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Notations

Notations générales
N ≥ 2 (ou d) Entier naturel, dimension de l’espace de travail

RN Espace euclidien muni de sa norme usuelle notée | · |

Ω Domaine borné et régulier.

∂Ω Frontière de Ω

ν Normale unitaire extérieure de Ω

x = (x1, · · · , xN ) Elément de Ω

d(x) Distance du point x à ∂Ω (= d(x, ∂Ω))

p > 1 (ou q ou r) Exposant de Lebesgue

p′ > 1 Exposant conjugé de p vérifiant 1
p

+ 1
p′

= 1

int(A) Intérieur de l’ensemble A

suppA f Support de de la fonction f sur A

∇v Gradient de v défini par ∇v
def
=

(
∂v

∂x1

, · · · , ∂v
∂xN

)

∆pv p-Laplacien de v défini par ∆pv
def
= div(|∇v|p−2∇u)

λ1 Première valeur propre du p-Laplacien sur Ω

ϕ1 Fonction propre strictement positive et Lp-renormalisée sur Ω, associée à λ1

C (Ω) Ensemble des fonctions continues sur Ω

C0(Ω) Ensemble des fonctions continues sur Ω s’annulant sur ∂Ω

C 0,α(Ω) (ou C α(Ω)) Ensemble des fonctions de C (Ω) α-Hölderiennes, avec 0 < α < 1 ; c’est à dire,

C 0,α(Ω)
def
=

{
v ∈ C (Ω)

∣
∣ ∃C > 0, ∀x, y ∈ Ω, |v(x) − v(y)| ≤ C|x − y|α

}

C 1,α(Ω) Ensemble des fonctions C 1(Ω) α-Hölderiennes, avec 0 < α < 1 ; c’est à dire,

C 1,α(Ω)
def
=

{

v ∈ C 1(Ω)
∣
∣ ∀i ∈ {1, · · · , N}, ∂v

∂xi
∈ C 0,α(Ω)

}

D(Ω) Ensemble des fonctions C ∞ à support compact sur Ω

1



Introduction générale

D′(Ω) Espace des distributions sur Ω

〈·, ·〉D′(Ω)×D(Ω) Produit de dualité entre D′(Ω) et D(Ω)

Lp(Ω), L∞(Ω) Espaces de Lebesgue standards sur Ω d’exposants p et ∞

L1
loc(Ω) Ensemble des fonctions localement intégrables sur Ω défini par

L1
loc(Ω)

def
= {v mesurable sur Ω | ∀Ω′ ⊂⊂ Ω, v ∈ L1(Ω′)}

W 1,p(Ω) Espace de Sobolev standard sur Ω d’exposant p

W 1,p
loc (Ω) Espace défini par W 1,p

loc (Ω)
def
=

{

v ∈ Lp
loc(Ω)

∣
∣ ∀i ∈ {1, · · · , N}, ∂v

∂xi
∈ Lp

loc(Ω)
}

W 1,p
0 (Ω) Adhérence de D(Ω) dans W 1,p(Ω) pour la norme ‖ · ‖W 1,p(Ω)

W −1,p′

(Ω) Dual topologique de W 1,p
0 (Ω)

〈·, ·〉W −1,p′ (Ω)×W
1,p

0
(Ω) Produit de dualité entre W −1,p′

(Ω) et W 1,p
0 (Ω)

‖v‖Lp(Ω) Norme de v sur Lp(Ω) définie par ‖v‖Lp(Ω)
def
=

(∫

Ω

|v|p dx

) 1

p

‖v‖L∞(Ω) Norme de v dans L∞(Ω) définie par ‖v‖L∞(Ω)
def
= ess sup

x∈Ω
|v(x)|

‖v‖W 1,p(Ω) Norme de v sur W1,p(Ω) définie par ‖v‖W 1,p(Ω)
def
=

(
‖v‖Lp(Ω) + ‖∇v‖Lp(Ω)

) 1

p

‖v‖W
1,p

0
(Ω) Norme de v sur W1,p

0 (Ω) définie par ‖v‖W
1,p

0
(Ω)

def
= ‖∇v‖Lp(Ω) , équivalente à

‖v‖W 1,p(Ω)

‖f‖W −1,p′ (Ω) Norme duale de f sur W −1,p′

(Ω)

Chapitre I
N ≥ 2 Dimension de l’espace de travail

p > 1 Paramètre relatif à ∆p

Ω Domaine borné et régulier dans RN

Q Domaine d’étude défini par Q
def
= (0, T ) × Ω

Γ Frontière parabolique de Q définie par Γ
def
= (0, T ) × ∂Ω

∂tu Dérivée partielle de u par rapport au temps

r Un réel assez grand

u0 Condition initiale positive choisie dans Lr(Ω)

δ Exposant du terme singulier dans le second membre de (P), strictement positif

ε > 0 Paramètre du problème régularisé (Pε)

N >> 1 Entier suffisamment grand

0 = t0 < · · · < tN = T Subdivision régulière de l’intervalle [0, T ]

∆t Pas de semi-discrétisation en temps égal à T
N

D(Q) Ensemble des fonctions C ∞ à support compact sur Q

2
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D′(Q) Espace des distributions de Q

C ([0, T ], Lr(Ω)) Ensemble des fonctions continues de [0, T ] dans Lr(Ω)

C

(

(a, b), W 1,p
0 (Ω)

)

Ensemble des fonctions continues de l’intervalle (a, b) dans W 1,p
0 (Ω)

L2(Q), L∞(Q) Espaces de Lebesgue standard sur Q d’exposants 2 et ∞

Lr
(

0, T ; W 1,p
0 (Ω)

)

Espace de Sobolev à valeurs vectorielles avec r = p ou r = ∞

Lp′

(

0, T ; W−1,p′

(Ω)
)

Dual topologique de Lp
(

0, T ; W 1,p
0 (Ω)

)

〈·, ·〉 Produit de dualité entre W−1,p′

(Ω) et W1,p
0 (Ω)

‖v‖
Lp(0,T ;W1,p

0
(Ω)) Norme de v dans Lp

(

0, T ; W1,p
0 (Ω)

)

définie par

‖v‖Lp(0,T ;W1,p

0
(Ω))

def
=

(
∫ T

0

‖v(t, ·)‖p

W1,p

0
(Ω)

ds

) 1

p

‖v‖
L∞(0,T ;W 1,p

0
(Ω)) Norme de v dans L∞

(

0, T ; W1,p
0 (Ω)

)

définie par

‖v‖
L∞(0,T ;W1,p

0
(Ω))

def
= ess sup

t∈(0,T )

‖v(t, ·)‖W
1,p

0
(Ω)

Chapitre II
X, Y Espaces de Banach

F Le corps du complexes ou réels, (C ou R)

U Ouvert de R × X

n, m Des entier naturels tels que 1 ≤ m ≤ n

δ Réel positif assez petit

W (ou V ) Ouvert de Fm de la forme {(x1, · · · , xm) : |x1|, · · · , |xm| < δ}

F (·, ·) Fonction analytique de U ⊂ F × X dans Y

∂2F (λ, u) Dérivée de F en (λ, u) par rapport à la seconde variable u définie de X dans Y

ker ∂2F (λ, u) Le noyau de ∂2F (λ, u) définie par ∂2F (λ, u) = {v ∈ Y : ∂2F (λ, u).v = 0}

S Ensembles des solutions i.e. S = {(λ, u) ∈ U : F (λ, u) = 0}

R
Ensembles des solutions régulières i.e., R = {(λ, u) ∈ S : ker ∂2F (λ, u) =

{0}}

A+
Branche de solutions de R locale et analytique émanant de (0, 0), i.e.,

A+ = {(λ(s), u(s)) : (0, ǫ) Ô→ (λ(s), u(s)) est analytique et (λ(0), u(0)) = (0, 0)} ⊂R.

An Composante connexe de R. Pour n = 0, A0 contient A+

A Ensemble de solutions connexe par arc

∼ (ou ∼a)
Relation d’équivalence en a ∈ Fn définie sur les ensembles de Fn par :

S ∼ T, S, T ⊂ Fn ssi ∃ O ouvert contenant a tel que S ∩ O = T ∩ O

γa(S), S ⊂ Fn Le germe de S en a i.e., classe d’équivalence de S par la relation ∼

G Ensemble fini des fonction analytique sur un voisinage U de a

3
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var(U, G)
Ensemble (variété) analytique définie par :

var(U, G) = {x ∈ U : g(x) = 0 pour tout g ∈ G}
γa(var(U, G)) Germe analytique

Va(Fn) Ensemble de tous les germes analytiques en a

D Discriminant d’un polynôme (voir Définition A.2 dans l’Annexe A)

H
Ensemble de la forme :

{hm+1, · · · , hn : hl est un polynômes de Weierstass en xl, l = m + 1, · · · , n}
D(H) Produit de tous les discriminants des polynômes de H

var(W × Cn−m, H) Ensemble de Weierstrass (voir Définition 2.6)

B Branche d’un ensemble de Weierstrass (voir définition 2.6)

M Sous-variété de Rn

Chapitre III et Chapitre IV
δ Exposant du terme singulier dans le second membre de (Pλ), strictement positif

λ > 0 Paramètre positif du problème (Pλ)

F (λ, u) Opérateur-solution, associée au problèm (Pλ)

∂2F (λ, u) Opérateur linéarisé associé au problèm (Pλ)

C(Ω) Espace des fonctions continues jusqu’au bord

Cφ(Ω)
Espace à poids définie par : {u ∈ C(Ω) | for some C > 0, |u(x)| ≤ Cφ(x) ∀x ∈
Ω}

C
+
φ (Ω) Le cône positif définie par : {u ∈ Cφ(Ω) | infx∈Ω

u(x)
φ(x) > 0}

S Ensembles des solutions de (Pλ) i.e., S = {(λ, u) ∈ R+ × C
+
φ (Ω) : F (λ, u) = 0}

N Ensembles des solutions régulier i.e., N = {(λ, u) ∈ S : ker ∂2F (λ, u) = {0}}

A Ensemble connexe par arc de solutions de (Pλ)

M(λ, u) Indice de Morse de l’opérateur ∂2F (·, ·) en (λ, u)

φ1 Première fonction propre du Laplacien

λ1 Première valeur propre du Laplacien

Λ1 Première valeur propre de ∂2F (λ, uλ)

uλ, uλ Sous- et sur-solution de (Pλ) dans Ω

Hs
0(Ω) Espace de Hilbert standard représentant W s,2

0 (Ω)

H−s(Ω) Dual topologique de Hs
0(Ω) représentant W−s,2(Ω)

4



Introduction générale

Cette thèse concerne l’étude de quelques problèmes paraboliques et elliptiques non linéaires sin-

guliers. Précisément, les problèmes types que nous avons étudiés, posés sur un domaine borné et

régulier Ω dans RN , avec N ≥ 2 et avec conditions de Dirichlet homogènes présentent dans le se-

cond membre de l’équation un terme singulier de la forme u−δ, δ > 0, qui tend donc vers l’infini au

bord du domaine Ω. Cette singularité pose un certain nombre de difficultés qui ne permettent pas

d’utiliser directement les méthodes classiques de l’analyse non-linéaire fondées entre autres sur des

résultats de compacité (injections compactes de Sobolev, régularité elliptique et parabolique). Dans

les démonstrations des principaux résultats des chapitres I et III qui portent sur l’existence, l’unicité

ou la multiplicité, le comportement asymptotique et la régularité des solutions des problèmes considé-

rés, nous montrons comment pallier ces difficultés. Ceci suppose d’adapter certaines techniques bien

connues mais aussi d’introduire de nouvelles méthodes. Dans ce contexte, une étape importante est

la détermination précise du comportement des solutions au bord de domaine qui permet d’adapter

le principe de comparaison faible, d’utiliser la théorie globale et locale de la régularité elliptique et

parabolique et d’appliquer dans un contexte nouveau la théorie globale de la bifurcation analytique.

La thèse se présente sous forme de deux parties indépendantes. Dans la première partie (qui cor-

respond essentiellement au chapitre I), nous nous sommes intéressés à un problème quasilinéaire para-

bolique fortement singulier faisant intervenir l’opérateur p-Laplacien. Le second membre de l’équation

se compose d’une non-linéarité f dépendant non linéairement de la solution et de son gradient d’une

part et d’autre part d’un terme singulier de la forme u−δ, avec δ > 0 quelconque. La donnée initiale

u0 en t = 0 est supposée positive ou nulle presque partout et prise dans Lr(Ω) avec r ≥ 2 assez grand.

Dans ce contexte, on démontre pour tout δ > 0, l’existence locale dans C([0, T ]; Lr(Ω)) pour un certain

T > 0 d’une solution faible strictement positive (à tout t > 0 dans l’intervalle d’existence (0, T )). Pour

δ < 2 + 1
p−1 , on démontre l’unicité de la solution en utilisant un principe de comparaison faible fondé

sur la monotonie dans W 1,p
0 (Ω) d’un opérateur non linéaire bien choisi. On démontre également dans

ce cas des résultats de régularité dans l’espace d’énergie W 1,p
0 (Ω). L’existence de solutions faibles dans

le cas général repose sur des estimations a priori dans L∞ obtenues via l’utilisation d’inégalités de

type log-Sobolev combinées à des inégalités de Gagliardo-Nirenberg.

La deuxième partie (correspondant essentiellement aux chapitre II,III) porte sur l’étude de pro-
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blèmes de bifurcation globale dans le cas analytique. Cette analyse vise à décrire finement les propriétés

des branches de solutions d’une classe d’équations semilinéaires elliptiques en fonction d’un paramètre

λ apparaissant dans ces équations. Nous nous intéresssons plus particulièrement à un problème posé

dans un domaine borné de R2 et faisant intervenir une nonlinéarité qui se comporte comme une

perturbation de t Ô→ eat2
, avec a > 0, pour t grand et qui contient un terme de la forme t−δ. Le

comportement à l’infini du type eu2
correspond à la "croissance critique" en dimension 2 (d’après l’in-

égalité de Trudinger-Moser [93]) et induit un défaut de compacité dans H1
0 (Ω). Nous établissons

pour une certaine classe de ces perturbations le comportement asymptotique des solutions positives

via le diagramme de bifurcation en introduisant un paramètre λ dans la nonlinéarité. Précisément

nous démontrons que la branche de solutions émanant de λ = 0 admet au moins un point de bi-

furcation asymptotique. Dans le cas où le domaine est un disque, nous établissons le résultat plus

précis suivant : les solutions le long de la branche convergent vers une solution singulière (solution non

bornée) lorsque la norme des solutions converge vers l’infini. Ce phénomène qui avait déja été observé

par Joseph-Lundgren [82] pour des nonlinéarités du type et pour les dimensions entre 3 et 9 et

par Dancer pour des problèmes surcritiques en dimension supérieure ou égale à 3 est complètement

nouveau en dimension 2. Pour établir ces résultats, nous faisons appel à différents outils d’analyse

nonlinéaire. Un outil important est la théorie analytique de la bifurcation globale qui a été introduite

par Dancer [43] et généralisée par Buffoni, Dancer et Toland [30]. Cette théorie a été utilisée

pour établir l’existence d’ondes solitaires à la surface de l’eau dans [30], voir aussi Plotnikov [102].

Tirant profit de cette théorie qui ne s’applique que pour des opérateurs analytiques, nous montrons

l’existence d’arcs de solutions continues et analytiques par morceaux et nous pouvons décrire plus

finement le comportement global de la branche de solutions obtenue. Un résultat important dans ce

cadre est que la branche de solutions admet une infinité de "points de retournement" avant d’atteindre

la solution singulière. Ces points de retournement correspondent à un changement de l’indice de Morse

des solutions qui tend vers l’infini le long de la branche. Ceci montre en particulier la forte instabilité

de ces solutions singulières qui ne peuvent admettre d’indice de Morse fini.

Il faut souligner ici que la théorie classique de la bifurcation globale introduite par Rabinowitz

[104] fondée sur le degré topologique de Leray-Schauder ne permet pas en général de démontrer

l’existence de tels arcs paramétrés de solutions pour lequels on peut identifier des points de bifurcation

secondaire ou de points de retournement. En effet la théorie du degré topologique fournit des ensembles

connexes de solutions mais qui ne correspondent pas nécessairement à des arcs paramétrés réguliers.

Dans le chapitre II, nous donnons une présentation succincte de la théorie globale de la bifurcation

analytique et nous reprenons, en détaillant quelques points clés, la construction de cette théorie faite

dans Buffoni et Toland [32]. Le résultat important de ce chapitre est le théorème 5, qui établit

l’existence et le comportement global d’arcs analytiques de solutions (λ, x) d’une équation non linéaire

de la forme

F (λ, x) = 0, λ ∈ R, x ∈ X \ {0} (1)

où F : R × X → Y est analytique, X,Y sont des espaces de Banach. Un outil clé dans ce chapitre

est la réduction de Liapunov-Schmidt qui s’obtient à l’aide du théorème des fonctions implicites. La

réduction de Liapunov-Schmidt permet localement de remplacer un problème en dimension infinie
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par une formulation équivalente en dimension finie, ce qui garantit entre autres la compacité locale.

On introduit alors la notion de germes analytiques de dimension n en un point a ∈ Cn qui désigne

l’ensemble des zéros communs contenus dans un voisinage de a, d’une collection finie des fonctions

analytiques en a. L’étude des germes et en particulier les germes de dimension 1 permet de construire

la continuation analytique de la branche au delà d’un point singulier de cette branche via le théorème

de représentation de Puiseux. Soulignons qu’en un point singulier, le théorème des fonctions implicites

ne peut être appliqué. Un outil préparatoire important à ce stade est le théorème de Weierstrass

qui permet "localement" de remplacer une fonction analytique de n variable par un polynôme à une

indéterminée dont les coefficients sont des fonctions analytiques de n−1 variables, et ceci sans changer

(localement) l’ensemble des zéros de la fonction. Par une étude élaborée des polynômes de Weierstrass

(via des outils comme le résultant de deux polynômes qui permet de savoir s’ils sont premiers entre eux

et le discriminant d’un polynôme qui permet d’identifier les racines multiples de ce polynôme) et le

théorème de structure 2.4 donnée au chapitre II, on peut facilement décrire l’ensemble de ses zéros (le

germe) comme un réunion finie des branches (précisément des variétés connexes par arc de dimension

m < n). Un autre outil important est le théorème de prolongement de Riemann qui permet d’étendre

un certain nombre des propriétés démontrées pour cet ensemble sur tout un voisinage. Dans le cas de

germes de dimension 1, le théorème de représentation de Puiseux permet de remplacer une branche par

une courbe paramétrée analytique unique. Ceci implique qu’une branche de solutions d’un problème

analytique réel de la forme (1) peut localement en chacun de ses points être paramétrée d’une manière

analytique. Ceci implique par extension qu’un ensemble S de solutions d’un problème analytique

réel (1) admet au voisinage de chacun de ses points d’accumulations une paramétrisation analytique.

En conséquence une courbe analytique de solutions de S admettrait au voisinage de son extrémité

une paramétrisation analytique ce qui donne lieu à un argument de continuation de la branche et

permet d’obtenir une branche globale de solutions analytique par morceaux et de démontrer le résultat

principal de ce chapitre. Les éléments de construction de la branche précédents et des arguments de

compacité permet alors d’établir l’alternative sur le comportement global de la branche : soit la branche

est bornée et forme une boucle (la branche paramétrée est alors périodique) soit la branche est non

bornée ou rencontre le bord de l’ouvert où F est définie.

Dans le chapitre III, on applique cette théorie au problème semilinéaire elliptique critique et singu-

lier considéré. La première étape consiste à démontrer dans un cadre plus général l’existence d’un arc

paramétré analytique de solutions (λ, u) non borné de ce problème pour tout δ > 0 en choisissant les

espaces fonctionnels adaptés. Notons que pour des valeurs grandes de δ, les solutions ne sont pas assez

régulières pour travailler dans le cadre variationnel de l’espace de Sobolev H1
0 (Ω). On utilise alors des

espaces de Banach à poids ce qui assure l’analyticité de l’opérateur associé au problème, certaines

propriétés de l’opérateur linéarisé et ainsi l’applicabilité de la théorie analytique de la bifurcation. On

souligne ici le contraste entre le manque de régularité de la nonlinéarité du problème elliptique et la

régularité de l’opérateur obtenu dans les espaces à poids. En dimension 2 lorsque le domaine Ω est

la boule unité, on démontre que la branche obtenue admet une infinité de "points de retournement"

et converge vers une certaine solution singulière. Pour cela, s’appuyant sur des résultats étendus de

Gidas, Ni, Nirenberg [70] par Bal, Giacomoni [16] sur la symétrie radiale des solutions et en uti-
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lisant des transformations du type Emden-Fowler, on réduit le problème sous forme équivalente à une

équation différentielle. On démontre que l’équation linéarisée en la solution singulière associée admet

une infinité de zéros s’accumulant à l’origine en utilisant un critère classique d’oscillations donné par

Fite [63] concernant le nombre de zéros d’une équation différentielle. Ensuite on en déduit que l’indice

de Morse constant par morceaux le long de la branche de solutions est non borné, ce qui implique par

un résultat de bifurcation l’existence des "points de retournement" de la branche.

Dans le chapitre IV que nous ne détaillons pas dans cette introduction, d’autres applications du

théorème globale de la bifurcation analytique sont donnés. Précisément, nous présentons une typologie

des diagrammes de bifurcation obtenus selon les classes de nonlinéarités considérées dans le problème

semilinéaire elliptique.

Nous allons maintenant décrire avec plus de précision les principaux résultats obtenus dans les

chapitres I à III et les idées principales utilisées dans leurs preuves.

Résultats principaux du Chapitre I : Ce chapitre porte sur l’étude d’un problème parabolique,

quasi-linéaire et fortement singulier de la forme suivante :

(P)







∂tu − ∆pu = u−δ + f(x, u, ∇u) in QT
def
= (0, T ) × Ω,

u = 0 on Γ
def
= (0, T ) × ∂Ω,

u(0, .) = u0 ≥ 0 in Ω.

Dans cette étude, Ω représente un ouvert borné et régulier de RN , N ≥ 2, ∆pu est l’opérateur p-

Laplacien défini par ∆pu = div(|∇u|p−2∇u) avec 2 ≤ p < ∞, l’exposant δ est supposé réel strictement

positif, la donnée initiale u0 vérifiant

u0 ∈ Lr(Ω) et u0 ≥ 0 p.p. dans Ω (2)

où r ≥ 2 est choisi suffisamment grand. La non-linéarité f : Ω × R+ × RN −→ R est supposée bornée

inférieurement et de Carathéodory i.e., pour tout (s, ξ) ∈ R+ ×RN , la fonction f(·, s, ξ) : Ω −→ R est

Lebesgue-mesurable, et, presque pour tout x ∈ Ω, la fonction f(x, ·, ·) : R+ × RN −→ R est continue.

Quant au comportement de f à l’infini on suppose l’hypothèse suivante :

f(x, s, ξ) ≤
(

asq−1 + b
)

+ c|ξ|p− p
q p.p. x ∈ Ω pour s ≥ 0, |ξ| ≥ M. (3)

où a, c, M > 0, b ≥ 0 et q ∈ [p, p∗) avec p∗ = pN
N−p si p < N et p∗ = ∞ si p ≥ N désigne l’exposant

critique. Pour démontrer l’unicité de la solution (pour des valeur de δ petit), on suppose que f est

localement Lipschitzienne par rapport à s uniformément en x ∈ Ω et ξ ∈ RN et vérifie l’hypothèse

suivante

f(x, s, ξ) := F (x, s, ξp) où ξp = |ξ|p−2ξ et il existe C > 0 tel que

|F (x, s, ξ) − F (x, s, ξ′)| ≤ C|ξ − ξ′| pour tout ξ, ξ′ ∈ RN (4)
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Exemple : Un exemple des fonctions f satisfaisant les hypothèses précédentes est le suivant :

(x, s, ξ) Ô→ b(x)sq + c(x) + A(x).|ξ|p−2ξ

avec q < p∗ − 1, b, c ∈ L∞(Ω) et A ∈ (L∞(Ω))N .

Ce type de problèmes, pour p = 2, apparait dans plusieurs modèles physiques : dans l’étude des

fluides non Newtoniens (en particulier les fluides pseudo-plastiques), dans le phénomène de couche

limite pour des fluides visqueux (regarder [95], [53], [91]), dans les modèles de Langmuir-Hinshelwood

cinétiques de réaction chimique de type catalyse ([11], [101]), dans les modèles cinétiques enzymatiques

(regarder [17]), ainsi que dans la théorie de conduction de la chaleur pour des matériaux conducteurs

([83]) et dans les modes guidés d’un champ électromagnétique dans un milieu non-linéaire ([65]).

Pour p Ó= 2, tel problème apparait dans l’étude d’écoulements turbulents d’un gaz dans les milieux

poreux (regarder [100]). Pour plus de détail, nous référons au monographe Hernández-Mancebo-

Vega [80], l’ouvrage Ghergu-Radulescu [66] et à leurs bibliographies. Ces références donnent en

particulier un bon état de l’art sur les problèmes elliptiques singuliers : existence, régularité des

solutions, comportement au bord, unicité et multiplicité des solutions. Nous présentons les travaux

réalisés importants dans ce cadre un peu plus loin. En ce qui concerne les problèmes paraboliques

singuliers, la littérature existante est moins fournie.

Les problèmes paraboliques de la forme (P) ont fait l’objet de quelques travaux antérieurs. Dans M.

Badra, K. Bal and J. Giacomoni [14], le problème (P) a été considéré dans le cas où 0 < δ < 2+ 1
p−1 .

Dans ce travail, la non-linéarité f est supposée par ailleurs indépendante de ξ et vérifie la condition

de sous-homogénéité suivante :

0 ≤ lim sup
s→+∞

f(x, s)

sp−1
< λ1(Ω)

(où λ1(Ω) désigne la première valeur propre de −∆p dans Ω avec les conditions de Dirichlet homogènes

sur le bord). Cette condition de sous-homogénéité (par rapport à l’homogénéité de l’opérateur p-

Laplacien) garantit l’existence de solutions globales (i.e. définies pour tout temps). De plus, la donnée

initiale u0 est supposée dans W 1,p
0 (Ω) et satisfait "la condition de cône" suivante :







c1d(x) ≤ u0 ≤ c2d(x) if δ < 1,

c1d(x) log
1
p

(
k

d(x)

)

≤ u0 ≤ c2 log
1
p

(
k

d(x)

)

if δ = 1,

c1d(x)
p

p−1+δ ≤ u0 ≤ c2

(

d(x)
p

p−1+δ + d(x)
)

if δ > 1,

(5)

pour certains constantes c1, c2 > 0 et k > 0 assez grand, où d(x)
def
= d(x, ∂Ω). Cette condition

de cône qui via un principe de comparaison est stable le long du flot est utilisée pour contrôler

la norme du terme singulier dans le dual d’un espace fonctionnel bien choisi. Dans ce travail, sont

discutés à la fois l’existence et l’unicité de solutions faibles ainsi que le comportement en temps

long des solutions (stabilisation et convergence vers une solution stationnaire). L’approche utilisée

pour démontrer l’existence de solutions faibles est la méthode de semi-discrétisation en temps qui

s’appuie sur l’étude précise du problème quasilinéaire elliptique associé. L’existence d’une solution

faible et positive u ∈ C ([0, T ]; W 1,p
0 (Ω)) est obtenu pour tout T > 0. En imposant quelques restrictions
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supplémentaires sur f et en utilisant un résultat de régularité de Simon [110] dans les espaces de

Besov et le principe de comparaison faible, les auteurs ont démontré la convergence asymptotique

dans W 1,p
0 (Ω) ∩ L∞(Ω) vers l’unique solution de l’équation stationnaire associée. En considérant une

condition plus faible sur la positivité de la donnée initiale u0 (précisément, la stricte positivité sur

tout compact de Ω), l’existence d’une solution faible est aussi démontrée pour 0 < δ < 1 dans [13].

D’autres travaux antérieurs se sont intéressés au cas particulier où p = 2. Dans Takáč [115],

un résultat de stabilisation dans C 1 est établi pour une certain classe de problèmes paraboliques

avec coefficients singuliers via l’utilisation judicieuse d’espaces de Sobolev à poids. Dans ce travail,

en faisant appel à la théorie des semi-groupes analytiques telle qu’elle est développée dans Henry

[79], l’auteur démontre en premier lieu l’existence (locale) d’une solution du problème parabolique

dans C([0, T ], C1
0 (Ω)) pour un certain 0 < T ≤ ∞ et pour toute donnée initiale u0 dans

[

C1
0 (Ω)

]+
,

l’intérieur du cône positif de C1
0 (Ω). La preuve de ce résultat utilise de manière cruciale le fait que le

domaine de l’opérateur m-accrétif correspondant est un sous-ensemble de
[

C1
0 (Ω)

]+
. Le comportement

des solutions globales est aussi discuté en utilisant la théorie des systèmes dynamiques dans le contexte

des espaces de dimension infinie (voir à ce sujet Henry [79] section 5.3). Une étape importante pour

prouver la convergence vers une solution stationnaire est de montrer la compacité pour des temps longs

des trajectoires associées dans un espace fonctionnel adapté. Dans [115], cette compacité est démontrée

via les espaces de Sobolev à poids W 2,p(Ω; dµ) ∩ W 1,p
0 (Ω; dµ) (avec d

def
= d(·, ∂Ω) la distance au bord)

et combinée à une extension d’une inégalité de type Lojasiewicz-Simon qui assure la stabilisation

dans C1(Ω). Nous citons également le résultat de Hernández, Mancebo et Vega [80], où une

classe similaire de problèmes paraboliques singuliers est étudiée. L’existence locale de solutions faibles

est également obtenue via la théorie des semi-groupes analytiques, en particulier par l’utilisation du

Théorème 3.3.3 dans [79] dans
[

C1
0 (Ω)

]+
. En démontrant des résultats de régularité sur le problème

stationnaire linéarisé et via l’application du théorème [79, Theorem 5.1.1], les auteurs établissent la

stabilité asymptotique (avec convergence exponentielle) des solutions stationnaires stables (i.e. dont la

première valeur propre de l’opérateur linéarisé est strictement positive). Nous soulignons que le trait

commun entre les deux travaux précédents est de considérer le domaine de l’opérateur comme un sous

ensemble de
[

C1
0 (Ω)

]+
, ce qui donne un contrôle implicite du terme singulier près du bord. Ceci ne

fonctionne pas pour des valeurs grandes du paramètre de la singularité (i.e. δ ≥ 1). En effet, dans ce

cas, les solutions n’appartiennent pas à C1(Ω). Une première alternative est de considérer l’approche

de [14] basée sur l’invariance le long des trajectoires de cônes définis par des sous-solutions mais ceci

suppose de restreindre l’ensemble des données initiales admissibles.

Dans cette thèse (chapitre I), nous avons apporté un certain nombre de résultats nouveaux concer-

nant l’existence et l’unicité de solutions faibles de (P) dans le cas quasi-linéaire dégénéré (p ≥ 2)

sans restriction sur δ et sans supposer d’hypothèse de stricte positivité sur la donnée initiale ce qui

n’avait pas été considéré auparavant. Au regard de la litterature existante, nous traitons par ailleurs

des non-linéarités f plus générales dépendant du gradient de la solution (avec effet d’un terme de

convection supplémentaire). Notre approche est de construire la solution faible comme limite de so-

lutions approchées obtenues en appliquant la théorie des semi-groupes sur des problèmes perturbés

où le terme singulier est régularisé. La construction de sous-solutions pour ces problèmes approximés
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permet de lever les contraintes sur les données initiales et d’obtenir un contrôle uniforme sur les termes

approximant le terme singulier. Avant de détailler les résultats du chapitre I, nous référons enfin aux

travaux qui ont traité le cas où le terme singulier est un terme d’absorption. Dans ce cas la validité

d’un principe de comparaison n’est plus vérifiée. Dans l’article [47], Davila, Montenegro ont étu-

dié les solutions positives du problème d’évolution prescrit en t = 0 par une donnée initiale positive,

représenté par l’équation singulière

ut − ∆u + χ{u>0}g(u) = 0,

avec des conditions homogènes de Dirichlet dans un domaine Ω borné de RN et g(u) = u−β − f(u)

(avec 0 < β < 1) qui est singulier en u = 0 et χ{u>0} étant la fonction caractéristique de l’ensemble

{x ∈ Ω: u(x) > 0}. Un résultat d’existence de solutions globales est démontré et dans l’hypothèse où

le problème stationnaire

−∆u + χ{u>0}(u−β − λ f(u)) = 0, λ > 0,

admet des solutions strictement positives presque partout dans Ω (ce qui se produit pour certaines

classes de fonctions f). De plus, les solutions convergent vers une solution stationnaire quand t → +∞.

Inversement, si les solutions du problème stationnaire s’annulent sur des sous-ensembles de mesure

non nulle (ce qui se produit pour une certaine classe de fonctions f), alors les solutions du problème

d’évolution s’annulent en temps fini (l’extinction en temps fini est alors observée). Enfin les auteurs

donnent quelques résultats d’unicité et de comportement de solutions au voisinage du bord. Dans

Winkler [120], l’extinction en temps fini est aussi démontrée pour une classe différente de problèmes

paraboliques avec terme d’absorption singulier tandis que dans Winkler [121] et [119] des résultats

de non-unicité et de contraction de support de la solution sont établis. Dans Giacomoni-Sauvy-

Shmarev [68], des résultats d’extinction "totale" de la solution sont démontrés pour une équation

quasilinéaire parabolique avec terme d’absorption singulier.

On donne maintenant les résultats principaux de ce chapitre.

On commence d’abord par définir la notion d’une solution faible de (P) :

Définition 1 Une fonction positive u : (0, T ) × Ω −→ R+ est une solution faible de (P) si

– u ∈ Lp(0, T ; W 1,p
loc (Ω)) ∩ C ([0, T ]; Lr(Ω)) ∩ C (QT ),

– u > 0, ∀(t, x) ∈ (0, T ) × Ω et ∀φ ∈ C 1
c (QT ), on a :

−
∫

QT

u∂tφdxdt +

∫

QT

|∇u|p−1∇u.∇φdxdt −
∫

QT

u−δφdxdt −
∫

QT

f(x, u, ∇u)φdxdt = 0,

– u(0) := u(0, .) = u0 p.p., x ∈ Ω.

On impose les restrictions suivantes sur p, q et r :

2 ≤ p ≤ q < min{p∗, p(1 +
r

N
)}, (6)
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r ≥ q, (7)

et

r ≥ max(2, 1 + δ). (8)

Alors, le théorème suivant établit un résultat d’existence d’une solution faible pour tout δ > 0.

Théorème 1 Supposons que (6), (7) et (8) sont satisfaites et que f est une fonction de Carathéodory

satisfaisant (3). On suppose que la donnée initiale u0 vérifie (2). Alors il existe Tm > 0 tel que pour

tout T < Tm le problème (P ) admet une solution faible u strictement positive sur (0, T ) et telle que

u
r−2+p

p ∈ Lp(0, T ; W 1,p
0 (Ω)).

Le deuxième résultat principal donne l’unicité de la solution sous la restriction 0 < δ < 2 +
1

p−1 . Cette restriction est la condition nécessaire et suffisante pour obtenir les solutions du problème

elliptique associé dans W 1,p
0 (Ω). Le résultat établit également des propriétés de régularité de la solution.

Théorème 2 Soit δ < 2 +
1

p − 1
. Supposons que les hypothèses du théorème 1 sont satisfaites. Alors,

le problème (P) admet une solution faible u dans Lp(0, T ; W 1,p
0 (Ω)). Si s Ô→ f(x, s, ξ) est localement

lipschitzienne uniformément en x ∈ Ω et ξ ∈ RN et satisfait (4), Alors la solution u est unique. De

plus si (3) est remplacé par la condition plus restrictive suivante :

f(x, s, ξ) ≤ asq−1 + b + c|ξ|α, 0 ≤ 2α ≤ p, 2(q − 1) ≤ r (9)

p.p. x ∈ Ω et pour s ≥ 0, |ξ| assez grand, alors on a

u ∈ C ((0, T ); W 1,p
0 (Ω)), ∂tu ∈ L2((η, T ) × Ω), ∀η ∈ (0, T ).

Idées de la preuve du théorème 1

La démonstration du théorème s’appuie sur l’étude du problème régularisé (Pε) suivant

(Pε)







∂tuε − ∆puε = (uε + ε)−δ + fε(x, uε, ∇uε) dans QT = (0, T ) × Ω,

uε = 0 sur (0, T ) × ∂Ω, uε > 0 in QT ,

uε(0, .)
def
= uε,0 = min{1

ε , u0} ≥ 0 dans Ω,

où

fε(x, u, ∇u)
def
= min

{
1

ε
, f(x, u, ∇u)

}

L’existence et la régularité de la solution de ce problème sont établis par le théorème suivant :

Théorème 3 Soit f est une fonction de Carathéodory et soit u0 satisfaisant (2). Alors le problème

(Pε) admet une solution faible et positive uε telle que

uε ∈ Lp(0, T ; W 1,p
0 (Ω)) ∩ L∞(QT ) ∩ C ([0, T ]; Ls(Ω)), ∀T > 0, ∀s ∈ [1, ∞). (10)
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La preuve de ce théorème est basée sur la méthode de semi-discrétisation en temps. Des inégalités

d’énergie permettent d’obtenir des estimations a priori sur les solutions discrètes approchées et puis

par passage à la limite en faisant tendre le pas de discrétisation vers 0, on obtient l’existence de la

solution dans les espaces fonctionnels requis.

Une fois démontrée l’existence de la solution uε pour le problème approché (Pε), on passe à la

limite ǫ → 0+ pour montrer l’existence de la solution de (P).

Pour cela, on établit certaines estimations dans L∞((0, T )×Ω). On étudie tout d’abord l’opérateur

définie par Au = −∆pu − 1
uδ . On montre que cette opérateur engendre un semi-groupe continu de

contraction sur L∞(Ω) qui correspond à la limite de semi-groupes engendrés par Aεu = −∆pu− 1
(u+ε)δ .

On peut alors démontrer les estimations a priori en utilisant la propriété d’ultra-contractivité (voir

E.B. Davies [43] et [E.B. Davies, B. Simon [46], chap. 2, 59-81]) qui implique que pour tout t > 0,

l’opérateur eAt transforme les ensemble bornés de Lr(Ω) en ensembles bornés de L∞(Ω) comme il est

montré dans la proposition suivante :

Proposition 1 Soient δ > 0 et p, q, r ≥ 2 tels que (6) et (8) sont satisfaits. Soit f une fonction

Carathéodory satisfaisant (3). Supposons que u0 ∈ Lr(Ω) et u0 ≥ 0 presque partout dans Ω. Alors il

existe Tm > 0 tel que la solution uε de (Pε) vérifie les estimations suivantes pour tout T < Tm :

∃C1 > 0 : ‖uε‖Lr(Ω) ≤ C1 < ∞ indépendamment de ε > 0 et ∀t ∈ [0, T ] (11)

et

∀η ∈ (0, T ), ∃Cη > 0 : ‖uε‖L∞(Ω) ≤ Cη < ∞ indépendamment de ε > 0 et ∀t ∈ (η, T ]. (12)

L’outil principal pour démontrer ces estimations est l’utilisation des inégalités de type log-Sobolev

combinées avec des inégalités de Gagliardo-Nirenberg, en multipliant l’équation de (Pε) par le terme

non-linéaire u̺(t), où pour un S > 0 fixé, ̺ : [0, S) → [2, ∞) est une fonction de classe C 1 bien choisie

de manière que ̺(t) → ∞ lorsque t → S−.

Les inégalités log-Sobolev ont été introduites par L. Gross [75] afin d’établir des estimations de

Lp-Lq avec 1 < p < q < ∞, en vue de démontrer les effets régularisants (propriété d’hypercontractivité)

de processus de diffusion d’équations issus de la physique mathématique comme dans l’équation de

Schrödinger. Cette technique a été aussi utilisée avec succès pour les équations paraboliques, quasi-

linéaires par F. Cipriano, G. Grillo [38], M. Del Pino, J. Dolbeault, I. Gentil [49], P.

Takáč [114], M. Bonforte, J.L. Vázquez [24], M. Bonforte, G. Grillo [23]. Une approche

alternative pour montrer des estimations locales pour ce type d’équations est d’appliquer la technique

des itérations de Moser comme dans E. DiBenedetto [57], G. Lieberman [87] et M.M. Porzio

[103].

Afin de contrôler le terme singulier au bord de domaine, on construit une sous-solution donnée par

l’expression suivante :

uε(t, x) = ϕε(t)

[

(ϕ1 + ε
p−1+δ

p )
p

p−1+δ − ε

]

(13)

où ϕε(t) =
[

(1 + δ)ηt + εδ+1
] 1

δ+1 − ε avec η > 0 assez petit.

13
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Les estimations L∞ données par la proposition précédente sont cruciales pour pouvoir appliquer

le résultat de la régularité locale pour les problèmes paraboliques ([DiBenedetto-Freidman[57]],

[Chen[123]]) et obtenir la compacité nécessaire pour démontrer l’existence d’une solution du problème

(P) en passant à la limite ǫ → 0+.

Idées de la preuve du théorème 2

La démonstration du théorème repose principalement sur le résultat suivant qui donne l’unicité, l’exis-

tence d’une fonction de Lyapunov et la régularité de la solution pour le problème approché (Pε) et

d’un passage à la limite quand ǫ → 0+ :

Théorème 4 Sous les mêmes hypothèses du théorème (3), et en supposant que f est localement lip-

schitzienne par rapport à s uniformément en x ∈ Ω et ξ ∈ RN tel que (4) est satisfaite, alors la solution

uε est unique et appartient à C

(

(0, T ); W 1,p
0 (Ω)

)

. De plus, pour tout t0, t tels que 0 < t0 ≤ t ≤ T on

a (pour δ Ó= 1)

∫ t

t0

∫

Ω
(∂suε)2 dxds +

1

p

∫

Ω
|∇uε (t) |pdx − 1

1 − δ

∫

Ω
(uε (t) + ε)1−δ dx

=
1

p

∫

Ω
|∇uε (t0) |pdx − 1

1 − δ

∫

Ω
(uε (t0) + ε)1−δ dx (14)

+

∫ t

t0

∫

Ω
fε (x, uε, ∇uε) ∂suεdxds,

(si δ = 1, on remplace le terme de la forme (1 − δ)−1x1−δ dans expressions ci-dessus par le terme

log(x) ). De plus, la suite {uε}ε>0 est croissante.

Pour montrer ce résultat, on démontre un principe de comparaison faible pour l’équation ǫ-approchée

en utilisant certaines propriétés liées à la monotonie de v → ∆pv − 1
(v+ǫ)δ et de la sous-homogénéité

de v → f(·, ·, ∇v). Il en découle la monotonie de ǫ → uǫ et l’unicité de uǫ en utilisant un argument

classique basé sur le lemme de Gronwall (voir section 3 du chapitre I). Cet argument d’unicité est

également utilisé pour l’unicité de la solution de (P).

Résultats principaux du Chapitre II : Dans ce chapitre, nous nous somme intéressés à donner

la preuve du théorème de bifurcation globale analytique dans la forme qui est utilisée dans le chapitre

III. Une forme assez proche est donnée dans la monographie [Buffoni and Toland [32], Chapitre 9]

et utilisée dans l’article [30] pour l’existence d’ondes solitaires à la surface de l’eau et pour démontrer

la présence de bifurcations sous-harmoniques.

Soient X, Y des espaces de Banach, U ⊂ R × X un ouvert contenant (0, 0) dans son adhérence et

F : U → Y une fonction analytique. Considérons le problème suivant :

F (λ, x) = 0, (λ, x) ∈ U (15)

On définit aussi l’ensemble des solutions

S = {(λ, x) ∈ U : F (λ, x) = 0}

14
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et l’ensemble des solutions non singulières

N = {(λ, x) ∈ S : Ker(∂xF (λ, x)) = {0}} .

En supposant l’hypothèse (G2) ci dessous, un point de S est un point où l’opérateur linéarisé ∂xF (λ, x)

est inversible et donc pour lequel on peut appliquer le théorème des fonctions implicites.

Définition 2 Un arc distingué est une composante connexe de N.

Supposons que

(G1) Toute partie bornée de S est relativement compacte dans R × X.

(G2) ∂xF (λ, x) est un opérateur de Fredholm d’indice 0 pour tout (λ, x) ∈ S.

(G3) Il existe une application analytique (λ, u) : (0, ǫ) ∋ s → (λ(s), u(s)) ∈ S telle que ∂xF (λ(s), u(s))

est inversible pour tout s ∈ (0, ǫ) et lim
s→0+

(λ(s), u(s)) = (0, 0).

Soit

A+ = {(λ(s), u(s)) : s ∈ (0, ǫ)} .

Clairement, A+ ⊂ S et représente une partie de la branche globale maximale. Le résultat suivant

donne une extension globale A de A+ ne contenant qu’un ensemble discret de points singuliers, ce qui

est une des conséquences de l’analyticité de A.

Théorème 5 Sous les hypothèses (G1)-(G3). On a, [0, ǫ) ∋ s Ô→ (λ(s), u(s)) se prolonge en une

application (notée de même) (λ, u) : (0, ∞) → S telle que :

(a) Soit A
def
= {(λ(s), u(s)) : s > 0}. Alors, A ∩ N est une réunion au plus dénombrable d’arcs

distingués
⋃n

i=0 Ai, n ≤ ∞.

(b) A+ ⊂ A0.

(c) {s > 0 : ker(∂xF (λ(s), u(s))) Ó= {0}} est un ensemble discret.

(d) Pour tout s∗ ∈ (0, ∞), il existe une re-paramétrisation ρ∗ : (−1, 1) → R continue et injective

telle que ρ∗(0) = s∗ et

(−1, 1) ∋ t → (λ(ρ∗(t)), u(ρ∗(t))) ∈ A est analytique.

De plus, l’application s Ô→ λ(s) est injective dans le voisinage à droite de s = 0 et pour tout

s∗ > 0 il existe ǫ∗ > 0 tel que λ est injective d’une part sur [s∗, s∗ + ǫ∗] et d’autre part sur

[s∗ − ǫ∗, s∗].

(e) L’une de ces trois assertions est vérifiée.

(i) ‖(λ(s), u(s))‖R×X → ∞ quand s → ∞.

(ii) La suite {(λ(s), u(s))} converge vers un point de la frontière de U lorsque s → ∞.

(iii) A est une boucle fermée :

A = {(λ(s), u(s)) : 0 ≤ s ≤ T, (λ(T ), u(T )) = (0, 0) pour un certain T > 0} .
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Dans ce cas, en choisissant le plus petit T > 0, on a

(λ(s + T ), u(s + T )) = (λ(s), u(s)) pour tout s ≥ 0.

(f) Supposons que ∂xF (λ(s1), u(s1)) est inversible pour certain s1 > 0. Si s2 Ó= s1 on a

(λ(s1), u(s1)) = (λ(s2), u(s2)), alors (e)(iii) est satisfait et |s1 − s2| est un entier multiple de T .

En particulier, l’application s Ô→ (λ(s), u(s)) est injective sur [0, T ).

Soulignons que les assertions (e) et (f) du théorème 5 établissent les différentes alternatives du com-

portement global de la branche étendue. La preuve de ce théorème utilise des outils complexes comme

la réduction de Lyapunov-Schmidt et l’analyse complexe à plusieurs variables, plus particulièrement

la théorie des germes analytiques.

La réduction de Lyapunov-Schmidt donnée par le théorème ci-dessus est un outil puissant en

théorie de la bifurcation qui permet de ramener de manière équivalente un problème posé dans un

espace de Banach de dimension infinie à un problème en dimension finie (représentée par l’équation

réduite) pour lequel il est plus facile d’obtenir de la compacité et de caractériser l’ensemble des zéros.

La preuve de la réduction de Liapunov Schmidt est fondée sur le théorème des fonctions implicites.

Théorème 6 Soient X et Y deux espaces de Banach et U un ouvert de K × X où K est le corps

des complexes ou des réels. Soit F ∈ C k(U, Y ), k ∈ N∗ tel que F (λ0, x0) = 0 où (λ0, x0) ∈ U , on

suppose que la différentielle de F par rapport à la seconde variable A := ∂2F (λ0, x0) est de Fredholm,

ker(A) Ó= {0}. Soit q ∈ N∗ la codimension de R(A) le rang de A. Alors il existe deux ouverts U0 ⊂ U

et V ⊂ K × ker(A), et deux applications ψ ∈ C k(V, X) et h ∈ C k(V,Kq) tels que (λ0, x0) ∈ U0,

(λ0, 0) ∈ V et ψ(λ0, 0) = x0 avec

F (λ, x) = 0 dans U0 ⇐⇒
{

h(λ, ξ) = 0 pour certain (λ, ξ) ∈ V,

ψ(λ, ξ) = x.
(16)

Un des résultats importants de la théorie des germes analytiques est le théorème de la représen-

tations de Puiseux (voir théorèmes 2.5, 2.2 du chapitre II). Ce résultat nous permet d’étendre la

branche locale A+ donnée par l’hypothèse (G3) au-delà du point singulier représentant l’extrémité de

la branche maximale contenant A+ si cette branche maximale ne satisfait pas les alternatives (i)-(iii)

de l’assertion (e) du théorème 5. Après avoir établi une analyse locale au voisinage de ce point à l’aide

de la réduction de Lyapunov-Schmidt et des éléments de la théorie des germes analytiques dont un

des résultats importants est le théorème de structure qui permet d’obtenir que seulement un nombre

fini de branches de solutions traversent ce point singulier, on démontre que l’ensemble des solutions

réels au voisinage de ce point singulier contient un arc de solutions qui admet une paramétrisation

localement injective et analytique.

Résultats principaux du Chapitre III : Les travaux présentés dans ce chapitre ont fait l’objet

d’une publication dans Calculus of Variations and P.D.E.

(version en ligne http ://link.springer.com/article/10.1007/s00526-014-0735-8).
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Dans ce chapitre, on s’intéresse au problème elliptique semi-linéaire et singulier (Pλ) ci-dessous

paramétré par λ. Pour obtenir une descripton précise du diagramme de bifurcation associé, on met en

application la théorie globale de la bifurcation analytique présentée dans le chapitre II sur ce problème.

(Pλ)

{

−∆u = λ(u−δ + f(u)) dans Ω,

u > 0 dans Ω, u|∂Ω = 0,

où Ω ⊂ RN avec N ≥ 2, est un ouvert borné et régulier et l’exposant δ est strictement positif. Nous

considérons les solutions (λ, u) de (Pλ) dans l’espace fonctionnel R+ × X, où

X := Cφ(Ω) = {u ∈ C(Ω) | for some C > 0, |u(x)| ≤ Cφ(x) ∀x ∈ Ω},

muni de la norme ‖u‖Cφ(Ω)
def
= supx∈Ω

∣
∣ u(x)

φ(x)

∣
∣ est un espace de Banach à poids. Le poids φ associé

est une fonction puissance de la distance d(x). L’exposant correspondant dépend de δ et est relié au

comportement des solutions de (Pλ) au bord de Ω. On suppose que la non-linéarité f satisfait :

(f0) f : [0, ∞) → [0, ∞) est deux fois différentiable avec f(0) = 0.

On suppose par ailleurs les hypothèses supplémentaires suivantes :

(f1) f(t) est un produit fini de fonctions de la forme g(tp), p > 0, où g est une fonction réelle

analytique sur R.

(f2) lim inf
t→∞

f(t)

t
= ∞.

Ces hypothèses assurent l’applicabilité de la théorie de la bifurcation analytique. Le comportement

surlinéaire de f contenu dans (f2) implique la nonexistence de solutions de (Pλ) pour des valeurs

grandes de λ. L’hypothèse (f3) suivante assure que la branche des solutions minimales est un arc

paramétré continu et donc par les hypothèses précédentes analytique. Elle fait donc entièrement partie

de la branche analytique de solutions de (Pλ) émanant de (0, 0) si (f3) est réalisée.

(f3) l’application t Ô→ t−δ + f(t) est convexe sur (0, ∞).

Avant de donner les résultats principaux de ce chapitre, nous décrivons la littérature concernant les

problèmes semilinéaire elliptiques singuliers. Un des tous premiers résultats obtenu dans le cadre des

problèmes elliptiques singuliers, est Stuart [113], où l’existence d’une solution classique (dans C2(Ω)∩
C(Ω)) est établi via l’utilisation d’un schéma itératif et le principe du maximum. Dans Crandall-

Rabinowitz-Tartar [41] qu’on peut considérer à certains égards comme le travail pionnier et qui

a motivé dans la suite une longue série de travaux pour cette classe de problèmes, une version plus

générale du problème suivant est étudiée :

(P̃)

{

Lu = p̃(x)
uδ dans Ω

u|∂Ω = 0, u > 0 dans Ω

où Ω est un ouvert borné régulier (∂Ω est au moins C2) , L désigne un opérateur linéaire uniformément

elliptique, p̃ ∈ C(Ω) avec 0 < p̃(x) dans Ω. L’existence et l’unicité de solutions classiques ainsi que le

comportement précis au bord du domaine de ces solutions sont établis. Dans le cas d’une non-linéarité

plus générale, l’existence de solutions est obtenue en utilisant la théorie du degré topologique et un

argument d’approximation par régularisation du terme singulier. Le cas où le potentiel p̃ > 0 est
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singulier est analysé dans Gomes [72] moyennant des restrictions sur δ qui garantit l’existence de

solutions dans C1(Ω) via un argument de point fixe de Schauder sur la formulation intégrale équiva-

lente. La compacité requise pour l’application du point fixe est assurée via des estimations près du

bord de la fonction de Green et de son gradient. Dans Del Pino [50], une classe plus générale de

potentiels (sans la condition de stricte positivité) est considérée. Dans ce cadre, l’auteur démontre

l’existence de solutions à variation bornée. La régularité dans l’espace d’énergie dans le cas de non-

linéarités plus singulières est traitée dans Lazer-McKenna [86] (avec le potentiel p̃ ∈ C0,α(Ω) et

strictement positif dans Ω). Les auteurs démontrent que la solution qui appartient à C2,δ(Ω) ∩ C(Ω)

est dans H1
0 (Ω) si et seulement si δ < 3 et dans C1(Ω) si et seulement si δ < 1. La régularité höl-

dérienne des solutions (dans C1,α(Ω) et C0,α(Ω)) est établie de manière plus générale dans Gui-Lin

[76] par des estimations sur la représentation intégrale via la fonction de Green (en particulier les

estimations sur l’expression faisant intervenir la partie singulière de la fonction de Green). Concernant

la régularité dans les espaces de Sobolev, Díaz, Hernández, Rakotoson ont récemment montré

que les solutions appartenaient à W 1,q(Ω) avec q > 1 dépendant de δ. La preuve de ce résultat fait

appel à de récentes contributions de Díaz, Rakotoson (voir [54]) se situant dans la continuité de

Brezis-Cazenave-Martel-Ramiandrisoa [27] sur l’existence (et unicité) de solutions très faibles

pour des problèmes semi-linéaires elliptiques avec données dans les espaces à poids Lq(Ω, dβ(x, ∂Ω))

avec 0 < β < 1. Lorsque le potentiel p̃ est dans un espace Lm(Ω) (avec m ≥ 1), l’existence d’une

solution u telle que uγ ∈ H1
0 (Ω) est établie dans Boccardo-Orsina [22] en reprenant une approche

similaire à celle de [41] et en utilisant des techniques (de troncature) de Stampacchia [111]. Des

résultats de non-existence très intéressants sont également démontrés dans ce travail quand p̃ est une

mesure de Radon (ex. une masse de Dirac). Dans Coclite-Palmieri [39], dans le cadre d’un problème

perturbé de (P̃) faisant apparaître un paramètre de bifurcation et un terme sur-linéaire, des résultats

de non-existence sont démontrés pour des valeurs grandes du paramètre. Ceci suggère l’existence de

solutions multiples pour des valeurs plus petites du paramètre. Par des méthodes variationnelles (mi-

nimisation sous la contrainte naturelle de Nehari), Yijing, Shaoping, Yiming [124] ont démontré

dans le cadre de problèmes perturbés de (P̃) par un terme surlinéaire de croissance sous critique la

multiplicité de solutions. Ce résultat a été ensuite étendu dans le cas critique respectivement par

Haitao dans [78] en utilisant la méthode de Perron qui correspond à la version varationnelle de la

méthode de sur et sous solutions et par Hirano-Saccon-Shioji dans [81] en reprenant la méthode

de Nehari. Le cas où la non-linéarité est de croissance exponentielle et sur-exponentielle (cas critique

compris) à l’infini a été investi dans Adimurthi-Giacomoni [4]. Des résultats de non-existence dans

le cas radial sont aussi démontrés dans ce travail en utilisant la méthode de tir. Nous reviendrons sur

cette contribution dans la présentation du chapitre III.

Le cas des systèmes semi-linéaires elliptiques singuliers ont été plus récemment étudiés dans

Hernández-Mancebo-Vega [80] et dans Ghergu [64]. Quand le système est coopératif, l’exis-

tence d’une solution est obtenue via un schéma itératif monotone (via le principe du maximum faible).

Si le système n’est pas coopératif, l’existence de solution est établie par le théorème du point fixe de

Schauder appliqué dans un sous-ensemble convexe de C0(Ω) bien choisi. La compacité de l’application

considérée fait appel aux résultats de régularité dans C0,α(Ω) établis dans Gui-Lin [76] .
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L’existence de continua de solutions pour les problèmes elliptiques singuliers dans le cas de non-

linéarités surlinéaires (en contraste avec les hypothèses de sous linéarité faites dans [41]) a été établi

pour δ < 1 dans Hernandez, Mancebo, Vega en utilisant l’analyse spectrale du problème linéarisé

dans l’espace C1(Ω) établie dans ce même travail. Mais cette approche ne fonctionne pas pour δ ≥ 1.

Dans Dhanya, Giacomoni, Prashanth, Saoudi [52], l’existence de continua de solutions est éten-

due au cas δ < 3 en utilisant les propriétés de l’opérateur nonlinéaire monotone u → −∆u − λ
uδ dans

H1
0 (Ω), les propriétés de son inverse dans C0(Ω) et les résultats de régularité de [76]. Dans ce chapitre,

nous étendons ces résultats pour tout δ > 0 en utilisant les résultats du chapitre II sur la bifurca-

tion analytique. Cette approche est nouvelle pour les problèmes elliptiques singuliers. Elle présente

l’avantage d’établir l’existence d’une branche globale connexe par arc en contraste avec les ensembles

connexes de solutions obtenus avec la théorie du degré topologique. Elle ne s’applique cependant que

dans le cadre d’opérateurs analytiques.

On donne maintenant l’énoncé de tous les résultats obtenus dans ce chapitre :

On commence par la définition suivante

Définition 3 Soit φ ∈ C(Ω) avec φ > 0 dans Ω. On définit l’espace de Banach suivant

Cφ(Ω) = {u ∈ C(Ω) | for some C > 0, |u(x)| ≤ Cφ(x) ∀x ∈ Ω}

avec la norme ‖u‖Cφ(Ω)
def
= supx∈Ω

∣
∣ u(x)

φ(x)

∣
∣.

On définit ensuite le sous-ensemble ouvert et connexe de Cφ(Ω) :

C+
φ (Ω) = {u ∈ Cφ(Ω) | inf

x∈Ω

u(x)

φ(x)
> 0}.

Enfin, on choisit la fonction poids φ en fonction de δ comme suit :

φ = φδ
def
=







ϕ1 0 < δ < 1,

ϕ1(− log ϕ1)
1
2 δ = 1,

ϕ
2

δ+1

1 δ > 1.

(17)

Considérons l’Opérateur-Solution associé à (Pλ)

F (λ, u) = u − λ(−∆)−1(u−δ + f(u)), (λ, u) ∈ R+ × C+
φδ

(Ω), δ > 0. (18)

On démontre dans un premier temps que si f satisfait l’hypothèse (f1), l’opérateur F est analytique

de R+ × C+
φδ

(Ω) dans Cφδ
(Ω). On montre aussi que les ensembles bornés et fermés de l’ensemble S =

{(λ, x) ∈ U : F (λ, x) = 0} sont compacts dans Cφδ
(Ω). On établit ensuite les propriétes de l’opérateur

linéarisé. En particulier, on démontre qu’il est de Fredholm d’indice 0. En utilisant les résultats sur la

bifurcation globale analytique, on démontre :

Théorème 7 Soit f satisfaisant (f0), (f1) et (f2). Alors, il existe Λ ∈ (0, ∞) et un ensemble non

borné A ⊂ (0, Λ] × C+
φδ

(Ω) de solutions de (Pλ) qui est globalement paramétrisé par une application

continue :
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(0, ∞) ∋ s → (λ(s), u(s)) ∈ A ⊂ S.

qui vérifie les propriétés suivantes sur la branche A :

(i) (λ(s), u(s)) → (0, 0) dans R × Cφδ
(Ω) lorsque s → 0+.

(ii) Pour tout s0 > 0 petit, la portion de la branche {(λ(s), u(s)) : 0 < s < s0} coïncide avec la

branche des solutions minimales de (Pλ) avec λ < λ(s0). De plus, ceci reste vrai dès que ∂uF

est inversible le long de la branche des solutions minimales.

(iii) ‖u(s)‖Cφδ
(Ω) → ∞ quand s → ∞.

(iv) A admet au moins un point de bifurcation asymptotique Λa ∈ [0, Λ]. i.e., il existe une suite

{sn}n∈N ⊂ (0, ∞), {(λ(sn), u(sn))} ⊂ A telle que sn → ∞, λ(sn) → Λa et ‖u(sn)‖Cφδ
(Ω) → ∞.

(v) {s ≥ 0 : ∂uF (λ(s), u(s)) n’est pas inversible } est un ensemble discret.

(vi) (A est une branche connexe par arc “analytique") En chacun de ses point, A admet une

re-paramétrisation analytique local dans le sens suivant : Pour tout s∗ ∈ (0, ∞) il existe une

application continue et injective ρ∗ : (−1, 1) → R telle sue ρ∗(0) = s∗ et la reparamétrisation

(−1, 1) ∋ t → (λ(ρ∗(t)), u(ρ∗(t))) ∈ A est analytique.

En plus, l’application s Ô→ λ(s) est injective dans un voisinage à droite de s = 0 et pour tout

s∗ > 0 il existe ǫ∗ > 0 telle que λ est injective sur [s∗, s∗ + ǫ∗] et sur [s∗ − ǫ∗, s∗].

En supposant l’hypothèse (f3), on obtient que la branche des solutions minimales est entièrement

incluse dans A :

Corolaire 1 Pour δ > 0 et f vérifiant (f0), (f1), (f2) et (f3). On a les les propriétés supplémentaires

suivantes de la branche donnée par le théorème précédent.

(i) La branche des solutions minimales tout entière {(λ, uλ) : λ ∈ (0, Λ)} coïncide avec la portion

de la branche de A qui contient (0, 0) dans son adhérence. En particulier, la branche des solutions

minimales est est une courbe analytique dans R+ × C+
φδ

(Ω).

(ii) Si (Λ, uΛ) ∈ A pour certain uΛ ∈ C+
φδ

(Ω), alors A admet un point de retournement vers la

gauche en (Λ, uΛ).

Remarque 1 Si δ < 3, grâce à l’inégalité de Hardy, on obtient aussi que la branche A définit une

courbe continue dans R+ × H1
0 (Ω).

Idées de la preuve du théorème 7 et du corollaire 1

Le premier point est d’identifier des espaces appropriés sur lesquels l’opérateur-solution F (donné

par (18)) est bien défini et analytique. La présence d’un terme singulier dans le second membre nous

amène à considérer des espaces de Banach avec poids. La fonction de poids φδ définie par (17) est une

sous-solution (à une constante multiplicative près qui dépend de λ) du problème (Pλ). Ce choix nous

permet d’identifier le comportement précis des solutions au bord du domaine et de définir la notion de

solution très faible en utilisant les résultats de Dìaz, Rakotoson [54] et pour laquelle on montre la

validité d’un principe de comparaison faible. Ceci permet alors de démontrer que l’image de F est bien
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dans Cφδ
(Ω). Ensuite, nous étudions certaines propriétés de l’opérateur linéarisé de F définie par :







∂uF (λ, u) : Cφδ
(Ω) → Cφδ

(Ω),

∂uF (λ, u)w = w + (−∆)−1[aλ(u)w]

où aλ(u) = λ(δu−1−δ − f ′(u)).

(19)

On obtient ces propriétés en faisant appel à certains résultats sur l’existence et l’unicité des solutions

faibles au sens donné dans [Díaz-Rakotoson, [54] et [55]] pour des problèmes semilinéaires elliptiques

linéaires du second ordre avec un terme de droite dans L1(·, dα) avec α ∈ (0, 1). L’existence de la

branche locale A+ de solutions de (Pλ) émanant de (0, 0) est démontrée via le théorème des fonctions

implicite version analytique. En effet, on montre que le problème (Pλ) admet des solutions minimales

pour des valeurs petites de λ et que l’opérateur linéarisé est inversible le long de la courbe formée par

ces solutions. Ensuite on démontre l’existence de la branche globale en appliquant le théorème 5. Le

comportement global de la branche est déduit du fait que pour des valeurs de λ petites, (Pλ) admet

une solution unique et que par conséquent il existe une unique branche émanant de (0, 0). Ceci écarte

le scénario d’une branche qui forme une boucle fermée. De plus les solutions sont dans C+
φδ

(Ω) et donc

l’alternative (ii) de l’assertion (e) du théorème 5 ne se produit pas. La branche A est donc non bornée.

De plus, par l’hypothèse de surlinéarité (f2), il existe Λ > 0 tel que (Pλ) n’a pas des solutions pour

λ > Λ. On en déduit alors l’existence d’au moins un point de bifurcation asymptotique.

En suppposant l’hypothèse de convexité (f3), on démontre que le problème linéarisé (qui vérifie

une propriété de monotonie par rapport à λ par (f3)) le long de la branche minimale est inversible

et par le théorème des fonctions implicites est donc analytique. On en déduit alors par unicité de la

branche émanant de (0, 0) que toute la branche minimale est dans A, ce qui établit le corollaire 1.

Dans Cazenave, Escobedo, Porzio [35], une discussion sur la régularité de la branche des solutions

minimales est menée pour différentes nonlinéarités et le lien entre la régularité de la branche et la stricte

positivité de la première valeur propre du problème linéarisé est établi.

On considère alors le cas particulier de la dimension 2 et où f a un comportement critique à l’infini

au sens de Trudinger Moser. La définition ci dessous précise ce comportement critique pour toute

dimension : soit

f∗(t) =







|t|
N+2
N−2 si N ≥ 3,

et2
si N = 2.

Définition 4 (i) On dit que f : [0, ∞) → [0, ∞) a un comportement au plus critique si lim supt→∞
f(t)
f∗(t) <

∞ quand N ≥ 3 et lim supt→∞
f(t)

f∗(αt) < ∞ pour un certain α > 0 quand N = 2.

(ii) On dit que h : [0, ∞) → [0, ∞) est une perturbation de f∗ si limt→∞
h(t)
f∗(t) = 0 dans le cas N ≥ 3

et limt→∞
h(t)

f∗(εt) = 0 pour tout ε > 0 dans le cas N = 2.

(iii) On dit que f : [0, ∞) → [0, ∞) a un comportement critique si f(t) = f∗(t) + h(t) dans le cas

N ≥ 3 et si f(t) = h(t)f∗(t) dans le cas N = 2 avec h une perturbation de f∗.

On va démontrer qu’en dimension 2 et pour une certaine classe de fonctions f avec un comportement
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critique et dans le cas où Ω est une boule de R2, l’existence de solutions singulières et la présence

d’une infinité dénombrable de points de retournements dans la branche A. Ces points de retournement

correspondent à des points de discontinuités de l’indice de Morse, indice qui est constant par morceaux

et tend vers l’infini le long de A. On définit en premier lieu la notion de solution singulière de (Pλ) de

la façon suivante :

Définition 5 On dit que u∗ ∈ L1
loc(Ω) est une solution singulière de (Pλ) si inf

K
u∗ > 0 pour tout

compact K ⊂ Ω, f(u∗) ∈ L1
loc(Ω), u∗ n’est pas borné sur Ω et u∗ résout −∆u∗ = λ((u∗)−δ + f(u∗))

dans Ω, au sens des distributions.

On donne maintenant les résultats correspondants :

Théorème 8 Fixons 0 < δ < 1. On pose h(t) = t2+p1
∏n

i=2 eαit
pi , où p1 > 0, 1 < pi < 2, i = 2, ..., n

sont distincts et αi < 0. Étant donné f(t) = h(t)et2
, soit u∗ une solution singulière à symétrie radiale

de (Pλ). Alors, pour toute suite {ui}i de (Pλ) convergeant vers u∗ localement uniformément dans

B1 \ {0}, l’indice de Morse ui tends vers l’infini lorsque i → ∞.

Remarque 2 Pour 0 < δ < 1, l’analyse spectrale de l’opérateur linéarisé montre que l’indice de

Morse de ∂uF est bien défini en toute solution faible. On pourra se référer à l’annexe B qui donne les

définitions et propriétés importantes de l’indice de Morse.

Théorème 9 Soit 0 < δ < 1. On considère h sous la forme h(t) = t2+p1
∏n

i=2 eαit
pi , où p1 > 0, 1 <

pi < 2, i = 2, ..., n sont distincts αi < 0. Soit f(t) = h(t)et2
. Alors la branche continue et analytique

par morceaux A obtenue dans le Théorème 7 admet une infinité de points de retournements.

Plus précisément, il existe une suite {(λi, ui)}i∈N ⊂ A telle que ‖ui‖Cφδ
(Ω) et l’indice de Morse de

∂uF (λi, ui) sont strictement croissants et tendent vers l’infini quand i → ∞. De plus, la branche A

admet un point de retournement en (λi, ui) ce qui implique que pour λ proche et différent de λi par

valeur inférieure ou supérieure, il existe au moins deux solutions distinctes proches de ui.

Pour établir ces deux résultats, on démontre le résultat suivant :

Lemme 1 Soit 0 < δ < 1 et h(t) = t2+p1
∏n

i=2 eαit
pi , où p1 > 0, 1 < pi < 2, i = 2, ..., n sont distincts

et αi < 0. Soit f(t) = h(t)et2
. Soit Ω = B1(0) la boule ouverte unité de R2. Alors il existe λ∗ > 0 et

une solution radiale singulière u∗ ∈ L∞
loc(B1(0) \ {0}) qui est non bornée à l’origine et qui est solution

de −∆u∗ = λ∗((u∗)−δ + f(u∗)) dans B1(0) avec u∗ = 0 sur ∂B1(0). De plus, u∗ Ó∈ H1
loc(B1(0)).

Avant de donner quelques points clé de la preuve des théorèmes 9 et 8, on donne quelques éléments

de l’état de l’art sur les problèmes elliptiques critiques en dimension 2 : Pour ces problèmes qui font

intervenir des nonlinéarités qui sont des perturbations de eαu2
avec α > 0, on a une phénoménologie

comparable à celle qu’on observe en dimension supérieure avec l’exposant critique N+2
N−2 . Précisément,

nous avons le résultat suivant du à Trudinger-Moser :

Théorème 10 1. Soit p < ∞ et Ω un domaine borné de R2. Alors u ∈ H1
0 (Ω) implique eu2 ∈

Lp(Ω). Par ailleurs, l’application H1
0 (Ω) ∋ u → eu2 ∈ Lp(Ω) est continue dans la topologie

associée à la norme.
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2.

4π = max

{

c ; sup
‖w‖≤1

∫

Ω
ec|w|2 < +∞

}

. (20)

Des améliorations de (20) ont été démontrées, voir par exemple Adimurthi-Druet [3]. De manière

similaire à ce qui se produit en dimension supérieure, H1
0 (Ω) ∋ u →֒ e4πu2 ∈ L1(Ω) n’est pas compact

pour la topologie faible. Précisément, si on considère une suite {wn} ⊂ H1
0 (Ω) telle que ‖wn‖ ≤ 1, on

a par le théorème 10 sup
n

∫

Ω
e4πw2

n < ∞ mais pas a priori convergence de e4πw2
n dans L1(Ω). De ce fait,

la question de l’existence de solutions pour

(P1)

{

−∆u = f(x, u) dans Ω ⊂ R2

u|∂Ω = 0

où f(x, u) a un comportement critique (voir condition (H2) ci-après) est loin d’être évidente si on

recherche les solutions de (P1) comme points critiques de la fonctionnelle associée :

E(u) =
1

2

∫

Ω
|∇u|2dx −

∫

Ω
F (x, u)dx

dans l’espace de Sobolev H1
0 (Ω) avec F (x, t) :=

∫ t
0 f(x, s)ds. En particulier, la condition de Palais-

Smale n’est pas automatiquement satisfaite. Une autre similitude avec le cas de la dimension supérieure

est que l’exposant 2 est une limite de compacité. En effet, H1
0 (Ω) ∋ u →֒ e4πuα ∈ L1(Ω) est compacte

pour la topologie faible si α < 2. De même, la perte de compacité dans le cas α = 2 fait apparaitre

des phénomènes de concentration comme l’ont mis en évidence Adimurthi et Struwe pour des énergies

petites (théorème 1.1 dans [7] généralisant [112] où le cas radial est considéré) et ensuite Druet (théo-

rème 1 dans [59]) dans le cas général en appliquant une approche développée en dimension supérieure

dans [60]. Ce phénomène de concentration est démontré à partir d’une suite de solutions {uk} de

(P1) mais contrairement au cas de la dimension n ≥ 3 ne s’étend pas à une suite de Palais Smale

quelconque comme l’ont démontré Adimurthi et Prashanth dans [5] : Les suites de Palais Smale

peuvent présenter différents types de perte de compacité. En dimension supérieure (i.e. n ≥ 3), la

perte de compacité des suites de Palais Smale se traduit sous la forme d’un méchanisme universel,

via le lemme de concentration-compacité ([89]). Pour les propriétés de compacité, de phénomènes de

concentration dans ce cas, on peut consulter également (entre autres) [15], [29], [106] et[113].

Nous allons maintenant donner quelques résultats d’existence concernant (P1) lorsque f(x, ·) =

h(x, ·)eb(·)2
(b > 0) a une croissance critique et satisfait les conditions suivantes :

(A1) f(x, 0) = 0, f(x, t) > 0 quand t > 0 ;

(A2) ∀ ǫ > 0, lim
t→∞

sup
x∈Ω̄

h(x, t)e−ǫt2
= 0, lim

t→+∞
inf
x∈Ω̄

h(x, t)eǫt2
= +∞ ;

(A3) Il existe M > 0 et σ ∈ [0, 1[ tel que F (x, t) ≤ M(1 + f(x, t)tσ).

Dans [2], Adimurthi prouve l’existence d’au moins une solution. Précisément, il démontre le résultat

suivant :

Théorème 11 Soit f(x, t) = h(x, t)ebt2
. On suppose que f a une croissance critique et satisfait de

plus

(A4) f ′(x, t) := ∂
∂tf(x, t) > f(x,t)

t pour t > 0.
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Alors, si sup
x∈Ω̄

f ′(x, 0) < λ1(Ω) et si lim sup
t→+∞

inf
x∈Ω̄

h(x, t)t = ∞, il existe une solution u0 dans H1
0 (Ω) de

(P1).

Le théorème 11 est démontré dans le cas plus général d’équations faisant intervenir l’opérateur n-

Laplacien (∆n· := −∇.(|∇ · |n−2∇·) qui coincide avec −∆ si n = 2 et pour lequel une extension du

théorème 10 est vérifiée :

Théorème 12 (Moser) Soit n ≥ 2. On a

1) Soit u ∈ W 1,n
0 (Ω), p < ∞, alors e|u|

n
n−1 ∈ Lp(Ω) ;

2)
(

αn
b

)n−1
= max

{

cn; sup
‖w‖≤1

∫

Ω
eb(c|w|)

n
n−1

< ∞
}

où αn = nω
1

n−1
n avec ωn = |Sn−1|.

La preuve est basée sur une méthode de minimisation sous contrainte due à Nehari ([98]). Donnons

les éléments principaux de la preuve dans le cas n = 2. En définissant

a(Ω, f)2

2
= inf

{

E(u);

∫

Ω
|∇u|2 dx =

∫

Ω
f(x, u)u, u Ó≡ 0

}

, (21)

il démontre que le minimiseur de (21) est une solution de (P1). Ceci nécessite de prouver que la

condition de Palais Smale est satisfaite. Pour cela, il montre que a(Ω, f)2 <
(α2

b

)
(qui correspond au

premier niveau critique où la condition de Palais Smale échoue) en utilisant les fonctions de Moser

{φk} obtenues par troncation et changement d’échelle de la solution fondamentale :

φk(x) =
1√
2π







(log k)
1
2 pour |x| ≤ 1

k
log( 1

r
)

(log k)
1
2

pour 1
k ≤ |x| ≤ 1

0 pour |x| ≥ 1,

comme fonctions tests et la condition lim sup
t→+∞

inf
x∈Ω̄

h(x, t)t = ∞. La condition sup
x∈Ω̄

f ′(x, 0) < λ1(Ω)

assure que 0 < a(Ω, f)2 et donc que u0 est non triviale. Il n’est pas difficile de voir que cette condition

est nécessaire. Le comportement à l’infini de h intervient donc de manière cruciale pour obtenir la

compacité des suites de Palais Smale. La question qui se pose alors est de savoir si la condition

lim sup
t→+∞

inf
x∈Ω̄

h(x, t)t = ∞ est optimale. Dans [6], Adimurthi et Prashanth répondent positivement à

cette question. Investissant le cas radial :

(Pλ)

{

−u′′(r) − u′(r)
r = λh(u)eu2

(r), r < 1,

u′(0) = 0 , u(1) = 0 et u > 0 pour r < 1.

Ils démontrent que (Pλ) n’admet pas de solution pour λ > 0 petit si h appartient aux deux classes H1

et H2 suivantes :

H1 = {h : h est asymptotique à l’infini à e−sβ
, 1 < β < 2},
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H2 = {h : h est asymptotique à l’infini à e−sβ
, 0 < β ≤ 1}

∪{h : h décroit à l’infini polynomialement}.

La preuve de la non existence de solutions pour λ petit et pour ces classes de fonctions h utilise une

méthode de tir et la transformation d’Emden-Fowler comme dans [12]. Ce résultat de non existence

combiné avec le résultat de [2] prouve que la condition lim sup
t→+∞

inf
x∈Ω̄

h(x, t)t = ∞ trace la frontière entre

existence et non existence de solutions pour le problème (P1) une fois la condition sup
x∈Ω̄

f ′(x, 0) < λ1(Ω)

satisfaite.

Dans [8], le résultat de [2] (avec toujours sup
x∈Ω̄

f ′(x, 0) < λ1(Ω)) est étendu aux solutions changeant

de signe en utilisant une méthode variationnelle de type linking, due à Bartolo-Benci-Fortunato

(voir [19]). La compacité des suites de Palais Smale est cette fois ci assurée par la condition :

lim sup
t→+∞

inf
x∈Ω̄

log(h(x, t))

t
= ∞.

Cette condition s’avère optimale puisque dans [9] est démontrée la non existence de solutions radiales

changeant de signe dans un disque de rayon suffisamment petit et pour f(x, t) := f(t) = tet2+tβ
avec

0 ≤ β ≤ 1.

Dans [4], les auteurs étudient le problème perturbé singulier suivant :

(P )

{

−∆u = λ(p(x)
uδ + h(x, u)e4πu2

) dans Ω ⊂ R2

u|∂Ω = 0 , u > 0 dans Ω

où 0 < p ∈ L∞, λ > 0, 0 < δ < 3 et Ω un domaine borné régulier. La présence du terme sous linéaire
p(x)
uδ donne l’existence d’une solution minimale pour des valeurs petites de λ. La question que les auteurs

se sont alors posée est de savoir sous quelle condition sur h à l’infini peut-on obtenir l’existence d’une

seconde solution pour λ petit et si cette condition est optimale. En suivant une approche similaire à

[6] (étude du problème variationnel dans le cas non radial et étude du cas radial par méthode de tir),

ils démontrent que la condition sur la perturbation h qui sépare le cas d’unicité et de multiplicité pour

les solutions pour λ > 0 petit est donnée par :

∃ β tel que 0 ≤ β < 1 et lim
t→+∞

h(x, t)tetβ
= +∞ uniformément sur x ∈ Ω̄.

Cette condition sépare les classes suivantes :

H1 = {h : h est asymptotique à l’infini à e−sβ
1 < β < 2},

H2 = {h est asymptotique à l’infini à e−sβ
0 < β ≤ 1}

∪ {h décroit polynomialement à l’infini}.

Pour la classe H1, on a unicité de solutions de (P ) dans le cas radial pour des valeurs de λ > 0

petites tandis que pour la classe H2 on a multiplicité de solutions. Pour les diagrammes de bifurcation

correspondants (voir figure ci jointe), cela signifie que dans le cas de la classe de H2, 0 est l’unique

point de bifurcation asymptotique. Pour la classe H1, la branche de solutions admet au moins un point

de bifurcation asymptotique Λa qui est nécessairement différent de 0 :

25



Introduction générale

||.||∞ δ0 v∗

Bifurcation pour le cas sous linéaire et singulier
Λ∗ Λ∗

✻

Classe H2

Λa = 0

Classe H1

λ = Λa

✲

λ

La question qui se pose alors est de déterminer le comportement des solutions au voisinage des

points de bifurcation asymptotique pour les deux classes. Dans le cas de la classe H2, [5] dans le

cas radial (voir aussi [52],[99] et [96]) et [7] dans le cas non radial ont démontré via un changement

d’échelle bien choisi un phénomène de concentration (la fonction énergie s’accumulant au premier

niveau d’énergie où la condition de Palais Smale n’est pas satisfaite). Un résultat récent et à paraître de

Adimurthi-Giacomoni montre dans le cas d’une sous-classe H2 l’unicité de la branche asymptotique

(i.e. unicité des solutions avec norme L∞ grande). Ceci implique que les solutions "grandes" ont un

indice de Morse égal à 1 et coincident avec les solutions obtenues par le Lemme du Col. Pour la classe

H1, les théorèmes 9 et 8 établissent un tout autre phénomène : les solutions "grandes" convergent vers

une solution singulière et l’indice de Morse tend vers l’infini.

Idées de la preuve des théorèmes 9 et 8

On applique la théorie globale de la bifurcation analytique avec la non-linéarité f(t) = h(t)et2
, où h est

une perturbation de et2
de la classe H1 défini plus haut. Par ailleurs f vérifie les hypothèses (f0), (f1)

et (f2) du théorème 7. D’après le théorème 1.3 de [67], le problème (Pλ) admet une solution unique

pour des valeurs de λ petites. Ceci implique que 0 ne peut être point de bifurcation asymptotique. La

surlinéarité de f à l’infini implique l’existence d’au moins un point de bifurcation asymtotique qui est

nécessairement différent de 0. En utilisant les résultats de [16], toutes les solutions de (Pλ) sont radiales

symétriques. On peux alors étudier l’équation différentielle d’Emden-Fowler associée par méthode

de tir comme dans [12]. En établissant les asymptotiques de certaines quantités caractéristiques de

l’équation d’Emden-Fowler, on montre alors que toute suite de solutions (λi, ui) de la branche A

satisfaisant ‖ui‖Cφδ
(Ω) → ∞ vérifie : il existe u∗, solution singulière de (Pλ) s’annulant au bord de

B1 et λ∗ > 0 telle qu’ à une sous suite près, λi → λ∗ et ui → u∗ uniformément sur tout compact de

B1 \ {0}. On montre aussi que u∗ ∈ Lp(Ω) pour tout p ≥ 1 mais u∗ Ó∈ H1
0 (Ω).

On montre ensuite en utilisant un critère classique d’oscillation (voir [63]) que la solution du

problème linéarisé en u∗ admet une infinité de zéros s’accumulant à l’origine. On peut alors démontrer
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que l’indice de Morse des solutions ui est non borné et donc non borné le long de la branche analytique

A. D’après un résultat classique de la théorie de la bifurcation (voir par exemple théorème II.7.3 dans

Kielhöfer [84]) ceci implique que la branche admet un point de retournement en chaque point de

l’ensemble où l’indice de Morse change. Par conséquent, A admette une infinité dénombrable de points

de retournements.

Cette propriété d’existence d’une infinité de "points de retournements", a été remarquée pour des

non-linéarités sur-critiques en dimension supérieur par [Dancer, [43]] (regarder aussi [Guo-Wei,

[77]]) en utilisant la théorie globale de la bifurcation analytique, et aussi pour des non-linéarités

exponentielles en dimension supérieur par [Joseph-Lundgren, [82]] avec une approche différente

basée sur l’étude de sytèmes dynamiques associés (voir chapitre IV). A travers une analyse rigoureuse

du problème linéarisé, sont également démontrés dans ces travaux l’unicité du point de bifurcation

asymptotique.

L’unicité du point de bifurcation constitue aussi une perspective de recherche intéressante pour

notre problème. Pour établir un tel résultat, il faudrait parvenir à des propriétés fines sur les oscillations

de la solution du problème linéarisé en u∗.

27



Introduction générale

28



Chapitre I

Bounded solutions to a quasilinear and singular

parabolic equation with p-Laplacian

Les résultats présentés dans ce chapitre font l’objet d’un travail soumis en collaboration avec

Jacques Giacomoni et Peter Takáč.

1 Introduction

We investigate the following non-linear and singular parabolic equation :

(P)







∂tu − ∆pu = u−δ + f(x, u, ∇u) in QT
def
= (0, T ) × Ω,

u = 0 on Γ = (0, T ) × ∂Ω,

u(0, .) = u0 ≥ 0 in Ω.

where Ω stands for a regular bounded open subset of RN , ∆pu
def
= div(|∇u|p−2∇u) is the p-Laplacian

operator, 2 ≤ p < ∞, δ > 0 and T > 0, and the initial datum satisfies

u0 ∈ Lr(Ω) and u0 ≥ 0 a.e. in Ω (I.1)

with r ≥ 2 large enough. The function f : Ω × R+ × RN −→ R is bounded below and Carathéodory

function, i.e., for every (s, ξ) ∈ R+ ×RN , the function f(., s, ξ) : Ω −→ R is Lebesgue-measurable, and,

for almost all x ∈ Ω, the function f(x, ., .) : R+ ×RN −→ R is continuous. Concerning the asymptotic

behaviour of f , we impose the following hypothesis :

f(x, s, ξ) ≤
(

asq−1 + b
)

+ c|ξ|p− p
q for a.a. x ∈ Ω for s ≥ 0, |ξ| ≥ M. (I.2)

where a, c, M > 0 and b ≥ 0 and q ∈ [p, p∗) where p∗ = pN
N−p if p < N and p∗ = ∞ if p ≥ N . In order

to show the uniqueness, we assume that f is locally Lipschitz with respect to s uniformly in x ∈ Ω

and ξ ∈ RN and satisfying the following hypothesis

f(x, s, ξ) := F (x, s, ξp) where ξp = |ξ|p−2ξ and there exists C > 0 :

|F (x, s, ξ) − F (x, s, ξ′)| ≤ C|ξ − ξ′| for all ξ, ξ′ ∈ RN

}

(I.3)
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A prototype example of f satisfying the above conditions is (x, s, ξ) Ô→ b(x)sq + c(x) + A(x).|ξ|p−2ξ

with q < p∗ − 1, b, c ∈ L∞(Ω) and A ∈ (L∞(Ω))N .

This problem has already been studied by M. Badra, K. Bal and J. Giacomoni in the paper [13].

In this work, the authors deal with f independent from ξ and satisfying the following subhomogeneous

growth condition

0 ≤ lim sup
s→+∞

f(x, s)

sp−1
< λ1(Ω)

(where λ1(Ω) is the first eigenvalue of −∆p in Ω with zero Dirichlet boundary conditions) and u0 ∈
W 1,p

0 (Ω) satisfying a cone condition (implying a “strong positivity assumption” on u0). In contrast,

our results only require u0 to be nonnegative and in Lr(Ω) with r large enough. We also point out

that we get existence of weak solutions for any δ > 0 (which is new for δ ≥ 2 + 1
p−1) whereas in [13]

δ < 2 + 1
p−1 is imposed.

In this chapter, we first prove a general existence result (see Theorem 2.1) for any δ > 0. More

precisely, we prove that there exists a positive weak solution u ∈ C ([0, T ]; Lr(Ω)) such that uγ ∈
Lp(0, T ; W 1,p

0 (Ω)) for some γ > 2. If δ < 2 + 1
p−1 , we prove additional properties of solutions (see

Theorem 2.2) : the solution is unique and belongs to Lp(0, T ; W 1,p
0 (Ω)) ∩ C ((0, T ); W 1,p

0 (Ω)).

To prove our main results, we study an auxiliary problem (see Problem (Pǫ)) where the singular

term is approximated by 1
(u+ǫ)δ . We obtain the existence of a weak solution by passing to the limit

as ǫ → 0+. We point out that the operator A, defined by Au
def
= −∆pu − 1

uδ , generates a weak-star

continuous semigroup of contractions on L∞(Ω) as a limit of semigroups generated by Aǫ defined by

Aǫu = −∆pu − 1
(u+ǫ)δ . Consequently, we are able to prove a priori bounds by using the smoothing

property (ultracontractivity) that states that for every time t > 0, eAt maps bounded sets from Lr(Ω)

into bounded sets in L∞(Ω). For that we use logarithmic Sobolev inequalities combined with inequa-

lities of Gagliardo-Nirenberg type. This approach studied much earlier by L. Gross [75], was used for

quasilinear parabolic equations by F. Cipriano, G. Grillo [38], M. Del Pino, J. Dolbeault, I.

Gentil [49], P. Takáč [114], M. Bonforte, J.L. Vázquez [24], M. Bonforte, G. Grillo [23].

An alternative approach that can be used to derive the local estimates is to apply Moser’s iteration

technique as it is performed in E. DiBenedetto [57], G. Lieberman [87] and M.M. Porzio [103].

Such a problem with p = 2 arises in the study of non-Newtonian fluids (in particular pseudoplastic

fluids), boundary-layer phenomena for viscous fluids (see [95], [53], [91]), in the Langmuir-Hinshelwood

model of chemical hetereogeneous catalyst kinetics (see [11], [101]), in enzymatic kinetics models (see

[17]), as well as in the theory of heat conduction in electrically conducting materials (see [83]) and in

the study of guided modes of an electromagnetic field in nonlinear medium (see [65]). Problem (Pt)

with p Ó= 2 arises specifically in the study of turbulent flow of a gas in porous media (see [100]). We

refer to the survey Hernández-Mancebo-Vega [80], the book Ghergu-Radulescu [66] and the

bibliography therein for more details about the corresponding models.

2 Main results

We first define the notion of a positive weak solution to (P) as follows :
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Definition 2.1 A function u : (0, T ) × Ω −→ R is a positive weak solution of (P) if

– u ∈ Lp(0, T ; W 1,p
loc (Ω)) ∩ C ([0, T ]; Lr(Ω)) ∩ C (QT ),

– u > 0 ∀(t, x) ∈ (0, T ) × Ω and ∀φ ∈ C 1
c (QT ), we have :

−
∫

QT

u∂tφdxdt +

∫

QT

|∇u|p−1∇u.∇φdxdt −
∫

QT

u−δφdxdt −
∫

QT

f(x, u, ∇u)φdxdt = 0

– u(0) := u(0, .) = u0 a.e. x ∈ Ω.

We now state the main results. First, we assume the following restrictions on the numbers p, q and

r :

2 ≤ p ≤ q < min{p∗, p(1 +
r

N
)} (I.4)

r ≥ q (I.5)

and

r ≥ max(2, 1 + δ). (I.6)

Then we prove the following theorems :

Theorem 2.1 Let (I.4), (I.5) and (I.6) hold. Assume that f is a bounded below Carathéodory function

and satisfying (I.2) and assume that u0 satisfies (I.1). Then there exists Tm > 0 such that for any

T < Tm, Problem (P ) has at least a positive weak solution u such that

u
r−2+p

p ∈ Lp(0, T ; W 1,p
0 (Ω)).

Theorem 2.2 Let δ < 2+
1

p − 1
. Assume the same hypotheses of theorem 2.1. Then, problem (P) has

a positive weak solution u in Lp(0, T ; W 1,p
0 (Ω)). If f is locally Lipschitz with respect to s uniformly in

x ∈ Ω and ξ ∈ RN and satisfying (I.3), then u is unique and in addition if instead of (I.2) f satisfies

the following more restrictive condition

f(x, s, ξ) ≤ asq−1 + b + c|ξ|α, 0 ≤ 2α ≤ p, 2(q − 1) ≤ r (I.7)

for a.e. x ∈ Ω and for s ≥ 0, |ξ| large, then

u ∈ C ((0, T ); W 1,p
0 (Ω)), ∂tu ∈ L2((η, T ) × Ω), ∀η ∈ (0, T ).

Remark 2.1 A prototype example of f satisfying the above conditions (I.3) and (I.7) is (x, s, ξ) Ô→
b(x)sq1 + c(x) +

A(x).|ξ|p−2ξ

1 + |ξ|q2
with 2q1 ≤ r, p − q2 − 1 ≤ p

2
and b, c ∈ L∞(Ω) and A ∈ (L∞(Ω))N .

3 Logarithmic Sobolev inequalities

The logarithmic Sobolev inequalities are used in order to establish an “Lp-to-Lq” smoothing effect

(1 < p < q < ∞) of an analytic semigroup of bounded linear operators on L2(Ω), modelling a diffusion
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process in an arbitrary domain Ω ∈ RN . This idea is due to L.Cross [75, p. 1066], the proof of theorem

1. In the paper of E.B. Davies and B. Simon [46], this idea was developed further : an equivalence

relation was established between the “L2-to-L∞” smoothing effect of semigroup e−Ht (t ≥ 0) on L2(Ω),

termed ultracontractivity, and the corresponding logarithmic Sobolev inequality for the (infinitesimal)

generator −H of this semigroup. To describe this phenomena in details below, we use the monograph

by E. B. Davies [45, Chap. 2, pp. 59-81].

Let e−Ht (t ≥ 0) be symmetric Markov C0-semigroup on L2(Ω) with the generator −H. The reader is

referred to E. B. Davies [45, Chap. 1, pp. 21-25] for the definition and basic properties of a symmetric

Markov semigroup. In particular, H is a positive definite, selfadjoint operator on L2(Ω). Assume that

the semigroup e−Ht (t ≥ 0) is ultracontractive with

‖e−Ht‖L2→L∞ ≤ eM(t) for all t > 0, (I.8)

where M : (0, ∞) → R is monotonically decreasing continuous function. Here, ‖e−Ht‖L2→L∞ denotes

the norm of the bounded linear operator e−Ht from L2(Ω) to L∞(Ω). Let Q denote the quadratic form

associated with the operator H,

Q(f)
def
=

∫

Ω
(Hf)fdx, f ∈ dom(H),

where dom(H) stands for the domain of H. The domain of Q is the Friedrichs energy space Quad(H).

Then 0 ≤ f ∈ Quad(H) ∩ L1(Ω) ∩ L∞(Ω) implies that f2 log f ∈ L1(Ω) and the logarithmic Sobolev

inequality ∫

Ω
f2 log fdx ≤ ηQ(f) + M(η)‖f‖2

L2(Ω) + ‖f‖2
L2(Ω) log ‖f‖L2(Ω) (I.9)

is valid for all η > 0. This result is taken from [45, Theorem 2.2.3, p. 64].

For each t > 0, e−Ht is an integral operator on L2(Ω),

(e−Htf)(x) =

∫

Ω
K(x, y; t)f(y)dx, x ∈ Ω, f ∈ L2(Ω), (I.10)

with a non-negative kernel K : Ω × Ω × (0, ∞) → R, by [45, Lemma 2.1.2, p. 59]. Moreover, if Ω ⊂ RN

has N-finite dimensional Lebesgue measure |Ω|N , then the kernel has the representation

0 ≤ K(x, y; t) =
∞∑

n=1

exp(Ent)φn(x)φn(y) (I.11)

where the infinite series converges uniformly on Ω × Ω × [α, ∞) for any α > 0; see [45, Theorem 2.1.4,

p. 60]. Here, E1, E2, · · · , En, · · · are the eigenvalues of H, repeated according to their multiplicity,

with the associated eigenfunction φn (n = 1, 2, · · · ).

For the Dirichlet Laplacian H = −∆ in L2(Ω), we have

0 ≤ K(x, y; t) ≤ (4πt)−N/2e−(x−y)2/4t for x, y ∈ Ω and t > 0, (I.12)
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see E. B. Davies [45, Example 2.1.9, pp. 63]. consequently,

‖e−Ht‖L1→L∞ ≤ (4πt)−N/2 (I.13)

which yields, by [45, Lemma 2.2, p. 59],

‖e−Ht‖L2→L∞ ≤ (8πt)−N/4 for all t > 0. (I.14)

Hence, inequality (I.8) holds with M(t) = −(N/4) log(8πt) and whenever 0 ≤ f ∈ W 1,p
0 (Ω) ∩ L1(Ω) ∩

L∞(Ω), then also f2 log f ∈ L1(Ω) and the logarithmic Sobolev inequality (I.9) becomes

∫

Ω
f2 log fdx ≤ η

∫

Ω
|∇f |2dx − N

4
log(8πη)‖f‖2

L2(Ω) + ‖f‖2
L2(Ω) log ‖f‖L2(Ω) (I.15)

for all η > 0. It is an easy exercise to show that if inequality (I.15) holds for η = 1 then it holds for all

η > 0 as well. Indeed, one may use the substitution x = η1/2y in RN as the constants in this inequality

are independent from the domain Ω ⊂ RN .

Finally, given any 2 ≤ r < ∞, from inequality (I.9) one can derive

∫

Ω
gr log gdx ≤ η

∫

Ω
(Hg)gr−2dx +

2

r
M(

2η

r′ )‖g‖r
Lr(Ω)

+‖g‖r
Lr(Ω) log ‖g‖Lr(Ω). (I.16)

for every g ∈ D+
def
=

⋃

t>0 eHt(L1(Ω) ∩ L∞(Ω))+ ; see the proof of lemma 2.2.6 in [45, p. 67]. As usual,

r′ =
r

r − 1
and X+ = {f ∈ X : f ≥ 0} denotes the positive cone in an ordered Banach space X.

For the Dirichlet Laplacian H = −∆ in L2(Ω), inequality (I.16) becomes

∫

Ω
gr log gdx ≤ η

∫

Ω
|∇g|2gr−2dx − N

2r
log

(
16πη

r

)

‖g‖r
Lr(Ω)

+‖g‖r
Lr(Ω) log ‖g‖Lr(Ω). (I.17)

for all 2 ≤ r < ∞ and for every g ∈ D+ =
⋃

t>0 e∆t(L1(Ω) ∩ L∞(Ω))+. This inequality follows also

directly from (I.15) by setting f = gr/2 and replacing η by 2η/r.

4 Approximating problems for (P)

Let ε > 0 and denote

fε(x, u, ∇u)
def
= min

{
1

ε
, f(x, u, ∇u)

}

.

We assume that f is a Carathéodory function bounded below. Hence, fǫ is a Carathéodory function,

as well, bounded below and above (by 1
ε ). These properties of f and fε will be used throughout this

section without further notice.

In order to prove our results, we will work by approximation, regularizing the singular term u−δ

and studying the behavior of a sequence uε of solutions of the approximated problems (Pε) below. We
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consider the following problem :

(Pε)







∂tuε − ∆puε = (uε + ε)−δ + fε(x, uε, ∇uε) in QT = (0, T ) × Ω,

uε = 0 on (0, T ) × ∂Ω, uε > 0 in QT ,

uε(0, .) := uε,0 = min{1
ε , u0} ≥ 0 in Ω.

4.1 Existence of positive solution uε

We prove in this subsection the following :

Theorem 4.1 Let f be a bounded below Carathéodory function and u0 satisfies (I.1). Then Problem

(Pε) admits at least one global positive weak solution uε such that

uε ∈ Lp(0, T ; W 1,p
0 (Ω)) ∩ L∞(QT ) ∩ C ([0, T ]; Ls(Ω)), ∀T > 0, ∀s ∈ [1, ∞). (I.18)

In order to prove this theorem, we use a semi-discretization in time approach (see J.L. Lions [87]).

4.1.1 Semi-discretization in time

Let N >> 1 and ∆t = T
N , tn = n∆t, n = 0, ..., N and we consider the following alternative

quasilinear elliptic problem :

(Pn)







un
ε −un−1

ε

∆t − ∆pun
ε = (un

ε + ε)−δ + fε(x, un−1
ε , ∇un−1

ε ) in Ω,

un
ε = 0 on ∂Ω, un

ε > 0 on Ω, for n ≥ 2

with u0
ε

def
= uε,0 ∈ L∞(Ω) and u1

ε satisfies the following problem :

(P1)







u1
ε−u0

ε
∆t − ∆pu1

ε = (u1
ε + ε)−δ + fε(x, u0

ε, 0) in Ω,

u1
ε = 0 on ∂Ω, u1

ε > 0 on Ω.

It is well known that (Pn) has a positive solution un
ε ∈ W 1,p

0 (Ω) for any n ≥ 1. Hence we define

functions uε,∆t, ũε,∆t for n = 1, ..., N and t ∈ (tn−1, tn], by

uε,∆t(t) = un
ε , ũε,∆t(t) =

t − tn−1

∆t
(un

ε − un−1
ε ) + un−1

ε , and ũε,∆t(0) := u0
ε = uε,0,

so ũε,∆t and uε,∆t satisfy

∂tũε,∆t − ∆puε,∆t =
(
uε,∆t + ε

)−δ
+ fε(x, uε,∆t(· − ∆t), ∇uε,∆t(· − ∆t)) in (η, T ) (I.19)

for any η > 0 such that ∆t < η.

4.1.2 Energy estimates for uε,∆t and ũε,∆t

First, we derive the energy estimates to get a priori bounds of uε,∆t and ũε,∆t independently of

∆t. Multiplying by ∆tun
ε , integrating on Ω and summing from n = 1 to m where m ∈ {1, ..., N}, we
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obtain

m∑

n=1

∫

Ω
(un

ε − un−1
ε )un

ε dx + ∆t
m∑

n=1

‖un
ε ‖p

W 1,p
0 (Ω)

= ∆t
m∑

n=1

∫

Ω
(un

ε + ε)−δun
ε dx

+∆t
m∑

n=2

∫

Ω
fε(x, un−1

ε , ∇un−1
ε )un

ε dx + ∆t

∫

Ω
fε(x, u0

ε, 0)u1
εdx. (I.20)

Next, we have

m∑

n=1

∫

Ω
(un

ε − un−1
ε )un

ε dx =
m∑

n=1

∫

Ω

1

2

[

(un
ε − un−1

ε )2 + (un
ε )2 − (un−1

ε )2
]

dx

=
1

2

m∑

n=1

∫

Ω
(un

ε − un−1
ε )2dx +

1

2

∫

Ω
(um

ε )2dx − 1

2

∫

Ω
(u0

ε)2dx

and

∫

Ω
(un

ε + ε)−δun
ε dx ≤ C

∫

Ω
(un

ε )2dx + C(ε)

where C(ε) is a positive constant depending only on ε. From the boundedness of fε and by the Young

inequality we have

m∑

n=2

∫

Ω
fε(x, un−1

ε , ∇un−1
ε )un

ε dx +

∫

Ω
fε(x, u0

ε, 0)u1
εdx ≤ C +

m∑

n=1

∫

Ω
(un

ε )2dx.

Hence, we obtain

1

2

m∑

n=1

∫

Ω
(un

ε − un−1
ε )2dx +

1

2

∫

Ω
(um

ε )2dx + ∆t
m∑

n=1

‖un
ε ‖p

W 1,p
0 (Ω)

≤

2∆t
m∑

n=1

∫

Ω
(un

ε )2dx + C̃(ε).

Using the discrete Gronwall lemma (see [107] p. 43 for instance), it follows that uε,∆t, ũε,∆t are bounded

in L∞(0, T ; L2(Ω)) independently of ∆t. Then,

{uε,∆t} is bounded in Lp(0, T ; W 1,p
0 (Ω)) (I.21)

and

{ũε,∆t} is bounded in Lp(η, T ; W 1,p
0 (Ω)) ∀η ∈ (0, T ) (I.22)

independently of ∆t. Also {uε,∆t}, {ũε,∆t} are bounded in L∞(QT ). Indeed, we consider the function

vε solution to the following equation
{

v′(t) = ε−δ + 1
ε

v(0) = 1
ε .
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Let us denote vn
ε = vε(tn) for n ∈ {0, ..., N}. Then we have







vn
ε −vn−1

ε

∆t = ε−δ + 1
ε ,

vn
ε > 0 on ∂Ω.

Hence, by the weak comparison principle for elliptic problems with the p-Laplacian (see Tolksdorf

[116], §3.3), vn
ε is a supersolution to the discrete scheme (Pn) and by the weak comparison principle

one can show that for n = 0, ..., N : un
ε ≤ vn

ε ≤ C(T ) < ∞ independently of n. Now, let us derive the

second energy estimate : Multiplying the equation in (Pn) by tn+tn−1

2 (un
ε − un−1

ε ), integrating on Ω

and summing for n = 2 to m ∈ {2, ..., N}, we have :

∆t

2

m∑

n=2

(tn + tn−1)

∫

Ω
(
un

ε − un−1
ε

∆t
)2dx − 1

2

m∑

n=2

(tn + tn−1) < ∆pun
ε , (un

ε − un−1
ε ) >

=
1

2

m∑

n=2

(tn + tn−1)

∫

Ω
(un

ε + ε)−δ(un
ε − un−1

ε )dx

+
1

2

m∑

n=2

(tn + tn−1)

∫

Ω
fε(x, un−1

ε , ∇un−1
ε )(un

ε − un−1
ε )dx. (I.23)

By convexity argument, we obtain :

− 1

2

m∑

n=2

(tn + tn−1) < ∆pun
ε , (un

ε − un−1
ε ) >

=
1

2

m∑

n=2

(tn + tn−1)

∫

Ω
|∇un

ε |p−2∇un
ε .(∇un

ε − ∇un−1
ε )

≥
m∑

n=2

1

2p
(tn + tn−1)

∫

Ω
(|∇un

ε |p − |∇un−1
ε |p)dx

=
tm

p

∫

Ω
|∇um

ε |pdx − ∆t

p

∫

Ω
|∇u1

ε|pdx − ∆t

2p

m∑

n=2

∫

Ω
(|∇un

ε |p + |∇un−1
ε |p)dx

≥ tm

p

∫

Ω
|∇um

ε |pdx − 2

p
‖∇uε,∆t‖p

Lp(0,tm;W 1,p
0 (Ω))

.

We estimate now the other terms in the right hand-side of (I.23). Again, using convexity arguments,

we estimate − 1
1−δ

∫

Ω (un
ε + ε)1−δ dx as follows (we do it only for δ Ó= 1) :

1

1 − δ

[∫

Ω

(

un−1
ε + ε

)1−δ
dx −

∫

Ω
(un

ε + ε)1−δ dx

]

≤ −
∫

Ω

un
ε − un−1

ε

(un
ε + ε)δ

dx.
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Hence for δ Ó= 1 (if δ = 1, we replace the terms of the form (1 − δ)−1x1−δ in the below expressions by

term log(x)),

1

2

m∑

n=2

(tn + tn−1)

∫

Ω
(un

ε + ε)−δ(un
ε − un−1

ε )dx

≤ 1

2(1 − δ)

m∑

n=2

(tn + tn−1)

[∫

Ω
(un

ε + ε)1−δ dx −
∫

Ω

(

un−1
ε + ε

)1−δ
dx

]

=
1

2(1 − δ)

[

tm

∫

Ω
(um

ε + ε)1−δdx − ∆t

∫

Ω
(u1 + ε)1−δdx

]

− ∆t

1 − δ

m∑

n=2

∫

Ω

[

(un
ε + ε)1−δ + (un−1

ε + ε)1−δ
]

dx

≤ tm

1 − δ

∫

Ω
(um

ε + ε)1−δdx + C

∫ tm

0

∫

Ω
(uε,∆t + ε)1−δdx

and by Young’s inequality

1

2

m∑

n=2

(tn + tn−1)

∫

Ω
fε(x, un−1

ε , ∇un−1
ε )(un

ε − un−1
ε )dx

≤ ∆t
m∑

n=2

(tn + tn−1)





∫

Ω

[
fε(x, un−1

ε , ∇un−1
ε )

]2
dx +

1

4

∫

Ω

(

un
ε − un−1

ε

∆t

)2

dx





≤ 2T

∫ tm

0

∫

Ω

[
fε(x, uε,∆t, ∇uε,∆t)

]2
dxds +

∆t

4

m∑

n=2

(tn + tn−1)

∫

Ω

(

un
ε − un−1

ε

∆t

)2

dx.

Hence, we substitute these bounds in (I.23), we obtain for any m ∈ {2, ..., N}

1

2
‖t

1
2 ∂tũε,∆t‖2

L2(0,tm;L2(Ω)) +
tm

p

∫

Ω
|∇um

ε |pdx ≤ 1

2

∫

Ω
(u1

ε − u0
ε)2dx

+
tm

1 − δ

∫

Ω
(um

ε + ε)1−δdx + C

∫ tm

0

∫

Ω
(uε,∆t + ε)1−δdx

+2T

∫ tm

0

∫

Ω

[
fε(x, uε,∆t, ∇uε,∆t)

]2
dxds +

2

p
‖∇uε,∆t‖p

Lp(0,tm;W 1,p
0 (Ω))

. (I.24)

So, by using the first energy estimate (I.21), and taking into account that fε is bounded, we deduce

that

sup
t∈(0,T )

t

∫

Ω
|∇uε,∆t|pdx ≤ max

m∈{1,...,N}
tm

∫

Ω
|∇um

ε |pdx ≤ C1

and

‖t
1
2 ∂tũ∆t‖L2(0,T ;L2(Ω)) = max

m∈{2,...,N}
‖t

1
2 ∂tũ∆t‖L2(0,tm;L2(Ω)) ≤ C2

where C1, C2 > 0 are independent of ∆t. Hence, we have

{

uε,∆t is bounded in L∞(η, T ; W 1,p
0 (Ω)) ∀η ∈ (0, T ),

t
1
2 ∂tũε,∆t is bounded in L2(QT )

(I.25)
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uniformly in ∆t. From (I.19), we easily get that

∂tũε,∆t is bounded in Lp′

(0, T ; W −1,p′

(Ω)). (I.26)

4.1.3 Passage to the limit and proof of theorem 4.1

From the above estimates and up to a subsequence, we have, as ∆t → 0

uε,∆t ⇀ uε in Lp(0, T ; W 1,p
0 (Ω)), (I.27)

ũε,∆t
∗

⇀ ũε in L∞(QT ) ∩ L∞(η, T ; W 1,p
0 (Ω), ∀η ∈ (0, T ), (I.28)

∂tũε,∆t ⇀ ∂tũε in L2((η, T ) × Ω)) ∀η ∈ (0, T ), (I.29)

and

∂tũε,∆t ⇀ ∂tũε in Lp′

(0, T ; W −1,p′

(Ω)). (I.30)

Therefore, for any η ∈ (0, T ) and for N >> 1 (large enough), there exists a unique N ′ ≤ N such that

η ∈ (tN ′ , tN ′+1]. Then,

‖uε,∆t − ũε,∆t‖L∞(η,T ;L2(Ω)) ≤ 2 max
n∈{N ′,...,N}

‖un
ε − un−1

ε ‖L2(Ω)

≤ 2∆t
N∑

n=N ′

‖un
ε − un−1

ε

∆t
‖L2(Ω) = O((∆t)

1
2 ). (I.31)

Hence we deduce that uε = ũε in QT . We also obtain by the first energy estimate (I.21) and (I.26)

that uε ∈ W 1,p′

(0, T ; W −1,p′

(Ω)) ∩ Lp(0, T ; W 1,p
0 (Ω)). Thus, uε ∈ C ([0, T ]; L2(Ω)) (see V. Barbu [18],

Lemma 4.1, p. 167). Since uε ∈ L∞(QT ), we deduce that

uε ∈ C ([0, T ]; Ls(Ω)), ∀s ∈ [2, ∞). (I.32)

To obtain that, it suffices to apply the following interpolation inequality (see Brézis [26])

‖v‖Ls(Ω) ≤‖v‖α
L∞(Ω)‖v‖1−α

L2(Ω),
1

s
=

α

∞ +
1 − α

2
, v ∈ L∞(Ω); (I.33)

hence, s = 2
1−α . We apply the compactness result of Aubin-Simon (see [110]) to infer that

uε,∆t −→
∆t→0

uε in L2(QT ). (I.34)

Therefore, by (I.31), we obtain also

ũε,∆t −→
∆t→0

uε in L2((η, T ) × Ω). (I.35)
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It remains to show that u satisfies equation (Pε) in the sense of distributions and u(0) = u0. We

multiply (I.19) by uε,∆t − uε and integrate on Q̃T = (η, T ) × Ω. Then, by convexity arguments, we

obtain

∫

Q̃T

∂tũε,∆t(uε,∆t − uε)dxdt +
1

p

(∫

Q̃T

|∇uε,∆t|pdxdt −
∫

Q̃T

|∇uε|p dxdt

)

≤
∫

Q̃T

(uε,∆t + ε)−δ(uε,∆t − uε)dxdt

+

∫

Q̃T

(uε,∆t − uε)f(x, uε,∆t(· − ∆t), ∇uε,∆t(· − ∆t))dxdt.

Then, we get that

lim
∆t→0

∫

Q̃T

|∇uε,∆t|pdxdt −
∫

Q̃T

|∇uε|p dxdt ≤ 0.

In the other hand, by (I.27) we have

∫

Q̃T

|∇uε|pdxdt ≤ lim
∆t→0

∫

Q̃T

∣
∣∇uε,∆t

∣
∣p dxdt.

Thus we infer that lim
∆t→0

∫

Q̃T
|∇uε,∆t|pdxdt =

∫

Q̃T
|∇uε|p dxdt. By the uniform convexity of the space

Lp(η, T ; W 1,p
0 (Ω)), we deduce that

uε,∆t −→ uε in Lp(η, T ; W 1,p
0 (Ω)) as ∆t → 0, ∀η ∈ (0, T ). (I.36)

Therefore,

∇uε,∆t −→ ∇uε in Lp((η, T ) × Ω) as ∆t → 0. (I.37)

Consequently, there is a sequence of time increments (∆t)n → 0 as n → ∞, such that

∇uε,(∆t)n
−→ ∇uε a.e. in QT as n → ∞. (I.38)

Then, from the compactness results above, it is easy to show that u satisfies (Pε) in the sense of

distributions. We now prove that uε(0) = uε,0. Since uε ∈ C ([0, T ], L2(Ω)), it suffices to prove that

uε(t) ⇀ uε,0 in L2(Ω) as t → 0. Multiplying (I.19) by ϕ ∈ D(Ω) and integrating on (t1, t2) × Ω with

t2 > t1 > 0, we get

∫

Ω
ũε,∆t(t2)ϕdx −

∫

Ω
ũε,∆t(t1)ϕdx +

∫ t2

t1

∫

Ω
|∇uε,∆t|p−2∇uε,∆t.∇ϕdxds

=

∫ t2

t1

∫

Ω
(uε,∆t + ε)−δϕdxdt +

∫ t2

t1

∫

Ω
fε(x, uε,∆t(· − ∆t), ∇uε,∆t(· − ∆t))ϕdxdt.

Using the continuity of ũε,∆t and passing to the limit as t1 → 0, we obtain :

∫

Ω
ũε,∆t(t2)ϕdx −

∫

Ω
uε,0ϕdx +

∫ t2

0

∫

Ω
|∇uε,∆t|p−2∇uε,∆t.∇ϕdxds

=

∫ t2

0

∫

Ω
(uε,∆t + ε)−δϕdxdt +

∫ t2

0

∫

Ω
fε(x, uε,∆t(· − ∆t), ∇uε,∆t(· − ∆t))ϕdxdt
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(after the extension fε(x, uε,∆t(· − ∆t), ∇uε,∆t(· − ∆t)) = fε(x, uε,0, 0) on (0, ∆t)). From the energy

estimates, the Lebesgue theorem and passing to the limit as ∆t → 0 and t2 → 0, we obtain that

lim
t→0

∫

uε(t)ϕdx =

∫

Ω
uε,0ϕdx.

Hence, by (I.32) we infer that uε(0) = uε,0.

4.2 Uniqueness of the positive solution uε

We now show the uniqueness of the solution to (Pε).

Theorem 4.2 Under the same hypotheses of Theorem (4.1), if in addition, f is locally Lipschitz with

respect to s uniformly in x ∈ Ω and ξ ∈ RN and satisfying (I.3), then u is unique and belongs to

C

(

(0, T ); W 1,p
0 (Ω)

)

such that for all t0, t : 0 < t0 ≤ t ≤ T we have (for δ Ó= 1)

∫ t

t0

∫

Ω
(∂suε)2 dxds +

1

p

∫

Ω
|∇uε (t) |pdx − 1

1 − δ

∫

Ω
(uε (t) + ε)1−δ dx

=
1

p

∫

Ω
|∇uε (t0) |pdx − 1

1 − δ

∫

Ω
(uε (t0) + ε)1−δ dx (I.39)

+

∫ t

t0

∫

Ω
fε (x, uε, ∇uε) ∂suεdxds,

(if δ = 1, we replace the terms of the form (1 − δ)−1x1−δ in the above expressions by term log(x) ), in

addition, the sequence {uε}ε>0 is nonincreasing.

Proof. Let u, v be two weak solutions to (Pε), then we have

∂t(u − v) − (∆pu − ∆pv) −
(

(u + ε)−δ − (v + ε)−δ
)

= fε(x, u, ∇u) − fε(x, v, ∇v),

in the weak sense analogous to Definition 1 in Section 2. Multiplying by (u−v)+ the above expression,

integrating by parts, using the fact that f is Lipschitz in respect to u uniformly in x and ξ and from

(I.3), we obtain

1

2

d

dt

∫

Ω
(u − v)+2dx +

∫

Ω

(

|∇u|p−2∇u − |∇v|p−2∇v
)

∇(u − v)+dx

−
∫

Ω

[

(u + ε)−δdx − (v + ε)−δ
]

(u − v)+ dx

=

∫

Ω

(
[
fε(x, u∇u) − fε(x, v, ∇u)

]
+

[
fε(x, v, ∇u) − fε(x, v, ∇v)

]
)

(u − v)+dx

≤ C1

∫

Ω
(u − v)+2dx + C2

∫

Ω

∣
∣|∇u|p−2∇u − |∇v|p−2∇v

∣
∣(u − v)+dx. (I.40)

In addition, we have

|∇u|p−2∇u − |∇v|p−2∇v =
[

|∇(v + t(u − v))|p−2 ∇(v + t(u − v))
]1

0

= A(u, v)∇(u − v)
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where the matrix A(u, v) = (ai,j(u, v))1≤i,j≤N is given by

ai,j(u, v) =

∫ 1

0
|∇(v + s(u − v))|p−2

×


δij + (p − 2)

∂
∂xi

(v + s(u − v)) ∂
∂xj

(v + s(u − v))

|∇(v + s(u − v))|2



 ds. (I.41)

From Theorem 0.1 in Lieberman [87], ai,j(u, v) ∈ L∞(QT ) ∀ i, j ∈ (1, ..., N). Furthermore, A is

positive definite and symmetric. Hence there exists a constant M > 0 such that

0 ≤ |Aξ|2 ≤ M Aξ.ξ ∀ ξ ∈ Rn. (I.42)

Then, from (I.40) and by the Young’s Inequality, we obtain

1

2

d

dt

∫

Ω
(u − v)+2dx +

∫

Ω
A(u, v)∇(u − v).∇(u − v)+dx

≤ C1

∫

Ω
(u − v)+2dx + C2

√
M

∫

Ω

(

A(u, v)∇(u − v)+.∇(u − v)+
) 1

2 (u − v)+dx

≤ C3

∫

Ω
(u − v)+2dx +

1

2

∫

Ω
A(u, v)∇(u − v)+.∇(u − v)+dx. (I.43)

Then, we have
1

2

d

dt

∫

Ω
(u − v)+2dx ≤ C3

∫

Ω
(u − v)+2dx.

Since we have also
∫

Ω [(u − v)(0)]+2 dx = 0, by Gronwall’s lemma we deduce (u − v)+ ≡ 0 and then

u ≤ v. By reversing the roles of u and v, we get the equality u = v.

By the same argument, one can show that

0 < ε1 < ε2 =⇒ uε2 ≤ uε1 (I.44)

which implies that the family {uε}ε>0 is nonincreasing in ε > 0.

Let us now prove that uε ∈ C ((0, T ); W 1,p
0 (Ω)). First, we observe that since uε ∈ C ([0, T ]; Lr(Ω))

and uε ∈ L∞(η, T ; W 1,p
0 (Ω)) for any η ∈ (0, T ), it follows that uε : (0, T ) → W 1,p

0 (Ω) is weakly conti-

nuous and then

‖uε(t0)‖
W 1,p

0 (Ω)
≤ lim inf

t→t0

‖uε(t)‖
W 1,p

0 (Ω)
∀t0 ∈ (0, T ). (I.45)

Let 0 < t0 < t ≤ T, and let m := m(N) ∈ N∗ such that t = m∆t for a suitable ∆t > 0. Making

a semidiscretization in time on (t0, t) × Ω with the initial datum in the iterative schema (Pn) v0 =

uε(t0) ∈ W 1,p
0 (Ω) ∩ L∞(Ω), we can easily adapt the above proof to show the existence and uniqueness

of

vε ∈ Lp(t0, T ; W 1,p
0 (Ω)) ∩ L∞((0, T ) × Ω).
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Furthermore, vε is a weak solution (in the sense of Definition 1.1 replacing 0 by t0) to the problem :







∂tvε − ∆pvε = (vε + ε)−δ + fε(x, vε, ∇vε) in (t0, T ) × Ω,

vε = 0 on (t0, T ) × ∂Ω,

vε(0) := uε(t0) in Ω.

We multiply the first equation of (Pn) by (vn
ε − vn−1

ε ) (changing 0 by t0, u0
ε by uε(t0)) and we sum

from 1 to m we obtain

m∑

n=1

∆t

∫

Ω

(

vn
ε − vn−1

ε

∆t

)2

dx +
m∑

n=1

∫

Ω
|∇vn

ε |p−2∇vn
ε .∇

(

vn
ε − vn−1

ε

)

dx =

m∑

n=1

∫

Ω

[

(vn
ε + ε)−δ (vn

ε − vn−1
ε ) + fε(x, vn−1

ε , ∇vn−1
ε )(vn

ε − vn−1
ε )

]

dx. (I.46)

Using convexity arguments, we obtain :

∫ tm

t0

∫

Ω
(∂sṽε,∆t)

2dxds +
1

p

∫

|∇vε,∆t(t)|pdx − 1

p

∫

|∇uε(t0)|pdx

≤ 1

1 − δ

∫

Ω

(
vε,∆t(t) + ε

)1−δ
dx − 1

1 − δ

∫

Ω
(uε(t0) + ε)1−δ dx

+

∫ tm

t0

∫

Ω
fε(x, vε,∆t(· − ∆t), ∇vε,∆t(· − ∆t))∂sṽε,∆tdxds.

(with the extension fε(x, vε,∆t(· − ∆t), ∇vε,∆t(· − ∆t)) = fε(x, vε,0, ∇uε(t0)) on (t0, t0 + ∆t)). We pass

now to the limit inf as ∆t → 0 (say m → ∞), we have by (I.29)

∫ t

t0

∫

Ω
(∂svε(s)2dxds ≤ lim

∆t→0

∫ tm

t0

∫

Ω
(∂sṽε,∆t)

2dxds.

Using (I.36), we obtain
1

p

∫

|∇vε(t)|pdx ≤ lim
∆t→0

1

p

∫

|∇vε,∆t(t)|pdx.

From (I.34) and by Lebesgue theorem we deduce that

∫

Ω

(
vε,∆t(t) + ε

)1−δ
dx −→

∆t→0

∫

Ω
(vε(t) + ε)1−δ dx (I.47)

and finally, from (I.34) and (I.38) it follows that fε(x, vε,∆t, ∇vε,∆t) converges in L2(Ω) to fε(x, vε, ∇vε).

Hence by (I.29) we obtain that

∫ t

t0

∫

Ω
fε(x, ∇vε,∆t(· − ∆), ∇vε,∆t(· − ∆t))∂svε,∆tdxds −→

∆t→0

∫ t

t0

∫

Ω
fε(x, vε, ∇vε)∂svεdxds. (I.48)
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Finally, we can infer that

∫ t

t0

∫

Ω
(∂svε)2dx +

1

p

∫

|∇vε(t)|pdx − 1

p

∫

|∇uε(t0)|pdx

≤ 1

1 − δ

∫

Ω
(vε(t) + ε)1−δ dx − 1

1 − δ

∫

Ω
(uε(t0) + ε)1−δ dx

+

∫ t

t0

∫

Ω
fε(x, vε, ∇vε)∂svεdxds (I.49)

From the uniqueness of the solution proved above we have vε = uε a.e. in (t0, t) × Ω and then uε

satisfies also the above inequality. Hence, we get from (I.49) as t → t+
0

lim
t→t+

0

‖uε(t)‖
W 1,p

0 (Ω)
≤ ‖uε(t0)‖

W 1,p
0 (Ω)

. (I.50)

From (I.45) and (I.50) it follows that uε(t) → uε(t0) in W 1,p
0 (Ω) as t → t+

0 . Then, uε is right continuous

on (0, T ]. Let us now prove the left continuity. Let h > 0 small enough and multiply the equation

satisfied by uε, by τh(uε) = uε(s+h)−uε(s)
h and integrating over (t0, t)×Ω, we get by convexity arguments

that :

∫ t

t0

∫

Ω
∂suετh(uε)dxds +

1

hp

(
∫ t+h

t

∫

Ω
|∇uε(s)|pdxds −

∫ t0+h

t0

∫

Ω
|∇uε(s)|pdxds

)

≥ 1

(1 − δ)h

[
∫ t+h

t

∫

Ω
(uε + ε)1−δ dxds −

∫ t0+h

t0

∫

Ω
(uε + ε)1−δ dxds

]

(I.51)

+

∫ t

t0

∫

Ω
fε(x, uε, ∇uε)τh(uε)dxds.

We pass now to the limit as h → 0, and taking into account that uε is right-continuous from (0, T ) to

W 1,p
0 (Ω), we get easily

∫ t

t0

∫

Ω
(∂suε)2dx +

1

p

∫

|∇uε(t)|pdx − 1

p

∫

|∇uε(t0)|pdx

≥ 1

1 − δ

∫

Ω
(uε(t) + ε)1−δ dx − 1

1 − δ

∫

Ω
(uε(t0) + ε)1−δ dx

+

∫ t

t0

∫

Ω
fε(x, uε, ∇uε)∂suεdxds (I.52)

which implies together with (I.49) that the above inequality is in fact an equality, Hence uε satisfies

(I.39) and uε ∈ C ((0, T ); W 1,p
0 (Ω)) and this conclude the proof of theorem 4.1.

5 L∞-bounds for uε

In order to get a solution to Problem (P), we pass to a limit sequence {uε}ε of the approximate

problems (Pε) as ε → 0. For that we need a priori L∞-bounds for {uε} independently of ε. The approach

similar as in Takáč [114] that we use is based on estimates obtained by logarithmic Sobolev inequalities

combined with inequalities of Gagliardo-Nirenberg type. First, we need the following technical identity
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which is essentially due to L.Gross [75, Lemma 1.1, p. 1065] ; see also F.Cipriani and G.Grillo [38,

Lemma 3.2, p. 220] or E. B. Davies [45, Lemma 2.2.2, p. 64].

Lemma 5.1 Let r : [0, T ) −→ [2, +∞) be a continuously differentiable function, where 0 < T < ∞.

Assume that g : [0, T ) −→ L2 (Ω) is continuous, i.e.,

g ∈ C
(
[0, T ] ; L2 (Ω)

)
, and satisfies

g ∈ Lp
(

0, T ; W 1,p
0 (Ω)

)

∩ W 1,p′
(

0, T ; W −1,p′

(Ω)
)

.

In addition, g (t) ∈ L∞ (Ω) for every t ∈ [0, T ) and the norm ‖g (t)‖L∞(Ω) is bounded in [0, T ). Then

the function t Ô−→ ‖g (t)‖r(t)

Lr(t)(Ω)
is locally absolutely continuous in [0, T ) and satisfies

d

dt
‖g (t)‖r(t)

Lr(t)(Ω)
= r (t)

∫

Ω
|g (t) |r(t)−2g (t) g′ (t) dx (I.53)

+r′ (t)

∫

Ω
|g (t) |r(t) log |g (t) |dx.

5.1 First estimate

Proposition 5.1 Let δ > 0 and let p, q, r ≥ 2, such that (I.4) and (I.6) hold. Let f satisfy (I.2).

We assume that u0 ∈ Lr(Ω). Then there exists Tm > 0 such that the solution uε of (Pε) verifies the

following bounds for any T < Tm :

∃C1 > 0 : ‖uε‖Lr(Ω) ≤ C1 < ∞ independently of ε and ∀t ∈ [0, T ] (I.54)

Proof. Let ̺ > 0 that we first consider fixed. Multiply the first equation of (Pε) by u̺+1
ε ∈

Lp(0, T ; W 1,p
0 (Ω)) and integrate by parts on Ω, we obtain :

1

2 + ̺

d

dt

∫

Ω
|uε(t)|2+̺dx + (1 + ̺)

∫

Ω
|∇uε(t)|p|uε(t)|̺dx

=

∫

Ω
(uε(t) + ε)−δuε(t)̺+1dx +

∫

Ω
f(x, uε(t), ∇uε)(t)uε(t)̺+1dx. (I.55)

From the growth condition (I.2) and Young’s inequality, we estimate the last term in (I.55) as follows :

∫

Ω
fε(x, uε, ∇uε)u̺+1

ε dx ≤
∫

Ω

(

auq+̺
ε + bu1+̺

ε

)

dx +

∫

Ω
cu1+̺

ε |∇uε|p− p
q dx

=

∫

Ω

(

auq+̺
ε + bu1+̺

ε

)

dx +

∫

Ω

(

cu
1+ ̺

q
ε

) (

|∇uε|
p
q′ u

̺
q′

ε

)

dx

≤
∫

Ω

(

auq+̺
ε + bu1+̺

ε

)

dx + c′
∫

Ω
uq+̺

ε dx +
1 + ̺

4

∫

Ω
|∇uε|pu̺

εdx

≤
∫

Ω

(

a′uq+̺
ε + bu1+̺

ε

)

dx +
1 + ̺

4

∫

Ω
|∇uε|pu̺

εdx (I.56)
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with a suitable positive constant a′. We now substitute this bound in (I.55) to obtain

1

2 + ̺

d

dt

∫

Ω
|uε(t)|2+̺dx +

3(1 + ̺)

4

∫

Ω
|∇uε(t)|p|uε|̺dx

≤
∫

Ω
u̺+1−δ

ε dx +

∫

Ω
bu1+̺

ε dx +

∫

Ω
a′uq+̺

ε dx. (I.57)

To estimate the first two terms in the right hand-side, we use the Hölder inequality as follows :

∫

Ω
u̺+1−δ

ε dx +

∫

Ω
bu̺+1

ε dx ≤ C1

(∫

Ω
u2+̺

ε dx

) ̺+1−δ
2+̺

dx + C2

(∫

Ω
u2+̺

ε dx

) ̺+1
2+̺

dx (I.58)

for every ̺ ≥ δ − 1.

We now estimate the last integral
∫

Ω auq+̺
ε on the right hand side of inequality (I.57).

The following lemma is an adaptation of Takáč [114, Lemma 5.1, p.338].

Lemma 5.2 Let p, q, r ∈ [2, ∞) verify (I.4). Then there exists a constant C3 > 0 independent of ε

such that the estimates

a′
∫

Ω
uq+̺

ε dx ≤ 1

4
(1 + ̺)

∫

Ω
|∇uε|pu̺

εdx + C3 ‖uε‖q+̺+(q−p)E(̺)
L2+̺(Ω) (I.59)

hold for every uε ∈ W 1,p
0 (Ω) ∩ L∞(Ω) and fo all ̺ ∈ [̺0, ∞), where ̺0 = r − 2 and

E (̺) =
q − 2

p
(

1 + 2+̺
N

)

− q
(I.60)

Proof. We use inequalities of Gagliardo-Nirenberg-type, see R. A. Adams and J. J. F. Fournier

[1, Chap. 5]. We treat only the case q > 2, leaving a number of amendments for q = 2 to the reader.

Recall that 2 ≤ p ≤ q ≤ p∗. There exists a constant cp,q > 0 such that the following inequality holds,

whenever 2 ≤ R ≤ p ≤ Q ≤ q :

‖v‖LQ(Ω) ≤ cp,q‖∇v‖θ
Lp(Ω)‖v‖1−θ

LR(Ω)
for all v ∈ W 1,p

0 (Ω) (I.61)

where

θ
def
=

(
1

R
− 1

Q

) (
1

R
− 1

p
+

1

N

)−1

. (I.62)

Notice that 0 ≤ θ < 1 with (θ > 0 if R < Q) and

1

Q
= θ

(
1

p
− 1

N

)

+
1 − θ

R
.

Now we write inequality (I.61) as

∫

Ω
|v|Qdx ≤ cQ

p,q

(∫

Ω
|∇v|pdx

)θQ/p (∫

Ω
|v|Rdx

)(1−θ)Q/R

(I.63)

for all v ∈ W 1,p
0 (Ω).
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Next, let us take any ̺ ∈ R+ and uε ∈ W 1,p
0 (Ω) ∩ L∞(Ω). We substitute

Q =
q + ̺

1 + ̺
p

= p · q + ̺

p + ̺
and R =

2 + ̺

1 + ̺
p

= p · 2 + ̺

p + ̺

together with v = |uε|̺/puε = |uε|1+̺/p in inequality (I.63), thus arriving at

∫

Ω
|uε|q+̺dx ≤ cp(q+̺)/(p+̺)

p,q

(

1 +
̺

p

)θp(q+̺)/(p+̺)

×
(∫

Ω
|∇uε|pu̺

εdx

)θ(q+̺)/(p+̺)

‖uε‖(1−θ)(q+̺)
L2+̺(Ω) (I.64)

where, by equation (I.62),

θ =
1

q + ̺
· q − 2

1 − 2+̺
p+̺(1 − p

N )
=

1

q + ̺
· q − 2

p(1 + 2+̺
N ) − 2

. (I.65)

Again, notice that 0 < θ < 1 (θ > 0 because of q > 2) and

1

q + ̺
= θ · 1 − p

N

p + ̺
+

1 − θ

2 + ̺
.

We set

P
def
=

p + ̺

θ(q + ̺)
=

p(1 + 2+̺
N ) − 2

q − 2
= 1 +

p(1 + 2+̺
N ) − 2

q − 2
= 1 +

1

E
. (I.66)

Le us recall that

E ≡ E(̺) =
q − 2

p
(

1 + 2+̺
N

)

− q
≤ E(̺0)

def
= E0 < ∞ ∀̺ ∈ [̺0, ∞). (I.67)

and E > 0 owing to q > 2. Then P satisfies

P ≥ P0
def
= 1 +

p(1 + 2+̺0

N ) − 2

q − 2
= 1 +

1

E0
> 1.

Its conjugate exponent is given by

P ′ =
P

P − 1
= 1 + E (I.68)

and satisfies

P ′ ≤ P ′
0 =

P0

p0 − 1
= 1 + E0 < ∞.

Below we need also the exponent

(1 − θ)(q + ̺)P ′ = q + ̺ +
(q − p)(q − 2)

p(1 + 2+̺
N ) − q

= q + ̺ + (q − p)E (I.69)
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We estimate the right-hand side of (I.64) by Young’s inequality using the pair of conjugate exponents

(P, P ′), for any 0 < η < ∞,

∫

Ω
|uε|q+̺dx ≤ cp(q+̺)/(p+̺)

p,q

×
[

η

P

(

1 +
̺

p

)p ∫

Ω
|∇uε|pu̺

εdx +
η−P ′/P

P ′ ‖uε‖q+̺+(q−p)E
L2+̺(Ω)

]

. (I.70)

Here, formulas (I.66), (I.68) and (I.69) have been employed. We choose

η =
(1 + ̺)P

4ac
p(q+̺)/(p+̺)
p,q

(

1 +
̺

p

)−p

(I.71)

and observe that

acp(q+̺)/(p+̺)
p,q

η−P ′/P

P ′

=
1

1 + E

(

acp(q+̺)/(p+̺)
p,q

)1+E
(

4

(1 + ̺)(1 + E−1)

)E (

1 +
̺

p

)pE

(I.72)

≤ 1

4

(

4acp(q+̺)/(p+̺)
p,q

)1+E
(

1 +
̺

p

)pE

≤ C4 < ∞

with a constant C4 independent from ̺ ≥ ̺0. The last claim follows from

pE

(

1 +
̺

p

)

=
(q − 2)(p + ̺)

p(1 + 2+̺
N ) − q

,

where
p + ̺

p(1 + 2+̺
N ) − q

∈
[

N

p
,

p + r − 2

p(1 + r
N ) − q

]

=

[

N

p
,
N

p

(

1 +
q − p + p

N (p − 2)

p(1 + r
N ) − q

)]

combained with
(

1 +
̺

p

)1/(1+ ̺
p

)

−→ 1 as ̺ ց 0 or ̺ ր ∞.

Finally, applying (I.71) and (I.72) to the right-hand side of (I.70) we arrive at (I.59) as desired (we

point out that this result remain valid for any ̺ ≥ ̺). �

We substitute these bounds (I.58) and (I.59) in (I.57) to get

1

2 + ̺

d

dt
‖ uε(t) ‖2+̺

L2+̺(Ω) + β

∫

Ω
|∇uε|pu̺

εdx ≤ C1 ‖ uε(t) ‖̺+1−δ
L2+̺(Ω)

+ C2 ‖ uε(t) ‖̺+1
L2+̺(Ω) +C3‖uε(t)‖(2+̺)B(̺)

L2+̺(Ω) (I.73)

with β = 1
4 (1 + ̺) > 0 and B (̺) = q+̺+(q−p)E(̺)

2+̺ ≥ 1. Using the inequality : θr1 ≤ θr2 + 1 for any

θ > 0 and r1 ≤ r2, we deduce that there exist C4, C5 > 0 such that

C1 ‖ uε(t) ‖̺+1−δ
L2+̺(Ω) +C2 ‖ uε(t) ‖̺+1

L2+̺(Ω) + C3‖uε(t)‖(2+̺)B(̺)
L2+̺(Ω)

≤ C4‖uε(t)‖(2+̺)B(̺)
L2+̺(Ω) + C5. (I.74)

47



Chapitre I. Bounded solutions to a quasilinear and singular parabolic equation with
p-Laplacian

Thus, (I.73) together with (I.74) yield

1

2 + ̺

d

dt
‖ uε(t) ‖2+̺

L2+̺(Ω) +β

∫

Ω
|∇uε|pu̺

εdx ≤ C4‖uε(t)‖(2+̺)B(̺)
L2+̺(Ω) + C5. (I.75)

This implies the following differential inequality :

1

2 + ̺

d

dt
‖ uε(t) ‖2+̺

L2+̺(Ω)≤ C4‖uε(t)‖(2+̺)B(̺)
L2+̺(Ω) + C5. (I.76)

By a classical comparison argument with sub- and super-solutions applied to (I.76), we have

‖ uε(t) ‖2+̺
L2+̺(Ω)≤ U (t) for every 0 ≤ t < Tm

where U : [0, Tm) −→ R+ is the unique solution of the following initial value problem







1
2+̺

d
dtU (t) = (C4 + C5)U (t)B(̺)

U (0) = max

{

sup
ε>0

‖ uε,0 ‖2+̺
L2+̺(Ω), 1

}

= max
{

‖ u0 ‖r
Lr(Ω), 1

}

< ∞

with [0, Tm) being the maximal time interval of existence for the above initial value problem (0 < T ≤
∞), and then, the first estimate (I.54) holds. �

5.2 Second estimate

We show now a bound of the sequence (uε)in L∞(Ω) independently of ε > 0 and t ∈ [η, T ) with

η > and T small enough. The estimate is given by the following proposition.

Proposition 5.2 We assume the same hypotheses of proposition 5.1. Then there exists Tm > 0 such

that the solution uε of (Pε) verifies the following bounds for any T < Tm :

∀η ∈ (0, T ), ∃Cη > 0 : ‖uε‖L∞(Ω) ≤ Cη < ∞ independently of ε and ∀t ∈ (η, T ]. (I.77)

Proof. In order to prove this estimate, we take ̺ : [0, T ) −→ [2, ∞) continuously differentiable

function with ̺′ (t) > 0 for all 0 ≤ t < T, and ̺ (0) = ̺0
def
= r − 2, this function will be specified more

precisely later. We apply the lemma 5.1 with the function g (t) replaced by the function uε (t) and

r (t) = 2 + ̺ (t) to obtain

1

2 + ̺ (t)

d

dt
‖uε (t)‖2+̺(t)

L2+̺(t)(Ω)
=

∫

Ω
u̺+1

ε ∂tuεdx

+
̺′ (t)

2 + ̺ (t)

∫

Ω
u̺+2

ε log uεdx

= −(̺ + 1)

∫

Ω
|∇uε|p|uε|̺dx +

∫

Ω
(uε + ε)−δu̺+1

ε dx

+

∫

Ω
f(x, uε, ∇uε)u̺+1

ε dx +
̺′ (t)

2 + ̺

∫

Ω
u̺+2

ε log uεdx
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We infer that

1

2 + ̺ (t)

d

dt
‖uε (t)‖2+̺(t)

L2+̺(t)(Ω)
+ (1 + ̺)

∫

Ω
|∇uε|p|uε|̺dx ≤

∫

Ω
u̺+1−δ

ε dx +

∫

Ω
f(x, uε, ∇uε)u̺+1

ε dx +
̺′ (t)

2 + ̺

∫

Ω
u̺+2

ε log uεdx. (I.78)

The first two summands on the right-hand side are estimated as above (see (I.56)-(I.74)), it remains to

estimate the logarithmic term in the right-hand side of (I.78). The estimate is given by the following

lemma which is also an adaptation of Takáč [114, lemma 6.1, 6.2, pp. 342].

Lemma 5.3 If p = 2, we have

̺′

2 + ̺

∫

Ω
u̺(t)+2

ε log uεdx ≤ 1

4
(1 + ̺)

∫

Ω
|∇uε|2|uε|̺dx

+
N̺′

2 (2 + ̺)2 log

(
̺′

4π (1 + ̺)

)

‖uε‖2+̺
L2+̺(Ω)

+
̺′

2 + ̺
‖uε‖2+̺

L2+̺(Ω) log ‖uε‖L2+̺(Ω) (I.79)

for all 0 ≤ t < T . If p > 2, then there exists a constant C6 > 0 such that

̺′

2 + ̺

∫

Ω
u̺(t)+2

ε log uεdx ≤ 1

4
(1 + ̺)

∫

Ω
|∇uε|p|uε|̺dx

+C6

(

η̺′

(2 + ̺) (1 + ̺)2/p

)p/(p−2)

‖uε‖̺
L2+̺(Ω) (I.80)

+ϕη (̺) ̺′ ‖uε‖2+̺
L2+̺(Ω) +

̺′

2 + ̺
‖uε‖2+̺

L2+̺(Ω) log ‖uε‖L2+̺(Ω)

for all t ∈ [0, T ) and η > 0, where

ϕη (̺)
def
= − N

2 (2 + ̺)2 log
16πη

2 + ̺
for ̺ ∈ R+. (I.81)

Proof. Let us prove the case p = 2. We use the logarithmic Sobolev inequality (I.17) to estimate

∫

Ω
u2+̺

ε log uεdx ≤ η

∫

Ω
|∇uε|2u̺

εdx − N

2(2 + ̺)
log

(
16πη

2 + ̺

)

‖uε‖2+̺
L2+̺(Ω)

+‖uε‖2+̺
L2+̺(Ω) log ‖uε‖L2+̺(Ω) (I.82)

for any 0 < η < ∞. Now we take

η =
(2 + ̺)(1 + ̺)

4̺′(t)
> 0

and recalling that ̺′(t) > 0, use the expression

16πη

2 + ̺
=

4π(1 + ̺)

̺′(t)
> 0
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to get inequality (I.79). We prove now the case p > 2. We consider η : [0, T ) → (0, ∞) as a continuous

function rather than a constant. Again, we begin with inequality (I.82). The first term on the right-

hand side is estimated by Young’s inequality,

|∇uε|2 ≤ 2

p
κ|∇uε|p +

p − 2

p
κ−2/(p−2)

for any 0 < κ < ∞, which entails

∫

Ω
|∇uε|2u̺

εdx ≤ 2

p
κ

∫

Ω
|∇uε|pdx +

p − 2

p
κ−2/(p−2)

∫

Ω
u̺

εdx.

Setting

κ =
p

8η

(
̺′

(2 + ̺)(1 + ̺)

)−1

we arrive at

̺′

2 + ̺

∫

Ω
|∇uε|2u̺

εdx

≤ 1

4η
(1 + ̺)

∫

Ω
|∇uε|pu̺

εdx

+
p − 2

2
· ̺′

2 + ̺

(
p

8η

)−2/(p−2) (
̺′

(2 + ̺)(1 + ̺)

)p/(p−2) ∫

Ω
u̺

εdx

≤ 1

4η
(1 + ̺)

∫

Ω
|∇uε|pu̺

εdx (I.83)

+
p − 2

2
·
(

8η

p

)2/(p−2) (
̺′

(2 + ̺)(1 + ̺)2/p

)p/(p−2) ∫

Ω
u̺

εdx

The last integral is estimated as follows,

∫

Ω
u̺

εdx ≤
(∫

Ω
u2+̺

ε dx

)̺/(2+̺) (∫

Ω
dx

)2/(2+̺)

= |Ω|2/(2+̺)‖uε‖̺
L2+̺(Ω). (I.84)

Next, from inequality (I.82),(I.83) and (I.84) we deduce

̺′

2 + ̺

∫

Ω
u2+̺

ε log uεdx
1

4
(1 + ̺)

∫

Ω
|∇uε|pu̺

εdx

p − 2

2
·
(

8

p

)2/(p−2) (
η̺′

(2 + ̺)(1 + ̺)2/p

)p/(p−2)

|Ω|2/(2+̺)‖uε‖̺
L2+̺(Ω)

−N

2
· ̺′

(2 + ̺)2
log

(
16πη

2 + ̺

)

‖uε‖2+̺
L2+̺(Ω) +

̺′

(2 + ̺)
‖uε‖2+̺

L2+̺(Ω) log ‖uε‖L2+̺(Ω)

for any 0 < η < ∞. Finally, we arrive at inequality (I.80) by taking the constant

C3 =
p − 2

2
·
(

8

p

)2/(p−2)

max{|Ω|, 1} > 0 (I.85)
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and the function ϕη : R+ → R as defined in (I.81). �

Let us now complete the proof of the proposition. We add the estimates in (I.74) and (I.80) and apply

the result to the right hand-side of (I.78), we get for p > 2 (leaving a few necessary modifications for

p = 2 to the reader) :

1

2 + ̺

d

dt
‖uε (t)‖2+̺

L2+̺(t)(Ω)
≤ C4‖uε‖q+̺+(q−p)E(̺)

L2+̺(Ω) + C5

+C6

(
η̺′

(2 + ̺)(1 + ̺)2/p

)p/(p−2)

‖uε‖̺
L2+̺(Ω) (I.86)

+ϕη (̺) ̺′ ‖uε‖2+̺
L2+̺(Ω) +

̺′

2 + ̺
‖uε‖2+̺

L2+̺(Ω) log ‖uε‖L2+̺(Ω)

for a.a. t ∈ (0, T ). Finally, using the identity

1

2 + ̺

d

dt
‖uε‖2+̺

L2+̺(Ω) = ‖uε‖1+̺
L2+̺(Ω) · d

dt
‖uε‖L2+̺(Ω)

+
̺′

2 + ̺
‖uε‖2+̺

L2+̺(Ω) log ‖uε‖L2+̺(Ω)

for a.a. t ∈ (0, T ), from inequality (I.86) we derive

‖uε‖1+̺
L2+̺(Ω) · d

dt
‖uε‖L2+̺(Ω) ≤ C4‖uε‖̺+Z(̺)

L2+̺(Ω) + C5

+C6

(
η̺′

(2 + ̺)(1 + ̺)2/p

)p/(p−2)

‖uε‖̺
L2+̺(Ω) + ϕη (̺) ̺′ ‖uε‖2+̺

L2+̺(Ω) (I.87)

for a.a. t ∈ (0, T ). Here, we have denoted

Z ≡ Z(̺)
def
= q + (q − p)E(̺) = q +

(q − p)(q − 2)

p(1 + 2+̺
N ) − q

(I.88)

and

Z0
def
= Z(̺0) = q +

(q − p)(q − 2)

p(1 + r
N ) − q

. (I.89)

Notice that, we can check easily from (I.60) that for all ̺ ≥ ̺0 one has 0 ≤ E(̺) ≤ E0 = E(̺0) < ∞
which implies q ≤ Z(̺) ≤ Z0 < ∞ as well. It is easy to see that inequality (I.87) entails

1

2

d

dt
‖uε‖2

L2+̺(Ω) ≤ C4‖uε‖Z(̺)
L2+̺(Ω) + C5‖uε‖−̺

L2+̺(Ω)

+C6

(
η̺′

(2 + ̺)(1 + ̺)2/p

)p/(p−2)

+ ϕη (̺) ̺′ ‖uε‖2
L2+̺(Ω) (I.90)

for a.a. t ∈ (0, T ).

It remains to show that the norm ν(t) = ‖uε(t, ·)‖L2+̺(Ω) (0 ≤ t < T ) stays bounded for all

0 ≤ t < S, where S ∈ (0, T ) is a suitable number and the upper bound on ν(t) (0 ≤ t < S) depends
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solely on an upper bound on

U0
def
= max{sup

ε>0
‖uε(0, ·)‖Lr(Ω), 1}.

Then also

‖uε(S, ·)‖L∞(Ω) ≤ lim inf
t→S−

‖uε(t, ·)‖L2+̺(t)(Ω) < ∞ (I.91)

as desired. In fact, we will be able to take S arbitrarily small, 0 < S < T. Subsequently, applying

estimate (I.54), we may replace U0 by

max{ sup
0≤t<T

ε>0

‖uε(t, ·)‖Lr(Ω), 1}

and the initial condition for u(t, ·) at t = 0 by that at t = t0 for any t0 ∈ [0, T − S), thus obtaining

u(s, ·) ∈ L∞(Ω) with ‖uε(s, ·)‖L∞(Ω) uniformly bounded for S ≤ s < T and ε > 0.

Estimating ν(t) (0 ≤ t < S) is based on a suitable choice of the functions η(t) and ̺(t) in inequality

(I.90). But first we weaken and simplify this inequality as follows : By an argument with sub- and

supersolution applied to (I.90) for the square norm ‖uε(t, ·)‖2
L2+̺(Ω), we have

‖uε(t, ·)‖2
L2+̺(Ω) ≤ Ũ(t) for every 0 ≤ t < min{T, Tmax}, (I.92)

where Ũ : [0, Tmax) → R+ is the solution of the initial value problem







1
2

d
dt Ũ(t) = (C4 + C5)Ũ(t)Z(̺)/2

+C6

(
η̺′

(2+̺)(1+̺)2/p

)p/(p−2)

+ϕη(t) (̺(t)) ̺′(t)Ũ(t) for 0 ≤ t < Tmax,

Ũ(0) = Ũ0
def
= max{‖u0‖2

Lr(Ω), 1} ≥ 1

(I.93)

with [0, Tmax) being the maximal time interval of existence (0 < Tmax ≤ ∞).

Since we are interested is S small enough only, we may replace T by min{T, Tmax} without loss of

generality, i.e., we may assume T ≤ Tmax. Notice that, by our hypotheses ̺′(t) > 0 and 0 < 8πη ≤ 1,

we have Ũ ′(t) > 0 for all 0 < t < T . Thus, in the inequality (I.92), we allowed to use the function

U(t) = Ũ(t)
1
2 which yields

‖u(., t‖L2+̺(t)(Ω) ≤ U(t) for every 0 ≤ t < T. (I.94)

Furthermore, by (I.93), the function U(t) satisfies







d
dtU(t) = (C4 + C5)U(t)Z(̺)−1

+C6

(
η̺′

(2+̺)(1+̺)2/p

)p/(p−2)
U(t)−1

+ϕη(t) (̺(t)) ̺′(t)U(t) for 0 ≤ t < Tmax,

U(0) = U0
def
= max{‖u0‖Lr(Ω), 1} ≥ 1

(I.95)
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As above, our hypotheses ̺′(t) > 0 and 0 < 8πη ≤ 1 guarantee U ′(t) > 0 and U(t) ≥ 1 for all

0 ≤ t < T .

Next, we compute the solution of problem (I.95) by the change of variable ̺ = ̺(t) ≥ ̺0 in

U(t) = Û(̺(t)) for all t small enough, say, 0 ≤ t < T ′
max provided η ≡ ην : [0, T ) → (0, ∞ and

̺ ≡ ̺ν : [0, T ) → R+ are chosen as follows, where 0 ≤ ν ≤ 1
8π is a constant : The function η is the

superposition η(t)
def
= η̂(̺(t), U(t)) defined for every 0 ≤ t < T , where

η̂(̺, U)
def
=







νU
−2

Z(̺)−p
p if ̺0 ≤ ̺ < ∞ and U > 0,

νU
− q−p

p if ̺ = ∞ and U > 0
(I.96)

Note that Z(̺) ց q as ̺ ր, from (I.88). Hence η̂ : [̺0, ∞]×(0, ∞) → (0, ∞) is continuous. The function

̺ is constructed in a more complicated manner depending on U . We take the pair of functions (̺, U)

to be the unique solution of the system of coupled equations (I.95) and the following one,

{
d
dt̺(t) = 1

ν U(t)Z(t)−2(2 + ̺)(1 + ̺)2/p for 0 ≤ t < T,

̺(0) = ̺0(= r − 2 ≥ 0).
(I.97)

Similarly as above, [0, T ′
max) is the maximal time interval of existence (0 ≤ T ′

max ≤ T ), i.e., if T ′
max < T

then

̺(t) ր ∞ as t ց T ′
max.

We set formally ̺(t) = ∞ for T ′
max ≤ t < T . Hence, the function η : [0, T ) → (0, ∞) is continuous and

satisfies 0 < 8πη ≤ 1 for all 0 ≤ t < T .

Naturally, we wish to show that there exists a number 0 < ν̂ ≤ 1
8π such that indeed T ′

max < T

whenever 0 < ν ≤ ν̂. This will guarantee (I.91),i.e.,

‖uε(S, ·)‖L∞(Ω) ≤ lim inf
t→S−

‖uε(t, ·)‖L2+̺(t)(Ω)

≤ lim inf
t→S−

U(t) = U(S) < ∞, (I.98)

with S = T ′
max < T whenever 0 < ν < ν̂.

Lemma 5.4 Let 0 < ν ≤ 1
8π be arbitrary and set

C = C4 + C5 + C6 > 0.

Given the choice of η(t) = η̂(̺(t), U(t)) for every 0 ≤ t < T, the pair of functions (̺, U) : [0, T ) →
R+×(0, ∞) satisfies equations (I.95) and (I.97) for all 0 ≤ t < T ′

max(≤ T ) if and only if U(t) = Û(̺(t))

holds for all 0 ≤ t < T ′
max, where Û : [̺0, ∞) → (0, ∞) is the unique solution of the initial value problem
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





d
d̺ Û(̺) =

[
Cν

(2 + ̺)(1 + ̺)2/p
+ ϕν(̺)

]

Û(̺)

+
N(Z(̺) − p)

p(2 + ̺)2
Û(̺). log Û(̺) for ̺0 ≤ ̺ < ∞,

Û(̺0) = U0 = max{‖u0‖Lr(Ω), 1} ≥ 1

(I.99)

and ̺ is the unique solution of







d
d̺̺(t) = 1

ν Û(̺)Z(̺)−2(2 + ̺)(1 + ̺)2/p for 0 ≤ t < T ′
max,

̺(0) = ̺0 = r − 2 ≥ 0.
(I.100)

Remark 5.1 It is easy to see that the problem (I.99) is equivalent to the following in-homogeneous

linear problem for unknown function V (̺) = log Û(̺) :







d
d̺V (̺) =

Cν

(2 + ̺)(1 + ̺)2/p
+ ϕν(̺)

+
N(Z(̺) − p)

p(2 + ̺)2
V (̺) for ̺0 ≤ ̺ < ∞,

V (̺0) = V0 = max{log ‖u0‖Lr(Ω), 0} ≥ 0.

(I.101)

Let us now prove the lemma

Proof. In order to apply our choices, equations (I.96) and (I.97), to problem (I.95), we first calculate

the expression
η(t)̺′(t)

(2 + ̺)(1 + ̺)2/p
= U(t)(p−2)Z(̺(t))/p for 0 ≤ t < T ′

max

and then insert it into (I.95), thus arriving at







d
dtU(t) =

[

C + 1
ν (2 + ̺)(1 + ̺)2/pϕη(t) (̺(t))

]

U(t)Z(̺(t))−1

for 0 ≤ t < T ′
max,

U(̺0) = U0 = max{‖u0‖Lr(Ω), 1} ≥ 1.

(I.102)

By the standard theory for system of ordinary differential equations, the system of equations (I.97)

and (I.102) for the pair of unknown functions (̺, U) of time t, with η(t) = η̂(̺(t), U(t)) for every

0 ≤ t < T, possesses a unique solution on a maximal interval 0 ≤ t < T ′
max for some T ′

max ∈ (0, T ]. We

apply (I.96) and (I.97) again, to get

ϕη(t)(̺(t)) = ϕν(̺(t)) +
N(Z(̺(t)) − p

p(2 + ̺(t))2/p
log U(t),

U(t)Z(̺(t))−2 =
ν̺′(t)

(2 + ̺)(1 + ̺)1/p
,
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respectively, and consequently, problem (I.102) becomes







1
̺′(t)

d
dtU(t) =

[
Cν

(2 + ̺)(1 + ̺)2/p
+ ϕν(̺(t))

]

U(t)

+
N(Z(̺(t)) − p)

p(2 + ̺(t))2
U(t) log U(t)

for 0 ≤ t < T ′
max,

U(0) = U0 = max{‖u0‖Lr(Ω), 1} ≥ 1.

(I.103)

As the function ̺(t) satisfies ̺′(t) > 0 for all t ∈ [0, T ′
max), we are allowed to replace the time variable

t in problem (I.103) above by ̺, thus turning it into the new independent variable for an equivalent

initial value problem, namely, problem (I.99). Finally, problem (I.100) is obtained from (I.97). �

We complete now the proof of our proposition 5.2. We show that

(̺(t), U(t)) ր (∞, U∞) as t → T ′
max, (I.104)

where 1 ≤ U∞ < ∞ and 0 < T ′
max < T , whenever ν > 0 is small enough, say, 0 < ν < ν̂ for some

0 < ν̂ ≤ 1
8π . This claim can be derived from equations (I.99) and (I.100) as follows.

Problem (I.99) is equivalent the in-homogeneous linear problem (I.101) with the coefficients

A(̺)
def
=

N(Z(̺(t)) − p)

p(2 + ̺(t))2
and B(̺)

def
=

Cν

(2 + ̺)(1 + ̺)2/p
+ ϕν(̺)

defined for ̺0 ≤ ̺ < ∞. Recall that the expressions ϕν(̺) and Z(̺) have been defined in (I.81) and

(I.88), respectively. As we take only 0 < ν ≤ 1
8π , we have A(̺) > 0 and B(̺) > 0 together with

∫ ∞

̺0

A(̺)d̺ < ∞ and

∫ ∞

̺0

B(̺)d̺ < ∞.

It follows that

0 ≤ V (̺) ≤ V0 exp

(∫ ̺

̺0

A(σ)dσ

)

+

∫ ̺

̺0

exp

(∫ ̺

τ
A(σ)dσ

)

B(τ)dτ

≤
(

V0 +

∫ ∞

̺0

B(τ)dτ

)

exp

(∫ ∞

̺0

A(σ)dσ

)

≡ Ĉν(V0) < ∞ (I.105)

for all ̺0 ≤ ̺ < ∞. The constant Ĉν(V0) > 0 depends solely upon N , |Ω|N , p, q, r, ν, and the upper

bound U0 = exp(V0) ≥ 1 on the initial norm

‖u0‖Lr(Ω) ≤ U0.

So we have verified U∞ ≤ exp
(

Ĉν(V0)
)

< ∞ as desired in (I.104).
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It remains to show that ̺(t) ր ∞ as t ր T ′
max. From problem (I.97) with U(t) ≥ U∞ ≥ 1 for

0 ≤ t < T ′
max, we deduce

{
d
dt̺(t) ≥ 1

ν (2 + ̺)(1 + ̺)2/p for 0 ≤ t < T ′
max,

̺(o) = 0.
(I.106)

Now let ˜̺ ≡ ˜̺ν : [0, T̃max) → R+ be the solution of the corresponding initial value problem

{
d
dt ˜̺(t) = 1

ν (2 + ˜̺)(1 + ˜̺)2/p for 0 ≤ t < T̃max,

˜̺(o) = 0.
(I.107)

where [0, T̃max) → R+ is the maximal time interval of existence (0 < T̃max ≡ T̃max,ν ≤ ∞.) It is easy

to see that T̃max,ν = νT̃max,1 < ∞ whenever 0 < ν ≤ 1/8π. The number T̃max,1 depends solely upon

p. We compare equations (I.106) and (I.107) to conclude that T ′
max ≤ T̃max,ν = νT̃max,1 whenever

0 < ν ≤ 1/8π. thus, fixing

ν̂ = min{T/T̃max,1, 1/8π}

we can achieve T ′
max < T whenever 0 < ν < ν̂. Moreover, we get T ′

max → 0+ as ν → 0+. This proves

(I.98) with S = T ′
max < T arbitrarily small, 0 < S < T . Notice that the initial condition U0 for U(t)

at t = 0, starting from problem (I.95) is independent of ε > 0. This choice makes the function U(t) of

t ∈ [0, T ) independent from ε, as well.

The conclusion of proposition 5.2 follows immediately from (I.98).

Notice that, applying the estimate (I.54) obtained by 5.1, we may replace U0 by

U0
def
= max{ sup

ε>0,0≤t<T
‖uε(·, t)‖Lr(Ω), 1}, 1 ≤ U0 ≤ max{c, 1},

and the initial condition for uε(·, t) at t = 0 by that at t = t0 for any t0 ∈ [0, T − S), thus obtaining

uε(·, t) ∈ L∞(Ω) with

‖uε(·, s)‖L∞(Ω) ≤ U(S) < ∞ whenever S ≤ s < T.

Recall that S may be chosen arbitrarily small, but the function U : [0, T ) → (0, ∞) will depend

on this choice at every time t ∈ [0, T ).

6 Proofs of the main results

6.1 Construction of subsolution to problem (Pε)

In order to control the singular term near to the boundary of Ω, we need to construct an appropriate

subsolution for (Pε).

We set ϕε(t) =
[

(1 + δ)ηt + εδ+1
] 1

δ+1 − ε with η > 0 small enough and define the function uε as

follows

uε(t, x) = ϕε(t)

[

(ϕ1 + ε
p−1+δ

p )
p

p−1+δ − ε

]

(I.108)
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where ϕ1 is a positive eigenfunction associated with the principal eigenvalue λ1 of −∆p defined by

−∆pϕ1 = λ1ϕp−1 in Ω; ϕ1 = 0 on ∂Ω, (I.109)

ϕ1 ∈ W 1,p
0 (Ω) ∩ C1(Ω) and ϕ1 > 0 in Ω. From the strong maximum principle (see J.L. Vázquez

[118]), ϕ1 satisfies
∂ϕ1

∂n
:= ∇ϕ1.−→n < 0 on ∂Ω. (I.110)

and consequently ∫

Ω
ϕα

1 dx < +∞ ∀ α > −1. (I.111)

Let C > 0 and let us prove that for η small enough independently of ε and for all ε > 0 small enough,

uε is subsolution of the problem

(Ps)







∂tu − ∆pu = (u + ε)−δ − C in QT ,

u = 0 on (0, T ) × ∂Ω, u > 0 in QT ,

u(0, x) = u0 in Ω.

Setting α = p
p−1+δ , we have :

∂tuε − ∆puε = η (ϕε(t) + ε)−δ
[

(ϕ1 + ε
1
α )α − ε

]

+λ1αp−1ϕε(t)p−1(ϕ1 + ε
1
α )(α−1)(p−1)ϕp−1

1

−αp−1(α − 1)(p − 1)|∇ϕ1|pϕε(t)p−1(ϕ1 + ε
1
α )

−αδ
︷ ︸︸ ︷

αp − p − α (I.112)

and we have

(uε + ε)−δ =
[

ϕε(t)(ϕ1 + ε
1
α )α + (1 − ϕε(t))ε

]−δ

The first and third terms in the right hand-side of the equation in (I.112) are dominating in respect

with the second one for η and ε small enough. Since ϕ1 ∈ C1(Ω), there exists c1 > 0 such that

|αp−1(α − 1)(p − 1)|∇ϕ1|p ≤ c1. Then, it suffices to show that

η (ϕε(t) + ε)−δ
[

(ϕ1 + ε
1
α )α − ε

]

+ c1ϕε(t)p−1(ϕ1 + ε
1
α )−αδ

≤ [ϕε(t)(ϕ1 + ε
1
α )α + (1 − ϕε)ε]−δ − C.

To this aim, we distinguish the following two cases :

Case 1 : ϕε(t)(ϕ1 + ε
1
α )α ≥ (1 − ϕε)ε. Then

(uε + ε)−δ ≥ 2−δϕε(t)−δ(ϕ1 + ε
1
α )−αδ. (I.113)
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Hence

η (ϕε(t) + ε)−δ
[

(ϕ1 + ε
1
α )α − ε

]

+ c1ϕε(t)p−1(ϕ1 + ε
1
α )−αδ

≤ η(ϕε(t))−δ(ϕ1 + ε
1
α )α + c1ϕε(t)p−1(ϕ1 + ε

1
α )−αδ

≤ (uε + ε)−δ − C

for η small enough independently of ε.

Case 2 : ϕε(t)(ϕ1 + ε
1
α )α ≤ (1 − ϕε)ε. Then

(uε + ε)−δ ≥ 2−δ(1 − ϕε)−δε−δ ≥ 2−δε−δ.

In the other hand, we have the following estimate :

η (ϕε(t) + ε)−δ
[

(ϕ1 + ε
1
α )α − ε

]

+ c1ϕε(t)p−1(ϕ1 + ε
1
α )−αδ

≤ (c2η + c1ϕε(t)p−1)ε−δ

for a suitable positive constant c2 independent of ε. Furthermore, for η small enough, we have c2η +

c1ϕε(t)p−1 < 2−δ. It follows that uε is a subsolution to (Ps) for η small enough. Then, we have by the

weak comparison principle :

uε ≥ uε a.e. in (0, T ) × Ω. (I.114)

Indeed, taking C large enough such that −C ≤ f(x, s, ξ) a.e. in Ω × R+ × Rn, then we have

∂t(uε − uε) − (∆puε − ∆puε) −
[

(uε + ε)−δ − (uε + ε)−δ
]

≤ 0.

Multiplying by (uε − uε) and integrating on Ω+ = {uε ≥ uε}, we obtain

1

2

d

dt

∫

Ω+
(uε − uε)2dx ≤ −

∫

Ω+

(

|∇uε|p−2∇uε − |∇uε|p−2∇uε

)

.∇(uε − uε)dx

+

∫

Ω+

[

(uε + ε)−δ − (uε + ε)−δ
]

(uε − uε)dx

≤
∫

Ω+

[

(uε + ε)−δ − (uε + ε)−δ
]

(uε − uε)dx ≤ 0

which implies (I.114).

6.2 Proof of theorem 2.1

First, let us denote that in the case where δ ≥ 2 + 2
p−1 , the second energy estimate can not hold.

To overcome this difficulty, we use the local regularity result in X. Chen [123], see also [57]. For that,

we show the following preliminary result :

Lemma 6.1 Let K be a compact subset of Ω, then the sequence uε is bounded in

Lp(0, T ; W 1,p(K)) uniformly in ε.
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Proof. It suffices to show that for any ϕ ∈ D(Ω) such that ϕ ≥ 0 and for a suitable constant C

(depending on ϕ but not on ε) :

∫ T

0

∫

Ω
|∇uε|pϕpdxdt ≤ C < ∞.

To this aim, we multiply by uεϕp, and integrate by parts on QT = (0, T ) × Ω to obtain

1

2

∫

Ω
uε(T )2ϕpdx − 1

2

∫

Ω
u2

ε,0ϕpdx

+

∫

QT

|∇uε|pϕpdxdt + p

∫

QT

(

|∇uε|p−2∇uεϕp−1
)

. (∇ϕuε) dxdt (I.115)

=

∫

QT

(uε + ε)−δuεϕpdxdt +

∫

QT

fε(x, uε, ∇uε)uεϕpdxdt.

By Young’s inequality, we have

p

∫

QT

(

|∇uε|p−2∇uεϕp−1
)

. (∇ϕuε) dxdt ≤ 1

4

∫

QT

|∇uε|pϕpdxdt

+ (4(p − 1))p−1
∫

QT

|∇ϕ|pup
εdxdt.

Using the growth condition (I.2) and by Young’s inequality, it follows :

∫

QT

fε(x, uε, ∇uε)uεϕpdxdt ≤
∫

QT

(

auq
ε + buε + c|∇uε|p(1−1/q)uε

)

ϕpdxdt

≤
∫

QT

(
a′uq

ε + buε
)

ϕpdxdt +
1

4

∫

QT

|∇uε|pϕpdxdt.

Then, by the estimate (I.54) and (I.5), there exists C1 > 0 independent of ε such that

∫ T

0

∫

Ω
fε(x, uε, ∇uε)uεϕpdxdt ≤ C1 +

1

4

∫ T

0

∫

Ω
|∇uε|pϕpdxdt. (I.116)

The singular term is estimated as follows ( for δ ≥ 1) :

∫

QT

(uε + ε)−δuεϕpdxdt ≤
∫

QT

u1−δ
ε ϕpdxdt ≤ C2 < ∞ (I.117)

where C2 is independent of ε (if δ < 1 we use (I.54)). So, gathering (I.115), (I.116) and (I.117), we

obtain

1

2

∫

Ω
uε(T )2ϕpdx +

1

2

∫

QT

|∇uε|pϕpdxdt ≤ 1

2

∫

Ω
u2

ε,0ϕpdx + C1 + C2

≤ 1

2

∫

Ω
u2

0ϕpdx + C1 + C2. (I.118)

Hence, the lemma is proved.

Proof of Theorem 2.1 : We first prove that uε converge as ε → 0, to a function u satisfying (P)
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in the sense of distributions. From X. Chen [123, Theorem 1.1] (which extends the former result in

[DiBenedetto, [56]]), and thanks to (I.77) and (I.114), we get :

{∇uε}ε>0 is bounded in C
0,α(Q̃), with 0 < α < 1 (I.119)

for any compact set Q̃ of QT . From the compactness of C 0,α(Q̃) in C (Q̃), we infer that up to a

subsequence

uε −→
ε→0

u and ∇uε −→
ε→0

∇u, in Cloc(QT ). (I.120)

Hence, we can show that the limit u satisfies the equation in (P) in the sense of distributions. Indeed,

thanks to (I.120), we have for any ϕ ∈ C 1
c (QT )

∫

QT

|∇uε|p−2∇uε.∇ϕdxdt −→
ε→0

∫

QT

|∇u|p−2∇u.∇ϕdxdt

and using the boundedness of uε in Lr(QT ) given by (I.54), we obtain

−
∫

QT

uε∂tϕdxdt −→
ε→0

−
∫

QT

u∂tϕdxdt.

In the other hand we have :

(uε + ε)−δϕ + fε(x, uε, ∇uε)ϕ ≤ u−δ
ε ϕ + (auq−1

ε + b + c|∇uε|p−p/q)ϕ ≤ C < ∞

where C > 0 is independent of ε. Using the Lebesgue theorem, we get as ε → 0 :

∫

QT

((uε + ε)−δ + fε(x, uε, ∇uε))ϕdxdt →
∫

QT

(u−δ + f(x, u, ∇u))ϕdxdt.

Let us now prove that u
̺+p

p ∈ Lp(0, T ; W 1,p
0 (Ω)) with ̺ = r−2. For that, we integrate the inequality

(I.75) from 0 to T and using the estimate (I.54), we obtain :

∫ T

0

∫

Ω
|∇u

̺+p
p

ε |pdxdt =

∫ T

0

∫

Ω
|∇uε|pu̺

εdxdt ≤ C < ∞. (I.121)

Then u
̺+p

p
ε is bounded in Lp(0, T ; W 1,p

0 (Ω)), which implies that u
̺+p

p
ε −→

ε→0
w weakly in Lp(0, T ; W 1,p

0 (Ω))

and by (I.120) we deduce that u
̺+p

p = w ∈ Lp(0, T ; W 1,p
0 (Ω)). Now we prove that u ∈ C ([0, T ); Lr(Ω))

and u(0) = u0. We show first that u ∈ C ([η, T ); Lr(Ω)) for any η ∈ (0, T ). Let t0 > 0. From (I.119)

and (I.120), we have u(t) −→ u(t0) in Ω as t → t0. Then from (I.77) and by applying the Lebesgue

theorem, we deduce that u(t) −→ u(t0) in Lr(Ω) as t → t0. We show now that limt→0 u(t) = u0 in

Lr(Ω). Integrating on (0, t) × Ω the inequality (I.75), we obtain :

1

2 + ̺

∫

Ω
uε(t)2+̺dx − 1

2 + ̺

∫

Ω
u2+̺

ε,0 dx + β

∫ t

0

∫

Ω
|∇uε|pu̺

εdxds

≤
∫ t

0

(

C4‖uε(s)‖(2+̺)B(̺)
L2+̺(Ω) + C5

)

ds. (I.122)
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Furthermore, from(I.121) it follows that

∫ t

0

∫

Ω
|∇u|pu̺dxds ≤ lim

ε→0

∫ t

0

∫

Ω
|∇uε|pu̺

εdxds.

From (I.54), (I.77) and (I.120) and by the Lebesgue theorem, we get that

∫

Ω
uε(t)2+̺dx −→

ε→0

∫

Ω
u(t)2+̺dx,

∫

Ω
u2+̺

ε,0 dx −→
ε→0

∫

Ω
u2+̺

0 dx

and ∫ t

0
‖uε‖(2+̺)B(̺)

L2+̺(Ω) ds −→
ε→0

∫ t

0
‖u‖(2+̺)B(̺)

L2+̺(Ω) ds.

Hence, passing to the limit inf as ε ↓ 0+ in (I.122), we get

1

2 + ̺

∫

Ω
u(t)2+̺dx − 1

2 + ̺

∫

Ω
u2+̺

0 dx + β

∫ t

0

∫

Ω
|∇u|pu̺dxds

≤ lim
ε→0

[
1

2 + ̺

∫

Ω
uε(t)2+̺dx − 1

2 + ̺

∫

Ω
u2+̺

0 dx + β

∫ t

ε,0

∫

Ω
|∇uε|pu̺

εdxds

]

≤ lim
ε→0

∫ t

0

(

C4‖uε‖(2+̺)B(̺)
L2+̺(Ω) ds + C5

)

ds =

∫ t

0

(

C4‖u‖(2+̺)B(̺)
L2+̺(Ω) ds + C5

)

ds

from which we obtain as t → 0

lim
t→0

∫

Ω
u(t)2+̺dx ≤

∫

Ω
u2+̺

0 dx. (I.123)

We now prove that u(t) converges weakly to u0 in Lr(Ω). Let 0 < t < T and ϕ ∈ D(Ω). Multiplying

the equation in (Pε) by ϕ, and integrating by parts in (0, t) × Ω, we obtain

∫

Ω
uε(t)ϕdx −

∫

Ω
uε,0ϕdx +

∫ t

0

∫

Ω
|∇uε|p−2∇uε.∇ϕdxds

=

∫ t

0

∫

Ω
(uε + ε)−δϕdxds +

∫ t

0

∫

Ω
fε(x, uε, ∇uε)ϕdxds. (I.124)

By (I.114) we have easily

∫ t

0

∫

Ω
(uε + ε)−δϕdxds −→

ε−→0

∫ t

0

∫

Ω
u−δϕdxds

From Lemma 6.1 and (I.119), it follows that

lim
ε→0

∫ t

0

∫

Ω
|∇uε|p−2∇uε.∇ϕdxds =

∫ t

0

∫

Ω
|∇u|p−2∇u.∇ϕdxds

and

lim
ε→0

∫ t

0

∫

Ω

∣
∣
∣|∇uε|p−p/q − |∇u|p−p/q

∣
∣
∣ ϕdxds = 0.
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Hence, from Brezis [26, theorem 4.9], and by (I.77), we get that up to an extraction of a subsequence

of the family {uε}, there exists g ∈ L1(QT ) such that

|fε(x, uε, ∇uε)ϕ| ≤ (auq−1
ε + b + c|∇uε|p−p/q)ϕ ≤ g.

Hence, by the Lebesgue theorem, we deduce that

lim
ε→0

∫ t

0

∫

Ω
fε(x, uε, ∇uε)ϕdxdt =

∫ t

0

∫

Ω
f(x, u, ∇u)ϕdxdt.

Then we can pass to the limit in (I.124) as ε → 0 and t → 0, we obtain that

lim
t→0

∫

u(t)ϕdx =

∫

Ω
u0ϕ ∀ϕ ∈ D(Ω).

This implies that u(t) ⇀
t→0

u0 in Lr(Ω). Hence, recalling (I.123), by the uniform convexity of Lr(Ω),

we deduce that

u : [0, T ) −→ Lr(Ω) is continuous and u(0) = u0.

6.3 Proof of theorem 2.2

First, we prove some energy estimates :

First energy estimate : Let 0 ≤ t ≤ T . Multiplying the first equation of (Pε) by uε and integrating by

parts on (0, t) × Ω, we obtain :

1

2

∫

Ω
uε(t)2dx − 1

2

∫

Ω
u2

0dx +

∫ t

0

∫

Ω
|∇uε|pdxds =

∫ t

0

∫

Ω
(uε + ε)−δuεdxds

+

∫ t

0

∫

Ω
fε(x, uε, ∇uε)uεdxds. (I.125)

We employ the growth condition (I.2) and the Young’s inequality to obtain

∫ t

0

∫

Ω
fε(x, uε, ∇uε)uεdxds

≤ a

∫ t

0

∫

Ω
uq

εdxds + b

∫ t

0

∫

Ω
uεdxds + c

∫ t

0

∫

Ω
|∇uε|p(1−1/q)uεdxds

≤
∫ t

0

∫

Ω

(
a′uq

ε + buε
)

dxds +
1

2

∫ t

0

∫

Ω
|∇uε|pdxds. (I.126)

From (I.5) and (I.54), we get easily that

∫ t

0

∫

Ω
fε(x, uε, ∇uε)uεdxds ≤ C̃ +

1

2

∫ t

0

∫

Ω
|∇uε|pdxds

where C̃ is independent of ε. Furthermore, if δ ≤ 1, we have by (I.54)

∫ t

0

∫

Ω
(uε + ε)−δuεdxds ≤

∫ t

0

∫

Ω
u1−δ

ε dxds ≤ C. (I.127)
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Otherwise, if δ > 1, then by using (I.114), we obtain

∫ t

0

∫

Ω
(uε + ε)−δuεdxds ≤

∫ t

0

∫

Ω
u1−δ

ε dxds ≤
∫ t

0

∫

Ω
u1−δ

ε dxds

≤
∫ t

0

∫

Ω
ϕ1−δ

ε ϕ
α(1−δ)
1 dxds (I.128)

and we have

∫ t

0

∫

Ω
ϕ1−δ

ε ϕ
α(1−δ)
1 dxds =

∫ t

0
[ϕε(t)]1−δds

∫

Ω
ϕ

α(1−δ)
1 dx < C < ∞ (I.129)

independently of ε for δ < 2 + 1
p−1 (see (I.111)).

Finally, going back to equation (I.125) and using (I.126)–(I.129), we obtain that :

{uε}ε>0 is bounded in Lp(0, T ; W 1,p
0 (Ω)) (I.130)

independently of ε. This implies that uε ⇀ u in Lp(0, T ; W 1,p
0 (Ω)) as ε → 0. The uniqueness of u

follows from the weak comparison principle as in the proof of Theorem 4.1. We now give the proof for

the second assertion of Theorem 2.2, for this purpose we show :

Second energy estimate : Passing to the limit inf in (I.24) as ∆t → 0 and using (I.36), we obtain that

the derivative ∂tuε satisfies

∫ t

0

∫

Ω
s|∂suε|2dxds +

t

p

∫

Ω
|∇uε(t)|pdx ≤ C1

∫ t

0

∫

Ω
[fε(x, uε, ∇uε)]2dxds

+ C2

∫ t

0

∫

Ω
|∇uε|pdxds + C3 (I.131)

where C1, C2 and C3 are independent of ε. From the growth condition (I.7), we estimate the first term

of the right-hand side in (I.131) as follows :

∫ t

0

∫

Ω
[fε(x, uε, ∇uε)]2dxds ≤ C

∫ t

0

∫

Ω

(

u2(q−1)
ε + 1 + |∇uε|2α

)

dxds. (I.132)

Substituting (I.132) in (I.131) and using (I.54) and (I.130), we infer that

uε is bounded in L∞(η, T ; W 1,p
0 (Ω)) ∀η ∈ (0, T ) (I.133)

and

∂tuε is bounded in L2((η, T ) × Ω) ∀η ∈ (0, T ) (I.134)

independently of ε. Let us now prove that u ∈ C ((0, T ]; W 1,p
0 (Ω)). First, we claim that

uε −→ u in Lp(η, T ; W 1,p
0 (Ω)) as ε → 0, ∀η ∈ (0, T ). (I.135)
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Indeed, from (I.133) and (I.134) and the compactness result of Aubin-Simon (see [110]) we deduce

that up to a subsequence, we have as ε → 0

uε −→ u in L2((η, T ) × Ω), ∀η ∈ (0, T ). (I.136)

Multiplying the first equation of (Pε) by uε − u and integrating on Q̃T = (η, T ) × Ω, we obtain by

convexity arguments that (we do it only for δ Ó= 1)

∫

Q̃T

∂tuε(uε − u)dxdt +
1

p

∫

Q̃T

|∇uε|pdxdt − 1

p

∫

Q̃T

|∇u|pdxdt

≤ 1

1 − δ

∫

Q̃T

[

(uε + ε)1−δ − (u + ε)1−δ
]

dxdt

+

∫

Q̃T

fε(x, uε, ∇uε)(uε − u)dxdt. (I.137)

From (I.134) and (I.136), we have :

∫

Q̃T

∂tuε(u − uε)dxdt −→
ε→0

0.

Since δ < 2 + 1
p−1 and using (I.114), we have

∫

Q̃T

(uε + ε)1−δdxdt −→
ε→0

∫

Q̃T

u1−δdxdt. (I.138)

We observe by (I.7) that f(x, u, ∇u) ∈ L2(Ω) and since

fε(x, uε, ∇uε) −→
ε→0

f(x, u, ∇u) in D
′(QT ) and pointwise in QT ,

it follows that fε(x, uε, ∇uε) converge weakly to f(x, u, ∇u) in L2(Ω) and the last term in the right

hand side in (I.137) converges to 0 as ε → 0. Hence we get from (I.137) that

lim
ε→0

∫

Q̃T

|∇uε|pdxdt ≤
∫

Q̃T

|∇u|pdxdt.

Thus, (I.135) follows from the above inequality and (I.130).

Again since u ∈ C ([0, T ]; Lr(Ω)) and u ∈ L∞(η, T ; W 1,p
0 (Ω)) it follows that u : t ∈ (0, T ) −→ W 1,p

0 (Ω)

is weakly continuous and satisfies

‖u(t0)‖
W 1,p

0 (Ω)
≤ lim inf

t→t0

‖u(t)‖
W 1,p

0 (Ω)
∀ t0 ∈ (0, T ). (I.139)

Let t0 > 0 and vε the solution of (Pε) with the initial data vε(t0) = u(t0) ∈ L∞(Ω)∩W 1,p
0 (Ω). Similarly

as in the proof of theorem 4.1, we derive the above energy estimates for vε in (t0, T ) × Ω. Then, from

the uniqueness of the solution for the problem (P), we deduce that

vε −→ u in Lp(t0, T ; W 1,p
0 (Ω)) as ε → 0. (I.140)
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On the other hand, from (I.39), we deduce that vε satisfies (for δ Ó= 1)

∫ t

t0

∫

Ω
(∂svε)2 dxds +

1

p

∫

Ω
|∇vε (t) |pdx − 1

1 − δ

∫

Ω
(vε (t) + ε)1−δ dx

=
1

p

∫

Ω
|∇u (t0) |pdx − 1

1 − δ

∫

Ω
(u (t0) + ε)1−δ dx (I.141)

+

∫ t

t0

∫

Ω
fε (x, vε, ∇vε) ∂svεdxds.

From (I.140) and (I.7) we have fε(x, vε, ∇vε) → f(x, u, ∇u) in L2((t0, T ) × Ω) as ε → 0. This implies

together with (I.134) that

∫ t

t0

∫

Ω
fε(x, vε, ∇vε)∂svεdxds −→

ε→0

∫ t

t0

∫

Ω
f(x, u, ∇u)∂sudxds.

Hence, (I.141) yields

∫ t

t0

∫

Ω
(∂su)2 dxds +

1

p

∫

Ω
|∇u (t) |pdx − 1

1 − δ

∫

Ω
[u(t)]1−δdx

≤ 1

p

∫

Ω
|∇u (t0) |pdx − 1

1 − δ

∫

Ω
[u(t0)]1−δ dx +

∫ t

t0

∫

Ω
f (x, u, ∇u) ∂sudxds.

Hence to get the continuity of u : (0, T ) −→ W 1,p
0 (Ω), we argue by the same way of the proof of

Theorem 4.1. This completes the proof of Theorem 2.2.
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Chapitre II

Global bifurcation theory in the analytic

framework

1 Statement of the main result

We give in this section some results concerning global analytic bifurcation theory. For that we use

some material from [Buffoni and Toland [32], Chapter 9] . Let X, Y be Banach spaces over R,

U ⊂ R × X an open set containing (0, 0) in its closure and F : U → Y be an R-analytic function.

Define the solution set of F (λ, x) = 0

S = {(λ, x) ∈ U : F (λ, x) = 0}

and the non-singular solutions set

R = {(λ, x) ∈ S : ker(∂2F (λ, x)) = {0}} .

Suppose that

(G0) (λ, 0) ∈ U and F (λ, 0) = 0 for all λ ∈ R.

(G1) Bounded closed subsets of S are compact in R × X.

(G2) ∂2F (λ, x) is a Fredholm operator of index zero for all (λ, x) ∈ S

(G3) There exists an analytic function (λ, u) : (0, ǫ) → S such that

F (λ(s), u(s)) = 0 for all s ∈ (0, ǫ) and lim
s→0

(λ(s), u(s)) = (0, 0)

and

A+ = {(λ(s), u(s)) : s ∈ (0, ǫ)} ⊂R.

Obviously, A+ ⊂ S. The following result gives a global extension of the function (λ, u) from (0, ǫ) to

(0, ∞) in the R-analytic case.

Theorem 1.1 Suppose (G0)-(G3) hold. Then there exists a continuous curve A which extends A+ as

follows :

(a) (λ, u) can be extended as a continuous map (still called) (λ, u) : (0, ∞) → S.

(b) A+ ⊂ A
def
= {(λ(s), u(s)) : s ≥ 0} ⊂ S.

(c) {s ≥ 0 : ∂2F (λ(s), u(s)) is not invertible } is a discrete set.
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(d) At each of its points A has a local analytic re-parametrization in the following sense : For each

s∗ ∈ (0, ∞) there exists a continuous, injective map ρ∗ : (−1, 1) → R such that ρ∗(0) = s∗ and

the re-parametrisation

(−1, 1) ∋ t → (λ(ρ∗(t)), u(ρ∗(t))) ∈ A is analytic.

Furthermore, the map s Ô→ λ(s) is injective in a right neighbourhood of s = 0 and for each s∗ > 0

there exists ǫ∗ > 0 such that λ is injective on [s∗, s∗ + ǫ∗] and on [s∗ − ǫ∗, s∗].

(e) One of the following occurs.

(i) ‖(λ(s), u(s))‖R×X → ∞ as s → ∞.

(ii) the sequence {(λ(s), u(s))} approaches the boundary of U as s → ∞.

(iii) A is the closed loop :

A = {(λ(s), u(s)) : 0 ≤ s ≤ T, (λ(T ), u(T )) = (0, 0) for some T > 0} .

In this case, choosing the smallest such T > 0 we have

(λ(s + T ), u(s + T )) = (λ(s), u(s)) for all s ≥ 0.

(f) Suppose ∂2F (λ(s1), u(s1)) is invertible for some s1 > 0. If for some s2 Ó= s1, we have (λ(s1), u(s1)) =

(λ(s2), u(s2)) then (e)(iii) occurs and |s1 −s2| is an integer multiple of T . In particular, the map

s Ô→ (λ(s), u(s)) is injective on [0, T ).

Remark 1.1 (1) There is no claim that A is a maximal connected subset of S. Other curves or

manifolds in S may intersect A.

(2) A may self-intersect in the sense that while s Ô→ (λ(s), u(s)) is locally injective, it need not be

globally injective. For example, in part (e)(iii) of the theorem it is clearly not globally injective.

(3) In part (d), it can happen that the parametrisation has zero derivative, in which case {(λ(s), u(s)) :

|s − s∗| < δ∗} ⊂ A may not be smooth curve even though it has a local analytic parametrisation

at every point. Of course, for δ∗ sufficiently small, the two segments of the set {(λ(s), u(s)) :

0 < |s − s∗| < δ∗}, with (λ(s∗), u(s∗)) deleted, are smooth and can be parametrised by λ.

(4) Alternative (e)(i) is much stronger than the claim that A is unbounded in R × X.

(5) In several cases, the existence of the local analytic path A+ is obtained by the implicit function

theorem in the analytic framework (see for instance the application of Theorem 1.1 in the next

chapter). In case of bifurcation from the first eigenvalue, the existence of A+ is a consequence

of the well known Crandall-Rabinowitz result [40]. More precisely, if F : F × X → Y is of class

Ck, k ≥ 2, and that F (λ, 0) = 0 ∈ Y for all λ ∈ F and if the following conditions hold

∂2F (λ0, 0) is a Fredholm operator of index zero;

ker(∂2F (λ0, 0)) = span {ξ0} for some x0 ∈ X \ {0};
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and the transversality condition

∂2
1,2F (λ0, 0)(1, ξ0) Ó∈ R(∂2F (0, 0)).

Then there exist ε > 0 and Ck−1 map (Λ, χ) : (−ǫ, ǫ) → F × X such that (Λ(0), χ(0)) = (λ0, ξ0)

and F (Λ(s), sχ(s)) = 0 for all 0 ≤ |s| < ǫ, and there exists an open U0 ⊂ F × X such that

{(λ, x) ∈ U0 : F (λ, x) = 0, x Ó= 0} = {(Λ(s), sχ(s)) : 0 < |s| < ǫ}

This identity means that there is unique branch emanating from (λ0, 0). In addition, if F is

analytic then Λ and χ are analytic. For the proof of this results we refer to [40, Theorem 1.7]

and one uses the analytic version of the Implicit Function Theorem to get the analyticity of the

bifurcating curve.

The proof is based on the Lyapunov-Schmidt reduction (see Theorem 3.1) and the analytic varieties

theory, which are the purpose of the following subsections.

2 Analytic varieties theory

We give here some results concerning analytic varieties that we will use further in order to prove

Theorem 1.1. We refer to Lojasiewicz [90] for a further description of the theory of analytic varieties.

The consequence of these results is that under suitable conditions, an analytic real problem of the

form

F (λ, x) = 0, where λ is a real parameter,

admits a bifurcate branch of solutions which can be locally analytically parametrised in a neighbou-

rhood of each point. This property is deduced by Puiseux representation in the real case, which gives

locally (in particular in a neighbourhood of any singular point) an injective and analytic parametri-

zation of one-dimensional analytic varieties.

2.1 F-analytic varieties

Here, F denotes R or C. A function f : U ⊂ Cn → C is said to be real-on-real if f(U ∩ Rn) ⊂ R.

Definition 2.1 Let a ∈ Fn, n ≥ 1. Two sets S and T of Fn are said to be equivalent at a if there is

and open and non empty neighbourhood O of a in Fn, such that O ∩ S = O ∩ T . We note that this is

an equivalence relation on 2F
n
. The corresponding equivalence class, denoted by γa(S) for S ⊂ Fn, is

called the germ of S at a and if T ∈ γa(S), we say that T is a representative of γa(S).

Remark 2.1 The finite unions, intersections, inclusion and complements of germs of sets at a are

defined by the same operations on representatives. (It is easy to check that these are well defined

operations on germs, and independent of the chosen representatives)
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Definition 2.2 Let U a non-empty open set of Fn and G denotes a finite collection of F-analytic

functions g : U → F. The set

var(U, G) = {x ∈ U : g(x) = 0, for all g ∈ G}.

is called the F-analytic variety generated by G on U . If U ⊂ Cn and the elements of G are real-on-

real, we say that var(U, G) is real-on-real. The germ at a of an analytic variety is referred to as an

F-analytic germ. We denote by Va(F), the set of all F-analytic germs at a ∈ F.

Definition 2.3 Let α ∈ Va(F) such that α = γ0(var(U, G)).

(1) A point x ∈ var(U, G) is said to be m-regular if there exists a neighbourhood O of x in Fn such

that O ∩ var(U, G) is an F-analytic manifold of dimension m.

(2) The dimension, dimF α, is the largest integer m such that every representative of α contains

an m-regular point (the point a itself need not be m-regular). If no such integer exists, we say

that dimF α = −1.

Lemma 2.1 Let M ⊂ Fn is an F-analytic manifold and let a ∈ M. Then

(1) γa(M) ∈ Va(Fn).

(2) If a ∈ U ∩ M and var(U, G) is an C-analytic variety, there is an open neighbourhood W of a

in M such that W \ var(W, G) is either empty or dense in W .

To prove the above lemma, we need the following well-know result about analytic functions :

Lemma 2.2 Suppose that X and Y are Banach spaces, that U ⊂ X is an open connected set and

that F : U → Y is F-analytic. Supppose also that there is a non empty open set W ⊂ U on which F

is identically 0. Then F is identically zero on U .

Proof. (1) Without loss of generality, suppose that a = 0 ∈ M and let Z1 = range df [0] ( according

to the notations in the definition of m-dimensional manifold A.1 in the Annex A), then Fn = Z1 ⊕ Z2,

and write

f(x) = f1(x) + f2(x), fi(x) ∈ Zi, i = 1, 2, x ∈ U0 ⊂ Fm

where U0 is a neighbourhood of 0 ∈ Fm. By hypothesis, df [0] has rank m and df1[0] : Fm → Z1 is a

bijection. By the implicit inverse theorem, U0 can be chosen so that f1 : U0 → W0 is a bijection with

an analytic inverse for some neighbourhood W0 of f1(0) = 0 ∈ Z1. Now the set {f(x) : x ∈ U0} is

representative of γ0(M) and we have

{f(x) : x ∈ U0} = {(f(x), f2(x)) : x ∈ U0}
= {(y, f2 ◦ f−1

1 (y)) : y ∈ W0}
= {(y, z) ∈ W0 × Z2 : z − f2 ◦ f−1

1 (y) = 0}.

Since f2 ◦ f−1
1 is analytic this show that γ0(M) ∈ V0(Fn).

(2) Let now var(U, G) an F-analytic variety in Fn, let 0 ∈ M and let U0 as above. Let B ⊂ U0 a ball

centred at 0 ∈ Fm and let W = f(B). Then 0 ∈ W, which is a relatively open subset of M.
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Suppose that W \ var(U, G) is not dense in W . Then there is an open set Ŵ ⊂ W such that

Ŵ ⊂ var(U, G). Let B̂ = f−1(Ŵ ). Then g ◦ f = 0 on B̂ for all g ∈ G. Since g ◦ f is analytic and

appealing Lemma 2.2 , the set of its zeros has an empty interior, then g ◦ f = 0 on B for all g ∈ G.

Hence W ⊂ var(U, G), in other words, W \var(U, G) = W \var(W, G) is empty. This proves the result.

�

Lemma 2.3 Let var(U, G) an F-analytic variety in Fn and M ⊂ U a connected F-analytic manifold

such that M ∩ var(U, G) has non-empty interior relative to M. Then M ⊂ var(U, G).

Proof. Let
◦
N denote the relative interior in M of N = M ∩ var(U, G). Note that

◦
N is open in M by

definition and it is non-empty by hypothesis. Suppose that x belongs to the boundary of
◦
N in M. By

Lemma 2.1, there is an open neighbourhood W of x in M such that W \ var(U, G) is either empty or

dense in W . Now W ∩
◦
N Ó= 0 since x is on the boundary of

◦
N , and since

◦
N ⊂ M ∩ var(U, G) is open,

W \ var(U, G) is not dense in W . Hence it is empty, which implies that x ∈
◦
N . Thus

◦
N is closed in

M. By connectedness
◦
N = M and M ⊂ var(U, G). �

Definition 2.4 A germ α ∈ Va(Fn) is said to be irreducible if α = α1 ∪ α2 for some germs α1, α2 ∈
Va(Fn) then α = α1 or α = α2.

For example, ∅ and {a}, with a ∈ Fn, are irreducible.

2.2 Weierstrass analytic varieties

The Weierstrass Theorem A.2 given in the Annex A, implies that the set of zeros of an analytic

function f in a neighbourhood of 0 ∈ Fn such that f(0) = 0, coincides with the zero level set of a

polynomial in xn, of the form

xq
n +

q−1∑

k=0

ak(x1, · · · , xn−1)xk
n with ak(0, · · · , 0) = 0

where the coefficients ak are analytic in a neighbourhood of 0 ∈ Fn−1 and the roots of the polynomial

are simple. We need to study further this kind of level set and in this purpose, we present below some

useful results about Weierstrass analytic varieties defined in definition 2.6.

Let W = {(x1, · · · , xm) ∈ Cm : |x1|, · · · , |xm| < δ} for some δ > 0 and m ∈ N. (in the case m = 0,

W = {0}). In this paragraph we consider F = C.

Definition 2.5 A Weirstrass polynomial in z ∈ C defined on W is a polynomial of the form

zp +
p−1
∑

k=0

ak(x1, · · · , xm)zk, p ∈ N∗ (II.1)

such that ak : W → C, k ∈ {0, · · · , p − 1}, are an analytic functions which vanish at 0 ∈ Cm, and such

that the associated discriminant D(a0, · · · , ap−1, 1) Ó≡ 0 (see definition A.2 in the Annex A). We note

that when m = 0, Weierstrass polynomials are of the form zp, p ≥ 1.
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Remark 2.2 Let P (z) = zp +
∑p−1

k=0 ak(x1, · · · , xm)zk is a polynomial defined on W such that the

analytic functions ak, k ∈ {0, · · · , p}, vanish at 0 and such that its discriminant is identically zero

on W . Then from the simplification Theorem A.3 (Annex A), there is a Weiertrass polynomial h

which have the same roots as P (in particular its discriminant is not identically zero on W ). Hence

the hypothesis D(a0, · · · , ap−1, 1) Ó≡ 0 in the above definition is not necessary and without loss of

generality, we can always assume it.

Suppose now that 0 ≤ m < n. Let H = {hm+1, · · · , hn} a family of n − m functions, such that each

hl ∈ H, l ∈ {m + 1, · · · , n}, is a Weierstrass polynomial in z = xl ∈ C and with coefficients defined on

W , and we write

hl ≡ hl(x1, · · · , xm; xl) = xpl
l +

pl−1
∑

k=0

al
k(x1, · · · , xm)xk

l , pl ∈ N∗, l ∈ {m + 1, · · · , n}.

Remark 2.3 For all l ∈ {m + 1, · · · , n}, the polynomial hl ∈ H is a analytic function independent

of xk, ∀k ∈ {m + 1, · · · , n} \ {l}. In our study we consider hl as an analytic function defined on

W × Cn−m.

So we give the following definition :

Definition 2.6 Let m, n ∈ N such that m < n and let H a family of n − m Weierstrass-polynomials

as above.

a) A Weierstrass analytic variety is a set of Cn of the form

var(W × Cn−m, H),

b) Its discriminant D = D(H) : W → C is the product of all the discriminants of the polynomials of

H.

c) The branches of a Weierstrass analytic variety is var(W ×Cn−m, H) are the connected components

( i.e. maximal connected set) of the set

var(W × Cn−m, H) \ (
var(W, D) × Cn−m)

. (II.2)

Remark 2.4 The discriminants of the polynomials hl, l ∈ {m+1, · · · , n} and then the discriminant of

a Weierstrass analytic variety D(H), are analytic functions on W . By abuse of notation, we consider

sometimes D(H) as an analytic function on W × Cn−m even if it is independent of (xm+1, · · · , xn) ∈
Cn−m. Then the set given in (II.2) can be written as follows :

var(W × Cn−m, H) \ var(W × Cn−m, H ∪ D). (II.3)

Remark 2.5 Let x = (x1, · · · , xm) ∈ W such that D(x) Ó= 0, then there are at most K points

ξj(x) = (xj
m+1, · · · , xj

n) ∈ Cn−m, 1 ≤ j ≤ K, where K is the product of the degrees of hl, and xj
l is

simple root of hl, for all l ∈ {m + 1, · · · , n}. Hence by the analytic implicit function theorem, each
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ξj(x) depends locally and analytically on x = (x1, · · · , xm) ∈ W. Thus each branch is a connected

C-analytic manifold of dimension m and it projects onto a part of W \var(W, {D}) which is connected

by Proposition A.1 in Annex A, and this part is open and closed (by the continuity of roots with respect

to (x1, · · · , xm) ∈ W (see Proposition A.2 in Annex A). Hence the branch projects onto the whole set

W \ var(W, {D}).

Example 2.1 In the previous definition we take n = 2, m = 1, V = C and H = {h2} where

h2(x1; Z) = Z2 − x1, x1 ∈ C. Then the Weierstrass analytic variety is given by

E := var(V × C, H) = {(x1, x2) ∈ C2 : x1 = x2
2}.

Not that D(H) vanishes only at 0 then var(V, D(H)) = {0}. Here E has exactly one branch, B =

{(x1, x2) ∈ C2 : x1 = x2
2, x1 Ó= 0}. This illustrate both that a branch is connected, but not in general

simply connected.

If h2(x1; Z) = Z2 + x2
1 then E = {(z, ±iz) ∈ C2 : z ∈ C} which has two branches B± = {(z, ±iz) ∈

C2 : z ∈ C, z Ó= 0} and neither of them is closed under complex conjugation even though E is

real-on-real. The following lemma gives an information about this issue.

This lemma will be also used to show some results concerning the real case, in particular steps 2 and

3 in the proof of le theorem 1.1.

Lemma 2.4 Let B a branch of a Weierstrass analytic variety var(W × Cn−m, H). Then, if var(W ×
Cn−m, H) is real-on-real and B ∩ Rn Ó= 0 then

B∗ = {z = (z1, · · · , zn) ∈ Cn, z ∈ B} = B

Proof. Since every function of H has Taylor expansion at 0 with coefficients real, and B is a maximal

connected set in var(W × Cn−m, H) \ var(W × Cn−m, H ∪ D), then the set B∗ is also maximal in the

same sense (because h(z) = h(z), ∀h ∈ H) and by hypothesis B ∩ B∗ Ó= ∅. Hence B = B∗. �

We give now some lemmas in order to characterize the structure of the branches, in particular, the

properties of their closure.

Lemma 2.5 Let B a branch of a Weierstrass analytic variety E = var(W × Cn−m, H), with discri-

minant D = D(H). Let B the relative closure of B in W × Cn−m. Then,

B = var(W × Cn−m, G)

for some finite collection G of analytic functions g : W × Cn−m → C.

In addition, if H is real-on-real and B ∩Rn Ó= 0, then G is real-on-real and B is real-on-real C-analytic

variety and B ∩ Rn is an R-analytic variety with dim γ0(B ∩ Rn) = m.

Proof. Let x′ = (x1, · · · , xm) ∈ W \ var(W, {D}), then we can write B as follows

[{x′} × Cn−m] ∩ B = {(x′, ξj(x′)) : ξj(x′) = (ξj,m+1(x′), · · · ξj,n(x′)) ∈ Cn−m, 1 ≤ j ≤ K}
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where K ∈ N∗. By the remark 2.5, the dependence of ξj on x′ is locally C-analytic (W \ var(W, {D})

is not in general connected). Therefore, by the connectedness of B, K is independent of x′ ∈ W \
var(W, {D}). Let ξ ∈ Cn−m. We remark that x = (x′, ξ) ∈ B if and only if

K∏

j=1

〈̺, ξ − ξj(x′)〉 = 0

for all ̺ ∈ Cn−m. Hence, writing this product as follows

K∏

j=1

〈̺, ξ − ξj(x′)〉 =
∑

{σ∈Nn−m\{0}:|σ|=K}
̺σ g̃σ(x′, ξ). (II.4)

Note that, for x′ = (x1, · · · , xm) ∈ W \ var(W, {D}),

x = (x1, · · · , xn) ∈ Cn ⇐⇒ g̃σ(x1, · · · , xn) = 0 ∀σ ∈ {s ∈ N∗ : |s| = K}.

Therefore, g̃σ is bounded on [W × Cn−m] × var(W, {D}), then by the Riemann extension theorem

(Theorem A.1 in the Annex A), g̃σ can be extended as an analytic function gσ on all of the W ×Cn−m.

To completes the proof of the first part, we set G = {gσ : σ ∈ N∗, |σ| = K}.

Now, suppose that H is real-on-real and B ∩ Rn Ó= 0. From the implicit function theorem, B ∩ Rn

is an R-analytic manifold of dimension m. By the lemma 2.4, for each j ∈ {1, · · · , r} and for all

x′ ∈ W \var(W, {D}), ξj(x′) = ξk(x′) for some k. Therefore the left side of (II.4) is real when ̺, x′ and

ξ are real vectors. Therefore g̃σ is real when x′ and ξ are real vectors. This shows that G is real-on-real,

then γ0(B) is real-on-real C-analytic variety and γ0(B ∩ Rn) is real-on-real R-analytic variety with

dimR B ∩ Rn = m. �

Remark 2.6 For m = n − 1, B = var(W × C, G) is a Weierstrass analytic variety on W . Indeed, if

m = n − 1 then from (II.4), G has only one element g given by

g(x′, ξ) =
K∏

j=1

(ξ − ξj(x′)), for all (x′, ξ) ∈ W × C

which is a polynomial in xn = ξ with coefficients analytic on W and its principal coefficient is 1, all

the others vanish at 0 ∈ W and its discriminant is not identically 0.

Example 2.2 Let n = 3, m = 1, W = C and E = var(W × C2, {h, k}) where

h(x, y) = y2 − x3, k(x, z) = z2 − x3.

Then it is easy to show that E has two branches B± such that

B± = var(W × C2, {h, k, l±}), where l±(x, y, z) = yz ± x3, (x, y, z) ∈ C3. (II.5)
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However B± are not Weierstrass analytic varieties. Suppose that this is false and that B− is a

Weierstrass analytic variety defined by

yp +
p−1
∑

k=0

ak(x)yk = 0, zp +
q−1
∑

k=0

bl(x)zl = 0, (II.6)

where the discriminant of the polynomials is non-zero almost everywhere. Therefore, for almost all x

in a neighbourhood of 0 in C, there are exactly pq solutions of (II.6). However, for the same x there

are two points (x, y, z) on B−. Hence pq = 2. Suppose p = 1 and q = 2. Then the system

y = −a0(x) and z2 = −b1(x)z − b0(x)

is equivalent to (2.2) with a minus sign. But this is false since (2.2) does not determine y as an analytic

function of x in a neighbourhood of 0. A similar contradiction is reached for B+.

2.3 Germs of C-analytic varieties and subspaces

The purpose of this subsection is to give a description of one-dimensional germs and the way they

emerge from higher dimensional germs as it is given in theorems 2.4 and 2.5. These properties will be

used in the proof of Theorem 1.1.

Let α ∈ V0(Cn) a germ of an analytic variety. If n = 1 then α ∈ {∅, {0}, γ0(C)}. If {0} ⊂ α but

α Ó∈ {{0}, γ0(Cn)} then n ≥ 2. Moreover, since α Ó= γ0(Cn), there is a non-trivial subspace T $ Cn

such that

γ0(T ) ∩ α = {0}. (II.7)

Indeed, suppose that var(U, G) is a representative of α. Then there is at least one C-analytic function

g ∈ G, such that g Ó≡ 0 on U . Hence there is b ∈ Cn, such that g Ó≡ 0 on the subspace Y = {tb, t ∈ C}.

Since g restricted to Y ∩U is a C-analytic function of one complex variable, its zeros are isolated. This

show that the complex linear space Y satisfies α ∩ γ0(Y ) = {0}. Let us denote that if T = Cn then

α = {0}. Hence the result.

In addition, if α is real-on-real (Definition 2.2), then α ∩ γ0(Rn) Ó= γ0(Rn). Indeed, we argue by

contradiction, suppose that α ∩ γ0(Rn) = γ0(Rn), and let g ∈ G is real-on-real. Then g ≡ 0 in a

neighbourhood of 0 ∈ Rn. It follows due to the Taylor expansion that d(k)g(0) = 0, for all k ∈ N.

Hence due to the analyticity of g, we can use again the Taylor expansion to deduce that g ≡ 0

in a neighbourhood of 0 ∈ Cn, and this contradicts with hypothesis. Thus, if α Ó= γ0(Cn) then

α ∩ γ0(Rn) Ó= γ0(Rn) and hence there exists a real subspace T̂ = {tb : t ∈ R} with b ∈ Rn such that

γ0(T̂ ) ∩ α = {0}. Moreover γ0(T ) ∩ α = {0} on the complex space T = {zb : z ∈ C}.

Definition 2.7 A complex linear subspace of T ⊂ Cn is said to be a complexified subspace of Cn if it

has a real basis. Equivalently T is a complexified subspace if

T ∗ = {z = (z1, · · · , zn) ∈ Cn : z ∈ T} = T

Remark 2.7 Any complexified subspace Z1 of Cn has (in fact many) complementary complexified
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subspace Z2 of Cn such that Cn = Z1 ⊕ Z2. This ensure that the choice of basis, in the last part of the

next lemma, is possible.

Lemma 2.6 Let α ∈ V0(Cn), n ≥ 2 and T a linear subspace of Cn such that (II.7) holds. Choose a

basis of Cn such that

T = {(0, · · · , 0, zm+1, · · · , zn) ∈ Cn : (zm+1, · · · , zn) ∈ Cn−m} (II.8)

Then γ0(P (E)) is the germ of an analytic variety in Cm, where E is a representative of α and P (E)

the projection onto Cm of E, i.e.

P (E) = {(z1, · · · , zm) ∈ Cm, ∃(zm+1, · · · , zn) ∈ Cn−m : (z1, · · · , zn) ∈ E}. (II.9)

If T is a complexified subspace, α is real-on-real, and choosing a real basis of Cn such that (II.8) holds,

then γ0(P (E)) is real-on-real.

Proof. The cases m = 0 (α = γ0(Cn), T = {0}) and m = n (α = {0}, T = Cn) are trivial. Suppose

that 0 < m < n. In the coordinates (II.8), let α = γ0(E) such that E = var(V × Bδ(C), {f1, · · · , fk}}
where k ∈ N∗, V = {(x1, · · · , xn−1) ∈ Cn−1 : |x1|, · · · , |xn−1| < δ} and Bδ(C) = {xn ∈ C : |xn| < δ}
for small positive δ. Since

{(0, · · · , 0, zn) ∈ Cn} ⊂ T and γ0(T ) ∩ α = {0}

fj(0, · · · , 0, ·) Ó≡ 0 on Bδ(C) for some j ∈ {1, · · · , k}. Relabeling {f1, · · · , fk} if necessary, we suppose

that j = 1. By the assertion (2) of Weierstrass Preparation Theorem A.2 in Annex A, there is no loss

of generality in supposing f1 is given by a polynomial of the form :

h1(x1, · · · , xn−1; xn) = xp
n +

p−1
∑

ν=0

aν(x1 · · · , xn−1)xν
n with aν(0) = 0 (II.10)

where p ≥ 1 is a degree of h. Then by the assertion (1) of Weierstrass preparation theorem A.2, we

may suppose without loss of generality that each of the other fj , in the definition of α, has the form

fj(x1, · · · , xn) = hj(x1, · · · , xn−1; xn), j ∈ {2, · · · , k}. (II.11)

where hj is a polynomial in xn defined on V of degree at most p − 1. Thus the family {f1, · · · , fk} of

analytic functions satisfies the hypotheses of the projection lemma A.1 (see Annex A). Therefore the

projection of E = var(V × Bδ(C), {f1, · · · , fk}} (a representative of α) onto Cn−1 × {0} is an analytic

variety in Cn−1. Let β ∈ V0(Cn−1) denotes its germ. If m = n − 1 then the proof is complete. If

m < n − 1,

T̂ = {(z1, · · · , zn−1) ∈ Cn−1 : z1 = · · · = zm = 0)}

Since α ∩ γ0(T ) = {0}, β ∩ γ0(T̂ ) = {0} in Cn−1. We can repeat the argument n − m times to prove

the first part of the lemma.
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In the case when T is a complexified subspace of Cn and α is real-on-real, the projection lemma

A.1 at each step gives a real-on-real analytic variety. This completes the proof. �

Definition 2.8 Let T a linear space of Cn satisfies (II.7), Then T is said to be maximal with respect

to α ∈ V0(Cn) if

α ∩ γ0(Y ) Ó= {0} for any subspace Y ⊂ Cn such that T $ Y.

Lemma 2.7 Suppose n ≥ 2. Let T a non trivial subspace of Cn satisfying (II.7) which is maximal

with respect to α ∈ V0(Cn) and let m = n − dim T ∈ {1, · · · , n − 1} and choose the coordinates (II.8).

Then γ0(P (E)) = γ0(Cm).

Proof. We have seen in the previous lemma that P (E) is an analytic variety of Cm at 0. Suppose that

its germ at 0 is β Ó= γ0(Cm). Then there exists a non-trivial subspace L ⊂ Cm such that β∩γ0(L) = {0}.

Let Y = L × Cn−m. Then T $ Y and γ0(Y ) ∩ α = {0}. which violates the maximality of T . �

We give now the same result concerning the real-on-real germs.

Lemma 2.8 Suppose that α ∈ V0(Cn) is real-on-real, n ≥ 2, and T is a complexified subspace of Cn

(see definition 2.7) such that α ∩ γ0(T ) = {0}. Suppose that T is maximal in the sense that if T̃ is a

complexified subspace then
(
T ⊂ T̃ Ó= T

)
=⇒ (

α ∩ γ0(T̃ ) Ó= {0})
(II.12)

Then, with respect to the real basis such that

T = {(z1, · · · , zn) ∈ Cn : z1 = · · · = zn = 0}

we have γ0(P (E)) = γ0(Cm).

Proof. We have in the lemma 2.6 that in this case P (E) is real-on-real analytic variety in Cm.

Suppose that its germ γ0(P (E)) Ó= γ0(Cm). Then, as we have seen at the beginning of this subsection,

there exists a non-trivial complexified subspace L of Cm such that γ0(P (E)) ∩ γ0(L) = {0}. Hence

T̃ = L×Cn−m is a complexified subspace of Cn satisfies α∩γ0(T̃ ) = {0}, which violates the maximality

of T . This proves the lemma. �

Example 2.3 Let n = 4, and let g, h : C4 → C defined by

g(w, x, y, z) = y2 + z2, h(w, x, y, z) = x, (w, x, y, z) ∈ C4.

Then α = γ0(E) is real-on-real, where

E = var(C4, {g, h}) = {(w, 0, y, ±iy) : w, y ∈ C}
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and we have

E ∩ R4 = {(w, 0, 0, 0) : w ∈ R}.

The subspace T = {0} × C3 is a complexified subspace satisfies γ0(T ) ∩ E Ó= {0}, then it doesn’t

satisfy Definition 2.8 and (II.12). It is easy to show that the complexified subspaces {0} × C2 × {0}
and {0} × C × {0} × C are maximal in the sense of Definition 2.8 and (II.12).

Theorem 2.1 (Representation theorem) Let α ∈ V0(Cn)\{{0}, γ0(Cn)}, {0} ⊂ α and n ≥ 2.

After a change of the basis of Cn as in (II.8), there exists a Weierstrass analytic variety var(W ×
Cn−m, H), m ∈ {1, · · · , n − 1}, such that

α ⊂ γ0(var(W × Cn−m, H)).

Proof. Let T a subspace of Cn such that (II.7) holds. We choose the coordinates (II.8). Hence as in

the proof of the lemma 2.6, and by using the simplification theorem A.3 (see the annex A), we can

reduce the problem to the case when α = γ0(E), with E = var(V × C, G), where G = {f1, · · · , fk},

k ∈ N∗ such that

f1(x1, · · · , xn) = xp
n +

p−1
∑

ν=0

aν(x1 · · · , xn−1)xν
n with aν(0) = 0

with aν(0) = 0, 0 ≤ ν ≤ p − 1, D(a0, · · · , ap−1, 1) Ó≡ 0 on V, and fj , j ≥ 2, is a polynomial in the same

variable xn ∈ C, with coefficients that are analytic functions of the other variables on V . Note that

f1 is a Weierstrass polynomial (Defintion 2.5). If k = 1, then m = n − 1 and the theorem holds with

W = V and H = {f1}. In fact, we have α = γ0(var(W × C, H) in this case. This also covers the case

n = 2. Suppose now that n ≥ 3 and k ≥ 2. We argue by induction on n. Let A = var(V, K) be the

projection of E = var(V ×C, G) into Cn−1 (see the projection lemma A.1 in the annex A). Then since

n ≥ m + 2, we have {0} $ γ0(A) Ó= γ0(Cn−1) and we have γ0(T̂ ) ∩ γ0(A) = {0} in Cn−1 where

T̂ = {(z1, · · · , zn−1) ∈ Cn−1 : z1 = · · · = zm = 0)}.

Hence by the inductive hypothesis, we suppose that the theorem holds for all n̂ ∈ N such that

2 ≤ n̂ ≤ n − 1. Then let var(W × Cn−m−1, Ĥ) be a Weierstrass analytic variety such that γ0(A) ⊂
γ0(var(W × Cn−m−1, Ĥ)) where

W = {(x1, · · · , xm) ∈ Cm : |x1|, · · · , |xm| < δ} with δ > 0 small enough

Ĥ = {ĥl, m + 1 ≤ l ≤ n − 1}, D̂ : W → C is its discriminant which is not identically zero. We now

construct the Weierstrass analytic variety satisfying the statement of theorem 2.1. For (x1, · · · , xm) ∈
W \ var(W, {D}) and xn ∈ C, we set

h̃n(x1, · · · , xn) =
∏

(ξm+1,··· ,ξn−1)

∈Υ(x1,··· ,xm)

f1(x1, · · · , xm, ξm+1, · · · , ξn−1, xn)
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where

Υ(x1, · · · , xm) = {(ξm+1, · · · , ξn−1) ∈ Cn−m−1 : ĥl(x1, · · · , xm; ξl) = 0, m + 1 ≤ l ≤ n − 1}.

Since D̂ Ó≡ 0, the dependence of ξl on (x1, · · · , xm) ∈ W \ var(W, {D̂}) is locally analytic by implicit

function theorem. (Recall that the set W \ var(W, {D̂}) is an open, dense, connected subset of W (see

Proposition A.1 in the Annex A)). By choosing a smaller value of δ in the definition of W if necessary,

we see that the coefficients of h̃n are bounded and hence, by the Riemann extension theorem A.1 in

the annex A, h̃n can be extended as C-analytic function to all of W . Note that in h̃n, the coefficient

of the highest power of xn is 1 and all the other coefficients vanish at 0 ∈ W . After simplification

(Remark 2.2), h̃n becomes a Weierstrass polynomial defined on W . Hence we set H = Ĥ ∪ {ĥn} and

then we can easily see that the germ α satisfies

α ⊂ γ0(var(W × Cn−m, H)).

This completes the proof. �

Theorem 2.2 Let α a germ as in the preceding theorem. Let T be a maximal subspace of Cn satisfying

(II.7) (see Definition 2.8) and choose the coordinates (II.8). Hence γ0(B) ⊂ α for some branch B of

the Weierstrass analytic variety var(W × Cn−m, H) obtained in Theorem 2.1.

Proof. Similarly as in the proof of Theorem 2.1, let E = var(W × Cn−m, G) be a representative

of α in the new coordinates. Let D : W → C the discriminant of a Weierstrass analytic variety

var(W × Cn−m, H). Note that D Ó≡ 0 on W and then W \ var(W, {D}) is an open, dense, connected

subset of W (see Proposition A.1 in the annex A). Let U be a non-empty open, connected subset of

W \ var(W, {D}). Then we have

[U × Cn−m] ∩ [var(W × Cn−m, H)] = {(x, ξj(x)) ∈ Cn : 1 ≤ j ≤ r}

where r ∈ N∗ is the product of degrees of polynomial of H, and ξj : U → Cn−m, j ∈ {1, · · · , r}, are

analytic mappings (see Remark 2.5). For j ∈ {1, · · · , k}, we set

Uj = {x ∈ U : (x, ξj(x)) Ó∈ E = var(W × Cn−m, G)}

Note that Uj can be written as follows :

Uj = U \ var(U, {g̃1, · · · , g̃k})

where g̃ν : U ∋ x Ô→ gν(x, ξj(x)), gν ∈ G for all ν ∈ {1, · · · , k}. Hence by Proposition A.1, either Uj is

empty or is an open, dense subset of U . Otherwise, we claim that the intersection :

r⋂

j=1

Uj = ∅.
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Indeed, let x ∈ ⋂r
j=1 Uj , hence

(x, ξj(x)) Ó∈ E, ∀j ∈ {1, · · · , r}.

From Lemma 2.7, we have γ0(P (E)) = γ0(Cm), then there exists ζ ∈ Cn−m such that

(x, ζ) ∈ E ⊂ var(W × Cn−m, H) and ζ Ó= ξj(x), ∀ j ∈ {1, · · · , r}.

Thus x ∈ var(W, {D}) which contradicts the fact that x ∈ U. Hence, there is some j such that Uj = ∅
and then the non-empty set O = {(x, ξj(x)), x ∈ U} ⊂ E. Let B the branch which contains O. Then

by Lemma 2.3, we deduce that B ⊂ E and hence the result. �

Theorem 2.3 Let α, var(W ×Cn−m, H), 1 ≤ m ≤ n−1, given by Theorem 2.1. Let D the discriminant

of a Weierstrass analytic variety var(W × Cn−m, H), and choose m such that

n − m = max{dim T : T is a linear subspace of Cn, γ0(T ) ∩ α = {0}}.

Then, dimC α = m, var(W × Cn−m, H) has no manifold of dimension larger that m and var(W ×
Cn−m, H ∪ {D}) has no manifold of dimension equal to (or greater that) m.

Proof. Let B the branch given by Theorem 2.2. Then m = dimC B ≤ dimC α. If D is nowhere zero,

or zero only at 0 ∈ W , then it is easy to see that E = var(W × Cn−m, H) contains no manifolds

of dimension larger than m. Suppose now that {0} ⊂ γ0(var(W, {D})) Ó∈ {{0}, γ0(Cm)} and let M

be a manifold of dimension strictly larger than m. which is a subset of E. Then, since dim B = m,

B ∩ M = ∅ for all branches B of E. In other words, M ⊂ var(W × Cn−m, H ∪ {D}).

Let L = {(0, · · · , 0, zm) : zm ∈ C} a subspace of Cm. Then we have

γ0(var(W, {D})) ∩ γ0(L) = {0}

and hence

γ0(var(W × Cn−m, H ∪ {D})) ∩ γ0(Y ) = {0}

where Y = L×Cn−m. Therefore, The representation Theorem 2.1 yields the existence of a Weierstrass

analytic variety var(W̃ × Cn−m̃, H̃), m̃ < m, such that

M ⊂ var(W × Cn−m, H ∪ {D}) ⊂ var(W̃ × Cn−m̃, H̃).

Repeat finitely often we find that this holds with m̃ = 1, which is impossible. Hence var(W ×Cn−m, H∪
{D}) contains no manifold of dimension larger than m and var(W × Cn−m, H ∪ {D})) contains no

manifold of dimension m or more and then dimC α = m. �

Lemma 2.9 Let B be a branch of a Weierstrass analytic variety var(W × Cn−m, H) and suppose

α ∈ V0(Cn) is such that

γ0(B) Ó= α ⊂ γ0(B).
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Then dimC α < m = dimC B.

Proof. Let m′ = dimC α, and suppose that E = var(U, G) ⊂ B ∩ (W × Cn−m) such that γ0(E) = α,

where U is an open set with B ∪ {0} ⊂ U . Let D(H) denote the discriminant of H on W and suppose

that m′ ≥ m. We will infer that γ0(B) = α, a contradiction which will prove the lemma.

Define an analytic manifold M ⊂ E as consisting of all m′-regular points of E. If M ⊂ var(W ×
Cn−m, H ∪{D(H)}, it follows by the previous theorem that m′ < m. Since this is false by assumption,

M∩B Ó= ∅ and m′ = dimC B = m. Therefore there exists a point z ∈ M∩B which has a neighbourhood

Oz in B which is a subset of M. From the lemma 2.3 and the fact that B is a connected manifold, it

follows that B ⊂ E. Hence α = γ0(B). This contradiction proves the lemma. �

Theorem 2.4 (Structure theorem.) Let α ∈ V0(Cn) with n ≥ 2 and {0} $ α Ó= γ0(Cn). Then there

exist sets B1, · · · , BN , where each Bj, 1 ≤ j ≤ N , after a linear change of coordinates (depending on

j), is a branch of a Weierstrass analytic variety (depending on j), such that

(1) α = γ0(B1 ∪ · · · , BN ∪ {0}) ;

(2) dimC α = max1≤j≤N {dimC Bj} ;

(3) If M ⊂ Cn, is a connected manifold, of dimension l ∈ {1, · · · , N}, of l-regular points of a

representative of α and γ0(M) Ó= ∅, then there exists j ∈ {1, · · · , N} such that γ0(M) ∈ γ0(Bj)

and dimC Bj = l.

(4) α ∩ γ0(Rn) = γ0(B̃1, · · · , B̃K ∪ {0}) where B̃j denotes those branches which intersect with Rn

non-trivially ;

(5) dimR(α ∩ Rn) = max1≤j≤K dimR(B̃j ∩ Rn).

Proof. We argue by induction on m = dimC α. Suppose that m = 1, then it suffices to show

α = γ0




⋃

γ0(B)⊂α

B ∪ {0}




where B is a branch of the Weierstrass analytic variety var(W ×Cn−1, H) obtained in the representation

theorem 2.1. (Note that by Theorem 2.2, there is at least one branch B with germ contained in α).

Indeed, when m = 1, the discriminant D of var(W × Cn−1, H) is an analytic function defined on

W ⊂ C. Hence its zeros are isolated and then, there is no loss of generality in assuming that the

discriminant D is non-zero on W \ {0} and that B = B ∪ {0} for all branches B. Now, recall that

α ⊂ γ0(var(W × Cn−1, H)), and let B a branch of var(W × Cn−1, H) such that α ∩ γ0(B) Ó= {0} and

γ0(B) Ó⊂ α. Then γ0(B) Ó⊂ α and recall that γ0(B) is a germ of an analytic variety (lemma 2.5) and

then α ∩ γ0(B) is also an analytic germ in Cn with

γ0(B) Ó= α ∩ γ0(B) ⊂ γ0(B).

Therefore, by Lemma 2.9, dimC

(

α ∩ γ0(B)
)

= 0. Hence α ∩ γ0(B) = {0}. Since this is false we
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conclude that γ0(B) ⊂ α for every branch B of var(W × Cn−1, H) with {0} $ α ∩ γ0(B). Then

α = γ0




⋃

γ0(B)⊂α

B ∪ {0}




and the theorem follows in the case m = 1. Suppose now m ≥ 2 and make the induction hypothesis

that the results (1)-(3) of the theorem hold for all smaller values of m.

We have according to the representation theorem 2.1,

α ⊂ γ0(var(W × Cn−m, H)) = γ0

(
⋃

B

B

)

where the union is over all the branches B of var(W × Cn−m, H). In addition to the branches B with

γ0(B) ⊂ α, consider branches B̃ of var(W × Cn−m, H) such that

∅ Ó= γ0(B̃) ∩ α Ó= γ0(B̃)

Since, by Lemma 2.9, the germ γ0(B̃) ∩ α has dimension strictly smaller than m, we can apply the

inductive hypothesis to each of these branches to complete the proof of (1) and (2) in the theorem.

Let us prove (3). Note that dimCM ≤ m = dimC α and that we may suppose M ⊂ W × Cn−m. If

γ0(M) Ó⊂ γ0
(
var(W × Cn−m, H ∪ {D})

)
,

then M ∩ B Ó= ∅ for at least one branch of var(W × Cn−m, H). For z ∈ M ∩ B, M and B coincide in

a neighbourhood of z and dimCM = dimC B. Recall that by Lemma 2.5 γ0(B) is an analytic variety,

then it follows from Lemma 2.3 that γ0(M) ⊂ γ0(B). Now if

M Ó⊂ γ0
(
var(W × Cn−m, H ∪ {D})

)
,

we apply the inductive hypothesis to obtain the result.

Parts (4) and (5) follows from Lemma 2.5 �

Corollary 2.1 In the previous theorem, suppose in addition that α is real-on-real. Then γ0(B) is

real-on-real for each branch B emerging in Theorem 2.4(1) with Bj ∩ Rn Ó= ∅.

Proof. If α is real-on-real, we can check easily that the Weierstrass analytic variety var(W̃ ×Cn−m̃, H̃)

constructed in the representation Theorem 2.1 is real-on-real. If the maximal complexified spaces are

used as in Lemma 2.8, then the corollary follows from the Lemma 2.5. �

2.4 One-dimensional branches

Theorem 2.5 ( Puiseux’ Representation) Suppose m = 1, 1 ≤ n ∈ N and B is a branch of a

Weierstrass analytic variety E = var(W × ×Cn−1, H) where W is chosen so that the discriminant
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D(H) is non-zero on W \ {0}. Then there exists K ∈ N, δ > 0 and a C-analytic function

ψ : {z ∈ C : |z|K < δ} → Cn−1

such that the mapping z Ô→ (zK , ψ(z)) is injective, ψ(0) = 0 and

{0} ∪ B = B ∩ (W × Cn−1) = {(zK , ψ(z)) : |z|K < δ}.

Proof. Let H = {h2, · · · , hn} where hk ≡ hk(z1; zk) is a Weierstrass polynomial of degree pk, say,

2 ≤ k ≤ n. If the discriminant D(H) is not zero at z1 = 0 (the case when all the polynomials hk,

2 ≤ k ≤ n, are of degree 1) then for all 2 ≤ k ≤ n, hk(z1; zk) = xk − ψk(z1), where ψk is an analytic

function on W which vanishes at 0. In this case B = var(W × ×Cn−1, H) and the theorem holds with

K = 1 and

ψ(z1) = (ψ2(z1), · · · , ψn(z1)), z1 ∈ W.

Now, suppose that D(H) is zero at 0. Note that for z1 ∈ W \ {0}, each of the polynomials hk(z1; zk)

has only simple roots. Let Ŵ denote the half-plane in C defined by

Ŵ = {z ∈ C : z = ρ + iθ, −∞ < ρ < log δ, θ ∈ R}

where δ > 0 is given in the definition of W , and let

ĥk(z, zk) = hk(ez; zk), z ∈ Ŵ , zk ∈ C.

Let

Ĥ = {ĥ2, · · · , ĥn} and Ê = var(Ŵ × Cn−1, Ĥ).

It is clear that B is a branch of E if and only if B̂ is a branch of Ŵ , where

B = {(ez, ξ) : (z, ξ) ∈ B̂}, ξ ∈ Cn−1.

Since D(H) is nowhere zero on W ×{0}, D(Ĥ) is no where zero on Ŵ and every point of Ê is 1-regular.

By the implicit function theorem, we can therefore write

(

{z} × Cn−1
)

∩ Ê = {(z, ξj(z)) : 1 ≤ j ≤ p}

where p =
∏n

k=1 pk. By the analytic implicit function theorem, each ξj is defined locally on Ŵ as a

C-analytic function with values in Cn−1 and since Ŵ is connected, it can be defined as an analytic

function on Ŵ . Thus Ê is the union of the disjoint graphs of the functions ξj : Ŵ → Cn−1, 1 ≤ j ≤ p.

Recall that for z ∈ Ŵ , each component of ξj is a simple root of some polynomial hk(ez1 ; zk), 1 ≤ j ≤ n.

Therefore the set-valued map

z Ô→ {(ez, ξj(z)) : 1 ≤ j ≤ p}
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is 2πi-periodic on Ŵ . Moreover if, for some ẑ ∈ Ŵ and some m ∈ Z,

ξj1(ẑ) = ξj2(ẑ + 2πim)

then by the analytic implicit function theorem and analytic continuation, the previous equality holds

for every ẑ ∈ Ŵ . Therefore, for each j ∈ {1, · · · , p}, the mapping

z Ô→ (ez, ξj(z)) ∈ E, z ∈ Ŵ (II.13)

is periodic with period 2πikj and is injective on the set Wj = {z = ρ + θ ∈ Ŵ : 0 < θ ≤ 2πkj}, for

some kj ∈ {1, · · · , p}. It is easy to see that its image on Wj is both open closed in E and hence is a

branch of E.

For a given branch B. choose j such that the image of (II.13) on Wj coincides with B. We have seen

that an injective parametrisation of B is given by

B = {(ez, ξj(z)) : z ∈ Wj}.

Since z Ô→ ξj(kjz) has period (not necessarily minimal) 2πi, we can define an analytic function ψ̃ :

{z ∈ C : 0 < |z| < δ1/kj } → C by

ψ̃(z) = ξj(kj log z)

where it does not matter which determination of complex log is chosen. Thus

ξj(kjz) = ψ̃(ez), kjz ∈ Ŵ .

This gives a new injective parametrisation of B. namely

B = {(zkj , ψ̃(z)) : 0 < |z| < δ1/kj },

where ψ̃ is analytic and limz→0 ψ̃(z) = 0. The Riemann extension theorem (Theorem A.1) means that

ψ̃ has an analytic extension ψ defined on the ball {z : |z| < δ1/kj }, with ψ(0) = 0 and let K = kj to

complete the proof. �

Corollary 2.2 (Intersection with Rn) In Theorem 2.5, suppose in addition that γ0(B ∩ Rn) Ó∈
{∅, {0}}. Then there exists k ∈ N∗ with 0 ≤ k ≤ 2K − 2, such that

B ∩ Rn = {(
(−1)krK , ψ(r exp(kπi/K)

)
: −δ1/K < r < δ1/K}, (II.14)

and this parametrisation is injective.

Proof. Since γ0(B ∩Rn) Ó∈ {∅, {0}}, it follows from the previous theorem the existence of a sequence

{zj : j ∈ N} ⊂ C with zj → 0 as j → ∞, such that zK
j ∈ R and ψ(zj) ∈ Rn−1 for all j ∈ N. Therefore,

without loss of generality (In fact up to an extraction of a subsequence) we may assume, for some
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k ∈ {0, 1, · · · , 2K − 1}, that zj = |zj | exp(kπi/K) and

ψ(|zj | exp(kπi/K)) ∈ Rn−1 for all j ∈ N.

Since ψ is C-analytic function of one complex variable, we can infer that

ψ
(
r exp(kπi/K)

) ∈ Rn−1, ∀r ∈ R, with − δ1/K < r < δ1/K .

Suppose that there is l ∈ {0, 1, · · · , 2K − 1} different from k and a sequence ρj > 0 such that

ψ
(
ρj exp(lπi/K)

)
is real and ρj → 0 as j → ∞, then by the preceding argument, we may assume that

ψ
(
r exp(lπi/K)

)
is real for all r with −δ1/K < r < δ1/K . We will now show that l − k ∈ KZ. Suppose

that this is false. For p ∈ N,

dpψ

drp

(
r exp(kπi/K)

)∣
∣
r=0

= exp(pπi(k − l)/K)
dpψ

drp

(
r exp(lπi/K)

)∣
∣
r=0

and the derivatives are real. Therefore, for all p with (k − l)p Ó∈ KZ, we have

dpψ

drp
(0) = 0

Let p0 ∈ N the generator of the ideal {p ∈ Z : (l − k)p ∈ KZ}. Then the power series expansion of

ψ(z) at z = 0 involves only powers of zp0 and it follows that

ψ(z1) = ψ(z2)

for all z1, z2 ∈ C such that zp0
1 = zp0

2 and since p0 divides K, zK
1 = zK

2 . Therefore if zp0
1 = zp0

2 ,

(zK
1 , ψ(z1)) = (zK

2 , ψ(z2)), ∀z1, z2 ∈ C.

Now the injectivity in the theorem above give that p0 = 1 and k − 1 ∈ KZ. This completes the proof.

�

Example 2.4 Consider the collection H of three Weierstrass polynomials

Z2 − z1, Z3 − z2
1 , Z4 − z3

1 ,

and let W be the disc of radius 2 with centre 0 in C. Then the corresponding Weierstrass analytic

variety,

var(W × C3, H) = {(z1, z2, z3, z4) ∈ C4 : |z1| < 2, z2
2 − z1 = z3

3 − z2
1 = z4

4 − z3
1 = 0}

has two branches. To see, we take for example the branch B1 which contains the point (1, 1, 1, 1) ∈ C4,

contains also the closed Jordan curve

Γ1 = {(eit, eit/2, e2it/3, e3it/4) : t ∈ [0, 24π]}.
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Γ1 projects onto the unit circle in W and contains 12 points above 1 ∈ C, namely the points

{(e2kπi, ekπi, e4kπi/3, e3kπi/2) : k ∈ N ∩ [0, 12]}.

Similarly, the branch B2 containing (1, −1, 1, 1) contains the closed Jordan curve

Γ1 = {(eit, ei(π+t/2), e2it/3, e3it/4) : t ∈ [0, 24π]}.

Γ2 also has the following 12 points above 1 ∈ C

{(e2kπi, e(k+1)πi, e4kπi/3, e3kπi/2) : k ∈ N ∩ [0, 12]}

and projects onto the unit circle in W . We show now that Γ1 ∩ Γ2 Ó= ∅. It suffices to show that the

following system has no solution :

t = s mod 2π, π + t/2 = s/2 mod 2π,

2t/3 = 2s/3 mod, 2π, 3t/4 = 3s/4, mod 2π

These equations imply that

2k = 4l − 2 = 3m = 8n/3 for some k, l, m, n ∈ Z,

which have no solutions. Therefore Γ1 ∩ Γ2 Ó= ∅. Since there are at most 2 × 3 × 4 = 24 points of

var(W × C3, H) above 1 ∈ W , there are at most two branches of this variety. Thus the variety has

exactly two branches and K = 12 in Theorem 2.5. Moreover condidates for the function ψ (remember

it is not unique) corresponding to these branches, are

ψ1(z) = (z6, z8, z9) and ψ2(z) = (z6, z8, −iz9, for all |z|12 < 2.

Moreover

B1 ∩ Rn = {(r12, r6, r8, r9) : r ∈ (−21/12, 21/12)}

B2 ∩ Rn = {(r12, −r6, r8, r9) : r ∈ (−21/12, 21/12)},

which correspond to k = 0 and k = 6,respectively, in Corollary 2.2.

3 The Lyapunov-Schmidt reduction

The Lyapunov-Schmidt procedure is a method for reducing, locally in a neighbourhood of a known

solution, an infinite-dimensional equation to an equivalent one involving an equation in finite dimen-

sions.

Theorem 3.1 Let X and Y are Banach spaces and U an open set of K × X where K denotes the

real or complex field. Let F ∈ C k(U, Y ) for some k ∈ N∗ such that F (λ0, x0) = 0 where (λ0, x0) ∈ U ,

we suppose also that the partial derivative A := ∂2F (λ0, x0) is a Fredholm operator and q is the
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co-dimension of R(A) the range of A, ker(A) Ó= {0}. Then there exist two open sets, U0 ⊂ U and

V ⊂ K × ker(A), and two mappings ψ ∈ C k(V, X) and h ∈ C k(V,Kq) such that (λ0, x0) ∈ U0,

(λ0, 0) ∈ V and ψ(λ0, 0) = x0 with

F (λ, x) = 0 in U0 ⇐⇒
{

h(λ, ξ) = 0 for some (λ, ξ) ∈ V

ψ(λ, ξ) = x
(II.15)

Remark 3.1 In the event that F is K-analytic, it will be clear from the proof and the analytic implicit

function theorem that h and ψ will also be K-analytic.

Proof. Since A is a Fredholm operator there exists two closed subspaces W ⊂ X and Z ⊂ Y such

that

X = ker(A) ⊕ W and Y = Z ⊕ R(A)

with dim Z = q. Let P : Y → Y the projection on Z defined by

∀y ∈ Y = Z ⊕ R(A), P (y) = z and (I − P )y = w where (z, w) ∈ Z × R(A). (II.16)

The operator P is bounded (see §2.4 in the chapter 2 of [26]). For λ ∈ K, ξ ∈ ker(A) and η ∈ W such

that (λ, x0 + ξ + η) ∈ U, let

G(λ, ξ, η) := (I − P )F (λ, x0 + ξ + η). (II.17)

The mapping G is well defined on some open set of K × ker(A) × W . Note that G(λ0, 0, 0) = 0 and

∂3G(λ0, 0, 0)η = (I − p)Aη = Aη, ∀η ∈ W.

Hence ∂3G(λ0, 0, 0) = A|W ∈ L(W, R(A)) and by the implicit function theorem, there exist open

sets U0 ⊂ U , V ∈ K × ker(A), and a mapping φ ∈ C k(V, W ) such that (λ0, x0) ∈ U0, (λ0, 0) ∈ V ,

φ(λ0, 0) = 0 and such that

(
(λ, x0 + ξ + η) ∈ U0 : G(λ, ξ, η) = 0

) ⇐⇒ (
(λ, ξ) ∈ V and η = φ(λ, ξ)

)
. (II.18)

Hence, it suffices to put

ψ(λ, ξ) = x0 + ξ + φ(λ, ξ) and h(λ, ξ) = PF (λ, ψ(λ, ξ)) ∈ Z. (II.19)

Then for all (λ, ξ) ∈ V ,

h(λ, ξ) = 0 if and only if PF (λ, ψ(λ, ξ)) = 0

and we have from (II.18) (I − P )F (λ, ψ(λ, ξ)) = G(λ, ξ, η) = 0 and hence

h(λ, ξ) = 0 if and only if F (λ, ψ(λ, ξ)) = 0.

Finally choose a basis for the q-dimensional space Z and thereby identify Z with Kq. �
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Corollary 3.1 Let the hypotheses of Theorem 3.1 and let U0, V h and ψ be given by its conclusion.

Then we can choose U0 and V small enough such that

∀(λ, ξ) ∈ V, dim ker(∂2F (λ, ψ(λ, ξ)) = dim ker(∂2h(λ, ξ)). (II.20)

Proof. From (II.18) and (II.17), we have

(I − P )∂2F (λ, x0 + ξ + φ(λ, ξ)) ≡ 0, ∀(λ, ξ) ∈ V. (II.21)

By derivation this identity with respect to ξ, it follows that

(I − P )∂2F (λ, x0 + ξ + φ(λ, ξ))(v + ∂2φ(λ, ξ)) = 0, ∀v ∈ ker(A) (II.22)

Therefore, if ∂2F (λ, x0 + ξ + φ(λ, ξ))(v + w) = 0 with v ∈ ker(A) and w ∈ W then

(I − P )∂2F (λ, x0 + ξ + φ(λ, ξ))(w − ∂2φ(λ, ξ)v) = 0. (II.23)

Since (I − P )A : W → R(A) is bijective, (I − P )∂2F (λ, x0 + ξ + φ(λ, ξ))|W is also a bijection when the

sets U0 and V have been chosen with sufficiently small diameters. Therefore w = ∂2φ(λ, ξ)v and so

∀(v, w) ∈ ker(A) × W : ∂2F (λ, x0 + ξ + φ(λ, ξ))(v + w) = 0

⇐⇒ P∂2F (λ, x0 + ξ + φ(λ, ξ))(v + w) = 0 and w = ∂2φ(λ, ξ)v

⇐⇒ ∂2h(λ, ξ) = 0.

The corollary follows. �

4 Proof of theorem 1.1

The proof is organized below in a few steps.

Step 1. First, we give the following definition of distinguished arcs.

Definition 4.1 A distinguished arc is a maximal connected subset of R.

We recall that R is the non-singular solutions set

R = {(λ, x) ∈ S : ker(∂2F (λ, x)) = 0} .

and we have supposed that A+ ⊂ R. Hypothesis (G2) and the implicit function theorem ensure that

a distinguished arc is the graph of an R− analytic function of λ. More precisely, if I is a distinguished

arc then exists a (possibly infinite) open interval I and an R- analytic function g : I → X such that

{(λ, g(λ) : λ ∈ I} = I.
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Step 2. (Liapunov-Schmidt reduction)

We consider the singular points (λ∗, x∗) ∈ R × X defined as follows

F (λ∗, x∗) = 0 and ker(∂2F (λ∗, x∗)) Ó= {0}.

To study the structure of S in a neighbourhood of point (λ∗, x∗) ∈ S\R, we use the Lyapunov-Schmidt

reduction. Theorem 3.1 yields the existence of

a neighbourhood V of (λ∗, x∗) in R × ker(∂2F (λ∗, x∗)),

R-analytic maps ψ : V → X, h : V → Rq (q = dim ker(∂2F (λ∗, x∗)) ≥ 1) with the following properties

– ψ(λ∗, 0) = x∗,

– for all (λ, ξ) ∈ V : h(λ, ξ) = 0 ⇐⇒ F (λ, ψ(λ, ξ)) = 0,

– if F (λ, x) = 0 such that ‖(λ, x)−(λ∗, x∗)‖ is sufficiently small, then there exists ξ ∈ ker(∂2F (λ∗, x∗))

such that (λ, ξ) ∈ V and x = ψ(λ, ξ)

– from the corollary 3.1, dim ker(∂2F (λ, ψ(λ, ξ)) = dim ker(∂2h(λ, ξ)), (λ, ξ) ∈ V.

Let A, M the sets

A = {(λ, ξ) ∈ V : h(λ, ξ) = 0} = var(V, {h}),

M = {(λ, ξ) ∈ V : h(λ, ξ) = 0, ker(∂2h(λ, ξ)) = {0}}
= {(λ, ξ) ∈ V : (λ, ψ(λ, ξ) ∈ R}.

The corollary 3.1 implies that the elements of M are 1-regular points of A. Let {Mj , j ∈ J} denote

the non-empty connected components of M which have the property that γ(λ∗,0)(Mj) Ó= ∅.

Since h is an R- analytic function on the (q + 1)- dimensional real vector space V , the s component

of h(λ, ξ) are real function defined locally in a neighbourhood of (λ∗, 0) ∈ V by Taylor series, the nth

term of which is a sum of terms of the form

h∗
k1,··· ,kq+1

xk1
1 · · · x

kq+1

q+1

Here (x1, · · · , xq+1) ∈ Rq+1 are the coefficients of (λ∗, 0) − (λ, ξ) in some linear cordinate system.

Replacing (x1, · · · , xq+1) ∈ Rq+1 with (z1, · · · , zq+1) ∈ Cq+1 leads to a real to real C-analytic extension

hc of h in a complex neighbourhood V c od (λ, 0) and a corresponding C-analytic variety. Let

Ac = {(λ, ξ) ∈ V c : hc(λ, ξ) = 0} = var(V c, {hc}),

Mc = {(λ, ξ) ∈ V c : hc(λ, ξ) = 0, ker(∂2hc(λ, ξ)) = {0}}
= {(λ, ξ) ∈ V c : (λ, ψ(λ, ξ) ∈ R}

and let {M c
j , j ∈ Jc} be the non-empty connected components of Mc with γ(λ∗,0)(Rq+1 ∩ M c

j ) Ó= ∅.

Note that for each j ∈ J there exists ĵ ∈ Jc such that Mj ⊂ M c
ĵ
.

Step 3. (Application of the Structure Theorem 2.4)

Theorem 2.4 on the structure of complex analytic varieties, when applied to Ac gives, for each j ∈ Jc,
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the existence of a real-on-real branch Bj with

γ(λ∗,0)(M
c
j ) ⊂ γ(λ∗,0)(Bj), dim Bj = 1 and Bj ⊂ Ac.

By making the neighbourhood V c smaller if necessary, we may suppose that Bj \ {(λ∗, 0)} ⊂ M c
j . by

Theorem 2.4 there are finitely many branches and hence finitely many M c
j and Mj . By Theorem 2.5

each of these one-dimensional branches Bj admits a C-analytic parametrisation in a neighbourhood

of (λ∗, 0).

We now return to the setting of Rn. From corollary 2.2, we obtain that M, in a neighbourhood

of (λ∗, 0), is the union of a finite number of curves which pass through (λ∗, 0) ∈ V , intersect one

another only at (λ∗, 0) and are given by parametrisation (II.13). Thus, in our previous notation, each

Mj , j ∈ J , is paired, in a unique way with another Mj̃ , j̃ ∈ J , so that their union with the point

(λ∗, 0) form one of these curves in V .

Step 4. (Routes of length N and existence of a maximal route)

First, we give the following definition

Definition 4.2 A route of length N ∈ N∗ ∪ {∞} is a set {An : 0 ≤ n ≤ N − 1} of distinguished arcs

and a set {(λn, xn) : 0 ≤ n ≤ N − 1} ∈ R × X such that

(a) (λ0, x0) = (0, 0) ;

(b) A0 contains A+ = {(λ(s), u(s)) : s ∈ (0, ǫ)} ;

(c) If N > 1, then for all 0 ≤ n ≤ N − 1,

(λn+1, xn+1) ∈ ∂An ∪ ∂An+1 \ {(λn, xn)}

and there exists an injective R-analytic map ρ : (−1, 1) → An ∪ An+1 ∪ {(λn, xn)} with ρ(0) =

(λn+1, xn+1), (the analyticity of ρ implies that An+1 is uniquely determined by An and vice

versa.)

(d) The mapping n Ô→ An is injective.

Next, let us show the existence of a maximal route. The existence of a route of length 1 is obvious

and we have (0, 0) ∈ ∂A0. Parts (c) and (d) of the definition of a route imply that An Ó= An+1 and

An+1 is uniquely determined by An. Therefore, if

{Aj
n : 0 ≤ n ≤ Nj − 1}, {(λj

n, xj
n) : 0 ≤ n ≤ Nj − 1}, j ∈ {1, 2}

are two routes with N1 ≤ N2, it follows that

A1
n = A2

n and (λ1
n, x1

n) = (λ2
n, x2

n).

Hence, under the hypothesis of Theorem 1.1 there exists a maximal route of length N ∈ N∗ ∪ {∞}
which we denote by

{An : 0 ≤ n ≤ N − 1}.
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Step 5. (Parametrisation of a maximal route) Due to the definitions 4.1 and 4.2, we can define

a continuous parametrisation

[0, N [∋ s Ô→ (λ(s), u(s)) ∈ R × X

of

A
def
=

N−1⋃

n=0

[{(λn, xn)} ∪ An]

such that (λ(n), u(n)) = (λn, xn) and (λ, u)|]n,n+1[ is a parametrization of An for all n ∈ {0, 1, · · · , N −
1}.

We claim that if lim infs→N ‖(λ(s), u(s))‖ < ∞, then N < ∞ and there is a singular point (λ∗, x∗) ∈
∂AN−1 such that F (λ∗, x∗) = 0.

Indeed, if lim infs→N ‖(λ(s), u(s))‖ < ∞, then there exists a sequence {sk, k ∈ N} such that limk→∞ sk =

N and {(λ(sk), x(sk)), } is bounded in R × X. Hence, from the compactness hypothesis of Theorem

1.1, {(λ(sk), x(sk)), k ∈ N} is relatively compact. Without loss of generality, we may suppose that it

converges to (λ∗, x∗) ∈ S. If N = ∞, then every neighbourhood of (λ∗, x∗) intersects infinitely many

distinct distinguished arcs and according to the local analysis below, if (λ∗, x∗) ∈ U then in a neigh-

bourhood of this point, the solution set is a R- analytic variety which intersects with a finite number

of distinguished arcs. This shows that the sequence (λ(sk), x(sk)) (up to a subsequence) is contained

in some distinguished arc. Then the condition (d) of definition 4.2 implies that for s large enough,

(λ(s), x(s)) belongs to this arc. Hence N is finite and we have (λ(s), x(s)) → (λ∗, x∗) as s → N .

Hence, if N = ∞, then either lims→N ‖(λ(s), u(s))‖ = ∞ or lim
s→∞ dist((λ(s), u(s)), ∂U) = 0. There-

fore one of the two first alternatives in (e) of Theorem 1.1 holds.

If N < ∞ and lim infs→N ‖(λ(s), u(s))‖ = ∞, then by similar arguments as above, we can deduce

that lim s → N‖(λ(s), u(s))‖ < ∞. Hence it is the straightforward to map [0, N) to [0, ∞) to obtain a

parametrisation of A satisfying parts (a)–(d) of Theorem 1.1.

Finally, if N < ∞ and lim infs→N ‖(λ(s), u(s))‖ < ∞, then (λN−1, xN−1) and (λ∗, x∗) are the ends

of AN−1, and the unique continuation of AN−1 at (λ∗, x∗), as a distinguished arc A∗ distinct from

AN−1, is ensured by corollary 2.2. Then we can prove that A∗ = A0. Indeed, from the maximality of

the route {An : 0 ≤ n ≤ N − 1}, it follows that A∗ coincides with some distinguished arc Am where

m ∈ {0, · · · , N − 2} (II.24)

Suppose that m Ó= 0. As A∗ = Am is a continuation of AN−1 then

AN−1 ∈ {Am−1,Am+1}.

If AN−1 = Am−1 then from assertion (d) in Definition 4.2, we obtain that N − 1 = m − 1 which

contradicts (II.24). Hence AN−1 = Am+1, then m = N − 2 and Am = AN−2, it follows that (λ∗, x∗) =

(λN−2, xN−2) and then we deduce that AN−1 = AN−3 which contradicts assertion (d) in Definition

4.2. Hence m = 0 and then (λ∗, x∗) ∈ {(λ0, x0), (λ1, x1)}. If (λ∗, x∗) = (λ1, x1), then AN−1 = A1, by

(d) we obtain N = 2 which is not possible together with (λ∗, x∗) = (λ1, x1). Then (λ∗, x∗) = (λ0, x0)

and (iii) in (e) holds. To complete the proof, it suffices to extend s Ô→ (λ(s), x(s)) on [0, ∞) as follows :
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∀s ∈ [0, N), ∀k ∈ N : (λ(s + kN), x(s + kN)) = (λ(s), x(s)).

The part f) of Theorem 1.1 follows from the implicit function theorem applied at (λ(s1), u(s1)).

Indeed, since s1 Ó= s2, we have (λ(s1), u(s1)) ∈ An1 and (λ(s2), u(s2)) ∈ An2 , where 0 ≤ n1, n2 < N .

Since ∂2F (λ, u) is invertible at (λ(s1), u(s1)), from the implicit function theorem it follows that An1

and An2 coincide in a neighbourhood of the point where they intersect. Moreover, we know that

∂2F (λ, u) is invertible along of An1 and An1 . Then by the same argument it follows that An1 = An2 .

Thus from the definition of the maximal root, (e)(iii) occurs and |s1 − s2| is an integer multiple of T .

This observation leads to the conclusion that (λ, u) : [0, ∞) → S is locally injective which completes

the proof of Theorem 1.1.
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Chapitre III

Analytic global bifurcation for very singular

problem and infinite turning points

Nous présentons ici les résultats issus de Bougherara-Giacomoni-Prashanth qui ont fait

l’objet d’une publication [25], dans la revue Calculus of Variations and P.D.E.

( version en ligne http ://link.springer.com/article/10.1007/s00526-014-0735-8).

1 Introduction and preliminaries

1.1 Introduction

Let Ω ⊂ RN , N ≥ 2, be a bounded domain with smooth boundary. We consider the following

singular semilinear elliptic problem with the bifurcation parameter λ > 0 :

(Pλ)

{

−∆u = λ(u−δ + f(u)) in Ω,

u > 0 in Ω, u|∂Ω = 0.

Here, the singular exponent δ can be any positive number. Throughout this paper, we assume

without further mention the following basic condition on the nonlinearity f :

(f0) f : [0, ∞) → [0, ∞) is a twice continuously differentiable map with f(0) = 0.

In various places, we need to assume that additionally some of the following three conditions are

satisfied by f :

(f1) f(t) is a finite product of functions of the form g(tp), p > 0, where g is a real entire function

on R.

(f2) lim inf
t→∞

f(t)

t
= ∞.

(f3) the map t Ô→ t−δ + f(t) is convex on (0, ∞).

Remark 1.1 It is easy to see that f(t) = t2+p1
∏n

i=2(1 + tpi), pi > 0, satisfies conditions (f0) −
(f2). Similarly, f(t) = t2+p1

∏n
i=2 eαit

pi where pi > 0 are distinct and αj > 0 for j such that pj =

max{p2, p3, · · ·, pn}, also satisfies these conditions.

Remark 1.2 If g is a C2 function on (0, ∞), convex on (a, ∞) with inf(0,a)g
′′ ≥ −M for some

positive constants a, M , then fν(t)
def
= t−δ + νg(t) satisfies (f3) for all small ν > 0.
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Define

f∗(t) =







|t|
N+2
N−2 if N ≥ 3,

et2
if N = 2.

We make the following definition concerning functions of “critical growth" depending on the di-

mension N :

Definition 1.1 (i) We say a map f : [0, ∞) → [0, ∞) has “atmost critical" growth if

lim sup
t→∞

f(t)

f∗(t)
< ∞ when N ≥ 3 and lim sup

t→∞

f(t)

f∗(αt)
< ∞ for some α > 0 when N = 2.

(ii) We say a map h : [0, ∞) → [0, ∞) is a perturbation of f∗ if limt→∞
h(t)
f∗(t) = 0 when N ≥ 3 and

limt→∞
h(t)

f∗(εt) = 0 for any ε > 0 when N = 2.

Definition 1.2 We say that u ∈ L1
loc(Ω) is a weak solution to −∆u = λ(u−δ +f(u)) if ess.infK u > 0

for any compact set K ⊂ Ω, f(u) ∈ L1
loc(Ω) and for any φ ∈ C∞

0 (Ω), u satisfies :

−
∫

Ω
u∆φ = λ

∫

Ω
(u−δ + f(u))φ.

Our approach in this paper will be to regard the problem (Pλ) as a bifurcation problem, with

the bifurcation parameter being λ, posed in R+ × Cφδ
(Ω) where Cφδ

(Ω) is a closed subspace of C0(Ω)

weighted by a suitable power of the distance to the boundary function (see §1.2). It is easy to see that

any u ∈ C0(Ω) that weakly solves (Pλ) is infact twice continuously differentiable in Ω. Therefore, we

consider the following set of all classical solutions

S = {u ∈ C2(Ω) ∩ C0(Ω), u > 0 solves (Pλ)}. (III.1)

We remark that, as we allow any δ > 0 as the singular exponent, working in the standard variational

setting of Sobolev spaces is ruled out. See [52] for a bifurcation analysis of the problem (Pλ) in such

a Sobolev space setting with the restriction 0 < δ < 3. We also refer to the work of [Haitao,[78]]

where variational methods are used for 0 < δ < 1 and to [Hirano-Saccon-Shioji, [81]] where ideas

related to non-differentiable functionals are used to treat any δ > 0. In this work, we would like to

develop a bifurcational framework and present a global bifurcation picture for the set of solutions

S. This is usually done using the framework of [Crandall-Rabinowitz, [40]]. But there is also

a theory of bifurcation in the context of analytic operators that has been initiated by Dancer (see

[44],[42]) from the observation that connectedness in the topological theory can be replaced with

path-connectedness if the operators are real-analytic. See [Buffoni, Dancer, Toland, [30] and [31]]

for further development of these ideas. In this work we choose to employ this analytic framework to

study S .

There are mainly two reasons for this choice. With this framework, we have the additional advan-

tage of obtaining an analytic globally path connected branch of solutions for any δ > 0. Indeed, the
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full branch of minimal solutions can be shown to lie in this analytic path (see lemma 2.8). Secondly,

the global analytic bifurcation theory allows us to show, for certain choices of the nonlinearity f of

“critical growth" (see definition 1.1) in a ball in two dimensions, that we do have infinite number of

“turning points" along this unbounded analytic path of solutions. Here, by a “turning point" we mean

a point on the path at which the path bends back ( in the sense of Definition 1.8). We show that this

is a consequence of the Morse index of solutions becoming unbounded along this path (see Theorem

1.5). To our knowledge, this is the only instance of such phenomenon in two dimensions.

This property of infinite number of “turning points" was observed for supercritical nonlinearities

in higher dimension by [Dancer, [43]] (see also [Guo-Wei, [77]]) using the analytic global bifurcation

theory and for exponential nonlinearities in higher dimensions by [Joseph-Lundgren, [82]] with a

different approach based on a clever study of suitable dynamical systems. We refer also to the work of

[61] in this direction. In their study of water waves (motivated by some ideas of [Plotnikov [102]]),

the analytic bifurcation framework has been used by [Buffoni, Dancer, Toland, [30],[31]] to show

the presence of sub-harmonic bifurcations.

We would like to point out that in the topological version of global bifurcation theory due to

[Rabinowitz [104]], it is difficult, and in general not always possible, to obtain the existence of such

a path of solutions upon which secondary bifurcation points can be identified.

We now describe the contents of the two main sections of the paper. In section 2, we put the solution

operator F (λ, u) corresponding to the problem (Pλ) in the framework of analytic bifurcation theory.

A crucial point is the identification of the subspace X of C(Ω) between which the operator is analytic.

This space turn out to be those of continuous functions on Ω weighted by an appropriate power of the

distance to the boundary function (see proposition 2.2). We remark that if the nonlinearity itself is real

analytic, it is not difficult to prove that the solution operator is analytic with the choice X = C0(Ω)

(see proposition 2.1). It is useful to refer to the discussion in [Dancer,[44]] and [Takáč [115]]) in this

context.

The functional framework having been identified, in lemma 2.7, we show the existence of analytic

path of solutions to (Pλ) for small λ > 0 using the analytic version of implicit function theorem.

We make use of some recent results about existence and uniqueness of very weak solutions in [Díaz-

Rakotoson, [54] and [55]] in this process. The results of section §2 extend, to any δ > 0 in the

analytic context, the results obtained in [[52]] where the theory of global bifurcation of [Rabinowitz

[104]] is applied for δ < 3 in the C2- category.

The existence of a global analytic path of solutions in Theorem 1.1 is then obtained by applying

Theorem 1.1 in the “positive cone" generated in X by the respective power of the distance function to

the boundary.

In section §3, we focus on the case when Ω is the unit ball B1 in two dimensions and 0 < δ < 1.

We apply the global bifurcation result contained in Theorem 1.1 to a set of nonlinearities of the form

f(t) = h(t)et2
. Here h will be a perturbation of et2

in the sense of definition 1.1, which decays to zero

as t → ∞. Such class of nonlinearities f will correspond to the ones identified in theorem 1.3 of [67]

that ensure (Pλ) posed on B1 has exactly one solution for all small λ. With these choices of Ω and f

we show (see Theorem 1.3) that the Morse index of the solutions becomes unbounded on a discrete
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set of points along this global unbounded analytic path. Hence this path admits a “turning point" at

each point of this discrete set.

To establish this result, a crucial fact is the existence of a radial singular solution to (Pλ) posed

on B1 for the choice of f as explained above (see lemma 3.3). We then do an asymptotic analysis

of the linearisation (about the singular solution) of the ODE associated to (Pλ) and recalling an

oscillation criteria for ODEs, we prove that solutions of such linearised ODEs oscillate infinitely often

near the origin. As we can show that any unbounded sequence of solutions along the global analytic

path converges to such a singular solution, it follows that the Morse index of such solutions tends to

infinity (see Theorem 1.2). We remark that this result which only concerns the class of functions f

similar to those satisfying conditions in theorem 1.3 of [67] is in contrast with the case where f satisfies

conditions similar to those of theorem 1.4 in the same work. In the latter case, one can prove existence

of large solutions of mountain pass type which implies that the Morse index of such solutions is 1 (see

also [ [4]]). We think that it is also the case for all large solutions belonging to the global analytic path

and we will analyse this particular situation in a forthcoming paper.

1.2 Definitions and main results

Definition 1.3 Given φ ∈ C(Ω) with φ > 0 in Ω, define the Banach space

Cφ(Ω) = {u ∈ C(Ω) | for some C > 0, |u(x)| ≤ Cφ(x) ∀x ∈ Ω}

with the norm : ‖u‖Cφ(Ω)
def
= supx∈Ω

∣
∣ u(x)

φ(x)

∣
∣.

Definition 1.4 Define the following open convex subset of Cφ(Ω) :

C+
φ (Ω) = {u ∈ Cφ(Ω) | inf

x∈Ω

u(x)

φ(x)
> 0}.

Let ϕ1 be the first positive eigenfunction for −∆ in H1
0 (Ω). We normalise as ‖ϕ1‖L∞(Ω) = 1. We define

φδ as follows :

φδ =







ϕ1 0 < δ < 1,

ϕ1(− log ϕ1)
1
2 δ = 1,

ϕ
2

δ+1

1 δ > 1.

(III.2)

Definition 1.5 Let U be an open subset of a real Banach space E,G is a real Banach space and

F : U → G. We say F is real analytic on U if for each x ∈ U there is an ε > 0 and continuous

k-homogeneous polynomials Pk : E → G such that F (x + h) =
∑∞

k=0 Pk(h) if ‖h‖ < ε.

Consider the following solution operator associated to (Pλ) :

F (λ, u) = u − λ(−∆)−1(u−δ + f(u)), (λ, u) ∈ R+ × C+
φδ

(Ω), δ > 0. (III.3)

We give below the statements of all the results that we will prove in this paper. The result below

(proved in sub-section 2.4) shows the existence of a global analytic path (in the sense of statement

(vi) below) of solutions.
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Theorem 1.1 Let f satisfy conditions (f1) and (f2). Then, there exists Λ ∈ (0, ∞) and an unbounded

set A ⊂ (0, Λ] × C+
φδ

(Ω) of solutions to (Pλ) which is globally parametrised by a continuous map :

(0, ∞) ∋ s → (λ(s), u(s)) ∈ A ⊂ S.

Moreover, the following properties hold along this path A :

(i) (λ(s), u(s)) → (0, 0) in R × Cφδ
(Ω) as s → 0+.

(ii) For some s0 > 0 small, the portion of the path {(λ(s), u(s)) : 0 < s < s0} coincides with

the minimal solution branch to (Pλ), λ < λ(s0). Infact, this remains true as long as ∂uF is

invertible along the minimal solutions branch.

(iii) ‖u(s)‖Cφδ
(Ω) → ∞ as s → ∞.

(iv) A has at least one asymptotic bifurcation point Λa ∈ [0, Λ]. That is, there exist sequences

{sn}n∈N ⊂ (0, ∞), {(λ(sn), u(sn))} ⊂ A such that sn → ∞, λ(sn) → Λa and ‖u(sn)‖Cφδ
(Ω) → ∞.

(v) {s ≥ 0 : ∂uF (λ(s), u(s)) is not invertible } is a discrete set.

(vi) (A is an “analytic" path) At each of its points A has a local analytic re-parameterization in the

following sense : For each s∗ ∈ (0, ∞) there exists a continuous, injective map ρ∗ : (−1, 1) → R

such that ρ∗(0) = s∗ and the re-parametrisation

(−1, 1) ∋ t → (λ(ρ∗(t)), u(ρ∗(t))) ∈ A is analytic.

Furthermore, the map s Ô→ λ(s) is injective in a right neighborhood of s = 0 and for each s∗ > 0

there exists ǫ∗ > 0 such that λ is injective on [s∗, s∗ + ǫ∗] and on [s∗ − ǫ∗, s∗].

Remark 1.3 (i) We note that though A has a global continuous parametrisation, it has only a local

analytic parametrisation. It is easy to see that if ∂uF (λ0, u0) is invertible for some (λ0, u0) ∈ A,

then by the analytic implicit function theorem λ can be taken as the analytic parametrising

variable in a neighborhood of λ0.

(ii) Infact, A has a nice structure made of such analytic arcs (parametrised by λ) and a countable

collection of singular points. See statement (a) of theorem 1.1.

Remark 1.4 (a) In Theorem 1.1, the nonlinearity under consideration is singular at zero. Ins-

tead, if we consider (Pλ) with the nonlinearity tβ +f(t), 0 < β < 1, then again theorem 1.1 holds

good with the choice of the solution space R+ × C+
ϕ1

(Ω) (or R+ × C1,+
0 (Ω) where C1,+

0 (Ω) is the

interior of the positive cone of C1
0 (Ω)).

(b) If we take t + f(t) as the nonlinearity in (Pλ), as in Chapter 8 and 9 of [32], we can show

that theorem 1.1, except for assertions (i) and (ii), holds with the choice of the function space

R+ × C+
ϕ1

(Ω). Infact, A emanates from (λ1(Ω), 0) and satisfies additionally properties (a) and

(b) of Theorem 1.1. The proof of this bifurcation from the simple eigenvalue is given in Theorem

8.3.1 in [32] and uses the approach in [Crandall-Rabinowitz, [40]]. We will not consider

this case in the present paper.

In the case f satisfies condition (f3) as well, we can give additional information about the analytic

path A :
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Corollary 1.1 Let δ > 0, f satisfy conditions (f1), (f2) and (f3). Then, in addition to assertions in

theorem 1.1 the following properties hold.

(i) The entire branch of minimal solutions {(λ, uλ) : λ ∈ (0, Λ)} coincides with a path-connected

portion of A containing (0, 0) in its closure. In particular, the minimal solution branch is an

analytic curve in R+ × C+
φδ

(Ω).

(ii) If (Λ, uΛ) ∈ A for some uΛ ∈ C+
φδ

(Ω), then A bends to the left of {λ = Λ} at the point (Λ, uΛ)

.

Remark 1.5 (a) If N = 2, 0 < δ < 3 and f has “atmost critical" growth in the sense of definition

1.1, by application of Trudinger-Moser imbedding [93], we can show that (Λ, uΛ) ∈ A where uΛ

is the extremal solution obtained as the limit of minimal solutions. Thus, the assertion (ii) above

implies the assertion 4) in Theorem 1.1 in [52] regarding the bending of the bifurcation curve to

the left of Λ at uΛ. In addition, the corresponding C2 curve so obtained there is analytic. When

N ≥ 3 and f is again “atmost critical", using standard elliptic regularity (for example, see

Lemma A.6, [69]), we can conclude the same. Thus, in these “atmost critical" growth situations,

the minimal solution branch forms a bounded portion of the unbounded global solution branch.

For many works related to such extremal solutions found at the end of the minimal solution

branch and its regularity, we refer to [33] and the references given there.

(b) If δ < 3, from the Hardy inequality we obtain also that A defines a continuous curve in

R+ × H1
0 (Ω). Additionally, if f is “atmost critical", it can be seen that A is unbounded in

R+ × H1
0 (Ω) iff it is unbounded in R+ × Cφδ

(Ω).

We now apply the analytic bifurcation theory to (Pλ) posed in the unit ball B1 ⊂ R2. From [16],

all solutions to (Pλ) on B1 are radially symmetric. We first define the notion of singular solutions to

(Pλ) :

Definition 1.6 We call u∗ ∈ L1
loc(Ω) a singular solution to (Pλ) if inf

K
u∗ > 0 for any compact

set K ⊂ Ω, f(u∗) ∈ L1
loc(Ω), u∗ is unbounded on Ω and u∗ solves, in the sense of distributions,

−∆u∗ = λ((u∗)−δ + f(u∗)) in Ω.

Remark 1.6 It is not necessary in the above definition that u∗ vanishes at the boundary.

Remark 1.7 If 0 < δ < 1, thanks to lemmas 3.5 and 3.6, the Morse Index of ∂uF at any weak

solution is well defined.

We state the following result about the singular solutions to (Pλ) which is of independent interest :

Theorem 1.2 Fix 0 < δ < 1. Take h(t) = t2+p1
∏n

i=2 eαit
pi , where p1 > 0, 1 < pi < 2, i = 2, ..., n are

distinct and αi < 0. Let f(t) = h(t)et2
. Let u∗ be a radial singular solution to (Pλ) on B1. Then, for

any sequence of solutions {ui}i of (Pλ) converging to u∗ locally uniformly in B1 \{0}, the Morse index

of ui tends to infinity as i → ∞. In particular, the Morse index of u∗ is +∞.

Finally, the following result concerning infinite “turning points" rests on the existence of such a

singular solution :
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Theorem 1.3 Let Ω = B1 ⊂ R2 and 0 < δ < 1. Take h(t) = t2+p1
∏n

i=2 eαit
pi , where p1 > 0, 1 <

pi < 2, i = 2, ..., n are distinct and αi < 0. Let f(t) = h(t)et2
. Then the continuous analytic path A

obtained in Theorem 1.1 admits infinitely many “turning points".

More precisely, there exists a sequence {(λi, ui)}i∈N ⊂ A such that ‖ui‖Cφδ
(Ω) and the Morse index

of ui tend to infinity as i → ∞ and the path A locally bends back at (λi, ui).

We will prove the above two theorems in sub-section 3.2.

Remark 1.8 Theorem 1.3 can be shown to hold as well when the singular term is replaced by a term

as in remark 1.4(a) and (b).

1.3 Preliminaries

We recall first some results concerning global analytic bifurcation theory from [Buffoni and

Toland [32], Chapter 9] . Let X, Y be real Banach spaces, U ⊂ R × X an open set containing (0, 0)

in its closure and F : U → Y be an R-analytic function. Define the solution set

S = {(λ, x) ∈ U : F (λ, x) = 0}

and the non-singular solution set

N = {(λ, x) ∈ S : Ker(∂xF (λ, x)) = {0}} .

Definition 1.7 A distinguished arc is a maximal connected subset of N.

Suppose that

(G1) Bounded closed subsets of S are compact in R × X.

(G2) ∂xF (λ, x) is a Fredholm operator of index zero for all (λ, x) ∈ S.

(G3) There exists an analytic function (λ, u) : (0, ǫ) → S such that ∂xF (λ(s), u(s)) is invertible

for all s ∈ (0, ǫ) and lim
s→0+

(λ(s), u(s)) = (0, 0).

Let

A+ = {(λ(s), u(s)) : s ∈ (0, ǫ)} .

Obviously, A+ ⊂ S. The following result gives a global extension of the function (λ, u) from (0, ǫ) to

(0, ∞) in the R-analytic case.

Theorem 1.4 Suppose (G1)-(G3) hold. Then, (λ, u) can be extended as a continuous map (still called)

(λ, u) : (0, ∞) → S with the following properties :

(a) Let A
def
= {(λ(s), u(s)) : s > 0}. Then, A ∩ N is an atmost countable union of distinct distin-

guished arcs
⋃n

i=0 Ai, n ≤ ∞.

(b) A+ ⊂ A0.

(c) {s > 0 : ker(∂xF (λ(s), u(s))) Ó= {0}} is a discrete set.
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(d) At each of its points A has a local analytic re-parameterization in the following sense : For

each s∗ ∈ (0, ∞) there exists a continuous, injective map ρ∗ : (−1, 1) → R such that ρ∗(0) = s∗

and the re-parametrisation

(−1, 1) ∋ t → (λ(ρ∗(t)), u(ρ∗(t))) ∈ A is analytic.

Furthermore, the map s Ô→ λ(s) is injective in a right neighborhood of s = 0 and for each s∗ > 0

there exists ǫ∗ > 0 such that λ is injective on [s∗, s∗ + ǫ∗] and on [s∗ − ǫ∗, s∗].

(e) One of the following occurs.

(i) ‖(λ(s), u(s))‖R×X → ∞ as s → ∞.

(ii) the sequence {(λ(s), u(s))} approaches the boundary of U as s → ∞.

(iii) A is the closed loop :

A = {(λ(s), u(s)) : 0 ≤ s ≤ T, (λ(T ), u(T )) = (0, 0) for some T > 0} .

In this case, choosing the smallest such T > 0 we have

(λ(s + T ), u(s + T )) = (λ(s), u(s)) for all s ≥ 0.

(f) Suppose ∂xF (λ(s1), u(s1)) is invertible for some s1 > 0. If for some s2 Ó= s1, we have (λ(s1), u(s1)) =

(λ(s2), u(s2)) then (e)(iii) occurs and |s1 −s2| is an integer multiple of T . In particular, the map

s Ô→ (λ(s), u(s)) is injective on [0, T ).

Remark 1.9 We remark that theorem 9.1.1 in [32] deals with “bifurcation from the first eigenvalue"

type of situation. The conditions (G1)−(G3) assumed there are required only to ensure that the starting

analytic path corresponding to A+ is available for global extension. In our case, we make this as an

assumption (G3) above. Hence the proof given in [32] holds good in our case as well.

We make the following definitions of a “turning point" and a “potential operator" :

Definition 1.8 (“turning point") Let E be a real Banach space. Given a map L : R×E → E consider

its set of zeroes ZL
def
= {(λ, x) : L(λ, x) = 0}. We call (λ0, x0) ∈ ZL a “turning point" in ZL if there

exist two sequences {(λk, x̂k)}k∈N, {(λk, x̃k)}k∈N ⊂ ZL which converge to (λ0, x0) and x̂k Ó= x̃k for all

k ∈ N.

Definition 1.9 (“potential operator") Let E be a real Banach space with an inner-product 〈·, ·〉 that

is continuous on E × E. Let U ⊂ E be an open set and G : U → E be a continuous map. We say that

G is a potential operator if there exists a continuously differentiable map g : U → R such that

∇g(x)h = 〈G(x), h〉, for all x ∈ U, h ∈ E.

In the context of problems with a “potential operator" structure, we state the following theorem from

section 11.3 of [32] which links the change of Morse index with the existence of “turning points" :
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Theorem 1.5 Let E a real Banach space, H a real Hilbert space and U an open set in R × E.

We suppose that E is continuously imbedded and dense in H. Let G : U → H be a real analytic

map. We assume that there exists a continuously differentiable “potential" map g : U → R such that

< G(λ, u), φ >= gu(λ, u)φ for any u ∈ U, φ ∈ H, i.e. G is a potential operator. In addition, we suppose

that

i) ∀(λ, u) ∈ U, ∂uG(λ, u) : E → H is a Fredholm operator with 0 index ;

(ii) M(λ, u), the Morse index, is well defined for ∀(λ, u) ∈ U such that G(λ, u) = 0 ;

iii) For any compact set of solutions to G(λ, u) = 0 in U, the spectrum of ∂uG(λ, u) is uniformly

bounded below.

Let L = {(λ(s), u(s)) ∈ U : s ∈ (−ε, ε)} be a curve of solutions to G(λ, u) = 0 such that 0 does not

belong to the spectrum of ∂uG(λ(s), u(s)) for s ∈ (−ε, ε)\{0} and such that

lim
s→0−

M(λ(s), u(s)) Ó= lim
s→0+

M(λ(s), u(s)).

Then (λ(0), u(0)) is a “turning point".

The above result is due to [H. Kielhöfer, [85]] and independently to [Chow-Lauterbach, [37]]

(see also Theorem II.7.3. p. 236 in [84]).

2 The singular problem and the analytic bifurcation framework

2.1 Analyticity of the solution operator

In this section we use the definition 1.5 of an analytic map between Banach spaces.

Proposition 2.1 Let g(t) : R → R be an entire function with g(0) = 0. Define Mk(a) = max[−a,a]g
(k), k =

1, 2, 3, ... Assume that for any a ≥ 0, there exists µ > 0 such that the series
∑∞

k=0
Mk(a)

k! µk converges.

Then, for any φ ∈ C0(Ω), φ > 0 in Ω, we have Cφ(Ω) ∋ u Ô→ g(u) ∈ Cφ(Ω) is an analytic map.

Furthermore, if inf [0,∞) g′ > 0, then g maps C+
φ (Ω) into itself.

Proof. We expand g(t + θ) =
∑∞

k=0
g(k)(t)

k! θk where θ is chosen so that t + θ lies in the interval of

convergence around t. We then have for u, h ∈ Cφ(Ω), with ‖h‖Cφ(Ω) < ε, ε > 0 small,

g(u + h) =
∞∑

k=0

g(k)(u)

k!
hk. (III.4)

Let maxΩ |u| ≤ C‖φ‖L∞(Ω). Then

|g(k)(u)|
k!

hkφ−1 ≤ Mk(C‖φ‖L∞(Ω))

k!
‖φ‖k−1

L∞(Ω)ε
k.

By choosing ε small enough, we obtain that the series in (III.4) is dominated by the convergent series

whose terms are given by the right hand side of the last inequality, and hence converges uniformly in

Cφ(Ω). If inf [0,∞) g′ > 0 then by mean-value theorem it follows that g maps C+
φ (Ω) into itself. �
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Remark 2.1 We see that the conclusion g is an analytic self-map on Cφ(Ω) in proposition 2.1 holds

good if the radius of convergence of g at t = 0 is infinite.

Recall (see equation (III.3)) the solution operator defined as :

F (λ, u) = u − λ(−∆)−1(u−δ + f(u)), (λ, u) ∈ R+ × C+
φδ

(Ω), δ > 0.

Proposition 2.2 Let f satisfy the condition (f1). Then the map F takes R×C+
φδ

(Ω) into Cφδ
(Ω) and

is analytic.

Proof. Step 1 : The map C+
φδ

(Ω) ∋ u Ô−→ u−δ + f(u) ∈ C+

φ−δ
δ

(Ω) is analytic.

Since u ∈ C+
φδ

(Ω), we can find positive constants C1, C2 such that

0 < C1 ≤ u(x)

φδ(x)
≤ C2 < ∞ ∀x ∈ Ω (C1, C2 depend on u). (III.5)

It then follows that u−δ ∈ C+

φ−δ
δ

(Ω) whenever u ∈ C+
φδ

(Ω). We expand for real numbers t, h with t > 0

and t + h > 0 :

(t + h)−δ =
∞∑

k=0

Cδ
kt−δ−khk (III.6)

where

Cδ
k =

∏k−1
j=0(−δ − j)

k!
, k = 1, 2, ... (III.7)

For a fixed t > 0, we note that the series in (III.6) converges uniformly on compact subsets of (−t, t).

Let 0 < ε < C1. We now choose h ∈ Cφδ
(Ω) such that ‖h‖Cφδ

(Ω) ≤ ε. That is,

sup
x∈Ω

|h(x)|
φδ(x)

≤ ε. (III.8)

From (III.5), (III.8) we obtain that

(u ± h)(x) > 0 in Ω.

Therefore, from the expansions (III.6) and (III.7) we get

[(u + h)(x)]−δ =
∞∑

k=0

Cδ
k(u(x))−δ

(
h(x)

u(x)

)k

, x ∈ Ω. (III.9)

Using the pointwise estimates in (III.5) and (III.8) we obtain the following estimate for each term in

(III.9)

Cδ
k(u(x))−δ

(
h(x)

u(x)

)k

≤ {εkC−δ−k
1 Cδ

k}(φδ(x))−δ, x ∈ Ω.

102



III.2 The singular problem and the analytic bifurcation framework

Hence,
∣
∣
∣
∣C

δ
k(u(x))−δ

(
h(x)

u(x)

)k ∣
∣
∣
∣(φδ(x))δ ≤ C−δ

1 Cδ
k

(
ε

C1

)k

, x ∈ Ω. (III.10)

We note that the series
∑∞

k=0 Cδ
k xk converges uniformly on compact sets of [0, 1). Therefore, since we

chose ε < C1, from (III.10) we obtain that the series

∞∑

k=0

Cδ
k(u(x))−k−δh(x)k converges uniformly in Cφ−δ

δ
(Ω) for ‖h‖Cφδ

(Ω) small.

This shows the analyticity of the map u−δ. By similar arguments as above we can show that the map

C+
φδ

(Ω) ∋ u Ô−→ up ∈ C+
φp

δ
(Ω) is analytic for any p > 0. Since f satisfies the condition (f1), using

lemma 2.1 we obtain that the map C+
φδ

(Ω) ∋ u Ô−→ f(u) ∈ Cφp
δ
(Ω) ∩ {u ≥ 0} is analytic. We note

that the inclusion Cφp
δ
(Ω) →֒ Cφ−δ

δ
(Ω) is analytic and hence we obtain the analyticity of the map f(u)

between C+
φδ

(Ω) and Cφ−δ
δ

(Ω). We also have that f(u) ≥ 0 in Ω for all u ∈ C+
φδ

(Ω) which means that

u−δ + f(u) ∈ C+

φ−δ
δ

(Ω). This finishes step 1.

Step 2 : The map Cφ−δ
δ

(Ω) ∋ u Ô−→ (−∆)−1u ∈ Cφδ
(Ω) is a linear continuous map (and hence

analytic). Furthermore, this map takes C+

φ−δ
δ

(Ω) into C+
φδ

(Ω).

First, we show that ∆−1 is well defined on Cφ−δ
δ

(Ω). That is, we want to show that the following

problem has a unique solution in the sense of distributions :

w ∈ L1
loc(Ω)







−∆w = u in Ω, u ∈ Cφ−δ
δ

(Ω),

w = 0 on ∂Ω.
(III.11)

Later, we show that w ∈ C+
φδ

(Ω) if u ∈ C+

φ−δ
δ

(Ω).

If δ < 1 it is easy to check that u ∈ Lp(Ω) for some p > 1. Hence, by standard elliptic theory, we

can obtain the unique solution w to (III.11) in W 2,p(Ω). In particular, w satisfies the PDE in (III.11)

pointwise a.e.in Ω.

If δ ≥ 1, the main idea is to use the fact

u ∈ Cφ−δ
δ

(Ω) =⇒ u ∈ H−s(Ω) for some s > 0.

To see this, we use the following Hs-version of the Hardy’ inequality (see [Triebel, [117]] or [Gris-

vard, [74]]), Theorem 1.4.4.4. :

‖d(x, ∂Ω)−sξ‖L2(Ω) ≤ C‖ξ‖Hs
0(Ω) ∀ξ ∈ Hs

0(Ω), s ∈ [0, 2]\{1

2
,
3

2
}. (III.12)

For any δ > 0, let

s0(δ) =
1

2

3δ − 1

δ + 1
. (III.13)
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Note that

lim
δ→∞

s0(δ) =
3

2
, s0(δ) is strictly increasing for δ > 0, and hence s0(δ) >

1

2
for δ > 1. (III.14)

We also check easily that

d(x, ∂Ω)s− 2δ
δ+1 ∈ L2(Ω) if s > s0(δ). (III.15)

Now, given δ ≥ 1, fix s ∈ (s0(δ), 3
2). Then, using (III.12), (III.14) and (III.15), we get for any u ∈

Cφ−δ
δ

(Ω), ξ ∈ Hs
0(Ω),

| ∫

Ω uξ | = |∫Ω(ud(x, ∂Ω)s)(ξd(x, ∂Ω)−s)|
≤ C

∫

Ω(d(x, ∂Ω)s− 2δ
δ+1 )(d(x, ∂Ω)−s|ξ|)

≤ C‖d(x, ∂Ω)s− 2δ
δ+1 ‖L2(Ω)‖d(x, ∂Ω)−sξ‖L2(Ω)

≤ C‖ξ‖Hs
0(Ω).

(III.16)

From (III.16), we immediately obtain that

u ∈ Cφ−δ
δ

(Ω) =⇒ u ∈ H−s(Ω) ∀s ∈ (s0(δ), 3/2). (III.17)

Thanks to (III.17) and standard elliptic theory on Hs
0(Ω) spaces, we can solve (III.11) uniquely

for w ∈ H2−s
0 (Ω) ∀s ∈ (s0(δ), 3/2). By Sobolev imbedding we then obtain that w ∈ Lp(Ω) for some

p > 1.

Therefore, for any δ > 0, we can ensure that the unique solution w ∈ Lp(Ω) for some p > 1. Thus,

w solves (III.11) in the sense of distributions. Clearly, since u ∈ Cφ−δ
δ

(Ω), from elliptic regularity we

obtain that

w ∈ W 2,p
loc (Ω), 1 ≤ p < ∞ ( in particular w ∈ C(Ω)). (III.18)

It follows then, that

−∆w = u pointwise a.e. in Ω. (III.19)

Let vδ solve

−∆vδ = v−δ
δ , vδ > 0 in Ω, vδ = 0 on ∂Ω. (III.20)

From theorem 2.2 in [41] we obtain that vδ ∈ C+
φδ

(Ω) for all δ > 0.

Thus, from (III.19), (III.20) and noting that |u(x)| ≤ ‖u‖C
φ−δ

δ

(Ω)φ
−δ
δ (x), x ∈ Ω, for the choice

θu = ‖vδ‖δ
Cφδ

(Ω)‖u‖C
φ−δ

δ

(Ω), we get

{

−∆(θuvδ ± w) ≥ 0 distribution sense in Ω,

θuvδ ± w = 0 on ∂Ω.

From the weak comparison principle we obtain

|w(x)| ≤ ‖vδ‖δ+1
Cφδ

(Ω)‖u‖
C

−δ
φδ

(Ω)φδ(x) in Ω. (III.21)
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In particular, from (III.21) we get the continuity of the map (−∆)−1 : Cφ−δ
δ

(Ω) → Cφδ
(Ω). If u ∈

C+

φ−δ
δ

(Ω) then we can check for θ > 0 small that −∆(w − θvδ) ≥ 0 and hence by maximum principle,

w ∈ C+
φδ

(Ω). This proves step 2. The proof of the proposition follows by combining steps 1 and 2. �

2.2 Preliminary analysis of the linearised operator

We recall the solution operator F we studied in the last section :

{

F (λ, u) : R+ × C+
φδ

(Ω) −→ Cφδ
(Ω)

F (λ, u) = u − λ(−∆)−1[u−δ + f(u)], δ > 0.

If f satisfies condition (f1), from proposition 2.2 we know that F is an analytic map. The linearisation

of F with respect to the second variable at (λ, u) ∈ R+ × C+
φδ

(Ω) is given as :







∂uF (λ, u) : Cφδ
(Ω) → Cφδ

(Ω),

∂uF (λ, u)w = w + (−∆)−1[aλ(u)w]

where aλ(u) = λ(δu−1−δ − f ′(u)).

(III.22)

Remark 2.2 In the above definition, we note that aλ(u)w ∈ Cφ−δ
δ

(Ω) and hence

(−∆)−1[aλ(u)w] ∈ Cφδ
(Ω) as explained in Step 2 of lemma 2.2.

In this section we put the operator F and the function spaces in the framework of analytic global

bifurcation theory as given in [32]. This will enable us to prove the existence of an analytic global path

of solutions to F in R+ × C+
φδ

(Ω). We prove some lemmas below for this purpose.

Consider the following problem where h is a non-negative bounded function on Ω that is locally

Hölder continuous :

(P )







−∆w + λkw = λw−δ + h, w > 0, in Ω, (λ, δ > 0),

w = 0 on ∂Ω,

k ≥ 0 a constant.

Lemma 2.1 The problem (P ) admits a unique distributional solution w ∈ W 1,q
0 (Ω) ∩ C0(Ω) for some

q > 1. Assume further that there exists φ ∈ C+
φδ

(Ω) which is a super solution for (P ). Then we

additionally have w ∈ [cφδ, φ] for all c > 0 small enough. In particular, w ∈ C+
φδ

(Ω).

Proof. Given k > 0, h ∈ L∞(Ω), h ≥ 0, we consider the regularised problem for ε > 0 :

(Pε)

{

−∆w + λkw = λ(w+ + ε)−δ + h in Ω,

w = 0 on ∂Ω.

We note that for a suitably small c > 0, the function φε = (c
1+δ

2 ϕ1 + ε
1+δ

2 )
2

1+δ − ε is a subsolution for

(Pε) ∀ε > 0. The unique positive solution of −∆w̄ε +λkw̄ε = λε−δ +‖h‖L∞(Ω), w̄ε ∈ H1
0 (Ω), is a super-

solution. By comparison principle, it is easy to see that φε < w̄ε. Then, using standard arguments we
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obtain a solution wε ∈ [φε, w̄ε] of (Pε) and uniquely so by the non-increasing nature of the right hand

side in (Pε). That wε is Hölder continuous on Ω follows by elliptic regularity. By maximum principle

we conclude as well that wε > 0 in Ω. We have the following monotonicity properties of wε with

respect to ε > 0, namely :

wε1 ≤ wε2 in Ω if ε2 ≤ ε1, (III.23)

wε2 + ε2 ≤ wε1 + ε1 in Ω if ε2 ≤ ε1. (III.24)

(III.23) follows from (III.24) by the maximum principle. To show (III.24), we note that vε = wε + ε

solves {

−∆vε + λkvε = λv−δ
ε h + λkε in Ω,

vε = ε on ∂Ω.

By considering the set {vε2 > vε1} and using the comparison principle we get

vε2 ≤ vε1 in Ω if ε2 ≤ ε1

which shows (III.24). Thus {wε} is a Cauchy sequence in C0(Ω) from (III.24) and hence from the fact

wε ∈ [φε, w̄ε], we get

wε −→ w (say) in C0(Ω) and w ≥ cφδ. (III.25)

Let ψ ∈ C2
c(Ω) and multiply (Pε) with ψ and integrate by parts to get,

−
∫

Ω
wε∆ψ +

∫

Ω
λkwεψ =

∫

Ω
λ(wε + ε)−δψ +

∫

Ω
hψ, ψ ∈ C2

c(Ω). (III.26)

Using the monotonicity of wε + ε with respect to ε to pass to the limit ε → 0 in (III.26), we get that

w is a distributional solution of (P ).

Since h ∈ L∞(Ω), from (III.25) we obtain that h+λw−δ ∈ L1(Ω, d(x, ∂Ω)α) for some α < 1. Then,

by [Díaz-Rakotoson, Theorems 3 and 4, [54]], we get w ∈ W 1,q
0 (Ω) for some q > 1. Thus, (P ) admits

a solution with the desired properties. Suppose (P ) admits two distinct solutions w1, w2. Thanks to

elliptic regularity, w1, w2 ∈ C2(Ω)∩C0(Ω). By considering the set A
def
= {w1 < w2} ⊂⊂ Ω and applying

the classical maximum principle in A if it is non-empty, we obtain a contradiction. Hence A is an

empty set. This proves uniqueness for (P ). Suppose now (P ) has a super solution φ ∈ C+
φδ

(Ω). Clearly,

a super solution of (P ) is also a super solution of (Pε). We can check that φε ≤ φδ for all ε > 0 if

c > 0 is chosen small enough. Therefore, for such c, we get φε ≤ φ for all ε. Hence, we can repeat the

above arguments by replacing w̄ε by φ to get the solution w ∈ C+
φδ

(Ω). �

Remark 2.3 Since a sub solution of (Pε), ε > 0, is also a sub solution of (P ) we can check that if

c > 0 is chosen small (independent of ε), φε = (c
1+δ

2 ϕ1 + ε
1+δ

2 )
2

1+δ − ε is a sub solution of (P ) for all

ε > 0 small.

Lemma 2.2 Let a ∈ C(Ω) be such that 0 ≤ a(x) ≤ a1d(x, ∂Ω)−2 for some positive constant a1. Then,
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given z ∈ Cφδ
(Ω) there exists a unique distributional solution v ∈ Cφδ

(Ω) solving

−∆v + av = az in Ω. (III.27)

Further, the estimate ‖v‖Cφδ
(Ω) ≤ C‖az‖C

φ−δ
δ

(Ω) holds for some constant C > 0 independent of z.

Proof. We note that az ∈ Cφ−δ
δ

(Ω) ⊂ L1(Ω, d(x, ∂Ω)α) for some α ∈ (0, 1). Hence by Theorem 2.1 in

[55] the equation (III.27) admits a unique distributional solution

v ∈ L1(Ω) ∩ W 1,q(Ω, d(·, ∂Ω)) for some q > 1.

We only need to show that v ∈ Cφδ
(Ω). The obstacle to showing this is the regularity of a which

could have strong singularity near ∂Ω, and this prevents the application of comparison principle. To

overcome this, we perform the following regularisation :

Let hn ∈ C∞
0 (Ω) be such that hn → az locally uniformly in Ω. Let

h̃n = min{2‖az‖C
φ−δ

δ

(Ω)φ
−δ
δ , max{−2‖az‖C

φ−δ
δ

(Ω)φ
−δ
δ , hn}}.

Then, h̃n is a minimum/maximum of locally Hölder continuous functions and since it has compact

support it is Hölder continuous on Ω. Further, given a compact set K ⊂ Ω, we can check h̃n = hn for

all large n. Hence

sup
n

‖h̃n‖C
φ−δ

δ

(Ω) ≤ 2‖az‖C
φ−δ

δ

(Ω), h̃n → az in Cloc(Ω), h̃n ∈ C
0,α
0 (Ω), α depends on n!

Further, we choose a sequence {an} of Hölder continuous functions on Ω, an → a in Cloc(Ω) such that

0 ≤ an(x) ≤ a(x). Let vn solve :

{

−∆vn + anvn = h̃n in Ω,

vn = 0 on ∂Ω.
(III.28)

Clearly, by classical theory, vn ∈ C2,α(Ω) ∩ C0(Ω), where α = α(n) depends on n. Let ψ ∈ C+
φδ

(Ω)

denote the unique solution (see [41]) of the problem −∆ψ = ψ−δ in Ω, ψ = 0 on ∂Ω.

We note the following inequality satisfied by the supersolution Mψ for any M > 0 and a fixed

c > 0,

−∆Mψ + anMψ ≥ Mψ−δ ≥ cMφ−δ
δ . (III.29)

We now choose M such that cM = 2‖az‖C
φ−δ

δ

(Ω) so that

|h̃n| ≤ 2‖az‖C
φ−δ

δ

(Ω)φ
−δ
δ = cMφ−δ

δ . (III.30)

From (III.28) -(III.30) and classical comparison test, we get

|vn| ≤ C‖az‖C
φ−δ

δ

(Ω)φδ, C independent of z. (III.31)
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Recall , h̃n → az, an → a in Cloc(Ω). We note that {vn} is bounded in W 2,p
loc (Ω) and let vn → ṽ in

Cloc(Ω). Then, in the sense of distributions

{

−∆ṽ + aṽ = az in Ω,

ṽ = 0 on ∂Ω.

By the uniqueness result given in theorem 2.1 in [55], we get ṽ = v and hence from (III.31) we get

‖v‖Cφδ
(Ω) ≤ C‖az‖C

φ−δ
δ

(Ω). �

Corollary 2.1 Let h ∈ Cφ−δ
δ

(Ω), a ∈ C(Ω) and 0 ≤ a ≤ a1d−2 for some constant a1 > 0. If v ∈
Cφδ

(Ω) ∩ C2(Ω) is a classical solution of −∆v + av = h in Ω, then we have ‖v‖Cφδ
(Ω) ≤ C‖h‖C

φ−δ
δ

(Ω)

for some constant C > 0 independent of h.

Lemma 2.3 The map ∂uF (λ, u) is Fredholm with index 0 for all (λ, u) ∈ R+ × C+
φδ

(Ω) and δ > 0.

Proof. We can write ∂uF (λ, u) = I + Aλ + Bλ where

Aλw = (−∆)−1[δλu−1−δw],

and

Bλw = (−∆)−1[−λf ′(u)w].

By appealing to lemma 2.2 with a = δλu−1−δ it is easy to see that I + Aλ is invertible on Cφδ
(Ω). By

classical theory, Bλ is compact on Cφδ
(Ω). It then follows that ∂uF (λ, u) is Fredholm with index 0.

We finally describe the the spectrum of the linearised operator ∂uF (λ, uλ) in Cϕ1(Ω) for δ < 1. Given

an operator or a space X, we denote its complexification by X∗. �

Lemma 2.4 For δ < 1, the linearised operator ∂uF (λ, uλ) is a compact perturbation of the identity.

Proof. For convenience, denote Lλ
def
= ∂uF (λ, uλ) = I+Aλ+Bλ (see lemma 2.3 for definition). Clearly,

Bλ is a compact operator on Cφδ
(Ω) for any δ > 0. For δ < 1, we recall (see (III.2)) that Cφδ

(Ω)
def
=

Cϕ1(Ω). It remains to show that Aλ
def
= (−∆)−1(λδu−1−δ

λ ·) is compact on Cϕ1(Ω). Let {ψn} ⊂ Cϕ1(Ω)

be a bounded sequence. Letting ξn = Aλ(ψn), we see that ξn solves −∆ξn = λδu−1−δ
λ ψn, ξn ∈ Cϕ1(Ω).

Since uλ ∈ C+
ϕ1

(Ω), we see that {−∆ξn} is bounded in Cϕ−δ
1

(Ω). Then, from theorem 1.1(i) in [76], we

obtain that {ξn} is a bounded sequence in C1,θ(Ω) ∩C0(Ω) for some θ ∈ (0, 1). The compactness of Aλ

now follows. �

Lemma 2.5 If δ < 1, the spectrum of the linearised operator ∂uF (λ, uλ) on Cϕ1(Ω) consists of only

countable compact set of real numbers whose members other than 1 are isolated eigenvalues.

Proof. We again denote Lλ
def
= ∂uF (λ, uλ) = I +Aλ +Bλ as before. That the spectrum is a countable

compact set whose members other that 1 are isolated eigenvalues follows from the spectral theory of
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compact operators and lemma 2.4. To show it is real we proceed as follows. Let µ = µ1 + iµ2 ∈ C be

an eigenvalue of Lλ. That is, (µI∗ − (I + Aλ + Bλ)∗)ψ = 0 for some non-zero ψ = ψ1 + iψ2 ∈ C∗
ϕ1

(Ω).

Writing out this equation in terms of real and imaginary parts, we obtain the following system (recall

from (III.22) that aλ(uλ)
def
= λ(δu−1−δ

λ − f ′(uλ))),

−(1 − µ1)∆ψ1 − µ2∆ψ2 + aλ(uλ)ψ1 = 0,

−(1 − µ1)∆ψ2 + µ2∆ψ1 + aλ(uλ)ψ2 = 0. (III.32)

Let us assume for the moment that f ′ is nondecreasing. Taking (µ1, µ2) = (1, 0) in the last system

implies that supports of ψ1, ψ2 are contained in the set {δu−δ−1
λ = f ′(uλ)}. This set is of measure

zero in Ω if f ′ is a non-decreasing function. Hence ψ1 ≡ ψ2 ≡ 0. This means 1 is not an eigenvalue of

∂uF (λ, uλ) in this case.

We can rewrite the above system in matrix form for µ1 Ó= 1, µ2 Ó= 0 as,

[

−∆ψ1

−∆ψ2

]

= −1

2
aλ(uλ)





1
1−µ1

1
1−µ1

1
µ2

− 1
µ2





[

ψ1

ψ2

]

.

We note that the right hand side in the above equation belongs to Cϕ−δ
1

(Ω)×Cϕ−δ
1

(Ω). Since δ < 1, this

means that the right hand side is in H−1(Ω)×H−1(Ω). Now, arguing as in step 2 of proposition 2.2, we

obtain that infact ψ1, ψ2 ∈ H1
0 (Ω) and solve the system (III.32) in the H1−weak sense. If µ2 = 0 and

µ1 Ó= 1, then the system in (III.32) is uncoupled and we again get as before that ψ1, ψ2 ∈ H1
0 (Ω) solve

(III.32) in the H1−weak sense. If µ1 = 1 and µ2 Ó= 0 again from (III.32) we get the same conclusion.

Now multiplying the first equation in (III.32) by ψ2 and the second by ψ1 and integrating by parts,

we get that µ2 = 0. Since any spectral value other than 1 is an eigenvalue, the lemma follows. �

2.3 Local analytic path and minimal solutions

2.3.1 Existence of minimal solution

Let M0 > 0 be chosen so that δt−δ−1 − f ′(t) ≥ 0 in (0, M0). We first show the existence of minimal

solutions for all small λ > 0.

Lemma 2.6 We can find λ0 > 0 such that for all λ ∈ (0, λ0) there exists a minimal solution uλ ∈
C+

φδ
(Ω) solving (Pλ). Furthermore, ‖uλ‖

C(Ω) → 0 as λ → 0+. If we choose λ0 further small so that

sup
0<λ<λ0

‖uλ‖
C(Ω) < M0, then uλ is the only solution in the domain (0, λ0)×{u ∈ C+

0 (Ω) : ‖u‖
C(Ω) < M0}.

Proof. We can check that φ
λ

= cλ
1

1+δ φδ is a subsolution for the problem (Pλ) for all λ > 0 if c > 0

is chosen small enough. Consider the purely singular problem :

(Sλ)

{

−∆ψ = λψ−δ, ψ > 0, in Ω,

ψ = 0 on ∂Ω.
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Then, from [41] it is well known that (Sλ) admits a unique solution ψλ ∈ C+
φδ

(Ω) for all λ > 0. Let

ξλ ∈ H1
0 (Ω) denote the unique positive solution of −∆ξ = λ in Ω. Then, it can be checked that

for some λ0 > 0, φλ = ψλ + ξλ is a super solution for (Pλ) for all 0 < λ < λ0. We can check that

φλ ∈ C+
φδ

(Ω) as well. From the estimates in theorem 2.2 and 2.5 in [41], we get that

lim inf
λ→0+

inf
Ω

φλ

λ
1

1+δ φδ

> 0. (III.33)

Hence, by choosing c > 0 smaller if necessary, we can ensure φ
λ

< φλ in Ω for all λ ∈ (0, λ0). We now

choose a constant k > 0 so that the function f(t) + kt is non-decreasing on [0, ‖φλ‖L∞(Ω)]. Define the

following monotone iteration scheme for all λ ∈ (0, λ0) :

(Pn)







u0 = φ
λ
. Given un ∈ [φ

λ
, φλ], solve

−∆un+1 − λu−δ
n+1 + λkun+1 = λ(f(un) + kun) in Ω,

un+1 = 0 on ∂Ω,

un+1 ∈ [φ
λ
, φλ], un+1 ∈ W 1,q

0 (Ω) for some q > 1.

It is easy to see that φ
λ
, φλ are respectively sub and super solutions of the PDE in (Pn). Hence from

lemma 2.1 we see that the iteration scheme in (Pn) is well defined. We also obtain the monotonicity

of the iterates viz., un+1 ≥ un from the monotonicity of the operator −∆(·) − λ(·)−δ + λk(·). We

then obtain the minimal solution uλ for all λ ∈ (0, λ0) in a standard way. Clearly ‖uλ‖Cφδ
(Ω) → 0 as

λ → 0+. Suppose ũλ is another solution with λ < λ0, ‖uλ‖
C(Ω) < M0. Then wλ

def
= uλ − ũλ solves

−∆wλ + λ[δξ−δ−1
λ − f ′(ξλ)]wλ = 0

where ξλ lies between uλ and ũλ. This makes δξ−δ−1
λ − f ′(ξλ) ≥ 0 and hence wλ ≡ 0. �

2.3.2 Invertibility of ∂2F (λ, uλ) and existence of a local path

Definition 2.1 Let Λ = sup{λ > 0 : (Pλ) has a solution}.

Remark 2.4 Using the above lemma, it follows that Λ > 0. Using the method of monotone iteration

it can also be seen that (Pλ) has a minimal solution uλ for all λ ∈ (0, Λ). Suppose, additionally f

satisfies the “superlinear" condition (f2). Then, it can be shown that Λ < ∞.

Definition 2.2 M = {(λ, uλ) : 0 < λ < Λ, uλ is the minimal solution of (Pλ)} ⊂ S.

As a first step, we show that a portion of the minimal solution branch M containing the solutions with

small norm can be parametrised by an analytic curve.

Lemma 2.7 Let δ > 0 be fixed and f satisfy condition (f1). For λ0 > 0 chosen with the restriction

as given in lemma 2.6, the portion of the minimal solution branch {(λ, uλ) ∈ M : λ ∈ (0, λ0)} lies on

a path parametrised by an analytic map.
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Proof. Recall aλ(uλ)
def
= λ[δu−1−δ

λ − f ′(uλ)]. We show that ∂uF (λ, uλ) is invertible if λ ∈ (0, λ0).

Thanks to lemma 2.3, it is enough to show that ∂uF (λ, uλ) is onto Cφδ
(Ω) for all such λ. By the choice

of λ0 > 0 it is clear that for all λ ∈ (0, λ0) we have aλ(uλ) ≥ 0. The “onto"ness of ∂uF (λ, uλ) follows

now by applying lemma 2.2 with a = aλ(uλ). The lemma follows by applying the analytic implicit

function theorem 4.5.4 in [32] at (λ, uλ), for λ ∈ (0, λ0). �

2.3.3 Local path containing set of all minimal solutions

We show now that the linearised operator is still invertible along of minimal solutions if we suppose

that f satisfies (f3). Consequently, we can parametrise the set of minimal solutions by applying the

implicit function theorem.

Proposition 2.3 Let u ∈ C+
φδ

(Ω) ∩ C2(Ω), λ > 0. If ∂uF (λ, u)ϕ = 0 for some ϕ ∈ C2(Ω) ∩ Cφδ
(Ω),

then infact ϕ ∈ H1
0 (Ω) ∩ Cϕ1(Ω) and is a H1-weak solution of −∆ϕ + aλ(u)ϕ = 0. Conversely, if for

some θ ∈ R, the function ϕ ∈ H1
0 (Ω) is a non-negative H1−weak solution of −∆ϕ + aλ(u)ϕ = θϕ

(obtained by constrained minimisation for instance), then ϕ ∈ Cϕ1(Ω) ∩ C2(Ω).

Proof. Let ∂uF (λ, u)ϕ = 0 for some non-trivial ϕ ∈ C2(Ω)∩Cφδ
(Ω). Define the following minimisation

problem

inf
ψ∈H1

0 (Ω)

∫

Ω
|∇ψ|2dx +

∫

Ω
λδu−δ−1ψ2dx −

∫

Ω
λf ′(u)ϕψdx.

It is easy to see that the functional being minimised is coercive and weakly lower semicontinous on

H1
0 (Ω) and hence has a minimiser ψ0 ∈ H1

0 (Ω). We note that u−1−δ ∼ d−2 near ∂Ω. Recalling Hardy’s

inequality, we can check that ψ0 is a non-trivial H1−weak solution of

−∆ψ0 + λδu−δ−1ψ0 = λf ′(u)ϕ.

It follows, by standard elliptic regularity, that ψ0 ∈ C2(Ω). Let

M = sup
Ω

λ|f ′(u)ϕ|.

Comparing in H1−weak sense with the equation satisfied by −∆ξ = M in Ω, ξ ∈ H1
0 (Ω), we obtain

that ψ0 ∈ Cϕ1(Ω). This means that ϕ − ψ0 ∈ C2(Ω) ∩ C0(Ω) is a classical solution of

−∆(ϕ − ψ0) + λδu−δ−1(ϕ − ψ0) = 0.

This implies, by the maximum principle, ϕ ≡ ψ0. Therefore, ϕ ∈ H1
0 (Ω) ∩ Cϕ1(Ω) and is a H1−weak

solution of −∆ϕ + aλ(u)ϕ = 0. Conversely, let −∆ϕ + aλ(u)ϕ = θϕ for a non-negative ϕ ∈ H1
0 (Ω).

Letting the operator L = −∆ − f ′(u) − θ, f i = g = 0 in theorem 8.15 of [71] we get that ϕ ∈ L∞(Ω).

A comparison with the solution ξ of −∆ξ = 1, ξ ∈ H1
0 (Ω) implies that ϕ ∈ Cϕ1(Ω). That ϕ ∈ C2(Ω)

follows from classical elliptic regularity. �
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Lemma 2.8 If f satisfies condition (f3), then ∂uF (λ, uλ) is invertible for any (λ, uλ) ∈ M. Conse-

quently, if f satisfies additionally the condition (f1), the full set of minimal solutions M is parametrised

by an analytic map.

Proof. Let ǫ > 0. Consider the problem

(P ǫ
λ)

{

−∆w = λ[(w + ǫ)−δ + f(w)] in Ω,

w > 0 in Ω, w|∂Ω = 0.

We detail the argument for δ > 1. The case δ ≤ 1 is similar but simpler. Let ρǫ = (c
δ+1

2 ϕ1+ǫ
δ+1

2 )
2

δ+1 −ǫ.

Given λ > 0, we can find c = cλ > 0 small enough so that ρǫ is a sub-solution for (P ǫ
λ). We note that

uλ is a super-solution to this problem. Further restricting cλ if necessary, we can ensure that ρǫ ≤ uλ

as well as ρǫ ≤ φδ. Hence the method of monotone iteration can be applied now to obtain a minimal

solution wǫ
λ for (P ǫ

λ). We note that ρǫ < wǫ
λ < uλ for all ǫ. Define for λ ∈ (0, Λ),

Λ1(λ) = inf
φ∈H1

0 (Ω),
∫

Ω
φ2=1

∫

Ω
|∇φ|2dx +

∫

Ω
aλ(uλ)φ2dx, (III.34)

Λǫ
1(λ) = inf

φ∈H1
0 (Ω),

∫

Ω
φ2=1

∫

Ω
|∇φ|2 + λδ(wǫ

λ + ǫ)−1−δφ2dx −
∫

Ω
λf ′(wǫ

λ)φ2dx. (III.35)

We now claim that Λǫ
1(λ) ≥ 0. Suppose, Λǫ

1(λ) < 0 for some ǫ > 0, λ ∈ (0, Λ). Let ϕǫ
λ ∈ H1

0 (Ω) be the

non-negative minimiser for (III.35). Since we assumed Λǫ
1(λ) < 0, we can check that (here we need

f is C2) for µ > 0 small enough the function w̃ǫ
λ

def
= wǫ

λ − µϕǫ
λ is a super-solution to (P ǫ

λ) which lies

above ρǫ. Hence, again by monotone iteration procedure, we obtain a solution to (P ǫ
λ) which lies below

wǫ
λ, contradicting its minimality. Hence, Λǫ

1(λ) ≥ 0 for all ǫ. Since wǫ
λ ≤ uλ, by elliptic regularity we

obtain a function wλ such that wǫ
λ → wλ in Cloc(Ω). Clearly, wλ solves (Pλ) and by minimality of uλ

we obtain wλ ≡ uλ. We note that wǫ
λ + ǫ ≥ ρǫ + ǫ ≥ cλφδ. Let ϕλ be the non-negative minimiser for

(III.34). By Hardy’s inequality,

∫

Ω
(wǫ

λ + ǫ)−1−δϕ2
λ ≤ c−1−δ

λ

∫

Ω
d−2ϕ2

λ < ∞.

Therefore, by dominated convergence theorem,

Λ1(λ) =

∫

Ω
{|∇ϕλ|2 + λδu−1−δ

λ ϕ2
λ}dx −

∫

Ω
λf ′(uλ)ϕ2

λdx

=

∫

Ω
|∇ϕλ|2 + λδ(wǫ

λ + ǫ)−1−δϕ2
λdx −

∫

Ω
λf ′(wǫ

λ)ϕ2
λdx + oǫ(1)

≥ Λǫ
1(λ) + oǫ(1).

Hence, we conclude Λ1(λ) ≥ 0 for any λ ∈ (0, Λ).

Suppose Λ1(λ0) = 0 for some 0 < λ0 < Λ. Then, we have

∫

Ω
|∇ϕλ0 |2dx +

∫

Ω
aλ0(uλ0)ϕ2

λ0
dx = 0.

112



III.2 The singular problem and the analytic bifurcation framework

The above equality implies that
∫

Ω aλ0(uλ0)ϕ2
λ0

dx < 0. Let 0 < λ < λ0. Since uλ, uλ0 are minimal

solutions they are ordered as uλ < uλ0 . Hence, using (f3), we get for any λ < λ0 that

∫

Ω
|∇φλ0 |2dx +

∫

Ω
aλ(uλ)φ2

λ0
dx < 0.

Therefore, it follows that Λ1(λ) < 0 for λ < λ0 which contradicts the established fact above. This

finishes the proof that Λ1(λ) > 0 for all 0 < λ < Λ. Suppose now for some λ ∈ (0, Λ), the linearised

operator ∂uF (λ, uλ) is not invertible. Then we can find ϕ ∈ C2(Ω) ∩ Cφδ
(Ω),

∫

Ω ϕ2 = 1 solving −∆ϕ +

aλ(uλ)ϕ = 0. From proposition 2.3, we obtain that ϕ ∈ H1
0 (Ω) is a H1−weak solution of −∆ϕ +

aλ(uλ)ϕ = 0. This means that Λ1(λ) = 0, a contradiction. Therefore, we can apply the analytic

implicit function theorem 4.5.4 in [32] at any (λ, uλ), λ ∈ (0, Λ), to prove the lemma. �

Remark 2.5 In the concave case when the nonlinearity is tα + f(t), 0 < α < 1, we can not conclude

Λ1(λ) > 0 ∀λ ∈ (0, Λ). In this context, refer to the paper [Cazenave, Escobedo and Pozio, [35]]

for counter examples. Hence, the analytic path obtained by using implicit function theorem coincides

with the minimal solution branch {(λ, uλ)} as long as Λ1(λ) > 0, but not for all λ ∈ (0, Λ).

Lemma 2.9 Closed and bounded subsets of the set of solutions S = {(λ, u) ∈ R+ ×C+
φδ

(Ω) : F (λ, u) =

0} are compact.

Proof. We note that if (λ, u) ∈ S, then u solves (Pλ). We claim that

inf
{(λ,u)∈S}

inf
Ω

(
u

φδ

)

≥ cλ
1

δ+1 , for some constant c > 0. (III.36)

To see this, we note that if (λ, u) ∈ S, then u ≥ uλ where uλ is the minimal solution to (Pλ). It can

be seen that there exists a constant c > 0 such that cλ
1

δ+1 φδ is a subsolution of (Pλ) for all λ > 0.

Hence uλ ≥ cλ
1

δ+1 φδ and the claim follows. Let B ⊂ S be a closed and bounded set. Then, we can find

a constant M > 0 such that λ + ‖u‖Cφδ
(Ω) ≤ M for all (λ, u) ∈ B. Therefore, from (III.36),

|∆u| ≤ c−δλ
1

δ+1 φ−δ
δ + λ sup

[0,M ]
f ≤ c−δM

1
δ+1 φ−δ

δ + M sup
[0,M ]

f for all u ∈ B. (III.37)

Thanks to the above estimate on ∆u, we can appeal to proposition 3.4 in [76] to obtain that

sup
B

‖u‖
C0,α(Ω) < ∞ for some α ∈ (0, 1).

Let {(λn, un)} ⊂ B. We will show that {(λn, un)} has a convergent subsequence in R+ ×Cφδ
(Ω). From

the Hölder estimate above, upto a subsequence, we have that (λn, un) → (λ0, u0) (say) in C(Ω). If

λ0 = 0, then from the first inequality in (III.37) we get that ∆un → 0 locally uniformly in Ω. It

then follows that u0 is harmonic in Ω and u0 = 0 on ∂Ω. Hence u0 ≡ 0. Using lemma 2.6 we get

that un ≡ uλn (the minimal solution) and the equation (III.33) there implies that (λn, un) → (0, 0)

in R+ × Cφδ
(Ω). This gives a contradiction as B is closed and being a subset of S, (0, 0) doesnot
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belong to B. Hence, necessarily, λ0 > 0. Then, using (III.37) and the bound for un in Cφδ
(Ω), we get

−∆u0 ∈ C+

φ−δ
δ

(Ω). From step 2 of proposition 2.2 we get that u0 ∈ C+
φδ

(Ω). Let wn = u0 − un. Then,

again using (III.36), we see that wn solves an equation of the form

−∆wn + λ0δξ−δ−1
n wn = (λ0 − λn)u−δ

n + (λ0 − λn)f(un) + λ0(f(uλ0) − f(un))

= on(1)φ−δ
δ where ξn lies between un and u0.

Noting that ξ−δ−1
n ∼ d−2 near ∂Ω, from corollary 2.1 we get that un → u0 in Cφδ

(Ω). �

2.4 Global analytic path

We are now ready to give the Proof of Theorem 1.1. Choose U = R+ ×X = R+ ×Cφδ
(Ω) and the

“positive" cone K = C+
φδ

(Ω). Note that K is open in X. Condition (G1) in Theorem 1.1 holds because

of Lemma 2.9. Conditions (G2)− (G3) are satisfied thanks to Proposition 2.2, Lemma 2.3 and Lemma

2.7. Indeed, in view of lemma 2.7, we may take A+ to be the portion of minimal solution branch given

by {(λ, uλ) ∈ M : 0 < λ < λ0}. We fix an analytic parametrisation A+ = {(λ(s), u(s)) : 0 < s < s0}
for some s0 > 0.

Applying now Theorem 1.1, we can extend the analytic map (λ(s), u(s)) for all s > 0 to get a

global analytic and continuous path A of solutions to (Pλ) containing A+ and satisfying assertions

(a)− (f) of Theorem 1.1. This shows assertion (v). From the very construction of A from A+ assertion

(i) holds. Conclusion (ii) is a consequence of lemmas 2.7 and 2.8. Note that A contains the full minimal

solutions branch if ∂uF (λ, uλ) is invertible for all λ ∈ (0, Λ) . Thanks to (III.36), we see that u(s) ∈ K

for all s > 0. The case e(ii) in Theorem 1.1 can be ruled out as follows. If (λ(sn), u(sn)) converges

as sn → ∞ to a boundary point (0, u0) of U = R+ × Cφδ
(Ω), then ∆u(sn) → 0 in Cloc(Ω). That is,

∆u0 = 0 and hence u0 ≡ 0. From lemma 2.6 we get that u(sn) is the minimal solution for all large

sn. We note that, from the analytic implicit function theorem, the distinguished arc A0 containing

minimal solutions starting from (0, 0) is isolated from other solutions. Therefore, we obtain that the

distinguished arc corresponding to all large s must coincide with A0. This gives a contradiction, as

distinguished arcs are distinct from (a) of theorem 1.1. We can rule out e(iii) (i.e., A forms a closed

loop containing (0, 0)) by the same argument. Hence we have only the case e(i) occurring. Since (Pλ)

has no solution for λ > Λ, we obtain that ‖u(s)‖Cφδ
(Ω) → ∞ as s → ∞. This shows (iii). Assertion

(iv) is a consequence of (iii). Assertions (v) and (vi) are exactly the assertions (c) and (d) in theorem

1.1.

Assuming that f satisfies conditions (f1), (f2) and (f3), we now give the

Proof of Corollary 1.1. From Lemma 2.8, the minimal solutions branch belongs to A and hence (i)

of corollary 1.1 holds. The bending of the analytic path A to the left of Λ at the point (Λ, uΛ) follows

from assertion (d) of theorem 1.1 regarding the injectivity of the λ(s) map.
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3 Infinite turning points in two dimensions via ODE analysis

Throughout this section we take Ω = B1(0) ⊂ R2 and assume f has the form given in statement

of theorem 1.3.

3.1 Singular solution and Oscillation criterion

3.1.1 Transformation of the problem

We make use of O.D.E. techniques like shooting argument to study in detail the linearisation of

(Pλ∗) at the singular solution u∗. To this end, we perform below some transformations that will put (Pλ)

into the equivalent form given by the classical Emden-Fowler equations. Define f̃(t)
def
= t−δ+f(t), t > 0.

First, it can be shown that any positive solution of (Pλ) in B1(0) is radial (see [16]). Next, we note

that if u is a radial solution to (Pλ) then z(r)
def
= u(x), r = |x|, solves the following O.D.E. version of

(Pλ) :

(P rad
λ )







−(rz′)′ = λrf̃(z)

z > 0

}

in (0, 1),

z′(0) = z(1) = 0.

Letting now R = λ
1
2 , (P rad

λ ) can be rewritten as the following O.D.E. boundary value problem :

(P rad
R )







−(rz′)′ = rf̃(z)

z > 0

}

in (0, R),

z′(0) = z(R) = 0.

We finally make the following singular Emden-Fowler transformation :

y(t) = z(r), where r = 2e− t
2 , t ∈ (2 log(2/R), ∞).

Then, it can be checked that (P rad
R ) is equivalent to the following problem with T = 2 log( 2

R) :

−y′′ = e−tf̃(y)

y > 0

}

in (T, ∞),

y(T ) = y′(∞) = 0.

For our purpose, instead of the above boundary value problem, it will be more convenient to consider

the following initial-value problem depending upon a parameter γ > 0 :

(Pγ)

{

−y′′ = e−tf̃(y),

y(∞) = γ, y′(∞) = 0.

Any solution of the above problem will be denoted as y(· ; γ). Since f̃(t) > 0 for t > 0, it follows from

(Pγ) that y is a strictly concave function as long as it is positive. Therefore, there exists T0(γ) > −∞
such that y(T0(γ); γ) = 0 and y(t; γ) > 0 for all t > T0(γ). T0(γ) thus defined, is clearly the first

zero of the solution y of (Pγ) as we move left from infinity. Let s0 > 0 be any real number such that
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g
def
= log f̃ is convex and increasing for all t > s0. For an integer m ≥ 0 and any γ > m + s0 define

tm(γ) to be the point at which y(tm(γ); γ) = m + s0. We first prove the following lemmas.

Lemma 3.1 T0(γ) is a continuous function of γ in (0, ∞).

Proof. Le γ∗ > 0 be fixed and we show that T0 is continuous at γ∗ in (0, ∞). Clearly from continuous

dependence of solutions on the initial data for regular ODE, we obtain that for any ε > 0, we can find

δ > 0, such that

|u(t, γ) − y(t, γ∗)| ≤ ε, for all t ≥ T0(γ∗) + ε and |γ − γ∗| ≤ δ.

Suppose that T0 is discontinuous at γ∗. Then without loss of generality, for some subsequence γk → γ∗,

we will have lim supk→∞ T0(γk) < T0(γ0). This give a contradiction in view of the continuous statement

above and the fact that each y(., γk) is a concave function. This proves the lemma. �

The following lemma is an adaptation of [67, Proposition 4.2] for the more general N -Laplacian

operator

Lemma 3.2 Let f̃(t) = t−δ + h(t)et2
, with h(t) = t2+p1

∏n
i=2 eαit

pi . Then lim supγ→∞ T0(γ) < ∞.

Proof. Recall that g := log f̃ is convex on (s0, ∞). We define the following function

θγ(t) =
g

1
2 (y(t, γ))

t
for t ≥ T0(γ)

Note that

θ′
γ(t) =

1

2
y′(t, γ)g′(y(t, γ))g− 1

2 (y(t, γ))t−1 − g
1
2 (y(t, γ))t−2.

Suppose for a subsequence γk → ∞ that T0(γk) → ∞. Note that f̃ satisfies the assumption (A1) − (A5)

of [67]. Then we can use the lemma 4.1 of [67], we have

θγk
(t0) ≤ 0 for γk large,

(recall that t0 := t0(γk) > T0(γk) satisfies y(t0, γk) = s0). Hence, fix s0 > 0 large enough. It is easy to

show that, there exists a constant c > 0 such that

2
g(s)

g′(s)
≤ s

(

1 − 1

s2

)

for all s > s0 (III.38)

Fix ε > 0 small enough such that s0 − ε > s0

(

1 − 1

s2
0

)

and we choose tε
0 := tε

0(γk) < t0(γk) such that

y(tε
0, γk) = ε.

Since y := y(., γk) solves the problem (Pγ) with γ = γk, we have

y(t0) − y(tε
0) =

∫ t0

tε
0

(

y′(t0) +

∫ t0

s
e−τ f(y(τ))dτ

)

ds.
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We can find a constant Cε > 0 independent of γk, such that for any τ ∈ [tε
0, t0], f(y(τ) ≤ Cε. Using

(III.38) in the above inequality, we get

s0 − ε ≤ y(t0)(t0 − tε
0) + Cε

∫ t0

tε
0

e−τ dτ

≤ y(t0)t0 + Cεetε
0

≤ s0

(

1 − 1

s2
0

)

+ Cεe−T0(γk)

The above inequality gives a contradiction if T0(γk) → ∞ as k → ∞. This completes the proof. �

3.1.2 The singular solution

From the corresponding O.D.E., we note that any radially symmetric solution u to (Pλ) is also

radially decreasing.

Lemma 3.3 Take 0 < δ < 1 and h(t) = t2+p1
∏n

i=2 eαit
pi , where p1 > 0, 1 < pi < 2, i = 2, ..., n are

distinct and αi < 0. Let f(t) = h(t)et2
. Let Ω = B1(0) the open unit ball in R2. Then there exists

λ∗ > 0 and a positive radial singular solution u∗ ∈ L∞
loc(B1(0)\{0}) that blows up at the origin solving

−∆u∗ = λ∗((u∗)−δ + f(u∗)) in B1(0) with u∗ = 0 on ∂B1(0). Furthermore, u∗ Ó∈ H1
loc(B1(0)).

Proof. We divide the proof into several steps.

Step 1 : Given a sequence γn → ∞ as n → ∞, there exists a sequence {Rn} of positive numbers with

lim infn→∞ Rn > 0 and a sequence of radially decreasing solutions {un} to (P rad
Rn

) with un(0) = γn.

Given {γn} as in the statement, let yn = y(·, γn) denote the solution of (Pγn). It can easily be

checked that f̃(t) = t−δ + h(t)et2
satisfies the assumptions (A1) − (A5) of [67]. Now, by Propo-

sition 4.2 of [67] , T∗
def
= lim supn→∞ T0(γn) < ∞. Up to a subsequence of {γn}, we can assume

that T∗ = limn→∞ T0(γn). From remark 2.4 it follows that T∗ > −∞. Let Rn = 2e− T0(γn)

2 and

un(x) = yn(2 log(2/|x|)), |x| ≤ Rn. Then, un solves (P rad
Rn

) with un(0) = γn and lim infn→∞ Rn > 0.

Step 2 : Let {γn}, {yn} be as in Step 1. Extend yn to [T∗ − 1, T0(γn)) by zero. Then the extended

sequence (still denoted as {yn}) is uniformly bounded on compact subsets of [T∗ − 1, ∞).

We define the following energy function associated to (Pγn) :

En(t) = y′
n(t) − 1

2
(y′

n(t))2g′(yn(t)) − eg(yn(t))−t, t > T0(γn).

Hence, E′
n(t) = −1

2(y′
n)3g′′(yn) ≤ 0 ∀t ≥ t0(γn) since yn is strictly increasing and g is convex for this

range of t. Since limt→∞ En(t) = 0 we obtain that En is a non-negative function on (t0(γn), ∞). This

immediately implies that

y′
n(t)g′(yn(t)) < 2, ∀t ≥ t0(γn). (III.39)

Now, integrating the ODE in (Pγn) we have,

∫ ∞

t0(γn)
f̃(yn(t))e−tdt = y′

n(t0(γn)).
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From (III.39) and recalling that yn(t0(γn)) = s0, we get,

sup
n

∫ ∞

t0(γn)
f̃(yn(t))e−tdt < ∞. (III.40)

Let [a, b] ⊂ [T∗ − 1, ∞). Define A = {n : t0(γn) > b}, B = {n : t0(γn) ≤ b}. We note that

supn yn(b) < ∞. Otherwise, a subsequence of {yn(b)} tends to ∞ and hence by monotonicity of yn,

this subsequence converges uniformly to ∞ in [b, b + 1], violating (III.40). Again by monotonicity of

yn, we have sup[a,b] yn ≤ yn(b). Therefore, supn∈A sup[a,b] yn(t) ≤ supn∈A yn(b) ≤ supn yn(t0(γn)) = s0.

Similarly, supn∈B sup[a,b] yn(t) ≤ supn∈B yn(b) < ∞. This finishes Step 2.

Step 3 : Constructing the singular solution.

Recall that for an integer m ≥ 0 and any n such that γn > m + s0 we defined tm(γn) to be the

point at which yn(tm(γn)) = m + s0.

We claim that Sm
def
= lim supγn>m+s0

tm(γn) < ∞. To see this, for γn > m + s0, define zn(t) =

yn(t) − m − s0. Then −z′′
n = e−tf̃(zn + m + s0)

def
= e−tf(z), and tm(γn) is the first zero of zn(t) as t

decreases from infinity. It can also be checked that f and g = log f satisfies assumptions (A1) − (A5)

of [67]. Now, again by Proposition 4.2 of [67] we get Sm < ∞.

From step 2 and the fact that yn solves the ODE we obtain that {yn} and {y′
n} have uniformly

convergent subsequences in any compact sub-interval of (T∗, ∞). By using a diagonalisation process we

can obtain a subsequence of {yn}, which we will denote by {yn} again, and a positive, continuous and

nondecreasing function y∗ on (T∗, ∞) such that yn → y∗ locally uniformly in (T∗, ∞). Furthermore,

y′
n → (y∗)′ pointwise in (T∗, ∞) (see theorem 7.17 in [108]). By restricting to a further subsequence of

{γn} so that limn→∞ tm(γn) = Sm, we obtain

y∗(Sm) = lim
n→∞

yn(Sm) = lim
n→∞

yn(tm(γn)) = m + s0.

Since y∗ is nondecreasing, we obtain that y∗(t) → ∞ as t → ∞.

Integrating the ODE satisfied by yn once, we get,

y′
n(t) − y′

n(s) =

∫ t

s
f̃(yn(ρ))e−ρdρ, T∗ < s < t < ∞.

Using the convergence of yn, y′
n, we can pass to the limit as n → ∞ on either side of the above

equation to obtain that y∗ also satisfies the same integral equation. That is, y∗ solves the equation

−(y∗)′′ = e−tf̃(y∗) in (T∗, ∞).

Now,
∫ ∞

T0(γn)
f̃(yn)e−tdt ≤ C +

∫ t0(γn)

T0(γn)
y−δ

n e−tdt +

∫ ∞

t0(γn)
f(yn)e−tdt.

Thanks to the boundary estimate in (III.36) we have, yn(t) ≥ k(1 − e− (t−T0(γn))

2 ) for all t > T0(γn)

and n ≥ 1, for some k > 0. Hence, the first integral on the right in the last inequality is uniformly

bounded for all n. That the second integral in this inequality is uniformly bounded with respect to n
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follows from (III.40). Hence we obtain that

sup
n

∫ ∞

T0(γn)
f̃(yn)e−tdt < ∞. (III.41)

We now come to the value for y∗ at T∗. Since y∗ is non decreasing, y∗ has a right limit at T∗.

Integrating the ODE satisfied by yn between t ∈ [T0(γn), t0(γn)) and t0(γn) and using (III.39) and

(III.41), we deduce that y′
n is uniformly bounded on [T0(γn), T∗ + 1]. Consequently, the extended

sequence yn is uniformly bounded in the Lipshitz norm on [T∗ − 1, T∗ + 1]. Then, by Ascoli-Arzela

theorem, we get that

y∗(T∗) = lim
n→∞

yn(T∗) = 0. (III.42)

Again from (III.41) and Fatou’s Lemma,
∫ ∞

T∗
f̃(y∗)e−tdt < ∞. Thus, to summarise, y∗ solves

the differential equation −(y∗)′′ = e−tf̃(y∗) in (T∗, ∞) with y∗(T∗) = 0 and
∫ ∞

T∗
f̃(y∗(t))e−tdt < ∞.

Defining R∗ = 2e− T∗

2 , going back to our original variable x ∈ BR∗
and defining z∗(x) = y∗(2 log( 2

|x|))

we obtain that z∗ solves the following problem :







−∆z∗ = f̃(z∗)

z∗ > 0

}

in BR∗
\ {0},

z∗ = 0 on ∂BR∗
, lim|x|→0 z∗(x) = ∞, f̃(z∗) ∈ L1(BR∗

).

It is clear that lim inft→∞ f̃(t)t−1 > 0 and z∗ is continuous in BR∗
\ {0}. Thus by the result of Brezis-

Lions [28], in fact z∗ solves the problem −∆z∗ = f̃(z∗) + αδ0 in the sense of distributions in BR∗

for some α ≥ 0. Since f̃(t) behaves like et2−tβ
for all large t > 0 and some β ∈ (1, 2), f̃ is a super-

exponential type nonlinearity. Hence from Theorem 2.1 of [51] we obtain that α = 0. Letting now

u∗(x) = z∗(R∗x), x ∈ B1(0), we get that u∗ is the required singular solution with λ∗ = R2
∗.

If u∗ ∈ H1
loc(Ω), by Trudinger-Moser imbedding [93], we obtain that u∗ ∈ Lp

loc(Ω) for all p ≥ 1 and

hence is bounded, a contradiction. �

Remark 3.1 Let f, Ω be as in lemma 3.3. An inspection of the proof of this lemma shows that for

any unbounded (in L∞(Ω)) sequence {un} of solutions to (Pλn), necessarily lim infn→∞ λn > 0 and

we can find a singular solution of (Pλ∗
) for any λ∗ that is a subsequential limit of such a {λn}.

3.1.3 Oscillation criterion

Let y∗, u∗ denote the singular solutions as constructed above. The linearised problem at the singular

solution u∗ obtained after performing the Emden-Fowler transformations is :

−w′′ = {eg(y∗(t))−tg′(y∗(t))}w in (T∗, ∞) (III.43)

Lemma 3.4 Let h(t) = t2+p1
∏n

i=2 eαit
pi , where p1 > 0, 1 < pi < 2, i = 2, ..., n are distinct and αi < 0.

Let f(t) = h(t)et2
. Then, every solution w of (III.43) oscillates infinitely often in any neighbourhood

of ∞.
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Proof. From the construction of singular solution in lemma 3.3, we get a sequence {γn}n≥1 such that

γn → ∞ as n → ∞ and the corresponding sequence of solutions y(t; γn) → y∗(t) and y′(t; γn) → (y∗)′(t)

as n → ∞ uniformly on compact subsets of (T∗, ∞). We defined S0 = lim sup
n→∞

t0(γn).

In order to show the lemma, we use the oscillation criterion (see [Fite, [63]] and [Wintner,

[122]]) :

lim
τ→∞

∫ τ

S0+1
eg(y∗(t))−tg′(y∗(t))dt = ∞. (III.44)

Suppose ∫ ∞

S0+1
eg(y∗(t))−tg′(y∗)(t)dt < ∞. (III.45)

Upon integrating by parts we have, for any S0 + 1 < τ1 < τ2 < ∞,

∫ τ2

τ1

eg(y∗(t))−tg′(y∗)(t)dt = −
∫ τ2

τ1

(y∗)′′g′(y∗)(t)dt

= −[(y∗)′g′(y∗)]τ2
τ1

+

∫ τ2

τ1

[(y∗)′]2g′′(y∗)(t)dt. (III.46)

From (III.39), we obtain that (y∗)′(t)g′(y∗)(t) is a bounded function for all t > S0 + 1. We also note

that g′′(t) ≥ c > 0 for all t > S0 + 1 and some c > 0. Therefore from (III.45) and (III.46) we obtain

that
∫ ∞

S0+1[(y∗)′]2dt < ∞ and
∫ ∞

S0+1(y∗)2e−tdt < ∞ . This gives a contradiction to the fact that u∗ is

not a H1 function in a neighbourhood of the origin. Hence the oscillation criterion (III.44) holds.

3.2 Existence of infinitely many turning points in the bifurcation curve

Throughout this sub-section we take Ω = B1(0), the unit ball in R2, δ < 1 and f satisfying the

assumptions in theorem 1.3.

Lemma 3.5 Fix λ > 0. Then, F (λ, u) is a potential operator from C1(Ω) ∩ C+
φ1

(Ω) to C1(Ω) ∩ C0(Ω)

(see definition 1.9).

Proof. We let E = C1(Ω) ∩ C0(Ω), U = E ∩ C+
φ1

(Ω) and take the inner-product 〈·, ·〉H1
0 (Ω) on E. Then

F (λ, ·) : U → E is a continuous map (this follows from the estimate in theorem 1.1(i) in [76]). Define

gλ : U → R as

gλ(u) =
1

2

∫

Ω
|∇u|2 − λ

∫

Ω

1

1 − δ
|u|1−δ − λ

∫

Ω

∫ u

0
f(t)dt, u ∈ H1

0 (Ω).

It is easy to see that gλ is continuously differentiable on U and ∇gλ(u)h = 〈F (λ, u), h〉H1
0 (Ω) for all

u ∈ U, h ∈ H1
0 (Ω).

Lemma 3.6 Let u ∈ C1(Ω) ∩ C+
φ1

(Ω). Then ∂uF (λ, u) is a compact perturbation of the identity from

C1(Ω) ∩ C0(Ω) to itself and its spectrum on this space coincides with that on Cφ1(Ω) given in lemma

2.5.

Proof. It is enough to show that Aλ
def
= (−∆)−1(λδu−1−δ

λ ·) is a compact operator on C1(Ω) ∩ C0(Ω).

Let {ψn} ⊂ C1(Ω) ∩ C0(Ω) be a bounded sequence. Letting ξn = Aλ(ψn), we see that ξn solves
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III.3 Infinite turning points in two dimensions via ODE analysis

−∆ξn = λδu−1−δ
λ ψn, ξn ∈ C1(Ω) ∩ C0(Ω). Since uλ ∈ C+

ϕ1
(Ω), we see that {−∆ξn} is bounded in

Cϕ−δ
1

(Ω). Then, from theorem 1.1(i) in [76], we obtain that {ξn} is a bounded sequence in C1,θ(Ω)

for some θ ∈ (0, 1). The compactness of Aλ now follows. Thus, any spectral value other than 1 is an

eigenvalue and an argument similar to that in lemma 2.5 shows that these eigenvalues are real. Since

C1(Ω) ∩ C0(Ω) ⊂ Cϕ1(Ω), eigenfunctions of ∂uF (λ, u) on C1(Ω) ∩ C0(Ω) are also its eigenfunctions on

Cϕ1(Ω). Conversely, any eigenfunction of ∂uF (λ, u) on Cϕ1(Ω) is in the space C1(Ω) ∩C0(Ω) thanks to

theorem 1.1(i) of [76] again.

Lemma 3.7 The Morse index of the linearised operator ∂uF (λ, u) is unbounded along the analytic

branch A and it is +∞ at u∗.

Proof. From the regularity result in theorem 1.1(i) [76] we obtain that any solution of (Pλ) is in

C1(Ω). Therefore, A ⊂ R × [C1(Ω) ∩ C+
φ1

(Ω)]. In view of lemmas 3.5 and 3.6, we can define the

Morse index of ∂uF (λ, u) to be the number of its negative eigenvalues (counting multiplicity). From

the norm unboundedness of A and lemma 3.3 we obtain a sequence λi → λ∗ (see remark 3.1) such

that the corresponding sequence of solutions {uλi
} of (Pλi

) have ‖uλi
‖Cφ1

(Ω) → ∞ and converge in

C1
loc(B1(0) \ {0}) to a radial singular solution u∗ of (Pλ∗

) as i → ∞. We now show that the Morse

index of ∂uF (λi, uλi
) tends to infinity in a similar way as in [43]. Indeed, from the Lemma 3.4, we

deduce that for any integer M >> 1, there is n∗ = n∗(M) such that for n ≥ n∗, the graph of yn

intersects with that of y∗ at least M times in the interval (max(T∗, T0(γn)), ∞), (where yn, y∗, T∗
and T0(γn) are defined as in the proof of the Lemma 3.3). Hence we see that yn − y∗ has at least M

zeros in (max(T∗, T0(γn)), ∞) and thus there are at least
[M ]

2
− 1 intervals Ii (i = 1, · · · ,

[M ]

2
− 1) on

which yn − y∗ > 0. Frome the convexity of g near infinity, we can see that the function wi
n defined by

wi
n

def
= yn − y∗ on Ii and wi

n = 0 otherwise, satisfies :

−(wi
n)′′ < {eg(y∗(t))−tg′(y∗(t))}wi

n in Ii, wi
n > 0 in Ii, and wi

n = 0 on ∂Ii.

Multiplying wi
n on both sides of the above inequality and integrating it on the annular domain Ii,

then we obtain ∫

Ii

[

(wi
n)′

]2
dt −

∫

Ii

{eg(y∗(t))−tg′(y∗(t))}(wi
n)2dt < 0.

Since wi
n ∈ H1

0 (I∗) where I∗ = (T∗, +∞),

∫

I∗

wi
nwj

ndt = 0, i Ó= j

and from a basic argument of decomposition in an orthogonal basis, we deduce that the Morse index of

y∗ is greater than
[M ]

2
− 1 and the arbitrariness of M implies that the Morse index of y∗ is +∞. Then

the Morse index of u∗ is also +∞. By the same way we can show that the Morse index of ∂uF (λ, u)

is unbounded along the sequence (λi, ui).
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From Theorem 1.1, we recall that we can construct an analytic path of solutions

A = {(λ(s), u(s)) : s ∈ (0, ∞)} to (Pλ) bifurcating from (0, 0) satisfying

‖u(s)‖Cφδ
(Ω) → ∞ as s → ∞.

We further recall that along the path A the linearised operator ∂uF (λ, u) is Fredholm of index

zero. It is invertible except on a set of isolated points Σ
def
= {(λ(si), u(si)) : i ∈ N}. Consequently,

the implicit function theorem can be applied at any s Ó= si to obtain that locally near such an s the

solution set A can be described as a curve parametrised by λ(s). We now show that the curve A “turns

back" at infinitely many points of Σ. In particular, this implies that the set Σ is infinite.

Proof of theorem 1.2 : The proof is an immediate consequence of the Lemma 3.7.

Proof of theorem 1.3 : From lemma 3.7 we can find an infinite sequence {(λi, ui)} ⊂ A where

the Morse index of ∂uF (λ, u) changes. Necessarily ∂uF (λi, ui) is not invertible i.e., (λi, ui) is in Σ. We

note that, again by the C1-estimate in [76], it follows that the operator norm of ∂uF (λ, u) in the space

C1(Ω) ∩C0(Ω) is uniformly bounded for any (λ, u) chosen in a compact (in R× [C1(Ω) ∩C0(Ω)]) subset

of A. Then, appealing to theorem 1.5 with H = H1
0 (Ω), we get that (λi, ui) is a “turning point" for A

in the sense of definition 1.8.

Remark 3.2 In the above proof, another way to show that (λi, ui) = (λ(si), u(si)) is a “turning

point” is to use the invariance of critical groups by homotopy (where the critical groups are defined in

the Annex B). Indeed, arguing by contradiction, if (λi, ui) is not a turning point, the path A locally

near (λi, ui) is a curve parametrised by λ. Then the critical groups of these solutions must be locally

independent of λ by homotopy invariance of the critical groups. From the formula for the critical groups

at a non-degenerate point given by Theorem B.1 in the Annex B, it follows that the Morse index of the

linearised operator ∂2F (λ, u) must be constant in a deleted neighborhood of (λi, ui) which contradicts

with our choice of (λi, ui).
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Chapitre IV

Some other applications of the global analytic

bifurcation theorem

1 Preliminaries

In this section, we consider the following bifurcation problem with the parameter λ :

(Pλ)

{

−∆u = λf(u) in Ω

u|∂Ω = 0, u > 0 on Ω,
(IV.1)

where Ω is a regular bounded domain in RN , and f : R → R is some given non linearity. In order to

apply the analytic global bifurcation theory, we assume that the mapping

U ⊂ X −→ Y

u Ô−→ f(u)

is analytic, where X, Y are Banach spaces and U is an open subset of X. In this chapter, we describe

the picture of bifurcation diagrams associated with (Pλ) considering various asymptotic behaviors of

the nonlinearity f . Thanks to the theory of analytic bifurcation described in the chapter II, we show

in each situation the existence of unbounded analytic path of solutions to (Pλ) and give its global

behaviour.

We mention that in P. L. Lions [88] has investigated such kind of bifurcation problems by using the

topological bifurcation theory based on the Leray Schauder degree (see [104], [40]). We point out that

the Leray Schauder degree provide the existence of connected set of solutions but not path-connected

sets. In order to get a more precise description of the set of solutions to (Pλ), we apply the results

from Chapter II. In many situations we are able to identify secondary bifurcation points in the global

analytic branch. In the general case, it is sometimes possible to apply the implicit function theorem

and then prove that a portion of the connected set given by topological degree is a smooth curve in

R×X but this approach often fails to prove the existence of a secondary bifurcation point on the global

bifurcation branch. Nevertherless the result proved in [40] (bifurcation from the first eigenvalue) can

be alternatively used in some situations in this case.

The global bifurcation theory in the analytic framework has been already used for problem (Pλ)
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Chapitre IV. Some other applications of the global analytic bifurcation theorem

with nonlinearities f which are asymptotically like a supercritical power at infinity and Ω a ball. In E.

N. Dancer [43], it is shown that the branch of positive solutions undergo infinitely many bifurcations

in this case. In Z. Guo and J. Wei [77], the following problem is studied :

{

−∆u = up + λu in Ω = B1

u|∂Ω = 0, u > 0 on Ω.
(IV.2)

According to the classical bifurcation theory [40] and [105], (λ1, 0) is a bifurcation point from which

emanates an unbounded branch A of solutions (λ, u). F. Merle and L.A. Peletier [92] has previously

proved that there exists a unique value λ∗ > 0 such that a singular radial solution u∗ exists for this

problem. In the paper [77], the global structure of the branch A is further studied. The authors show

for N ≥ 3 and for (N +2)/(N −2) < p < pc, where the Joseph-Lundgren exponent pc (see [82]) is given

by pc = (N−2)2+8
√

N−1
(N−2)(N−10) if N ≥ 11 and pc = ∞ otherwise, that for all k ∈ N there exist k bounded radial

solution for any λ sufficiently close to λ∗. In particular there are infinitely many classical solutions

for λ = λ∗. This result is proved also by Dolbeault and Flores [58], using geometric dynamical

system method and contrats with the case N ≥ 12 and p ≥ p2
c where the Morse index of solutions is

1 and where the solution is unique for λ ∈ (λ∗, λ1) (see [77]). In [77], they prove the nonexistence of

regular solutions for λ < λ∗ in case of p ≥ p2
c and N ≥ 12. Precisely, we have the following bifurcation

diagrams.

O
λ

‖uλ‖∞

λ∗ λ1

N ≥ 3, (N + 2)/(N − 2) < p < pc.

O
λ

‖uλ‖∞

λ∗ λ1

N ≥ 12, p ≥ p2
c .

Let us denote that in this case, λ∗ is unique and we believe that the first situation occurs also in our

study in §3 of the chapter III. Joseph and Lundgren in [82] have dealt with the case where f(u) = eu,

3 ≤ n ≤ 9, and Ω is radially symmetric in (Pλ). They prove the existence of radially symmetric

solutions in reducing (Pλ) to an ordinary differential equation. Clever phase plane techniques are

used to determine the precise description of the solution set. The associated bifurcation diagram is as

follows :

O
λ

‖uλ‖∞

λ∗ Λ
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In particular, they prove the uniqueness of the singular solution and the oscillation of the global

branch around λ = λ∗. For higher dimensions (n ≥ 10), they prove that the following picture of global

bifurcation occurs :

0
λ

‖uλ‖∞

λ∗

The authors prove that in this case the extremal solution (i.e. the minimal solution for λ = λ∗) is

singular and then the branch can not bend back. For discussion about the boundedness of the extremal

solution, we refer to X. Cabré [33] and X. Cabré and Y. Martel [34]. In the next sections, we

consider different behaviour of f near 0 and ∞. We prove the existence and give the global behaviour

of continuous and piecewise analytic arcs of solutions.

2 The case when f(0) = 0

2.1 Superlinear nonlinearities

Let f : R → R be locally Lipschitz and continuous function such that f(0) = 0. By superlinear

behavior, we mean the following condition hold :

lim inf
t→∞

f(t)

t
> λ1 (IV.3)

where λ1 is the first eigenvalue of −∆ with homogeneous Dirichlet boundary conditions. We assume

the following growth conditions :

lim
t→∞

f(t)

tσ
= 0, with σ =

N + 2

N − 2
if N ≥ 3, and σ < ∞ if N = 1, 2, (IV.4)

and

lim
t→∞

f(t)

t
= +∞. (IV.5)

The assumption below ensures that the solutions of (Pλ) are uniformly bounded in L∞(Ω) by the

results from D. G. DeFigueiredo, P. L. Lions and R. D. Nussbaum [48].

lim sup
t→∞

tf(f) − θF (t)

t2f(t)2/N
≤ 0, with θ ∈ (0,

2N

N − 2
), N ≥ 3, (IV.6)

where F (t) =
∫ t

0 f(s)ds. If N = 2, we point out that this last condition is unnecessary.

We define now the functional space :

Cφ1(Ω) = {u ∈ C(Ω) : ∃c > 0, |u(x)| ≤ cφ1(x)},
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This space is a Banach space with the norm

‖u‖Cφ1
(Ω) = sup

x∈Ω

u(x)

φ1(x)
.

We consider the positive cone U
def
= C+

φ1
(Ω) where

C+
φ1

(Ω) = {u ∈ Cφ1(Ω) | inf
x∈Ω

u(x)

φ1(x)
> 0}.

As in proposition 2.1 in Chapter III, in order to apply the analytic global bifurcation theory, we assume

in the entire chapter the following assumption

f(t) is a finite product of functions of the form g(tp), p > 0,

where g is a real entire function on R.

}

(IV.7)

Remark 2.1 If f satisfies (IV.7), then it is easy to show that the operator

f : U −→ Cφ1(Ω)

u Ô−→ f(u)

is analytic (see proposition 2.1 in Chapter III).

We give now the following theorem concerning the superlinear case :

Theorem 2.1 Let us assume that Ω is convex and f satisfies (IV.5), (IV.4), (IV.7) and (IV.6). We

also suppose that f is differentiable in R+ with f ′(0) Ó= 0 and

f(t) > 0 for all t > 0. (IV.8)

Then there exists unbounded analytic connected-path A of solutions (λ, uλ) to (Pλ) emanating from

( λ1
f ′(0) , 0) towards the asymptotic bifurcation point (0, 0), that is

A = {(λ(s), u(s)), s ∈ [0, ∞) : (λ(s), u(s)) is solution de (Pλ)}

where

(λ, u) : [0, ∞) −→ R+ × Cφ1(Ω)

is analytic such that (λ(0), u(0)) = ( λ1
f ′(0) , 0) and λ(s) → 0, ‖u(s)‖L∞(Ω) → ∞ as s → ∞.

Remark 2.2 Instead of the hypothesis f is differentiable in R+ in the above theorem, if we assume

that f is only differentiable in R∗
+ and lim

t→0+

f(t)

t
= +∞ and keeping hypotheses, then we get a similar

result but the branch emanates in this case from (0, 0) (see Remark 2.5 in Chapter III).
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Proof. We define the solution-operator to (Pλ)

F : R+ × C+
φ1

(Ω) −→ Cφ1(Ω)

(λ, u) Ô−→ u − λ(−∆)−1(f(u))
(IV.9)

Then, as in Chapter III, one can show that F is analytic. The linearised operator ∂2F (λ, u) is defined

for all (λ, u) ∈ R+ × C+
φ1

(Ω) as follows

∂2F (λ, u) : Cφ1(Ω) −→ Cφ1(Ω)

ϕ Ô−→ ϕ − λ(−∆)−1(f ′(u)ϕ)
(IV.10)

Note that ∂2F (λ, u) = id + Bλ, where

Bλ : Cφ1(Ω) −→ Cφ1(Ω)

ϕ Ô−→ −λ(−∆)−1(f ′(u)ϕ)

which is compact by the elliptic regularity theory which provides C1,θ(Ω) regularity with 0 < θ < 1.

Hence ∂2F (λ, u) is a Fredholm operator of index 0.

Again, using similar arguments as in Chapter III, we can show that bounded closed sets of solutions

of (Pλ) are compact in R × Cφ1(Ω).

Let us define

λ∗ = sup{λ ∈ R+ : (Pλ) has a solution }.

We have to show that λ∗ < ∞. This is an easy consequence of (IV.5) and (IV.8). Indeed these

assumptions imply that there exists α > 0 such that f(t) ≥ αt for all t ≥ 0. Now multiplying (Pλ)

by the first positive renormalized eigenfunction of −∆ with boundary Dirichlet conditions, φ1, and

integrating by parts, we get

λ1

∫

Ω
uφ1dx = λ

∫

Ω
f(u)φ1dx ≥ αλ

∫

Ω
uφ1dx.

Therefore, λ ≤ λ1
α and thus λ∗ < ∞.

Without loss of generality, we can assume that f ′(0) = 1. Then, it is well known that A =

∂2F (λ1, 0) = id − λ1(−∆)−1 satisfies

ker A = span{φ1}, and dim ker A = codimR(A)

where R(A) denotes the range space of the operator A. In addition the transversality condition is

satisfied, i.e. ∂2
12F (λ1, 0)φ1

φ1

λ1
Ó∈ R(A). Hence we can apply the results of Crandall-Rabinowitz on

the bifurcation from a simple eigenvalue see [40, Theorem 1.7] and the specific form [32, Theorem 8.3.1]

in the analytic case. Then, we deduce the existence of unique local and nontrivial analytic branch A+

which emanates from ( λ1
f ′(0) , 0) = (λ1, 0). Now we are ready to apply the global bifurcation Theorem

1.1 given in Chapter II (see also Remark 1.1 in the same chapter), it follows the existence of a branch
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A extending the local branch A+ where

A =
{
(λ(s), u(s)), s ∈ [0, ∞), (λ(0), u(0)) = (λ1, 0)

}

and

(λ, u) : [0, ∞) −→ R+ × Cφ1(Ω) is piecewise analytic.

We show now that A is unbounded. According to the global bifurcation theorem, if A is bounded then

either it converges to a boundary point, say (0, u0) ∈ R+ × Cφ1(Ω), or A is a loop. This latter case is

impossible since the bifurcating branch from ( λ1
f ′(0) , 0) is unique. Then, only the first alternative can

occur. Hence, there exists a sequence (λn, un) = (λ(sn), u(sn)) ∈ R+ × Cφ1(Ω) such that

λn → 0, and un → u0 in Cφ1(Ω) as sn → ∞.

Then we have −∆un = λnf(un) → 0 in C(K) as sn → ∞ for any compact K ⊂ Ω. Hence we infer

that −∆u0 = 0 (with homogeneous Dirichlet boundary conditions) and then u0 = 0. We have to show

now that this is a contradiction. By the assumptions f(0) = 0 and f differentiable, we have

∃c > 0, ∃t0 > 0, for all t ∈ [0, t0) : f(t) ≤ ct.

Let n large enough such that ‖un‖L∞(Ω) ≤ t0 and λn < λ1
c are small enough, we obtain after multiplying

(Pλ) by φ1 and integrating by parts

λ1

∫

Ω
unφ1dx = λ

∫

Ω
f(un)φ1dx ≤ cλn

∫

Ω
unφ1dx

which contradicts λn → 0. Then the branch A is unbounded. Le’s now show that 0 is the unique

asymptotic bifurcation point. Due to a priori estimates in L∞(Ω) given by DeFigueiredo, Lions,

Nussbaum [48] and in view of assumptions (IV.5),(IV.6), we deduce that for all 0 < α < β, there

exists C > 0 such that, if (λ, u) is solution of (Pλ) with λ ∈ [α, β], then ‖u‖L∞(Ω) ≤ C. Then 0 and

only 0 is an asymptotic bifurcation point. This completes the proof.

�

Remark 2.3 The convexity of the domain and the assumption (IV.6) are technical assumptions which

are used to get uniform a priori bounds for the solutions of (Pλ) (see [88]). Of course the theorem still

holds under other assumptions which imply uniform a priori bounds, as in [48].

We give now a condition which implies that the branch bifurcates at ( λ1
f ′(0) , 0) to the right :

Corollary 2.1 Under the assumptions of the above theorem 2.1 (a), if f(t) < f ′(0)t, for t > 0 small,

then λ∗ > λ1
f ′(0) .

Proof. Without loss of generality we suppose that f ′(0) = 1. Let t1 > 0 such that

f(t) < t for all 0 < t < t0.
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Let us recall that the bifurcating branch A+ given by Crandall-Rabinowitz theorem is unique and

emanates from (λ1, 0). Then locally near (λ1, 0) the only admissible solutions (λ, u) of (Pλ) are for

λ > λ1. This proves that λ∗ > λ1. �

Remark 2.4 (1) Under the same assumptions of the above corollary, the branch A has at least

one "turning point" at some (λ0, u0) with λ0 ∈ ( λ1
f ′(0) , λ∗], then from the path-connectedness of

the global branch A, we deduce that there are at least two distinct ordered solution of (Pλ) for

all λ ∈ [ λ1
f ′(0) , λ∗).

(2) In the case where lim
t→0+

f(t)

t
= +∞ (see remark 2.2), we have at least two ordered solutions

for all λ ∈ (0, λ∗).

We summarize these results by giving the corresponding bifurcation diagrams. The curves below

represent the maximum norm of u in respect to λ, whenever (λ, u) is solution of (Pλ).

– Case 1. f ′(0) = 1, and f(t) > t for t > 0 small.

Example. f(t) = t + tp (1 < p < (N + 2)/(N − 2)).

O
λ

‖uλ‖∞

λ1

– Case 2. f ′(0) = 1, and f(t) < t for t > 0 small.

Example. f(t) = t(1 − sin t) + tp (2 < p < (N + 2)/(N − 2)).

O
λ

‖uλ‖∞

λ1 λ∗

– Case 3. limt→0+

f(t)

t
= +∞.
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Example. f(t) =
√

t + tp (1 < p < (N + 2)/(N − 2)).

O
λ

‖uλ‖∞

λ∗

2.2 Sublinear nonlinearities

We still assume that f is locally Lipschitz continuous function from R+ to R and that f(0) = 0.

In addition f is assumed to be sublinear, that is

lim sup
t→∞

f(t)

t
< λ1. (IV.11)

We give the following existence result (see for example H. Amann [10], or H. Berestycki and P. L.

Lions [21]) :

Theorem 2.2 In addition to (IV.11), let us assume that f satisfies :

lim inf
t→0+

f(t)

t
> λ1. (IV.12)

Then the problem

(P)

{

−∆u = f(u) in Ω

u|∂Ω = 0, u > 0 on Ω,
(IV.13)

admits a maximal solution.

Since f is continuous and locally Lipschitz, there exists a constant k > 0 such that t Ô→ f(t) + kt is

nondecreasing for t ∈ [0, C], for some constant C > 0 large. Then the existence of a maximal solution

is obtained by constructing a monotone decreasing iteration scheme {un} starting with u0 = C.

Remark 2.5 If f satisfies (IV.12) and

f(β) = 0, for some β > 0, (IV.14)

then the problem (P) admits a maximum solution among all solution less than β. Indeed, by the

maximum principle, every solution of (P) with f replaced by f̃ = f(t ∧ β), is less than β. Hence it is

also solution to (P). Let us remark that f̃ satisfies obviously (IV.11).

Remark 2.6 In the case when f satisfies (IV.11), (IV.12) and

t Ô−→ f(t)/t is decreasing for t > 0, (IV.15)
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then it is well known (see H. Berestycki [20] for an elegant proof) that (P) has a unique positive

solution (the uniqueness follows in fact from the monotonicity of the operator −∆ − f(u)
u , see also

Junping Shi and Miaoxin Yao [109, Lemma 2.3]). In particular if f is is strictly concave then

(IV.15) is satisfied.

Now, we turn to the parametrized version (Pλ).

Theorem 2.3 We assume that f is differentiable near 0 with f ′(0) = 1 (without loss of generality)

and we assume the hypotheses (IV.7) and

lim inf
t→∞

f(t)

t
= 0 (resp. f(β) = 0 for some β > 0), (IV.16)

and

f(t) > 0 for all t > 0 ( resp. for all β > t > 0). (IV.17)

Let λ∗ be the infimum of all λ > 0 such that there exists a solution of (Pλ) (resp. less than β). Then

we have : 0 < λ∗ ≤ λ1, and there exists an unbounded set A ⊂ [λ∗, ∞) × Cφ1(Ω) of solutions to (Pλ)

which is globally parametrized by a continuous map :

(0, ∞) ∋ s Ô−→ (λ(s), u(s)) ∈ A

such that (λ(s), u(s)) → (λ1, 0) as s → 0 and

‖(λ(s), u(s))‖∞ −→ ∞ as s → ∞.

If we assume that f is differentiable in R+∗ only and lim
t→0+

f(t)/t = ∞, then λ∗ = 0 and the branch A

emanates from (0, 0).

Remark 2.7 If f ′(0) = 0, it is easy to prove that there is no bifurcation point and the global branch

can not emanate from some (λ̃, 0) with λ̃ ∈ R+.

Let us give now a condition which implies λ∗ < λ1.

Corollary 2.2 Under the assumption of theorem 2.3 with f ′(0) = 1 and if the following condition

f(t) > t, for t > 0 and sufficiently small

then λ∗ < λ1.

Remark 2.8 If f(t) < t, for t > 0 small, then locally near (λ1, 0) the solutions (λ, u) to (Pλ) exist

only for λ > λ1.

The proofs of Theorem 2.3 and Corollary 2.2 are similar to those of Theorem 2.1 and Corollary 2.1.

Therefore we skip them. We point out that the existence of maximal solutions which provide uniform

bounds of solutions (for λ bounded) implies the nonexistence of asymptotic bifurcation points. Under
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conditions of Corollary 2.2, we can prove the existence of minimal solutions for λ ∈ (λ∗, λ1) by lower

and super solution technique and that a portion of the minimal solution branch belongs to A.

We summarize again the results of this section with the associated bifurcation diagrams.

– Case 1. f ′(0) = 1, and f(t) < t for t > 0 small.

Example. f(t) = t − tp (1 < p < ∞). Let us denote her that f is concave, then (Pλ) has a

unique solution for every λ ≥ λ1 and by the maximum principle, the solutions are increasing

with respect to λ (see Remark 2.6).

O
λ

‖uλ‖∞

λ1

– Case 2. f ′(0) = 1, and f(t) > t for t > 0 small.

Example. f(t) = t + αt2 − βt3, α, β > 0.

O
λ

‖uλ‖∞

λ1λ∗

– Case 3. limt→0+

f(t)

t
= +∞.

Example. f(t) = tp (0 < p < 1) .

O
λ

‖uλ‖∞

3 The case when f(0) > 0.

3.1 Superlinear nonlinearities

In this section, we still assume that f is locally Lipschitz continuous function from R+ to R and

we assume that f(0) > 0 and we will restrict our attention to the case when f satisfies (IV.8) Our

result about the existence of a global connected-path is the following
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Theorem 3.1 Let us suppose that f is differentiable on (0, ∞) and satisfies

lim
t→0

f ′(t) t < ∞, (IV.18)

that the hypotheses (IV.7),(IV.8), (IV.5), (IV.4), (IV.6) hold, and that Ω is convex. Then there exist

λ∗ such that (Pλ) has no solution for λ > λ∗, and an unbounded connected-path A emanating from

(0, 0) such that

(i) There exists λ0 ∈ (0, λ∗) such that for all λ ∈ (0, λ0), there exist at least two distinct positive

solutions uλ, uλ ∈ A, where uλ is a minimal solution,

(ii) ‖uλ‖∞ → ∞ when λ → 0+.

Remark 3.1 (1) Again assumption (IV.6)(and the convexity of Ω) is technical, it is used only

in (ii) in order to ensure some uniform a priori estimates and the theorem still holds with any

assumption (replacing (IV.6)) providing a priori bounds of the solutions of (Pλ) (alternative

assumptions providing uniform bounds can be found in [48]).

(2) If we assume in addition that f is strictly convex on R+, then the connected-path A satisfies

i) (λ∗, uλ∗
) ∈ A is a "turning point" of A ;

ii) for all λ ∈ (0, λ∗), there exist two distinct and orderd positive solutions uλ, uλ ∈ A such that

uλ is the minimal solution. In this case the the derivative ∂uF (λ, uλ) is invertible along the

curve of minimal solutions for λ ∈ (0, λ∗) .

Remark 3.2 The example f(t) = α + βt with α, β > 0 shows that assumption (IV.5) is crucial in

order to get

i) a solution for λ = λ∗,

ii) at least two solutions for 0 < λ < λ∗.

Indeed in this case it is well known that (Pλ) has a solution if and only if λ < λ∗ = λ1/β.

Proof of Theorem 3.1 : The proof is similar the to that of Theorem 2.1. The crucial point here is to

show the existence of a local analytic branch of solutions emanating from (0, 0). For that, it suffices to

prove that the linearised operator ∂uF (λ, u) = id − λ
[
(−∆)−1f ′(u)·] is invertible for λ small enough,

and then we can apply the implicit function theorem along the minimal branch for small λ > 0. Indeed,

we have by hypothesis (IV.18), f ′(u) ∈ Cφ−1
1

(Ω), for all u ∈ C+
φ1

(Ω). Hence by variational method, we

can show that the following problem

{

−∆w − λf ′(u)w = g in Ω,

w = 0 on ∂Ω,

where g ∈ Cφ1(Ω), has one and only one positive solution w ∈ H1
0 (Ω) ∩ C+

φ1
(Ω), for λ small enough.

For the uniqueness it is enough to remark that the first eigenvalue µ1 of the operator −∆ − λf ′(u) is

positive. Indeed µ1 is defined by

µ1 = inf
ϕ∈H1

0
(Ω)

∫

Ω
ϕ2=1

(∫

Ω
|∇ϕ|2dx − λ

∫

f ′(u)ϕ2dx

)
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Chapitre IV. Some other applications of the global analytic bifurcation theorem

Using Young inequality and the fact that f ′(u) ∈ Cφ−1
1

(Ω), we have

λ

∫

f ′(u)ϕ2dx ≤ 1

2
λ

(∫

(f ′(u)φ1)2ϕ2dx +

∫

Ω
(

ϕ

φ1
)2dx

)

We have f ′(u)ϕ ∈ L∞(Ω), then
∫

(f ′(u)φ1)2ϕ2dx ≤ C1
∫

Ω |∇ϕ|2dx and by Hardy inequality, we have
∫

Ω( ϕ
φ1

)2dx ≤ C2
∫

Ω |∇ϕ|2dx. Hence by choosing λ small enough, we obtain that

µ1 ≥ C3 inf
ϕ∈H1

0
(Ω)

∫

Ω
ϕ2=1

∫

Ω
|∇ϕ|2dx > 0.

This concludes the proof.

We present the result of this section through a bifurcation diagram representing the set of solutions

to (Pλ) (taking into account the previous remark), (e.g., f(t) = α + βtp, p ≥ (N + 2)/(N − 2). here

f is convex).

0
λ

‖uλ‖∞

λ∗

3.2 Sublinear nonlinearities

The main result is given by the following theorem. The proof of this result uses similar arguments

as in above subsections. Therefore, we skip it.

Theorem 3.2 Let us assume that f satisfies (IV.7), either (IV.8) together with

lim
t→∞

f(t)t−1 = 0

or that there exists β > 0 such that f(β) = 0. Then there is an unbounded connected-path A emanating

from (0, 0). In addition, if f is concave, then for all λ > 0 there exists a unique solution uλ.

The following diagram summarizes the situation given in the above theorem.

Example. f(t) = α + βtθ, α, β > 0, θ ∈ (0, 1).

0
λ

‖uλ‖∞
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Remark 3.3 If we assume instead of (IV.16), lim supt→∞
f(t)

t = K < ∞, then there exists a

connected-path A emanating from (0, 0) and has asymptotic bifurcation point in for λ∗ = λ1/K.

0
λ

‖uλ‖∞

λ∗
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Appendices

A Polynomials with variable coefficients and Analyticity

A.1 Analyticity and Riemann Extension Theorem

Definition A.1 (Definition of a manifold) A set M ⊂ F is called an m-dimensional F-analytic

manifold if, for all points a ∈ M, there is an open neighbourhood Ua of 0 ∈ Fn and an analytic function

f : Ua → M such that f(0) = a, df [0] is a finite-dimensional linear transformation of rank m, and f

maps open sets of U into relatively open sets of M. onto

Theorem A.1 (Riemann extension theorem) Let U ⊂ Cn a non-empty connected open set and

let var(U, G) Ó= U an analytic variety. Then if h̃ is an analytic function on U \ var(U, G) such that

sup{|h̃(x)| : x ∈ U \ var(U, G)} < ∞

then there is an analytic function h such that h ≡ h̃ on U \ var(U, G) (h is called the extension of h̃).

To prove the above theorem, we use the following preliminary result of independent interest :

Proposition A.1 Suppose that U ⊂ Fn is open, connected and gk : U → F is F-analytic, 1 ≤ k ≤ m.

Let E = {x ∈ U : gk(x) = 0 ∈ F, 1 ≤ k ≤ m}.

(a) If E Ó= U , then U\E is open, dense in U .

(b) If, in addition, F = C, then U\E is connected.

For the proofs of the above results, we refer to Federer [62] and Dieudonné [53].

A.2 Polynomials with variable coefficients and analyticity

Let us denote that the theory of polynomials with variable constants is to be found in Mumford

[94] and Narasimhan [97].

Proposition A.2 (Continuous dependence of roots) Let p ∈ N∗.

(1) Let ẑ ∈ C is a simple root of a polynomial

Zp + âp−1Zp−1 + · · · + â0
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with constant complex coefficients. Then there is a C-analytic function f , defined on a neigh-

bourhood of (âp−1, · · · , â0), such that z = f(a0, · · · , ap−1) is a simple root of the polynomial

Zp + ap−1Zp−1 + · · · + a0

and ẑ = f(âp−1, · · · , â0). In addition, if âp−1, · · · , â0, ẑ ∈ R, then

a0, · · · , ap−1 ∈ R =⇒ z = f(a0, · · · , ap−1) ∈ R.

(2) Suppose now that ẑ is of multiplicity q ≥ 1 of the polynomial in part (1). Then for every ε > 0

small enough, there exist δ > 0 such that the polynomial

Zp + ap−1Zp−1 + · · · + a0

has exactly q complex roots, counted according to their multiplicity, in the set

{z ∈ C : |z − ẑ| < ε}

provided that |âp−1 − ap−1|, · · · , |â0 − a0| < δ

(3) For all ε > 0, there exists δ > 0 such that

|a0|, · · · , |ap−1| < δ =⇒ |z| < ε

where z is a root of the polynomial

Zp + ap−1Zp−1 + · · · + a0

with complex coefficients.

Theorem A.2 (Weierstrass Preparation Theorem) Let U ⊂ Fn an open set contains 0, f : U →
F is analytic, f(0) = 0 and for (0, · · · , xn) ∈ U ,

f(0, · · · , 0, xn) = xq
nv(xn) where v(0) Ó= 0 and q ≥ 1

where v is analytic in a neighbourhood of 0 ∈ Fn.

(1) For all analytic function φ in a neighbourhood of 0 ∈ Fn such that φ(0) = 0, there are

b1, · · · , bn−1 analytic on a neighbourhood of 0 ∈ Fn−1 and a analytic on a neighbourhood of

0 ∈ Fn such that

φ(x1, · · · , xn) = a(x1, · · · , xn)f(x1, · · · , 0, xn) +
q−1
∑

k=0

bk(x1, · · · , xn−1)xk
n

on a neighbourhood of 0 ∈ Fn.

(2) There are analytic functions h, a0, · · · , aq−1 in neighbourhood of 0 ∈ Fn−1 such that a0(0) =
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· · · = aq−1(0) = 0 and an analytic functions h in neighbourhood of 0 ∈ Fn such that h(0) Ó= 0

and

f(x1, · · · , xn) = h(x1, · · · , xn)

(

xq
n +

q
∑

k=0

ak(x1, · · · , xn−1)xk
n

)

.

(3) the functions a, u, ak, bk are uniquely determined if the neighbourhoods are open connected.

(4) If U ⊂ Cn and f is real-on-real, then h and ak are real-on-real.

For the proof we refer to R.Narasimhan [97].

Discriminant of polynomial. Consider two polynomials of the complex variable z, with constant

coefficients in C, given by

A(z) = apzp + · · · + a1z + a0, p ≥ 1, ap Ó= 0,

B(z) = bpzq + · · · + b1z + a0, q ≥ 1, aq Ó= 0.

Then A and B are said to be co-prime if the constant polynomial "1" of degree 0 is their greatest

common divisor. An elementary criterion says that A and B are co-prime if and only if there exist

two polynomial U and V such that







A(z)U(z) + B(z)V (z) = 0,

U(z =Ó≡ 0, V (z) Ó≡ 0,

deg(U(z)) < q, deg(V (z)) < p.

(.1)

If

U(z) = cq−1zq−1 + · · · + c1z + c0, V (z) = dp−1zp−1 + · · · + d1z + d0,

then (.1) is equivalent to


































a0 0 · · · 0 b0 0 · · · 0

a1 a0 · · · 0 b1 b0 · · · 0
... a1 · · · ...

...
...

...
...

...
... · · · a0 bq−1 bq−2 bq−3 · · · 0

...
... · · · a1 bq bq−1 bq−2 · · · 0

...
... · · · ...

...
...

...
...

ap−1 ap−2 · · · ap−q
...

...
... · · · b0

ap ap−1 · · · ap−q+1
...

...
... · · · b1

0 ap · · · ...
...

...
... · · · ...

...
... · · · ...

...
...

... bq−1

0 0 · · · ap−1 0 0 0 · · · bq


































×






















c0

c1

...

cq−1

d0

d1

...

dp−1






















= 0.

In the above system we have supposed p > q. The above complex (p + q) × (p + q) matrix is called the

resultant matrix of A and B. Its determinant D(a0, · · · , ap, b0, · · · , bq), is called the resultant of A
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and B. The resultant is a polynomial in the coefficients a0, · · · , ap, b0, · · · , bq which is zero if and only

if A and B are not co-prime.

Definition A.2 (Discriminant of polynomial) Consider the polynomial

A(z) = apzp + · · · + a1z + a0, p ≥ 1, ap Ó= 0,

the coefficients of which are complex. The discriminant D(a0, · · · , ap) of A is the resultant of A and

A′, where A′ denotes the polynomial obtained by differentiating A with respect to z.

It is clear that if A has a multiple root z0 ∈ C, then z − z0 is a common factor of A and A′. Then the

discriminant of A vanishes exactly when A has at least one multiple root.

Theorem A.3 (Simplification of polynomials by Euclid’s Algorithm)

Let A(z1, · · · , zm; z) be a polynomial defined as follows

A(z1, · · · , zm; z) = zp + ap−1(z1, · · · , zm)zp−1 + · · · + a0(z1, · · · , zm)

where p ≥ 1, ap−1, · · · , a0 are C-analytic function on

V = {(z1, · · · , zm) ∈ Cm : |z1|, · · · , |zm| < δ}, δ > 0.

Suppose that its discriminant D(a0, · · · , ap−1, 1) ≡ 0 on V. Then there exists another polynomial

E(z1, · · · , zm; z) = zq + eq−1(z1, · · · , zm)zp−1 + · · · + e0(z1, · · · , zm)

of degree q, and the coefficients ep−1, · · · , e0 are C-analytic function on V , which has the same roots as

A(z1, · · · , zm; z), possibly with smaller multiplicity, and D(e0, · · · , ep−1, 1) Ó≡ 0 on V . (In particular,

E(z1, · · · , zm; z) has no multiple roots for (z1, · · · , zm) in an open dense connected subset W of V ).

If A(z1, · · · , zm; z) is real-on-real then so is E. (E is called the simplification of A).

Lemma A.1 (Projection lemma) Let A1(z1, · · · , zm; z) be a polynomial of degree p, defined on V

as in the previous theorem and let Aj(z1, · · · , zm; z) be a polynomial in z of degree at most p − 1,

2 ≤ j ≤ k. Let

A =
{
(z1, · · · , zm) ∈ V : ∃z ∈ C, Aj(z1, · · · , zm; z) = 0 for all j ∈ {1, · · · , k}}

.

Then there exists a finite family {gi : i ∈ I} of analytic functions on V such that

A =
{
(z1, · · · , zm) ∈ V : gi(z1, · · · , zm) = 0 for all i ∈ I

}
.

If the polynomials Aj are real-on-real, then the functions in A are real-on-real.

The reader is referred to D. Mumford [94, sect. 4.11] and also to B. Buffoni and J. F. Toland [32,

Chapter 6] for the proof.
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B The critical groups in Homology theory and Morse index

In this section, we study the relationship between these Morse type numbers and the deformation

property of the underlying manifold via the deformation property of homology (The main result of this

section is the theorem B.1). First, we begin by giving some definitions and properties of the homology.

For more illustrations, we refer to K. C.Chang [36] and M. J. Greenberg and J. R.Harper [73].

B.1 Chain Complexes and homology

Definition B.1 Let R be Ring and let (M, +) be an Abelian group. Then M is called a left R-module

if there exists a scalar multiplication : µ : R × M → M denoted by µ(r, m) = rm for all r ∈ R and

m ∈ M , such that for all r, r1, r2 ∈ M and all m, m1, m2 ∈ M ,

r(m1 + m2) = rm1 + rm2, (r1 + r2)m = r1m + r2m, r1(r2m) = (r1r2)m, 1m = m.

“Module” will always mean left module unless stated otherwise.

Let us denote that if R is a field, then M is a vector space over R.

Example B.1 1- Any ring R is a module over itself.

2- Every Abelian group (A, +) is a Z-module.

Definition B.2 1- Any subset of M that is a left R-module under the operations induced from

M , is called a submodule of M .

2- The submodule generated by X ⊂ M denoted by 〈X〉, is the smallest submodule of M which

contains X. It is not difficult to show that

〈X〉 =
∑

x∈X

Rx.

3- The module M is called a free module if there exists a subset X ⊂ M such that each element

m ∈ M can be expressed uniquely as a finite sum, m =
∑n

i=1 aixi, with a1, · · · , an ∈ R and

x1, · · · , xn ∈ X.

Definition B.3 Let R be a ring. A chain complex over R is a sequence {Cq, ∂q}q∈Z denoted by (C∗, ∂),

of R-modules Cq and homomorphisms ∂q : Cq → Cq−1 such that ∂q∂q+1 = 0,

· · · Cq+1
∂q+1

// Cq
∂q

// Cq−1 · · ·

with Cq = 0 if q < 0. The homomorphism ∂q is called a boundary operator.

Let us denote Zq(C∗, ∂) = ker(∂q : Cq → Cq−1) and Bq(C∗, ∂) = Im(∂q+1 : Cq+1 → Cq). Since

∂q∂q+1 = 0, we have Bq(C∗, ∂) ⊂ Zq(C∗, ∂).

Definition B.4 We call

Hq(C∗, R)
def
= Zq(C∗, ∂)/Bq(C∗, ∂)
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the q-homology module.

B.2 Singular relative homology : Definitions and properties

We take a countably infinite product R∞ of copies of R, and consider the vectors

e0 = (0, 0, · · · , 0, · · · )

e1 = (1, 0, · · · , 0, · · · )

· · · · · ·
ei = (0, 0, · · · , 1

ith
, · · · )

· · · · · ·

We identify Rn with the subspace having all components after the n-th equal to 0.

B.2.1 Construction of a singular chain complex

We define the standard q-simplex ∆q

∆q =

{ q
∑

i=0

λiei, λi ≥ 0,
q

∑

i=0

λi = 1

}

.

Thus ∆0 is a point, ∆1 is the unit interval, ∆2 is a triangle (including its interior), etc.

Given a topological space X, a singular q-simplex in X is a continuous map ∆q → X. Thus for

q = 0 it can be identified with a point in X ; for q = 1 it is a path in X, etc. Let R be a ring. We

denote by Sq(X; R) the free R-module generated by the set of the singular q-simplex in X,

Sq(X; R) =

{
∑

i∈I

riσi | σi : ∆q → X is continuous, ri ∈ R, I is finte

}

.

We define the boundary operator by the homomorphism ∂q : Sq(X; R) → Sq−1(X; R)

∂qσ =
q

∑

i=0

(−1)iσ ◦ εi
q

where the map εi
q : ∆q−1 → ∆q is defined by

(t0, · · · , tq−1) Ô→ (t0, · · · , 0
ith

, · · · , tq−1).

Let us prove show that ∂q ◦ ∂q+1 = 0. For σ ∈ Sq+1(X; R)

(∂q ◦ ∂q+1)(σ) =
q+1
∑

i=0

q
∑

j=0

(−1)i+jσ ◦ εi
q+1 ◦ εj

q

=
∑

i>j

(−1)i+jσ ◦ εi
q+1 ◦ εj

q +
∑

i≤j

(−1)i+jσ ◦ εi
q+1 ◦ εj

q
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replacing j by j − 1 in the second term in this sum, we obtain

(∂q ◦ ∂q+1)(σ)
∑

i>j

(−1)i+jσ ◦ εi
q+1 ◦ εj

q −
∑

i<j

(−1)i+jσ ◦ εi
q+1 ◦ εj−1

q .

Using this inequality εi
q+1 ◦ εj

q = εj
q+1 ◦ εi−1

q and replacing i by j, we obtain that (∂q ◦ ∂q+1)(σ) = 0.

Hence the sequence (S∗, ∂) := {Sq(X; R), ∂q} defines a chain complex over R.

Definition B.5 (S∗(X; R), ∂) is called a singular chain complex and

Hq(X, R)
def
= Hq(S∗, ∂)

is called the singular q-homology module.

Given a pair of topological spaces (X, A), with A ⊂ X (such pair will be called topological pair).

The boundary operator ∂ induces a homomorphism ∂ which makes the following diagram commutative

Sq(X; R)

∂q

��

// Sq(X; R)/Sq(A; R)

∂
��

Sq−1(X; R) // Sq−1(X; R)/Sq−1(A; R)

and we have clearly ∂q ◦ ∂q+1 = 0. Then we define Zq(X, A; ∂) = ker ∂q and Bq(X, A; ∂) = Im∂q+1.

Definition B.6 We call

Hq(X, A; R)
def
= Zq(C∗, ∂)/Bq(C∗, ∂)

the singular relative q-homology module.

B.2.2 Some properties

Given two topological pairs (X, Y ) and (X ′, Y ′), we say that a map f : (X, Y ) → (X ′, Y ′) is

continuous if f : X → X ′ is continuous and f(Y ) ⊂ Y . Two continuous maps f, g : (X, Y ) → (X ′, Y ′)

are called homotopic and we write f ∼= g, if ∃ F : [0, 1] × (X, Y ) → (X ′, Y ′), which is continuous and

satisfies

F (0, .) = f, F (1, .) = g,

and

F : [0, 1] × Y → Y ′.

The topological pairs (X, Y ) and (X ′, Y ′) are called homotopically equivalent if there exist a continuous

maps

φ : (X, Y ) → (X ′, Y ′)

ψ : (X ′, Y ′) → (X, Y )

satisfying

ψ ◦ φ = id(X,Y), φ ◦ ψ ∼= id(X′,Y′).
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We say (X ′, Y ′) is a deformation retract of (X, Y ) if X ′ ⊂ X, Y ′ ⊂ Y , and if ∃ η : [0, 1] × X → X

satisfying

η(0, ·) = idX, η(1, X) ⊂ X′, η(1, Y) ⊂ Y′,

η(t, Y ) ⊂ Y and η(t, ·)|X′ = idX′ , ∀t ∈ [0, 1].

Then we have this important property

Homotopy invariance : If (X, Y ) and (X ′, Y ′) are homotopically equivalent, then

Hq(X, Y, R) ∼= Hq(X ′, Y ′, R), ∀q.

If(X ′, Y ′) is a deformation retract of (X, Y ), then

Hq(X, Y, R) ∼= Hq(X ′, Y ′, R), ∀q.

Another basic property is the following

Excision property : If U ⊂ X satisfies U ⊂ int(Y), then

Hq(X \ U, Y \ U, R) ∼= Hq(X, Y, R)

We need the following lemma for the proof of the below theorem.

Lemma B.1 We have

Hq(Bm, Sm−1; R) ∼=
{

R if q = m

0 otherwise.

For the proof we refer to M. J. Greenberg and J. R.Harper [73, Example 14.4, p.76].

B.3 Critical groups and Morse index

Definition B.7 Let p be an isolated critical point of f , and c = f(p). We call

Cp(f, p)
def
= Hq(Up ∩ fc, Up ∩ (fc \ {p}, R)

the qth critical group of f at p, where Up is a neighborhood of p contains only p as critical point,

Hq(Up ∩ fc, Up ∩ (fc \ {p}, R) is the singular relative homology.

According to the excision property of singular homology, the critical groups are well-defined (they

do not depend on a special choice of the neighborhood Up).

Definition B.8 Let f ∈ C2(M,R), with M a Riemann manifold and p a critical point of f .

(1) p is called non-degenerate if d2f(p) has a bounded inverse.

(2) Since A = d2f(p) is a self-adjoint operator which possesses a resolution of identity, we call

the dimension of the negative space corresponding to the spectral decomposing, the Morse index

of p, denoted by ind(f, p) (it can be ∞).
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We give the following Morse Lemma :

Lemma B.2 Suppose that f ∈ C 2(M,R) and that p is a non-degenerate critical point. Then there

exists a neighborhood Up of p and a local diffeomorphism ψ : Up → Tp(M) with ψ(p) = θ, such that

f ◦ ψ−1(ξ) = f(p) +
1

2
〈d2f(p)ξ, ξ〉, ∀ξ ∈ ψ(Up),

where 〈, 〉 is the inner product of the Hilbert space H, on which the Riemannian manifold M is modeled.

Now we are in a position to compute the critical groups of a nondegenerate critical point via its

Morse index (See [36, Theorem 4.1, p.34]).

Theorem B.1 Suppose that f ∈ C2(M,R) and that p is a non-degenerate critical point of f with

Morse index j. Then

Cq(f, p) =

{

R q = j,

0 q Ó= j.

Proof. According to the Morse lemma, we may restrict ourselves to a special case where f is a

quadratic function on the Hilbert space H : f(x) = 1
2〈Ax, x〉, where A is a bounded, invertible, self-

adjoint operator. Let P± be the orthogonal projection onto the positive (negative) subspace H± with

respect to the spectral decomposition of A. We have

f(x) =
1

2

(

‖(AP+)1/2x‖2 − ‖((−AP−)1/2x‖2
)

.

On an ǫ-ball Bǫ centred at 0, it is easily seen that

Bǫ ∩ f0 =
{

x ∈ H|‖y+‖ ≤ ‖y−‖, y± = (±AP±)1/2x
}

.

We define a deformation

η(t, x) = y− + ty+ ∀(t, x) ∈ [0, 1] × (Bǫ ∩ f0).

It is a strong deformation retract from (Bǫ ∩ f0, Bǫ ∩ (f0 \ {0})) to (H− ∩ Bǫ, H− \ {0} ∩ Bǫ), and the

two pairs (H− ∩ Bǫ, H− \ {0} ∩ Bǫ) and (Bj , Sj−1) are homotopically equivalent. Thus if j is finite,

then
Cq(f, p) ∼= Hq(Bǫ ∩ f0, Bǫ ∩ (f0 \ {0}), R)

∼= Hq(H− ∩ Bǫ, (H− \ {0}) ∩ Bǫ, R)

∼= Hq(Bj , Sj−1, R) ∼=
{

R j = q

0 q Ó= j.

For j = ∞, since S∞ is contractible (hompotpic to a point), then we always have

Cq(f, p) ∼= 0.

This complete the proof. �
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Résumé : Cette thèse s’inscrit dans le domaine mathématique de l’analyse des équations aux dérivées partielles non-

linéaires. Précisément, nous nous sommes intéressés à une classe de problèmes elliptiques et paraboliques avec coefficients

singuliers. Ce manque de régularité pose un certain nombre de difficultés qui ne permettent pas d’utiliser directement les

méthodes classiques de l’analyse non-linéaire fondées entre autres sur des résultats de compacité. Dans les démonstrations

des principaux résultats, nous montrons comment pallier ces difficultés. Ceci suppose d’adapter certaines techniques bien

connues mais aussi d’introduire de nouvelles méthodes. Dans ce contexte, une étape importante est l’estimation fine du

comportement des solutions qui permet d’adapter le principe de comparaison faible, d’utiliser la régularité elliptique et

parabolique et d’appliquer dans un nouveau contexte la théorie globale de la bifurcation analytique. La thèse se présente

sous forme de deux parties indépendantes.

– Dans la première partie (chapitre I de la thèse), nous avons étudié un problème quasi-linéaire parabolique fortement

singulier faisant intervenir l’opérateur p-Laplacien. On a démontré l’existence local et la régularité de solutions faibles.

Ce résultat repose sur des estimations a priori dans L∞ obtenues via l’utilisation d’inégalités de type log-Sobolev

combinées à des inégalités de Gagliardo-Nirenberg. On démontre l’unicité de la solution pour un intervalle de valeurs

du paramètre de la singularité en utilisant un principe de comparaison faible fondé sur la monotonie dans W
1,p
0 (Ω)

d’un opérateur non linéaire adéquat.

– Dans la deuxième partie (correspondant aux Chapitres II, III et IV de la thèse), nous sommes intéressé à l’étude de

problèmes de bifurcation globale. On a établi pour ces problèmes l’existence de continuas non bornés de solutions qui

admettent localement une paramétrisation analytique. Pour établir ces résultats, nous faisons appel à différents outils

d’analyse non linéaire. Un outil important est la théorie analytique de la bifurcation globale qui a été introduite par

Dancer (voir Chapitre II de la thèse). Pour un problème semilinéaire elliptique avec croissance critique en dimension

2, on montre que les solutions le long de la branche convergent vers une solution singulière (solution non bornée)

lorsque la norme des solutions converge vers l’infini. Par ailleurs nous montrons que la branche admet une infinité

dénombrable de "points de retournement" correspondant à un changement de l’indice de Morse des solutions qui tend

vers l’infini le long de la branche.

Mots clés : opérateur p-Laplacien, principe de comparaison, problèmes singuliers, problèmes elliptiques/paraboliques,

théorie globale de la bifurcation analytique.

Abstract : This thesis is concerned with the mathematical study of nonlinear partial differential equations. Precisely,

we have investigated a class of nonlinear elliptic and parabolic problems with singular coefficients. This lack of regularity

involves some difficulties which prevent the straighforward application of classical methods of nonlinear analysis based

on compactness results. In the proofs of the main results, we show how to overcome these difficulties. Precisely we adapt

some well known techniques together with the use of new methods. In this framework, an important step is to estimate

accurately the solutions in order to apply the weak comparison principle, to use the regularity theory of parabolic and

elliptic equations and to develop in a new context the analytic theory of global bifurcation. The thesis presents two

independent parts.

– In the first part (corresponding to Chapter I), we are interested by a nonlinear and singular parabolic equation involving

the p-Laplacian operator. We established for this problem that for any non-negative initial datum chosen in a certain

Lr(Ω), there exists a local positive weak solution. For that we use some L∞ estimates based on logarithmic Sobolev

inequalities to get ultracontractivity of the associated semi-group. Additionaly, for a range of values of the singular

coefficient, we prove the uniqueness of the solution and further regularity results.

– In the second part (corresponding to Chapters II, III and IV of the thesis), we are concerned with the study of global

bifurcation problems involving singular nonlinearities. We establish the existence of a piecewise analytic global path of

solutions to these problems. For that we use crucially the analytic bifurcation theory introduced by Dancer (described

in Chapter II of the thesis). In the frame of a class of semilinear elliptic problems involving a critical nonlinearity

in two dimensions, we further prove that the piecewise analytic path of solutions admits asymptotically a singular

solution (i.e. an unbounded solution), whose Morse index is infinite. As a consequence, this path admits a countable

infinitely many “turning points” where the Morse index is increasing.

Keywords : p-Laplacian operator, comparaison principle, singular problems, elliptic/parabolic problems, analytic theory

of global bifurcation.


