; =3 (2%‘_ + g%j) tenseur des déformations de v
X' espace dual de X

(o Yxrxx produit de dualité X', X

Espaces fonctionnels

D(Q) espace des fonctions indéfiniment différentiable

D,(Q) espace des fonctions indéfiniment différentiable & divergence nulle
D'(Q) espace des distributions sur 2

Lr(Q) espace des fonctions u mesurables sur Q telles que [, [u[Pdz < oo

HP(div, Q) espace des fonctions de LP(Q) et & divergence dans LP(()



Chapter 1
Introduction générale

Cette theése est consacrée & I’étude théorique mathématique des équations de Stokes

% _ Ay 4+ Vr=f, diva=0 dans Q> (0,T), (1.0.1)
u(o) = uO dans Q
et de Navier-Stokes
% _Au+(u-Viu+ Vr=f, divu=0 dans Q% (0,7), (1.0.2)
U(O) = Uy dans Q

Ces équations permettent de décrire le mouvement de certains fluides. Elles modélisent un
fluide comme étant un milieu continu, caractérisé par des grandeurs physiques définies en tout
point de l'espace et & tout instant (voir [67]). Les inconnues u et 7w représentent respectivement
le vecteur vitesse et la pression du fluide occupant un domaine €2. Les données intiales sont
les forces extérieures f et la vitesse initiale wyg.

L’étude du comportement des fluides remonte a I’Antiquité avec Archimeéde. Dans son
Traité “des corps flottants”, il étudie avec rigueur 'immersion d’un corps solide ou fluide, dans
un fluide de densité inférieure ou égale. Il découvre ainsi que tout corps plongé dans un fluide
au repos, entiérement mouillé par celui-ci ou traversant sa surface libre, recoit une poussée:
une force verticale, dirigée de bas en haut et opposée au poids du volume de fluide déplacé.
Cette force est appelée poussée d’Archimeéde.

Aprés une longue interruption, ’étude des fluides reprend un essor véritable au XV éme sié-
cle avec Léonardo da Vinci. Ce dernier propose de nombreuses descriptions d’écoulements
(jets, tourbillons, ondes de surface) et formule ainsi le principe de conservation de la masse
([37]).

En 1687, Isaac Newton établit dans son oeuvre majeure “Principia mathematica”, les
trois lois universelles du mouvement. Cette oeuvre marque un tournant pour la physique. Il
y avance le principe d’inertie, la proportionnalité des forces et des accélérations, I’égalité de
I’action et de la réaction, les lois des collisions et montre le mouvement des fluides et la théorie

de 'attraction universelle.

13
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En 1738, Daniel Bernouilli expose dans son ouvrage “Hydrodynamica”, le théoréme
fondamental de la mécanique des fluides qui porte son nom : “le théoréme de Bernoulli”. Dans
cet ouvrage, Bernouilli montre 'importance du principe de la conservation de 1’énergie dans
I’étude des fluides non visqueux.

En 1749, Jean d’Alembert introduit de nouvelles notions mathématiques dans ’étude
de la dynamique des fluides. Plus précisément les notions de dérivées partielles, le champ
de vitesses et les pressions internes d’un fluide. Cette mathématisation de la physique avec
I'introduction des outils du calcul différentiel va révolutionner la compréhension mathématique
du mouvement des corps solides et liquides. On doit & d’Alembert la découverte des premiéres
équations de la mécanique des fluides. Cependant, son analyse n’est pas compléte et c’est a
FEuler qu’on doit ’écriture finale des équations de la mécanique des fluides incompressibles.

En appliquant la loi de Newton “Y F = m -a” & un volume infinitésimal de fluide,
Euler aboutit en 1755 dans son mémoire “Principes généraux du mouvement des fluides”, &
un systéme d’équations aux dérivées partielles décrivant les fluides parfaits incompressibles.
Il donna la premiére définition de la pression d’un fluide, une notion qui avait échappé a
d’Alembert.

Les équations d’Euler sont un sytéme de trois équations & quatre fonctions inconnues de
la position et du temps. Afin d’obtenir une solution unique, les équations d’Euler doivent étre
complétées par une équation complémentaire qui traduit I'incompressibilité et la conservation

de la masse. Voici les équations d’ Fuler:

%’l:—i—(u-V)u—i-Vﬂ—f, divu =0 dans Q x (0,7).

La premiére équation ci-dessus n’est rien d’autre que la relation fondamentale de la dynamique
de Newton, selon laquelle le produit de la masse par I’accélération est égale a la force appliquée.
L’accélération (dérivée de la vitesse) correspond aux deux premiers termes du coté gauche de
la premiére équation (voir [67]). En effet, 'accélération est égale a la dérivée partielle par
rapport au temps, complétée par le terme w - Vu en raison du fait que la vitesse intervenant
dans ces équations est celle caractérisant le fluide en un point donné de 'espace, et non la
vitesse d’une particule fluide suivie dans son mouvement. Le terme V7 représente les forces
de pression. Ce sont des forces internes au fluide qui viennent du fait qu'un petit morceau de
fluide se fait pousser par tout le reste du fluide qui I’entoure. Finalement f désigne les forces
extérieures.

Cependant, contrairement & U'expérience physique, d’Alembert s’apercoit que selon Eu-
ler, un corps se déplacant dans un fluide ne s’oppose a aucune résistance, c’est le “Paradoxe
de d’Alembert”. Voici quelques exemples: Prenons ’exemple d’un oiseau qui se déplace dans
un fluide: “I’air”. Si on calcule a partir de I’équation d’Fuler la pression exercée par 'air a
ses ailes, on trouve zéro et donc l'oiseau tombe. Or, il ne tombe pas en réalité. Un autre
exemple: Une barque qui se déplace dans 'eau. D’aprés 'équation d’FEuler, elle ne devrait

jamais ralentir. D’Alembert s’apercoit que cette équation développée avec toute la rigueur
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possible, pose dans certains cas un probléme qu’il laisse résoudre aux géométre futurs.

Cent cinquante ans plus tard, 'ingénieur polytechnicien francais Claude-Louis Navier
observe qu’un fluide en évolution, va dissiper de I’énergie sous forme de chaleur et cela est sim-
plement par le frottement d’une couche de fluide sur 'autre. Inclure un tel phénoméne dans
les équations d’Euler semble difficile (|37]), car les équations d’Fuler formulent ’écoulement
du fluide & I’échelle macroscopique alors que la dissipation d’énergie a lieu & un niveau mi-
croscopique. Ainsi, dans son oeuvre majeure “Mémoire sur les lois du mouvements du fluide”
([62]) de 1822, Nawier réalisait une percée dans la prise en compte de la viscosité. Pour expli-
quer cette derniére, Nawvier postula l'existence d’une force d’attraction entre deux molécules
de fluides. De ces forces résulte, une viscosité qui lisse les différences de vitesse entre un
point du fluide et ces voisins. Dans ’équation, on verra donc apparaitre un parameétre v qui

représente la viscosité du fluide. Voici le modéle proposé par Navier

g‘;+(u.v)u—yAu+V7T:f, divu =0 dans 2 x (0,7).

En 1845, George Gabriel Stokes publia les résultats de ses travaux de thése “On the
theories of the internal friction of fluids in motion” (|77]). Dans cette thése consacrée a
I’étude des fluides visqueux, Stokes démontre le modéle proposé par Navier en utilisant une
approche mathématique. Pour cette raison, le nom de Stokes ainsi que celui de Navier ont
été choisis pour désigner ces equations.

Bien qu’elles soient établies au XIXeéme siécle, les équations de Navier-Stokes continuent
de fasciner les ingénieurs, les physiciens et méme les mathématiciens. Ces équations sont
censées décrire le mouvement des fluides qui peuvent étre un liquide ou un gaz. Les équations
de Navier-Stokes se révélent donc cruciales pour décrire de nombreux phénménes. Elles sont
utilisées pour comprendre les mouvements des courants dans les océans, ainsi que ceux des
grandes masses d’air dans ’atmosphére. Ces équations entrent également dans 1’étude de la
circulation du sang dans nos artéres, dans la simulation des trajectoires d’air autour d’une
aile d’'un avion et dans la simulation des tourbillons. Ces équations sont méme utilisées dans
les jeux vidéos pour améliorer le réalisme de certaines scénes.

Malheureusement jusqu’a présent, on ne sait pas démontrer si pour toute condition initiale,
il existe une solution réguliére et globale en temps, pour n > 3. En dimension 2, dimension qui
n’est pas trés physique mais aide beaucoup mathématiquement, le probléme est bien posé au
sens ci-dessus grace aux travaux fondamentaux de Leray en 1934 [53]. Mais en 2D le probléme
est beaucoup moins compliqué qu’en 3D. En dimension trois on sait (c.f. [40]) que si le champ
de vitesse initial est suffisamment petit, il existe toujours une solution réguliére globalement
définie. Physiquement, cela correspond aux régimes ot I’écoulement est laminaire et non pas
turbulent. Le régime est dit “Laminaire” quand I'écoulement de fluide se fait d’'une maniére
tranquille. C’est le cas des fluides, visqueux lents et plutét confinés. Comme par exemple le
mouvement de I’huile d’olive versée d’'une bouteille. A I'opposé, le régime est dit “turbulent”

quand les fluides sont peu visqueux, rapides et se déplacent sur de grandes distances. Dans
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ce cas la, les écoulements se produisent de maniére chaotique et présentent de nombreux
tourbillons, comme par exemple, le mouvement de l'air au passage d’un avion, c’est le chaos
total. La turbulence est le pendant physique de la non-linéarité des équation de Navier-Stokes.

Outre les équations qui doivent étre satisfaites en tout point du domaine, il sera nécessaire
de former également les conditions qui doivent étre satisfaites & la frontiére. Stokes a formulé
dans sa thése [77] la condition de non glissement. Selon, Stokes, un fluide en contact avec
une paroi solide ne peut pas glisser le long de la paroi, au contraire sa vitesse au bord doit

étre nulle. C’est la condition de Dirichlet
u =0, sur I'x (0,7),

ou I' est la frontiére. Stokes a essayé de vérifier cette condition de non-glissement & travers
des calculs expérimentaux. Il a remarqué, qu’a l'interface fluide-solide, la force d’attraction
entre les particules de fluide et les particules solides (forces adhésives) sont supérieures a celles
entre les particules de fluide (forces cohésives). Ce déséquilibre de forces fait baisser la vitesse
du fluide a zéro. Cependant, en calculant selon les conditions de non-glissement, I’écoulement
a travers de longs tuyaux circulaires droits et des canaux rectangulaires puis en comparant
ces résultats avec 'expérience réelle, Stokes trouve que dans ce cas-1a cette condition n’est
pas compatible avec I'expérience (voir [77] pour plus de détails).

Lorsque le domaine occupé par le fluide est bordé par une surface solide, le fluide ne peut
la traverser. Sa vitesse est donc forcément nulle dans la direction perpendiculaire & la surface.

C’est la condition d’imperméabilité
u-n =0, sur I'x (0,7).

En revanche, elle n’est pas forcément nulle dans les directions tangentielles. En toute rigueur,
il y a toujours un glissement, mais parfois il n’est appréciable qu’a des échelles spatiales
microscopiques. Dans certains cas, le glissement est notable.

En 1823, Navier [62| a proposé une condition dite de glissement avec friction a la paroi.
Cela permet de prendre en compte le glissement du fluide prés du bord et de mesurer effet de
friction, en considérant la composante tangentielle du tenseur des contraintes proportionnelles

a la composante tangentielle du champ de vitesse :
u-n =0, 2v[D(u) -n]. +aur =0 sur I' x (0,7), (1.0.3)

ot v est la viscosité, a > 0 est le coefficient de friction et D(u) = £(Vu+ VuT) est le tenseur
de déformation associé au vecteur vitesse w.

La littérature scientifique récente montre un regain d’intérét pour des choix différents de
conditions aux limites, notamment en théorie mathématique des fluides. Pour le probléme de
Navier-Stokes, le choix de ces conditions n’est pas neutre, c’est méme toujours un sujet de

controverses. La plupart des travaux a ce jour considérent des conditions de type Dirichlet
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pour les équations de Navier-Stokes. Cependant, ces conditions de non-glissement ne réflétent
pas toujours la réalité et plusieurs études théoriques et expérimentales étaient faites pour
justifier les conditions de non-glissement dans les équations de Navier-Stokes. En 1959, Serrin
[68] a signalé que ces conditions ne sont pas toujours réalistes et conduisent en général a des
phénomeénes de couches limites prés des parois. Serrin montre aussi que les conditions de
non-glissement ne sont plus vraies quand une pression modérée est impliquée comme dans
le cas de haute attitude de I'aérodynamiques. La nullité du champ de vitesse & la frontiére
est donc une contrainte. Une proposition alternative, physiquement et mathématiquement
naturelle est celle de glissement de Navier (1.0.3). Le role de la viscosité et la notion de
proportionnalité, ¢’est-a-dire la modélisation du frottement demeure un probléme ouvert qui
peut conduire & formuler de nouvelles conditions & la frontiére. Un autre cas aussi intéressant
est lorsque le coefficient de friction « est nul. Cela correspond & une condition de glissement
de Navier, mais sans friction :

u-n =0, 2v[D(u) -n|. =0 sur I' x (0,7). (1.0.4)

T

Parmi les premiers qui ont étudié le probléme de Navier-Stokes avec les conditions de Navier,
on peut citer Solonnikov et Stadilov en 1973. Dans leurs article [76], les auteurs ont considérée
le probléme stationnaire de Navier-Stokes avec les conditions de Navier sur une partie de bord
et une condition de Dirichlet sur le reste de bord et ils ont abouti & I’existence de solutions
faibles dans H'(Q) x L?(Q) et aussi de solutions fortes dans H?(Q) x H(Q).

Les conditions de Navier (1.0.4) sont souvent utilisées dans la modélisation d’écoulement
en présence de parois rugueuses et perforées. L'effet de la rugosité du domaine sur ’écoulement
du fluide a récemment été étudié par Amirat, Bresch, Lemoine et Simon dans [4] et par Bucur,
Feireisl et Necasova dans [21, 20], en considérant des conditions de Navier ce qui leur a permis
d’obtenir un comportement asymptotique du fluide. On peut citer aussi les travaux de Jéager
et Mikelic [46, 45] qui ont étudié 'influence de la rugosité des parois et donné une justification
mathématique & l'utilisation des conditions de Navier. Dans le cas des parois perforées, on
peut citer le travail de Beavers et al [47].

Les conditions de Navier sont aussi utilisées dans la simulation numérique des écoulements
turbulents comme dans le travail de Berselli et al [16] ainsi que dans celui de Paés [63].

Casado et al [24, 23| donnent une justification mathématique de 'imposition des conditions
de non-glissement dans certains cas et montrent 1’équivalence entre la condition de glissement
et celle d’adhérence dans le cas d’une frontiére rugueuse de période € et d’amplitude .

Un autre type de conditions de glissement sans friction de Nawvier est celui qui porte sur

la composante tangentielle du tourbillon
u-n =0, curlu xn =0 sur T'x (0,7). (1.0.5)

On l'appellera condition de type-Navier. Dans le cas d’un bord plat et lorsque le coefficient de

friction est nul, les deux conditions (1.0.4) et (1.0.5) sont équivalentes. Ce type de condition a
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récemment était étudié par Amrouche et Seloula dans [10, 11] qui ont développé des propriétés
sur les potentiels vecteurs ainsi que quelques inégalités de Sobolev et des résultats d’existence
de solutions faibles, fortes et trés faibles pour le probléme de Stokes stationnaire. On peut
citer aussi le travail de Amrouche, Penel et Seloula [7].

Da Veiga [14] et Xiao et Xin [81] ont considéré le probléme d’évolution de Navier-Stokes
avec les conditions de type Navier (1.0.5) et ont étudié la convergence des solutions vers les
solutions du probléme d’Euler lorsque la viscosité tend vers zéro.

Les condition (1.0.5) ont aussi été étudiés par Mitrea et Monniaux dans [60, 59] qui
ont démontré l'analyticité de semi-groupe de Stokes avec ces conditions ainsi qu'un résul-
tat d’existence locale des solutions mild pour le probléme non-linéaire. Miyakawa a étudié
dans [61] le probléme de Navier-Stokes avec les conditions (1.0.5) et abouti & un résultat
d’existence locale des solutions.

Dans certaines situations, il est aussi naturel de prescrire la valeur de la pression, tout au
moins sur une partie du bord, comme dans le cas de pipelines [57], de systémes hydrauliques
utilisant des pompes, réservoirs confinés. Notons qu’il n’y a aucune justification physique pour
prescrire une condition limite de pression sur toute la paroi et celle-ci doit étre complétée par
une condition limite impliquant la vitesse. Dans la littérature, on peut trouver au moins
deux types de conditions limites ol la pression intervient. Une condition qui fait intervenir le

tenseur de déformation
u-n =0, (=71 + 2vD(u)) -n]_ +aur, =0 sur T'x (0,7)
et une seconde qui fait intervenir la composante tangentielle du champ de vitesse
uxn=0, T =70 sur I'x (0,7). (1.0.6)

Ce types de condition limites a fait 'objet de plusieurs travaux. On peut citer par exemple
les travaux de Conca et al. [25, 26| qui ont considéreé le probléme stationnaire de Stokes et
de Navier-Stokes avec des conditions sur la pression et ont montré des résultats d’existence
des solutions. Le probléme de Navier-Stokes avec des conditions faisant intervenir la pression
a aussi été étudié par Lukaszewicz dans [55], par Marusi¢ [56] et récemment par Amrouche et
Seloula dans [10, 11].

Signalons aussi les travaux de Saal [66], Shibata et Shimada [69] et la travail de Shimada
[70], qui ont considéré les problémes de Stokes et de Navier-Stokes avec des conditions de type

Robin:
ou

uxn=0, )\u‘n—|—8—20, sur I' x (0,7).
n
Le probléme de Navier-Stokes peut aussi étre étudié avec les conditions de Neumann
ou
— — =0 ' x (0,7),
on sur (0,7)

voir Solonnikov [75] et Mitrea et Monniaux [58]. Physiquement, ces conditions expliquent

I’absence de contrainte sur l'interface séparant deux milieux.
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Cette thése est consacrée a 1’étude théorique mathématique du probléme d’évolution de
Stokes et de Navier-Stokes avec les trois types de conditions (1.0.4), (1.0.5) et (1.0.6) en
utilisant la théorie des semi-groupes. Notre but est d’obtenir l'analyticité de semi-groupe de
Stokes avec chacunes de ces conditions ainsi qu’une estimation sur les puissances imaginaires
pures de 'opérateur de Stokes conduisant & un résultat de régularité LP — L9 maximale pour
le probléme de Stokes ainsi qu’a I’étude du probléme non-linéaire. On s’intéresse également a
la comparaison avec les résultats connu pour le probléme de Stokes et de Navier-Stokes avec
la condition de Dirichlet (cf. [38, 39]) et les conditions de Robin (cf. [66, 69, 70]).

Ce manuscrit est composé de six chapitres:

Le Chapitre 2 est dédié aux notations, définitions et propriétés des espaces fonctionnels
et aux résultats fondamentaux sur lesquels nous nous appuyons dans la suite. Ce chapitre
comporte trois sections : La premiére section est consacrée a la définition du cadre fonctionnel
essentiel & notre travail. Dans la deuxiéme section, on rappelle quelques résultats préliminaires
et on démontre quelques propriétés fondamentales. Parmi ces propriétés, on démontre la
formule suivante: Pour toute fonction u € W1P(Q) tel que Au € LP(Q) et pour tout p > 2,

on a

—9 2
- / wP2Au-wde = / |u|p_2|Vu|2dx+4p2/‘V|u|p/2‘ da
Q Q p Q

3
ou ou du

+ (p—2)¢ ulP~ Re (—~E>Im <—~ﬂ>dx — <—, up_2u> , (1.0.7
<p>;/9\ e - O ) (107

ou (., )p est anti-dualité entre W~YPP(T') et W/PP (T'). Cette derniere formule joue un
role tres important dans la démonstration de l'analyticité du semi-groupe de Stokes. Enfin
dans la troisiéme section, on rappelle quelques propriétés des opérateurs sectoriels et des
opérateurs fractionnaires. On donne aussi une condition nécessaire et suffisante a 'analyticité

d’un semi-groupe engendré par un opérateur.

Dans le Chapitre 3 on considére 'opérateur de Stokes avec les conditions (1.0.5), (1.0.4)
et (1.0.6) respectivement et on démontre 'analyticité du semi-groupe de Stokes avec chacune
de ces conditions. Ceci permet de résoudre le probléme d’évolution de Stokes (1.0.1) avec
chacune de ces trois conditions, respectivement, en utilisant la théorie des semi-groupes. Dans
la suite on notera par A,, (respectivement A, et A,), I'opérateur de Stokes avec les conditions
de type-Navier (1.0.5) (respectivement les conditions de Navier (1.0.4) et les conditions qui

dépendent de la pression (1.0.6)).

Ce chapitre comporte trois sections : Dans la premiére section, on considére 'opérateur
de Stokes avec les conditions de type Navier (1.0.5) et on démontre I'analyticité du semi-
groupe de Stokes avec ces conditions sur les espaces L (£2), [Hgl(div, ). et [T (D))

o, T o, T
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respectivement (voir (3.1.4), (3.1.64) et (3.1.71) pour la définition de ces espaces). Pour
démontrer cette analyticité, on étudie la résolvante de ’opérateur de Stokes avec ces conditions.
Une remarque trés importante est que les conditions de type Navier (1.0.5) entrainent la
disparition du gradient de pression dans la définition de 'opérateur de Stokes. Ainsi, notre

probléme se raméne & ’étude du probléme :

(1.0.8)

Au—Au=f, divu=0 dans €,
u-n=0 curluxn=0 sur I,

ol A € X,

Ye={NeC |arg\| <7 —¢}
et f e Lb () (respectivement f € [Hgl (div, Q)];, , et [Tp,(Q)]f,yT). Lorsque Q est de classe
C*!, on déemontre Pexistence d’une solution forte u € WP (Q) (respectivement solution faible

u € WHP(Q) et trés faible u € LP(2)) au probléme (1.0.8). De plus pour A € C* tel que

Re A\ > 0 la solution u satisfait I’estimation

C(Q,p
lullrr) < ()\’ )HfHLP(Q)- (1.0.9)

Pour les solutions faibles et trés faibles on démontre aussi une estimation de type (1.0.9) pour
les normes de [Hf;',(div7 Q)] et [T (Q)] respectivement.

L’existence de solution sur Lf _(€2) ne pose pas de probléme et s’obtient facilement en util-
isant le théoreme de Lax-Milgram et les injections de Sobolev. L’estimation sur la résolvante
(1.0.9) demande plus de travail. Pour p > 2, on multiplie la premiére équation du probléme

(1.0.8) par |u[P~2w, on utilise la formule (1.0.7) et la relation :

2
curlu xn =V, (u-n)— (g—Z) —Z(u,—-g%)ﬁg, sur T,
T k=1 k

ou V., est le gradient tangentiel. On obtient ainsi, aprés plusieurs calculs I’estimation :
Al + [ a2 Vude + 4222 [ 9 upr2ed
LP(Q) Q x 2 Jq T

p—2 _ -
< - /Q!u|p 2\ Vulfdz + ZC(Q)/F\uV’da + 2||fHLp(Q)||uHip%Q), (1.0.10)

Puis on discute par rapport aux valeurs de A et de p.
L’analyticité sur les espaces duaux [Hgl(diV,Q)]’ et [TP ()], . se fait par dualite.

Avant de démontrer cette analyticité, on définit la téace normale f - nyr d’une distribu-
tion f € [Hgl (div, Q)]" & divergence dans LP(Q) (respectivement f € [T ()]’ & divergence
dans LP(Q)). Ceci est essentiel & ’étude du probléeme (1.0.8) dans le cas ou fonction f €
[HY (div, )], (respectivement f € [T” (Q)],,). Notons que [HY (div, Q)] < W12(Q) et

o,T

[T7 () — W2P(Q).
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Par ailleurs, On sait d’apres les travaux de Amrouche et Seloula [10, 11] que dans le cas
ou le domaine €) n’est pas simplement connexe, le noyau du probléme du Stokes avec les

conditions de type Navier n’est pas trivial et il est donné par I'espace
K?2(Q) = {u € X?(Q); divu =0, curlu =0 dans Q}.

On peut considérer une autre variante du probléme de Stokes avec les conditions (1.0.5)
en prenant la restriction de I'opérateur de Stokes sur I'espace des fonctions f € LP _(Q)

satisfaisant la condition de compatibilité
Ve KP(Q), /uwﬂx—& (1.0.11)
Q

On obtient ainsi un opérateur a inverse borné qui engendre un semi-groupe analytique et ce

dernier décroit exponentiellement.

La deuxiéme section est consacrée a 'opérateur de Stokes avec des conditions de glissement
sans friction de Navier (1.0.4). Dans cette section on démontre que l'opérateur de Stokes avec
les conditions de Navier engendre un semi-groupe analytique borné sur les espaces L{;T(Q),
[H gl(div, Q)] - et [Tp/(Q)]’UJ. Les techniques utilisées dans cette section ressemblent & celles
de la section précédente. Cependant, dans ce cas, la pression n’est plus constante et ne
disparait donc pas du probléme. Pour cela, on étudie la résolvante de 'opérateur de Stokes

avec ces conditions :

{Au—Au+VW:ﬁ dive =0 dans Q, (10.12)

u-n=0, [D(u)n]_=0 sur T,

T

ol A € C* est tel que ReA > 0 . On démontre 'existence des solutions faibles, fortes et
tres faibles du probléme (1.0.12) satisfaisant une estimation pour la résolvante de type (1.0.9)
pour les normes des espaces Lb (9), [Hgl (div, Q)];, , et [Tp/(Q)];’T respectivement. Pour
démontrer I'estimation (1.0.9), on procéde de la méme maniére que la condition de type Navier
(1.0.5). Pour p > 2, on multiplie la premiére équation du probléme (1.0.12) par |u|P~2u, on

utilise la formule (1.0.7) et la relation :

On obtient alors 'estimation :
_ p—2
Al + [ [l Vufde + 2222 [ (7 upl2P da

_ 2 -~ _
< C(0,p) [ullyyq) + 75 /Q 2Vl da + 2 (|| Fll gy + 197 )l

(1.0.13)
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Grace aux conditions limites (1.0.4) la pression peut étre controlée par la norme |[u||y15(q)
et par la norme [lul| g2y pour 2 < p < 6. La norme |lul g2 est a son tour controlée par

[ £llzr(o) ce qui résoud le probléme.

La troisiéme section de ce chapitre est consacrée a ’analyticité du semi-groupe engendré
par I'opérateur de Stokes, avec les conditions qui dépendent de la pression et la composante
tangentielle du champ de vitesse (1.0.6), sur les espaces L2 () et [Hj(curl, Q)] (voir (3.3.8)
et (3.3.10) pour la définition de ces espaces). Grace aux conditions limites (1.0.6), la pression
peut étre découplée du probléme en résolvant directement un probléme de Dirichlet. Ceci

nous ameéne donc & étudier un probléme pour le laplacien :

{ Au—Au=f, divu =0 dans €2, (1.0.14)

uxn=0, sur I

On démontre 'existence de solutions faibles et de solutions fortes au probléme (1.0.14) satis-
faisantant une estimation pour la résolvante de type (1.0.9) pour les normes des espaces L ()
et [Hb(curl, Q)] respectivement. On procéde de la méme maniére comme précédemment.
Pour p > 2, on multiplie la premiére équation du probléme (1.0.14) par |u|[P~2@, on utilise la
formule (1.0.7) et la formule :

divu:divru.,-+2Ku-n—|——u-n sur I,

on

N _1x2 On . . . .
ot K = 53 j=19s, " Ti est la courbure moyenne et divr est la divergence surfacique.

Par ailleurs, on sait d’apres les travaux de Amrouche et Seloula [10, 11| que dans le cas
ou la frontiere I" n’est pas connexe, le noyau du probléme de Stokes avec les conditions (1.0.6)

n’est pas trivial et il est égale & I'espace
K5 (Q) = {ue X}(Q); divu =0, curlu = 0 dans Q}.

En prenant la restriction de 'opérateur de Stokes sur 'espace des fonctions f € LP(2) satis-

faisant la condition de compatibilité:
Vv e KB (Q), /Qf-'vd:c:(),

on obtient un opérateur & inverse borné qui engendre un semi-groupe analytique et ce dernier

décroit exponentiellement.

Dans la littérature, on trouve plusieurs résultats sur ’analyticité du semi-groupe Stokes.
Tout d’abord, en 1977, Solonnikov [74] a démontré I'analyticité du semi-groupe de Stokes
avec la condition de Dirichlet sur LP(£2). Dans cet article, il établit une estimation de type
(1.0.9) pour toute valeur de X tel que |argA| < § + 7/2, ot § > 0 est petit. Pour dériver

cette estimation, Solonnikov utilise une idée de Sobolevskii 73| (voir |74, Theorem 5.2])).
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Quelques années plus tard Giga [38] démontre analyticité du semi-groupe de Stokes avec des
conditions de Dirichlet en utilisant la théorie des opérateurs pseudo-différentiels. Son résultat
étend celui de Solonnikov dans deux directions. Premiérement, il démontre I’estimation sur la
résolvante (1.0.9) pour tout A dans le secteur X, et pour tout € > 0. Deuxiémement, dans [38]
la résolvante est donnée explicitement, ce qui permet de décrire les domaines des opérateurs
fractionnaires de I'opérateur de Stokes avec la condition de Dirichlet. En domaine extérieur,
Giga et Zohr [42| approchent la résolvante de l'opérateur de Stokes avec les conditions de
Dirichlet par la résolvante de 'opérateur de Stokes dans R™ pour démontrer ’analyticité. Plus
tard, Farwig et Sohr [34] étudient la résolvante de l'opérateur de Stokes avec des conditions aux
limites de Dirichlet dans le cas ol divu # 0 sur 2. Leurs résultats comprennent des domaines
bornés et non bornés et les preuves reposent sur la technique de multiplicateur. Récemment,
Abe et Giga [1] démontrent 'analyticité de semi-groupe de Stokes avec les conditions de
Dirichlet dans les espaces des fonctions bornées. Leur approche est différente de 'approche

usuelle. Pour établir leur résultat ils démontrent ’estimation
[N (w, 7)[| L= (axjo,m0)) < C llwollL=(0)
ou
N(u,m)(z,t) = [u(z,t)| + Y2 |Vu(z,t)| + ¢ |V, )] + t]|0u(z,t)] + |Vr(z,t)].

La résolvante de I'opérateur de Stokes est aussi étudiée avec les conditions de Robin par
Saal [66], Shibata et Shimada [69]. Saal [66] démontre que l'opérateur de Stokes avec les
conditions de Robin est sectoriel et engendre un semi-groupe analytique borné sur LP(£2).
La stratégie pour prouver ces résultats est d’abord de construire une solution explicite pour
le probléme associé a la résolvante de l'opérateur de Stokes avec ces conditions. Dans des
domaines bornés ou extérieurs, Shibata et Shimada ont démontré dans [69] une estimation
géneralisée pour la résolvante de 'opérateur de Stokes, avec des conditions non-homogénes de
Robin et quand la divergence ne s’annule pas sur {2, dans un cadre LP. Ils ont établi leur
résultat en étendant le résultats de Farwig et Sohr [34]. Leur approche est donc différente de
celui de Saal [66] et plutot proche de celui de Farwig et Sohr [34].

Concernant les conditions de type-Navier, Mitrea et Monniaux [60] étudient la résolvante
de opérateur de Stokes avec les conditions de type Navier dans des domaines Lipschitziens.
Ils démontrent ainsi 'estimation (1.0.9) en utilisant la théorie des formes différentielles sur des
sous-domaines Lipschitziens d’une variété riemannienne lisse et compacte. En outre, lorsque
le domaine €2 est de classe C*°, Miyakawa montre dans |61| que le laplacien avec les condi-
tions de type Navier (1.0.5) laisse I'espace Lf _(€2) invariant et donc engendre un semi-groupe

analytique borné sur LL ().

Dans le Chapitre 4, on étudie les puissances complexes et fractionnaires de 'opérateur

de Stokes avec les conditions de Navier (1.0.4), de type Navier (1.0.5) et les conditions qui
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dépendent de la pression (1.0.6) respectivement. Comme l'opérateur de Stokes avec ces con-
ditions engendre un semi-groupe analytique borné, il est en particulier un opérateur positif.
Il en résulte alors, d’aprés les résultats de Komatsu [52] et de Tribel [78], que les puissances
complexes et fractionnaires de 'opérateur de Stokes avec chacune de ces conditions respectives
sont des opérateurs bien définis, fermés et & domaines denses. Le but de ce chapitre est de
montrer certaines propriétés et estimations de ces puissances. Les résultats sur les puissances
imaginaires pures seront utilisés dans le chapitre 5 pour obtenir un résultat de régularité
LP — L9 maximale pour le probléme de Stokes inhomogéne. Ceux sur les puissances fraction-
naires seront utilisés dans le chapitre 5 pour obtenir des estimations de type LP — L9 pour
le probléme de Stokes homogéne et dans le chapitre 6 pour obtenir des résultats d’existence
et d’unicité locale pour le probléme non-linéaire. Puisque 'opérateur de Stokes avec chacune
de ces conditions n’est pas inversible, il n’est pas facile en général de calculer ces puissances.
On peut éviter cette difficulté en suivant le méme argument de Borchers et Miyakawa [17]
ainsi que de celui de Giga et Sohr [43]. Nos résultats seront obtenus en utilisant la théorie

d’interpolation et I'invariance d’un domaine étoilé par la transformation

VeeQ,  (Suf)(@)=flz/p),  fely (), (1.0.15)

ou w > 0. On utilise aussi le fait que 'opérateur de Stokes avec ces conditions, satisfait la
propriété

WA, =S, A8, T+ pPA, = S+ 4,) S, (1.0.16)
Tout d’abord on démontre nos résultats pour I'opérateur (1/u?I+ A,)%, a € C puis on passe a
la limite lorsque pu — co. On termine par le fait qu’un ouvert Lipschitzien continu est 1'union

d’un nombre fini d’ouverts Lipschitziens étoilés.

Ce chapitre comporte trois sections. Dans la premiére section, on étudie les puissances
complexes et fractionnaires de 'opérateur de Stokes avec les conditions de type-Navier (1.0.5).
On démontre que les puissances imaginaires pures de 'opérateur de Stokes avec les conditions

de type-Navier sont bornées et satisfont I'estimation :
VsER, (A o @) < K, (1.0.17)

pour un certain 0 < 6y < w/2. Pour démontrer cette derniére on procéde comme dans
[43, Appendix A]. Tout d’abord, on prouve une estimation de type (1.0.17) pour Popérateur
(I +A,)"*, s € R, puis on déduit estimation (1.0.17) pour I'opérateur de Stokes en utilisant
la transformation S, et en passant a la limite lorsque 1 — 0o, exactement comme dans [43,
Appendix A].

Apres avoir établi U'estimation (1.0.17), on étudie les puissances fractionnaires de ’opérateur

de Stokes avec les conditions de type-Navier ainsi que leurs domaines. On montre que

D(AY?) = W2 (),
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ou

W},’;(Q) = {u e W'P(Q); divu =0 dans Q et w-n =0 sur T'}. (1.0.18)

On montre aussi I’équivalence des deux normes
VueD(AY?), AVl prq) = [leurlul| gy o).

Notons que, puisque l'opérateur de Stokes avec les conditions de types-Navier n’est pas in-
versible, cette équivalence des normes n’est pas automatique. Cela vient du fait que le do-

maine D(A;,/Q) est muni de la norme du graphe ||(I + A,)"/?

ul|Lr(q) et non de la norme de
1/2

[ Ap"“ul L (0)-
Concernant les puissances fractionnaires de U'opérateur de Stokes, on montre une injection

de type Sobolev. Plus précisément, pour tout a € R, tel que 0 < a < 3/2p, on a

1 1 2«
D(AY) < L4(Q), - =--°92 1.0.19
S N (10.19)
De plus, pour tout u € D(A})
lullLa@) < C(Q,p) [AjullLr (). (1.0.20)

L’estimation (1.0.20) n’est pas immédiate puisque 'opérateur de Stokes avec les conditions de
type Navier n’est pas inversible. Pour démontrer cette estimation, on procéde comme dans
[17]. L’injection (1.0.19) implique que pour tout u € D(A})

ullLa)y < C(%p) (I + Ap)*ullLr(0)-

En utilisant, la transformation S, (1.0.15), la relation (1.0.16) et en passant a la limite lorsque
p — oo on obtient 'estimation (1.0.20).

Dans la deuxiéme section, on étudie les puissances complexes et fractionnaires de 'opérateur
de Stokes avec les conditions de glissement de Navier (1.0.4), dont on a noté par A,. En
procédant comme dans la premiére section de ce chapitre, on démontre que les puissances
imaginaires pures de 'opérateur A, sont bornées et satisfont une estimation de type (1.0.17).
On démontre aussi que le domaine de D(A}g/ 2) est égal a l’espace WiQ(Q) Mais dans ce cas,

on a l’équivalence des normes suivantes:
Vu € D(A)/?), 1AY 2wl Lr(0) = [D(w)|Lr (o)

On démontre également l'injection de Sobolev (1.0.19) et I’estimation (1.0.20) pour Popérateur
de Stokes A,,.

La troisiéme section est consacrée a ’étude des puissances complexes et fractionnaires de

lopérateur A, qui représente 'opérateur de Stokes avec les conditions (1.0.6) qui dépendent
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de la pression et de la composante tangentielle du champ de vitesses. Comme pour les autres
conditions limites, les puissances imaginaires pures de ’opérateur de Stokes avec les conditions
(1.0.6) sont bornées et satisfont estimation (1.0.17). On donne aussi dans cette section, une

caractérisation du domaine D(A;,/z). Dans ce cas-la on a :
17
D(A;/%) = W R (Q),

ou

Wifﬁ’v(Q) = {ueW'(Q); divu=0 dans Q et wuxn =0 sur I'}.

On a également ’équivalence des normes:
Yu € D(A;,/Q), HA})/ZUHLP(Q) =~ |lcurlu| gr ().

Les domaines fractionnaires de 'opérateur de Stokes avec les conditions (1.0.6) satisfont aussi
I'injection de Sobolev (1.0.19) et 'estimation (1.0.20).

Dans la littérature les puissances imaginaires pures de ’opérateur de Stokes avec les con-
ditions de Dirichlet ont été étudiées par Giga et Sohr dans [39, 42, 43]. Dans le cas ou le
domaine  est borné, Giga établit dans [39] une estimation de type (1.0.17) pour 'opérateur
de Stokes avec Dirichlet en utilisant la théorie des opérateurs pseudo-différentiels. Dans R”,
Giga et Sohr [42] démontrent Pestimation (1.0.17) pour l'opérateur de Stokes en utilisant la
transformation de Fourier et la technique des multiplicateurs. Dans le cas d’'un domaine ex-
térieur, Giga et Sohr obtiennent cette estimation en comparant les puissances imaginaires de
l'opérateur de Stokes dans le domaine extérieur avec celles de 'opérateur de Stokes dans R™.
Finalement dans le cas du demi-espace, Giga et Sohr démontrent l’estimation (1.0.17) pour
l'opérateur de Stokes en suivant ’approche de Borchers et Miyakawa dans [17].

Concernant les puissances fractionnaires de 'opérateur de Stokes et leurs domaines avec
les conditions de Dirichlet, celles-ci ont été étudiées par Borchers et Miyakawa dans [17, 18]
et par Giga et Sohr dans [39, 42, 43] avec différents types de domaines (domaines bornés,

domaines exterieurs, demi-espace). Ces auteurs ont démontré que :
D(4/%) = WP (2) N Lh(Q)

et
Yu € D(AY?), |AY 2| Loy = |V Lo (-

Ils ont aussi démontré des injections de Sobolev de type (1.0.19) ainsi que l'estimation (1.0.20)

pour les domaines fractionnaires de 'opérateur de Stokes.

Le Chapitre 5 est dédié au probléme d’évolution de Stokes avec chacune des conditions

traitées dans les chapitres précédents. Pour le probléme de Stokes homogeéne (i.e. f = 0),
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I’analyticité du semi-groupe de Stokes établie dans le chapitre 3 nous donne une unique solution

satisfaisant toute la régularité souhaitée:
VkeN, LeN*,  ueC¥]0, oo, D(AY)).

Cependant, pour le probléme non homogéne (f # 0), I'analyticitée du semi-groupe n’est pas
suffisante pour obtenir une unique solution w satisfaisant la régularité maximale et normale-
ment il faut imposer plus de régularité sur f. On résout ce probléme en utilisant les puissances

imaginaires pures de 'opérateur de Stokes.

Ce chapitre est composé de trois sections : Dans la premiére section, on considére le
probléme d’évolution (1.0.1) avec les conditions de type Navier (1.0.5). Pour le probléme de
Stokes homogeéne, grace aux conditions limites (1.0.5), le gradient de pression disparait du
probléme et le probléme de Stokes homogeéne avec les conditions de type-Navier (1.0.5) est

équivalent au probléme:

%—;‘—Au:O, divu =0 dans Q x (0,7),
u-n=0, curluxn=0 sur T x(0,7), (1.0.21)
u(0) = ug dans Q.

L’analyticité du semi-groupe de Stokes avec les conditions de type-Navier sur les espaces
Ly (), [H 18/ (div, Q)5 , et [Tp/(Q)]g,T respectivement, nous donne les solutions faibles, fortes
et treés faibles du probleéme (1.0.21).
Pour une donnée initiale ug € Lb _(€2), le probleme (1.0.21) admet une unique solution qui
outre que u € C*(]0, oo, D(Af;)), satisfait en particulier les propriétés :

ou

V1<g<2 YT <oo, weLi(0.T; W(Q) et —- € LU0.T: [H? (div, Q)]).

De plus, pour une donnée initiale ug € LY (€2), on démontre que l'unique solution w(t)
du probléme de Stokes homogene (1.0.21) est dans L9(2), pour tout ¢ > 0 et pour tout
1 < p < ¢ < oo et satisfait 'estimation de type LP — L4

Hu(t)”Lq(Q) < C=3/21/p=1/q) HUOHLP(Q), (1.0.22)

qui joue un réle trés important dans le probléme non-linéaire.

Dans la littérature, on trouve différents résultats sur les estimations LP — L9 pour le semi-
groupe de Stokes. Dans le cas ot 2 = R3, Kato montre dans [50] que les estimations LP — L4
pour le semi-groupe de Stokes découlent directement des estimations correspondantes pour
le semi-groupe de la chaleur. Dans le demi-espace, Borchers et Miyakawa [18] obtiennent ces
estimations pour le semi-groupe de Stokes avec les conditions de Dirichlet de la formule d’Ukai
[79]. Dans le cas d’un domaine borné, Giga établit dans [40] estimation (1.0.22) pour le semi-

groupe de Stokes avec les conditions de Dirichlet grace & des injections de Sobolev pour les
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domaines fractionnaires de 'opérateur de Stokes. En procédant de la méme maniére, Giga et
Sohr établissent dans [42] l'estimation (1.0.22) pour le semi-groupe de Stokes avec Dirichlet
dans le cas des domaines extérieurs avec des limitations sur les indices p et q. Récemment
Coulhon et Lamberton [27] montrent que 'estimation LP — L9 du semi-groupe de Stokes avec
les conditions de Dirichlet dans le cas d’un domaine borné ou d’'un domaine extérieur ou bien
encore du demi-espace, s’obtiennent par un simple transfert de propriétés du semi-groupe de

la chaleur.

On considére également dans ce chapitre le cas ol la donnée initiale ug € L% () et

satisfait la condition de compatibilité:
Ve KP(Q), /uo-vdx—().
Q

Dans ce cas, 'unique solution du probléme (1.0.21) décroit exponentiellement et satisfait en
particulier la méme condition que celle vérifiée par wg ci-dessus. Par conséquent, dans ce cas,

les estimations LP — L9 sont de la forme :
|u)llza@) < Ce*“fg/Z(l/p*l/q)HUOHLP(Q),

pour un certain ¢ > 0.

Lorsque le domaine €2 est de classe C%! et lorsque la donnée initiale est plus réguliére et
appartient a I’espace W},’T’(Q) (1.0.18), on obtient une solution forte du probléme (1.0.21) qui

satisfait

V1<g<2 VT <oo, weLi0,T; W>P(Q)) et %‘t” € LY(0,T; L3 (9)).

On démontre aussi 'existence des solutions trés faibles au probléme (1.0.21) quand Q est de
classe C%! et quand ug € [Hg (div, Q)]5 ;. Dans ce cas 1, la solution w du probléme (1.0.21)
satisfait

V1<g<2, VT <oo, weLi0,T; LP(Q2)) et 881; e LY0,T; [Tp/(Q)]i,’T).
Le concept des “solutions trés faibles” a été d’abord introduit par Lions et Magenes dans [54].
Ensuite, Amann considére ce type de solutions dans [3], dans le cadre des espaces de Besov.
Récemment, ce concept a été modifié par Galdi et Sohr dans [31, 32, 30|, Farwig et Kozono
dans [33] et Galdi, Simader et Sohr dans [36] & un cadre des espaces LP classiques. Le concept
de solutions trés faibles est fortement basé sur des arguments de dualité des solutions fortes.
Pour cela, la régularité du domaine pour les solutions trés faibles est la méme que pour les

solutions fortes.

On traite aussi dans cette section, le probléme de Stokes non-homogéne ot ug = 0 et

f e L90,T; LY (), 1 < p,q < oco. Dans ce cas, la pression est aussi une constante. Pour
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une telle fonction f l'unique solution de probleme (1.0.1) satisfait w € C([0, T]; L5 .(2))
pour tout T' < co. Cependant, pour une fonction f € L9(0,T; Lb _(£2)) Panalyticité du semi-
groupe de Stokes ne suffit pas pour obtenir une unique solution w(¢) du probléme satisfaisant

la régularité maximale:

0
w e LU0, T; W*P(Q)), a—’: € L9(0,T; LP.(Q)). (1.0.23)
Normalement, il faut imposer plus de régularité sur f (par exemple f est localement continue
Holderienne [64]).
Dans cette section, on démontre que lorsque la force extérieure est dans L9(0,T; LL (£2)) et
ug = 0, 'unique solution du probléme (1.0.1)-(1.0.5) satisfait la régularité LP — L9 maximale

(1.0.23). Pour démontrer ce résultat on suit 'approche de Giga et Sohr [43].

La régularité maximale pour le probléme de Stokes a été d’abord étudiée par Solonnikov
dans [74] avec les conditions de Dirichlet pour 0 < T' < co. Celui-ci construit une unique

solution (w, ) du probléme (1.0.1) dans Q x [0, T') satisfaisant la régularité:

[ 1L

T T
2 p
8 [T a0y dt + [ IVl oy
<oma [ 10

ot V2u = (0;05u); j—1,2,3 est la matrice des dérivées de second ordre de u. Lorsque € est non
borné I’ estimation de Solonnikov n’est pas globale en temps car C(T, 2, p) peut tendre vers
Iinfini lorsque T" — oo. Son approche est basée sur les méthodes de la théorie des potentiels.
Quelques années plus tard, Giga et Sohr [43] étendent le résultat de Solonnikov [74] dans
deux directions. Leur estimation est globale en temps et peut contenir différents indices p
et g. Pour obtenir cette régularité LP — L? maximale et globale en temps pour le probléme
de Stokes avec Dirichlet, ils utilisent la théorie de perturbation et les puissances imaginaires
pures d'un opérateur non-négatif. En effet, Giga et Sohr établissent dans [43] un résultat pour
un probléme de Cauchy abstrait qui étend le résultat de Dore et Venni [2§].

Concernant le probléme de Stokes avec les conditions de Robin, Saal établit dans [66] un
résultat de régularité LP — L9 maximale pour le probléme de Stokes avec des conditions de
Robin homogéne en utilisant les puissances imaginaires pures de l'opérateur de Stokes avec
ces conditions. Cependant, cette approche ne s’applique pas dans le cas ol des conditions de
Robin non-homogenes sont considérées. Pour cela Shimada [70] dérive cette régularité LP — L9
maximale pour le probléme de Stokes avec des conditions de Robin non-homogénes en ap-
pliquant I'opérateur de Weis et le multiplicateur de Fourier & la formule explicite donnant la

solution du probléme de Stokes avec ces conditions.

Comme il est indiqué ci-dessus, lorsque la force extérieure f est & divergence nulle et sa

composante normale est nulle & la frontiére, le gradient de pression disparait du probléme. Par
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contre, pour une fonction f € L9(0,7; LP(Q)), le gradient de pression n’ai pas nul et peut

étre découplé du probléme en résolvant un probléme de Newmann faible (Voir [71])
div(grad7 — f) =0 dans © x (0,7, (gradm — f) - n=0 sur T'x (0,7).

Notre résultat est le suivant: lorsque €2 est de classe C%!, f € L9(0,T; LP(Q2)), 1 < p,q < oo,
T < 0o et ug = 0, le probléme de Stokes (1.0.1)-(1.0.5) admet une unique solution (u,7) telle
que:
w € LU0, Ty; WP(Q)), To<T si T<oo et To<T si T = oo,
ou

7€ LI(0,T; WHP(Q)/R), 5 € L0, T; LP(Q)).
On a aussi 'estimation suivante
T T
/‘bﬁmmdt+é|mmwmmdﬁ+AHﬂHMw dt

T
<cm%ménﬂnm@

On montre aussi dans cette section ’existence des solutions faible et tres faible au probléme de
Stokes non-homogéne avec les conditions de type-Navier. Pour une donnée initiale ug = 0 et
une force f € L1(0,T; [Hg,(div, M), 1 <p,g<ocet0<T<ooleprobleme (1.0.1)-(1.0.5)

admet une unique solution (u, ) satisfaisant

we L0, Ty; WHP(Q)), To<T si T<oo et Toy<T si T = oo,

7w e LI(0,T; LP(Q)/R), %": € LU0, T; € [HY (divQ)],, 1)

avec ’estimation suivante

T T
q q
/ H H[HP (dived))’ di +/0 | At )HH” (di Q)]/dt +/o ||7T(wHLP(Q)/Rdt

T
q
< CO0R) [ IFON 0 O

Lorsque Q est de classe C?1, 0 < T < 00, 1 < p,q < 00, ug = 0 et f € LI(0,T; [Tp/(Q)]’) le
probléme (1.0.1)-(1.0.5) admet une unique solution (w,7) qui satisfait
we L90,To; LP(Q)), To<T si T<oo et Ty<T si T = oo,

7€ LY0,T; W P(Q)/R), %t e L90,T; € [T” (D)],,)

et

T T
/ H Hm t+/0 ||Au(t)|‘[1Tp,(Q)ydt—|—/0 IO 1y
T
< Q
< Co.0®) [ IFO 40
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Dans la deuxiéme section, on considére le probléme d’évolution de Stokes (1.0.1) avec les
conditions de glissement de Navier (1.0.4). Dans ce cas pour une fonction f a divergence nulle
et dont la composante normale est nulle au bord, la pression n’est pas constante et ne disparait
pas du probléme. Comme dans la premiére section de ce chapitre, on donne l'existence des
solutions fortes, faibles et trés faibles pour le probléme (1.0.1)-(1.0.4) satisfaisant la régularité
LP — L7 maximale. Pour le probléme homogéne cela découle directement de ’analyticité du
semi-groupe de Stokes avec les conditions de glissement de Navier. Pour le probléme non-
homogeéne, la régularité LP — L2 maximale est obtenue en utilisant les puissances imaginaires

pures de 'opérateur de Stokes avec ces conditions.

Dans la troisiéme section, on considére le probléme d’evolution de Stokes (1.0.1) avec
les conditions qui dépendent de la pression (1.0.6). Grace aux conditions limites (1.0.6), la

pression peut étre découplée du probléme (1.0.1) en utilisant le probléme de Dirichlet
Ar =divf dans Q x (0,7, m=0 sur I' x (0,7). (1.0.24)

Donc, pour une fonction f tel que div f = 0 dans €2, la pression est nulle et notre probléme

revient & étudier le probléme pour le laplacien suivant:

%—’;—Au:f, divu =0 dans Q x (0,7),
uxn=0 sur  I'x (0,7), (1.0.25)
u(0) = ug dans Q.

On montre l'existence d’une unique solution forte (respectivement faible) pour le probléme
(1.0.25) pour tout f € L%(0,T; LP(S2)) (respectivement f € L9(0,T; [Hgl(curl, D)) et
ug € W}TZ])V(Q), ol

Wi?V(Q) ={uec WH(Q); divu =0dans Q, uxn=0sur I'}

(respectivement ug € L2(Q)). Maintenant pour une fonction f qui n’est pas a divergence

nulle on récupére une pression non nulle en utilisant le probléme (1.0.24).

Dans le Chapitre 6 on considére le probléme de Navier-Stokes (1.0.2) avec chacune des
conditions considérées dans les chapitres précédents. Pour une donnée initiale ug € LE (€2),
p > 3 et lorsque le second membre f = 0, on démontre I'existence locale d’une unique solution
u € C((0,T.]; D(A,)) N C((0,T%]; L2 (). Tout d’abord, en utilisant le résultat de Giga
[40, Theorem 1, Theorem 2| on démontre I'existence d’une unique solution locale u(t) qui
vérifie

u € BO([0,Tv); L,(2)) N L9(0, To; L, (%),

2
Q7T>p7 -+ -=-.
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De plus, pour une donnée initiale petite (i.e. ||ugl/fr(o) < €), on obtient I'existence globale des

solutions. En effet, Giga considére dans [40] un probléme semi-linéaire parabolique abstrait

38"; tAu=Fu  u(0)=a, dans Qx(0,7T], (1.0.26)

ou €2 est un domaine quelconque de R"™, Fu représente le terme non-linéaire et A est un

opérateur elliptique tel que —A engendre un Cy semi-groupe e *4

sur un sous-espace fermé
EP de LP(R2). 1l construit une unique solution mild au probléme (1.0.26) lorsque le semi-groupe

et satisfait les estimations LP — L4

_nel_ 1
le Fllpaey < MEHGD | fllnqy.  FeB?, 0<t<T, (1.0.27)
et sous certaines hypothéses sur le terme non-linéaire F'u. Giga suppose que le terme non-
linéaire peut s’écrire sous la forme:

Fu =L Gu,

ou I est un opérateur linéaire fermé a domaine dense de L?(Q2) dans E? pour un certain g > 1
et G est un opérateur non-linéaire de EP dans Lh(Q), h > 1. Tl suppose de plus qu’il existe
0 < v < m, tel que

le™“Tf lor@) < Nt f gy, FEEP, 0<t<T,  (1028)

ot N1 = Ni(p,T) est une constante qui dépend de p et T. Concernant la fonction G, Giga

suppose qu’il existe une constante o > 0 telle que:
1Gv — Gl o) < Nallo — wll ooy (101G + I0lGe),  GO=0,  (1.0.29)

avec 1 < h =p/(1+ «) et la constante No = Na(p) dépend seulement de p, 1 < p < oo.
En supposant (1.0.27),(1.0.28) et (1.0.29), Giga démontre I'existence d’une unique solution
u qui vérifie
u € BC([0,Ty); EP) N LY(0,Tp; E"),

1 _ 11 . . ; . .
avec ; = %(5 — ) et a € EP. Il montre aussi que son résultat s’applique au probléeme de

Navier-Stokes ainsi qu’au probléme de la chaleur semi-linéaire.

Aprés avoir étabi notre résultat d’existence et d’unicité de solution mild pour le prob-
léme de Navier-Stokes avec les conditions de type-Navier, on démontre que cette solution est

réguliére. En effet, maintenant on sait que la solution existe et peut s’écrire sous la forme:
u(t) = uo(t) + Su(t)

ou
t
ug(t) = e Mrug et Su(t) = / e =) Fu(s)d s
0
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et Fu = —P(u-V)u. En procédant comme dans [41] on démontre que u € C((0,T%]; D(A4p)).
Tout d’abord, on démontre que pour tout 0 < ¢ < T, u(t) € D(Af;), pour tout 0 < oo < 1—96,

pour un certain 0 < § < 1 et satisfait:
(I + Ap)*u(t)|| () < Kat™,

pour une certaine constante K, > 0. Pour établir ce résultat, on estime le terme non-linéaire
Fu en fonction des puissances fractionnaires de I'opérateur I+ A,. En procédant comme dans
[41, Lemme 2.2], on montre que pour un certain 0 < § < % + %(1 — %) fixé et pour 1 < p < oo

on a:

Vau, 0 Do), T+ A OP(u V)l < M I+ Ap) ull ooy | (T+ Ap)Pul oo,
(1.0.30)
ou la constant M = M (4,6, p,p), pourvu que

d+0+p>1/243/2p, 0>0, p>0, p+d>1/2.

Ensuite, on démontre que pour tout 0 < a <1 -9, (I + Ap)“u est continue holderienne
sur tout intervalle [, Ty], 0 < € < T). Par conséquent, en utilisant l'estimation (1.0.30) pour
0 =0, on déduit que Fu est continue holderienne sur tout intervalle [e, Ty], 0 < e < Ty. En
utilisant le résultat de Pazy [64, Chapitre 4, Corollaire 3.3|, on déduit que Su(t) € D(A,)
pour tout 0 < ¢ < T,. Comme ug(t) = e *ruy € D(4,), la solution u(t) € D(A,) pour tout
0<t<T,.
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Chapter 2

Basic properties of the functional

framework

2.1 Functional framework

In this section we review some basic notations, definitions and functional framework which
are essential in our work.

In what follows, if we do not state otherwise, 2 will be considered as an open bounded
connected domain of R? of class at least C1'! and sometimes of class C?!. Then a unit exterior
normal vector to the boundary can be defined almost everywhere it will be denoted by n. The
generic point in  is denoted by @ = (x1, z2, x3).

We do not assume that the boundary I' is connected and in the case where I' is not
connected we denote by I';, 0 < ¢ < I, the connected component of I', I'g being the boundary
of the only unbounded connected component of R3\Q. We also fix a smooth open set ¥ with
a connected boundary (a ball, for instance), such that € is contained in ¥, and we denote by
Q;, 0 <1 < I, the connected component of Y\Q with boundary I'; (I'g U 89 for i = 0).

We do not assume that € is simply-connected and in the case where (2 is not simply
connected we suppose that there exist J connected open surfaces ¥;, 1 < j < J, called
“cuts”, contained in €2, such that each surface XJ; is an open subset of a smooth manifold, the
boundary of ¥; is contained in I'. The intersection ¥; NY; is empty for i # j and finally the
open set Q° = Q\ U‘jjzl ¥}, is simply connected and pseudo-C! (see [5] for instance).

We denote by []; the jump of a function over ¥;, i.e. the difference of the traces for
1 < j < J. In addition, for any function ¢ in W1?(Q°), grad q is the gradient of ¢ in the sense
of distribution in D’(Q°), it belongs to LP(Q°) and therefore can be extended to LP(). In
order to distinguish this extension from the gradient of ¢ in D’(£2°) we denote it by g/r\a/d q.

Finally, vector fields, matrix fields and their corresponding spaces defined on  will be
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denoted by bold character. The functions treated here are complex valued functions. We will
use also the symbol o to represent a set of divergence free functions. In other words If FE is
Banach space, then
E, = {ve E; divv = 0 in Q}.
Now, we introduce some functional spaces. Let LP(€Q) denotes the usual vector valued

LP-space over ). Let us define the spaces:
HP(curl,Q) = {v € LP(Q); curlv € LP(Q)},
HP(div,Q) = {v € LP(Q); dive € LP(Q)},
XP(Q) = HP(curl, Q) N HP(div, ),

equipped with the graph norm. Thanks to [11] we know that D(€2) is dense in H”(curl, ),
HP?(div, Q) and X?(9).
We also define the subspaces:

Hf(curl,Q) = {v e H(curl,Q); vxn =0onTl},
H{(div,Q) = {ve HP(div,Q); v-n =0onT},
XR(Q) = {ve X?(Q); vxn=0onT},
X2(Q) = {veXP(Q); v-n=0onT}

and
XH(Q) = X%(Q) N X2(Q).

We have denoted by v x n (respectively by v -n) the tangential (respectively normal) bound-
ary value of v defined in W ~V/PP(T') (respectively in W~1/PP(T")) as soon as v belongs to
HP(curl, Q) (respectively to HP(div,€2)). More precisely, any function v in H?(curl, Q) (re-
spectively in HP(div, §2)) has a tangential (respectively normal) trace v X n (respectively v-n)
in WYPP(T') (respectively in W~1/72(T)) defined by:

Vo e WhP(Q), (vxn, @) = /

curlv-pdx — /U'curlcpdx (2.1.1)
Q

Q
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and

Ve WhY(Q), (v-n, o)r = /

v-gradgdzr + /divvg@dx, (2.1.2)
Q

Q
where (., ) is the anti-duality between W~/PP(I') and WP P (I') in (2.1.1) and between
W=1/P2(I') and WYP?(T') in (2.1.2). Thanks to [11] we know that D() is dense in
HY(curl, Q) and in Hj(div, Q).

We denote by [H(curl, )] and [HE(div, )]’ the dual spaces of Hf (curl, Q) and H5(div, Q)
respectively.

Notice that we can characterize these dual spaces as follows: A distribution f belongs to
[HY(curl, Q)] if and only if there exist functions functions ¢ € L¥(Q) and ¢ € L” (Q), such
that f = ¥ + curl&. Moreover one has

||f”[Hg(curl,Q)]’ = lepiﬁf;urlgmax(HwHLz)/(Qy ||€HL1)’(Q))

Similarly, a distribution f belongs to [HB(div, Q)] if and only if there exist ¥ € L¥ () and
x € L (Q) such that f = ¢ + grad y and

[ Flgrgaon = ,_ ot max (bl g+ (X o)

Finally we consider the space
TP(Q) = {v € Hi(div,Q); dive € W,7(Q)}, (2.1.3)

equipped with the graph norm. Thanks to [10, Lemma 4.11, Lemma 4.12] we know that
D(N) is dense in T?(2) and a distribution f € (T?())" if and only if there exists a function
(VNS Lp,(Q) and a function y € W*I’p/(Q) such that f = ¥ + Vx. Moreover we have the

estimate

10 o 0y + Il () < ([ F ll e )y

2.2 Preliminary results

In this section, we review some known results which are essential in our work. First, We recall
that the vector-valued Laplace operator of a vector field v = (v1, v, v3) is equivalently defined
by

A v = grad (divv) — curlcurlv

or by
A v = 2divD(v) — grad (div v).

Next, we review some Sobolev embeddings (see [11]):

Lemma 2.2.1. The spaces X3(Q) and X2(Q) defined above are continuously embedded in
WhP(Q).
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Consider now the spaces

X*P(Q) = {ve LP(Q); dive € W'P(Q), curlu € WHP(Q) and v-n € W!=Vrr(T)}
(2.2.1)

and
Y??2(Q) = {v e LP(Q); dive € W'P(Q), curlv € WHP(Q) and v x n € Wlfl/p’p(l“)}.

Lemma 2.2.2. Assume that Q is of class C>', then the spaces X*P(Q) and Y*P(Q) are
continuously embedded in W2P(Q).

Consider now the space
EP(Q) ={ve W"P(Q); Av e [HY (div,Q)]'},
which is a Banach space for the norm:

lvllgr@=lvlwirq) + Il Av ”[Hg”(div,ﬂ)]/ :

Thanks to [10, Lemma 4.1] we know that D(Q) is dense in EP(Q). Moreover we have the
following Lemma (see [10, Corollary 4.2]):

Lemma 2.2.3. The linear mapping v : v —s curlv x n defined on D(Q) can be extended to

a linear and continuous mapping
1
v: EP(Q) —— W »P(I).

Moreover, we have the Green formula: for any v € EP(Q) and ¢ € X}?,(Q) such that dive =0
n §).
—(Av, ) = / curlv- curl pdz — (curlv x n, p)r.
Q

where (.,.)r denotes the anti-duality between Wﬁi’p(lj) and W' (') and (., .)q denotes the
anti-duality between [Hg, (div, Q)] and Hg, (div, Q).
In addition we have the following lemma (see [8, Lemma 2.4]).

Lemma 2.2.4. Suppose that ) is of class C'. The linear mapping © : v —— [D(’u)n}_rIF

defined on D(Q) can be extended by continuity to a linear and continuous mapping
0: EP(Q) —— W »P(D).

Moreover, we have the Green formula: for any v € EP(Q) and ¢ € W' (Q) such that
divep=0mQand p-n=0onT,

~(A0.¢)y =2 [ D(o): Dlg) da— 2D} olr, (222)

where (.,.)r denotes the anti-duality between W_%’p(F) and W' (') and (., .)q denotes the
anti-duality between [Hg, (div, Q)] and Hg, (div, ).
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Next we consider the space
HP(A,Q) = {v e LP(Q); Ave (TP (Q)'},

which is a Banach space for the graph norm. Thanks to [10, Lemma 4.13, Lemma 4.14| we
know that

Proposition 2.2.5. The space D() is dense in HP (A, Q). Moreover for every v in HP (A, Q)
the trace curlv x n ezists and belongs to Wﬁl*l/p’p(lj). In addition we have the Green
formula: for all v € HP(A,Q) and for all o € W?P(Q) such that divp = ¢-n =0 on T and

curlp xn=0onT:
(Av, go)(Tp/(Q)),X,Fp/(Q) = /Qv -Apdr + (curlv xn, @), (2.2.3)

where (., )r = (., '>W—l—l/p,p(p)XW1+1/p,p’(F)'
Moreover, thanks to [8, Lemma 5.4] we have the following proposition

Proposition 2.2.6. For every v in HP(A, Q) the trace [D(v)n|_ exists and belongs to w1 (r),
Moreover we have the Green formula: for any u € H,(A; Q) and for all ¢ € W27 (Q); p-n =
0,dive =0, [D(u)n] =0 on T,

(A, ‘P)(Tp’(ﬂ))/X T (Q) = /Q u- Apdz + (2[D(u)n]r, @) Wv—k%,p(r)>< wits r)’

(2.2.4)
We recall also the following De Rham result:

Lemma 2.2.7. Let F € W2P2(Q) werifying
Vv e D, (), (F, v)prayxp) =0
Then there exists x € W—1P(Q) such that F =V x.

Next, we recall also the following lemma (see |11, Lemma 3.2|) that gives the normal trace
of a function ¥ € HY(div,Q) on X, 1 < j < J.

Lemma 2.2.8. Let ¢ € Hj(div, ), the restriction of ¢ -n to any ¥, 1 < j < J belongs to
the dual space (Wlfl/p/’pl(zj))/ and the following Green’s formula holds:

Vx € WH'(Q°),

oo W)s, = [ eeradyde + [ xdvBds o (225)
J

o

J
=1

Moreover we have the estimate

197 1y S C vy (226)
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Next we consider the problem:
div(grad7 — f) =0 in Q, (gradm — f) - n=0 on I'. (2.2.7)

We recall the following lemma concerning the weak Neumann problem (see [71] for the first

point and [6] for the two other points)

Lemma 2.2.9. (i) Let f € LP(Q) the Problem (2.2.7) has a unique solution m € WHP(Q)/R

salisfying the estimate
lgrad 7| r) < C1(Q) | fllLr ),

for some constant C1(2) > 0.
(ii) Let f € [H‘g/(div, 0)), the Problem (2.2.7) has a unique solution 7 € LP(Q)/R
satisfying the estimate

||7THL1”(Q)/]R < CQ(Q’p)H'fH[Hg/(div,Q)}"

(iii) Let f € (T? (Q)), where TP(Q) is given by (2.1.3). The Problem (2.2.7) has a unique
solution m € W~LP(Q)/R satisfying the estimate

HWHW—LP(Q) < C(p) ||fH(TI)/(Q))/‘
The following lemma plays an important role in the proof of the resolvent estimate:

Lemma 2.2.10. Let u € WP(Q) such that Au € LP(Q). Then for all p > 2 one has:

_9 2
_ / P 2Au Tds = / |u|p_2|Vu|2dx+4pQ/‘V|u|p/2’ dz
Q Q p Q
3 ou Ju du
_ ) p—4 .7 .U — (= p—2
+ (p 2)zkzl/ﬂu| Re(axk u)Im(axk u)dz <an,|u] u>F, (2.2.8)

where (., )r is the anti-duality between W ~YPP(T) and W'/P¥ ().

Proof. Let w € WHP(Q) such that Au € LP(Q2). We recall that w = ( uy, wug, wus )isa

vector complex valued function. We recall also that the vectors w and Reu given by
ﬁ:(lTh U2, 73), Reu:( Reu17 RQUQ, R6U3 )

are the conjugate and the real part of the vector u respectively. We can easily verify that for
any 1 < k < 3 one has

3

0 |u? u; 0w du
! =[G g =2l W)
As a result
8';‘52 — (p—2) u|p_4Re<§;Z~u> and “9?:8':/2‘2 _ ]f|u|p_4 [Re(iﬁi-)]% (2.2.9)
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Now, using (2.2.9) we have

3 p—2

_9 2
3 OlufP™ 0w .\ _ 4P—2 / ‘V\u|p/2‘ dz +
— dxp Omy P Ja

3
ou ou
— 92 p—4 ~~.u i 73
(p 2)z;/Qu| Re(ﬁxk u)1m<8:ck u)dx.
Finally applying the Green-Formula one gets (2.2.8). O

To give explicitly the boundary condition on I', we recall some properties concerning some
traces of vector fields. Let us consider any point P on I' and choose an open neighbourhood
W of P in T small enough to allow the existence of 2 families of C? curves on W with these
properties: a curve of each family passes through every point of W and the unit tangent
vectors to these curves form an orthonormal system (which we assume to have the direct
orientation) at every point of W. The lengths s, s along each family of curves, respectively,
are a possible system of coordinates in W. We denote by 71,72 the unit tangent vectors to
each family of curves, respectively. With this notation, we have v = 22:1 Tk + (v-n)n

T

T _
where 7 = (7,,, T0s

w1 Thas Trg) and v = v-T. As a result for any v € D() the following formulas
holds (see [8]):

0
D(v)n], =V(v-n)+ (%)T — Av on I (2.2.10)
and
ov
curlv x n =V, (v-n)— (%)T — Av on T, (2.2.11)
where )
Aw =Y (w,- 8—")7-k. (2.2.12)
P 0sk
In particular, observe that, if v - » = 0 and [D(v)n].. = 0 we have curlv x n = —2Av. As
consequence
Av-n =diviAv on T, (2.2.13)

where divr denote the surface divergence on I'.

We have also the following result:

Lemma 2.2.11. Assume that ) is of class CY1. Let v € WHP(Q) such that Av € LP(Q).
Then [D(v)n]_. and curlv xn belongs to WY/PP(T) and satisfy respectively formulas (2.2.10)
and (2.2.11).

Proof. Let us prove formula (2.2.11) for a function v € W1P(Q) such that Av € LP(Q). We
can easily verify that gradv € HP(div,{2) and then g—z exists and belongs to W~1/P2(I).

On the other hand, we consider the space
EP(Q) = {v e WHP(Q); Av € LP(Q)},
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which is a Banach space for the norm

[vllEr) = Ivllwioq) + [[Av]Lr@)-

using the density of D(12) in the space EP(Q), there exists a sequence (vg); in D(Q2) such
that (vg)r converges to v in EP(Q2). As a result the sequence (vg)g, (Avg)r and (grad vy
converge respectively to v, Av and gradwv in the respective spaces W1P(Q), LP(Q) and
HP(div, Q). As a consequence the sequence (vy, - n); converges to v - n in W1=1/PP(T), then
(Vo (vg - m))j converges to V(v -n) in W~PP(I'). Moreover the sequence (vy, ) converges
to vy in WIVPP(T). Now since Q is of class C1! then m € W1H(T), this means that
% € L*>(T') and the sequence (vy_ - %)k converges to v, - % in W1=1/P2(I') and then in
W=1/PP(T). In addition the sequences (%)k and (curlvy x n); converge respectively to g—:’l
and curlv x n in W~/PP(T). Moreover, one has for all k € N
2

curlvy xn = V(v -n) — (%)T - Z (%-ka)v-j on I (2.2.14)

Finally passing to the limit as k — +oc in (2.2.14) one gets formula (2.2.11) holds for any
vector v € EP(Q2). Which ends the proof. O

Moreover, we know that for any vector v of D(Q2) one has:

)
divo = divror + 2Kv-n + a—” ‘m on T, (2.2.15)
n

2 o .
where K = %Z =1 % - Tj denotes the mean curvature and divr is the surface divergence.
J

Consider the space
ZP(Q) = {v e WP(Q); divo e Wl’p(Q)},
which is a Banach space for the norm
[vllzr(o) = Ivllwreq) + Idivolwieg).
Proposition 2.2.12. The space D(Q) is dense in ZP ().

Proof. Let us consider the linear continuous mapping P : W1P(Q) — W1P(R3) and the
vector P : WHP(Q) — WLP(R3) such that Pujg = v forall v e W'?(Q) and Pvjg = v
for all v € W1P(Q). Moreover for all v € ZP(Q) we define div(Pwv) by

div(Pv) = P(divv).

Now let v € ZP(f2), then Pv € WHP(R3) and div(Pv) = P(divv) € WHP(R3). This means
that Pv € ZP(R?). Thanks to |9, Lemma 8| we know that D(R?) is dense in ZP(R3), then
there exists a sequence (¢ )x in D(R?) such that

@, — Pv in ZP(R?), as k — +oo0.
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1.€.
@, — Pv in WHP(R3), as k — 400
and
div g, — div Pv = Pdive in WYP(R?),  as k — +oo.
As a result
Pl — v in WhP(Q), as k — 400
and

div(pg ) = (divey)jo — dive in WHP(Q),  as k — +oo.

Finally we conclude that
Pp, — v in ZP(Q), as k — +oo,
which ends the proofs. O

As a consequence we have the following corollary:

Corollary 2.2.13. Suppose that Q is of class CY1, then for all v € ZP(Q) formula (2.2.15)
holds in W=1/P»(T).

Proof. Let v € ZP(Q) and let (vg); a sequence in D() such that (vg)g converges to v in
ZP(Q). i.e.
vy — v in WHP(Q), as k — 400

and

div vy, — dive in WHP(Q), as k — +oo.
In addition we know that for all & € N relation (2.2.15) is satisfied. On the other hand the
sequence (vy, )y, converges to v, in WIY/PP(I'), then

divrvg, — divprv, as k — 400 in W—l/pvp(l-\)'

Moreover the sequences (vj - n)y and (div g ) converge respectively to v - n and divor in
W1=1/PP(T') and then in W—/PP(T). Moreover since 2 is of class C1! then m € W1°°(I)
and K € L®(I), then Kvy -n — Kv-n, in W-YPP(T'). Then the sequence (%er ‘Mg
converges in W~1/PP(I") to an element which we shall denote it by g—;’; -n. As a consequence
for all v € ZP(2) one has

divv = divrvr + 2Kv-n + 27:)1 ‘n in W—l/lhp(F)

and the result is proved. O
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2.3 Some Properties of sectorial and non-negative operators

This section is devoted to the definitions and some relevant properties of sectorial and non-
negative operators very useful in our work. In all this section X denotes a Banach space and
A:D(A) C X — X is a closed linear operator. D(.A) is equipped with the graph norm and
form a Banach space with the graph norm.

We start by the definition of a sectorial operator (see [29, Chapter 2, page 96]). Let
0 <0 <7/2 and let Xy be the sector

Yy = {)\E(C*; |arg | <7r—9}.

Definition 2.3.1. We say that a linear densely defined operator A : D(A) C X +—— X s
sectorial if there exists a constant M > 0 and an angle 0 < 0 < w/2 such that

M

VaeXy,  [[RA Allex < o

(2.3.1)

where R(A\, A) = A\ — AL

This means that the resolvent of a sectorial operator contains a sector ¥y for some 0 <
0 < w/2 and for every A € ¥y one has estimate (2.3.1).
The following theorem gives the necessary and sufficient condition for an operator to

generates a bounded analytic semi-group (see [29, Chapter 2, Theorem 4.6, page 101]).

Theorem 2.3.2. An operator A generates a bounded analytic semi-group if and only if A is

sectorial.

Nevertheless, it is not always easy to prove that an operator is sectorial in the sense of
Definition 2.3.1. Although, Yosida [82] has proved that it is suffices to prove (2.3.1) in the half
plane {A € C*; Re A > w}, for some w > 0. This result is stated in [13, Chapter 1, Theorem
3.2, page 30| and proved by K. Yosida.

Proposition 2.3.3. Let A : D(A) C X +— X be a linear densely defined operator, let
w >0 and M > 0 such that

M
\V/)\E(C*, Re )\ > w, HR(A7 A)HE(X) < W

Then A is sectorial.

Proof. For simplicity we will suppose that w = 0. Thanks to Yosida [82, Chapter VIII,
Theorem 1, page 211] we know that p(.A) is an open subset of C and for all Ay € p(A), the
disc of centre \g and radius |\g|/M is contained in p(A). In particular, for every r > 0, the
open disks with center +ir and radius |r|/M is contained in p(.A). The union of such disks
and of the half plane {\ € C; Re A\ > 0} contains the sector

{)\ €eC; N#0, |arg\| <7 — arctan(M)},
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hence it contains the sector
S = {)\ €eC; M#0, |arg\| <7 — arctan(QM)}.

If A € S and ReX < 0, we write A in the form A = +ir — (6r)/(2M) for some 6 € (0,1).
Thanks to [29, Chapter 4, formula 1.2, page 239] we know that

R\, A) = R(xir, A)[I + (A T ir)R(£ir, A)] .

We can easily verify that H I+ (XN Fir)R(Lir, A)]_lHﬁ(X) < 2.
Next, observe that [A| = /72 + 22]\22 =r V“gjjfm. Then

2M _ 2 M VAU _ VAM? 41

<

IR Al < == < EVZevcE A
2M

Now if A € S such that Re A > 0 then thanks to our assumption one has

M
R, ADllexy < oy (2.3.2)

which ends the proof. O

Remark 2.3.4. Proposition 2.3.3 means that there exists an angle 0 < 6y < 7/2 such that

the resolvent set of the operator A contains the sector
So, ={A€C; |arg\| <7 —6}
where estimate (2.3.2) is satisfied.

Next we recall some definitions and properties concerning the fractional powers of a non-

negative operator. We start by the following definition.

Definition 2.3.5. An operator A is said to be a non-negative operator if its resolvent set

contains all negative real numbers and
sup ¢ [|(t 1+ A) 7 £x) < 0o
>0

It is clear that if an operator B is sectorial then —B is in particular a non-negative operator.
For a non-negative operator A it is possible to define its complex power A for every z € C
as a densely defined closed linear operator in the closed subspace X 4 = TA) N W in X.
Here D(A) and R(A) denote, respectively, the domain and the range of A. Observe that, if
both D(A) and R(A) are dense in X, then X4 = X. We refer to [52, 78] for the definition

and some relevant properties of the complex power of a non-negative operator.
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In addition, for a non-negative bounded operator whose inverse A~! exists and it is
bounded (i.e. 0 € p(.A)), the complex power A* can be defined for all z € C by the means of
the Dunford integral ([82]):

z _L 1\)\2 -1
Af= 5 F9( A (AT + A) " fd A, (2.3.3)

where T'y runs in the resolvent set of —A from oo e'(?=™) to zero and from zero to oo e!™=%),

0 < 0 < 7/2 in C avoiding the non negative real axis. The branch of (—\)* is taken so that
Re((—=A)#) > 0 for A < 0. It is proved by Triebel [78] that when the operator A is of bounded
inverse, the complex powers A® for Re z > 0 are isomorphisms from D(A%) to X 4.

The following property plays an important role in the study of the abstract inhomogeneous

Cauchy-Problem and give us more regularity for the solutions (see [43]).

Definition 2.3.6. Let 6 > 0 and K > 1. A non-negative operator A belongs to E%(X) if
A € L(X 4) for every s € R and its norm in L(X 4) satisfies the estimate

JA® | px 0 < K 1. (2.3.4)
If in addition D(A) and R(A) are dense in X, we say that A € £%.(X).

We note that, these spaces E%(X) and £%(X) were introduced by Dore and Venni [28], Giga
and Zohr [43] in the abstract perturbation theory.
We recall some properties of the pure imaginary powers of a non-negative operator very

useful in our work (see [43, Appendix,Lemma A2| for the proof).

Lemma 2.3.7. Let A be a non-negative operator in a Banach space X. It holds
(i) For all a > 0 and for all s € R, (a.A)'® = a’5 A",
(i1) For all 5 > 0 and for all f € D(A) N R(A),

(61 + A)Sf — A'Sf, as 6 — 0.

The following lemma is proved by Komatsu (see [52]) and plays an important role in the

study of the domains of fractional powers of the Stokes operator.

Lemma 2.3.8. Let A be a non-negative closed linear operator. If Reaw > 0 the domain
D((vI + A)®) doesn’t depend on v > 0 and coincides with D((uI + A)®) for u > 0. In other

words
Vu, v>0, D(A%) = D((uI + A)*) = D((vI + A)“).

For a non-negative operator A such that 0 € p(A), the boundedness of A%, s € R allows
us to determine the domain of definition of D(A%), for complex number « satisfying Rea > 0

using complex interpolation. The following result is due to |78]
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Theorem 2.3.9. Let A be a non-negative operator with bounded inverse. We suppose that
there exist two positive numbers € and C such that A* is bounded for —e < s < ¢ and
[A®]lzx4) < C. If ais a complex number such that 0 < Rea < oo and 0 <6 < 1 then

(X, D(AY)]y = D(AY).

Remark 2.3.10. Let A be a non-negative operator of bounded inverse (i.e. 0 € p(A)). We
know, thanks to [78, Theorem 1.15.2, part (e)| that for every complex number a such that
Rea > 0, the fractional powers A is an isomorphism from D(A%) to X.

When —A is the infinitesimal generator of a bounded analytic semi-group e~*4, the fol-

lowing proposition is proved by Komatsu (see [52, Theorem 12.1] for instance)

Proposition 2.3.11. Let —A be the infinitesimal generator of a bounded analytic semi-group

et For any complex number o such that Rea > 0 one has
V>0, [|A% Mg < CERe (2.3.5)
Moreover, due to [52] we have the following property

Proposition 2.3.12. Let —A be the infinitesimal generator of a bounded analytic semi-group
e A, Then for all, 0 < o < 1, the fraction power —A® generates a bounded analytic semi-

group. Moreover,

Vo € D(A®), A% My = e7tA oy, (2.3.6)

Now, when the infinitesimal generator of a bounded analytic semi-group is of bounded
inverse and when 0 < « < 1, the fractional power A® of A can be defined as follows (see [64,

Chapter 2, Theorem 6.9| for instance).

Theorem 2.3.13. Let —A be the infinitesimal generator of an analytic semi-group such that
0€p(A). For 0 < a <1 and for x € D(A) we have the following explicit formula for A%z,

sin o

A%z = / t AT + A) e dt. (2.3.7)
0

T
Remark 2.3.14. We can easily check using formula (2.3.7) that in the case where A is a self

adjoint operator, it is the same for A%, 0 < a < 1.

Using the explicit formula (2.3.7) we can verify that Lemma 2.3.7 proved in [43, Ap-
pendix,Lemma A2] holds for the fractional powers of an infinitesimal generator of an analytic

semi-group.

Lemma 2.3.15. Let —A be the infinitesimal generator of an analytic semi-group. Then
(i) For all B >0 and for all0 < a < 1, (BA)* = [*A“.
(it) For all § > 0 and for all x € D(A),

(0I + A)%% — A%, as § — 0.
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Lemma 2.3.16. Let —A be the infinitesimal generator of a bounded analytic semi-group et
on a Banach space X such that 0 € p(A). Then for all 0 < o < 1
—hA\ f—a c e
(I —e " MAY|x < Eh . (2.3.8)

Remark 2.3.17. Lemma 2.3.16 has been proved by Kato and Yosida in [35, Lemma 2.11] in
the case where the operator A is a strictly positive self-adjoint operator an a Hilbert space
H and —A generates a strongly continuous semi-group on H. In Lemma 2.3.16 we generalize

their result to the case of a sectorial operator A of bounded inverse on a Banach space.

Proof of Lemma 2.8.16. First recall that since —.A is the infinitesimal generator of a bounded
analytic semi-group on X then for all z € X, e *z € D(A) and
d(I — e )z

d —tA
6dt T —Ae My and —x  - —Ae Mg,

As a result .
Vo e X, (I —e ")z = —/ Ae Mz dt.
0

Moreover in the particular case where x € D(A%) one has
h h
(I—e g = —/ Ae Mz dt = —/ Al A g2 d ¢,
0 0
Thus
h
= el < [ A e A g A%l dt
h
< / A% x dt
0
C
< —h%| A% x.
«
Finally observe that for all x € X, A7%x € D(A®) and
C C
I — e ") A | x < ShOATAT 2] x < —hlz]lx
and the result is proved. O
Next, we recall the definition of a Holder continuous function

Definition 2.3.18. Let I be an interval and let X be a Banach space. A function f :+— X

1s Holder continuous with exponent ¥, 0 < 9 < 1 on I if there is a constant L such that
1£(t) = f(s)lx < Lt —s|”.

We denote the family of all Holder continuous functions with exponent ¥ on I by CY(I; X).
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Proposition 2.3.19. Let —A be the infinitesimal generator of a bounded analytic semi-group
e~ on a Banach space X such that 0 € p(A). Then for all 0 < o < 1, and for all x € X

A%~ Ay ds Holder continuous on every interval e, T] for all € > 0.

Proof. Let x € X, then

HAaef(tJrh)Ax_Aaeft.AxHX — ”Aaeft.A(eth_I)xHX
— ||A2a6_tA(€_hA—I)A_a:EHX
c ., _ _
< alle A DA x
< Coh®||zfs
The last inequality is obtained using Lemma 2.3.16. O

Consider now the function
t

v(t) = / e (=941 (s)d s, 0<t<T, T>0. (2.3.9)
0

The following theorem is due to Pazy [64, Chapter 4, Corollary 3.3]

Theorem 2.3.20. Let f € L'(0,T; X) and et is a bounded analytic semi-group generated
by —A on a Banach space X. If the function f is locally Holder continuous then v(t) € D(A)
forallO<t<T.
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Chapter 3
Analyticity of the Stokes semi-group

This chapter is devoted to the proof of the analyticity of the Stokes semi-group with three
different types of boundary conditions respectively. The Navier-type boundary conditions
(1.0.5), the Navier slip boundary conditions (1.0.4) and the boundary condition involving the
pressure (1.0.6). This is a key tool to solve the time dependent Stokes problem using semi-
group theory. The proof is based on the study of the complex resolvent of the stokes operator
with each of these boundary conditions.

This chapter is organised as follows :

In section 1 we prove the analyticity of the Stokes semi-group with Navier-type boundary
conditions (1.0.5) in some spaces to be determined. We also impose further conditions on the
Stokes operator, the flux through the cuts ¥;, 1 < 5 < J is equal to zero. This assumption
allows us to obtain an operator of bounded inverse and thus an exponential decay of the Stokes
semi-group.

Section 2 is devoted to the analyticity of the Stokes semi-group with the Navier slip
boundary condition (1.0.4). The proofs in this section are similar to those in the previous
section, for this reason many details will be omitted.

In section 3, we prove that the Stokes operator with the boundary condition involving
the pressure and the tangential component of the velocity (1.0.6) is sectorial and generates a
bounded analytic semi-group on some spaces to be determined. We will also define the Stokes
operator with flux through the connected components of I'. These boundary conditions enable

the Stokes operator to be invertible and thus Stokes semi-group decays exponentially.

3.1 Stokes operator with Navier-type boundary conditions

In this section we consider the Stokes operator with Navier-type boundary

u-n=0, curlu x n =0 on I. (3.1.1)
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CHAPTER 3. ANALYTICITY OF THE STOKES SEMI-GROUP

We prove the analyticity of the semi-group generated by the Stokes operator with boundary
conditions on the spaces L? _(€2), [Hgl(div, Q)] and [T? (Q)],, respectively (see (3.1.4),

a,T o, T

(3.1.64) and (3.1.71) for the definition of these spaces). This allows us to obtain weak, strong
and very weak solutions for the time dependent Stokes problem with this Navier-type boundary
condition. We define also the Stokes operator With flux boundary conditions, this enables us
to obtain an operator of bounded inverse.

Consider the space
VE(Q) = {u € X2(Q); diva =0 in Q} (3.1.2)
which is a Banach space for the norm X?(Q2) and it is equivalent to the space
WoP(Q) ={ueW'P(Q);divu=0inQand u-n=0onTI} (3.1.3)
with equivalent norms. We also consider the space
Lr.(Q) = {f €LP(Q); divf=0in Q, f-n=0 on r}. (3.1.4)

It is clear that for p = 2, L?,,T(Q) is a closed subspace of L?() and it is an Hilbert space for
the inner product of L?(Q).
The Stokes operator with Navier-type boundary conditions is defined by

Vu e VE(Q), Yve VP (Q), (Apu, v) curlu - curlvdz. (3.1.5)

(VE(@yxvE(@ /Q
On other words, the Stokes operator with Navier-type boundary conditions is the linear map-

ping
Ap : D(4p) C L () — LT (),

where

D(4,) = {u € W'P(Q); Au € LP(Q), dive =0 1in €,
u-n =0, curluxn =0onTl} (3.1.6)

and
Vu e D(A4,), Apu = —PAu in Q.

Here P : LP(2) — Lb () is the Helmholtz projection defined by:
vV f e LP(Q), Pf = f — gradm, (3.1.7)

where 7 is the unique solution of Problem (2.2.7).

Notice that for all u € D(A,) N D(A4,) and for all 1 < p,q < oo, Apu = Aju in Q.

The following proposition gives a basic property of the Stokes operator with Navier-type
boundary conditions (3.1.1).
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Proposition 3.1.1. For all u € D(A)), Apu = —Au in (.

Proof. Let uw € D(A,), it is clear that Au € HP(div,2). Moreover since curlu x n = 0 on
I' then we can easily verify that curlcurlu-n = 0 on I'. This means that Au-n = 0 on
I'. As a consequence, Au € Lb () and Apu = —PAu = —Awu in Q. Notice that here the

pressure 7 is a solution of the problem

Ar=0 inQ " —Aw-n=0 onl
on
Thus m = Constant and grad 7 = 0 in €. O

Remark 3.1.2. One of our main goals is to see the difference between the Stokes operator
with Navier-type boundary conditions and with the Dirichlet boundary condition. For this

reason we consider the space
VHQ) = {v e WP(Q); divo =0 in Q}

which is a Banach space for the norm of WP(Q). For every u € V5(Q), we define the Stokes

operator with Dirichlet boundary condition by

v / ’ = VU
Vv e Vi (Q), (Au, ”>(vg @y <V (@) /QVU :Vodue.

Equivalently, the Stokes operator with Dirichlet boundary conditions is defined by :
u € D(A), Au = —PAu = —Au + gradm,

where D(A) = W2P(Q) N Wé’p(Q) N LP($2) and 7 is the unique solution up to an additive

constant of the problem
div(gradm — Au) =0 in €, (gradm — Au) -n=0 on T

Unlike the Stokes operator with Navier-type boundary condition, the pressure here cannot

be constant since Awu - n doesn’t vanish on I

The following two propositions give the density and a regularity property of the domain

of the Stokes operator.
Proposition 3.1.3. The space D(Ay) is dense in LL ().

Proof. 1t is clear that D,(Q2) C D(Ap) C LL (2). Now, since Dy(12) is dense in LY (),
then D(A,) is dense in LE _(Q). O

Proposition 3.1.4. Suppose that Q is of class C*', then

D(4,) = {u eW?(Q); divu=0inQ, u-n =0, curlu x m =0 on F}. (3.1.8)
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Proof. Let uw € D(A,) and set z = curlu. Then z € LP(?), divz = 0 in Q, curlz =
—~Au € LP(Q) and z x n = 0 on I. Thus z € X}(Q) — WP(Q). Finally observe that
w € LP(Q), curlu € WHP(Q), dive = 0in Q and w-n = 0 on I'. Thanks to Lemma 2.2.2,
we conclude that u € W%P(Q), which ends the proof. O

Remark 3.1.5. (i) Notice that thanks to Lemmas 2.2.1 and 2.2.2, when Q is of class C%! we
have

Vu € D(4), lullw2r ) = lullLr@) + |Aul e @)
(ii) Thanks to [10, Proposition 4.7], when Q is of class C*! for all u € D(A,) such that
(u-n, 1>Ej =0,1<j<J we have

H'U'HWQ’I)(Q) = HAuHLP(Q)-

3.1.1 Analyticity on L (1)

In this subsection we prove that the Stokes operator with Navier-type boundary conditions
generates a bounded analytic semi-group on L (£2) for all 1 < p < oo. Since the Hilbertian

cage is different from the general LP-theory we will treat each case separately.

The Hilbertian case

Before we state our theorem we give a basic property essential in the proof of the Hilbertian
case.
For all € € ]0, [, let ¥, be the sector

Se = {AeC |arg)| <7 —e}. (3.1.9)

Lemma 3.1.6. Let € € |0, 7| be fized. There exists a constant C. > 0 such that for every

positive real numbers a and b one has:
VA€, [Aa + b| > C-(|A|a + b). (3.1.10)

Proof. For A € R the inequality (3.1.10) is obvious. Let A € C\ R and let € € |0, 7 such
that ¢ < |arg A\| < m —e. We write A in the exponential form A = r e!? where § = arg \. Next,
we search a constant C' > 0 such that |Aa + b> > C?(|\|a + b)2. This is equivalent to find
a constant C' > 0 such that polynomial (1 — C?)b% + 2ar (cosf — C?)b + (1 — C?)a?r?

is positive. An easy computation shows that the constant C' depends on ¢ and satisfies

in2
Ce € }0’ 2(ls+ C§SE) [ 0
Now we want to study the resolvent of the Stokes operator. For that we consider the
problem
Au—Au=f, divu=0 in €, (3.1.11)
u-n=0 curluxn=0 on I,

where f € L2 (Q) and X € X..
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3.3.1 Stokes operator with Navier-type boundary conditions

Remark 3.1.7. Observe that, Problem (3.1.11) is equivalent to the problem

M — Au = in 0
{“ u=1, S (3.1.12)

u-n=._0, curlu xn =0 on I

In fact, let uw € H'(Q) be the unique solution of Problem (3.1.12) and set divu = x. It is
clear that Ax — Ax = 0in Q. Moreover, since f-n=0and u-n=0on I' then Au-n =20
on I'. Notice also that the condition curlu x n = 0 on I' implies that curlcurlu -n =0 on
I'. Finally since Au = grad(divu) — curl curlu one gets g% =0on I'". Thus x =0in Q and

the result is proved.

In what follows we use the following formula for the Laplacian operator
A v = grad (divv) — curlcurl v in Q.

The following theorem gives the solution of the resolvent of the Stokes operator A as well

as a resolvent estimate.

Theorem 3.1.8. Let € € 0, 7| be fized, f € LZ,’T(Q) and \ € ¥..
(i) The Problem (3.1.11) has a unique solution uw € H' ().
(ii) There exist a constant CL > 0 independent of f and X\ such that the solution u satisfies

the estimates

C/
HU||L2(Q) < ﬁ”fHLQ(Q) (3.1.13)
and
Ci
”CUI'IUHL?(Q) = \/W”fHLQ(Q)' (3.1.14)
(CL =1/C., where C; is the constant in (3.1.10)).
(iii) If Q is of class C*' then w € H?(Q) and satisfies the estimate
C(Q, N ¢)
[ull g2 () < T £l 220 (3.1.15)

where C(Q, X\, ) = C(Q)(CL+ 1)(|A] +1).

Remark 3.1.9. We note that for A > 0 the constant C’ is equal to 1 and we recover the

m-accretiveness property of the Stokes operator on L?T(Q).

Proof. (i) Variational formulation: Consider the space V2(Q) given by (3.1.2) (for p = 2).
It is clear that V2(Q) is a closed subspace of X2(Q) and it is an Hilbert space for the inner
product of X?(Q). We also recall that on V2(Q2) the norm of X2(Q) is equivalent to the norm
of H(Q).

Now, consider the variational problem: find u € V2(Q2) such that for any v € V2(Q)

a(u,v) :/Qf-vdx, (3.1.16)
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where

a(u,v):)\/u~vdx+/curlu-curlvdx.
Q Q

We can easily verify that a is a continuous sesqui-linear form on V2(Q). In fact

IN

|a(u, v)] (Al 2@)llvll 2o + lleurlul| 2 o) [curl vl 2 g

A

< (]Al+ 1)HU||X2T(Q)||U||X3(Q)-

For the coercivity, observe that since A € ¥, thanks to Lemma 3.1.6 there exists a constant
C. such that

la(w,0)] = [MolFe) + leurl o]z g
> Ce (A 0]20g) + lleurl ]2z )
> C. min(|/\\,1)HUH§c3(Q)'

Then for all A € ¥. a is a sesqui-linear continuous coercive form on VZ(Q). Due to Lax-
Milgram Lemma, Problem (3.1.16) has a unique solution u € V2(Q) since the right-hand side
belongs to the anti-dual (VZ(Q))".

(ii) Equivalent Problem: Now we want to extend (3.1.16) to any test function v € X2(f).
In fact, we proceed exactly in the same way as in [10, Proposition 4.3]. Let v € X2(Q) and
consider the solution x € H'(Q) unique up to an additive constant of the problem

Ix _

Ax =divy in Q,
on

0 on T.

Setting
¢ = v — grad x
we can easily verify that ¢ € L*(Q), dive = 0in Q, curlv = curlp € L*(Q) and ¢-n =0
onT (i.e. p € VZ(Q)).
Moreover, it is clear that grad y belongs to HZ(div,Q) and since f and w are divergence

free then we can easily verify that
/f-gradxd:c =0 and /u-gradxdz = 0.
Q Q

As a consequence we obtain a(u,v) = a(u, ¢) and then Problem (3.1.16) is equivalent to
the problem: find u € V2(Q) such that for all v € X2(Q)

/\/u-vdw—i—/curlu-curlv de = /f-vdw. (3.1.17)
Q Q Q

Finally we prove that Problem (3.1.11) is equivalent to Problem (3.1.17). It is clear that if
u € H'(Q) is a solution of (3.1.11) then w solves (3.1.17). Conversely, let u be a solution of
Problem (3.1.17). Then for all ¢ € X2(Q) one has

)\/u'cpdx—l—/curlu-curlcpda: = /f-cpd:z:. (3.1.18)
Q Q Q
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3.3.1 Stokes operator with Navier-type boundary conditions

In particular, for all ¢ € D(Q2) (3.1.18) is satisfied. As a result one gets

Ve eD(), (Au—-Au—f, ¢)pxpe =0

This means that Au — Au = f in Q. Moreover, since u € V2(Q2) then u € H(Q), divu =0
in Q and w-n =0 on I'. It remains to prove the boundary condition curlu xn =0o0n I'. In
fact, for all v € X2(f2) one has

(A — Aw, V)2 giv o)« H2(div,) = (5 V) E20iv.0) x H2(div.o)-

Then
A/u-vdx—k/curlu-curlvdx — (curlu xn, v)p = /_f"vdx,
Q Q Q

where (., )r = (., )g-120)m/2r)y- On the other hand, since w is a solution of (3.1.17)
then one gets
Ve X2(Q), (curlu x n, v)r = 0.

Let g € HY*(), we know that g, = p — (- n)n on I'. Since Q is of class C*! then
. € HY>(T). As a result, there exists a function v € H'(Q) such that g, = v on T
Clearly v € X2(Q) and

(curlu x n, p)yr = (curlu xn, p)r = (curlu x n, v)r = 0.

This means that curlu x n =0 on I' and w is a solution of (3.1.11).

As aresult Problem (3.1.11) and (3.1.17) are equivalent and Problem (3.1.11) has a unique
solution u € H'(Q).
(ii) Estimates: Multiplying the first equation of System (3.1.11) by @ and integrating both

)\/u|2d:x—|—/|curlu2d:n:/f-ud:r.
Q Q Q

Now as described above, since A € X, there exists a constant C. = 1/C. such that

sides one gets

M’HuHi?(Q) + ”CUﬂuHiﬁ(Q) < Cé’AHuHi?(Q) + ||curlu\|ig(m’

/Qf~uda:)

CLFll L2 llull L2 -

= C!

IN

As a result
CL
llullg2q) < B £l 220

which is estimate (3.1.13). In addition, it is clear that
”CUI'IUH2L2(Q) < C ||fHL2(Q)||u”L2(Q)
0/2 9
< ‘TE’ ||fHL2(Q))
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which is estimate (3.1.14). We recall that C. is the constant in (3.1.10).
(iii) Regularity: The regularity of the solution is a direct application of Proposition
3.1.4. Let us prove estimate (3.1.15). Thanks to (3.1.13) it is clear that

AUl g2y < IIF = Aullpz) < (CL+1) [[£lz2q)-
Now, since ||| g2y = [lullp2q) + [|Aul[f2) one has estimate (3.1.15). O

The following theorem gives us the analyticity of the semi-group generated by the Stokes
operator on L(QLT(Q).

Theorem 3.1.10. The operator —As generates a bounded analytic semi-group on L§7T(Q).

Proof. Thanks to Theorem 2.3.2 it suffices to prove that —As is sectorial which is a direct
application of Theorem 3.1.8. We recall that, with the Navier-type boundary conditions (3.1.1)
the Stokes operator coincides with the —A operator. O

Remark 3.1.11. We recall that the restriction of an analytic semi-group to the non negative
real axis is Cp semi-group. Thanks to Remark 3.1.9 the restriction of our analytic semi-group

to the real axis gives a Cjy semi-group of contraction.

Remark 3.1.12. Consider the sesqui-linear form (see [5]):
Vu, v e Vi(Q), a(u,v) = / curlu - curlvdz. (3.1.19)
Q

If Q is simply connected, we know that for all v € V2(Q) one has
vl x2(q) < Clleurlwl| 2 ). (3.1.20)

As a result, the sesqui-linear form a is coercive and we can apply Lax-Milgram Lemma to find
solution to the problem: find w € VZ(Q) such that for all v € V()

a(u,v) :/Qf-'vd:v,

where f € L?T(Q). This means that the operator Ay : D(A2) C L?,,T(Q) — L§7T(Q) is
bijective.
Now, if Q is multiply-connected, the inequality (3.1.20) is false. Indeed we introduce the
Kernel K2():
K2(Q) = {ve X%(Q); divo =0, curlv =0 in Q}. (3.1.21)

Thanks to [5, Proposition 3.14| we know that this kernel is not trivial, it is of finite dimension

and it is spanned by the functions g/r;:l/d qj, 1 < j < J, where ¢7 is the unique solution up to
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3.3.1 Stokes operator with Navier-type boundary conditions

an additive constant of the problem:
—quT- =0 in Q°,
ﬁnq} =0 on I,
[q;]k = constant, 1 <k < J, (3.1.22)
[anq;.]k — 0, 1<k<J
(&Lq;-, Dy, =0k, 1<k<

Moreover, thanks to [5, Corollary 3.16], for all v € X 2(Q) we have the following Poincaré-type
inequality:

J

vl x2() < C2()([leurlv]| 2y + [[divelgeg) + Y [(v-n, s, (3.1.23)
j=1

The following proposition gives the eigenvalues of the Stokes operator. We will see later
that the following proposition allows us to obtain an explicit form for the unique solution of
the homogeneous Stokes Problem as a linear combination of the eigenfunctions of the Stokes

operator.

Proposition 3.1.13. There exists a sequence of functions (zx)r C D(Az2) and an increasing

sequence of real numbers (Ap)k such that A\ >0, A\ — 400 as k — +oo and
Vo e X2(Q), / curl z; - curlodax = A\ / zp-vdx.
Q Q

In other words, (\;)x are the eigenvalues of the Stokes operator and (zy)y are the associaled

eigenfunctions.

Proof. Consider the operator
A L2 (Q)— D(42) — L2 (Q)

f— ur— u,

where u is the unique solution of the problem

u + Asu = f, divu =0 in €,
u-n=>0, curlu xn =0 on I

Thanks to Theorem 3.1.8, we know that A is a bounded linear operator from Lg’T(Q) into
itself. Moreover, thanks to Lemma 2.2.1 and the compact embedding of H'(2) in L?(Q), the
canonical embedding D(Ag) — LiT(Q) is compact. Equivalently, the operator A is compact
from LgﬁT(Q) into itself. Moreover we can easily verify that this operator is also a self adjoint
operator. Thus L§7T(Q) has a Hilbertian basis formed from the eigenvectors of the operator A.

Then, there exists a sequence of real numbers (ux)r>0 and eigenfunctions (zx)x>o such that

29



CHAPTER 3. ANALYTICITY OF THE STOKES SEMI-GROUP

Az = pp zp and up — 0 as k — +oo. This means that —up Azp + ur 2z = zi. Note that
0 < up <1. As aresult Ay zp = Ap zg, where A\ = /»Lik —1land \y — +o0 as k — +o0.
In conclusion (zg)x is a sequence of eigenfunctions of the Stokes operator associated to the

eigenvalues (Ag)g- O

Remark 3.1.14. As a consequence of Proposition 3.1.13, L?,?T(Q) can be written in the form
+oo
L2, (Q) = Kerd, P Ker(A\ I — Ay).
k=1

In other words, any vector v € Lg,r(ﬂ) can be written in the form

J L 400
v = Zakgradqg + Zﬁkzk,
k=1 k=1

where (g?‘\a/d ql)1<k<s is a basis for ker Ay = K?2(Q) and Vk € N, 2z € ker (\, I — Ay).
We recall that J is the dimension of ker Ay = K2(Q), (see [5]).

As described above, when Q is simply-connected, K2(Q) = {0}, Ao = 0is not an eigenvalue
and the Stokes operator is bijective from D(A3) into L?T’T(Q) with bounded and compact

inverse. In this case,
+0o0

Lg',T(Q) = @Ker(AkI - A2)a
k=1
where (Ag)r>1 are the eigenvalues of the Stokes operator and (zx) are the eigenfunctions

associated to eigenvalues (\g)r>1. Moreover, the sequence (\g)r>1 is an increasing sequence

of positive real numbers and the first eigenvalue \; is equal to CQ%Q) where C(Q2) is the
constant that comes from the Poincaré-type inequality (3.1.23).
LP-theory

We have seen that the Hilbert case can be obtained easily using Lax-Milgram Lemma. However
the general case p # 2 is not as easy as the particular case p = 2 and demand extra work. In

this section we extend Theorem 3.1.8 to every 1 < p < co. We start by the existence theorem:

Theorem 3.1.15. Let A € C € ¥ and let f € LY (Q). The Problem (3.1.11) has a unique
solution w € WYP(Q). Moreover, if Q is of class C*' then u € WP(Q).

Proof. Asin the proof of Theorem 3.1.8, we can easily verify that Problem (3.1.11) is equivalent
to the variational problem: Find u € V2(Q) such that for all v € XP (Q)

)\/u'vdx—l—/curlu'curl'vdx = /f-vda:,
Q Q Q
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where V2(Q) is given by (3.1.2). The proof is done in three steps:
(i) Case 2 < p < 6. Let u € H'(Q) be the unique solution of Problem (3.1.11). We write
Problem (3.1.11) in the form:

{ Au=F, divu=0 in Q, (51.24)

u-n=0, curluxn=0 on I,
where F = f — Au. Thans to the embedding H'(Q2) < L”() one has F € L ().
Thanks to [10, Proposition 4.3] we know that Problem (3.1.24) has a solution u € W1P(Q)

when F' satisfies the compatibility condition
Vv e K (), /F-vdmzo, (3.1.25)
Q

where
/

K?(Q) = {ve X?(Q); dive =0, curlv =0 in Q}.

T

To this end let v € KP (), thanks to Lemma 2.2.3 one has:
/F'de = — / Au-vdx = /curlu-curlvdx— (curlu x n, v)r = 0.
Q Q Q
Now applying [10, Proposition 4.3], our solution u belongs to W1P(€Q).

(ii) Case p > 6. Since f € L5(Q), Problem (3.1.11) has a unique solution v € W15(Q) —
L>(Q). Now proceeding in the same way as above one gets that u € W1P(Q).

(iii) Case p < 2. As described above, for p > 2 the operator A + A, is an isomorphism from
VP(Q) to (V¥ (€)). Then the adjoint operator which is equal to A I + A, is an isomorphism
from V2 (Q) to (VE(Q)) for p’ < 2. This means that, the operator A I + A,, is an isomorphism
for p < 2, which ends the proof. Notice that the operator AT + A, € L(VZ(Q), (VE(Q))) is
defined by: for all ¢ € VE(Q), for all £ € VZ (Q)

(N + Ay, £>(V£/(Q)),XV£/(Q) = /\/ng-gdx + /chr14p~cur1§dx.
O

Now, we want to prove a resolvent estimate similar to the estimate (3.1.13) for all 1 < p <
o0o. But this case is not as obvious as the case p = 2 and the proof will be done in several

steps.

Proposition 3.1.16. Let A € C* such that ReA > 0 and |\ > Ao, where \g = Ao(€2,p) is
defined in (5.1.35). Moreover, let f € LY (), where 1 < p < oo and let u € WLP(Q) be the
unique solution of Problem (3.1.11). Then w satisfies the estimate

k1(92, p
lullLr@) < l(M)Ilfle(Q), (3.1.26)

where the constant k1(Q2, p) is independent of A and f. Moreover, for % < p < 4 the constant
k1 18 independent of Q0 and p.
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Proof. Suppose that p > 2, multiplying the first equation of Problem (3.1.11) by |u|P~2 @ and
integrating both sides one gets thanks to Lemma 2.2.10

-2
/\/\u|pdx + / ]u\pQV'qux—i—4p2/ IV |u|P/?)?d z
Q Q p Q

3
—2)12/ \u|p_4Re<g—u-ﬂ)Im<g—u'H>dx
_1 9 Lk Lk
- /FyuP—Q(gz)T-udaJr /Q]up_2f~ﬂdx. (3.1.27)

Notice that the integral on I' is well defined. In fact, thanks to Lemma 2.2.11 and to the
boundary conditions satisfied by w we know that curlu x m belongs to W~YPP(T') and
satisfies formulas (2.2.11). As a result, (8—“) — Z] 1 < uT) T;. Moreover, since € is

of class C1! then n € W1°°(I") and since u, belongs to W1 1/pP(I') < LP(T). As a result

(g—g) belongs to LP(T'). In addition, it is clear that |u|P~%w € w e (€2) and then its trace
,
belongs to W=7 (') < LP(I'). Which justify the integral on .

Now observe that

(52), o = 3w e

j=1
2 or
_ k
= n- Z u; “’“(‘Tsj’ (3.1.28)
7,k=1

Next we put together the two formulas (3.1.27) and (3.1.28), we study separately the real and
the imaginary parts of formula (3.1.27) and using the fact that € is of class C'! one gets

—2
Re X [[ullfq) + / lulP~?2 |Vul*dz + 4”2/ |V w22 dx
Q p Q
< ) [ [uPdo + |l lullly (3129)
and

-2
|Tm \| ||u|]’£p(9) < pT / |u|p_2|Vu|2dx + Cl(Q)/ |lulPdo+
Q r
Pl (3130
for some constant C7(§2) > 0. Now putting together (3.1.29) and (3.1.30) one has
-2
Nl + [ a2V ufde + 4222 [ 19 P

p—2 _ )
< = /Q\uyp 2|V ul2dz + 201(Q)A‘U|Pd0 + 2| fllr@llulfrg) (3:1:31)
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3.3.1 Stokes operator with Navier-type boundary conditions

Moreover, thanks to [44, Chapter 1, Theorem 1.5.1.10, page 41| we know that:
/yw|2da <e / Vw|*dz + Cg/ lw|*dz, (3.1.32)
r Q Q

for all w € HY(Q) and for all ¢ € ]0,1|. Applying formula (3.1.32) to w = |u[?/? and
substituting in (3.1.31) one gets

- p—2
Nl + [ a2 [P ulde + 4?22 [ 19 /P s
Q p Q
2
<Pz / P2 [Vulfde + 201(9)[5/ IV w22 dz + cg/ [ul? dz]
Q Q
+ 2 ”fHLP(Q HUHLP(Q (3.1.33)

We chose ¢ > 0 such that e C1(Q2) = pp;f. As a result the constant C; in (3.1.33) depends on
p and . Then by setting C. = C2(£2, p) one has

_ p—2
Nl + [ [l Vufde + 2222 [ (7 upl22 da

< C3(Q,p) [lullgs +/ P2 VulP da + 2| fllpeollulf,
where
C3(2,p) = 2C1(Q)C2 (€2, p). (3.1.34)
We define
)\0 = QCg(Q,p). (3135)

Now, for |A| > Ao one has
A -2
‘2‘ Hu|]ip(ﬂ) + / \u|p_2 Vul?dz + QL / \V\u|p/2]2d:r
Q
< 222 [l ivulae + 20 oo el

In fact we have two different cases.

(i) Case 2 < p < 4. One has

|\ P 4—p/ -2 2 P—Q/ 212
— ||u + uP*|Vul*dxr + 2—— V |ul?/ dz <
5l + 52 [ eVl = |17 hr
1
211l zooyllulo

Thus
wllLro) < W I FllLr ) (3.1.36)

which is the required estimate.
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(ii) Case p > 4. We write Problem (3.1.11) in the form (3.1.24). Thanks to [10, Proposition

4.3] we have

J

j=1

Thus

J
lullwroy < || (- n. s, gradf |y, + Ca(@) 1 Fllps o) +
j=1

+ Ca(Q) Al lul g2 (g

On the other hand, thanks to Lemma 2.2.8 and (3.1.36) we have

C5() C5(2)

[{u-n, Dy < G(Q) [ullpro) < =77 IFllpie) < —— FllLyo)-

RY Ao

As a result, using (3.1.36) with p = 4 and substituting in (3.1.37) one gets
lullwragy < Cr(Q) [ £ll L4 @),

where C7() = Co(2) 52 + 5C4(Q) and ||grad ¢] |14y < Co(92).
Now since Wh4(Q) < L>(Q), then

[ullp=@) < Cs(@)ullwiaq) < Cs(Q) Cr( Q) FLao)
< Cs(9Q) Cr(Q) (mes )PV £ 1oy
Consequently
ullzr) < Co() [ fllLr ),
where
Cy(Q) = Cs(2)C7(2) (mes Q)14
Notice that
HU'HZ[),@(Q) = HUHLP(Q)HU’HZL};&))

< Col)Fllzooylullriy,

. (3.1.37)

(3.1.38)

(3.1.39)

(3.1.40)

Thus proceeding exactly as above and putting together (3.1.29), (3.1.32) and (3.1.40) one has

_ p—2
Re)\||uHi,,(Q) + /Qyu|p 2\ Vul>dz + 2p2/9|v|“’p/2\2dx

< (C3(2,9)Co(Q) + 1) 1 Fll o lull ooy

As a result one has
ReMullzr) < C1o(2,0)[| Fllzr (o)
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3.3.1 Stokes operator with Navier-type boundary conditions

/IU\” 2 IVaul de < Cro(2 )15 llorolulfrg), (3.1.42)

and
L | upPRda < @)l o el (3.1.43)

where
Cio(,p) =1 + C3(Q,p)Cy(Q). (3.1.44)

In addition, using (3.1.30), (3.1.42) and (3.1.43) one has
Im Alf|ullzr@) < Cru(2,0) [ fllzr ) (3.1.45)

Thus putting together (3.1.41) and (3.1.45) one gets for p > 4

CIQ(va)

‘)\’ ||fHLp(Q)a (3146)

|ullgro) <

which ends the case p > 4.
Finally putting together (3.1.36) and (3.1.46) we conclude that for p > 2 we have

F1(€,p)

|ullLr@) < B I fllze (o) (3.1.47)

with
k1(82, p) = max(4, C12(£2, p)). (3.1.48)
By duality we obtain estimate (3.1.47) for all 1 < p < oo. O

Proposition 3.1.17. Let A\ € C* such that ReX > 0 and 0 < |A| < Ao, with Ao as in
Proposition 3.1.16. Moreover, let 1 <p < oo, f € LY (Q) and let u € WLP(Q) be the unique
solution of Problem 3.1.11. Then u satisfies the estimate

HQ(va)
Al

lullzr@) < [ fllzr)- (3.1.49)

For some constant ko(Q2, p) independent of X and f.

Proof. Thanks to (3.1.13) with € = § we have

013
u| 72 f
lulzzy < TSl

and C’
2 Cis
chrluHLz |)“ Hf||L2(Q

Moreover we know that

[l < Cu@ (a3 + leurlulZg)
14X
< Cu@CH T e
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Now because |A| < A\g we deduce that

C
lulne < 52 1o

where

015(9) =Cq3 014(9)(1 + )\0) (3150)
In fact we have two different cases.

(i) Case 2 < p < 6. Because H'(Q2) — LP(Q) we have

ullzr) < Cie(%p)|lullg g
Cr6(2, p)Chs (92 Crr(Qp
< QB gy < DT Sy, (3151
where
C17(, p) = (mes Q) P=2/22 C15(Q, p) C16(9). (3.1.52)

(ii) Case p > 6. Proceeding in a similar way as in Proposition 3.1.16 (case p > 4), we obtain

Cq2(9)
e < lsf y D)) £l oo (3.153)

Finally putting together (3.1.51) and (3.1.53), we deduce the estimate (3.1.49) with
KJZ(Q’p) = maX(Cl7(Q’p) 7018(97])))' (3154)
O

As a conclusion of Propositions 3.1.16 and 3.1.17 we have the following theorem:

Theorem 3.1.18. Let A € C* such that ReA > 0, let 1 < p < oo, f € Lb () and let
u € WHP(Q) be the unique solution of Problem (3.1.11). Then w satisfies the estimate

fulri) < 52

1 £llzr @) (3.1.55)

where k3(£2, p) = max (k1(2, p), k2 (2, p)).

In addition, if Q is of class C*' we have the following estimate

R4 Qap
Jeurlul| @) < ﬁ) 1l (3.1.56)
and N
1+ A
[ullw2r) < K5(2%p) (RAIFZE) (3.1.57)

R
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3.3.1 Stokes operator with Navier-type boundary conditions

Proof. The proof of estimate (3.1.55) is a conclusion of Propositions 3.1.16 and 3.1.17. Let us
prove estimate (3.1.56). The proof is done in two steps.
(i) Case (u-n, 1)y, =0, 1 < j < J. Thanks to [10, Proposition 4.7] we know that
lullw2r) = [[AulLr). Now, using the Gagliardo-Nirenberg inequality (see [2, Chapter
IV, Theorem 4.14, Theorem 4.17] for instance) we have
1/2 1 2
leurlul| o) < C(2,p) [|Aul| gl
1/2 1/2
= Cp) |If = Al lu HL/p o
@, p)
< 1 Fllzr (o)
VIAl

(ii) General case. Let u € D(A,) be the unique solution of Problem (3.1.11) and set

Q

J
uU=u— Zu n, 12gradqj
j=1

As a result, thanks to the previous case we have

1/2 1/2
lewrl @[ o) < C(2,p) AT Frigy 18] Loy

Thus

Loy = 18w g 1@l £

~ 1/2 ~
leurlul| ooy = [lewrl @ zo(e) < [[AT| Lt [l -

Moreover, thanks to Lemma 2.2.8 we know that
[ullr ) < C(Q,p) lulLr o)

As a consequence we deduce estimate (3.1.56).

Finally, when Q is of class C%!, on D(A,) the norm of W*P(Q) is equivalent to the graph
norm of the Stokes operator with Navier-type boundary conditions (3.1.1). As a result one
has estimate (3.1.57). O

As in the Hilbertian case, Proposition 3.1.3 and Theorems 3.1.15 allow us to deduce the
analyticity of the semi-group generated by the Stokes operator with Navier-type boundary

conditions on LY ().

Theorem 3.1.19. The operator —A, generates a bounded analytic semigroup on LY _(2) for
alll < p < 0.

Proof. The proof is a direct application of Proposition 2.3.3 with w = 0. In fact, thanks to
Proposition 3.1.3 and Theorems 3.1.15 and 3.1.18 the operator —A,, satisfies the assumptions
of Proposition 2.3.3. This justify the analyticity of the semi-group generated by the operator
—Apon LY _(Q) for all 1 < p < oco. O

Remark 3.1.20. Notice that, unlike the Hilbertian case, we can not use the result of |29,
Chapter II, Theorem 4.6, page 101] to prove the analyticity of the semi-group generated by
the Stokes operator in the LP-space where we have supposed that Re A > 0.
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CHAPTER 3. ANALYTICITY OF THE STOKES SEMI-GROUP

3.1.2 Analyticity on [Hgl(diV,Q)]’w

This subsection is devoted to the analyticity of the semi-group generated by the Stokes op-
erator with Navier-type boundary conditions (3.1.1) on [Hg/ (div, Q)] , (given by (3.1.64)).
This analyticity allows us to obtain the weak solution to the time dependent problem.

First consider the space:
E = {f € [H} (div,Q)]; div f € L*(Q)},
which is a Banach space with the norm
1715 = 1) ey + 18V o0 (3.1.58)

Lemma 3.1.21. The space D(Q) is dense in E.

Proof. Let £ € E' such that (£, v)g g = 0 for all v € D(Q) and let us show that £ is null
in E. We know that there exists a function w in Hg/ (div, Q) and a function y in L?' (Q) such
that for all f in F one has:

€ P = Wt gy ey * [ 41V I X (3.1.50)

We denote by u and Y the extension of u and x by zero to R?. As a result for every f € D(R?)

one has
{f a>[Hg'(div,RS)]'ng’(div,RS) * /]R3 div fxdz = 0.

Then % = VY and w = V x. This means that ¥ € L (R?) and V¥ € Hg,(div, R3). Then
X € W P (R3) and x € Wg’pl(Q). Now since D(2) dense in WOQ’p/(Q) there exists a sequence
(x&)k in D(Q) that converges to x in WP (Q). Finally for all f € E one has:

<£7 f>E’><E = <f7 u>[Hg,(div,ﬂ)]’XHg/(div,Q) + /ﬂlefde

= lim |(f, VX’f>[Hg’(div,g)}'ng’(div,Q) + /Qdivakdx.

k—4o00

= 0.

The following corollary gives us the normal trace of a function f in E.

Corollary 3.1.22. The linear mapping v : f — f-n defined on D(QY) can be extended to
a linear continuous mapping still denoted by v : E —— Wﬁlfl/p’p(l“). Moreover we have the
following Green formula: for all f € E and for all x € WQ’p/(Q) such that g—i‘l =0onT,

/Q (div ) xde = —(f. Vo + (f -1, O, (3.1.60)

where (- 7)o = () e @iy @vagy @4 0000 = O hwo ey /e )
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3.3.1 Stokes operator with Navier-type boundary conditions

Proof. Let f € D(Q) and let y € W2 (Q) such that g—ﬁ =0 on I', then the Green Formula
(3.1.60) obviously holds. Moreover we can easily verify that

[(F-n,x)r] < CliflElxllwz )

On the other hand, for every p € W*+1/PP (T), there exists a function y € W2 (Q) such that
x = pon I’ and g% = 0 on I with the estimate

HXHW2,p’(Q) < CHMHW1+1/p,p’(r)~

As a result,

(Fm el = 1m0l < ClFlEIxwaw ) < CIEFIBlalwm @

and

1 - nllw-1-pory < Ol flle-

Thus the linear mapping v : D(Q) +— W1=V/PP(T) is continuous for the norm of E. Since
D(Q) is dense in E, v can be extended by continuity to a linear continuous mapping from E
to W~1=1/P»(T) and the Green Formula (3.1.60) holds for all f € E and for all x € W2 (Q)

such that g—fi =0onl. ]

Now consider the problem:

{ Au— Au + Vi = f, divu =0 in €, (3.1.61)

u-n=0>0, curlu xn =0 on T,

where A € C* such that ReA >0 and f € [Hgl (div, Q). The following theorem gives us the

existence and uniqueness of solution to Problem (3.1.61):

Theorem 3.1.23. Let A\ € C* such that ReX > 0 and let f € [Hgl(div,Q)]’, The Problem
(8.1.61) has a unique solution (u,n) € WHP(Q) x LP(Q)/R satisfying

(€, p)
Hu”[Hgl(div,Q)]’ = |A| H'f”[Hgl(div,Q)]’

(3.1.62)

for some constant C(2,p) > 0 independent of X and f.

Proof. (i) For the existence of solutions for Problem (3.1.61) we proceed in the same way as
in {10, Theorem 4.4], Theorem 3.1.8 and Theorem 3.1.15.

(ii) To prove estimate (3.1.62) we proceed as follows: Consider the problem:

{ W—Av+VI=F, divv=0 in Q, (31.63)

v-n=020, curlv xn =0 on I,
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where F € Hgl (div,2) and A € C* such that Re A > 0. Thanks to Lemma 2.2.9 there exists
a unique up to an additive function § € W' (€2)/R solution of

div(VO—F)=0 inQ (VO—F)-n=0 onT.
Moreover the function 0 satisfies the estimate

HVQHLPI(Q) < C(va/) HFHLP’(Q)-

As a result, thanks to Theorem 3.1.15 and Theorem 3.1.18, Problem (3.1.63) has a unique
solution (v,0) € WH' (Q) x W' (Q)/R that satisfies the estimate

C(Q,p)
HUHLP’(Q) < I HFHLP’(Q)‘

Thus
C(,p')

HY (div,Q) < A HFHHg’(div,Q)'

Now let (u,m) € WHP(Q) x LP(Q)/R be the solution of Problem (3.1.61), then by using
(3.1.60) we have:

”u H = Sup M
FeHY (div,Q),F#£0 IF HHg/(div,Q)

{u, \v— Av + V)q|

(HY (div,0))'

= sup o
FeH? (div,Q),F#£0 I HHg’ (div,Q)

[(Au — Au+ Vr, v)q|

= sup 7
rer? @) rso I gy @ve)

_ _F vl
= sup 7
FeH?E (div,Q),F#£0 I HHg’ (div,Q)

C(Sl,p/)
< ’
- ’)\| ||fH[Hg (div,2)]”’

which is estimate (3.1.62). O

As consequence of Theorem 3.1.23 we have the following corollary

Corollary 3.1.24. Let A\ € C* such that ReX > 0 and let f € [Hg,(div, M| such that
divf=0inQ and f-n =0 onT. The Problem (3.1.11) has a unique solution u € W1P(Q)
satisfying the estimate (8.1.62).

Now we consider the space
[HY (div, )], = {f € [HY (div,Q)); divf=0inQ, f-n=0onT}, (3.1.64)

We define the operator
B, : D(By) C [HY (div, Q)] . — [H} (div,Q)]!

0,77
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3.3.1 Stokes operator with Navier-type boundary conditions

by
Vu € D(B)), Byu=—-Au in Q. (3.1.65)

The domain of B), is given by

D(B,) = {u € W'?(Q); Au € [HY (div, Q)] dive = 0 in Q,
u-n =0, curluxn =0onTl}. (3.1.66)

Remark 3.1.25. The operator B, is the extension of the Stokes operator to [Hg, (div, Q)] -
Proposition 3.1.26. The space D,(R2) is dense in [Hg/(div,ﬂ)]fm.

Proof. Let £ be a linear form on [H g/ (div, Q)]5, ; such that £ vanishes on D, (£2) and let us show
that £ is null on [Hg/ (div, Q)] .. Thanks to the Hahn-Banach theorem, £ can be extended to

a linear continuous form on [H gl(div, Q)] denoted by £. Moreover

P’ ( ! — 7
v-f € [HO (le7 Q)}U,T? 'e(f) - <'€7 f>Hgl(diV,Q)><[Hgl(div,ﬂ)]/'

Since £ vanishes on D,(2) then thanks to De-Rham lemma there exists a function 7m €
W27 (Q) such that 9= = 0 on T and £ = V7 in Q. Now let f € [HY (div, )], then by
Corollary 3.1.22 we have

(f) = (f. Vﬂ->[Hgl(div,Q)]’ng/(div,Q)
= —/(divf)ﬂdx + (f n,mr
= 0. !
O
As a result of Proposition 3.1.26 we deduce the density of the domain of the operator B,,.
Corollary 3.1.27. The operator B, is a densely defined operator.

Next, using Proposition 2.3.3 with w = 0, one gets the analyticity of the semi-group

generated by the operator B,:

Theorem 3.1.28. The operator —B,, generates a bounded analytic semi-group on [Hg,(div, D)o

3.1.3 Analyticity on [T7 (Q)]’

o, T

In this subsection we suppose that  is of class C*!. We give the analyticity of the semi-group
generated by the Stokes operator with Navier-type boundary conditions on [TPI(Q)];T. This
gives us a way to get very weak solutions to the time dependent Stokes problem with the
Navier-type boundary condition (3.1.1). We proceed in a very similar way to the previous

section.
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For this reason, we consider the space
G = {fc(T"(Q); divfeLF(Q)},

equipped with the graph norm. We skip the proof of the following lemma because it is similar
to the proof of Lemma 3.1.21:

Lemma 3.1.29. The space D(Q) is dense in G.

As in the previous subsection The following corollary gives the normal trace of functions
in G.

Corollary 3.1.30. The linear mapping v : f —— f-n defined on D(Q) can be extended to
a linear continuous mapping still denoted by v : G — W_Q_l/p’p(F). Moreover we have the
following Green formula: for oll f € G and for all x € W37PI(Q) such that 3% =0onTl and
Ax=0onT,

AV )X AT = — (£ VXD i st 1, X)r. 3.1.67
[ @iv )X s = = TN gy @y + (o 0r (3.0.67)

We recall that (., )r = (., .>W,2,1/p,p(r)XW”l/p,p/(F).
The following theorem gives the very weak solution to Problem (3.1.61).

Theorem 3.1.31. Let A € C* such that ReX > 0 and let f € (TP (Q)) then the Problem
(3.1.61) has a unique solution (u, ) € LP(Q) x W~LP(Q)/R. Moreover we have the estimate

c(Q,p
[ullzr@) < (|/\| )HfH(Tp/(Q)),, (3.1.68)

for some constant C'(2,p) > 0 independent of X\ and f.

Proof. (i) Thanks to the Green formula (2.2.3) and to [10, Theorem 4.15] we can easily
verify that Problem (3.1.61) is equivalent to the problem: Find w € LP(Q) such that for all
@ € D(A,) (given by (3.1.8)) and for all ¢ € W'#(Q)

A fQu -pdr — fQu Apdr = <.f7 ‘P)(Tp’(g))/XTp’(Q)

3.1.69
fQu-Vﬁdm = 0. ( )

Notice that we recuperate the pressure using the De-Rham argument: if F € W~2P(Q)
verifying (F', v)pr(q)xp(a) = 0, for all v € D, (Q) then there exists x € W—LP(Q) such that
F =Vx.

(ii) Let us now solve (3.1.69). As in the proof of Theorem 3.1.23, we know that for all
F e L” (Q) the problem:

(3.1.70)

Ap—Ap -Vl =F, dive =0 in Q,
p-n=20, curlp xn=20 on I,

72



3.3.1 Stokes operator with Navier-type boundary conditions

has a unique solution (¢,0) € D(A,) x WP (Q)/R that satisfies the estimate

c(Q,p)
H‘PHLP’(Q) = ‘)\‘ HFHLP’(Q)'

Consider now the linear mapping:
L : L”(Q) — C
Fo= (s @l @y @y

where ¢ is the unique solution of Problem (3.1.70). We have :

cQ,p
LN < Wl 1eliy < <52 1w a1 o

Then there exists a unique u € LP(f2) such that

L(F) = /QU’FdJ; = <f7 SO>(TPI(Q))’><T7’/(Q)'

Moreover u satisfies the estimate (3.1.68). On other worlds w is the unique solution of Problem
(3.1.69). O

As a consequence of Theorem 3.1.31 we deduce the very weak solutions to Problem (3.1.11).

Corollary 3.1.32. Let A € C* such that ReX > 0 and let f € (T? (Q))’ such that div f =0
inQand f-n=0onT. The Problem (3.1.11) has a unique solution w € LP(Q) that satisfies
the estimate (3.1.68).

Next we consider the space
TP (), = {fe (T (Q); divf=0inQ, f n=00nT} (3.1.71)

We define the extension of the Stokes operator to the space [T? ()], by
Cp : D(Cy) C [T ()], — TP ()],

with
Vu e D(C,), Cru=—Au in€. (3.1.72)

The domain of C), is given by

D(C,) = {u€e LP(Q); Au e (T (), divu=0inQ, u-n = 0, curlu xn = 0 on r'}.

(3.1.73)
We skip the proof of the following proposition because it is similar to the proof of Proposition
3.1.26:

Proposition 3.1.33. The space Dy (Q) is dense in [T? (Q)]/

o,T"

As described above, using Proposition 2.3.3 with w = 0, we have the analyticity of the

I
o,T"

semi-group generated by the Stokes operator on [T? (Q)]

Theorem 3.1.34. The operator —C), is a densely defined operator and generates a bounded

/
g,T"

analytic semi-group on [T (Q)]
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3.1.4 Stokes operator with flux boundary conditions

In this subsection we also consider the Stokes operator associated to Problem (3.1.11) but
with adding an extra boundary condition which is the flux through the cuts ¥;, 1 < j < J.
This last condition enables the Stokes operator to be invertible with bounded and compact
inverse.

Consider the space
X, = {f e L) [ f-5da=0, voeKV(@) (3.0.74)

(do not confuse between this space and the space XP(2) defined in the Chapter I). The space
K7 (Q) is given by:

/

K?(Q) = {ve X?(Q); dive =0, curlv =0 in Q}. (3.1.75)
Next, we define the operator A}, : D(A}) C X, — X, by:

D(A) = {ueD(4y); (u-n, 1)y, =0, 1<;j<J} (3.1.76)
and

Vu € D(4;), Au = Apu. (3.1.77)

The operator A;) is the restriction of the Stokes operator to the space X,. It is clear that

when € is simply connected the Stokes operator A, coincides with the operator A;,.

Remark 3.1.35. Let w € L5 (£2), we note that the condition
Ve KP(Q), /Qu-vdx:0, (3.1.78)
is equivalent to the condition:
(u-n, )y, =0, 1<j<J (3.1.79)

In fact, if w € LE(Q) satisfying the condition (3.1.79) then thanks to [11, Theorem 3.14]
there exists a vector potential ¥ € Wl’p(Q) such that u = curlvy, divyp =0in Q, ¥ xn =0
onT and (¢ -n, 1)p, =0, 1 <i<I. As a result, for all v € K? () one has

/u-vdx = /curlzbn;d:cz /w-curlvdx— (Y xn;v)r=0,
Q Q Q

where the duality on T"is (., .)p = (., .)W_l/p,p(r)xwl/p,p/(r).
Conversely, if u € LY () satisfying the compatibility condition (3.1.78), then w can be
written in the form y
w=1 - (¢ -n; 1)y gradg],
j=1
for some function 9 € L (£2). As a result using Lemma 2.2.8 and the properties of the
functions ¢7 (3.1.22) one has (u-m, 1)y, =0, 1 <j < J
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Proposition 3.1.36. The operator A; 15 a well defined operator of dense domain.

Proof. Thanks to Remark 3.1.35 it is clear that D(A}) C X . Moreover, using Lemma 2.2.3
we can easily verify that for all v € KQ/(Q), JoAu-Tdz = 0. As a result Aju € X, and
Al is a well defined operator.

Now, for the density, let w € L% () such that (w-mn, 1)y, = 0 forall 1 < j < J.
We know that there exists a sequence (wg)g in D, (2) such that wp — w in LP(Q). As a
consequence for all 1 < j < J, (wy,-n, l)y, — (w-n, I)s, =0, as k — +oo.

Now for all k € N, setting wy = wy — Zj:1<wk n, )y, gfr;d qj. We can easily verify that
(wy,) is in D(A}) and converges to w in LP(12). O

Next we study the resolvent of the operator A;,. For this reason we consider the problem

Au — Au = f, divu = 0 in €,
u-n = 0, curlu xn =0 on T, (3.1.80)
(u-mn, 1), =0, 1<j<J,

where A € C* such that ReA > 0 and f € X,,. We skip the proof of the following theorem
because it is similar to the proof of [10, Proposition 4.3], Theorem 3.1.15 and 3.1.18.

Theorem 3.1.37. Let A € C* such that Re XA > 0 and f € X,,. The Problem (3.1.80) has a
unique solution u € WYHP(Q) that satisfies the estimates (3.1.55)-(3.1.56). In addition, when
Q is of class C>1 the solution u belongs to W*P(Q) and satisfies the estimate

[ullwzr@) < CQ,p) [ fllr@) (3.1.81)
where C(82, p) is independent of X\ and f.

Remark 3.1.38. Consider the Problem:

—Au = f, divu = 0 in €,
u-n = 0, curlu xn =0 on T, (3.1.82)
(u-mn, 1), =0, 1<j<J,

Thanks to [10, Proposition 4.3] we know that this problem has a unique solution u € W12 ()
and when Q is of class C%! the solution u € W2P(Q). This means that the operator Al is
invertible of bounded inverse (0 € p(A7)).

We also Know due to [10], when € is not simply connected and when the flux through the
cuts ¥;, 1 < j < J is not equal to zero (i.e. if we consider Problem (3.1.82) without the last
condition (u-m, I)s, = 0,1 < j < J), Problem (3.1.82) has a solution u € WLP(Q) that
is unique up to an additive element in K?(2) (given by (3.1.75) with p’ replaced by p). On
other words the Stokes operator 4, : D(A,) C LE (2) = LY () is not invertible, its kernel

is not trivial and it is equal to the space K2(Q).
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As a result of Theorem 3.1.37 the following theorem holds.

Theorem 3.1.39. The operator —Al’p generates a bounded analytic semi-group on X, for all
1<p<oo.

Remark 3.1.40. (i) Let e be the semi-group generated by —AJ’D on X,,. We notice that

/ . . . — —
et is the restriction of e t4» to X, where e tA

the operator —A, on LY ().
1Al

? is the analytic semi-group generated by
(ii) The Stokes semi-group e decays exponentially on X ,,. This is due to the compatibility
condition (3.1.78) that makes the Stokes operator with Navier-boundary condition of bounded

inverse.

Remark 3.1.41. Thanks to the proof of Proposition 3.1.13 we can conclude that The space
X has a Hilbertian basis formed from the eigenfunctions of the operator AJ’D. Moreover
o(Ap) = o(A}) U{0} and X5 = P Ker(A\ I — Ay).

The following remark gives the definition of the Stokes operator with flux boundary con-

ditions on some subspaces of [Hgl(div,Q)]’ and [T? (Q)]. _ satisfying some compatibility

g, T o, T

conditions

Remark 3.1.42. (i) Consider the space
Y, = {f € [H} (div, Q)] ;; Yo e K¥(Q), (f,v)0 =0}, (3.1.83)

where (., .)g = (., '>[Hg'(div,ﬂ)]'ngl(div,Q)'

We define the operator B, : D(B,) CY, Y, by:
D(B,) = {u e D(By); (u-n, 1)y, =0, 1 <j<J}
and
Yu € D(B,), Byu = Byu = —Au in Q.

We recall that D(B,) is given by (3.1.66). Observe that, the operator B,, is the restriction of
the Stokes operator to the space Y. It is clear that when € is simply connected the Stokes
operator B, coincides with the operator le)' We can easily verify that f € Y, and for all
A € C* such that ReA > 0 the Problem (3.1.80) has a unique solution u € WP(Q) satisfying
the estimate (3.1.62). In other words, the operator B{D is a well densely defined operator and
—BZ’Q generates a bounded analytic semi-group on Y.

(i) Consider the space
Z, = {f e [T (Q),.; Vv e KV (Q), (f, v)g = o}, (3.1.84)

where <., >Q = <., '>[TPI(Q)]/><TPI(Q)'
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3.3.2 Stokes operator with Navier slip boundary conditions

We define the operator C), : D(C}) C Z, — Z), by:
D(C) = {ueD(Cy); (u-n, 1)y, =0, 1 <j<J}

and
Vu e D(C)), Cou = Cpu = —Au in Q.

We recall that D(C)) is given by (3.1.73). Notice that, the operator C;, is the restriction of the
Stokes operator to the space Z,. Similarly, when € is simply connected the Stokes operator
() coincides with the operator Czlr We can easily verify that f € Z,, and for all A € C* such
that ReA > 0 the Problem (3.1.80) has a unique solution u € LP(2) satisfying the estimate
(3.1.68). In other words, the operator C;) is a well densely defined operator and —CI’, generates

a bounded analytic semi-group on Z,.

3.2 Stokes operator with Navier slip boundary conditions
This section deals with the Stokes operator with the Navier slip boundary conditions
u-n =0, [D(u)n]. =0on I. (3.2.1)

We prove the analyticity of the Stokes semi-group with Navier boundary conditions on the
spaces Lb _(€2), [Hg/(div, )], and [TPI(Q)];T respectively. This analyticity allows us to
solve the evolutionary Stokes problem and to obtain weak, strong and very weak solutions
for this Problem. Since the proof of the analyticity is similar to the analyticity of the Stokes
semi-group with Navier-type boundary conditions we will skip some details and we will give
only a sketch of the proof.

As in the previous section, to prove the analyticity we use a classical approach. We study

the resolvent of the Stokes operator:

{ M—Au + Vr=f, divu=0 in 0, (3.2

u-n=0, [D(u)n].=0 on T,

T

where A € C* such that Re A > 0 . We prove the existence of weak, strong and very weak

solutions to Problem (3.2.2) satisfying a resolvent estimate of type

C(p
ullLr) < (|/\| )H.f”LP(Q) (3.2.3)

for the case of strong solution. We also prove an estimate of type (3.2.3) for the norm of
[Hg/(div, Q)] (respectively the norm [T (Q)]') in the case of weak (respectively very weak
solution). As in the previous section, for p = 2 one has estimate (3.2.3) in a sector A € ¥ for
a fixed € € ]0, 7[, where X, is given by (3.1.9).
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Before giving our main results in this section we define the Stokes operator with Navier

boundary conditions (3.2.1). Let w € Lf _(€2) and consider the mapping

Apu W —C
v —> —/ u-Avdz,
Q
where
W = V2 (Q) n W' (Q)

with V2(€2) is given by (3.1.2). It is clear that A, € L(L} (Q), W') and thanks to de Rham’s
Lemma there exists 7 € W~1P(Q) such that

Apu+ Au =V, in Q.

Now suppose that w € Lb () and Ayu € Lb (). Since Au = —Ayu + Vr then using [8,
Lemma 5.4] one has [D(u)n], € W1=V/PP(T). Moreover if we suppose that [D(u)n], = 0
on I then (u, 7) € LE_(Q) x W~1P(€) is a solution of the problem

—Au + Vr=Apu, divu=0 in €,
u-n=0, [D(u)n]_=0 on T.

T

As a result using the regularity of the Stokes Problem [8, Theorem 4.1] one has (u, m) €
W2P(Q) x WHP(Q) when Q is of class C*!.
The Stokes operator with Navier slip boundary conditions is a densely defined closed

operator

Ay D(A,) € L2(Q) — LE,(Q),

where
D(A,) = {u e W?P(Q); divu=0inQ, u-n =0, [D(u)n]_ = 0on F}, (3.2.4)
provided that  is of class C*!. Moreover
VueD(A), Apu = —Au +gradm, (3.2.5)
where 7 is the unique solution up to an additive constant of the problem
div(gradm — Au) =0 in Q, (gradm — Au) -n=0 on I

Remark 3.2.1. Unlike the Stokes operator with Navier-type boundary condition (3.1.1), the

pressure here cannot be a constant since Awu - n doesn’t vanishes on I'.
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3.3.2 Stokes operator with Navier slip boundary conditions

3.2.1 Analyticity in LY ()

The main goal of this subsection is to prove that the Stokes operator with Navier slip boundary
conditions (3.2.1) generates a bounded analytic semi-group on LL () for all 1 < p < oo.
Our study will be done in two steps. In the first steps we treat the Hilbertian case and in the
second step we treat the general LP-theory.

In what follows we use the following formula of the Laplacian operator
A v = 2divD(v) — grad (div v) in Q.
The following theorem study the resolvent Problem (3.2.2) on L?(f).

Theorem 3.2.2. Let ¢ € |0, 7 be fivzed, where Y. is given by (3.1.9), let f € L*() and
AE ..

(i) The problem (3.2.2) has a unique solution (u,7) € HY(Q) x L*(Q)/R.

(i1) There exists a constant CL > 0 independent of f and X such that the solution w satisfies

the estimates

C/
lull g2 < ﬁ“f”fﬁ(ﬂ) (3.2.6)
and
C:
ID(w)ll g2y < ﬁ“f“ﬁ(g)- (3.2.7)
(CL =1/C., where C is the constant in (3.1.10)).
(i) If Q is of class C%' then (u,n) € H*(Q) x H'(Q) and satisfies the estimate
C(92, A ¢)
lull g2 < TN [FAIFERSY (3.2.8)

where C(Q, X\, ) = C(Q)(CL+ 1)(|A] +1).

Proof. The proof is similar to the proof of Theorem 3.1.8 and it is done in two parts. We start
by the proof of existence and uniqueness.

(i) Existence and uniqueness: We consider the variational problem: find w € V2(Q2) such
that for any v € V2(Q)

a(u,v) :/Qf -vdz, (3.2.9)

where

a(u,v) :)\/Qu-vd:n—l—Z/QD(u):D(v)dx.

As in the proof of Theorem 3.1.8 and using Korn’s inequality we can easily verify that the
sesqui-linear form a is a continuous coercive form on V(). As consequence, due to Lax-
Milgram Lemma, Problem (3.2.9) has a unique solution u € V2(Q) since the right-hand side
belongs to the anti-dual (V2())".
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Using Green formula (2.2.2), we deduce that every solution of (3.2.2) also solves (3.2.9).
Conversely, let u a solution of the problem (3.2.9) and let v € D(Q2) such that dive = 0 in

Q. As a result one has
/\/ u-vdx+ 2/ D(u):D(@)dx = (\u — Au,v)D/(Q)XD(Q).
Q Q
As a consequence,

Vv € Dy (), (A — Au — f,v) 0.

D' (Q)xD(Q) —

As a result, by De Rham’s Theorem, there exists a distribution 7 € L?(£2) defined uniquely

up to an additive constant such that
A —Au+Vr=Ff, in Q. (3.2.10)

It remains to prove the Navier boundary condition [D(u)n],. = 0 on I'. We multiply the
equation (3.2.10) by v € V2(Q) and we integrate both sides, we have :

)\/Qu-vd:c+2/QD(u) :D@)dz —2([D(u)n], ,v)r = /Qf ‘vdax. (3.2.11)
Using (3.2.9) and (3.2.11), we deduce that
Yo € VZ(Q), ((D(u)n],.,v)r =0.

Let now p any element of the space H%(F) We know that there exists v € H *(Q) such that
divo =0in Q and v = u, on T. Its clear that v € V2(Q) and

(ID(w)n], , m)y. = (D(w)nl, , )y = (D(w)nl, ,v); = 0.

This implies that
[D(u)n]. =0 on T.

This prove that the two problems (3.2.2) and (3.2.9) are equivalent. Thus we obtain the

existence and the uniqueness of solution to problem (3.2.2).

(ii) Estimates: To prove the resolvent estimate (3.2.6) and (3.2.7) we proceed as in the proof
of Theorem 3.1.8. We multiply the first equation of System (3.2.2) by w, integrate both sides

and we use Lemma, 3.1.6. These two estimates follow directly. O

We observe the following remark concerning the Stokes operator with Navier bounday

condition:

Remark 3.2.3. Consider the sesqui-linear form
Vu, v e V2Q),  a(u,v) - / D(u) : D(®)da. (3.2.12)
Q
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3.3.2 Stokes operator with Navier slip boundary conditions

Thanks to [8] we know that in general this sesqui-linear form is not coercive. In fact we
introduce the kernel T(2) for any 1 < p < oc:

TP(Q)={v € H'(Q); D(v) =0inQ, dive =0in Q and v-n =0 on T'}.  (3.2.13)
If Q is obtained by rotation around a such vector b belongs to R?, then

TP(Q) = Span{B}, B(x)=bxz, forze Q.

Else, the kernel T P(2) is equal to zero (see [80] for more details).
Thanks to [8, Lemma 3.3], we know that on V() the semi-norm ID(u)|[g2(q) is a

norm equivalent to the norm [|u|[ g1 g if / u - B3dx = 0. In this case the sesqui-linear form
Q

(3.2.12) is coercive and we can apply Lax-Milgram Lemma to find solution to the problem:
find u € V2(Q) such that for all v € V2(Q)

a(u,v) :/Qf‘vdaz,

where f € LgyT(Q). This means that the Stokes operator with Navier slip boundary conditions
(3.2.1) Ay : D(Ag) C L?,,T(Q) — L(QLT(Q) is bijective and of bounded inverse. In the
general case the sesqui-linear form (3.2.12) is not coercive and the Stokes operator with Navier

boundary conditions is not bijective of bounded inverse.

Now we extend Theorem 3.2.2 to every 1 < p < co. The proof of the following theorem is
similar to the proof of Theorem 3.2.4

Theorem 3.2.4. Let A € C € ¥, and let f € LP(Q2). The Problem (3.2.2) has a unique
solution (uw, ) € WIP(Q) x LP(Q)/R. Moreover, if Q is of class C*! then (u, ) € WP (Q) x
W LP(Q).

Proof. Existence: As in proof of Theorem 3.2.2; the resolvent problem (3.2.2) is equivalent
to the following variational problem: Find u € V2(Q) such that for all v € V¥ (Q)

)\/Qu-vda?—l—2/QD(u):D(v)dx:/gf-'vdx.

To prove existence, we distinguish three cases:
(i) Case 2 < p < 6. Let (u,m) € H(Q) x L*(Q)/R be the unique solution of problem (3.2.2).

We write our problem in the form:

{ —Au +Vr=F, divu=0 in £, (3.2.14)

u-n=0, [D(u)n].=0 on T,

T
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where F' = f — Au. Using the embedding H'(Q2) < LP(2) one has F € LP(f). It remains
to verify (see [8, Theorem 3.7]) that F' satisfies the following compatibility condition

/F-,de:(). (3.2.15)
Q

Thanks to Lemma 2.2.4, one has
/F~ﬂdx = /(—Au+V7r) Bdx = 2/ D(u): D(B)dz — 2([D(u)n],.,B)r = 0.
Q Q Q

As consequence, applying [8, Theorem 3.7], we deduce that (u, ) belongs to W 1P(Q) x LP(9).

(ii) Case p > 6. Since f € L%(Q), according to the point (i), problem (3.2.2) has a unique
solution u € W16(Q — L°(Q). Again, applying [8, Theorem 3.7]), the solution (u,n)
belongs to W 1P(Q) x LP(9Q).

(iii) The case p < 2 is obtained by a duality argument.

Regularity: If Q is of class C*!, we consider the problem (3.2.14) and we apply the Stokes
regularity (|8, Theorem 4.1]), which ends the proof. O

Remark 3.2.5. 1. The pressure 7 given by Theorem 3.2.4, satisfies also the following problem:
div(Ver— f) =0 in Q, (Vr—f) - n=Au-n=2divr(Au) on I
Moreover, we have the estimate:
197l o) < Cllullw inggy + 1 FllLr@). (3:2.16)

2. The result of the previous theorem holds in particular for f € LY (€2). In this case, notice

that the pressure 7 is a solution of the problem

Ar =0 in Q, O =Au-n=2divpr(Au) on T
on
Moreover, we have the estimate:
IVrllzr) < Cllullw o) (3.2.17)

The latter estimates will be useful in the sequel to show the resolvent estimates.

In the following, we want to prove the resolvent estimate (3.2.3) for all 1 < p < co. But
this case will not be easy to show as in the case p = 2 and the proof will be done in several

steps. The proof is similar to Proposition 3.1.16 and Proposition 3.1.17.
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3.3.2 Stokes operator with Navier slip boundary conditions

Proposition 3.2.6. Assume that Q is of class C*'. Let A € C* such that ReA > 0 and
Al > Ao, where Ao = Ao(Q,p) is defined in (3.2.24). Moreover, let f € LbL (), where
1 <p< oo andlet u € WHP(Q) be the unique solution of problem (3.2.2). Then w satisfies

the estimate (Q )
K1
lullzr) < YR 1 fllzr @), (3.2.18)
where the constant k1(QY, p) is independent of X\ and f.

Proof. Asin the proof of Proposition 3.1.16, for p > 2 we multiply the first equation of problem
(3.2.2) by |u[P~2 @ and we integrate both sides. As a result, one gets thanks to Lemma 2.2.10

-2
/\/|u|pdx—|—/|u|p_2Vu2d:E+4p2 /|V|u|p/2]2dm
Q Q p Q

3
ou ou
_ p—4 Rl 7) Rl 7)
2)12/\u| Re<8a:k u)Im(axk u)d:v
k=179
= /|u|¥’2(8“) -uda+/]u|p2f~ﬁdx—/ |uP™2 Vr-a. (3.2.19)
r on’T 0 Q

Notice that the integral on T is well defined. In fact, since Q2 is of class C%>! then n € W2°°(T).
Moreover since u € W*P(Q), u-n =0 and [D(v)n]_ = 0 on T, then using Lemma 2.2.11
and formula (2.2.10) we deduce that (g—Z)T = Aw belongs to WQ_%’p(F) — LP(T) with Au
is given by (2.2.12). In addition, we have |u[P~2w € W'# (Q) and then its trace belongs to
W=1P' P (1) — LP(T). As consequence, the integral /F\u|p_2(gZ)T

0
and we can replace in (2.2.8) the term <g—;‘, ]u\p*2u>r by / ]u\p*Q(a—u)_’_ ‘udo. As aresult,
T n

-udo is well defined

we have

ou 2 orT
_ _ k
(%L-uf - _n. § e (3.2.20)
J.k=1
Putting together (3.2.19) and (3.2.20) one gets

)\/\u|pd:p+/|u|p 2\Vu\2dx+4 /|V|u|”/2]2d:c
Q p

ou
4
(p—2) Z/\u]p Re — u)Im(axk u)da:
2 2
:/|u|p ZZH U T - da+/]u|p 2f. udm—/|u|p 2Vn-a. (3.221)
r st

Next, we split formula (3.2.21) into two parts, the real and the imaginary parts and we treat

each part separately. As a result, using (3.2.20), we have
—2
Re)\HuHip(Q) + / |u\p*2]Vu]2da: + 4p2/ \V\u|p/2]2dx
Q p Q

< ai(9) /F P do + | flz@llulli + IValm@llulli, (3.2.22)
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and
—2
e / P2 [V ul’dz + C’l(Q)/\uV’da (3.2.23)
0 r
p—1 p—1
+ N ller@llullpeq) + 1V7lLr@)llwllze q)

for some constant C1(£2) > 0.

Proceeding exactly in the same way as in the proof of Proposition 3.1.16 one has

_ p—2
Al g + /Q P VuPde + 2222 [ (9 uplp s
< o6 [l + 25 [ P 2|Vu\2d:c+ 2 (1 vy + 197l pogen) lulls!

where C3(£2, p) = 2C1(Q2)C2(, p).
Setting
)\0 = 203(9,])), (3224)

one has for |\| > Ag the following inequality

A
Sy /\ul” 2\ Vultde + 2752 /\kuvﬂrzdx

= ru\p—2|w2dx £ 2(1 oy + 197l lulr,
(i) Case 2 < p < 4. We can write
A
2’Hu||z}f,(ﬂ) + /] P2 |Vul*dz + P2 /]V|u|p/22dx
< (HfHLP(Q) + HVW”LP(Q))HUHLP(Q)-

To estimate the pressure term, we proceed as follows: Since Q is of class C%! then u €
H?(Q) — WP(Q), for all p < 6. Using (3.2.17) one has :

IVrlze@) < Cllull gz
In addition, using the regularity estimates of Stokes problem (see [8]) one has
[ullfr2@) < Clllullg2 @) + I1F = Aullp2q)-

Therefore

1 1
[l g2y < C(1+ T COIFllp2) < CA+ " COIfll 2o

As consequence one has

C
lull gy < S0P

=T 1 Fllzr ) (3.2.25)
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3.3.2 Stokes operator with Navier slip boundary conditions

for some constant C'(2,p) > 0. In the sequel, if we do not state otherwise, the letter C' denotes
a constant that may change from one time to another.
(ii) Case p > 4. We have

[ullwea) < Cllullpaq) + I1F = Aullpyq)) < CllFfllLa)-
Using the fact that W24(Q) — W1>(Q) — W'P(Q) one has

lullwie) < CllfllLr@)-
As consequence
V7l o) < CllfllLee) (3.2.26)
Notice that
lullzr ) = lullcr@llullzs g < C Il fllze@llulg
Now proceeding in the same way as in the proof of Proposition 3.1.16 case p > 4 one gets

estimate (3.2.18) which ends the case p > 4.
By duality we obtain estimate (3.2.18) for all 1 < p < 2. O]

The resolvent estimate (3.2.18) holds also for 0 < |A| < Ag. For the proof, we proceed as

in the proof of Proposition 3.1.17. As a result, we have the following theorem:

Theorem 3.2.7. Assume that Q is of class C*'. Let A\ € C* such that ReX > 0, let
l<p<oo, feLb () andletu e W2P(Q) be the unique solution of problem (3.2.2). Then

u satisfies the estimates

_ m(@p)

ullLr@) < B 1 £llzr o) (3.2.27)
k3(82,p
ID(w)[[rq) < ?’\(Iﬁl) 1l e (3.2.28)
and L
ullw2r) < Ka(€2p) I Fll L) (3.2.29)

R
Proof. Let us prove estimate (3.2.28). The proof is done in two steps.
(i) Case / u - Bdx = 0. Thanks to the regularity estimates of the Stokes problem (see [§])
we know th%t

ullwzrq) = || = Au+ V7| e
and using the Gagliardo-Nirenberg inequality (see [2, Chapter IV, Theorem 4.14, Theorem

4.17| for instance) we have

ID@) i) < Cp) [uly ol o,
< C@Qp)lf - Auulﬂmnuu;/fm
C(Q,p
D)) 410y,

VIAl

85



CHAPTER 3. ANALYTICITY OF THE STOKES SEMI-GROUP

(ii) General case. Let u € D(A,) be the unique solution of Problem (3.2.2) and set

As a result, thanks to the previous case we have

ID(@) || o0y < C(2p) [ Apall oty 8] oty

Thus
_ ~1/2 ~ql/2 ~1/2
ID(w) | o) = ID@) [z < A9l ooy 18] Koy = IApull oy 18] Frie-
Moreover, it is clear that
[wllr ) < C(Q,p) lulLr o)
As a consequence we deduce estimate (3.2.28) and estimate (3.2.29) follows directly. O

As a result we recover the analyticity of the semi-group generated by the Stokes operator
with Navier slip boundary condition (3.2.1) in Lf _(€2).

Theorem 3.2.8. The operator —A,, generated a bounded analytic semi-group on LY () for
alll < p < 0.

Remark 3.2.9. (i) As described in Remark 3.2.3 if the domain Q is not obtained by a
rotation around a vector b, the Stokes operator A, with Navier slip boundary conditions
(3.2.1) is bijective of bounded inverse. In other words 0 € p(A,) and the Stokes semi-group
with Navier boundary conditions decays exponentially.

(ii) In the general case the Stokes operator with Navier-slip boundary condition is not in-
vertible. However, the operator I + A, is an isomorphism from D(A,) (given by (3.2.4)) to
L _(9). As a result, when € is of class C*! one has

Vu e D(Ay),  [lullwerq) = llullLe@) + [ApullLe )

3.2.2 Analyticity in [HY (div, Q)] .

In this subsection we study the resolvent Problem (3.2.2) when f € [H g(div, )], - (given by
(3.1.64)). We obtain weak solution to Problem (3.2.2) as well as a resolvent estimate for the

norm of [H gl(div, )]’. This gives us the analyticity of the Stokes semi-group with Navier slip
boundary condition in [Hg (div, Q)]

Theorem 3.2.10. Let A € C* such that Re A > 0 and let f € [Hgl(div, N))'. The Problem
(3.2.2) has a unique solution (u,n) € WP(Q) x LP(Q)/R. Moreover, we have the following

estimate: C(Q )
» P
Hu”[Hg/(dian)], > |>\| H‘f”[Hg/(div,Q)]’

(3.2.30)

for some constant C(2,p) > 0 independent of X and f.
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3.3.2 Stokes operator with Navier slip boundary conditions

Proof. For the existence of solutions, we proceed in the same way as in the proof of Theorem
3.2.4. Let us prove the resolvent estimate (3.2.30). We know that according to Theorem 3.2.4,
for F € Hg/ (div,Q) and A € C* such that ReA > 0 the following problem

{ Av—Av + VO =F, divv =0 in Q, (32.31)

v-n =0, [D(v)n]_ =0 on T,

T

has a unique solution (v,0) € W 7 (Q) x L¥' (Q)/R satisfying

C(Q,p)
HUHLP’(Q) > ] ||FHLP’(Q)-
Thus
ol D)
HY (div,Q) = A HY (div,Q)°

Now let (u,7) € W1P(Q) x LP(Q)/R be the solution of Problem (3.2.2). Observe that

- su _Nu, Flo|
= D X
FeHgl(div,Q),F;éo H HHS/ (div,Q)

] (H (div,Q)]’

= sup o
FeH? (div,Q),F#£0 I HH‘S/ (div,Q)
[(Au — Au — Vr, v)g|

= sup -

FeH? (div,Q),F#£0 I HHS/ )
- sup M
FeHY (div,Q),F#£0 | HHS/(div,Q)
C(Q,p)

A £ g v o

IN

O

We define the extension of the Stokes operator with Navier slip boundary condition (3.2.1)
to the space [Hg,(div, )], . by
B, : D(B,) C [H} (div, )]}, — [H} (div, Q)].

0,7

where

D(B,) = {u € WH(Q); divu = 0in Q, u-n = 0, [D(u)n], = OonT} (3.2.32)

T

and
Vu e D(B,), B,u = —Au +gradn in Q, (3.2.33)

where 7 is the unique solution up to an additive constant of the problem
div(gradm — Au) =0 in Q, (gradm — Au) -n=0 on I
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CHAPTER 3. ANALYTICITY OF THE STOKES SEMI-GROUP

Using the density of D, () in [Hgl (div, Q)]5 - (see Proposition 3.1.26 ), we know that the
operator B, is a densely defined operator. Moreover, due to Theorem 3.2.10 we have the

following theorem:

Theorem 3.2.11. The operator —B,, generates a bounded analytic semi-group on
[I—Ig(div, D), - for all 1 < p < oo.

We end this section by the following remark, very useful in the sequel

Remark 3.2.12. Since the operator I 4B, is an isomorphism from D(B,,) to [Hgl (div, Q)]

0,7
then

vu € D(BP)7 HuHWLp(Q) = Hu”[Hgl(div,Q)]’ + H]BpuH[Hg,(div,Q)}’. (3234>

3.2.3 Analyticity in (T7 (Q))’

o,T

In this subsection we give the analyticity of the Stokes operator with Navier slip boundary
conditions (3.2.1) in (Tp/(Q))Z,J. This gives us very weak solution to the time dependent
Stokes problem with the Navier slip boundary conditions.

For this reason we consider the Problem (3.2.2). Using the Green formula (2.2.4), the
De Rham Lemma 2.2.7 and a duality argument, we can prove the existence of very weak
solution to Problem (3.2.2) and we established the desired resolvent estimate. The proof of

the following theorem because is similar to [8, Theorem 5.5] and Theorem 3.1.31.
Theorem 3.2.13. Let A € C* such that ReX > 0 and let f € (TP (Q)) then the Problem
(3.2.2) has a unique solution (u, ) € LP(Q) x W~LP(Q)/R. Moreover we have the estimate

C(Q,p)
”uHL”(Q) < |>\| H.f”(Tp’(Q))m

for some constant C'(2,p) > 0 independent of X\ and f.

Proof. Using the Green formula (2.2.4), we can easily check as in the proof of [8, Theorem 5.5]
that the problem: Find uw € LP(Q) solution of problem (3.2.2), is equivalent to the problem:
Find u € LP(Q) such that for any function ¢ € W > (Q), such that ¢ -n = 0, divep =
0, [D(¢)n] =0 on T, and for all ¢ € W7 (Q)

A/U-QOd:B_/U'A‘Pd$:<fv¢>Tp/Q 'xT? (Q

i (TP () <T? () (3.2.35)
u-Vqgdx = 0.
Q

Note that the pressure can be recovered by De Rham argument given by Lemma 2.2.7.
Usinf Theorem 3.2.4 we know that for any F € LP (Q) there exists a unique solution
(,q) € W2P'(Q) x W' (Q)/R such that

AMp—Ap+Vg=F and divp=0 inQ, ¢-n=0, and [D(¢)n]r=0 onl.
(3.2.36)
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3.3.2 Stokes operator with Navier slip boundary conditions

In addition, thanks to Theorem 3.2.7 we have

c(,p)
H‘PHLP’(Q) < T HFHLP’(Q)'

Let T be the linear form from L” (Q) onto C defined by:

T:Fr— <f7‘P>(TP'(Q))’><T”,(Q)'

where ¢ is the unique solution of (3.2.36). Notice that

cQ,p
L) < vy 19l < <0522 Wl oy I FlL v

Thus, the linear form 7' is continuous on L (Q) and there exists a unique w in LP() such
that

L(F) = /Qu-Fda: = <f7 ‘P>(Tp’(Q))'><TP'(Q)

and satisfying the estimate (3.2.13). On other worlds w is the unique solution of problem
(3.2.35). Which completes the proof of the theorem. O

Now we define the extension of the Stokes operator with Navier slip boundary condition
(3.2.1) to the space [T? (Q)], . (see (3.1.71) for the definition of the space [TPI(Q)]’UJ), as the

o,T

linear operator

Cy : D(Cy) C [T7 ()], — [TP ()],

where
D(Cp) = {u € LP(Q); divu = 0inQ, u-n = 0, [D(u)n], = 0onT} (3.2.37)
and
Vu e D(C,), Cou = —Au +gradn in Q, (3.2.38)

where 7 is the unique solution up to an additive constant of the problem
div(gradm — Au) =0 in Q, (gradm — Au) -n=0 on I

Using the density of of D, () in (TPI(Q))’UJ (see Proposition 3.1.26 ), we know that the
operator C, is a densely defined operator.

Finally, as a consequence of Theorem 3.2.13 we have the following result concerning the

/
o,T"

analyticity of the Stokes semi-group with Navier boundary conditions on [T? (Q)]

Theorem 3.2.14. The operator —C,, generates a bounded analytic semi-group on [TPI(Q)];T.
We end this section by the following remark, very useful in the sequel

Remark 3.2.15. Since the operator I + C, is an isomorphism from D(C,) to [Tpl(Q)]gyT,
then

Vu € D(G,), [ullLr ) = HUH[TP’(Q)]/ + H(CpuH[Tp’(Q)]/' (3.2.39)
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CHAPTER 3. ANALYTICITY OF THE STOKES SEMI-GROUP

3.3 Stokes operator with Normal and pressure boundary con-

ditions
In this section we consider the Stokes operator with Normal and pressure boundary conditions
uxmn=0, T=0 on I. (3.3.1)

We prove the analyticity of the semi-group generated by the Stokes operator with the boundary
condition (3.3.1) in some spaces to be determined. Since the proof of the analyticity is similar
to the analyticity of the Stokes semi-group with Navier-type boundary conditions we will skip
some details and we will give only a sketch of the proof.

The proofs are based on the study of the following complex resolvent of the Stokes operator

(3.3.2)

Au— Au + Vi = f, divu =0 in Q,
uxn=0, m=0 on I

Due to boundary conditions (3.3.1) we will see in this section that the pressure can be decou-
pled from the Problem (3.3.2) using a Dirichlet problem. For this reason we are reduced to

study the following Laplacian problem:

{ Au—Au = f, divu =0 in €, (3.3.3)

uxn=0, on TI.

Now we move to define the Stokes operator with the boundary conditions (3.3.1). For this

reason we consider the space
V2@ = {ue X3(Q); divu=0in 0}, (3.3.4)

equipped with the norm of X?((2). Thanks to Lemma 2.2.1, we know that V4 (Q) is equal to
the space
W (Q) ={uec W (Q); divu=0inQ, uxn=0onT} (3.3.5)

with equivalent norm.

The Stokes operator with normal and pressure boundary conditions is a linear mapping
Ap : D(Ay) C Lg(Q) — Lg(),
where
D(A,) = {ue W'P(Q); Aue LP(Q), divu=0in Q,uxn = 0onI'} (3.3.6)
and

Vue VE(Q), Yve VE(Q), (Apu, v) curlu-curlvdz. (3.3.7)

(VR Q) xVE(©Q) ~ /Q
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3.3.3 Stokes operator with Normal and pressure boundary conditions

The space L2() is given by :
LP(Q) ={f € LP(Q); div f =0 in Q} (3.3.8)

which is a closed subspace of LP(Q).
A key observation is that

Proposition 3.3.1. For allu € D(A,), A,u=—Au in Q.

Proof. The result follows immediately since the pressure 7 is harmonic and equal to 0 on
I. O

The following proposition shows the density of the domain of the Stokes operator

Proposition 3.3.2. The Stokes operator with the boundary condition (3.3.1) is a densely
defined operator.

Proof. Since D () is dense in LP(Q), then the space {u € W*?(Q); uxn = 0onT} is
dense in LP(2). Let w € L2(Q) and (ug)ren a sequence in W2P(Q) such that uj, x n = 0 on
I' for any k in N and

up — w in LP(Q) as k — 4o0.

Now, for any k in N, we consider the unique solution y, € W*P(Q)N Wol’p(Q) of the Problem
Axr =divug in Q and xe =0 on I'.
For all k£ € N, y satisfies the estimate
IXkllwre@) < Clldivuglly-1p@),

for some constant C' > 0. Observe that since divu;, — 0 in W~1P(Q), then y, —
0 in WP(Q). Finally, by setting ¢, = ug — gradxg, we can easily show that

oL € WIP(Q), Ap, € LP(Q), dive, =0in Q, ¢, xn =0 on I and ¢, — u in LP(Q),
this ends the proof. O

When Q is of class C*! we have the following regularity for the domain D(A,) given by
(3.3.6).

Lemma 3.3.3. Suppose that Q is of class C*', then
D(4,) = {u e W2(Q); divu=0in©, uxn=0onT}. (3.3.9)

Proof. Let uw € D(A,) and set z = curlw. It is clear that z € LP(Q), divz = 0 in ©Q,
curlz = —Au € LP(Q) and z-n = 0Oon . Thus z € X2(2) and thanks to Lemma
221 z € WIP(Q). Next observe that u € LP(Q), curlu € W'P(Q), dive = 0in Q and
wxn = 0in I'. Thanks to Lemma 2.2.2, we deduce that that w € W?P(Q), which ends the
proof. O

91



CHAPTER 3. ANALYTICITY OF THE STOKES SEMI-GROUP

3.3.1 Analyticity on L?(Q)

In this subsection we prove the analyticity of the Stokes operator with the boundary condition
(3.3.1). As described in Proposition 3.3.1, on L2 () the Stokes operator coincides with the
—A operator. For this reason our work is reduced to study the resolvent problem (3.3.3).

In what follows we use the following formula for the Laplacian operator
A v = grad (divv) — curlcurl v in Q.

The following theorem gives weak and strong solutions for the resolvent Problem (3.3.3).

Before we state our theorem we consider the following space
[HE(curl, Q)] = {f € [H}(curl,Q)]’; div f =0, in Q}. (3.3.10)

Theorem 3.3.4. Let € € ]0,x[ be fired and X\ € ¥, where . is given by (3.1.9).
(i) If f € [H:(curl,Q)],, then Problem (3.3.3) has a unique solution w € H'(Q)satisfying

the following estimate:

C
HUH[Hg(curl,Q)]’ < T)j Hf”[Hg(curl,Q)]" (3311)

(i) Moreover, if f € L2(Q) and Q is of class C>', then w € H?(Q) and satisfies the estimates:

C:
Jull g2y < WHJCHLQ(Q): (3.3.12)
C:
lcurlu|[ g2 gy < 7\/WHfHL2(Q)' (3.3.13)
and CAe)
’ 76
[ull g2 () < TN [FAIFERSY (3.3.14)

for some constant C. > 0 and C(Q,\,e) = C(Q)(Ce + 1)(1 + |A]).

Proof. The proof of the existence is similar to the proof of Theorem 3.1.8 and it is is done in
two steps:

(i) Variational formulation: Consider the variational problem: Find u € V%,(Q) such
that for any v € V,(Q)

a(u,v) = (f, v)q, (3.3.15)
where
a(u,v) = /\/ u-vdr + / curlu - curl v dx
Q Q
and
(v da={(, '>[H%(curl,ﬂ)]/ng(curl,Q)'
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3.3.3 Stokes operator with Normal and pressure boundary conditions

As in the proof of Theorem 3.1.8, we can easily verify that a is a continuous coercive sesqui-
linear form on V%(2). Thus due to Lax-Milgram Lemma, Problem (3.3.15) has a unique
solution u € V% () since the right-hand side belongs to the anti-dual (V%(Q2))".

(ii) Equivalent problem: Now we want to extend (3.3.15) to any test function v € X% ().
In fact, we proceed exactly in the same way as in [11, Proposition 4.2]. Let v € X3/(Q) and
consider the unique solution x € H?(Q) N H} () of the problem

Ax =divv in Q, x=0on TI.
Setting
¢ = v — grad y

we can easily verify that ¢ € L%(Q),dive = 0in Q, curlv = curlp € L*(Q) and pxn =10
onT (i.e. o € VZ(Q)). It is clear that grad y belongs to H3(curl, ) and using the density
of D(Q) in H(Q) we can easily verify that

(f, grad x)o = 0.
As a result
<fv v>Q = <f7 (p>Q

We recall that (., ) = (., .>[H%(Curlﬂ)],ng(curl’Q).
On the other hand since divu = 0 in 2, we can easily verify that

/u-ﬁdx = /u'cpd:r.
Q Q

As a consequence we obtain a(u,v) = a(u, ) and then Problem (3.3.15) is equivalent to the
problem: Find w € V3(Q) such that for all v € X3,(Q)

A/u~'vd1:+/curlu~curl'v dz = (f,v)q. (3.3.16)
Q Q

Next, we can easily check that Problem (3.3.3) is equivalent to Problem (3.3.16) and thus
Problem (3.3.3) has a unique solution w € H(Q).

Now suppose that f € L2(Q) and that Q is of class C%!. Proceeding exactly in the same
way as in Lemma 3.3.3 we deduce that that w € H?*(Q).

The proof of the estimate (3.3.11)-(3.3.14) is done in the same way as in the proof Theorem
3.1.8. =

As a consequence, we have the following result

Corollary 3.3.5. The operator —As generates a bounded analytic semi-group on L?,(Q)
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Remark 3.3.6. Consider the sesqui-linear form (see [5]):
Vu, v € Vi(Q), a(u,v) = / curlu - curlvdz. (3.3.17)
Q

If the boundary I' is connected, we know that for all v € V'%,(Q2) one has
vl x2(0) < C |lcurlv|[g2(q. (3.3.18)

As a result, the sesqui-linear form a is coercive and we can apply Lax-Milgram Lemma to find
solution to the problem: Find u € V%/(9) such that for all v € V%(Q)

a(u,v) :/Qf-vdx,

where f € L2(Q). This means that the Stokes operator Ay : D(Ay) C L2(Q) — L2(Q) is
bijective.

Now, if the boundary T' is not connected, the inequality (3.3.18) is false. Indeed we
introduce the Kernel K3/ (Q):

K3 (Q) = {ve X3(Q); dive =0, curlv =0 in Q}. (3.3.19)

Thanks to [5, Proposition 3.18] we know that this kernel is not trivial, is of finite dimension
and is spanned by the functions Vg, i = 1...,I, where ¢ is the unique solution in H?({2)
of the problem

~AgN =0 in §,
qNlr, =0 and ¢|r, = constant, 1<k <1, (3.3.20)
(Ona. L, =0k 1<k <I, and (9,q), 1), =1

Moreover, thanks to [5, Corollary 3.19], for all v € X ?V(Q) we have the following Poincaré-

type inequality:

1
vl x2 (@) < C)(curlvl|gzq) + [divollgzq) + Y [(v-n, Dr,)). (3.3.21)
i=1

The following theorem extends Theorem 3.3.4 to every 1 < p < oc.

Theorem 3.3.7. Let A € X, and let f € [Hg,(curl, M)]... The Problem (3.3.3) has a unique
solution w € WP (Q). Moreover if Q is of class C*' and f € L2(Q), then u € W2P(Q).

Proof. As in the proof of Theorem 3.3.4 we can easily verify that Problem (3.3.3) is equivalent
to the variational problem: Find w € V& (Q) such that for all v € XZ])\;(Q)

/\/u-ﬁd:ﬁ+/curlu-curlﬁ de = /f-vd:n.
Q Q Q
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3.3.3 Stokes operator with Normal and pressure boundary conditions

The proof is done in three steps and it is similar to the proof of Theorem 3.1.15:
(i) Case 2 < p < 6. Since [Hg,(curl,Q)]’ < [H3(curl,Q)]’, Problem (3.3.3) has a unique
solution u € H*(Q) . We write Problem (3.3.3) in the form:

—Au =F in €,
divu =20 in €, (3.3.22)

uxn=20 on I,

where F' = f — Au. Observe that for p < 6 we have:
HY (curl, Q) < L¥(Q) — L%(Q),

thanks to the embedding H'(Q2) < L%(Q) one has F € [H‘gl(curl, 2)]/.. Next, thanks to [11]

we can easily verify that F' satisfies the compatibility condition:
Vo e K2 (Q), (F,v)q =0, (3.3.23)
where
K%(Q) —{v e’ (Q), divo =0, curlv =0in Q and v x n=0onT}.

Thanks to [11, Proposition 4.2], the solution u belongs to W1P(Q).

(ii) Case p > 6. Since f € [Hg/(curl, )] — [Hg/s(curl, )], Problem (3.3.3) has a unique
solution uw € WhH(Q) < L>(Q). Now proceeding in the same way as above one gets that
u € WhP(Q).

(iii) Case p < 2. The existence of solutions is obtained by a duality argument.
Finally, if Q2 is of class C>'(Q) and f € LP(2), due to Lemma 3.3.3, the solution u belongs
to W 2P(Q). O

Now, we want to prove a resolvent estimate similar to the estimate (3.3.12) for any 1 <

p < 0o. We begin with the case where the mean curvature K defined in (2.2.15) is positive.

Proposition 3.3.8. Let A\ € C* such that Re\ > 0, f € LP(Q) and let u € WHP(Q) be the
unique solution of Problem (3.3.3). Suppose moreover that the mean curvature K is positive.

Then u satisfies the estimate

C
ullzr) < ﬁ [ fllzr ), (3.3.24)

p2

where C), = T+ 1
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Proof. Suppose that p > 2. Thanks to Lemma 2.2.10, multiplying the first equation of Problem
(3.3.3) by |u|P~2 @, and integrating both sides one gets

/\u|pd$ + / P2 Vaul>de + 422 /|V|u|p/22dx

=2) Z/‘u’p 4Re Oy, u)1m<8u'ﬁ)dx_ <g:i”up_2u>r

8xk
:/|up_2f-ﬁd1:, (3.3.25)
Q

where

(o, or=¢(, '>W—1/p,p(p)><W1/p,p’(p)'
Since divu = 0 and w X n = 0 on I' then using Formula (2.2.15) and Corollary 2.2.13, we
have

ou

i = —-2Ku-n, on I (3.3.26)

Using the fact that w - n belongs to W'=1/PP(T'), we can write:

ou ou ou —
——  |ulP? = ((=—- P2 (- = p=2( 22 .
<8n’ [wlP ") <(8n n)n, |ulP™* (u-n)n)r /F|u\ <8n n) (u-n)do, (3.3.27)
and 5
(—az n) (u-n)=—-2K|lu-n]*> = -2K|u>. (3.3.28)

Putting together (3.3.25), (3.3.27) and (3.3.28) one gets

-2
/\/\u|pdx + / |u\p2Vu2d$+4pz/ IV [uP/?2d
Q Q

Jou
p—4 et e p
(p—2)i Z/]u\ Re u>1m(8wk u dx+ 2/K\u! do
:/ luP~2 f-ada.
Q
As a result
-2
(Re)\)/ lulPdz + / \u|p_2|Vu|2dx +4]92/ |V|u\p/2|2dx+ 2/ K |ulPdo
Q Q p Q r
= Re/|up2f.ﬁdx. (3.3.29)
Q
Observe that since K > 0 then
ReAllulze) < [[fllzr(o) (3.3.30)

and
[ b= v ae < £l lulls, (33:31)
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3.3.3 Stokes operator with Normal and pressure boundary conditions

Moreover

3
ou ou
Im A Pd —2 PARe(z— u)lm(—— u)dx =
m /Q|U| z + (p );/ghﬂ e(axk u)m(axk u) x
Im/|up_2f-ﬁdx. (3.3.32)
Q
Then putting together (3.3.31) and (3.3.32) one has
p
Im Alf|lullzr@) < 5IFllLr @) (3.3.33)

Finally putting together (3.3.30) and (3.3.33) one gets

2
p
M lulLr) < (G + DIFIL )

which is estimate (3.3.24). By duality, we obtain this estimate for 1 < p < co. O

In the case where the mean curvature is arbitrary we have the following result :

Theorem 3.3.9. Assume that Q is of class C%>'. Let A € C* such that ReX > 0, let
1<p<oo, feLb(Q) and let u € WIP(Q) be the unique solution of Problem (3.3.3). Then

u satisfies the estimates

Kk1(2,p
fulzrio) < 2 F s (3330
Kko(2,p
feurtulsey < "5 7] (3.3.35)
and e
[ullwzr @y < K3(2,p) B 1 £llr @) (3.3.36)

Proof. Proceeding exactly in the same way as in Proposition 3.3.8 and using (3.3.29) one has

-2
Re)\/ P da + / w2 [Vul2da + 4”2/ IV [uP22 d
Q Q p Q
= —2/ K|ulPdo + Re / luP~2f-adz. (3.3.37)
r Q
Observe that because € is of class C?! we have
| K[ L) < C1(Q). (3.3.38)
Next as in the proof of Proposition 3.1.16 one has

_ p—2
Al + [ [l Vufde + 2222 [ (9 upr22 dz

p—2 _ _
< Cal6p) ulfoqey + 5= [ PV da + 2 f ol
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We set
)\0 =2 CQ(Q,p), (3.3.39)

the proof is done in two steps.

Step 1. We suppose that |[A| > g, then

A -2
Sy ot [l RV ulde 422 VR s
Q D Q

2 _ _
o2 | e + 20 f o el

We distinguish two different cases

(¢) case 2 < p < 4. In this case, we can write:

A 4 —
|2‘ ||u||ip(9) i / P2 |Vul*dz + 9P — % / A% |u|p/2|2d:p <
2 H‘fHLP(Q)HuHII),_p(IQ)~

Thus

lullre) < 7 1 fllr @ (3.3.40)

B \/\I
which is the required estimation.
(¢¢) case p > 4. We write our problem in the form (3.3.22). Thanks to [11, Proposition 4.2],

we know that

1

lu = (uw-m, Ve,V g [ywraq) < C3(Q) |f = Aullga
=1

Thus, using (3.3.40) with p = 4 and substituting in the last inequality, we obtain

[ullpraq) < IIZ w-n, )1,V g sy + 5 C3( QN fllpae) (3.3.41)
=1

Moreover, thanks to [11] we have:

Cy(2)

C
s, ] < GO fullpsy < S5 I lgagey < S

H.fHL‘l(Q
As a result, substituting this in (3.3.41) one gets
[ullwra) < Cs(Q) 1l Lag)
Now, since W14(Q) < L°°(Q) one has directly
lullLr) < Co(Q,p) | fllLr o)
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3.3.3 Stokes operator with Normal and pressure boundary conditions

Thus
el ) = ”uHLP(Q)HuHi;%Q) < C?(Q,p)HfHLp(ﬂ)HUIIJEQ)-

Proceeding in the same way as in Proposition 3.1.16 case p > 4 one gets

07(97]))
lullpe ) < T\\f”m(m, (3.3.42)
with some constant C7(€2, p) > 0 independent of A\ and f, which ends the case p > 4.
Finally putting together (3.3.40) and (3.3.42) we obtain estimate (3.3.34) for all p > 2
with
/{1(97})) = maX(47 07(9,])))

By duality argument estimate (3.3.34) holds for all p < 2.

Step 2. We suppose that 0 < |A| < Ag. We proceed in the same way as in Proposition 3.1.17
we obtain the desired resolvent estimate.
For the proof of estimate (3.3.35) and (3.3.36), we proceed exactly as Theorem 3.1.18. [

As a consequence, the above results allow us to deduce the analyticity of the semi-group

generated by the Stokes operator with normal boundary conditions on LP(£2).

Theorem 3.3.10. The operator —A, generates a bounded analytic semigroup on LY (S2) for
alll < p < 0.

3.3.2  Analyticity on [HY (curl, Q)],

In this subsection we give the analyticity of the Stokes semi-group with the boundary condition
(3.3.1) on the dual space [Hg,(curl, 2], (given by (3.3.10)). This allows us to obtain weak
solution for the time dependent Stokes problem with the corresponding boundary conditions.
To this end, we consider the Problem (3.3.2). The following theorem gives weak solutions to

Problem (3.3.2) as well as a resolvent estimate with respect to the norm of [Hgl(curl7 ).

Theorem 3.3.11. Let A € C* such that Re X > 0 and let f € [Hgl(curl, M)]'. The Problem
(3.3.2) has a unique solution (u,7) € WLP(Q) x W LP(Q) satisfying

C(2p)

el g’ curnyy < o [ (3.3.43)
for some constant C'(2,p) > 0 independent of X\ and f.
Proof. (i) For the existence of solution we proceed as follows: Consider the problem
Arm = div f in Q, m=20onI. (3.3.44)
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CHAPTER 3. ANALYTICITY OF THE STOKES SEMI-GROUP

Since div f € W~1?(), Problem (3.3.44) has a unique solution 7 € Wy*(Q). Set F =
f — Vm, we can easily verify that F € [Hg,(curl, 2)],. Then thanks to Theorem 3.3.7, the

problem

Au—Au=F, divu =0 in €,
uxn=0, on TI.

has a unique solution u € W1P(Q). As a result Problem (3.3.2) has a unique solution (u, ) €
WhP(Q) x WP (Q).
(ii) To prove estimate (3.3.43) we proceed as follows: Let F' € H*g/(curl, ) and consider the

problem:

(3.3.45)

AMW—Av —VO=F, divv=0 in €,
vxn=0, =0 on I,

where A € C* such that Re A > 0. It is clear that 6 is solution of following Dirichlet problem
—Af =divF in Q and 0=0 onI'.
Then, 6 belongs to Wol’pl(Q) and satisfies the estimate

HHHWLP/(Q) < C(Q’p/) HFHLP’(Q)

Moreover, by moving V6 in problem (3.3.45) to the right hand side and using Theorem 3.3.9,
problem (3.3.45) has a unique solution v € W ' (Q) satisfying the estimate:

(2, p")
H’UHL”/(Q) < |)\| HFHLP,(Q)‘ (3.3.46)

Applying the curl operator to the first equation of (3.3.45), we obtain that z = curlw is

solution of the following problem:

{ Az—Az=curlF, divz=0 i €, (3.3.47)

z-n =0, curlzxn =0 on TI.

The boundary conditions satisfied by z are obtained using the boundary conditions satisfied
by w and F'. In fact, since u x n =0 on I' then z-n = curlu-n = 0 on I'. Moreover, since
F ¢ Hg/(curl,Q) (i.e. Fxn=0onTl)and Au=F — A uin Q then Auxn =0on I and
curlz xn=0onTI.

Thanks to Theorem 3.1.15 and Theorem 3.1.18, z belongs to W /() and satisfies the

estimate: ol
[T c@.p) lcurlF| Ly o (3.3.48)

(o) Al (@)

Putting together (3.3.46) and (3.3.48), we deduce that

C(Q,p)
”””Hg’(curl,g) < ] | HHg/(curl,Q)'
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3.3.3 Stokes operator with Normal and pressure boundary conditions

Now let (u,7) € WHP(Q) x W LP(Q) be the solution of Problem (3.3.2), then

el curr oy = Sub M
[Hy (curl,2)] FeH? (curlQ),F#£0 1E | g 5 (curl,)
B |<u,/\v—Av—V9>Q‘
- P 1El

Hg/(curl,ﬂ)
[(Au — Au — Vr, v)q|
HF‘HHP (curl,)

s N

FEHp/ (curl,Q),F#0 H'F”qu/(curl,ﬂ)

C(©,p)
<
— ’)\| ”fH[HP curl,Q)]”

FeH? (curl,Q),F#0

= sup
FeHY (curl,Q),F#0

which is estimate (3.3.43). O

We can define the extension of the Stokes operator A, to the space [Hp (curl, Q)] and it

is a closed linear densely defined operator
B, : D(B,) C [HY (curl, )], —s [H? (curl, Q)]’, (3.3.49)

and
Vu e D(B,), Byu=—Au in Q. (3.3.50)

The domain of B), is given by

D(B,) = {u € W"(Q); Au € [Hg,(curl,Q)]’, divu =0inQ, uxmn = 0onT}.
(3.3.51)

The operator B, is a densely defined operator, the proof is done in two steps.
Proposition 3.3.12. The space D,(Q) is dense in [Hgl(curl, 9)]4

Proof. Let f € [Hp (curl, )], and let ¢ € LP(Q) and & € LP(R) such that f = 9 + curl&.
Since div f = divep = 0, then there exists a sequence (g ); in D,(Q) such that

P, — Y in LP(92), as k — +o0.
On the other hand there exists a sequence (€g) in D(2) such that
& — & in LP(Q), as k — +o0.
1.€.
curl{;, — curl¢ in [Hg (curl, Q)] as k — +oo.
For all k € N set
Jr = ¥ + curlg;,.

It is clear that (fj)x is a sequence in D, () and (f;)r converges to f in [Hg(curl, ),
which ends the proof. O
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Corollary 3.3.13. The space D(B),) defined by (3.3.51) is dense in [Hgl(curl, 9]

Proof. First observe that D(A,) C D(B,) C L5(Q2), where D(A,) is given by (3.3.6). Since
D(A,) is dense in L () (see Proposition 3.3.2), then D(B,) is dense in L (2). Second thanks
to Proposition 3.3.12, we know that L2 () is dense in [Hg/(curl, )]’.. As a result we recover
the density of D(B,) in [Hgl(curl, 0. O

Theorem 3.3.14. The operator —B,, generates a bounded analytic semigroup on [Hg (curl, Q)]
forall 1l <p < .

3.3.3 Flux through the connected components of I
Consider the problem
—Au=f in Q,
divu =0 in €,
uxn=0 on I,
where f € L2(Q). Thanks to [11, Proposition 4.2], we know that when the boundary T is
not connected, this problem has a solution w € WP(Q) which is unique up to an additive

element of K% (Q) given by
K% (Q)={veILl(), dive =0, curlo =0in Q and wxn=0onTl}.  (3.3.52)

In other words, the Stokes operator A, : D(A,) C LE(2) — L2() is not injective, its kernel
is not trivial and is equal to the space K% () (given by (3.3.52)).

Our goal in this section is to obtain an operator of bounded inverse. This allows us to
obtain an exponential decay of the Stokes semi-group with the boundary conditions (3.3.1).
For this reason we impose further conditions on the Stokes operator which is the flux through

the connected components I';, 0 <i < of I':

(w-m, ), =0, 1<i<I. (3.3.53)

3

Consider the space

X, ={f € L2(Q); Vv € K%(Q), /Qf-vda::()}. (3.3.54)
The restriction of A, to the space X}, is a well defined operator of dense domain

D(A,) = {ueD(A4); (u-n, 1)r, =0, 1<i<I} (3.3.55)

and
Vu e D(A), Au=Au in Q (3.3.56)

It is clear that when the boundary I is connected, K% (€2) = {0}, the Stokes operator A,

coincides with the operator A;, and is an invertible operator of bounded inverse.
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3.3.3 Stokes operator with Normal and pressure boundary conditions

Proposition 3.3.15. The operator A;, 15 a well defined operator of dense domain.

Proof. Thanks to [11, Lemma 3.1] we recall that a vector field w in LP(2) satisfies divu = 0
in Qand (u-n, 1)r, = 0,0 <i < I, if an only if there exists a vector potential 4 in WP ()
such that u = curlt. With this lemma we can easily verify that D(A;}) is included in &).
In fact, for all v € K]])\I,(Q) one has

/u-vdaz = /curl'c,b-'vd:c = /¢-curl’udx + (Y; v xn)yr =0,
Q Q Q
where the duality on I is

<'7 ~>F = <-v ->W—1/pm(p)><wl/p,p’(p)~

Moreover, for every u € D(A},) and for every v € K %(Q) one has
/ Au-vdz = / curlcurlu -vdz = / curlu - curlvdz + (curlu; v x n)r =0.
Q Q Q

In other words, for every function u € D(A},), Ayu € X and Aj, is a well defined operator.
Now for the density, let f € &}, thanks to [11, Theorem 3.22] we know that there exists
¢ in WHP(Q) such that f = curl€ in Q, divé = 0in Q and £€-n = 0 on T. Since Dy () is

dense in the space
WIR(Q) = {€ € WP(Q); dive =0inQ, &-n = 0 on T},

there exists a sequence (&;)x in D, () such that &, — & in WHP(Q). Thus curl€, —
curl§ in LP(2). As a result, curl§, — f in &) and (curl&y), C D(A;), this ends the
proof. O

Remark 3.3.16. Let u € L2(£2), we note that the condition
Vv e K% (Q), /Qu-'vdx:(), (3.3.57)
is equivalent to the condition:
(u-n, ), =0, 0<i< 1. (3.3.58)

In fact, as in the proof of Proposition 3.3.15, we can easily verify that a function u € L2(Q)
satisfying the condition (3.3.58), satifies the compatibility condition (3.3.57). Conversly, let
u € L2(9Q) satisfying the compatibility condition (3.3.57) then w can be written as

I

u:¢—z<¢'n§ 1>FiquN’

=1

for some function ¥ € L2(). Since for all 0 < i < I, Vgl satisfies (3.3.20) we can easily
check that forl all 1 < k <T
(u-n; 1), =0.
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Now we will study the resolvent of the operator A;. For this reason we consider the
problem
Au — Au = f, divu = 0 in Q,
uxn =0 on T, (3.3.59)
(u-n,l)r, =0, 1<i<I,

where A € C* such that ReA > 0 and f € &,. We skip the proof of the following theorem
because it is similar to the proof of [11, Proposition 4.2], Theorem 3.3.7 and Theorem 3.3.9.

Theorem 3.3.17. Let A € C* such that ReX > 0 and f € X,. The Problem (3.3.59) has a
unique solution uw € W1P(Q) that satisfies the estimates (3.8.34)-(3.3.35). In addition, when
Q is of class C*' the solution u belongs to WP(Q) and satisfies the estimate

[ullwze) < CQ,p) [ fllr@)
where C(), p) is independent of A and f.
As a result of Theorem 3.3.17 the following theorem holds.

Theorem 3.3.18. The operator —A’), generates a bounded analytic semi-group on X, for all

1 < p < 00. Moreover this semi-group decays exponentially.

Remark 3.3.19. Consider the sapce
Yy = {f € [HY (curl, Q)] Vv € K{(Q), (£, v)a = 0}

We can verify that the operator BI’, which is the restriction of B, to the space Y, is a well

defined operator of dense domain
D(B,) = {ueD(B,); (u-n, 1)p,=0, 1<i<I},

and generates a bounded analytic semi-group on Y, for 1 < p < co. Moreover this semi-group

decays exponentially.
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Chapter 4

Complex and fractional powers of the

Stokes operator

In this chapter we will study the complex and the fractional powers of the Stokes operator
with the boundary conditions considered in the previous chapter respectively.

Since the Stokes operator with Navier-type boundary conditions (3.1.1) in L! /() (respec-
tively the Navier slip boundary conditions (3.2.1) in Lf () and The Stokes operator with the
pressure boundary condition (3.3.1) in L2(Q2)) generates a bounded analytic semi-group , it is
in particular a non-negative operator. It then follows from the results in [52] and in [78] that
the complex and fractional powers of the Stokes operator with these boundary conditions, are
well, densely defined and closed linear operators.

The purpose of this Chapter is to prove some properties and estimates of these powers.
These estimates and properties will be used to prove maximal regularity results for the linear
inhomogeneous Stokes problem. Those on the fractional powers are used to obtain LP — L4
estimate for the solution of the homogeneous Stokes problem.

In bounded domains Giga [39] studied in details the fractional powers of the Stokes operator
with Dirichlet boundary conditions. In this case the Stokes operator is bijective with bounded
inverse. In our case the Stokes operator with each of these three types of boundary conditions
respectively is not invertible and in such a case it is not easy in general to compute calculus
inequalities involving the fractional powers. We can avoid this difficulty by following the same
argument of [17]. The desired calculus inequalities involving the fractional powers will be
obtained using the complex interpolation theory and the invariance of a strictly star shaped
domain under the scaling transformation S, f(x) = f(z/n), p > 0. We will obtain the desired
inequalities for the operator (1/u?I + A,)%, 0 < a < 1, then we will pass to the limit as
@ — oo. In the general case, we use the fact that a bounded Lipschitz continuous set is the
union of a finite number of star-shaped, Lipschitz continuous open sets.

In this Chapter we will study in details the complex and fractional powers of the Stokes

operator with Navier-type boundary condition (3.1.1). The same results hold for the Stokes
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CHAPTER 4. COMPLEX AND FRACTIONAL POWERS

operator with the two others boundary conditions using the same approach. For this reason
the Chapter is organised as follows:

In section 1 we prove in details the boundedness of the pure imaginary powers of the
Stokes operator with Navier-type boundary condition (3.1.1). We also give in details the
characterization of the domains of fractional powers of this operator.

The same techniques can be applied to the Stokes operator with the Navier-slip boundary
conditions (3.2.1) and the Stokes operator with the pressure boundary conditions (3.3.1).

Section 2 is devoted to the complex and fractional powers of the Stokes operator with
Navier slip boundary condition. Many proofs will omitted because it is similar to the case of
the Stokes operator with the Navier-type boundary conditions (3.1.1).

Section 3 deals with the Stokes operator with the pressure boundary condition (3.3.1). We
will give our results concerning the boundedness of the pure imaginary powers of this operator
and some characterisation for the domains of fractional powers. Some details will be omitted

because it is similar to the proof in section 1 of this chapter.

4.1 Fractional Powers with Navier-type boundary conditions

In this section we study the complex and the fractional powers of the Stokes operator with
Navier-type boundary conditions (3.1.1). As stated above, due to the analyticity of the Stokes
semi-group, the complex and fractional powers A, o € C, of the Stokes operator with Navier-
type boundary conditions (3.1.1), are well densely defined and closed linear operators on
LY (Q) with domain D(A).

Moreover using the fact that
Va € C, D, (Q2) — D(Ay) — LE (),

one has the density of D,(£2) in D(A}) for all a« € C.

4.1.1 Pure imaginary powers of the Stokes operator

We are interested in this subsection in the pure imaginary powers of the Stokes operator A,
(defined by (3.1.5)). We recall that (see Proposition 3.1.1), due to the boundary conditions
(3.1.1), for all u € D(A4,), Apu = —-Au in Q.

Our main goal in this section is to prove estimate (2.3.4) for the Stokes operator with
Navier-type boundary conditions on the space L (€2). This is equivalent to prove estimate
(2.3.4) for the —A operator with Navier type boundary conditions. Since the Stokes operator
with Navier-type boundary conditions A, does not have bounded inverse we will proceed in a
similar way as in [43, Appendix A]. First, we prove estimate (2.3.4) for the operator (I + A,)*,
for all s € R. Next, we deduce an estimate of type (2.3.4) for the operator (A4,)% for all s € R
using a scaling transformation and then by passing to the limit, exactly as in the proof of [43,

Theorem Al]. We start by the following proposition:
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Proposition 4.1.1. (3) There exists an angle 0 < 6y < 7/2 such that the resolvent set of the

operator —(I + A,) contains the sector
Sg, = {A€C; |argA| <m—6p}. (4.1.1)

Moreover, we have the estimate

_ K3 Qap
Ve 290, A 7é 0, H(A[ + 1+ Ap) 1HE(L§,T(Q)) < (’)\’ ), (412)
where k3(2,p) is the constant in (3.1.55).

(it) Now, let 0 < oo < 1 be fized, then for X € Xy, such that X # 0 and |\| < Wlﬂp) one has

IOT + T+ Ap) lep @) < 2% KT (Qp) [A* (4.1.3)

Proof. (i) Thanks to Theorem 3.1.15 we know that I + A, is an isomorphism from D(A4,) C
LY (Q) in LY _(Q). We recall that D(A,) is given by (3.1.6). Next, Let A\ € C* such that
ReA > 0. It is clear that the operator A I 4+ I + Ay, is an isomorphism from D(A4,) to LY ().
Moreover, since Re A > 0 one has (thanks to Theorem 3.1.18)

HS(Qap) < ’%3(971))
A+ 1] — Al

IAT+ T+ Ap) s @) <

This means that the resolvent set of the operator —(/+A4,) contains the set {\ € C*; Re X > 0}
where the estimate (4.1.2) is satisfied . As a result, thanks to Proposition 2.3.3 and Remark
2.3.4, there exists an angle 0 < 6y < 7/2 such that the resolvent set of —(I + A,) contains the
sector g, given by (4.1.1). In addition for every A € ¥y, such that A # 0 estimate (4.1.2) is
satisfied.

(ii) Now, let A € Xy, such that A # 0 and |A\| < 1. Moreover, let u € D(A,) and

2 k3(5%,p)
f e Lb_(Q) such that (\] + 1+ A,)~' f = w. This means that

u—Au=f—-Au, divu =0 in €,
u-n=70, curlu x n =0, on TI.

As a result using (3.1.55) we have
lwllLro) < K30 p) If — AullLr ().
Finally, due to our assumption on A and the fact that 2 k3(£2,p)|A\| < 1 we have
lullry < 2630 D) [ fllzr < 2% w5 p) N £llzr ),
which ends the proof. O

With this proposition in hand we can now prove the boundedness of the pure imaginary
powers of the operator I + A, which is a key to prove the boundedness of the pure imaginary

powers of the Stokes operator with Navier-type boundary conditions A,.
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Proposition 4.1.2. Let 0y as in Proposition 4.1.1. For all s € R we have
I+ Ap)lleqrr @) < M rs(Q,p) el (4.1.4)
for some constant M > 0.

Proof. The proof is done in two steps.
(i) Let z € Csuch that —1 < —a < Rez < 0, where 0 < o < 1 is fixed. Thanks to Proposition
4.1.1 we know that the operator I 4+ A, is a non-negative bounded operator with bounded

inverse as a result using formula (2.3.3) we have

1
(I+A4,)" = — (=N AT+ T+ A)  dA
271 FGO

We recall that
Ty, = {pei(ﬂ_ﬁo); 0<p<oo}U {_pei(eo—w); 0 < p <Ol
This means that

P 1
(I+Ap) - i

+o0
o {/ (= peT00) (pet (T=00) [ 4 [ 4 A,)) " i (00) g
0
+oo
_ / (— pe @) (pel @1 4 14 4,)7 By,
0

In addition, we know that (—\)? = e*(n\+iAre(=V) where Arg(—\) is the principal argu-

ment of —A. An easy computation shows that

(=N < pRes eltmelt, (4.L5)
As a result we have

. e\Imz|90

H(I“‘Ap) HL(L%,)_’.,-(Q)) S o [Il + IQ:|7 (416)
with n
[e’s) ; (e —1
I - /0 PR |(pet T T 4 T+ Ap) T pmn oy dp

and

—+00
(O —m -1
L = /0 PN (pe T+ T+ Ap) ey () de-
Next, we write I; in the form
1/2 Ng(ﬂ,p) . —
I = /0 PR (p e TN+ T+ Ap) T epn L dp

+oo

z i (m— -1

. / P (e T T 4 T+ A)) e o) Ao
1/2 k3(2,p)
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As a consequence, thanks to Proposition 4.1.1 part (ii) we have
1/2 k3(Q,p) d 400 d
P 14
Il < 2¢ /{a(ﬂ’p)/ o Res T ’%3(97]7)/ "1—Rez"
3 0 pl—a—Rez 1/2 r5(Qp) pl—Rez
Now, thanks to our assumption on z we can easily verify that I; < oo. Similarly we prove
that I3 < co. Finally substituting in (4.1.6) we have
1T+ Al e ) < M K(Q,p) ™%, (4.1.7)

for some constant M (2, p) > 0.

(ii) Let s € R, to obtain estimate (4.1.4) we use the fact that for all f € D(4,), (I + 4,)*f
is analytic in z for —1 < Rez < 1 (see |52, Proposition 4.7, Proposition 4.10]). As a result for
all f € D(A,)

17+ Ap)** Fllzo() = Tim [[(7 + Ap) =" fllLr(@) < lim Cel| £l Loy < Cel| £l ooy

(4.1.8)
Finally using the density of D(A;) in L% () we obtain estimate (4.1.8) for all f € Lf (Q)
and thus one has estimate (4.1.4). O

Before we prove our main result in this subsection we prove the following proposition.

Proposition 4.1.3. Suppose that § is strictly star shaped with respect to one of its points and
let 0y as in Proposition 4.1.1. For all s € R we have

(A Il eee oy < M k3(9,p) el %, (4.1.9)
for some constant M > 0. In other words we have
Yl<p<oo, s€R, Ay €ELLL (),
where K = M (9, p).

Proof. Since € is strictly star shaped with respect to one of its points then after translation

in R3, we can suppose that this point is 0. This amounts to say that
Vp>1, uQCcQ vo<u<i and Q C Q.

Here we take > 1 and we set Q, = u ().

The proof is based on the scaling transformation

Ve e,  (Suf)(@) = flz/u),  feLL.(Q) (4.1.10)

As in the proof of |43, Appendix, Theorem Al| we can easily verify that

A, = 8,48, I+ pPA, = S, (I+4,)5,"
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and for —1 < —a < Rez < 0 using (2.3.3) we can verify that,
(I +p? Ap)° = Su(l + Ap)zsﬂl-
Moreover we know that
I+ 12 Ap) Nl 2ezp o) = 18T+ A)*S, ez ) < N+ Az o)
Now, thanks to Proposition 4.1.2 one has, for —1 < —a < Rez < 0,
1T+ 12 Al eqzn oy < M w(©,p) =1,
where the constant M (€, p) is independent of . Thus, for all s € R, one has
(T + 1 Ap) ez (o)) < M s(Q,p) €. (4.1.11)

On the other hand, using Lemma 2.3.7 (part (i)) one has

1 is 24 yis
(EI+A;D) = Mzis(IWLMAp) :
As a result, using (4.1.11) we have
H(iIJrA ) < M K(Q,p)elsl%. (4.1.12)
A V()

On the other hand, thanks to Lemma 2.3.7 (part (ii)) one has for all f € D(A4,)

. (4.1.13)

p—>+00 LP(Q)

A Pl = tim (5 7+ 4) "]

We deduce by (4.1.12) and (4.1.13) that (4.1.9) hold for all f € D(A,). Using the density of
D(Ap) in L (£2) the estimate follows for all f in L (). O

In the general case, for a domain  of Class C*!, we use the fact that (see [12] for
instance), a bounded Lipschitz-Continuous open set is the union of a finite number of star-
shaped, Lipschitz-continuous open sets. Clearly, It suffices to apply the above argument to
each of these sets to derive the desired result on the entire domain. However, the divergence-
free condition of a function f € L? () is not preserved under the cut-off procedure and the
proof of the general case is not obvious.

To prove our main result in this section we need the following remark

Remark 4.1.4. First consider the sesqui-linear form
Vue VP(Q), Yve VE(Q), a(u, v) = / curlu - curlvdzx (4.1.14)
Q

110



4.4.1 Fractional Powers with Navier-type boundary conditions

with V2(Q) defined in (3.1.2). Consider also the operator ﬁp e L(VE(Q), (VP (Q))) asso-
ciated to the sesqui-linear form (4.1.14). The operator gp is defined by: For all u € V2(Q)
and for all v € VZ(Q),

<gpu, v>(V§'(Q))’xV£/(Q) = a(u,v) = /chrlu-curl'vda:. (4.1.15)

If moreover curluxn = 0 on I, then using the Green formula (??) one has for all u € V2(Q)
and for all v € V¥ (Q),

(Apu, v) curlu-curlvdz = (—Au, v)q (4.1.16)

VE@)yxv¥ @ ~ /Q
with (.,.)q denotes the anti-duality between [Hé),(div, )] and Hg, (div, ©2). In particular, for
all v € D,(£2) one has

(Apu — Au, v)pro)xp() = 0

Thus thanks to De Rham Lemma, there is a function 7 € LP(Q) /R such that
Xpu = —Au+Vm, in Q.

Now if leu € LP(Q2), then using the regularity of the Stokes Problem (see |10, Theorem 4.8])
we deduce that (u, T) € W2P(Q) x WhP(Q)/R.

Notice that, in the case where gpu € LY (), m is constant and gpu = Ayu = —Au
in €.

The operator /Tp : D(ﬁp) C LP(Q) — LP(Q) is a linear operator with

D(4,) = {u e W*P(Q); divu=0inQ, u-n =0, curlu x n =0 on F}

and for all w € D(A4,), Apyu is defined by (4.1.15).
Next, we consider the resolvent of the operator ﬁp on LP(€). We can easily verify that for

a given function f € LP(Q) and for a given A € C* such that Re A > 0, there exists a unique
function u € D(A,) such that for all v € VZ'(Q)

)\/u-vda:—i-/curlu-curlvdx = /f‘vda:.
Q Q Q

Moreover we have the estimate

C(Q,p
by < Sl (4117

This means that, for all f € LP(Q2) and for all A\ € C* such that Re A > 0, there exists a

unique function w € D(A,) such that
Au + Epu =Ff in Q
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and satisfying estimate (4.1.17). Thus the resolvent set of the operator jp contains the
half-plane {A € C*; ReXA > 0}. Using Remark 2.3.4, we deduce that there exists an angle
0 < 6y < 7/2 such that the resolvent set of the operator jp contains the sector

Yo, ={N€C; |arg\| <m—6p}

where estimate (4.1.17) is satisfied.

Proceeding in the same way as in the proof of Proposition 4.1.1, we can verify that Proposi-
tion 4.1.1 holds for the operator —(I—I—gp). As a result, the operator (I—i—gp) is a non-negative
operator of bounded inverse and for any complex z € C the complex power (I + Zp)z is well

defined by the mean of the Dunford integral and using formula (2.3.3) one has:

~ 1 ~
(I+A4,)7 = — (=N AT+ 1+ Ay dA
271 FGO

Proceeding in the same way as in the proof of Proposition 4.1.2 one can prove that for any
complex z € C such that —1 < Rez < 0, one has

(I + Ap)7ll ey < M C(Q,p) ™%,

for some constant M C(€,p) > 0.

Next, we consider the case where € is strictly star shaped with respect to one of its point.
As in the proof of Proposition 4.1.3, using the scaling transformation S, given by (4.1.10) and
the fact that

P A, =S, A,S;1 I+p*A, = Su(I+4,) S,

P~u

one has for —1 < Rez < 0,
I+ 1 A lleqweiey < M CO(Q,p) ™%, (41.18)
where the constant M C(€2, p) is independent of u.
We observe also the following remark

Remark 4.1.5. Since D(A,) is not dense in LP(£2), estimate (4.1.4) doesn’t necessarily hold
for the operator I + jp in LP(Q).

Now we prove our main result in this section:

Theorem 4.1.6. Suppose that Q is of class C*' and let 0y as in Proposition 4.1.1. For all
s € R we have
1(Ap) Il ze 0y < M C(Q,p)ell®, (4.1.19)

for some constant M > 0. In other words we have
Vi<p<oo, s€R,  A,€ER(LL_(Q),
where K = M C(Q,p).
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Proof. Let (O;);e be an open covering of 2 by a finite number of star-shaped open sets and
let us consider a partition of unity (¢;);ecs subordinated to the covering (£2;),cs where for all
Jj € J, ; = ©6; N This means that

Vi € J, Suppyp; C €

and

dpi=1, ¢ €DQ).
jeJ

Let f € LE (Q), f can be written as

F=>f;, Vi€l fi=g¢f

JjeJ
Notice that for all j € J, f; is not necessarily a divergence free function.
Let g4 > 0 and let z € C such that —1 < Rez < 0. Thanks to Remark 4.1.4 we know that

I+ 124 f = T+ @248 = S (T +i2A,) f;.
jeJ

As a result, one has

IN

DI+ 1A Fillee)

jeJ

= T+ 1A 5l v oy
jeJ

(7 + 12 Ap)* FllLr o)

Since for all j € J, Q; is strictly star shaped with respect to one of its points, then using
estimate (4.1.18) one has

I+ 12 A Flliory < D Cie™A%| £ pnq)
jed
< Ce™H%| |l 1o

with a constant C independent of u and f. As a result one has
1T+ 1® Al eqer oy < M C(Q,p) ™10,

with a constant C' independent of p.

As in the proof of Proposition 4.1.2, using the fact that (I + p*A,)*f is analytic in z,
—1 <Rez <1, for all f € D(4,) and using the density of D(Ay) in L (), one has for all
s € R,

(T + 1% Ap) ™|l gerqay) < Cell?, (4.1.20)

with a constant C' independent of p.
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Furthermore, as in the proof of Proposition 4.1.3, we have

Lria)® LTI
Gt ) = s U ian)

As a result, using (4.1.20) we have

Garan)”

Thus using Lemma 2.3.7 (part (ii)) we deduce that for all f € D(A4,)

< Cebslo, (4.1.21)
L(LE -(9)

(4.1.22)

H——+00

. 1 18
o = i |55 4)
1(Ap)"* FllLr (o) m [z L) Fl| g
This means that (4.1.19) hold for all f € D(A;). Using the density of D(4,) in L} () the
estimate follows for all f in LE (Q). O

Remark 4.1.7. Similarly we can prove that there exists 6y < 7/2 such that for all s € R

18 I 15 |s] &
VB W eqiaag ey = 1A eqmy @iv ey ) < CEBPIETE (4.1.23)

and
H(Cp)iSH[;([Tp’(Q)]QﬂT) = H(_A)iS”L([Tp’(Q)} ) < C(Q,p) elslf. (4.1.24)

/
o,T

We recall that the operator B, and C}, given by (3.1.65) and (3.1.72) respectively are the
extension of the Stokes operator to the spaces [Hg/(div, )], and [Tp/(Q)];T respectively
and they are equal to the Laplacian operator with Navier-type boundary conditions.

We will see later that estimates (4.1.23) (respectively (4.1.24)) give us the weak (respec-
tively the very weak) solutions for the inhomogeneous Stokes Problem with Navier-type bound-

ary conditions with a maximal LP — L9 regularity.

4.1.2 Domains of fractional powers of the Stokes operator

This subsection is devoted to the study of the domains of fractional powers of the Stokes
operator with Navier-type boundary conditions on LL (€2). Since the Stokes operator with
Navier-type boundary conditions doesn’t have bounded inverse the fractional powers A} are
not bounded for both Rea > 0 and Rea < 0 and attention should be paid in the calculus of
the domain D(A5) of A and its norm. In our case, we will follow Borchers and Miyakawa
[17]. We will use complex interpolation theory to calculate the domains of fractional powers of
the Stokes operator. We will characterize the domain D(Azl/ 2) and will prove the equivalence
of the two norms |[curlv| grq) and HAII)/Q'UHLP(Q) for all v € D(Azl,/Q). We will also prove
through an interpolation argument an embedding theorem of Sobolev type for the domains of
fractional powers of the Stokes operator with Navier-type boundary conditions.

We start by the characterization of the domain of A};/ 2,
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Theorem 4.1.8. For all 1 < p < oo, D(A;,/Q) = W},:’T’(Q) (given by (3.1.3)) with equivalent

norms.

Proof. Thanks to Lemma 2.3.9 we know that D(A},/Q) = D((I + Ap)"?) with norm ||(I +
Ap)l/ Zul| rr(@) which is equivalent to the graph norm. Moreover, due to Proposition 4.1.1 we
know that I+ A, is a non-negative operator and due to Theorem 3.1.19 we know that I + A,
is of bounded inverse. In addition thanks to Proposition 4.1.2 we know that that the pure
imaginary powers of I + A, are bounded and satisfy estimate (4.1.4). As a result thanks to
Theorem 2.3.9 we have

D(4,%) = D(UI + 4,)"?) = [DU + 4); L5 ()], ,, = [D(4,);: LL ()]

1/2 1/2°

Consider now a function w € D(A4,), set 2 = curlu and U = (u,z). It is clear that
z € Hp(curl,Q) and using Lemma 2.2.1 we deduce that z € X} (Q) — W'(Q) and
Ue Ll (Q)x WLP(Q). On the other hand if u € LY (Q2) we know that, thanks to [10, 11],
U € L2 (Q) x [Hb(curl, Q)] < L2.(Q) x W '2(Q). Next let u € D(A,”) then U €
LY () x [WP(Q), W 1P(Q)]; o = L2 () x LP(Q). Thus using Lemma 2.2.1 we deduce
that u € W}TQ(Q) This amount to say that

D(A)/?) — WEE(Q). (4.1.25)
It remains to prove the second inclusion. Observe that thanks to [78, Theorem 1.15.2, part
(e)], since I + A, has a bounded inverse, then for all 1 < p < oo, (I + Ap)1/2 is an isomorphism
from D((I + A,)'/?) to LY (). This means that for all F' € Lg:T(Q) there exists a unique
v e D((I + Ay)'/?) solution of

(I + A)%v = F. (4.1.26)

As a result for all u € D(A4,) we have

1/2
!<(1 + Ap)' Pu, F >Lg,7<mxwff<ﬂ>‘

H(I + Ap)1/2UHLP(Q) — sup ||FH ,
FeLY (), F£0 L¥ (@)
_ sup ‘«I + Ap)! P, (1 + AP’>1/2”>L5,T<Q)xL£’,T(Q>‘
FELE ,(Q), F£0 1l

where v is the unique solution of (4.1.26).

We recall that for all 0 < a < 1, the adjoint operator (A4p)" is equal to A% and [({ + A,)%]" =

(I + Ap)™ = (I + Ay)®, where L 4+ 4 =1.

115



CHAPTER 4. COMPLEX AND FRACTIONAL POWERS

As a result,

)«[ + A)u, U>Lg,T(Q)xL5/,T(Q)‘
1T+ 47200

11 + Ap)2ullpr) = sup
vED(A;,/Q),v;AO

)fﬂu-ﬁdaz + churlu-curlﬁdJ:‘
= sup

vED(A;,/Q),'u;EO H(I + Ap/)1/2v||LP/(Q)
C (2, p) [lullwreq)- (4.1.27)

IN

Now since D(Ap) is dense in W12 () one gets inequality (4.1.27) for all u € W},’T’(Q) and
then
W 2(9) < D(4,/%)

and the result is prove. O

The following proposition gives the equivalence in norm of All,/ 4 and curlw in LP (Q) for
1/2
every u € D(A4, 7).

Proposition 4.1.9. For every u € D(A;/Z) one has the equivalence of the two norms
HAZI)/2'U;||LP(Q) and ||curlu|[prq). In other words, there exists two constants Cy and Co such
that for all u € D(AY?)

|AY ?ul| pp oy < Chlleurlul|pe) < Caol| AL | tr ().

Proof. We will proceed in a similar way as in the proof of [17, Theorem 3.6]. First we assume
that the domain Q is strictly star shaped with respect to one of its points. As a result the
domain (2 is invariant under the scaling transformation S, (given by(4.1.10)) introduced in
the proof of Theorem 4.1.6. As in the proof of [43, Appendix, Theorem Al| we can easily
verify that

Ay, = Sy AL S, T4 P4, = Su(I+Ay) S,

Moreover, for 0 < o < 1 and for all v € D(A,) one has,
(I +124,)"0(x) = Su(I+ 4,)°S; v (a)

and
S;l(l + uQAp)O‘v(a:) = (I+ Ap)aSljlv(x). (4.1.28)

The proof is done in two steps:

(i) First we prove that

Vue D(A;/Q), ||A11)/2’U;||LP(Q) < C(,p) |lcurlu||ze (o). (4.1.29)
Thanks to Theorem 4.1.8 one has for every u € D(A;,/Q)

I + Ap)Pullpr@) < CQ,p) (lullro) + leurlu] ). (4.1.30)
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Now, for u € D(4,) we set u = S;l'v, for some v € D(A,). This is true since S;l is an

isomorphism from D(A4,) into itself. Now substituting in (4.1.30) one has
(I + 4p)S, o) L) < Cp) (Jv(pa)lpr@) + leurlo(u)l|r)-
As a result thanks to (4.1.28), since uw € D(A,) one has
HSEI(IJFHQAp)l/%(x)HLP(Q) < C(Qp) (Jv(pz)llpro) + pllcurlv(pz)|grq)). (4.1.31)

Next using the integral formula (2.3.3), an easy computation shows that for all v € D(A,),
ST+ Ap) Po(@) = (T4 p2Ap) Po(pe) and (1+p® Ap)Po(@) = u(h T+ Ap)'o(2).
Thus using (4.1.31) one has

1
nlCE T+ Ap)Po(pa)llpre) < Q) ([o(ne)|Lr) + 1leurlo(pa)l|eq))-

As a result, using the change of variable y = p1x one has for every v € D(A,)

1 1
H(EI + Ap) o (y) || < C(Q,p)(pllv(y)\lm(m + |leurlv(y) || e (o))-

Now using Lemma 2.3.15 (part (ii)) and passing to the limit as 4 — 400 one gets for
every v € D(4,)
|AY ?ul|pp ) < C(Qp) [[eurlu| ).
Finally using the density of D(A4,) in D(A},/Z) one gets estimate (4.1.2).
(ii) Next we prove that

VueD(AY?),  |eurlu|rg) < C(Q,p)[|AY ul|Lr ). (4.1.32)
Thanks to Theorem 4.1.8 one has for every u € D(Azl;/z)
leurlu| o) < C(2,p) (I + Ap)'ul| o). (4.1.33)

Let u € D(4,) and set w = S 'v for some v € D(A,). Substituting in (4.1.33) and proceeding

in the same way as in the first step one has
1
|curlv(pz)|Lr) < C(Q,p) H(El + Ap) Po(p )| Lo )- (4.1.34)

Now using the change of variable y = p 2 in (4.1.34) and passing to the limit as u — +o0
one has estimate (4.1.32) for every u € D(A,). Finally using the density of D(4,) in D(A}l,/?)
one has estimate (4.1.32).

In the case where € is not star-shaped we have to recover € which is C'! (in particular

Lipschitz) by a finite number of star open sets. O

The following proposition shows an embedding of Sobolev type for the domains of frac-
tional powers of the Stokes operator. This embedding give us the LP — LY estimates for the

homogeneous Stokes problem.
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Proposition 4.1.10. For all 1 < p < oo and for all 0 < o < 1 we define f = max(a,1 — )
then
D(A;) = LY(Q) (4.1.35)

for all q such that:
(i) F0r1<p<%,q€ [ , 3—35617}'
(ii) For p = %, q €1, 4o0[.

(tii) For p > %, q = +oo.

Moreover for such q, the following estimate holds
Vu e D(A7),  |ullpye) < C(Qp) |A7u]Lr(o)- (4.1.36)
Proof. As described in the proof of Theorem 4.1.8 we know that
D(A7) = D((I + 4)%) = [D(I + Ap); Ly ()], = [D(4,); LE (Q)] -

Moreover
[D(A,); LE ()] — [W2P(Q), LP(Q)] = W2(Im2r(Q). (4.1.37)

It is clear that for 0 < @ <1/2,1 —a > o and
D(AY) — W?*P(Q).
Similarly, for 1/2 < o < 1, observe that @ > 1 — « and
D(AS) < D(A),%) < W?*P(Q).
Thus one has, for all 0 < a <1
D(A%) = D(AL™*) — W2 (Q).

Now using the result of |2, Theorem 7.57| we deduce the Sobolev embedding (4.1.35) with p
and ¢ satisfying (i), (ii) and (iii).

To prove estimate (4.1.36) we proceed in a similar way as in the proof of Proposition 4.1.9.
Thanks to the part (i) we know that for all u € D(A})

lullpa@) < C(p) (I + Ap)ul[pr)- (4.1.38)

Suppose that € is strictly star shaped and let u € D(4,) — D(Ag). Consider again the
operator S, defined by (4.1.10) above and set u = S;lv for some v € D(A,), substituting

in (4.1.38) and using the same argument as in the proof of proposition 4.1.9 one has

lo(pa)lzs) < CUp) U + p2Ap)*v(na)llr @)

Next, using the change of variable y = px and Lemma 2.3.15 (part (i)) one has

- a—3 1 a
P paggy < C(Q,p) 12 ‘WH(EI + Ap)*v| Lr (o)
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Thus, since % = % — %a one has

1 (0%
[vllLa) < C(2,p) H(EI + Ap)*v| Lr (),

where the constant C'(€2,p) is independent of u.
Finally using Lemma 2.3.15 (part (ii)), letting 4 — oo and using the density of D(A4,)
in D(A}) one has estimate (4.1.36). O

The following Corollary extends Proposition 4.1.10 to any real « such that 0 < o < 3/2p.
This result is similar to the result of Borchers and Miyakawa [18] who proved the same result

for the Stokes operator with Dirichlet boundary conditions in exterior domains for 1 < p < 3.

Corollary 4.1.11. for all 1 < p < 0o and for all & € R such that 0 < a < 3/2p the following
Sobolev embedding holds
D(4%) < L9(Q), L-L_% (4.1.39)
» , i » 3 1.

Moreover for all w € D(Ay) the following estimate holds
lullLo) < C(Q2,p) [[AjullLr (@) (4.1.40)

Proof. First observe that for 0 < « < min(1,3/2p) the Sobolev embedding (4.1.39) is a
consequence of Proposition 4.1.10 part (i). Next, for any real « such that 0 < a < 3/2p we
write a« = k 4 6, where k is a non negative integer and 0 < 6 < 1.

Next we set

1 1 26 11 2
S " ad =Y =01,k (4.1.41)
o p 3 9% q 3

It is clear that q%. = qj%l - % and that ¢ = ¢. Moreover, by assumptions on p and a we have

for j =0,1,.....k, 0+7 < 3/2p. As a consequence of Proposition 4.1.10 part (i) it follows that
D(A%) — L (Q)

and forall 1 <j <k
D(qu',l) — L% (Q)

It thus follows that for all u € D,(9)
lullzog) < IT+Ag_wllpu—r (@) < - < 1(T+Ag) ullpoo @) < [(I+Ap) ] Lr(q). (41.42)

By density of D, (2) in D(Aj) on gets the Sobolev embeddings (4.1.39) and estimate (4.1.42).
Finally using a scaling procedure as in the proof of estimate (4.1.36) one gets estimate (4.1.40)
for all u € D(Ay).

0l
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4.2 Factional powers with Navier-slip boundary conditions

In this section we collect some results on the complex and fractional powers of the Stokes
operator A, with Navier slip boundary condition (3.2.1). We recall that the operator A, is
defined by (3.2.5).

As stated above, the existence of complex and fractional powers of the operator A, is
justified by the analyticity of the Stokes semi-group with the Navier slip boundary conditions
(3.2.1). These complex and fractional powers A7, a € C, of the Stokes operator with Navier-
slip boundary conditions, are well densely defined and closed linear operators on LQT(Q) with
domain D(A7).

Moreover using the fact that
Va € C, D, (Q2) — D(A;) — Lb (),

one has the density of D,((2) in D(Af) for all a € C.

We can easily check (using the same proof) that Proposition 4.1.1, Proposition 4.1.2 and
Proposition 4.1.3 hold for the Stokes operator with the Navier slip boundary conditions A,,.
As a result one has the boundedness of the pure imaginary powers of the operator A,. We

skip the proof of the following theorem because it is similar to the proof of Theorem 4.1.6.

Theorem 4.2.1. There exist an angle 0 < 0y < w/2 such that for all s € R we have
1(Ap) Nl cee @y < M k(2 p) el*l®, (4.2.1)
for some constant M, k(2,p) > 0. In other words we have
Vi<p<oo, seR,  A,€ER(LL (),
where K = M k(Q,p).

Remark 4.2.2. We also have an estimate of type (4.2.1) for the operators B, and C,, which
are the extension of the Stokes operator with Navier slip boundary conditions (3.2.1) to the
spaces [Hgl(diVQ)];T and [Tf”/(Q)MW respectively. We recall that the operators B, and C,
are defined by (3.2.33) and (3.2.38) respectively.

We will see in Chapter 5 that estimate (4.2.1) gives us a maximal LP — L? regularity
result for the inhomogeneous time dependent Stokes problem with the Navier slip boundary

conditions.

As stated in Theorem 2.3.9, the boundedness of the pure imaginary powers of the Stokes
operator A, allows us to characterise the domains of fractional powers of the Stokes operator
through an interpolation argument. As in the case of the Stokes operator with Navier-type

boundary conditions (3.1.1) we have the following theorem.
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Theorem 4.2.3. For all 1 < p < oo, D(A}D/Q) = W}T’ﬁ(Q) (given by (3.1.3)) with equivalent

norms.

Proof. The proof is similar to the proof of Theorem 4.1.8. In fact since the pure imaginary
powers of the Stokes operator with Navier slip boundary conditions are bounded and satisfy
estimates (4.2.1), one has thanks to Theorem 2.3.9

D(AY?) = D((I + Ay)'?) = [DU + Ap); L2 ()], ,, = [D(A,); LE_()]

1/2
Consider now a function u € D(A,) (see (3.2.4) for the definition of D(A,)) and set z = D(u)
and U = (u,z). It is clear that when w € D(A,) then 2 € W'P(Q) and U € LY (Q) x
WLP(Q). In addition, when u € LY () then z € WP(Q)and U € LY (Q) x wW—Lr(Q).

Now, let u € D(AII,/Q)7 then

1/2°

U e L2(9) x [W'P(Q); WP(Q)], , = L2.(2) x L(Q).

/2 —
As aresult, w € LP(Q), z = D(u) € LP(Q), divu =0 in Q and w-n = 0 on I'. Thanks to [§]
we know that on W(l,’f;(Q), |ullwip(q) is equivalent to [[u L) + [D(u)||Lr(q)- As a result
u € WrP(Q) and
D(AY?) — WL2(Q).

To prove the second inclusion, observe that thanks to |78, Theorem 1.15.2; part (e)], since
I + A, has a bounded inverse, then for all 1 < p < oo, (I + Ap)1/2 is an isomorphism
from D((I + A,)'/?) to LY (). This means that for all F' € LgﬁT(Q) there exists a unique
v € D((I + Ay)'/?) solution of

(I + Ay)Y?v = F. (4.2.2)
Now let w € D(A,). Proceeding in the same way as in the proof of Theorem 4.1.8 one has

1/2
‘<(I + Ap)u, F>Lg,(ﬂ)xL‘3fr<9>‘

I+ A Pullre) = sup Fler
FeLt (), Fro LP (Q)
‘(([ + Apu, U>Lg,7(n)xL%.",T(ﬂ)‘
= sup

’UED(A;//Q), v#0 H (I + Ap’>1/2lu||Lp’(Q)

‘fQu-ﬁdx + JoD(u) : D(ﬁ)dx‘
H(I + Ap/)1/2,v||LP/(Q)

= sup

UED(A;//Q),U;&O

< @ p) [ullwrr). (12.3)
We recall that v is the unique solution of Problem (4.2.2).
Now since D(A,) is dense in W},Q(Q) one gets inequality (4.2.3) for all u € W},Q(Q) and

then
Wi2(Q) — D(A}?)

and the result is prove. O
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The following proposition gives the equivalence in norm of A}D/ u and D(u) in LP(Q) for
1/2
every u € D(A, 7).

Proposition 4.2.4. For everyu € D(A}D/Z) one has the equivalence of the two norms HA}')/QUHLIJ(Q)
and [|D(w)||ze()- In other words, there ewists two constants C1 and Cy such that for all
u e D(AY?)

1AY2u] 1o ) < C1ID() | oy < CallAY 2w oy

Proof. We proceed in a similar way as in the proof of Proposition 4.1.9. First we assume that
the domain €2 is strictly star shaped with respect to one of its points and we use the invariance
of Q under the scaling transformation S, (given by(4.1.10)). As in the proof of Proposition

4.1.9 we can easily verify that
WAy = S, APS;Ll? I+ p?Ay = Su(l +Ayp) 5;1
Moreover, for 0 < o < 1 and for all v € D(A,) one has,
(I + 12, 0(2) = Su(I + A,)*S; " v(x)

and
S;I(I + ,uzAp)av(:c) = (I+ Ap)O‘S;lfv(:c). (4.2.4)

(i) First we prove that

Vu e D(4)?), 1A} %l Lr() < C(,p) ID(w)] Lo ()- (4.2.5)
In fact, thanks to Theorem 4.2.3 one has for every u € D(Al/Q)

I+ A 2ul oy < C(p) (lullzr + ID@)|zrey). (4:2.6)

Now, for u € D(A,) we set u = S;lfv, for some v € D(A,). Substituting in (4.2.6) and

proceeding in the same way as in the proof of Proposition 4.1.9 one has

Gt + ) ot

oy < CD) (*HU(WC)HLP + uP@(Ea)) ). (4.2.7)

Now using the chane of variable y = px in (4.2.7) and passing to the limit as g — oo one has
estimate (4.2.5) for every u € D(A,). Finally using the density of D(A,) in D(A, A2 ) one has
estimate (4.2.5) for every u € D(AI/Q)

(ii) Next we prove that

Vu e D(A)?), ID(w)lLr) < C,p) 14w Lo q)- (4.2.8)
Thanks to Theorem 4.2.3 one has for every u € D(Al/Q)
ID()r@) < COp) (T + Ap) 2l ey, (4.2.9)
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4.4.2 Factional powers with Navier-slip boundary conditions

Let u € D(A,) and set u = S;l'v for some v € D(A,). Substituting in (4.2.9) and proceeding

in the same way as in the first step one has

1/2

. (4.2.10)

v(ua)| o

D@l < C0n) (57 + )

Now using the change of variable y = p 2 in (4.2.10) and passing to the limit as p — +o0
one has estimate (4.2.8) for every u € D(A,). Finally using the density of D(A,) in D(Azl,m)
one has estimate (4.2.8).

In the case where €2 is not star-shaped we have to recover {2 which is in particular Lipschitz

by a finite number of star open sets. O

As in the previous section (see Proposition 4.1.10), the following proposition gives us an
embeddings of Sobolev type for the domains of fractional powers of the Stokes operator A,
(defined by (3.2.5)). The proof of the following proposition will be omitted because it is similar
to the proof of Proposition 4.1.10.

Proposition 4.2.5. For all 1 < p < oo and for all 0 < o < 1 we define = max(a,1 — «)
then

D(AZ) — LY(Q)

for all q such that:

(i) For L<p< 35, q€ [p, 3%},}
(it) For p = %, q € [1, ool.

(iii) For p > %; q = +oo.

Moreover for such q, the following estimate holds
Vu € D(A}), |ullpa)y < C(Q,p) [Ajullze (o)

As in the previous section (see Corollary 4.1.11), we can extend Proposition 4.2.5 to any
real « such that 0 < a < 3/2p. We skip the proof of the following corollary because it is
similar to the proof of Corollary 4.1.11

Corollary 4.2.6. for all 1 < p < oo and for all @ € R such that 0 < o < 3/2p the following

Sobolev embedding holds

1 1 2«
D(A%) — Li(Q), =, 4.2.11
() > DUR), =% (1211)

Moreover for all u € D(AY) the following estimate holds

lullzog) < Cp) A%l L. (42.12)
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4.3 Fractional powers with normal and pressure boundary con-

ditions

In this section we give some results on the complex and the fractional powers of the Stokes
operator with normal and pressure boundary conditions (3.3.1) boundary conditions 4, on
L? (). We recall that the operator A, is defined by (3.3.7).

As stated above, since the Stokes operator with normal and pressure boundary conditions
in L2 () generates a bounded analytic semi-group, it is in particular a non-negative operator.

It then follows that the complex and fractional powers A%, a € C, of the Stokes operator

with Navier-type boundary conditions, are well, densely dZﬁned and closed linear operators
on LL(£2) with domain D(AS).

Proceeding in the same way as in Proposition 4.1.1, Proposition 4.1.2, Proposition 4.1.3
and Theorem 4.1.6, we can prove an estimate of type (4.1.19) for the operator A, on L ()
and for the operator B, on [Hgl (curl, Q)] We recall that the operator B, is the extension

of the Stokes operator A, to [Hg,(curl, )]’ and it is defined by (3.3.49) and (3.3.50).

Theorem 4.3.1. There exist an angle 0 < 0y < w/2 such that for all s € R we have
IW%YquAm)Sﬂ4MQmMM% (4.3.1)

and
1B *ll ey < M K(Q,p)el®, (4.3.2)

for some constant M, (2, p) > 0.

As stated in Theorem 2.3.9, the boundedness of the pure imaginary powers of the Stokes
operator A, allows us to characterise the domains of fractional powers of the Stokes operator
through an interpolation argument and to obtain an embedding of Sobolev type for these
domains.

We start by the characterization of the domain of A;,l)/ 2,

Theorem 4.3.2. For all1 < p < oo, D(A;,/Q) = WI’IJ’V(Q) (given by (3.3.5)) with equivalent

o,

norms.

Proof. The proof is similar to the proof of Theorem 4.1.8 and Theorem 4.2.3. In fact since the
pure imaginary powers of the Stokes operator with normal and pressure boundary conditions

are bounded and satisfy estimates (4.3.1), one has, thanks to Theorem 2.3.9

D(A;/%) = D(I+A)"?) = [DU + Ap): L5 ()], © [W?P(Q)LP(Q)], , = WH(Q),

1/2 1/2

with continuous embedding.
Let u € D(.A}D/Z) and let (ug)ren @ sequence in D(A,) that converges to w in D(A;,l,/z).

This is true, since D(A,) is dense in D(Azl/2). As a result, (up)ren converges to u in WHP(Q)
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4.4.3 Fractional powers with normal and pressure boundary conditions

and up x n — u x 1 in WI"YPP(T) as k — oo. Moreover, since (ug)reny C D(A,), then
forall ke N, upr xn =0 on I'and u x n =0 on I'. Thus

D(A}/?) = W R ().

Proceeding in the same way as in the proof of Theorem 4.1.8 we prove that for all u €
1/2
D(A;'”)
(I + Ap)Y*u| ) < C(Q,p)llullwreq

and then
W IR () = D(AY?)

and the result is prove. O

The following proposition gives the equivalence in norm of Azlg/ 4 and curlw in LP (Q) for

1/2

every u € D(A,/ 7). We skip the proof of the following proposition because it is similar to the

proof of Proposition 4.1.9.

Proposition 4.3.3. For every u € D(A;/Q) one has the equivalence of the two norms

HAll,/QuHLp(Q) and |[curlu||pr(qy. In other words, there exists two constants C1 and Ca such
that for all u € D(A})ﬂ)

|AY 2wl pp(oy < Chlleurlul|prqy < Coll ALY ul|Lr().

As in the case of the Stokes operator with Navier or Navier-type boundary conditions, we
have an embedding of Sobolev type for the domains of fractional powers of the operator A,,.
The proof of the following proposition will be omitted because it is similar to the proof of

Proposition 4.1.10.

Proposition 4.3.4. For all 1 < p < 0o and for all 0 < a < 1 we define f = max(a,1 — «)
then
D(A7) — LY(Q)

for all q such that:

(i) For1<p<%,q€ [p, 3_37”[31)}.
(i) For p= %, g €[1, +o0f.

(iii) For p > %, q = +oo.

Moreover for such q, the following estimate holds
Vu € D(A}), |ullpa) < C(Q,p) AjullLeq)-

As in the previous section (Corollary 4.1.11), we can extend Proposition 4.3.4 to any real
a such that 0 < a < 3/2p. We skip the proof of the following corollary because it is similar
to the proof of Corollary 4.1.11
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Corollary 4.3.5. for all 1 < p < oo and for all a € R such that 0 < o < 3/2p the following

Sobolev embedding holds

D(A) < LI(%), ; _ ]1) _ %0‘ (4.3.3)

Moreover for all u € D(AJ) the following estimate holds

lullLa@) < C(Q,p) [AjullLr ) (4.3.4)
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Chapter 5
Time dependent Stokes Problem

In this Chapter we consider the linearised time dependent Stokes problem

{ % Ay 4 Vr=f, divu=0 in Qx(0,7), (5.0.1)

u(0) = ug in Q.

As described in the introduction, Problem (5.0.1) describes the motion of a viscous incom-
pressible fluid in Q. The velocity of motion is denoted by u and the associated pressure by 7.

Given data are the external force f and the initial velocity ug.

Problem (5.0.1) has often been studied with Dirichlet boundary condition. In this Chapter
we will study this problem with the boundary conditions (3.1.1), (3.2.1) and (3.3.1) respec-
tively. We will prove the existence of weak, strong and very weak solutions to Problem (5.0.1)
with each boundary condition using the semi-group theory. We will also prove the so called
LP — L9 estimate for the homogeneous Stokes problem with these boundary conditions respec-
tively. The proof is based on the use of the Sobolev embeddings for the domains of fractional
powers of the Stokes operator proved in the Chapter 4 and an interpolation inequality. We
also give a maximal LP — L? regularity result for the inhomogeneous Stokes problem. The
proof is based on the boundedness of the pure imaginary powers of the Stokes operator proved
in Chapter 4.

5.1 Stokes Problem with Navier-type boundary conditions

In this section we solve the time dependent Stokes Problem (5.0.1) with the boundary condition
(3.1.1) using the semi-group theory. As described in Chapter 3, Proposition 3.1.1, due to the
boundary conditions (3.1.1) the Stokes operator coincides with the —A operator. We recall
that the Stokes operator with Navier type boundary conditions A, is defined by (3.1.5).

127



CHAPTER 5. TIME DEPENDENT STOKES PROBLEM

5.1.1 The homogeneous Stokes problem

Consider the problem:

v _Au=0, divu=0 in Qx(0,7),
u-n=0, curlu xn=0 on I x(0,7), (5.1.1)
u(0) = ug in Q.

Usually in the Problem (5.1.1) where figures the constraint dive = 0 in 2, appears a gradient
of pressure. However, it is clear that, thanks to our boundary conditions, the pressure is

constant here. For this reason, the Problem (5.1.1) is equivalent to the homogeneous Stokes

problem
Qo _Au+Vr=0, divu=0 in Qx(0,7),
u-n =0, curlu xn=0 on I x(0,7), (5.1.2)
u(0) = ug in Q.

As in the case of the heat equation the following theorem shows that the solution of
Problem (5.1.1) is regular for ¢ > 0. Moreover it allows us to describe the decay in time of

this solutions.

Theorem 5.1.1. Let ug € LY (), then Problem (5.1.1) has a unique solution u(t) satisfying
u € C([0, +oof, L _(€2)) N C(]0, +oo[, D(A,)) N C*(]0, +o0], LE (), (5.1.3)

u € C*(J0, 400, D(4})),  VEEN, VLeN". (5.1.4)

Moreover we have the estimates

lu(®)llLr@) < CL(2p) [[uollzr o) (5.1.5)
" ou(t Co(0p)
u 2 vy
—_— < - . 1.
H ot ‘ Q) — t HUOHLP(Q) (5.1.6)
In addition, if Q is of class C*' the following estimates hold
C3(Q2
Jeurtulprioy < S fuollpe (5.1.7)
and )
Jes(t) w2y < Ca(2.9) (14 1) ol (5.1.8)

Proof. Since the operator —A, generates a bounded analytic semi-group e v on LY (Q),
the Problem (5.1.1) has a unique solution u(t) = e " wug . Thanks to [29, Chapter 2,
Proposition 4.3] we know that ||e_tAPH£(LgYT(Q)) < C1(2, p), where C1(Q2,p) = My k3(£2, p) for
some constant M; > 0. We recall that x3(2, p) is the constant in (3.1.55). As a result one
has estimate (5.1.5). We also know thanks to |29, Chapter 2, Theorem 4.6 that this solution
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5.5.1 Stokes Problem with Navier-type boundary conditions

belongs to D(A,) thus one has (5.1.3). We recall that D(A,) is given by (3.1.6). Now using the

fact that e *4» ug € D(A;°) and the same argument in the proof of [19, Chapitre 7, Theorem

7.5, Theorem 7.7] one gets the regularity (5.1.4). We recall that D(A3°) = N,enD(A}).
Moreover, thanks to [29, Chapter 2, Theorem 4.6, page 101] we know that

_ C2(Q,p
| Ape™ || Lp(o < 2(75)7

where Cy(€2, p) = M3 k3(Q, p) for some constant My > 0, which gives us estimate (5.1.6).
Next, to prove estimate (5.1.7) we proceed in the same way as in the proof of the estimate
(3.1.56) (see Chapter 3, Theorem 3.1.18 for the proof).

Finally, suppose that Q is of class C?!, since the norm of W2P(Q) is equivalent to the
graph norm of the stokes operator A, one has estimate (5.1.8). O

Estimates (5.1.5) and (5.1.7) allows to conclude the following corollary:

Corollary 5.1.2 (Weak Solutions for the Stokes Problem). Let ug € Lb (), T' < oo and
let u be the unique solution of Problem (5.1.1). Then w satisfies

) /
Vi<g<?2  we L90,T; W-(Q)) and a—’t‘ e L0, T; [HY (div, Q)]).

Proof. Let u(t) be the unique solution of Problem (5.1.1). Thanks to Theorem 5.1.1 we know
that u satisfies the estimates (5.1.5)-(5.1.8). Now thanks to Lemma 2.2.1 we know that

[w(®)llwrr@) = [w)ll L) + curlu(t)|| Ly ).

Thus one deduces directly that w € L9(0,T; WP(Q)) forall 1 < ¢ < 2and forall 0 < T < oc.
Next, let us prove that 2% € L9(0,T; [Hp (div, Q)]'), set

J
Z ‘n, 1) 2 gradq]
7=1

It is clear that w(t) = w(t) + Z] (u(t)n, 1>gjg;;d q; - Moreover thanks to [10, Proposition
4.3] we know that

180l g oy = 185 g vy = Iy < sl
The last inequality comes from the fact (see Chapter 2, Lemma 2.2.8)
(u-n, x| < C(Q,p)[|ulrr @)
Thus 2% = Au € L9(0, T} [Hg/(div, Q)), for T <ooand 1 < ¢ < 2. O

For the particular case p = 2 we have the following remark:

129



CHAPTER 5. TIME DEPENDENT STOKES PROBLEM

Remark 5.1.3. (i) Notice that in the Hilbertian case (ug € Lg}T(Q)), the property (5.1.5)-
(5.1.8) are immediate. We will prove estimate (5.1.7). Observe that, thanks to Propositon
3.1.13 and Remark 3.1.14, on L?,,T(Q) we can express u(t) explicitly in the form

J 400
u(t) = Zaj gradq; + Zﬁk e Mtz (5.1.9)
j=1 k=1

where

a; = /Quo-g;;dq;-dx and  f) = /Quo-zkd:v-

As a result, using the fact that Aszp = A\; zx and the fact that
/Q lcurl z;|2dz = X\ sz||2Lz(Q) =\
one has
—+00
Jeurlu(®]Zz g = e A
k=1
Finally, since

luollZ2 g Za +Zﬂk

estimate (5.1.7) follows directly. Similarly one gets directly estimates (5.1.5)-(5.1.8). We recall
that (zy)r are eigenvectors for the Stokes operator associated to the eigenvalues (Ag)r and
they form with (grad ¢} )i1<j<s an orthonormal basis for L§7T(Q) .

(ii) The solution wu satisfies (see [7, Theorem 6.4])

w e L*0,T; H(Q)) and % € L*(0,T; [HE(div, Q)] (5.1.10)

and
1d

2dtHu Lz(Q /\curlu ®)>dz = 0.

In other words for p = 2, Corollary 5.1.2 still holds true for ¢ = 2 included.
We will now extend estimates (5.1.5)-(5.1.8) by giving the so called LP — L7 estimates

Theorem 5.1.4. Let 1 < p < ¢ < oo, ug € Lb () and let u(t) be the unique solution of
Problem (5.1.1). The following estimates holds:

lw(®) | Loy < Ct32APYD g Loy, (5.1.11)
chrlu(t)HLq(Q) < Ct_l/Qt_g/z(l/p_l/Q)HUOHLP(Q) (5.1.12)
and
Z_A" < ¢ t—(m+n) 4 =3/2(1/p—1/q) . 1.
Ym,n €N, Hath ‘ poiey < €1 ' lwollzr () (5.1.13)
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Proof. The case p = ¢q follows directly from Theorem 5.1.1. Suppose that p # q, the proof is

similar to the proof of [18, Corollary 4.6]. Let s € R such that 3(7 - 7) < s < 3, and set
p% = % - % It is clear that p < ¢ < pg. Let u(t) be the unique solution of Problem (5.1.1).
Since for all ¢ > 0, u(t) € D(A;°), then thanks to Corollary 4.1. 11 u( ) € D(4;) = LP°(Q).
Now set o = 11/;’ 11//pqo €10, 1[, we can easily verify that é = + =% Thus u(t) € LY(Q2) and
lu®)lla@) < Cllw®)lTe o llult )HLp @
< CHA]S)e_tApUOHLP(Q) le~" uOH},??Q)
< Ct%luol Leo)

= Ot g o

Next, let ug € LE (€2) N L (£2) then curlu(t) € LI(Q) and

leurlu(t)|po) < C A ut) Loy = Ay e 2e 4 Pug| L)
< Ot V2 e Pug| poqy
< Ot /2 t_3/2(1/p—1/q)HUOHLP(Q)

Now let ug € LE _(€2), using the density of LL (€2) N LE (©2) in LE () we know that there
exists a sequence (ug,,)m>o0 in Lb () N LL_(Q) that converges to up in Lb (©2). For all

“tray, . as a result the sequences (U (t))m>0 and (curl e, (t))m>o

m € N we set up,(t) =e
converges to wu(t) and curlw(t) respectively in LP(Q), where u(t) = e *4rugy. On the other

hand, for all m,n € N one has
Jeurl(un (t) — wn(0) 50y < C 24320V D lug —ug, | oo

Thus (curlw,(t))m>o is a Cauchy sequence in L () and converges to curlwu(t) in L().
This means that curlu(t) € L9(€2) and by passing to the limit as m — oo one gets estimate
(5.1.12).

Finally, thanks to Theorem 5.1.1 we know that for all m,n € N, gtm Ay € C*((0,00), D(4,)).
Thus it belongs to LI(£2) and

_ HA;S)m—&-n)e—tApuOHLq(Q) < Ct—(m-i—n) t_3/2(1/p_1/q)HUOHLT’(Q)

H atm ‘ L1(Q)

O

The following theorem studies the Problem (5.1.1) when the initial data uy € X, (see
3.1.74 for the definition of X,). We will see that because ug satisfies the compatibility
conditions (3.1.25), estimates (5.1.5)-(5.1.8) still hold true with an exponential decay with

respect to time.

Theorem 5.1.5. Suppose that ug € X, then Problem (5.1.1) has a unique solution w satis-

fying
u € C([0, +00[, X,) N C(]0, +oof, D(A})) N C'(J0, +oo[, X ), (5.1.14)
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u € C*(|0, +oc, D(4})),  Vk, L €N, (5.1.15)

Moreover there exists a constant M > 0 such that for all 0 < p < A1, the solution uw satisfies
the estimates:
[u(®)|lLr@) < M r1(Q,p) e [luo| L (q) (5.1.16)

and .
6_.“‘

< M KI(QJ))

Ou(t)
HW‘ L7(Q) [uoll 2 () (5.1.17)

In addition, if Q is of class C*' the following estimates hold
e Kt

|eurlul|[grq) < M’%l(va)? |uollzr () (5.1.18)

and
—ut

€
lu@lw2r@) < C(2,p) [[uwollzr(0)- (5.1.19)

We recall that Ay is the first non zero eigenvalue of the Stokes operator defined above.

Proof. As in the proof of Theorem 5.1.1, applying the semi-group theory to the operator A
one gets the existence and uniqueness of solution to the homogeneous Stokes Problem given
by w(t) = e % ug and satisfying (5.1.14)-(5.1.15). We recall that the operator Al is the
extension of the Stokes operator to X, and it is defined by (3.1.77). The domain of the
operator Aj,, D(A}) is defined by (3.1.76).

On the other hand, thanks to Theorem 3.1.37 and to [10]| we know that

S(—A},) =sup{ReX € o(—A4,)} = =\ <0.

As a result thanks to [64, Chapitre 4, Theorem 4.3, page 118], there is a constant M > 0
such that for all 0 < p < Ay, He_tA;)HL(Xp) < M k3(Q,p) e "t, where e ' is the semi-group
generated by the operator A; on X ,. Thus one gets estimate (5.1.16). In addition, thanks to

[64, Chapter 2, Theorem 6.13, page 76|, we have
—ut

t )

|AL e || < M k1(,p)

Thus one has estimate (5.1.17). Next, to prove estimate (5.1.18) we use the Gagliardo-
Nirenberg inequality, in the same way as in the proof of the estimate (3.1.56) (see Chapter 3,
Theorem 3.1.18, case (u-n)x, =0, 1 < j < J, for the proof). Finally, when © is of class Cc?!
we know that [|w(t)|lw2sq) = [[Au(t)|Lr o) and estimate (5.1.19) follows directly. O

Remark 5.1.6. (i) Theorem 5.1.5 shows that in particular where the initial data ug satisfies
the compatibility conditions (3.1.25), it is the same for the unique solution w(t) of Problem
(5.1.1) for all ¢ > 0, which is not true if ug € L? (Q2) \ X . This comes from the fact that
u € C(]0,+oo[, D(A})), where D(A;) is given by (3.1.76). These compatibility conditions
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give us the exponential decay of the semi-group, since they make the operator A;, of bounded
inverse (i.e. since 0 € p(Aj})).

(ii) When the initial data ug € X, the LP — L7 estimates (5.1.11-5.1.13) still hold true with
an exponential decay in time. In other words there exist a constant C' > 0 and § > 0 such
that

|w(®)lLa) < Ce_étt_3/2(1/p_1/q)HUOHLP(Qy
leurlw(t)|| gy < C et /2¢ =320~ g 1o g

and

Ym,n €N, H;Anu(t)( < O Pty mim) =3/2(1/p-1/a)

LiQ)

[uol|Lr (-

(iii) For p = 2, the solution u can be written explicitly in the form

+oo
u(t) = Z/Bke_Aktzk, Bk :/u()'de{L‘
k=1 L

and the exponential decay with respect to time can be obtained directly. Moreover, contrary
to the case p # 2 one has
-
[l g2y < e uoll2(q)- (5.1.20)

In other words one has

— / —
le™ 42| p(x,) < e

It is clear that estimate (5.1.20) is better than estimate (5.1.16). We recall that \; is the first
eigenvalue for the operator A}, and it is equal to CQ%Q) where C5(Q) is the constant of the

Poincaré-type inequality (3.1.23).

In what follows, we study Problem (5.1.1) when the initial data wg is more regular in order
to get Strong Solution to Problem (5.1.1). We consider the case where ug € V2(Q) (given
by (3.1.2)). We recall that the space VZ() is equal to the space W},Q(Q) (given by (3.1.3))

with equivalent norms.

Proposition 5.1.7 (Strong Solutions for the homogeneous Stokes Problem). Suppose that
is of class C%1 and let ug € VE(QQ) (given by (3.1.2)) and T < co. The unique solution u(t)
of Problem (5.1.1) satisfies in particular

V1<g<2, we LY0,T; W?P(Q)) and ?;: € LY0,T; L (). (5.1.21)

Moreover we have the estimates
< CQp)

ou
HE LPQ) — A/t [wollvyir () (5.1.22)
and
1
lellw2r () = C(va)(l + %) o e (a)- (5.1.23)
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Proof. Let ug € V2(Q) and let u(t) be the unique solution of Problem (5.1.1). Set z =

curlu(t). It is clear that z(t) is a solution of the problem

%‘f—Az:curlf, divz =0 in Qx(0,7),
zxn=0, on I'x(0,7),
z(0) = curlugy in Q.

Using the analyticity of the operator Ay, on L2 () (see Theorem 3.3.10) and proceeding in a
simmilar way as in the proof of Theorem 5.1.1 we have
(€, p)
i 2ol L7 @)
We recall that the operator A, is defined by (3.3.7) and it is equal to the —A with normal

boundary condition (see Proposition 3.3.1).

|eurl z|| r(o) <

As a result c@.p)
P
|5y = NAulzniey < g ol
Finally using the fact that (see Remark 3.1.5) |lu(t)[lyw2r ) = [lu(@®)llzr@) + [[Au(®)| e @),
(5.1.21)-(5.1.23) follow directly. O

Remark 5.1.8. As in Remark 5.1.3 (ii), for p = 2, the solution u satisfies (5.1.21) for ¢ = 2

included.

Remark 5.1.9. When uy € V2(Q) the following LP — L7 estimates hold
[u(t)||paq) < Ct712 t_3/2(1/p_1/q)HUOHWLP(Q). (5.1.24)

The following theorem shows that by taking the initial data less regular one gets the

very-weak solution to Problem (5.1.1).

Theorem 5.1.10 (Very weak solutions for the homogeneous Stokes Problem). Let ug €

[Hp (div, )], ., T < 0o and let u be the unique solution of Problem (5.1.1). Then w satisfies

Vi<g<2,  weL0,T; LP(Q)) and 88’; e LI(0, T; [TP ()],.)- (5.1.25)

Proof. Using the analyticity of the Stokes semi-group on [Hp (dlv Q)]5, (see Chapter 3,

Theorem 3.1.28), we know that, when the initial data ug € [Hg (div, Q)] the solution
u(t) € WHP(Q) for all t > 0. As a result, using the interpolation inequality we have

2
la®)lzr@) < COP) w00 1) 5 100 (5.1.26)

On the other hand, thanks to Corollary 3.1.24 we know that

Hu(t)le‘p(Q) = Hu(t)H[HP (div, Q)] + HAU’ )H[Hg/(diV,Q)]’

IN

1
(1+ E) ||u0||Hg/(div7Q)},. (5.1.27)
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Moreover, thanks to the continuous embeddings [Hg/(div7 Q)] — W~P(Q) and to the semi-

group theory we have

”u(t)HW*l’p(Q) < C(va) ||u(t)H[Hg/(div,Q)]’ < C(Qap) ||u0||[Hg/(diV,Q)]/' (5128)

As a result, putting together (5.1.26), (5.1.27) and (5.1.28) one gets

1\1/2
lu@llr@) < C@p) (1+5) " ol

Thus, for every T' < oo and for every 1 < ¢ < 2, uw € L9(0,T; L?(Q)).
It remains to prove that d” € L0, T; [T (Q)], ). We proceed in a similar way as in the
proof of Corollary 5.1.2. We set

J
Z ‘n, 1)y, gradqj
7=1

It is clear that w(t) = wu(t) + Z] (u(t) -n, 1)gjg;'§d g} . Moreover thanks to [10, Theorem
4.15] we know that

HA’U’H[TP/(Q)]/ = ||AUH[T1J Q) =~ ||uHLP ||uHLP(Q)
The last inequality comes from the fact (see Chapter 2, Lemma 2.2.8)
(u-n, s,| < O p)[lullLr o)
Thus ‘9” = Au € L9(0,T; [T? (Q)]) and the result is proved. O

Remark 5.1.11. (i) Applying the semi-group theory to the operator B, (given by (3.1.65))
which is the extension of the Stokes operator to [Hgl (div), Q)];, , one observe that when the
given data ug € [Hgl(div, Q)] - the Problem (5.1.1) has a unique solution w satisfying

w € C([0, +oof, [HY (div, Q)];) N C(0, +00], D(B,)) N C (10, +o0[, [HY (div, Q)],..),

u e C¥(0, +oo, D(BY)), VkeN, Ve N

We recall that the domain D(B,) is given by (3.1.66).

Moreover we have the estimates

< C(2.p) [luol|

||u( )H[HP div,Q))’ — d1v Q)

H H[Hﬂ div,Q)]’ = C((tz,p) HuO”[Hé"(div,m]/
and

1
[u(@®)[lwrr@) < C(ELp) (1+ E)HUOH[Hg/(div,Q)}"
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(ii) Suppose that (2 is of class C%!, applying the semi-group theory to the operator C, (given
by (3.1.72)) which is the extension of the Stokes operator to [Tp,(Q)]f,yT one observe that when
the given data ug € [Tp/(Q)]fW the Problem (5.1.1) has a unique solution u satisfying

u € C([0, +ool, [T” (Q)];,.-) N C(J0, +oc[, D(Cp)) N C(J0, 400, [T ()],.,),
u e C¥(0, +oo, D(C))), VEkEN, VleN*
We recall that the domain of the operator C) is given by (3.1.73).
Moreover we have the estimates

||u(t)H[Tp’(Q)y < C(Q,p) ||u0H[TP/(Q)}/7

H%ﬁmﬂwscﬁmmeQM

and 1
lu®llzr) < C2:p) (1 + ) luoll s gy

Remark 5.1.12 (Optimal initial value). It is an important question what is the optimal
(weakest possible) initial value to obtain a unique strong, weak or very weak solution to
Problem (5.1.1).
(i) A unique solution u of Problem (5.1.1) is said to be a strong solution if it satisfies
0
1<pg<oo, T<oo, ue L0, T; W>P(Q)), and 8—1‘ e L9(0,T; LP(Q)).
The assumption ug € V2() is not optimal and may be replaced by the properties

wo € I3.(9), / [Ape gL At < o, (5.1.29)
0

where 1 < p, ¢ < oo and e *4»

is the semi-group generated by the Stokes operator on LE _(€2).
With an initial value ug satisfying (5.1.29) the unique solution u of Problem (5.1.1) satisfies
(5.1.21) for all 1 < p,q < oo and for all T' < oo (see Proposition 5.1.7).

(ii) A unique solution w of Problem (5.1.1) is said to be a weak solution if it satisfies

1<pg<oo, T<oo, ucLi0,T; W(Q)), and ('21; € LY0,T; [Hg,(div, o).
(5.1.30)
The optimal choice of the initial value ug to obtain a unique weak solution to Problem (5.1.1)
satisfying the maximal regularity (5.1.30) is

VAT / > —tB q
wo € [HE (div, Q)] , A|@ﬁPWM%mwﬁ<m (5.1.31)

where 1 < p,q < oo and e tPr is the semi-group generated by the Stokes operator on
[Hg/(div,ﬂ)]fw. Observe that for the weak solution, the choice of an initial value ug sat-

isfying (5.1.31) is better than ug € L% () (see Corollary 5.1.2), since it allows us to obtain
a unique solution satisfying (5.1.30) for all 1 < p,q < oo and for T' = oo included.
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(iii) A unique solution w of Problem (5.1.1) is said to be a very weak solution if it satisfies

) ,
1<p,g<oo, T<oo, ue LU0,T; L’(Q)), and a—"t‘ e LI0,T; [T7 (Q))).  (5.1.32)

The optimal choice of the initial value ug to obtain a unique very weak solution to Problem

(5.1.1) satisfying the maximal regularity (5.1.32) is
’ ’ _ q
uo € [T (Q)], ., /0 |Cpe PuOH[Tp,(Q)],dt < 00, (5.1.33)

where 1 < p,q¢ < oo and e *? is the semi-group generated by the Stokes operator on
[Tp,(Q)]f,J. Notice that for the very weak solution, the choice of an initial value ug satis-

fying (5.1.33) is better than ug € [Hgl (div), )], . (see Theorem 5.1.10), since it allows us to

g, T

obtain a unique solution satisfying (5.1.25) for all 1 < p,q < oo and for T' = oo included.

Thanks to Remark 3.1.42, the following remark shows that when the initial data satisfies
a compatibility conditions similar to (3.1.25) the estimates in the Remark 5.1.11 still holds

true with an exponential decay with respect to time.

Remark 5.1.13. (i) Since the operator _lev generates a bounded analytic semi-group on Y,

(see Remark 3.1.42), when ug € Y, the Problem (5.1.1) has a unique solution u satisfying
u € C([0, +o0[, ¥;)) N C(]0, +oof, D(B,)) N CH(J0, +ool, Yy),

u € C*(0, +oo, D(BY)),  Vk, LeN.

Moreover there exists a constant C(€2,p) and a constant p > 0, the solution w satisfies the

estimates:
||u(t)H[H€/(diV,Q)y S C(va) e_Ht ||u0”[H€/(div,Q)}”
dul(t) e Mt
< _ ’
H ot H[Hg’(div,m]f < C(Shp) t HUOH[HS (div, Q))
and

e mt

[w(®)lwre@) < C(ELp) P HUOH[Hg’(div,Q)y'

(ii) Suppose that Q is of Class C*!, since the operator _Czla generates a bounded analytic
semi-group on Z, (see Remark 3.1.42), when ug € Z, the Problem (5.1.1) has a unique

solution u satisfying
u € O([0, +oo[, Z,) N C(J0, +ool, D(C})) N CH(J0, +o0f, Zy),

u e C¥(J0, +oo[, D(CY)),  Vk,LeN.

Moreover there exists a constant C(€2,p) and a constant p > 0, the solution w satisfies the

estimates:

[l @y < CQp) e ol
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< C(Q,p)

H H v () _t 1ol gy

and

e
Jea(t) [y < C09) ol o

5.1.2 The inhomogeneous Stokes problem

We consider the abstract Cauchy-Problem on a complex Banach space X:

{ QU+ Au(t)=flt) 0<t<T (5.1.34)

u(0) =0,

where —A is the infinitesimal generator of an analytic semi-group in X. In general, for
fe LP(0,T; X), the analyticity of —A is not enough to obtain a solution to Problem (5.1.34)
satisfying

uw e WHP(0,T; X)NLP(0,T; D(A)), (5.1.35)

unless X is a Hilbert space (see [15, 72| for instance). Usually it is necessary to impose some
further regularity condition on fsuch as Holder continuity, (see [64] for instance). However,
using the concept of (-convexity and a perturbation argument, [28, 43| have proved the exis-
tence of solution to Problem (5.1.34) satisfying (5.1.35), when the pure imaginary powers of A
are bounded and satisfy estimate (2.3.4). Moreover, [43, Theorem 2.1] extends [28, Theorem
3.2] in two directions: First, the operator A may not have bounded inverse and second, the
maximal interval of time is 7' = co. It is important to know that, Kato has proved [48, 49|
a similar result in the case of a Hilbert space. More precisely, he has proved that the pure
imaginary powers of a maximal accretive operator are bounded and satisfies an estimate of
type (2.3.4). The property of (-convexity of a Banach space is stronger than the property
of uniform convexity or reflexivity. More precisely, we have the following definition (see |65,

Theorem 2| for example)

Definition 5.1.14. A Banach space X is (-convex if there is a symmetric biconvexr function

¢ on X x X such that ((0,0) > 0 and
Vo,ye X, flzllx 21, ((z,y) < [lz+ylx.
As an immediate consequence of Definition 5.1.14 we have:

Theorem 5.1.15. Every Hilbert space is (-convez, (-convezity is preserved by Banach space’s
1somorphism and closed subspaces. Cartesian products and quotients of (-conver spaces are

(-convex.

On the other hand, [28, 43| used the following essential property of a (-convex Banach
space (see |22, Theorem 3.3|):
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Theorem 5.1.16. A Banach space X is (-convex if and only if the truncated Hilbert transform

(H.P(#) = 1/ =T 4r e ® x) (5.1.36)
|T|>e

s T

converges as € — 0 for almost allt € R. Moreover there is a constant C = C(s, X) independent
of f such that

1 fllzs @ x) < Clifllzs @ x), 1<s<oo,
where (Hf)(t) = lime_o(Hcf)(t).

We summarized above some useful properties of (-convex Banach spaces essential in our
work. However, for further readings on (-convex Banach spaces we refer to [22, 65].

We will use the following theorem which is proved in [43, Theorem 2.1]:

Theorem 5.1.17. Let X be a (-convex Banach space. Assume that 0 <T < o0, 1 <p < o0
and that A € £%(X) for some K > 1,0 <60 < 7n/2 and £%(X) as in Definition 2.3.6. Then
for every f € LP(0,T; X) there exists a unique solution w of the abstract Cauchy-Problem
(5.1.34) satisfying the properties:

u € LP(0,Ty; D(A)), To<T if T<oo and Ty <T if T = oo,
ou

— e LP(0,T; X
5 € L(0.T: X)

and
T Huiip T ) T )
L5 eae+ [ rasegae < e [ ol a
0 X 0 0
with C = C(p, 0, K, X) independent of f and T.

Applying now Theorem 5.1.17 to the Stokes operator with Navier-type boundary conditions
yields strong-solution to Problem (5.0.1) with the boundary condition (3.1.1) and a global in
time LP — L? estimates.

First we recall the following proposition which has been proved in [65, Proposition 3|:

Proposition 5.1.18. Let Q be an open domain in R3. The space LP(Q) is (-convez if and
only if 1 < p < o0.

The following proposition shows the (-convexity of the dual spaces [Hg (div, Q)]" and
' (@)

Proposition 5.1.19. Let 1 < p < oo, the dual spaces [Hg/(div, Q)] and [TP (Q)]’ are C-convez

Banach spaces.

Proof. We will prove the (-convexity of [H g(div, Q)] because the ¢-convexity of [T? (Q)]' is
similar. Let f € L*(R; [Hfgl (div, Q)]’), then for almost all t € R, there exists ¥ (t) € LP(Q)
and x(t) € LP(2) such that

FO =@ + VxO),  IFOl g iy = maxUP@ller@) IXOLr@)-
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Since f € L*(R; [Hg/ (div,Q)]'), it is clear that ¢ € L*(R; LP(2)) and x € L*(R; LP(€2)). On

the other hand we can easily verify that

(Ha.f)(t) = (Hallnb)(t) + V(HEX)(t)'

Next, since LP(Q) (respectively LP(2)) is (-convex then (H.))(t) (respectively (H:x)(t))
converges as € — 0 to Ha(t) (respectively to Hx(t)). Moreover we have the estimate

IN

[HY ()] s s r)) < C(5,2,0) 115w, Lr ()

and
IHX () s, zr(0)) < C(8,2,) 19l Ls (; 20 ()
This means that (H.f)(t) converges as ¢ — 0 to Hf(t) = H(t) + V Hx(t). Moreover we

have the estimate
’ ’ < "
HH (t)HLS(R; [HE (div,Q)]) — C(S,Sl,p) Hf”LS(R; [HY (div,Q))’)’

which ends the proof. O

Next, let us consider the Problem:

u _ANu=f,  divu=0 in Qx(0,7),
0,7),

) (5.1.37)

u-n=0, curluxn=0 on I x (0,
u(0)=0 in Q,

where f € L9(0,7T5 LL (2)) and 1 < p,q < oo. The following theorem gives the maximal
LP — L9 regularity for the inhomogeneous Problem (5.1.37).

Theorem 5.1.20. Suppose that Q is of class C*' and let 1 < p,q < 00 and 0 < T < oo.
Then for every f € L9(0,T; Lb (§2)) there exists a unique solution u of the Problem (5.1.37)
satisfying

w e L90,Ty; W?P(Q)), To<T if T <oo and Ty <T if T = oo, (5.1.38)
?91: € L9(0,T; LY () (5.1.39)

and

T\ ou T T
/0 |22, at+ /0 | AU dt < Clp.a, ) /0 IF Oy dt. (5.140)
Proof. Thanks to Theorem 5.1.15 and Proposition 5.1.18 we deduce that for all 1 < p < oo,
LY () is (-convex. In addition, thanks to Theorem 4.1.6 we know that A, = —A belongs
(9?(0(L{,’7T(Q)) with 0 < 6y < w/2. Thus, applying Theorem 5.1.17 to the operator A, one
gets the existence and uniqueness of a solution w to Problem (5.1.37) satisfying (5.1.38)-
(5.1.40). 0

q
LP(Q)
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Remark 5.1.21. Similarly we can easily verify that X, given by (3.1.74) is (-convex. Ten, for
all f € LY0,T; X,), Problem (5.1.37) has a unique solution w that satisfies (5.1.38)-(5.1.40).

In this case the solution u satisfies in addition
(w(t) - m, 1)y, =0; 1<j<J,  0<t<oco.

Now we consider the inhomogeneous Stokes problem (5.0.1) with the Navier-type boundary
condition (3.1.1), where f € L9(0,T; LP(f2)) and uo = 0. The following theorem shows that

the pressure can be decoupled from the problem using the weak Neumann Problem (2.2.7).

Theorem 5.1.22 (Strong Solutions for the inhomogeneous Stokes Problem). Suppose that
is of class C*' and let 0 < T < o0, 1 < p,q < oo, f € LI(0,T;LP(Q)) and ug = 0. The
Problem (5.0.1) with (3.1.1) has a unique solution (w, ) such that

w € LY0,Ty; W2P(Q)), Ty <T if T <oo and Ty < T if T = oo, (5.1.41)
€ L0, T; WHP(Q)/R), g’t‘ € LY0,T; L*(Q)) (5.1.42)

and

[ 15
o ot

q
LP(Q

T T
)dt+/0 HAu(t)Hqu(Q)dt—i—/o |-
T
< C(p,q,ﬂ)/o 1F )Gyt (5.1.43)

Proof. Let f € LY(0,T; L”(Q2)), thanks to Lemma 2.2.9 we know that for almost all 0 < ¢t < T,
the problem

div(grad «(t) — f(t)) =0, in Q, (gradn(t) — f(t)) -n =0, onT,
has a unique solution 7(t) € W1P(Q)/R that satisfies the estimate

forae. t€(0,7)  [[7r®)llwir@mr < CEOIFOLr)-

It is clear that m € L%(0,T; W'?(Q)/R), (f — grad =) € L0,T; LY (Q)). As a result,
thanks to Theorem 5.1.20, Problem (5.0.1) with (3.1.1) has a unique solution (u, 7) satisfying
(5.1.41)-(5.1.43). O

The following theorem shows that using estimate (4.1.23), the (-convexity of [Hg, (div, Q)]’,
Lemma 2.2.9 (part (ii)) concerning the weak Neumann Problem and proceeding in a similar
way as in the proof of Theorem 5.1.22 one gets the weak solutions for the inhomogeneous

Stokes problem. We will skip the proof because it is similar to the proof of Theorem 5.1.22.
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Theorem 5.1.23 (Weak Solutions for the inhomogeneous Stokes Problem). Let 1 < p,q < oo,
uo = 0 and let f € LI(0,T; [HY (div,Q)]'), 0 < T < oo. The Problem (5.0.1) with (3.1.1)

has a unique solution (w, ) satisfying

we L0, Ty; WHP(Q)), To<T if T <oo and Ty <T if T = oo,

€ LU0, T; LP(Q)/R), %’: € L(0,T; € [HY (dvQ)], 1)
and
T T
q q
/H Hmpmgdt+A!AMHGﬂdwﬁt+A|W@mew“

T
q
< CO0R) [ IFON 0

Similarly using the estimate (4.1.24), ¢-convexity of [T? (Q))’ and Lemma 2.2.9 (part (iii)),

one has the very weak solution for the inhomogeneous Stokes problem:

Theorem 5.1.24 (Very weak solutions for the inhomogeneous Stokes Problem). Suppose that
QO is of class C*!, let 0 < T < 00, 1 < p,q < 00, ug =0 and f € LI(0,T; [TPI(Q)]’). Then
the time dependent Stokes Problem (5.0.1) with the boundary condition (3.1.1) has a unique

solution (w, ) satisfying

u e LY0,Ty; LP(QQ), To<T if T <oo and T <T if T = o0,

€ LY0,T; W1P(Q)/R), %t e L90,T; € [TP (D)],,)
and
T T
[ P T A P PR TR (N ETO Y

T
< C.0.9) [ 1F Oy g,

5.2 Stokes problem with Navier slip boundary conditions

In this section we solve the time dependent Stokes Problem (5.0.1) with the boundary condition
(3.2.1), using the semi-group theory. We recall that the Stokes operator A, with Navier-slip
boundary condition is defined in Chapter 3 by (3.2.5) and its domain D(A,) is defined by
(3.2.4).
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5.2.1 The homogeneous problem

Consider the two problems

QU Ayu=0, divu=0 in Qx(0,7T),
u-n =0, [D(u)n]. =0 on I'x(0,7), (5.2.1)
u(0) = ug in Q
and
——Au+V7r—0 dive =0 in Qx(0,7),
u-n =0, D(u)n], =0 on I x(0,7), (5.2.2)
u(0) =ug in Q

Notice that a function u € C([0, +oo, L2 (€2))NC(]0, +o0[, D(A,))NC(J0, +ool, L2 (2))
solve the Problem (5.2.1) if and only if there exists a function = € C(]0, 0o[; WHP(Q2)/R) such
that (u, ) solves (5.2.2). Indeed, let u be a solution of (5.2.1). Thus Ayu = —PAu = —%—’t‘.
Now, since (u, 8t) € D(Ap) x L? (), then due to [8] there exists 7 € W'?(Q)/R such that

Aju = —-Au+Vr = _W' Moreover we have the estimate

lullwer @) 7@ + ITllwir@r < CQ,p H ot ’ )’

where T7(2) (given by (3.2.13)) is the Kernel of the Stokes operator with Navier-slip boundary
condition. This means that that the mapplng ¥ — 7 is continuous from L? (2) to WP(€).
As a result, 7 € C(]0,00[; W1P(Q)/R) and (u,7r) solves (5.2.2). Conversely, let (w,m) be
a solution of (5.2.2). Applying the Helmholtz-projection P (defined by (3.1.7)) to the first
equation of Problem (5.2.2), one gets directly that u solves (5.2.1).

For the homogeneous Stokes Problem (5.2.2), the analyticity of the semi-group give us a
unique solutions satisfying all the regularity desired. Applying the semi-group theory to the
Stokes operator on LY (), [Hgl (div, Q)];, , and (Tp/(Q))g,T respectively, one gets the strong,
weak and very weak solutions to the homogeneous Stokes Problem (5.2.2). We skip the proof

of the following theorem because it is similar to the proof of Theorem 5.1.1.

Theorem 5.2.1. Let ug € Lb _(€2), then problem (5.2.2) has a unique solution (u, ) satis-

fying
u € C([0, +oo[, L& _(2)) N C(J0, +o0[, D(A)) N C*(J0, +00[, Lk (),

u € C*(J0, +oo[, D(AL)), VkEN, VleN

and
7 € C(]0,00[; WHP(Q)/R).

We recall that D(A,) is given by (3.2.4). Moreover we have the estimates
[u(®)zr @) < C(p) [[uollLr o) (5.2.3)
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and
C (S, p)

Hagff)’ LP(Q) < t wollzr ()

In addition, if Q is of class C*' the following estimates hold

o,
C2) ol e
Vit

ID(u)||lLro) < (5.2.4)

and

1
lu(®llwzre) < C&p) (L+7) luollLr(@)-
We also observe the following corollary

Corollary 5.2.2 (Weak Solutions for the Stokes Problem). Let ug € Lb _(2), T' < oo and
let (u, ) be the unique solution of Problem (5.2.2). Then for all 1 < q < 2, (u,7) satisfies

we L0, T; WYP(Q),  me LY0,T, LP(Q)/R)

and

%Z" € L0, T; [HY (div, Q)]").

Proof. Let ug € LY () and let (u,m) be the unique solution of Problem (5.2.2). Thanks to
[8] we know that

[ullwre@) = [ullLr@ + D(w)| Ly @
As a result, using estimates (5.2.3) and (5.2.4) we deduce directly that w € L(0,T; W1P(Q))

for all 1 < ¢ < 2 and for all T' < oco. Moreover, thanks to Chapter 3, Theorem 3.2.10 and
Remark 3.2.12 we know that

el oy = Bl gy + 1= 2% + V7l g
Since —Au + V71 = —%—‘t‘, we deduce directly that %—'t‘ € L90,T; [H‘gl(div, )], for all

1 < ¢ < 2and for all T < co. Finally, thanks to [8] one has

[l @) + 17l m < C(Qp H Bt H (B (v )

As a result we obtain directly that 7 € L9(0,7; LP(Q2)/R), for all 1 < ¢ < 2 and for all
T < oo. O

As in the previous section, the unique solution of Problem (5.2.2) satisfies the so called
LP — L9 estimates. We skip the proof of the following Theorem, because it is similar to the

proof of Theorem 5.1.4
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5.5.2 Stokes problem with Navier slip boundary conditions

Theorem 5.2.3. Let 1 < p < q < o0, ug € LL () and let u(t) be the unique solution of
Problem (5.2.2). The following estimates holds:

lu)llLa@) < C =320 /p=1/9) |wol| Lr (o)

ID(u(t)||pagq) < Ct /273201 D )| 1o

and

< (O ¢~ (mtn) ;=3/2(1/p=1/q)

Vm,n €N, H—An ‘ <
Li(Q)

atm 14

lwollLr (o)

Now applying the semi-group theory to the operator B, (defined by (3.2.33)) which is the
extension of the Stokes operator A, to [Hp (div, Q)]
recall that the dual space [Hg (div, Q)];, , is given by (3.1.64)).

one has the following theorem : (we

Theorem 5.2.4. Suppose that the given data ug € [Hg(div, Q)] , then the Problem (5.2.2)

has a unique solution (u, ) satisfying
u € C([0, +ocl, [HY (div, )], ;) 1 C(0, +ocf, D(B,)) N C* (10, +ocl, [HE (div, )],

u € C*(|0, +oo[, D(BY)), VEkeN, VleN

and
7w € C(]0,00[; LP(Q2)/R).

We recall that D(B,,) is defined by (3.2.32). Moreover we have the estimates

< O(p) [[uoll (5.2.5)

lu(t )H[HP div,Q)) = ' (div, Q)]

H H[Hp div, Q) = C(ft?,p) | OH[H{;’(div@)]f

and

1
||’U;(t)HW1,p(Q) < C(Qap) (1 + Z)HUOH[HIO)/(diV,Q)}’.

The following corollary shows that when the initial data is in [H g/ (div, Q)]5,, we have the

very weak solution for the homogeneous Stokes problem (5.2.2).

Corollary 5.2.5 (Very weak solutions for the homogeneous Stokes Problem). Let ug €
[Hp (div,Q)]5,, T < oo and let (u,m) be the unique solution of Problem (5.2.2). Then
forall1 < q <2, (u,n) satisfies

w € LY0,T; LP(Q)), € L0, T; W HP(Q)/R)

and
ou q ,
e e LY0,T; [T? (Q)]

0',7')'
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Proof. Since the Stokes operator with Navier-slip boundary conditions generates a bounded
&> when the initial data ug € [Hg (div, Q)] , the ho-
mogeneous Stokes Problem (5.2.2) has a unique solution (u,7) € WP(Q) x LP(Q)/R. We
proceed as in the proof of Theorem 5.1.10. First, thanks to Theorem 3.2.10, Remark 3.2.12
and Theorem 5.2.4 we know that

analytic semi-group on [Hy 4 (div, Q)]

oy = Tl vy = 1 = 2% + 97 o

< (1 1
< | +¥)Hu0”[1—[g/(div,ﬂ)]"

Using estimate (5.2.5) and the continous embedding of [Hgl(div, Q)] in W=1P(Q) one has

le(®)llw-1r) < CO0) [uoll g’ 0 2y
As a result substituting in the interpolation inequality

1/2 1/2
el o) < Cp)llullyy ooy el 1oy

one gets directly that w € L9(0,T; LP(R2)), for all 1 < ¢ < 2 and for all T' < oco.
To prove that %"; e LY0,T; [Tp (Q)]
3.2.13 and Remark 3.2.15)

we use the fact that (see Chapter 3 Theorem

0"7')

HUHLP(Q) = ”uH[TP/(Q)}/ + ” Au + VT"H Tp )

Since —Au + V7 = —% we deduce directly that du e LI(0,T; [TP (Q)]'), for all 1 < ¢ < 2

and for all T < co. Finally thanks to [8] one has

lullr@)/7r@) + lITllw-1r@)r < C(Qp) H ot H[TP @’

As a result we obtain directly that = € L(0,T; W~1P(Q)/R), for all 1 < ¢ < 2 and for all
T < oo.
O

In addition the analyticity of the semi-group generated by the Stokes operator on [Tp ()]’
(see (3.1.71) for the definition of [T* ()]
recall that the extension of the Stokes operator with Navier slip boundary conditions to
[Tp/(Q)]fW is defined by (3.2.38) and its domain D(C,) is defined by (3.2.37).

o, T

o) allows us to obtain the following theorem. We

Theorem 5.2.6. Suppose that the given data uwy € [Tp/(Q)](’m. the Problem (5.2.2) has a

unique solution (u, ) satisfying
u € C((0, +ool, [T (Q)];,-) N C(J0, +o00[, D(C,)) N CH(J0, +o0l, [T ()];,,),
u e C¥(J0, +oo, D(CL)),  VEkeEN, VleN
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5.5.2 Stokes problem with Navier slip boundary conditions

and

7€ C(]0,00[; WEP(Q)/R).

Moreover we have the estimates

Hu(t)H[TP/(Q)}/ < C(va) HUOH[TP/(Q)}H

- Cp)

Hagiﬂﬂ[w’(m]f -t HUOH[TP’(Q)}"

and 1
||u(t)||Lp(Q) < C(,p) (1 + E) HUOH[TP’(Q)]/’

When the initial data are more regular we have the strong solution for the homogeneous
Stokes problem (5.2.2).

Proposition 5.2.7 (Strong Solutions for the homogeneous Stokes Problem). Suppose that
is of class C%1 and let ug € VP(Q) (given by (3.1.2)) and T < oo. The unique solution (u,n)
of Problem (5.2.2) satisfies for all 1 < q < 2

u € L1(0,T; W?P(Q)), € LY0,T; WHP(Q)/R)

and 5
5 € LU0, T L ().

Proof. First we recall that thanks to Chapter 4, Theorem 4.2.3 we know that
D(AL%) = Win(Q) = V2(Q),

where W;Z(Q) is given by (3.1.3). Now let ug € VP(Q) and let u(t) = e *»ug be the unique
solution of Problem (5.2.2) with e~**» is the semi-group generated by the Stokes operator A,,
on L (). As a result using Proposition 2.3.12 (property (2.3.6)) one has

[Apu(t) | ey = |AY2AL 2e ™ raug| o) = |AY2e AN 2ug] 1o (q)
C
Vi

C
%Hud\wlﬂp(n)

IN

1A, 20| Lo 0

IN

Since %—’t‘ = A,u we deduce directly that %—’t‘ € L0, T; LY (), for all 1 < ¢ < 2 and for all
T < oo.

Next using Theorem 5.2.1 we know that the solution w(t) € W2P(Q) for all t > 0. In
addition, thanks to Chapter 3, Theorem 3.2.4 and Remark 3.2.9 we know that

[w(®)llw2r @) = [u®)llLr@) + [Apu(t)]Lr -
As a result u € L9(0,T; WP(Q)) for all 1 < ¢ < 2 and for all T < co.
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It remains to prove that 7 € L(0,T; W1P(Q)), for all 1 < ¢ < 2 and for all T < oo.

Indeed since —Au + Vr = at one has thanks to [8]

lu@llw2r @)@ + [I7llwir@r < H ot ’ LP(Q

This ends the proof. O

5.2.2 The inhomogeneous problem

In this subsection we consider the inhomogeneous Stokes problem

—Au+Vr=Ff, divu =0 in Qx(0,7),
u-n=0, [D(u)n]. =0 on I'x(0,7), (5.2.6)
u(0)=0 in Q.

As it is stated above for a function f € L9(0,T; LY ,(©)), the analyticity of the Stokes semi-
group is not enough to obtain a unique solution (w,7) to Problem (5.2.6) satisfying the

maximal LP — L9 regularity : For 1 < p,q < co and T < oo,

we 0.7 D(hy), 9% e 19(0, T 17(2)

and
€ L0, T; WHP(Q)/R).

Usually we need to impose further regularity assumptions on f (such that f is locally Holder
continuous).

For the inhomogeneous Stokes Problem (5.2.6) we have the maximal LP — L9 regularity
for the problem. This is guaranteed by the boundedness of the pure imaginary powers of the
Stokes operator A, (see Chapter 4, Theorem 4.2.1). Applying now Theorem 5.1.17 to the

operator A, we obtain directly the following theorem

Theorem 5.2.8 (Strong Solutions for the inhomogeneous Stokes Problem). Suppose that
is of class C*! and let 0 < T < 00, 1 < p,q < oo, f € LU0, T;L? () and ug = 0. The
Problem (5.2.6) has a unique solution (u, ) such that

we L0, Ty; W?P(Q)), To<T if T <oco and Ty < T if T = oo,

© e LI(0,T; WHP(Q)/R), 88"; e L9(0,T; LP())
and
T T
/ 15 dt [ IOyt + [ ImOl 0yt

< Clp.q.0 / 1O 0 dt
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5.5.3 Stokes problem with normal and pressure boundary conditions

The boundedness of the pure imaginary powers of the operators B, and C, respectively
(see Chapter 4 Remark 4.2.2) allows us to obtain weak and very weak solutions to Problem
(5.2.6).

Theorem 5.2.9 (Weak Solutions for the inhomogeneous Stokes Problem). Let 1 < p,q < o0,
uo =0 and let f € L0, T, [Hgl(div,Q)]’U,T), 0 < T < oo. The Problem (5.2.6) has a unique

solution (u, ) satisfying

w € L0, Ty; WHP(Q)), To<T if T<oo and Ty < T if T = oo,

me L0, T; LP(Q)/R), %"; € L0, T; € [HY (divQ)], 1)
and
T T
/ﬂ]mmmmm+ér&wwmwwm+Aumwmmm

T
q
< CO0R) | IFON 0

Theorem 5.2.10 (Very weak solutions for the inhomogeneous Stokes Problem). Suppose that
Q is of class C*', let 0 < T < 00, 1 < p,q < 00, ug = 0 and f € LI(0,T; [T* ()] Then

the evolutionary Stokes Problem (5.2.6) has a unique solution (w,m) satisfying

O'T)

u € LY0,Ty; LP(Q)), To<T if T<oo and To < T if T = o0,

7€ L0, T; W P(Q)/R), (?;t" e L90,T; € [T” ()], ,)

and

T T

T
< Co.0®) [ RO a0

5.3 Stokes problem with normal and pressure boundary condi-

tions

In this section we solve the time dependent Stokes Problem (5.0.1) with the boundary condition
(3.3.1) using the semi-group theory. As described in Chapter 3, Proposition 3.3.1, the Stokes
operator with normal and pressure boundary condition coincides with the —A operator. In
addition due to boundary conditions (3.3.1) the pressure is decoupled from the solution of the
velocity components. Indeed taking the divergence of the first equation in (5.0.1), the pressure

is a solution of a Dirichlet problem
Ar = divf in Qx(0,7), m=0 on I' x (0,7).
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Assuming that div f = 0 in Q, the pressure 7 is equal to zero and we are reduced to study

the following heat problem:

Qo _Au=f, divu=0 in Qx(0,7),
uxn=0 on I'x(0,7T), (5.3.1)
u(0) =up in Q.

As in the case of the heat equation the following theorem shows that the solution of
Problem (5.3.1) with f = 0 (i.e. the homogeneous problem) is regular for ¢ > 0. Moreover it
allows us to describe the decay in time of this solutions. The proof of the following theorem
is similar to the proof of Theorem 5.1.1 and can be obtained directly using the analyticity of
the Stokes semi-group with normal and pressure boundary conditions on LP () (proved in
Chapter 3, Theorem 3.3.10). We recall that the Stokes operator with normal and pressure
boundary conditions is the operator A, defined in Chapter 3 by (3.3.7) and its domain is given
by (3.3.6).

Theorem 5.3.1. We suppose that ug € LV(QY), and f = 0. Then Problem (5.3.1) has a

unique solution u(t) satisfying
u € C([0, +oo, LE(2)) N C(J0, o0, D(A,)) N C(J0, 400, LE (1)),

u € C*(J0, oo, D(AL)),  VkeN, VieN".

Moreover we have the estimates

lw(®)llLr) < CL(p) [[uollLr o) (5.3.2)
and
ot llLe(Q) — t OIlLP(Q):

In addition, if Q is of class C*' the following estimates hold

CS(Q7p)
Vit

[curlu|[pro) < |woll Lr (o) (5.3.3)

and

1
lu@®)lwe2r) < Ca($2,p) (1+ ;) woll L (q)-

Next, as in the case of the Stokes operator with Navier or Navier-type boundary condi-
tions, we can extend estimates (5.3.2)-(5.3.3) to the so called LP — L7 estimates. The proof
is similar to the proof of Theorem 5.1.4 and it is done using Sobolev embedding for the do-
mains of fractional powers of the Stokes operator (proved Chapter 4, Corollary 4.3.5) and an

interpolation inequality, (see Theorem 5.1.4 for a similar proof).
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5.5.3 Stokes problem with normal and pressure boundary conditions

Theorem 5.3.2. Let 1 < p < g < 00, ug € LE(Q) and suppose that f = 0. Let u(t) be the
unique solution of Problem (5.3.1), then u(t) € LY(Q) for all 1 < p < q < co. Moreover, the

following estimates:
[w(t)l| Loy < C AP YD | ug | oq)

leurlw(t)||gaqy < Ct=H2 ¢ 320/P=1D ||y 1o q)

and

< Ot ) ¢ =3/20/p 10 g | 1 .

Vm,n € N, <
LI(Q)

Pl

Now, we consider a special initial data that leads to an exponential decay of the solution u
with respect to time. More precisely, when ug belongs to X, (see (3.3.54) for the definition of
X,). We skip the proof of the following theorem which is based on the well-known properties
of analytic semi-groups when the infinitesimal generator is of bounded inverse (see Theorem

5.1.5 for a similar proof).

Theorem 5.3.3. Suppose that ug € X, and f = 0. Then Problem (5.3.1) has a unique

solution w satisfying
u € C([0, +ool, X,) NC(J0, +oof, D(A)) NCH(J0, +oof, Xy),

u € C*(|0, +oof, D(AY)),  Vk, (€N,

Moreover there exist constant M, u > 0 such that, the solution u satisfies the estimates:

and
—ut

()| o) < C(Qp) e o] Lroy
< C@,p) -

H ’ LP(Q) t
In addition, if Q is of class C>' the following estimates hold

||UOHLP(Q)

[eurlu|[grq) < C(S2 p)

HUUHLP
\[

and
—ut

€
[u(®)llw2r) < C(2,p)

Remark 5.3.4. (i) We recall that the operator Aj, defined by (3.3.56) with domain D(.A})
(given by (3.3.55)) is the restriction of the Stokes operator A, to the space X',. Moreover,

lwoll Lr (o)

the operator A;) is invertible with bounded inverse.

(ii) Theorem 5.3.3 shows that in particular where the initial data wg satisfies the compatibility
conditions (3.3.23), it is the same for the unique solution u(t) of Problem (5.3.1) for all ¢t > 0,
which is not true if ug € LP(Q)\ X. This comes from the fact that w € C(]0, +oo[, D(A})),
where D(A}) is given by (3.3.55). These compatibility conditions give us the exponential
decay of the semi-group, since they make the operator Aj, of bounded inverse (i.e. 0 € p(A})).
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As in the case of the Stokes operator with Navier-type boundary conditions, in order
to apply Theorem 5.1.17 and to get the maximal LP — L4 regularity for the inhomogeneous
Stokes problem with normal and pressure boundary conditions we prove the {-convexity of
[HY (curl, Q)]'.

Proposition 5.3.5. Let 1 < p < oo, the dual space [Hgl(curl, 2)) is a (-convex Banach

space.

Proof. We proceed as in the proof of Proposition 5.1.19. Let f € L*(R; [Hg(curl, 2)]'), then
for almost all ¢ € R, there exists ¥(t) € LP(Q2) and &(t) € LP(f2) such that

) = 9@) + ewrlet) (Ol g our oy = maxlP®lze@), 1€O]Lr@)-
Since f € L*(R; [Hg/(curl, V)], it is clear that ¢ € L5(R; LP(Q2)) and & € L*(R; LP(Q)).
On the other hand we can easily verify that

(Hof)(t) = (Heap)(t) + curl(H:£)(1).

We recall that (H.f)(t) is the truncated Hilbert transform of f given by (5.1.36).
Next since LP(2) is (-convex (see Proposition 5.1.18), then (H.1))(t) (respectively (H:-£)(t))
converges as € — 0 to Hap(t) (respectively to HE(t)). Moreover we have the estimate

[Hp ()| 1sr; r)) < C(5,92,p) 1% 1sr; e (02))

and

IN

IHE® | Lsr; r@)) < C(5,2,p) €llLs®: e ()
This means that (H.f)(t) converges as ¢ — 0 to Hf(t) = H(t) + curl HE(t). Moreover

we have the estimate

! < !
HH-f(t) HLS(R; [Hg (Curl,Q)]’) — C<87 Qa p) Hf”Ls (R; [Hg (curl,Q)]’)’
which ends the proof. O

The following theorem gives weak solutions for problem (5.3.1).

Theorem 5.3.6. Let 1 < p < oo, ug € LY(Q) and let f € LI(0,T; [Hg,(curl, W) with
1<qg<2and0<T<oo. Then, the Problem (5.3.1) has a unique solution u that satisfies:

w € LU0, Ty; WHP(Q)), To<T if T <oo and Ty < T if T = oo, (5.3.4)

%’: € L0, T; [HY (curlQ)]!) (5.3.5)

and

LIt [ 1aut v o ([0 At unlg)
0 ot [Hg/(curlﬂ)]’ 0 [HE (curlQ)] - 0 [HE (curlQ)] LP(Q) )’

with some constant C independent of T.
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5.5.3 Stokes problem with normal and pressure boundary conditions

Proof. The proof is done in two steps:
Step 1: homogeneous problem (f = 0).

Thanks to Lemma 2.2.1, we know that

lw@®)[lwrr) = [[w®)||zr@) + curlu(®)| Lrq).

Since u satisfies (5.3.2)-(5.3.3), the solution u clearly belongs to € L(0,T; WP (Q)) for all
1<g<2and 0<T < oo. To prove that %—1; = Au € LY0,T; [Hg/(curl, 2)]'), we set

I
Z -n, Dr, gradql .
i=1

Thanks to [11, Corollary 4.4], we have

||A’U’HHP (curl,Q)]/ = ”A’EH[H%’;I(CUI'I,Q)}’ = ||,&||W1’p(ﬂ) < CHuHWlp(Q)

Thus one has (5.3.5) for all 1 < ¢ < 2 and for all T' < co.
Step 2: Inhomogeneous Problem (ug = 0).

Thanks to Proposition 5.3.5, we know that the dual space [Hp (curl, Q)]7 is a (-convexr Banach
space. Next, due to Theorem 4.3.1 we know that the pure imaginary powers of the Stokes
operator with normal and pressure boundary conditions are bounded on [Hy 4 (curl, Q)] and
satisfy estimate (4.3.2). This means that the operator B, belongs to 590([Hp (curl, )]7) with
0 < 0y < w/2. As a result applying Theorem 5.1.17 we obtain a unique weak solution for the
Problem (5.3.1) satisfying the regularity (5.3.4)-(5.3.5) and estimate (5.3.6).

We recall that the operator B, is the extension of the Stokes operator to the dual space
[Hp (curl, )]/ and it is defined in Chapter 3 by (3.3.49)-(3.3.50) and its domain is given by
(3.3.51). 0

As described above, when the external force f is not a divergence free function, the pres-
sure doesn’t vanish in {2 and can be decoupled from the problem using a Dirichlet problem.
The following theorem gives weak solution for the Stokes problem (5.0.1) with the boundary
condition (3.3.1).

Corollary 5.3.7. Let 1 < p < oo, ug € LE(2) and let f € Li(0,T; [H‘gl(curl7 2))) with
1<qg<2and0<T < oo. The Stokes Problem (5.0.1) with normal and pressure boundary

condition (3.3.1) has a unique solution (u, m) satisfying

w € LU0, Ty; WHP(Q)), To<T if T<oo and Ty < T if T = oo, (5.3.7)
) /
© e LU0, T; WP (Q)), 8—1‘ e L9(0,T; [HY (curlQ)]) (5.3.8)
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and

/THaqu dt+/THAu<t>H" dt+/TH Ol
o I ot liHE (cur)y 0 [H? (curlQ))’ 0 T WP ()

T
< Coa®) ([ 10 at + luolegy)- (5:3.9)

q
I [HE (curl, Q)]

Proof. The result for the pressure is derived by taking the divergence of the first equation in

(5.0.1). Indeed 7 is solution of the following Dirichlet problem:
Ar=divf inQ and 7=0 onl. (5.3.10)

Since f(t) € [Hg/(curl, Q) for all 0 < t < T, then divf € W1P(Q) and by standard
LP regularity, there exists a unique 7 € Wol’p (€2) solution of the Dirichlet Problem (5.3.10)
satisfying for a.e. t € (0,7):

||7T(t)||W01P(Q) < C(Q)Hf(t)H[Hop/(curLQ)]/

Next, applying Theorem 5.3.6 with a right hand side (f — V) € L4(0,T; [Hg/(curl, L),
The Stokes problem (5.0.1) with the boundary condition (3.3.1) has a unique solution (u, )
satisfying (5.3.7)-(5.3.9). O

We observe the following remark

Remark 5.3.8. (i) If up = 0, then the solution (u, 7) of the Stokes problem (5.0.1)-(3.3.1)
given in Corollary 5.3.7 satisfies the maximal regularity (5.3.7)-(5.3.8) for 1 < p,q < oo. This
follows directly from Theorem 5.1.17.

(ii) If we consider the homogeneous Stokes problem (f = 0), the assumption ug € LP(Q)
is not optimal to obtain maximal regularity (5.3.7)-(5.3.8) for 1 < p,q < oco. Indeed, the

maximal LP — L? regularity is obtained when the initial value ug satisfies

oo
p’ / —tB q
up € [Hf (curl, Q)] , /0 | Bpe PuoH[ g,(curl’ﬂ)]/dt < 00, (5.3.11)

where 1 < p,q < oo and e *Pr is the semi-group generated by the Stokes operator on
[Hgl (curl,Q)]..

When the initial data is more regular we obtain the strong solution for the Stokes problem

with normal and pressure boundary condition.

Theorem 5.3.9. Suppose that Q is of class C*', f € L9(0,T; LE(Y)) and uy € VR (Q)
(given by (3.3.4)) with 1 < q¢ < 2 and T < co. The unique solution u(t) of Problem (5.3.1)

satisfies in particular
0
w € L0, T; W*P(Q)) and 8—’; e LI(0,T; LP()). (5.3.12)
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5.5.3 Stokes problem with normal and pressure boundary conditions

Moreover we have the estimate

T
q
LI gt + [ 18ui g ar

T
gawmmé\ﬂm oy At + [ody 1,0 ) (5:3.13)

Proof. The inhomogeneous case (ug = 0), is obtained by applying Theorem 5.1.17 for the
Stokes operator A, (defined by (3.3.7)). This is true, because the pure imaginary powers of
the Stokes operator A, are bounded and satisfies estimate (4.3.1) and since the space L (2)
is (-convez (being a closed subspace of a (—convex Banach space).

Now, for the homogeneous problem (f = 0), we proceed in the same way as in the proof
of Proposition 5.2.7. This is guaranteed since ug € V() = (Al/Q). O

Remark 5.3.10. (i) As described in Remark 5.3.8, for the homogeneous problem, the as-
sumption ug € V?V(Q) is not optimal and may be replaced by the properties

ug € LP(Q), /O [ Ape™ Arag||%, o t < oo, (5.3.14)

where 1 < p,q < co and e 4 is the semi-group generated by the Stokes operator on L2 ().
With an initial value ug satisfying (5.3.14) the unique solution w of Problem (5.3.1) satisfies
(5.3.12) for all 1 < p,q < oo and for all T < oo.

(ii) In the case where up = 0 and f € L9(0,T; L(Q2)), for all 1 < p,q < oo and T < oo the
unique solution w of Problem (5.3.1) satisfies the maximal LP — L9 regularity (5.3.12). This
is obtained directly by applying Theorem 5.1.17 to the Stokes operator A,,.

Corollary 5.3.11. Suppose that Q is of class C*' and let0 < T < 00,1 <p< o0, 1<q<2,
f € LY0,T; LP(Q)) and uy € VK(Q). The solution (u, ) of the Stokes problem (5.0.1)-
(3.3.1) satisfies:

we L90,Ty; W?P(Q)), To<T if T <oo and Ty <T if T = oo, (5.3.15)
m e LI(0,T; WyP(Q)), %1; e LU0, T; LP(Q)) (5.3.16)
and
T T
LIS gt + [ 18wt + [ 15Ol
T
< Co.a.®) ([ 1FOg e + uuouwl,p(m). (5:3.17)

Proof. To proof is similar to the proof of Corollary 5.3.7. We apply Theorem 5.3.9 with the
right hand side f — V 7 which belongs to L(0, T'; L2(2)). O
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Remark 5.3.12. Similarly to the case of weak solutions, the maximal regularity (5.3.15)-
(5.3.17) holds for any 1 < p,q < oo if ug = 0. But for the case f = 0, the assumption
ug € VE(Q) is not optimal to obtain the maximal regularity and may be replaced by:

wy € L2(9), /0 [ Ape g% d t < oo, (5.3.18)

where e~*A¢ is the semi-group generated by the Stokes operator on L2 ().
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Chapter 6

Applications to the Navier-Stokes
Problem

There is an extensive literature on the solvability of the initial value problem for the Navier-
Stokes equation in L?— spaces. Hopf proved the existence of a global weak solution, using
the Faedo-Galerkin approximation and an energy inequality. However the uniqueness and the
global regularity of Hopf’s solution are still open problem for n > 3. Fujita and Kato [51, 35|
use the semi-group theory and the fractional powers of a non-negative operator to study the
non-stationary Navier Stokes Problem with Dirichlet boundary condition in the Hilbert space
L?. Furthermore, for n = 3 they proved the existence of a unique global strong solution if the
initial value has square-summable half derivative. Later on, Giga and Miyakawa [41] prove the
existence of a unique local in time strong solution without assuming that the initial velocity
is regular. To establish their result, they develop an L" theory generalising the L? theory of
Kata and Fujita [51, 35]. In [40], Giga constructs a unique local in time mild solution for a
class of semi-linear parabolic equation. He also show that his result includes the semi-linear

heat equation and the Navier-Stokes system with Dirichlet boundary condition.

In this chapter we consider the Navier-Stokes Problem

(6.0.1)

%_Au+(u.v)u+vﬂ:0, divu =0 in Qx(0,7),
u(O):uo in Q,

with the boundary conditions considered in the previous chapters respectively. We will show
that some informations on the linear Problem (3.1.1) can be used to obtain local mild and
classical solutions to Problem (6.0.1). For this reason we will use the semi-group theory
developped in the previous chapters for the Stokes operator. The proofs will be done for the
Navier-Stokes problem with Navier-type boundary conditions (3.1.1) but it can be applied
also for the Navier-slip boundary conditions (3.2.1) and the boundary condition involving the

pressure (3.3.1).
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CHAPTER 6. APPLICATIONS TO THE NAVIER-STOKES PROBLEM

First, using the LP — L9 estimates (1.0.22) for the homogeneous Stokes problem and pro-
ceeding as Giga in [40] we will prove the existence of a local in time mild solution for the
homogeneous Navier-Stokes problem with Navier-type boundary conditions.

Next, using the fractional powers of the Stokes operator we will estimate the non-linear
term w - Vu. Then, proceeding as Giga and Miyakawa [41] we prove that the solution u €
D(A,) for all t € (0,T}] for certain T, < T.

6.1 Navier-Stokes Problem with Navier-type boundary condi-

tions

Consider the abstract semilinear parabolic equation

g’: +Au=Fu u(0)=a, in 0x]0,T], (6.1.1)

where Q is an arbitrary domain of R3. Giga considers Problem (6.1.1) in LP-type vector valued
function spaces, 1 < p < oo, Fu represents the non-linear term and —.A is the infinitesimal

t4 in some closed subspace EP of LP(Q)

generator of a strongly continuous semi-group e~
equipped with the norm of LP(€2). He constructs in [40] a unique local in time mild solution
in L9(0, Ty, LP(2)) for the Problem (6.1.1). He also proves that the constructed solution is
global in time for small initial data. His analysis is based on the regularisation property of
the linear part e *4 and some assumptions on the non-linear term. Giga solves the Problem

(6.1.1) via the corresponding integral equation
t

u(t) = e a + / e~ ARy (s)d s. (6.1.2)
0

To prove his theorem, Giga gives some assumptions on the operator A and the nonlinear term
Fu.

Having the Navier-Stokes problem (6.1.7) in mind, we consider in the sequel a particular
case of [40]. We assume that :
(i) There exists a continuous projection P from LP(Q2) to EP for all 1 < p < oo such that the
restriction of P on D() is independent of p and D(2) N EP is dense in EP.

(ii) For a fixed 0 < T' < oo the following estimate holds
1

(A) e ™ fllprey < Mt 2D £y, FEE, 0<t<T, (6.1.3)

with p > r > 1 and the constant M = M(p,r,T) depends only on p, r and T

(iii) The non-linear F'u can be written in the form
Fu = L Gu, (6.1.4)
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6.6.1 Navier-Stokes Problem with Navier-type boundary conditions

where L is the linear part and G is the non-linear part.

(iv) We suppose also that the following estimate holds
(N1) [le L fllpr) < Nt (| fllr),  FEEP, 0<t<T, (6.1.5)

where the constant N; = Ny (p,T) depends only on p and T'.

(v) The operator G satisfies the following estimate
(N2) [|Gv — Gw|[ps(q) < Na|lv — w||zr@)(lvllzr) + [wllze@)) G0=0, (6.1.6)

for all v, w € EP, for s =% > 1 and Ny = N(p) depends only on p, 1 < p < oo.

We know state the result of Giga [40, Theorem 1, Theorem 2| who proves the existence
and uniqueness of mild solutions of (6.1.2) assuming (A), (N1) and (N2). In what follows
BC denotes the space of bounded and continuous functions and C denotes positive constant

whose value may change from one line to the next.

Theorem 6.1.1 (Giga’s abstract existence and uniqueness theorem). Let ug € EP, p > 3.
Then there is Ty > 0 and a unique mild solution of (6.1.2) on [0,Ty) such that

u € BC([0,To); EP) N L0, Tp; E”)

with
2 3 3
q>p,r>p, - =
qg T D
Moreover there is a positive constant € such that if |uo||gr < e, then Ty can be taken as

mfinity for p = 3.

Now we want to apply Giga’s abstract existence and uniqueness result to the Navier-Stokes
problem with Navier-type boundary conditions (3.1.1) to get the existence and uniqueness of

a local in time mild solution. Consider the problem

u _Au+u-Vu+Vr=0, divu =0 in Qx(0,7),
u-n =0, curlu xn=0 on I x(0,7), (6.1.7)
u(0) = uo in Q,
where (u - V) = Z?:l uja%j and € is a bounded domain of R? of class C*!. For simplicity
the external force is assumed to be zero.
Applying the Helmholtz projection P defined by (3.1.7) to the first equation of system

(6.1.7), we get

% + Apu = —P(u - V)u, u(0) = ug € L} (). (6.1.8)
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CHAPTER 6. APPLICATIONS TO THE NAVIER-STOKES PROBLEM

We recall that the operator A, is the Stokes operator with Navier-type boundary conditions
defined in Chapter 3 by (3.1.5). Let us verify assumptions (A), (N1) and (N2) described
above for the Stokes operator A,, in our case EP = L{,’J(Q). First, observe that the as-
sumption (A) is the LP — L7 estimate (5.1.11), proved in Chapter 5, Theorem 5.1.4. Thus

assumption (A) holds. We next verify the assumptions for the non-linear term
Fu=—-P(u-V)u. (6.1.9)
Since divu = 0 in 2, we can easily verify that

(9(ujuz)

V1<i<3, (u-Vu); = 3
Lj

NE

1

<.
Il

As in [40] let (gij)1<i, j<3 be a matrix and for all 1 <1i < 3 we set g; = (g45)1<j<3. We define
L by
Lg, = Pdivg,. (6.1.10)

We recall that P is the Helmholtz projection defined above. The non-linear term Fu is
expressed by L Gu, where (Gu)(x) = g(u(x)) and

gu) : R} — R (g(u)ij = —wiu;, 1<i,j<3.
It is easy to see that for all y, 2 € R? g satisfies
l9(y) —g(2)| < Naly —2[(ly| + |z]),  g(0) =0,

with | - | denotes the norm on R¥, k € {3,9}. Thus G satisfies (N2).
It remains to verify the assumption (N1). To this end we prove the following lemmas and

propositions

Proposition 6.1.2. Consider the Helmholtz projection P : LP(Q) —— Lb _(2) defined in
(3.1.7). The adjoint P* of P is equal to the continuous embedding I : L{,’:T(Q) — L7 ().

Proof. First we recall that for all f € LP(Q2), Pf = f — gradr in Q, where 7 is the unique
solution of Problem (2.2.7). We recall also that for all 1 < p < oo (LP(Q)) ~ L” (Q) and
(LB () ~ L¥ (). Let uw € LP(Q) and v € LY () we have

(Pu, U>LP(Q)xLP’(Q) = /Q(u —gradr) -vdz
with 7 € WHP(Q)/R is the unique solution of the problem:

div(grad7m — u) =0 in Q, (gradm —u) - n=0 on I
As a result,
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6.6.1 Navier-Stokes Problem with Navier-type boundary conditions

where (-, )r = (-, '>W1/P’7P(F)xW*l/P’vP’(F)' This means that

(Pu, v) = (u, v) = (u, P'v),,

LP(Q)x LP' () LP(Q)x LP' () (Q)xLP' (Q)°

O

Lemma 6.1.3. For all1 < j <3, the operator (I+Ap)_1/2P% 1s a linear bounded operator
J
from LP(Q) to LY (), for all 1 < p < oo,

Proof. The proof is similar to the proof of |41, Lemma 2.1]. First observe that the operator

; I(I+A) Y2 L2 (Q)— D((I + Ap)'/?) — WP(Q) — LP(Q)

€ ’

is continuous for each p, 1 < p < oo, where I denotes the continuous embedding of D((I +
A2 = WoE(Q) in W'P(Q). As a result the adjoint operator [%I(I + A,)"V?| s

continuous from L () to Lng(Q). Let us prove that

0 * 0

— I(I+A) 2 = (I+A4,) 2P —. 111
5 [0+ 4y) L+ 4y) V2P (61.11)
First thanks to Remark 2.3.14 in Chapter 2, we know that the adjoint operator of (I + Ap)1/2
is equal to (I + A,)'/? thus the adjoint operator of (I + A,)~'/2 is equal to (I + A,)~1/2.
Now let w € LE () and let v € D(Q2), one has

0 ov
— I(I+A,) /2 = 1+ a2, Y
<8$j (I+Ay) u,'v>Lp(Q)XLp,(Q) < (I+Ap) " u, axj>Lp(Q)pr’(Q)
ov
= —((I+A4,)YVu, P— 1.12
<( +4p) “ aa:j>LP(Q)xL1”((g) )

ov

_ N-1/2p 9V i
<u7 (I+A4y) P@xj >LP(Q)><LP,(Q)

The equality (6.1.12) comes from the fact that the adjoint of the Helmoltz projection P is
equal to I (see Proposition 6.1.2). As a result for all v € D(2) one has

9 2]y ~1/2p 9V
[aij(I+Ap) [ v = 1+ 4,) P

Since {% I(I+ Ap)’l/z} is continuous from L¥ () to Lg:T(Q), then for all v € D(2) one

has

/

H(I + Ap,)—l/Qpa—v‘ .

el = oz 70+ 4077

Lj

s < Cllvllr )

Thus the operator (I + Ap/)_l/QP% . D(Q) C LV (Q) — LE () is continuous for the
] 7

norm of L (). As a result using the density of D(£2), the operator (I—l—Ap/)*l/ZPa%j can be

extended to a linear continuous operator from L” (2) to LgﬁT(Q). Moreover (6.1.11) holds. [
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CHAPTER 6. APPLICATIONS TO THE NAVIER-STOKES PROBLEM

As a consequence of Lemma 6.1.3 we have the following corollary

Corollary 6.1.4. Let L be the operator defined in (6.1.10). The following estimate holds

- Clp, T
VEer@), e flie < SO fle. (6113

tA

where e='*? 45 the semi-group generated by the Stokes operator with Navier-type boundary

conditions on L (Q) and C(p,T) is a constant depending on p and T.

Proof. First we recall that the Stokes operator with Navier-type boundary conditions generates
a bounded analytic semi-group on LL () for all < p < oo, (see Chapter 3, Theorem 3.1.19).
We also know that for a fixed A > 0 one has

Vi 0, ety — Mot +4p)

tAT+Ap)

where e™ is the analytic semi-group generated by the operator —(A I+ Ay) on LY _(Q).

Now, let f € LP(£2) one has

le P Lflr) = ele " UTWLE| L

= e ||(I+ Ap) 2 e ) (1 + A)TV2LF| v
CceT _
2 (1 + Ap)~*/? Lf| e

CeT
< m”.fHLP(Q)‘

IN

The last inequality comes from the fact that the operator (I —I—Ap)_l/ 2L is a bounded operator
from LP(Q) into LY _(€2) which is a consequence of Lemma 6.1.3. O

Remark 6.1.5. Corollary 6.1.4 means the Stokes operator with Navier-type boundary con-

ditions satisfies the assumption (IN1)

We thus have checked all assumptions that guarantee the existence and uniqueness of local
in time mild solution for the Navier-Stokes Problem (6.1.8). As a result applying Theorem6.1.1
to the Stokes operator A, with EP = Lb _(£2) we have the following theorem :

Theorem 6.1.6 (Existence and uniqueness). Let ug € LY (), p > 3. There is a Ty > 0
and a unique mild solution of (6.1.8) on [0,T0) such that

u € BC([0,To); Ly (2)) N LU0, To; Ly -(€2))

with
2 3 3
q>pvr>p7 -+ -=-.
qg T P
Moreover there is a positive constant € such that if [luo| Lz () < € then Ty can be taken

as infinity for p = 3.
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6.6.1 Navier-Stokes Problem with Navier-type boundary conditions

Next we want to prove that the mild solution obtained above is a classical solution. For

this reason we will proceed as in [41]. We start by the following lemma.

Lemma 6.1.7. Let 0 <6 < 2+ 2(1 — ;1)) and 1 <p < oo. Then

YV, veD(Q)  I(I+A) PP V)ollpa) < MU+ Al poiey I+ 4] o
(6.1.14)
where the constant M = M (0,0, p,p) provided that

d+60+p>1/243/2p, >0, p>0, p+06>1/2.

Remark 6.1.8. By density of D,(Q2) in D((I + A4,)%) for all 0 < o < 1 one has estimate
(6.1.14) for all w € D((I + A,)?) and for all v € D((I + A,)?).

Proof of Lemma 6.1.7. Assume that 0 <e < %(1 — ]%) Thanks to Chapter 4, Corollary 4.1.11

we know that the operator

(AT +Ay) ™ ¢ LY (Q) — D((I + Ay)*) < L ()
is a bounded linear operator with .
s’ ]7 3
By duality this implies that the operator

(I+4,)7° L3 ,() — L2 (Q)

extends uniquely to a bounded linear operator from L () to L (€2) with
e (6.1.15)

(i) First consider the case § > 1/2 and take ¢ = § — 5 and observe that with such ¢, the

operator (I + A,)~¢ is a bounded linear operator from L7 _(£2) to L¥ (2), where s is given
by (6.1.15). Using Lemma 6.1.3 one has

3
d(uyv)
5 1/2 ) ‘
1T+ 4) 7 Plu- D)ol ooy = | N e [y P
(6.1.16)
We recall that since divu = 0 in Q we have
3
_ Z 3(%"0)'
= 6:13j
By assumption we can take r; and 73 such that
1 1 26 1 1 2 1 1
—>1 Y 22 P LTl 1<, <00 (6.1.17)
r P 3 ro TP 3 ry  To S
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As a result Holder inequality and (6.1.17) yield
el - ol llzs@) < lullpm@llvllere@ < ClIU + Ap) ulle@) (1 + Ap)Pl| Loy (6.1.18)

Finally putting together (6.1.16) and (6.1.18) we obtain the required result.

(ii) The case 0 < 6 < 1/2 is obtain in the same way as in the proof of [41, Lemma 2.2]. O
In the particular case where p > 3 we have the following proposition

Proposition 6.1.9. Let p > 3 then for all u, v € D(A;,l,/z) one has
1P Vol < C I+ A4 ull oy 1+ Ap) 0l oy, (6..19)
Proof. Tirst, since for p > 3, WHP(Q) < L>(f) one has

[ P(u-V)vl L)

IN

C |lul o=@ VY|l Lr @)

IN

Cllullwrr@llvllwr @)
< O+ 4) Pl poo) (T + Ap) 0] b

The last inequality comes from the fact that D(All;/ %) = W12(€) and for all u € D(Azl/ %) the
norm [|ul|y1.p(q) is equivalent to the norm |[(1 + Ap)l/2u||LP(Q). O
Consider now the non-linear term F'u defined by (6.1.9), we have the following proposition

Proposition 6.1.10. Let 6, 0, p be as in Lemma 6.1.7 and let 1 < p < co. For all u, v €
D, () one has

11+ 4,) (P — Fo)l| ) < Ol + A) (w — )| ooy | (1 + 4p) 0]l ey +
12+ 4)%0 ooy (I + AP (w = )| ey (6.1.20)

Moreover for p > 3 we have

|Fu — Follry < C I+ 4,)2(w = )| Loy I + A,) 0] ooy +
12+ 4p) 0 ooy (T + A4p) /(0 = 0| oy (6.1.21)

Proof. Just observe that
Fu—Fv = Plu—v)-Vu + Pv-V(u—v).
As a result, estimates (6.1.20) and (6.1.21) follow directly from Lemma 6.1.7 and Proposition
6.1.9. O
Before we state our theorem we recall the following lemma which is proved by Fujita and

Kato in [35, Lemma 2.12]
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6.6.1 Navier-Stokes Problem with Navier-type boundary conditions

Lemma 6.1.11. Let —A be the infinitesimal generator of a bounded analytic semi-group on

a Banach space X and let e7** be the semi-group generated by A. Consider the function
t
u(t) = / e T Af(s)ds,  0<t<T, T>0 (6.1.22)
0

with f € C((0,T]; X) is assumed to satisfy

Osu[<)t S F(s)|lx < M(t) < oo, (0<t<T), (6.1.23)
<s<

for some constant 0 < A < 1 and a real valued function M.
If 0 < a< 1, then A%v(t) exists for each t € (0,T] and satisfy the inequality

A% (@)]|x < 17 AM@#)B(1 —a,1-)),

where B(-, -) represents the beta function

1
B(z,y) = /0 11 —s)¥tds.

Moreover, A% € CY((0,T], X) for any 0 < 9 < 1 — o In particular, we have A% €
CY([0,T]; X) with A%v(0) =0 4if0 <9 <1—a— N We recall that C°((0,T); X) is the set

of Holder continuous function with exponent 9.

Consider again the function v(t) given by (6.1.22), the following lemma is proved by Fujita
and Kato in [35, Lemma 2.14]

Lemma 6.1.12. Under the same assumptions of Lemma 6.1.11, when the function f is Holder
continuous with some exponent 0 < ¥ < 1 on [0,T], the function v is also Holder conlinu-
ous with exponent 1 + ¢ on (0,T] and Av is Holder continuous with exponent ¥ on (0,T].

Furthermore

ov
a‘f‘AU—f

The following theorem shows that the solution w(t) of Theorem 6.1.6 is in D(A5) for all
t € (0,T] and for all 0 < o« < 1 — 4, where 0 satisfies the assumptions of Lemma 6.1.7.

Theorem 6.1.13. Let 6 be as in Lemma 6.1.7 be fived and let ug € LY (), p > 3. There
exists a mazimal interval of time Ty, € (0,T) such that the unique solution wu(t) of Problem
(6.1.8) is in C((0,T%]; D(A)) for all 0 < o <1 — 0. Moreover the solution u(t) satisfies

(I + Ap)*u(t)||pro) < Kat™, (6.1.24)
for some constant K, > 0.

165



CHAPTER 6. APPLICATIONS TO THE NAVIER-STOKES PROBLEM

Proof. First, we note that, thanks to Theorem 6.1.6, there exists a T > 0 such that the
unique solution wu(t) of Problem (6.1.8) obtained in Theorem 6.1.6 is in BC([0,To); L} ,(92)).
Moreover for all 0 <t < Tp, u(t) is given by

u(t) = uo(t) + Su(t) (6.1.25)

with .
up(t) = e “ruyg and Su(t) = / e~ (=54 Pu(s)d s, (6.1.26)

0
where Fu = —P(u-V)u. In addition, thanks to [40, Theorem 1|, we know that by construction

there exists a sequence (u,(t))m>0 such that (wpm ), converges to u in BC([0, To]; LE (£2))

and w,,(t) is defined recursively by

wo(t) = e rug  and Ym>1,  Uppr(t) = uo(t) + Sy (t). (6.1.27)
Now, let § be as in Lemma 6.1.7 and 0 < a < 1 — 4. Since e t4»

semi-group on LP _(€2), then uo(t) € D(4,) — D(A5) and

is a bounded analytic

11+ Ap) o)l ey = I+ Ap) e rag]| Loy = et (T+Ap)*e™ T+ ug | 1o < Koot ™,

(6.1.28)
with
Koo = |Juollpr(o) sup ettaH(I+Ap)ae_t(H_Ap)‘|L(L§,’77(Q))' (6.1.29)
0<t<Tp
The factor €' in (6.1.29) is irrelevant since our existence is local in time.
Suppose that for some m > 1, u;,(t) € D(A) for all 0 <t < Tp and satisfies
(I + Ap)* ()|l e ) < Kamt™, Va, 0<a<1l-96 (6.1.30)

for some constant Koy, > 0 and let us prove that um41(t) € D(A5) and satisfies
(I + Ap)aum+1(t)|’Lp(Q) < Kam+1t™ 9, O<a<l1-=4,

for some constant Kom+41 > 0. We shall estimate |[(I + Ap)*um+1(t)||Lr(@) by using the
explicit formula (6.1.27). Observe that

(I + Ap) 1 (t) = (I + Ap)uo(t) + (I + Ap)* S (1), (6.1.31)

where Su(t) is given by (6.1.26).

(I + Ap)*Sum(t)|Lr) < /Ot (I + Ap)ae_(t—S)APFum(s)HLp(Q) ds
< [ A I P ()0
< [ A AN ) Fu ()|
< Cppet /Ot(t—s)_o‘_‘SH(I—|—Ap)_5Fum(s)||Lp(Q)ds. (6.1.32)
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As in the proof of [41, Theorem 2.3| to estimate the term |](I+Ap)_5Fum(s)HLp(Q) we choose
6 > 0 and p > 0 such that

0+p+0=1, 0<f<1-4, 1/2<d0+p<1.

We can easily verify that 0, p and ¢§ satisfy the assumptions of Lemma 6.1.7. Thus using
Lemma 6.1.7 and (6.1.30) one has

(I + Ap) P Fum(s)lLe) < MU+ Ap) wm ()| Loy I + Ap) tm(s)]| ooy
< M KoK pm 8271 (6.1.33)

Now putting together (6.1.32) and (6.1.33) one has
1T+ Ap)*Stum®)rr@) < Cats M Koy Kpme” /Ot(t —5)T 00 ds. (6.1.34)
Putting together (6.1.31), (6.1.28) and (6.1.34) and using Lemma 6.1.11 one has
(I + Ap)*ums1(D) r(0) < Kam1t™ (6.1.35)
with Kam+1 defined recursively by
Kami1 = Koo + M el CoisB(1 — 6 — a,8) Ko K pm, (6.1.36)

and B(-, -) denotes the beta function. Thus wu,,(t) is well defined for each m > 0 as an element
of C((0,To]; D(Aj)) for all 0 < a < 1—6, moreover u,(t) satisfies (6.1.35) with K,y defined
recursively by (6.1.29) and (6.1.36).

As in the proof of [41, Theorem 2.3| we can show that if
< ;

4C1M By’
with €1 = max(Co1s, Cpts) and By = max(B(1—-0—6,0), B(1—-6—p, d)), then

Ko (6.1.37)

17+ Ap) wm i1 (D) Lr() < Kat ™, (6.1.38)

with a constant K, independent of m. As aresult, for all 0 < ¢ < T the sequence (U, (t))m>0
is bounded in D(Af) and thus it converges weakly in D(A5) to a function denoted by v(t)
and (I + Ap)*up,(t) converges weakly to (I + Ap)*v(t) in LY (). In the other hand w,(t)
converges to w(t) in LP _(Q) thus u(t) = v(t) and u(t) € D(Ap) for all 0 < t < Tp. As
stated in the proof of [41, Theorem 2.3|, if 7" > 0 is chosen sufficiently small then Ko,
0 < a < 1—0 becomes small and K satisfies (6.1.37). This shows the existence of T, > 0
such that u € C((0,7.]; D(43)).

Finally observe that since (I + Ap)%u;,(t) converges weakly to (I + Ap)%u(t) in LE (€2)
then

I+ Ap)u(t) @) < lminf (1 + 4) (0| < Kat ™.

Thus one has estimate (6.1.24). O
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The next step is to prove that the solution w of Problem (6.1.8) is in C'((0,7%]; D(A4p)).
Since the Stokes operator generates a bounded analytic semi-group on LP _(€2) then wuq(t)
defined in (6.1.26) is in D(A,) for all ¢ > 0. It remains to prove that Swu(t) defined in
(6.1.26) is in D(A,) for all 0 < t < T,. The proof is done in three steps. First we prove that
(I+ Ap)*u, 0 < a <1—¢ is Holder continuous on every interval [, T,]. This gives us that
the non-linear term F'u is also Holder continuous on every interval [e, T}] and thus u € D(A4))
forall 0 <t <T.,.

Proposition 6.1.14. Let 0 < 4§ < 1 be as in Lemma 6.1.7, 0 < a <1 -4, let ug € LL (£2),
p > 3 and let u(t) be the unique solution of Problem (6.1.8). Then (I + Ap)*u is Holder

continuous on every interval [e,Ty], (0 <e <Ti).

Proof. First we recall that for all 0 <t < T,
(I + Ap)*u(t) = (I + Ap)®uo(t) + (I + Ap)* Su(t)

with ug(t) and Swu(t) are defined in (6.1.26). Since the operators A, and I + A, generates
bounded analytic semi-groups on L? (€) and since e tr = ele=tU+4p) then for all uy €
LY (Q), (I + Ap)*uo(t) is Holder continuous on every interval [, 7], 0 < e < Tk, (see
Chapter 2 Proposition 2.3.19).

Let us prove the Holder continuity of (I + A,)“Swu(t). observe that

I+ Ap)*Su(t+h)— I+ A,)*Su(t) =

t
/ (I + Ap)a [et+h—se—(t+h—s)(I+Ap)Fu(8) _ et—se—(t—s)(H—Ap)F,u(S)]d s+
0

t+h
[ e e (A ) d
t

As a result,
(I + Ap)*Su(t + h) — (I + Ap)*Su(t)|Lr) < N1 + 12
with .
L =e" / (1 + Ap)¥e” =9UHA) (= hTH40) ) Fau(s)|| oy d s (6.1.39)
0
and

t+h
I =7 / 1T + Ap)2e =944 Py (5)]| 1o d . (6.1.40)
t

We recall that the factor el in I and I5 is irrelevant since our existence is local in time.
Now as in the proof of [41, Proposition 2.4|, let 0 < u < 1 —§ — « then

t
= eT/ 11 4+ Ay) 0 mem U= E40) (= T4A) _ 1)(T 4 4,) 50 Pu(s) | (e d s
0

IN

t
Coull(e™"TH42) — DI+ Ap) ™Ml 222 (o) / (t—s) @019 1. (6.1.41)
' 0
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6.6.1 Navier-Stokes Problem with Navier-type boundary conditions

The last inequality comes from the fact that ||(I + Ap)_éF'U/(S)HLP(Q) < 05791 which is a
consequence of estimate (6.1.24) and Lemma 6.1.7. Now using Lemma 2.3.16 in Chapter 2

one has

_ _ C
[(e7 "I+ — 1)(T + Ay) “lewe @) < gh“-
Substituting in (6.1.41) one has as in the proof of [41, Proposition 2.4]

L <Ch*, (6.1.42)

with some constant C' depending on € and p.

Next consider the integral Iy given by (6.1.40) one has

t+h
Iy < €T/t (7 + Ap) e =T 1o o I+ Ap) " Fu(s)| pooy d s

Ce

t+h 5 s

< C t+h—5)"*°%ds< ———h 97

- E/t (t+ s) =15 _a

< COw (6.1.43)
with

C.= sup [(I+ Ay Fu(s)| Lr(q)-
e<t<T

Finally putting together (6.1.42) and (6.1.43) one gets directly the Holder continuity of (I +
Ap)*Swu on (0,T%]. O

Now we can prove the Holder continuity of Fu given by (6.1.9).

Proposition 6.1.15. Under the same assumptions of Proposition 6.1.14, let uw be the unique
solution of Problem (6.1.8). Then Fu is Holder continuous on every interval [e, Ty], 0 < e <
T,.

Proof. Let u(t) be the unique solution of Problem (6.1.8). Thanks to Theorem 6.1.13 we know
that u € C((0,7%]; D(Ay)) for all 0 < a < 1 — 4§, where 0 is as in Lemma 6.1.7. Under a
suitable choice of § we can show that w € C((0, T%J; D(A;ﬂ)). Now, using Proposition 6.1.4,
estimate (6.1.21) one has

IFu(t+h) = Fu(t)|pro) < O I(1+A4p)"? (w(t+h) —u(t) | ool +Ap)Pu(t)| o) +
IC7 + Ap) 2 a(t) | ooy (T + Ap)' 2 (ut + h) = w(t)| g (o)

Next, using the fact (I+A,)"/?u is Holder continuous on every interval [e, T.] (see Proposition
6.1.14), there exists 0 < u < 1 — & — 1/2 such that

HFu(t + h) — Fu(t)HLp(Q) < Ch*
and the result is proved. O
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CHAPTER 6. APPLICATIONS TO THE NAVIER-STOKES PROBLEM

Theorem 6.1.16. Let ug € LL (), p > 3 and let u(t) be the unique solution of Problem
(6.1.8), then
u € O((0, 1], D(A4p)) N CH((0, T2); LY ().

Proof. First we recall that the solution w is given explicitly by (6.1.25). We recall also that
since e is an analytic semi-group on L% () then wuq(t) € D(Ap) for all ¢ > 0. It
suffices to verify that Su(t) € D(A,) for all ¢t € (0, %] which is a consequence of Proposition
6.1.15 and Theorem 2.3.20 in Chapter 2. Moreover, thanks to Lemma 6.1.12 one has u €
C((0,T]; LY .(€)) this ends the proof. O
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