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Résumé

Le schéma Marker-And-Cell (MAC) est un schéma de discrétisation des équations aux dérivées
partielles sur maillages cartésiens, tres connu en mécanique des fluides. Nous nous intéressons
ici a son analyse mathématique dans le cadre des écoulements incompressibles sur des maillages
cartésiens non-uniformes en dimension 2 ou 3. Dans le schéma MAC, les inconnues discretes sont
les composantes normales de la vitesse aux faces du maillage, et la pression au centre des mailles
dites “primales”, sur lesquelles I’équation de continuité admet une discrétisation naturelle, la
solution approchée est donc a divergence discrete nulle. Le bilan discret de chaque composante
de la quantité de mouvement est écrit sur les mailles duales attachées a la méme composante
de la vitesse. Le terme de convection non linéaire est discrétisé de maniere & étre compatible
avec une équation de continuité discrete sur les mailles duales, et coincide avec la discrétisation
habituellement utilisée en mécanique des fluides sur maillage uniforme. Dans un premier temps
nous discrétisons les équations de Navier-Stokes pour un écoulement incompressible stationnaire;
nous établissons des estimations a priori sur les suites de vitesses et pressions approchées qui
permettent d’une part d’établir ’existence d’une solution au schéma numérique, et d’autre part
d’obtenir la compacité de ces suites lorsque le pas d’espace tend vers 0. Nous montrons alors la
convergence de ces suites (4 une sous-suite pres) vers une solution faible du probléme continu
lorsque le pas de discrétisation tend vers 0 pour des normes appropriées, ce qui nécessite une
analyse fine du terme de convection non linéaire. Nous nous intéressons ensuite aux équations
de Navier-Stokes en régime instationnaire avec une discrétisation en temps implicite. Nous
démontrons la encore que le schéma préserve les propriétés de stabilité du probléme continu
(estimation L?(H?') et L°°(L?) pour la vitesse), et obtenons ainsi l’existence d'une solution
au schéma numérique. Puis, griace a des techniques de compacité et en passant a la limite
dans le schéma, nous démontrons qu’une suite de vitesses approchées (obtenue par une suite de
discrétisations dont les pas d’espace et de temps tendent vers zéro) converge, a 'extraction d’une

sous-suite pres, vers une solution faible du probleme continu. Si ’on se restreint au probleme

iii



(linéaire) de Stokes, et en supposant de plus que la condition initiale de la vitesse est dans H*,
nous obtenons également une estimation sur la pression qui permet de montrer la convergence
forte des pressions approchées.

Enfin nous étendons 'analyse aux écoulements incompressibles & masse volumique variable.
Les inconnues de masse volumique sont situées dans les mailles primales (avec la pression) et
I’équation de bilan de masse est discrétisée par un schéma volumes finis décentré amont, ce
qui permet d’obtenir une estimation L° sur la masse volumique; on démontre aussi les mémes
estimations a priori sur la vitesse volumique que dans le cas d’une masse volumique constante,
ce qui permet d’établir ’existence d’une solution au schéma. Par des arguments de compacité

et de passage a la limite, on montre alors la convergence du schéma.

Mots clés :

Equations de Navier-Stokes, Méthode de volume finis, Schéma MAC, Fluide incompressible,

Ecoulements & masse volumique variable.



ABSTRACT

The Marker-And-Cell (MAC) scheme is a discretization scheme for partial derivative equations
on Cartesian meshes, which is very well known in fluid mechanics. Here we are concerned with
its mathematical analysis in the case of incompressible flows on two or three dimensional non-
uniform Cartesian grids. In the MAC scheme, the discrete unknowns are the normal components
of the velocity and the pressure at the center of the so-called ”primal” cells, on which a natural
discretization of the continuity equation is easy to obtain, the approximate solution is discrete
divergence free. Each component of the momentum balance equation is discretized on the dual
mesh associated to the same component of the velocity. In particular, the velocity convection
operator is approximated so as to be compatible with a discrete continuity equation on the
duals cells; this discretization coincides with the usual discretization on uniform meshes. We
first discretize the steady-state incompressible Navier-Stokes equations. We show some a priori
estimates that allow to show the existence of a solution to the scheme and some compactness
and consistency results, in particular some new results for the velocity convection operator. By
a passage to the limit on the scheme, we show that the approximate solutions obtained with
the MAC scheme converge (up to a subsequence since no uniqueness result is known for the
continuous problem) to a weak solution of the Navier-Stokes equations, thanks to a careful
analysis of the nonlinear convection term. Then, we analyze the convergence of the unsteady-
case Navier-Stokes equations. The algorithm is implicit in time. We first show that the scheme
preserves the stability properties of the continuous problem (L?(H')- and L (L?)-estimates
for the velocity), which yields, by a topological degree technique, the existence of a solution.
Then, invoking compactness arguments and passing to the limit in the scheme, we prove that
any sequence of solutions (obtained with a sequence of discretizations the space and time step
of which tend to zero) converges up to the extraction of a subsequence to a weak solution of
the continuous problem. If we restrict ourselves to the (linear) Stokes equations and assume

that the initial velocity belongs to H', then we obtain estimates on the pressure and prove



the convergence of the sequences of approximate pressures. Finally, we extend the analysis of
the scheme to incompressible variable density flows. The density unknowns are located in the
primal mesh (with the pressure) and the mass balance equation is discretized by an upstream
finite volume scheme, which provides an L™ estimate on the density; we show the same it a
priori estimates on the velocity as in the case of a constant density. We deduce the existence
of a solution to the scheme. Again, by compactness arguments and passage to the limit in the

scheme, we show the convergence of approximate solutions to an exact solution of the problem.

Key-words :

Navier-Stokes equations, Finite volume method, MAC scheme, Incompressible Fluid, Variable

density flows.
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CHAPTER 1

INTRODUCTION GENERALE

La dynamique des fluides est un domaine actif de la recherche avec de nombreux probléemes
non résolus ou partiellement résolus. La résolution d’un probleme de dynamique des fluides
demande normalement de calculer diverses propriétés des fluides comme la vitesse, la viscosité,
la masse volumique, la pression et la température en tant que fonctions de ’espace et du temps.
Un modele fréquemment utilisé est celui donné par les équations de Navier-Stokes compress-
ible ou incompressible. L’omniprésence de la mécanique des fluides dans la nature qui nous
entoure, motive la nécessité de I’étude de ces équations. Au début des années trente du 20°
siecle, J.Leray a publié ses célebres travaux [59], [60], [61], en particulier [61] sur les équations
de Navier-Stokes incompressible. Il s’agit de valider mathématiquement la théorie de Navier-
Stokes relative au mouvement d’un fluide visqueux. Le programme consiste a démontrer (ou
a nier) l'existence et 'unicité globale de solutions pour le systeme de Navier-Stokes incom-
pressible. Cet article indique la source d’inspiration, a savoir les deux articles de C.Oseen de
1911 et 1912 (voir [69] et [70]) et annonce des résultats révolutionnaires : l'existence de so-
lutions globales dites turbulentes, c’est-a-dire tres irrégulieres. Ces résultats ont été le point
de départ de trés nombreux travaux de recherche dans le cadre des mathématiques actuelles,
voir par exemple [63], [6]. Les solutions des équations de Navier-Stokes sont en général im-
possibles a calculer explicitement. Pour résoudre les problemes intervenant en mécanique des
fluides, on a donc recours & des approximations numériques. De nombreuses approches sont
possibles pour résoudre numériquement les équations de Navier-Stokes. En ce qui concerne les
schémas de discrétisation en espace, une méthode particulierement populaire en mécanique des
fluides numériques est le schéma dit “Marker-and-Cell”, qui, bien qu’il ait été introduit il y a
50 ans, n’a été que récemment analysé mathématiquement. L’objet de cette these est ’analyse
mathématique du schéma “Marker-and-Cell” dans le cadre des écoulements incompressibles sur

des maillages cartésiens non uniformes en dimension 2 ou 3.
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1.1 Modélisation

Considérons un écoulement d’un fluide occupant un domaine Q C R% d = 2,3 pendant un
intervalle de temps [0, T]. Le fluide est caractérisé en tout point x € Q et pour ¢ € [0, 7] par sa
vitesse u(x, t), sa masse volumique p(x,t) et sa pression p(x,t). Les équations de Navier-Stokes
sont obtenues en appliquant les lois de conservation a un volume élémentaire w d’un fluide :
Conservation de la masse

dp . .
o + div(pu) = 0.

Conservation de la quantité de mouvement

8pu—|—div(,0u®u)—/ on:/pf
ot Ow w

ol OJw est le bord de w, n la normale a dw sortante de w, o est le tenseur des contraintes de

w

I’écoulement et f est la masse volumique massique des forces appliquées au fluide.

Conservation de 1’énergie

OpE
gt+div(pEu)—/8w(<b—au)-n:/wpf-u

w

ou ¢ est le flux de chaleur et E est I’énergie spécifique totale : £ = e+ %|u|2 ou e est ’énergie
spécifique interne et | - | désigne la norme euclidienne. En supposant que toutes ces fonctions

de t et de x sont suffisamment régulieres, on obtient en utilisant le théoréeme de divergence :

Op +div(pu) =0

ot
ag;: +div(pu @ u) — div o = pf
E
% + div(pEu) + div(¢ — ou) = pf - u

Supposons maintenant que le fluide est newtonien, c’est a dire qu’il existe deux réels \ et p

(appelés coefficients de Lamé), tels que :

o=71—pld
7 = Mdiv(u)Id + 2uD(u)

ou D(u) = %(VIH— Vaul), p est la pression, 7 le tenseur des contraintes visqueuses, Id la matrice

identité et D(u) est appelé le tenseur des déformations de I’écoulement. Enfin, en supposant



§1.1] MODELISATION 3

que le fluide suit la loi de Fourier ¢ = —kVT ou k est la conductivité thermique, i est constante

et T la température, on obtient le systeme :

op +div(pu) =0

ot

dpu ) .

5 +div(pu @ u) — pAu + V(p — (A + p)div(u)) = pf
%E + div(pEu) — div(kVT) — div(ru) + div(pu) = pf - u

que l'on doit compléter par une loi d’état pour relier toutes les grandeurs thermodynamiques,
et des conditions aux limites et initiales. Dans toute la suite de cette these, nous allons nous
intéresser a ’approximation numérique de modeles de fluides isothermes et incompressibles. Un
fluide est dit incompressible si le volume occupé par toute partie du fluide se conserve dans son
mouvement. Plus précisément, soit y(x,t) la position & 'instant ¢ d’une particule située en x
a U'instant 0, et soit w(t) = {y(x,t) : * € w(0)} la région occupée a l'instant ¢ par le fluide qui
se trouvait dans la région w(0) a l'instant 0. la vitesse u du fluide au point y(x,t) & I'instant ¢

est donnée par:
_ 9y
ot

On note Y (¢) Papplication « — y(x,t) ; on a donc, w(t) = Y (¢)(w(0)) et Y(0) = Id. Si le volume

|w(t)| se conserve quand t varie, alors la divergence de la vitesse est nulle, ce qui s’énonce comme

suit.

Theorem 1.1.1 (Condition d’incompressibilité [78, Théoreme 1.1.]). Soit Q un ouvert de R? et
T > 0. Soit Y € C*([0,T]; C*(Q;RY)) telle que, pour tout t € [0,T], Y(t) soit une bijection de
Q sur son image Q(t), d’inverse C*, et pour tout boule ouverte w(0) C Q, on ait |w(t)| = |w(0)].
Alors

V- u(x,t) =0,Vt € [0,T] et x€w(t). (1.1.1)

Dans le cas ou le fluide est incompressible et isotherme, il n’y a plus d’équation d’énergie,
et la pression p n’est plus définie par une loi d’état mais devient un multiplicateur de Lagrange
associée a la contrainte de divergence nulle (1.1.1). Cette pression doit étre considérée comme la

fluctuation de la vraie pression thermodynamique autour de sa moyenne. Sous ces hypotheses,
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les équations de Navier-Stokes s’écrivent :

op+u-Vp=0, (1.1.2a)
0

p(a—lt‘Jr(u-V)u)—uAquvp:pf, (1.1.2b)

V.u=0. (1.1.2¢)

On appelle souvent ces équations “les équations de Navier-Stokes pour un fluide incompressible
non homogene” ou encore “les équations de Navier-Stokes incompressible a masse volumique
variable”. Si maintenant le fluide est homogene, c.a.d. si sa masse volumique est indépendante
de x I’équation de conservation de la masse se réduit a % = 0, et donc p est une constante. Le

systeme (1.1.2) devient alors :

Vou=0 (1.1.3)
o(P4 4 (u- V)u) — b+ Vp = pf (1.1.4)

Pour obtenir les équations de Navier-Stokes incompressibles “standard”, il nous reste & adimen-
sionner les équations (1.1.3) et (1.1.4). On fixe une échelle de temps tg, une échelle d’espace
lp et une taille caractéristique fy pour les forces appliquées a I’écoulement. On en déduit une

vitesse caractéristique uyg :

lo
uy = —
0 o
Et on pose :
t x u f D
t*:f’x*:f7u*:7’f*:7,p*:7
to lo ug Jo pu?

On obtient alors en omettant les “*”

V-u=0
pqgg’t‘ 4 1;()3(“ - V)u) _p,?gAqu p;;%VP =pfof
1.e.
V.-u=0
%+(u.v)u_ pu/éloAu+Vp= u()f;)tof

Le systeme dépend des deux parametres suivants :
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e Le nombre de Reynolds :

l
Re — pPUolo
1
e Le nombre de Froude :
pug/to
Fr =
fo
On obtient :
V-u=0
ou 1 1
e . _ A _
at—i—(u V)u R u+ Vp fr‘"rf

En prenant Fr = 1, on obtient les équations de Navier-Stokes:

V-u=0
ou

1
E—F(u-V)u—@Au—FVp:f

Si 'on impose une vitesse nulle au bord du domaine {2 d’écoulement, un fluide visqueux incom-

pressible et homogene est donc décrit par les équations de Navier-Stokes suivantes :

e cas instationnaire

V- -u=0,

1
&gu—%Au—i-(u-V)u—FVp:f,
u(x,0) = up,

u=0, sur Of.

ol ug est la condition initiale, donnée,

e cas stationnaire

V. .u=0,

1
—@Au+(u~V)u+Vp:f,
u=0, sur 0N

(1.1.5a)
(1.1.5b)

(1.1.5¢)
(1.1.5d)

(1.1.6a)
(1.1.6b)

(1.1.6¢)

Dans le cas ou le nombre de Reynolds Re est suffisamment petit, on peut négliger les effets
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non linéaires et les systemes (1.1.5) et (1.1.6) se simplifient encore pour donner les équations de

Stokes instationnaires

V. .u=0, (1.1.7a)
1
dhu — —A = 1.1.7b
+U R@ u + Vp f7 ( )
u(z,0) = ug, (1.1.7¢)
u=0, sur ONQ. (1.1.7d)
ou stationnaires
V-u=0, (1.1.8a)
1

- —A Vp = 1.1.8b
u=0, sur 090 (1.1.8¢)

1.2 Résultats d’existence pour les équations de Navier-Stokes

Nous rappelons ici les résultats d’existence pour les équations de Navier-Stokes incompressible.
Comme nous avons dit au début de l'introduction, Jean Leray a introduit la notion de la
solution faible (solution turbulente) des équations de Navier-Stokes incompressible. Il démontre
I'existence et 1'unicité d’une solution faible en dimension 2 pour un fluide occupant tout I’espace,
et D'existence d’une solution faible en dimension 3. Il ne peut pas résoudre le probleme de
I'unicité en dimension 3, qui est toujours une question ouverte. Ces questions théoriques sont
treés bien décrites dans 'ouvrage [6]. Nous allons citer quelques théorémes d’existence qu’on

pourra trouver dans [77, 78] ou [6]. On définit les espaces V, V, et H comme suit:

V={ve(D)?:V- -v=0},
V la fermeture de V dans (H'(Q))4,
H la fermeture de V dans (L?(2))%.

Cas de Navier-Stokes stationnaire

Theorem 1.2.1 (Théoreme 6.4 et 6.5[78]). On se donne Q ouvert borné de R, d < 4 et
feH (@)
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a)ll existe w € V, p € L2 _(Q), telle que Vp € (H~1(Q))?, vérifiant

loc

1
—@AU—F(U-V)U—I—Vp:f,

V-u=0, u=0surdf.

b)Toute solution de la partie (a) vérifie

1
@||U|’H1(Q)d < (O Fll -1 (e
c(Q 2
VDl -1yt < DN Fll-1a + ( (;) 1F -1 (02)
Re

ot ¢(Q2) une constante ne dépendant que de .

Ce théoréeme nous donne 'existence (dans la partie (a)) d’une solution des équations de
Navier-Stokes avec une vitesse nulle au bord, mais rien n’assure 'unicité. Il y a unicité des

solutions assez petites et dans la partie (b) nous donne une estimation de toute solution.

Cas de Navier-Stokes instationnaire

Theorem 1.2.2 (Théoreme 9.4[78]). Soient Q un ouvert borné de R, d < 4,
FfeL*0,T;(HY(Q)?), et ug € H.

a)ll existe w et p telles que :

w € L20,T;V)NL>®(0,T; H) N C(0,T; L*(Q)?* — faible),

p e W=L>(0,T,L2 (Q)), Vpec (W10, T[xQ))%, et

loc

1
&gu—@AujL(u-V)u—{—Vp:f,

V-u=0,u(x,0) = up.

b)1l existe un réel c(2) et, pour chaque ug et f une solution qui vérifie de plus

ol < ol + L) 5]
o 2@ = I 2@ T T 2 H-1(Q)d)-
o<ter O F ©) 0llL2(Q) \/I L2(0,T;H-1(Q)4)
Re
Ce théoreme nous donne l'existence (dans la partie (a)) d’une solution des équations de

Navier-Stokes instationnaire, mais on a perdu l'unicité et la partie (b) nous donne une estima-

tion sur la vitesse.



8 INTRODUCTION GENERALE [CH.1

Cas de Navier-Stokes a masse volumique variable

'existence d’une solution pour le Cas de Navier-Stokes non homogene a été démontrée par [77]

voir aussi [5] pour d’autres comditions aux limites.

Theorem 1.2.3 (Théoreme 9[77]). Soient Q un ouvert borné de R?, d < 3, avec une fronticre
lipschitzienne, f € L(0,T; L*(Q)%), ug € H, po € L=(Q) et pg > 0.
a)ll existe

u € L*(0,T;V),p € L®(Qx]0,T[),p € WH>(0,T, L*(2)).

telles que:
inf pg < p < sup po,
Q Q
pu € L(0,T; LA (2)7) N L*(0, T; W H3/2(Q)%),
peCo.TW'=@), [ pu-vdzeC(0T), VoeV.
Q
vérifiant:

dpu 1

zr= . C— Au=of —
50 TV (upu) — o Au=pf —Vp
V- -u=0,

et la conditions initiale faible

p(x,0) = po,

(/pu'v da:)(w,O):/pouo-v de, VvelV.
Q Q

Ce théoreme nous donne 'existence de la solution des équations de Navier-Stokes a masse
volumique variable en remplagant la condition pu(x,0) = poup par une condition faible.
Cette condition ne peut pas étre formulée de maniere plus forte sans hypothese de régularité
supplémentaire, car il n’est pas possible de donner un sens a pu(x,0) ni a u(x,0). Notons que
ce résultat d’existence a été généralisé par P.L. Lions au cas d’une viscosité dépendant de la

masse volumique variable [63].
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1.3 Approximation numérique des équations de Navier-Stokes

Les méthodes numériques utilisées pour I'approximation numérique des équations aux dérivées
partielles sont nombreuses et variées: différences finies, éléments finis, volumes finis, Galerkine
discontinu, méthodes spectrales. . .Les méthodes d’éléments finis, introduites dans les années
1950, ont suscité de nombreuses analyses mathématiques pour 'approximation d’équations aux
dérivées partielles de divers types : voir par exemple les ouvrages [13, 79, 18] et leurs références,
et plus particulierement pour les équations de Navier-Stokes incompressibles [79]. L’analyse des
méthodes d’élements finis pour la discrétisation des équations de Navier Stokes incompressibles
a fait objet de plusieurs articles de Heywood et Rannacher [50, 51, 52, 53]. Les méthodes
d’éléments finis mixtes ont elles aussi été largement étudiés, voir par exemple les ouvrages de
référence [41, 3, 4], et l'article plus récent [54]. Les méthodes de volumes finis colocalisés ,
c. a. d. avec inconnues vitesse et pression situées dans les mailles, [65, 29, 57], sont aussi
utilisées depuis longtemps pour les équations de Stokes et Navier-Stokes, méme si leur anal-
yse mathématique est relativement récente [28, 25, 27|. Leur inconvénient majeur est de ne
pas étre intrinsequement stables, contrairement aux méthodes a maillage décalé. Encore plus
récemment ont été introduites les méthodes de type Galerkine-discontinu ; celles-ci permettent
I’approximation de solutions d’EDP peu régulieres sur des maillages généraux, voir par exemple
[16] pour une introduction générale et [15, 12] pour 'analyse dans le cadre des équations de
Navier-Stokes incompressibles. Mais depuis des décennies, une des méthodes de discrétisation
les plus utilisées dans la communauté de mécanique des fluides numérique est la méthode de
discrétisation de dite “marker-and-cell” (MAC), développée par Harlow and Welsh au milieu des
années 1960 [45]. Elle est une des méthodes les plus populaires [71, 72, 80] pour ’approximation
des équations de Navier-Stokes, en raison de sa simplicité et de ses propriétés de stabilité remar-
quables. Méme si elle est souvent présentée comme une méthode de différences finies [71], elle
fait partie des méthodes de volumes finis, dans le sens ou les équations que ’on discéretise sont
les équations de bilan sur les mailles, et que ce sont les flux qui sont discrétisés par différences
finies. La premiere analyse de l'estimation d’erreur est celle de [73] pour les équations de
Stokes instationnaire sur un maillage carré. L’analyse mathématique du schéma dans le cas
des équations de Stokes stationnaire est effectuée dans [67] pour un maillage rectangulaire uni-
forme avec une régularité H? sur la pression, en passant par une formulation vorticité-pression.
Toujours dans le cas des équations de Stokes stationnaires, le schéma MAC a été reformulé
de plusieurs manieéres possibles pour obtenir des estimations d’erreur : éléments finis mixtes

[40, 44], Galerkin discontinu [56]. En utilisant les outils qui ont été développés pour la théorie
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des volumes finis [22, 23], une estimation d’erreur d’ordre 1 pour un maillage non uniforme a été
obtenue dans [1], avec une convergence d’ordre 2 pour un maillage uniforme, sous la régularité
usuelle (H? pour la vitesse, H' pour la pression). La convergence avec un second membre dans
H~1(Q) (et sans hypothese de régularité supplémentaire) a été démontrée dans [2]. Récemment,
la superconvergence du schéma MAC pour les équations de Stokes stationnaires a été obtenue
pour les maillages rectangulaires non uniformes [62], sous des hypotheses de régularité C* pour
la vitesse et C3 pour la pression et une hypothese de convergence supplémentaire sur la pression.
Les travaux sur ’analyse mathématique du schéma MAC pour les équations de Navier-Stokes
sont beaucoup plus rares. Le premier résultat d’estimation d’erreur est obtenue par Nicolaides
et Wu [68] pour un maillage rectangulaire uniforme, en utilisant une formulation vorticité pres-
sion. Plus récemment, la convergence du schéma MAC a été démontrée dans le cas stationnaire
et instationnaire en dimension 2 ou 3 mais pour un schéma MAC modifié défini sur un maillage
localement raffiné [8]. Pour les équations de Stokes sur un maillage uniforme, ce dernier schéma
coincide avec le schéma MAC original qui est classiquement utilisé dans les codes CFD. Toute-
fois, pour les équations de Navier-Stokes, le terme de convection non linéaire est discrétisé par
éléments finis (voir e.g. [79]), qui ne coincide pas avec la formulation classique du schéma MAC
donnée par [71]. Cette discrétisation entraine un stencil plus large. Des expériences numériques
[9] semblent prouver qu’elle n’est pas aussi efficace que le schéma MAC classique. Au chapitre
2, nous effectuons I’analyse du schéma MAC classique pour les équations de Navier-Stokes sta-
tionnaire et instationnaires en variables primitives sur un maillage rectangulaire non uniforme
en dimension deux ou trois, et, comme dans [8], sans aucune hypothese de régularité sur la
solution.

Dans le cas des écoulements non homogenes incompressibles, les analyses mathématiques de
schémas de discrétisation sont encore plus rares : L’article [64] donne une analyse de conver-
gence de la méthode de Galerkine discontinu avec une viscosité qui peut dépendre de la masse
volumique. L’article [58] s’intéresse & I’analyse mathématique d’un schéma & mailles décalées,
dans lequel 'approximation des termes de diffusion est effectué a 'aide des éléments finis de
type Rannacher-Turek. Que ce soit pour Rannacher-Turek [58] ou pour le schéma MAC que
nous étudions au chapitre 3, une caractéristique essentielle des schémas développés est que
Pénergie cinétique (discrete) reste controlée : dans le méme esprit que les travaux récents ef-
fectués pour la dicrétisation sur maillage décalé de I'opérateur de convection dans I’équation
de quantité de mouvement, dans le cadre des équations de Navier-Stokes ou Euler compress-
ible. Ces travaux ont été développés en particulier dans le but d’obtenir un schéma préservant

l’équilibre de I’énergie cinétique [47, 39, 38]. D’une part la conservation de ’énergie cinétique
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permet d’obtenir des proprétés de stabilité du schéma; de fait, les essais numériques effectués
a I'IRSN avec le code ISIS [55] montrent qu’on obtient ainsi des schémas particulierement ro-
bustes. D’autre part, dans le cas des équations d’Euler, le fait de pouvoir obtenir un bilan
d’énergie cinétique discret a été un point clé pour obtenir un schéma consistant en préservant
lensemble convexe des états admissibles [49, 46]. La difficulté réside dans le fait que, comme
dans le cas continu, ’obtention du bilan d’énergie cinétique s’obtient a partir du bilan de quan-
tité de mouvement et du bilan de masse (utilisé deux fois) ; or le bilan de quantité de mouvement
est écrit sur les cellules des maillages vitesse, tandis que d’une équation du bilan de masse soit
convaincu sur les mémes cellules (double), tandis que le bilan de masse est écrit sur les cellules
du maillage pression. Comme dans [58], nous allons donc développer une procédure de calcul des
termes de convection qui soit compatible avec un bilan de masse discret lui-méme reconstruit

sur les mailles vitesses a partir des bilans de masse “naturels” des mailles pression.

1.4 Plan des chapitres suivants

Dans le chapitre 2, nous introduisons le maillage MAC et les opérateurs discrets. Le schéma
MAC est basé sur une grille rectangulaire (en 2D) ou paralllepipédique rectangle (en 3D) qu’on
appelle “maillage primal” ou “maillage pression”. Les inconnues discretes sont les composantes
normales de la vitesse aux faces du maillage, et la pression au centre des mailles. L’équation
de continuité divu = 0 admet une discrétisation naturelle sur chaque maille pression. Le bilan
discret de chaque composante de la quantité de mouvement est écrit sur les mailles duales
attachées a la méme composante de la vitesse. En particulier, le terme de convection non
linéaire est discrétisé de maniere a étre compatible avec une équation de continuité discrete
sur les mailles duales. Il coincide avec la discrétisation habituellement utilisée en mécanique
des fluides sur un maillage uniforme [71], contrairement au schéma de [8]. Les opérateurs de
divergence discrete divy et du gradient discret Ve sont construits de maniere a respecter une

propriété de dualité qui est I’équivalent discret de la propriété

/Vq.'v:/qdivv, si v-n =0, sur 09,
Q Q

pour des champs scalaire g et vectoriel v suffisamment réguliers. Cette propriété de dualité
est tres importante pour 1’étude de la stabilité du schéma et le passage a la limite dans le
schéma. Le schéma MAC pour les équations de Navier-Stokes stationnaire s’écrit: Trouver u

dans ’espace de vitesse discret Hg o (muni de la norme H ! discrete) et la pression dans I’espace
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de pression discret a moyenne nulle Ly o sur la maille primale qui vérifient

—Agu + Ce(u)u + Vep = fe,

divMu = 0,

ot Ag¢ est le Laplacien discret, C¢(u) le terme de convection discret et fe est la valeur moyenne
de f sur la maille duale.

Une formulation faible du schéma s’écrit :

Trouver (u,p) € He g x Ly et, V(v,q) € He g X Ly,

/Vguzv(gv dw—l—bg(u,u,v)—/pdivM(v) dx—/?gf-vd:v,
Q Q Q

/ divyqu g dz = 0,
Q

ou Ly est 'espace de pression discret et be est la forme faible du terme non linéaire discret

définie ainsi:
d
Y(u,v,w) € Hg’(]?), be(u, v, w) Zbl) (w, v;, w;),
i=1
where for i =1,...,d, b(g) (w, v, w;) = / Cg u)v; w; de.
Q

Pour obtenir les estimations a priori sur la vitesse et la pression on aura besoin d’étudier la

forme faible du terme non linéaire discret be (u, v, w). On démontre 1’estimation suivante :

V(u,v,w) € Be x Hep?,  |be(u,v,w)] < Oy Jlullieo [v]eollw

ou Eg¢ est I'espace de vitesse discret a divergence discrete nulle et €y, ne dépendant que de la
régularité du maillage (définie dans le chapitre 2). De plus, la forme trilinéaire be est nativement
antisymétrique :

bg(U,U,w) = —bg(u,w,v), Vu € E¢

et donc en particulier,

be(u,u,u) =0, Vuc Eg.
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En utilisant ce dernier résultat, on prend Vu € E¢ comme une fonction test dans la forme faible

du schéma et grace a la dualité, on obtient une estimation sur la vitesse:

lulleo0 < diam(Q)|[ £l L2(q)e-

Pour estimer la pression discréte on remarque d’abord que le schéma MAC est Inf-sup stable
(comme cela a été remarqué dans l'article [76]) puis on prend l'interpolée de Fortin (défini dans
le Lemme 2.3.3 au chapitre 2) d’une fonction réguliere comme fonction test dans la forme faible

du schéma, on obtient:

Hp||L2 < CUMHf”L?(Q)d'

Ces estimations a priori sur les suites de vitesses et pressions approchées nous permettent d’une
part d’établir I'existence d’une solution du schéma numérique en appliquant le théoreme du
degré topologique, et d’autre part de montrer la convergence de ces suites (& une sous suite
pres) vers une solution faible du probléme continu lorsque le pas de discrétisation tend vers 0
pour des normes appropriées. Ce résultat est I’objet du théoréme 2.3.8 dont la preuve nécessite
une analyse fine du terme de convection non linéaire dont la consistance est donnée dans le
Lemme 2.3.6. Dans le cas stationnaire on obtient une convergence forte de la vitesse discrete
dans Lz(Q)d grace a l'estimation sur la vitesse. De plus, I'estimation sur les translations de
la vitesse [22, Theorem 14.2] donne la régularité de la limite dans H{(Q)?. Le fait que le
maillage MAC est cartésien permet d’avoir une convergence forte du gradient discret de la
vitesse, ce qui facilite le passage a la limite sur le terme de convection non linéaire. Grace a
une estimation L? sur la pression, on obtient la convergence faible (& sous-suite pres) des suites
de pression approchées. En prenant a nouveau l'interpolée de Fortin d’une fonction réguliere
comme fonction test dans la forme faible du schéma, on obtient que la suite des normes L? des
pressions approchées tend vers la norme de la pression limite, ce qui donne donc la convergence
forte de la pression. Nous étudions ensuite la discrétisation des équations de Navier-Stokes
instationnaire par un schéma implicite en temps. Nous considérons pour cela une partition
uniforme 0 = tp < t; < -+ < ty = T de l'intervalle de temps (0,7) avec un pas temps
0t =tpi1 —ty :t, =n dt pour n € {0,---, N — 1}. Le champ de vitesse u(-,t,41) au temps
tn+1 est approchée par une fonction w1 constante par mailles duales en espace. De méme, la
pression p(x,t,+1) au temps t,4+1 est approchées par une fonction p(*t1) constante par mailles

primales en espace. Le schéma MAC implicite en temps pour les équations de Navier-Stokes
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instationnaire s’écrit:

Initialization

u(o) = (jsg’U/()

Etape n > 0. Résoudre pour u(™+!) et p+1)

u(n+1) € H8,07 p(nJrl) € LM,O:

divyu™ Y = 0,

ol ‘j]Sguo est la valeur moyenne de la vitesse initiale sur la face o (o € e &) est 'ensemble

des faces du maillage primal qui sont orthogonales a la ¢ éme composante du vecteur de base

n+1)

canonique e; ) et dyul est la dérivée discrete en temps de la vitesse.

Nous démontrons que le schéma préserve les propriétés de stabilité du probleme continu. On
a une estimation L?(0,T;He ) et L>°(0,T; L*(Q)9) sur la vitesse discrete et une estimation
LA/3 (0,T; Ef) sur la dérivée discrete en temps de la vitesse trés importante pour démontrer la
compacité:

H6tuHL4/3(O,T;Eé) < Ca
T 3/4
. 4/3
ou|[Brul pass o, my) = (/O HatuHE/;S dt) et [[v] g, = max{ /QU X' dw’ ; ¢ € Ee,llollieo <

1}, et C' > 0 ne dépend que de la vitesse initiale, 2, gy et f. Nous démontrons ensuite la conver-

gence du schéma. D’abord nous prouvons la compacité de suites de solutions approchées grace
au théoréme d’Aubin-Simon discret que ’on rappelle dans ’annexe. On démontre la convergence
dans L?(Q x (0, 7)) et la régularité de la limite : @ € L?(0,T; E(Q)) et dya € LY3(0,T; E'(Q)),
ot E(f) est I'espace des fonctions H3(Q)? & divergence nulle et E’(Q) est son dual. Nous
concluons alors la convergence de ces suites vers une solution faible du probléme continu. Dans
le cas des équations (linéaires) de Stokes instationnaire, nous pouvons obtenir une estimation
sur la pression qui permet d’avoir la compacité des suite des pressions approchées. En effet,
en utilisant le lemme de Necas, on peut construire par interpolation de Fortin une fonction
v € Hg ( telle que divyv = p et dont la norme H I discrete soit controlée par la norme L? de la

pression. On peut alors obtenir I’estimation

Ipllz2(0,7522(0)) < C,
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ou C' ne dépend que de Q, ny et f, a condition d’avoir supposé la régularité H& ()4 de la
condition initiale de la vitesse, qui est nécessaire pour obtenir une estimation L2(0,T; L?(2)%)
sur la dérivée discrete en temps de la vitesse. Donc nous pouvons conclure que la pression
approchée converge vers une solution faible des équations de Stokes avec une donnée H' sur la
condition initiale de la vitesse.

Dans le chapitre 3, nous étendons I'analyse aux écoulements incompressibles & masse volumique
variable. La masse volumique p(x,t,+1) au temps t,41 est approchée par une fonction p("H)

constante par mailles primales en espace. Le schéma implicite semi—discrétisé en temps pour

les équations de Navier-Stokes incompressible instationnaire inhomogene s’écrit:

1 n : n n

S (pm D) — )+ div (D) = o,

%( P (1) ), 4 iy (D (D) (D) A (1D 4 gD — g
diva™t) = 0.

Comme nous 'avons mentionné plus haut, le terme de convection non linéaire est discrétisé
de maniere a étre compatible avec une équation de continuité discrete sur les mailles duales ;
I’équation de bilan de masse est discrétisée par un schéma volumes finis décentré amont, ce qui
permet d’obtenir une estimation L sur la masse volumique: on obtient également une inégalité
BV faible classique en hyperbolique, [7, 22], que l'on ['utilise pour démontrer la convergence
du schéma. Puis, nous démontrons des estimations semblable a celle obtenues dans le cas d’un
fluide homogene pour la vitesse discrete. En particulier, le bilan d’énergie cinétique discret
donne des estimations sur la vitesse discréete L2(0,T;He ) et L>°(0,T; L?(Q)%), qui par un
argument de degré topologique entraine 'existence de la solution du schéma. On obtient une

estimation LY/ 3(0,T; E; ¢) sur la dérivée discrete en temps

||5tUHL4/3(0,T;E,'),e) =C.

. T 4/3 3/4
ot [Bullywrer ) = (Jo 19l3y’, dt)" et folls,, = max {|foo0 - w da

E;¢ and w1 e0 < 1}, et C' > 0 ne dépend que de la vitesse initiale, Q, 7y, pmax €t f. Nous

; w €

démontrons la convergence du schéma, on prouve la compacité en utilisant [32, Proposition 4.47
and Theorem 4.53] que nous rappelons dans ’annexe dans la proposition 4.0.7. On démontre

la compacité de suites de la vitesse dans L?(2 x (0,T)) grace & l’estimation sur la translation :

[wm (s +7) = wmllL20,7:02(0)) < C(rY/2 + 6t)
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puis on prouve la régularité de la limite : w € L%(0,T; E(Q2)). La suite de masse volumique
approchée converge vers p in € L?(0,T; L*(Q)). Nous prouvons que toute suite de solutions
discretes (obtenue par une suite de discrétisations dont les pas d’espace et de temps tendent
vers zéro) converge, a l'extraction d’une sous suite pres, vers une solution faible du probleme
continu. Nous faisons le passage a la limite dans le schéma. Pour l'équation de la masse
discrete; on utilise la convergence faible sur la masse volumique, la convergence forte sur la
vitesse et I'inégalité BV faible pour estimer les termes des restes. Pour le passage a la limite
dans I’équation de la quantité du mouvement, la seule difficulté est dans le terme de convection
non linéaire. On introduit un autre terme by dans le lemme 3.5.1 dans le chapitre 2. Il est
défini dans le maillage primal en fonction des inconnues wg et ¥, qui sont déja utilisées dans
le chapitre 2 dans la démonstration de la consistance du terme non linéaire discret pour les
équations de Navier-Stokes instationnaire. Dans le lemme 3.5.1 on controle I'erreur entre bg
et by puis on fait le passage a la limite sur le terme by; en utilisant la convergence forte de la

masse volumique.

1.5 Perspectives

Les schémas considérés dans cette these sont totalement implicites ; leur mise en ceuvre implique
la résolution d’un systéme entierement non-linéaire couplé. Par conséquent, 1'utilisation de ce
schéma semble étre difficile dans un contexte réel de calcul, principalement en raison du cout de
calcul et du manque de robustesse. Dans ce qui suit, nous décrivons trois autres discrétisations
en temps possibles, qui produisent des systemes plus faciles a résoudre grace a un découplage
partiel des équations discretes ; pour chacune d’entre elles, nous donnons les conditions dans
lesquelles ces schémas satisfont les estimations de stabilité semblables a celles respectées par
le schéma implicite, ce qui permet par la suite d’étendre le résultat de la convergence. Nous
donnons les algorithmes de temps correspondant, en gardant la méme discrétisation spatiale
MAC, explicitée dans les chapitres suivants. La premiére discrétisation en temps est obtenue

par un traitement explicite de la vitesse convective dans I’équation de bilan de masse:

(P — ) 4 i () = 0,

1
ot

diva!

(P D+ _ Mgy 4 diy(pM Dy @ MDY — Agy(+D) 4 gt — )
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Ce schéma satisfait les mémes estimations sur la masse volumique et la vitesse que pour le cas
implicite, sans aucune restriction sur le pas de temps et ’analyse de convergence reste encore
valable dans ce cas. L’avantage d’une telle discrétisation provient du découplage des équations
de bilan de masse et de quantité de mouvement. dans un contexte de calcul, la difficulté est
maintenant réduite a calculer la solution du systeme linéaire associé aux équations de Navier-
Stokes linéarisées, par exemple par les méthodes de Newton ou quasi-Newton, les méthodes de
type SIMPLE, les méthodes de lagrangien augmenté. .. Un autre schéma intéressant dans le cas
d’une viscosité faible est le schéma déouplé suivant, ou la pression est traitée de fagon implicite

(ce qui est obligatoire pour des raisons de stabilité):

S () — ) 4 () = 0, (15.1)
%(p(nﬂ)u(nﬂ) — pMau™) 4 div(p T @ Uq([;;w) — uAu™ + vprt = g (1.5.2)
diva™tY = 0. (1.5.3)

Dans ce schéma, ’équation de la masse est résolue indépendamment de ’équation de la quantité
de mouvement. et la solution est obtenue par une résolution d’un probleme elliptique sur la
pression p™ qui n’est pas difficile dans le contexte de calcul. En effet, en prenant la divergence
discrete de (1.5.2)) et en utilisant (1.5.3), on obtient une relation de la forme —Vp(+D = (),
La stabilité L? de ce schéma (i.e. ’équation d’énergie cinétique discréte) est vérifiée sous une
condition de CFL sur le pas de temps de la forme 0t < ¢(h + h—:) [49], & condition d’utiliser
un choix upwind dans le terme de convection de ’équation de la quantité de mouvement (alors
qu’on a utilisé un choix centré dans le cadre de cette these). L’analyse de convergence est
semblable au cas du schéma implicite, avec une petite différence en raison de ce choix upwind.
Un schéma tres intéressant en termes de calcul est le schéma de correction pression suivant,

inspiré des méthodes de type prédiction-correction [10, 43]. Il est possible de résoudre I’étape
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de correction (1.5.6)-(1.5.7) en résolvant un probléme elliptique en pression.

%(;ﬂnﬂ) — p(™) 4+ div(p" D™ = 0. (1.5.4)

Etape de prédiction :

%(p(n—&-l)ﬁ(n-&-l) ™) 1 div(p0 ™ g gy A
(n+1)
+ (X )2 vp™ =0 (1.5.5)
Etape de correction (projection)
1 (n+1) (o, (n+1) ~ (n+1) (n+1) p(n+1) 1 (n)
5P T =)+ W — ( 00 )2Vp™ =0 (1.5.6)
dive™tD =0 (L5.7)

Ce schéma est inconditionnellement stable-L?, i.e. sans aucune restriction sur le pas de temps.
Plus précisément, grace & la pondération du gradient par le quotient (p(”+1) / p(”))% dans (1.5.5),
il est possible de prouver qu’au début et a la fin de cette étape, les vitesses (’U,(n-i—l))ogng N sont
controlées par la norme discréte L°(L?), tandis que les vitesses intermédiaires (@™ +)gcp<n
sont controlées par la norme discréte L?(H}) grace au terme de diffusion (voir [46] pour un calcul
similaire dans le cas des équations d’Euler compressible). Une conséquence de ces différentes
estimations sur @ et u est que le terme de convection div(p"+tDu( @ @("+1)) ne peut plus étre
controlé comme dans le cas implicite. La dérivée en temps de la vitesse ;u"t1) est controlée
par la norme discrete L' (W ~5P) ol p > 2. Malheureusement, cela ne suffit pas pour appliquer
le lemme d’Aubin-Simon discret (voir Annexe, Théoreme 4.0.8) pour démontrer la compacité.
La convergence de ce schéma est une question ouverte. On note cependant que dans le cas
de masse volumique constante, les estimations d’erreur sont obtenues lorsqu’on suppose que la

solution du probléme continu est réguliere (voir [74, 75, 43]). Enfin, notons que la convergence

du schéma MAC a été prouvée pour les équations de Stokes stationnaire [20]. Des travaux
sont en cours concernant la convergene du schéma implicite en temps pour les équations de

Navier-Stokes stationnaire [36] et semi-stationnaires [34].



CHAPTER 2

CONVERGENCE OF THE MAC SCHEME FOR THE
INCOMPRESSIBLE NAVIER-STOKES EQUATIONS

Abstract. This chapter is a submitted paper written in collaboration with T.Gallouét, R.Herbin
and J-C. Latché [33]. Section 2.3 concerns the steady case is; already published in FVCA7 [48].
We prove in this paper the convergence of the Marker and cell (MAC) scheme for the discretiza-
tion of the steady-state and unsteady-state incompressible Navier-Stokes equations in primitive
variables on non-uniform Cartesian grids, without any regularity assumption on the solution.
A priori estimates on solutions to the scheme are proven ; they yield the existence of discrete
solutions and the compactness of sequences of solutions obtained with family of meshes the
space step of which tends to zero. We then establish that the limit is a weak solution to the

continuous problem.

2.1 Introduction

Let Q be an open bounded domain of R? with d = 2 or d = 3. We consider the steady-state

incompressible Navier-Stokes equations, which read:

diva = 0, in €, (2.1.1a)
—Atu+(u-V)a+Vp=Ff, in Q, (2.1.1b)
u =0, on Of. (2.1.1c)

where u stands for the (vector-valued) velocity of the flow, p for the pressure and f is a given
field of L?(Q)?, and where for two given vector fields v = (v1,...,vq) and w = (w1, ..., wy), the

quantity (v-V)w is a vector field whose components are ((v-V)w); = Zgzl vgOkwi, 1 =1,...,d.

19
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A weak formulation of Problem (2.1.1) reads:

Find (@, p) € HL(Q)? x L3(Q) such that, V(v,q) € H}(Q)4 x L3(Q),
/ Vu: Vv dx+/((u-V)u) -v de — / pdive de = / f-vde, (2.1.2a)
Q Q Q Q
/ q diva do =0, (2.1.2b)
Q

where L3(€2) stands for the subspace of L?(€2) of zero mean-valued functions.

We shall consider the transient Navier-Stokes equations:

divas = 0 in Qx (0,7), (2.1.3a)
u—Au+(u-Vu+Vp=f in Qx(0,7), (2.1.3b)
u=0 on 9Q x (0,7), (2.1.3¢)
u(x,0) = ug. in Q. (2.1.3d)

This problem is posed for (z,t) in £ x (0,7) where T' € R* and 2 is an open bounded domain
of R%d = 2 or 3, w stands for the (vector-valued) velocity of the flow, p for the pressure,
f is a given vector field of L2(Q x (0,7))¢ and ug € L?(2). Denoting by E(Q) = {u €
HY(Q)? 5 div u = 0, a.e. in Q} the set of divergence free functions, we consider the following

weak formulation of the transient problem (2.1.3) (see e.g. [6]).

Find w € L%(0,T; E(2)) N L>=(0,T; L?(2)%) ; such that, Vv € L2(0,T; E(Q)) N C(Q x [0,T))
/ / (z,1) 8tva:t)dwdt—/uo( ) - v(x, O)dw—i—/ /Vu:l:t) Vo(z,t) de dt

—i—/o/ﬂu'Va:t) v(x,t) de dt = //fwt v(x,t) de dt.

(2.1.4)
The aim of this paper is to show, under minimal regularity assumptions on the solution, that se-
quences of approximate solutions obtained by the discretization of problem (2.1.1)(resp. (2.1.3))
by the Marker-And-cell (MAC) scheme converge to a solution of (2.1.2)(resp. (2.1.4)) as the
mesh size tends to 0.
The Marker-And-Cell (MAC) scheme, introduced in the middle of the sixties [45], is one of
the most popular methods [71, 80] for the approximation of the Navier-Stokes equations in the
engineering framework, because of its simplicity, its efficiency and its remarkable mathematical
properties. The first error analysis seems to be that of [73] in the case of the time-dependent

Stokes equations on uniform square grids. The mathematical analysis of the scheme was per-
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formed for the steady-state Stokes equations in [68] for uniform rectangular meshes with H?2
regularity assumption on the pressure. FError estimates for the MAC scheme applied to the
Stokes equations have been obtained by viewing the MAC scheme as a mixed finite element
method [40, 44] or a divergence conforming DG method [56]. Error estimates for rectangular
meshes were also obtained for the related covolume method, see [11] and references therein.
Using the tools that were developed for the finite volume theory [22, 23], an order 1 error esti-
mate for non-uniform meshes was obtained in [1], with order 2 convergence for uniform meshes,
under the usual regularity assumptions (H? for the velocities, H' for the pressure). It was
recently shown in [62] that under higher regularity assumptions (C* for the velocities and C3
for the pressure) and an additional convergence assumption on the pressure, superconvergence
is obtained for non uniform meshes. Note also that the convergence of the MAC scheme for
the Stokes equations with a right-hand-side in H () was proven in [2]. Mathematical stud-
ies of the MAC scheme for the non linear Navier-Stokes equations are scarcer. A pioneering
work was that of [68] for the steady-state Navier-Stokes equations and for uniform rectangular
grids. More recently, a variant of the MAC scheme was defined on locally refined grids and the
convergence proof was performed for both the steady-state and time dependent cases in two
or three space dimensions [8]. For the Stokes equations on uniform grids, this latter scheme
coincides with the usual MAC scheme that is classically used in CFD codes. However, for
the Navier-Stokes equations, the nonlinear convection term is discretised in a manner which
is similar to the finite element framework (see e.g. [79]), which no longer coincides with the
usual MAC scheme, even on uniform grids. This discretization entails in a larger stencil, and
numerical experiments [9] tend to show that is not as efficient as the classical MAC scheme.
Our purpose here is to analyse the classical MAC scheme for the Navier-Stokes equations in
primitive variables on a non-uniform rectangular mesh in two or three dimensions, and, as in
[8], without regularity assumptions on the solutions. In section 2.2 we introduce the MAC space
grid and the discrete operators. In particular, the velocity convection operator is approximated
so as to be compatible with a discrete continuity equation on the duals cells ; this discretization
coincides with the usual discretization on uniform meshes [71], contrary to the scheme of [8].
We introduce the MAC scheme for the steady state Navier-Stokes equations in Section 2.3.
We give a weak formulation of the scheme. Velocity and pressure estimates are thus obtained,
which lead to the compactness of sequences of approximate solutions. We then show that any
prospective limit is a weak solution of the Navier-Stokes equations. In Section 2.4, we turn
to the unsteady Navier-Stokes equations. An essential feature of the studied scheme is that

the (discrete) kinetic energy remains controlled. We show the compactness of approximate se-
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quences of solutions thanks to a discrete Aubin-Simon argument, and again conclude that any
prospective limit of the approximate velocities is a weak solution of the Navier-Stokes equations
thanks to a passage to the limit in the scheme. In the case of the unsteady Stokes equations,
we are able to obtain some estimates which yield the compactness of sequences of approximate
pressures; we are then able to conclude that the approximate pressure converges to a weak

solution of the Stokes equations as the mesh size and time steps tend to 0.

2.2 Space discretization

We assume that the domain 2 is a union of rectangles (d = 2) or orthogonal parallelepipeds
(d = 3), and, without loss of generality, we assume that the edges (or faces) of these rectangles

(or parallelepipeds) are orthogonal to the canonical basis vectors, denoted by (eq,...,eq).

Definition 2.2.1 (MAC grid). A discretization of 2 with MAC grid, denoted by D, is given
by D = (M, &), where:

- the pressure (or primal) grid denoted by M, which consists of a union of possibly non
uniform rectangles; a generic cell of this grid is denoted by K, and its mass center xgx. A
generic face (or edge in the two-dimensional case) of such a cell is denoted by o € E(K),
and its mass center x,, where &(K) denotes the set of all faces of K. The set of all faces
of the mesh is denoted by &; we have & = Eipt U Eext, where Eint (resp. Eext) are the edges
of € that lie in the interior (resp. on the boundary) of the domain. The set of faces that
are orthogonal to the ¥ unit vector e; of the canonical basis of R is denoted by &@ for
i=1,...,d. We then have £ = El(fl)t U Sg()m where El(fl)t (resp. Eg()t) are the edges of &)
that lie in the interior (resp. on the boundary) of the domain.

- For each o € &, we write that 0 = K|L if 0 = 0K N 0L and we write that o = K—|l>} if,
furthermore, o € €% and Zxxf - e; > 0 for some i € [1,d]. A dual cell D, associated to a

face o € € is defined as follows:
«if 0 = K|L € iy then Dy = Dg U Dy, 5, where Dk, (resp. Dy ) is the half-part
of K (resp. L) adjacent to o (see Fig. 2.1 for the two-dimensional case) ;
x if 0 € Eext is adjacent to the cell K, then Dy = D .
— .
A primal cell K will be denoted K = [00’] if 0,0" € €9 N &(K) for some i = 1,...,d
are such that (x, — @,) - €; > 0. A dual face separating two duals cells D, and D, is
—
denoted by € = oo’ or € = dlo’ when specifying its orientation: more precisely we write

that € = oo’ if &, - €; > 0 for some j € [1,d]. To any dual face €, we associate a
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distance d, as sketched on Figure 2.1. For a dual face € C 0Dy,0 € €, i € [1,d], the
distance d. is defined by:
. g 10
d(xs,xy) ife=ooc" €&

int?

d = o (2.2.1)
d(zg,e) ifee ) NE(D,)

where d(-,-) denotes the Euclidean distance in R?, and the set & of the faces of the i-th
dual mesh (associated to the ith velocity component) is decomposed into the internal and

boundary edges: g0 —gW el

int ext*

de,
—
/
K wo-/ g
€1 = oo’
de,
D,
€
2 oc=K|L o
mU .’L‘o.//
L
o0

FIG. 2.1 — Notations for control volumes and dual cells (for the second component of the velocity).

We define the regularity of the mesh M by:

e = max{m, cee® vo' eel) i je [1,d],i # ]} , (2.2.2)
o
where | - | stands for the (d — 1)-dimensional measure of a subset of R%~! (in the sequel, it is

also be used to denote or d-dimensional measure of a subset R?). We also define the size of the
mesh by
hy = max{diam(K), K € M}.

The discrete velocity unknowns are associated to the velocity cells and are denoted by
(Uo)geet, © =1,...,d, while the discrete pressure unknowns are associated to the primal cells

and are are denoted by (pr)xenm.
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Definition 2.2.2 (Discrete spaces). Let D = (M, €) be a MAC grid in the sense of Definition
2.2.1. The discrete pressure space Ly is defined as the set of piecewise constant functions over
each of the grid cells K of M, and the discrete i — th velocity space H éi) as the set of piecewise
constant functions over each of the grid cells D, , o € &®. We shall denote by Lyt the functions
of Ly; with zero mean value. As in the continuous case, the Dirichlet boundary conditions are
(partly) incorporated into the definition of the velocity spaces, and, to this purpose, we introduce
Hé% C Héi),i =1,...,d, defined as follows:
H&:{ueﬂﬁ,m@:ﬂvmeaﬂaeg“i=1,“@}

’ ext»

We then set Hg g = H?Zl H é% Since we are dealing with piecewise constant functions, it is
useful to introduce the characteristic functions xx, K € M and xp,,o € € of the pressure and

velocity cells, defined by

lifz € K, lifz € D,,
Xk (x) = XD, (%) =
Oifx € K, 0Oifx & D,.
We can then write a function u € He g as w = (u1, ..., uq) with u; = Z UsXD,, t € [1,d]
oe€®

and a function p € Ly as p = Z PEXK-
KeM

Let us now introduce the discrete operators which are used to write the numerical scheme.

Discrete divergence and gradient operators The discrete divergence operator divy, is

defined by:

diVM : Hg}o — LM
. 1 2.2.3
u — divyqu = Z Il Z lo|uk o XK, ( )
KeM €&(K)
with ug o = usnK - €; for o € el n E(K),i=1,...,d. (2.2.4)

where ng , denotes the unit normal vector to o outward K. Note that we have the usual finite
volume property of local conservativity of the flux through an interface o = K|L between the
cells K, L € M, i.e.

UKo = —ULg, Vo =K|LE Ey. (2.2.5)

We can now define the discrete divergence free velocity space E¢(2) = {u € He ¢ ; divye u = 0}.
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The discrete divergence of w = (uq,...,uq) € He g may also be written as
d
divag(uw) = > (Biui) kXK (2.2.6)
i=1

where the discrete derivative (0;u;)x of u; on K is defined by

_ ol

— .
= g| (Uyr — tg) with K = [00"],0,0" € £, (2.2.7)

(Oiui) K
The discrete derivatives and divergence are consistent in the following sense:

Lemma 2.2.3 (Discrete derivative and divergence consistency). Let D = (M, &) be a MAC
grid, and let Ig be an interpolator from C(Q)¢ to He o such that, for any ¢ = (o1, ,pa)
€ (C(Q))4, there exists C, > 0 depending only on ¢ such that

Hep = (Hg)%’... 7Hfgd)¢d) € Hélg X e X Héiig, where

@ / o (2.2.8)
e pi(x) — ¢i(xs)| < Cphd Vo € Dy, Yo € €D, Wi=1,--- d,

Then there exists Cypy > 0, where 1 is the regularity of the mesh defined by (2.2.2), such that;
|5iﬂg)gpi(:c) — 0ipi(x)| < Cppho for a.e. & € Q. As a consequence, if (Dp)nen = (My, En)nen
is a sequence of MAC grids such that n, < n for all n and hy, — 0 as n — 400, then

divyy, (Ilg, ) — dive uniformly as n — +oc.

The gradient in the discrete momentum balance equation is built as the dual operator of

the discrete divergence, and reads:

Vg : LM — Hgy()
pr— Vgp (2.2.9)

Vep(x) = (O1p(z), ..., dap(x))’,

where 0;p € H él)o is the discrete derivative of p in the i-th direction, defined by:

—> .
= ||g|| (o —px) Yz eD,, foro=K|Lee? i=1,....d (2.2.10)

nt?

dip(x)

Note that in fact, the discrete gradient of a function of Ly should only be defined on the internal
faces, and does not need to be defined on the external faces; we set it here in Hg o (that is zero

on the external faces) for the sake of simplicity. Again, the definition of the discrete derivatives
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of the pressure on the MAC grid is evidently consistent in the following sense:

Lemma 2.2.4 (Discrete gradient consistency). Let Iy be an interpolator from C°(Q) to Ly

such that, for any ¥ € C°(RY), there exists Cy, > 0 depending only on ¢ such that
Ty (x) — h(xx)| < Cyphdp, Vo € K, VK € M. (2.2.11)
then there exists Cy,, > 0 depending only on + and n such that
9Ty (x) — Dyab(x)| < Cyphot, Yo € ED Wi =1,...,d.
Let us then verify that the discrete gradient and divergence are dual.
Lemma 2.2.5 (Discrete div — V duality). Let g € Ly and v € Hg o then we have:
/Qq divyv dz + /Q Veq-v dx = 0. (2.2.12)

Proof. Let ¢ € Ly and v € Hg . By the definition (2.2.3) of the discrete divergence operator,

we have:

/Qq divyv de = Z 9K Z lo|vK o

KeM  oe&(K)

with vg o = vonK , - €; for o € e n E(K),i=1,...,d. Thanks to the conservativity (2.2.5) of
the flux we get that:

/ q divyv dx = Z (axlolvie +qrlolvre)
Q Ueeint’U:K]L

= Z lol(gx — L) VKo

Ueaint ,UZKIL

Therefore, by the definition (2.2.10) of the discrete derivative of ¢, we get:

d
/ q divypv dee = — Z Z |Dy|vs0;q = / Veq - v dx,
Q Q

i=1 gee® o=K|L

which concludes the proof. O

Discrete Laplace operator - For i = 1...,d, we classically define the i component of
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the discrete Laplace operator by:

(4 . (4) (4)
—Ag : H&0 — H&0

u; — —Agu; = — Z (AU)UXDcr? with — (Au)a = |l)1| Z Qba,e(ui)
seeld 7' e€&(Dy)
(2.2.13)

&(D,) denotes the faces of D, and

— —
e — ugr), if €= oo’ € &),

Poclte) = D NE&(D,)

i ; I3
JUos ife€ &y

where d. is defined by (2.2.1). Note that we have the usual finite volume property of local
—
conservativity of the flux through an interface e = o |o”:

— ~
¢Uﬂ€<ui) = _¢G,,E(ui>7 VG = U‘UI € 8(1) (2214)

int*
Then the discrete Laplace operator of the full velocity vector is defined by

—Ag : Hg70 — Hg70

(2.2.15)
u — —Ag’u = (—Ag)ul, ey —Aéd)ud)t.

Discrete convection operator - Let us consider the momentum equation (2.1.1b) for the it"
component of the velocity, and integrate it on a cell Dy, o € €. By the Stokes formula we
then need to discretise ) oD, fe Ui - Ng e dy(x), where n, . denotes the unit normal vector to
e outward D, and dvy(zx) denotes the integration with respect to the d—1-dimensional Lebesgue

measure. For e = o|o’, the convection flux [ uju-n, . dy(x) is approximated by |e|uq cue, where

Ue = (Uo + uyr) /2, (2.2.16)

and |€|uq, is the numerical mass flux through e outward D, ; this flux must be chosen carefully
to obtain the L? stability of the scheme. More precisely, we need that a discrete counterpart of
the free divergence of u be satisfied also on the dual cells. We distinguish two cases (see figure

2.2):

- First case — The vector e; is normal to €, and € is included in a primal cell K, with
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FIG. 2.2 — dual fluxes

EW(K) = {0,0'}. Then the mass flux through e = 0|0’ is given by:

1
|€|tg,e = 5 (—loluk,e + |0'I|'U/K7O-I). (2.2.17)

- Second case — The vector e; is tangent to €, and € is the union of the halves of two primal
faces 7 and 7’ such that 0 = K|L with 7 € £&(K) and 7/ € £(L). The mass flux through
€ is then given by:

leluoe = 5 (ITluk,r + [7'|ur ). (2.2.18)

DN | =

Note that with this definition, we again have the usual finite volume property of local conser-

—
vativity of the flux through an interface olc”, i.e.
|€|tg,e = — €|ty e (2.2.19)

together with the following discrete free divergence condition on the dual cells:

1 1
> eluge = 5 > lolurco + 5 > Jolure =0. (2.2.20)

e€&(Do) ceé(K) oeé(L)

Note that we have also u,. = 0 if ¢ C 0€, which is consistent with the boundary conditions

(2.1.1c).

We now define the i-th component Cg) (u) of the non linear convection operator by:
O | B — O

(2.2.21)

1 1 v -|-U/
v —> Cél)(u)v: Z D] Z €|ty - ———" 5 ~ | xp,
oce® 71 | eci (D)

int 6=0"0’l
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and the full discrete convection operator Cg(u), He g — He o by

Ce(w)v = (CH (v, . .., LD (w)vg)’.

2.3 The steady case

With the notations introduced in the previous sections, the MAC scheme for the discretisation

of Problem (2.1.1) on a MAC grid D = (M, &) reads:

(TS Hg70, pE LM,07 (231&)
— Acu + Cg(u)u + Vep =P f, (2.3.1b)
divyru = 0, (2.3.1c)

where Lyo = {¢ € Lm [, q dx =0} and P¢ is the cell mean-value operator defined by

Pev = (P00, PDvy) € HEY x - x HY, where for i =1,...d,

Py LNQ) — HY)

Uib—>?gvi;i:1,--',d, (232)
i 1
fP(E)vZ-: Z <|D ‘/ vi(x) dm) XD, -
Uegint 7 “

2.3.1 Weak form of the scheme

We first recall the definition of the discrete H} inner product [22]; it is obtained by multiplying
the discrete Laplace operator scalarly by a test function v € Hg o and integrating over the
computational domain. A simple reordering of the sums (which may be seen as a discrete

integration by parts) yields, thanks to the conservativity of the diffusion flux (2.2.14):

d
2
V(u,v) € Hep”, / —Agu-v de = [u,v];¢0 E uz,vllg(z)o,
=1

. € € 2.3.3
with [, 0]y 00,0 = 3 ’dﬁ'wa—ua/) (0o —ve)+ 3 |d|“ (23.3)
eeéﬁ ecg®

ext

e=olo’ €eCO(Ds)



30 CONVERGENCE OF THE MAC SCHEME FOR THE INCOMPRESSIBLE NAVIER-STOKES

EQUATIONS ON NON UNIFORM GRIDS [CH.2
N Hyy x Hiy —+ R Heox Heg >R
The bilinear forms and are inner products on
(u,v) = [ui, Ui]l,él(“,o (u,v) — [U?U]LE,O

H é% and Hg¢ o respectively, which induce the following scalar and vector discrete H& norms:

€ € .
Hui”%,e@o = [wi, wily e g = Z |d‘ (U — ugr)? + Z ‘d‘ ufori=1,...,d, (2.3.4a)

B B,
e=olo’ €eCO(Ds)
d
HUH%,E,O =[u,ulie0 = Z ||u’i||i€(i),0- (2.3.4b)
i=1

Since we are working on Cartesian grids, this inner product may be formulated as the L? inner

€ = T|0’

D,

FIG. 2.3 — Full grid for definition of the derivative of the velocity.

product of discrete gradients. Indeed, consider the following discrete gradient of each velocity

component u;.

Vg(i)ui = (511@, ce 5dui) with 5jui = Z (5jui)DE XD.» (2.3.5)
eeg(i)
ele;

Ugr — U

—
where (0;u;)p, = Z with € = olo’, and D, = € x o2, (see Figure 2.3). This definition

de
is compatible with the definition of the discrete derivative (0;u;)k given by (2.2.7), since, if

€ C K then D, = K. With this definition, it is easily seen that
/ Vet Vewv dae = [u,v]; g o, Y, v € Hé%,Vi =1,...,d. (2.3.6)
Q b K b
where [u, v]; ¢ o is the discrete H¢ inner product defined by (2.3.3). We may then define

Veu = (Vemyur, ..., Vewmua),
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so that
/ Veu : Vev da = [u, vy ¢ .
Q

With this formulation, the MAC scheme for the linear Stokes problem can be interpreted as
a gradient scheme in the sense introduced in [24], see [30] and [19] for more details on the
generalization of this formulation to other schemes. In the stationary case, we can show the
(strong) convergence of this discrete gradient to the gradient of the exact velocity, and thus
also show the strong convergence of the pressure, see section 2.4.4. The weak form bg of the

nonlinear convection operator is defined by:

d
V(u,v,w) € H5’03, (u,v,w) Zbg) (w, v;, w;),
(2.3.7)

where for i =1,...,d, b((s (w, v, wy) /C u)v; w; de.
We are now in position to introduce a weak formulation of the scheme, which reads:

Find (u,p) S Hg70 X Lj\/[’() and, V('v,q) S Hg70 X Ly,
/ Veu : Vev do + be(u, u,v) — / pdivy(v) de = / Pef v de, (2.3.8a)
Q Q Q

/ divygu ¢ dx =0, (2.3.8b)
Q

and which is equivalent to the MAC scheme (2.3.1).

2.3.2 Existence and stability

Lemma 2.3.1 (Estimate on bg). Let D = (M, €) be a MAC grid and let be be defined by (2.3.7).

There exists C,,. > 0, depending only on the reqularity my of the mesh defined by (2.2.2) such

v
that:
V(u,v,w) € Eg x He %, |be (u, v, w)| < Cpy ullLa)a (2.3.9)
and
V(u, v, w) € Eg x He %, lbe (uw, v, w)| < Cpye w160 ||v]1e0llwlie0, (2.3.10)

Proof. We closely follow the proof of the estimate in the continuous case, where the nonlinear

term b(u,v,w) = [,((u- V)v) - w dz is estimated thanks to the Holder inequality and the
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Sobolev embedding: there exist C; > 0 and C5 > 0 depending only on {2 such that

[b(u, v, w)| < Crlullpa(o)al[ Vol p2@)ixallwll La o)

< CQHVUHLQ(Q)dxdHV’UHL2(Q)dxdvaHLz(Q)dxd.

Let (u,v,w) € Eg x Hg ¢*. Thanks to (2.2.20), we have:
b (u, vy, w;) Z Wer Z ¢ — Vo )Uo,e.

From the definition (2.2.16) of u. and with a discrete integration by parts, we get that:

i 1
bf‘j)(uvvbwi) = _§ Z (’Ucr - 'UU’)|€|ucr,e(wo'/ + wa)
e=olo’ 65()

int

From the definition (2.2.17)-(2.2.18) of u, . we have for € = a\a el

int*

Uy | + Uy ife L e,
| < (lug| + luor) i

NI—= N

(lur| 4+ lum])  ifefe andeC TUT,
where 7 and 7/ are the faces of €U), j # ¢ such that e € 7 U7’. Thus,

b (u, v, wi) < Z lel([uo| + [uo])[vy — vor|lwo + wor|
e=alo’ 68()

int
ele;

+ > lel(lur ]+ lur oo — vgrlfwe + werl.
—d068(>

int

efe;,eCTur’
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Using Holder’s inequality, we get:

11 € 11
S felluslion — vl = ey4ds|ua\fvd€’|vg—va/|e|4dé|war

=i B e=clo €ELl)
ele; ele;
1 €l L1
S0 STTIEULED ST S
e=ofol &) e=ofol &) ‘
eLei ELei
1
(D leldews|)®
e
e:da’eafﬁ
eLei

< luilla@llvilly g ollwill Lagy-

Therefore, with similar computations for the terms involving uy, t;,u,, g and wys, we get:

b (w03, w;) < One[lluil pagey llvil o ollwill L1 e
+ Z HUJ'HL‘*(Q)HW’ 1,e<i>,0’wi||L4(Q)LW € [1,d,
J€[1,d]
J#i

where Ch¢ only depends on my (2.2.2). We then deduce (2.3.9). By the discrete Sobolev

inequality [22, Lemma 3.5], we also have

by (w, 03, w;) < Oy, [lwilly e ollvilly e pllwilly e o

+ ) il e ollvil

JE[L,d]
J#

1,60 0l wi||1,5(i>,o]aw € [1,d],

from which we get (2.3.10). O

Lemma 2.3.2 (bg is skew-symmetric). Let (u, v, w) € Eg x He o x He o then ;
be(u, v, w) = —be (u, w,v), (2.3.11)

and therefore

Yu € Eg, be(u,u,u) = 0. (2.3.12)

Proof. The proof follows that of the continuous case, which is based on a integration by parts.
Indeed
b(u,v,w) = /(u-V)v~w de = —/(u-V)w-v dz = —b(u, w,v).
Q Q
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Let (u,v,w) € Eg x He g x He . By (2.2.20) we have:

b(l) (u, v;, w;) Z Wy Z e — Vo )Ug,e, for any i € [1,d]].
oeg®) GGE(D(,)

From the definition (2.2.16) of u. and with a discrete integration by parts, we get by conserva-

tivity of the flux (2.2.19) that:

; 1
b(gl) (u,vivwi) = —5 Z ‘e’(vg — UU/)UU,E(wU/ + wa)
€= o?ﬁegl(;t
1
2 Z €l (v + Vo7 )ttgr e (Wor — W5).
e—oTacE®
which yields (2.3.11) thanks to another discrete integration by parts. O

In order to obtain an a priori estimate on the pressure, we introduce a so-called Fortin
interpolation operator, which preserves the divergence. The following lemma is given in [35,

Theorem 1, case ¢ = 2|, and we re-state here with our notations for the sake of clarity.

Lemma 2.3.3 (Fortin interpolation operator). Let D = (M, &) be a MAC grid of Q. For
v € Hg,, we define (]~>gv by

Pev = (ﬁg)vl, . ,ﬁél)ud) € He, where fori=1,...d,
50 (@) — HY)
vi — Pevisi=1,-- d, (2.3.13)
~(; 1 .
?é)vi(w) = ol / vi(x) dy(x), Vo € D,, o € €W,
g g

For q € L*(Q), we define Pyiq € Lyt by:
Prmg(z / (2.3.14)
K]
Let my > 0 be defined by (2.2.2). Let ¢ € (HE(Q))4, then

diva (Pep) = Pre(divep), (2.3.15a)

I1Pelle.0 < ConclIVell z2yyes (2.3.15b)

where Cy, depends only on ny and Q. In particular, if dive = 0, then diVM(ﬁSg@) =0.
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Theorem 2.3.4 (Existence and estimates). There exists a solution to (2.3.8), and there exists

C

v

> 0 depending only on the reqularity my of the mesh and €, such that any solution of
(2.3.8) satisfies the following stability estimate:

lullieo + P22 < Coe 11l 2(0)a- (2.3.16)

Proof. Let us start by an a priori estimate on the approximate velocity. Assume that (u,p) €

H¢ g x Ly satisfies (2.3.1); taking v = u in (2.3.8a) we get that:
||u|]i€70 = /Qp divy w de — be (u, u, u) +/Q’ng -u dex.
Since divycu = 0 and be (u, w,u) = 0 by (2.3.11) this yields that
lull 6.0 < diam (@) £l zeye- (2.3.17)

thanks to the fact that || Pe fll(z2(q))e < [ fll(z2(q))e and to the discrete Poincaré inequality [22,

Lemma 9.1]. An a priori estimate on the pressure is obtained by remarking as in [76] that the

MAC scheme is inf-sup stable. Indeed, since p € L3(2), there exists ¢ € (H}(2))? such that
divep = p a.e. in €} and
lell 2 @yye < cllpllzz), (2.3.18)

where ¢ depends only on © [66]. Taking v = P (defined by (2.3.13)) as test function in
(2.3.8a), we obtain thanks to Lemma 2.3.3 that

[u,v]1 0+ be(u, u,v) — / p? dae = / Pef v dx.
Q Q

Thanks to the estimate (2.3.10) on be and the Cauchy-Schwarz inequality we get:

1Pl () < llullieollvllien + Condluli g ollvllien + 1Fll 2@ lvll 22 g)a.

which yields
Ipllze < Copcll £l 2(02)a- (2.3.19)

thanks to (2.3.15b), (2.3.18) and to the estimate (2.3.17). Let us now prove the existence of a
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solution to (2.3.8). Consider the continuous mapping

F: Hg,() X LM,O X [0, 1] — Hg70 X Lj\/[,o

(v, p,¢) = F(u,p,¢) = (@, p)

where (u,p) € He o x Ly is such that

/u v =[u,v]1¢0+ ¢ be(u,u,v) — / pdiva—/fg-v, Vv € He (2.3.20a)
Q Q

/P q= / divyt u g, Vq € L. (2.3.20b)

It is easily checked that F' is indeed a one to one mapping, since the values of 0Di=1,-- ,d,

and p are readily obtained by setting in this system v; = 1p_, v; = 0,5 # 4 in (2.3.20a) and
q = 1k in (2.3.20b). The mapping F is continuous; moreover, if (u,p) € Hg o x Ly is such
that F'(u,p, () = (0,0), then for any (v,q) € Hg g X Ly,

[w,v]1e0+ ¢ be(u,u,v) — / pdivy(v) de = / Pef - v dz,
Q 0

/ divy (u) ¢ de = 0.
Q

The arguments used in the above estimates on possible solutions of (2.3.8) may be used in a
similar way to show that (u,p) is bounded independently of ¢. Since F(u,p,0) = 0 is a bijective
affine function by the stability of the linear Stokes problem (see [2]), the existence of at least one
solution (u,p) to the equation F(u,p,1) = 0 which is exactly (2.3.8), follows by a topological
degree argument which is recalled in the Appendix (Theorem 4.0.11, see also [14] for the theory,
[21] for the first application to a nonlinear scheme and [26, Theorem 4.3] for an easy formulation

of the result which can be used here). O

2.3.3 Convergence analysis

Lemma 2.3.5 (Full grid velocity interpolate). For a given MAC mesh (M, &), we define, for
i,7=1,...,d, the i-th full grid velocity reconstruction operator by

R0 . {0, 5

v R8PV = N Goxp,, (2.3.22)
O’EE(J)

int
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where

1

Uy =v, ifce e, 7, = card () Z vy otherwise, (2.3.23)
o’eNgy
where, for any o € €\ e N, = {0’ € eD D, No’ # 0}. (2.3.24)

Then there exists C' > 0, depending only on the regularity of the mesh defined by (2.2.2), such
that, for any v € L*(), and any i,j =1,...,d, H:R((gi,j)U”LQ(Q) < Cllvllp2(0)-

Proof. Let us prove the bound on Hﬂlg’j)HLz(Q) for d = 2,47 =1 and j = 2. Other cases are
similar. Let v € H é% By definition of IRg’j )v, retaining for each o € €yt the cells where v, is

involved and noting that H (a+b+c+ d)]2 < a?+ b + % + d?, we have:

IRE 0l 20y < D v2(1 Dt |+ [Dgs |+ Dyt |+ D0 )

068@

int

o=K|L

< 4y Z Uc27|DU|
oeel®

int

o=K|L

where DU;( (resp. DUZ}{ denotes the velocity cell associated to the top (resp. bottom) edge of

K, with 0 = K|L, see Figure 2.4.

N

FIG. 2.4 — Full grid velocity interpolate.

O

Lemma 2.3.6 (Convergence of the full grid velocity interpolate). Let (M, €,)nen be a sequence
MAC meshes such that hy, — 0 as n — +00, and (M, Jnen remains bounded. Let v € L?(Q),
and let (vy)nen be such that vy, € Héi?,o and v, converges to v as n — +oco in L?(Q). Let
i,7 =1,...,d and jo) be the full grid velocity reconstruction operator defined by (2.3.22).

Then R(Ei’lj)vn — v in L*(Q) as n — +oo0.
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Proof. Let ¢ € C°(Q). Denoting ﬂ%gj ) by R, and inT)L by P, for short (recall that 33((92 is
defined by (2.3.2)) we have:

[ Rnvn — @HL?(Q) < [|Rnvp — Ry 0 :Pn77HL2(Q) + | R 0 Pp® — Ry 0 ?nSOHL?(Q)

+ [|Rn 0 Prp — @l 12(0) + [l — 0l 22(0)-

Since Rpvn = Ry, © Py, and thanks to the fact that [|Ry,[[12(q) is bounded (see Lemma 2.3.5)
and that ||[Pp|lf2(q) < 1, we get that there exists C' > 0 such that

[Rnvy — 0l 2(0) < Cllvn — 0l[L2(0) + Cllv = @llz2@) + | Rn © Prp — @llL2(0) + [l — 0l L2(0)-

Let € > 0. Let us choose p € CZ°(f2) so that [|¢ — v[[12(q) < z57- There exists nq such that
Cllvn — 9|2y < €, Vn > ny, and there exists ng such that || R, o Pnp — ¢l|12(q) < €, ¥n > na.

Therefore, for n > max(ni, ng), we get:
| Rpvr, — 77”L2(Q) < 3e,

which concludes the proof. ]

Lemma 2.3.7 (Weak consistency of the nonlinear convection term). Let (Dy,)nen, with D, =
(M, €n) be a sequence of meshes such that hy, = maxg y, diam(K) — 0 as n — +oo ;
assume that there exists n > 0 such that ny, < n for any n € N (with ny,, defined by (2.2.2)).

Let (vp)nen and (wyp)nen be two sequences of functions such that

- vy € Hgmo and w, € Hgmo,

- the sequences (Vy)nen and (wy)nen converge in L2(Q)?* to v € L2(Q)¢ and w € L?(Q)?
respectively.
Let (Mg, Jpen be a family of interpolators satisfying (2.2.8) and let ¢ € C°(Q)°.

Then bg (vy, wy, e @) — b(v,w, ) as n — +oo.

Proof. Let i € |1,d]. We have: bg, (vp,wn,Ile ) = Z?Zl bg)('v, Wy, Hg)cpi), where we have
omitted the sub- and superscripts n for the sake of clarity in the right hand side of the equality,
with:

0. 0l1P00 = 3 gir B e =51+ 52
O’G(S(i) EEE(DJ)
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where ¢; » = @i(x,), with

2 : Vg + Vo' Wo + We 2 : Vr + U Wo + Wy

Sl - ’6’ 9 9 @i,o’a 52 - |€| 9 2 Wi,aa
e=clo’ 681(;{ e=olo’ 681(3
ele;,eCK efe;,eCTur’

where 7 and 7/ are the faces of &) j #£ i such that e € 7 U 7.

For K € M and 0,0’ € &(K)NE® we denote by Ux,; the mean value (Vs +v,). Reordering
over the edges, we get that

Sl = Z ’U|5K7iw[(7i(g0i’o- — (piya/)

KeM
=
K=[oo']
. - i
= Z |(Dk,o0K,i + DL,JUL,i)wK,i5iH(g )SOi
Jegint
o=K|L

—>—/viwi8¢g0id:casn—>+oo
Q

thanks to the fact that 0,; — v; and w,; — w; in L?(2), and thanks to Lemma 2.2.3. Now

Sy = Z SQJ' with

Jjel,d]
J#u
4
527] - Z | |7 Z Weqy + w0'1 Piop T (wa4 + wdz) Pioo — (w01 + wag) Pio3—
TE(S(]) k=1

int

(Woy + Woy) Pisory |

where (0)k=1,... 4 are the four neighbouring faces (or edges) of 7 belonging to e@ j.e. such

that 7 N &y # 0, see the following figure:

01 g2
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Thus,

vy
Sz = Z |T|Z [(Woy + W) (Pisor — Pisos) + (Way + Was) (Pios — Pios)]
reel)

int

= - Z |DT|UTwT6jQDi(mT) +R
reeld)

where |R| < Cy
by Lemma 2.3.6,

VnillL2(@)lwn,jll L2 () hn, With Cpy > 0 depending only on ¢ and 7. Hence

SQJ‘ — —/ V; Wy 63-%- dx as n — 400,
Q
which concludes the proof. O

Theorem 2.3.8 (Convergence of the scheme). Let (Dy,)nen, with Dy, = (M, Ey,) be a sequence
of meshes such that hyt,, = maxg iy, diam(K) — 0 as n — 400 ; assume that there exists n > 0
such that ny, < n for any n € N (with ny, defined by (2.2.2)). Let (un,ppn) be a solution to
the MAC scheme (2.3.1) or its weak form (2.3.8), for D = D,,. Then there evists w € Hg(Q)?
and p € L?*(Q) such that, up to a subsequence:

the sequence (Un)nen converges to @ in L2(Q)<,

the sequence (Vpun,)nen converges to Vi in L2()?<4,

the sequence (pp)nen converges to p in L?(€2),

- (u,p) is a solution to the weak formulation (2.1.2).

Proof. Thanks to the estimate (2.3.17) on the velocity, we can apply the classical translate
estimate [22, Theorem 14.2] and the estimates on the translates [22, Theorem 14.1] to obtain
the existence of a subsequence of approximate solutions (w,),en Which converges to some u €
L?(Q)?. From the estimates on the translates, we also get the regularity of the limit, that
is w € Hi(Q)?% The estimate (2.3.19) on the pressure then yields the weak convergence of a
subsequence of (py)nen to some p in L2(2). Let us then pass to the limit in the scheme in order
to prove its (weak) consistency.

Passing to the limit in the mass balance equation: Let ¢ € C2°(2), taking ¢, = Iy, v
the interpolate of 1 satisfying (2.2.11) as test function in (2.3.8b) and using (2.2.12), we get
that:

d
0= / divyg, wpty, de = —/ Vat, ¥n - Up de = — Z/ DB, da.
Q Q /0
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Therefore, thanks to Lemma 2.2.4,

d
0= lim [ divyg, unth, de = — Z/ a9y dae = —/ @ Vi de = / diva ¢ de.
Q =/ Q Q

n—-+o0o

so that u satisfies (2.3.8b).

Passing to the limit in the momentum balance equation: Let ¢ = (1, ,p4) €

(C(0))%, and take @, =1le, @ = (Yn1, * ,Pna) € He, o as test function in (2.3.8a); where
IIg, 4 is an interpolate of ¢ satisfying (2.2.8) this yields:

/ Ve, un : Ve, @n dx + be(up, up, on) — / Pr divyg, pn da = / Pe f-onde.  (2.3.25)
Q Q Q

Thanks to the L? convergence of u, to @, to the weak L? convergence of p, to p and to the
uniform convergence of P¢, f to f and of divy, ¢n to divy (see Lemma 2.2.3) as n — 400, we

have

/‘Pgnf‘cpnd:nﬁ/fwﬁda:and /pndiancpndw—>/pdiv¢dzI;asn—>oo
Q Q Q Q

From [22, Proof of Theorem 9.1], we get that

/ Ve, tn,i : Ve, ni AT = [Uni, Ongl, ) o = —/ u;Ap; de as n — 4o00.
Q ’ Q

n s

and therefore

d
/ Ve, un : Ve, pp doe — —Z/ U; Ap; de = / Vu : Ve de as n — 400.
Q —Ja Q
By Lemma 2.3.7, we have

lim be, (Un, Un, ) = /(ﬁ -V)u - ¢ dz. (2.3.26)
Q

n—-+o0o

Passing to the limit as n — +o0 in (2.3.25) thus yields that w and p satisfy (2.1.2). Let us
now prove the strong convergence of Ve, u, to Va in L?(2). The sequence (Ve, Un)nen is
bounded in L%(Q)9*¢ and therefore, there exists ¢ € L?(£2)?*? and a subsequence still denoted
by (Ve, un)nen converging to & weakly in L?(Q)9*4. Since Jo Ve, un on dz = [, divae, u, de,

the uniqueness of the limit in the sense of distributions implies that Vu = £. Taking ¢, = u,
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in (2.3.25) this yields:
/Vgnun : Ve, up de = / Pe, - uy, dz.
Q

Passing to the limit as n — oo we get that:
2 2 _ _112
Ve, wlaayoes = Il e, = [ £+ dz = [Vl gyons

which implies the strong convergence of the discrete gradient of the velocity.
Let us finally prove the strong convergence of the pressure. Let ¢, € (Hg(£2))¢ be such that
divep, = p, a.e. in Q and

lenll 1@y < cllpnllrz@)

where ¢ depends only on 2. Let ), = ﬁgn ¢n; thanks to Lemma 2.3.3, we have |[t,[/1¢e,0 <
¢ Cy, |IpnllL2 (), and since py, is piecewise constant, we get that divy,¥n = pn, Therefore, taking

Py, = ﬁgncpn as test function in (2.3.8a), we obtain:

/ P2 dz = / Vet : Ve, b A + be (tn, tn, ) — / Pe. f -t da,
Q Q Q

and ||7/’nH1,8,0 <c CnannHLQ(Q)

From the bound on [|4,]/1.e0 we know that 1, converges to some v € H} ()4 in L?(Q) and
thanks to (2.3.6) that Vg, 1, — Vb weakly in (LQ(Q)dxd) as n — +oo. Passing to the limit

as n — oo we get that

||pn||L2 —>/Vu Vi dx + b(u /f 1 dx.

Since (u, p) satisfies (2.1.2), this implies that ||pn||z2(q) — [|Pllz2(q), Which in turn yields that
pn — P in L2(Q) as n — +oo. O

2.4 Unsteady case

2.4.1 Time discretization

Let us now turn to the time discretization of the problem (2.1.3); we consider a MAC grid
D = (M, E) of Q in the sense of Definition 2.2.1, and a partition 0 =ty < t; < -+- <ty =T
of the time interval (0,7), and, for the sake of simplicity, a constant time step 0t = t, 41 — ty;

hence t, = ndét for n € {0,---,N — 1}. Let {un+1 o€ & ne{0--,N—-1}} and
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(nH) K eM,ne€{0,---,N —1}) be the sets of discrete velocity and pressure unknowns; we
define the corresponding piecewise constant functions w = (ug, ..., uq) and p. For the velocities,

these constant functions are of the form:

N-1
uj = Z Z “gnH)XDaX}tmtnM’
"0 el
where Xj,, +,.,] is the characteristic function of the interval ]t,,t,11]. We denote by X;¢ s the

set of such piecewise constant functions on time intervals and dual cells, and we set X¢ st =

Hle X e st- For the pressure, the constant functions are of the form:

N—

Z Z pK XKX ltnstnt1]>

n=0 KeM

and we denote by Yy s the space of such piecewise constant functions. We look for an ap-

proximation (u,p) € Xg s X Yy of (w,p) solution of the problem (2.1.3). For o € e

i€ {l,---,d} the value u((,"H) is an expected approximation of w;(x,t,+1), for & € D,, and
the value pg?Jrl) is an expected approximation of p(x,t,+1) for € K. For a given u € Xe¢ st

(nt1) ,o€&W neo,- —1}}, and
for n € {0,---, N — 1}, we denote by ul( e H éz) the piecewise constant function defined by
u™ (z) = u for x € D, € &), and set u™ = (ugn), . ,ug"))t € He. Setting

2

associated to the set of discrete velocity unknowns {us

u(-0)= Y ulxp, = Peuo,
UGE(Z)

int

we define the discrete time derivative 0;u € X¢ s5¢ by
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Denoting by u(® = wu(-,t,) and p™ = p(-,t,), the time-implicit MAC scheme for the transient

Navier-Stokes reads:

Initialization
u® = Py (2.4.1a)
Step n > 0. Solve for w1V and p*+1)
u™tY e He o, p"tY) € Ly, (2.4.1b)
3™t — Agut) 4 Cp (w4 v, prt D) = gt (2.4.1¢)
divpeu™ ) = 0, (2.4.1d)

where for all n € {0,...,N — 1}, fénﬂ) = Pef(-,t™*1) (recall that Pg is the mean value
operator defined by (2.3.2)). A weak formulation of Step n of the scheme (2.4.1) reads:

Find u™) ¢ B ; n e {0,--- N — 1}, such that, for any v € E¢,

/ D,u™tY v da —I—/ Vu™ . o de + b (w4 ) = / fénﬂ) ‘v de. (2.4.2)
0 Q Q

2.4.2 Existence and estimates on the approximation solution

Lemma 2.4.1 (Existence and first estimates on the velocity). There exists at least a solution
u € Xy 5t satisfying (2.4.1). Furthermore, there exists C > 0 depending only on wy and f such
that any function w € Xy s satisfying (2.4.1) satisfies:

HUHLQ(O,T;HS,O) <C, (2.4.3)

1wl Lo (0,712 (0)0) < € (2.4.4)
N—-1

where [ul2aoras, oy = 3 SN2 g o0 ez = max{ut™ 2o n
n=0

[0,N —1]}, and u™ = u(-t,).

Proof. We prove the a priori estimates (2.4.3) and (2.4.4). The existence of a solution then

follows by a topological degree argument as for the stationary case.

Let M < N — 1; taking v = w(®t1) in (2.4.2), multiplying by 6t and summing the result
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over n € {0,---, M}, we obtain thanks to Lemma 2.3.2 and to the Cauchy-Schwarz inequality:
M
(n+1)
oD 1D ful D (ud )~ +Z5tHun 12 e < Z&Hfz tn )2 lui(s i)l 2(0) -
n=0gcg®)

Using the fact that for all a,b € R, a(a —b) = %(a —b)? + a® — b? for the first term of the left

hand-side and the discrete Poincaré and Young inequalities for the right and side, we get that

M
M+1 n+1 0 I
[ 1220y + D 3t V1 g0 o < N0 By + CRIFO 2 0.mer2(0y):

where Cp > 0 depends only on 2. On one hand, this inequality yields the L estimate (2.4.4);
on the other hand, taking M = N — 1 and summing for i = 1,...,d, we get the L? estimate
(2.4.3).

Next we turn to an estimate on the discrete time derivative. To this end, we introduce the

following discrete dual norms on Hg o and X¢ .

/v-cpdac
Q

N-1 3/4
4/3
v e Xggs ”U||L4/3(0,T;Eg) = <Z 575”"’n+1)||E//8> :
n

v € He o= |[v] g, = max{ . p € Eg and ||p|leo < 1},

(2.4.5)

Lemma 2.4.2 (Estimate on the dual norm of the discrete time derivative). Let u € X¢ 5 be a

solution to (2.4.1). Then there exists C > 0 depending only on wg, Q, my and f such that:
10¢wl| pass (0,T;E}) <C.

Proof. If w € X¢ 5 is a solution to (2.4.1) then w1 = u(-, t,,1) € Eg is a solution to (2.4.2);

taking v € E¢ such that ||v][1 0 <1 as test function in (2.4.2) we have Vn € {0,--- ,N — 1}:
/ 9u™tY v dz +/ Vu™t) . Vo dz + be(u (”+1) (”+1 / (n+1
By Lemma 2.3.2 and thanks to the estimate (2.3.9) we have

[be (™D, ul) 0)| < Oy [ul™ D)2, o).
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Using the Cauchy-Schwarz inequality, we note that
\|u(n+1)||i4(g)d = /Q D [P de < Hu(nﬂ)||L2(Q)d||u(n+1)||?£6(g)d-

Therefore, thanks to the estimate (2.4.4) of Lemma 2.4.1 and to the discrete Poincaré inequality,
there exists @m > 0 depending only on 2 and on the regularity of the mesh, such that

DN Laiaa),

/Qatu(mrl) v de < énM(H:(S/éi(Q))d e

Hence

i) 4/3 — o3 n n+1)14/3 n+1),4/3
90D < 0 (I Za e + Il DL + 1F 1)

~4
4 )
< 90 (HU (n+l) HL Qd+”u(n+1 Hleo+||f(n |’L2(Q)d+2> )

Multiplying this latter inequality by 6t and summing for n =0,..., N — 1, we get
4

”u||L4/3 (0,T;E%) < QCT?M (HU’HL2 0,T,L5(Q)? + ||u||L2(0TH£ 0T ||'f||L2 (0,7,L2(2)%) + 2T>

We conclude by the discrete Sobolev inequality [22, Lemma 3.5] and thanks to the L?(0,T; He )

estimate on w given in (2.4.3). O

2.4.3 Convergence analysis

Theorem 2.4.3 (Convergence of the scheme). Let (0ty)men and (Dpm)men = (M, Em)men
be a sequence of time steps and MAC grids (in the sense of Definition 2.2.1) such that 6t,, — 0
and hyt,, — 0 as m — +oo ; assume that there exists n > 0 such that ny,, < n for any m € N
(with my,, defined by (2.2.2)). Let w,, be a solution to (2.4.2) for 6t = 6t,, and D = D,,. Then
there exists w € L*(0,T; E(Q)) such that, up to a subsequence:

- the sequence (W )men converges to @ in L*3(0,T; L*(Q)%),
- @ is a solution to the weak formulation (2.1.4).
- O € LY3(0,T; E'(Q)).
If d = 2, the solution is unique and therefore the whole sequence converges and Oyu €

L?(0,T; E'(Q)) see e.g. [6, pages 389-391].

Proof. We proceed in four steps.

First step: compactness in LY/3(0,T; L?(Q)%).
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The first step consists in applying the discrete Aubin-Simon theorem 4.0.8 in order obtain
the existence of subsequence of (U, )men which converges to @ in L¥3((0,T); L?(Q)4). In
our setting, we apply Theorem 4.0.8 with p = %; the Banach space B of is LQ(Q)d, and the
spaces X,, and Y, consist in the space Hg, o endowed with the norms defined respectively in
(2.3.4) and (2.4.5). By [22, Theorem 14.2] and the Kolmogorov compactness theorem (see e.g.
[22, Theorem 14.1]) we obtain that (X,,, Y )men is compactly embedded in B in the sense of
Definition 4.0.5. Let us then show that the sequence (X, Y )men iS compact-continuous in
L2(2)? in the sense of Definition 4.0.6. Let vy, € He, o such that (||vm||1e,, 0)men is bounded
and ||vm | g, — 0 as m — 4o00. Assume that v, — v in (L*(Q))% by definition (2.4.5) of the

dual norm, we have

/ U - Uy A < Ui |1.6,00/lvml B2, -
Q

Passing to the limit in this inequality as m — oo, we get that v = 0, so that the sequence
(Xom, Yim)men is compact-continuous in L?(Q)¢. We now check the three assumptions (H1),
(H2) and (H3) of Theorem 4.0.8: By Lemma 2.4.1, the sequence ||up|[z1(0,75, o) is Pounded,
and thanks to the discrete Poincaré inequality, the sequence (w;,)men is also bounded in
LA3(0,T; (L?(Q)%)); furthermore, the sequence H5tUmHL4/3(0,T;Eg) is bounded by Lemma 2.4.2.
Hence, Theorem 4.0.8 applies and there exists @ € L*/3(0,T; L*(Q)?) such that, up to a subse-
quence,

Uy — @ in L3 (0,T; LQ(Q)d> as m — +oo.

Step 2: Convergence in L?(2 x (0,7)).
By Lemma 2.4.1, the sequence (wm,)men is bounded in L*°(0, T, L2(Q2)?), and therefore, there
exists 4 € L°°(0,T; L*(Q)%) and a subsequence (Ug(m))men converging to & x-weakly in
L>®(0,T; L?(2)%). Since Ugy(m) — Win L*3(0,T; L?(Q)%), the uniqueness of the limit in the sense
of distributions implies that @ = @ so that @ € L>(0,T; L?(2)%). By a classical interpolation
result on LP(0,T) spaces, we have

_ _ 2/3 _ 1/3
||'LL - um”LQ(O,T;LQ(Q)d) < ||’LL - umHL/AL/3(07T;L2(Q)d)Hu - umHL/oo(O’T;LZ(Q)d))

which implies that u,, converges towards @ in L%(0,T; L2(Q)%) as m tends to infinity. Step 3:

Weak consistency of the scheme
The notion of weak consistency that we use here is the Lax-Wendroff notion: we show that
if a sequence of approximate solutions of the scheme converges to some limit, then this limit

is a weak solution to the original problem. Let us then show that w satisfies (2.1.4). Let
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@ € CX(Q x [0,T))% such that divp = 0. By Lemma 2.3.3, we have divaflsgmcp(-,tn) =0,
and so we can take <p$g) = f]V’gmcp(-, tn) € E¢ as test function in (2.4.2) ; multiplying by dt,, and
summing for n = {0,..., Ny, — 1} (with Np,dt,,, = T'), we then get:

N—1
Z Stm </ D, u"t . o) dg dt —I—/ Ve, ul™D - Ve o da + be (D w0 o)

n=0
_/ P FD L ) dm) _o
Q

The first term of the left handside reads Ti,, = Zle T, with

Npm—1
n=0 gece()
Np—1 (n+1)
=— > 0ty |p, \u”“M > D66, #9),
n=0 oc&®) oc&(d)

/ /umw D s(w, 1) da dt—/?“) (@) (@) da.

We know that wu,,; — @; in L*(0,T; L*(Q)) as m — +oo. By definition, the discrete partial
derivative 0;¢p,,; converges uniformly to dyp; as m — +o0o. Moreover, Pg ug; converges to

(@o,;) in LI(Q2) for all ¢ in [1,2], and <p( ) converges to @;(-,0) in L4(2) for all ¢ in [1, co]. Hence

T
Ty — —/ / u(x,t) - Orp(x,t) dae dt — / wo(x) - (x,0) do as m — oo. (2.4.6)
0 Q Q
Let us then study the second term of the left hand side. We have
/ VE (n+1) v SO( de = / VE TL+1) v Lp(n-i-l) dx

Q

As in the stationary case, we get that

Nyp—1 T
Z 5tm/ Ve, a1 . Ve o) qg —>/ / Vi - Ve da dt as m — +o0.
0o Jo

Moreover, thanks to the regularity of ¢,

/ Ve, ui ™ Ve, (o0 — o)) de < 6t Colluly ™ 160
Q
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where C,, depends only on ¢. We thus get that

Np—1
Z (5tm/ Ve, ul"™) Ve (o) — oM da — 0 as m — +oo.
n=0 Q

Similarly, we have

/ Pe, S (o) — oY) dae < StOL|IF (- tusr)l| o) — 0 as m — +oo,
Q

so that

Nyp—1 T
Zétm/i]’gmf(”+1)-cp£,’f)dw—>/ /f-godazdtasm—>+oo.
e Q 0o Ja

The convection term is dealt with by remarking that an easy adaptation of Lemma 2.3.7 to

the time-dependent framework implies that
N-1 T
> Stibe (ulp ™, uli D o) — / b(w, @, ) dt as n — +oo.
m=0 0

Therefore, 4 is indeed a solution of (2.1.4).

Step 4: Regularity of the limit
Thanks to [22, theorems 14.1 and 14.2] the sequence of normed vector spaces (Hg,, o,] -

1.2,.0)men i8 L2(Q)4-limit-included in H{(Q)? in the sense of Definition 4.0.9. We have u,,, — @
in L2(0,T, L?())) as m — oo and (lwmll 220,78, o)) men is bounded thanks to Lemma 2.4.1.

Therefore Theorem 4.0.10 applies and @ € L(0,T; E(2)).

Let us finally show that d;a € L*3(0,T; E'(Q)). Let ¢ € C(Qx (0, T)) such that dive = 0.
Let ¢, € E¢, be defined by

1 tn+1 —
em(t) = (51&/ Pep(-,t) dt for t € [ty tnr1].

tn

Thanks to Lemma 2.4.2, there exists C' > 0 depending only on ug, €2, n and f such that:

T
| [ e dw at < Clouliora o

By Lemma 2.3.3, there exists Cy depending only on n and , such that |[¢mllz101rH, o) <

CallellLao,m;E(0), Wwhere E(Q) is endowed with the H¢ norm. Hence passing to the limit as
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m — 400 in a similar way as for T7,, in Step 1, we get that

T
/0 /Qu Orp dx < CCaollell 0.1 E(0))-

We then get that dyu € L*3(0,T; E'(Q)) by density. O

2.4.4 Case of the unsteady Stokes equations

In the case of the unsteady Stokes equations, that is Problem (2.1.3) where we omit the non-
linear convection term in (2.1.3b), stronger estimates can be obtained, which entail the weak
convergence of the pressure. We assume in this section that ug € H'(Q)? and that divug = 0,

and consider the following weak formulation of the unsteady Stokes problem:

Find (w,p) € L*(0,T; E(Q)) x L?(0,T; L*(R2)) such that Yo € C>°([0, T[xQ)?

// (x,t) 8t<pmt)dmdt—/uo()go(acO)dac—l—/ /Vuact) Ve(x,t) de dt

/ /p dive dz dt = / / f(z,t) - p(x,t) de dt. (2.4.7)

Note that this formulation does not use divergence free test functions as in (2.1.4). Indeed, in
the case of the Stokes equations, we are able to show the (weak) convergence of the pressure and
we thus consider a formulation in which the pressure is present. Note that the two formulations

are in fact equivalent.

The scheme We look for an approximation (u,p) € Xe¢ s X Y5 of (u,p) solution to the

problem (2.4.7); we consider the time-implicit MAC scheme which reads:

Initialization
u® = Peyg (2.4.8a)
Step n > 0. Solve for u™*Y and p™*1) .
ul™) € He g, p"t) € Ly, /Qp(nﬂ) dz = 0, (2.4.8b)
0w — Agut) 4 v, pnt) — fg(nﬂ), (2.4.8¢)
divyru™tY = 0, (2.4.8d)

Note that the choice of the discretization of the initial condition in (2.4.8a), together with the
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assumption divag = 0 implies that divy; w(®) = 0; this fact is important for the obtention of

the estimates. A weak formulation of (2.4.8b)—(2.4.8d) reads:

Find (w1 p("+D)) € B x Ly ; / p" Y de =0, and Yo € He , (2.4.9)
Q

/ Ou™t v de +/ Veu" : Voo do — / p D divy v do = / fg(nﬂ) -v de. (2.4.10)
Q Q Q Q

The estimates of Lemma 2.4.1 on the approximate solutions obtained in the case of the Navier-
Stokes equations are of course still valid. However we get stronger estimates on 0;u and on p,

as we proceed to show.

Lemma 2.4.4 (Estimates on the discrete time derivative). Let u("*1) € He be a solution to

(2.4.8); then there exists C > 0 depending only on ug, Q, myq and f such that:

10¢ wllp20,1;02(0)2) < C (2.4.11)
|0 UHLO@(O,T;H&O) <C. (2.4.12)

Proof. Let u™tY) € E¢ be a solution to (2.4.8b)-(2.4.8d). Taking v = d;u"*Y in (2.4.10) we
get:

/(3tu(”+1))2 dax +/ Veu™D : Ve (@utY) do
Q Q

- / P diva(Bu") da = / £ g de (2.4.13)
Q Q

By linearity of the discrete time derivative discrete divergence operators, and thanks to (2.4.8d),
we get that divy(d;utD) = 3 (divpu™t1) = 0. Multiplying (2.4.13) by 6t and summing the
result over n € {0,--- M} ; M < N — 1 we obtain 77 + T» = T3 where

r- S

M
@ut)? de, T, = Z(St/ Veu™ D 8,(Veu™ ) de, and
n=0 /9 -0 7O

M
3= ot / £ Bt de.
n=0 Q2

We have:

M

1 1 1 1 1
15 = Z(illu(”“)llfg,o - §Hu(n)||%,a,o + §||u(n+1) - U(n)H%,e,o) > §||UM+1H%£,0 - 5““0”%,5,0-

n=0
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By the Cauchy-Schwarz and the Young inequalities we obtain:

SIS

M
Ts < Zét(/ﬁ|f(.,tn+1)]2 dz) (/Q(atu(n“))2 dz)?
n=0

M
1 1 .
< §”f||%2(0,T;L2(Q)d) + 2;5t/§2(5tu( +1))2 de.

Gathering the above inequalities, we get that:

M
Z(St/g(ﬁtu(n—’_l))Q dx + HUMJ'_l”%,E,O S Hf”%2(0,T;L2(Q)d) + ||UOH%,E,O' (2414)
n=0

This in turn yields the L>°(L?) estimate (2.4.12) and the L?(L?) estimate (2.4.11) (taking
M = N —1) on the discrete derivative, with C' = \/§(||f‘|L2(O7T;L2(Q)d) + llwoll (g1ya)-
O

Lemma 2.4.5 (Estimate on the pressure). Let (u,p) € X5t X Yarsr be a solution to (2.4.8).
There exists C > 0 depending only on 0, my and f such that:

1Pl 20,7 L2(02)) < C- (2.4.15)

Proof. With the same arguments as in the proof of the pressure estimate in Proposition 2.3.4,
we choose v = Pe¢p as test function in (2.4.10), where ¢ € H}(Q) is such that dive = p(*+1)

n+1

and ||Vl 12(qyaxa < c||p¢ )HLQ(Q), with ¢ depending only on 2. Thanks to (2.3.15a) we then

obtain:

/Qﬁtu(”“)v dz + /Q Veu™ : Voo da — ||p(”+1)H2L2(Q) = /Q fg(nﬂ) -v de,

Thanks to the Cauchy-Schwarz and Poincaré inequalities and to the estimate (2.3.15a) we then

get that there exists C

e depending on €2 and on the regularity of the mesh such that

11220y < Cone (180D 20 + VIR o + 1FT 12 000 )

Summing (2.4.4) over n € {0,--- ,N — 1} and multiplying by ¢ yields the result thanks to
(2.4.3), and (2.4.11).
O

Theorem 2.4.6 (Convergence of the scheme). Let (6t),, € (0,T) and (Dm)men be a sequence
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of meshes such that (6t), — 0 and maxg_y,, diam(K) — 0 as m — 400 ; assume that
there exists n > 0 such that ny,, < n for any m € N (with ny, defined by (2.2.2)). Let
(wm,pm) be a solution to (2.4.8) for (6t)m, = 0t and D = D,,. Then there exists (u,p) €
L?(0,T; E(Q)) x L?(0,T; L?>(Q)) such that, up to a subsequence:

- the sequence (Wm)men converges to @ in L2(0,T; L2(Q)%),

- the sequence (pm)men weakly converges to p in € L*(0,T; L?()),

- (w,p) is a solution to the weak formulation (2.4.7).

Proof. The convergence of the sequence of discrete solutions of the velocity follow from the
Theorem 2.4.3 and the convergence of the sequence of discrete solutions of the pressure in
L%(0,T; L?(2)) follow from the estimate (2.4.15). Let us then show that (i, p) satisfies (2.4.7).
Let @ € CX(Q x [0,T))%. Taking o' = Pe (-, t,) € He, o as test function in (2.4.10),
multiplying by ét,, and summing for n = {0,..., N,,, — 1} (with N,,0t,, = T'), we obtain:

Np—1
Z 5t </ B+ dm+/ Ve w) : Ve oM dg /p,,(ﬁ*”divmmcp%’ da
Q

—/ Pe, JO o) d@') = 0.
Q

Let us deal with the pressure term, (all other terms of the equation can be dealt with as in the

proof of Theorem 2.4.3). We have:

/ P iy o™ dg — / P i o) dg 4 / P i (oM — MDY g,
Q Q

By Lemma 2.3.3 and thanks to the regularity of ¢,

/Qpﬂ’i“)diwm ("™ = ) dz < Il | 20 div () = " V)| 2

< Stm Collpl ™| 12 ()

— 0 as m — +o0.
We proved in the stationary case (see the proof of Theorem 2.3.8) that
/ (”H)dlvM c,o(”H) de — / P dive dax as m — oo,
Q Q

and this concludes the proof that (u,p) is indeed a solution of (2.4.7). O






CHAPTER 3

CONVERGENCE OF THE MAC SCHEME FOR VARIABLE
DENSITY INCOMPRESSIBLE NAVIER-STOKES EQUATIONS

Abstract. This chapter is written in collaboration with T.Gallouét, R.Herbin and J-C. Latché
and it will be submitted soon. We prove in this paper the convergence of the Marker and Cell
(MAC) scheme for time-dependent variable density Navier-Stokes equations. The algorithm is
implicit in time, and the space approximation is based on non uniform MAC grids. The mass
conservation equation and momentum conservation equations are discretized in such a way that
the kinetic energy remains controlled. We first show that the scheme preserves the stability prop-
erties of the continuous problem (L*-estimate for the density, L>°(L?)- and L?(H"')-estimates
for the velocity), which yields, by a topological degree technique, the existence of a solution.
Then, invoking compactness arguments and passing to the limit in the scheme, we prove that
any sequence of solutions (obtained with a sequence of discretizations the space and time step
of which tend to zero) converges up to the extraction of a subsequence to a weak solution of

the continuous problem.

3.1 Introduction

The Marker-And-Cell (MAC) scheme, introduced in the middle of the sixties [45], is one of the
most popular methods [71, 80] for the approximation of the compressible and incompressible
Navier-Stokes equations in the engineering framework, because of its simplicity, and its effi-
ciency. Moreover, it progressively appeared in the litterature that this scheme enjoys remark-
able mathematical properties. The mathematical analysis of the scheme for the incompressible
Navier-Stokes equations on non-uniform meshes was recently performed [8, 48, 33]. The scheme
was also proved to be convergent for the compressible Stokes equations [20] and stable for the

compressible Euler [46] and Navier-Stokes [42] equations at all Mach number. The continuous

95
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problem addressed in this paper reads, in its strong from:

Op + div(pu) = 0, (3.1.1a)
opu+divipu®u)—Au+ Vp=f, (3.1.1b)
divu =0, (3.1.1c)

This problem is posed for (z,t) in Qx (0,T) where T' € R* and Q is an open bounded connected
subset of R?, with d € {2,3}; we suppose that Q may be covered by a structured grid, so Q
is a finite union of rectangles if d = 2 and of rectangular parallelepipeds if d = 3. We assume
that the source term f belongs to L?(0,T; L?(Q)%). The variables p, @ and p are respectively
the density, the velocity and the pressure of the flow. The three above equations respectively
express the mass conservation, the momentum balance and the incompressibility of the flow.

This system is supplemented with initial and boundary conditions:
ﬁ|8(2 =0, ﬂ"t=0 = Uuog, ﬁ’t=0 = Po- (312)
We assume that the initial data satisfies the following properties:

po belongs to L*°(Q) ; we denote pmin = ess inf  po(x), pmax = esssup po(x),

and we suppose that ppmin > 0, (3.1.3a)
uy € L2(Q)4. (3.1.3b)

A well-known consequence of equations (3.1.1a) and (3.1.1¢), is the following maximum princi-
ple:
Pmin < /5($7t) < Pmax; for a.e. (mvt) €1 x (OaT)> (314)

which shows that the natural regularity for p is L®°(£2 x (0,7")). For the velocity u, a classical
calculation allows to derive natural estimates for the solutions. Taking the scalar product of
(3.1.1b) by @ and using twice the mass conservation equation (3.1.1a) yields the kinetic energy
equation:

1 1
8t(§ﬁ|ﬁ|2) + div(§ﬁ|ﬁ|2fa) —Au-u+Vp-u=0. (3.1.5)

Integrating over €2, one gets, since div 4 = 0 and w9 = 0, that, for all ¢ € (0,T):

d/ L (@, D)a(z, o) dw+/ Va(z,t) : Va(e,t) dz = 0.
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Integrating over time yields, once again for all ¢t € (0,7):

/Q;p(a:,t)\ﬁ(w,t)lz dw+/0 /Q\Vﬁ(a:,t)lz dz dt:/Q;pg(w)\uo(a:)F dz, Wt € (0,T).

This shows that the natural regularity for @ is L>((0,T); L2(2)) N L2((0,T); HE (2)%). This

leads to define the weak solutions to problem (3.1.1) as follows:

Definition 3.1.1. Let py € L>(Q) such that py > 0 for a.e. € Q, and let ug € L2(Q)4. A

pair (p,u) is a weak solution of problem (3.1.1) if it satisfies the following properties:

pef{pe L>®(Qx(0,T)), p>0ae. inQx(0,T)}.

w € {u € L>(0,T; L*(Q)%) N L*(0,T; H}(Q)?), div u =0 a.e. in Q x (0,T)}.

For all ¢ in C2°(Q x [0,T)),
T
[ [ a0t + e Vow.t) de dt = [ m@)e@0) da. @.10)
0 Q Q

For all v in {w € C°(Q x [0,T))%, div w = 0},

T
/0 /Q[—ﬁcv,t)u(ac,t)-@v(w,t)—(ﬁ(m,t)u(m,t)@@u(m,t)):w(m,t)

T
+ Vau(z,t) : Vo(e,t)] de dt = /on(a:)uo(a:) -v(xz,0) do +/0 /Qf(a:,t) ~v(x,t) de dt.

(3.1.7)

The existence of such a weak solution was proven in [77] and a convergence result for
the discontinuous Galerkin approximation of the problem was proven in [64]. We show in the
sequel that under minimal regularity assumptions on the solution, the sequences of approximate
solutions obtained by the discretization of problem (3.1.1) by the MAC scheme converge (up
to subsequence) to a weak solution of (3.1.1) as the mesh size tends to 0 (which, by the way,
yields another proof of the existence of weak solutions). An essential feature of the scheme is
that the (discrete) kinetic energy remains controlled. The paper is organized as follows. We
recall in Section 3.2 the main features of the MAC discretization and apply it to the equations
(3.1.1) in order to obtain the discrete problem. As in [33], the velocity convection operator
is approximated so as to be compatible with a discrete continuity equation on the duals cells.

Velocity and density estimates are thus obtained, which lead to the compactness of sequences
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of approximate solutions. We then show that the prospective limit is a weak solution of the

variable density incompressible Navier-Stokes equations, in the sense of Definition 3.1.1.

3.2 The MAC discretization

Most of the tools used here were already introduced in [33] but we need to recall them here for
the sake of clarity. We recall that the domain € is assumed to be a union of rectangles (d = 2)
or orthogonal parallelepipeds (d = 3), and, without loss of generality, we assume that the edges
(or faces) of these rectangles (or parallelepipeds) are orthogonal to the canonical basis vectors,

denoted by (e, ..., eq).

Definition 3.2.1 (MAC grid). A discretization of Q with MAC grid, denoted by D, is given
by D = (M, &), where:

- The pressure (or primal) grid, denoted by M, consists of a union of possibly non uniform
rectangles or rectangular parallelepipeds, the faces of which are thus, by assumption on 2,
orthogonal to one of the canonical basis vectors of R%. A generic cell of this grid is denoted
by K, and its mass center . A generic face (or edge in the two-dimensional case) of
such a cell is denoted by o € E(K), and its mass center x,, where E(K) denotes the set
of all faces of K. The set of all faces of the mesh is denoted by &; we have & = €t U Eext,
where iyt (resp. Eext) are the edges of € that lie in the interior (resp. on the boundary) of
the domain. The set of faces that are orthogonal to the i** unit vector e; of the canonical

basis of R? is denoted by &), for i = 1,...,d. We then have £®) = e ye® where &Y

int ext? int
()

ext

(resp. &) are the edges of £® that lie in the interior (resp. on the boundary) of the

domain.

- For each o € &, we write that 0 = K|L if 0 = 0K N 0L and we write that o = K—|l>} if,
furthermore, o € £® and Zxxf - e; > 0 for some i € [1,d]. A dual cell D, associated to a
face o € € is defined as follows:

«if 0 = K|L € iy then Dy = Dg , U Dy, 5, where Dk, (resp. Dy ) is the half-part
of K (resp. L) adjacent to o (see Fig. 2.1 for the two-dimensional case) ;
x if 0 € Eexg is adjacent to the cell K, then Dy = D .
A primal cell K will be denoted K = [Eﬁ if 0,0’ € €0 N E(K) for some i = 1,...,d
are such that (x,» — x,) - €; > 0. A dual face separating two duals cells D, and D, is
denoted by € = oo’ or € = OW when specifying its orientation: more precisely we write

that € = oo’ if &, - €; > 0 for some j € [1,d]. To any dual face €, we associate a
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distance d, as sketched on Figure 2.1. For a dual face € C 0Dy,0 € €, i € [1,d], the
distance d. is defined by:
. g 10
d(xs,xy) ife=ooc" €&

int?

de = o (3.2.1)
d(zg,e) ifee ) NE(D,)

ext

where d(-,-) denotes the Euclidean distance in R?, and the set & of the faces of the i-th
dual mesh (associated to the ith velocity component) is decomposed into the internal and

boundary edges: O = g® ye®

int ext*

We define the regularity of the mesh M by:

I = max{”;/“, cet® v el ijell,d,i# j} , (3.2.2)
where | - | stands for the (d — 1)-dimensional measure of a subset of R~ (in the sequel, it is

also be used to denote or d-dimensional measure of a subset of R%). We also define the space
step by
hat = max{diam(K), K € M}.

The discrete velocity unknowns are associated to the velocity cells and are denoted by (uq) e,

i = 1,...,d, while the discrete pressure unknowns are associated to the primal cells and are

denoted by (px)Kkenm-

Definition 3.2.2 (Discrete spaces). Let D = (M, €) be a MAC grid in the sense of Definition
3.2.1. The discrete pressure space Ly is defined as the set of piecewise constant functions
over each of the grid cells K of M; the approximation space for the " velocity component,
denoted by H éi), is defined as the set of piecewise constant functions over each of the grid
cells Dy, o € €. We denote by Lyt the functions of Ly with zero mean value. As in the
continuous case, the Dirichlet boundary conditions are (partly) incorporated in the definition
of the velocity spaces, and, to this purpose, we introduce H é% CH éi),i =1,...,d, defined as
follows:

Hé% = {u € Héi)7 u(x) =0V € D,, o€ 'g(z‘) }

ext

We then set He g = H?Zl H é% Since we are dealing with piecewise constant functions, it is

useful to introduce the characteristic functions xx, K € M and xp,,0 € € of the pressure and
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velocity cells, defined by

lifx € K, lifx € D,
Xk (x) = XD, (%) =
0ifz ¢ K, 0ifz & D,.
We can then write a function uw € He g as u = (u1,...,uq) with u; = > () UoXD,, 7 € [1,d]

and a function p € Ly as p = Z PEXK-
KeM

Let us now introduce the discrete operators which are used to write the numerical scheme.

Discrete divergence and gradient operators - Let nk , stand for the unit normal vector

to o outward K, and ug, be defined as ux, = usngo - €; for any face 0 = K|L € e

i=1,...,d. We are now in position to define the discrete divergence operator divy:
diVM : LM X Hg70 — LM
(3.2.3)
(p,u) = divae(pu) Z Z Fi.o XK
KEM

pr it ug s >0,
with Fg , = |0| pouk s for K € M, 0 € E(K), and p, = (3.2.4)

pr otherwise.

Note that the above definition is compatible with the classical divergence of the velocity:

diVM’u,: Z | Z ‘O"UKU XK - (325)

KeM UEE (K)

The discrete divergence-free velocity space is denoted by Ego) = {u € Heg ; divye u = 0}.

The discrete divergence of u = (u1,...,uq) € He g may also be written as
d
divae(w) =Y (s kXK, (3.2.6)
i=1

where the discrete derivative (0;u;)x of u; on the cell K € M is defined by

(Oiui) i = %, 0,0 € EVNEK); (g — o) - €5 > 0. (3.2.7)

The gradient in the discrete momentum balance equation is built as the dual operator of the
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discrete divergence, and reads:

Vg : LM — H&o
(3.2.8)
p— Vep(a) = (01p(x), ..., dqp(x))"
where 0;p € H é’l)o is the discrete derivative of p in the i-th direction, defined by:
dw=Y_ (@) xp,, with, for o= K|L € &\)), (dp), = &;" (pr. — prc)- (3.2.9)

oeé&ld)

The discrete divergence defined by (3.2.5) and the discrete pressure gradient (3.2.8) are dual in

the following sense [33, Lemma 2.5]:
Vg € Ly, Vv € He g, / q divycv da +/ Veq-vde =0. (3.2.10)
Q Q

The discrete derivatives on the MAC grid are consistent in the sense that the discrete derivative
of the interpolate of a smooth function tends to the derivative of the smooth function as the
mesh size tends to 0, see [33, Lemma 2.3 and Lemma 2.4].

Discrete Laplace operator - For i = 1...,d, we classically define the i** component of the

discrete Laplace operator by:

A | a)— )

1
u; — —Agu; = — Z (Au)oxp,, with — (Au), = Dyl Z G e(Us).
sl 7! ecé(Dy)

In this relation, &(D,) denotes the faces of D, and

—(ug —uyr), if e=olo’ € e

int?

¢U,€(ui) = |€ '
T, if e € e NED,),

ext
€

where d. is defined by (3.2.1). Note that we have the usual finite volume property of local
conservativity of the flux through an interface: ¢g.(u;) = —¢o (u;), Ve = olo’ € €9 Then

int*

the discrete Laplace operator —Ag, He g — Hg o, is given by:

—Ag’u, = (—A((gl)ul, PN —A((gd)Ud)t.
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The discrete velocity convection operator - As in [47, 46, 42|, the discretisation of the
nonlinear convection term is performed so as to ensure a discrete kinetic energy inequality.
Integrating the the i component of the momentum balance equation (3.1.1b) on a cell D,,

o € €W, we see that we need to discretize the term

> /puzu N dy(),

€COD,

where n, . denotes the unit normal vector to € outward D, and dvy(zx) denotes the integration
with respect to the d — 1-dimensional Lebesgue measure. For ¢ = o|o’, the convection flux

fe puit - ng o dy(x) is approximated by Fj cue, where ,
Ue = (U + Uy)/2, (3.2.11)

and Fy ¢ is the numerical mass flux through e outward D, which is defined, as in [47, 46, 42]
so as to ensure that a local discrete mass balance holds on each cell D, of the dual mesh. This
is crucial in order to recover a discrete kinetic energy balance by working (as in the continuous
case) on the momentum equation which is indeed discretized on the dual cells. We distinguish

two cases:

- First case — The vector e; is normal to €, and € is included in a primal cell K, with

ED(K) = {o,0'}. Then the mass flux through e = o|o’ is given by:
(—Fx.o + Fr.o0). (3.2.12)

(Recall that Fi , is the numerical flux through o outward K, given by (3.2.4).)

- Second case — The vector e; is tangent to €, and € is the union of the halves of two primal
faces 7 and 7/ such that 0 = K|L with 7 € &(K) and 7 € &(L). The mass flux through
€ is then given by:

F,. (FKT +FL7— ) (3.2.13)

l\.')\r—l

;€

We now define the i-th component Cg) (pu) of the non linear convection operator by:

;| aE — 1l

)

v — Cé)(pu)v =

068“)

int

va —l— Vo + Vo'
Z XD,
E(Ds
e= U\
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and the full discrete convection operator C¢(pu), He g — He o by

Ce(pu)v = (C (puyvr, ..., CL (puyvg)".

3.3 The scheme

3.3.1 Definition of the scheme (or strong formulation)

We consider a MAC grid D = (M, &) of Q in the sense of Definition 3.2.1, and a partition
0=ty <ty < - <ty =T of the time interval (0,7"), and, for the sake of simplicity, a
constant time step 0t = t,+1 — t; hence t,, = not forn € {0,--- | N}. Let {u (n+1) o & p

{0, - —1}}, { (n+1) JKeMne{0,---,N—1}, zmd{pmr1 KeMne{0,---,N -1}
be the sets of discrete velocity, pressure and density unknowns; we define the corresponding
piecewise constant functions w = (uq,...,uq), p and p. For the velocities, these piecewise

constant functions are of the form:

Z Z XD Xtn,tnt1]

n= 0068()

int

where xi, is the characteristic function of the interval |t,,, t,+1]. We denote by X ¢ s: the

7tn+1]
set of such piecewise constant functions on time intervals and dual cells, and we set X¢ 5t =

Hle X est- The pressure and density the discrete functions are defined by:

N— N—
(n+1)

Z K XKX}tnytrH»l}’ Z K XKX}tn,tn+1}’
=0 KeM =0 KeM

and we denote by Yy s the space of such piecewise constant functions. We look for an ap-
proximation (u, p,p) € Xe 5 X Y2 5, of (u, p,p) solution of the problem (3.1.1). For o € £,
i€ {1,---,d} the value w5 is an expected approximation of u;(x,t,41), for © € D,, and

(n+1) (n+1)

the values p)- "~ and py ' an expected approximation of p(x,t,41) and p(x,t,4+1) for x € K.

We define the discrete derivative 0;p € Yy s of the approximate density p by

Op(x,t) Z 3, p Y ()Xt ts0] (F) fOr t €]tn, tny1] and n € {0,--- | N — 1},

P (n+1) p(n)
where 9;p" 1 Z K TK € Ly
KeM
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Next, for a given approximate density p € Ly and a given approximate velocity u € X¢ 5, we
define an approximate momentum function pu € Xg 5 by

_ (n+1) _ (n+1) (n+1)\t
, — = 1 geeey nybn 3 9 9
(pu)(-,t) = (pu) ((pu1) (pug) ™) for ¢ €]tn, tnir] and n € {0,--- , N — 1}

where, for n € {0,--- ,N — 1}

(pu;) ™Y Z an Dy p GGH(S:Z;Z] fori=1,...,d,
oce@

with
o+l + Do ,0( ntl) for any o = K|L € 8(1) (3.3.1)

int*

We may then define the discrete derivative 0;(pu) € X¢ 5 of such an approximate momentum

by

de(pu) (-, t) = (B (pu) ™D, . 8, (pug) ™) for ¢ €]tn, tnia] and n € {0, , N — 1}

(n+1) gn+1) (N) (n) A
where 0;(pu;) (”H) Z PD, D, " XD, € Hé%
oc&®)

fori=1,...,d, and n € {0,--- ,N — 1},

Definition 3.3.1 (Cell and face mean value interpolators). Let D = (M, £) be a MAC grid on
Q, and let v € (H&(Q))d. Let Pev and ‘jngv € He¢ o be the cell and edge mean-value interpolates
of the velocity field v, defined by Pgv = (P, -+, PWuy) and Pev = (PN oy, -+, PMuy)

respectively, where, for i =1,...d,

W) — )

W ) — ) A
i eV =

v invi: (?gvi)UXDo ~
Ugﬂ Z (?EUZ')U XD,

oc&®
with, for o € £®),

1
1Ds| Jp,

(?g)vi)g = vi(x) de and (555;)112-)0 -1 / vi(x) dy(x).

a|
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For q € L?(2), we define Pycq € Ly by:

Prca(a) = | ata) a

Let u € X¢ 5 and (p,p) € Yéét; setting u(™ = (- tn), ) = (-, tn) and p(n) = p(-,tn),

the time-implicit MAC scheme for the variable density Navier-Stokes equations reads:

Initialization

u® = ’jsguo, p(o) = Papo (3.3.2a)

Step n+ 1, for n € {0,--- ,N — 1} — Solve for wth) ¢ Hg,g,p(”ﬂ) € Ly and p"tY) € Ly :

30"t + divy(p a1y = o (3.3.2h)
3e(pu) "D 1 Ce (pm DD (D) A g (D) |y, p(n+D) = fénﬂ)? (3.3.2¢)
divyu™tY) = 0, (3.3.2d)

where for all n € {0,...,N — 1}, fe("ﬂ) = Pef(-,tnt1) and we recall that Lyg = {q €
Ly, fQ q dx = 0}. Note that, thanks to the assumptions on pg and its approximation 9 we

(0)

have pmin < P;g < Pmax, for any K € M.

Lemma 3.3.2 (Mass balance on the dual cells). If (p,u) € Lyt x X¢ 5 satisfies the mass balance
equation (3.3.2b), then the following mass balance on the dual cells holds:

Do |

s (Wb o)+ 30 EitY =0,

€€é(Do‘)

where pp, is defined by (3.3.1) and F, . by (3.2.12)-(3.2.13).

Proof. Thanks to definition of the dual flux (3.2.12)-(3.2.13), we have for 0 = K|L:

n 1 n+1 1 n+1
ORI S LR S A
c€E(Dy) oee(K) ocE(L)

Using (3.3.1) and (3.3.2b) we get that:

Do' n n n
Dl &'(p([)fl) —pp)+ > FL=o.
EGE(DO')
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3.3.2 Weak formulation of the scheme

We recall that (see e.g. [33])

d
V(u,v) € H8,027 / —AE’U/ ~vdx = [’U,,’U]L&O = Z[Uivvih,g(i),oa
& i=1
. € €
with [ui’ Ui]l,E(i),O = Z ‘J (UJ — ua/) (UO — Uo-/) + Z ’dl Us Vg (333)
Eeei(rll)t Egv(sic)t
e=alo’ €CO(Dy)
H) x HY) SR Heo x Hep — R
The bilinear forms k ’ and are inner products on
(u,v) — [uiv vi]l,S(i),O (u,v) = [u7 0]1,5,0

H ézz) and Hg¢ o respectively, which induce the following discrete H{ norms:

€ € ‘
Hui||ig(i>70 = [ui, uily g o = Z |d5| (g — ugr)? + Z |d| w2, fori=1,...,d, (3.3.4a)

6651(;25 eeﬁgt
e=alo’ eCI(Ds)
d
lullf g0 =l ulieo = Y lluill} o o- (3.3.4b)
=1

This inner product may be formulated as the L? inner product of discrete gradients. Indeed,

for i = 1,...,d, consider the following discrete gradient of the " velocity component u;:
Vg(i)ui = (61?12‘, ey 5dul) with 5jui = Z (5jui)D€ XD¢» (3.3.5)
ec€®
6L€j

—

where (0u;)p, = (upr — Uy)/de with € = olo’, and D, = € X x,x, (see Figure 2.3). This
definition is compatible with the definition of the discrete derivative (0;u;)x given by (3.2.7),
since, if € C K then D, = K. With this definition, it is easily seen that

/QVS(Z')U -Vewv de = [u, U]Lg(i),(), Yu,v € Héf)o, (3.3.6)
where [u, v]; ¢ o is the discrete H¢ inner product defined by (3.3.3). We may then define

Veu = (Vemyur, ..., Vewmua),
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so that
/ Veu : Vev da = [u, vy ¢ .
Q

Let us now define the weak form of the nonlinear convection operator, which we denote by bg:

Y(p,u,v,w) € Lyg x He o3, be(pu, v, w) Zb (pw, vi, w;)

= ;/Q(Céi)(pw Ui) w; da. (3.3.7)

With these notations, a weak formulation of the scheme reads:
For n € {0,--- ,N — 1}, find (p(”H),u("H)) € Lyt x E¢ such that, for any (¢,v) € Ly x Ee,
/ <5tp(”+1) + divM(p(”+1)u(”+1)))q dx =0, (3.3.8)
Q

/ 0:(pu) " v da + be (p D+ (0D gy) +/ Veu™ : Voo da
Q Q

= / fénﬂ) -v dx.
Q

(3.3.9)
Another weak formulation, featuring the pressure, reads:
For n € {0,--- , N — 1}, find (p("*) a1 p(+1)) € Ly x Ee x Ly such
that, for any (q,v) € Lyt x He, Equation (3.3.8) holds, and
/ 0t (pu) (”+1) -v de + be(p (n1) gy (1) gy (n 1), / Veu"D : Vev da
/ Vep (1) Ly do = / fgnJrl dx.
(3.3.10)

This formulation is strictly equivalent to (i.e. yields the same algebraic equations as) the

"strong” form of the scheme, given by (3.3.2).

3.4 Existence and estimates on the approximation solution

The following uniform estimate is a classical consequence of the upwind choice in the mass

equation and of the fact that the velocity is divergence-free.

Lemma 3.4.1 (Estimate on the density). Let D be a MAC discretization in the sense of
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Definition 3.2.1. Forn € {1,--- ,N—1}, assume p™ € Ly is such that 0 < pmin < p™ < pmax.
If p"tY) € Lye and ™t € He satisfy the discrete mass balance (3.3.2b) and the divergence
constraint (3.3.2d), then

prmin < P < prax. (3.4.1)

The following result gives a classical weak BV inequality (see [7] for the seminal paper and
its use in the linear case and [22, Chapter V] in the general nonlinear case) which will be useful

for the convergence proof (see also [46, Theorem 3] for the one-dimensional case).

Lemma 3.4.2 (Weak BV estimate for the density). Any solution to the scheme (3.3.2) satisfies
the following equality, for all K e M and 0 <n < N —1:

K n+1 n 1 n n
™ = G 4L X el et =0, (342)
o€l (K)
where
n K n+1) n)y\2 1 n n+1)\2 (n+1
R = B o) DS ol (Y P (349)
cel(K)
As a consequence, we get that
5t n+1 n 1 n
5 SIKIGETR G ST 1ol (0 = AR D - R = 2 S (ol
KEM UGEim KEM
o=K|L
(3.4.4)
where ZR (n+1) Z |K|(p ) > 0. Thus, the following weak BV estimate holds:
KeM
n)\ 2 n
Z(st ST ol (o = i) [l < ¢ (3.4.5)
= o€&ing
oc=K|L

where C > 0 depends only on the L?>-norm of this initial data for the density po.

Proof. Multiply the discrete mass balance equation (3.3.2b) by | K| pf,?H). In the discrete time
derivative term, use the identity 2(a? — ab) = (a® — b?) + (a — b)? with a = (nH) and b = (n)
In the discrete convection term, use the identity 2ab = a? + b? — (a — b)? with a = p(n+1) and

b= p™*1. Furthermore, note that

ST 1oloE )2 Y = (oY) (divau) = 0.
o€l (K)
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Relation (3.4.4) is obtained by summing (3.4.2) over the cells of the mesh. As usual, the
convective term (i.e. the second term in (3.4.2)) vanishes by conservativity; the second term
in (3.4.4) is obtained by summing over the cells the second term of the remainder (3.4.3), and
using the definition of the upwind approximation of the density at the face. Finally, the weak

BV estimate (3.4.5) is obtained by summing (3.4.4) over n. O

We then give an estimate on the velocity which is a discrete equivalent of the kinetic energy
balance. Recall that in the continuous setting, the kinetic energy balance is formally obtained
by multiplying the i-th component of the momentum balance equation (3.1.1b) by the i-th

component u; of u. Using the mass balance equation (3.1.1a) twice, this yields

1 .1
8t(§puf) + d1v(§pul2 u) + 0ip u; = fiug,

and thus, summing over the components:
. . 1 5
O(pEx) + div(pEr u) + Vp-u = f - u, with E = ilu\ .

In the discrete setting, this multiplication must be performed on the dual mesh, since the
velocity unknowns are defined at the faces and the momentum balance equations are written on
the corresponding dual cells. Thanks to the choice of the fluxes on the faces of the dual mesh,
which ensures that a discrete mass balance equation holds on the dual grid cells, it is proven in
[46, Lemma 3.1] that a discrete equivalent of the above formal computation can be performed

to yield a discrete kinetic energy balance.

Lemma 3.4.3 (Discrete kinetic energy balance). Any solution to the scheme (3.3.2) satisfies

the following equality, for 1 <i<d, for allo € €W and 0 <n < N — 1:

1, n n), (n 1 " " n . .
— (PG W) B (u)?) o 3 BRI (A Dy (D
26t 2|D,| 4

e€&(Dy)

e=c|o’

+ (@)UY — Dy () — Rl (3.4.6)

P L ) (1)  (n)\2
with R = 357° D0 (ug'™ —ug”)".

Thanks to this identity, we are now in position to state the following uniform estimates for

the velocity.
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Lemma 3.4.4 (Estimates on the velocity). There exists C' > 0 depending only on wg, po and
f such that, for any function uw € Xe 5 satisfying (3.3.2), the following estimates hold:

N-—1

lull 2ipe o) = D 0t lu™V|Fe o < C, (3.4.7)
n=0

el e o720y = | _max [ L2 ya < C. (3.4.8)

Proof. Let us sum the discrete kinetic balance equation (3.4.6) over the faces o € €% and sum
fori=1,...,d and forn =0,..., M with M < N — 1. Thanks to the duality of the discrete
gradient and divergence operators (see (3.2.10)), using (3.3.2d), noting that the convection term

vanishes by conservativity of the numerical flux and that the density remains positive, we get:

M
>3 o PR WD) S 5 @) 456> )R ¢ g

=1 ge&(?) i=1 geel®) n=0

M d
_ Z Z Z 5t’Da‘f§n+l)u((Tn+l) <0.

n=0i=1 gcg ()

By Lemma 3.4.1 and thanks to the Cauchy-Schwarz, discrete Poincaré and Young inequalities,

we then get the existence of C' > 0 depending only on 2 such that

M

Z5t Hu (r+1) Hl &0t pm1n||u(M+1)||L2(Q) < Pmax||u0||L2 +C ||f”L2 (0,T;L2(Q)4)
n=0

On one hand, this inequality yields the L°°(L?) estimate (3.4.8) ; on the other hand, taking
M = N —1 we get the L?(Hg () estimate (3.4.7). O

Lemma 3.4.5 (Estimate on bg). There exists Cy,, > 0, depending only on the regqularity ny of
the mesh defined by (2.2.2) such that, ¥(p,u,v,w) € Ly X Eg X H&OQ,

e (9, W) | < Co oy 1l ey (3.4.9)

<

(3.4.10)

These estimates can be proven by an easy adaptation of the proof of [33, Lemma 3.1].

Next we turn to an estimate the discrete derivative d;u of the velocity for a certain norm

depending on p; this estimate is used later to obtain the compactness of the sequence of ap-
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proximate velocities. To this end, we denote by Lyt the set {p € Lag; pmin < p < Pmax a-€.},

and for a given p € Ly, we introduce the following discrete norms on Hg o and X s5:

for v € Hg o, ||"7HE,’JS = max {‘/ pv-w dx|; w e Eg and [|wl|ie0 < 1},

3/4 (3.4.11)
for v € Xegi, ollosorim ,) (Zét\l (nt1) !\4/3> :

Note that the notation || - g, is somewhat formal since this is not a dual norm. However, if
P,
p is constant, it is in fact the dual norm to the norm in E¢ that we used for the homgeneneous

incompressible case [33], which reads [|v|| g, = max {‘ Jov-w de

; we Eg and [|[wl|1e0 < 1},.

With these notations, we may state the following result.

Lemma 3.4.6 (Estimate on the discrete time derivative of the velocity). Let u € X¢ 5 be a

solution to (3.3.2). Then there exists C > 0 depending only on wg, Q, my and f such that:

||6tuHL4/3(0,T;E,I),6) =C.

Proof. Let (p,u) € Ly x Xe 5 satisfy (3.3.2). Then using Lemma (3.3.2), we have

Pl 0D =) = o5l = ) — D S5 — )
(n+1) (n+1)
1 U +u
_ _ (n+1) 2o o’ (n+1) (n+1)
’Dg‘ Z Fa,e 9 + (Au)a (6 p)a
EES(DO‘)
e=olo’
+ fén—&-l) + m Z FO('Té_‘—l) (n—&-l)'
7 EE(Z:(DU)
e=olo’

Let v € Eg such that ||v|l;¢0 < 1; multiplying the above equality by |Ds|vs, summing the
result over ¢ € €9 and i € {1,---,d}, and using the discrete duality property (3.2.10), we

obtain

/p(n)5tu(n+1 ,wa_z ST R (D)
Q

i=1 gcgi) 665 (Dy)
e=olo’

— / Veu"D . Vev do +/ fg(nﬂ) v de.
Q Q
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Noting that

( (n+1) ugn—&—l))v _ u((jTH_l)Ue o %(ugﬂ—i—l)va +u(n+1) U)’
we get that
d
Z Z Féréﬂ) (ugn+1) _ ugn-&-l))vo _ _ba(p(n+1)u(n+1)’,U7u(n+1) +R
i=1 geeld) ec&(D,)

6:U|U’

with R = —— Z Z Z n+1 n+1)v + u(n-l—l) U) —0

=1 g€ ec&(Dy)
e=c|o’

thanks to the conservativity of the dual fluxes. We thus obtain that

/ p(n)ﬁtu(”"‘l) vdx = —bg(p(”+1)u(”+1)’ v, u(”+1)) _/ Vgu(”‘H) -Vev d:IZ—|—/ fén+1) ‘v d.
Q Q Q

Thanks to (3.4.9) we obtain :

[be (P DY v, )| < Oy, Lol Lo @ 1™ 14 e

Using the Cauchy-Schwarz inequality, we note that
[l gy = /Q D | da < [ o g el D B g

Therefore, thanks to the estimate (3.4.8) of Lemma 3.4.4, thanks to Lemma 3.4.1 and to the
discrete Poincaré inequality, there exists émv[ > 0 depending only on 2, pmax and on the

regularity of the mesh, such that
n n n 3/2 n n+1
/Q MFu ) v da < G, (lu V122 o+ (™D e + 1Al z2@ye)-

Hence there exists C' > 0 depending only on 2, pmax and on the regularity of the mesh such
that

n n n 4 n 4
8D 3 < € (D agya + etV E + £ 135 0)

n n n+1)
<C (HU( +1)”%G(Q)d + Hu( H)H%S,O + Hfg ) HL2(Q)d + 2) .
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Multiplying this latter inequality by dt and summing for n = 0,..., N — 1, we conclude the
proof of the lemma thanks to the discrete Sobolev inequality [22, Lemma 3.5] and thanks to
the L?(0,T;He () estimate on u given by (3.4.7). O

Let us now give a (non-uniform) bound on the pressure that will be useful to prove the

existence of a solution to the scheme (3.3.2).

Lemma 3.4.7 (Bound on the pressure). Let (p("), u("),p(")) € Ly x Hg g x Ly be given and
assume that (p™+D) wM+D pH) e Ly x He o x Lyt satisfies (3.3.2). Then there ewists

Cst > 0 depending only on pg, 0t, my, f, and Q such that:
Hp(n+1)HL2(Q) < . (3.4.12)

Proof. Let (p"+1), 4+ p(+1) be a solution to (3.3.2); we choose v = Pe as test function
in (3.3.10), where ¢ € H}(Q)? is such that dive = p*+1 and Vel r2@ixa < ch(”H)HLz(Q),
with ¢ depending only on 2. By Lemma 2.3.3, we then obtain:

HP("H)Hiz(Q) =T+ To + T3+ Ty, with T7 = / 3(pu) "tV v da,
Q

T = bg((pu)(”+1),u("+1),v), T3 = / Veu™) . Vev dz and Ty = —/ fénﬂ) -v dx.
Q Q

By the Cauchy-Schwarz inequality and thanks to the L* bound (3.4.1) on p we get that

d
Pmax +1 Pmax
Ty < Py /Q (™ 1+ ™ D] dae < 2 ] oo, 12000 1] 20
i=1

Using the fact that Pg is a Fortin interpolator (see Lemma 2.3.3), since [|[Ve| 2(qpaxa <
CHp(n+1)HL2(Q), we get by the Poincaré inequality and by the L°(L?) estimate (3.4.8) that
there exists C; > 0 depending only on pg, 0t, my, f, and Q such that |T1| < Cal(”H)HLz(Q).
Moreover, thanks to (3.4.10) we obtain:

b () ™+, 0, ul™ )| < G [l oo [[ul™ D17 ¢ pllv 1.0

n+1)

< Cnmﬂmax”’u( |%,8,OHVSO||L2(Q)dXd'

Therefore, thanks to the estimate (3.4.7), there exists Co > 0 depending only on pg, dt, i, f,
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and € such that |T| < Co|p "+1)||L2 . Finally,

T3 < [[u™ Dl eollv]l1.e.0

< Cpe 1010l ]| L2

and Ty < HfénH)HB al|vfl 2y dz < CnMHf(nJrl HL2(Q)de(n+1)HL2(Q), which concludes the

proof. O

The existence of a solution to the scheme (3.3.2) is obtained by a topological degree argu-
ment. Its proof is based on an abstract theorem which we recall in the Appendix : see Theorem

4.0.11.

Theorem 3.4.8 (Existence of a solution). For a given n € {1,--- N — 1}, let us assume that

the density p™ is such that 0 < puin < p%)

(n+1),

< Pmax for all K € M. Then the non-linear system
3.3.2) admits at least one solution w1 p( DY i Lo x He o X Lyt o, and any possible
p b b

solution satisfies the estimates (3.4.1), (3.4.7) and (3.4.12).

Proof. This proof is based on a topological degree argument, see Theorem 4.0.11 in the Ap-
pendix. Let Ny = card(M) and Ng = card(E;y); we identify Ly with RV and H¢ o with RNe
Let V = R x RNe x RV and let us introduce the function F: V x [0,1] — V defined by:

1 n 1
E(pK_Pg())"F)\ﬁ Z Fg o, KeM
) JGS(K)
Flpvup,) = | 5i0pettn =050 #2503 Foctte= (A + (o = fo. 7 € i
EGSD)
1
K > lofuke + ‘K’Z]ﬂpb K eM.
c€el(K) LeM

The function F' is continuous from V x [0, 1] to V' and the problem F(p,u,p, 1) = 0 is equivalent
to the system (3.3.2). Moreover, an easy verification shows that the problem F(p,u,p,\) =0
for A in [0, 1], satisfies the same estimates as stated in (3.4.1), (3.4.7) and (3.4.12) uniformly in
A. Hence, defining

0 ={(p,u,p) €V s.t. pr;in < p <2 pmax; |[ull1e0 < C and ||plr2) < C,

with C (strictly) greater than the right-hand sides of (3.4.7) and (3.4.12), the second hypothesis
of Theorem 4.0.11 is also satisfied. Therefore, in order to prove the existence of at least one

solution to the scheme (3.3.2), it remains to show that the topological degree of F(p,u,p,0)
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with respect to Oy and O is non-zero. The function G : (p,u,p) — F(p,u,p,0) is clearly

differentiable on O, and its Jacobian matrix is given by:

1
EICZRNMXNM 0
Jac G(p,u,p) = 4
S(u,p)
0

where A is some matrix in RVeXM and S(u,p) € RWetM)x(Ne+Nao) is the Jacobian matrix

associatedto the MAC discretization of the following Stokes problem: Find (u,p) such that
Jop(x) =0 and

1

Ep(a:) u—Au+Vp=f, in O,
div u =0, in Q,
u =0, on 02

where p(x) > 0 is a given (since the derivation is performed with respect to u and p with a fixed
density) non-negative (by the maximum principle) function approximated by a given constant
pp, on each dual cell D,. Hence S(u,p) is invertible and so is Jac G(p, u, p). This implies that
the topological degree of F(p,u,p,0) is non-zero and by Theorem 4.0.11, there exists at least
one solution (p,u, p) to the equation F(p,u,p,1) =0, i.e. to the scheme (3.3.2). O

3.5 Convergence of the scheme

In order to prove the convergence of the scheme, we introduce an alternate convection operator
by, defined on the pressure grid and easier to manipulate in the proofs. It relies on the recon-

struction of each velocity component on all edges (or faces in 3D) of the mesh. For a given MAC

mesh (M, €), we define, for i,7 = 1,...,d, the i-th full grid velocity reconstruction operator by

RO HO S 5 12(0)

)

i ~
v TR((S Jy = Z Vo XDy »
oeeld)

int
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where

~ . NP 1 .

Uy =0, if 0 € 8(1), Vg = m U%:\f v, otherwise, (3.5.1)

with, for any o € €\ €W, N, = {0/ € €D D, N¢o’ # }. We recall that by [33, Lemma 3.5],
there exists C' > 0, depending only on the regularity of the mesh defined by (3.2.2), such that,
for any v € L?(Q), ||31 ’J)UHLQ < C||v||g2(q)- Moreover, by [33, Lemma 3.6] if (M, €,)nen be
a sequence MAC meshes such that hy, — 0 as n — 400, and (1, )nen remains bounded, and
v € L*(Q) and (vn)nen are such that v, € Hélz,o and v, converges to ¥ as n — +oo in L%(Q),

then ngj)vn — v in L?() as n — +oo.

Lemma 3.5.1 (Alternate convection term). Let uw € He g and p € Ly, leti € {1,...,d} and let

v, wE Hé(:% For o € &, let v, be defined by (3.5.1), and for K € M, let wg = %Zaee(i)(l() Wy

where S(i)(K) is the set of faces of K which are included in . Let bg\j[) s Lyt x Heg g x Hé% X
() — R be defined by:

b (o uv,0) = S wre Y Fro T, (3.5.2)

KeM cel(K)

Then there exists C > 0 depending only on the regularity my defined by (3.2.2) such that:

‘B(Z) (pu’fu,w)‘ = ‘bg) (pu, v, ’LU) — bg&) (puﬁva w) =

(3.5.3)
with

1 .
”wHLe(i),oo = max — |[we]| with [we] = wo — wyr for e =0 o
ece(d) Qe

Proof. By definition (see (3.3.7)), we have

bg)(p,u,v,w): Z We Z Fs cve,

ae&® e€&(D,)

where v, is defined by (3.2.11) and F, . by (3.2.12)-(3.2.13). The sum of fluxes on the faces of
a velocity cell may be dispatched to the two intersected pressure cells, as shown in Figure 3.1;
hence, we may rewrite bg)(p, u,v,w) as a sum over the primal cells, and using (3.2.12)-(3.2.13),

we get:

b() pvu v, w Z Z Wq [ o Vere + Z FKTE Ue}

KeMgee®) (K e€&(D,)
ele;

where:
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Tn Ui
el
o' K €K N €L L
| Dy
o}
Tn/ n/

FIG. 3.1 — Fluxes: from a dual cell to two pressure cells.

o cx € &M is the unique face (or edge in 2D) of the dual mesh which is included in K and

normal to e;

o 7. € &(K) is the face (or edge) which belongs to €) for some j # i and intersects the
dual face e which is parallel to e;. (They are the faces 7, and 7,y € €®) in Figure 3.1).

By conservativity, adding Fx , v, in the internal sum does not change the value of the sum,

and therefore

i Fr -
0 (v w) =3 N we [Fro v+ Freg ve+ Y T w]. (354)
KeM  oet(K) cc€(Dy)
elei

Thanks to the definition of 9, and F -, we have:

Z |:FKO'/UO'+ Z KTS :| Z FKO'Ua'v

ceel)(K) ec&(Dy,) o€é(K)
e,}iei
so that
RO = Y g =) [P v+ P v+ Y T ],
KeEM  gee)(K) ccé(D,)

ele;

Using (3.2.12), we remark that a discrete mass balance is satisfied over the half-cells Dk ,, in

the sense that:

Fio+ Free+ Y FKT: Z Fr.

EG(S(DG) TEE
ele;
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Therefore,

RO (p, w, v, w) = jQ(“)(p,u v,w) + JQ”’2)(% u, v, w) with

RED (p,w, v, w) Z Z Z FKU

KEM o€ (K) o’'e&(K
) 1
RO (p,w,v,w) = > (wo—wk) [Fo,ex (Vo =v0) + D STk (Vo = v5) .
KeM  gee((K) eeé(Di

ele;e=a|o’

Let us denote by [v]&? the jump v, — vy where 0,0’ € E(K)NEM are oriented as in Figure 3.1.
We have

> w Z |Frco|

KeM o'ee(K)

l\)\i—‘

IR (p, w, v, w)

[vlly e ollwllz2())2s

where C), depends only on the regularity of the mesh. The treatment of the term RE2) (p, w, v, w)
is then similar to that of the term R (p, w, v, w) in the proof of [33, Lemma 2.21]. We give it

here for the sake of completeness:

RED (p,w, v, w) = Z Z (we — wi) |:F0',6K (Vee — Vo) + Z W(Ue — o),

KeM  gee)(K) e€&(Do)

ele;
=02 Y e k) [Foe v~ w0)

KeM  geel)(K)

1
+ Z §FK7T€(IO7 U)(Ug/ - UU) 3 (355)
e€&(Dy)

ele;e=alo’
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where o denotes the face or edge of the primal mesh that is opposite to ¢ in the cell K. Hence,

RO (9,0, 0,w)] < hllw]ly e sollolze (D lel([al + [ug|)ve = vl
Eeg(i),eJ.ei
e=o|o’
+ > lel(ur| + [ur]) oo = vo1])
eegg)t,e,}iei
e=olo’ CTUT’
< hllwllyeo sollplize (Y lelde(uel + u|)

eeg(i),elei
e=clo’

[Vo — Vo

de

|’U — v /|
£ 3 ddel(fur] + ur]) 1),
eEEi(z)t,e,Kei ‘

e=olo’ CTUT’
By the Cauchy-Schwarz inequality, we get that
RO (p, 2w, v, w)) 2 < B2l oo o g
(D delel(luol + lugr)* + D dele|(fur] + [ur])? ).
eegm,ej_ei eegi(f]i,e,}iei
e=olo’ e=olo’ CTUT'

There exists C depending only on the regularity of the mesh such that:

Yo delel(uol +lugr)?+ D0 delel(fur] + Jurr)? < O |Dolluol?,

eeg(i),eLei eeg(i) elLe; o€

/ int?
e=olo e=olo’ CTUT

so that

RO (9w, 0,w)| < Chllpll e |wlly e oVl e olll z2(ye-

This concludes the proof of (3.5.3). O

Lemma 3.5.2 (Estimate on the time translates of the velocity). Let u € X¢ 5 and p € Yy s
and let T > 0 then

T—1
[ [ otutter)—uo)? e at < Coperlillm eiom (el pas, oy +DVFF T (356)
where Cy,. 7 > 0 only depends on T and on the regularity of the mesh ny.

Proof. As in [64] we use the Lions compactness argument and follow the proof of the continuous
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case, see e.g. [6, pages 444-452]. Let w = u(-,- +7) — u. We wish to estimate the term

A= /T T/ w(t +7) — p(t)u(t)) - w(t) dt:/OT_T(Al(tHAQ(t)) dt, with
Ay(t) = /Q (p(t + Tyult +7) — p(tyu(t)) - wit) dt,
Ag(t) = /Q (p(t) — p(t + 7)) u(t +7) - w(t) dt.

Let us first remark that

(p(t +T)u(t +7) — p(t)u(t)) - w(t) = ! o (P — py M) | (t)
n;tn €(L,t+7

so that, thanks to the momentum equation (3.3.2¢), we have A;(t) = A11(t) + A12(t) + A13(t) +
A14(t> with

Aia(t) 575 Vep™ ™ (t) X(tt4+7) (tn)s
Ay(t) = — Zat /Q At - w(t) X(opsm(tn),
n=1
N—-1
Apy(t) = Z(St /CE (n L) g (L)) (1) (1) X(t,t47) (tn)-
n=1 Q

It is easily seen that

T—1
/0 An(t) < CVTIfll 20,2 )1l L2002 )

Moreover, thanks to the discrete duality property and the fact that w is discrete-divergence-free,

we have Aj2(t) = 0. Next we write that

/ A . (t) = _/ Veu" ) Vew de < [|u
Q Q
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and therefore,
T—
/0 Agz(t) < (57 + 4575)““”%2(0,T;H5,0)

Let us now turn to the term Aj4(t). We have

N-1
Ara(t) < llpll@xory Y S V1740 llw(®)[l1.e.0X (47 (En)-

n=1
Therefore, by the Cauchy-Schwarz inequality,
N-1

T—1 T—1
| 40 at < lollmanomy 3 ey [ 1000030, -ra ()

n=1

< ol zoe@x o) VIl 720 7. Loy 1l 20,788 o)

Let us now turn to the term As. As for Ay, we write that

(olt +7) — pult +7)-w() = 3 (" p )t 7))
n;tn €(t,t+7)
N-1 :
= Z (p(n+1) - p(n))u’(t + T) ’ w(t)x(t,t+T) (tn)
n=1

Thanks to the discrete mass equation (3.3.2b), we have:
Z 5t/ divae(p" U u(t + 7) - w ()X (14 (En) Z 5tls,

with I, ; = / divac (P ) w(t + 7) - w(t) dz. For ¢ and n fixed, we now obtain a bound
Q
for I,;. We skip the index (n + 1) and we set v = u(t + 7). By definition of the discrete

divergence operator, we have:

Z | | Z |o|potiK o Z | DK o|VK o WK &

KeM o€EEK o€l

:% Z Z lolpouK .o Z VK o WK,o

KeM \oc€elk o€l
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Reordering this sum, we obtain, with ¥, = v,w,
d

L < 3 lolloollusl(S Tog),

0E€Lext j:l
o=K|L

with, if o € &;,

1
Toi = §(|¢a — Yop | + Vo — Vo, |), ok € ExkNE;, 0, € ELNE;

and for j # i,
1
Ta,j = 5 Z |¢0K - %L\-
O'KESJ'QSK,
ULGE]'OEL,
oxor//e
We now remark that for all 01,09 we have ¥y, — Vo, = Vo, (Wo, — Wey) + Wey(Vey — Vo).

Using the upper bound of p, the regularity of the mesh and Holder Inequality (noting that
(1/24+1/6 4+ 1/6) < 1), we obtain, for some C only depending on the regularity of the mesh
and the upper bound of p,

Ing < Clu ooy ([t + 7)ll s llw(t), 1e.0 + w@®)l o) lult + 7)l1e0

< Cllu™ ooy (lult + 7)1 2o ) + lw @)1 g0 + lw®)l o) + llut + 7)1 e.o-

The Cauchy-Schwarz Inequality gives

N-1 N-1 N-1
D ot po@) Xt (tn) < O St [7e0) > (D dtx e ()
n=1 n=1 n=1

< Jlull 2 ooy (T + 68)12.

Then,
As(t) < Cllull 2o sy (7+0) V2 ([alt-47) 2wy w13 £ o+ [w(0) 12w +lat+7) ).

Since the L?(0,T; L%(£2))-norm of w is bounded by its L*(0,7T; He ), we obtain the desired
inequality.

O]

Theorem 3.5.3 (Convergence of the scheme). Let (6ty)men and (Dm)men = (M, Em)men be
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a sequence of time steps and MAC grids (in the sense of Definition 2.2.1) such that 6t,, — 0 and
hy,, — 0 as m — 400 ; assume that there exists n > 0 such that ny,, < n for any m € N (with
v, defined by (2.2.2)). Let (pm,um) be a solution to (3.3.2) for 6t = 6t,, and D = D,,. Then
there exists p with pmin < p < pmax and @ € L?(0,T; E()) such that, up to a subsequence:

- the sequence (Wm)men converges to @ in L2(0,T; L2(Q)%),
- the sequence (pm)men converges to p in € L?(0,T; L?(2)),

- (p,u) is a solution to the weak formulation (3.1.6) and (3.1.7).

Proof. We proceed in six steps.
First step: Weak convergence for p.
By (3.4.1), there exists a subsequence of (pm)men, still denoted (ppm)men, which converges

star-weakly to some function p in L*(2 x (0,7)), i.e.:

m—0o0

T T
lim /0 /me(w,t)go(a:,t) de dt :/0 /Qp(a:,t)cp(w,t) de dt, Ve e L'(Qx(0,7)). (3.5.7)

Furthermore, an easy consequence of (3.4.1) and (3.5.7) is the non-negativity of the integrals

T T
/0 /Q(p(a:,t) — Pmin) XA(2, t) dz dt and /0 /Q(Pmax — p(x,t))xa(z, t) de dt,

for any borelian set A of Q x (0,7), which is equivalent to pmin < p(x,t) < pmax a.e. in
Q2 x(0,7).

Step 2: compactness in L2(0,T; L?(2)%).

The second step consists in applying [32, Proposition 4.47 and Theorem 4.53] which we recall
in the appendix in Proposition 4.0.7 in order obtain the existence of subsequence of (U, )men
which converges to @ in L2(0,T; L2(Q)%). In our setting, we apply Proposition 4.0.7 with p = 2;
the Banach space B of is LQ(Q)d, and the spaces X,,, consist in the space Hg, , ¢ endowed with
the norm defined in (3.3.4). By [22, Theorem 14.2] and the Fréchet-Kolmogorov compactness
theorem (see e.g. [22, Theorem 14.1]) we obtain that (X,,)men is compactly embedded in B in
the sense of Definition 4.0.5. We now check the three assumptions (1), (2) and (3) of Proposition
4.0.7: By Lemma 3.4.4, the sequence ||wm 110,71, ) 18 bounded, and thanks to the discrete
Poincaré inequality, we also have that is bounded in L2(0, T; (L?(2)%)); furthermore, Thanks
to the estimates (3.4.7) and to Lemma 3.5.2, there exists C' > 0 independent of m such that

|t (- + T) = w207 2(0)) < (7Y% + 6t)
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Hence, Proposition 4.0.7 applies and there exists @ € L?(0,T; (L?)?) such that, up to a subse-

quence,

Uy — @ in L (0, T; LZ(Q)d) as m — +oo.

Step 3 : Passing to the limit in the mass balance equation Let us show that (p, )
satisfies (3.1.6). Let ¢p € C°(Q2 x [0,T)), taking w,(,?) = Py, (-, tn) € Ly as test function in
(3.3.8), multiplying by d0t,, and summing for n = {0,..., Ny, — 1} (with Np,dt,, = T'), we get:

Nm—1 Nm—1
Z 5tm/ 5tp("+1 @ZJ(”) dx + Z 5tm/ divyy,, pu)(”+1) (N (n) Qg = Tim +Tom =0,
n=0 n=0

with

N-1
T m = Z Z ]K\(pg?H) — p%))wg) and Ty, = Z ot Z w Z Ia n+1),

n=0 KeM = KeM el (K

where we have dropped the subscript m for short. Performing a discrete integration by parts

in 11, we get:

+1

) _ w(n)
Ty =— Zét S ol W) S 00,

n=0 KeM KeM

so that

T
T == [ [ ol 0m(e.t) dw i~ [ o0 (@)im(2,0) da
0o JO Q
The boundedness of pg and the definition of the initial conditions for the scheme ensures that
the sequence (pg))meN converges to pg in LI(Q) for all ¢ € [1,00). Since, the sequence of
discrete solutions of the interpolate time derivatives 041y, converges uniformly towards 0,1, we
thus obtain:

T
lim Ti,, = /0 /Qp(az,t)atgb(az,t) de dt — /Q,oo(:c)qﬁ(:c,()) de.

m—0o0

Using the expression of the mass flux Fx , and reordering the sum in 75, we get:

d N-1

n n g n n
Tan==33 60 S IDala Ll - o),

=1 n=0 " ;_K|ree’)
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We decompose the sum in two terms, 75 ,,, = T2, + Ra, with

d N-1
n+1) n+1)y (n+1 |0" n n
Tom =320 3 (Dwalofe™ +IDrold iV p k) - o)
=1 n=0 —K‘LES(Z)

int

T
= _/ / pm(w,t)um(a:,t) : szm(w,t) de dt,
0 Q
and

n+1 n+1 ’U| n n
)]ug(,cr)|DU|( (L)_ g())

d N-1
Ron == > 0t > [IDalof=|Dralpic™ ~IDrs
=1 n=0

o=K|Lee!?)

int

Since py,, converges to p weakly in L™ (2x (0, 7)) for r € [1,4+00), that Ve, converges uniformly
to V4, and that u,, converges to @ in L?(Q x (0,T))?, we have Therefore

lim 75, = / / x,t)u(z,t) - Vip(x,t) de dt.
m—0

Thanks to the upwind choice (3.2.4) for p,, the remainder term R5 ,,, can be bounded as follows:

[Rem] < ZétZ S lollpf ™ — b D — )|

n=0 =1 68<)

int

o=K|L

Therefore, thanks to the Cauchy-Schwarz inequality and the weak BV estimate (3.4.5), we have:

Ra | < ZétZ S ol - DRl

=l seelh)
oc=K|L
1
Z&Z > lolles — ) Pl )) 2
Loeel
o= Klr\lL
1
Z&Z S ol — P Pl 2.
oeel!)

int

oc=K|L
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By regularity of v, we then have

N—-1 d
Rol < VEC/hn(3 6t S [DyflulV))?
n=0 i=1 __¢0)

int

o=K|L

< \/5C¢T|Q] V hm”umHLQ(Qx(O,T)'

Therefore, | Ry | — 0 as hy, — 0.

Step 4 : Strong convergence of p. Let us now show that the density converges strongly
in L2. In fact, the proof is the exact same as that of [58, Proposition 8.6] and we give it here
for the sake of completeness.

Since (pm)men is bounded in L (2 x (0,7)), it is sufficient, by interpolation, to prove the
strong convergence of p,, towards p in L?(Q x (0,T)). From the L> weak star convergence of

pm, we also get that p,, converges weakly in L2(Q x (0,T)), and therefore

120l 2% (0,7)) < limin frnen|lpmll L2@x 0,1))-

By (3.4.4), we have for all n in {0,--- ,N —1}:

n+1 0
STIEIPET? < 3T K1) < llpol2e(q).
KeM KeM
which yields Hpm(.,t)H%Q(Q) < Hpo(.,t)H%Q(Q) for all t € (0,7) and m € N. Moreover, since
p is a solution to (3.1.6), one has p € C°(0,T;L*(Q)) and [|p(.,t)llz2() = llpollr2q) for all
€ (0,7)[17]. Therefore, we have Hpm(.,t)HQLQ(Q) < Hﬁ(.,t)H%Q(Q) for all t € [0,T) and all m € N.
Integrating this last inequality for ¢ € [0,7T), we obtain Hpm||%2(gx(0 ) < ||ﬁH%2(Q><(O 7)) for all

m € N, and passing to the limit as m goes to infinity yields:

hfffup lomllz2@x 0,1)) < 18]l L2(@x (0,1))-

This proves that limy, oo |om|l 2% (0,7)) = [1AllL2(@x (0,r)) Which in turn yields that py, con-
verges strongly to p in L?(Q x (0,T)).

Step 5 : Passing to the limit in the momentum balance equation Let us then show

that (p, ) satisfies (3.1.7). Let ¢ € C(Q x [0,7))¢, such that divep = 0. By Lemma 2.3.3,

we have divaﬁsgmcp(-, tn) = 0, and so we can take go,(g) = ﬁsgmgo(~, tn) € E¢ as test function in

(3.3.9) ; multiplying by dt,, and summing for n = {0, ..., N,, — 1} (with N,,,0t,, = T), we then
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get:
Np—1
> Gtm [/ B(pu)n ) - o) da + be ((pu) i, it o)
n=0

+/ Veul ™ : Vel d / FID o dz| =
Q

d
which is equivalent to Y [T + 74" + T3 + T{""] = 0 with
=1

N-1
Ty Z > / S(pu) Ve da, T =3 ot b ((pw) Y, u Y, ),
n= Ogeg() n=0

Z 5t (n+1)7 ¥ m]l ™0 Z 5t/ n—H n) d.

where we have dropped the subscript m for short.
Let us first pass to the limit in the time derivative term Tl(zn); we have

n+1) LD ), (n)

to PD, %o - (n)
Z‘St PORLNE 5 o

= oe&d)
n+1 n
. (+1), (n 1) (3 — oy (0),0) ,(0)
- X0 X ol e D 5 o
n=0 ocee® océd)

Thanks to the definition of the quantity pp, we have:

(n+1) (n)
Zét S (Do loEH) + Dyl g =)
= oeg®

= > (IDkolpl + 1D oo )ul o
ceed

T
—/ /pm(w,t)ul-7m(:1:,t)5t<pi7m(a:,t) dz dt — / pgg)(w)ug%(w)gog%(w) dz.
0 Q Q

) )

The sequence (pm)men converges (up to a subsequence) to p weakly in L2(Q x (0,7)) as m —
400, and the sequence (w; ,)men converges (up to a subsequence) to u; in L2(Q x (0,7T)); since
Oti,m converges uniformly towards 0;p;, we may thus pass to the limit in the first integral. In

addition, from the initialization of the scheme and the assumed regularity of the initial data
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(0) )

i,m

(i.e. pg € L*(Q) and ug € L(9), ,052) converges to po in L1(Q) for all ¢ in [1,00) and (u
(0)

converges to u; o in L(Q) for all ¢ in [1, 2]; since Pim converges ©i(-,0) uniformly, we may also

pass to the limit in the second integral. Hence,

ZTI(T - — / / x, t)u - Orp(z,t) dae dt — / po(x)up(x) - p(x,0) de, as m — .
Q

By Lemma 3.5.1 and thanks to the estimates 3.4.8,3.5.3, we have

165 (o) D, D), o)y — b0 (pu) D D o) = 0 as n — 4o,

and therefore lim T2(T) = lim TQ( z) with
m——+oo 7’ m——+oo
N-1
T = 37 6t b (pu) o, ul Y, o)
n=0
N-1

n n+1 ~(2)\(n
ot > 6 ST Jolel V) wE Y (@l
KeM

n=0 cel(K)

where we recall that 90%)1 = % ((p(n) + 90( )> with 0,0’ € &(K)NE®. By a change of summation,

we thus get that

~ — 1 N .
TP =300t >0 lolpfrtuig s @) (o} - o)
J=1n=0 " ;_girLeel)
T
- - ﬁm,iﬂm,ium,j6j80m,i dz dt,

where p,; = Z Z P((an)X[tn,th)XDo and @, ; = Z@En)X[tn,th)- By Step 5, pp, tends
n=0 ;cel®) n

int

to p in L%((0,T) x Q). Thanks to the upwind choice, the values py,; on the D, are equal to
(pm) K ot (pm)L, so that py,; also tends to p in L%((0,T) x Q) as m — +oo, and therefore
almost everywhere up to a subsequence. By Lemma 3.4.1, p,; is bounded in L*°((0,7) x Q).
By Step 3, u, ; converges (up to a subsequence) to @; in L2((0, 7)) x 2). Thanks to [33, Lemma
3.6], iy, j also converges to i in L?((0,T) x ). Moreover, d;¢., ; converges uniformly to 9;¢p;.

Thus, by the dominated convergence theorem, up to a subsequence, Py, ilm, iUm,j0j¢m, tends
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to piiju;0jp; in L1((0,T) x Q) as m — +00, so that

T
lim 7™ :/ /pUjUiangi de dt,
’ 0 Ja

m——+00

which concludes the proof of convergence of the non linear convection term.

The diffusion term reads

[, o o = [unth, @i ] g0+ [ul T, ) — @t V] ¢ .

m m m m m

By an easy adaptation of the proof of [22, Theorem 4.2], we get that

Npm—1 T
Z St [uln Y, <P$:LL+1)]17570 — / / Vu - Ve dz dt as m — +oo.
n—0 0 Q

Moreover, thanks to the regularity of ¢,

[ ™, G — oWl < StmColluly ™

1,£,0

where C, depends only on ¢. We thus get that

Ny, —1
Z 5tm[U$§+1),<P5§+1) — 90%)]1,5,0 — 0 as m — +oo.
n=0

Finally, we have

/Qféﬁf” (@) — @ty da < StCL|| £ (- tns1) || 2() — 0 as m — 400,

so that
Np—1

T
Zétm/fs(n+1)-cp,(fll)dm—>/ /f-cpda:dtasm—>+oo.
n=0 o ™ 0 Q

Step 6: Regularity of the limit.

Thanks to [22, Theorem 14.2] the sequence of normed vector spaces (He,, o, || - [|1,6,,,0)meN
is L2(Q)%limit-included in Hg(Q)? in the sense of Definition 4.0.9. We have u,, — @ in
L%(0,T,L*(9)) as m — oo and ([lwmllr20,78¢,, o))men is bounded thanks to Lemma 3.4.4.
Therefore Theorem 4.0.10 applies and @ € L2(0,T; H}(2)?). We then remark that diva = 0
adapting the proof that diva of the stationary case (see the proof of [33, Theorem 3.8]), we get
that u € L%(0,T; E(Q)).
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CHAPTER 4

APPENDIX: FUNCTIONAL ANALYSIS

We first give a consequence of the Kolmogorov theorem which can be found in [22, Theorem

3.10] (we give it for the sake of completeness).

Theorem 4.0.4 (Compactness of a bounded sequence and regularity of the limit). Let Q@ be
an open bounded set of R with a Lipschitz continuous boundary, d > 1, and (Uun)nen @ bounded
sequence of L2(Q)). For n € N, one defines Uy, by tn = u, a.e. on § and i, =0 a.e. on

RY\ Q. Assume that their exist C € R and {h,,n € N} C Ry such that h, — 0 asn — oo and
(- +€) = TullZaqga) < Clel (0l + ha),  VE € R,

Then (un)nen is relatively compact in L*(Q). Furthermore, if u, — u then u € HE(Q).

Definition 4.0.5 (Compactly embedded sequence of spaces). Let B be a Banach space; a
sequence (X,,)men of Banach spaces included in B is compactly embedded in B if any sequence

(Um)men satisfying:

® Uy € Xy, (Vm €N),

e the sequence (||um||x,,)men is bounded,
is relatively compact in B.

Definition 4.0.6 (Compact-continuous sequence of spaces). Let B be a Banach space, and let
(Xom)men and (Yi)men be sequences of Banach spaces such that X, C B for m € N. The

sequence (X, Yy, )men is compact-continuous in B if the following conditions are satified:
e The sequence (X,,)men is compactly embedded in B (see Definition 4.0.5),
e X,, CY,, (for all m € N),

91
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e if the sequence (Um )men is such that u,, € X, (for all m € N), (||um ]| x,, )men is bounded
and ||umlly,, — 0 as m — 400, then any subsequence of (u,)men converging in B

converges to 0 (in B).

Proposition 4.0.7 (Time compactness with a sequence of subspaces). 1 < p < 400, T > 0.
Let B be a Banach space and (X )nen be a sequence of Banach spaces compactly embedded in
B (see Definition 4.0.6). Let (um)men be a sequence of LP((0,T), B) satifying the following

conditions
1. The sequence (Um)men s bounded in LP((0,T), B).
2. The sequence (||uml| L1 ((0,1),x,,))meN is bounded.

3. There exists a nondecreasing function from (0,T) to Ry such that limy,_,o+ n(h) = 0 and,

for all h € (0,T) and m € N,
T—h
/0 et + ) — e (8) [yt < (R).

Then, the sequence (Um)men s relatively compact in LP((0,T), B).

Proof. In order to apply Kolmogorov’s theorem (see e.g. [32, Theorem 4.38], we only have to
prove that for all ¢ € C°(R, R), the sequence { fOT umpdt, m € N} is relatively compact in B.

Let ¢ € C°(R,R). For m € N, one has, with ||¢||, = max.er |p(t)],

T
|| /0 ]|, < Illulltmllzr (07,0

Then, since the sequence (||umllz1((0,7) x,,))men is bounded, the sequence {HfOT umpdt|| x,, ,
m € N} is also bounded. Therefore the sequence { fOT umpdt, m € N} in relatively compact in
B. O

The following theorem is proved [8] and is a generalization of a previous work carried out

in [37].

Theorem 4.0.8 (Aubin-Simon Theorem with a sequence of subspaces and a discrete deriva-
tive.). Let 1 < p < oo, let B be a Banach space, and let (Xp)men and (Yo )men be sequences
of Banach spaces such that X,, C B for m € N. We assume that the sequence (X, Ym)menN 18
compact-continuous in B. Let T > 0 and (u(™)en be a sequence of LP(0,T; B) satisfying the

following conditions:
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e (H1) the sequence (u(™) ey is bounded in LP(0,T; B).
e (H2) the sequence (”u(m)HLl(O,T;X,,L))mEN is bounded.
e (H3) the sequence (||5tu(m)HLP(O,T;ym))meN is bounded.
Then there exists u € LP(0,T; B) such that, up to a subsequence, ul™ — u in LP(0,T; B).

Definition 4.0.9 (B-limit-included). Let B be a Banach space, (X,,)men be a sequence of
Banach spaces included in B and X be a Banach space included in B. The sequence (X,,)men
is B-limit-included in X if there exists C € R such that if « is the limit in B of a subsequence

of a sequence (U, )men verifying u,, € X, and ||un||x,, <1, then v € X and [ju|x < C.

Theorem 4.0.10 (Regularity of the limit). Let 1 < p < oo and T > 0. Let B be a Banach
space, (Xm)men be a sequence of Banach spaces included in B and B-limit-included in X (where
X is a Banach space included in B). Let T > 0 and, for m € N, Let u,, € LP(0,T; X,,). We
assume that the sequence (||um| rr(0,1;x,,))men s bounded and that um, — u a.e. as m — oo.

Then u € LP(0,T; X).

Proof. Since w,, — w in LP((0,7),B) as n — 400, we can assume, up to subsequence, that
u, — u in B a.e..

Then, since the the sequence (X, )nen is B-limit-included in X, we obtain, with C' given by
Definition 4.0.9,

Jullx < Climin unx, ac.

Using now Fatou’s lemma, we have
T T T
/O lu(®)|%dt < C* /0 tim inf [ (1) %, dt < C7 lim inf /0 lun (8) % .

Then, since (||un |l zr((0,1),x,.))nen is bounded, we conclude that u € LP((0,T), X). O

The following theorem follows from standard arguments of the topological degree theory
(see [14] for an overview of the theory and e.g. [21, 31] for other uses in the same objective as

here, namely the proof of existence of a solution to a numerical scheme).

Theorem 4.0.11. Let N and M be two positive integers and V = RN xRM xRN . Letb € V and
f(.) and F(.,.) be two continuous functions respectively from V and V x [0,1] to V satisfying:
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2. Ya € [0,1], if an element v of O (the closure of O) is such that F(v,a) = b, then v € O,

where O is defined as follows:

0={(z,y,2) €V s.t. Co <z < Cy and |ly||m < C2 and |||y < Cs3}

where, for any real number ¢ and vector x, the notation x > ¢ means that each component

of x is larger than ¢ ; Co , C1 , Cy and Cs are positive constants and ||y||ar and ||z||n are

two norms defined on RMand RN respectively,

3. the topological degree of F(.,0) with respect to b and O is equal to dy # 0.

Then the topological degree of F(.,1) with respect to b and O is also equal to dy = 0 ;

consequently, there exists at least one solution v € O to the equation f(v) =b.
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