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%) 6 #,") 2%# &!/'# .2%)*(9-% %) /!=".)(9-%+ 7 %) ρ #,") 2%# 0%"#().# 0% ,-*!") %) 0% &!*=%+

ǫ %#) 2! ,"#)!")% 0(.2%)*(9-% %) µ %#) 2! '%*/.!;(2(). /!=".)(9-%7 L %# .9-!)(,"# 6(%""%")

#:!M,-)%* 2%# ,"0()(,"# !-E 2(/()%# !''*,'*(.%# !- '*,;21/% 9-% 2:," #,-&!()% )*!()%*7  !"# 2%

!0*% 0- /,012% 0(#*%)+ ",-# 6%**,"# 9-:(2 %#) '*(/,*0(!2 G6,(* '!*!=*!'&% H7I7NJ 9-% %22%#3(

#,(%") 0- )<'% ;,*0 ,"0-)%-*7  % '2-#+ (2 >!-) 9-% 2%# ,"0()(,"# !-E ;,*0# "% 0.'%"0%") '!#

0- )%/'#7 8! *%2!)(," #-(6!")% *.#-/% %# 0%-E ,"0()(,"#

5 (&, t) × 1 = 5 (&) × 1 = 0 + #-* ∂Ω GH7HJ

,K ∂Ω %#) 2% ,"),-* (")%*"% 0% 2! #)*-)-*% C ,"0% 2%")% %) 1 %#) 2% 6%)%-* ",*/!2 C ∂Ω 0(*(=.

6%*# 2:%E).*(%-* 0% % ,"),-*7

O-(#9-% 2! #)*-)-*% %#) '.*(,0(9-%+ !2,*# -"% ,"0% /,",&*,/!)(9-% #:< '*,'!=%!") C >*,(0

6.*(B% 2! ,"0()(," 0% P2,9-%)7 Q%))% ,"0()(," ("0(9-% 9-:C -"% >*.9-%"% 0,"".% ω+ %")*% 0%-E

'.*(,0%# ,"#.-)(6%# 0% 2! #)*-)-*%+ 2% &!/' #% 0.'&!#% 0:-"% 9-!")(). ,"#)!")% φ = βd+

,K β %#) 2% ",/;*% 0:,"0%7 L &!9-% 6!2%-* 0% ω ,**%#',"0 -"% 6!2%-* 0% β 9-( 0.'%"0 0% 2!

=.,/.)*(% 0% 2! #)*-)-*%7 8! *%2!)(," %")*% β %) ω %#) ;(%" #,-6%") ","32(".!(*%7 R" 0() !2,*#

9-% 2! #)*-)-*% %#) S0(#'%*#(6%S7 8% /,012% 0(#*%) 0% 4-5"%)#,6 ,"#(#)% C -)(2(#%* -"% >,*/%

#'.(!2% 0% )*!"#>,*/!)(," 0% P,-*(%* #'!)(!2% '*%"!") %" ,/')% 2% )&.,*1/% 0% P2,9-%) !B"

0:%E'*(/%* GH7IJ #-* -"% ;!#% 0% >,")(,"# !''*,'*(.%# C ",)*% '*,;21/%7
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 !" #$%&'()*+%),* -&. $/0+%),*. -0 (,-12&

 !"! #$ %&'()*+$ ,$ -.(/0$% $% .1 %)1234()+1%5(2 ,$ 6072$%3(8

 ! "#$" %#&!" '( )*(+%,( (" . "#$" &!+",!" t/ #! %($" '0#1%#+(2 )( 3,1% 0)("2#1,4!0"&5$(

+( %2#%,4(,!" ',!+ ), '&2("&#! z +$2 ), 6,+( '( 7#$2&(2

3 (z,4, t) =
d

2π

∫ +∞

−∞

3̂β (4, t) e
−iβz dβ , 89:;<

#= z (+" ), %#+&"&#! )( )#!4 '( )*,>(/ 4 +#!" )(+ ##2'#!!0(+ "2,!+?(2+(+ (" β (+" )( !#162( '*#!'(

#22(+%#!',!" . ), #1%#+,!"( '( 7#$2&(2 3̂β ,$ "(1%+ t: @,!+ )( ,+ '*$!( )&4!( %02&#'&5$(/ #!

%($" &!"2#'$&2( ), !#","&#! '$ 3,1% (! 3,21#!&5$(+ '*(+%,(

3 (z,4, t) =
d

2π

∫ 2π
d

0

+∞∑

q=−∞

3̂βq (4, t) e
−iβqz dβ =

d

2π

∫ 2π
d

0
3β (z,4, t) dβ , 89:A<

#= βq = β +2πq/d (+" ), qB&C1( 3,21#!&5$( '*(+%,( '( β: @*,%2C+ ), D#21$)( %200'(!"(/ &) (+"

0?&'(!" 5$( "#$+ )(+ "(21(+ 3β ?02&E(!" ), #!'&"&#! '( 7)#5$(" 5$& +( D#21$)( 1,"301,"&5$(1(!"

,&!+& ,$ "(1%+ t (" %#$2 "#$+ 4, z (" n

3β (z + nd,4, t) = 3β (z,4, t) e
−inβd . 89:F<

@*,%2C+ 89:F</ #! #!+","( 5$( ), #1%#+,!"( β '$ 3,1% 0)("2&5$( (+" '0%3,+0( n D#&+ '( ),

5$,!"&"0 φ = βd +$2 n %02&#'(+:  ! #16&!,!" )(+ '($> 05$,"&#!+ %200'(!"(+/ #! %($" '0"(21&!(2

), "2,!+D#21,"&#! +$&?,!"( %2#%#+0( %,2 G: H: I$J!("+#?

3 (z + nd,4, t) =
d

2π

∫ 2π
d

0
3β (z,4, t) e

−inβd dβ , 89:K<

'( "())( +#2"( 5$( %#$2 $!( ?,)($2 '#!!0( '( z/ )(+ "(21(+ 3 (z + nd,4, t) +#!" )(+ #(L&(!"+ '(

), +02&( '( 7#$2&(2 '&+2C"( ),++&5$(

3β (z,4, t) =

+∞∑

n=−∞

3 (z + nd,4, t) einβd . 89:M<

N, "2,!+D#210( 89:M< +(2, '*,6#2' $"&)&+0( %#$2 '0#1%#+(2 )(+ 05$,"&#!+ '( O,>P()) 89:Q<

+$2 ), 6,+( '(+ 1#'(+ %2#%2(+ '( ), +"2$"$2( . D2#&' (β, t): R! +&1%)&E(2, (+ 05$,"&#!+ ',!+

(""( 6,+(: H$&+/ ), "2,!+D#21,"&#! &!?(2+( 89:K< +(2, $"&)&+0( %#$2 02&2( )(+ 05$,"&#! +&1%)&E0(+

',!+ )*(+%,( '( '0%,2" (', t):

 !"!9 #$ +(,*.$ ,$ 6072$%3(8

@,!+ (""( %,2"&(/ !#$+ '0",&))#!+ (2",&!(+ 0",%(+ 1,"301,"&5$(+ !0(++,&2(+ . )*#6"(!"&#!

'(+ 05$,"&#!+ '$ 3,1% 0)("2#1,4!0"&5$( ',!+ )( 1#'C)( '&+2(": S! '0?()#%%(1(!" "2C+ #1B

%)(" '( ), "30#2&( (+" %20+(!"0 %,2 T: O: UV+W&!  ! "#$ ',!+ ), 20D02(!( X;Y℄:  ! %2(1&(2 )&($/ #!

"5



  ! "#$%&'( )'*&,-( )( ./01(-*%2

 !"# $%&#'!' (")!& *  +,("*&# +* #'*&-.%'$*#,%& /0123 *"4 5("*#,%&- 6! 7*48!++9 +* %$ %-*&#!

6! &%$;'! 6)%&6! β 6" <*$ 5+!#'%$*=&5#,("! >5',?! +!- 5("*#,%&- -",>*&#!-

∇ .3β (&, t) = ρβ (&, t)

∇ .4β (&, t) = 0

∇ × 5β (&, t) = −∂t4β (&, t)

∇ × 6β (&, t) = 7β (&, t) + ∂t3β (&, t) ,

/01@3

%A 5β !# 4β -%&# +!- <*$ - 6*&- +* -#'"#"'! !&  '5-!&! 6!- 6!&-,#5- 6! <*'=! !# 6! %"'*&#

ρβ !# 7β1 B!- 5("*#,%&- ,C6!--"- -%&# !&-",#! 65%$ %-5!- -"' +!- $%6!-  '% '!- 6! +* -#'"#"'!

!& ,&#'%6",-*&#  %"' <*("! $%6! s +!- .%&#,%&-  '% '!- 5s,β !# 4s,β1 D!- .%&#,%&- %''!-C

 %&6!&# *"4 -%+"#,%&- 6!  '% *=*#,%&- 6)"&! %&6! 5+!#'%$*=&5#,("! 6*&- +* -#'"#"'! E .'%,61

F& %&-5("!&!9 !++!-  %--G6!&# +!-  '% ',5#5- -",>*&#!- H

I D!- .%&#,%&- >5',?!&# +!- 5("*#,%&- 6! 7*48!++CJ%,--%& -*&- #!'$! -%"'! !# 7*48!++C

K<%$-%& E .'%,6 /!++!- -%&# -%+5&%L6*+!-3

∇ .5s,β (&) = 0

∇ .4s,β (&) = 0 .
/01M3

I J%"' "& $%6! 6!  '% *=*#,%&9 E "&! >*+!"' 6! β %''!- %&6 "&! "&,("! .'5("!&! ωs (β)1

N,&-,9  *' 65?&,#,%&9 +!- 5("*#,%&- 6! 7*48!++CO*'*6*P !# 7*48!++CN$ G'! E .'%,6 .%"'C

&,--!&# 6!"4  '% ',5#5- -"  +5$!&#*,'!- 6!- .%&#,%&-  '% '!-

∇ × 5s,β (&) = −iωs (β)4s,β (&)

∇ × 6s,β (&) = iωs (β)3s,β (&) .
/01QR3

D%&-,65'%&- +!  '%;+G$! !&  '5-!&! 6! .*,-!*" 6)5+!#'%&-9 )!-# E 6,'! +!- 5("*#,%&- /01@31

J",-("! +* 6,>!'=!&! 6)"& <*$ $*=&5#,("! !-# #%"S%"'- &"++!9 ,+ !& 65%"+! ("! +!- .%&#,%&-

4s,β %&-#,#"!&# "&! ;%&&! ;*-! 6! .%&#,%&-  %"' !4 ',$!' 4β1 D! #!'$! !-# 65 !&6*&# 6"

#!$ - !# 6! +)!- *! !#9  ",-("! +!- %&6,#,%&- *"4 ;%'6- &! 65 !&6!&#  *- 6" #!$ -9 %&  !"#

5','! ! #!'$! -%"- +* .%'$! 6"  '%6",# 6)"&! *$ +,#"6! 65 !&6*&# 6" #!$ - !# 6)"&! .%&#,%&

65 !&6*&# 6! +)!- *!1 F& 65%$ %-*&# 4β -"' +!- $%6!-  '% '!- 6! +* -#'"#"'! E %&6! +!&#!9

%&  !"# 6%& 5','!

4β (&, t) =

+∞∑

s=1

Cs,β (t)4s,β (&) . /01QQ3

T&! !4 '!--,%& *&*+%="! E /01QQ3  %"' +! #!'$! 5β &!  !"#  *- U#'! %;#!&"! 6! $*&,G'! *"--,

6,'!#!9  *' -,$ +! -" !' %-,#,%&1 F& !V!#9 !&  '5-!&! 6)"& .*,-!*" 6)5+!#'%&-9 +! <*$ 5β

&)!-#  *- "&! .%&#,%& -%+5&%L6*+! /-* 6,>!'=!&! &)!-#  *- &"++!31 D! !&6*&#9 %&  !"# -"  %-!'

("! ! <*$ !-# +* -%$$! 6)"& #!'$! 6! 6,>!'=!&! &"++!9 %''!- %&6*&# E +)%&6! 6! ,'",#9

!# 6)"& #!'$! 6! 6,>!'=!&! &%&C&"++! %''!- %&6*&# *" <*$ 6! <*'=! 6)!- *!1 B! #!'$!

6! 6,>!'=!&! &"++! 6%,# *+%'- -)5','! -%"- "&! .%'$! *&*+%="! E /01QQ3 !# ,+ .*"# +", *S%"#!' "&
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 !" #$%&'()*+%),* -&. $/0+%),*. -0 (,-12&

!"#$ %&'()& %* $+,-.,(-/ %- !"'0- %1-2$"- %* 3"(2-"* $+*' +4,-.(' /- !"#$ ,+,"/5 6. $-*,

%+. &'('-

3β (', t) =

+∞∑

s=1

Cs,β (t)3s,β (')

︸ ︷︷ ︸

 β,cir

 β,sc
︷ ︸︸ ︷

−∇φβ (', t) , 78598:

+; φβ -2, /- $+,-.,(-/ %- !"'0- %1-2$"- %* 3"(2-"*5 <+,+.2 =*- %".2 /" $'",(=*-> /- $'-#(-'

,-'#- %* #-#4'- %- %'+(,- %- /" '-/",(+. 78598: +''-2$+.% "* !"#$ %- ('*(, 3β,cir> "/+'2 =*-

/- 2-+.% ,-'#- '-$'&2-.,- /- !"#$ %- !"'0- %1-2$"- 3β,sc5

?. (.,'+%*(2"., /-2 &=*",(+.2 78598: -, 78599: %".2 /-2 &=*",(+.2 785@: -, "$'A2 =*-/=*-2

#".($*/",(+.2> +. +4,(-., *.- '-/",(+. 2*' /"=*-//- (/ )"*, /" $-(.- %- 21",,"'%-' *. $-*

dtCs,β (t)− iωs (β)Cs,β (t) = −
1

2Ns

∫

V0

[
4β (', t)− ǫ∂t (∇φβ (', t))

]
.3∗

s,β (') d
3r . 7859B:

C".2 -,,- &=*",(+.> /- 3",-*' %- .+'#"/(2",(+. Ns> +''-2$+.%"., D /1&.-'0(- &/-,'+#"0.&,(=*-

2,+E&- %".2 *.- $&'(+%- %- /" 2,'*,*'-> -2, %&F.( $"'

∫

V0

(
3s,β .#

∗

l,β +5s,β .6
∗

l,β

)
dV =

{

0 > 2( s 6= l

2Ns > 2( s = l
7859G:

+; V0 -2, /- )+/*#- %1*.- $&'(+%- %- /" 2,'*,*'-5 H" '-/",(+. 7859B: %&'(, /1&)+/*,(+. %- /1"#I

$/(,*%- %* !"#$ &/-,'+#"0.&,(=*- %- )-,-*' %1+.%- β 2*' /- #+%- s5 ?. (.,'+%*(2"., 7859J:

%".2 /" $"',(- %- /1(.,&0'"/- %- 7859B: +.,-."., /- $+,-.,(-/ %- !"'0- %1-2$"-> +. +4,(-.,

∫

V0

ǫ∂t∇φβ .3∗

s,β dV =
i

ωs
∂t

∫

V0

∇φβ .∇ × 6∗

s,β dV . 7859K:

L*(2> -. *,(/(2"., 2*-22()-#-., /1(%-.,(,& '-#"'=*"4/-∇ . (7×5) = 7 . (∇ × 5)−5 . (∇ × 7)

-, /- ,!&+'A#- %- /" %()-'0-.-> +. $-*, #+.,'-' =*-

∫

V0

ǫ∂t∇φβ .3∗

s,β dV =
i

ωs
∂t

∫

∂Ω
∇φβ × ∗s,β !dS ,  !"#$%

&' ! ()* +( ,(*(./ .01*21/( &/*3&4&02+ 5 +67+78(0* dS 9( +2 )./:2( ∂Ω &0*(020* +( ,&+.8( V0"

;( 8(8</( 9( 9/&1*( 9( +67=.2*1&0  !"#$% ()* 0.+" >0 (?(*@ A.1)=.( +( <&/9 10*(/0( ()* 87*2++1=.(@

+( *(/8( ∇φβ× ∗s,β ()* &/*3&4&02+ 2. ,(*(./ !@ 18A+1=.20* .0( &0*/1<.*1&0 0.++( 5 +610*74/2+(

)./ (**( A2/*1( 9. 9&8210( 9610*74/2*1&0" B( A+.)@ +() :&0*1&0) ,(*&/1(++() ∇φβ (* s,β ,7/1C(0*

+2 &091*1&0 9( D+&=.(*" E0 A/&.,( 2+&/) 21)78(0* =.( +2 &0*/1<.*1&0 5 +610*74/2+( )./ +( A&/*

96(0*/7( &8A(0)( (++( )./ +( A&/* 9( )&/*1("

>0 &0)7=.(0(@ +( *(/8( &0*(020* +( A&*(0*1(+ 9( 32/4( 96()A2( 920) +67=.2*1&0  !"#F%

()* 0.+@ (* )(.+ +( *(/8( 9( &./20* 9. :21)(2. 967+(*/&0) G&.( .0 /�+( 920) +610*74/2+(" IA/J)

"#



  ! "#$%&'( )'*&,-( )( ./01(-*%2

 !"# !"$ %&'()!#&*(+'$, #-. !&*(+' /01234 5"6("'*

dtCs,β (t)− iωs (β)Cs,β (t) = −
1

2Ns

∫

V

3 (&, t) .4∗s,β (&) dV , /01274

+8 #-('*.9:&#" )+:*" &#+:$ $!: #" 6+#!%" "'*(": 5" #& $*:!*!:" V 1 <"$ . !&*(+'$ :.5!(*"$ 5&'$

#-"$)&" (&, t) $-+=*("''"'* >'&#"%"'* "' &))#( !&'* #& *:&'$?+:%." /01@4 &!A . !&*(+'$ / !"#$%

& !" $ '( & !""$! )*+, ./+/, 0.1(,% *2 *3(1'2(

dtCs,n (t)− i
+∞∑

m=−∞

Ωs,mCs,n−m (t) = −
1

2Ns

∫

V

 (!, t) ."∗s,n (!) d
3r & !"4$

'(

" (!, t) =

+∞∑

s=1

+∞∑

n=−∞

Cs,n (t)"s,n (!) − ∇φ (!, t)

# (!, t) =
+∞∑

s=1

+∞∑

n=−∞

Cs,n (t)#s,n (!) .

& !"5$

6*(*2, 7+' /', ('89', Cs,n% Ωs,n% "s,n '( #s,n ,*2( :;<21, '2 +(1/1,.2( /. (8.2,0*89;' & !=$ *99'

Cs,n (t) =
d

2π

∫ 2π
d

0
Cs,β (t) e

−inβd dβ

Ωs,n =
d

2π

∫ 2π
d

0
ωs (β) e

−inβd dβ

"s,n (!) =
d

2π

∫ 2π
d

0
"s,β (!) e

−inβd dβ

#s,n (!) =
d

2π

∫ 2π
d

0
#s,β (!) e

−inβd dβ .

& ! >$

 !"!# $%&'()(*&+&,-% )./0,12' 32 4-356'

?', ;7+.(1*2, & !"4$ '( & !"5$ *2,(1(+'2( /' *'+8 :+ 9*:@/' :1,8'(! 6*+, :;:1*2, :*2 '(('

A.8(1' B /'+8 12('8A8;(.(1*2 ACD,17+'! E', ;7+.(1*2, :;81F'2( /G'H1(.(1*2 :G+2 C.9A ;/'(8*I

9.J2;(17+' :.2, +2' ,(8+(+8' 12<219'2( /*2J+' :.2, /. :18'(1*2 z '( A;81*:17+' :' A;81*:'

d! 6*+, F'88*2, 7+G'//', *88',A*2:'2( '2 A8.(17+' B +2' 'HA8',,1*2 8;:+1(' :', ;7+.(1*2, :'

K.HL'//! ?', *2,1:;8.(1*2, A8;,'2(;', :.2, '((' A.8(1' ,'8*2( 7+./1(.(1F', '( 2*+, 8'A*8(*2, /'

/'('+8 .+ C.A1(8' M A*+8 +2' .2./D,' A/+, 7+.2(1(.(1F' ,+8 /. A8;1,1*2 :+ 9*:@/'!

N2 (*+( A8'91'8 /1'+% *2 8'9.87+' 7+' /' 9*:@/' ',( *9A*,; :' :'+H A.8(1', O

P Q2' ;7+.(1*2 :D2.917+' .D.2( /', ('89', Cs,n A*+8 12*22+' &;7+.(1*2 & !"4$$!

P R'+H ;7+.(1*2, A'89'((.2( :' 8'*9A*,'8 /', C.9A, (*(.+H B A.8(18 :', 12*22+', Cs,n

&;7+.(1*2, & !"5$$!

$$



 !" #$%&'()*+%),* -&. $/0+%),*. -0 (,-12&

 !"# $%&'(!)*+" ,-./012 $! "+)!)*+" Cs,n &'(*3!() 4 Cs (z = nd, t). 5" 3+*) 6!"# 8))8 &'(!)*+"

'(82 9+(: $8 ;+68 9:+9:8 s2 8 )8:;8 8#) +(9$& 4 #8# 3+*#*"# Cs,n−m = Cs ((n−m)d, t). <(*#'(8
(n,m) ∈ Z

22 8# 3+*#*"# #+") 6*#)!")# 6%(" ;($)*9$8 8")*8: 68 $! 9&:*+68. =*"#*2 $%&'(!)*+" ,-./01

:&6(*) $! 6>"!;*'(8 6( ?!;9 &$8):+;!@"&)*'(8 6!"# )+()8 $! #):()(:8 4 $! 6>"!;*'(8 6%("8

#8($8 !;9$*)(68 Cs,n 9!: ;+68 8) 9!: 9&:*+68 68 $! #):()(:8. A! B+:8 6( +(9$!@8 8"):8 $8#

6*C&:8")8# !;9$*)(68# 8#) 6+""&8 9!: $8# +8D*8")# Ωs,m '(*2 6%!9:E# ,-.-F12 #+") $8# +8D*8")#

68 G+(:*8: 68 $! +(:H8 68 6*#98:#*+" 6( ;+68 s '(8 $%+" +"#*6E:8.

A%&'(!)*+" ,-./01 ;8) 8" $(;*E:8 $8 +(9$!@8 68 $%+"68 !38 $8 B!*#8!( 6%&$8):+"#.  !"#

$%*")&@:!$82 $8 )8:;8 3s,n +::8#9+"6 4 $! B+:;8 6( ?!;9 &$8):*'(8 !##+*&8 4 $! 9&:*+68 n 68 $!

#):()(:8. I" 9:8"!") $8 9:+6(*) #!$!*:8 68 8))8 B+:;8 68 ?!;9 9!: $! 68"#*)& 68 +(:!") 6(

B!*#8!( 8) 8" *")&@:!") #(: $8 3+$(;8 )+)!$ 68 $! #):()(:82 +" +H)*8") (" )8:;8 !>!") $! 6*;8"#*+"

6%("8 9(*##!"8. A8 ;8;H:8 68 6:+*)8 68 $%&'(!)*+" ,-./01 +::8#9+"6 6+" 4 $! 9(*##!"8 6&9+#&8

9!: $8 B!*#8!( 6%&$8):+"# #(: $8 sJ*E;8 ;+68 68 $! nJ*E;8 9&:*+68 68 $! #):()(:8 4 +"68 $8")8.

I" :&#(;&2 6!"# $8 ;+6E$8 6*#:8)2 (" ;+68 68 9:+9!@!)*+" 4 ?!(6 8#) 3( +;;8 ("8 #&:*8

6%!;9$*)(68# ,8$$($8#1 +(9$&8# 8"):8 8$$8# 9!: $8# +8D*8")# 68 G+(:*8: 68 $! +(:H8 68 6*#98:#*+"

6( ;+68 4 B:+*6. K8# 8$$($8# *")8:!@*##8") !38 $8 B!*#8!( 6%&$8):+"#.

L ?!'(8 *"#)!")2 $8 ?!;9 &$8):+;!@"&)*'(8 )+)!$ 6!"# )+()8 $! #):()(:8 68 9:+9!@!)*+"

8#) :8+;9+#& @:M8 !(N &'(!)*+"# ,-./O1. 5" 3+*) 6!"# 8# 68:"*E:8# '(82 9+(: +H)8"*: ("8

#+$()*+" 8N!)82 *$ 8#) "&8##!*:8 68 #+;;8: $8# !;9$*)(68# #(: (" "+;H:8 *"P"* 68 ;+68# 68

9:+9!@!)*+". Q&!";+*"#2 +" +;9:8"6 *")(*)*38;8") '(8 $! 9:*#8 8" +;9)8 68 8:)!*"# ;+68#

#8($8;8") #8:! "&8##!*:8 !P" 68 ):!*)8: !38 ("8 9:&*#*+" #(D#!")8 $8 +(9$!@8 68 $%+"68 68

*:(*) !38 $8 B!*#8!(.

<+(: (" ;+68 s 6+""&2 $8# 68(N :8$!)*+"# ,-./01 8) ,-./O1 B+") *")8:38"*: 68# #+;;8# #(:

$8# 8$$($8# R 8$$8# ;8))8") 8" $(;*E:8 $8 +(9$!@8 68# 8$$($8# $8# ("8# !38 $8# !():8#. S)!")

6+""& '(8 8# #+;;8# 9+##E68") (" "+;H:8 *"P"* 68 )8:;8#2 $8 +(9$!@8 6%("8 9&:*+68 !38 #8#

3+*#*"8# #%&)8"6 )?&+:*'(8;8") #(: ("8 $+"@(8(: *"P"*8.  !"# $! 9:!)*'(82 8* 8#) &3*68;;8")

*;9+##*H$8. A! #+;;8 6!"# $%&'(!)*+" ,-./01 #8:! ):+"'(&8. 5" 98() #8 B!*:8 ("8 *6&8 68 $!

3*)8##8 68 +"38:@8"8 68 $! ;&)?+68 8" )8:;8 68 !:!)&:*#)*'(8# 6*#98:#*38# 9!: :!99+:) 4 ("

;+68 68 9:+9!@!)*+" 6+""&. T(99+#+"# '(%("8 +"68 6*:8)8 68 B:&'(8"8 ωs 8) 68 6&9?!#!@8 9!:

9&:*+68 φ = βd #8 9:+9!@8 #(: (" ;+68 s 68 $! #):()(:8. I" $%!H#8"8 68 B!*#8!( 6%&$8):+"#2

$8# !;9$*)(68# Cs,n #+$()*+"# 68 ,-./01 9+(::+") #%&:*:8 #+(# $! B+:;8

Cs,n (t) = Cine
iωste−inφ , ,-.-/1

+U Cin 8#) $%!;9$*)(68 "+:;!$*#&8 6( ?!;9 &$8):+;!@"&)*'(8 68 $%+"68 #8 9:+9!@8!") 6!"# $!

#):()(:8 4 +"68 $8")8. I" *"):+6(*#!") 8))8 8N9:8##*+" 6!"# ,-./01 8) 8" > !""($!") $8 )8:;8

#+(:82 +" +H)*8")

ωs =

+∞∑

m=−∞

Ωs,me
imφ , ,-.--1
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  ! "#$%&'( )'*&,-( )( ./01(-*%2

 !"# $%  &'"( )( *!+'"(' %,%-# .!+' !(0"(-# $( #('1( )( !+.$%2( Ωs,m3 4"- "5 $"1"#(' $6&#(-)+(

)+ !+.$%2( (-#'( ($$+$( )%- $( 1!)7$( %+'% .!+' (8(# )6(-2(-)'(' +-( (''(+' 9+" )"1"-+('%

: $% 1;1( <"#(  ( 9+( !-<('2('% $% #'%- =!'1&( )( *!+'"(' )( $% !+'>( )( )" .(' "!- )+ 1!)(

s3 ?%- $( @%."#'( A5 -!+ <(''!- 9+(5 .!+' $( .'!>$71( %+9+($ -!+ -!+ "-#&'(  !- 5 (##(

!-<('2(-( ( # '%.")(3 B- !- &9+(-(5 +- .(#"# -!1>'( )( !(0"(-# Ωs,m  ('!-# -&(  %"'( 

.!+' !>#(-"' +-( .'&" "!-  +0 %-#(3

 ! "#$%&'() *)( %+,-,./ *) 0#(12$  ! "#$

C -!#'( !--%"  %-(5 >"(- 9+( (##( #@&!'"( =D# )&<($!..&( .%' E3 F3 G+H-(# !< %+ )&>+#

)( %--&( IJ KLM℄5 ($$( -( =+# (O.$!"#&( )%- +- % .'!@( )( $% '&%$"#& .%' P3 Q3 R, S"-  ! "#$

9+( .$+ )( <"-2# %- .$+ #%') T<!"' KAJ℄5 KAU℄ (# KAL℄V3 ?%- (##( .%'#"(5 -!+ .'& (-#('!- $( 

%1&$"!'%#"!- #@&!'"9+( (# .'%#"9+( %..!'#&( .%' R, S"-  ! "#$ %+ 1!)7$( )( E3 F3 G+H-(# !<3

W6!'"(-#%#"!- )( ( #'%<%+O .!'#(  +' X

Y W( )&<($!..(1(-# )6+- 1!)7$( )6"-#('%#"!- (- '&2"1( .(#"#  "2-%$3

Y W% )&#('1"-%#"!- )( !-)"#"!- %+O (O#'&1"#& .('1(##%-# )( #'%"#(' $( % )6+-( $"2-( )(

$!-2+(+' Z-"(3

Y W6%..$"%#"!- )+ 1!)7$( )" '(# : +- % %..'!@& )( #+>( : %<"#& !+.$&( (- +-(

)"1(- "!- (# $6&#+)( )( .!  ">"$"#& !8('#( .%' ($+"[" .!+' &#+)"(' )( .@&-!17-( -!-[

 #%#"!--%"'( 3

 ! !" #$%&'()* +$ +(,-$.,()* $* ./0(1$ -$'(' ,(0*&% 2 3*$ +(1$*,()*

?%- $% #@&!'"( )( F"('( !- )&#('1"-( $% '($%#"!- )( )" .(' "!- (- '&2"1( .(#"#  "2-%$ )+ \]F

: @%+) (- !+.$%-# +-( $"2-( 1!)&$" &( .%' +-  @&1% &9+"<%$(-# %<( +- =%" (%+ )6&$(#'!- 

^+")( $"-&%'" &3 ]- .(+#  "1"$%"'(1(-# !>#(-"' $% '($%#"!- )( )" .(' "!- )+ \]F (- '&2"1( .(#"#

 "2-%$ )%- $( 1!)7$( )" '(#3 _$ =%+# .!+' ($% !+.$(' $6&9+%#"!- TL3UIV %<( $( &9+%#"!- ^+")( 

$"-&%'" &( 3 `(##( .%'#"( '%..($$( $( @,.!#@7 ( (# '& +$#%# .'"-".%+O )( ( 1!)7$(3

?%- $( % )6+- 1!)7$( : +-( )"1(- "!-5 $6&9+%#"!- TL3UIV )&'"<%-# $% ),-%1"9+( )( $6!-)(

)( "'+"# )(<"(-#

dtCs,n (t)− i
+∞∑

m=−∞

Ωs,mCs,n (t) = −
1

2Ns

∫

L

Ihf (z, t) . E
∗

s,n (z) dz , TL3LAV

!a L ( # $% $!-2+(+' )( $%  #'+#+'( : !-)( $(-#(5 Ihf $% .%'#"( -!-[ #%#"!--%"'( )+ !+'%-# )+

=%" (%+ (# Es,n ( # $% !1.! %-#( $!-2"#+)"-%$( )+ @%1. .'!.'(3 W% ),-%1"9+( )+ =%" (%+ ( #

)&'"#( .%' $( &9+%#"!- ^+")( 9+"  6&'"<(-#

∂t ρ + ∂z I = 0

∂t v + v ∂z v = η (Esc + Ecir)
TL3LbV
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 ! "#$%&'() *)( %+,-,./ *) 0#(12$  ! "#$

 ! η "#$ %" &'(( &$ *'&+" #,& -'##" ./,0 1%"$& 02 ρ "#$ %' ."0#3$1 %30134," ." *'&+" ., 5'3#"',

./1%"$& 0#2 v #' 63$"##" 7,3." % 0+3$,.30'%" "$ I = ρv # 0  ,&'0$ 8 %/30#$'0$ t "$ 8 %' ( #3$3 0 z9

:'& # ,3 ." +101&'%3$12  0 #,(( #" 4," %' .;0'-34," ., 5'3#"', "#$ # ,-3#" 8 %' 5 3# ', *'-(

1%"$&34," ." %/ 0." ." 3&,3$ Ecir "$ ', *'-( 1%"$&34," ." *'&+" ./"#('" Esc9 <" ."&03"&

61&3=" %/14,'$3 0 ." >'?@"%%A: 3## 0

∂z Esc =
ρ

ǫ0
. BC9CDE

F0 %301'&3#'0$ %"# 14,'$3 0# 7,3."# "$ %/14,'$3 0 ." : 3## 02 (,3# "0 #,(( #'0$ 4," %"# +&'0.",&#

(*;#34,"# ., (& G%H-" 6'&3"0$ "0 $"-(# "$ "0 "#('" ." 5'I 0 *'&- 034,"2 /"#$A8A.3&"  --"

eiωt−βz 2  0 .1$"&-30" %"# 14,'$3 0# ("$3$ #3+0'% ., 5'3#"',

ωρ1 − βIhf = 0

ωv1 − βv0v1 = −iη (Esc + Ecir)

Esc = i
ρ1
βǫ0

Ihf = ρ0v1 + ρ1v0

BC9CJE

F0  -G30'0$ "# 14,'$3 0#2  0  G$3"0$ 5'3%"-"0$ ,0" &"%'$3 0 "0$&" %' ('&$3" '%$"&0'$36" .,

 ,&'0$ ., 5'3#"', ./1%"$& 0# "$ %" *'-( 1%"$&34," ." %/ 0." ." 3&,3$

[

(ω − βv0)2 − ω2
p

]

Ihf = −i
ωv0I0
2V0

Ecir , BC9CKE

 ! v0 "#$ %' 63$"##" - ;"00" ., 5'3#"', ./1%"$& 0# "0 "0$&1" ." %3+0"2 ωp =
√

ηρ0/ǫ0 %' 5&14,"0"

(%'#-' ., 5'3#"',2 I0 %"  ,&'0$ #$'$34," ., 5'3#"', "$ V0 #' $"0#3 0 ./'1%1&'$3 09 F0 "L"$,'0$

,0" #1&3" ." -'03(,%'$3 0# #,& %/14,'$3 0 BC9CME "$ "0 0" (&"0'0$ "0  -($" 4," %' (&"-3H&"

*'&- 034," ./"#('" ., *'-( ." 3&,3$2  0 (",$ .1$"&-30"& ,0" .",?3H-" &"%'$3 0  ,(%'0$

Ihf "$ Ecir ( ,& %" - ." s

(ω − ωs)Ecir = iZcβ
2vgIhf , BC9CNE

 !2 ( ,& ,0" 6'%",& . 001" ., 0 -G&" ./ 0." β2 ωs "#$ %' 5&14,"0" ." %/ 0." .'0# %' #$&,$,&"

8 5& 3.2 Zc "#$ %/3-(1.'0" ."  ,(%'+" .1=03" 3A."## ,#2 "$ vg = ∂β ω %' 63$"##" ." +& ,(" 8

5& 3.9 O'0# %/14,'$3 0 BC9CNE2 %/3-(1.'0" ."  ,(%'+" Zc "#$ .1=03" ('& %' 5 &-,%"

Zc (β) =

∣
∣
∣Ês,β

∣
∣
∣

2

2β2Ns

d

vg
. BC9CPE

F0  -G30'0$ %"# 14,'$3 0# BC9CKE "$ BC9CNE2  0 #3-(%3=" Ecir "$ Ihf "$  0  G$3"0$ %' &"%'$3 0 ."

.3#("&#3 0 ., - .H%" .3#&"$ "0 &1+3-" ("$3$ #3+0'%

[

(ω − βv0)2 − ω2
p

]

(ω − ωs) = 2β2ωC3v0vg , BC9MQE
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  ! "#$%&'( )'*&,-( )( ./01(-*%2

 ! C = ZcI0/4V0 "#$ %" &'(')*$(" +" ,-"("/

01 &(")-"( %-"23  1 &"2$ (")'(42"( 42" %5642'$- 1 78/9:; ("##")<%" = ($")"1$ > %' ("%'$- 1

+" +-#&"(#- 1 +" ,-"("

[

(ω − βv0)2 − ω2
p

] (
ω2 − v2φβ2

)
= 2β2ω2C3v0vφ ,

 ! vφ "#$ %' ?-$"##" +" &@'#" +" %5 1+" #" &( &'A"'1$ +'1# %' #$(2$2(" > =( -+/ B"&"1+'1$3

%5642'$- 1 +" ,-"(" "#$ 21 & %C1�)" +2 42'$(-*)"  (+(" "1 ω "$ "1 β3 '% (# 42" %5642'$- 1 +2

) +*%" +-#("$ "#$ 21 & %C1�)" +5 (+(" 9 "1 ω "$ 15"#$ &'# 21 & %C1�)" "1 β/ 01 "E"$3 "1

-1$( +2-#'1$ 78/88; +'1# 78/9:;3  1  <$-"1$

[

(ω − βv0)2 − ω2
p

]
(

ω −
+∞∑

m=−∞

Ωs,me
imβd

)

= 2β2ωC3v0vg . 78/9F;

G-1#-3 "1 2$-%-#'1$ %' ("%'$- 1 +" ,-"("3 -% "#$  )) +" +" $('?'-%%"( > =(642"1" (6"%%" HI6"

& 2( '%2%"( 42'$(" ('-1"#  )&%"I"# βi=1,2,3,43 + 1$ %' &'($-" -)'A-1'-(" 1 2# + 11" %" $'2I +"

( -##'1" +" %5 1+" +" -(2-$ &'( 21-$6 +" % 1A2"2(3 1 2# &"()"$$'1$ '-1#- +" +6$"()-1"( %" A'-1

+521 $2<" #2( %5'I" "1 (6A-)" &"$-$ #-A1'%/ B"# ('-1"# &"2?"1$ J$(" +6$"()-16"# '1'%C$-42")"1$/

K1" $"%%"  &6('$- 1 +'1# %5642'$- 1 78/9F; "#$ ("1+2" <-"1 &%2# +-L-%" &'( %' &(6#"1" +" %'

# ))" +'1# %" $"()" "1$(" &'("1$@*#"#/ M% #")<%" '% (# &%2# 1'$2("% +" $('?'-%%"( > 21" ?'%"2( HI"

+" β (6"% +'1# %5642'$- 1 78/9:;/ B"$$" )6$@ +" ' & 2( '?'1$'A" +" 16"##-$"( %' (6# %2$- 1 +521

& %C1�)" +5 (+(" 93 " 42- &"2$ #" ='-(" '1'%C$-42")"1$/ N %5-##2" +2 '%2%3  1 $( 2?"(' '% (#

$( -# ('-1"#  )&%"I"# ωi=1,2,3 + 1$ %' &'($-" -)'A-1'-(" 1 2# + 11"(' %" $'2I +" ( -##'1" +"

%5 1+" &'( 21-$6 +" $")&# "$ 1 1 &%2# &'( 21-$6 +" % 1A2"2(/ B"&"1+'1$3 "1 #2&& #'1$ 42" %" $'2I

+" ( -##'1" #&'$-'% +" %5 1+" "#$ ='-<%" +"?'1$ %' % 1A2"2( +5 1+"3  !"! ℑm {β} /ℜe {β} ≪ 13  1

&"2$ 2$-%-#"( %' ("%'$- 1 <-"1  112" O99℄

ℑm {ω} ≈ −ℑm {β} vg 78/98;

& 2( +6$"()-1"( %" A'-1 +" @'21" +"# $( -#  1+"# #2( %5'I"/

Q5-1$"('$- 1 "#$ + 1 ?2" +" )'1-*(" +-E6("1$" &'( %" ) +*%" +" ,-"(" 42" &'( %" ) +*%"

42" 1 2# +6(-? 1# +'1# "$$" &'($-"/ R2( %"# HA2("# 8/F "$ 8/83 1 2# '? 1# ("&(6#"1$6 742'%-$'S

$-?")"1$; %'  2(<" +" +-#&"(#- 1 +2 &(")-"( ) +" +521" #$(2$2(" >  1+" %"1$" @6%- T+'%" "1

( 2A" "$ %"# +"2I  1+"# +" ='-#"'2 "1 <%"2 )'(-1"/ B ))" 1 2# %5'? 1# "I&%-426 +'1# %' &'($-"

+5-1$( +2$- 13 +'1# %" ) +*%" +" ,-"(" 7HA2(" 8/F;3  1 $('?'-%%" > 21" =(642"1" + 116" & 2(

+6$"()-1"( 42'$(" 1 )<("# +5 1+"  )&%"I"#/ U1 $( 2?" '% (# 42" 42'$("  1+"# # 1$ &(6#"1$"#

+'1# %" $2<" % (# +" %5-1$"('$- 1 V $( -#  1+"# +-("$"# ω/β > 0 "$ 21"  1+" -1?"(#" ω/β < 0/

W'1# %" ) +*%" +" XC#Y-1 7HA2(" 8/8;3  1 $('?'-%%" > 21" ?'%"2( +" β "$  1 +6$"()-1" $( -# ?'%"2(#

 )&%"I"# +" ω/ U1 $( 2?" '-1#- 42" $( -#  1+"# # 1$ &(6#"1$"# +'1# %" $2<" "$  1 (")'(42" 42"

$ 2$"# ? 1$ +'1# %' )J)" +-("$- 1/ Q5 1+" -1?"(#" "#$ '<#"1$" +" " ) +*%" "1 + )'-1" β/
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 ! "#$%&'() *)( %+,-,./ *) 0#(12$  ! "#$

 !"#$%  !"  !"#$%& #& '(&)&+ ", #-.&)/(,&

012.)& 3"%1.(",3 βi=1,2,3,4 ∈ C &,

.)242(%%2,. 5 1,& 42%&1) #& 6)-7

01&,& ω ∈ R8

 !"#$%  !  !"#$%& #& 9:3;(,+ ", #-.&)/(,&

.)"(3 3"%1.(",3 ωi=1,2,3 ∈ C &, .)27

42(%%2,. 5 1,& 42%&1) #& ,"/<)&

#=",#& β ∈ R8

 !"# $!"# %&!%!#!$# ' %&(#)$* +,(*"+-)& .) !0%!&*)0)$* +" 0!+1.) +) 23#4-$ %5& &5%%!&*

5" !0%!&*)0)$* %)*-* #-6$5. +,"$ *"7) &().8  !"# 59!$# +(9).!%%( "$ !+) *)#* )$ .5$656)

:; +!$* .) 7"* )#* +) &(#!"+&) .,(<"5*-!$ =>8?@A %!"& "$) 95.)"& +!$$() +) β )$ %&)$5$* .)#

%5&501*&)# +) B5-#)5" (I0, V0) 5-$#- <") +) .-6$) (Zc, vg) !00) +!$$()# +,)$*&()8 C."#-)"&#

#&-%*# (&-*# )$ C3*D!$ %)&0)**)$* +,5"*!05*-#)& .,)E("*-!$ +) ) !+) 5F$ +) %5&50(*&)& #!$

)E("*-!$ #"& .)# 6&5$+)"&# %D3#-<")# +,)$*&()8

G"& .5 F6"&) >8?; .)# !"&7)# &!"6); 9)&*) )* 7.)") &)%&(#)$*)$* .5 &).5*-!$ +) +-#%)&#-!$ +"

HIC8 I$ 5 &)%&(#)$*( )$ $!-& .)# !"&7)# +) +-#%)&#-!$ +) D5<") #3#*10); B5-#)5" )* !$+) +)

-&"-*; .!&#<",-.# $) #!$* %5# !"%.(#8 :!00) 5**)$+"; !$ 9!-* <") #)".) .,!$+) .)$*) +) D5&6)

+,)#%5) #) !"%.) 59) .,!$+) +) -&"-* #"& "$) )&*5-$) 75$+) +) B&(<")$)8 G"& )**) 75$+) +)

B&(<")$); +)"E +)# *&!-# B&(<")$)# #!."*-!$# +) =>8?@A #!$* !0%.)E)#8 :)# +)"E B&(<")$)# !$*

.5 0J0) %5&*-) &()..) 05-# !$* +)# %5&*-)# -056-$5-&)# !%%!#()#8 K5 B&(<")$) %"&)0)$* &()..)

!&&)#%!$+ ' .,!$+) &5%-+) +) D5&6) +,)#%5) .!&#<") .,!$ !$#-+1&) .)# #3#*10)# +(!"%.(#8 G"&

)**) F6"&); .,50%.-F5*-!$ %)"* 59!-& .-)" #"& "$) .5&6) 75$+) +) B&(<")$)# =+) L@ ' >@ MNOA

) <"- )#* "$) +)# 5&5*(&-#*-<")# +" *"7) ' D(.-)8

P%&1# 59!-& !7*)$" .5 95.)"& !0%.)E) +)# B&(<")$)# !&&)#%!$+5$* 5" $!07&) +,!$+) +)

*&595-.; !$ %)"* )#*-0)& .5 95.)"& +) .5 %5&*-) -056-$5-&) +) β )$ "*-.-#5$* .5 &).5*-!$ =>8?>A8 I$

%)"* +!$ )#*-0)& .) 65-$ +" *"7) #"& "$) )&*5-$) 75$+) +) B&(<")$) %!"& +)# %5&501*&)# +)

B5-#)5"E FE(#; )* (*"+-)& .,)Q)* +,"$) 95&-5*-!$ +,"$ +) )# %5&501*&)#8 G"& .5 F6"&) >8R; $!"#

59!$# &)%&(#)$*( .) 65-$ +,"$ *"7) %!"& %."#-)"&# 95.)"&# +) .5 *)$#-!$ +" B5-#)5" !7*)$" %5& .)

0!+1.) )$ +!05-$) β8 I$ !$#*5*) <",)$ +-0-$"5$* .5 *)$#-!$ +" B5-#)5" =#5 9-*)##) 0!3)$$)A;

.) 65-$ +" *"7) #) +(%.5) 9)&# .)# %."# D5"*)# B&(<")$)#8 :)- )#* !D(&)$* 59) .5 F6"&) >8?8

S$ )Q)*; )$ +-0-$"5$* .5 9-*)##) +" B5-#)5"; !$ +-0-$") .5 %)$*) +) .5 +&!-*) +" 0!+) .)$* +)

D5&6) +,)#%5)8 P-$#-; #- .,!$ !$#-+1&) .)# #3#*10)# +(!"%.(#; )**) +&!-*) -$*)&)%*) .5 !"&7)

+) +-#%)&#-!$ +" 0!+) +,D(.-) ' "$) B&(<")$) +,5"*5$* %."# 6&5$+) <") .5 %)$*) +) )**) +&!-*)

)#* B5-7.)8 T) %."#; !$ %)"* 9!-& <") .) 65-$ )#* +,5"*5$* %."# B!&* <",-. #) +(%.5) 9)&# .)# 75##)#

B&(<")$)# =.)# %)*-*# $!07&)# +,!$+)# +5$# .) 5# %&(#)$*A; ) <"- )#* !D(&)$* 59) .) B5-* <")
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  ! "#$%&'( )'*&,-( )( ./01(-*%2

 !"#$%  !"  !"#$%& '& '()*&$)("+ ',#+ -#%& . /01(& "%-&+#& 34& 1& 5"'61& '&
78)9(+: ;+ 3 $&*$0)&+-0 &+ "#1&#$ 1&) 5"'&) $3*('& &- 1&+- '& /3$<&
',&)*3& =$"#<& &- %1&#> 3(+)( ?#& 1& *$&5(&$ 5"'& '& *$"*3<3-("+
',#+& /01(& =4&$->: @&) "#$%&) &+ +"($ )"+- 1&) "#$%&) '& '()*&$)("+
'&) )8)-65&) '0"#*10) ω = βv0+ωp =-$3(-) &- *"(+-(110)A "+'& $3*('&>A
ω = βv0−ωp =-$3(-)A "+'& 1&+-&> &- ω = ωs =*"(+-(110)A "+'& '& ($#(->:

 !"#$%&'(* &* +,$ '-* &*  '  "-(* ',-#*(.* /'0".,*  *#*(.  +123,* β &"#"(,*4 5!*2.  * '2

$+,1  * #+&* 3,* (+,2 +(2"&%1+(2 ""4

6' 7-,1* 849 1*$1%2*(.*  * -'"( *( :+(."+( &*  ' :1%3,*(* &* :+(."+((*#*(. 2,1 ,(* $'1."*

&*  ' 0'(&* &, $1*#"*1 #+&* &, #;#* .,0* $+,1 &"<%1*(.*2 =' *,12 &, +,1'(. &, :'"2*',4

6+123,*  * +,1'(. ',-#*(.*>  * -'"( 2* &%$ '* =*12  *2 $ ,2 /',.*2 :1%3,*(*24 5*" 2!*?$ "3,*

$'1  !',-#*(.'."+( &*  ' :1%3,*(* $ '2#' 3," &%$ '*  ' &1+".* &, #+&*  *(. &* /'1-* &!*2$'*

=*12 &* $ ,2 0'22*2 :1%3,*(*24 @* $ ,2> +( 1*#'13,* 3,* $ ,2  * +,1'(. ',-#*(.*> $ ,2  * -'"(

&, .,0* *2. -1'(&4 A( *<*.> *( ',-#*(.'(.  * +,1'(. B =".*22* &* :'"2*', +(2.'(.*>  * (+#01*

&!% *.1+(2 %&'(.  *,1 %(*1-"* B  !+(&* ',-#*(.*4 C"(' *#*(.> $ ,2  * +,1'(. ',-#*(.*> $ ,2  '

0'(&* &!'#$ "7'."+( *2.  '1-*> * 3," +11*2$+(& 0"*( ', +#$+1.*#*(. ('.,1* &!,( .,0* DEF℄4

 ! ! "##$%'(%)* +, -)+.$/ +%01/( 2 ,* 345 2 '6%(70 ),#$7/0

H( +02.' * B  !'$$ "'."+( &, #+&I * &"21*. &'(2 2' =*12"+( &%1".* $'1  *2 %3,'."+(2 J84KLM

*. J84KNM *2. &O ', :'". 3,*  ' 2+##* &'(2 J84KLM +#$+1.* ,( (+#01* "(7(" &* .*1#*24 @'(2

,( '2 $1'."3,* (,#%1"3,*> *..* 2+##* &+". ;.1* .1+(3,%* '1  * (+#01* &* $%1"+&*2 N &'(2
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 !"#$%  !"  !"#$%&' (& )*+, (-#, ./0 1 234+& '#$ 4* %*,(& 6*''*,7& (# 6$&8+&$

8"(& 6"#$ (+93$&,7&' :*4&#$' (& 7&,'+", (-*343$*7+", (# ;*+'&*#<

 ! "# $%&'!(" "# )%#%$*! +'" !,*--$./01*(0.# 2,'# &3&(41" 2" $%5%$"#" &"$* 2,*'(*#( -!'& -$%0&"

+'" !" #.17$" 2" ("$1"& -$0& "# .1-(" 2*#& !* &.11" "&( )$*#28 9# -$"104$" *--$./01*(0.#:

;3&<0#  ! "#$ .#( !010(% " #.17$" = 2"'/ .">0"#(& Ωs,m #.# #'!&: " +'0 $"?0"#( = ($*0("$ !"

*& 2,'# ('7" @(05 2.#( !* .'$7" 2" 20&-"$&0.# ?%$0@" !,%+'*(0.#

ω (φ) = ω0 +∆ω cos(φ) , *?" Ω0 = ω0 "( Ω1 =
∆ω

2
. AB8CCD

E*#& " *&: !,%+'*(0.# AB8FGD &,%$0( *!.$&

dtCn − iω0Cn − i
∆ω

2
(Cn−1 + Cn+1) = −

1

2Ns

∫

V

3 (+, t) .4∗s,n (+) d
3r , AB8CHD

.I !,0#20" s = 1 * %(% $"#2' 1'"( -*$ &.'0 2" !*$(%8

9# &'--.&*#( +'" !* !0)#" .#(0"#( N -%$0.2"&: 0! 5*'( *!'!"$ !* 23#*10+'" 2"& *1-!0('2"&

C1, ..., CN )$J" *'/ %+'*(0.#& AB8CHD +'0 !"'$& &.#( *&&.0%"&8 K$: !,%+'*(0.# AB8CHD $%)0&&*#( !*

23#*10+'" 2" !,*1-!0('2" C1 5*0( 0#("$?"#0$ !,*1-!0('2" C0 +'0 #,"&( -*& "#&%" "/0&("$ 2*#& !*

$%*!0(%8 L%*#1.0#&: -'0&+',.# #" -"'( -*& 0#($.2'0$" 2" -'0&&*#" MN 2*#& !" 1.24!" 20&$"( -*$

!"& .#20(0.#& *'/ 7.$2&: " .'-!*)" .#&(0('" !" &"'! 1.3"# 2,"/0("$ !* "!!'!" C1 -*$ !,"/(%$0"'$

&0 !,.# -.&" 2"& .#20(0.#& *'/ "/($%10(%& *--$.-$0%"&8 O# .'-!*)" 2" #*('$" &010!*0$" "#($" !"&

"!!'!"& CN "( CN+1 -"'( P($" 10& "# !'104$" "# %$0?*#( !,%+'*(0.# AB8CHD $%)0&&*#( !* 23#*10+'"

2" !* "!!'!" CN 8 Q" .'-!*)" .#&(0('" !" &"'! 1.3"# 2,%?*'"$ !* -'0&&*#" MN .#("#'" 2*#&

 5



  ! "#$%&'( )'*&,-( )( ./01(-*%2

 !"#$%  !"  !"#$%&' (& )*+, (-#, ./0 1 234+& '#$ 4* %*,(& 6*''*,7& (# 6$&8+&$

8"(& 6"#$ (+93$&,7&' :*4&#$' (& "#$*,7 (# ;*+'&*#<

 ! "#$%#%$' ( )*+'  '*#', -.*"./ )* 0'%# 1).$  ' "2"#34' #)#! )44' %*'  .5*' +'  )*5%'%$

6*.' 7'  % '" C1 ( CN 8 )**'#9' ( "'" ':#$94.#9" ( +'%: 5%.+'" +;'*#$9' '# ")$#.' +'  )*5%'%$

"'4.<.*6*.', ='% '"  '" '  % '" C1 ( CN .*#'$!5.""'*# !1'  ' >!."'!% 71).$ 65%$' ?,@8, -6* +'

0$'*+$' '* )40#' '$#!.*" 0A9*)43*'" +' $9B':.)*" '* '*#$9' '# ")$#.' +'  .5*'/ C, D, E2"F.*

 ! "#$  !"#$%&'( )*&$ +%,- !#).+%( /,% +%$ 0, )%$ )1%&'-2% %' )% $#-' % * %&' )%$ *-*'2- $' /,%$

) $"%-$ 4%$ ) 52-%&'%$ )% %++%$ )% +* $'-,',-% 6 #&)% +%&'%7 8+$ 2- 4%&' +* -%+*' #& )% ) $"%-$ #&

)% %$ 0, )%$

ω (ψ) = ω0 +∆Ωcos(ψ) ( *4% ∆Ω > ∆ω . 9:7;<=

> &$ ( +* )?&*! /,% )%$ *!"+ ',)%$ )%$ %++,+%$ Cn<1 %' Cn>N $, ' +* -%+*' #&7

dtCn − iω0Cn − i
∆Ω

2
(Cn−1 + Cn+1) = 0 , 9:7;@=

A& "%,' * &$ )2'%-! &%- )%$ #&) ' #&$ *,B C#-)$ C %& "#$2%$ "#,- +% *$ #D +% ',C% E#&' #&&%

6 ,&% E-2/,%&% )#&&2% ω !" #$#%& '(") *#) +,-'#) '.#"%/0#1)2/%-#& #" *.(3)#"# '# 5(-)#(,

'.0*#%/2")& *( )2*,%-2" '# *.06,(%-2" 78 9:; <#,% ).0/-/# )2,) *( 52/=#

Cn =
(

Cine
−inψ + Crefe

inψ
)

eiωt & <2,/ n < 1

Cn = Coute
−inψeiωt & <2,/ n > N ,
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 !"#$%  !"  !#$%& '( )*)+,%- $+('.$ /&0 12 32 4*)5.6  ! "#2 76 %8'- '- /08/&9
:&+.86 '- ;& )+0(+(0- < 86'- ;-6+- =-;;(;-) Cn∈[1,N ]> -)+ 8(/;$ &?-
(6 @&.)-&( 'A$;-+086)2 B-++- )+0(+(0- < 86'- ;-6+- -)+ 866-+$- -6
-6+0$- -+ )80+.- < '-) :(.'-) 'A86'- &*&6+ '-) &0&+$0.)+.C(-) '.)/-09
).?-) '.D$0-6+-)2 B#&(6- '-) -;;(;-) -)+ 8(/;$- < )& /0-%.,0- /;()
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"# Cout &1'()&*#+," ," &1 %," ,*-"#" ,'%$ &" 0+*," ," $ -#*" 3/ *- 40+-" 56786 9% )-'#*:+"; Cin

"$# +%" , %%2" ,+ )- <&=(" :+" &1 % )"+# ,2,+*-" ," &' )+*$$'%" ," &1 %," :+" &1 % $ +>'*#"

*%#- ,+*-" ,'%$ &" 0+*," ,1"%#-2"

Pin = Ns
vg
d

|Cin|2
2

. 356?@8

9% *%#- ,+*$'%# &"$ "A)-"$$* %$ 356?B8 ,'%$ 356?C8 "# 356?78 ) +- n = 0, 1, N "#N+1;  % ,2#"-(*%"

:+'#-" 2:+'#* %$ $"-/'%# ," D"-("#+-" '+ $E$#=("

dtCref + i
∆Ω

2

(

eiψCref − e−iωtC1

)

= −i∆Ω
2
e−iψCin

(dt − iω0)C1 − i
∆ω

2

(
eiωtCref + C2

)
= i

∆ω

2
e−iωtCin + P1

(dt − iω0)CN − i
∆ω

2

(

CN−1 + e−i(N+1)ψeiωtCout

)

= PN

dtCout + i
∆Ω

2

(

eiψCout − ei(N+1)ψe−iωtCN

)

= 0

356?F8

 !

Pn = −
1

2Ns

∫

V

3 .4∗
n d

3r .

G' ,E%'(*:+" ,"$ "&&+&"$ Cn∈[2,N−1] "$# , %%2" )'- &' -"&'#* % 356?C8 )+*$:+" "&&"$H* %" $ %#

)'$  +)&2"$ '+ 0+*," ,1"%#-2"  + ," $ -#*"6 I*%'&"("%#; &" $E$#=(" ,2-*/'%# &' ,E%'(*:+" ,"$

'()&*#+," ,'%$ # +#"$ &"$ )2-* ,"$ ," &' $#-+#+-" J  %," &"%#" $12-*# $ +$ &' D -(" ('#-**"&&"

$+*/'%#"

dt5 (t) +6 (t) .5 (t) = 7 (t) , 356CK8

89



  ! "#$%&'( )'*&,-( )( ./01(-*%2

 ! 3 "#$ %&" '($)*" $)*,-*(. &(/" -" -*'"&#* & N+20 4 "#$ /" 1"$"%)  &$"&(&$ /"# ('2/*$%-"#
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0,(&:*+) .! 2*03.! 0! >$&)!$1 0/,.!'(*+) 1'&.&),7 ;$+) .$ '(*&)&32! )!'&*+< +*1) !@%.&91*+)

*22!+' ./,91$'&*+ 0/,:*.1'&*+ 0! ./*+0! 0! &(1&' %!1' F'(! &+',G(,! $1 *1() 01 '!2%)< !'

+*1) !@%.&91*+) *22!+' +*1) *='!+*+) .$ >*(2! 01 #$2% ,.!'(&91!7 H! *0!  !"#$%& $&+)&

91! 0!) (,)1.'$') +12,(&91!) *='!+1) $:! !.1&I& )*+' %(,)!+',) 0$+) .$ 91$'(&32! %$('&!7 8*1)

*+.1*+) )1( !''! ,'10! 0$+) .$ &+91&32! )!'&*+7

 !" #$%&'()*+* ,+ '-./.01

 !"#$%  !" # $&'() *+ (,*-./ */ 0)12/)+ 3 +4/

*1(/421,4! 5/2 6)781+./2 2,48 9+/2

,((/ */2 *12:+/2 &)7;'2! 5/ 0)12<

/)+ 87)4218/ *)42 +4 =.14*7/ ('8).<

.1:+/ /4;/4*7)48 )1421 +4 &)(6 */

&)7;/ *>/26)/ 2+7 .>)?/ *+ 2=28-(/!

;$+) ./$=)*.1< .!) $)%!') '(&0&2!+)&*++!.)

0! .$ G,*2,'(&! *+' 1+! &+J1!+! )1( .!) %!(I

>*(2$+!) 0/1+ 4567 ?+ %(!2&3(! $%%(*@&2$I

'&*+< &. !)' !%!+0$+' ($&)*++$=.! 0! +,G.&G!(

.!) :$(&$'&*+) 0!) G($+0!1() %#E)&91!) K#$2%

,.!'(&91!< 0!+)&', 0! *1($+' 01 >$&)!$1 !'7L

0$+) .!) 0&(!'&*+) '($+):!()!) - .$ 0&(!'&*+

0! %(*%$G$'&*+7  /!)' !''! 2F2! $%%(*@&2$I

'&*+ 91! +*1) $:*+) >$&'! 0$+) .! 2*03.! %!'&'

)&G+$. - 1+! 0&2!+)&*+ %(,)!+', $1 #$%&'(!

%(,,0!+'7 ;$+) ! #$%&'(!< +*1) 0,'$&..*+)

1+ 2*03.! G($+0 )&G+$. 0! 456 !+ 0*2$&+!

'!2%*(!.7

;$+) ! 2*03.!< .! >$&)!$1 0/,.!'(*+) !)'

:1 *22! 1+! $))!2=.,! 0! 0&)91!) 1+&>*(2,I

2!+' #$(G,)< $E$+' 1+ ($E*+ ,G$. $1 ($E*+

2*E!+ 01 >$&)!$1< b7  !) 0&)91!) )*+' (!%,(,)

%$( .!1( %*)&'&*+ !' .!1( :&'!))! .! .*+G 0! ./$@!

01 4567 H!) >*(!) 0! (,%1.)&*+ !+'(! ,.!'(*+)

)*+' %(&)!) !+ *2%'! %$( 1+! 2,'#*0! $+$.EI

'&91! 91& +,!))&'! 0! *++$M'(! .$ 0!+)&', 0!

#$(G! 01 >$&)!$17  !..!I& !)' !)'&2,! G(N! - 1+! &+'!(%*.$'&*+ $+$.*G1! - !..! !O!'1,! 0$+)

1+ *0! P%$('&.! &+ !..P7 H$ .&G+! - (!'$(0 !)' 91$+' - !..! (!%(,)!+',! %$( .! 2*03.! 0&)(!'7

6$( )*1& 0! )&2%.&&',< *+ )1%%*)! 91! )!1. .! 2*0! >*+0$2!+'$. 0! ./#,.&! Q*1! 1+ (�.! 0$+)

./&+'!($'&*+7 8*1) +,G.&G!*+) %$( $&..!1() .! #$2% 2$G+,'&91! 0! ./*+0! 0! #$(G! 0/!)%$!7
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  ! "#$%&' $' ()*+')- . -/' $*0'/+*#/

 !"#$%  !"  !"#$%&'()#*'" +,-"$ /)%0$ 1-% ($1 "'$-+1 +- 2)*(()0$ +)"1 () 23#/'+$

4)%#*($ *" 5$((6

 !"#$%&%"'( $% *#&+ ,$%'-!./% +-0+-% $% $0"1 2/ -#30" 2/ 4#!5%#/ %5' #++-06!&, +#- 5# 7#$%/-

5/- $8#6% 2/ 9:;<

 !" #$%&'( %( )*+,(*. / .0( %+1(0,+$0

=#"5 "0'-% &02>$% ? /"% 2!&%"5!0"( $% 4#!5%#/ %5' 7/ 0&&% /" @/6 3$!"2-!./% 28,$%'-0"5

5% +-0+#1%#"' 5/- $8#6% 28/"% *,$!% #55!&!$,% ? /" 3$!"2-% &,'#$$!./% 2% -#30" a > b< A0/5

50/*#!'0"5 ./% "0'-% &02>$% 2,-!7% $%5 #5+%'5 "0"B$!",#!-%5 2/ 9:;< C$ 4#/' 20" ./% $% &02>$%

2,-!7#"' $% 4#!5%#/ 50!' "0"B$!",#!-%< D%5 2%/6 #++-0*%5 "0"B$!",#!-%5 2% 4#!5%#/ $%5 +$/5

0""/%5( +0/7#"' E'-% %&+$03,%5 %" /" '%&+5 -#!50""#F$% %" /"% 2!&%"5!0"( 50"' $8#++-0*%

G$#507 20"' "0/5 "% +#-$%-0"5 +#5 !!( %' $8#++-0*% +#-'!/$#!-%( 0&&/",&%"' /'!$!5,% 2#"5

$# 0&&/"#/', 2%5 '/F!5'%5< ;#-&! $%5 &02>$%5 /'!$!5#"' %''% 5%0"2% #++-0*%( $# &,'*02%

H;#-'!$% !" I%$$H J;CIK LMN℄( LMP℄ %5' 2% $0!" $# +$/5 %&+$03,% J70!- '#F$% Q<RK< =#"5 % *#+!'-%

"0/5 2,'#!$$0"5 0&&%"' %''% &,'*02% +%/' E'-% /'!$!5,% +0/- 5!&/$%- $% 4#!5%#/ 28,$%'-0"5

28/" 9:; %" /"% 2!&%"5!0"<

 !"!# $%&'&)*+ ,* -. /0123,* 4$.%1&-* &' 5*--4 *' 33%,3''0*+ 6-&',%&78*+

=#"5 /"% 0/+% '-#"57%-5% 2/ 4#!5%#/( 0" 5/++05% ./% $%5 2%"5!',5 2% *#-1% %' 2% 0/-#"'

2% %$/!B! 50"' 0"5'#"'%5 $% $0"1 2/ -#30" 2/ 4#!5%#/< C$ "8%5' 20" +#5 !&+0-'#"' 2% 5!&/$%-

'0/5 $%5 ,$%'-0"5 2/ 4#!5%#/ +/!5./80" 0"5!2>-% ./% $%/-5 '-#S%'0!-%5 50"' -%'!$!1"%5< :" +%/'

20" 5% -%+-,5%"'%- /"% '-#"*% 2% 4#!5%#/ 0&&% /"% &#-0B+#-'!/$% #3#"' /"% 40-&% 2%

2!5./% J70!- T1/-% M<RK< I*#./% &#-0B+#-'!/$% +055>2% /"% *#-1% 2,+%"2#"' 2%5 +#-#&>'-%5

&#-050+!./%5 5'#'!./%5 2/ 4#!5%#/<

=#"5 $# &,'*02% H+#-'!$% !" %$$H ? /"% 2!&%"5!0"( $% 20&#!"% 2% #$/$ %5' /" 5%1&%"' 2%

2-0!'% ./% $80" 2,0/+% %"  !"##$%( #/6 %6'-,&!',5 J"0%/25K 2%5./%$$%5 0" #$/$% $%5 ./#"'!',5
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   ! "#$%&' ()*+,-.)' /0

 !" #$!% "#&'()%%)#&* +# -)(-) &$!& ./01$(. 2 )%&"3)( 40 .)#%"&' .) -0(5) %!( 4)% #$)!.%

.! 30"4405) 2 60(&"( ./!#) ."%&("1!&"$# .) 30($760(&"!4)%* 89# ./)%&"3)( 40 .)#%"&' .) -0(5)

.! :0"%)0! ρ (z, t); $# %!66$%)  !) 40 -0(5) .) -0 !) 30($760(&"!4) %/'&04) 0<) !#) :$(3)

60(&"!4"=() 4) 4$#5 .) 4/0>)* 84$(%  !/)# 3'0#" !) 40%%" !) $# $#%".=()  !) 40 -0(5) 0%%$"')

2 !#) 60(&"!4) )%& !#) :$#&"$# .) ?"(0 .) 4/)%60); .0#% 40 3'&-$.) @AB; 40 :$#&"$# .) ?"(0

)%& 0"#%" ()3640') 60( !#) :$#&"$# .) :$(3)* C !# "#%&0#& .$##'; $# 6)!& '("()  !)

ρ (z, t) =
1

Vm

∑

p

qpS (z − zp) DE*FG

$H qp )%& 40 -0(5) &$&04) .) 40 30($760(&"!4); zp )%& %0 6$%"&"$# 2 4/"#%&0#& t; S )%& !#) :$#&"$#

.) :$(3) )& Vm = πb2∆z )%& 4) <$4!3) ./!#) &(0#-) .) :0"%)0! .) 40(5)!( ∆z )& .) (0I$# b*

?0#% #$&() 3$.=4) 2 !#) ."3)#%"$#; $# -$"%"& !#) :$#&"$# .) :$(3) &("0#5!40"(); .) 10%) '504)

2 2∆z; )& .) -0!&)!( '504) 2 1* 8"#%"; 40 -0(5) .) 40 30($760(&"!4) )%& )#&"=()3)#& ."%&("1!')

%!( %)% 64!% 6($-)% #$)!.% <$"%"#% D<$"( 95!() E*JG*

K0 ('%$4!&"$# .) 4/' !0&"$# .) @$"%%$# .0#% !# 3$.=4) 2 !#) ."3)#%"$# 2 5'$3'&(") I4"#7

.(" !) 6)!& 3)#)(; %" $# -)(-) 2 40 ('%$!.() #!3'(" !)3)#&; 2 )(&0"#)% "#$#%"%&0#)%* A4

)>"%&) .)% 0%&!)% #!3'(" !)% 6044"0#& 60(&")44)3)#& )% 6($14=3)% LFF℄* B)6)#.0#&; #$!% 6(':'7

($#% )%&"3)( 40 <04)!( .! -036 .) -0(5) ./)%60) 60( !#) 3'&-$.) 0#04I&" !); 066($>"30#&

3")!> ) .)(#")(* ?0#% )&&) 3'&-$.); $# !&"4"%) 4)% :$#&"$#% .) N())# .! K0640")# 09# .)

.'&)(3"#)( !#) ()40&"$# )#&() 40 .)#%"&' .) -0(5) .! :0"%)0! )& %$# -036 '4)&(" !) .) -0(5)

./)%60)* B)&&) 3'&-$.) )%& .'("&) .0#% LFJ℄ )& )%& !&"4"%') 60( 4) $.) 6('%)#&' .0#% LEJ℄* +#

6)!& .'3$#&()(  !)

Esc (z, t) =
a

2πǫ0b

∫

ρ
(

z
′

, t
)

exp



−
2
∣
∣
∣z − z′

∣
∣
∣

b



 sgn
(

z − z′
)

. dz
′

, DE*JG

$H Esc )%& 4) -036 '4)&(" !) .) -0(5) ./)%60) "#.!"& 60( !# :0"%)0! .) .)#%"&' .) -0(5) ρ;

)& sgn(.) )%& 40 :$#&"$# %"5#)*

 !"!" #$%&'()%*+$ ,-. &/0)%*+$. ,0 1+02-1-$% ,-. &3-%(+$.

K0 .I#03" !) .)% 30($760(&"!4)% )%& %$!3"%) 0! -036 '4)&(" !) .) -0(5) ./)%60) )&

0! -036 '4)&(" !) .) 4/$#.) .) "(!"&* 8"#%"; 4) 3$!<)3)#& ./!#) 30($760(&"!4) p )%& .'("&

60( 4)% ' !0&"$#% .) 40 .I#03" !) $33)

dtvp = η [Esc (zp, t) + Ecir (zp, t)]

dtzp = vp ,
DE*EG

$H Esc )& Ecir %$#& 4)% <04)!(% .)% -036% '4)&(" !)% .) -0(5) ./)%60) )& .) 4/$#.) .) "(!"& 2

40 6$%"&"$# zp )& 2 4/"#%&0#& t* @!"% !) )% -036% %$#& 04!4'% %!( 4)% #$)!.% ./!# 30"4405); .$#&

4)% #$)!.% #) $O#".)#& 60% 0<) 4)% 6$%"&"$#% .)% 60(&"!4)%; "4 :0!& )#$() !#) :$"% "#&)(6$4)( 09#
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  ! "#$%&' $' ()*+')- . -/' $*0'/+*#/

 !"#$%&"' () *)("+'  + -)&. $/$)( #!)..(%0+)1$ #+' () .)'$%+("2 3)1# 1/$'" &/ 4("5 "$$" #"/1 "

%1$"'./()$%/1 "#$  + &6&" $7." 0+" "((" 0+" 1/+# )*/1# .'8#"1$8  )1# () .)'$%" .'88 "1$"2 9)

#"+("  %:8'"1" "#$ 0+" (!%1$"'./()$%/1 #!":"$+" )(/'# ; .)'$%'  + &)%(()<" *"'# ("# .)'$%+("#2

9"# 80+)$%/1#  " ()  71)&%0+"  "# 8("$'/1#  + =)%#")+ #/1$ '8#/(+"# ./+' -)0+" .)'$%+("

"1 +$%(%#)1$ () &8$-/ "  "#  %:8'"1"# >1%"#2 ?"$$" &8$-/ "5 )%1#% 0+" #/1 +$%(%#)$%/15 #/1$

 8$)%((8"#  )1# (" -).%$'" #+%*)1$2 @"$"1/1# ./+' (!%1#$)1$ 0+" (" $"&.# "#$  %#'8$%#8 #"(/1 +1

.)# /1#$)1$ ∆t5 "$ 0+" ("# /.8')$"+'#  "  8'%*)$%/1 #/1$ )..'/A%&8# .)'  "# /.8')$"+'# )+A

 %:8'"1"#  %*%#8"# B#-8&)#C2 3)1# 1/$'" &/ 4("5 (" #-8&) +$%(%#8 ./+' %1$8<'"' ("# 80+)$%/1#

BD2DC )+ /+'#  + $"&.# "#$ ).."(8  "#$% &'()# "1 $"&.#2 E1 /F$%"1$ ("# '"()$%/1# )..'/A%&8"#

v
n+ 1

2
p − vn−

1

2
p

∆t
= η

[
Esc

(
znp , n∆t

)
+ Ecir

(
znp , n∆t

)]

zn+1
p − znp
∆t

= v
n+ 1

2
p ,

BD2GC

/H v
n± 1

2
p "#$ () *%$"##"  " () .)'$%+(" )+ $"&.# t = (n ± 1

2 )∆t "$ z
n
p "#$ #) ./#%$%/1 )+ $"&.#

t = n∆t2 3!).'4# () .'"&%4'" 80+)$%/1  " BD2GC5 ("# *)("+'# )+ $"&.# t = n∆t  + -)&. 8("$'%0+"

 " -)'<"  !"#.)" "$  + -)&. 8("$'%0+"  " (!/1 "  " %'+%$ #/1$ '"0+%#"# ./+' /F$"1%' () *)("+'

 " () *%$"##"  !+1" .)'$%+(" )+ $"&.# t = (n+ 1
2)∆t2 I+%#0+" () ./#%$%/1  "# .)'$%+("# "#$ /11+"

)+ $"&.# t = n∆t5 )(/'#5  !).'4# (!80+)$%/1 BD2JC5 %( "#$ ./##%F("  !"#$%&"' ()  "1#%$8  " -)'<"

 + =)%#")+ )+ &6&" %1#$)1$2 K1 +$%(%#)1$ () '"()$%/1 BD2LC5 /1 /F$%"1$ )(/'# 1)$+'"(("&"1$ +1"

"#$%&)$%/1  + -)&.  " -)'<"  !"#.)" ; (!%1#$)1$ t = n∆t2 9" -)&. 8("$'%0+"  " (!/1 "  "

%'+%$  /%$ 6$'" "#$%&8 )+ &6&" %1#$)1$2 M/+# *"''/1# 0+"5 ./+' " =)%'"5 %( =)+ ')  %#./#"'  !+1"

"#$%&)$%/1  " ()  "1#%$8  " /+')1$  + =)%#")+ ; (!%1#$)1$ t = (n− 1
2)∆t2 I+%#0+" () *%$"##"  "#

.)'$%+("# "#$ "#$%&8" ; "$ %1#$)1$5 (!"#$%&)$%/1  + -)&.  " %'+%$ )+ $"&.# t = n∆t *%"1 ')

"((" )+##% 1)$+'"(("&"1$2

 !"! #$%&()*$ +, -.)/&.,

9!%1N"$%/1  + =)%#")+ /1#%#$" ;  8$"'&%1"'5 ; .)'$%'  " .)')&4$'"# &)'/#/.%0+"# B/+O

')1$5 $"1#%/15 ')7/1  + =)%#")+ 222C5 ("# .)')&4$'"#  " -)0+" &)'/O.)'$%+(" B-)'<"5 *%$"##"C

(/'#0+!"((" "1$'"  )1# ("  /&)%1"  " #%&+()$%/12 P+../#/1# 0+" () $"1#%/1  !)8(8')$%/1  + =)%#O

")+ ; () )$-/ " #/%$ 8<)(" ; V02 K1 *"'$+  " () (/%  " /1#"'*)$%/1  " (!81"'<%"5 /1 ."+$ 8'%'"

0+"

1

2
mv20 = qV0 #/%$ 5 v0 =

√

2ηV0 , BD2QC

/H v0 "#$ () *%$"##" &/7"11"  + =)%#")+ "1 "1$'8"  " (%<1"2 9" /+')1$  + =)%#")+ I0 "#$  8>1%

.)' (" 1/&F'"  " -)'<" .)##)1$ ; $')*"'# +1" #+'=)" +1%$8 .)' +1%$8  " $"&.#2 K1 =)%#)1$

(!-7./$-4#" 0+!+1" &)'/O.)'$%+(" "#$ %1$'/ +%$"  )1# () R/1"  " #%&+()$%/1 $/+# ("# k .)#  "
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   ! "#$%&' ()*+,-.)' /0

 !"#$% k ∈ N% &'()$ '& +&),! #() -! #&) ./! "&)(0#&) 1.'! !$ 2(//-! #&) '& )!'& 1(/

qp = I0 k∆t . 34567

8/ '9&:$!/! 29(/2! 2! 1).1 % '! ;&1$!&. 29-'! )(/$ !$ 2(/ 2-)1 (""! ./! &$$!":'-!

2! 21$<.!$ 2! +&),! qp  )&/$1 &/ 2&/$ '!  .:! &=! ./! =1 !$$! vp = v05 >/ #!. ;&1'!"!/ 

2- !)"1/!) '& 2!/$1 - 2! +&),! $ & 1(//&1)! 2. ;&1$!&. #&) '& )!'& 1(/

I0 = ρ0v0πb
2 % $(1 ρ0 =

I0√
2ηV0πb2

. 345?7

 ! "#$%&' $' &()*' + ,*' $(-'*.(#*

nc ǫ1 ǫ2

@  ! " #$%"

&  ! " #!$"

#% &!'" %!("

'% #!)" %!'"

$% #!*" %!#"

 !"#$  !" # $%%&'%( *++,(&( -.% /& +*0

12/& 1.3( /& .( 14'3 567 8

9:/,&!

+,-. 0110 2,31405 -67. 8934:6-. ;0 <68=;0 10<2630;

80 ;4>-0 ? 301,38! @67. 891,4;;6-. ;0. 236A;=<0. 30-6-B

139. 01 ;0. .6;7146-. C70 -67. ,:6-. D64.40. 2673 ;0. 39B

.67830! @67. 89<6-136-. 1671 8E,A638 C7E4; 0.1 26..4A;0

8E714;4.03 ;0 <68=;0 84.301 ,:0 7-0 2394.46- .7F.,-10

8,-. ;0 ,. 80. GHI ? D9;40! @67. 0J2;4C76-. 0-.7410 ;,

<,-4=30 86-1 -67. 236986-. 2673 6A10-43 ;, K63<0 80

D,<2 8E7- GHI ? D9;40 0- 7-0 84<0-.46-! L-0 A6--0

80.342146- 80 ;E4-103,146- 8920-8 0- >3,-80 2,3140 80

0 D,<25 01 4; 0.1 86- 234<6384,; 8E0- ,:643 7-0 A6--0

0.14<,146-! @67. 8934:6-. 0-.7410 ;0. 6-84146-. ,7J 0J139<419. 80 ;, ;4>-0! @67. 23626.6-. 7-0

0J10-.46- 80 ;, <91D680 23626.90 2,3 MN.O4-  ! "#$5 267:,-1 .E,22;4C703 ? -E4<26310 C70; 1N20

80 GHI! @67. 891,4;;6-. P-,;0<0-1 7-0 <,3D0 ? .74:30 ,P- 8E4-19>303 ;E9C7,146- Q'!#*R ,7 673.

87 10<2.!

 ! !" #$%'(')* +, -)+./0

S, 673A0 80 84.203.46- 8E7-0 .1371730 ? 6-80 ;0-10 0.15 8,-. ;0 <68=;0 84.3015 896<26.90

.73 ;, A,.0 80 T673403! +,-. ;0 ,. 80. GHI ? ,:419. 672;90.5 0110 896<26.4146- 30-8 ;,

30239.0-1,146- 80 ;, ;4>-0 0J13U<0<0-1 3987410 ,3 ., 673A0 80 84.203.46- 30..0<A;0 K6310<0-1

? 7-0 80. K6-146-. 80 A,.0 714;4.90 2,3 ;0 <68=;0 Q7-0 K6-146- 6.4-7.R! V- 6-.9C70-05 ;0.

60F40-1. 80 T673403 .70..4K. 8E7-0 10;;0 673A0 80 84.203.46- 80:40--0-1 13=. :410 8E,<2;41780

-9>;4>0,A;0! G3=. 207 80 60F40-1. .6-1 ,;63. -90..,430. 2673 A40- 893430 ;0. ,3,1934.14C70.

80 84.203.46- 8E7- <6805 01 ;0 672;,>0 0-130 ;0. 84W930-10. 0;;7;0. 80 0;74B4 -0 26310 C70 .73

80 201410. 84.1,-0.!

X4 6- 6-.48=30 ;, 673A0 80 84.203.46- 87 230<403 <680 8E7-0 .1371730 ? 6-80 ;0-10 D9;4B

6Y8,;0 Q0- 13,41 2;04- -643 .73 ;, P>730 &!&R5 6- 6<230-8 4-17414:0<0-1 C70 ;, 896<26.4146- 80

0;;0B4 .73 ;, A,.0 80 T673403 -90..4103, 2;7. 80 103<0.! G6710K64.5 <U<0 8,-. 0 ,.5 ;0 <68=;0

 !



  ! "#$%&' $' &()*' + ,*' $(-'*.(#*

 !"#$%  !  !"#%&%'( )* +'),-. )%&"./ 0'*" -. 0".+%." +'). )1*(. -%2(. 3 "./4")

). /50. 6#-%.7

 !"$%& $%"&% '(()!'*)% '$ %&&% +,$*%  %  !"(%$"!+- %"& (.$!+ !/,% %- β0 1% 2+ 3)%  !"$%&

./,!4',& ',5 ./,'&!+-  % 6'57%)) "! ,- -+2*$% !-8-!  % +%9!%-&"  % +,()':% Ωm %"& ($!"

%- +2(&%  '-" );./,'&!+- <=0>?@0 A%! %"& !2(+""!*)% B $.')!"%$  '-" )% '"  ;,-% '(()!'&!+-

-,2.$!/,%0 C) %"&  +- !2(+$&'-&  ;.&, !%$ );%D%&  % +-"! .$%$ "%,)%2%-& ,- -+2*$% 8-!E %& "!

(+""!*)% (%&!&E  % +%9!%-&"  % +,()':%0 F'-" %" +- !&!+-"E );'(($+5!2'&!+-  % )' +,$*%  %

 !"(%$"!+- ";.$!& <=0==@E /,!  %4!%-&

ω (φ) =
nc∑

m=−nc

Ωme
imφ , <G0?@

"! +- &$+-/,% )' ".$!%  % H+,$!%$ ', $'-: 8-! nc0 1' *+--% +, 2',4'!"% $%($."%-&'&!+-  ;,- IJK

 '-" &+,& 2+ 3)% "(.!')!".  .(%- %- :$'- % ('$&!%  % );'(($+5!2'&!+- /,% L'!& % 2+ 3)%  % "'

+,$*%  %  !"(%$"!+-0 K,!"/,% )' ($.!"!+-  , 2+ 3)%  !"$%& +-4%$:% 4%$" ,- 2+ %  % $.L.$%-%

+22% )' &$'-"L+$2.%  % H+,$!%$  % %),!M!E +- (%,& ', ($%2!%$ $%:'$ ($.4+!$ /,% %))%M! "%$'

()," )%-&%  '-" )% '"  ;,-% N.)!% /,%  '-" )% '"  %" '4!&." +,().%" O  ;,-% ('$& %- $'!"+-  %

)' L+$2% :)+*')%  % )' +,$*%  %  !"(%$"!+-E  ;',&$% ('$& %- $'!"+-  %" "!-:,)'$!&." ($."%-&%" ',

-!4%',  %" *+$ "  % *'- %  % %))%M!  '-" )% '"  ;,-% N.)!%0

P+," '4+-" $%($."%-&. %- +,$*%"  % +,)%,$ ",$ )' 8:,$% G0GE (+,$ (),"!%,$" 4')%,$"  % ncE )%"

+,$*%"  %  !"(%$"!+-  , ($%2!%$ 2+ %  ;,-% N.)!% B L$+! '(($+5!2.% ('$ )% 2+ 3)%  !"$%&0 Q,$

%&&% 2R2% 8:,$%E -+," '4+-" $%($."%-&. %- &$'!& ()%!- -+!$ )' +,$*%  %  !"(%$"!+-  % $.L.$%-%0

J- $%2'$/,% ",$ %&&% 8:,$% /,% );'(($+5!2'&!+- L'!&% ('$ )% 2+ 3)%  !"$%& %"&  ;',&'-& 2%!))%,$%

/,% nc ',:2%-&%0 K+,$ nc = 20E )' +,$*% '(($+5!2.% "% ",(%$(+"% ($'&!/,%2%-& '4% )' +,$*%

/0



   ! "#$%&' ()*+,-.)' /0

 !"#$%  !"  !"#$%& '# )*+, -.&/$01#& ,$",$& '2#3& ,-$0"'& '& .* 4/$#/#$& .&

."35 '& .2*6&7 8* ,"40/0"3 &4/ &6,$0+-& &3 3"+%$& '& ,-$0"'&47

 ! "#$#"!%!' () *)+,! -'. "!/"#0!%*! ,1!""!2" 34450! !% 436!%%! /)" ,! 43 7,!  50"!* /32"

 58#"!%*!0 9),!2"0  ! nc' :)%0 ,) 0!3% ! 3,3%%!  2 *)+,!)2; ,1!""!2" !0* 3+*!%2! !% ")//3"*)%*

,1!""!2" )+03,2! < ,) $"#=2!%! 32")%*!; 1!0*><> 5"!

ǫ1 =
1

π

∫ π

0

∣
∣
∣
∣

ω̃ − ω
ω

∣
∣
∣
∣
. dφ , ?-'@A

3B; /32" 2%  #/C)0)D! /)" /)0 φ  3%%#; ω !0* ,) $"#=2!%!  ! "#$#"!%! !* ω̃ !0* ,) $"#=2!%!

)//"3E54#!' :)%0 ,) *"350574! 3,3%%!  2 *)+,!)2; ,1!""!2" !0* 3+*!%2! !% ")//3"*)%* ,1!""!2"

)+03,2! < ,) $"#=2!%! !%*"),!  ! ,) +)% ! /)00)%*!; 1!0* <  5"!

ǫ2 =
1

π ω0

∫ π

0
|ω̃ − ω| . dφ , ?-'.FA

3B ω0 !0* ,) $"#=2!%! !%*"),!  ! ,) +)% ! /)00)%*!' G5%05; ,) 436!%%! /"#0!%*#!  )%0 ,)  !2E574!

3,3%%!  3%%! 2%! *"70 D")% ! 54/3"*)%! < ,1!""!2" 34450! )2 %59!)2  !0 +3" 0  ! +)% !; ),3"0

=2! ,) *"350574! 3,3%%! !0* 2%! 436!%%! /,20 D,3+),!' H% "!4)"=2!; D"I! < !**! *)+,!; =2!

,1!""!2" 34450! /)" ,! 43 7,!  50"!* 02" ,1!%0!4+,!  ! ,) +)% !  2 43 ! !0*  ! ,13" "!  2

/32"!%* 05 2% %34+"!  ! 3!J5!%*0 K%5 !* /!*5* ?nc ≈ 20A !0* /"50 !% 34/*!' (1!""!2" 34450!

/)" ,! 43 7,!  50"!* !0*  3% )!/*)+,!; !* !% 3%0#=2!%!; 5, !0* ,)5" =2! !,25>5 /32"")

3""!*!4!%* 01)//,5=2!" )2E LHM < C#,5!'
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  ! "#$%&' $' &()*' + ,*' $(-'*.(#*

 ! !" #$%&'%()' *+ -./0 01)01&

 !"#$%  !" # $%&'()& *& ,)-)  !"#$% &'(! ./

',0)),1& *2-/ (,3 *& )245)0& &36 &78

7&6-5! 9, :,)&-; *- 4,'( 5)&6;0<-&

&/ 6=-6 /=&-* *- ',0)),1& &36 *56&;8

'0/5& &/ 0/651;,/6 )25<-,60=/ *2>&)'8

4=)6? (,; ), '564=*& *&3 5)5'&/63 @8

/03!

 !" #$%&'()*" +,-./0 !' +,-.10 2)*' (*'!34

5!*(3 6& 2)37! 8!" :&7;" #6!'3($%! !' 7&4

<*#'($%! &"")(#! = 6& ;#3()8! n> /n !' 0n-

?!66!"4( ;!%5!*' @'3! 8#'!37(*#!" = ;&3'(3

8!" 2)37%6!" +,-,A0-  !%3 8#'!37(*&'()* *#!"4

"('! 8)* 8! )**&B'3! 6!" ")6%'()*" 8! ;3);&4

<&'()* 8C%*! )*8! #6!'3)7&<*#'($%! 8&*" 6&

"'3%'%3! = 23)(8 "%3 ')%'! 6& D&*8! 8% 7)8!

$%! 6C)* )*"(8E3!- F&*" *)'3! 7)8E6!> )* *#4

<6(<! 6C!G!' 8% :&7; 7&<*#'($%!- F! ;6%"> )*

*! :!3:! = 8#'!37(*!3 6& 5&6!%3 8% :&7;

#6!'3($%! ;3);3! $%! "%3 6C&H! 8% "I"'E7!-

J%("$%! !''! 5&6!%3 8#;!*8 8! 6& <#)7#'3(! =

'3)(" 8(7!*"()*" 8! 6C:#6(! &(*"( $%! 8!" ;3)4

;3(#'#" 8!" 7&'#3(&%H 8% KLJ> 7@7! %* 7)4

8E6! = %*! 8(7!*"()* ;3!*83& ;&3'(!66!7!*' !*

)7;'! !" #6#7!*'"-

L* ;!%' !"'(7!3 6& 5&6!%3 8% :&7; #6!4

'3($%! ;3);3! 8! '3)(" 7&*(E3!" 8(G#3!*'!"- M6

!H("'! 8C%*! ;&3' 8!" ;3)#8#" !H;#3(7!*'&%H

;!37!''&*' 8! 7!"%3!3 6& 5&6!%3 8! ! :&7;

"%3 6C&H! 8% KLJ- M6 !H("'! &%""( 8!" &;;3)H(4

7&'()*" &*&6I'($%!"- N)%" &5)*" ;)%3 *)'3!

;&3' :)("( 8C%'(6("!3 6! )8! 23#$%!*'(!6 8! ;&4

3&7E'3!" = 23)(8 K:&6!"  !"#$% &'(- ?! ;3)<3&77! !"' %* )8! %'(6("&*' 6& 7#':)8! 8!" #6#7!*'"

O*(" ;)%3 3#")%83! 6C#$%&'()* 8CP!67:)6'Q- R* 7&(66&*' %*! ;#3()8! 8! 6C:#6(!> (6 ;!37!' 8! &64

%6!3 8C%*! ;&3' 6! 8#;:&"&<! 8C%*! )*8! 8! 23#$%!*! ω !*'3! 6!" 8!%H ;)3'" 8% 7&(66&<! !'

8C&%'3! ;&3'> 6! :&7; #6!'3($%! !* ')%' ;)(*' 8% 7&(66&<!- S* !H!7;6! 8! 3#"%6'&' )D'!*% &5!

 !"#$% &'( !"' ;3#"!*'# "%3 6& O<%3! T-U- L* )D'(!*' 6!" ")6%'()*" 8! ;3);&<&'()* Eβ $%( *)%"

(*'#3!""!*' !* 3!6!5&*' 6& 5&6!%3 8% :&7; #6!'3($%! "%3 6C&H! 8% 7&(66&<!- R* ;3&'($%!> 6! )8!

 !"#$% &'( 8)**! 6& 5&6!%3 8! 6C(7;#8&*! 8! )%;6&<! "%3 6C&H! 8! 6& "'3%'%3!- L* ;!%' 8#4

'!37(*!3 6! :&7; #6!'3($%! ;)%3 %*! 5&6!%3 8! β !* )7D(*&*' 6& 8#O*('()* 8! 6C(7;#8&*! 8!

)%;6&<!

Eβ (z) =

√

2β2Ns
vg
d
Zc (β)e

−iβz +T-..0

1!



   ! "#$%&' ()*+,-.)' /0

 !" $ %&'()$" *+,-.

En (z) =
d

2π

∫ π

d

−
π

d

+∞∑

k=−∞

[√

2β2kNs
vg
d
Zc (βk)e

−iβkze−inβkd
]

. dβ , */,0+.

&1 βk = β+ 2kπ
d
, 2" 3'&"44)4 56 (3$78 97&: 5 :4 ):" ;<$7" % 79 7:9"'!":7' $6; '(&:7=)" 56"43 "

k = 0 4")$"(":9>  )447 &: :<?$7?"' $6"@"9 5"4 ; '(&:7=)"4 56"43 " 56&'5'"4 4)3<'7")'4, 2 8?)'"

/,- '"3'<4":9" $" ; (3 3'&3'" En 56):" 437'" 56;<$7"  7:47  $)$<,

2" (&5A$" 5" ; (3 3'&3'" =)" :&)4  !&:4 3'<4":9< 5 :4 "99" 4"97&: :" 5<3":5 56 )):

3 ' (A9'" %'<=)":97"$, B7 &: % 79 9' ! 7$$"' $" 9)C" D %'&75 D ):" &) 3$)47")'4 %'<=)":"4>  $&'4

$"4 &"E7":94 5" &)3$ ?"> &(C7:<4 D $ %&'(" 5) ; (3 3'&3'"> %"'&:9 =)" $" ; (3 9&9 $

'<4)$9 :9 5) (&5A$" 574'"9  )' 

F $ G$"4 HC&::"4H $&:?)")'4 56&:5",

F $ G$"4 HC&::"4H  (3$79)5"4,

 ! ! "#$%&'&#$( )*+ ,#-%(

I&)4  !&:4 !) 5 :4 $" ; 379'" + =)" $6 33$7 97&: 3' 97=)" 5) (&5A$" 574'"9 ": 5&( 7:"

9"(3&'"$ :6 <9< '":5)" 3&447C$" =)" ?'J"  ) 5<!"$&33"(":9 5" &:5797&:4  )K "K9'<(79<4 C7":

3&4<"4 3&)' $6<=) 97&: *+,0L., I< :(&7:4> 5 :4 M/+℄> $"4 &:5797&:4 5<!"$&33<"4 :6<9 7":9 ! $ C$"4

=)" 3&)' 5"4 49')9)'"4 D &:5" $":9"4 5&:9 $ &)'C" 5" 5743"'47&: "49 ): &47:)4, I&)4  !&:4

5&: 5O  5 39"' "99" (<9;&5"  )K PQR D ;<$7", I&)4 5<9 7$$&:4 "99"  5 39 97&: 5 :4 "

3 ' ?' 3;", I&9&:4 =)" $ (<9;&5" 3'<4":9<" 3$)4 C 4 "49 ! $ C$" 3&)' :67(3&'9" =)"$ 9S3" 5"

PQR,

I&)4 4)33&4&:4 =)" $ $7?:" D '"9 '5> 5<'79" 5 :4 $" (&5A$" 574'"9 3 ' 4"4 &"E7":94 5"

&)3$ ?" Ωm=−nc...nc> "49 &::"9<" D 4"4 5")K "K9'<(79<4 D 5"4 ?)75"4 56":9'<" "9 4&'97"> 5<8:74

3 ' 5"4 &"E7":94 5" &)3$ ?" Γm=−1,0,1, Q: 4)33&4" 5" 3$)4 =)" $" ?)75" 56":9'<" "49 47(7$ 7'"

 ) ?)75" 5" 4&'97"> "9 &: 7(3&4" =)" "4 ?)75"4  7":9 ):" 3<'7&5" d> <? $" D "$$" 5" $ $7?:" D

'"9 '5, R)74=)" $"4 ?)75"4 56":9'<" "9 5" 4&'97" 4&:9 5<'794 3 ' 9'&74 &"E7":94 4")$"(":9> $")'

'"$ 97&: 5" 5743"'47&: 46<'79

ω (ψ) = Γ0 + 2Γ1 cos(ψ) . */,0/.

Q: )97$74" $" (T(" 3'7:73" =)" 5 :4 $" ; 379'" +> 6"49UDU57'" =)" $6&: 4)33&4" =)" $ 4&$)97&:

5" 3'&3 ? 97&: 56):" &:5" 5 :4 $"4 ?)75"4 56":9'<" "9 5" 4&'97" 3")9 46<'7'"

Cn =
(

Cine
−inψ + Crefe

inψ
)

eiωt > 47 n ≤ 0 ,

Cn = Coute
−inψeiωt > 47 n > N .

*/,0-.
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  ! "#$%&' $' &()*' + ,*' $(-'*.(#*

 ! "!#$%&'"()!# +( +,-$+(("%!( &)!( ./01')#"%! &+ .) &2!)3"1'+ &+( +..'.+( %!(#"#')!# .+(

%!&"#"%!( )', +,#$03"#0(4 %! &0#+$3"!+ 2(nc + 1) 01')#"%!(5 6+..+(7" (/0$"8+!#

9 :%'$ n = 0 ;

[

dt + iΓ1e
iψ
]

Cref − iΓ1e
−iωtC1 = −iΓ1e

−iφCin <=5>?@

9 :%'$ n ∈ [1, nc] ;

dtCn − iCrefe
inψ

nc∑

m=n

Ωme
−imψeiωt − i

n−1∑

m=−nc

ΩmCn−m

= iCine
−inψ

nc∑

m=n

Ωme
imψ + Pn

<=5>A@

9 :%'$ n ∈ [N − nc, N ] ;

dtCn − i
nc∑

m=n−N

ΩmCn−m − iCoute
−inψ

n−N−1∑

m=−nc

Ωme
imψeiωt = Pn <=5>B@

9 :%'$ n = N + 1 ;

[

dt + iΓ1e
−iψ

]

Cout − iΓ1CNe
i(N+1)ψe−iωt = 0 , <=5>C@

%D Cref +(# ./)3-."#'&+ &+ ./%!&+ $0E0F"+ &)!( .+ G'"&+ &/%!&+ &/+!#$0+4 Cout +(# ./)3-."#'&+ &+

./%!&+ #$)!(3"(+ &)!( .+ G'"&+ &/%!&+ &+ (%$#"+4 ψ +(# .) 8).+'$ &' &0-F)()G+ -)$ -)( &+ ./%!&+

&+ H$01'+!+ ω &)!( .+( G'"&+( &/+!#$0+ +# &+ (%$#"+4 +# N +(# .+ !%3I$+ &+ -0$"%&+( &+ .) ."G!+ J

$+#)$&5 Pn +(# .) -'"(()!+ "!#$%&'"#+ -)$ .+ H)"(+)' &)!( .) +..'.+ n5

K+( 01')#"%!( &0$"8)!# .+( +..'.+( &+ .) ."G!+ J $+#)$& n ∈ [nc + 1, N − nc − 1] $+(#+!#

"!F)!G0+( <-)$ $)--%$# J ./01')#"%! <L5>C@@4 )$ +( +..'.+( !+ (%!# -)( %'-.0+( )8+ +..+(

%3-%()!# .+( G'"&+( &/%!&+5 M"!).+3+!#4 .+ (2(#N3+ &0$"8)!# ./%!&+ &+ "$'"# -+'# +!%$+ '!+

H%"( (/0$"$+ (%'( .) H%$3+ 3)#$""+..+

dt/ (t) +0 (t) ./ (t) = 1 (t) . <=5>O@

P)!( .) (+#"%! ('"8)!#+4 !%'( -$0(+!#%!( .) 30#F%&+ 1'+ !%'( +3-.%2%!( -%'$ ./"!#0G$+$ &)!(

.+ %&+  !"#$%&5

 ! !" #$%&'()%*+$ ,- .) ,/$)0*12- ,- .3+$,- ,- *(2*%

6%!("&0$%!( '! 3%&+ &+ .) (#$'#'$+ J %!&+ .+!#+ J H$%"& ('$ .+1'+. (+ -$%-)G+ '!+ %!&+

&"$+#+ 3%!%F$%3)#"1'+5 Q F)1'+ "!(#)!# t4 .+ F)3- &)!( .) (#$'#'$+ 80$"R+ .) %!&"#"%! &+

M.%1'+#4 +# %! -+'# 0$"$+ 1'+

Cn−m (t) = Cn (t) e
imφ .

23



   ! "#$%&' ()*+,-.)' /0

 !"#$%  !"  !"#$%&%'(") *+ *',-&+).+( #-./"*+( $"0& 1% &-("10.'") *+ 12-30%.'")
4567896

 ! "!#$%&'"()!# +##+ +,-$+(("%! &)!( ./01')#"%! 2345678 %! -$%'9+ ).%$( :)".+;+!# 1'+ Cn (t)

90$"<+ ./01')#"%!

dtCn (t)− iω (φ)Cn (t) = 0 , 2=43>7

&%!# .) (%.'#"%! )!).?#"1'+ +(# Cn(t) = Cn(0)e
iωt4 @%'( )9%!( #+!#0 &/"!#0A$+$ ./01')#"%! 2=43>7

-)$ -.'("+'$( ;0#B%&+( &"C0$+!#+( )<! &+ &0#+$;"!+$8 ('$ '! $"#D$+ -$"!"-). &+ $%E'(#+((+8

.)1'+..+ !%'( ).."%!( '#"."(+$ &)!( .+ %&+  !"#$%&4 F'$ .) <A'$+ =4G8 !%'( )9%!( $+-$0(+!#0 .)

-)$#"+ $0+..+ &+ .) (%.'#"%! )!).?#"1'+ &+ +##+ 01')#"%! +! #$)"#( !%"$(4 H+ #+;-( +! )E("((+ +(#

+,-$";0 +! !%;E$+ &+ -0$"%&+( &+ ./%!&+4 @%'( )9%!( &"9"(0 B)1'+ -0$"%&+ +! #$+!#+ "!#+$9)..+(

%I .) (%.'#"%! J &"C0$+!#( "!(#)!#( +(# $+-$0(+!#0+ -)$ &+( $%", !%"$+(4  ! -.'( &+ .) (%.'#"%!

)!).?#"1'+8 !%'( )9%!( #$)0 .+( (%.'#"%!( %E#+!'+( +! $0(%.9)!# ./01')#"%! 2=43>7 -)$ .+( &"C0K

$+!#+( ;0#B%&+( !';0$"1'+( #+(#0+(4 H) ;0#B%&+ '-(#$+); ;D!+ J '!+ (%.'#"%! &"9+$A+!#+4 H+(

;0#B%&+( &%L!(#$+);8 -$0&"#+'$K%$$+#+'$ ;D!+!# 1')!# J +..+( J &+( (%.'#"%!( %!9+$A+)!#

9+$( M0$%4 F+'.+( .+( ;0#B%&+( +!#$0+ +# &+ N'!A+KO'##) &' PD;+ %$&$+ J -)( )&)-#)#": (+;E.+!#

&%!!+$ '! $0('.#)# -+$#"!+!#4 @0)!;%"!(8 %! -+'# $+;)$1'+$ 1'+ .) ;0#B%&+ +!#$0+ (+ &0-B)(+

-+#"# J -+#"# -)$ $)--%$# J .) (%.'#"%! +,)#+4 H) ;0#B%&+ &+ N'!A+KO'##) &' 1')#$"D;+ %$&$+8

!+ -$0(+!#)!# -)( + &0:)'#8 (+;E.+ &%! Q#$+ .) -.'( $%E'(#+4

@%'( )9%!( #$)0 ('$ .) <A'$+  !" #$ %&#'()&* $*$#+(),'- .-* (/$)( 0#-)* -* /&)23 -( #$ %&#'()&*

*'45/),'- &6(-*'- 0$/ #$ 45(7&8- 8- 9'*:-;<'(($ .-* -/#-% /&':-%3 -*(/- #-% (-40% 5,')=$#-*(

$'2 05/)&8-% >>" -( ?@@@! A- (-40% 8- (/$*%)( 8- #B&*8- #- #&*: 8B'*- %-()&* 8- ('6- 8- )*,'$*(-

(&'/% 5($*( 8- ?C;D@ 05/)&8-%E &* &*%)8F/- 4)##- 05/)&8-% 8- #B&*8- &44- '* (-40% #&*:! G*

 !



  ! "# %&#  !"#$%&

 !"#$%  !"  !" #$%&'() () *+,-)./+%%" (+ 0+"%123#) '1(1) 1)4%) 4"%245"24",%)

4+1 () 6',-4 6"74 () %)#74 "+ 1)-"1( () 6" 4'6+%2', ","68%20+)9

 !"# $%! &'( $%! *# +'*%,-'( (%". -$%!  !+,! /&0*! 1 *# +'*%,-'( #(#*2,-$%! "3"! #4 0+ &!+

,!"4+ *'(5+ 4'% %( 4#+ &! ,!"4+  !*#,-6!"!(, 5 #(&7 8# ".,9'&! &! :%(5!;<%,,# &% $%#, -0"!

' & ! '(+,-,%! &'( %(! =>'((!= ".,9'&! 4'% -(,.5 ! *?.$%#,-'( &?.6'*%,-'( &! *?'(&! &!

- %-, &#(+ *! '&!  !"#$%'7 @! '&! !+, 4 .+!(,. &#(+ *# +!,-'( +%-6#(,!7

 !" #$ &'$  !"#$%&

A#(+ !,,! +!,-'(B ('%+ 4 .+!(,'(+ *!+ # #,. -+,-$%!+ &% '&!  !"#$%' C4'%  !"-D #-(!
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,  !"#$

%&'( )& *&(+ -).'%/.01+" 2' &33/45.6+ )+( *4/%( %1 %46&.'+ %+ (.61)&7.4'  3&/ 1' -).'%/+

687&)).01+ ).6.78 3&/ )+ /&-4' .'7+/'+ %+ )9:8).+ %+ 7+))+ (4/7+ 01+ )+( 4634(&'7+( %1 :&63

8)+7/.01+ 3&/&));)+  Ez +7 Eθ$ < + -).'%/+ (4'7 '1))+(" =1.(01+ )+ 3/4*);6+ 4'(.%8/8 +(7 <

(-687/.+ %+ /8>4)17.4'? (+1)+ )& 64.7.8 %91'+ 413+ )4'@.71%.'&)+ %+ -).'%/+ 4'(7.71+ )+ %46&.'+

%+ (.61)&7.4'? +7 4' 4'(.%;/+ %+( 4'%.7.4'( %+ *4/% (-687/.01+( (1/ )9&5+ %+ +)1.A."

B' /&.(4' %1 C&.7 01+ '41( 7/&>&.))4'( +' %46&.'+ 7+634/+)? '41( &>4'( :4.(. )& 687:4%+ %+(

%.D8/+'+( E'.+(  FGHG$ IJK℄? I!M℄ 341/ %.(/87.(+/ )+( 801&7.4'(  !"N$ +7  !"#$" O+77+ 687:4%+

4'(.(7+ < &33/45.6+/ )+( 438/&7+1/( &15 %8/.>8+( 3&/7.+))+( ∂t ? ∂r +7 ∂z 3&/ %+( 438/&7+1/( &15

%.D8/+'+( %.>.(8+(  &33+)8(  "#$% $" 2' 3+17 %87+/6.'+/ +( (:86&( @/P+ &15 %8>+)433+A

6+'7( %+ H&-)4/" B' @8'8/&)? .) +5.(7+ 3)1(.+1/( (:86&( %.D8/+'7( 341/ &33/45.6+/ 1' 438/&7+1/

&15 %8/.>8+( 3&/7.+))+(" Q+1)+( %+( %8/.>8+( 3/+6.;/+( &33&/&.((+'7 %&'( )+( 801&7.4'( &1501+))+(
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∂x f (x, .) 3&/ (+( >&)+1/( +' x−∆x/2 +7 x+∆x/2

∂x f (x, .) ≈
f (x+∆x/2, .) − f (x−∆x/2, .)
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(
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)
 !"J$

4U ∆x +(7 )+ 3&( %+ %.(/87.(&7.4'" V9+//+1/ 466.(+ 3&/ )+ (:86& +(7 3/434/7.4''+))+ &1 &//8

%+ +)1.A." B' %.>.(&'7 3&/ %+15 )+ 3&( %+ %.(/87.(&7.4'? 4' %.>.(+ 3&/ 01&7/+ )9+//+1/ 466.(+

3&/ )+ (:86&"
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0@-(02)-,( &':(%)-12! ",() 0%'/%" 0@2( 0!&- +'" 0! )!&+"5  ! $'&+ %/!)*-12! !") '/2/% .

$'12! &2/)-+/! !()-!* 02 +'" 0! )!&+" 3!B+,"'()" n !) n + 17 '/,*" 12! /! ?!)!2* 0@-(02)-,(

&':(%)-12! !") '/2/% . $'12! &2/)-+/! 0!&-D!()-!* 3!B+,"'()" n− 1
2 !) n+

1
275 <( ,("%12!(!;

/! "$%&' +*%"!()% -D0!""2" !") =-!( !()*% 30@,*0*! 87 !( )!&+"5 9! +/2"; !( ,("-0%*'() /@%12'D

)-,( 0! A'BC!//DE'*'0'F; ,( *!&'*12! 12! /! '/2/ 0! $'12! ,&+,"'()! 02 $'&+ 0@-(02)-,(

&':(%)-12! . 2(! +,"-)-,( 2)-/-"! /!" ?'/!2*" 02 $'&+ %/!)*-12! "-)2%!" *'0-'/!&!() ,2 /,(:-D

)20-('/!&!() . 2( 0!&- +'" 0@!"+'! 0! $'12! �)% 0! !/2-D-5 K'* !B!&+/!; /! '/2/ 0! /'

,&+,"'()! Bθ '2 (L20 "-)2% !( ri+ 1

2

!) zj+ 1

2

M'-) -()!*?!(-* /!" $'&+" %/!)*-12!" *'0-'2B

"-)2%" . /' &N&! +,"-)-,( *'0-'/!&!() &'-" 0%'/%" 0@2(! 0-")'(! ∆z/2 . :'2$! !) . 0*,-)! 0!

!/2-D- '-("- 12! /!" $'&+" %/!)*-12!" 'B-'2B "-)2%" . /' &N&! +,"-)-,( /,(:-)20-('/!&!() &'-"

0%'/%" 0@2(! 0-")'(! ∆r/2 '2 0!""2" !) !( 0!"",2" 0! !/2-D-5 <( 0@'2)*!" )!*&!"; /! '/2/

0! Bθ M'-) -()!*?!(-* /' =,2/! 0! $'&+ %/!)*-12! "-)2%! '2),2* 0! !/2-D-5 O( *'-",((!&!()

"-&-/'-*! +!2) N)*! M'-) +,2* ),2)!" /!" ,&+,"'()!" 02 $'&+ %/!)*,&':(%)-12!5  ! "$%&'
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 !" #$%&'( )*+,-./*( 01

 !"!" #$%&%()* +) ,- ./012+) 3#-$0%,) %& 4),,3

 ! "#$%&'()%* +, &-#.'!()%* +, /!01,&&23456", 7!)( )*(,"8,*)" &! +,*$)(# +, %'"!*( +' 7!)$2

,!': 3)*$); 5%'" !&'&," &-#(!( +' <!45 #&,(").', !' 5!$ +, (,45$ n+1 !" #$%& ' "$ #(!) $*(!+

,)&!-. /

0 "1.&$& 2% 4$-5 .",&+!6%, $% 5$) 2, &,-5) n 

0 "1.&$& 2% *,&,%+ 21!72%&!(7 -$87.&!6%, $% 5$) 2, &,-5) n+ 1
2  

0 "$ 2,7)!&. 2, (%+$7& 2% #$!),$% $% 5$) 2, &,-5) n+ 1
2 9

:" ,;!)&, %7 ,+&$!7 7(-<+, 2, -.&4(2,) 5,+-,&&$7& 21.*$"%,+ ,&&, 6%$7&!&. 2(7& ",) &+(!)

5+!7!5$",) ,7 54=)!6%, 2,) 5"$)-$) )(7& ", -(2>", ?%!2, ", -(2>", 2, @"$)(* ,& ,7A7 ", -(2>",

B5$+&!", !7 ,""B CD:EF9 G, -(2>", ?%!2, 7, 5,%& 5$) H&+, %&!"!). 5(%+ .&%2!,+ ",) 54.7(->7,)

5+(4,) 2, "$ )$&%+$&!(7 21%7 IJD +.8!-, 2$7) ",6%," "$ 5"%5$+& 2,) IJD #(7&!(77,7& $+

"$ *!&,)), ?%!2, 7, 5,%& H&+, -%"&!*$"%., ,7 %7 5(!7& 2, "1,)5$,9 G1.6%$&!(7 2, @"$)(* 6%$7&

' ,"", 7.,))!&,+$!& ' 4$6%, 5$) 2, &,-5) "1,)&!-$&!(7 21%7, #(7&!(7 2, 2!)&+!<%&!(7 ,7 !76

2!-,7)!(7) 5(%+ 4$6%, 5(!7& 2% -$!""$8,9 K"", 2(77,+$!& 2(7 "!,% ' 2,) 5+(<">-,) 2, )&(L$8,

-.-(!+, ,& 2, &,-5) 2, $"%"9 M$7) ", $2+, 2, , -(2>", ' 2,%; 2!-,7)!(7) 7(%) $*(7) 2(7

4(!)! 21%&!"!),+ "$ -.&4(2, D:E 6%! (--, 7(%) ", 5+.!),+(7) %"&.+!,%+,-,7& 5())>2, ,"",

$%))! ),) #$!<",)),)9 N.$7-(!7) ,"",O! ,)& $)),P 8.7.+$", ,& ".8>+, 5(%+ &+$!&,+ ",) 54.7(->7,)

7(7O"!7.$!+,) ,7 %7 &,-5) +$!)(77$<", ,& $*, %7, 5+.!)!(7 )%Q)$7&,9

M$7) "$ -.&4(2, D:E ", #$!),$% 21.",&+(7) ,)& +,5+.),7&. 5$+ %7, $)),-<"., 2, 5$+&!%",)

4$+8.,)9 E,"",)O! 5,%*,7& ), 2.5"$,+ ,7 &(%& 5(!7& 2% 2(-$!7, 6%, "1(7 (7)!2>+, ,& 5$)

),%",-,7& )%+ ",) 7R%2) 2% -$!""$8,9 S%))! 5(%+ ,)&!-,+ "$ 2,7)!&. 2, 4$+8, ,& "$ 2,7)!&. 2,

(%+$7& )%+ ",) 7R%2) 2% -$!""$8, !" ,)& 7.,))$!+, 21!7&,+5(",+9 T*!2,--,7& &(%) ",) .",&+(7)

7, )(7& 5$) )!-%".) ,& (7 !7&+(2%!& %7 (<U,& $55,".  !#$%&!#'()*+ 6%! 5,%& H&+, *% (--, %7

8+(%5,-,7& 2, 5$+&!%",) $=$7& %7, ,+&$!7, #(+-, 2(7& *$ 2.5,72+, "1!7&,+5("$&!(79 S%&+,-,7&

2!& 2$7) "$ -.&4(2, D:E (7 $"%", ",) 2,7)!&.) 2, 4$+8, ,& 2, (%+$7& 2% #$!),$% 8+V, $%;

+,"$&!(7)

ρ ( , t) =
∑

p

qpSp ( −  p, t)  !"#$

! ( , t) =
∑

p

qp"pSp ( −  p, t)  !"%$

&' qp ()* +, .,/0( *&*,+( 1&/*2( 1,/ +, 3,/&41,/*56+( p7 "p ()* ), 85*())( (* Sp ()* +, 9&:*5&: ;(

9&/3( ,))&52(" < *5*/( ;=(>(31+(7 +, 9&:*5&: ;( 9&/3( ,))&52( ? 6: )(6+ 2+(*/&: 1&6//,5* @*/(

6:( ;5)*/5A6*5&: ;( B5/," B,:) +( ,) ;=6:( 3,/&41,/*56+(7 &: .(/.( ? 5:*(/1&+(/ +, .,/0(

(* +( &6/,:* )6/ +() :C6;) ;=6: 3,5++,0( ;( *(++( )&/*( D6( +, ;5)*/5A6*5&: .&5)5( ()* ;5E2/(:*(

;=6: 15 ;( B5/," F+ (>5)*( 6:( 36+*5*6;( ;( 9&:*5&:) ;( 9&/3( &6/,33(:* 6*5+5)2()" G=6:(

;=(:*/( (++() 1,/ (>(31+( &:)5)*( ? ,))50:(/ +, .,/0( *&*,+( ;=6:( 3,/&41,/*56+( ,6 :C6; +(

1+6) 1/&.(  H(,/()* I/5; J&5:* 3(*.&;$" K(**( 32*.&;( , :2,:3&5:) +=5:&:82:5(:* ;( /2(/

#$



 !" #$%&'( %( )*+,(*. / %(.0 %+1(2,+$2,

 !"#$%  !"  !"#$%&'()#*'" (*"+)*%$ ,$ () .)%/$ ,01"$ &)%#*1($ 21% ($2 "31,2 ,1

4)*(()/$5

 ! "#$%&$!% %'$(%  !  !)%*(+, (-$( .'#(*$0*1#!2!)( &$') 0! )-2"#!  ! .'#(*$0!% .'# 2'*00! !%(

3'*"0!4

56)  ! #+70!# ! .#-"012!, )-$% '8-)% $(*0*%+ $)! 2+(9- !  :*)(!#.-0'(*-) 0*)+'*#! &$* -)%*%(!

; '%%*7)!# 0' 9'#7!  :$)! .'#(*$0! '$< &$'(#! )=$ % 0!% .0$% .#-9!%  ! 0' 2'#->.'#(*$0!4 ?!

.-* % '%%*7)+ ; 9'&$! )=$ !%( '0$0+ !) 3-)(*-)  ! 0'  *%(')! &$* 0! %+.'#!  ! 0' 2'#->

.'#(*$0!4 @')% 0! '% A0*) #*&$! ;  !$<  *2!)%*-)%, $)! 2'#->.'#(*$0! !%( '%%*2*0+! ; $)

!#0! 'A')( .-$# !)(#! 0:'<!  $ ($"!4 B!((! 2'#->.'#(*$0!  +-$.! $)! 2'*00! !) &$'(#!

-$#-))!%  ! 8-0$2!% 7+)+#'0!2!)(  *C+#!)(% D8-*# 67$#!  !"#! $%&'()*+,-.(&,' -&'/.&*) 01) ',12

1(&-&2,'2 *)3&)'( 4 +,'5/*)* -. 7.*8) .22,&/) 4 7.01) '915 51 :.&--.8) +.* 1') 01.'(&(/

+*,+,*(&,'')--) .1 3,-1:) 5) -. ,1*,'') 5&.8,'.-):)'( ,++,2/) 4 )-1&;& <3,&* =81*)  !"#!

>) 3,-1:) )2( *.++,*(/ .1 3,-1:) (,(.- 5) -. :.&--) .=' 5) ,'2)*3)* -. 7.*8) (,(.-) 5) -.

:.*,;+.*(&1-)! ?&'2&@ -)2 +,&52 .22,&/2 .1A 5&B/*)'(2 '9152 5) -. =81*)  !" 2,'(

w1 =
V1
Vtot

w2 =
V2
Vtot

w3 =
V3
Vtot

w4 =
V4
Vtot

< !C#

 !



 !" #$%&'( )*+,-./*( 01

 !"#$%  !"  !" #$%&%'("$ )*' +(%&&(,*' %+-.%/#0'1 Vtot 2(.%* '*&3" &( 3+53'("$*

/#* &63" 7*.7* 8 (&#&*.9

 ! "# %&'& &% "#!()*'!)"# + &% ,%("-.%(!)'& / &% + #0)!1 + 2%(3 / 2%4' #5'+ +'

,%)&&%3 .%( & 0 ( &%!)"#0

ρi,j =
w1

Vtot
qp

ρi+1,j =
w2

Vtot
qp

ρi+1,j+1 =
w3

Vtot
qp

ρi,j+1 =
w4

Vtot
qp

6789:

"; ρi,j  0! &% "#!()*'!)"# + &% ,%("-.%(!)'& / &% + #0)!1 + 2%(3 %' #5'+ (i, j)< Vtot  0! & 

="&', !"!%& + &% ,%)&& (i, j) 6+1. #+%#! +' (%>"#:< qp  0! &% 2%(3 + &% ,%("-.%(!)'&  !

2p 0% =)! 00 8 ?@%.(A0 &@14'%!)"# 678BC: 0 '& &% + #0)!1 + "'(%#! #"'0 )#!1( 00 ."'( %&'& (

&% +>#%,)4' +' 2%,. 1& !()4' 8 D')04' #"'0 %="#0 2")0) +@'!)&)0 ( + 0 ,%)&&%3 0 ),*()4'10<

& ="&', !"!%& Vtot . '! =%() ( +@'# ",."0%#! + &% + #0)!1 + "'(%#! / &@%'!( ",, 

)&&'0!(1 0'( &% E3'( 78B8 F'(  !! E3'( < #"'0 %="#0 ( .(10 #!1 & ,%)&&%3 %00")1 %' %&'& + 

&% + #0)!1 + "'(%#!8 G# ( ,%(4' 4' & 0 ="&', 0 !"!%'H Vtot,z  ! Vtot,θ '!)&)010 ."'(  0!), (

&% ."#+1(%!)"# #1 00%)( %' %&'& + 0 ",."0%#! 0 jz  ! jθ + &% + #0)!1 + "'(%#! 0"#! 13%'H

Vtot,z = Vtot,θ = π∆r∆z 2i . 678IJ:

K# ( =%#2 < & ="&', Vtot,r< #1 00%)( %' %&'& + &% ."#+1(%!)"# ."'( &% ",."0%#! jθ< =%'!

Vtot,r = π∆r∆z (2i+ 1) . 678II:

D%(  H! #0)"#< & 0 ="&', 0 Vi=1,2,3,4 0"#!  'H %'00) +)L1( #!0 0 &"# &% ",."0%#! / &%4' && "#

0@)#!1( 00 8 M !! .%(!)'&%()!1  0! .()0  # ",.! +%#0 & "+ / + 'H +), #0)"#0 (10'&!%#! + 

 ,"+A& 8

 !"!# $%&'()*&+,% -./ '01*&+,%/ -1 2,13.2.%& -./ '4.&),%/

N"(0 + &@)#! (%!)"#< '# ,%("-.%(!)'&  0! 0"',)0 / &% O")0 %'H 2%,.0 1& !()4' 0 + 

2%(3 +@ 0.%  ! + )(')! %)#0) 4'@%'H 2%,.0 +@)#+'!)"# ,%3#1!)4' )#+')!  ! + )(')!8
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 !" $%&'" "()* +,-)." %/0 )1/+" +! 23/) (/ 23%/*4! +!" &%.22%5!" .&64.7/," 7/! )(/" %8()"

+,*%.22," +%)" 2% "!*.() 9:;:<: =/."7/! 2!" &%4(>'%4*./2!" '!/8!)* 8(?%5!4 +%)" *(/* 2! +(&%.)!

+! ".&/2%*.() !* '%" "!/2!&!)* "/4 2!" )1/+" +/ &%.22%5!@ .2 A%/* .)*!4'(2!4 2! $%&' +! A(4!

*(*%2 B 23!)+4(.* (C $%/)! +! !22!">. "! *4(/8! B '%4*.4 +!" $%&'" +,-)." "/4 2!" )1/+"

+/ &%.22%5!: D3.)*!4'(2%*.() $(.".! !"* ".&.2%.4! B !22! 7/! )(/" %8()" /*.2.",! +%)" 2% '%4*.!

'4,,+!)*!@ B 2% +.E,4!)! '4F" 7/! !**! .)*!4'(2%*.() "! A%.* B '4,"!)* +%)" 2! "!)" .)8!4"! G()

.)*!4'(2! /)! 7/%)*.*, B '%4*.4 +!" )1/+" +/ &%.22%5! 8!4" 2!" &%4(>'%4*./2!"H:

I-) +3.)*,54!4 2!" ,7/%*.()" 4!2%*.8."*!" +/ &(/8!&!)* +!" '%4*./2!"@ () /*.2."! !)(4! /)!

A(." /) "$,&% !)*4,
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54%*.() +! !" ,7/%*.()" !"* !E!*/,! '%4 2% &,*$(+! +! K(4." LMN℄ !) ((4+()),!" ?2.)+4.7/!":

P%)" !**! &,*$(+!@ 2! &(/8!&!)* +3/)! &%4(>'%4*./2! +/4%)* /) '%" +! *!&'" !"* ".)+,
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7/. (44!"'()+ 6.!) B /) &(/8!&!)* +! 4(*%*.() "!/2: D!" *4(." (&'("%)*!" +! 2% 8.*!""! "()*

%2/2,!" &%." () )! 4,"(/* 2% "!()+! ,7/%*.() +! G9:<;H 7/! '(/4 2!" (&'("%)*!" 4%+.%2! !*

%0.%2!: S!&%47/()" .. 7/! 2!" 8.*!""!" +!" &%4(>'%4*./2!" "()* !"*.&,!" $%7/! &/2*.'2! +!&.>

!)*.!4 +/ '%" +! *!&'" n+ 1
2 ! 7/. '!4&!* +3!) +,+/.4! 2!" (&'("%)*!" +! 2% +!)".*, +! (/4%)*

%/0 &T&!" .)"*%)*@ (&&! 4!7/." '%4 23,7/%*.() G9:MNH:
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 !" #$%&'( )*+,-./*( 01

 !"#$%  !  !"#$%&%"#' ()* +",$' '), -.(*/ /& '), -/ +",$ 01&(--%2)/ $) $"0(%#/3

 !"! #$%&'('$%) *+, -$.&)

 !"# $%# &'()# #%&)("# +',,-%"&%#. "(/# !0("# %1+$)2/, $% !$/$ "/3,')2/%

4 -%# 5!3+# )"-/)&# +!' $% 6!)#%!/7

4 -% $! -8"!3)2/% -/ 6!)#%!/ #(/# $9!&)(" -% %# 5!3+#7

:$ '%#&% ",!"3()"# ; -,&!)$$%' $%# ("-)&)("# !/1 <('-# -/ -(3!)"% 6%'3!"& $%# ,2/!&)("# -%

=!1>%$$7

 !"! !# $%& '( )*&+ ,-./''01%( (. 2%& '3/4( +% +*,/05(

?% -(3!)"% -% #)3/$!&)(" %#& /" 8$)"-'% 3,&!$$)2/% ; <!#% )'/$!)'%7 @%/$% $! 3()&), -9/"%

#%&)(" -% 8$)"-'% %#& #)3/$,%7 A(/# 5%'5("# -(" ; +(#%' -%# ("-)&)("# !/1 <('-# -/ -(3!)"%

+(/' 2/% $% +'(<$B3% -% =!1>%$$ #()& <)%" +(#, #/' $% <('- 3,&!$$)2/% -% % 8$)"-'% !)"#) 2/%

#/' #(" !1% -% ',0($/&)("7 C" #!)& +(#%' 3!&5,3!&)2/%3%"& $! ("-)&)(" #/' $% <('- 3,&!$$)2/%

("%'"!"& $% 5!3+ ,$%&')2/%

2× ) = 3 , DE7FGH

C" -()& -(" +(#%' 2/% Ez = Eθ = 0 #/' $! #/'6!%7 I'J% !/ 3!)$$!K% )3<')2/, 2/% "(/# !0("#

5()#). !//"% ("-)&)(" "9! <%#()" -9L&'% +(#,% #/' $! (3+(#!"&% '!-)!$% Er +/)#2/% #! 0!$%/'

#/' $! #/'6!% "9! +!# <%#()" -9L&'% (""/%7 C" #9)"&,'%##%'! #%/$%3%"& ; %&&% (3+(#!"&% ; /"%

-%3)% 3!)$$% '!-)!$% %" -%M; -% $! #/'6!%7 ?! ("-)&)(" #/' %&&% #/'6!% +(/' $! (3+(#!"&%
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8!"$+( /69)4! $((,!": ;( <$+) /$( 3,! -! %'+--'1! +%84+3,2 "+%&-+=! 14'(/!%!() -!" $(/+)+$("
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I0

πb2
√
2ηVk
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$K I0 !") -! $,4'() /, 5'+"!', !) Vk !") -' )!("+$( L
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Er (r) =
ρ0
2ǫ0

r , "+ r ∈ [0, b]

Er (r) =
ρ0
2ǫ0

b2

r
, "+ r ∈ [b, a] ,

GE:HPJ
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V (r) = V (0) +
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2

4ǫ0
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4ǫ0
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r

b
)
]

, "+ r ∈ [b, a] .
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34



 !" #$%&'( )*+,-./*( 01

 !#$%! !&'(!  )#$ %! *+,-./0)#$ 123456
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1 + 2 ln
(a

b

)]
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√
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∂tBr (-, t) +
σ (z)

ǫ0
Br (-, t) = − (∇ × 2) .*r

∂tBθ (-, t) +
σ (z)

ǫ0
Bθ (-, t) = − (∇ × 2) .*θ

∂tBz (-, t) = − (∇ × 2) .*z

−σ (z)
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(∇ × 2) .*z . dt
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∂tEr (-, t) +
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2)/! $&+&)(%%+) ! !$& #&+3') +4!  !"#$% 561

2- ! 78915+:: !& +4! '! (*! *! .+)$!+- &!/1

"( !' 562- ! 789153:: +" ;$ <=>>> ∆t? -%! *-1

 #! 0-)? *@+" ;$ '+ 4+'!- *! ∆t? !$& '+ 2!/!%&

 !



 !" #$%&'( %( )*+,(*. / %(.0 %+1(2,+$2,

 !"#$%  !"  !"#$%&%'(") *)+&* ,*( -%'(*%/0 "1+*)/( %2* 345678 (%)( $/'(9
(%)* :;*)+&<* =*) &"/>*? *+ ,* ":* '((/ :/ #":@,* AB! +*#$"&*, =*)
1,*/?C

 !"#$%&!$& '! (&)" *& $&)"+%  ',& *! *-)'%.& "'$ +& /'% &'! 12233 ∆t45 6. "&!( $&)'$7!&$

7!& +& ($'8&(-%$& *& "'$(%!+& -9(&.!& "'$ +& *&!: -*& *&  %)!+'(%-.  -.( ($; *%<#$&.(& 5

=!% 7!>%+ ' *#8? #(# @'+%*#A +& -*&  !"#$% "&!( B($& "$% -))& $#/#$&.&A -. &. *#*!%( 7!& .-($&

-*& *-%( B($& ')#+%-$#5

 !"!#!$ %&''(*+&, -( .&+//&,

C& #7!'(%-. *& D':E&++FG)";$& &( *& D':E&++FH'$'*'I  -.( -. % ('.(& '@& +& #7!'(%-. 

*& D':E&++FJK-) -. &( D':E&++F=-%  -. &. "- '.( +>#7!'(%-. *& -. &$@'(%-. *& +' K'$,&

∂t ρ+∇ . 3 = 0 . 1L5MN4

O'. !. -*& =PQA *! /'%( *& +>%.(&$"-+'(%-. !(%+% #& "-!$ & (%)&$ ρ &( 3A +>#7!'(%-. 1L5MN4 "&!( .&

"' B($& @#$%R#& & 7!% %)"+%7!& '+-$ 7!& +& #7!'(%-. *& D':E&++FG)";$& &( D':E&++FH'$'*'I

.&  -.( "+! -. % ('.(& '@& +>#7!'(%-. *& D':E&++F=-%  -.5 S-! '@-. K-% % *>!(%+% &$ +'

)#(K-*& *& D'$*&$ TLN℄ "-!$ $# -!*$& & "$-9+;)&5

C' -$$&(%-. *& =-%  -. *& D'$*&$ -. % (& ? '8-!(&$ ? +>#7!'(%-. *& D':E&++FG)";$& !.

" &!*- -!$'.( "$-"-$(%-..&+ '! ,$'*%&.( *& +>&$$&!$ -))% &  !$ +>#7!'(%-. *& D':E&++ =-%  -.

F = ∇ .4− ρ

ǫ0
1L5MV4
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 !" #$%&'( )*+,-./*( 01

 !"#$%  !"  !"#$%$"& '(# )*+%$-.(# '- /*$#(*- 0 '$12+(&%# $&#%*&%# '( .* #$3-.*4
%$"&5 nt = 8 000 67*-%85 nt = 25 000 6(&%+(85 nt = 100 000 69*#8:

∂t2 = c2∇ × 3− 1

ǫ0
4+D∇F ,  !"!#$

%& D '() *+ %'-.'+) /' /.0*(.%+ 123.)21.2'4'+) 5%.(." 6+ *).7.(1+) 7'( )2%.( 89*1).%+( :288;

/'+)'(< %+ /84%+)2' =1.7'4'+) 9*' F >82.?' 17%2( 7@89*1).%+ /' /.0*(.%+ (*.>1+)'

∂t F −D∆F = − 1

ǫ0
(∇ . 4+ ∂t ρ) .  !"!A$

B.+(.< 7@17C%2.)54' 2'>.'+) D =1.2' /.0*('2 7@'22'*2 F (-, t) >'2( 7'( 3%2/( /* /%41.+'" E+' 2%*).+'

'0')*1+) 71 %22').%+ /' F12/'2 1 8)8 .4:784'+)8' /1+( +%)2' %/' /' =1.('1* )'4:%2'7"

G'))' 2%*).+' >.'+)< '+ )%*)' 7%C.9*'< (@1::7.9*'2 1:2H( '77' 17*71+) 7' 514: 87')2.9*'" I7

(@1C.) /@*+' 2%*).+' .)821).>'" J@'22'*2 D 7@89*1).%+ /' K%.((%+< F 0< '() )%*) /@13%2/ 17*78' /1+(

)%*) 7' /%41.+'" K*.( 7' )'24' %22').= D∇F 0 '() '+(*.)' 1L%*)8 /1+( 7@89*1).%+  !"!#$" E+'

+%*>'77' '22'*2 F 1 '() '+(*.)' 17*78' 1>' 7' 514: %22.C8< ') 7' )'24' D∇F 1 '() /' +%*>'1*

1L%*)8 /1+( 7@89*1).%+  !"!#$" K*.(< %+ .)H2' 7' :2%'((*("

J1 ?C*2' !"M; 1$ 2':28('+)' 71 :%(.).%+ (r, z) /'( 87')2%+( /* =1.('1* 1:2H( 8000∆t" N+

>%.) (*2 '))' ?C*2' 9*' 7@*).7.(1).%+ /' 71 %22').%+ /' F12/'2 +@1 :1( 8)8 >1.+'" 6+ '0')<

7'( )21L')%.2'( /'( :12).*7'( %3)'+*'( 1>'  !"#$% ') 1>' 7' %/' )'4:%2'7 (%+) 41.+)'+1+)

(.4.71.2'(" G'( 8000∆t %22'(:%+/'+) D *+ )'4:( 78CH2'4'+) (*:82.'*2 1* )'4:( /' )21+(.) /'(

87')2%+( 7' 7%+C /' 71 (').%+" B.+(.< :%*2 7' :2'4.'2 4%/' /' :2%:1C1).%+ /@*+ )*3' D 587.'<
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 !" #$%&'( %( )*+,(*. / %(.0 %+1(2,+$2,

 !"#$%  !"  !"#$% &% '" )*+),"-$% ')-./$0&/-"'% Ez &0 1"*+ 2'%$#/30% 4 &/56
52#%-$, /-,$"-$, &% '" ,/*0'"$/)-7 nt = 8 000 81"0$97 nt = 25 000
8%-$#%97 nt = 100 000 8:",9;

 !"#$!% &' (")%##% *% +,-! % *% &.-/*% *% ",!") %#)  ,-1% *% #' (")%##% *%  1'#%2 % )%3 # #%,'")

#!4#'/)  -!, %#)"3%, &% +'"/ *.!/ )!5% 6 !/% 7,8$!%/% *-//8%9

:8'/3-"/#2 #" -/ #-!1'")% 8)!*"%, *%#  18/-3;/%# '<'/) &"%! #!, *%# )%3 # &-/+#2 "& 7'!)

#.'##!,%, $!% &% 7'"#%'! ,%#)% #)'5&%9 =%# >+!,%# ?9@ %) ?9A ,% ,8#%/)%/) &%#  -#")"-/# *%# 8&%),-/#

*! 7'"#%'! %) &' -3 -#'/)% &-/+")!*"/'&% *! 1'3 *% 1',+% *.%# '% ' ,;# 8000∆t2 25000∆t

%) 100000∆t9 B/ (-") $!.'! 5-!) *% 100000  '# *% )%3 #2 &% 7'"#%'! #.%#) 8',)8 *% &.8)')

#)')"-//'",% *% ,878,%/%9

=' >+!,% ?9CCDE'F ,% ,8#%/)% &% # %),% *%  !"##'/% %/ 7-/)"-/ *! /-35,% *.-/*% *% &'

-3 -#'/)% &-/+")!*"/'&% *! 1'3 *% 1',+% *.%# '% '!G "/#)'/)# 8000∆t E%/ ),'")  &%"/

,-!+%F2 25000∆t E%/ )",%)# %)  -"/)"&&8# 5&%!#F %) 100000∆t E%/ )",%)# (%,)F9 H! -!,# *! )%3 #2

&%# -3 -#'/)%# *%  %)")% &-/+!%!, *.-/*% E+,'/*%# ('&%!,# *% βF $!"2 '! *8 ',)2 #-/) /8+&"+%'5&%#

*%('/) &%# -3 -#'/)%# *% +,'/*% &-/+!%!, *.-/*% E-,,%# -/*'/) '!G (',"')"-/# *% *"'3;),%

*! 7'"#%'!F2 *%("%//%/) *%  &!# %/  &!# 7-,)%#9 I& -/("%/) *%  '&&"%, 6 %) %J%) "/*8#",'5&% *!

3-*;&%9

 !"!#!" $%&&'() &*'+%',

=%# "/#)'5"&")8# /!38,"$!%# $!% /-!# '(-/#  ,8#%/)8%# '!  ','+,' 1%  ,88*%/) #-/) 5"%/

-//!%# KLM℄2 )-!) -33% &%# 3-<%/# *% #.%/ 'J,'/1",9 O'/# &%# -*%# -P &%# -/*")"-/# '!G

5-,*# #-/)  8,"-*"$!%#2 !/% 3'/";,% *%  ,-8*%, %#) *% (%/", *",%)%3%/) >&),%, &%# -3 -#'/)%#
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 !" #$%&'( )*+,-./*( 01

 !"#$%  !"#  !"#$% 5 000 000 &' "(% &' )'*"% (+' -' -.%%(/' %"().(- 0 1(2 3 4(*"
5-')#.67' -89/.)7&.9(- &' 4(#/' &:'%"('; 1<2 3 "8%.).89 (z, r) &'%
"(#).7-'%; 12 3 '%"(' &'% "4(%'% (z, vz/c);

 ! "#$%&!&'  (#$ ! )*'*+,-!+  *$+ "(!+)*!  ! /#&',!'0 1!--! 23-4# ! * "(*5*$-*%!  (6-'! !$

%3$3'*" -'7+ '*), ! !$ &-,",+*$- "(*"%#',-42! 8/*+- /#&',!' 9'*$+:#'28 ;//9<0 =3*$2#,$+> &$!

-!""! *))'#4! $! )!&- 6-'! *))",?&3!  *$+ $#-'! *+> )&,+?&! "! +@+-72! 3-& ,3 $! )#++7 ! )*+

 ! #$ ,-,#$+ *&A B#' + )3',# ,?&!+0

C$! *"-!'$*-,5! *& D"-'*%!  ,'!-  *$+ "(!+)*!  ! /#&',!' !+- "* 23-4# !  ! ",++*%! +)*-,*"0

C$! -!""! 23-4# ! !+- &-,",+3!  *$+ "! # !  (,$-!'*-,#$ )#&' E"@+-'#$+ /1F GHI℄0 K*$+ !--!

23-4# !> #$ !+-,2! -#&-  (*B#' "!+  !$+,-3+  ! 4*'%! !-  ! #&'*$- +&' "!+ $L& +  & 2*,""*%!0

M&,+> !+ ?&*$-,-3+ !$ 4*?&! $L& j +#$- '3N!+-,23!+ )*' )#$ 3'*-,#$  ! "!&'+ 5*"!&'+ *&A

$L& + 5#,+,$+0 O* )"&+ +,2)"!  !+ 23-4# !+  ! ",++*%! #$+,+-! P :*,'! ,$-!'5!$,' +!&"!2!$- "!+

)"&+ )'#4!+ 5#,+,$+0 Q$ *"&"! "* ?&*$-,-3 ãj ",++3!  ! aj *& $L& j !$ *))",?&*$- "* :#'2&"!

ãj =
Waj+1 + aj +Waj−1

1 + 2W
, ;H0HR<

#S W !+- "! )#, + *++,%$3 *&A $L& + 5#,+,$+0

O! +)!-'! !$ $#2B'!  (#$ !  ! "* ?&*$-,-3 ",++3! )!&- 6-'!  3-!'2,$3 !$ *"&"*$- "* +3',!

 ! /#&',!'  ! ãj

ãβ =
∑

j

Waj+1 + aj +Waj−1

1 + 2W
eiβj∆z = aβ

1 +W cos(β∆z)

1 + 2W
.  !"!#$

%& aβ '() *' (+')-' '. *%./0'0- 12%.1' 1' *3 403.)5)6 .%.7*5((6'" 8 *25.9'-(' 10 :*)-3/' 15-')

13.( *2'(+3' 1' ;%0-5'-< 5* .2'() +3( +%((5=*' 1' :*)-'- ('0*'>'.) 0.' +3-)5' 10 (+')-' 39' *'

 !



 !" #$%&'( %( )*+,(*. / %(.0 %+1(2,+$2,

 !"#$%  !""  !"#%&# #' '()*&# +,('+# +- ./)" 01#%&23-# 1('42%-+2'/1 +#
./&4# +,#5"/# 6 7/8 9(':12550; 7*8 <=# 3-2'># 1255/4#5 F1;

 !"#$% ?;@A  BC#% +- D1%&/4# 5"/%2/1 5-& 1#
('%#'- +- 5"#%&# #' 1('4-#-&
+,('+# "(-& -' D1%&/4# F1E W =
1

2
7#' %2&#%5 #% "(2'%21105 *1#-8 #%

"(-& -' D1%&/4# F2 ()"(50 +#
+#-F D1%&/4#5 5-#552G5 W = 1

2

"-25 W = − 1

6
7#' %&/2% "1#2'

&(-4#8;

 !""#$% "&#'!# ( )*+'%"  %" *-&*"#.'%" "*.' -*/

0!12%"( 3. *."24+%.%5  % 6#'%+7 0% &*.027#/

'!*. 0*!' 8'7% 9*!"! 0% '%  % "*7'% 4+%  %  !""#$%

"&#'!# -!.!-!"%  :%;%' 0+ 1 '7#$% &*+7  %"  *./

$+%+7" 0:*.0%" #+<4+%  %" *. ":!.'27%""% %' -#<!/

-!"%  :#''2.+#'!*." 0%"  *.$+%+7" 0:*.0% &#7#/

"!'%"( = %"' 0% & +" &*""!> % 0% +-+ %7 0%"  !"/

"#$%" #?% 0%" 6#'%+7" 0% &*.027#'!*. "!-! #!7%"

*+ 0!;27%.'"( @+7  # 1$+7% A(BC5 .*+" #?*." 7%&72/

"%.'2  :#''2.+#'!*. &7*0+!'% &#7  %" 0%+< 'D&%" 0%

1 '7#$%"  %" & +" +'! !"2" "+7 +. "&%'7% aβ +.!'2(

E# *+7>% %. '!7%'" %' &*!.'!  2" > %+" 7%&72"%.'%

 % 1 '7#$% F1 *F  :*. # 9*!"! *--% 6#'%+7 0%

&*.027#'!*. W = 1
2 ( E:#+'7% *+7>% %. '7#!' & %!.

7*+$% 7%&72"%.'% +. "%*.0 1 '7#$% F2 *-&*"2

0% 0%+< 1 '7#$%" "+%""!6" W = 1
2 &+!" W = −1

6 (

G. ?*!' 4+%  :#&& !#'!*. 0:+. "%*.0 1 '7#$% &%7-%' 0% 0!-!.+%7  :#''2.+#'!*. 0#."  # 72$!*.

%.'7# % 0+ "&%'7%( G. &*+77#!' &%."%7 4+%  % 1 '7#$% F2 %"' -%!  %+7 4+%  % 1 '7#$% F15 #7 ! 

*."%7?% +.% & +"  #7$% &#7'!% 0+ "&%'7% %' "+&&7!-% 0*. -*!." 0:!.6*7-#'!*."(

H%&%.0#.'5  % 9*!< 0%  # -2'9*0% 02&%.0 0%"  *.$+%+7" 0:*.0% 0%  :!."'#>! !'2 &#7#"!'%( 3.

$2.27# 5 & +"!%+7" 1 '7#$%" "+%""!6" #?% 0%" &*.027#'!*." !0%.'!4+%" 0*!?%.' 8'7% %;%'+2"( H% #

%"' 0:#+'#.' & +" .2%""#!7% 4+%  %" -#7*/&#7'!+ %" 0+ 6#!"%#+ &*7'%.' +.% 6*7'% 9#7$% I6#!"%#+

!.'%."%J( @!  :*. "*+9#!'% -*!." #''2.+%7  % "&%'7%5 ! 6#+' +'! !"%7  % 1 '7#$% F2( K2#.-*!."5

&*+7 +.%  *.$+%+7 0:*.0% &#7'!+ !L7%5  :#''2.+#'!*. #?%  % 1 '7#$% F2 .2%""!'% +. .*->7% & +"

!-&*7'#.' 0% 1 '7#$%" "+%""!6" 4+:#?%  % 1 '7#$% F1 %' &7%.0 0*. & +" 0% '%-&"(
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 !" #$%&'( )*+,-./*( 01

 ! "#$%& '()* %&+%,-&./& 01,/!/ 2$ -3-/45& !+%4- 5 000 000 +!- 2& /&5+- &. 6!7-!./ 8$7.9&

07--!#&- F1 -$&--76- +!% +!- 2& /&5+-( ;. <=7/ 8$& 0&- /%!>&/=7%&- 2&- +!%/7$0&- ?@A -=./

/%4- +%=B&- 2& &00&- 2,/&%57.,&- !<&  !"#$%( C& +0$- 0& +%="0 2&- /%!>&/=7%&- 2!.- 01&-+!&

2&- +B!-&- (c) 5=./%& 8$& 0&- 7.-/!@707/,- 2& +&/7/&- 0=.#$&$%- 21=.2& -=./ !@-&./&-D & 8$7 &-/

=."%5, +!% 0! !%/& 2$ B!5+ ,0&/%78$& !E7!0 ?!A(  ! "#$%& '())F?@A %&+%,-&./& 0& -+&/%& &.

0=.#$&$% 21=.2& 2& 0! =5+=-!./& Ez 2$ B!5+ ,0&/%78$& +=$% 0& 6!7-&!$ 07--,( ;. <=7/ 8$&

/=$/&- 0&- =5+=-!./&- 2& +&/7/& 0=.#$&$% 21=.2& =./ ,/, !//,.$,&- &/ 8$170 .& %&-/& +0$- 8$& 0&-

=5+=-!./&- 07,&- !$E <!%7!/7=.- 2& 27!54/%& 2$ 6!7-&!$(

 !" #$%&'( %( ')*+( , %(-. %)/(+0)$+0

C!.- 0& 5=240& G $.& 275&.-7=.D .=$- !<=.- =.-72,%, 8$& 0& B!5+ ,0&/%78$& +%=+%& 2&

B!8$& +,%7=2& 2& 0! -/%$/$%& ,/!7/ =.-/!./ 0& 0=.# 2$ %!3=. 2$ 6!7-&!$(  ! <!0&$% 2& &

B!5+ ,/!7/ 2,/&%57.,& G +!%/7% 2& 0! 2,".7/7=. 2& 0175+,2!.& 2& =$+0!#&( H0 6!$/D 2!.- $.

5=240& G 2&$E 275&.-7=.D 6=$%.7% $.& 2&-%7+/7=. +0$- ".& 2$ B!5+ ,0&/%=5!#.,/78$& +%=+%&

2& B!8$& +,%7=2&( I=$- 2&<=.- 21$.& +!%/ &-/75&% /=$/&- 0&- =5+=-!./&- 2&- B!5+ ,0&/%78$&

&/ 5!#.,/78$&( C& +0$-D $/707-&% $.& 5=3&..& %!27!0& 2& &- B!5+- -&%!7/ -!.- 7./,%J/( I=$-

!<=.- 2=. @&-=7. 21&-/75&% 0! <!0&$% 2& B!8$& =5+=-!./& 0& 0=.# 2$ %!3=. 2& 01B,07&( K.

.=$<&!$ 5=240& 2& B!5+ +%=+%&D <!0!@0& 2!.- $. 5=240& G 2&$E 275&.-7=.-D 2=7/ 2=. J/%&

2,<&0=++,(

 !"!# $%&'()*+ ,-*+,./ .+ **1,*++2./ 34)+,1)%&./

;. +&$/ 75!#7.&% +0$-7&$%- 5!.74%&- 21&-/75&% 0! <!0&$% 2$ B!5+ +%=+%& ,0&/%=5!#.,/78$&

!--=7, G B!8$& +,%7=2& 2& 0! -/%$/$%&( K.& +%&574%& 5,/B=2&D $. +&$ @%$/!0&D -&%!7/ 2& 2,F

/&%57.&%D G 01!72& 2& 0=#77&0- 2& !0$0- G /%=7- 275&.-7=.- ?=55& &'( )"&*+%AD 01!5+07/$2& 2&

B!8$& =5+=-!./& 2$ B!5+ ,0&/%=5!#.,/78$& -& +%=+!#&!./ 2!.- 0! -/%$/$%& G 6%=72 G $.&

6%,8$&.& 2=..,&D 1&-/FGF27%& 2s,β &/ 3s,β( L. $/707-!./ 0! /%!.-6=%5!/7=. ?M(M*AD =. =@/7&.2%!7/

!0=%- 0&- /&%5&- 2s,n &/3s,n &. /=$/ +=7./ 2& 0! 07#.& G %&/!%2( N$7-8$& .=$- =.-72,%=.- $. 5=240&

G 2&$E 275&.-7=.-D 70 6!$2%!7/ !0=%- &O&/$&% $.& /%!.-6=%5,& 2& P=$%7&% 2& &- B!5+- &. /%=7-

275&.-7=.- -&0=. 0! <!%7!@0& θD !". 2& .& %&/&.7% 8$& 0! =5+=-!./& 6=.2!5&./!0& ?0! 5=3&..&A

2& &$EF7( Q& +%=&--$- -&%!7/ 0=.#( I=/=.- 8$& 2&- !++%=E75!/7=.- !.!03/78$&- +&$<&./ J/%&

$/707-,&- !". 2& 21&-/75&% 0&- <!0&$%- 2& 2s,β &/ 3s,β( I,!.5=7.-D &00&-F7 5!.8$&./ -=$<&./ 2&

+%,7-7=.(

L. =.-,8$&.&D .=$- !<=.- B=7-7 2& 2,<&0=++&% $. 5=240& -&57F!.!03/78$& !". 2& !0$0&%

0&- /&%5&- 2s,n &/ 3s,n( Q& 5=240& 6!7/ /=$/ 21!@=%2 !++&0 !$ =2& 2& -75$0!/7=. 2& RB!0&-

L0&/%=. C&<7&- &'( )"&*+% !". 21&-/75&% 0! <!0&$% 2& 0175+,2!.& 2& =$+0!#& -$% 01!E& 2& 0!

07#.& G %&/!%2( K.& !++%=B& !.!03/78$& &-/ &.-$7/& $/707-,& !". 2& 2,/&%57.&%D G +!%/7% 2& &//&

<!0&$%D 01&E+!.-7=. %!27!0& 2& B!8$& =5+=-!./& 2$ B!5+ ,0&/%=5!#.,/78$&(
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 !" #$%&'( %( ')*+( , %(-. %)/(+0)$+0

 !"# $"% &'("% )% *+,*!(!-'," *.+',)'/$% 1&'")+'/$%2 ," *%$- ).,3*,#%+ &% 4!3* .&%5

-+'/$% %" 4!+3,"'/$%# )6%#*!% #%&," z %- #%&," θ7 8 $"% 9+./$%"% ),"".%2 ," *%$- )," .+'+%

Em (r, z, θ) =
∑

n

∑

ν

En,νm (r) eiνθe−iβnz , :;7;;<

,= m %#- $" '")'% +%*+.#%"-!"- &! ,3*,#!"-% )$ 4!3* :r2 z ,$ θ<2 En,νm %#- &6!3*&'-$)% )%

&64!+3,"'/$% )6%#*!% )% )%(+. n #%&," z %- ν #%&," θ2 %- βn = β0 + 2nπ/d7 >% 4!3* .&%-+'/$%

%#- #,&$-'," )% &6./$!-'," )6?%&34,&-@7 A" '"-+,)$'#!"-2 )!"# %--% ./$!-',"2 &6%B*+%##'," :;7CD<

,++%#*,")!"- E &! ,3*,#!"-% &,"('-$)'"!&% )$ 4!3*2 ," ).3,"-+% !'#.3%"- /$% &%# ,%F'%"-#

En,νz G.+'H%"- &6./$!-',"

d2r2E
n,ν
z +

1

r
drE

n,ν
z − En,νz

r2
(
ν2 + γ2nr
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'()*+&$%& !1  !"#$%&: F,*( '8,#( "!2")(!#1) (*" .' ?3*"! @:AG .! 3'$#  * 1*&! .! .,#3  !

.<'9! .,"(0*<*#! *#! ,# !  ! /'$&.! 2*$(('#! HPin = −20 I+J !(1 $#1", *$1!  '#( .! (K(1-+!: ;'
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'8,#( !D!1*) .! '.*. '8!  !"#$%& !# 2"!#'#1 *#! 5).$!  ! ABO 1,*"(: F,*( '8,#( (1,22) .!

2",3"'++! '8'#1 0*! .<,# ! ")N)5$! E .<!91")+$1)  ! (,"1$!  ! !11! .$3#! #! (,$1 "!8!#*!  '#(

.!( $#0*'#1! 2"!+$!"( 1,*"(: L$#($% ,# ,#(1'1! 0*! .!( ")(*.1'1( ,&1!#*( '8! .!(  !*9 , !(

,#," !#1:

Vk 3650 P

Ik 50 +L

b 0.45 ++

a 0.78 ++

d 0.52 ++

B0 700 Q

Bk 0 Q

rk 0.78 ++

lz 26 ++
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,*"&!( (*$8!#1 .' +=+! 1!# '#!: U$ ,#  !8'$1 "!2")S
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")N!9$,#(: W,*" *#! /")0*!#!  ,##)!% #,1,#( F .! /'1!*"  <'+2.$?'1$,#  ! .<,# !  ! $"*$1 .!

.,#3  * 7TW: F,1,#( ρ !1 τ .!( ,!X$!#1(  ! ")N!9$,# !1  ! 1"'#(+$(($,# !# !#1")! !1 !# (,"1$!  !
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1− |ρ|2
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−ρ (1 + F ) 1− ρ2F
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 ! "# $ % &'( )* "+) ,+"%-& $) ρ = i |ρ| +- τ =
√

1− |ρ|2. /+--+ '%-,&+ (+,'+- 1+ ,+"&+, "#%'("&-21+

1+)  $1+) 3 "% ) ,-&+ 12 )4)-5'+ 3 "#%'("&-21+ 1+)  $1+) 3 "#+$-,*+ 12 )4)-5'+ (%, "% ,+"%-& $

(

Cin

Cref

)

= 2 .

(

Cout

a2

)

. 67.89:

a2 ,+(,*)+$-+ "#%'("&-21+ 1#2$+  $1+ +;&-%$- "+ )4)-5'+ (%, )% ) ,-&+. <$ )2(( )%$- =2+ +""+>&

+)- $2""+?  $ 1*-+,'&$+ %&)*'+$- "% ,+"%-& $ +$-,+ Cout +- Cin. @& "#%'("&-21+ 12  +A&+$- 1+

,*B+;& $ +)- C%&D"+?  $ (+2- *,&,+

Cout ≈
F

1− ρ2F Cin . 67.8E:

F#%(,5) +--+ C ,'2"+? )& "+ G%&$ 12 )4)-5'+ )%$) ,*B+;& $ 6 !"#$%&'%: +)- 1+ 12 1H? &" )2A- 1#2$

 +A&+$- 1+ ,*B+;& $ -+" =2+ |ρ| = 0.17 ( 2, =2+ "+ G%&$ +)-&'* (%, "+ )4)-5'+ %I+ ,*B+;& $

6()*+&'%: ) &- 1+ 11 1H. J% KG2,+ 7.EL ,+(,*)+$-+ "+ ' 12"+ 12  +A&+$- 1+ ,*B+;& $ 12 MNO

)&'2"* 3 "#+$-,*+ +- 3 "% ) ,-&+ 1+ "% "&G$+ 3 ,+-%,1. <$  $C, $-%$- +--+ KG2,+ %I+ "% KG2,+ 7.EP?

 $ (+2- I &, =2+ "+)  ,1,+) 1+ G,%$1+2,) ) $- D&+$ ,+)(+-*).

 ! !"!" #$%&' ()*&%+

 !"#$%  !"# $ %&'( )* +*,- -( ./(+'/( )- 1& 2*'34

3&(- )5-(+67-

J+  '( ,-+'+$- 12 ' 15"+ +$ ,*G&'+

G,%$1 )&G$%" +)- &""2)-,* )2, "% KG2,+ 7.EQ. J+)

1+2;  2,D+) ,+(,*)+$-+$- "+ G%&$ 12 -2D+ ( 2,

2$+ C,*=2+$+ 1+ 17.2 RST? =2&  ,,+)( $1 3

2$+ C,*=2+$+ ( 2, "%=2+""+ "+) ,*B+;& $) ) $-

C%&D"+)? +$ C $-& $ 1+ "% (2&))%$+ 1#+$-,*+.

@2, "+) 1+2;  2,D+) "+ G%&$ ,+)-+ +$ (,+'&+,

"&+2  $)-%$- U2)=2#3 2$+ (2&))%$+ 1#+$-,*+

1+ 25 1H'. O2&) +"2&>& %2G'+$-+ U2)=2#3 35

1H' +- K$&- (%, 1*, V-,+ ( 2, 1+) (2&))%$+)

1#+$-,*+ ("2) *"+I*+). J% )-%G$%-& $ 12 G%&$

( 2, "+) (+-&-+) (2&))%$+) 1#+$-,*+ +)- "+  '>

( ,-+'+$- %--+$12 12 MNO (2&)=2#+""+  ,,+)>

( $1 %2 ,*G&'+ (+-&- )&G$%" 6"+ G%&$ 12 -2D+
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" $G 6&& N = 50:. <$ D 2- 1+ )+-& $? "+ C%&)+%2 1#*"+-, $) % ,%"+$-& U2)=2#3 1+) I&-+))+) %2;>

=2+""+) "+ -,%$)C+,- 1+ (2&))%$+ 12 C%&)+%2 3 "# $1+ 1+ &,2&- )+ C%&- ("2) +A%+'+$-. /+--+

+;("&%-& $ +)- +$ % ,1 %I+ "% KG2,+ [.7 12 W%(&-,+ [? )2, "%=2+""+  $ (+2- I &, =2#3 2$+

34
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2%3,)!%/ +,"-0/-+" E2%/ #$%  !"#$%&F &% ()-2 G2!% $2-/-+" #$% +- /% ,!)5/:3% "2$(-" &% ,%$2 G2!%

2!0-2" 09% $& )(%  !"#$%&2-%/6
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!"+$/202+ 0/)!+ #$;%& $2-/-+0&2 '()*+&$%&* #$%/#$%+ (-P0-&%+ (% 3-&$2%+ +$Q+%&26
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 !" #!$% &'()(&+$% ,-".+/!" 0 $)! +&&/(+.(,) '1!//!2!). &'+.(3$! #$ 2,#4/! #("'!. &,$'
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,-".+/!" ,). /+ 2D2! ,'(;()! E /+ -'("$'! #! /89:&,.94"! #! &1'(,#((.1? C,)!')+). /+ "!,)#!

&',-/12+.(3$!F /!" ,)#(.(,)" +$% -,'#" #1G!/,&&1!" &+' H:"I()  ! "#$ #,). ),$" +G,)" &+'/1

+$ C9+&(.'! J &!'2!..!). #! .'+(.!' #!" /(;)!" #! /,);$!$' K)(! !. #8().',#$('! #!" '1L!%(,)"?

M1+)2,()"F /! N+.!$' #! '1L!%(,) !);!)#'1 &+' !" ,)#(.(,)" !". ",$2(" +$ 9,(% #!" ;$(#!"

#8!).'1! !. #! ",'.(!F !. (/ !". #(<(/! #! N+('! ,''!"&,)#'! ! N+.!$' #! '1L!%(,) 0 !/$( !);!)#'1
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$6 2$7.$#)6+ ,( 2##(.66(#$  $ $6 62&").2#6 3$*@$))*(  $ 2#6)*".*$ "# 6M6)B@$ &.#/(.*$

 !/-"().2#6 (M(#) &$6 2$7.$#)6 Ω
(n)
s,m 32"* .#2##"$6+ O(* &( 6".)$= 2# #$ 2#6. /*$*( -"!"# 6$"&

@2 $  $ 3*23(8().2# $) 2# 6"3326$*( -"$ &$  /4(") &2(& $6) 3&(/ $#)*$ &$6 $&&"&$6 C0 $) C1+ P.$#

-"$ &$ )$6) #!(.) 3(6 /)/ $N$)"/= #2"6 3$#62#6 -"$ &( @/);2 $ 3*/6$#)/$ .. 32"**(.) 2#6).)"$*

"#$ 3.6)$ 32"* )*(.)$* &$6 6)*")"*$6 #2# 3/*.2 .-"$6  (#6 &$ ( *$  " @2 B&$  .6*$)+

 !"!# $%&'()*+, -. *++.0)*+ -& -12'&(

Q# 2#6. B*$ "# @2 $  !"#$ 6)*")"*$ ' 2# $ &$#)$ 3/*.2 .-"$  (#6 &$ ( *$  " @2 B&$

 .6*$)+ R$&".D. 3$") >)*$ 9"= ' 4*2. = 2@@$ "#$ 6/*.$  $ $&&"&$6 2"3&/$6+ Q# 6"3326$  $ 3&"6

-"!"#  /4(") &2(& $6) .#)*2 ".)  (#6 &( &.8#$ $#)*$ &$6 $&&"&$6 C0 $) C1 G92.* S8"*$ L+HK+ E!"#$

@(#.B*$ 8/#/*(&$= &$6 62&").2#6  $ 3*23(8().2#  !"#$ 2# $ @2#2;*2@().-"$  $ 4*/-"$#$ ω $)

 !



 ! "#$%&�() *) (+,*,-%,%.#$

 !"#$%  !"  !"#$%&'#)%" &*'" &+,-'# .%-. &-"/ '"0 .)1"0 2+$)%&)3'04

 !  "#$%&%'! #%( #%& φ  %)& *% &+(,+,(! &."(/0!)+

Cn (t) =
(

Cine
−inφ + Crefe

inφ
)

eiωt , &/ n ≤ 0

Cn (t) =
(

C+e
−inφ + C−e

inφ
)

eiωt , &/ n > 0 ,
12345

67 *.6) % &,##6&" 8,! *!  "9%,+: (!#("&!)+" &,( *% ;',(! 234: #6,0%/+ <+(! !=/+" > *% 96/& #%( ,)!

6) !  /(!+!  .%?#*/+, ! Cin !+ #%( ,)! 6) ! /)0!(&!  .%?#*/+, ! C−3

@) /)+(6 ,/&%)+ *!& !=#(!&&/6)& 12345  %)& *."8,%+/6) 123A5 6((!&#6) %)+ > ,)! !**,*! n = −k:
k ≥ 0 #*%"! > '%,$!  ,  "9%,+: 6) #!,+  "+!(?/)!( *."8,%+/6) &,/0%)+! (!*/%)+ *!& %?#*/+, !&

 !&  /B"(!)+!& 6) !& !+ 9%/&%)+ /)+!(0!)/( *!& 6!C/!)+& /)6)),& Ω
(n)
m

Cine
ikφ

(

ω −
+∞∑

m=−k

Ω(−k)
m eimφ

)

+ Crefe
−ikφ

(

ω −
+∞∑

m=−k

Ω(−k)
m e−imφ

)

=
+∞∑

m=k+1

Ω
(−k)
−m

(

eikφC+e
−imφ + e−ikφC−e

imφ
)

.

123D5

E)! (!*%+/6)  , ?<?! +F#! #!,+ <+(! 6G+!),! !) ,+/*/&%)+ ,)! !**,*! n = k: k > 0 #*%"! >

 (6/+!  ,  "9%,+

C+e
−ikφ

(

ω −
∞∑

m=−k+1

Ω
(k)
−me

−imφ

)

+ C−e
ikφ

(

ω −
∞∑

m=−k+1

Ω
(k)
−me

imφ

)

=

∞∑

m=k

Ω(k)
m

(

e−ikφCine
imφ + eikφCrefe

−imφ
)

.

123H5

I!& "8,%+/6)& &!(6)+ #%( *% &,/+! %##!*"!&  !"#$%&'( )* &''*,%&' %( !**!& #!(?!++!)+  !

6))!+!( *!& %?#*/+, !&  !&  /B"(!)+!& 6) !& > +(%0!(& *!& 6!C/!)+&  ! 6,#*%'!3 I! &6)+

/0



  ! "#%&'()*(+%& ,* '-'(./# %*012

!" #$%&'()*" $%( "!+)*' %'(,("#!" -)%+ .#'!+/(*!+ ,!" )!0(!*'" Ω
(n)
m 1 -&+'(+ .!" "),%'()*" .!

-+)-&2&'()* 1 3+)(.4 5!" "),%'()*" "!+)*' )**%!" ! $%( *)%" -!+/!''+& .! .)**!+ ,& +!,&'()*

!*'+! ,!" &/-,('%.!" .!" .(6#+!*'!" )*.!" -)%+ %*! 3+#$%!*! .)**#!4

 !"!# $%&%()&*+(*,-.+ /- /)0%-(

7* 2#*#+&,8 .&*" %* "9"':/! +#!, '!, %* )%-,!%+ .;<#,(!8 ,!" 3&'!%+" .! +#=!>()* ρ !' .!

'+&*"/(""()* τ -)%+ %*! 3+#$%!*! .)**#! ")*' .!" *)/?+!" )/-,!>!" .)*' ,& -<&"! !' ,! /).%,!

.#-!*.!*' .! ,& 2#)/#'+(!4 5!''! 2#)/#'+(! *! -!%' -&" .(+!'!/!*' @'+! -+("! !* )/-'! .&*"

,! /).:,! .("+!'4 5!,& !"' ')%' -&+'(%,(:+!/!*' A+&( ,)+"$%! ,& 2#)/#'+(! .% "9"':/! $%! ,;)*

")%<&('! '+&('!+ !"' )/-,!>!8 )//! ;!"' ,! &" -)%+ %* )%-,!%+ .;<#,(!4 7* )*"#$%!*!8 (,

!"' -)""(?,! .! B>!+ ,! /).%,! .% )!0(!*' .&*" ,! /).:,! "(/-,(B# )//! #'&*' #2&, 1 !,%( .%

"9"':/! +#!,4 C&(" #2&,("!+ ,!" -<&"!" *;&%+&(' -&" .! "!*" -%("$%;)* "%--)"! $%! ,! "9"':/! !"'

-#+().($%! .&*" ,! /).:,! "(/-,(B#4 D! <)(> $%! *)%" 3!+)*" -)%+ &+&'#+("!+ ,! .#3&%' .&*" ,!

/).:,! "(/-,(B# "!+& .! "%--)"!+ $%! ,! .#3&%' !"' "&*" -!+'!" !' "&*" ,)*2%!%+4 5! .#3&%' -!%'

@'+! A% )//! %* $%&.+%-�,! #,!'+($%!4 F(*"(8 "& /&'+(! .! .(6%"()*  .#B*(! -&+

(

Cref

C+

)

=

(

ρ τ

τ ρ

)

.

(

Cin

C−

)

=  .

(

Cin

C−

)

GH4HI

!"' %*('&(+!8 ;!"' 1 .(+!

 . ( ∗)t = ! . GH4JI

( ∗)t !"' ,& /&'+(! '+&*"-)"#! .! ,& )*K%2%#! .!  !' ! !"' ,& /&'+(! (.!*'('#4 5)//! ,! .#3&%'

!"' <)("( "&*" ,)*2%!%+ .&*" ,! /).:,! "(/-,(B#8 ")* )!0(!*' .! '+&*"/(""()* !"' +#!,

τ = |τ | , GH4LI

!' )* -!%' .#'!+/(*!+ ,! )!0(!*' .! +#=!>()* 1 -&+'(+ .! ,& +!,&'()* GH4JI

ρ = |ρ| eiα = ±i
√

1− |τ |2 . GH4MI

 !" #$&'()*+),&' -+ (.()/0$ &+123

 !1!" 2)(.&3*4%(*54 /.+ 5.6*.4(+

D!" +!,&'()*" GH4NI !' GH4OI /)*'+!*' $%! ,!" &+&'#+("'($%!" .("-!+"(A!" !' .! +#=!>()* .%

.#3&%' ,)&, -!%A!*' )++!"-)*.+! !>&'!/!*' 1 !,,! .;%* "9"':/! +#!, "( %* *)/?+! (*B*( .!

)!0(!*'" .! )%-,&2!" !"' -+(" !* )/-'! -)%+ <&$%! !,,%,!4 7* !6!'8 ,!" ")//!" .&*"

!" #$%&'()*" -)"":.!*' %* *)/?+! (*B*( .! '!+/!"4 P&*" ,& -+&'($%!8 !,& !"' (/-)""(?,! !'

"!



 ! "#$%&�() *) (+,*,-%,%.#$

 !"#$%  !"  !" #$%&'( #)*( +$&,*+ #" -& ./." .&0*1+" 2 '0" "3*(&(*)0 5&+ '0"

#*+"(" )' *06"+7"8

 ! "#$$ "%&' ( ! *#% +% , (-+% "$./'+/". '$$& 0/,% +% "1"2-,% &.%+ "#3"',,%!2 4/%! "/ #!

! ,4&% 5!/ nc (%  %3/%!2" (%  #$+'6% %"2 $&/" %!  ,$2% 7 6'#8% %2 7 (& /2% (% 8'*#%

%++#+%9 :!  !".*#%!%; +% ! ,4&% (% 2%&,%" ('!" +%" " ,,%" (%" .*#'2/ !" <=9>? %2 <=9@? %"2 (%

2nc9 A' $&./"/ ! (% +' ,.28 (% ('!" %"  !(/2/ !" "%&' .2#(/.% &.2& "$%2/B%,%!29

A' ,.28 (% *#% ! #" (.B%+ $$ !" // $%&,%2 (%  !"2&#/&% #! (.C'#2 *#/ &.$ !(&' (% +'

,D,% ,'!/-&% *#E/+ " /2 %0/2. $'& #!%  !(% B%!'!2 (% "' 6'#8%  # (% "' (& /2% <B /& 56#&%

=9>?9 F+ (. #+% '/!"/ !'2#&%++%,%!2 *#%

G H!%  !(% (/&%2% (E',$+/2#(% Cin %"2 &.I.8/% 'B% #!% ',$+/2#(% Cref = ρCin %2 %"2

2&'!",/"% 'B% #!% ',$+/2#(% C+ = τ Cin9

G H!%  !(% /!B%&"% (E',$+/2#(% C− %"2 &.I.8/% 'B% #!% ',$+/2#(% C+ = ρC− %2 %"2

2&'!",/"% 'B% #!% ',$+/2#(% Cref = τ C−9

:!  !"/(.&'!2 %" (%#0 '";  ! $%#2 (.2%&,/!%& (%#0 .*#'2/ !" $ #& +E.*#'2/ ! <=9>?

nc
∑

m=−k

ei(m+k)φ + ρe−i(m+k)φ

eikφ + ρe−ikφ
Ω(−k)
m +

nc−1
∑

m=k+1

τe−i(m−k)φ

eikφ + ρe−ikφ
Ω
(−k)
−m = ω <=9J?

nc
∑

m=−k

e−imφ Ω(−k)
m +

nc−1
∑

m=k+1

ei(m−k)φ + ρe−i(m−k)φ

τe−ikφ
Ω
(−k)
−m = ω <=9KL?

%2 (%#0 .*#'2/ !" $ #& <=9@?

nc
∑

m=k

ei(m−k)φ + ρe−i(m−k)φ

τe−ikφ
Ω(k)
m +

nc−1
∑

m=−k+1

e−imφΩ
(k)
−m = ω <=9KK?

nc
∑

m=k

τe−i(m−k)φ

eikφ + ρe−ikφ
Ω(k)
m +

nc−1
∑

m=−k+1

ei(m+k)φ + ρe−i(m+k)φ

eikφ + ρe−ikφ
Ω
(k)
−m = ω , <=9KM?

/0



  ! "#%&'()*(+%& ,* '-'(./# %*012

 ! "#$ %&"#'($ )# ρ #* τ '*+"+$,#$ )&-$ #$ ,/'&*+ -$ $ -*  0*#-'#$ #- '*+"+$&-* "& 1,*2 )# 3(,$#-*,#

#- $#*+ - 456575 8+-$+9 )&-$ "#$ ,/'&*+ -$ :45;< = :456><9 "#$ *#(1#$ φ9 ρ #* τ $ -*  --'$ 3 '( '-#

?(,/'#-# 3&(*+'"+@(# ω5 A-  -$,/'#-#9 "#$ *#(1#$ Ω(k)
m #* Ω(−k)

m $ -* 0+#- "#$ $#'"#$ +- --'#$5

B-  0*+#-* ) - '- $C$*@1# )D,/'&*+ -$ "+-,&+(#$ ) -* "#$ +- --'#$ $ -* "#$  #E+#-*$ )#

 '3"&F#5

G#$ ,/'&*+ -$ :45;< #* :456H< ),(+%#-* "#$ #""'"#$ $+*',#$ = F&'2# )' ),?&'*5 I2&/'# ,/'&*+ -

?&+* +-*#(%#-+( 2nc +- --'#$5 J'33 $ -$ /'# 3 '( nc ?(,/'#-#$ )+K,(#-*#$ ωi=1,...,nc9  -  --&+$$#

"#$ %&"#'($ φi9 ρi #* τi )' $C$*@1# (,#"5 L" #$* &" ($ 3 $$+0"# )D,(+(# 2nc ,/'&*+ -$ )+K,(#-*#$ 3&(

#""'"# #- '*+"+$&-* "#$ ,/'&*+ -$ :45;< #* :456H<5 8+-$+9  - 3#'* ),*#(1+-#( "#$ 2nc  #E+#-*$ )#

 '3"&F# &$$ +,$ = 2&/'# #""'"# $+*',# = F&'2# )' ),?&'*5 L" $'E* )# 3( ,)#( )# "& 1M1#

1&-+@(# #- '*+"+$&-* "#$ ,/'&*+ -$ :4566< #* :456>< 3 '( ),*#(1+-#( "#$  #E+#-*$ )#  '3"&F#

&$$ +,$ &'N #""'"#$ $+*',#$ = )( +*# )' ),?&'*5

L"  -%+#-* #- )#(-+#( "+#' )# ?&+(# )#'N (#1&(/'#$5 G& 3(#1+@(#  -#(-# "# &$  ! "D -

$'33 $# /'# "# ),?&'* 3 $$@)# '-  #E+#-* )# *(&-$1+$$+ - τ = 15 J '$ #**# 2C3 *2@$#9 ρ = 0

#* 2&/'# ,/'&*+ - :45;< = :456>< (#%+#-* = "D,/'&*+ - :>5>>< )' 2&3+*(# > /'+ ),(+* '-# "+F-#

3,(+ )+/'# $&-$ ),?&'*5 G& $# -)# (#1&(/'#  -#(-# "#$ #""'"#$ $+*',#$ " +- )' ),?&'*9 D#$*O

=O)+(# $+*',#$ &' 1 +-$ = nc 3,(+ )#$ #- &1 -*  ' #- &%&" )' ),?&'*5 G ($/'# "D - (,$ '* "#$

$C$*@1#$ 3#(1#**&-* )# ),*#(1+-#( "#$  #E+#-*$ )#  '3"&F# &$$ +,$ = #$ #""'"#$9  - *( '%#

/'# #$  #E+#-*$ $ -* ,F&'N = #'N )# "& "+F-# $&-$ ),?&'*9 # /'+ -D#$* 3&$ ,%+)#-* &' 3(#1+#(

&0 ()5 I#+ 3#'* M*(# +-*#(3(,*,  11# "# ?&+* /'#9 " +- )' ),?&'*9 #"'+O+ -# 3#(*'(0# 3&$ "&

3( 3&F&*+ - )# "D -)# )# +('+*5

 !"!" #$%&'()(% *&+$,-.&/% 0 1,2-3

P&-$ #**# $#*+ -9 - '$ 3(,$#-* -$ )#$ (,$'"*&*$ -'1,(+/'#$  0*#-'$ &%# '-  )# )# $+1'O

"&*+ - *#$* ,(+* #-  !"#$% 0&$, $'( "& 1,*2 )# 3( 3 $,#5 G#$ ) --,#$ )D#-*(,# )'  )# $ -* "&

 '(0# )# )+$3#($+ - )' 3(#1+#( 1 )# )D'-# $*('*'(# =  -)# "#-*# )# *C3# 2,"+ Q)&" &+-$+ /'# "#

 #E+#-* )# (,R#N+ - $'( * '*# "& 0&-)# )' 1 )# )S &'  '3"&F# )# #**# 2,"+# &%# '- F'+)#

 &N+&"5 G&  '(0# )# )+$3#($+ - )# "D2,"+# & ,*, &"'",# &%# "#  )# T2&"#$ )# 3&(&1@*(#$ =

?( +) &'()*+&,-. #* "#  #E+#-* )# (,R#N+ - & ,*, &"'", &%# "#  )# T2&"#$ )/0,-. #- '*+"+O

$&-* "& F, 1,*(+# 3(,$#-*,# $'( "& UF'(# 4565 V 3&(*+( )# #$ ) --,#$9 "#  )# *#$* ),*#(1+-# "#$

 #E+#-*$ )#  '3"&F# &$$ +,$ = 2&/'# #""'"# )&-$ "# 1 )@"# $+13"+U,5 B- 2 +$+* nc 3 +-*$

$'( "#$  '(0#$ ) --,#$ #- #-*(,# )'  )#5 W-# ? +$ "# $C$*@1# $+13"+U,  -$*('+*9 '-# 3'+$$&-#

#$* +-*( )'+*# )&-$ # $C$*@1#9 &'N #N*(,1+*,$ )'/'#"  - & 3 $, )#$  -)+*+ -$ )# F'+)#$ $#1+O

+-U-+$5 G# 3( F(&11# (,$ '* "# 3( 0"@1# )# 3( 3&F&*+ - )D'-#  -)# 3 '( )+K,(#-*#$ %&"#'($ )#

"& ?(,/'#-# )# *(&%&+"5

G& UF'(# 45X +""'$*(# "& %+*#$$# )#  -%#(F#-# )' 1 )@"# $+13"+U, %#($ '- $C$*@1# )# (,?,(#-#

" ($/'# "# - 10(# )#  #E+#-*$ )#  '3"&F# 3(+$ #-  13*# nc &'F1#-*#5 G#$ *( +$ $ '$OUF'(#$

:&< (#3(,$#-*#-* "# ?&*#'( )# (,R#N+ - )' ),?&'* #- ? -*+ - )# "& 32&$# )# "D -)# /'+ $# 3( 3&F#
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 ! "#$%&�() *) (+,*,-%,%.#$

 !"#$%  !" # $%&'()(*+%, -.+ /(1.2)+ -. )34

5.6*%, .1 '7(+. 173%)*82. .1 93,3)3+

'() :. &%-;:. +*&':*<3!

 !"#$%  ! # =)).2) %&&*+. '() :. &%-;:. '%2)

nc = 20!

 !"# $! #%&'%'&) * +" ) $)"%), -)#  +"".)#  /)"0

%&.) !$'$.)# !1) '" + ) * %&+2#  23)"#2+"#

#+"% &)4&.#)"%.)# 4!& $)# +'&5)# )" %&!2%# 4$)2"#6

$)# nc #+$'%2+"#  ) &.7.&)")# 8+2#2)# #'& )#

+'&5)# #+"% &)4&.#)"%.)# 4!&  )# )&$)# )% $)#

&.9):2+"# ;.".&.)# 4!& $) 3+ <$) #234$2=. #+"%

&)4&.#)"%.)# 4!&  )# %2&)%#, >+'# !1+"#  ) 4$'#

&)4&.#)"%. )" 4+2"%2$$.# $! ?'!"%2%.

√

|ρ|2 + |τ |2

?'2  )1&!2% 2 .!$)3)"% @%&) .;!$) * A #'& %+'%)

$! 5!" ), -)# %&+2# #+'#0=;'&)# B5C &)4&.#)"%)"%

$! 7&.?')")  ) $/+" )  ) 2&'2% )" 7+"%2+"  )

#+"  .48!#!;) )"%&) $)# )$$'$)# C0 )% C1, D$$)#

2$$'#%&)"%  +" $! 12%)##)  ) +"1)&;)") !1)

nc  ' 3+ <$) #234$2=. !' &);!&  )# !&!%.&2#0

%2?')#  2#4)&#21)#, E" &)3!&?') #'& )# =;'&)#

?')6 4$'# nc )#% ;&!" 6 32)': $) 3+ <$) #234$20

=. !44&+:23) $) #F#%<3)  ) &.7.&)"), G+33)

+" 4+'1!2% #/F !%%)" &)6 $)# !&!%.&2#%2?')#  2#0

4)&#21)# )%  ) &.9):2+"#  ' 3+ <$) #234$2=. #+"%

):!%)3)"% $)# 3@3)# ?') )$$)#  ' #F#%<3)  )

&.7.&)") 4+'& $)# 7&.?')")# 8+2#2)# +33) #+0

$'%2+"#  /2 )"%2=!%2+"  )# +)H2)"%#  ) +'0

4$!;),

-! =;'&) I,I &)4&.#)"%) $/)&&)'& +332#) 4!&

$) 3+ <$) #234$2=. #'& $) +)H2)"%  ) &.9):2+"

B!C )% #'& $! +'&5)  )  2#4)&#2+" B5C 4+'& nc =

20, -/)&&)'& ǫ +332#) #'& 8!?') ?'!"%2%. )#%

!$'$.) 4+'& 8!?') 1!$)'&  )  .48!#!;) #)$+"

$! 7+&3'$)

ǫ (φ) =

∣

∣

∣

∣

ã (φ)− a (φ)
a (φ)

∣

∣

∣

∣

, BI,AJC

+K a )#% $! 1!$)'& 4+'& $) #F#%<3)  ) &.7.&)")

)% ã )#% $! 1!$)'& +5%)"') !1) $) 3+ <$) #234$20

=., L/!4&<# $! =;'&) I,I6 "+'# 4+'1+"# !H&3)&

?'/'") )&&)'& 2"7.&2)'&) * 1% 4)'% @%&) !%%)2"%)

#'& $) +)H2)"%  ) &.9):2+" )% #'& $)# !&!%.0

&2#%2?')#  2#4)&#21)# #'& 80%  ) $! 5!" ), G)%%)

5+"") 4&.2#2+" ! .%. +5%)"') #'& '" !# $+2"

 /@%&) 2 .!$ )" 4&)"!"% )" +34%) '" "+35&) ="2 )% 4)%2%  ) +)H2)"%#  ) +'4$!;), M2"!$)0

/0



  ! "#%&'()*(+%& ,* '-'(./# %*012

 !"#$ %" &!'# (! )(*'!( +'( ,) -.'(! /0/ *'! ,!  )12 ' 34!((!'( !+# %5#!"' &%'( 3!+ 6),!'(+ 3!

7(8*'!"! &(%:! 3!+ 5%(3+ 3! 5)"3!0 ;!+ &:8"% <"!+ #!")"# &,)! = !+ 7(8*'!"!+ "! &%'((%"#

3%" &)+ >#(! 8#'328+ !" '#2,2+)"# !##!  8#:%3!0

 !"!# $%&'()*)& +',%-./'0& 1 3*'4

 !"#$%  !" # $%&' ()*+', %-+  !"#$%&'%!

;)  8#:%3! 3! %"#(�,! 3!+ (8@!12%"+ &)(

'" 387)'# ,%),$ &(8+!"#8! 3)"+ ,! &)().()&:!

&(883!"#$ ) 8#8 2 &,8 !"#8! 3)"+ "%#(! %3!

3! +2 ',)#2%"  !"#$%&0 A%'+ &(8+!"#%"+ 3)"+

! &)().()&:! ,!+ &(! 2!(+ (8+',#)#+ "' 8B
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