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Introduction générale

Les écoulements multiphasiques suscitent depuis longtemps un réel engouement de la part des
industriels et des scientifiques. Leur champ d’applications est trés vaste de par la richesse de la
physique qu’ils contiennent, il touche d’ailleurs la plupart des secteurs industriels. Les capacités
informatiques étant aussi en plein essor, la simulation numérique de ces écoulements complexes
devient de plus en plus abordable.

Les écoulements qui suscitent notre intérét mettent en jeu des phénomenes complexes et divers.
Généralement, les vitesses et pressions sont élevées. Dans le cas d’une explosion par exemple, la
vitesse du gaz peut atteindre des valeurs de I'ordre de plusieurs milliers de m/s, et la pression du
milieu peut étre de plusieurs centaines de milliers de Bars (Figure A). Les secteurs de la Défense et
du Spatial sont ainsi particulierement visés.

Figure A : Explosion d’une charge initialement placée dans du sable.

Ces conditions extrémes s’accompagnent de la propagation d’ondes de choc, de détente, de
discontinuités de contact, d’ondes de détonation, de transition de phase,... Les phénomenes de
propagation sont ainsi tres présents et la modélisation envisagée doit nécessairement reposer sur
des équations hyperboliques. En effet, les phénomenes de propagation ne peuvent étre reproduits
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par des modeles non-hyperboliques, bien que ceux-ci soient encore largement utilisés dans certaines
communautés.

La simulation d’écoulements en conditions extrémes nécessite aussi la prise en compte de la
compressibilité d’au moins un des fluides qui constituent le milieu. Il en est de méme pour I'étude de
phénoménes tels que la transition de phase rapide (cavitation et flashing) pour lesquels une
approche incompressible serait tout-a-fait inadaptée.

Nous nous intéressons de plus au traitement des interfaces entre fluides ainsi qu’aux milieux en
déséquilibre de vitesse. Un exemple simple permet de comprendre ces motivations.

Prenons le cas d’une charge explosive cylindrique composée d’un gaz dense pur et entourée d’'une
couche d’eau liquide. L'ensemble gaz dense — eau liquide est placé a I'air libre (Figure B).

Gaz dense (1500 kg /m’)
Chambre haute-pression (7000 MPa )

Eau liquide (1000 kg / m’)

Pression atmosphérique (.1 MPa )

Gaz (1kg/m’)
Pression atmosphérique (().1 MPa )

Figure B: Représentation schématique d’une explosion cylindrique gaz-liquide

Nous sommes initialement en présence de deux interfaces séparant des fluides purs :

- gazdense / eau liquide

- eau liquide / gaz a pression atmosphérique
Dans les premiers instants de I'explosion, le fort gradient de pression implique la déformation et la
propagation de ces interfaces. Leur suivi est par définition indispensable a la bonne compréhension
du phénomene étudié. De plus, en chaque point de I'écoulement, une seule vitesse est a considérer :
celle du fluide pur présent localement.
Au bout d’un certain temps, I'eau liquide qui était jusqu’alors considérée comme une seule et unique
masse de fluide pur se transforme petit a petit en un nuage de gouttes sous la violence de
I’écoulement. Le brouillard obtenu (mélange Gaz — Eau liquide) nécessite alors la connaissance des
vitesses de chacun des fluides. En effet, chaque volume infinitésimal considéré au sein de
I’écoulement est alors constitué d’'un mélange de 2 fluides, chacun avec sa propre vitesse (Figure C).

o Q

o
Q 9
e, ‘ o 09 °q <
9
97 9 q 9 qv
Q 9 ° 9
on 9
° 9
° Q o
o
9 9 9 q
- Ve g 9 Q
Etat initial Q o o9 °
Temps courts Vqqt o
(Déformation et propagation 90 °
des interfaces) Temps longs

(Apparition d’un brouillard)

Figure C: Devenir des interfaces gaz/eau dans le cas de I'explosion d’une charge cylindrique placée a I’air libre.
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Ainsi, il est nécessaire d’opter pour un modele multi-vitesses capable de traiter correctement la

déformation, propagation et création d’interfaces.

Deux types de méthodes numériques se distinguent pour le traitement des problémes a interfaces.

Méthodes a diffusion nulle ou quasi-nulle

Elles sont pour la plupart basées sur la localisation de I'interface.

Certaines de ces méthodes considerent des maillages mobiles (méthodes Lagrangiennes
(Benson, 1992) et ALE (Farhat et Roux, 1991)). Cependant, de nombreuses complications
apparaissent dans le cas d’interfaces fortement déformées ou lors d’apparition de nouvelles
interfaces.

Les méthodes de « Front tracking ». Le caractéere conservatif des équations est cependant
mis en défaut dans les problémes 2D et 3D.

Les méthodes de « Reconstruction d’interface » donnent apparemment de bons résultats
mais ne sont pas (ou peu) adaptées au traitement des écoulements compressibles.

Enfin, les méthodes Level Set (Mulder et al.,, 1992) donnent des résultats visuels
remarquables mais restent non-conservatives.

Les méthodes a diffusion quasi-nulle présentent des avantages évidents, mais les pertes de

conservation dans les cas 2D et 3D, ainsi que I'importance des temps de calcul et de développement

nous incitent a opter pour le type de méthode qui suit.

Méthode autorisant la diffusion numérique de I'interface

Dans cette approche, une ou plusieurs interfaces sont susceptibles de traverser une cellule de

discrétisation du domaine. Dans ces mailles dites de « mélange », plusieurs fluides cohabitent avec

leur propre thermodynamique (Figure D). Il est par nature impossible de construire des parameétres

d’état pour ces cellules par une simple moyenne des paramétres thermodynamiques des fluides purs

qui la composent. En effet, des problémes numériques importants résulteraient de cette approche,

comme des oscillations de vitesse et de pression aux interfaces ou plus simplement I’échec du calcul.

Gaz

/_,_\

/
[
\ Liquide

~

Figure D : Mise en évidence de I'existence de mailles de mélange traversées par une interface. Ici, cas d’'une

interface liquide/gaz sur un maillage fixe.

Pour compenser cela, il s’agit de considérer des modeéles eulériens diphasiques introduisant

explicitement la notion de volume partiel occupé par chaque fluide. Une équation de transport de la
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fraction volumique de chaque fluide (rapport entre le volume occupé par le fluide et le volume du
mélange) est alors considérée. Le choix de cette approche implique certes la représentation de
I'interface par une zone diffuse, mais la mise en ceuvre informatique est beaucoup plus simple et
robuste que les méthodes a diffusion nulle.

Le modeéle eulérien diphasique compressible de référence est celui de Baer & Nunziato (BN) (1986).
Ce modele hyperbolique est le plus général possible, chaque fluide possédant sa propre densité,
vitesse et pression, évoluant dans son propre sous-volume. Au-dela du traitement des problemes a
interfaces, cette approche peut étre reprise dans des domaines divers. La formulation multi-vitesses
permet le traitement d’une large gamme d’applications (écoulements a bulles, brouillard, milieux
granulaires,...).

Le présent travail de these s’intéresse donc particulierement au modéle de Baer et Nunziato (1986),
a sa résolution numérique, aux écoulements hors d’équilibre des vitesses ainsi qu’aux interfaces
entre fluides.

Dans le domaine des méthodes numériques, de nombreuses contributions (Andrianov and Warnecke
(2004), Schwendeman et al. (2006), Deledicque and Papalexandris (2007), Tokareva and Toro (2010),
...) ont été apportées dans le cadre de I'’étude du probléme de Riemann pour le systeme de Baer et
Nunziato.

Ce modele présente une particularité qui rend complexe la recherche de méthodes numériques
permettant de le résoudre. Les interactions entre phases sont en effet décrites par des termes non-
conservatifs. Notons d’ailleurs que le respect des conditions d’interface est assuré par la présence de
ces termes.

Les équations écrites pour chaque phase en termes de variables conservatives ne se présentent donc
pas sous forme conservative. Il est alors difficile de définir sans ambiguité les relations de Rankine-
Hugoniot appliquées aux chocs et de déterminer la discrétisation appropriée des termes
correspondants.

La plupart des solveurs de Riemann précités se basent sur des solveurs a 6 ondes avec une méthode
de régularisation pour I'onde interfaciale, celle-ci étant en effet dégénérée dans le modéle BN.

De plus, a la connaissance des auteurs, il n’est pas assuré que ces solveurs soient suffisamment
robustes dans le cadre d’écoulements en conditions séveres. Nous prendrons pour exemples les
détonations et explosions en présence d’importants gradients de fraction volumique (cas des
interfaces), et d’'importants gradients de pression.

Pour surmonter cette difficulté, la Méthode des Equations Discretes (DEM) a été proposée par
Abgrall et Saurel (2003). Contrairement aux approches citées précédemment, la DEM ne se base pas
sur un systeme donné d’EDPs. Dans cette méthode, la maille diphasique est divisée en deux sous-
volumes, chacun correspondant a une phase donnée. Sur chaque bord de maille, le probleme de
Riemann pour les équations d’Euler est résolu. Ces solutions sont ensuite moyennées dans chaque
sous-volume et sont a 'origine d’un systéme d’équations discrétes. Le passage a la limite continue
(Saurel et al., 2003), lorsque les pas de temps et d’espace tendent vers zéro, permet I'obtention
d’une variante symétrique du modeéle BN. Le terme « symétrique » signifie que les indices des phases
peuvent étre inversés sans pour autant modifier la formulation finale du modeéle.



La robustesse et la précision de la DEM ont été vérifiées dans le cadre d’écoulements a interfaces
(Abgrall and Saurel, 2003), ondes de détonation dans les explosifs hétérogenes (Chinnayya et al.,
2004), chocs en milieux multiphasiques (Saurel et al., 2007),...

Cette robustesse a pour origine le « bon » calcul des produits non-conservatifs, via I'étude d’un

oa
probléme physique de diffraction d’ondes. Ces termes non-conservatifs sont par exemple U, & ou

oa
R&, ou U, et P| représentent respectivement les vitesse et pression d’interface, et O la fraction

volumique de I'un des fluides . Lorsqu’une onde de choc interagit avec une discontinuité de fraction
volumique, U, et P| peuvent étre des fonctions de Heaviside, alors que le gradient de O peut étre

un Dirac. Lors de l'interaction, le choc est diffracté en un choc plus faible transmis et une onde de
détente réfléchie, permettant ainsi de considérer les pression et vitesse constantes dans la zone
diffractée (Figure E). Le produit d’une constante avec une fonction Dirac (gradient de fraction
volumique) est ainsi bien défini et les termes non-conservatifs perdent toute ambiguité.

B, =cst,u; =cst

X

Figure E : Diffraction du choc a l'interface en un choc plus faible transmis et une onde de détente réfléchie

Cependant, cette méthode n’est pas simple a implémenter et implique des temps de calcul quelque
peu élevés. Ces deux arguments ont motivé I'étude réalisée dans le chapitre 1 au sein duquel un
solveur de Riemann diphasique de type HLLC robuste, rapide et précis est développé. Son
implémentation est simple, ce qui est trés important pour le développement d'un code
multiphasique 3D.

Un solveur de Riemann de type HLLC dans le cadre d’écoulements diphasiques compressibles en
déséquilibre total (Chapitre 1)

La méthode numérique que nous allons proposer se base sur la variante symétrique du modeéle de
Baer & Nunziato proposée par Saurel et al. (2003) et obtenue dans le cadre de I'étude de la limite
continue des équations discretes de la DEM.

Le modele est un systéme d’EDPs hyperbolique, chaque phase possédant ses propres équations de

bilan (masse (kak), quantité de mouvement (kakuk) et énergie (kakEk), k=1,2). Une

équation sur la fraction volumique (Gk) assure le transport de celle-ci a la vitesse de l'interface. Le

modele peut s’écrire sous la forme suivante :

ou, . dF, OH,

—+—<+a,—<=0, OkO{12 A
UL {12} (A)



au,

ay ( ) —u,
(ap), apu), 0
= ; F = H, =
avee Uy (apu), | a, (pu®+ P)k —a, P | |
(apE), o (PE+P), u -a, Ry Py

Le solveur de Riemann diphasique de type HLLC que nous proposons fait évoluer 4 ondes par phase,
c’est-a-dire les trois ondes conventionnelles plus une onde dite ‘interfaciale’.

Inspirée par la Méthode des Equations Discrétes (Abgrall et Saurel, 2003), cette vitesse d’'onde U, est
supposée fonction uniquement des états initiaux et se calcule ainsi facilement a partir de ces états. Il
en est de méme pour la pression d’interface B. Les variables interfaciales U, et P sont ainsi

localement constantes dans le cadre de I'étude du probleme de Riemann.

Il n'y a ainsi aucune difficulté a exprimer le systeme (A) d’EDPs non conservatives sous une forme
localement conservative :

ou,  oF
—X 4+ X =0, OkOy12
ot ()4 {L }

A l'aide des vitesses d’onde HLLC conventionnelles et de I'onde interfaciale supplémentaire, le
probleme de Riemann faisant intervenir 4 ondes par phase est résolu selon la méme stratégie que

celle adoptée par Toro et al. (1994) pour les équations d’Euler. Comme U, et R sont fonctions

uniquement des données initiales du probléme de Riemann, le probleme de Riemann diphasique est
réduit a deux problémes de Riemann indépendants constitués uniquement de 4 ondes chacun.

Il sera par ailleurs montré que le solveur de Riemann proposé est en accord avec la seconde loi de la
thermodynamique. De plus, la méthode numérique proposée a été validée a partir de solutions
exactes et de données expérimentales et comparée a des résultats numériques issus de la DEM.

La méthode est par la suite étendue au cas 3D, dans le cadre de maillages non-structurés
tétraédriques.

La capacité de la méthode numérique a simuler des écoulements diphasiques compressibles a été
présentée et justifiée. Il est toutefois important de remarquer que le traitement numérique de la
propagation d’ondes de chocs dans un milieu hétérogene présente quelques difficultés, méme
lorsque la fraction volumique ne présente initialement aucun gradient. Les équations diphasiques
étant non-conservatives, les relations de saut sont non triviales et les conditions de choc présentées
dans Saurel et al. (2007) doivent étre imposées numériquement pour que la dynamique des ondes de
chocs soit respectée. La partie qui suit présente ainsi une méthode permettant le respect des
conditions de choc multiphasiques.



Construction d'une technique numérique pour la répartition de I'énergie d'une onde de choc dans
les différentes phases (Chapitre 2)

Lorsqu'une onde de choc (ou de détonation) se propage dans un milieu hétérogene le calcul de sa
dynamique nécessite la correcte répartition de son énergie dans les différentes phases en présence.
La difficulté principale consiste a « forcer » cette répartition au niveau discret, en accord avec les
relations de choc de Saurel et al. (2007).

Ce probleme de convergence est une conséquence de la diffusion numérique du front de choc. Celui-

ci est résolu numériguement comme une succession de faibles chocs dont le chemin
thermodynamique est différent du chemin thermodynamique qui serait suivi par le passage d’un seul

choc fort.

Il est intéressant de remarquer que le chemin thermodynamique suivi par le fluide a I'intérieur de la
couche de choc numérique et sa courbe d’Hugoniot théorique sont trés différents (voir Figure F). Ceci
est d0 a la succession de chocs faibles qui se propagent de maille en maille et qui n'imposent pas la
méme transformation thermodynamique qu’un seul choc fort (Courant and Friedrichs, 1948). Pour
chaque choc faible se propageant dans une maille de calcul, 'équation d’état est modifiée due a la
présence de la fraction volumique (variable non-conservative) dans le cas d’'un mélange. Ainsi, en un
point donné de la couche de choc numérique, il n’y a aucune chance pour que ce point appartienne a
la courbe d’Hugoniot diphasique théorique. Ceci implique que la fraction volumique est mal calculée,
imposant ainsi une erreur sur I’équation d’état du mélange. Ces différentes erreurs s’accumulent le
long de la couche de choc et I'état final n’appartient pas a la courbe d’"Hugoniot du mélange.
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Figure F : Comparaison entre le chemin thermodynamique suivi dans la couche de choc numérique (symboles)
et les courbes d’Hugoniot théoriques (trait) dans le cas d’'un mélange Epoxy-Spinel. Le chemin
thermodynamique ne suit pas les courbes d’Hugoniot théoriques et dans ce cas, I'état final n’est pas
correctement calculé.

Pour permettre la convergence de la solution, des échanges de chaleur artificiels ont été introduits
au sein de la couche de choc de maniére a répartir correctement les énergies entre phases (Petitpas
et al., 2007). Cette méthode s’est avérée présenter un certain nombre d’inconvénients.

Petitpas et al. (2009) ont ensuite proposé une méthode plus simple et efficace. Elle consiste a
corriger le chemin thermodynamique a I'intérieur de la couche de choc numérique en forgant chaque
point de la zone de diffusion a appartenir aux courbes d’"Hugoniot théoriques (Figure G).
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Figure G: Chaque point de la couche de choc numérique est forcé a appartenir a la courbe d’Hugoniot
théorique, de facon a retrouver le bon état choqué.

Pour réussir a faire cette correction, il est nécessaire de garder la « mémoire » des états initiaux non

choqués (c’est-a-dire les pressions et volumes spécifiques devant le choc) (p'k ,\/k). Ceci est assuré

par I'ajout de nouvelles équations au systeme :

dkpik - O
dt

dkvlk - O
dt

Ainsi, durant la phase de relaxation des pressions et des vitesses a l'intérieur d’'une couche de choc
numérique, il devient possible de remplacer les formes intégrales des équations d’énergie en
imposant que chacune des phases reste sur sa propre courbe d’"Hugoniot :

i
Ok, €(p.%)-&(h ,‘v)+&2pk(*y—iy)= (
En utilisant ces nouvelles relations dans la méme étape de relaxation, il devient possible de
déterminer les pressions et volume spécifiques relaxés. De cette facon, a la fin de I'étape de
relaxation, les volumes spécifiques sont en parfaite adéquation avec les courbes d’Hugoniot des
phases et du mélange en chaque point de la zone de diffusion du choc.
Cette correction doit étre effectuée dans la couche de choc seulement. Un indicateur de choc doit

alors étre utilisé pour détecter les mailles dans lesquelles un choc est présent. Ce point n’est pas
discuté dans Petitpas et al. (2009) bien que non-trivial.

Dans le chapitre 2, nous réalisons une extension de cette méthode aux maillages non-structurés 3D
et mettons en place une procédure robuste et efficace de détection des chocs.

Il s’agit maintenant de décrire I'extension de la méthode 'HLLC diphasique' (chapitre 1) a un nombre
arbitraire de phases. En effet, les applications qui nous intéressent font souvent intervenir plus de
deux milieux, un milieu étant caractérisé par une équation d'état avec son jeu de parametres. Ainsi, il
est fréquent d'utiliser le code pour décrire un écoulement faisant intervenir deux gaz et un solide,
chaque phase ayant sa propre thermodynamique.



Extension du solveur de Riemann de type HLLC au cas multiphasique (Chapitre 3)
Comme énoncé précédemment, le point de départ de la nouvelle méthode diphasique est la limite
continue du systeme d’équations discretes obtenues dans le cadre de la DEM diphasique.

La mise en place d’'un solveur de type HLLC multiphasique nécessitant la donnée d’'un modele
continu, I'idée naturelle consiste, a partir de la DEM généralisée a un nombre arbitraire N de fluides,
a chercher la limite continue du systéme discret obtenu.

De la méme maniére que dans le cas diphasique, chagque maille est divisée en N sous-volumes,
chacun correspondant a une phase donnée. Sur chaque bord de maille, le probleme de Riemann
pour les équations d’Euler est résolu. Ces solutions sont ensuite moyennées dans chaque sous-
volume et sont a I'origine d’un systéme d’équations discretes (voir Figure H — cas d’un écoulement
tri-phasique).

s b, —
\\ ......... 2 % 2
3 "
1 2 1 . :
1 . i+1/2
Cellule i

Figure H : Exemple de topologie stratifiée d’écoulement tri-phasique. De la méme maniere que dans le cas
diphasique, le probleme de Riemann pour les équations d’Euler est résolu sur chaque bord de maille et pour
chaque type de contact.

Cependant, le passage a la limite continue du systeme discret a N phases est beaucoup plus
complexe que dans le cas diphasique, la forme continue des termes non-conservatifs étant
extrémement complexe. L'idée est donc de baser la méthode multiphasique sur un modéle semi-
discret avec:

- les termes temporels et conservatifs sous forme continue,

- les termes non-conservatifs sous forme discréte.

Le modeéle multiphasique semi-discret considéré s’écrit, Ok D{l, N} :

aUk + aFk Z(hl:xt(] F*Ylag )Im,i—1/2 * Z( hl:xlil Plag )Im,i+l/2

— Im I,m
ot ox AX ' (B)
avec
a, 0
a A, P U,
Vi = akﬁk)fl:k A a, (pul+R) | Rt =(-u, 0 ROR),
kakEk ak(pkEk+R<)q<
ou:

- (l, m) D{l,..., I\} ><{ 1,...,|‘}I sont les indices des phases (1 #m),



- h|m est la hauteur du canal représentant le contact ‘I-m’ sur un bord de maille donné,

- I:X;]Im est le saut de fonction de phase suivant la direction x a travers le contact ‘I-m’,

F'—ag:* . . . . ; . ,
- im  est le flux Lagrangien solution du probléme de Riemann pour les équations d’Euler et

pour le contact ‘I-m’ sur un bord de maille donné.

Une fois les définitions posées, il s’agit de considérer le probléme de Riemann local. De la méme
maniére que les variables interfaciales U, et B dans le cas diphasique, les vitesse U, et pression
)

Im

présentes dans les termes non-conservatifs sont solutions du probléme de Riemann pour les

équations d’Euler et pour le contact ‘I-m’, et sont ainsi localement constantes. Les hauteurs h|m

sont aussi constantes pour un bord de maille donné. En gardant & I'esprit que AX =€<<1, le
systeme (B) s’écrit naturellement sous la forme localement conservative :

o R -3 (nEeny, ),

I,m

o, ,

ot 0x

=0

De plus, la constance locale des variables u’[m et P,*m permet de justifier le fait que le probleme de

Riemann pour une phase donnée est découplé de ceux des autres phases.

Une extension 3D de la méthode multiphasique dans le cadre d’'un maillage non-structuré a été
réalisée suivant le méme principe que dans le cas diphasique. Dans les Figures | et J, un exemple
d’impact de projectile en cuivre sur une cuve en cuivre remplie d’eau est présenté. Le reste du
domaine est constitué d’air quasi-pur. Dans ce cas-test, les solveurs de relaxation instantanée des
pressions et des vitesses sont activés.

Projectile
en cuivre

0.15m Eau

<« Air

D R

Cuve en
cuivre

4
v

0.22m
Figure I: Test d’'impact - état initial

Figure J: Test d’impact — Résultats numériques a différents instants.

(t=0,t=90us,t =170us t =250uset t =360uS).
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Tout ce qui précede considere les phases comme non-dissipatives, la seule dissipation apparaissant
dans les ondes de choc. Cependant, dans les écoulements diphasiques, de nombreux autres
phénomeénes dissipatifs sont présents et apparaissent aux interfaces du milieu diphasique (bulles,
gouttes, ...). Il s’agit des transferts de chaleur, de masse et de quantité de mouvement.

Le chapitre qui suit porte sur la modélisation des transferts de chaleur et de masse dans un brouillard
de gouttes ou nuage de bulles, en présence d’effets couplés de diffusion thermique et massique.

Modélisation du changement de phase de gouttelettes liquides en présence d’'un gaz multi-
constituant (Chapitre 4)

Les écoulements constitués de gouttelettes liquides dispersées au sein d’un gaz multi-constituant en
présence d’évaporation et de condensation apparaissent dans de nombreuses applications liées aux
écoulements diphasiques (combustion dans les moteurs d’automobiles ou de fusées, combustion
cryogénique,...). Le gaz peut par exemple étre composé de vapeur d’eau et d’autres espéces
chimiques telles que I'air.

L’objectif de la présente approche est de modéliser les échanges de chaleur et de masse dans le
cadre du mécanisme d’évaporation/condensation en vue d’une insertion dans le modéle
d’écoulement (A).

Le mélange considéré est constitué d’un gaz multi-constituant (g) et d’une phase liquide dispersée
(L)-

L’équation de bilan de masse de la phase gazeuse a été remplacée par deux équations d’évolution
des fractions massiques des especes composant le gaz. Le gaz est en effet constitué d’air et de

vapeur d’eau dont les fractions massiques sont respectivement définies par les variables Ygair et

Y

Par ailleurs, I'ajout d’'une équation sur le nombre de gouttelettes d’eau liquide par unité de masse

gwat*

permet la connaissance de l'aire interfaciale A, entre les phases liquide et gazeuse.

Les termes de transfert de chaleur et de masse sont implémentés en tant que termes sources. Les
inconnues relatives a ces transferts sont les suivantes:

- le débit massique de gaz M,
- latempérature d’interface 1,

- lafraction massique Y,

g,wat,|

de vapeur d’eau dans le gaz déterminée a l'interface,

- le coefficient d’échange de chaleur au sein de la phase liquide H, .

La détermination de ces 4 inconnues va résulter d’un systéme algébrique a 4 équations, fortement
non-linéaire, qui est établi dans le chapitre 4.

De nombreux efforts ont été réalisés dans cette direction, principalement dans le cadre de la
combustion de sprays diphasiques (Spalding (1953), Williams (1958), Law (1982), Abramzon et
Sirignano (1989), Abramzon et Sazhin (2005), Sirignano (2014),...).

Notre contribution suit les lignes directrices d’Abramzon et Sirignano (1989) (AS89) dans le sens ou :
- laméthode permet le calcul des effets de diffusion de chaleur et de masse a I'interface,
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- le chauffage de la gouttelette est considéré au-travers d’un coefficient d’échange de chaleur
entre l'interface liquide-gaz et le cceur de la gouttelette.

Cependant, le modele AS89 cherche en particulier a traiter la combustion de sprays. Dans de telles
situations, le changement de phase se produit comme la conséquence d’un échange de chaleur entre
le gaz chaud et la gouttelette initialement froide. Mais dans des situations différentes de la
combustion de sprays, un taux de transfert de masse non nul peut provenir de I'énergie déja
emmagasinée au sein de la gouttelette liquide.
Dans notre approche, les contraintes de saturation, la masse et I'énergie a l'interface étant liées de
maniere non-linéaire, le flashing est désormais possible alors que seule I'évaporation I’était dans les
modeles cités précédemment (Figure K). De plus, les équations a I'échelle locale (celle de la goutte)
sont en parfait accord avec le systéeme diphasique d’'EDPs moyennées en volume.

Interface
'

Figure K: Représentation d’une goutte liquide dont la température est plus grande que celle du gaz
environnant. Le modele proposé est symétrique et permet I'apparition de flashing.

Rappelons que le modele local présenté dans le chapitre 4 se base sur la configuration d’'une goutte
de liquide pur entourée d’un gaz multi-constituant composé d’air et de vapeur d’eau. La construction
du modele passe par la considération d’équations de bilan locales (conservation de la masse de

chaque espece iD{air,wa} dans une phase donnée kD{L,g} et conservation de I'énergie pour
chaque phase k).

L'intégration de ces équations sur une interface conduit a deux équations algébriques :

_ ng Mg (Yg,wat,l -Y g,watqo)
g 1-Y ’

g,wat,l

(€

- m

ou ngwpo représente la concentration de vapeur d’eau dans la phase gazeuse loin de

I'interface et ol HMg est le coefficient d’échange de masse dans la phase gazeuse déterminé

a I'aide de la définition du nombre de Sherwood.

_ Hrg (Tg,oo ‘T|) +Ho (T -T))
’ Lv,wat(TI)

ou HTg est le coefficient d’échange de chaleur dans la phase gazeuse obtenu a 'aide du

- m , (D)

nombre de Nusselt, L, ,..(T,) représente la chaleur latente de vaporisation, et oU Ty,
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représente la température de la phase K loin de l'interface. En particulier, TL,oo =T, la

température du cceur de la goutte.

Par ailleurs, l'interface est considérée a I’équilibre thermodynamique local, ce qui donne une
troisieme équation :

Mg wat I:)sat,wat(-rl) (E)
I\A/lg (Ygiwat,') P

Yg,wat,l =

3 1
1 Y, 1-Y Mg air =29%10°~ kg.mol
ol ——=—9watl = gwatl oiec i 9 et ol Py o T)) représente la

Mg Mgwar Mygar Mg wat =18% 102 kg.mor*

pression de saturation de I'eau a la température de I'interface.

Le modele algébrique local d’échange de chaleur et de masse est ainsi constitué des équations (C),
(D) et (E). Il reste a déterminer le coefficient d’échange de chaleur au sein de la phase liquide H;
qui apparait dans (D). Son obtention est basée sur la recherche d’une solution approchée du profil de
température dans la goutte (Figure L).

Figure L : Représentation schématique d’une goutte liquide divisée en 2 zones, une couche limite d’épaisseur
r, — O et une zone de cceur de rayon 0. Dans la couche limite, la température varie fortement tandis qu’elle

est supposée uniforme dans le cceur.

Finalement, un algorithme permet la résolution du systeme local d’échange de chaleur et de masse
(C)+(D)+(E) en s’assurant de respecter les différentes contraintes mathématiques et physiques qui

nous sont imposées. Nous sommes ainsi en possession des variables r'ng,T, et Y, ., qui sont

injectées dans le systéme diphasique d’EDPs moyennées en volume.

Divers cas-tests ont été effectués, la partie hyperboliqgue du modeéle d’écoulement diphasique
moyennées en volume ayant été résolue a I'aide de la méthode présentée dans le chapitre 1. En
particulier, un test OD d’évaporation simple permet de vérifier la relaxation des variables de
I’écoulement vers leur propre valeur d’équilibre. De plus, les capacités du modele a traiter la
propagation d’ondes de chocs et de détente ont été confirmées et dévoilent des résultats
intéressants. Enfin, le cas d’une charge explosive cylindrique placée a I'air libre (Figure B) a été étudié
suite a l'intégration du modele de transition de phase dans le code 3D non-structuré. Cela nous a
permis de mesurer I'impact de ce modeéle sur les résultats numériques obtenus et de nous rendre
compte de la robustesse de I'algorithme permettant de le résoudre.

13



Chapitre 1

Un solveur de Riemann de type HLLC dans le cadre
d’écoulements diphasiques compressibles en
déséquilibre total

1.1. Introduction

This paper deals with the building of an approximate HLLC-type Riemann solver for hyperbolic two-
phase non-equilibrium flows. It exists a wide range of physical and industrial applications where
phase compressibility is mandatory (detonations, phase change, explosions,...) in conjunction with
velocity disequilibrium. In this frame Baer and Nunziato (1986) type models are hyperbolic, this
property being important with respect to the causality principle. To be more precise, the present
work considers the Saurel et al. (2003) symmetric variant of Baer and Nunziato (BN) model. It
involves 7 wave speeds instead of 6, this detail having importance as will be examined further.
BN-type models correspond to hyperbolic systems of partial differential equations (PDEs) with 7
equations, each phase having its own set of mass, momentum and energy balance equations. The
seventh equation expresses the volume fraction transport, with the transport velocity u, and

involves a pressure relaxation term. Each phase evolves with its own density, velocity and pressure,
in its own sub-volume.

This type of hyperbolic system involves many fundamental difficulties for the derivation of numerical
methods. First, many non-linear waves are present (6 or 7) rendering complex the Riemann problem
solution determination. Second, non-conservative terms are present as well as stiff relaxation terms.
They both render difficult the determination of jump relations across waves.

The first Godunov type scheme developed for these equations is due to Saurel and Abgrall (1999)
where the Riemann problem solution is approximated in the two-wave HLL context. Non-
conservative terms are solved consistently with the fluxes approximation. This method is simple and
robust, but too dissipative and unable to handle steady contact discontinuities.

The BN system Riemann problem has been studied by Andrianov and Warnecke (2004) in an ‘inverse’
context as the solution is anticipated and initial data rebuilt. A 3-wave HLLC-type solver was
proposed by Li et al. (2004), restricted however to flows in mechanical equilibrium, i.e. in the limit of
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stiff pressure and velocity relaxation (Lallemand and Saurel, 2000), resulting in the single velocity
flow model of Kapila et al. (2001).

Schwendeman et al. (2006) have built a 6-wave exact-type Riemann solver for the BN model with the
help of a regularization method for the interfacial wave. Indeed, in the BN model, such regularization
is needed as the interface wave is degenerate. Deledicque and Papalexandris (2007) developed
another exact-type Riemann solver without regularization and gave existence conditions for the
solution. Dumbser et al. (2010) considered the central scheme (FORCE solver) of Toro and Billet
(2000) with the regularisation method of Parés (2006) for non-conservative terms. The method was
developed in the frame of very high order schemes in conjunction with 3D unstructured meshes,
producing impressive results (Dumbser et al., 2010). The method was improved again in Dumbser
and Toro (2011) with an upwind solver based on Osher and Solomon (1982) method with 5
intermediate states in the Riemann problem. The regularisation method of Parés (2006) was still
used for non-conservative terms. Tokareva and Toro (2010) also developed a HLLC-type Riemann
solver with 6 waves and 5 intermediate states.

Ambroso et al. (2012) considered a BN-type model with 7 waves instead of 6, resulting in an
algorithm free of regularization method. Such extended BN-type model was proposed by Saurel et al.
(2003) with ‘interfacial’ pressure and velocity estimates issued of the acoustic Riemann solver for the
Euler equations. The present contribution follows the same lines regarding this specific point. Last,
Liang et al. (2014) have reconsidered the 3-wave HLLC solver of Li et al. (2004), still in the context of
mechanical equilibrium solutions, i.e. in conjunction with stiff mechanical relaxation solvers, in the
frame of GPU computing.

Generally speaking, these methods are restricted to flows in mechanical equilibrium or to flows with
velocity disequilibrium but with extra restrictions. These restrictions can be for example low volume
fraction jumps. In the authors knowledge, there is no evidence that these solvers are robust enough
for flows in severe conditions, such as in detonations and explosions in the presence of stiff volume
fraction gradients such as those appearing at material interfaces, in conjunction with both high
velocity drift and high pressure gradients.

Aware of these limitations, another approach was developed by Abgrall and Saurel (2003). In the
aforementioned methods, the Riemann problem is considered for given systems of PDEs, as done
conventionally. A non-conventional method was derived by Abgrall and Saurel (2003) following the
basic ideas of the Godunov method for the Euler equations. The first version of the Godunov method
considers cell averaging of Riemann problem solutions. See Toro (1997) for details and Toro (1989)
for second-order extension. In Abgrall and Saurel (2003) the two-phase computational cell is divided
in two sub volumes, each one corresponding to a given phase. At each phase cell boundaries the
Riemann problem for the Euler equations is solved. These solutions are then averaged in each sub
volume and provide a set of discrete equations that correspond to some kind of two-phase Godunov
method (Discrete Equations Method — DEM). In the continuous limit, when both space and time
steps tend to zero, a BN-type model is recovered, as shown in Saurel et al. (2003). This model variant
has 7 waves, is hyperbolic, symmetric in the sense that indexes of the phase can be reversed without
changing the results, and is in agreement with the second law of thermodynamics.

The DEM method is also both accurate and robust. It has been successfully applied to material
interfaces (Abgrall and Saurel, 2003), detonation waves in heterogeneous explosives (Chinnayya et
al.,, 2004), cavitation around hypervelocity underwater bodies (Le Metayer et al., 2005), shocks in
multiphase mixtures (Saurel et al., 2007) and two-phase nozzle flows (Berry et al., 2010). A variant of
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this method was derived by Chang and Liou (2007). Its ability to deal with phase transition fronts
with the help of thermochemical relaxation solvers was demonstrated in Zein et al. (2010).

One of the reasons for this robustness is that non-conservative products are unambiguously solved
by a physical wave diffraction problem. For instance, when a shock interacts with a volume fraction
discontinuity, the product of Heaviside and Dirac functions appear. However, as soon as interaction
occurs, the shock wave is diffracted in a weaker transmitted shock and reflected expansion wave
(local Riemann problem of the Euler equations). As the pressure and velocity in the diffracted region
are constants, the product with the Dirac function (volume fraction gradient) is unambiguous. This
remark is at the core of the treatment of non-conservative terms with the DEM.

However, this method is not so easy to implement and is quite computational expensive. These two
arguments are the motivation of the present work where a simplified method, easier to implement,
faster and even more robust is developed.

From the DEM, we have learnt an important fact: The interfacial velocity is fairly approximated as a
function only of the initial data at phase contacts separating two phases (contacts 1-2 or 2-1) as
shown in Figure 1. In this figure, the interface velocity is determined as solution of the Riemann
problem for the Euler equations, with initial data corresponding to two fluids separated by an
interface, fluid 1 on the left and fluid 2 on the right. The same remark is valid for the interfacial
pressure.

& 2 2 |Su2 SR%Z
Si12 1: 2 |u-= Uiz; SR,lZE
=|Su “ 1i1 EYN ‘ Seu,

Figure 1: Stratified flow reference topology used in the DEM. Each flow channel (1-1, 1-2 and 2-2) sets in
contact the phases, that involve initial discontinuities separating the left (L) and right (R) states. From these
initial discontinuities, wave emerge and propagate in the various channels with their own speeds (S, , Sz and
Sy ) aswellas u, , the local interfacial velocity. This cell boundary representation used in the DEM assumes 1D

flow in each channel during the hyperbolic step. Multi-D effects are considered through relaxation terms.

A second major fact also appeared from the equations structure and DEM method. In this method,
the channels 1-1, 1-2, 2-1 and 2-2 are considered frozen during wave propagation: Their height is
constant during the hyperbolic step, meaning that corresponding volume fractions are locally frozen.
In terms of continuous model, it means that relaxation effects are removed from the equations at
each cell boundary, as done usually with Riemann solvers. Physically, it means that 2D effects in wave
propagation and interface motion are locally omitted, as they are summarized in pressure relaxation
effects.

Thanks to the two assumptions,

- local constancy of u, and p,,

- local freezing of volume fractions, or more precisely, volume fractions variations occurring
only across u,,

two major consequences result.
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First, it is possible to express the two-phase model in local conservative form.

Second, each phase becomes decoupled from the other and has its own 4-wave Riemann solver.
These two properties render quite easy the development of HLLC-type Riemann solvers for the
velocity and pressure non-equilibrium flow model. This solver is then analysed and is shown to be in
agreement with the second law of thermodynamics. Several test problems are then addressed,
showing method accuracy and robustness with respect to configurations having either exact
solutions or experimental reference data.

The paper is organized as follows. The model under examination, with seven equations and seven
waves is presented in Section 1.2. The issue of interfacial variables that are considered locally
constant is addressed in Section 1.3 together with the local conservative formulation. The two-phase
Riemann solver is built in Section 1.4. Its agreement with the second law of thermodynamics is
addressed in Section 1.5. A simple Godunov type scheme is built in Section 1.6 and validation results
are shown in Section 1.7.

1.2. Two-phase flow model and properties
The starting point of the analysis is a variant of the BN model derived from the DEM. Taking the
continuous limit of these discrete equations (Saurel et al., 2003) the following set of PDEs has been

obtained:
Phasel
oa oa
_1+U|El=U(Pl_P2)
00y, 00 Py -0

ot 0X

2

oa ,p, U, + 0a,p,u,” +a,P _ P oa, +)\(u2 ‘Ul) (1)
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ot 0X
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This model considers each phase as compressible, evolving with its own velocity, temperature and
pressure. Here, heat and mass transfers, as well as body forces have been omitted. The notations are
conventional in the two-phase flow literature. The variable a, represents the volume fraction of

phase Kk, such that Z(xk =1. p, U, P, e and E represent respectively the density, the velocity, the
k

1
pressure, the internal energy and the total energy (E = e+§u2).

The interfacial variables are symmetric with respect to the phase’s indexes,

u, = Zu, +Z,u, _,_Sg,.(%j P,-R ’ (2)
Z,+7Z, ox )Z,+Z,
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p =2t ol +sg’(%j 22 (u,-u,), @)
Z,+2, x )Z,+2,

where Z, =p,c, represents the acoustic impedance of phase k with ¢, the associated sound

speed.
These interfacial variables control the dynamics of droplet clouds, as they express velocity transport
and forces acting at volume fraction gradients.
The volume average pressure and interface velocity are given by,
—_ 4t Z,u, P = Z,P+ 2P
'ozvz, T z+ 2,
These variables express the transport velocity and pressure force inside the cloud of droplets.
The mechanical equilibrium state is reached at the end of relaxation processes controlled by the
following rates,
A,
Z,+27Z,

o= , the pressure relaxation rate, where A, represents the specific interfacial area,

1
A :Epzlzz, the velocity relaxation rate (or 'acoustic' drag) due to pressure forces.

Viscous effects can be added to this drag coefficient.
The thermodynamic closure of System (1) is achieved by convex equations of state e, =¢, (R..p,)-

The model fulfils the second law of thermodynamics, as the entropy equations read,
00,p,8, , 00 P,US _
ot 0X

i Zl | | ZZ _ 2 Zl
T, (zl+zz)2(( HSg'E J;(u g)l x| Mzez, WL @ F

00,P,S, | 90 P,U,S,_
ot ox

1) %4 |60(2| Z;
Ik z)(m D saf %] 26 v [Bfas e o v

The right hand side of these two equations being positive or null, the mixture entropy production is

> P

Z+Z

necessarily positive too. Moreover, the system is hyperbolic with wave speeds u,, u, £c,and u,
for k=12,

System (1) in the absence of source terms can be cast in compact form as:

U, OF ,  oH

o _
UL 0, ok 0{1,2} (4)
a, ay, —U,
. (O(p)k _ (apu)k |0
with U (apu), | = a, (pu®+P) ~a, R ond Pl = R
(apE), o, (PE+P), y -, Py Ry
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1.3. Local constants and local conservative formulation
It is now important to examine more closely the interfacial variables u, and P, that appear in the

vectors Fk and Hk . To understand their meaning, the basic ideas of the DEM are re-examined.

1.3.1. DEM basis
This method consists in integrating Riemann problem solutions of the Euler equations on a given
two-phase flow topology. The 1D Euler equations are expressed hereafter in condensed form as,
a_W +£ =0
ot 0x
. T 2 T
with, w =(p, pu, pE) and f :(pu, pu’+P, QE+ P)L) .

’

The building of the discrete system with the DEM needs a two-phase topology as input, the simplest
being the stratified flow one, as shown in Figure 1. Other topologies have been considered, such as
annular flows in Saurel et al. (2003) and granular flows in Chinnayya et al. (2004). The discrete system
has been shown as topology independent regarding the discrete form of (4). Only relaxation terms,
that are not considered here, are topology dependent.

As shown in Figure 1, at each cell boundary four types of contact are possible between fluids

| D{l, 2} at left and fluids m D{l,% at right: ‘1-1’,’2-1’, ‘2-2’ and ‘1-2’. Each flow channel is solved

independently of the others and has height h|m , constant during the hyperbolic step. It means that

volume fractions are locally frozen. It also means that wave dynamics and interface motion are
assumed 1D, multi-D effects being considered in relaxation effects, omitted during the Riemann
problem resolution.

The DEM uses Eulerian fluxes f;n and Lagrangian ones flr';ag’* :(f _UIW)|m' For each contact ‘I-m’

the Riemann problem of the Euler equation is solved to compute these fluxes. For example,
considering the cell boundary i-1/2, the Eulerian flux for the I-m contact is computed as

n

m‘i), where the superscript n denotes the time step. In the same way, the

fin =Fim (WT,i—l’W

Lagrangian flux is obtained as 29 =f 29" (W Ei—l’W;,i) :

The DEM discrete scheme for phase k then reads,

n+1_ n Eul,k Eul,k ag,k Lag,k
(Uk)' (Uk)i + Faz — R - Fituz MY

At AX AX

where AX represents the space step, Al the time step and the two-phase fluxes, for phase 1

’

(symmetric formulas being obtained for the second phase) are given by,

* + *
* u ! * u‘ *
Eul,1 — n n 12 n n\_ ~21
I:i—1/2 - hllfll(Wl,i—l’Wl,i) + * h1J 1iW 15 1W 2) * h zt z(an 2 &Wn J)i'
u12 u2].‘
* +
u21

* +
lag,l — _ U, Lag* n n
Fas = 27 hofis (Wl,i— W 2,i) +
12

Lag,* n n
h,f (W 2i 1 W 1)-

*

21

In these two formulas, it is clear that two-phase fluxes F are obtained as a sum of Euler equations
fluxes f. For the sake of clarity, we have used the following functions,

w" = Max(0,w) :%, w =Min (0,00) :%.
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1.3.2. Determination of the interfacial variables U, and P

The determination of the interfacial variables U; and P| is based on the 2D topology with decoupled

flow channels, as shown in Figure 1. The interfacial variables determination depends on the type of
contact between the two phases: contact 1-2 or contact 2-1. It is determined by the sign of

(C(lL —O(lR) , as shown in Figure 2.

A <Up Q> g
] . ]
Fluid 2 Fluid 2 Fluid 2 Fluid 2

_______ %o s a,r 22y

Sub-channel 2 1 1: 2 }Sub-channel

a,; O\ r 297 2%V
Fluid 1 Fluid 1 Fluid 1 Fluid 1
] |

Figure 2: Schematic representation of the two types of contact that may appear at a given cell boundary.

The lower scripts L and R are relative respectively to the left and right states. For each contact the
Riemann problem of the Euler equations with different fluids has to be solved. As the Riemann
problem solution depends only of initial states L and R, variables U, and H are locally constant
during a time step at a given cell boundary. They are computed by an appropriate Riemann solver
(exact or approximate) with correct initial states as inputs. The example of the HLLC Riemann solver
for the Euler equations is used hereafter.

— Contact 2-1

The corresponding (x,t) diagram in the HLLC solver frame is shown in Figure 3.
t
N

*
Uy =Uy

~

- X

Figure 3: Wave pattern in the frame of the HLLC Riemann solver for contact 2-1. ‘W’ represents the set of
variables of the Euler equations.

Contact 2-1 appears when a,, <d, . The wave speeds S , and Sy are estimated as:

Ski = Ma;@uu +C 1o Ury +CR;L)'

P M”{UL,z ~Cl2:Ur2 _CRz) :
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The interfacial velocity and pressure are determined respectively under HLL and HLLC
approximations as,

U = eHL = (puz + P)R,l - (pu2 + P)L,Z +S,(Pu). 2 = SralPu)rs
- (pu)R,l - (pu)L,z +S| P2 ~SrPr1

R= I:|=§z,21:[:)|=a,1( Ug 1™ S—?])( Uz i~ LI)+ FF)e,l

’

— Contact 1-2
This contact corresponds to the symmetric situation when a, >a,;. The corresponding wave

pattern is shown in Figure 4.

> X

Figure 4: Wave pattern in the frame of the HLLC Riemann solver for contact 1-2.

The wave’s speeds are now estimated as,
SYS Ma}@JL,z *C2:Ur2 +CR,2) ,

SH :M”{Uu _CL;L'UR;L_CR;L)'
The interfacial variables are computed as,

U o= gL = (pu2 + P)R,z - (pU2 + P)L,l +S4(pu) 1 = Sra(PU)r,
L (pU)R,z _(pu)L,l+SL,lpL,1_SR,2pR,2

R= FFsz,lZ :pR,Z( Ur,2™ S%z)( Ur5™ u)+ FF)z,z

Let us mention that the interfacial variables (2) and (3) that appear in the continuous system (1)

’

result of similar computations, in the limit of weak amplitude waves.

In the former expressions of u, and B, it is clear that these variables are constant at a given cell
boundary and during a given time step. As these variables are local constants, System (4) expresses
locally in conservative form:

R

=0 5
5 o -0 Ok 0{12} (5)
oy a,u,
with U, = (ap)y and F = gapu)k
(apu)k a,\pu® +P) —a, R
(apE)k O‘k(pE"'P)kUk —-a,Ru,

This remark simplifies significantly the two-phase Riemann problem resolution.
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1.4. Two-phase Riemann solver

The two-phase flow model under consideration (1) is hyperbolic with 7 waves. For a given cell
boundary, a HLLC type Riemann solver with 6 intermediate states is quite complex to manage. These
difficulties increase with increasing number of fluids (3 and more).

The variables u, and P, being local constants, another important simplification appears. The
Riemann problem for a given phase is decoupled to the one of the other phase. Thus, for a given
phase k, the Riemann problem is based on the PDEs system (5) and on its own wave pattern as
shown in Figure 5.

Figure 5: Schematic representation of the Riemann problem for a given phase k in the HLLC frame. ‘W’
represents the set of variables of the two-phase model.

In  Figure 5, V\{<denotes the vector of primitive variables of a given phase:

_ T
W =(oy, P U, R
W, , and W, are respectively the left and right initial states, known at each time step. The
Rankine-Hugoniot relations across the various waves link the initial data to the intermediate states

W,:k , V\/: and W,;k.

1.4.1. Wave speed estimates S , , S;, and §,

The left- and right-facing wave speeds S_,k and quk are determined by the Davis (1988) estimates,
Sk = Ma’(“L,k +C ks Ur "'CR,k),

Sk :Mir(uL,k ~CLkUrk _CR,k)-

Let us mention that other wave speed estimates are possible. Denoting St a positive wave speed for
phase k, under Rusanov approximation it is possible to define §;, = S and S = -S.

To estimate St , Davis (1988) considered the following guess:

S = Max(| Uk~ cE,k| l W~ Q,k| |! Yyt E:k| |’ Kt 'gk|)

Toro (2009) recommanded the following one:

S = Max(‘ L{,k“" G« } L&,k“" Q,k)'
WIth these wave speeds the intermediate contact wave is estimated under HLL (Harten et al., 1983)
approximation as,
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S, = ORk (pu2 + P)R,k —0 (pu2 + P)L,k +S « (GPU)L,k —Srik (GPU)R,k + (0( Lk ~ORrk )P|
* (apu)R,k _(apu)L,k +S « (O(p)L,k —Sri (ap)R,k

where u, and P, are already computed.

1.4.2. Determination of the intermediate states
In the following, two configurations are considered, as shown in Figure 6:

a) [k <Suk <U <& b) |k <U <Sux <Sk

Figure 6: The two main wave configurations considered for the two-phase Riemann problem resolution.

The extreme situations U, >S§k and u, <§ , will be addressed latter.

In this section, the configuration a) only is considered: S_,k <SM,k <y, <%,k. Configuration b) is

addressed in Appendix 1.A.
Across each wave, the Rankine-Hugoniot (R) relations of System (5) read,

Rk =Fk +SL,k(U*L,k - UL,k)I

Frx = Frx * Sk (U*R,k - UR,k)' (6)
R = Fak +uI(U*k* - U*R,k):

Rk =R +Suk (UT_,k - U*k*)'

To compute the flux in each intermediate state, the conservative variable vectors U*L,k , U*R’k and
U, are needed.

Across the contact wave the RH relations reduce to:

U*L,k = Uy =Sux (7)
Pe=FR (8)
As the interface velocity u, is a local constant at a given cell boundary the volume fraction equation

expresses in local conservation form. It has the following jumps,
* _ * % _

A g =0 =0k,

Ork =ORks

that are in perfect agreement with the non-conservative formulation of the volume fraction
equation.

— State W[vk

This state is readily obtained from the wave speed estimates and knowledge of the left state:
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A =0y

« o _ U« _SL,k
Pk =Pk m
UT_,k =Sk
Pk =Pk +pL,k(uL,k _SL,k)(uL,k _S\/I,k)r )
E =E  + (PU)L,k — P «Su .
pL,k(uL,k _SL,k)
— State W,;k

The main difficulty relies in the determination of u*R’k. To do this mass and momentum jump

relations (6) across Sq’k, u, Sy, and S , are considered. Let us start with jump relations across

S;,k and u, :

o ke (U~ )= o lum - u) (10)
O Py Uy (u*k* -u, )+ oL B =0 g PR kURK (u*R’k -u, )+ O riPry + (a Lk —ORi )P, (11)
P lUr = Seic)= P (Ui ~Se) (12)
i (Ui =S+ Phic = Prestins Ui =S+ Pr (13)

Combining (12) with (13) provides an expression for P,;k :

Prk = Pri (UR,k _SR,k)(uR,k - UR,k)+ Prk

Inserting (10) in (11) and using ((7) and (8) imply:

AR KPR K (UR,k -y, )( K~ uR,k): OgyPric O P+ (O‘ Lk ~ ARk )P|

Inserting the expression for P,;’k in this equation yields,

(U;,k — U, )(SM,k - U;,k) _
(uR,k _SR,k)

After rearrangement, the expression for U*R,k is obtained:

U, = ((O‘P)R,k ~(oP) (O(L,k ~ORK )P| )SR,k ~(ap ). (UR,k ~ Sk )(UISM,k _SR,kuR,k)
" (@p e (uR,k ~Srk )(SR,k —U ~Syt uR,k)+ (@P)ry = (@P) + (GL,k ~ORrk )P|

This expression can be significantly simplified by inserting Pi’k given by Equation (9). After tedious

AR kPRk (UR,k _SR,k{ (UR,k - U;,k )J =0 yPri _GL,kP:,k + (O(L,k ~URk )P| .

calculations the following result is obtained:

u*R,k =Sk

Consequently, all intermediate material velocities are equal:

ULk = U =Ugi =Sy (14)
This unexpected result will be shown to be in agreement with the second law of thermodynamics.
Relation (14) is a consequence of the weak form of System (5) (HLL-type approximation) that

provides the intermediate flow speed, that already accounts for the interactions with the other
phase through the non-conservative terms.

The W;’k state is then readily obtained,
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a;,k =0grk

Ug k _SR,k

SV '

Uk = Sk

P = Pri + Pr (UR,k _SR,k)(uR,k _S!\/I,k)'

* (PU)R « = PruSuk
Ery = Eqy +- Rk TRIMK
R R Prk (UR,k _SR,k)

*
pR,k _pR,k

— State V\/l;

The invariance of the material velocity in the various intermediate states implies continuity of the

variable (ap), across waveu, :
(ap) = (ap)es-

Moreover, the pressure in state V\/: is given by,

X% *

R =R« -
It can also be expressed by the momentum jump relation across wave u,,

**_aRk * GLk—GRk
= SRep 4oLk TORKp

Ok Ok

This last expression is used hereafter to express the total energy,
" . o, ,—a
Ev =Egrx - L TR P
(ap)R,k

1.4.3. Summary
We now have in hands the three intermediate states conservative variable vectors,

Ok Ork Ak
. (GP)T_ K « (ap)*R K *x (apyk*
U, = L , = N and U, = e )
- (ap)i_,kSM,k Rk (ap)*R,kSM,k “ (O(p)k Swik
(ap)L,kEL,k (ap)R,kER,k (apyk E,
with,
Sy = Ok (F)U2 + P)R,k —O (pu2 + P)L,k +SL,k(apu)L,k ‘SR,k(O‘pU)R,k + (O‘L,k iy )P| .
. (apu)R,k _(GPU)L,k +SL,k(ap)L,k ~Sri (Gp)R,k
— State W,:k
* N u - *
Ui =0 ks Pri =Pk S;k—_z-k' Ui = Sk
K X
; . Pu) - P, S
Pk =R« +p|_,k(ul_,k _S_,k)(uL,k _SM,k)P E k=Bt ( )L’k ML
pL,k(uL,k _SL,k)
— State Wy,
* N u - .
Opk =0Ogrk:  Pri sz,kﬁ; Urk = Swk:
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; . Pu)z « —P:S
Pak =Prk +Pri (uR,k —SR’k)(uR’k —S\A’k); Ery = Eny + ( U)R,k RKOMK
Pr(Uri = Sru)

— State W;

G: =0 s (apyk* =(O(p)*R,k ; u: =Sk

R = Ii,k ; Ev = Erx e T L Z(: —)*O( TP
RK

The fluxes in the various intermediate states are deduced from (6).

1.4.4. Solution sampling
Let us recall that two wave patterns are possible,

= Sk <Suk <Y <y,
= Sk <U <Gk <Sk-

In the cases of very high drift velocity among the phases, it is possible that u, be outside the range
JS_’k ,Sq’kl_ of a given phase. To avoid this issue the following strategy has been adopted. If u,

exceeds 90% of the wave velocity SR’k , then SR’k is reset to the maximum wave speed of all phases,
S le”(SR,k)-

The same is done for the left facing wave speed,

SLk = Mkin(SL,k)'

With the help of the intermediate states and fluxes summarized in Section 1.4.3 the last step consists

in the solution sampling,

Fe " s, 20

F*L’k if S <0 and Su 20
—if Sy <Y, then K, =1 R if s, <0 and u >0,

Ry if U <0 and Sz, >0

Fay If Spi =0

Fe T s, 20

F*L’k if S, <0 and u =0
—ifU <Syx, then F, =1 R i u <0 ands,, >o0.

Ry if Swx <0 and Sy, >0

By If Spi <0

We now check solver’s agreement with the second law of thermodynamics.

1.5. Entropy preserving
Robustness of the solver is related to densities and volume fractions positivity as well as agreement

with the second law of thermodynamics. These properties are matched by the HLLC solver for the
Euler equations (Bouchut, 2004). We examine entropy production of the solver in the present two-

phase context, for the wave configuration SM,k <U, considered previously.
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Waves speeds S_,k and SR,k are considered as single phase shocks in phase k . The single phase

analysis and results of Bouchut (2004) are therefore still valid, showing agreement with the second
law of thermodynamics across these waves. However, a fourth wave (u, ) appears in the two-phase

context and it is necessary to show that the entropy production is positive across this wave,
separating states W,;’k and V\/:. There is no evidence, as it has been shown previously that the

material velocity is constant across this wave, a non intuitive fact.
Expanding the energy jump relation (17) the following result is obtained,

wer 1 wa2 . 1 . 2 0O —0Ogy

€ tZUg =€yt Uy ~ s B
2 2 (ap)R,k
The invariance of the material velocity in these two states implies,
o a o, ,—a
€ =epy — kP (18)
(ap)R,k

The Gibbs identity of a given phase reads,

with n, and v, = 1 representing respectively the entropy and the specific volume of phase k .
P

The Gibbs relation expressed across wave u, thus reads,
T (ﬂk _r]R,k) =€ &t Pk( ¥~ \ﬁ,k)r
where '_I'k and Rrepresent respectively temperature and pressure averages.

With the help of (18) and mass jump condition expressed as,

* % _ (xle *
kK = VRk~
URk

the discrete Gibbs identity becomes,

T, (r]: _n*R,k) = (I_Dk - F?) Cu

-1, . (19)
R,k

As 'Tk is obviously positive, it is necessary to show that the right hand side of (19) is positive too.

For weak enough discontinuities it is reasonable to assume,

-1
R :E(pl: + I??,k)' (20)
Inserting (20) and (16) in (19) the entropy jump now reads,
=[x 1 Ok Ogy |:
TNk —Nri) =% pR,k_PI — 7 | k-
( ) 2( ) aR’k GL’k

Let us now specify the calculations to phase 1:

R A

aR,l aL,l

Two instances have to be considered.

— Configuration O ; <Oy,

In this situation, necessarily,
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Opp Ogry <0.
a R1 a L1
Moreover, when (| ¢ <GR1, the interface corresponds to a contact 2-1 and the expression for P,, as
given in Section 1.3.2 reads,
R =P = pR,l(U R1 _SR,l)(u r1™Y )"' Pr1
Therefore,
Pra-R = pR,l(uR,l _SR,l)(uI _SM,l)'
This term is negative as Ug; _S?;L <0 and U, _SM;L >0. The entropy production is consequently

positive.

— Configuration O ; >0g,

It implies,

Opp Ogry >0.

a R1 a L1
This situation (O ; >0g,) corresponds to a contact 1-2 with B = Pllz = :?12 given by:
R=P,,= pL,l(uL,l _S_,l)(uL,l —u, )"' Pl

With the help of Relations (9), (15) and (16) it is possible to express P,;yl as a function of P,_;L and P,

P*R,l = ZLYI (PL,l + pL,l(uL,l - SL,l)(uL,l _SM,l))_(ZL'l - 1]P| :

R.1 R1

Consequently,

P;,l -R= %pL,l(uL,l _SL,l)(uI _SM,l) .
R1

This term is positive as Uy 5 _S.;L >0 and U, _SM;L >0. The entropy production across wave u, is

therefore positive. There is no difficulty to make the same proof for phase 2.
Computational experiments of Section 1.7. illustrate the entropy preserving character of the present
solver.

1.6. Godunov type scheme

Having the HLLC two-phase Riemann solver in hands, it is now possible to derive a Godunov type
scheme. For the sake of simplicity, the first-order version only is presented, its higher order variant
being given in Appendix 1.B.

As the entire cell is now considered, it is not possible to consider local conservative formulation. The
system is thus considered under the form (4),

U, , OF , oM

UL =0, ok 0{1,2}, (21)
a, au, -u,
(ap), (apu), 0
; = E = =
with Uy (apu), |" 7| a(pu*+P) ~a, R ond Pl R
(apE), o (PE+P), y —o, Py Ry
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For a given cell i, the Godunov scheme we consider reads,

+ At * *
Ui = U, __[F;,w; ~Fia (Hk,i+; - Hk,i—;)]r Ok 0{12},

with Hy oy =(=(w), 0 0 (R s (P, -

Ax and At represent respectively the space and time step. The superscripts N and n+1 denote
two successive time steps t” andt™**.
This method is stable under conventional CFL restriction:

At = CFL Ax .

Max ‘SL,k R K j
In the above Godunov type scheme, the non-conservative terms have been approximated with the
simplest method. Let us examine this approximation more deeply.

Non-conservative terms

*

oH R
Let us focus on the term O a—k and justify its discrete form as a, (H -H, i_1)/Ax at least
X ' =3

ki+3
with respect to the DEM.

Ja
In the DEM framework the discrete form of the non-conservative term Hka—k corresponds to
X

Lag,k Lag,k
Fae t R0

AX
Lagrangian fluxes contribution.

appearing in the numerical scheme given in Section 1.3.1 and representing the

Assuming regular enough functions, we have,

da, _ oo, H, _a OH,

ox ox “ox

With the following discrete analog,

(@H)is —(H)i (Hk,u% - Hk,i—%)
B e —

AX ‘ Ax
the formulation appearingin (21) is recovered.

H,

To show agreement with the DEM it is necessary to show that,
* _ ¥ _nn * _u _ lagk Lag,k
(GH)k,i+% (GH)k,i—% Ay i (Hk,i+% Hk,i—%)_ w2 TR -
Let us now specify the calculations for phase 1.
On the one hand, we have:

(GH):.,H% - (GH)tL,i—% - a;i (H;|+% - Hz.l—%)
= (a;i+% - O‘T,i ) H;_,i+% + ((Xri’i - atl,i—%) H*l,i—% (22)

uy u . u’ y .
n | _ N M NN n _ N M n| Y
Oy (M} al,i+1(|ul J Ay H1,i+% T a i~ QA 1,i—1(| u J +a 1,i(|ul | . Hl,i-%
i+1/2 i+1/2 i-1/2 i-1/2

On the other hand we have,
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Elﬁ/gzl FLf/gzl_ iz h12 f Lag (WlI’WZf - ﬁ h21 Lag(W 2rW )
12 i+1/2 2t i+1/2
uy u;
+2h12 fLag (erl’an)"' %hﬂ fLag (W2| 1’W;.1,i)
12 i-1/2 21 i-1/2
Inserting the heights ,, and h,, definitions,
Fiily + Rl = ui Max(O,al, ‘11|+1)f1|-§g (W]Ti'Wg,iﬂ)_ u% Max(O,a{"Hl 0‘1|)fLag (quaW1|+1)
U12 i+1/2 2 i+1/2
Uiy Max(O al.  —a )f"ag (w“- w“-)+ sy Max(O al —al )fLag (w w! )
U;_Z 1,i-1 1i 1i-11 2,i |U;1| L] 1i-1 2,i-1 "V 1
i~1/2 i~1/2

Let us consider the example of positive velocity flow at both cell boundaries. The latter expression
reduces to,

Lagl Lagl — Lag,* Lag* [y,,n n
Fan TR = Max(O all al,l—l)f (W2|—1!WL|) Max(o al,l—l all)f (Wli—lvwz,i)'
Let us now assume a monotonic decreasing volume fraction profile,
n n n
Ojg >0 >0
Therefore,
Lagl Lagl — _ Lag*
Fez TRz = (O(m O‘u—l)f (WL|—1’W2|)
Let us now consider (22). In the same flow conditions of positive velocity and decreasing volume
fraction it reduces to,

*

¥ ¥ n * * — [N n
(GH)LH% _(GH)Li-% Y (Hm% - Hli—%)_ (O‘l,i _ali—l)Hl,i—%'
In the present context, the only fluids contact to consider is contact 1-2. In this situation,

_ glag*[,,n n
H i-1 =f (W].i—l!WZ,i)'

*

1
This example shows agreement between the discrete form o ; (Hk i1 H*k i_;) and the DEM one.
' T2 T2

The other flow configurations are examined in Appendix 1.D showing perfect agreement with the
DEM in all instances.

Second-order extension
The first order Godunov method is extended to higher order with the MUSCL-Hancock strategy.
System (4) is recalled hereafter :

Yy | 0K aka;(k—o, Ok 0{12},

ot 15)4
oy au, —u,
with U, = (ap)k , K= Scxpu)k andH, = 0
(apu)k ak(pu +P)k_akpl R
(O‘pE)k ak(pE+P)kuk_ak Ru, Ru,

The set of primitive variables, W, reads W, = (o(k, Per U, Pk)T.

The MUSCL method proceeds with the following sequence.
— Riemann problem resolution for the locally conservative System (5)
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The Riemann problem is solved with the extrapolated variables and the cell boundary flux is

computed as F;i = F; » (Lan wn ) Moreover, the computation of U] and P" provides the non-

+1
=2

conservative flux H;.

Jixd
— Gradients computation
Let us denote by A, ; and A, the gradients computed on the left and right sides of computational

cell i:

n _n

A},i - — LIJI?,Hl_LIJI?,i )

and A} =
AX '

A slope limiter € is used to avoid local extrema. In the present work, MinMod and Van Leer limiters
are used. After limitation, the slope is denoted by A, ; = E( L,i,Nk,i)-
— Godunov type scheme during half time step
U&= Uy, A Feivr ~Foin +ox£i(H*k L —H 7)] Ok 0{1,2}

’ T 20x T 172 AR 172
— Variables extrapolation
For a given cell boundary i+12 at time t""2, left and right extrapolated states are given by :

AX

2 _ vz, DX N2 _ U2
Wi =W+ > A and W o =W 0

2

— Riemann problem resolution for the locally conservative System (5)

Ak,i+1'

The Riemann problem is solved with the extrapolated variables and the cell boundary flux is

computed as F:i+1 = F‘k - (L|J“L*1’2 ,qJ';;”z). Moreover, the computation of u:”llz and P,n+1/2 provide
L] 143

the non-conservative fluxH_ . .

2

— Evolution step

UEFI:UQJ—E[F“ -F o (H

AX K,i+3 ki-3 k,i+3d

- H;]i_%)] Dk 0{1,2}.

Relaxation solvers

Source and relaxation terms have been omitted from Section 1.3. with the quest of an appropriate
hyperbolic solver. However, relaxation effects may be of paramount importance in multiphase
mixtures. Stiff mechanical relaxation effects may also be used to solve interfacial flows, in order to
fulfil interface conditions of equal pressures and equal normal velocities (Saurel and Abgrall, 1999).
Corresponding stiff solvers are summarized in Appendix 1.B and 1.C.

1.7. Computational examples and validations

The method is validated on a series of test problems involving both velocity disequilibrium and stiff
mechanical equilibrium, such as different two-phase shock tube test problems, a sedimentation test,
and the Rogue et al. (1998) two-phase test. When available, exact solutions are used as well as
experimental data. Comparison with the DEM is also addressed. Three-dimensional computations are
also presented at the end of this section to illustrate method's capabilities.

In all tests that follow, the materials are assumed governed by the ‘stiffened-gas’ (SG) equation of
state (EOS):

P = V¥ — P & — Vi B,k' with k D{g, |} (23)
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This EOS involves both molecular thermal agitation through the term (yk —l)pka< and attractive

short distance intermolecular effects through the term =Y, P, . These attractive effects are present

only in condensed materials.

Parameters for the gas phase are Y =14 and P., = 0 Pa while for the liquid phase they are

y,=44 and P, =6x10Pa. Obviously, other convex EOS can be used, see for example Chinnayya et
al. (2004).

The entropy definition associated to (23) reads,
P

R +P,
Nk =Cuk In[ﬁ}'ﬂk,

where C,y represents the specific heat at constant volume of phase k and O the entropy of

formation.

As both C,, and 0 are constants, the evolution of (F}(+Pm’k)/pkVk provides the qualitative

behaviour of the entropies. This variable will be used to check the entropy preserving character of
the method.

In the following, velocity non-equilibrium two-phase flows are addressed first. Method capabilities to
deal with single velocity flows with the help of stiff relaxation solvers are addressed secondly.

All 1D tests shown hereafter are achieved with CFL = 0.8.

1.7.1. Velocity disequilibrium two-phase flow tests
Two-phase shock tube without relaxation effects
The shock tube contains two-separated fluids with uniform volume fraction (0(g =0.5) everywhere.

The left chamber has the same high pressure for both phases (10°Pa) while the right one has the

same low pressure (10°Pa) for both phases. Gas and liquid densities are respectively set to
50 kg/rﬁ and 1000 kg/rﬁ.

No source, no relaxation terms are used in this run, making the phases evolutions fully decoupled.
Results are shown in Figure 7 at time 791s. The second order variant of the method is used, with
Van Leer limiter. The numerical solution is compared to the exact one, showing excellent agreement.
This test is done with a uniform mesh involving 200 cells.

The phase’s entropy show correct agreement with the exact solution. As the volume fraction is
uniform and relaxation effects absent, the wave u, has no influence in the Riemann problem
solution. The entropy of each phase varies across shocks and contact discontinuities and is nearly
constant in rarefaction waves.
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Figure 7: Two-phase shock tube with decoupled phase’s evolutions. The initial volume fraction is uniform and
relaxation effects are absent. The computations are made with the second order variant of the method, on a
mesh involving 200 cells. Computed results are shown with symbols while exact ones are shown with lines.

Two-phase shock tube with volume fraction discontinuity - Interface separating two fluids

In the left chamber, nearly pure liquid water (a, =1-¢ with €=10"°) at the initial pressure of
2x10°Pa is settled while in the right chamber is filled with nearly pure air (O, =€) at the initial

pressure of 10°Pa. In both chambers, liquid and gas have the same densities 1000 kg /nfand

50 kg / ntrespectively. A volume fraction discontinuity is located at x=0.8 m and separates the high

and low pressure chambers.

Computed results obtained with the second order scheme are shown in Figure 8 at time 276us. The

numerical solution in symbols is compared to the exact solution.
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Figure 8: Shock tube with an interface separating nearly pure liquid water and nearly pure gas. Computed
results (in symbols) are compared to exact solution (in lines). Relaxation effects are absent. The computations
are made with the second order variant of the method, on a mesh involving 200 cells.

In absence of relaxation terms, each fluid evolves with its own pressure and velocity as there is no
interaction between fluids. This test puts in evidence the contribution of the non-conservative terms.
In the left part of the shock tube, the liquid is nearly pure and is expanded by a strong rarefaction
wave. The solution of this rarefaction wave is in excellent agreement with the exact one obtained
with a pure liquid on the left and a pure gas on the right. In the left part of the shock tube, the gas is
expanded too. It accelerates near the interface because its volume varies in space and time (gray
symbols). In the right part of the shock tube, a shock wave propagates in the gas due to the liquid—
gas interface motion. The gas variables are in good agreement with the exact solution. The liquid
present in the right chamber with a negligible volume is also accelerated by the right facing shock
wave (dark symbols). It can be noted that the liquid entropy in the right chamber increases
exaggeratedly. But it occurs in a zone where the liquid is in very small proportions. This exaggerated
entropy increase improves method's robustness and has no consequences on its accuracy.

The most important point is that interfacial pressure and velocity are perfectly matched, as shown in
Figure 9. These results show that the numerical method is able to deal with multiphase mixtures in
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non-equilibrium velocities as well as interface problems separating pure or nearly pure materials.
Interface conditions are matched as a consequence of non-conservative terms and do not need
relaxation ones, that are absent in the present computations.

Pressures (MPa) Velocities (m/s)
T T T T T T T T T T T T T T
157 7 1251 7
10 x X
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Position (m) Position (m)
Figure 9: Magnified view of the pressure and velocity profiles obtained by the new method in the

neighborhood of the interface. At position 0.8m perfect matching of the gas variables (gray symbols) and water
ones (dark symbols) is clearly visible. Exact solutions are shown with lines.

Double expansion of a two-phase mixture

The initial volume fraction of the fluids is initially set to 05 everywhere, as well as densities and
pressure of the fluids that are set uniform. The gas and liquid densities are respectively set to
10 kg/n”? and 1000kg/rﬁ. The pressure is set to 0.1 MPa. The initial velocities only are
discontinuous at the domain centre. The two phases at left have the initial velocity of -1000m /<
while the right part is set t01000 m /<. Results are shown at time 207us in Figure 10 and are

obtained with the second order version of the method with Minmod limiter. The relative velocity is
defined as the difference of the gas and liquid velocities. Stiff pressure relaxation is used everywhere
contrarily to velocity drag that is absent. This test is done with a uniform mesh involving 200 cells.
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Figure 10: Double expansion test. Results of the new method are shown with symbols while those of the DEM
are shown with lines. Large volume fraction increase appears at the tube center, as a consequence of pressure
relaxation effects. Relative velocity also appears as a consequence of compressibility differences among the
fluids. Results of the new method and those of the DEM are in good agreement. The new method produces
more entropy than the DEM on this test problem.

It is worth to mention that entropy is produced in this test mainly across the interfaces (volume
fraction gradient zones) that appear dynamically.

Sedimentation test problem
A 1 m height vertical tube is considered, filled with liquid water and air. The tube is closed at both

ends. The initial volume fraction is set to 0.5 for both fluids, the pressure is set uniform to 10°Pa as
well as fluid’s densities that are set to 1kg/ Mifor the gas and 1000 kg / nt for the liquid.

At t =0 the two-phase mixture is subjected to gravity g=lCTn/S_2acceIeration. The heavy fluid falls

down and the light one goes up. At equilibrium, the lower half tube is filled with water and the upper
one with air. The results are shown in Figure 11 and show that the method is able to separate

phases.
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Figure 11: Sedimentation test problem. Initial data are shown in the upper graphs and the computed
equilibrium state, reached after 1.6s is shown on bottom graphs.

Rogue et al. (1998) test problem

A vertical shock tube filled with air is considered as shown in Figure 12. A 2 cm particles bed is settled
on a grid and is set to motion when the incident shock interacts with it. A wave refraction process
occurs simultaneously: a transmitted shock propagates in the particles bed while a reflected shock
wave is emitted. During particle motion, gas and particles have intense relative motion.

4 4
Shock tube ) X t
Air

wall

2cm ‘
particle [~ Transmitted
bed . shock wave

Reflected shock wave —J

Shock wave

Incident shock wave —

Post-shock air /

“4— Cloud boundaries

/

3 1 >

X, —llem X, X +4.3cm

Figure 12: Schematic representation of the experimental facility of Rogue et al. (1998). A vertical shock tube is
filled with air and a particle bed is settled on a grid. The incident shock wave interacts with the particle bed and
induces its motion while reflected and transmitted shock waves are emitted.

Two pressure gauges are used to record the pressure history at two locations, before (X, -11cm)

and after (X, +4.3CM) the particles bed. These pressures signals are used to validate the present

computations.
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In the present computations, solid particles are considered compressible and governed by the SG
EOS, with the same parameters as water, as their compressibility is weak in the present pressure
range.

In the following notations lowerscripts @ and p represent respectively the air and particles.

Particles drag effects are modelled by the force, F:A|fd, where A, ZGO(p/dp represents the

specific interfacial area and dp represents the particles diameter.

The unit drag force fd is expressed by Ergun (1952) correlation when the granular bed in compacted

(O(p 2 Gcr) and by Bernecker and Price (1974) correlation when it becomes dilute:

fq :alapa(u,Sl - uplua - up‘Cd ,

150,
+1.75 a,>a,
e
0.45
150a 1-a_)a
C,= p+1.7E{( o) "} (Fog)<a,<a,
Re acra a
15Qx
®+0.3 o, <(1-oy)
Re
-1
. _ 1-a, _
with ag =|1+ 002x=——= | and O, =0.63.
aCI’
doplu,—u
In these formulas the particles Reynolds number is defined as: R, :M.
Ha
Table 1 summarizes experimental data.
Parameter Value
Air preshock density 1.2kg/m
Incident shock Mach number 13
Particle density 1050 kg /
Particle diameter (d,)) 2
Particle bed thickness 2ar
Initial gas volume fraction in the bed 035
Air viscosity (M) 2x107° Pas

Table 1. Data of the Rogue et al. (1998) two-phase shock tube test.
The Rogue et al. (1998) pressure signals (grey symbols) are compared to the present computations

(black symbols) in Figure 13, showing correct agreement. The computations are done with a mesh
involving 1500 cells. Stiff pressure relaxation is used.
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Figure 13: Comparison of recorded and computed pressure signals at the two pressure gauges for the Rogue
test problem.

1.7.2. Velocity equilibrium two-phase flow tests

All tests that follow are done with a uniform mesh involving 200 cells. In these computations, both
stiff pressure and velocity relaxation solvers of the Appendix 1.B and 1.C are used. Moreover,
computed results are obtained with the second order method and Minmod limiter.

Interface separating two fluids

In the left chamber, nearly pure liquid water (a, =1-&¢ with £=10°) at the initial pressure of
2x10PPa is settled while the right chamber is filled with nearly pure air (O, =€) at the initial
pressure of 10°Pa. In both chambers, liquid and gas have the same densities 1000kg/rﬁand

50 kg/rﬁ respectively. A volume fraction discontinuity thus separates the high and low pressure

chambers.
Computed results are shown in Figure 14 at time291us. The numerical solution in symbols is

compared to the exact one, determined from the Euler equations as both media are nearly pure.
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Figure 14: Shock tube with an interface separating nearly pure liquid water and nearly pure gas. Computed
results (in symbols) are compared to the exact solution of the Euler equations (in lines). Perfect matching of
interface conditions is observed, thanks to the stiff velocity and pressure relaxation solvers.

Shock tube with two mixtures

We now consider a mixture of two condensed phases, liquid water and aluminium. EOS parameters
for the aluminium phase are y, =34 and P, 5 = 215%10°Pa while for the liquid EOS parameters
are unchanged.

The volume fraction is set initially uniform (o, = 0.5). The left chamber has the same high pressure

for both phases (10°Pa) while the right one has the same low pressure (10°Pa) for both phases.

Aluminium and liquid densities are respectively set to 270(kg/m3 and 1000 kg/rﬁ.

Stiff pressure and velocity relaxation is considered everywhere. In this context, volume fractions vary
in both compression and expansion waves.

The limit model that is solved with the present method corresponds to the mechanical equilibrium
model of Kapila et al. (2001). Computed results are shown with symbols in Figure 15 at time111us.

They are compared to the exact solution of the Kapila model given in Petitpas et al. (2007).

Volume Fractions
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Figure 15: Shock tube with a high pressure chamber on the left containing a two-phase mixture and a low
pressure chamber on the right filled by the same two-phase mixture. The computed results with the HLLC
solver + mechanical relaxation in symbols are compared to the exact solution in lines, showing excellent
agreement.

1.7.3. 3D computations
The present method is used in the context of 3D computations. To do this let us consider the 3D
compressible two-phase system for a given phase K :

m_k+il_ﬁak =0

ot

aakpk ; 0=

" +d|v(akpkuk)—0 (24)

B 4 iv] a, (p, 0 00 + R ) | = T,

Jda,p E : — — —

S rdiv[a, (pE+R) U] = Pulla,

Here, source terms (relaxation, heat and mass transfers, as well as body forces) have been omitted.
Indeed, the 3D-extension of these terms does not present any particular difficulties.

The new method is implemented in the 3D code (DALPHADT) based on unstructured meshes made of

tetrahedrons. In the following, we highlight the main extensions to consider.

3D two-phase flow model rewritting
System (24) is rewritten as,

";k +div(F)+a,div(H,) =0, (25)
ay aku'_ _LT|
a apu 0
with Uk = kpk_. ; Fk = — _k. o = | and Hk = _
APy Uy ak(pkukDuk)+ak(|:l)(_E)) I Pl
PE 0, (pE, *R) U -a, Py Py

In the frame of 3D unstructured meshes, system (25) is integrated over the time step At and over a

tetrahedral cell of volume V, :
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”auk dth+Hd|v ) dvat+ [ [, div( H,) dvdt= C

AtV AV

Fluxes are assumed constant during the time step. Thus, the previous equation becomes:

Vi (Ut -y ) +at [div(R)dv+ [ a,div(H, )dv |=0. (26)
Vi v

To reuse concepts of the 1D Godunov type scheme (Section 1.6.), the volume fraction O, appearing

in the term IakdiV(Hk)dV is assumed to be the cell average volume fraction which is known at
Vi

time t". Expression (26) is rewritten as,

v, (upt-uy )+ jduv )dV+a, jd.v )aV |=

Using the Green-Ostrogradski theorem, we introduce the cell surface S and its normal vector N to

obtain:
Vi (upt-up )+t [Rondstoy [ Hndg= «
§ $

Finally, the Godunov type scheme reads,

0 =ug -0 SR, § e 3o (H ) 5|

with (Fk ﬁ)f represents the flux solution of the Riemann problem solved on a given face f along

the face normal vector I, . S; represents the face area.

Remark: Denoting U, = U, I, the interfacial velocity calculated on a given face along the face

normal vector N, , the following "fluxes" are obtained:

U, —u,

RN, = _ Px U and H.n, = EL
ko akpk(uknf)ukw(( P)n, "l Pn,
o, (PE + R) U 0 —ar Py Ry

Phase-k Riemann solver
The new HLLC solver is used to compute the cell boundary fluxes along the face normal vector

(Figure 16).
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Figure 16: Schematic representation of a tetrahedron cell. The Riemann problem is solved on each face along
the face normal vector.

The variables u, and P, being local constants on a given face, the Riemann problem for a given

phase is based on local conservative formulations of (25):

a;th +div(F,)=0.
The Rankhine-Hugoniot (RH) relations across a wave of speed O and on a given face of normal E
thus read:
o, (u, -o)
. O\ Py (GIF]? _0)
F.n, —ouU =cst, with OD{SLK Rk Rk ,l,J}

akpk(uknf— )uk+0( ( )nf
apE, (uk Ny _0)+ak ( Ruyn - PU)
For example, 0 =S . In this case, the RH relation links the state W:’k to W, and becomes:

(kr]f) SL L{k_( f)L_\S_,k Q,k

So the state W,:k depends on the state W, , as follows :

o =k

Lknf S«
Sux ~ Sk

Pli,k =R TPk (EE— &)(EE— i )
- PL,kUL—,k.a_ I?,k %,k
R TRy

with u_, N =, -

p:_,k =Pk

Remark: The velocity vector tangential to a given face is equal to uE = IJ; - (Uk ﬁ?)ﬁ .

The velocity vector determined in the state W,:k thus reads:

o e T

u:_,kzsfw,kﬁ:+LLTJ<: $A,krTf.+lt|—,k._( e B J = Uy +(n§,k _(WF}‘))T}A
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We now consider 3D computational examples and some validations.

Explosive liquid water experiments

The experimental facility is schematized in Figure 17. It consists in a solid explosive cylinder
surrounded by liquid water. As the explosive detonation is very fast, constant volume explosion
assumption is used to compute gas detonation products pressure, that is about 70 Kbars. From this
kind of cylindrical shock tube, a complex 3D flow emerges with gas jets along the symetry axis and
particles radial jets, as shown in Figure 18.

Nearly pure dense gas (1500 kg / m*) i‘y
X
HP chamber (7000 MPa )

Nearly pure water (1000 kg /m?)
Atmospheric pressure (0.1 MPa )

Nearly pure gas (1 kg / m?) e
D

Atmospheric pressure (0.1 MPa )

Figure 17: Schematic representation of the cylindrical gas-liquid explosion facility made at CEA Gramat. A
cylindrical explosive charge is surrounded by a liquid water layer. The system is suspended in air as shown in
the right photograph, fired and recorded with ultra-fast cameras.

To achieve 3D computations of this test problem the DALPHADT code is used with a mesh made of
2.383.176 tetrahedrons and with CFL=0.5.

In the following, front and side views of liquid water clouds are shown at two times in Figures 18 and
19. Numerical results are qualitatively compared to the experimental photographs, showing both
good agreement and capabilites of the method.

Water visible density
(kg/m3)

5.47
ELI

B
| t
2.460-05-

Figure 18: Comparison between experimental photographs (left) and numerical results (right) showing liquid
droplet clouds at time 48Qus
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Water visible density
(kg/m3)

2.63
l2

Figure 19: Same comparison as in Figure 18 showing liquid droplet clouds at time 100Qu s

Then, we qualitatively compare this type of experiment (explosion in the open air) with an explosion

inside a closed vessel (Figure 20).
Free explosion The same explosion inside a bunker

£

Figure 20: Same explosive charge with liquid layer, first in open air (left view) and second in a bunker, partly

opened (right view). The results show liquid water contours at various times.
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The method is thus able to deal with three-dimensional complex two-phase flows in high pressure
conditions, with density and velocity gradients.

1.8. Conclusion
A new method has been built to solve non-equilibrium two-phase flows. This method is simpler than

existing Godunov type schemes in this area and is of comparable accuracy and robustness as the
DEM.

When dealing with a larger number of fluids, the new method is expected to be more and more

efficient as it uses a single HLLC resolution per phase, while the DEM uses N? Riemann problem
resolutions, where N represents the number of fluids. Also, its extension to implicit schemes seems
much more tracktable than with the DEM.

Appendix 1.A. HLLC Riemann solver when § ; <U, <§;, <S;

The corresponding wave pattern is recalled in Figure 21.

> X

Figure 21: Wave pattern configuration when Sk <U; <SSy <Sgi in the frame of HLLC approximation.

The Rankine-Hugoniot relations applied to the locally conservative system (5) read:

Rk =Fk +Sik (U*L,k - UL,k)f

Frx = Fry + Sk (U;,k - UR,k)'

Fe =Frx +Sux (U*k* - U*R,k):

Fx=F +y, (UT.,k - U*k*)'

Vectors U*L’k , U*R’k and U*k* are determined following the same strategy as in Section 1.4.2.

*
Orx =URrk,

(80} = 0P g

Urk =Swik.

Py =Pric * pR,k(uR,k ‘SR,k)(UR,k _Sl\/l,k)'
. (PU)e s = PaiSu

E,, =E,, + .
Rk Rk Prk (uR,k _SR,k)
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O g =0k,

Uy =Sk

(O(p)L,k = (O‘p)L,k Sur-S.y

ULk =Suk»

Pli,k =R x +pL,k(uL,k _SL,k)(uL,k _S\/I,k)r

* (PU)L K~ P Suk
Bl =By + kLM
HE H pL,k(uL,k _SL,k)

— State M
o =0gy,
(apli =(ap)i,
0 =Sy,

e * % aLk 5 GRk—GLk
Fe =Fx ou R = Pk P
Rk Ork

’

a —-a
Rx R,k Lk
Ek = EL,k T v P| '

(GP)L,k

Appendix 1.B. Stiff velocity relaxation solver
Stiff velocity relaxation is considered after wave dynamics, considered in the hyperbolic solver. When
stiff drag interaction only is present, the system to solve is:

Phasel Phase2
% = % =
ot ot
aalpl =0 aaZpZ =0
ot ot
(C.1)
FB = -w) HEL =y, -u)
EEE N0, -u) B =N -u)

Knowledge of the drag coefficient A is useless in the stiff velocity relaxation limit as this parameter
is going to disappear. In this limit, A — +co.

The system above implies mass conservation for each phase and for the mixture:

(ap), =cte

2
p= Z(ap)k =cte
K=

1

. . . a

Consequently, mass fractions are constants during the relaxation process: Y, = ( p)k =cte.
P

The velocity at relaxation is readily obtained as,
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2
O 0,,0
u = E Yu,,
k=1

where the superscript 0 denotes the state before relaxation (at the end of the hyperbolic step).

Combining the total energy and momentum equations of System (C.1) the following identities are
obtained,

a(apE)k —u. a(apu)k )

ot boat
With the help of mass conservation equations of the phases they become,
OB _ Y
ot ot

2
As the relaxed velocity uD:ZYEUE is a constant during the relaxation process, we assume
k=1

u, =cte= u”. Thanks to this assumption, the relaxed total energies read,

E =E +uD(uD—u‘k’).

The associated relaxed internal energies read,

e =€l +%(um—uﬁ)(um—uﬁ).

Appendix 1.C. Stiff pressure relaxation solver
After wave propagation, velocity relaxation or any evolution process the pressures are in
disequilibrium. The pressure relaxation time is usually very short, less than one microsecond. Also,

when dealing with interfacial flows, stiff pressure and velocity relaxation are needed to fulfil
interface conditions.

The system to consider reads:

Phase 1 Phase 2

L RGELY %2 - (R-P)

o 17 5 17

00,0, _ 00,0, -0 (27)
ot ot

dap; _ g 9aP.U, _
ot ot

oa p,E = oo p,.E —

TS =R(R -P) FAEL =R (R -P)

The pressure relaxation coefficient 1 has been determined for example in Saurel et al. (2003). Here,
it is assumed to tend to infinity, t — 100,

System (27) implies mass invariance for each phase and for the mixture:
(cxp)k =cte

p= i(ap)k =cte

k=1
Velocity of the phases stays invariant too.
Combining the total energy and volume fraction equations, the relaxation term vanishes,
a(O(pE)k - oo, '
ot ' ot
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With the help of the mass conservation equation of the phase it reduces to,
% _
ot ot

’

where V, denotes the specific volume of phase k .

Assuming B = F;', the relaxed pressure, integration of the former equations read,

=B -P{V-v}),
or alternatively,
=& -Plvp-vi). (28)

When each phase is governed by the ‘stiffened-gas’ equation of state (EOS) given by (23), the relaxed
pressure is determined analytically. For other convex equation of state, an iterative method is
needed (see for example Lallemand and Saurel, 2000).

Inserting the EOS in (28) a relation linking the pressure and the specific volume of the phases is
obtained:

0 P+P
Vi =2k Vi ~lh
yk P+ Poo,k
With the help of the mass invariance of the phases it becomes:

0 0 4 0 0 4
GE:% yk _l+_PkD Poo,k :(XE‘}'& PkD P°°vk -1
yk P + Poo’k yk P + Poo,k

2 2
The saturation constraint (ZO(E =Zaﬁ =1) provides the closure relation:

k=1 k=1
0
Sl B R ) Sl
p=] PD"‘P 2

Yk k=1

0

This equation admits a positive root: P~ :%(Al +A,-P,,-P 12)+\/711 (A2 -A =P+ val)z +AA,

al as
SRRy (PR,
With the following notations, A, :10—0 and A, :VZO—O
Oy @ o L9
yl y2 Y1 YZ

Appendix 1.D. Non conservative terms in the numerical scheme — Other flow configurations

In Section 1.6., we showed agreement between the discrete form of the term a, a:—k and the DEM
X

one. Demonstration was made in the case of a positive flow velocity at both cell boundaries and
decreasing volume fraction profile. Let us now consider the other flow configurations, in order to
justify in a general way the discrete form we use.

The calculations are specified for phase 1. We have to compare both expressions,

(orH)ml (orH)ii_% -af; (H;H% - HL_%):

+ - + -
u u * u u *
j— n | n | n n n | n |
= 0q| — =0l T =0y Hy o+ o -0y — +0, | — H, .
'I[u ] o ‘u ‘ i . ll+2 . . ‘u ‘ i - ‘u ‘ i . z
1/ is1s2 1/ iv1r2 /i-2 /-2

and
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uyy . uy; .
Lagl Lagl _ 12 n _ N Lag n n _ 21 n _ AN Lag, n n
Faz T Fos = _u* Max(olu],i aLi+l)f12 (WLi 'W2,i+1) % Max(01u1,i+1 O(1,i)f21 (Wz,i 'WLi+l)
2l Jivar2 2 Jivu2
U;’; Ma. (OGn _an)fLag*( n n )+ u*21+ Ma (Oan _an )fLag,*( n n)
o X\ Qi =0y 2™ Wi, W ‘u* X\ O =0y g log ™ \Woiog, W
2] Jica 2 Jicar

— Let us consider the example of a flow at positive velocity at both cell boundaries. Moreover we
assume a monotonic increasing volume fraction profile,

n n n
Oping <O <O

The former expressions reduce respectively to,

*

* * n * * Y n
(O‘H)m% _(aH)li-% 0y (HLH% - Hli—%)_ (O‘Li _ali—l)Hli—%'
and,
FLat + 9t = (o], P (w oy wi) )
In the present context, the only fluids contact to consider is contact 2-1. In this situation,
H

*

1i-1

— g lag,* n n

=fa (W2,i—1’Wli)'

This example shows agreement between the discrete form o, (H; 1~ H*k i_;) and the DEM one.
' 2 2

— It’s easy to show that the example of a flow at negative velocity at both cell boundaries also shows
agreement between O ; (Hk T H*k i—l) and the DEM discrete form.

’ "2 "2
— Finally, let us consider a more complicated type of flow. We assume a positive velocity at the left

cell boundary, and a negative one at the right cell boundary. Besides we suppose the following
volume fraction profile,

Ofig > 07 <Ufjy.

Thus, we obtain,

(GH)I,H% ‘(O‘H);i—% —ay (HI,H% - H;i—%): (O‘ziﬂ —ayg )HI,H% +(°'£i _G]n,i—l)HI,i—%

and,

Fistt + R0l = (i —of K520 (Wl wig J+ o —ali g (Wi ).

In the present context, the fluids contact to consider at the left boundary cell is contact 1-2. In this
situation, H;.i—% :flLfg*(WJrji—lerz],i)'

On the contrary, the fluids contact to consider at the right boundary cell is contact 2-1. We have too,
H

*

i+l
Li+s

=155 (w3, Wit )
All these flow configurations show agreement between the discrete form O(Ei(H*k i1 HT( i_i) and
’ 2 "2

the DEM one.
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Chapitre 2

Construction d'une technique numérique pour la
répartition de I'énergie d'une onde de choc dans les
différentes phases

2.1. Introduction

When a shock wave (or a detonation wave) propagates in heterogeneous media the computation of
the shocked state requires the correct estimation of the energy of all phases. The main difficulty
consists in enforcing the correct energy at a discrete level in agreement with the shock relations of
Saurel et al. (2007). Indeed, the flow model cannot be written in conservative form, then specific
shock relations are necessary. These relations enforce the jumps of non-conservative variables such
as internal energies or volume fractions. The difficulty now consists in enforcing these jumps at the
discrete level (Hou & Le Floch, 1994).

To illustrate this issue in the context of the model equations used in this work, we analyze the
numerical results obtained when no special care is taken. The test case is a shock-tube problem of
1m composed of two chambers separated by an interface localized at 0.6m from the left boundary.
Both chambers contain the same mixture of epoxy and spinel governed by the stiffened gas EOS. The

initial density of the epoxy is set to  Pgpoy, =1185 kg.m® with EOS parameters Yepoxy = 2-43and

P =5.3108 Pi The initial density of the spinel is set to Pspinel = 3622 kg.m® with EOS

00, epoxy

parameters Yg,ne=1.62 and P =141.18 Pi. The initial volume fraction is set to

o, spinel —

O epoxy = 0-9954 (O ginel =1~ O gy )- This value corresponds to the the one used in the experiments

of Marsh (1980). The pressure in the left chamber is set to 2.10" Pg, atmospheric pressure is set in

the right chamber. When the membrane collapses a two-phase shock-tube problem develops. 1D
results based on the method described in Chapter 1 are compared to the exact solution at t =32us
in Figure 22 illustrating the difficulty to reach post-shock state convergence. In this test case
instantaneous velocity and pressure relaxation solvers are used in order to recover the asymptotic
model of Kapila (2001) and validity of Saurel et al. (2007) shock relations.
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500000 | 1000 F i
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0 0.2 0.4 0.6 0.8 1 Q 0.2 0.4 0.6 0.8 1
Position (m) Position (m)
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4000 T T 0.62 T i " T
0.6.—/ § ]
N
3500 i 1 oss8f A
“ 0.56 1
3000 0.54 - ., i
H - -
2500 B 0.52
B 0.5 E 1
2000 - 0.48 7 i
0.46 % + 1
1500 : : : : 0.44 L L : 3
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Position (m) Position (m)

Figure 22: Two-phase shock-tube epoxy-spinel. The numerical solution (symbols — 2000 cells) is compared to
the exact solution (solid line). This test shows the difficulties to achieve good convergence with non-
conservative equations.

The same difficulties are obviously present in the 3D extensions and in particular in the unstructured
solver DALPHADT. However, their resolution is mandatory when dealing with quasi-steady
detonation propagation, as the ZND structure cannot be resolved correctly if the shock front is
inaccurate (Petitpas et al., 2009, Schoch et al., 2013).

In fact, this shock convergence problem is a consequence of the numerical diffusion of the shock
front. The shock front is numerically solved as succession of weak shocks whose thermodynamic path
is different from the one obtained for a unique strong shock. It results in a bad energy and entropy
partition among the phases. To clarify this, let's examine the numerical shock layer.

To begin, let's first examine the behavior of the numerical scheme on a single phase shock. To do
this, the preceding shock tube test case is reconsidered but the spinel is replaced by epoxy so that
only epoxy is present in the tube. Doing so the shock wave evolves in a single phase medium. It is
thus interesting to compare the thermodynamic path followed by the fluid inside the numerical
shock layer to the theoretical Hugoniot curve. This is displayed in Figure 23.

It is clear that the thermodynamic paths are very different. This is caused by the successive weak
shocks propagating from a cell to another, which is not equivalent to the thermodynamic
transformation given by a single strong shock (Courant and Friedrichs, 1948). Moreover, the
successive averaging process of flow variables produces again transformations in disagreement with
the single phase Hugoniot curve. However, this numerical problem does not have any consequence
on the computation of the shocked state when dealing with single phase flows. As can be seen in
Figure 23, the end of the shock layer coincides with the Hugoniot curve. This is a consequence of the
conservative character of the Euler equations.
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Figure 23: Comparison between the thermodynamic path followed inside the numerical shock layer (symbols)

and the theroretical Hugoniot curve (solid lines) in the single phase case. The theoretical and numerical paths
are different but the shocked states are the same.

In the two-phase case, the same disagreement with the theoretical Hugoniot curve is observed with
however more important issues. The main reason is that, for each weak shock propagating in a cell,
the equation of state is modified. Indeed, in the case of mixtures, there is an additional degree of
freedom which is the volume fraction, a non-conservative variable. At a given point of the numerical
shock layer, it is impossible for this point to belong to the two-phase Hugoniot curve. This fact
implies that the volume fraction variable is not computed correctly yielding errors in the mixture
equation of state. These various errors add up along the shock layer and contrarily to the single
phase case, the final state does not coincide with the theoretical curve. This difficulty is shown in
Figure 24 where the thermodynamic path followed in the numerical shock layer is compared to the
theoretical Hugoniot curve in the two-phase case epoxy-spinel presented previously.
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90 90
80 1 80
70 1 70
60 | 1 60 |
50 1 50
40 | 1 40 |
30 1 30
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10} T— 1 10} ~__
— —~
0 0.0004 0.0005 0.0006 0.0007 0.0(i)S 0 0.00021 0.00022 0.00023 0.00024 0.00025 0.00026 0.00027‘

Volume specifique epoxy (m3/kg) Volume specifique spinel (m3/kg)
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Figure 24: Comparison between the thermodynamic path inside the numerical shock layer (symbols) and the
theoretical Hugoniot curves (solid lines) in the two-phase case. The shock wave is the one presented in Figure
22. The thermodynamic path does not follow the Hugoniot curves and in this case, the final state is not
computed correctly.

2.2. Modification of the numerical method to preserve convergence at two-phase shocks

2.2.1. Presentation of the 1D method

To force convergence of the solution at shocks artificial heat exchanges have been introduced inside
the shock layer in order to properly partition the energies among the phases (Petitpas et al., 2007).
This method showed however some drawbacks: implementation difficulties, need to construct the
artificial exchange parameter when the initial mixture is modified, multi-D extension impossible on
unstructured meshes, impossibility to capture shock wave reflections, etc. All these issues rendered
the method impracticable to detonation wave computations in multi-D.

Petitpas et al. (2009) suggested a simpler and more efficient approach. It consists in correcting the
thermodynamic path inside the shock layer by enforcing each point of the diffusion zone to belong to
the theoretical Hugoniot curve (Figure 25).

Px
.
Theoretical and numerical shocked
states perfectly matched
* /
P
Hugoniot curve
Initial unshocked state
i
Px
. : >V
V K \/k

Figure 25: Each point inside the shock layer is enforced to belong to the Hugoniot curve in order to catch the
correct shocked state.
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In order to perform this correction, it is necessary to keep a trace of the initial unshocked states (e.g.

the pressures and specific volumes in front of the shock) (p'k ,\fk). This is done by adjoining to the

system the following set of equations:

dkpik =0
dt

dkvlk =0
dt

These equations are simple transport equations. They can then be written in conservative form with
the help of mass conservation:

00, P, P + 00, Py By Yy -0

ot ox (29)
00, P, Vi, 00, P, Vi Uy 0
ot ox

Then, during pressure and velocity relaxation stage inside the numerical shock layer, it becomes
possible to replace the integral form of the energy equations by imposing each phase stands on its
own Hugoniot curve:

NI L PP [« i\
Ok, €8 %) - k(R )+ 5 (v = ¢ (30)
Using these new relations in the relaxation stage, it becomes possible to determine the relaxed

pressures and specific volumes. In this way, at the end of the relaxation stage, the specific volumes
are in perfect agreement with the phases’ and mixture’s Hugoniot curves at each point inside the
diffusion zone.

This correction has to be done inside the shock layer only. A shock indicator has to be used to detect
the cells where a shock is present. This particular point is not discussed in Petitpas et al. (2009) even
though not obvious.

Let us denote by py, the mixture pressure relaxed at time n, the condition pr,\}rl = (1+ ssh) py allows
to locate the shock, with a parameter ¢, to be defined. Numerical experiments demonstrate that

€, =0.01is a fair choice.

With the help of system (29), the transport of the Hugoniot poles with the flow is ensured through
the shock layer. However, through rarefaction waves and in quasi-uniform flows, the poles have to
be reset so that the propagation of another shock wave can be treated correctly:

(pik , \/k) = (pk ,vk) oustide shock layers.
A difficulty appears when the variables (p‘k,\fk) are reset in the neighborhood of the numerical

shock layer detected by the indicator. Indeed, when the variables are reset, the inherent artificial
discontinuity yields an additional source of error in the transport of the variables (29).

If the Hugoniot poles are not transported accurately enough, the solution diverges inside the shock
layer affecting the whole shock dynamics (Figures 26 and 27).

It is thus necessary to introduce another indicator covering a wider range than the shock indicator.
This second indicator is defined as:

55



"If at least one neighbor of a given cell verifies the condition p”M+12 (1+ sres) Py, then no reset of

(p‘k , v‘k) is done inside the cell considered. The parameter ¢ is defined as ¢ =€ ,/10."

Case 1 Case

Flow direction - Flow direction

N
Y

Numerical diffusion

k- Vi |
1 Vi
): I —_— ;v—’:
.
Reset area Numerical shock Reset area Numerical shock

Figure 26: Transport of the specific volume of the Hugoniot pole for a generic phase k in the neighborhood of
the numerical shock layer. In Case 1, the reset is done in each cell away from the numerical shock layer. It
results in smeared specific volume profiles that enter the shock numerical diffusion zone, yielding loss of the
shock Hugoniot correction, as the specific volumes are now incorrect. In Case 2, the reset of \/k is not activated

in the cells neighbouring the shock. The poles numerical diffusion zone is far enough of the shock layer where
correct shock correction is now acheived.

Theoretical shocked state

Hugoniot curve
Numerical shocked state

This point belongs to the diffusion arey
during the Hugoniot pole transport
inside the shock layer

Initial unshocked state

Pk

* 1 >Vi\‘

Vi

Figure 27: When a numerical diffusion zone appears during the transport of the Hugoniot poles inside the
numerical shock layer (Case 1 in Figure 26), the points in this zone do not have the correct poles values

(pik ,\fk ) . Then, it is not possible to match the Hugoniot curve. Consequently, the final shocked state is badly

predicted.
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Thus, the method is summarized as follows:

1. Shock indicator
The cells verifying pr,\1,,+12(1+ ssh) Pw, With €, =0.01, are corrected during the relaxation stage

using relations (30).

2. Non-reset indicator
The (p‘k,v‘k) belonging to the cells for which at least one neighbor verifies the condition

Pt = (1+€s) Py, with £, =€ ,/10 are not reset.

3. Remaining cells

The (p'k ,v‘k) belonging to the remaining cells are reset: (p'k ,v‘k) = (pk ,vk) .

To illustrate this technique, the test case from Figure 22 is rerun using the above correction. The
results are compared to the exact solution in Figure 28, which clearly demonstrates that the method
converges.
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Figure 28: Two-phase shock tube epoxy-spinel with correction for shock convergence. The numerical solution
(symbols — 2000 cells) is compared to the exact solution (solid lines). The convergence at the shock is obtained.

Using the same parameters ¢, and ¢, the convergence is checked for several mesh densities (see

Figure 29).

res’
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Figure 29: Mesh refinement analysis for the convergence of the volume fraction at the shock. Left: 200 cells,
right: 20 000 cells.

2.2.2. Multi-dimensional extension on tetrahedral meshes
The method presented in the last section works nicely on Cartesian meshes. It however needs some

modifications on unstructured meshes. To better understand the diffuclty let's have a look at Figure
30.

Shock indicator
activated
A

Non-reset indicator
smoothed [ |

Shock indicator

- smoothed [ |

4 N

/\/‘ _ \/\

H_) =2
y Y
Reset area Non-reset indicator ReseErea
[ ] activated -+ L]

Figure 30: 2D unstructured mesh. Treatment in the neighborhood of a shock.

As previously mentionned, the shock indicator is activated when the condition p',j,rl = (1+ ssh) Py is
valid for a given cell.

In the case of an unstructured mesh, the zone inside which the shock indicator is activated has an
irregular shape. It does not necessarily catch well the whole shock layer. Let us take as an example a

very stretched cell: its barycenter may not have been reached by the shock wave whereas the
neighboring cells have been.

To reset the Hugoniot poles properly a smoothing operator is introduced.

This operator is defined as: If a mesh cell C has any neighbor v for which the shock indicator is
activated then the shock indicator is also activated in the cell C considered:

If Ov such that p,y = (1+¢g,) Py, then pjye = (1+€,) Phy c is assumed.
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It is possible to repeat the smoothing operator as many times as necessary to artificially obtain a
wider zone. In Figure 30, a single smoothing step has been performed once and results in the
activation of light gray color cells.

This operator is also applied to the non-reset indicator. This procedure allows obtaining a wider zone
inside which the Hugoniot poles are not reset, allowing for their transport on the whole domain
covered by the numerical shock layer.

In this figure, we assume that the indicator of non-reset is activated inside the dark gray, light gray
and dark blue cells. The smoothing operator adds up an additional layer of cells (light blue) inside
which the indicator is activated.

Let us consider a two-phase shock tube composed of epoxy and spinel in the same initial conditions
as before. The domain is now 3D (Figure 31) and the mesh is composed of 40000 tetrahedrons.

2.5mm

Figure 31: Dimensions du tube a choc 3D.

Several tests are done in order to observe the influence of the smoothing steps number on the
correction of the shock. The solutions are projected onto the symmetry axis parallel to the shock
tube. We can then compare the 3D results to the 1D results previously obtained. The solutions are
presented in Figure 32 at the same physical time (t =32us):

- In the absence of correction (green curves) we can see again the convergence issue at the
shock.

- The correction algorithm used in the 1D test case is reemployed here (pink curve). It
corresponds to the case where no smoothing operator is applied (0 smooth). The parameters
are identical to the 1D case (g, =0.01 and e, = 0.001). The convergence at the shock is still

inaccurate.
- We now perform tests using 1 to 4 smoothing cycles for the same values of ¢, and ¢,. The

same number of smoothing steps is applied to both indicators. When the number of cycles
increases, the shock state converges to the exact solution.
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Figure 32: Convergence study as a function of the number of smoothing steps on an unstructured 3D mesh at
t = 32us (top: order 1, bottom: order 2 with Venkatakrishnan limiter).

Looking at the results in Figure 32, it seems that the recommended number of smoothing steps is 2
for 1% order and 3 for 2™ order. When 2™ order computations are adressed a larger number of
smoothing steps is needed. It is explained by the fact that 2" order tends to sharpen the shock wave
and so to decrease the number of cells detected by the indicator. Given that going from 2 to 3
smoothing steps tends to increase the accuracy of 1st order computations as well, this last value is
then recommended for this test case.

The method applied to unstructured grids can be summarized as follows:

1. Shock indicator
The cells satisfying pnM+12 (1+ Esh) Pw, Withe, =0.01, are corrected in the relaxation step using

relations (30).

2. Shock indicator smoothing

If a control volume has at least one of its neighbors for which the shock indicator is activated
then it is also activated inside this cell. This procedure is repeated once (2 smoothing steps in
total). This increases the total number of cells inside which the correction is done in the pressure
relaxation stage.

3. Non-reset indicator
The (p'k ,\/jk) belonging to the cells for which at least one of its neighbors satisfies the condition

n+l

Pt = (1+€,5) Phy, withe .o =0.001, are not reset.
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4. Non-reset smoothing

If a control volume has at least one of its neighbors for which the non-reset indicator is activated
then it is also activated inside this cell. As for the shock indicator, this procedure is repeated
once. Therefore, the total number of cells where the reset of the Hugoniot poles is not
performed is increased.

5. Remaining cells
The (p'k ,\)k) belonging to all remaining cells are reinitialized: (p'k ,\/jk) = (pk ,vk) :

This method converges under mesh refinement as shown in Figure 33.
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Figure 33: Mesh refinement study for the volume fraction of Epoxy. The meshes presented here contain 20
000, 80 000 and 160 000 cells. Left: 1st order and right: 2" order (Venkatakrishnan limiter) at time t =32us

2.2.3. Tests on reflected shock waves

So far, the method has been tested for a single free shock wave. In the following, we study the
robustness of our approach on a more complex test case: when a shock wave reflects a solid wall. To
do so, we conduct the same shock tube problem as previously mentioned but replace the boundary
condition at the low-pressure side by a solid wall. The final simulation time is also increased to
t =70us in order to make the shock reach the wall and reflect.

In order to compare the numerical solution, the exact Riemann solver based on the Kapila et al.
(2001) model and Saurel et al. (2007) Hogoniot relations is used. This reference solution for a
reflected shock is obtained in two steps as shown in Figure 34:

1. Solution to the Riemann problem with the initial condition described earlier for the left and
right states. This step gives the star states at the right side of the contact discontinuity (post-
shock).

2. Solution of the Riemann problem with left and right states obtained from the first step. The
right state velocity has a reversed sign in order to simulate the presence of a wall.

61
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Figure 34: Two-step resolution for the reference solution determination of a reflected shock at a solid wall.

The star states of both problems are summarized in Table 2.

ag =0.478

a, =0.464¢

P, =8.81*18" P

P =285*18 Pe

Ug =4.15*16 ms'

u =0ms

*

P =2.56*1G kg.m®

*k

py =3.93*18 kg.m?®

*

P,r =4.87*16G kg.m®

ok

p, =7.09*18 kg.m®

Pk =3.77*16 kg.ni®

PuxL =5.62*1G kg.n?

Table 2: Exact solutions obtained from the exact Riemann solver based on Kapila et al. (2001) model.

o2 6200
o e T e e =N 000 -
o0sl = = No correction 5800 Py o
058 1 smooth ' e 1§
057 == = 2smooths | soe }
5,086 3 smooths | oo |'I
20 — — 4smooths | guw E'
| S :
| o2 . |
| | Bomn,....... PUER s
L E |
| 500
: % Em — = No correction
....... R ﬁ - 0smooth
....... k= e 1 smooth
a0 = = 2smooths
0 3 smooths
ﬁ = = 4smooths )-'
%435 555 01 ais 02 0% 0 035 04 045 08 086 a6 085 67 075 08 085 69 0% ) %0 005 01 015 07 02 03 035 04 045 05 08 06 065 07 075 08 085 09 0%
Position (m) Position (m)
0e2
0é/ — — No correction B e e A L G e s T
08| — — 0smooth :. 400 " S
L 1 smooth { 5200 |
087 == = 2smooths { o f
056 as00
Biw| ™ 3 smooths t e I
8.0 — — 4smooths B
Som . J
Fom | Lot PMIX R
_§a5|‘ | 7
T | ,r
gom OtR o — — No correction i
s == == 0smooth H
Bl '
046/ Ot” m - ;!moal: I
045 L 20 smooths I
P - T 3 smooths !
043 wo, — = 4smooths |

042;

0 005 0) 015 02 025 03 035 04 045 05 055 06 065 07 075 08 085 0F 008

Position (m)

00 5% u1 015 07 0% 03 0% 04 04 05
Position

)
055 06 065 07 075 08 085 09 095 |

m)

Figure 35: Convergence of the method for a reflected shock wave on a 3D unstructured mesh at t = 49us (top:
1% order, bottom: 2™ order with Venkatakrishnan limiter).

As done in the case of a single shock wave, a convergence study as a function of the number of
smoothing steps is presented in Figure 35. The volume fraction of Epoxy has two post-shock states,
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one before and one after relfection to the wall. These two locally constant states are in perfect
agreement with the results obtained with the exact Riemann solver based on the model equations of
Kapila (ar and a;* from Table 2). The mixture density is also naturally very well predicted. It is
important to remark that if no correction is given then the resulting values are very different from
the exact ones.

A mesh refinement study is finally conducted and presented in Figure 36 after the wall reflection at
time t = 70us. Three smoothing steps have been used. It can be seen that when the number of

mesh elements increases the volume fraction of Epoxy tends to the exact value of Table 2.
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Figure 36: Refinement study for the reflected shock on a 3D unstructured mesh composed of 20 000, 80 000
and 160 000 cells. Left: 1* order and right: 2" order (Venkatakrishnan limiter) at time t = 70US

2.3. Conclusion

A numerical technique consisting in enforcing the correct energy partition at a discrete level in
agreement with the multiphase shock relations has been built and extended to 3D unstructured
meshes. In particular, a robust and efficient method wad developed to detect shock waves.
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Chapitre 3

Extension du solveur de Riemann de type HLLC au cas
multiphasique

3.1. Introduction

In Abgrall and Saurel (2003) the two-phase computational cell is divided in two sub volumes, each
one corresponding to a given phase (Figure 37). At each cell boundary and for each type of contact,
the Riemann problem for the Euler equations is solved.

1 )/ -

i—1/2 i+1/2
-y Cell i i+

Figure 37: Stratified two-phase flow topology. At each cell boundary and for each type of contact, the Riemann
problem for the Euler equations is solved.

These solutions are then averaged in each sub volume and provide a set of discrete equations that
correspond to some kind of two-phase Godunov method (Discrete Equations Method — DEM — see

Section 1.3.1).

In the continuous limit, when both space and time steps tend to zero, the Saurel et al. (2003)
symmetric variant of the BN model is recovered:
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Phasel
oa da
_1+U|El=U(Pl_P2)
00y, 00 PiLy -0
ot 0X
00 ,p,U, +aalp1u12+alpl -p oa, A u, -u,)
ot X ' ox 2
oap,E, da,lpE,+PR)u oa — =
il L+ l( 10;( 1) : :Rula_xl+7\u|(uz_u1)_|-”3|(Pl_Pz)
Phase2

00,0, | 005U, -0
ot ox
00 ,pyU, 0 DU, + 0P, _p 0o, _
ot 0X ox

da p,E,  a E,+P 0 — =
O(zéotz 2+ O(Z(pzai 2)U2:F|,ul ;)((2 ~Au (U, ~u,) +uR (R~ R,)

R )\(Uz - ul)

This model is the starting point of the new two-phase method (Chapter 1).

The multiphase extension of the two-phase HLLC type Riemann solver requires the knowledge of a
continuous multiphase model. In this aim, the continuous limit of the multiphase discrete equations
obtained in the frame of the DEM has to be considered.

In the case of a N-phase mixture (with N an arbitrary integer number) and in the frame of the DEM,
the computational cell is divided in N sub-volumes, each one corresponding to a given phase. A 3-
phase flow example is given in Figure 38.

3

i 3 -\ 3
2  \ls -

\/ .....................
1\ 1 Q\M 1

i-1/2 Cell i i+1/2

Figure 38: Example of a stratified 3-phase flow topology. In the same way as the two-phase case, the Riemann
problem for the Euler equations is solved at each cell boundary and for each type of contact.

In the same way as the two-phase case, a set of discrete equations is obtained. However, the search
for the continuous limit of this N-phase discrete system is tedious. Indeed, when both space and time
steps tend to zero, the continuous form of the non-conservative terms is complex.

The following semi-discrete N-phase model is thus considered, Tk {1,..., N :
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2 (DxiJv), .+ 2 (] 6),

oa, 4t T 0o
ot Ax
aagtpk N 60(:3pkuk 0 o1
X
hi X« |P h[X. | P

00, P Uy + da,p.u’+a, P _ ;( [Xk] P )Im.i—llz * ;( [Xk] )Irn,i+1/2

ot 0x B AX
da,p,E, + oa, (pkEk + R() U _ ; (hI:Xk] Pu )lm,i—uz +;( h[Xk:I P u)|m,i+1/2

ot ox B Ax ’

with the temporal terms and the Eulerian fluxes written under their continuous form. Moreover, we
have to keep in mind that the space step is very small: Ax =¢ <<1. Let's focus our attention on non-
conservative terms that pose the main difficulties for numerical approximation.

Non-conservative terms
For a given cell, non-conservative terms can be expressed with the following general form,

S (0]E), e D0 TF)..o,

l,m ,m

AX

where :
- (I, m) D{l,..., I\} X{ 1.., I‘}I represent the various possible contacts among the phases,
- I#m
- h|m is the height of the flow channel representing the contact ‘I-m’ on a given cell boundary.
Determination of the contact surfaces at the cell boundaries for an arbitrary number of fluids
was proposed by Chinnayya et al. (2004) (Appendix 3.A).

- [X;]Im is the phase function jump following the x direction through the contact ‘I-m’. More
exactly, we have:
[XL :|Im = Xim ™ Xi1s (32)

lifk=m

where for example ¥, . ={ 0 if Kk
' | m

Let us note that [Xk ]Im # 0 if the contact ‘I-m’ goes into the cell considered. In that case,
[ ] | 1lifk=m
X Lo -1if k =1

0 PR

* * * T
- E;ag’ :(—U T E] %) is the Lagrangian flux solution of the Riemann problem

Im

for the Euler equations and for the contact ‘I-m’ on a given cell boundary.

System (31) can be rewritten as follows, [k D{l,---, |\} ,

2 (D6 JF), L 2 (DGR,

U,  OF _ 5 - 3
ot 0x AX ’
with,
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a, 0

U = a, Py F = APy Uy
“Tlapu || o (pu’+R)
akpkEk ak(pkEk+R<)q<

We now adress HLLC type Riemann solver builing for a given phase k.
3.2. Multiphase Riemann solver

3.2.1. Local conservative formulation
In this section, the Riemann problem only is considered on a given cell boundary. Keeping in mind
that Ax =€ <<1, system (33) can be expressed locally under the following form:

v, . or > (nDxJF),

k — I,m
ot 0x AX
Thanks to the definition (32), this expression can be rewritten as,

o, oF _ hy B (Xk,m _Xk,l)
ok 2 AX '

l,m
The velocity U:m and the pressure le present in non-conservative terms are solutions of the
Riemann problem of the Euler equations and for the contact ‘I-m’. As the Riemann problem solution
depends only of the initial left and right states, variables U:m and P|m are locally constant during a
time step at a given cell boundary and for a given contact ‘I-m’. They are computed by an appropriate

Riemann solver of the Euler equations (exact or approximate) with correct initial states as inputs.

Moreover, h|m is locally constant too and Ax = ¢ <<1. We can thus write:

a&+ai:2“h pvlag a(Xk)lm

ot  ox mim ax

I,m
| . . .
The term hlm Emag being a local constant at a given cell boundary the previous system becomes,

U, oF ~—0(hF™x,)

I,m

hF =
OUK . aFk _a;( X« )Im

ot 0x 0x

We thus obtain a locally conservative system:

o F - (hFo
aLJk [ ‘ Z( Xk)lm] —
* =0

<

=0

I,m

ot 0X

(34)

3.2.2. Phase k wave pattern

The variables ufm and P|m being local constants, another important simplification appears. The

Riemann problem for a given phase is decoupled to the one of the other phases. Thus, for a given
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phase k, the Riemann problem is based on system (34) and on its own wave pattern composed of

(N + 2) waves. The various waves speeds are computed as follows:

- The left- and right-facing wave speeds S_,k and S%,k are for example determined by the
Davis (1988) estimates:

S = Ma’%UL,k *+C ko Urk "'CR,k),
Sk :Mir(uL,k ~CLk Urk _CR,k)

- With the help of these wave speeds, the intermediate contact wave is estimated under HLL
approximation as:

O(Rvk(pu2 + P)Ryk—aw(pu2+ P)Lk + S, (ap l)L,k - S (ap )‘?,k —l:Z( h‘lﬁgxk)lm} +|:Z( H‘ngk)lm

S = (apu)., ~(apU)., + S, (aP),, - 5. (aP)s, |

where pressures le and heights h|m are already computed and local constants.

With the help of (32), the discrete part of the previous expressions read,

l:Z(hP*"agxk)lml —l:Z(hP"agxk)lmL =S [(), ] -3,

Im I,m I,m

=2 (PP (0 ), =20 (0P [0 ]),

I,m I,m

S thus reads:

dni(pu?+P) —a e+ B+ S(ap ), ~ Silap W, - b P[x],

(apu),, ~(apu) , +S.(ap) , ~ S (ap),,

- (N—l) interfacial wave speeds uff‘k), qD{l,...,N—}., represent the different contacts

between the phase k and the other ones.

For example, let us consider the case N =4 and the Riemann solver associated with the
phase 1. On a given cell boundary, existing interfacial contacts may be contacts ‘1-2’, ‘3-1’
and ‘1-4’. In this case, we could denote by:

1) = (2) — (3) —
Up = Uy, Uy =Ug et Uy =U,.

Thus, there are (N +1) intermediate states per phase and on each cell boundary. In order to build a
simple algorithm, it's necessary to rank in ascending order all the N intermediate wave speeds
{SM,k ,Uff‘k)} , qD{l,..., N- ). To do that, we use a quicksort algorithm.

Let us define the intermediate waves by Gf(j) , jD{l.---, l\} and check:
oV <..<oM <o <o <..<clV.

It’s important to detect the index Jy verifying g™ =Sy«-

The phase-k wave pattern is shown in Figure 39.
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> X
Figure 39: Schematic representation of the Riemann problem for a given phase k in the HLLC frame. ‘W’
represents the set of variables of the N-phase model.

In Figure 39, V\{< denotes the vector of primitive variables of a given phase:
_ T
W, _(ak' Pkr Uk Pk) :
W_, and W, are respectively the left and right initial states, known at each time step. The

Rankine-Hugoniot relations across the various waves link the initial data to the intermediate states

w7, OzO0{1,..., N+ }.

3.2.3. Comment on Rankine-Hugoniot relations
Let us consider a given wave of speed D , separating the unshocked state ‘0’ and the shocked one
‘S’. Across this wave, the Rankine-Hugoniot relations of system (5) read :

Fe - (hF™x,). - DU = F- > (hF*%,) - DU

I,m I,m

= B =R+ D(Us- U%)+ Y (hFo(xs-x))
= B =R+ D( U - )+ > (hFx,])
Let us note that [Xk] #0 only through the interface separating the phase | from the phase M. In

Im

other words, we only have [Xk] # 0 through the wave of speed Ul*m .

Im

Im

Thus, the Rankine-Hugoniot relations across this wave (D =u ) reduce to,

Fe =R+ D(Us - u?)+(hF=[x, )

Im

In the following, the term (hI:k"ag [Xk ]) will be called the discrete correction linked to the wave of

Im

speed Ul*m .
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Moreover, if D D{SLk ' Sk ,%k} , the discrete term Z:(hF*'Iag |:Xk:|) disappears. For example, if
I,m

Im

D= SM,k , we recognize the conventional RH relation:
R=R+8, (8- )

In that respect, it is important to know the index Jy verifying Gf(jM) = SM'k .

3.2.4. Determination of the Riemann problem solution state — Algorithm

1. 1f§,20or &, =0, solutions are obvious and are respectively the states W, , or W .
Otherwise, determining the index jg, of the Riemann problem solution state is easy, as all the N
intermediate wave speeds are ranked. This index respects the following condition :
oo™ <0< gl j 0{1,...,N+ 3, with the convention 0{” =S, and o{"* =S_,.
Two instances have to be considered:

- s Sim - Inthis case the contact discontinuity of that phase faces to right. The method is

described at step 2.
- Jso >Ium - Inthis case the contact discontinuity of that phase faces to left. The method is

described at step 4.

2. Determine the state Wk1 To do this we use the Rankine-Hugoniot relations through the left-
facing wave speed S_’k :

Flgl:FL,k-'-Q,k( Lll_ L{k)

We thus obtain the following results :

*1 _

A =a, .,

*1 _ uL,k_SL,k

P =P
M.k S.,k

U = Sy
R'=R, +pL,k( Uk~ $.k)( U — §,k)r

(Pu)., — R" S
Pk (uL,k - S.k) '

*1
Ek - EL,k +

3. If jg, #1then set j =1 and continue by the procedure that follows.
The Rankine-Hugoniot relations through the wave of speed O'S) are used in order to

determine the state W™ :

Rt =R ol (U -0 )

with U the discrete correction linked to the wave of speed O . Obvisously, U™ =0.

In this context, we get :
o =it + ([,
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(@R —ai* R ) S0+ (1 %] PU),
a;'py (S —?)

where the index (J) recalls the link between the discrete correction and the wave of speed

o R
Ek _Ek +

’

o0,
Thenincrementjas j=j+1.

This step is repeated as long as ] <jM or ] ¢jsol'

At this stage, if jsol has not been reached, determine the state W;’Nﬂ thanks to the RH
relations through the wave of speed SR,k :
E:Nﬂ =Ryt SRk( UILNH - UR,k)-

The following results are obtained:

*N+L
ak _GR,k’
* N+ _ Ug « _SR,k
O =P g
M,k S?,k

UM =S

R = FI)?,k+pR,k( U™ Sek)( Wk~ %I,k)'

ENTZE,, + (PU)R,k - B Sk .
pR,k(uR,k_SR,k)

If joo; #N +1, initialize j=N .

The Rankine-Hugoniot relations through the wave of speed O'fj) are used in order to
determine the state W, :

RI=R el (U -0 )

In this context, we obtain :

ey
. L .
p*k’J :uakTka 4

*

TR
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(n[x.]P),

R B
R’ = Gk:(,j R - a’
o R AR S P,

ooy (S =)
Thenincrement j=j-1.

This step is repeated as far as | >jM or ] ¢jso|.

We now have in hands the conservative variable vector of the Riemann problem solution state,
a*kajsol

(ap);isol

(ap), " S

(G p);‘jSO' E;jSOI

The associated flux is deduced from the Rankine-Hugoniot relations across the wave of speed CE(JSO')

*isol —
U, s =

or O-(kjsol‘l) .

3.3. Godunov type scheme

Having the HLLC multiphase Riemann solver in hands, it is now possible to derive a Godunov type
scheme. For the sake of simplicity, the first-order version only is presented. As the entire cell is now
considered, it is not possible to consider local conservative formulation. The system is thus
considered under the form (33),

aUk + aFk Z(hl:xt(] F*Ylag )Im,i—1/2 * Z( hl:xlil Plag )Im,i+l/2

== = Ok {1,...,
with
o, 0 i,
Py a.p U, Lag* _ 0
- Fo= |:m - "
U, ap.u, | Gk(pkuk“ﬂ) and 1 = ,(Lm) {1, N x{ 1., .
P Ey Gk(pkEk"'Fi)W Fu’mHm

For a given cell i, the Godunov scheme we consider reads,

UE.? =Uy _%{Fk*,i‘f% - F':vi‘% _Z( hI:XT‘J R )Im,i—]JZ _;( '{X*J i )Im,i+112:|'

OkO{1,....N )

Ax and At represent respectively the space and time step. The superscripts N and n+1 denote

’

two successive time steps t" andt™*. Moreover, let us recall that [Xk ]Im # 0 if the contact ‘I-m’

goes into the cell considered.
AX

This method is stable under conventional CFL restriction At = CFL .
MaxiSle 1SR K )
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3.4. Computations and validations

3.4.1. Three-phase shock tube test

In this test, a shock tube with a mixture made of gas, copper and liquid water is considered in order
to observe the method capabilities.

The materials are assumed governed by the ‘stiffened-gas’ (SG) equation of state (EOS):

R = —1p.8 — Vi By, with k0{1,2,3 .
Parameters for the gas phase are V=1.4 and Poo = 0 Pe while for the liquid phase theyarey=4.4
and P, = 6x 10 P For the copper phase, y=4.22and P, = 324x 18 P.

The initial data are given as follows:
- High pressure chamber:

Volume fractions of the gas, copper and water are respectively set to 0.8, 0.1 and 0.1.
The pressure is set to 1000 MPe.

- Low pressure chamber:

Volume fractions of the gas, copper and water are respectively set to 0.25, 0.5 and 0.25.
The pressure is atmospheric.

The densities of the gas, copper and water are respectively set to 1kg/mi, 8960kg/m and
1000 kg/ M. The three phases have zero initial velocities.

Stiff pressure relaxation is used everywhere contrarily to velocity drag that is absent. The results are
shown at time 7.6 S in Figure 40 and compared to those of the DEM showing very good agreement.

This test is done with a uniform mesh involving 200 cells.
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Figure 40: Three-phase shock tube test. Results of the new method are shown with symbols while those of the
DEM are shown with lines. Results of the new method and those of the DEM are in very good agreement.

3.4.2. Three-phase 3D impact test

3D extension has been done in the context of arbitrary number of fluids. The process follows the
lines of the previous chapter, in the frame of unstructured meshes.

A 300m/s copper projectile impacts a copper tank filled with liquid water at rest (see Figure 41). The
rest of the domain is made of (nearly) pure air.

Copper projectile

Water
0.15m a

« Air

Copper vat

<
<

0.22m
Figure 41: Impact test initial state

Copper and water are assumed governed by the ‘stiffened-gas’ (SG) equation of state (EOS).

Parameters for the liquid water phase are y=4.4 and P, = 6% 16 P¢, while for the copper phase

they are y=4.22and P, = 324x 10 P.

The air is assumed governed by the Noble-Abel EOS. Details regarding this EOS are given in Appendix
3.B. The air covolume is taken as n=0.0003 m>/kg and the specific heat ratio is y=1.4.

The densities of the gas, copper and water are respectively set to 1.225kg/m, 8960 kg/m and

1000 kg/rﬁ. The pressure is atmospheric in the initial state. Moreover, in a given sub-volume (for
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example the copper tank), volume fractions of the two phases in minor proportions are set to 0.000%
(for the same example, air and water).

Stiff pressure and velocity relaxations are used everywhere. The results are shown at different times
in Figure 42. This test is done with a uniform unstructured mesh involving 711.000 tetrahedrons.

Figure 42: Impact test — Numerical results at different times

(t=0,t=90us,t =170us t =250usand t =360 S).

3.5. Conclusion

The multiphase extension of the HLLC-type Riemann solver has been realized and allows the
simulation of a wide range of applications. Numerical results obtained have been compared to those
of the DEM showing very good agreement.

Appendix 3.A. Determination of the contact surfaces at the cell boundaries for an arbitrary number
of fluids

We develop here the calculation procedure in the case of a multiphase mixture.

At a given cell boundary each fluid occupies on the right and left sides a fraction of the cross section.

We denote this surface fraction by S and S, where the index k represents the phase and the

subscripts R and L the right and left sides respectively, relative to the cell boundary.

— oy
These surface fractions are defined by: S =X, = ALJA X, dy.
yJo

In the following procedure, these surface fractions are assumed equal to the volume fractions:
S =0,
Let us first examine the particular case of two phases. The method proceeds as a recurrence process

in which the initial data corresponds to the left and right surface fractions with respect to the cell
boundary (i =1/ 2 in this example):

0 = 0)
S 1L _al,i—l S 1,R _al,i
0 - 0 _
S 2L _az,i—l S( 2,R _az,i
The superscript (0) represents the initial state of the recurrence procedure. To proceed to the next
step, some kind of continuity assumption has to be formulated for each phase. We assume that each
phase has the maximum possible contact surface with itself. This maximum contact surface cannot

exceed the smallest of the two surfaces of a given phase present at the cell boundary. This
assumption provides the first two contact surfaces at the cell boundary:

S,=min(g) , $) and S, =min(S), L).
From this result, the remaining available surfaces on the right and left sides of the cell boundary are
readily obtained. It determines the next step of the recurrence formula:
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) —qo _ ) —qo _
S L= S 1L $1 S 1R S 1R 31
) —go _ H —g0 _
S 2L S 2,L 52 S 2R S 2,R %z
The contact between two surfaces will occur necessary with the smallest of the two remaining
surfaces: S, = min( ) ’S,)R) and S, = min( Sy ,$f)F{).

These results are summarized in Table 3:

Contact type Contact surface
11 S, =Min (0, ay)
1-2 S, =Mn @,,-S, ,0,~S,,
2-1 S,=Min (@,;-S, .0,;,~S,)
22 S,=Min (@, a,)

Table 3: Contact surfaces at cell boundary (i-1/2) for a two-phase mixture.

It can be easily checked that §,+3§,+ S+ §,= as well as §,+9,=a,,,, §,+§,=0,,,

§1+ %l:al,i and %2 + Sz =0y,
We now examine the case with 3 phases. As previously the initial data corresponds to the left and
right surface fractions with respect to the cell boundary:

0 — 0) —

S 1L _al,i—l S 1,R _al,i
0 = 0 —

S 2,L _a2,i—1 S< 2,R _az,i
0 = 0 —

S 3L _as,i—l S 3R _a3,i

With the help of the continuity assumption we get :
s.=min(§) . ) S, =min($, , k) S, =min($) L %)

From which we determine the remaining surfaces:

) —g0 _ ) —go _

S 1L _S 1L $1 S LR S 1,R 31
) —dgo _ ) -0 _

S 2,L _S 2,L §2 S 2,R _S 2,R %z
) —g0 _ ) —go _

S 3L S 3L %3 S 3R S 3,R %3

We now need another assumption associated with the mixture topology. A “priority” has to be
defined for the contact of the various phases. Imagine that phase 1 is the solid reacting phase, phase
2 its reaction product and phase 3 an inert phase. It is legitimate to give a priority to contact between
the solid phase and its reaction products. But the contact surface between these two phases cannot
exceed the smallest of the two surfaces present at the cell boundary. Thus,

S, = min( l?_ ' SS,)R) and S, = min( Sl)L 1‘%?2)-

We then deduce :

2) —gbh) _ ) —dbh _
S(l,L_Sl,L §2 S(l,R_sl,R %1
) —dbh _ 2) —qo _
SZ,L_SZ,L 51 SZ,R_SZ,R Sz
2) _ ) 2) _
S 3,L_S 3L S 3,R_S 3,R

From which the remaining contact surfaces are deduced :
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Se=min(§)  §), S.=min(S ,§), Si=min(S), ), S, =min($ ).

These results are summarized in Table 4.

Contact type Contact surface
11 S, =Min (@, ,a,)
1-2 S, =Min (@,;,=S, ,0,,=S,,
2-1 S,=Min (0, =S, ,0,;,~S,)
22 S, =Mn(@,;, a,)

13 S=Min (0, =5,= 9,05~ S,
23 S, =Min@,;,~S,~ S, 0~ S,
31 Sy =Min(@;;, =S 0, = S-Sy
32 Sp =Min(@y; =S 0,= S S,
3-3 S;=Mn (@0, )

Table 4 : Contact surfaces at cell boundary (i-1/2) for a mixture with three phases : phase 1 is a reactive
material, phase 2 its reaction products and phase 3 an inert material.

This procedure shows certain degrees of freedom for the choice of these contact surfaces, provided
that the various saturation constraints are fulfilled.

Table 4 gives an example when the contact of the phases with themselves is the first priority, and
when the contact between the reactive material and its products is the second priority.

From these observations, a general recurrence procedure can be proposed. It requires the definition
of contact priorities at each step IM of the recurrence process between two phases: phase k and its

priority phase pkm during step M.

Example: Preceding system with 3 phases.

m=0 p =1 ) P =2 and =3

m=1 p=2

m=2 =3 and =3

From these priorities, the contact surfaces at the cell boundary are computed at each step by the
formulae: Sk,pE‘ =min(§, ,%‘TR ‘and Spﬂ“,k = min(%"{(n‘L QR

The remaining surfaces at the next step of the recurrence procedure are obtained by:
o +1
rT]’I‘_grjl‘_skpm and m,R_S:R_Spmk'
Pk K

It must be checked at the last step (m=2 here) that all S:Iland S:;lare zero.

Appendix 3.B. — Noble-Abel EOS
The Noble-Abel EOS reads,
o(p,e)= Y~ DR(e~ )
1-np
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e(T)=¢T+aq

Using this EQOS, the following expressions are obtained,

p(p’T):m'
1-np
szpw-npx
p(l-np)
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Chapitre 4

Modélisation du changement de phase de
gouttelettes liquides en présence d’un gaz multi-
constituant

4.1. Introduction

Dispersed droplet flows with phase change appear in many fundamental and applied science
situations such as for example combustion in automotive and spacecraft engines, cryogenic
combustion and atmospheric liquid dispersion to cite a few. In most situations phase change occurs
between liquid drops and corresponding vapour mixed with other gas phase chemical species, such
as for example air. In such instances, phase change involves both heat diffusion in the liquid and gas
phases as well as mass diffusion of the chemical species in the gas phase.

Main difficulties related to such modelling are related to multidimensional effects that have to be
summarized by ODEs and algebraic systems, i.e. in OD. Many efforts have been carried out in this
direction, mainly in the frame of two-phase spray combustion (Spalding, 1953, Williams, 1958, Law,
1982, Abramzon and Sirignano, 1989, Abramzon and Sazhin 2005, Sirignano, 2014, and references
therein). In the last reference arrays of droplets were considered while in former ones isolated
droplets only were studied.

The present work considers the behaviour of a single droplet, cumulative effects to the mean flow
being accounted for through the specific interfacial area of the droplets cloud, under the assumption
of absence of interaction between drops. Moreover, the liquid phase is described with a single size of
drops, space and time varying.

The present contribution follows the lines of Abramzon and Sirignano (1989) (AS89) in the sense that:
- Gas phase boundary layer effects around the droplet are considered through Nusselt and Sherwood
numbers correlations. This method enables computation of heat and mass diffusion fluxes through
the gas to the interface without spatial resolution of the surrounding gas. Also, this approach
considers velocity slip between the liquid and gas phases as Sherwood and Nusselt numbers
correlations account for it through the particle Reynolds number.

- Local thermodynamic equilibrium is considered at the interface.

79



- Droplet heating is considered through a heat exchange coefficient between the liquid-gas interface
and the droplet core. In AS89 two-dimensional flow internal to the droplet was considered to this
respect.

However, the AS89 model was derived in the aim of spray combustion modelling. In such a situation
phase change occurs as a result of heat exchange from the (hot) gas to the (initially cold) droplet. The
internal heat exchange to the droplet is needed to compute:

- droplet heating before reaching the saturation temperature,

- heat losses from the interface to the cold droplet core that lower the mass transfer rate through
the interface energy balance.

In AS89 the energy exchange internal to the droplet is thus a corrective term to the main heat flux
that comes from the gas to the interface.

In situations different to spray combustion the mass transfer rate may be a result of the energy
already stored in the liquid droplet. Such situations occur for instance when the surrounding gas is
suddenly depressurized, as for example in nozzle flows or in the whole sequence of spherical
explosions. In these situations the liquid core temperature is higher than the saturation temperature
at local pressure. Consequently droplet flashing occurs as a limit case.

In the present work a phase transition model valid in any situation is built as a generalisation and
non-linear extension of the AS89 model. Both liquid and gas diffusion effects are considered without
giving priority to the gas transfer heat exchange to the interface. In this sense, the model becomes
symmetric and as a consequence, highly non-linear.

Rather than having weakly coupled relations for the mass and heat transfers terms such as in the
AS89 model a fully coupled non-linear system of three algebraic equations is obtained. This is the
first main difference. These algebraic equations are clearly established from local jump conditions of
mass and energy at the interface, the closure being realised by the assumption of local
thermodynamic equilibrium at the interface.

A second important difference is made for the computation of the liquid heat transfer flux. In AS89
multi-D motion inside the droplet was considered through a reduction method to compute the
interfacial heat flux. In the present work, the temperature inside the drop is assumed to obey a
specific profile, corresponding to a boundary layer near the interface and a core zone at uniform
temperature. The boundary layer thickness is determined from the assumed temperature profile and
knowledge of the liquid average temperature. The average liquid temperature is a direct
consequence of the two-phase average flow model resolution.

With this method, no parameter is present. Moreover :

- The interfacial heat flux is in perfect agreement with the direct resolution of the heat equation
inside the drop at any time.

- The only constraint used is energy conservation through the explicit use of the average liquid
temperature.

Therefore, whatever the flow complexity is inside the drop, the present approach provides accurate
interfacial heat flux provided that a core zone with uniform temperature is present and connected to
the interface through a boundary layer profile. No internal mesh to the liquid droplet is used.

The mass transfer model thus consists in a set of three non-linear algebraic equations. There is no
parameter in the model except physical properties of fluids in presence. The solution of this system
is reached numerically in each computational cell and at each time step of the two-phase average
equations resolution. It results in the computation of the mass flow rate from liquid to gas, positive
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in evaporation conditions and negative in condensation. It also provides mass, momentum and
energy transfer terms to embed in volume average two-phase flow models.

The paper is organized as follows. The two-phase flow model under examination, with heat and mass
transfers added as source terms is presented in Section 2. The conventional closure relations of this
model are addressed in Section 3. The local and symmetric heat and mass transfer model for a single
liquid droplet is built as follows: mass and energy interface conditions are addressed in Section 4
while the local thermodynamic equilibrium interface condition is derived in Section 5. The heat
exchange coefficients, in particular the one related to heat exchange internal to the droplet are
determined in Section 6. The heat and mass transfer sub-model resolution method is given in Section
7 and validation results are shown in Section 8.

4.2. Two-phase flow model and properties
Two phases are considered here: gas (g) and liquid (L ). The hydrodynamic part of the model is

based on the Saurel et al. (2003) symmetric variant of the Baer and Nunziato (1986) model. Heat and
mass transfers have been added as source terms.

Gas phase
da, 0 A i
g+ul_g:“(l:;_P|_)+ I"'g
a o ox P
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This model considers each phase as compressible, evolving with its own velocity, temperature and
pressure. The notations are conventional in the two-phase flow literature. The variable a,

represents the volume fraction of phase k (kD{g,L} ), such that Zolk =1.p,u,P, T,eandE
K

represent respectively the density, the velocity, the pressure, the temperature, the internal energy
1
and the total energy (E = e+Eu2).

The gas phase contains two chemical species, air and water vapour, whose mass concentrations are
denoted by Y +Y, . =1

In the absence of source terms, it can be shown easily that this system is hyperbolic with wave

speeds u,, u, + ¢, and u, for kD{g,L}.

and Y, respectively. Obviously, Y

gair g.air gwat

Closure relations are needed for the practical use of these equations. Some of them are conventional
while others, in particular those related to heat and mass transfer, are the aim of the present paper.

4.3. Conventional closure relations
Many closure relations and correlations are needed. For the sake of simplicity the most popular ones
are presented hereafter.

4.3.1. Equations of state
The gas phase is assumed governed by the ideal gas caloric equation of state:

R =PR,T,

. — é - -1 -1
with R, =——; R= 8314 K"mol"” and,

Mg
— 3 1

1 Ygar  Yowa . Mg,air =29%10 kg.mol
—=——+—=" with 3 1
Mg I\/Ig,air M g,wat Mg,wat =18x10 "~ kg.mol
The temperature is deduced from the thermal equation of state,

T
0 _
&~ Zngej —J'_ > YiCydT,
Fairwat 0 Fairwat

with € = 2030kJ/k¢and €, = 0.

The specific heats at constant volume C,; are taken from the CHEMKIN-II thermodynamic database

(Robert, 1989).

The liquid phase is assumed governed by the stiffened gas equation of state (Le Metayer et al.,
2004):

PL:(yL-lpL (% -é )i ﬁ_ ’
with y, =235, P, =10 Paand € =-1167kJ/kq this last parameter being linked to the liquid

water specific heat of formation.
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This EOS involves both molecular thermal agitation through the term (y,_-l)p,_(q_ —q?) and

attractive short distance intermolecular effects through the term -y P, . An improved version of this

EOS, including short distance repulsive effects is in construction (Le Metayer and Saurel, 2015).
In the frame of the stiffened gas EOS the thermal one reads,

POO

=g [+==+¢,
P

with ¢,, =1816Jkg K

Obviously, both liquid and gas may be governed by other equations of state. Here, the liquid and gas

parameters are such that the phase diagram is correctly reproduced in a given temperature range (Le
Metayer et al., 2004).

4.3.2. Interfacial variables

The interfacial pressure and velocity are expressed with formulas symmetric with respect to the
phase’s indexes,

ZP+ZP 0
Plz—Lg ZgL+Sg &—ZQZL (q—g)’
Z,+2, x )Z,+2,

u:zgug+zLuLJrsg da, ) R-F
L Z,+Z, ox )Z,+Z '

where Z, =p,c, represents the acoustic impedance of phase k with ¢, the associated sound

speed. These interfacial variables control the dynamics of droplet clouds, as they express velocity
transport and forces acting at volume fraction gradients. They are consequences of local Riemann
problem resolution in volume fraction gradient zones (Saurel et al., 2003).

The volume average pressure and interface velocities are given by,

u, = Zg;g JJ:;LUL '
g L
R=ailat
(o] L

These variables express the transport velocity and pressure force acting inside the cloud of droplets.
The interfacial density appearing in the first equation of System (35) is expressed as well by a
symmetric formula with respect to the phases (Saurel et al., 2008):

2 2
ngg + P.C

_ Y a,
P = C2 2
Y9 LG

a, o,

When the gas phase is much compressible than the liquid phase, these formulas tend to,
R-B;R-RB;u -u;u -u andp -p_ .
and the limit estimates of Baer and Nunziato (1986) are recovered. However, in specific

thermodynamic conditions, such as in detonation waves for example, the gas compressibility is
comparable to the one of the liquid and validity of these limit estimates fails.
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The interfacial total enthalpies H H, .., and H_, require the determination of the interfacial

g,wat,|” g,air,

temperature T, , whose determination will be addressed in Section 4. Stagnation interfacial
enthalpies are defined as,

Hy vt = Cpgal 1t €, t+1u|2,
wal 2

g,wat,| — “p,g,wat’ |

Hyar =Cogarl + € +1u,2,
2

g.air,] ~ “p,g,air’ | air
_ 1 5
HL,I _Cp,LTI + ch +E y-,

with ¢, . =1487 Jkg .K', c

p,g,wat

=1007J.kg .K'and C, =V, G,, .

p.g,air

4.3.3. Mechanical relaxation rates
The pressure relaxation is controlled by the following relaxation parameter:
__A

In practical computations, as the pressure relaxation time is typically less than one micro-second
(Chinnayya et al., 2004), instantaneous pressure relaxation is achieved after each computational time
step with the help of relaxation solvers such as those given in Lallemand and Saurel (2000). With stiff
pressure relaxation solvers knowledge of the relaxation parameter pand specific interfacial area A,
are useless. However, the interfacial area is needed to express drag effects as well as heat and mass
transfers as they occur through interfaces on typical time scales much larger than the pressure
relaxation one.

The specific interfacial area is expressed from the particle droplet size, that is evolving in the present
context as mass transfer is considered. Here, the droplets are assumed spherical with the same

average size (radius I} ) given by:
1/3

o, ZETII‘E(GLanL) or alternatively, I, = 3 . (37)
3 ampn,

The number density of particles per unit mass N is necessary to compute the particle radius. Its

evolution is given by the last equation of System (36). The product (G,_ [0} n,_) can also be denoted as

N, , the number density per unit volume.

When the particle radius is determined, there is no difficulty to compute the specific interfacial area,

AI = 4T[rll_z(aLanL) :

In this equation, a droplet fragmentation term may be present N, . This source term is estimated

with the algorithm that follows:

- The fragmentation time t.is computed as,

2r, P
‘uL —ug‘ P,
where T is a dimensionless time given by correlations based on the Weber number (Pilch and
Erdman, 1987). It reads,

te =T
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-05
T:“[ ° ezsﬁ} We<12

4| pD° p,D?
1= 6(We-12)7%* 12<We<18
1= 245We-12)°% 18<We<50
1= 141(We-12)7%% 50< We< 350
1= 0766(We-12)°% 350< We< 2760
1=55 2760< We

The Weber number is defined as,

2
We = 2pg‘uL —ug‘ r ’
o

where O denotes the liquid-gas surface tension coefficient.

- The droplet radius at the end of the fragmentation process is estimated as,

*

_ 0oWe
I 5

) 2pg‘uL — U,

where We* =12 denotes the critical Weber number, the lower limit of the fragmentation process.
From these relations the following relaxation equation is obtained for the droplet size determination:

dr _r-r
dtot
With the help of Relation (37) and mass conservation equation of System (36) it becomes:
da_p N + da, P u N - _30p
ot [0)4 r te
As the droplet radius decreases during fragmentation, the number density increases.
To close this mechanical relaxation subsection it remains to examine velocity relaxation.

Drag effects
The drag parameter Aappearing in systems (35) and (36) is actually a function of the particle
Reynolds number defined as,

- Zpgrtuag — U'H
Hy

where |, represents the gas viscosity.

Re,

With the help of this Reynolds number it is possible to determine the drag coefficient (Clift et al.,
1978),
24
— @1+ 0.15Re§587
Cd= Rep
0432  otherwise

Then, the drag parameter is obtained as,

) if Re, <1000

) = SO(LCdagpg‘ug —uL‘
8r, '
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Conventional closure relations being now given, we now address the aim of the present paper, i.e.,
heat and mass transfer closure relations.

4.4. Building the symmetric heat and mass transfer model

We now address building of the algebraic flow model to determine the last unknown functions
appearing in Systems (1-2):

- The gas mass flow rate M.

- The interfacial temperature T, .

- The interfacial water vapor mass fraction in the gas phase Yg yat, -
The gas heat exchange coefficient HTg is determined on the basis of conventional Nusselt number

correlations while the internal heat exchange coefficient H;, and the droplet core temperature T,

(appearing in the liquid energy equation of System 2) will be the subject of special attention in a
forthcoming section.

The algebraic system giving the three unknowns mg, T, and Yg,wat,l IS @ consequence of jump

conditions of mass, energy and local thermodynamic equilibrium. These jump conditions are
determined and examined hereafter.

4.4.1. Interface conditions

Local balance equations

In the present approach drops are made of pure liquid and surrounded by a gas mixture made of air
and water vapour.

The mass conservation equation for each chemical species iD{air,wa} in a given phase kD{ L,g}
reads:

opY,, = - ~
#'{' O [qkak,iuk _kak,iD(Yk,i)) =0.

In the gas phase, it is assumed that each mass diffusion coefficients Dg,air = Dg,waI: D care equal. In
the liquid phase, knowledge of this coefficient is useless as the liquid is assumed pure: Y, . =0
=1.

Neglecting viscous dissipation the energy conservation equation for each phase K reads,

op E

%*‘ OpkEcuc+ RU+4)= G kD{g, L},

where 7, denotes the heat flux,

Qe = A1, 0T =Py Dkz hi,i 0 Yk
]

Lair

and Y

Lwater

and Aty denotes the phase k thermal conductivity.

In the following, the flow is assumed locally isobaric and at low Mach number in both phases,
similarly as in flames dynamics (Klein, 2005). These assumptions are realistic as evaporation fronts
propagate at low speed compared to the speed of sound. Acoustic waves propagate fast and are
responsible for pressure uniformity, at least at leading order. Two consequences follow:

- The energy equation reduces to,

ap;tek +0 ekt + %) = 0,

86



where e, and h, represent respectively the specific internal energy and enthalpy (h, = g +i ).
Pk

- The momentum equation is replaced by the uniform pressure condition.

The above mass and energy equations being frame invariant the system remains the same when
expressed in the frame of the interface. The only change appears in the definition of the phases
velocity,

0, =u, -0,

where O represents the local interfacial velocity.

With these notations the system reads,

0P, Yy i «
Di T +|j-(kak,iUk — Pk D DYy ) =0 (38)
—apgtEk +0peh By +1) =0,

with g, = -A , OT, —kakZ he0Y,;, iO{air,waf and k D{ L,g}.
i
In the following, the notation ‘*’ is omitted.

Jump conditions

Figure 43 represents a control volume at the drop boundary. System (38) is integrated in this control
volume. The local interface velocity O is assumed constant so that the flow configuration is steady
and the time derivatives of the System (38) vanish. It means that the drop is large enough or that the
front velocity is not varying significantly in the time range of observation. Thanks to these
assumptions System (38) imply the following jump conditions:

J.(ngg’iUg—pgD LI g ) gds+ J'(p YU -p DY) M dS= ¢ (39)
Sy S,

I(pghgﬂg+qg) Ny dSt f (PLhy+7q) *p ds (40)
S, s

where I"Ig and n_ denote the outward unit normal vectors of the corresponding phases. When the

lateral surface €tends to zero the liquid and gas surfaces Sy and § merge.
Interface

Gas

Liquid

Figure 43. Schematic representation of a small control volume containing the interface.

4.4.2. Examination of the mass interface condition

For each species | D{air,wa}, equation (39) implies:
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(PgYgtg =PRI gi)Ng* (P Y oL ~p DAY ;). =0

Upon summation it reads,

nggZYg’i _pgD QZDY g,iJ.n g+[p LU LZ YL,i _pLDLZDYL,i .nL =0
i i i i
and simplifies as,

D O =0
k

i.e.,

mg +m =0, (41)
with the following definition for the mass flux: m, =p, U, .Ty.

The conservation equation for each chemical species i then reads :

MyYgi~PPJ Y giNg+m Y ;—p D OY ;.0 =0

The liquid being pure extra simplification appears:

ngg,i_pngDYg,'rng"'mLYL,i =0 (42)
Furthermore, considering Fick’s first law of diffusion for each species of the gas phase,
jg,i = _pg Dg[ng,il

Equation (42) becomes,

MyYgi*+Jgi Myt M Y ;=0

As ZYGJ =1 it implies D[ZYQJ}:O and consequently ng,i =0
i i i

It is worth to mention that the above simplified expressions are differential equations since gradients
are present in the Fick’s law. In order to transform these ODEs to an algebraic system mass exchange
coefficient is introduced,

jg,i = PgHug ( Yg,il ~ Yg,i,°°)ng
where,

- Yg,i,l denotes the concentration of species i in the phase g at the interface,

- Y,

gjiw represents the concentration of species i in the phase g far from the interface,

- HMg denotes the mass exchange coefficient in the gas phase.

Estimation of the mass exchange coefficient
The mass exchange coefficient between the gas phase and the interface is expressed with the help of
the Sherwood number definition:
_ 25 H,\,Ig
DQ
Sherwood number correlations are deduced from Nusselt number ones. The popular Frossling (1956)
correlation is reported hereafter:

N, =2+0.522R,/? P® (43)

88



The particle Reynolds number Rep has already been defined and the Prandtl number P, is defined
as:
HvCp

p="Y",
r )\T’g

with U, the gas dynamic viscosity, G the gas heat capacity at constant pressure and Arg the gas

thermal conductivity.
The Sherwood number is deduced from (43),

S, =2+0522R}Y? &3

p
where S, is the Schmidt number defined by,
§=_rt
PyPyg

Algebraic form of the mass interface condition
Thanks to the previous definitions it is possible to express System (42) as,

ngg,air,I + ng Mg(Yg,air,I_Y g,airo,o) =0

ngg,wat,I"'pgH Mg(Yg,wat,I_Y g,waw)"'m =0
As their sum reduces to,

mg +m_ =0,

the gas mass flux reads,

m. = ng Mg (Yg,wat,l =Y g,Watqo)
9 1- Yg,wat,l

(44)

This equation expresses the gas mass flow rate emitted by a liquid surface under the sole effect of
molecular mass diffusion. Such mass flux is valid when the liquid and gas temperatures are in
equilibrium, as for example when a wet piece of cloth is put in dry air or inversely when a dry cloth is
put in humid air.

Thereafter energetic effects are considered as they are of leading importance when thermal
disequilibrium is present.

4.4.3. Examination of the energy jump relation at the interface

Equation (40) implies,

(pghgug+qg) Mg*+(PLhou+7q) m= ¢ (45)
where the heat flux is given by the sum of the Fourier’s law and energy transport by mass diffusion

terms,

qk :_)\t,klek _kakZ hk,iDYk,i , iD{air,Wat}and kl:I{L,g}
i

The enthalpy of the phase K is defined by h, = ZYk,ihk,i .

In the liquid phase, the heat flux reduces to J; = _)‘T,L 0T
With the help of the mass flux definition (45) becomes,
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Mghy+ Qg T+ M h+7q 7p= 1

Inserting the heat flux definition it becomes,

mgz Yy —pngZ hgYgiNg-A 1 I Tgngt m LZ Yo h -AcTm = ¢
i i i

l.e
Zhg’i (ngg,I —pngDnglhg) _)\ TyQTgn g+z h LyimLYL’i_)\ T,Llj TL 'T]L = C
i i

With the help of the mass conservation at the interface for each species i,

ngg,i _pngDYg,'r n g+ m LYL,i =0

the energy equation becomes,

i g i T Mg Ty AT, =0
Z(hL hg)m_YL MOl Ty -Ar, 0T M =0

’

As done previously with mass exchanges, the Fourier’s law is re-expressed with the help of a heat
exchange correlation,

A 0T Ny = HTk(TI - Tk,oo)

where,

- H represents the heat exchange coefficient, whose determination will be addressed later,
particularly in the liquid phase.

- T, represents the interfacial temperature.

- Tkm denotes the temperature of the phase Kk far from the interface. In particular T,_’oo =T,

the droplet core temperature.
The energy jump relation at the interface now becomes:

Z(hl,i _hg,i)mYl,i + Hyg (1|' _-5,00)+ H (T-T)=0
i

In the liquid phase as Y| 5y =0 and Y} \ater =1 the previous equation then reads:

(hL,wat,I - hg,wat,l) m_+ HTg( T- Tgw) +Hp (T-T)=0.

Using the interface mass condition (41), a second expression for the gas mass flux appears,
_Hyg (Tg,oo ‘T|) +H (Te-T))

9 I-v,wat (TI)

where L yat(T1) =N g wati— N L wat, rePresents the latent heat of vaporization.

m , (46)

Relation (46) can be used to determine the mass flow rate when molecular mass diffusion is absent.
Such situation corresponds for example to the case of a liquid drop placed in its vapour.

In this case, the interface mass condition (44) is not defined and not considered for the mass transfer
rate determination.

When both molecular and heat diffusion effects are present both relations (44) and (46) must be
considered. This system involves the following unknowns,

Mg, Yg wat,s T,, Hy and T..

As only two relations are available at present (Relations 10 and 13), closure relations are needed.
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The heat transfer coefficient internal to the liquid phase and the droplet core temperature
determination will be addressed in Section 6. We now address mass concentration Y

g,wat,l
determination at the interface.
4.5. Local thermodynamic equilibrium
The interface is assumed at local thermodynamic equilibrium, meaning:
- Ty =T =T, (local thermal equilibrium),
- Ry = R, = P= F(mechanical equilibrium), (47)

- Jg,1 = 9,1 (chemical equilibrium — see Appendix 4.A for details regarding this relation).

gy represents the Gibbs free energy of a given phase (g, = h, = TS ).

In the second relation of System (47) surface tension effects have been neglected, as well as in
Appendix 4.A.
Any thermodynamic state function, such as g, is function of two thermodynamic variables:

Ok = 9 (T¢ , R ). From System (47) it appears that,
9, (T.P)=q, (T.P.

This relation implies the well known saturation condition,
T, = Tsa(P) or alternatively, P=R4((T).

In the present particular situation, the vapor partial pressure at the drop interface is equal to the
saturation pressure at local temperature T, :

I:)g,wat,l = I:)sat,wa( TD

The gas mixture is now assumed ideal in the sense that each gas is supposed to obey the ideal gas
law. From the Dalton law for ideal gases, the gas mixture pressure is equal to the sum of the
individual gas species partial pressures. In the present context the water vapor partial pressure
obeys,

I:)g,wat,lvg = ng,wat,IRTlr

and the gas mixture obeys,
PV, = Z ng R,
i

both expressed in the gas at the interface.
Molar fractions are defined as,

ng’i
2N
i

Consequently,

X - Pg,Wat,l — F)sat,wat(Tl)
g,wat,| P =)
It remains to convert mole to mass fractions:

Xg,i =

The water vapor mass fraction at the interface is thus given by,
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M P. T
Yg,wat,|: _ g,wat sat,w;t( I) (48)
M g (Yg,wat,l)
with 1 =Yg,wat,|+l_Yg,wat,I
g Mg,wat M g,air

Water saturation pressure
Based on the Rankine’s popular relation for the saturation pressure as a function of temperature, we

propose the following formula, valid in the temperature range [273K, 647|4:
(T)= ex;{ 12.9&@] bat

This relation represents very well the experimental curve, as shown in the Figure 44. It is also a very

P.

sat,wat

good approximation of the theoretical relation resulting of System (47) and stiffened gas equation of
state for the liquid and vapor pair (Le Metayer et al., 2014).

250 T T T T T T T

o)

[=]

o
T

150

100 [

Water saturation pressure (Bars)

wu
(=]
T

0 1
300 350 400 450 500 550 600

Temperature (K)

Figure 44. Comparison between the Rankine’s formula adaptation (lines) and experimental data (symbols)
showing excellent agreement.

Phase change model

System composed of equations (10, 13, 16) corresponds to an algebraic non-linear system with five
unknowns. Solution of this system provides all variables needed to model phase change. It needs
drops internal heat exchange Hy and core temperature T, determination. Their estimation is

addressed in the next section.

4.6. Heat exchanges

The gas-interface heat exchange coefficient HTg is readily obtained from the Nusselt number

correlation (43) and the following definition:
_ ANy
HTg —2—.
n
Determination of the heat exchange coefficient internal to the droplet (Hy, ), between its core and

the interface is more challenging. Attempt in this direction was done in AS89 with a constant Nusselt
number of 6.58, corrected by a coefficient to account for internal fluid motion.

The present contribution departs significantly from these authors at this level as we consider that
unsteady effects in drop heating (or cooling in flashing situations) may be of primary importance.
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Indeed, whatever the multidimensional behavior the flow has in the droplet, at short time scales, a
sharp thermal boundary layer develops near the interface. The boundary layer width is precisely
linked to the interfacial heat flux that may be very large at short time scales.

As we consider challenging to account for recirculation effects inside the drop, at least with a fast
method (0D or 1D), we examine an approach that:

- considers unsteadiness through radial 1D variable depth boundary layer,

- is free of adjustable parameter.

To do this the droplet is divided in two zones as shown in Figure 45.

Gas
-.....,__‘.Liq uid dro p

Figure 45 : Schematic representation of the liquid drop divided in two zones, a boundary layer of 1 — O depth

and a core zone of radius O. In the boundary layer, the temperature has steep variations while it is assumed
uniform in the core.

This representation addresses short terms heating or cooling of drops. When the boundary layer
reaches the drop center another representation is used, preserving continuity with the two
temperature profiles.

The boundary layer thickness is determined unambiguously with the method that follows. It uses:

- Approximate temperature profiles, more based on physical arguments than any given set of partial
differential equations, as we consider that their solution is unreachable.

- Knowledge of volume average liquid temperature, given by the energy equation of System (36).

This last information forces the subscale model and the average one to be compatible. In particular
the subscale model doesn't address any set of PDEs but fulfills the only unambiguous data that are:

- Given surface temperature T, as it is already an unknown of System (10, 13, 16).

- Liquid energy conservation.

4.6.1. Short-term solutions
Let’s consider the following temperature profile,

o—-r
T=T (1T

T=T, otherwise

n
] if 0<dsr<r_ (49)

where r, — & denotes the thermal boundary layer thickness. The parameter n is given. It will be

shown latter that method's accuracy has weak dependence to this parameter.
The core temperature T, is given too, as it corresponds in most situations to the initial liquid

temperature or liquid temperature at injection. Thus, in most situations,
T. = cst.
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However, if the liquid is injected with time varying temperature, it will be necessary to add a
transport equation to System (36):

0T, _ . —
m +0, .grad(T )= G or alternatively =0.

dop T 00, pu T
t 0X
Now, if liquid compressibility induces large temperature variations, the core temperature will be
better determined from the liquid entropy equation, to add to System (36) instead of the previous

one,
daps ,dapus g
ot X ’

with a specific treatment at shocks, such as the one detailed in Petitpas et al. (2009).
From the temperature profile (49), when T, is determined by one of the former methods the next

step consists in the consideration of the local heat flux at the liquid interface:

oT oT
QN =Mi— YM=MNi—| =H(T-7)
or r=r_ or r=r.
Using (49) in the previous relation implies,
An(T-Te)
———————"=H (T, -T.).
(rL —5) TL ( I C)
Thus,
AN
Hio=—%-
(n.-9)

The only remaining unknown is the distance &. To determine it let’s consider the volume average
liquid drop temperature definition,

M "L L
TL :iJTdV - JT4T[r2dr:—33J Trdr. (50)
\% 453 rn
0 3L o 0
Inserting the temperature profile (49) in (50) results in,
_ —r)? 3 2 _ _ )2
TL:M T, 52+M_5(5_&)_57 (T -T) 8 _28(3-n)  (8-n) . (51)
rn 3 3(5-1) n+1 o+ 2 n 3

As TLis an output of System (36), the only unknowns are dand T, . For a given T, during the

numerical resolution process of System (10, 13, 16), the distance d is determined by solving (51)
with the Newton-Raphson method.

4.6.2. Long-term solutions
“Long-term” profile happens when the boundary layer reaches the liquid drop center, e.g. 6=0.
Setting =0 in (49) the "long -term" temperature profile is obtained:

n

r .

T:TC+(T|—TC)(—J if 0<r<r, (52)
o

It is clear that this solution is continuity preserving with the former approximate solution (49).

Now the unknown is the liquid core temperature T,. But its determination isn’t needed for the heat

exchange coefficient H calculation. Indeed,
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oT oT

QN =ML—| UR=k_— =h(T-7)
or r=r_ or r=r.
Using (52) it appears,
Arn(Ti-Te)
L = (1)
n
Thus,
Agn
Hpy =——
n

In order to determine the core temperature T, that appears in the heat exchange, we use the

volume average liquid temperature definition (50). Inserting the temperature profile (52),

n n
— T -T
TL:% T +(T - Te) L rzdr:TC+3M,
e r (n+3)
resulting in an explicit formulation for T,
n+3) T -3T
.= ( )nL | ) (53)

The “long-term” temperature profile is now determined for given n, T, and TL.

4.6.3. Validation

System (2) is considered in the absence of fluid motion and without gradients of the various flow
variables. Heat exchanges only are considered resulting in the following ODE system:

0
o= H(R-R)

aaLpL = O
ot
oo LPL UL -
ot
da, p E
ot

Assuming now weak pressure differential (Pg -P

=AH. (T, -T,)+uP (R - R)

) and weak liquid compressibility the energy

equation becomes,

oT, 3
—L=—"_H (T-T). 54
at erLCp,L TL( | C) ( )

Equation (54) is solved numerically with constant interface temperature T| to provide the volume

average temperature as a function of time 'T'L (1).

At each time step, the heat exchange coefficient is varying as a function of the core zone radius,

Al sojorr, |
rL _6
Hr (3) =

AN .
ZW otherwise
n
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Likewise, TC varies as discussed in section 6.2. through relation (53).

Algorithm for the validation of the liquid-interface heat exchange coefficient
The following algorithm is used to determine the liquid-interface heat exchange coefficient Hy and

associated time varying heat flux (for given exponent n and interfacial temperature T, in the

approximate temperature profile).

1. The mean liquid temperature T,_(t) is computed from (54) in 0D computations and from
. . =0 _ 0 0_ o _ AL
System (36) in 1D computations. At the initial state T" =T; and & =R —¢. Thus, H7 =
€
2. We first consider the “short-term” stage. The core zone radius 0 is determined by solving

(51). If 5D]0; rL[, then the “short-term” assumption is checked. The heat exchange coefficient is
computed and the algorithm then goes to step 1 for the next time step.

3. If <0, the heat exchange coefficient Hy_ has to be computed with the “long-term”
solution. Therefore, the liquid core temperature T, is computed with (53). The algorithm then goes

to step 1 for the next time step.

Comparison with the heat equation
Let’s consider the following data:
- Interfacial temperature : T, =600K

- Liquid drop core initial temperature : TcO =300K

- Liquid drop radius : rn =10Qum

- Liquid thermal conductivity : A= 0.6788W.m* .K*

- Liquid drop density : pL = 1000kg.m

- Liquid drop specific heat: CoL = 4267.6J.k§]l K

The first step with this method deals with the exponent n determination. To do this, let’'s compare
the temperature profiles for “short-terms” and different values of n (Figure 46). It appears that the
solution dependence to this parameter is of minor importance. Moreover the main goal of this
method is to provide an accurate approximation of the interface heat flux. This doesn’t require
necessarily an accurate internal temperature profile.

Temperature (K)

600 T T T ) T

Approximate solution (n=1) +

Approximate solution (n=3) x
550 | Approximate solution (n=2) = F

Heat equation solution

500 A
450 A
400 4
350 A
300 . " " " Ly

0 1e-05 2e-05 3e-05 4e-05 5e-05 6e-05 7e-05 Be-05 9e-05 0.0001
Radius (m)

Figure 46: Short terms temperature profiles for different values of n. The dependence of the approximate
solution to this parameter is not of minor importance.

To check time accuracy of the interface heat flux computation with the reduced method comparison
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is done with the heat equation:

oT _Dr, i(rza_T]
a2 ol or)

where Dy | = represents the thermal diffusion coefficient in the drop.

PLG L

Introducing the following change of variables,

with Tg the initial drop core temperature, the dimensionless heat equation reads:
0_10( 00
on)

ot r]2 on
Consequently the interfacial heat flux reads,

AN =Ar o :)\T’L (TI _TCO) 69| ,
’ TOr oy, rn an|n=1
i.e.,
Qui-t 06
Mo (T-T0) onla
o
The dimensionless heat flux quatEO‘:%n_lis determined by solving the dimensionless heat

equation with the help of finite differences. Then it is compared to the one determined with the
approximate method,

HyL (T| _Tc) _ Hrn (T| _Tc) _
AL (T| ‘Tco) AL (T| ‘Tco)

n

Umethod =

Corresponding results are shown in Figure 47 for n=2. They show that the reduced method is
accurate for the determination of the interface heat flux for this value.

Dimensionless interface heat flux
60 T T T T T T T T T

50 F :

40 | 4

30 Heat equation solution
Approximated solution (n=2) ——

20 A

10 - :

O 1 | | I T T
0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1
Dimensionless time

Figure 47: Dimensionless interface heat flux in gray lines for N = 2 as a function of dimensionless time. This
result is compared to the dimensionless heat equation solution (dark lines) showing very good agreement.
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These results show that the method is accurate for the interface heat flux computation at any time.
In the rest of the paper, computations are made with n = 2.

4.7. Solving the local heat and mass transfer model
Having now in hands all closure relations to solve the mass transfer model we address its numerical
resolution. This algebraic system is made of relations (44), (46) and (48):

_ ng Mg (Yg,wat,l -Y g,watqo)

(55-a)
g 1- Yg,wat,l
m = HTg(Tg,oo _TI)+HTL(TC_TI) (55-b)
? Lv,wat(TI)
M P T
Yg,wat,l =_ g,wat sat,wat( I) (55-C)

Mg (Yg,wat,l) P

The system involves three unknowns: mg, Yg,wat,l and T,. The core temperature T, is assumed

constant or determined by one of the equations of Section 6.1.
Moreover, Tg'Oo is assumed equal to the volume average gas temperature Tg .
However, this system is highly nonlinear and requires a specific resolution method.
Combining (55-a) and (55-b) by eliminating the mass flux the following identity is obtained,
PgHmg (Yg,wat,I_Y g,watqo) _H Tg(T g T )+H (T T)

1- Yg,wat,l B L v,Wat(T I) .

Rearranging it, the interfacial temperature as a function of the vapor mass fraction at the interface is
obtained:

— HTng,oo + |_|TLTc _ LV,Wat(TI)ng Mg (Yg,wat,l_Y g,Wabp)

TI (Yg,wat,l) - (56)
Hrg +Hp (HTg + HTL)(l_ Yg,wat,l)
Equation (55-c) can be expressed as,
M, (Y
_ g\ "g,wat,l
Psat,wat( TI) _# I:)Yg,wat,-
g,wat

Combining these two last relations the following function is obtained:

_ HTng,oo +H TLTc I-v,wat (Tl)ng Mg (Yg,wat,I_Y g,wamp) M g(Y g,wat,) (57)
f (Yg,wat,l) = Fsat,wa H- +H - - M PYg,Wat,I
Tg THTL (HTg +HTL)(1_Yg,Wat,I) g,wat
Reversing Relation (56) Yg,wat,l can be expressed as a function of temperature T, :
HTng,oo +H TLTc -T
[
Hig tH
Vg matm * Tg TL
' ng MgLv,wat
Hyg +Hr
Yo wai(T1) = 3 (58)
HTng,oo +H TLTc -T
[
Hig tH
1+ Tg TL
ngMgLv,wat
Hyg +Hr

This expression will be convenient and of particular importance for numerical resolution.
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Mathematical analysis of function Yg,wat,l(T) (58)

This function can be rewritten as follows:

C+DY, -T \
Ygwaui(T) = C:’S”i“; , OTOR, ~{Tyo}

HTng,oo + HTLTC and D= ngMgLv,Wat .

with Typ =C+ D and with the positive constants C=
Hyg +Hy Hyg +Hy

The function is monotonically decreasing in the interval T D]O,TND[ D]TND ,+00[ ,

dYg, v, (T) __ D(l_ Yg,watp") <0
dt (C+D-T)
Moreover,
LM Yguar (T) == 5 LM Yy (T)=+0 ;and Lim Yg 0 (T)=1.
T-Tro T-Tio T - +oo

By definition, the water vapor mass fraction at the interface has to respect the physical condition
0< Yg,wat,I(T)<1- This condition is only checked for TD]O;TO[, with Ty =C+ DYy yatee <Tnp as

shown in Figure 48.

Another physical bound has to be considered, i.e., the critical temperature of the liquid

(Tt =647.14K). The considered domain upper bound is consequently Min (TO,Tcrit) .

T 0+ TO TND “+00
dY, 1 (T)/dT <0 <0
V(0 51 1400
Yg,wat,l (T) \\Q\ ii \
» |
N —

Considered domain
Figure 48: Mathematical analysis of function Yg,wat,l(T) (58).

Mathematical analysis of function f (Y) (57)
Thanks to the previous definitions and using the explicit formula for Psat,wat( T) , the function f (Y)

is rewritten as,

- Mg aiPY
f(v) =exp[12.98——4900( : Y)Jx 16- gal , OV OJo ~{ Yo}
To~Tnp Y(Mg,air_M g,wat)+M g,wat
with Ypg =L.
ND

This function is monotonically decreasing in the interval Y D]O; YPB[ 0 ]YPB'1[ ,
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- - M g aiPM
df (Y) _ 4900 To~To 2 ex{ 12 0g 2900(1 Y)jx o g.aiPM g wat <
dy (TO_TNDY) To~TroY (Y (Mg,air_M g,wat)+M g,wa‘)
Moreover,
Lim £ (Y') =Psat walT o
Y -0
Mg P T,
Lim f(v)=f,_ =- gar 0 <0
Y -Ypg Pe -I—O(Ivlg,air_lvI g,wat) +T M g,wat
Lim f(Y)=+w
Y - Y
Lim f(Y)=f _=exp(12.98x 10 - P= 433658 10
Y17

By definition, function f (Y) admits a single root in the interval ]O; YPB[ . This solution is unique, as

f (Y) is strictly positive in the second interval ]YPB;ZI.[ provided that the pressure P< 433653bar,

this condition being not restrictive in practical applications.
Figure 49 summarizes this analysis.

Y 0" TO/TND 1
df (Y)/dy <0 ' <0
Piat, wat (TU) i i +00
f(Y) \ ii
fYPE <0:; 2% 10° — p
[\ ~— >

Considered domain
Figure 49: Mathematical analysis of function f (Y) (57).

The solution algorithm for System (55) is consequently the one that follows.

Algorithm for System (55) resolution

Te+t Ty

1. Define the accuracy € and chose an initial guess for T; =T, q\ :T‘ .
2. Determine the latent heat of vaporization L, 4 (T,’new) .
3. Compute the liquid-interface heat exchange coefficient Hy, ('I],new).
4. Define admissible temperature bounds:

Tmin =0.1K

Trnax =Min (T¢=0.1, T~ 0.1
5. Compute mass fraction bounds using relation (58) :

Ya :Yg,wat,I(T ma>)
Yb =Yg,wat,I(T min) ,

with Y, <Lim Yy e (T) =Y pe.
T-0

100



6. The Ridders’ method is used to solve f(Y =0 in the domain [Ya,Yb] resulting in

g,wat,l)
the determination of Yg yat |-

7. Update the temperatures using relation (56):
Tiint = Tinew and Ty pew =T (Yg,wat,l)
8. If [T new = Thinit| 2 €, g0 to step 2.
Otherwise, Tj =T new-
Then the gas mass flow rate My is determined with (55-a) or (55-b).

System (55) is now solved and its solution is inserted in Systems (35) and (36).

4.8. Computational examples and validations

A simple evaporation test is addressed first, in order to check flow variables relaxation towards their
equilibrium value. Model capabilities to deal with unsteady wave propagation (shock and expansion
waves) are addressed secondly. Finally, we reconsider the 3D explosive liquid water test-case to
observe the impact of the local heat and mass transfer model on numerical results.

4.8.1. Relaxation towards equilibrium
In this test, gas and liquid phase volume fractions are respectively set initially to o, = 0.999 and

o, =0.001. The pressure is atmospheric (10°Pa) and the initial water vapor mass fraction in the gas

phase is set to 0.01. The initial gas phase temperature is 1000K and the liquid phase is at 300K
initially. Moreover, the liquid droplet radius is set to S5um . All variables are plotted versus time in
Figure 50.

As liquid droplet evaporation occurs, the gas mass flow rate mq is positive. Each variable gradually

reaches the equilibrium state value.

It is also possible to make distinction between short time scales (with constant drop core
temperature T, which is equal to the initial liquid temperature) and long time ones (where T,
varies).

The initial liquid temperature being greater than the equilibrium one and the pressure decreasing as
a result of heat loss, the average liquid temperature, the drop core temperature and the interfacial
one decrease until they merge and become constants. Besides, those three temperatures are

reached by the gas one Tg at the end of the evaporation process.

Non-intuitively, we observe that T, is smaller than TL and Tg (Figure 51). This is a consequence of

the fast pressure decrease that drives the interface temperature to the saturation one while the core
liquid remains hot.

4.8.2. Shock tube with droplets

In all tests that follow, the hyperbolic part of the two-phase flow model (1-2) is solved with the
method given in Furfaro and Saurel (2014).

A one-meter long shock tube contains gas and liquid phases with uniform volume fraction
everywhere. The gas phase occupies most of the volume ((xg =0.999). The left chamber has the
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same high pressure for both phases (10° Pa) while the right one has the same low pressure (10°Pa)

for both phases. Gas and liquid temperatures are both set to 300K everywhere.

Therefore, in all tests that follow the core temperature T_is a constant for short terms solutions as

defined in Section 6.1 while for long terms, it is computed by (54).

In these computations the right-facing shock and left-facing expansion waves propagate in liquid-gas

mixtures at thermodynamic equilibrium. For given initial temperature T° and pressure P°, the

initial water vapor mass fraction in the gas phase Y .. is determined from relation (55-c):
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Figure 50: Evaporating droplets at rest. The equilibrium state is correctly reached at the end of the evaporation

process.
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Figure 51: Evaporating droplet at rest. Non-intuitive interfacial and core temperature behaviors.

ve x ¥ I
Liquid droplet

YO — Mg,wat Psat,wat(To)
g,wat ~ 5
Mg (Yg,wat) P
1-Y2 Yo
where — 10 = gwat T gwat
Mg (Yg,wat) Mg,air M g,wat
Therefore,
0
M ngatpsat,wat(T )
M P°
Y;wat (T 0, PO) = %'a”
| Peat wat( T ) M
! g,wat
1- 5 1-
P M

g,air

Three successive tests are considered with different initial liquid droplet radii. In the first test (Figure
52), the droplet radius is set to Jjum . The second and third ones consider same initial conditions and

vary only droplet radius that is 10umin results shown in Figure 53 and 100um in Figure 54. Stiff

pressure relaxation is used everywhere whereas velocity relaxation occurs with finite rate A as given
in Section 3.3. Breakup effects are not considered.

These tests are done with a uniform mesh involving 500 cells. The initial pressure discontinuity is
located at x=0.5 m.

Let’s first remark that relaxation effects imply shock waves dispersion, that do not appear as
discontinuities on the various graphs. Second, as expected droplet size is of major importance on
temperatures and velocities relaxation and evaporation/condensation mechanism.
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Figure 52: Gas-liquid shock tube with initial uniform volume fraction everywhere (qg =0.99¢). The

computations are made with finite rate drag and stiff pressure relaxation, on a mesh involving 500 cells. The

droplet radius is set to 11 m . Results are shown at time 1mS. Condensation occurs at most places.
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Figure 53: Shock tube containing gas and liquid phases with uniform volume fraction everywhere (o(g =0.99¢

).The computations are made with drag effects and stiff pressure relaxation, on a mesh involving 500 cells. The
droplet radius is set to 10t M . Results are shown at time 0.91ms. Both condensation and evaporation are

present.
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Figure 54: Shock tube containing gas and liquid phases with uniform volume fraction everywhere (o(g =0.99¢

).The computations are made with drag effects and stiff pressure relaxation, on a mesh involving 500 cells. The

droplet radius is set to 100U m. Results are shown at time 0.83mp¢. Evaporation and condensation effects

are mostly related to the dynamics of the gas phase, in particular to its temperature and pressure evolutions.

Condensation appears at shock and evaporation in the gas expansion wave.

When the initial droplet radius is very small (Jum) and for the considered initial liquid volume

fraction (a, =0.001), the interfacial area is big. Drag effects are thus stiff involving velocities
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merging and temperatures being close each other. Moreover, condensation appears through the
rarefaction wave (mg < 0), increasing the droplet size. The same phenomenon is present through

the shock wave, whereas evaporation prevails in the shocked state ( my > 0).

When the droplet radius increases (10um) with the same initial liquid volume fraction, relaxation
effects are weaker as the interfacial area is smaller. As before, condensation through the shockwave
and evaporation in the shocked state are observable. However, the droplet radius behavior is very
different through the rarefaction wave, where evaporation now prevails.

The same run is considered with particles radius of 100U m. Mass transfer is very weak because of
the low interfacial area. Evaporation occurs through the rarefaction wave and the contact
discontinuity. Conversely, condensation prevails through the shock wave and in the shocked state.

It thus appears that changing only the droplet size, non-intuitive effects appear. Condensation zones
may become evaporating ones with the same initial thermodynamic states, just changing the droplet
size.

4.8.3. 3D explosive liquid water test-case

The local heat and mass transfer model is used hereafter in the context of the 3D unstructured code
(DALPHADT). We reconsider the case of cylindrical gas-liquid explosion already introduced in Section
1.7.3. Let us recall the schematic representation of the initial state (Figure 55).

|5

5%

D

F

-5

Nearly pure dense gas (1500 kg /m®) v
X
HP chamber (7000 MPa )

Nearly pure water (1000 kg / m®)
Atmospheric pressure (.1 MPa )

Nearly pure gas (1kg /m’) e

Atmospheric pressure (0.1 MPa )
Figure 55: Schematic representation of the cylindrical gas-liquid explosion. A cylindrical explosive charge is
surrounded by a liquid water layer.

The thickness of the initial liquid water layer is set to 22mm. The high pressure gradient involves
deformation and propagation of the interfaces until the appearance of a cloud of droplets. To take
into account this phenomenon, a droplet fragmentation law (see Section 4.3.3.) is used to allow
droplets formation.

Numerical results with and without phase transition are compared in Figure 56. Liquid volume
fraction contours are shown. When the phase transition model is activated, the liquid volume
fraction strongly decreases until the liquid water disappears.
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Figure 56: Numerical results of the cylindrical gas-liquid explosion are shown without and with activation of
the phase transition model (respectively on the left and on the right) at different times:

(t =80uS,t=160us t = 240us t =320u sand t = 400U ).

4.9. Conclusions

A variant of the AS89 model has been built. The new model considers both liquid and gas
compressibility. It is symmetric in the sense that phase change may occur as a consequence of heat
and mass diffusion between the interface and the gas and heat diffusion between the interface and
the liquid core, where liquid internal energy may be stored. Therefore the present model is valid in
any kind of evaporating/condensing situation of gas liquid droplets flows.

Appendix 4.A — Phase equilibrium

Each chemical reaction or phase transformation involves reactants and products. In phase
equilibrium the concentrations on both sides of the reaction are time invariant.
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Introducing the chemical potential |1 as the partial molar free energy of a chemical species of a
mixture with n species each one having Ni moles we have:

n
dG=-SdT+ Vdp+>_p, dN

i=1
At thermal and mechanical equilibrium it reduces to:

dG=Y p,dN
i=1

Thus each of the |; of species i is explicitly defined as,

_0G

N,
At phase equilibrium, the system Gibbs free energy reaches its minimum. It means,
dG=0.

Which by the above definition gives,
n

D wdN, =0.

i=1

H;

T,P

Considering a liquid vapor phase change situation,
p dN, +pdN, =0

Mass conservation implies,

dN, +dN, =G,

as the liquid and gas molar masses are equal.
Therefore,

(UL _Ug)dNL =0
Close to equilibrium dNL is small but non zero. The phase equilibrium condition consequently reads,
=M.

Hy

Defining g, = ——— italso reads,
k

9. (P.T)=g (P,T.
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Conclusion générale

Un solveur de Riemann diphasique de type HLLC, a la fois simple, robuste et précis a été développé
pour une variante symétrique du modeéle de Baer et Nunziato (1986). La méthode numérique
présentée a été validée sur des solutions exactes et des données expérimentales, ainsi que sur la
méthode de référence jusqu'alors (Abgrall et Saurel, 2003). Elle est apparue plus efficace que cette
derniere. La nouvelle méthode a ensuite été développée en 3D sur maillages non-structurés.

La construction d’une technique numérique pour la répartition de I'énergie d’une onde de choc dans
les différentes phases constituant le milieu a par ailleurs été établie. Les conditions de choc
multiphasiques sont ainsi respectées. En particulier, une procédure robuste et efficace de détection
des chocs a été proposée et étendue aux maillages 3D non-structurés.
L’extension a un nombre arbitraire de phase du solveur de Riemann de type HLLC a été réalisée,
permettant ainsi la simulation d’une plus large gamme d’applications.

Enfin, un modéle de transfert de chaleur et de masse dans un brouillard de gouttes ou nuage de
bulles, en présence d’effets couplés de diffusion thermique et massique, a été proposé et dévoile des
résultats intéressants. Le modele a par la suite été intégré dans le code 3D non-structuré. Cela a
permis la simulation de I'explosion d’une charge cylindrique placée a I'air libre. Les conditions
violentes imposées dans ce cas-test ont permis de confirmer la robustesse du modele de transition
de phase proposé.

Le solveur de Riemann multiphasique proposé dans le cadre de cette thése est envisagé comme
« moteur hyperbolique » pour la simulation numérique d'autres phénomenes physiques. Par
exemple, lorsque I'un des milieux est granulaire et que des pressions et énergies de 'configuration'
apparaissent. Le modele d'écoulement granulaire réactif envisagé est développé dans Saurel et al.
(2014). Il sera considéré par la suite pour le traitement de l'allumage d’explosifs par collapse
viscoplastique de pores et la transition déflagration-détonation dans ces milieux.

Enfin, la formulation implicite du schéma pourra étre envisagée afin d’améliorer la rapidité du code
3D.
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