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 ! #$ %&#'( 2( 7(+# (+ +*.(#01 2( ',*3- 2( 8#*55( 2( 256 × 256 9*1(53- )$

:*384',#&&( 2( 5;*&#'( 2( 7(+#! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! <

 != >8,0/80,( 2;0+ 3?38@&( 2( /4&9,(33*4+ 3#+3 9(,8(! ! ! ! ! ! ! ! ! ! ! ! ! ! ! "<

=!" AB*C,(&(+8 3?&D8,*E0(! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! =F
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H!H A42#'( 9#, )54/ 2;*&#'(3! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 6H
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 ! C-+%$($0$&1 ,) BC8 /)D 4/0-)'% $+$&$/0-% -& /) ./'/HI&'- ,- 3*+&'J0-: /9
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100000 4/0-)'%! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ;O
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+(%;%,0/. <.,0= A6 -%0;+,0/.9.,' -. /:%90;. <.,0 1(>3'2. ., *'%/%&0,' /0 1/2

k0! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! "B 
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16 G90;. +(%;%,0/. <.,0 1(>3'2. 0@.1 /0 1/2 k2= -6 $%H2(.,1. .,'(. -.*4
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pPvalues 'J+$*9$% $* 011/);90*+ /$% 14 1-$5)$-% +$%+% ,$ QRCS %9- 100

%.;9$*&$% 6.*.-.$% 10- /0 #T $+ ,$ +0)//$ 1000000 J)+% &K0&9*$! ! ! ! ! ! ! "=F

F! C9)+$ ,9 +0J/$09 F!" 1'9- /$% 15 !"
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"3-!,(* !+'(3%&2,!* .!* %.,* "3++,*? '3,' !+ -)'$&..$+' !+ %$('&",.&!( .! "3-$5! $(&'#0)4

'&2,! I JK7 8$ *!"'&3+ B7L "3,;(! ,+ 5($+- +301(! -! *'$+-$(-* -! "30%(!**&3+ -/&0$5!*

2,& ,'&.&*!+' .!  J %3,( .$ 5)+)($'&3+ -!* M,@ -! -3++)!* "30%(!**)!*7 N&+$.!0!+'? +3,*

'!(0&+3+* "! "#$%&'(! %$( ,+! "3+".,*&3+? *!"'&3+ B7O7

 ! #,-./ $),0&+1)/

 ! !" #$%&'(')& *+ ,-'./0+ &1.$2'31+

J,93,(-/#,&? ./&0$5!(&! +,0)(&2,! PQ3+R$.!R BSSB? T,** BSSL? Q3+R$.!R BSSU?

V3;&> BSSWX -!;&!+' -! %.,* !+ %.,* &+-&*%!+*$1.! -$+* %.,*&!,(* -30$&+!* !' !**!+'&!..!4

0!+' -$+* .$ "300,+&"$'&3+ !+'(! %!(*3++!*7 Y+ !Z!'? .! -);!.3%%!0!+' !@%3+!+'&!. -!*

0)-&$ -! "300,+&"$'&3+ -/,+! %$('? !' -!* *,%%3('* -! *'3">$5!* +,0)(&2,!* -/$,'(! %$('?

3+' )+3(0)0!+' '($+*:3(0) .$ :$C3+ -3+' +3,* "300,+&2,3+*7  !* +3,;!..!* '!"#+3.35&!*

*3+' 1$*)!* !**!+'&!..!0!+' *,( ./)"#$+5! !' .! *'3">$5! !["$"!* -!* -3++)!* 0,.'&0)-&$

!' !+ %$('&",.&!( .!* &0$5!* +,0)(&2,!*7  !* -!(+&6(!* *3+' !+ :$&' -!* 0$'(&"!* -! %3&+'*

$%%!.)* %&@!.* -! ./&0$5!7 \+ %&@!. !*' -)"(&' %$( ,+ 3, %.,*&!,(* +301(!*? (!%()*!+'$+'



 ! ! "#$%& '(#)*+,(& -

 !"#$%#&"$' (%  !")*+% %# ,% -."#$/ 0 %1"&$% - 2&"%23& $4-%& (!")*+%& #2)'3"52%&/ 6%& ")*+%&

7"#*"3%& 89"+23% :/; 8*<< &.#$ (%& )*$3",%& (% -"1% & 52" #% -%2=%#$ -3%#(3% 52% (%21 =*>

 %23& 0 .2 1 ,% 52" ,.33%&-.#( 3%&-%,$"=%)%#$ *21 (%21 ,.2 %23& #."3 %$ 7 *#,/ ?#% ")*+%

%# #"=%*21 (% +3"& 89"+23% :/; 87<< %&$ 2#% ")*+% ).#.,@3.)% %# $.#& ,.#$"#2&A .B3*#$

- 2&"%23& #"=%*21 (!"#$%#&"$' *  *#$ (2 #."3 =%3&  % 7 *#,/ C%& ")*+%& &.#$ ,.('%& +'#'3*>

 %)%#$ &23 8 7"$&A %$ (*#& ,% ,*& #.2& .7$%#.#& :DE "#$%#&"$'& *  *#$ (2 0 F 255A &*,@*#$

52%  !"#$%#&"$' 0 3%-3'&%#$%  % #."3 %$  !"#$%#&"$' 255 3%-3'&%#$%  % 7 *#,/ C.#,%3#*#$  %&

")*+%& ,.2 %23& 89"+23% :/; 8,<<A ,@*52% -"1% %&$ 3%-3'&%#$' -*3 2# =%,$%23 %# +'#'3* 

,.#&$"$2' (% 3 ,.)-.&*#$%&/ ?#% 3%-3'&%#$*$".# $3G& 3'-*#(2% %&$  * 3%-3'&%#$*$".# (*#&

 !%&-*,% HIJ 8H%( I3%%# J 2%< 52" ,.#&"(G3%  !")*+% ,.2 %23 ,.))% 2#% &2-%3-.&"$".#

(% $3."& - *#& ).#.,@3.)%& $3*"$'& "#('-%#(*))%#$/ K# +'#'3* A 8 7"$& &.#$ 2$" "&'& -.23

"#("52%3  !"#$%#&"$' (2 -"1% -.23 ,@*,2#% (%& ,.)-.&*#$%& 3.2+%A =%3$% %$ 7 %2%/

8*< 87< 8,<

 !"#$% :/; L *< 0)*+% 7"#*"3%A 7< 0)*+% *=%, 8 #"=%*21 (% +3"&A ,< 0)*+% ,.2 %23/

 ! ! "#$%&'()**+

M."$ I 2#% ")*+% ,.)-.&'% (% N  "+#%& %$ M ,. .##%& %$ *4*#$ L #"=%*21 (% +3"&/

6!@"&$.+3*))% NJ23+%3 :OOPQ (% I %&$ 2#% R.#,$".# ("&,3G$% ('S#"$ -*3 h(k) = nk *=%, k

3%-3'&%#$*#$  % k !"

#"=%*2 (% +3"& (%  !"#$%3=*  % [0, L − 1]A %$ nk 3%-3'&%#$%  % #.)73%

(% -"1% & (%  !")*+% I *4*#$  % #"=%*2 (% +3"& k/ K# -3*$"52%A ,!%&$ +'#'3* %)%#$  !@"&>

$.+3*))% #.3)* "&' 52" %&$ 2$" "&'/ C% (%3#"%3 &% ,* ,2 % *-3G&  * ("="&".# (% ,@*,2#%

(% &%& =* %23& -*3  % #.)73% $.$* (% -"1% & -3'&%#$& (*#&  !")*+%/ T"#&"A  !@"&$.+3*))%

#.3)* "&' %&$ (.##' -*3 p(k) = nk

NM
A -.23 $.2$ k = 0, 1, ..., L − 1/ U.$.#& 52%  * k !"

=* %23 (%  !@"&$.+3*))% #.3)* "&' -3'&%#$% 2#% %&$")*$".# (%  * -3.7*7" "$' (2 k !"

#">

=%*2 (% +3"& %$ 52%  * &.))% (% $.2$%&  %& =* %23& (%  !@"&$.+3*))% #.3)* "&' %&$ '+* %

F 1/ V 2&"%23& *-- ",*$".#& (2 $3*"$%)%#$ #2)'3"52% (%& ")*+%& &.#$ *-- "52'%& (*#&  %

(.)*"#% &-*$"* $.2$ %# &% 7*&*#$ &23  !@"&$.+3*))%/ C% (%3#"%3A &")- % F ,* ,2 %3A R.23#"$



 !"#$%&'( )* +# ,-.$'(//%-0

 ! "#$%! %&'('% )# * %+,*(-*% .%/ -!0#*"(,-#!/ /,(,-/,-1 %/ / * 23-"(4% 1 - /#!,  ,-2%/

)# * '%*,(-!%/ ())2-'(,-#!/ !#,(""%!, )# * 2( '#")*%//-#! %, 2% '*$),(4% .3-"(4%/5 6(

74 *% 858 )*9/%!,% 23-"(4% .% 6%!( %! !-:%( + .% 4*-/; .% ,(-22% 256× 256 )-+%2/ (-!/- 1 %

/#! <-/,#4*(""%5

=(> =?>

 !"#$% 858 @ (> A"(4% .% 6%!( %! !-:%( + .% 4*-/; .% ,(-22% .% 256 × 256 )-+%2/; ?>

B-/,#4*(""% .% 23-"(4% .% 6%!(5

 ! !" #$%%&'()*$+ ,+)%, -*.,'/ 0$*/*+/

6( '#**92(,-#! %!,*% )-+%2/ :#-/-!/ # ?-%! 2( *%.#!.(!'% /)(,-(2% %+)*-"% 2( .9)%!C

.(!'% .3 ! )-+%2 # .3 !% D#!% .% 23-"(4% (:%' /#! %!:-*#!!%"%!,5 E! *9(2-,9; 2%/ )-+%2/

.3 !% -"(4% ! "9*-1 % /#!, 49!9*(2%"%!, 0#*,%"%!, '#**929/ (:%' 2% */ )-+%2/ :#-/-!/ %,

%! )(*,-' 2-%* (:%' '% + 1 - /% ,*# :%!, / * 2( "F"% 2-4!%; 2( "F"% '#2#!!% # ?-%! 2(

"F"% .-(4#!(2%5 6( '#**92(,-#! /)(,-(2% %!,*% 2%/ )-+%2/ :#-/-!/ .% 2( "F"% -"(4% %/,

.#!!9% )(* G

γpq =
1
R

∑R

i=1(pi − E(p))(qi − E(q))
√

1
R

∑R

i=1(pi − E(p))2

√

1
R

∑R

i=1(qi − E(q))2

, =85H>

(:%' p = (p1, ..., pR) %, q = (q1, ..., qR) *%)*9/%!,%!, *%/)%',-:%"%!, 2% :%',% * .%/ )-+%2/ .%

23-"(4% I %, 2% :%',% * .%/ )-+%2/ :#-/-!/; R 2% !#"?*% ,#,(2 .% )(-*/ (pi, qi) #?,%! I )(*,-*

.% 23-"(4%; %, E(x) = 1
R

∑R

i=1 xi %/, 2( :(2% * "#$%!!% .% x5 J(* %+%")2%; 2% K(?2%( 85H

'#!,-%!, 3 '#%&'-%!,/ .% '#**92(,-#! .% 23-"(4% .% 6%!(5 6( :(2% * (?/#2 % .% '<(' ! .%

'%/ '#%&'-%!,/ %/, ,*9/ )*#'<% .% 1 '% 1 - /-4!-7% 1 3-2 %+-/,%  !% 0#*,% .9)%!.(!'% 2-!9(-*%

%!,*% 2%/ )-+%2/ :#-/-!/ .% 23-"(4%5 L# / )# :#!/; )(* '#!/91 %!'%; '#!'2 *% 1 % 2%/ )-+%2/

:#-/-!/ /#!, 0#*,%"%!, '#**929/5
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 !"#$  !" # $%& '(%)'*%+,& -% '(../01,*(+ %+,.% 0%& 2*3%0& 4(*&*+& -% 05*617% 0%+1

8*.%',*(+ 9(../01,*(+

:(.*;(+,10% <!=><?

4%.,*'10% <!=@?@

-*17(+10% <!="A?

 ! !" #$%&''()$ *& %+,-.(,&. /&' (,01&'

B.%+(+& 0% '1& -5C+ C,*0*&1,%C. DC* &(C:1*,% *+,%..(7%. E -*&,1+'% C+% F1&% -% -(++/%&

-5*617%& %+ '(C0%C. 14%' 24 F*,& 21. 2*3%0 %, 1G1+, C+% ,1*00% -% 2048× 2048 2*3%0&! HC2I

2(&(+& DC% 05C,*0*&1,%C. %&, '(++%',/ 1C ./&%1C 14%' C+ -/F*, -% 2JF*,&K&! H1':1+, DC5C+%

*617% +/'%&&*,% 12J( 2(C. &(+ &,('L17% %, 20C& DC% 48 &%'(+-%&M ,:/(.*DC%6%+,M 2(C. &(+

,.1+&N%.,M '% DC* .%+- 051''O& E 10000 *617%& +/'%&&*,% %+4*.(+ 6 P(C.& -% '(++%3*(+& 2(C.

0%C.& ,.1+&N%.,&! $% Q1F0%1C  ! 2./&%+,% 0% 4(0C6% -% -(++/%& +/'%&&1*.% 2(C. 0% &,('L17%

-5C+% 41.*/,/ -5*617%& &(C& 0%C.& N(.6%& F.C,%& R&1+& '(62.%&&*(+S %, 14%' -*T/.%+,%&

-*6%+&*(+&!

U*+&*M 0%& *617%& +C6/.*DC%& &(+, -%& -(++/%& 6C0,*6/-*1 4(0C6*+%C&%& +/'%&&*,1+,

C+% '121'*,/ -% &,('L17% %, C+% F1+-% 21&&1+,% '(+&*-/.1F0% 2(C. 01 ,.1+&6*&&*(+! $5(FI

P%',*N -% 01 '(62.%&&*(+ %&, -51C76%+,%. 01 '121'*,/ -% &,('L17% %, -% ./-C*.% 0% ,%62& -%

,.1+&6*&&*(+ -% 61+*O.% E 2(C4(*. 1.':*4%. %, ,.1+&6%,,.% 20C& -% -(++/%& ,(C, %+ '(+&%.I

41+, 0%& 6V6%& &C22(.,& 2:G&*DC%&! $%& 107(.*,:6%& -% '(62.%&&*(+ (2O.%+, -% &(.,% E

/0*6*+%. 0%& .%-(+-1+'%& 2./&%+,/%& -1+& 05*617% 1W+ -% 01 .%2./&%+,%. -% 01 61+*O.% 01

20C& '(621',%! 8% '% N1*,M *0 %&, *+,/.%&&1+, -% &(C6%,,.% 0%& 2*3%0& -5C+% *617% E C+%

,.1+&N(.61,*(+M '(66% 21. %3%620%M 0% '(-17% 2./-*',*N (C F*%+ 01 -/'(62(&*,*(+ %+ &(C&

F1+-%& 1W+ -% -/'(../0%. 0%& -(++/%&! X(C& 4%..(+&M &%',*(+  !?M 0%& ,.1+&N(.61,*(+& C,*0*I

&/%& -1+& 0%& &,1+-1.-& 1',C%0& -% '(62.%&&*(+ &1+& 2%.,% -5*617%&! Y0 %&, E .122%0%. DC%

0%& +(C4%00%& -(++/%& (F,%+C%& 21. C+% ,.1+&N(.61,*(+ &(+, 7/+/.10%6%+, 6(-/0*&/%& 14%'

C+% N(+',*(+ -% 2.(F1F*0*,/&M %, 21. 01 &C*,% '(-/%& 21. C+ '(-%C. %+,.(2*DC% DC* 7/+O.%

0%& -(++/%& '(62.%&&/%&!

 !" #$%&'()* +' ,- &$.(/'**0$% +10.-2'*

$1 '(62.%&&*(+ '(+&*&,% E .%2./&%+,%. C+% &/DC%+'% -% &G6F(0%& -% 01 61+*O.% 01

20C& '(621',% 2(&&*F0%M '% DC* 2%.6%, -% ./-C*.% 0% +(6F.% -% F*,& +/'%&&1*.% 2(C. 0%C.



 ! "#$%&'() *+ ,$ -./%()00&.1

 !"#$  ! " #$%&'( )( )$**+(, *+-(,,./0( 1$&0 %( ,2$-3.4( )5/'.4(, *&'+0/6&(, (*

7$*-2/$* )( %(&0 2./%%(!

8/'(*,/$* 9$':0( )( :/2, 1.0 1/;(% 2<1( )( %5/'.4( =$%&'( )( )$**+(, >$-2(2,?

128× 128 1 @/*./0( 2Ko

256× 256 1 @/*./0( 8Ko

512× 512 A @/*./0( 32Ko

1024× 1024 A @/*./0( 128Ko

2048× 2048 A @/*./0( 512Ko

128× 128 B 9/=(.&; )( 40/, 16Ko

256× 256 B 9/=(.&; )( 40/, 64Ko

512× 512 B 9/=(.&; )( 40/, 256Ko

1024× 1024 B 9/=(.&; )( 40/, 1Mo

2048× 2048 B 9/=(.&; )( 40/, 4Mo

128× 128  C D$&%(&0 48Ko

256× 256  C D$&%(&0 192Ko

512× 512  C D$&%(&0 768Ko

1024× 1024  C -$&%(&0 3Mo

2048× 2048  C -$&%(&0 12Mo

,2$-3.4( (2 )( )/'/*&(0 %(, 2('1, )( 20.*,7(02 EF.6&(2  GAGH! 9$2$*, 6&(I %(, )$'./*(,

)5.11%/-.2/$* )( %. -$'10(,,/$* ,$*2 20J, *$':0(&;I )$*2 =$/-/ &*( %/,2( *$* (;K.&,2/=( L

" M. 1K$2$40.1K/( *&'+0/6&(

" M5/'.4(0/( '+)/-.%(

" M. 2+%+)+2(-2/$*

" M. =/)+$,&0=(/%%.*-(

" M( -/*+'. *&'+0/6&(

" M(, .0-K/=(, )5/'.4(, (2 %(, :.,(, )( )$**+(,

" M5N*2(0*(2

" · · · !

D(, )$'./*(, 1(&=(*2 O20( -%.,,+, (* )(&; -.2+4$0/(, L 2+%+-$''&*/-.2/$* (2 ,2$-3.4(!

P* 2+%+-$''&*/-.2/$*I %. 6&.%/2+ (2 %. =/2(,,( )( 20.*,'/,,/$* )(, )$**+(, ,$*2 -$*)/2/$*Q

*+(, 1.0 %(, -.0.-2+0/,2/6&(, 1K<,/6&(, )& ,&11$02 )( 20.*,'/,,/$*! D(, -.0.-2+0/,2/6&(,

)+R*/(*2 %. :.*)( 1.,,.*2( 6&/ 0(10+,(*2( %( *$':0( )( :/2, 1.0 ,(-$*)( 6&( %5$* 1(&2

20.*,'(220( ,&0 -( ,&11$02! S.0 (;('1%(I 1$&0 %(, '$)(', 6&/ ,$*2 0(%.2/=('(*2 %(*2,
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 ! "#"$! %$ &"'() ("$* +",,"$! - )" ./0+1 ,,'/$ * */$$2 , ,3'0+/, "4$ *3"%50 $6

! 1 7'1!% )) 0 $! )" ("$* +",,"$! *% 0/* 0  ! *3"!! '$*1 * , !"%8 * !1"$,& 1! +)%,

'$!21 ,,"$! ,"$, "%50 $! 1 +9#,':% 0 $! )" ("$* +",,"$! ;

</00 *"$, ) .", *3%$ ,%++/1! * ./00%$'."!'/$ :%' *24$'! ) $/0(1 0"8'0%0 * 

('!, :% )3/$ + %! !1"$,0 !!1 +"1 , ./$* - %$ ,%++/1! * ,!/.="5 *3'$&/10"!'/$  ,! *24$'

+"1 ) $/0(1 0"8'0%0 * ('!, :%3') + %! ,!/.= 1  ! :%' 1 +12, $! ," ."+".'!2; < 1! ,-

)" ."+".'!2 * , ,%++/1!, * ,!/.="5 $%021':% $ . ,, $! *3"%50 $! 1- !/%! &/',-  $

+"1"))>) ) , $/%7 )) , ! .9$/)/5' ,- +/%,,2 , +"1 )" !2)27','/$ $%021':%  ! )" !2)2+9/$' 

+/1!"() - ,/))'.'! $! * , */$$2 , 0%)!'02*'" * +)%,  $ +)%, 51"$* ,; < .' "0>$ ) ,

.9 1.9 %1, ? !1/%7 1 * $/%7 "%8 ")5/1'!90 , * ./0+1 ,,'/$ +)%, + 1&/10"$!,  ! :%'

*/'7 $! +/%7/'1 ,3"*"+! 1 "%8 $/%7 "%8 %,"5 ,; @$4$-  ! +/%1 27")% 1 ) , + 1&/10"$. ,

*3%$ ! .9$':% * ./0+1 ,,'/$- ') &"%! 0 ,%1 1 +)%,' %1, .1'!>1 ,; A"10' . , .1'!>1 , $/%,

.'!/$,  ,, $!' )) 0 $! ) !"%8 * ./0+1 ,,'/$- )" *',!/1,'/$- )" ./0+) 8'!2 * )3")5/1'!90 

 ! )" &".')'!2 * 0',  $ B%71 ;

 !"!# $%&'(%& )% *%(+,(-./0%

C !"%8 * ./0+1 ,,'/$  ,! %$ 51"$* %1 :%' .").%) ) 1"++/1!  $!1 ) $/0(1 * 

('!, * , */$$2 , /1'5'$") , "7 . . )%' +12, $! *"$, ) , */$$2 , ./0+1 ,,2 ,; C !"%8 * 

./0+1 ,,'/$  ,! $/!2 +"1 Taux D

Taux =
C" !"')) !/!")  $ ('!, * , */$$2 , /1'5'$") ,

C" !"')) !/!")  $ ('!, * , */$$2 , ./0+1 ,,2 ,

. EF;FG

H) # " 25") 0 $! %$ "%!1 &".! %1 +/%1 0 ,%1 1 )" + 1&/10"$. *3%$ ! .9$':% * 

./0+1 ,,'/$ "++ )2 ) *2('! ('$"'1 0/# $  !  8+1'02  $ ('!, +"1 +'8 ) E(++G; @$ &"'!- . 

* 1$' 1 ./$,',! ? .").%) 1 ) $/0(1 0/# $ * ('!, $2. ,,"'1 +/%1 *2.1'1 %$ ,#0(/) 

* , */$$2 , /1'5'$") , D

D2bit =
C" !"')) !/!")  $ ('!, * , */$$2 , ./0+1 ,,2 ,

C $/0(1 !/!") * ,#0(/) , *"$, ) , */$$2 , /1'5'$") ,

(bpp). EF;IG

J"$, ) .", * , 02!9/* , * ./0+1 ,,'/$ "7 . + 1! ,- ')  8',! *3"%!1 , &".! %1, * 

0 ,%1 * + 1&/10"$. ; H) ,3"5'! 52$21") 0 $! * , 0 ,%1 , * *',!/1,'/$ ! )) , :% )3@11 %1

K%"*1"!':% L/# $$ @KL

 

 ! ) 1"++/1! .1M! ,'5$") ,%1 (1%'!

!

;

 ! "#$ %$&'%() *+, -./0 *#%$ +1/%0# ,00.02

3! "#$ %$&'%() 4+56 -./0 4#%7 +(&$%' 8. 5.()# 6%8(.2



 ! "#$%&'() !* +$ ,-.%()//&-0

 !"!#$ %&' ('$ ()*"+)'$ ,')-'""'#" ./0"123*) &#' -'$&)' 43!213' ,!&) 3/*-14'5 6' ()*"+)'

789 $' (13(&3' (!--' 31 -!:'##' .'$ (1))0$ .'$ .*;0)'#('$ '#")' 3'$ ,*<'3$ .' 3/*-14'

1,)+$ (!-,)'$$*!# Ic '" ('&< .' 3/*-14' !)*4*#13' I =

EQM =
1

NM

N−1
∑

i=0

M−1
∑

j=0

(Ic(i, j)− I(i, j))2 , >?5@A

1B'( N '" M )',)0$'#"'#" )'$,'("*B'-'#" 3' #!-2)' .' 3*4#'$ '" 3' #!-2)' .' (!3!##'$

.' 3/*-14' !)*4*#13'5

6' $'(!#. ()*"+)' ./0B13&1"*!#C .*)'("'-'#" .0.&*" .' 3/789C '$" 3' DE F =

PSNR = 10 log10

max (I)2

EQM
. >?5GA

6'$ .'&< -'$&)'$C 3/789 '" 3' DE FC #' $!#" ,1$ ,1)H1*"'-'#" (!-,1"*23'$ 1B'( 3'

EIJ KL*)!. MNNOC 7$P*(*!43& MNNGC 7(P')" MNNQR5 S*#$*C T1#4  ! "#$ KT1#4 ?UU@R !#" ,)!V

,!$0 &#' #!&B'33' -'$&)' .' $*-*31)*"0 '#")' &#' *-14' !)*4*#13' I '" &#' *-14' (!-,)'$$0'

IcC ,3&$ 1,,)!,)*0' 1& EIJC #!"0' ,1) EEW9  

=

SSIM(I, Ic) =
(2µIµIc + c1)(2σIIc + c2)

(µ2
I + µ2

Ic + c1)(σ2
I + σ2

Ic + c2)
, >?5XA

1B'( µI '" σI $!#" )'$,'("*B'-'#" 31 -!:'##' '" 3/0(1)" ":,' .' IC 13!)$ %&' µIc '" σIc

)',)0$'#"'#" 3'$ -Y-'$ -'$&)'$C -1*$ ,!&) Ic5 Z' ,3&$C σIIc '$" 31 (!B1)*1#(' '#")' I '"
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#30" #!"# 2%.(%# ;'3 -3#%"( 7 !':1%"(%. $%# (!'/ )% +012.%##30"=  % 2$'#6 '" )%# 0&@%+(38#
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02(31!'/= d3"!$%1%"(6 $! #%+(30" I=L %/20#% %" &.%8 $%# )%."3%.# #(!")!.)# )% +012.%##30"

)*31!:%# #!"# 2%.(%#=

 ! "#$ %$&'%()* '+)), -+./0#))(+$1



 ! "#$%&'() *+ ,$ -./%()00&.1

 !" #$%&'$&%( )*&+ ,-,$./( )( '0/1%(,,20+ ,3+, 1(%$(

 !"#$%  !" # $%&'(%'&) *+', -.-%/0) *) (102&)--31, -4,- 2)&%)!
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*)- *1,,7)- 1&393,46)- )%; 24&E13-; 9&1'2)& 6)- 3,E1&04%31,- 6)- 26'- 3021&%4,%)- ),
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(38>')-! U4& )@)026); 6)- %&4,-E1&04%31,- >'3 -1,% F4-7)- -'& 6)- 2&7*3(%)'&- -)&1,%
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),%&) *)'@ 23@)6- B13-3,- )-% 2)%3%)! C4,- () (4-; -3 ,1'- 42263>'1,- ', -3026) 2&7I
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si =1 ≤ i ≤ k>< 4& '($"-& $& GH"##(#IJ"#( '(# + !& !(1! $,"5(%$ 3 '"4'14&% 4" $+ !%+51!+(#
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'-'& &. '8& . &0 1979 &. &0 1980 51& _1#/0 J_1#/0 KLPLS= W1-bb$ JW1-bb$ KLPLS= _/ C

 -0&0 J_/  -0&0 KLPLS &. D-0E6$0 JD-0E6$0 KLPLS $0. ,1#%/) 6& 9&( /$0 &0 ,()'/ /$0

;0/& 61 +I* c8-1.(& /",%)"&0.-./$0 &. 68-1.(& ).16& 6& '$",%&d/.)= 6& (-,/6/.) &.

68&a'-'/.) $0. E1/6) ,%1 /&1( (&'4&('4& JF$Q-(6 KLLX= R$G-. KLLM= O/..&0 KLMPS*

I'.1&%%&"&0.= %& /",%)"&0.-./$0 (&.&01& &. 1./%/ )& ,$1( %& +I  $0. #- )&  1(

%81./%/ -./$0 6810& /",%)"&0.-./$0 &0./H(& 3 ,()'/ /$0 ;0/& $e .$1.& %& 9-(/-#%& 1./%/ )& 

 $0. 6& &0./&( * +& .!,& 68/",%)"&0.-./$0 ,() &0.& %8-9-0.-E& 68@.(& (-,/6&= 2-'/%& 3

"&..(& &0 :19(& &. 2$1(0/& 6& 6)#/. #/0-/(& .(H ,($'4& 6& %8&0.($,/& 6& %-  $1('& 3

'$6&(* V% &d/ .& )E-%&"&0. 6-0 %- %/..)(-.1(& ,%1 /&1( -1.(& .&'40/51& 6& '$",(&  /$0=

9$/( "@"& 6& '(!,.-E&= #- )&  1( %& +I*

D& +I .(-/.& %8&0 &"#%& 6810&  )51&0'& 6&  !"#$%& '$""& 10&  &1%& &0./.)= '& 51/

%1/ ,&("&. 6& ()1  /( 3  $(./( 6& %- '$0.(-/0.& /",$ )& ,-( %& .&'40/51& 6& '$6-E& 3

%$0E1&1( 9-(/-#%& 51/ -..(/#1&0. 10 "$. 6& '$6& 6& %$0E1&1( &0./H(& -1d  !"#$%& 6810&

 $1('& 6$00)&* I/0 /= %& +I ,&("&. 6& '$6&( 10&  )51&0'& -9&' 10  &1% "$. 6& '$6&= &.



 !"! #$%&'( ()*+$,-./(  0

 !" #$%&'()*%+ ,- .!"!%+, -* #$/!.* /* #0!()* &123$-* !4*# )% %$23"* %$% *%+,*" /* 3,+&5

6% *7*+8  $)" 3,*% #$2 "*%/"* -9)+,-,+' /* #*  ",%#, *8 %$)& &)  $&$%& !4$," )%* &'()*%#*

(), *&+ #$2 $&'*  !" 100 3,+&8 /$%+ 99 3,+& &$%+ '.!): ; 0 *+ 1 3,+ (), *&+ '.!- ; 15 <,%&,8

-!  "$3!3,-,+' /) &123$-* 0 *&+ '.!-* ; p(0) = 0.995 6% )+,-,&!%+ -* #$/!.* /* =)72!%8  !"

*:*2 -*8 #*++* &'()*%#* *&+ #$/'* !4*# 100 3,+&8  ),&()* #0!()* &123$-* *&+ "* "'&*%+'

!) 2,%,2)2 !4*# 1 3,+5 >$)+*?$,&8 -* @<  *"2*+ /* #$/*" -! &'()*%#* !4*# )%,()*2*%+ 10

3,+&5 @* /*"%,*" "'&)-+!+ *&+ #!-#)-' &*-$% -9'()!+,$% A5BC (), &*"! /'+!,--'* &*#+,$% A5C5A5

D9*:*2 -*  "'#'/*%+ 2$%+"* -9!  $"+ /) @<  !" "!  $"+ !) #$/!.* /* =)72!%5 @*+

!  $"+ /*4,*%+ /*  -)& *%  -)& ,2 $"+!%+ ()!%/ -! /,&+",3)+,$% /*& &123$-*& ; #$/*"

#$%+,*%+ /*&  "$3!3,-,+'& ,2 $"+!%+*&5

D*  ",%#, * /) @< #$%&,&+* ; "* "'&*%+*" )%* &'()*%#* /* &123$-*&  !" )% ,%+*"4!--* /*

%$23"*& "'*-& I = [L, H) #$2 ",& *%+"* 0 *+ 15 E- *&+ ; &,.%!-*" ()* +$)+* 4!-*)" !  !"+*%!%+

; #* /*"%,*" ,%+*"4!--* "* "'&*%+*"! /9)%* 2!%,F"* )%,()* -! &'()*%#* ; #$/*"5 < 2*&)"*

()* -! &'()*%#* &9!--$%.*8 -9,%+*"4!--* "*(),&  $)" "* "'&*%+*" -! &'()*%#* /,2,%)*8 *+

-* %$23"* /* 3,+& (), &*"4*%+ ; /'#","* #*+ ,%+*"4!--* &9!##"$G+5 D*& &123$-*& &)##*&&,?&

/9)%* &'()*%#* "'/),&*%+ #*+ ,%+*"4!--* *% #$%#$"/!%#* !4*# -!  "$3!3,-,+' /9!  !",+,$%

/) &123$-*5 H,%!-*2*%+8 -*& /$%%'*& #$2 ",2'*& #$%&,&+*%+ *% -!  !"+,* ?"!#+,$%%!,"*

/)  -)& #$)"+ %$23"* 3,%!,"* (), &* +"$)4* /!%& -9,%+*"4!--* I%!-5 E- *&+ ; %$+*" ()9! -!

I% /)  "$#*&&)& /* #$/!.*8 -* @< .'%F"* )% I#0,*" #$2 $&'  !" )% *%J+K+* &),4, /* -!

"* "'&*%+!+,$% 3,%!,"* /) #$/* #0$,&,5 L*  -)&8 -9*%J+K+*  *)+ #$%+*%," &$,+ -! +!3-* /*&

 "$3!3,-,+'&8 &$,+ -! +!3-* /*& ?"'()*%#*& /* +$)& -*& &123$-*&5

M$,+ )%* &),+* X = {x1, · · · , xm} /* m &123$-*&  "$/),+* ;  !"+," /9)%* &$)"#* S (),

 "*%/ &*& 4!-*)"& /!%& )% !- 0!3*+ A #$2 $&'  !" k &123$-*& si N1 ≤ i ≤ kO8 -9!-.$",+02*

/* #$/!.* !,%&, ()* #*-), /* /'#$/!.* $ F"*%+ "*& *#+,4*2*%+ &*-$% -9!-.$",+02* B *+

-9!-.$",+02* C5

L9! "F& -9!-.$",+02* B8 -* @< #$22*%#* +$)+ /9!3$"/ ; #!-#)-*" -*&  "$3!3,-,+'& pi /*&

&123$-*& ; #$/*" si N-,.%* 2O5 6%&),+*8 ,- !&&$#,* ; #0!()* &123$-* )% &$)& ,%+*"4!--*8 %$+'

 !" [Lsi, Hsi)8 /* -9,%+*"4!--* [0, 1) /$%+ -! -$%.)*)" *&+  "$ $"+,$%%*--* ; &!  "$3!3,-,+'5

<,%&,8 %$)& !4$%& Hsi − Lsi = pi5 D! -,2,+* ,%?'",*)"* /)  "*2,*" &123$-* *&+ '.!-* ; 08

*+ -! -,2,+* &) '",*)"* /) /*"%,*" &123$-* *&+ '.!-* ; 15 E- *&+ ;  "'#,&*" ()*  $)" +$)& -*&

!)+"*& &123$-*& si8 -*& -,2,+*& ,%?'",*)"*& Lsi *+ &) '",*)"*& Hsi &$%+ #!-#)-'*&  !" P

Lsi =
∑i−1

j=1 pj

Hsi = Lsi + pi

. NC5BQO

L)"!%+ -*  "$#*&&)& /* #$/!.*8 -9,%+*"4!--* #$)"!%+8 $3+*%)  !" -* @<8 *&+ %$+'  !" [Li, Hi)



 ! "#$%&'()  * +$ ,-.%()//&-0

123-(&'#.) 4  !"#$%&'() *) +#*,")-

 ! %-5( !). k ./(0#!). si *) !1,!2',0)& A 6$&()

"! ,$2,52)( !, 2$#0,0%!%&3 pi *4 ./(0#!) si

#!  ..#+%)$ 5 +',64) ./(0#!) si 47 .#4. %7&)$8,!!) [Lsi, Hsi) 2$#2#$&%#77)! 5 ., 2$#9

0,0%!%&3: ,8)+ Hsi − Lsi = pi

$! /& i = 1 $2-(/

%! Lsi ← 0

&! /&0-0

'! Lsi ← Hsi−1

(! Hsi ← Lsi + pi

)! L0 ← 0 )& H0 ← 1

 *! %-5( !). m ./(0#!). xi *) !, .364)7+) X 6$&()

  ! xi +#$$).2#7* 5 47 ./(0#!) si *) A

 "! Li ← Li−1 + (Hi−1 − Li−1)Lsi

 #! Hi ← Li−1 + (Hi−1 − Li−1)Hsi

 $! $)2$3.)7&) X 2,$ 71%(2#$&) 64)!!) 8,!)4$ *) !1%7&)$8,!!) [Lm, Hm) ;2,$ )<)(2!)

code(X) = Lm+Hm

2
=

)& ).& +,!+4!3 ,8)+ !). !%"7). 10 − 13 *) !1,!"#$%&'() >- ?%7,!)()7&: !) @ $)2$3.)7&) !,

.364)7+) *1)7&$3) X: +#(2#.3) 2,$m ./(0#!).: ,8)+ 71%(2#$&) 64)!!) 8,!)4$ *) !1%7&)$8,!!)

[Lm, Hm): %! ).& 2#..%0!) *) +'#%.%$ 2,$ )<)(2!) !, 8,!)4$ Lm+Hm

2
-

A1,!"#$%&'() B ,..4$) !) *3+#*,") )7 +#(()7+)7& ,8)+ !) +#*) +'#%.% 5 !, C7 *4

2$#+)..4. *) +#*,")- A). %7.&$4+&%#7. *). !%"7). 4 − 7 .) $32D&)7& m E#%. 2#4$ $3+4239

$)$ !, .364)7+) *1)7&$3) X-  +',64) %&3$,&%#7: !) @ +')$+') !) ./(0#!) si 64% 83$%C)

Lsi ≤ code(X) < Hsi-  2$D. !1%*)7&%C+,&%#7 *4 ./(0#!) +#$$)+&: !, 8,!)4$ *4 code(X) ).&

(%.) 5 F#4$ .)!#7 !) 2$%7+%2) 2$3.)7&3 *,7. !, !%"7) 6- A). 2$#+)..4. *) +#*,") )& *) *3+#9

*,") *3+$%&. 2$3+3*)(()7& .#7& %(2$,&%+,0!).: 84 641%!. 73+)..%&)7& 47) 2$3+%.%#7 %7C7%)

2#4$ $)2$3.)7&)$ !). *)4< !%(%&). L )& H- G! ).& 5 7#&)$ 641%! )<%.&) *). %(2!3()7&,&%#7. *4

@ 64% .#7& 0,.3). .4$ !14&%!%.,&%#7 *). 7#(0$). H#&&,7&. 5 2$3+%.%#7 C7%)- @) &/2) *1%(9

2!3()7&,&%#7 ).& *3+#7.)%!!3 )7 2$,&%64) 24%.641%! 73+)..%&) *). &)(2. *) +,!+4! &$D. 3!)83.:

+1).& 2#4$64#% !, 2!42,$& *). %(2!3()7&,&%#7. 4&%!%.3). 2,$ !). *)$7%D$). 7#$(). )& .&,79

*,$*. *) +#(2$)..%#7 .#7& 0,.3). .4$ *). )7&%)$.: +) 64% ",$,7&% 47) $,2%*%&3 *1)<3+4&%#7

)& 47) E,+%!%&3 *) &$,%&)()7& *). 2$#0!D(). *) *30#$*)()7&-

A, 2$)(%D$) 3&,2) *4 @ ).& !1).&%(,&%#7 #4 !) +,!+4! *). 2$#0,0%!%&3. *). ./(0#!). 5



 !"! #$% %&'()'*)% )$ +,-.*$%%/,( %'(% .$*&$ )0/-'1$%  2

341,*/&5-$   !"#$%&'() *) *+,#*-").

 ! ,#(()/,)$ 0-$ !) ,#*) &$#12+ code(X)

"! i ← 1

#! &'(& 67$ i ≤ m 8'/*$

$! ,')$,')$ !) 34(5#!) -00-$&)/-/& 6 !7%/&)$2-!!) [Lsi, Hsi) 3-,'-/& 81) Lsi ≤

code(X) < Hsi

%! 3#$&%$ !) 34(5#!) si

&! code(X) ← code(X)−Lsi

Hsi−Lsi

'! i ← i + 1

,#*)$. 9#1$ ,-!,1!)$ !)3 0$#5-5%!%&+3 ):-,&)3 *)3 34(5#!)3 %! ;-1& *%30#3)$ *) !- &#&-!%&+ *1

<,'%)$ 6 ,#(0$)33)$.  %/3%= 1/) 0$)(%>$) 0-33) )3& /+,)33-%$) 0#1$ ,-!,1!)$ !)3 0$#5-5%!%&+3.

?! ;-1& )/31%&) 1/ *)1:%>() 0-33) 0#1$ $+-!%3)$ !7#0+$-&%#/ *) ,#(0$)33%#/. @7)3& 6 *%$)=

;#1$/%$ !- &-5!) *)3 0$#5-5%!%&+3 0$+-!-5!)()/& ,-!,1!+) 0-$ !- 0$)(%>$) 0-33) -1 @ 81% 6

3#/ &#1$ "+/>$) !) A1: *) *#//+)3 ,#(0$)33+)3. B+-/(#%/3= 3% /#13 *%30#3#/3 *71/ (#*>!)

3&-&%3&%81) 81% "-$-/&% 1/) 5#//) -00$#:%(-&%#/ *)3 0$#5-5%!%&+3= -!#$3 !- 0$)(%>$) 0-33)

)3& #(%3) )& 0-$ ,#/3+81)/& %! *)2%)/& 0#33%5!) *) $+-!%3)$ 1/ @ -*-0&-&%; C@  D. E)

,#*-") )/ 1/) 3)1!) 0-33) /) 3%"/%<) 0-3 817%! )3& 0!13 $-0%*) 8171/ ,#*-") )/ *)1:

0-33)3= 01%381) !7)3&%(-&%#/ *)3 0$#5-5%!%&+3 )3& 1/) &F,') &$>3 ,#(0!):) 81% 3) 5-3) *-/3

!- 0!10-$& *)3 ,-3 31$ *)3 ,-!,1!3 *) ,#/&):&) )& *)3 (%3)3 6 G#1$3 *)3 0$#5-5%!%&+3 6 ,'-81)

/#12)-1 34(5#!) ,#*+H*+,#*+.

 !" #$% %&'()'*)% )$ +,-.*$%%/,( %'(% .$*&$ )0/-'1$%

E- ,#(0$)33%#/ 3-/3 0)$&) *7%(-")3 /1(+$%81)3 )3& &#1G#1$3 0#33%5!) "$F,) 6 !- $)I

*#/*-/,) 81% ):%3&) *-/3 ,)3 %(-")3. 9-$ ):)(0!)= *-/3 1/) %(-")= %! ):%3&) 3#12)/& 1/)

;#$&) ,#$$+!-&%#/ )/&$) *)3 0%:)!3 2#%3%/3. E)3 &),'/%81)3 *) ,#(0$)33%#/ ):0!#%&)/& ,)&&)

*)$/%>$) ,-$-,&+$%3&%81) -</ *) $+*1%$) !) /#(5$) *) 5%&3 /+,)33-%$)3 0#1$ !- $)0$+3)/&-I

&%#/ *71/) %(-").  ,&1)!!)()/&= %! ):%3&) 0!13%)1$3 3&-/*-$*3 *) ,#(0$)33%#/ 3-/3 0)$&)

*7%(-")3. E- 0!10-$& *) ,)3 3&-/*-$*3 #/& +&+ *+2)!#00+3 0-$ !7?JK C&') ?/&)$/-&%#/-!

J&-/*-$* K$"-/%3-&%#/D= !7?L@ C&') ?/&)$/-&%#/-! L!),&$#&),'/%,-! @#((%33%#/D )& !7?MN

C&') ?/&)$/-&%#/-! M)!),#((1/%,-&%#/ N/%#/D. @)3 3&-/*-$*3 0)12)/& O&$) ,!-33+3 )/ *)1:

,-&+"#$%)3 P !)3 3&-/*-$*3 *) ,#(0$)33%#/ *7%(-")3 )/ /%2)-1: *) "$%3 )& !)3 3&-/*-$*3 *)

,#(0$)33%#/ *7%(-")3 5%/-%$)3. @#/,)$/-/& !)3 3&-/*-$*3 *) ,#(0$)33%#/ *7%(-")3 6 &#/3



 ! "#$%&'()  * +$ ,-.%()//&-0

 !"#$"%&'( "!%'  $#!"' &''&"#$&))&*&"# +!'')&'',-./0( -./0,+1 &# -./023334 5%6"7

6%8 '#6"7697' 7&  !*:9&''$!" 7;$*6<&' =$"6$9&'( );>?@ &# );>1AB>/C !"# :9!:!'D -E>0

&# -E>024 C&##& '& #$!" :9D'&"#& %" 96:$7& 6:&9F% 7&  &' '#6"7697'4

 !"!# $%&&'(&&)*+,-

+!'')&'',-./0 &'# %" '#6"7697 7&  !*:9&''$!" :9!:!'D :69 )&  !*$#D -!$"# .G!#!<96,

:G$ /8:&9#' 09!%: :!%9 )&  !76<& '6"' :&9#& 7;$*6<&' &" "$H&6%8 7& <9$'4 C& '#6"7697

%#$)$'& %" ' GD*6 7&  !76<&  !*:!'D :69 %"  !76<& :9D7$ #$I '%$H$ 7;%"  !7&%9 &"#9!:$J%&4

+&  !7&%9 &"#9!:$J%& %#$)$'D &'# %" CKK( 9D6)$'6"# )6  !*:9&''$!" '6"' :&9#& 7;%"& $*6<&

&99&%9 "!#D& Ie4 C&##& 7&9"$L9& &'# !=#&"%& 7& )6 *6"$L9& '%$H6"#& M

Ie(x, y) = I(x, y)− Î(x, y), N24OPQ

6H& I(x, y) &'# D<6)& R )6 H6)&%9 7% :$8&) 7&  !!97!""D&' (x, y) 76"' );$*6<& !9$<$"6)& I(

&# Î(x, y) 9&:9D'&"#& )6 H6)&%9 :9D7$#& 7% *S*& :$8&)4 T!#!"' J%& :!%9 :9D7$9& )6 H6)&%9

7;%" :$8&)( +!'')&'',-./0 !:#& :!%9 )&' 8 :9D7$ #&%9' '%$H6"#' M

12 Î(x, y) = 0

32 Î(x, y) = I(x− 1, y)

 2 Î(x, y) = I(x, y − 1)

42 Î(x, y) = I(x− 1, y − 1)

52 Î(x, y) = I(x− 1, y) + I(x, y − 1)− I(x− 1, y − 1)

62 Î(x, y) = I(x− 1, y) + 1
2
(I(x, y − 1)− I(x− 1, y − 1))

!2 Î(x, y) = I(x, y − 1) + 1
2
(I(x− 1, y)− I(x− 1, y − 1))

72 Î(x, y) = 1
2
(I(x− 1, y) + I(x, y − 1))

16 G6"# J%& )&' $*6<&'( '&)!" )&%9' 7$UD9&"#&' '#9% #%9&'( I6H!9$'&"# );%#$)$'6#$!" 7&

 &9#6$"' :9D7$ #&%9'( )6  !*:9&''$!" &'# 6::)$J%D& :!%9  G6J%& #V:& 7& :9D7$ #&%9 &#  &)%$

J%$ I!%9"$ )& #6%8 7&  !*:9&''$!" )& :)%' D)&HD( 7& *6"$L9& <)!=6)&( '&96 9&#&"%4

 !"! $( .%/(01 *+,-)$2

+&  !7&%9 -./0,+1 &'# )& 7&9"$&9 '#6"7697 7&  !*:9&''$!" '6"' :&9#& 7;$*6<&' &"

"$H&6%8 7& <9$' 7%  !*$#D -./04 C& '#6"7697 &'#  !"F% :!%9 9D6)$'&9 %"&  !*:9&''$!"

'6"' :&9#& 7;$*6<&'4 ?!%#&I!$'( $) :9!:!'& %" 7&%8$L*& *!7& 7&  !76<&  !"7%$'6"# R %"&



 !"! #$% %&'()'*)% )$ +,-.*$%%/,( %'(% .$*&$ )0/-'1$%  2

 !"#$%&&'!( )*% #%$+% (!+, 0($'*34,%%4$%% +,-.*$%%/,(0- ./01234 5+'6'&% 6% "7"%

& 8,") 9%  !9):% ;5' ) ,+, #$!#!&, #)$ &!( #$,9, %&&%5$ 3!&&6%&&2./01< +!5+%=!'&< '6 %&+

#65& %> ) % %( +%$"% 9% +)5? 9%  !"#$%&&'!(- 0( %@%+<  % &+)(9)$9 5+'6'&% 9)(& 6A,+)#% 9%

#$,9' +'!( 5( )6:!$'+8"% )B)(+ 5(% =)'C6%  !"#6%?'+, 9% +$)'+%"%(+ (!+, #)$ 3DE FD"2

#6%?'+B 3D&&6%&& FD"#$%&&'!( =!$ G"):%& H3DFD2GI JK%'(C%$:%$ LMMN< K%'(C%$:%$ OPPPQ-

F%+ )6:!$'+8"% 9,+% +% %> ) %"%(+ 6%&  !(+!5$& 8!$'R!(+)5? %+ *%$+' )5? &5'+% S 6A%?)"%(

9%& #'?%6& *!'&'(& 9A5( #'?%6 I(x, y) :$T % S 5( #$,9' +%5$ &'"#6% %+ $)#'9% )##%6, U%9')(

09:% V%+% +'!( HU0VI- F% 9%$('%$ !#W$% &%6!( 6A)6:!$'+8"% X- /!5$  8);5% #'?%6 I(x, y)<

541,*/&6-$ 7 6A)6:!$'+8"% 95 U0V-

 ! %/ I(x− 1, y − 1) > max(I(x− 1, y), I(x, y − 1)) '4,*%

"! Î(x, y) ← min(I(x− 1, y), I(x, y − 1))

#! %/(,( %/ I(x− 1, y − 1) < min(I(x− 1, y), I(x, y − 1)) '4,*%

$! Î(x, y) ← max(I(x− 1, y), I(x, y − 1))

%! %/(,(

&! Î(x, y) ← I(x− 1, y) + I(x, y − 1)− I(x− 1, y − 1)

6) *)6%5$ ",9')(% 9% &%& *!'&'(& %&+  )6 56,% )*% 6A)6:!$'+8"% X<  %66%  ' $%#$,&%(+% 6)

*)6%5$ #$,9'+% (!+,% #)$ Î(i, j)- F%++% 9%$('W$% *)6%5$ (A%&+ #)& 5+'6'&,% 9'$% +%"%(+ #!5$

 )6 56%$ 6% $,&'95 S  !9%$<  A%&+ :$T % S 5(  !(+%?+% ;5% 6) *)6%5$ #$,9'+% %&+  !$$':,% )Y(

9A7+$% 5+'6'&,% #!5$  )6 56%$ 6A'"):% 9'@,$%( %- Z!+!(& ;5% 9)(& ./01234< 5(  !(+%?+%

$%#$,&%(+% 6) *)$')+'!( 6! )6% 9)(& 6%& *)6%5$& 9%& #'?%6&- ['(&'< 6A)6:!$'+8"% 3DFD2G !#+%

#!5$ 6%  )6 56 9%& $,&'95& D1, D2 %+ D3 )Y( 9% =!$"%$ 5( *% +%5$ 9%  !(+%?+% (!+, #)$

C = (C1, C2, C3) S +$!'&  !"#!&)(+%& 9% 6) ")('W$% &5'*)(+% \
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(!3, ,)3, /%!<)*/ &/.',&G.* 4%.'".+<4. /."  !*!+1,*." 63& 7)'",&,3. 4! 745# H'"3&,.8 &4
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 !""! #""#$%! # &"& '&(!)*++&! !, 1990 +#- .)/ 0/1#2 !" 3'/ 41#2/- 50/1#2 67789:
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-!2+)#H*,< +#- %,! (#)!%- )&CD-!2!," '/?&-!,"! '! <# (#)!%- /,/"/#)!: IB/2#C! 2*'/F&!
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W 1234)( /5 %&6)78 -#$90) ($') :1;"<= > =!""! 2!<%-! +!-2!" '! =#)=%)!-
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∑
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∑
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C+ %&1 2 /*1%0 #$85+ %&1 :5D 5+% :%  *(;"0%0 1!.*05#$%(%/1 +%& ;%07*0("/ %& :%& =>>,

1*$1%7*5& 5+ 0%&1% ;*&&5)+% :% +%&  *(;"0%0 ;"0 :%& "/"+'&%& %B;.05(%/1"+%& %/ &% )"&"/1 &$0

;+$&5%$0& 7" 1%$0&  *((% +% 1"$B :%  *(;0%&&5*/, +% /*()0% (*'%/ :% )51& ;"0 &'()*+%&

E%/10*;5%F %1 +% 1%(;& /. %&&"50% ;*$0 0."+5&%0 +%& *;.0"15*/& :%  *:"-% %1 :% :. *:"-%3

<%  "+ $+ %/10*;5#$% ;%$1 &%0950 .-"+%(%/1 2  *(;"0%0 +%& ;%07*0("/ %& :%& =>>3 >5/&5,

:8";0G& H3I, +8%/10*;5% HM(S) :% +" &*$0 % S :"/& +% (*:G+% M %&1 :*//.% ;"0 J

HM(S) =
n
∑

i=1

P (αi) log2(
1

PM(αi)
). EK3HF

L8";0G&  %11% .#$"15*/, /*$& 0%("0#$*/& #$% +8%/10*;5% :.;%/: :$ (*:G+% M , ;$5&#$%

PM(αi) &*/1 :%& ;0*)")5+51.& :"/& +% (*:G+% M 3 <" 9"+%$0 log2(
1

PM (αi)
) ;%$1 M10% 5/1%0;0.?

1.%  *((% +" +*/-$%$0 :$ ;+$&  *$01 (*1 )5/"50% 0%;0.&%/1"/1 +% &'()*+% αi, "+*0& #$%

+" 9"+%$0 P (αi) 0%;0.&%/1% +" ;0*)")5+51. %B" 1% :$ &'()*+% αi :"/& +" &*$0 % S %1 %&1

&%095 ;*$0  "+ $+%0 +% /*()0% :% )51& /. %&&"50% ;*$0  *:%0 +% &'()*+% αi3 >5/&5, +% (*:G+%

;%0(%11"/1 :8*)1%/50 +" ;+$& 7"5)+% %/10*;5% %&1 +% ;+$& ;%07*0("/13

N0*$9%0 $/ (*:G+% #$5 (%1 2 6*$0 +%& &1"15&15#$%& :8$/% &*$0 % :8$/% ("/5G0% %D " %

%1 0";5:% " (*159. :% /*()0%$&%& 0% !%0 !%& &$0 +% =>>3 ="0;%/15%05 O="0;%/15%05 PIIQR

" ;0.&%/1. $/ /*$9%+ "+-*051!(% :%  *(;0%&&5*/ &"/& ;%01% :85("-%&, #$5 &.+% 15*//% :'?

/"(5#$%(%/1 ;*$0  !"#$% /*$9%"$ ;5B%+, $/% :5&105)$15*/ :% ;0*)")5+51.& ;"0(5 $/ 10G&

-0"/: /*()0%3 <" :5&105)$15*/  !*5&5% %&1 $15+5&.% ;"0 +% => ;*$0  *:%0 +8%00%$0 *)1%/$%

;"0 ;0.:5 15*/3 =% & !.(" %&1 10G& %D " % %/ 1%0(% :% 1"$B :%  *(;0%&&5*/, /."/(*5/& 5+

/. %&&51% :%& 1%(;& :%  "+ $+ 10G& 5(;*01"/1 &$01*$1 ;*$0 :%& 5("-%& :% -0"/:%& 1"5++%&3

=*/10"50%(%/1 2 ="0;%/15%05 %1 "$ +5%$ :8$15+5&%0 ;+$&5%$0& :%/&51.& :% ;0*)")5+51.&,

S"1&$:"  ! "#$ OS"1&$:" HTTUR */1 ;0*;*&. :% (*:.+5&%0 +85("-% %00%$0 *)1%/$% ;"0 ;0.?

:5 15*/ ;"0 $/% :5&105)$15*/ V"$&&5%//%3 =%11% ";;0* !% %&1 %D " % ("5& %++% %&1 .-"+%(%/1

10G& +%/1%3 >5/&5, +%  *:%$0 /. %&&51% $/ 1%(;& :%  *(;0%&&5*/ :% ;+$&5%$0& (5/$1%&, (M(%

"9% :%& 5("-%& :% 1"5++%& 0%+"159%(%/1 0.:$51%& E512 × 512 ;5B%+&F,  % #$5 %&1 ./*0(%

&$01*$1 ;*$0 +%& ";;+5 "15*/& :% 10"/&(5&&5*/ :%& :*//.%& "9%  */10"5/1%& 1%(;& 0.%+ *$

)5%/ ;*$0 +%& &'&1G(%&  "0" 1.05&.& ;"0 $/% 7"5)+%  ";" 51. :% 10"51%(%/13



 !"! #$ $%&'()& *%+),( )-./012/.3&( )+)4/)/.5 4%&- 6) *%14-(77.%$ 7)$7

4(-/( +8.1),(7 9:

 !"# $%&'((')*+ ,"$-./  ! "#$ 0,"$-./ 12234 -)* 5$%#')*% ") )-"6'7" 899 5-"$ !'

&-:7;' #7)# 5'$*' :</(7;'#= >7)# !'"$ 755$-&?'+ ")' /(7;' '#* *-"* :<7@-$: *$7)#A-$(%'

') ")' /(7;' '$$'"$ ;$B&' C ") &-:7;' 5$%:/&*/A= D</(7;' '$$'"$ '#* ')#"/*' &-:%' 57$ ")

899 E"/ (-:%!/#' !'# '$$'"$# C &-:'$ 57$ ")' :/#*$/@"*/-) D75!7&/'))' :' (-F'))' )"!!'=

8'**' *'&?)/E"' '#* 5!"# 'G&7&' E"' !'# &-:'"$# 7$/*?(%*/E"'# &-)6')*/-))'!# '* 7 755-$*%

")' 7(%!/-$7*/-) (-F'))' :'# 5'$A-$(7)&'# :' !<-$:$' :' 5%= ><75$H# !'# 755$-&?'# %*"I

:/%'# :7)# &'**' #'&*/-)+ )-"# 5-"6-)# &-)&!"$' E"' !' 899 )%&'##/*' :'# *'(5# :' &7!&"!

*$H# /(5-$*7)*# '* /! '#* @7#% #"$ :'# (-:H!'# #*7*/#*/E"'# *$H# &-(5!'J'#=

9/)#/+ !<-$/;/)7!/*% :' )-*$' 755$-&?' '#* :' ('**$' ') K"6$' ") (-:H!' #*7*/#*/E"'

$75/:'+ #/(5!' C /(5!%(')*'$ '* 5!"# 'G&7&' ') *'$(' :' &-(5$'##/-) E"' !'# 89 &!7#I

#/E"'#=

 !"!# $%&'()*'&+ ,- ./0

L-/* ")' #"/*' X = {x1, · · · , xm} :' m #F(@-!'# 5$-:"/*' C 57$*/$ :<")' #-"$&' S

E"/ 5$'): #'# 67!'"$# :7)# ") 7!5?7@'* A &-(5-#% :' n #F(@-!'# αk M1 ≤ k ≤ nN= D7

:/#*$/@"*/-) :' 5$-@7@/!/*%# :'# #F(@-!'# C &-:'$ '#* )-*%' 57$ P = {p1, · · · , pn}+ 76'&

pk = p(αk) = fk

m
'* fk $'5$%#')*' !7 A$%E"')&' :<7557$/*/-) :" #F(@-!' αk :7)# !7 #"/*'

X=

><75$H# !7 *?%-$/' :' !</)A-$(7*/-)+ !' )-(@$' (-F') :' @/*# )%&'##7/$' 5-"$ &-:'$

&?7E"' #F(@-!' :<")' #-"$&' S )' 5'"* 57# O*$' 5!"# 5'*/* E"' !<')*$-5/' :' L?7)I

)-) 0L?7))-) PQ3R74 H(S) 5$%#')*%' %E"7*/-) 1=Q= D' 89 ;%)H$' ') #-$*/' ") /)*'$67!!'

[L, H) '* )</(5-$*' E"'!!' 67!'"$ :' &'* /)*'$67!!' 5'$('* :</:')*/S'$ :<")' (7)/H$' ")/E"'

!' ('##7;' :<')*$%' X= D' )-(@$' :' @/*# (/)/("( Bmin )%&'##7/$' 5-"$ $'5$%#')*'$ !7

67!'"$ &?-/#/' :%5'): :' !7 5$-@7@/!/*% :" ('##7;' P (X) E"/ &-$$'#5-): C !7 *7/!!' :'

!</)*'$67!!' [L, H)=

P (X) = p1 × · · · × pm =
m
∏

i=1

pi. M3=TN

9/)#/+ Bmin 5'"* O*$' &7!&"!% 0U-V7$: PQQ34 W

Bmin = ⌊log2(
1

P (X)
)⌋+ 2 bits, M3=3N

76'& ⌊x⌋ '#* !7 57$*/' ')*/H$' :' x=  -"$ (-)*$'$ !<'G&7&/*% :' )-*$' 755$-&?'+ )-"#

5$-5-#-)# *-"* :<7@-$: :<'J5-#'$ !<-5*/(7!/*% :" 89L+ ')#"/*' :' 5$-"6'$ *?%-$/E"'(')*



 !

"#$%&'() *+ ",-%()..&,/ .$/. %)(') 01&-$2). 3$.4) .5( 5/ /,56)$5 7,0$2)

$(&'#-4'&85) $0$%'$'&9

 !"#$ %&' '(!)(!*& +(&&#,$%- .*/0% 1 2('*% 3++*(04%- 5"36(#* 5%& *7&!$'3'& 8%#$$%!*&  !% 0%!9

(,'%2!& +3* $% :;<=

>(!& 3$$(2& 8(2'*%*  !% $% :;< %&' (+'#83$ %' .72?*% 5%& @!9 5% 5(227%& 0(8+*%&&7%&

3A32' !2% %2'*(+#% BS '*?& +*(04% 5% H(S)= B% :;< !'#$#&% $3 '3,$% 5%& +*(,3,#$#'7&

5%& &A8,($%& +(!* 0(5%* %' 570(5%* $% 8%&&3.% X= :%''% 5%*2#?*% 5(#' C'*% %26(A7% 3!

570(5%!* 3D2 5"3&&!*%* $3 570(53,#$#'7 5%& 5(227%& (*#.#23$%&= >(!& &!++(&(2&  !% $%&

5(227%& 355#'#(22%$$%& &(2' 0(57%& &!* σ ,#'&- 3$(*& $% 2(8,*% 8(A%2 5% ,#'& +3* &A8,($%

270%&&3#*% +(!* 0(5%* $% 8%&&3.% X %&' ,(*27 +3* E

BS ≤
σ + log2(

1
P (X)

)

m
, FG=HI

5"3+*?& $"7 !3'#(2 G=J- 2(!& 575!#&(2& E

BS ≤
σ + log2(

1∏m
i=1 p(xi)

)

m
=

σ +
∑m

i=1 log2(
1

p(xi)
)

m
, FG=KI

B% &A8,($% xi 0(**%&+(25 1 !2 7$78%2' αi 5% $"3$+43,%' A- %' +3* 0(2&7 !%2' 2(!& (,'%L

2(2& E

m
∑

i=1

log2(
1

p(xi)
) =

n
∑

i=1

filog2(
1

p(αi)
), FG=MI

+!#& !% 043 !% &A8,($% αi %&' *7+7'7 fi N(#& 532& $% 8%&&3.% X= O"3+*?& $%& 7 !3'#(2& G=K

%' G=M E

BS ≤
σ +

∑n

i=1 filog2(
1

p(αi)
)

m
, FG=PI

0%  !# 0(**%&+(25 D23$%8%2' 1 E

H(S) ≤ BS ≤ H(S) +
σ

m
, FG=QI

%' +3* 0(2&7 !%2' E

lim
m→+∞

BS = H(S). FG=RSI

:% 5%*2#%* *7&!$'3' &#.2#D%  !% $% :;< %&' (+'#83$- 27328(#2& #$ %&' '(!)(!*& +(&&#,$% 5%

576%$(++%* 5%& 8(5?$%&  !# &(2' +$!& +%*N(*832'=

 !"! #$ %&& '()')*+

>(!& +*(+(&(2& !2 2(!6%3! :;;  !# 8%' 1 )(!* $3 +*(,3,#$#'7 5! &A8,($% 0(!*32'

'(!' %2 &% ,3&32' &!* '(!& $%& &A8,($%&  !# $% +*7075%2' 532& $3 &(!*0% S 3D2 5% *75!#*%

$% 2(8,*% 5% ,#'& 270%&&3#*% +(!* 0(5%* $%& &!#'%& 5% &A8,($%& .727*7%& +3* 0%''% &(!*0%=



 !"! #$ $%&'()& *%+),( )-./012/.3&( )+)4/)/.5 4%&- 6) *%14-(77.%$ 7)$7

4(-/( +8.1),(7 9:

 !"#$ %&& '()$**+"$ ,$-. /0**$*1 &+'*+2 ,-#0'" 30 /#$4+5#$ /0**$2 '!-* ,$6!'* ,+*/!*$#

,$ 30 "!"03+"( ,$ 30 *(7-$')$ 8 )!4/#$**$# 09' ,$ )03)-3$# 3$* /#!:0:+3+"(* $.0)"$* ,$ "!-*

3$* *;4:!3$*1 <-0'" 8 30 ,$-.+54$ /0**$2 30 "0:3$ ,$* /#!:0:+3+"(* $*" 4+*$ 8 =!-# ,5*

7-$ 30 ,$#'+5#$ !))-##$')$ ,>-' *;4:!3$ )!,( $*" ,("$)"($1 &+'*+2 *+ -' *;4:!3$ αi $*"

"!"03$4$'" )!,(2 03!#* +3 *$#0 /3-* /$#?!#40'" ,$ *-//#+4$# *0 /#!:0:+3+"( P (αi) $" ,$

4$""#$ 8 =!-# 3$ '!4:#$ "!"03 ,$ *;4:!3$* ,$ 30 *(7-$')$ 8 )!,$#1 @!+" M '!"#$ 4!,53$

,$ )!,0A$2 ,(9'+ /0# 30 ?!')"+!' B

M : A → [0, 1)

αi → PM(αi) = p(αi|α1, . . . , αi−1).
CD1EEF

G0 4+*$ 8 =!-# /#!/!*($ =!-$ -' #H3$ "#5* +4/!#"0'" $" /$#4$" ,>0-A4$'"$# 3$* /#!:0I

:+3+"(* ,$* 0-"#$* *;4:!3$* PM(αj)2 $" /0# )!'*(7-$'"2 3$ '!4:#$ ,$ :+"* '()$**0+#$ /!-#

)!,$# )J07-$ *;4:!3$ log2(
1

PM (αj)
) *$ #(,-+" 8 )J07-$ ?!+* 7->-' *;4:!3$ $*" "!"03$4$'"

)!,(1

@!+" NCAS 3$ '!4:#$ "!"03 ,$ :+"* '()$**0+#$ /!-# #$/#(*$'"$# 30 *(7-$')$ X $' 0//3+I

7-0'" -' %&@ B

NCAS = ⌊−log2(
∏n

i=1 pfi

i )⌋+ 2

= ⌊−log2(
∏n

i=1(
fi

m
)fi)⌋+ 2.

CD1EKF

%$/$',0'"2 NCAA #$/#(*$'"$ 30 "0+33$ ,- L-. )!4/#$**( !:"$'- /0# '!"#$ 0//#!)J$ B

NCAA = ⌊−log2(
∏n

i=1 p(αi|α1, . . . , αi−1)
fi)⌋+ 2. CD1EMF

N!-# 4!'"#$# 7-$ '!"#$ 4!,53$ $*" /3-* /$#?!#40'" 7-$ 3$ 4!,53$ *"0"+7-$2 +3 ?0-"

7-$ B

HM(S) ≤ BS, CD1EDF

06$) HM $*" 3>$'"#!/+$ !:"$'-$ /0# '!"#$ %&&2 03!#* 7-$ Bs #$/#(*$'"$ 3>$'"#!/+$ !:"$'-$

/0# 3$ %&@1 &+'*+2 )$)+ #$6+$'" 8 4!'"#$# 7-$ B

NCAS < NCAA, CD1EOF

$" /0# )!'*(7-$'"2 +3 *-P" ,$ 4!'"#$# 7-$ B

n
∏

i=1

p(αi|α1, . . . , αi−1)
fi >

n
∏

i=1

(
fi

m
)fi . CD1EQF



 !

"#$%&'() *+ ",-%()..&,/ .$/. %)(') 01&-$2). 3$.4) .5( 5/ /,56)$5 7,0$2)

$(&'#-4'&85) $0$%'$'&9

 !"# $%%!&# '()*%!++*,- #*./0!& 12324- "&* '(5!&#/,$/0!& 5$/6(5$/07"* $8& '9(+,!":

)*, /6(!,07"*5*&/ %9*;.$.0/( '* &!/,* $++,!.6* +$, ,$++!,/ $" <=>2 ?%"# /$,'- #*.:

/0!& 1232@- &!"# +,!+!#!&# '9!A#*,)*, */ '* .$%."%*, +$, %9*B+(,05*&/$/0!& %* C$0& 5!D*&

'* &!/,* <== +$, ,$++!,/ $" <=> */ $" <==:0 *& /*,5* '* /$"B '* .!5+,*##0!&2

E* 5!'F%* +,!+!#( .!&#0#/* G 5*//,* G H!", %*# +,!A$A0%0/(# '*# #D5A!%*# G .!'*, $+,F#

%* .!'$C* '* %$ '*,&0F,* !..",,*&.* '* .6$7"* #D5A!%*2 =0&#0- %9*;.$.0/( '* .* 5!'F%*

'(+*&' '*# +!#0/0!&# '*# #D5A!%*# '$&# %$ #(7"*&.* G .!'*,2 I9"&* 5$&0F,* C(&(,$%*-

%905$C* *#/ .!'(* +0B*% +$, +0B*% *& .!55*&J$&/ '" .!0& 6$"/ G C$".6* */ .!&/0&"$&/

'* C$".6* G ',!0/* +!", .6$."&* '*# %0C&*# H"#7"9$" .!0& 0&K(,0*", ',!0/2 <* /D+* '*

+$,.!",# &9*#/ +$# K!,.(5*&/ *;.$.* *& /*,5* '* .!5+,*##0!&- '" K$0/ 7"90% &* +,*&' +$#

*& .!&#0'(,$/0!& %*# 50#*# G H!", +,!+!#(*# +$, &!/,* $++,!.6* */ +$, .!&#(7"*&/ 0% K$"/

.6*,.6*, %* #*&# '* +$,.!",# 7"0 +*,5*/ '* A0*& *B+%!0/*, %* +,0&.0+* +,!+!#( */ 7"0 K!",&0/

%*# 5*0%%*",# ,(#"%/$/#2

L&* $++,!.6* +!##0A%* .!&#0#/* G /*#/*, /!"# %*# +$,.!",# +!##0A%*# $8& '* ,*/*&0, .*%"0

7"0 '!&&* %* 5*0%%*", ,(#"%/$/2 <*.0 &9*#/ +$# +!##0A%* *& +,$/07"*- +"0#7"* .* /D+* '*

,*.6*,.6*- %$ ,*.6*,.6* *B6$"#/0)*- &(.*##0/* '*# /*5+# '* .$%."% (&!,5* */ %9*&)!0 '$&#

%9*&:/M/* '" 8.60*, .!5+,*##(- *& +%"# '* %$ /$A%* '*# +,!A$A0%0/(#- %$ +!#0/0!& 0&0/0$%* '*

.6$7"* +0B*% $8& '9$##",*, %$ ,*.!&#/,"./0!& *B$./* '* %905$C* !,0C0&$%*2 ?!", ,(#!"',*

.* +,!A%F5* */ ,('"0,* %90&K!,5$/0!& $''0/0!&&*%%* 7"90% K$"/ /,$&#5*//,* '$&# %9*&:/M/*-

&!"# +,!+!#!&# '* '(.!"+*, %905$C* *& A%!.# '* +0B*%#2 N% &!"# #";/ $%!,# '* /,$&#5*//,*

"&07"*5*&/ %$ +!#0/0!& 0&0/0$%* '* .6$7"* A%!. '$&# %905$C* !,0C0&$%* .* 7"0 C$,$&/0/ "&*

,('"./0!& /,F# 05+!,/$&/* '*# 0&K!,5$/0!&# $''0/0!&&*%%*#2

OM5* #0 .* +,!A%F5* *#/ ,(#!%"- 0% ,*#/* G /,!")*, "&* #!%"/0!& +!", %$ ,*.6*,.6*

*B6$"#/0)* '* /!"# %*# +$,.!",# +!##0A%*# '*# A%!.# '* %905$C* */ '* +,!+!#*, "&* '(5$,.6*

,$+0'* */ #05+%* G 5*//,* *& P"),* $8& '* /,!")*, "& +$,.!",# 7"0 C$,$&/0/ '*# ,(#"%/$/#

#$/0#K$0#$&/# "&* K!0# $##!.0( $)*. %* 5!'F%* #/$/0#/07"* +,!+!#(2

E$ #!%"/0!& 7"* &!"# +,!+!#!&# +!", .* +,!A%F5* .!&#0#/* G /,0*, %*# A%!.# '* %905$C* #*:

%!& "& .,0/F,* K$.0%* G 5*#",*, */ 7"0 #9$++%07"* %* 50*"B +!##0A%* G &!/,* 5!'F%*2 E* .,0/F,*

.6!0#0 '$&# &!/,* (/"'* *B+(,05*&/$%* *#/ %$ 5!D*&&* Mb = 1
Nb×Nb

∑Nb−1
i=0

∑Nb−1
j=0 I(i, j)

7"0 *#/ .$%."%(* +!", '*# A%!.# '* /$0%%* Nb × Nb +0B*%#- */ 7"0 +,(#*&/* %9$)$&/$C* '*

+!")!0, /,0*, %*# A%!.# '" +%"# .%$0, )*,# %* +%"# #!5A,*2 <* /D+* '* /,0 +*,5*/ '* C,!"+*,

$" '(A"/ %*# +0B*%# '* K!,/*# 0&/*&#0/(#- #"0)0 '* .*"B $D$&/ "&* 5!D*&&* 0&/*&#0/(- */ G

%$ 8& &!"# /,!")!&# %*# A%!.# '* +0B*%# #!5A,*#- .9*#/ G '0,* %*# A%!.# 7"0 #!&/ .!5+!#(#

+$, '*# +0B*%# '* K$0A%*# 0&/*&#0/(#2 E$ 8C",* 12Q 5!&/,* "&* 05$C* '(.!"+(* *& A%!.# '*
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 !"##$% 32× 32 &"'$#% $  (")% %$#*+ #! ,*-$++$.

/# $% 0 +* $( 123"# $'"% $ 43!2 ($% 5(" 6($% 4$  ("7 5*,,$ #3$+ (*&"$ *2 8"$+ #! 9!("!+5$7

+)!+,*"+%7 %2" $ 0 2+$ ) 24$ $'&)(",$+ !#$  (6% !&&(*:*+4"$ +*2% !9*+% ($,!(12) 12$

#$% ,$"##$2(% ()%2# ! % %*+ *8 $+2% $+  ("!+ #$% 8#*5% %$#*+ #! ,*-$++$. ;+$ 4$%5("& "*+

%",&#"<)$ 4$% &(*5$%%2% 4$ 5*4!=$ $ 4$ 4)5*4!=$ $% ($&()%$+ )$ ($%&$5 "9$,$+ &!( #$%

<=2($% >.? $ >.@.

 !"#$% >.? A B$ %5C),! 4$ 5*4!=$ &(*&*%).

B! <=2($ >.D ($&()%$+ $ 2+$ ",!=$ 4)5*2&)$ $+ 8#*5% 4$  !"##$% 32× 32 &"'$#% $  (")%

%$#*+ #! ,*-$++$.

 !"!# $%&'(& )*+,-)*+./'&

E!+% 5$  $ %$5 "*+7 +*2% &()%$+ *+% 2+$ 4),*+% (! "*+ ,! C),! "12$ !<+ 4$ ,*+F

 ($( 12$ +* ($ GHH $% &#2% $I5!5$ 12$ #$ GHJ $ *K($  *2L*2(% 4$% ,$"##$2(%  !2' 4$

5*,&($%%"*+. H"+%"7 +*2% 4),*+ (*+% &!( ()52(($+5$ %2( n #3"+)=!#" ) >.?M. N*2% 5*,,$+F

O*+% &!( n = 2. E*+57 +*2% %2&&*%*+% 12$ #$ ,$%%!=$ X &($+4 %$% 9!#$2(% 0 &!( "( 432+



 !

"#$%&'() *+ ",-%()..&,/ .$/. %)(') 01&-$2). 3$.4) .5( 5/ /,56)$5 7,0$2)

$(&'#-4'&85) $0$%'$'&9

 !"#$%  !" # $% &'()*+ ,% ,)'-,+.% /0-/-&)!

1+2 132

 !"#$%  !4 # +2 5*+.% -06.67+8% ,% 9+688% 512 × 512 /6:%8&; 32 5*+.% -06.67+8% ,)'-</)%

%7 38-'& ,% 9+688%& 32× 32 /6:%8& %9 906)& &%8-7 8+ *-=%77%!



 !"! #$ $%&'()& *%+),( )-./012/.3&( )+)4/)/.5 4%&- 6) *%14-(77.%$ 7)$7

4(-/( +8.1),(7 9:

 !"# $%& '()"(*+ ,-./,%)%-& " 0 1%,2 *3)$(!%* A = {α1, α2}  4%' !%,0* "0($ $.!.&+*

0%*"%'&.4%*

f1

m
5

f2

m
6 7 -* "%0&% 1% 8+-+0 !.&+5 *,""(*(-* /,% !% )%** 8% X *% &%0).-% " 0

!% *3)$(!% α26

9- ,&.!.* -& !% :;7 "(,0 '(1%0 ! *+/,%-'% X5 !% -()$0% 1% $.&* -+'%** .0% "%,& <&0%

' !',!+ = " 0&.0 1, "0(1,.& 1%* "0($ $.!.&+* PCAS > >

PCAS = (
f1

m
)f1(

f2

m
)f2 . ?@6ABC

D 0 '(-&0%5 %- ,&.!.* -& -(&0%  ""0('#%5 !% )%** 8% X %*& 0%"0+*%-&+ " 0 ,- E,2 $.- .0%

1(-& ! & .!!% %*& ' !',!+% = " 0&.0 1, "0(1,.& 1%* "0($ $.!.&+* PCAA6

PCAA = (
f1

m
)f1(

f2

m
)T1−f1 , ?@6AFC

 4%' T1 = inf{k ≥ 1 | codage de la derniere occurrence de α1}6

G% ! *(0&%5 -(,* 1%4(-* '()" 0%0 PCAS %& PCAA "0+*%-&+%* +/, &.(-* @6AB %& @6AF

0%*"%'&.4%)%-&6 H! *,I& 1(-' 1% '()" 0%0 (f2

m
)f2

 4%' (f2

m
)T1−f1

5 %& " 0 '(-*+/,%-& .! J ,&

4+0.K%0 /,% T1 − f1 < f26

L(,*  4(-* T1 < m5 1(-' T1−m < 0 %& T1−m + f2 < f26 L(,* '(-- .**(-* 1+M= /,%

m = f1 + f25  !(0* T1 − f1 = T1 −m + f25 %& -(,* "(,4(-* 1(-' '(-'!,0% /,% >

T1 − f1 < f2. ?@6ANC

GO "0P* !O+/, &.(- @6AN5 .! 1%4.%-& J '.!% 1% '(-'!,0% /,% NCAA < NCAS5 %& " 0 '(-*+Q

/,%-& /,% ! & .!!% 1%* 1(--+%* '()"0%**+%* ($&%-,% " 0 -(&0%  ""0('#% %*& .-J+0.%,0% =

'%!!% ($&%-,% " 0 !% :;76

R .-&%- -&5 -(,* '#(.*.**(-* n > 25 %& -(,* *,""(*(-* /,% !% )%** 8% X %*& '()"(*+

1% n *3)$(!%* 1O,-  !"# $%& A = {α1, . . . , αn}  4%' !%,0* "0($ $.!.&+* 0%*"%'&.4%*
fk

m
5?1 ≤

k ≤ nC6 7 -* "%0&% 1% 8+-+0 !.&+5 (- *,""(*% /,% !% )%** 8% X *% &%0).-% " 0 !% *3)$(!%

αn6

S & .!!% %- $.&* 1%* 1(--+%* '()"0%**+%* %- ,&.!.* -& !% :;7 %*& &(,M(,0* !.+% = !O+/, Q

&.(- @6AT6 7(.& Ti 1+K-. " 0 Ti = inf{k ≥ 1 | codage de la derniere occurrence de αi}5

"(,0 i ∈ {1, . . . , n− 1}5  4%' Ti < Tj *. i < j "(,0 i, j ∈ {1, . . . , n− 1}6

L(&(-* " 0 f
(i)
k !% -()$0% 1O('',00%-'%* 1% αk 1 -* !O.-&%04 !!% ]Ti−1, Ti]5  4%' fk =

∑k

i=1 f
(i)
k "(,0 i ∈ {1, . . . , n − 1} %& T0 = 16 D(,0 '()" 0%0 !% :;7  4%' -(&0% :;;5 .!

J ,& )(-&0%0 /,% >

n−1
∏

k=1

k
∏

i=1

(
fk

m− fi−1

)f
(i)
k >

n−1
∏

k=1

(
fk

m
)fk . ?@6TUC
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"#$%&'() !* "+,%()--&+. -$.- %)(') /0&,$1)- 2$-3) -4( 4. .+45)$4 6+/$1)

$(&'#,3'&74) $/$%'$'&8

 !"# $!%%&'##!%# ()*+ ,"- .

k
∏

i=1

(
fk

m− fi−1

)f
(i)
k >

k
∏

i=1

(
fk

m
)f

(i)
k . /01234

&5-$

∏k

i=1(
fk

m
)f

(i)
k = (fk

m
)(

∑k
i=1 f

(i)
k

)

= (fk

m
)fk . /01224

6&7 $!%#),"-%89 :;),"&8'!% 012< -#8 57&'-1 ='%#'9 %!"# >!"5!%# $!%$:"7- ,"- :- ?=@ -#8

A!'%# -B$&$- ,"- %!87- ?==9 $- ,"' %!"# >-7A-8 (- 7)("'7- (&5&%8&C- :& 8&'::- (-#

D$E'-7# $!A>7-##)#1 F&%# :& #-$8'!% 0121G9 %!"# >7)#-%8!%# "%- )8"(- -H>)7'A-%8&:- &D%

(- $&:$":-7 :- C&'% A!I-% &>>!78) >&7 %!87- ?== >&7 7&>>!78 &" ?=@ -8 ?==J01

 !"!# $%&'()*)& +,-%./0+1)*',

K-# 7)#":8&8# >7)#-%8)# (&%# $-88- #-$8'!% #!%8 !L8-%"# -% "8':'#&%8 "%- 'A>:)A-%8&8'!%

-%8'M7- (" ?= L&#)- #"7 :- >7'%$'>- ()$7'8 >&7 NO'88-% 3PQRS1 T: -#8 + %!8-7 ,"- :& >7)$'#'!%

"8':'#)- -#8 (- 64 L'8# -8 :- %!AL7- 8!8&: (-# U7),"-%$-# -#8 7->7)#-%8) #"7 30 L'8#1 T: -#8

87M# '%8)7-##&%8 (- L'-% $E!'#'7 $-# >&7&AM87-#9 (;"%- >&78 >!"7 &##"7-7 :& ()$!(&L':'8)

(-# (!%%)-# $!A>7-##)-#9 -8 (;&"87- >&78 >!"7 L'-% $!A>7-%(7- :-# 5&:-"7# 87!"5)-# -8

>7)#-%8)-# (&%# %!87- )8"(- -H>)7'A-%8&:-1 T: -#8 + 7&>>-:-7 ,";': -#8 >!##'L:- (- 87!"5-7

(-# 7)#":8&8# >-" #-AL:&L:-# #"'8- + "%- #'A>:- A!('D$&8'!% (&%# $-# >&7&AM87-#1  !"#

>7)#-%8!%#9 :-# #-$8'!%# 0121G13 -8 0121G129 "%- )8"(- $!A>&7&8'5- -%87- %!87- &>>7!$E- -8

:-# $!(-"7# &7'8EA)8',"-# $:&##',"-# /?=@ -8 ?==J04 -% 8-7A- (- 8&"H (- $!A>7-##'!% -8

(- 8-A># (- $&:$":1

!*9* *: "+,%$($&-+. /)- '$4; /) 6+,%()--&+.

F&%# :& #-$8'!% 012109 %!"# &5!%# ()8&'::) :- >7'%$'>- (- %!87- &>>7!$E-9 -8 (&%# $-88-

#-$8'!% %!"# >7)#-%8!%# "%- )8"(- $!A>&7&8'5- (-# 8&"H (- $!A>7-##'!% !L8-%"# #"7 (-#

'A&C-# 7)-::-#1  !87- &>>7!$E- & )8) 8-#8)- #"7 100 'A&C-# $E!'#'-# &:)&8!'7-A-%8 (- :& L&#-

(;'A&C-# /VWO@4

 

1 K-# 'A&C-# !%8 "%- 8&'::- (- 512×512 >'H-:# -8 #!%8 -% %'5-&"H (- C7'#

&5-$ 8 L'8#X>'H-:1  !"# &5!%# $&:$":) >!"7 $E&,"- 'A&C- :- 8&"H (- $!A>7-##'!% !L8-%"

 ! "##$ %&&'()*+!,-$*./0.'!-1$,!23&



 !"! #$ $%&'()& *%+),( )-./012/.3&( )+)4/)/.5 4%&- 6) *%14-(77.%$ 7)$7

4(-/( +8.1),(7 9:

 !" #$ % &'#$( $) #*+% &,$( &$- .$(/0(1 "2$- #$ "0)($  ..(023$4 5$ ) ,6 #$ 201.($--'0"7

#0""+ . ( &*+8, )'0" 9497 .$(1$) #$ 2 &2,&$( &$ ( ..0() $")($ &$ "01:($ #$ :')- #$ &*'1 ;$

0(';'" &$ $) 2$&,' #$ &*'1 ;$ 201.($--+$4

5$- % &$,(- 10<$""$7 1'"'1 &$ $) 1 6'1 &$ #$- ) ,6 #$ 201.($--'0" #$ )0,)$- &$-

'1 ;$- #$ )$-)- -0") &'-)+$- # "- &$ ) :&$ , =4>4 ?$&0" 2$- (+-,&) )-7 "0,- .0,%0"- 20"2&,($

8,$ "0)($  ..(023$ -* %@($ )0,A0,(- .&,- $B2 2$ $" )$(1$ #$ ) ,6 #$ 201.($--'0"  %$2

," ; '" 10<$" -'),+ $")($ 5.201% $) 5.881% . ( ( ..0()  , CDDE0 $)  , CD?4 D'"-'7 &$-

(+-,&) )- 0:)$",- 0") 10")(+ ,"$  ,;1$") )'0" 10<$""$ #, ) ,6 #$ 201.($--'0" #*,"

/ 2)$,( #$ 5.5% . ( ( ..0()  ,6 20#$,(-  (')31+)'8,$- 2& --'8,$-4 F& $-) G "0)$( 8,$ &$-

(+-,&) )- .(+-$")+- # "- &$ ) :&$ , =4> -0") 0:)$",-  .(@-  %0'(  A0,)+ # "- &*$"E)H)$ #,

!23'$( 201.($--+ & ) :&$ #$- .(0: :'&')+- $) &$- .0-')'0"- '"')' &$- #$- :&02- #$ .'6$&-4

I$- )$-)- -,( #* ,)($- '1 ;$- )(@- /(+8,$11$") ,)'&'-+$- # "- &*+% &, )'0" #$-  &;0(')31$-

 !"#$ =4> J K+-,&) )- #$ 201. ( '-0" $")($ "0)($ CDD7 &$ CD? $) &$ CDDEL4

CD? CDDEL ;<< .(0.0-+

) ,6 #$ ) ,6 #$ ) ,6 #$ M '"NCD?O M '"NCDDELO

201.($--'0" 201.($--'0" 201.($--'0" N%O N%O

10<$""$ >4>=L >4>== =!">? P4Q>>  !"#$

%&' $!#() $!#(*  !"#$ #!)#" #!(+*

%,- $!++. "!##$ %! "% $$!/$# *!#.*

01 23%45166&3'

 

7 3'8 %3'859 016 596:;8,86 61%<;,<;16! =16 596:;8,86 45961'896 0,'6 ;1

8,<;1,: (!" 3'8 %&6 1' 9>&01'21 :'1 ,:?%1'8,8&3' %3@1''1 0: 8,:- 01 23%45166&3' 0A:'

B,281:5 01 5.07% 4,5 5,44358 ,: CDE 18 01 4.46% 4,5 5,44358 ,: CDDF0! G; 168 H '3815

I:1 ;16 596:;8,86 45961'896 0,'6 ;16 8,<;1,:- (!$ 18 (!" 63'8 85J6 6,8&6B,&6,'86 0: B,&8 I:1

'3:6 ,44;&I:3'6 :'1 23%45166&3' 6,'6 41581 0A&%,?16 18 43:5 2158,&'16 &%,?16 '3851

,44532K1 B3'28&3''1 <1,:23:4 %&1:- I:1 ;1 CDE 18 ;1 CDDF0 3L5,'8 :' ?,&' 0: 8,:- 01

23%45166&3' 43:>,'8 ,881&'051 13%!

 ! "##$ %&&'()*+!,-.#/0'11!2.&0/$1+(#103!"#4'



  

!"#$%&'( )* !+,$'(--%+. -#.- $('&( /0%,#1(- 2#-3( -4' 4. .+45(#4 6+/#1(

#'%&",3&%74( #/#$&#&%8

 !"#$  !" # $%&'()*)& +, -./0*1*2&.3 ,3)1, 3.)1, -445 (, -46 ,) (, -4478 *00(29'%&

&'1 +,& 2/*:,& &)*3+*1+&!

-46 -4478 !99 $'+$+-3

)*'; +, )*'; +, )*'; +, <*23=-46> <*23=-4478>

?./01,&&2.3 ?./01,&&2.3 ?./01,&&2.3 =%> =%>

@*1A*1* B!8CD B!8E8 :*;< "!FF "!GE

@.*) B!B8G B!B"" :*:== "!C 8!HE

I1*3?, B!""H B!"G :*)>= BG!CG BG!"D

<.(+J2(( B!8CC B!8CH :*:;> G!"C "!HH

K,3* B!8EB B!8EG :*::?  !BB G!HG

L,00,1& B!8FG B!8FC :*;?< "! 8 "!BG

M,(+* B!8DF B!B88 :*:=@  ! 8 G!8D

,+A(..( :*;<? :*:;) :*:@@ @*;? )*) 



 !"! #$ $%&'()& *%+),( )-./012/.3&( )+)4/)/.5 4%&- 6) *%14-(77.%$ 7)$7

4(-/( +8.1),(7 9:

 !"!9!" ;%14)-).7%$ +(7 /(147 +( *)6*&6

 ! "#$%&" '( )'&*" +*$&,*" -.'* +./-)*"* !0"1+)+$&2 3"% &"+4($5'"% 3" +./-*"%%$.(6 7

%)8.$* !" &"/-% 3" +)!+'!9 :$(%$6 %'--.%.(% 5'" (.'% )8.(% '(" $/);" +./-.%2" 3" m

-$#"!% 5'$ -*"(3 %"% 8)!"'*% 7 -)*&$* 3" n ($8")'# 3" ;*$%9 <" =::>0 ?@)!./.( ABBCD /"&

7 E.'* !) &)F!" 3"% -*.F)F$!$&2%

n
2

G.$% -.'* +4)5'" -$#"! +.326 &.'&"G.$%6 (.&*" )--*.+4"

-"*/"& 3" *23'$*" 2(.*/2/"(& !" (./F*" 3" /$%" 7 E.'*9 =" 3"*($"* "%& 2;)! 7 n−1 "& +"+$

5'"!5'" %.$& !) &)$!!" 3" !0$/);" 7 +.3"*9 <"% *2%'!&)&% -*2%"(&2% 3)(% !" &)F!")' H9I %.(&

.F&"('% -.'* 3"% $/);"% 3" 3$J2*"(&"% &)$!!"% "& "( '&$!$%)(& '( .*3$()&"'* +)*)+&2*$%2 -)*

!) +.(K;'*)&$.( %'$8)(&" L  (&"! +.*" 2 M'. 2.93 NOP =QR )8"+ 2 NS 3" T:U9 M0)-*,% !"

&)F!")' H9I (.'% *"/)*5'.(% 5'" (.&*" )--*.+4" "%& ("&&"/"(& -!'% *)-$3" 5'" !" =::>09

:$(%$6 !" =::>0 (2+"%%$&" 1.06s -.'* +.3"* '(" $/);" 3" &)$!!" 1024 × 1024 -$#"!%6 )!.*%

5'" (.&*" =:: (2+"%%$&" '($5'"/"(& 0.36s9

 !"#$ H9I V =./-)*)$%.( 3"% &"/-% 3" +)!+'! "(&*" (.&*" =:: "& !" =::>09

W)$!!" 3" !0$/);" %$X" W"/-% 3" +)!+'! )8"+ W"/-% 3" +)!+'! )8"+

"( -$#"!% !" =::>B Y%Z (.&*" =:: Y%Z

256× 256 B9B[ B9BI

512× 512 B9A\ B9B]

1024× 1024 ^9B[ B9I[

 !"!# $%&'()*+%&

M)(% !) %"+&$.( H9A6 (.'% )8.(% -*2%"(&2 "& )()!_%2 !"% -"*G.*/)(+"% 30'( (.'8")'

%+42/) 3" +./-*"%%$.( %)(% -"*&" 30$/);"% F)%2 %'* !" =: ?U)%/.'3$ AB^B)D9 <" %+42/)

-*.-.%2 +.(%$%&" 7 )--!$5'"* '( =:: 5'$ /"& 7 E.'* !) &)F!" 3" -*.F)F$!$&2% 3"% -$#"!% 7

+.3"* '($5'"/"(& )-*,% !) 32&"+&$.( 3" !) 3"*($,*" .++'**"(+" 3" +4)5'" -$#"!9 <" %+42/)

-*2%"(&2 "%& &*,% "1+)+" "( &"*/" 3" &)'# 3" +./-*"%%$.( "& -"*/"& 30.F&"($* '( ;)$(

/._"( 3" 5.5% -)* *)--.*& )'# *2%'!&)&% .F&"('% -)* !"% +.3"'*% )*$&4/2&$5'"% +.(8"(>

&$.(("!%9 M" -!'%6 !" %+42/) -*.-.%2 "%& ("&&"/"(& -!'% *)-$3" 5'0'( =::>09 <0"1+)+$&2

3" (.&*" )--*.+4" ) 2&2 -*.'82" &42.*$5'"/"(& "& -)* !0"#-2*$/"(&)&$.( )-*,% !0)8.$*
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"#$%&'() *+ ",-%()..&,/ .$/. %)(') 01&-$2). 3$.4) .5( 5/ /,56)$5 7,0$2)

$(&'#-4'&85) $0$%'$'&9

 !!"#$%&' (%) !"%(#'%)( #* +'( ,' -'(-(.



 !"! #$%&'()*+'(, -. /##00 12

 !" #$%&'()*+'(, -. /##00

 !"!# $%&'()*+&,(%

 ! "# $ %&% '%()*& +,-) .$ +)!/*0)! 1,*2 +$) 3#4)$/2,5 6789: !5 1963 !& *. $ 1$..-

$&&!5')! +)!2;-! 20 $52 +,-) $<,*) -5! +)!/*0)! */+.%/!5&$&*,5 +)$&*($4.! +,-) (! &=+!

'! (,'$>!? #(&-!..!/!5&@ .$ +.-+$)& '!2 */+.%/!5&$&*,52 -&*.*2%!2 !5 +)$&*;-! 2,5& A .B,)*C

>*5! '! (!..! +),+,2%! +$) 3D*&&!5 67EF:? "!&&! '!)5*0)! !2& 4$2%! 2-) -5! */+.%/!5&$&*,5

!5&*0)! $<!( -5! +)%(*2*,5 G5*!@ (! ;-* +)%2!5&! .B$<$5&$>! 'BH&)! )$+*'! !& '! 2B$I)$5(J*)

$-K .*/*&!2 '!2 */+.%/!5&$&*,52 4$2%!2 2-) .!2 5,/4)!2 L,&&$5&2 !5 $-&,)*2$5& .! (,'$>!

'B-5! 2%;-!5(! (,/+,2%! +$) -5 &)02 >)$5' 5,/4)! '! 2=/4,.!2? M,-2 /,5&),52 ;-!

.B-&*.*2$&*,5 'B-5! +)%(*2*,5 )%'-*&! +,-) )!+)%2!5&!) .!2 1)%;-!5(!2 '!2 +*K!.2@ '$52 .! ($2

'! .$ (,/+)!22*,5 'B*/$>!2@ +!-& $/%.*,)!) .!2 +!)1,)/$5(!2 '- "##C0 !5 $-&,)*2$5& (!

'!)5*!) A 2B$'$+&!) A .$ <$)*$&*,5 '=5$/*;-! '$52 .!2 2&$&*2&*;-!2 '!2 */$>!2? N! +.-2@

5,-2 /,5&),52 ;-! .! (,'$>! 'B*/$>! 4.,( +$) 4.,( $+)02 .!2 $<,*) ,)>$5*2%2 2!.,5 -5

()*&0)! 4$2% 2-) .$ '*2&$5(! '! O-..4$(P@ +!-& %>$.!/!5& $/%.*,)!) .! "##C0 !5 &!)/!

'! &$-K '! (,/+)!22*,5 2-)&,-& +,-) '!2 */$>!2 +)%2!5&$5& '!2 +),+)*%&%2 2&$&*2&*;-!2

*5&!)C4.,(2 &)02 <$)*%!2?

N$52 .$ 2!(&*,5 Q?9?R@ .!2 5,&*,52 '! 4$2!2 '! .B*/+.%/!5&$&*,5 !5&*0)! '- "# 2,5& )$++!C

.%!2 &,-& !5 '%&$*..$5& .!2 !K*>!5(!2 ;-B*. 1$-& 2$&*21$*)! +,-) $22-)!) .$ '%(,'$4*.*&% '!2

',55%!2 (,/+)!22%!2? S-*2@ 2!(&*,5 Q?9?9@ .B%&-'! '! .B!I!& '! .$ +)%(*2*,5 '! )!+)%2!5&$&*,5

'!2 1)%;-!5(!2 2-) .!2 +!)1,)/$5(!2 '- "##C0 !2& +)%2!5&%!?  ! "##C0 4.,( +$) 4.,( '!2

*/$>!2 1$*& .B,4T!& '! .$ 2!(&*,5 Q?9?Q? N$52 .$ 2!(&*,5 Q?9?U@ 5,-2 '%&$*..,52 .$ /%&J,'!

'! (,'$>! 4$2%! 2-) .B-&*.*2$&*,5 'B-5! +)%(*2*,5 )%'-*&! +,-) )!+)%2!5&!) .!2 1)%;-!5(!2

'!2 +*K!.2 A (,'!) $+)02 $<,*) '%(,-+!) .B*/$>! !5 '!2 4.,(2 !& '! .!2 &)*!) 2!.,5 -5 ()*&0)!

($.(-.% >)V(! A .$ '*2&$5(! '! P-..4$(P? W*5$.!/!5&@ 5,-2 &!)/*5,52 (!&&! +$)&*! +$) -5!

(,5(.-2*,5@ 2!(&*,5 Q?9?8?

 !"!- $./01.2%&3&,(% )* 45

 $ +.-+$)& '!2 */+.%/!5&$&*,52 '- "# 2,5& 4$2%!2 2-) -5! */+.%/!5&$&*,5 !5&*0)!

$<!( -5! +)%(*2*,5 G5*!@ >%5%)$.!/!5& %>$.! A 16 ,- 32 4*&2? S.-2 .$ +)%(*2*,5 $->/!5&!

+.-2 .!2 )%2-.&$&2 '! (,/+)!22*,5 2,5& $/%.*,)%2?  B-&*.*2$&*,5 'B-5! */+.%/!5&$&*,5 !5&*0)!

!2& 4!$-(,-+ +.-2 )$+*'! ;-B-5! */+.%/!5&$&*,5 $<!( '!2 5,/4)!2 L,&&$5&2? X,-&!1,*2@

!..! )%'-*& .$ +)%(*2*,5 '! ($.(-. '-)$5& .! (,'$>! !& .$ +)%(*2*,5 '! )!+)%2!5&$&*,5 '!2



 !

"#$%&'() *+ ",-%()..&,/ .$/. %)(') 01&-$2). 3$.4) .5( 5/ /,56)$5 7,0$2)

$(&'#-4'&85) $0$%'$'&9

 !"#$#%&%'()* +, -, .$%'/ &01'%&%)$'%"2 3,) %4 &(4,2'$'%"2) ,2'%5!,) $6,- 64 #%') 7"1  &1)8

 ,!4,' 3, !()"13!, &,) &%4%'$'%"2) &%(,) 9 &01'%&%)$'%"2 3012,  !(-%)%"2 !(31%',*

:& ,)' 9 2"',! ;1,  "1! 20%4 "!', ;1,&&, %4 &(4,2'$'%"2 31 <=/ %& .$1' 3(>2%! 3,)

-"2'!$%2',) )1! &$ )"44, 4$?%4$&, 3,) .!(;1,2-,) ,' )1! &$ 6$&,1! 31 -"3,* =%2)%/ )"%' p

&, 2"4#!, 3, #%') 3(>2%))$2' &$  !(-%)%"2 3, &0%4 &(4,2'$'%"2 1'%&%)(,/ f &, 2"4#!, 3, #%')

1'%&%)(  "1! !, !(),2',! &,) .!(;1,2-,) ,' c &, 2"4#!, 3, #%') 1'%&%)(  "1! !, !(),2',! &$

6$&,1! 31 -"3,* @"1! ;1, &0%4 &(4,2'$'%"2 ."2-'%"22, -"!!,-',4,2'/ %& .$1' '"1' 30$#"!3

;1, &,) &%4%',) L ,' H "#',21,)  $! &, <= )"%,2' 3$2) &0%2',!6$&&, [0, 2p)* :& .$1' (A$&,4,2'

A$!$2'%! &,) %2(A$&%'() )1%6$2',) B

f ≤ c− 2

f + c ≤ p

. 7C*DE8

=%2)%/  "1! 12, %4 &(4,2'$'%"2 3, 64 #%') 7p = 648/ %& ,)'  "))%#&, 3, !, !(),2',! &$ 6$&,1!

31 -"3, )1! 32 #%') 7c = 328 ,' &,) .!(;1,2-,) )1! 30 #%') 7f = 308* +$2) &, 4"35&, )'$'%;1,/

)% &$ )"44, 3,) .!(;1,2-,) 3, '"1) &,) )F4#"&,) 3( $)), &$ 6$&,1! MaxGFrequence = 2f
/

;1% 3(>2%' &$ .!(;1,2-, 4$?%4$&,/ $&"!) %& )1H' 3, 3%6%),! &,) .!(;1,2-,)  $! 12 .$-',1! 3,

!,3%4,2)%"22,4,2' ,' 30$  &%;1,! &, -"3$A, $6,- &,) 2"16,&&,) 6$&,1!)* I2 !,6$2-J,/ 3$2)

12 4"35&, $3$ '$'%./ &$ '$#&, 3,) .!(;1,2-,) ,)' !,3%4,2)%"22(, 9 -J$;1, ."%) ;1, &$ )"44,

3,) .!(;1,2-,) 3( $)), MaxGFrequence* K(2(!$&,4,2'/ 2"1) 3%6%)"2) &,) .!(;1,2-,)  $!

2 ,2 $  &%;1$2' &0$&A"!%'J4, C '"1' ,2 )0$))1!$2' ;1, &,) .!(;1,2-,) )"%,2' 2"2 21&&,)*

<,-% ,)' '!5) 1'%&, 31 .$%' ;10%& 3"22, &$  "))%#%&%'( $1 4"35&, 3, )0$3$ ',! 9 &$ 6$!%$'%"2

)'$'%)'%;1, 3, &$ )"1!-,*

:;2,(&'#-) *

 ! .& totalGFreq ≥MaxGFrequence $;,(.

"! totalGFreq ← 0

#! %,5( i ← 0 '" nbrGsymbole 9$&()

$! Freq[i] ← (Freq[i] + 1)/2

%! totalGFreq ← totalGFreq + Freq[i]

L,) .!(;1,2-,) ,)'%4(,) 3,) nbrGsymboles )F4#"&,)  $! &, 4"35&, )'$'%)'%;1, )"2'

!, !(),2'(,)  $! 12 '$#&,$1 3, 'F , ,2'%,! 2"44( Freq* =%2)%/  "1! -J$;1, )F4#"&,

si $F$2' 12, .!(;1,2-, Freq[i]/ )$  !"#$#%&%'( ,)' -$&-1&(,  $! Freq[i]/totalGFreq $6,-

totalGFreq ('$2' 12, 6$!%$#&, ,2'%5!, ;1% -"!!,) "23 $1 2"4#!, '"'$& 3,) .!(;1,2-,)*

+$2) &, -$) 3012, %4 &(4,2'$'%"2 $6,- 12,  !(-%)%"2 3, 64 #%')/ &$ 6$&,1! 3, f ,)'
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30  !"#$ %&""& '&()!*(& +,-&.( &#" "(*# /(,)'& 01.( -, 0-.0,(" '&# #!".,"!1)# &) 0(,"!2.&3

&" 0,( 41)#52.&)" -&# 6(52.&)4&# )& #1)" 0,# '!+!#5&# 0,( 7 -1(# '. 41',/&8'541',/& '&#

#9: 1-&#3 4& 2.! '!:!).& -&# 0&(61(:,)4&# '&# :1'*-&# ,',0","!6#$ ;!)#!3 01.( 2.<.)

:1'*-& ,',0","!6 '<1('(& 0 0.!##& #& (,00(14=&( ,. :,>!:.: '& -, +,(!,"!1) '9),:!2.&

',)# -, #","!#"!2.& '& -, #1.(4&3 !- 6,." 4=1!#!( -, +,-&.( ,'52.,"& 01.( f $ %<&#" ',)# 4&

4,'(& 2.& #<!)#4(!" )1"(& "(,+,!-3 2.! 41)#!#"& &) 0(&:!&( -!&. ? 5".'!&( -<&@&" '& -, +,-&.(

4=1!#!& 01.( f #.( -, 0&(61(:,)4& '. %;;A0 &" '& 0(101#&( &) '&.>!*:& -!&. .)& )1.+&--&

,00(14=& '& 41:0(&##!1) #,)# 0&("& '<!:,/&# 2.! &#"  ,#5& #.( -<."!-!#,"!1) '. %;;A0

,+&4 -, +,-&.( ,'52.,"& '& f 01.( 41'&( -&#  -14# '<.)& !:,/& ,0(*# -&# ,+1!( 1('1))&(

#&-1) -, '!#",)4& '& B.-- ,4C DB.-- ,4C EFGE3 B.-- ,4C EFHI3 J1=)#1) 7KKKL$

 !"!" #$%&' &' ()'*'$ &' (+ ,-./01023 &' -',-.1'3$+$023 &'1 4-.5

6%'3/'1 1%- ('1 ,'-42-7+3/'1 &% 89950

M& %;;A0 &#" .) ,-/1(!"=:& '& 41',/& "(*# &N4,4& 2.! &#" 4,0, -& '& 41'&( "1."

"90& '& #1.(4& #,)# 41)),!##,)4&  !"#$"# '& #&# #","!#"!2.&# 4& 2.! )1.# 0&(:&" '& -&

41)#!'5(&( 41::& .) ,-/1(!"=:& '& 41',/& .)!+&(#&-$ M& 0(!)4!0& '. %;;A0 &#" "(*# #!:0-&

&" !- 41)#!#"& ? 41::&)4&( "1." '<, 1(' ,+&4 .)& &#"!:,"!1) 0-.# 1. :1!)# /(1##!*(& '&

-, #1.(4& ? 41'&(3 &)#.!"&3 ,. 6.( &" ? :&#.(& '. 41',/& !- #<,',0"& ,.> +,(!,"!1)# '&#

#","!#"!2.&# 0,( -, :!#& ? O1.( '&# 6(52.&)4&# '&# #9: 1-&# ? 41'&($

P) &@&"3 -& %;;A0 41::&)4& ,+&4 .)& ", -& '& 6(52.&)4&# .)!61(:&3 4<&#" ? '!(&

)1.# #.001#1)# 2.& "1.# -&# #9: 1-&# 1)" !)!"!,-&:&)" -& :Q:& )1: (& '<144.((&)4&3

/5)5(,-&:&)" 5/,- ? 13 &" ,. 6.( &" ? :&#.(& '. 41',/&3 -, 6(52.&)4& Freq(i) '& 4=,2.&

#9: 1-& si &#" :!#& ? O1.( &) -.! ,O1.",)" -, +,-&.( 1$ R- &#" ? )1"&( 2.& -& 41'&.( &" -&

'541'&.( ."!-!#&)" -&# :Q:&# 6(52.&)4&# !)!"!,-&# &" 2.<!-# ."!-!#&)" 5/,-&:&)" -&# :Q:&#

:!#&# ? O1.( '. :1'*-& #","!#"!2.& ,S) '<,##.(&( -, '541', !-!"5 '&# '1))5&# 41:0(&##5&#$

T! -, #1::& '&# 6(52.&)4&# '& "1.# -&# #9: 1-&# '50,##& MaxUFrequence3 ,-1(# -&#

6(52.&)4&# #&(1)" '!+!#5&# 0,( 23 ,."1(!#,)" 0,( 41)#52.&)" ,. %;;A0 '& #<,',0"&( ? -,

+,(!,"!1) '&# #","!#"!2.&# '& -, #1.(4&$

V,)# .)& !:0-5:&)","!1) &)"!*(& ,+&4 .)& 0(54!#!1) '& 64  !"#3 -, +,-&.(

MaxUFrequence &#" 5/,-& ? 2f
&" '1!" #,"!#6,!(& -&# 41)"(,!)"&# 0(5#&)"5&# 0,( -<52.,A

"!1) W$7X$ Y5)5(,-&:&)"3 -, +,-&.( 4=1!#!& 01.( f &#" 5/,-& ? 30$ Z1.( .)& !:,/& &) )!+&,.

'& /(!# &" '& ",!--& 512×512 0!>&-#3 -& )1: (& "1",- '& 6(52.&)4&# &#" 5/,- ? 218
&" 0,( 41)#5A

2.&)"3 -&# 6(52.&)4&# '&# 0!>&-# )& #&(1)" 0,# '!+!#5&# 0,( 2 01.( f >= 18 4& 2.! '!:!).&
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 !" #!$%&$'()*!" +, -../00 1! 2(3 !(, 404 #$5"!)2!  !" $5", 2(2" +! *&+(6! !) ,27 7"()2  !

-../0 #&,$ *&'#$!""!$ +!" 7'(6!" !) )78!(,9 +! 6$7" #&,$ +!" 8( !,$" +7:5$!)2!" +! f 0

; !"2 < "76)( !$ =,!  ( # ," #!272! 8( !,$ 52,+75! #&,$ f !"2 9> #,7"=,! #&,$ ,)! 7'(6!

!) )78!(, +! 6$7" *?(=,! #79! !"2 $!#$5"!)25 ",$ 8 372"0 ; 7'#&$2! +! "@("",$!$ =,! 2&,2!"

 !" %$5=,!)*!" "&7!)2 )&) ),  !"0 1! 2(3 !(, 404 #$5"!)2!  !" 2(,9 +! *&'#$!""7&) +!"

7'(6!" *&'#$!""5!" #&,$ +7:5$!)2!" 8( !,$" +! f > +! # ,"> #&,$ 85$7A!$  @7'#&$2()*! +,

*?&79 +@,)! 8( !,$ $5+,72! #&,$ f > )&," (8&)" #$5"!)25  !" '!7  !,$" 2(,9 +! *&'#$!""7&)

(7)"7 =,!  !" 6(7)" '(97'(,90

B! &)  !" $5", 2(2" 2$&,85"> )&," #&,8&)" *&)* ,$! =,@,)! $5+,*27&) +!  ( 8( !,$ +!

f #!$'!2 +@('5 7&$!$  !" $5", 2(2" +! *&'#$!""7&) !2 )&," #&,8&)" (22!7)+$! ,) 6(7)

'&C!) +! 3.611% #($ $(##&$2 (, -../0 &#5$()2 (8!* f = 180 1! 2(3 !(, 404 '&)2$!

56( !'!)2 =,!  !" '!7  !,$" 2(,9 "&)2 &32!)," #&,$ f = 13 !2 f = 12> !2  ! 2(,9 '&C!)

!"2 )!22!'!)2 ",#5$7!,$ < *! ,7 &32!), #($  ( # ,#($2 +!" 7'# 5'!)2(27&)"0 D) !:!2>

)&," #&,8&)" *&)* ,$! =,!  ! *?&79 +!  ( 8( !,$ f !2 2$E" 7'#&$2()2 !2 =,@7 (672 ",$  (

#!$%&$'()*! +, -../00 F! # ,">  !" $5", 2(2" %(8&$7"!)2  @,27 7"(27&) +@,)! #!272! 8( !,$

#&,$ f (A) +! +&))!$  ( #&""737 725 (, -../0 +! "@(+(#2!$ <  ( 8($7(27&) +! "2(27"27=,!"

+!" 7'(6!"0

 !"! #$%&'()*+ ,+ -./0)*+ +1 2-&%3

1@7'(6! !"2 65)5$( !'!)2 *($(*25$7"5! #($ ,)! %&$2! $!+&)+()*!> !2 #($ *&)"5=,!)2  !"

#79! " 8&7"7)" "&)2 %&$2!'!)2 *&$$5 5"0 F! # ,">  (  &7 +! #$&3(37 725" +@,)! $567&) +@,)!

7'(6! !"2 65)5$( !'!)2 *&)"2()2!> 2&,2!%&7"> !) #(""()2 +@,)! $567&) < ,)! (,2$! *!22!  &7

#!,2 *?()6!$ 5)&$'5'!)20 1( A6,$! 40G #$5"!)2! +!,9 "5$7!" +! +!,9 3 &*" *&)"5*,27%" +!

 @7'(6! 1!)( (7)"7 =,!  !,$" +7"2$73,27&)" $!"#!*278!"0

-!22! +!$)7E$! *($(*25$7"27=,! !"2 2$E" 7'#&$2()2! !2 )&," #&,8&)"  @!9# &72!$ #&,$

('5 7&$!$  !" #!$%&$'()*!" +, -../00 .7)"7> (,  7!, +! *&+!$  @7'(6!  76)! #($  76)!>

)&," #$&#&"&)" +!  ( *&+!$ 3 &* #($ 3 &* "! &)  ! #$7)*7#! +5*$72 #($  ( A6,$! 404 !2 +!

$!+7'!)"7&))!$  ( 2(3 ! +!" %$5=,!)*!" (#$E"  ! *&+(6! +!" #79! " +! *?(=,! 3 &*0 H&,"

#$5"!)2&)" +()"  ! 2(3 !(, 40G  !" $5", 2(2" +! *&+(6! &32!)," #($  ! -../0 !) &#5$()2

3 &* #($ 3 &* !2 !) %(7"()2 8($7!$  ( 8( !,$ +! f 0

H&," $!'($=,&)" =,!  !" '!7  !,$" $5", 2(2" "&)2 &32!)," #&,$ +!" 3 &*" +! 2(7  !

32× 32 #79! " !2 (8!* f = 90 1!" $5", 2(2" 2$&,85" &)2 '&)2$5 ,)! ('5 7&$(27&) '&C!))!

+, -../0 +@,) %(*2!,$ +! 14.636%0 F@(#$E" *!" $5", 2(2" )&," #&,8&)" *&)* ,$! =,! *!22!
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"#$%&'() !* "+,%()--&+. -$.- %)(') /0&,$1)- 2$-3) -4( 4. .+45)$4 6+/$1)

$(&'#,3'&74) $/$%'$'&8

 !"#$%  ! " #$%&'( )&* +,$- %./0&'(1!

&))*$-2( %(3/(45 %( ),61 (4 ),61 )(*7$*0&45( 1./, (8/15( 64( '*&4%( %/9:*(4-( (45*( ,(1 ,$/1

%( )*$+&+/,/5:1 %(1 *:'/$41 %(1 /0&'(1 ; -$0)*(11(*! <:&40$/41= )$6* %(1 /0&'(1 &>&45

64( ,$/ %( )*$+&+/,/5:1 -$415&45( )$6* 5$65(1 ,(6*1 *:'/$41= -$00( -.(15 ,( -&1 )$6* ,(1

/0&'(1 ?&121&5 (5 0&4%*/,,= ,.&))$*5 (15 *(,&5/3(0(45 7&/+,( (5 /, (15 *(1)(-5/3(0(45 :'&,

; 0.321% (5 4.996%!

@, (15 ; 4$5(* A6( ,( -$%&'( %6 +,$- bi %( ,./0&'( (15 *:&,/1: (4 65/,/1&45 ,& 5&+,(

%(1 7*:A6(4-(1 -&,-6,:( )&* ,(1 +,$-1 )*:-:%(451! B&41 -( -&1= ,( #CCD0 16))$1( A6( -(55(

%(*4/E*( 5&+,( (15 64( &))*$8/0&5/$4 %(1 7*:A6(4-(1 %(1 )/8(,1 %6 +,$- bi= (5 )&* -$41:A6(45

(,,( )*:1(45( ,(1 7*:A6(4-(1 /4/5/&,(1 %(1 )/8(,1 ; -$%(*! F4 *:&,/5:= -(-/ 4.(15 )&1 5$6G$6*1

3*&/= )6/1A6( ,(1 +,$-1 -$41:-65/71 %.64( /0&'( 4.$45 )&1 7$*-:0(45 %(1 ,$/1 %( )*$+&+/,/5:1

1/0/,&/*(1! B( -( 7&/5= 4$61 )*$)$1$41 %&41 ,& 1(-5/$4 16/3&45( 64( 4$63(,,( 0:52$%( %(

-$0)*(11/$4= A6/ -$41/15( ; %:-$6)(* ,./0&'( (4 +,$-1 (5 %( ,(1 $*%$44(* %( 1$*5( A6( ,(1

,$/1 %( )*$+&+/,/5:1 %(1 +,$-1 -$41:-65/71 1$/(45 ,( ),61 )*$-2( )$11/+,(!

 !"!# $%& '() *+,-) ./(- +. '&)0.1-( '( 23++*.-4

H./%:&,= )$6* 64 1-2:0& %( -$%&'( +&1: 16* ,( #C= (15 %( -$%(* -2&A6( +,$- %( ,./0&'(

&3(- 1& 3*&/( 5&+,( %( )*$+&+/,/5:1! #()(4%&45= 4$61 &3$41 +(1$/4 %&41 -( -&1 %./41:*(*

5$65(1 ,(1 5&+,(1 %( )*$+&+/,/5:1 %&41 ,.(4D5I5( %6 J-2/(* -$0)*(11:= -( A6/ (4'(4%*( ,.&G$65

%.64( /0)$*5&45( A6&45/5: %./47$*0&5/$4 ; -( %(*4/(*!

H( 5&+,(&6  !K )*:1(45( ,(1 *:16,5&51 %( -$0)*(11/$4 %( ,./0&'( H(4&= %:-$6):( (4 +,$-1

%( 5&/,,( 32 × 32 )/8(,1 (5 16 × 16 )/8(,1= &3(- (5 1&41 ,.&G$65 %(1 5&+,(1 %( )*$+&+/,/5:1
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 !"#$  !" # $%& '()* +% ,-./0%&&1-2 -3'%2)& %2 +4,-)/(2' 561.(7% $%2( %2 35-,& +%

/1*%5&8 %' %2 ,-+(2' ,9(:)% 35-, (;%, &( ;0(1% '(35% +% /0-3(3151'4&!

<()* +% ,-./0%&&1-2 +% 561.(7% -01712(5% $%2(

=(2& /01&% %2 ,-./'% >;%, /01&% %2 ,-./'%

+% 5( '(155% +% 56%2?'@'% +% 5( '(155% +% 56%2?'@'%

A4,-)/(7% %2 35-,& +% '(155% 32× 32 2! 34 B!CBD

A4,-)/(7% %2 35-,& +% '(155% 16× 16 2!565 B!BEF

+(2& 5% G,91%0 ,-./0%&&4! A6(/0H& ,% '(35%()8 2-)& 0%.(0:)-2& :)% 5% '()* +% ,-./0%&&1-28

-3'%2) %2 ,-+(2' ,9(:)% 35-, +% 561.(7% $%2( (;%, &( ;0(1% '(35% +% /0-3(3151'4&8 %&' '0H&

45%;4 +% 56-0+0% +% 1.595 /-)0 +%& 35-,& +% '(155% 16×16 /1*%5&! I2 /(0'(2' +% ,% /012,1/%8

2-)& (;-2& /%2&4 +6-07(21&%0 5%& 35-,& +% 561.(7% +% &-0'% :)% 5%& +1&'013)'1-2& +% +%)*

35-,& ,-2&4,)'1J&8 bi−1 %' bi8 &-1%2' '0H& /0-,9%&! K(0 ,-2&4:)%2'8 5( +1&'013)'1-2 +) 35-,

bi−1 &%0( )2% 3-22% (//0-*1.('1-2 +% ,%55% +) 35-, bi %' 15 +%;1%2' '0H& (//0-/014 +6)'151&%0

,%''% +1&'013)'1-2 /-)0 5% ,-+(7% +% ,% +%021%0 35-,! L0M,% N ,% /012,1/%8 2-)& /-);-2&

,-+%0 ,9(:)% 35-, (;%, )2% 3-22% (//0-*1.('1-2 +% &( ;0(1% +1&'013)'1-2 &(2& (;-10 3%&-12

+6(O-)'%0 +%& +-224%& (++1'1-22%55%& () G,91%0 ,-./0%&&4!

A(2& ,%''% &%,'1-28 2-)& +4G21&&-2& )2 ,01'H0% +% &1.15(01'4 %2'0% +%)* 35-,& b1 %'

b2 +6)2% .@.% 1.(7% (G2 +% +4'%,'%0 +%& &1.15(01'4& %2'0% 5%& 5-1& +% /0-3(3151'4& +%&

+%)* 35-,&! P-)& /0-/-&-2& )2% .%&)0% 1&&)% +% 5( '94-01% +% 5612J-0.('1-2 :)1 %&' 5(

+1&'(2,% +% Q)553(,R SQ)553(,R BFTB8 Q)553(,R BFTF8 Q)553(,R BF"U8 V-92&-2 CDDDW %2'0%

5%& +1&'013)'1-2& +% +%)* 35-,&! X(//%5-2& :)6%2 19458 =9(22-2 ( 12'0-+)1' 5( 2-'1-2

+6%2'0-/1% :)1 %&' +4G21% ,-..% 5( .-Y%22% +% 5( :)(2'1'4 +612J-0.('1-2 (//-0'4% /(0

5%& &Y.3-5%& 742404& N /(0'10 +6)2% &-)0,% S! Z%''% 2-'1-2 ( %) )2 '0H& 70(2+ )&(7% +(2&

5% ,-+(7% %' 5( ,-./0%&&1-2 +%& +-224%&!

I2 19598 Q)553(,R SQ)553(,R BFTFW ( 12'0-+)1' )2% .%&)0% +% 5612J-0.('1-2 0%5('1;%

N )2% 5-1 +% /0-3(3151'4 /(0 0(//-0' N )2% ()'0%! Z%''% 2-);%55% .%&)0% ( 47(5%.%2' 4'4

,-2&1+404% ,-..% )2% .%&)0% +% +1&'(2,% %2'0% ,%& +%)* 5-1&! $( +1&'(2,% +% Q)553(,R
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 !"# $ %& '()* $ +#(,-,)')".* p1  " p2  *" /-'/%'. * '(! '0.1%-")(! *%)2-!" 3

D(p1, p2) = −
k−1
∑

i=0

p1(i) log2(
p1(i)

p2(i)
). 456758

D(p1, p2)  *" %! 9 *%# $ # ** 9,'-!/  !"# ' * $)*"#),%")(!* p1  " p26 : "" 9 *%# -

.".  &+'()". $-!* ' $(9-)! $ '0)9-; #)  " +'%* +-#")/%')<# 9 !" $-!* ' $(9-)! $ '-

* ;9 !"-")(! $0)9-; *6 =- $)*"-!/ $ >%'',-/? !0 *" +-* *@9."#)1% A  " +-# /(!*.1% !"

!(%* $.B!)**(!* %! !(%2 '' 9 *%# *@9."#)1% 1%) 9 *%# '- $)C.# !/  !"# p1  " p2

/(99 *%)" 3

J(p1, p2) =
D(p1, p2) + D(p2, p1)

2
. 4567D8

E(%* +#(+(*(!* $-!* / "" * /")(! %! !(%2 ' -';(#)"F9 $ :G 1%) -9.')(# ' :GGH0

+(%# '- /(9+# **)(! *-!* + #" $0)9-; *6 =0-9.')(#-")(! -++(#". /(!*)*" I 9($)B # '-

+#./)*)(! f %")')*. +(%# # +#.* !" # ' 9($<' -$-+"-")J -$(+". +-# ' :GGH06 G)!*)A !(%*

+#(+(*(!* $ #.$%)# '- 2-' %# $ f A -B! $ + #9 ""# -% :GGHK $ *0-$-+" # #-+)$ 9 !"

-%& 2-#)-")(!* $ * *"-")*")1% * $ * #.;)(!* $0%! )9-; 6 L +'%*A '0)9-; !%9.#)1%  *"

;.!.#-' 9 !" /-#-/".#)*. +-# $ * #.;)(!* -@-!" %! J(#" *)9)'-#)". *+-")-'  " -2 / $ *

$)*"#),%")(!* "#<* *)9)'-)# *6 L / J-)"A !(%* +#(+(*(!* $ /(%+ # '0)9-;  ! $ * ,'(/* 41%)

# +#.* !" !" ' * #.;)(!* $ '0)9-; 8A I = (b1, · · · , bn)  " $ ' * (#$(!! #  ! (b̂1, · · · , b̂n)

$ *(#" 1% '- $)*"-!/  !"# ' * $)*"#),%")(!* $ * ,'(/* /(!*./%")J* *()" '- +'%* + ")" 

+(**),' 6 J(b̂i, ˆbi+1) = min(J(b̂i, b̂j) ∀j > i6 = * B;%# * 56M  " 56N +#.* !" !" ' * )9-; *

= !-  " + ++ #* $./(%+. *  ! ,'(/* $ "-)'' * 32× 32 +)& '*  " 16× 16 +)& '* # *+ /")2 H

9 !"A  " (#$(!!. * * '(! ' /-'/%' ,-*. *%# '- $)*"-!/ $ >%'',-/?6 O'  *" I *);!-' # 1%0)'

J-%" "#-!*9 ""# -% $./($ %# ' * +(*)")(!* )!)")-' * $ * ,'(/* +(%# 1% / $ #!) # +%)** 

# /(!*"#%)# '0)9-; (#);)!-' -+#<* -2()# # P% "(%* ' * ,'(/*6

G)!*)A ;#Q/ I / +#)!/)+  "  ! %")')*-!" %! +#./)*)(! f #.$%)" +(%# # +#.* !" # ' *

+#(,-,)')".*  *")9. * +(%# ' 9($<' *"-")*")1% A ' :GGH0 $ 2) !" +'%* + #J(#9-!"  " )'

J(!/")(!! , -%/(%+ 9) %&  ! /(9+-#-)*(! I '0%")')*-")(! $0%! +#./)*)(! f -** R ;#-!$ 

 " -% /($-; ');! +-# ');! $ '0)9-; 6 L +'%*A !(%* +#(+(*(!* $0%")')* # '0-';(#)"F9 D

+(%# ' # $)9 !*)(!! 9 !" $ '- "-,' $ * J#.1% !/ * -% ') % $ '0-';(#)"F9 5 +%)*1% 

' * ,'(/* /(!*./%")J*A (#$(!!.* * '(! '- $)*"-!/ $ >%'',-/?A (!" $ * '()* "#<* *)9)'-)# *6

S-# /(!*.1% !"A !(%* +#(+(*(!* $ /($ # /F-1% ,'(/ bi -2 / '- 2#-) "-,' $ * J#.1% !/ *

$% ,'(/ +#./.$ !" bi−16 : +#)!/)+  *" "#<* ,.!.B1%  " !(%* - + #9)* $ "#(%2 # $ *

#.*%'"-"* "#<* *-")*J-)*-!"*6

: +#)!/)+ A *)9+' I 9 ""#  ! T%2# A + #9 " $0-9.')(# # ' :GGH0A * '(! ' * #.*%'"-"*
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 !"#$% &'( ) !" *+!,- ./0,01!2- 3-1!4 #" 5/0 %-6 #2.$6 %- 7!022- 32× 32 809-26 %- 2:0+!,-

3-1! 6-2.1 2- $!2$;2 #!6< 6;/ 2! %067!1$- %- =;22#!$>4 $" *+!,- ./0,01!2- ?-88-/64 %" 5/0

%-6 #2.$6 %- 7!022- 32× 32 809-26 %- 2:0+!,- ?-88-/6 6-2.1 2- $!2$;2 #!6< 6;/ 2! %067!1$- %-

=;22#!$>'
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 !"  #"

 $"  %"

 !"#$% &'( ) !" *+!,- ./0,01!2- 3-1!4 #" 5/0 %-6 #2.$6 %- 7!022- 16× 16 809-26 %- 2:0+!,-

3-1! 6-2.1 2- $!2$;2 #!6< 6;/ 2! %067!1$- %- =;22#!$>4 $" *+!,- ./0,01!2- ?-88-/64 %" 5/0

%-6 #2.$6 %- 7!022- 16× 16 809-26 %- 2:0+!,- ?-88-/6 6-2.1 2- $!2$;2 #!6< 6;/ 2! %067!1$- %-

=;22#!$>'
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:/,418.7''&,! 9&, 0)12, ,134 104&3+, 7(.;, 7<1/. *-21+(- )6/'78& 9&37 &3 *&, 0)12, *&

47/))& 32× 32 (/%&), &4 *& )&, 4./-, ,&)13 )7 */,4732& *& =+))072>!



 !
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:;2,(&'#-) <

 ! .& total freq ≥ Max frequence $;,(.

"! total freq ← 0

#! %,5( i ← 0 !" nbr symbole 9$&()

$! Freq[i] ← Freq[i]− Freq0[i] + 1

%! Freq0[i] ← Freq[i]

&! total Freq ← total Freq + Freq[i]

#$%&'(!%& !)*+'), -./0 12,( 3)4!',$ 5"6'( 7,8 '&! 1' +2"$1$' 1' 18% #",$ 1'& *+"4& 1'

!)8++' 32× 32 #89'+& '! 7,8 1%#)&&' 22% #",$ 1'& *+"4& 1' !)8++' 16× 16. :( ';'!0 <$=4' >

4'!!' (",?'++' )##$"4@'0 +' ABBC0 1'?8'(! #+,& #'$3"$5)(! '! #'$5'! 12)?"8$ 1'& !),9 1'

4"5#$'&&8"( ('!!'5'(! &,#%$8',$& > +) #+,#)$! 1'& 85#+%5'(!)!8"(& 1, ABBC0. D"!"(&

%<)+'5'(! 7,' 12)#$E& +' !)*+'), -./0 +'& 5'8++',$& $%&,+!)!& &"(! "*!'(,& #",$ +'& 85)<'&

3$"<0 +8*$)$6 '! 3$)(4' )?'4 1'& <)8(& !$E& 85#"$!)(!& '! 4"5#$8& '(!$' 24% '! 52%.

 !"!# $%&'()*+%&

F)(& +) &'4!8"( -.G !"#$ %&"!$ '()$*!+) #! !"#&*%# ,--.0 '"#( /% 0"1'(*$$2"!

$%!$ '*(+* 3421%5*$6 7* ,--.0 '("'"$) #+2/2$* #!* '()02$2"! ()3#2+* '"#( (*'()$*!+*( /*$

8()9#*!0*$ 3*$ '2:*/$ ; 0"3*( *+ 2/ 0"3* /421%5* </"0 '%( </"0 %'(=$ /*$ %&"2( +(2)$ $*/"!

/% 32$+%!0* 3* >#//<%0?6 ,* !"#&*%# 0"3*#( '*(1*+ 34%1)/2"(*( /*$ +%#: 3* 0"1'(*$$2"!

"<+*!#$ '%( /* ,--.0 34#! 8%0+*#( 1"@*! 3* /4"(3(* 3* 22% $%!$ %#51*!+*( /% 0"1'/*:2+)

3* 0* 3*(!2*(6 ,* 0"3*#( *$+ <%$) $#( /* 8%2+ 9#* /% 32$+(2<#+2"! 3* '("<%<2/2+)$ ; /42!+)(2*#(

34#! </"0 34#!* 21%5* *$+ $"#&*!+ 0"!$+%!+* +"#+*8"2$ *//* *$+ 5)!)(%/*1*!+ +(=$ 32A)(*!+*

*! '%$$%!+ 34#! </"0 ; #! %#+(*6 ,*++* 1)+B"3* *$+ '%(+20#/2=(*1*!+ %''("'(2)* '"#( /*$

21%5*$ 0%(%0+)(2$)*$ '%( 3*$ ()52"!$ %@%!+ 3*$ 32$+(2<#+2"!$ +(=$ )/"25!)*$6

 ! "#$%&'()#$

C%!$ 0* 0B%'2+(* !"#$ %&"!$ '()$*!+) 3*#: !"#&*//*$ %''("0B*$ 3* 0"1'(*$$2"! $%!$

'*(+* 3421%5*$6 7% '(*12=(* %''("0B* DE%$1"#32 FGHG%I *$+ %''/29#)* 3%!$ /* 3"1%2!*

$'%+2%/ *+ *$+ <%$)* $#( #! ,-- 9#2 1*+ ; J"#( /*$ '("<%<2/2+)$ %'(=$ /* 0"3%5* 3* /%

3*(!2=(* "00#((*!0* 3* 0B%9#* '2:*/6 74%''("0B* '("'"$)* *$+ '/#$ *K0%0* 9#* /*$ 0"3*#($
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>)0& -)1 *'B7&+1B1&D>)1 )& -)1 HEIJ! I%'>, 5)1 N; 5)1 75/1 *+00/1 )& 5)1 75/1 /&,5,121

)0 *'B7&+6'%7C,)O +0 *,&) 5% $+6,1&,* 8%7 :$8?! $% $8 )1& /0 N; /0,-,>)01,+00)5 )& )1&

-2Q0, T

xn+1 = λxn(1− xn), : !"?

%4)* x0 )1& 5% 4%5)/' ,0,&,%5)O xn ∈ (0, 1) ∀n )& λ )1& 5) 7%'%>D&') -) *+0&'U5) )& ∈ (0, 4]!

$% Q6/')  !" 7'21)0&) 5% &'%()*&+,') -) 5% 1/,&) xn 7+/' x0 = 0.56923148 )& λ = 3.996!

V5 )1& W 0+&)' 3/) 5% $8 )1& )A&'X>)>)0& 1)01,G5) W 5% 4%5)/' ,0,&,%5) x0 )& 5)1 4%5)/'1
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 !"#$%#& '() *"+)("* $& &%,,#&&*-#& & $" *.')+/*,"*!0#&1 2)3,# 4 ,#& ') ')*+"+&5 0( 67 (

+"+ %"*0*&+ ' %) 0( , $,#'"* $ /# '0%&*#%)& ,)8'" 9&8&":.#&1 ;$ #<#"5 7* #"  !" =7* >??@A

 $" ') ' &+ %$ 2BCD E%* #&" !(&+ &%) 0( 675 ' %) 0( ,)8'" , .')#&&* $ /#& / $$+#&1

F# '0%&5 G($& #" H.( %* =G($& >??IA  $" ') ' &+ +J(0#.#$" /#%K J+$+)("#%)& /# !*"&

'&#%/ 9(0+(" *)# #$ %"*0*&($" 0( 671 L0 #&" 4 $ "#) E%M*0 #K*&"# /M(%")#& ,)8'" 9&8&":.#& E%*

& $" !(&+& &%) 0( 671 N %"#O *&5 0#& /#)$*:)#& )#,P#),P#& /($& 0# / .(*$# /# 0( ,)8'"($(08&#

 $" . $")+ E%# 0( 67 $M#&" '(& "):& ('') ')*+ ' %) Q")# %"*0*&+ #$ ,)8'" J)('P*#1 6( ,0+

/# ,)8'"(J# ' %) %$ ,)8'" &8&":.# !(&+ &%) 0( 67 #&" , $&"*"%+# 4 '()"*) /# 0( -(0#%)

*$*"*(0# x0 #" /% '()(.:")# /# , $")R0# λ5 #" " %"#& 0#& /#%K & $" /#& $ .!)#& )+#0& 4 -*)J%0#

S ""($"#1 C %) %$# )#')+&#$"("* $ #$ / %!0# ')+,*&* $5 0#& $ .!)#& S ""($"& & $" , /+&

&%) 52 !*"& ' %) (&&%)#) %$# )#')+&#$"("* $ /# 15 ,P*<)#& ('):& 0( -*)J%0#1 F($& ,# ,(&5

0M#&'(,# /#& ,0+& E%* #&" +J(0 4 2104
$M#&" '(& &%T&(..#$" ) !%&"# ' %) %$# (""(E%# 4 O ),#

!)%"#1 F# '0%&5 '0%&*#%)& +"%/#&  $" . $")+ E%# ' %) (- *) %$ , .' )"#.#$" ,P( "*E%#

/% 675 *0 O(%" E%# λ & *" &%'+)*#%) 4 3.575 ,# E%* )+/%*" 0M#&'(,# /# ,0+1 6# ,P *K /M%$#

-(0#%) &%'+)*#%)# 4 3.57 #&" %$# , $/*"* $ $+,#&&(*)# .(*& #00# $M#&" '(& &%T&($"# ' %)

J+$+)#) /#& &+E%#$,#& ,P( "*E%#&1 C %) (- *) %$ , .' )"#.#$" '()O(*"#.#$" ,P( "*E%#

/% 675 *0 O(%" E%# 0( -(0#%) λ & *" +J(0# 4 41 U#'#$/($"5 0M#&'(,# /# ,0+& /($& ,# ,(& &#)(

"):& '#"*" #" +J(0 4 252
5 ,# E%* $M#&" '(& ) !%&"# 4 0M(""(E%# '() O ),# !)%"#1

L0 #K*&"# %$ (%")# ') !0:.#5 0*+ 4 0M%"*0*&("* $ /% 67 #$ ,)8'" J)('P*#5 ,M#&" ,#0%* /#

0( J+$+)("* $ /#& &+E%#$,#& '+)* /*E%#& ' %) ,#)"(*$#& -(0#%)& /# λ1 ;$ ,# E%* , $,#)$#

0( /*&")*!%"* $ /# ') !(!*0*"+& /#& -(0#%)& J+$+)+#& '() 0( 675 $ %& ' %- $& )#.()E%#)

E%M#00# $M#&" '(& %$*O ).# /($& [0, 1] =D0-()#V >??W5 D0-()#V >??IA1 6( XJ%)# Y1> . $")#

0#& /*&")*!%"* $& /# ') !(!*0*"+& ' %) /#& &+E%#$,#& /# 100, 000 -(0#%)& J+$+)+#& '() 0(

67 (-#, x0 = 0.56923148 #" ' %) /*<+)#$"#& -(0#%)& /# λ1 U#& *$, $-+$*#$"& /+O(- )*&#$"

0M%"*0*&("* $ /% 67 #$ ,)8'" J)('P*#1

6( XJ%)# Y1> . $")# E%# 0( /*&")*!%"* $ /#& ') !(!*0*"+& /#& -(0#%)& J+$+)+#& '() 0( 67

&# )('') ,P# /M%$# /*&")*!%"* $ %$*O ).# 0 )&E%# λ &# )('') ,P# /# 41 B %& ') ' & $& /#

, $-#)"*) 0#& &+E%#$,#& /# -(0#%)& J+$+)+#& '() 0( 67 #$ /#& &+E%#$,#& !*$(*)#& #$ %"*0*&($"

0( O $,"* $ F : [0, 1] → [0, 1] / $$+# '() Z

F (x) =











0 si x < 0.5

1 sinon

. [Y1>\

D*$&*5 $ %& (- $& %"*0*&+ ,#""# O $,"* $ ' %) ')+&#$"#)5 XJ%)# Y1W5 0#& ' %),#$"(J#& /#
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 !"  #"

 $"  %"

 !"#$% &'( ) *+,-.+#/-+01, %2 3.0#!#+4+-5, 30/. %2, ,56/21$2, %2 100, 000 7!42/., 8515.52,

3!. 4! 9: !72$ x0 = 0.56923148 2- !" λ = 3.7; #" λ = 3.8; $" λ = 3.9; %" λ = 4'
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 !"  #"

 $"  %"

 !"#$% &'( ) *+, -./0$+12!3+, %+ 0 +2 %+ 1 -./0 500 ,45/+1$+, 341404+, !6+$ 7! *89

$:!5/+ ,45/+1$+ $.12;+12 100000 6!7+/0, !6+$ x0 = 0.56923148 +2 !" +2 λ = 3.79 #"

λ = 3.89 $" λ = 3.99 %" λ = 4'

0 +2 %+ 1 -./0 500 ,45/+1$+, 341404+, -!0 7! *8 %.12 $:!$/1+ $.12;+12 100000 6!7+/0,'

*! <3/0+ &'( =/,2;<+ 7+ $:.;> %+ 7! 6!7+/0 4 -./0 7+ -!0!?@20+ λ -/;,5/+ 7+, -./0$+12!3+,

%+ 0 +2 %+ 1 ,.12 -0+,5/+ 43!/> A 0.5 +2 -!0 $.1,45/+12 7+, ,45/+1$+, #;1!;0+, ,.12

/1;B.0?4?+12 %;,20;#/4+, %!1, [0, 1]'

C!1, 7! ,+$2;.1 &'D'E9 1./, -04,+12.1, 43!7+?+12 %!1, 7+, 2!#7+!/> &'F +2 &'D /1+

!1!7G,+ ,2!2;,2;5/+ #!,4+ ,/0 7! ,40;+ %+ 2+,2, %+ HIJK9 -04,+124+ $:!-;20+ (9 !--7;5/4+ ,/0

%+, ,45/+1$+, 341404+, -!0 7! *8 !6+$ %;L40+12+, $74,' CM!-0@, 7+, 04,/72!2, -04,+124, %!1,

$+, 2!#7+!/>9 1./, !6.1, $.1$7/ 5/+ $+, ,45/+1$+, 1+ ,.12 -!, -,+/%.N!74!2.;0+,' O1 -7/,

%/ *89 ;7 +>;,2+ -7/,;+/0, !/20+, JP 5/; ,.12 /2;7;,4, -./0 7! $.1$+-2;.1 %+, QHRS' R!0

+>+?-7+9 R!2;%!0 +2 J/% TR!2;%!0 DUUV#W .12 -0.-.,4 /1 QHRS -./0 7+ $0G-2!3+ -!0 X.2

%+, %.114+, 5/; +,2 #!,4 ,/0 7M/2;7;,!2;.1 %/ ,G,2@?+ $:!.2;5/+ PJ8' *+ ,$:4?! -04,+124
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 !"! !# $%! &" #!'()! &* %"($(+ *" $&+ "&+"+ +" "(+"(,%&+ -'.-.+!+ - ' /012 34%56(* 7889:

&" ;0<=>4; 3? '+ @$( ABBC:D E&-&*F *"G FH -'I+ $H * $J+& +" "(+"(,%& -'!+&*"!& F *+

$&+ " K$& %L MDN &" MDOG +&P"(.* MD7DQG K +!& +%' $ +!'(& F& "&+"+ F& /012G *.%+  #.*+

'&R ',%! ,%& $& @!*!' "&%' -'!+&*"! - ' 3S "(F ' 788BK: *& '!%++(" - + ".%+ $&+ "&+"+ &"

- ' P.*+!,%&*" *.%+ -.%#.*+ &* F!F%('& ,%H($ *H&+" - + "." $&R&*" -+&%F.T $! ".('&D

 !"!# $%& '()*+,-.& *-.+,./%&

U*& V' P"(.* P.*"(*%& 3W.'&*"X&* ABB7G 1&(F&*+"(P5&' AB9NG Y $$ ABCNG Z%($$&R(* AB9C:

&+" %*& &L-'&++(.* ,%( +H!P'(" +.%+ $ V.'R& [

x = b0 +
a1

b1 +
a2

b2 +
a3

b3 +
a4

. . .

, \MDN]

 #&P ai(i > 0) $&+ *%R!' "&%'+ - '"(&$+G bi $&+ F!*.R(* "&%'+ - '"(&$+ &" b0 &+" $ - '"(&

&*"(I'& F% *.RK'& '!&$ x 3^6(*"P6(* ABQN:D /.".*+ ,%& -.%' x ∈ [0, 1]G b0 &+" !@ $ _

0D = '".*. &"  !" 3= '".*. 7887: .*" (*"'.F%(" %*& *.%#&$$& V' P"(.*G *."!& - ' V' P"(.*

P.*"(*%& FH<*@&$ \`E<]G P&""& F&'*(I'& &+" P $P%$! _ - '"(' F& $ V.*P"(.* TE : [0, 1] → [0, 1]

F.**!& - ' [

TE(x) =











1
⌊ 1

x
⌋
( 1

x
− ⌊ 1

x
⌋) si x 6= 0

0 sinon .

\MDO]

<* &a&"G +.(" x ∈ [0, 1]G $ V.*P"(.* TE @!*I'& %*& %*(,%& &" )*(& V' P"(.* P.*"(*%& +.%+ $ 

V.'R& [

x =
1

b1 + b1

b2+
b2

b3+
D

D

D+
bn−1

bn+
D

D

D

, bn ∈ N, bn ≤ bn+1 \MDM]

/.%+ F!)*(++.*+ [

b1 = b1(x) = ⌊ 1
x
⌋

bn = bn(x) = b1(T
n−1
E (x)), n ≥ 2, T n−1

E (x) 6= 0,

\MDQ]
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 !"# T 0
E(x) = x "$ T n

E(x) = TE(T n−1
E (x)) %&'( n ≥ 1) *+ %(,- . /0123$3&2 /" . 4&2#$3&2

TE5 2&'- %&'((&2- /0/'3(" 6'" $&'$ 2&78(" x ∈ [0, 1] %"'$ -+0#(3(" -&'- . 4&(7" 9

x = 1
b1+b1TE(x)

= 1

b1+
b1

b2+
b2

b3+
)

)

)+
bn−1

bn+bnTn
E

(x)

. :;)<=

>+ .?&(3$@7" A5 /0#(3$ . 70$@&/" /" ?020( $3&2 /" . ("%(0-"2$ $3&2 "2 BCD /+'2

2&78(" (0". x)

8$9'(*):;0 < *0!".&%%"7"2$ "2 BCD

E23$3 .3-"( x0 ← x, i ← 0

)%+) =.0 xi 6= 0 >%*(0

i ← i + 1

bi ← ⌊ 1
xi−1
⌋

xi ←
1

⌊ 1
xi−1

⌋
( 1

xi−1
− ⌊ 1

xi−1
⌋)

*+ %(,- ." $@0&(,7" %(0-"2$0 % ( FG ($&2& HIIHJ5 '2 2&78(" (0". x ∈ [0, 1] %&--,/"

'2" '236'" ("%(0-"2$ $3&2 123" "2 BCD :#+"-$KLK/3(" 6'+3. "M3-$" n0 ∈ N∗
5 $". 6'" T n

E(x) =

0 ,∀n ≥ n0 = -3 "$ -"'."7"2$ -3 x ∈ Q) *+ %(,- #" $@0&(,7"5 2&'- %&'!&2- #&2#.'(" 6'"

$&'$ 2&78(" (0". ("%(0-"2$0  !"# '2" %(0#3-3&2 123"5 %&--,/" '2" '236'" ("%(0-"2$ $3&2

123" "2 BCD) * 2- 2&$(" $( ! 3.5 2&'- %&($&2- '2 32$0(N$ % ($3#'.3"( L . -06'"2#" Zn(x)

/&220" % ( 9

Zn(x) = bn(x)T n
E(x), n ≥ 1. :;)O=

P32-35 ∀x ∈ [0, 1] . -06'"2#" {Zi(x)}n

i=1 "-$ 123" "$ %("2/ -"- ! ."'(- / 2- [0, 1]) *"

%.'-5 . -06'"2#" Zn(x) "-$ # ( #$0(3-0" % ( /"- %(&%(30$0- -$ $3-$36'"- FG ($&2& HIIHJ $(,-

37%&($ 2$"- 6'3 2&'-  7&$3!0 %&'( .+'$3.3-"( / 2- ." /0!".&%%"7"2$ /" 2&$(" 2&'!" '

QRSP)

 !"!# $% &'&()*% +,-.(/01% 234

>" CTU "-$ '2 -V-$,7" /V2 736'" 2&2K.320 3("5 323$3 ."7"2$ '$3.3-0 "2 %@V-36'" "$ 3.

"-$ /0123 % ( 9
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xj = xj−1 + t× sin(yj−1)

yj = yj−1 + xj

,  !"#$

%&'( xn, yn ∈ [0, 2π)) '* t '+* ,' -%.%/0*.' 1' (23*.4,'" 5% 678.' !"9 /23*.' ,:;&2,8*<23

18 =>?) %&'( x0 = 3.245) y0 = 0.851 '* -28. 1<@;.'3*'+ &%,'8.+ 18 -%.%/0*.' t" A28+

(23+*%*23+ B8' ,' =>? -2++01' 83' *.%C'(*2<.' B8< 1'&<'3* 1' -,8+ '3 -,8+ 1'3+' 1%3+ +%

.;7<23 1:;&2,8*<23 '3 %87/'3*%3* ,% &%,'8. 1' t" D' -,8+) 328+ .'/%.B823+ B8' ,'+ 1'8E

+8<*'+ xn '* yn +23* ,<3;%<.'/'3* <31;-'31%3*'+ -28. 1'+ 7.%31'+ &%,'8.+ 18 -%.%/0*.' t"

F3 28*.') ,% 678.' !"!"% -.;+'3*' ,% *.%C'(*2<.' 1' ,% +8<*' xn) %,2.+ B8' ,% 678.' !"!"G

<,,8+*.' ,:;&2,8*<23 1' ,% *.%C'(*2<.' 1' ,% +8<*' yn -28. 1'+ &%,'8.+ <3<*<%,'+ *.0+ -.2(H'+"

I<3+<) 328+ .'/%.B823+ B8' -28. 1'8E (231<*<23+ <3<*<%,'+ *.0+ -.2(H'+) ,' =>? (2318<*

J 7;3;.'. 1'+ *.%C'(*2<.'+ *.0+ ;,2<73;'+" =:'+* 7.K(' J ('+ -.2-.<;*;+ B8' ,' =>? '+* 83

'E(',,'3* >="

L, '+* J 32*'. B8' 1%3+ M=H<.<N2& O#POQ) <, 'E<+*' -,8+ 1' 1;*%<,+ +8. ,:2.<7<3' 18 =>?

+23* -.;+'3*;+) 1' +23 8*<,<+%*<23 1%3+ 1:%8*.'+ 1<+(<-,<3'+ (2//' ,% -HR+<B8') '* 1' +23

(%.%(*0.' (H%2*<B8'"

 !"! #$ $%&'()& *+$+,)-(&, .( $%/0,(1 21(&.%3)4+)-%5,(

D%3+ ('**' +'(*<23) 328+ 1;(.<&23+ '3 1;*%<, 32*.' 328&'%8 SATI" D%3+ 32*.' %-U

-.2(H') 328+ -.2-2+23+ 1' (28-,'. ,' +R+*0/' (H%2*<B8' =>? %&'( ,% V23(*<23 1' 1;&',2-U

-'/'3* '3 V.%(*<23+ (23*<38'+ 1:F37', %63 1' 7;3;.'. 1'+ +;B8'3('+ %R%3* 1'+ -.2-.<;*;+

(H%2*<B8'+ '* +*%*<B8'+ *.0+ <3*;.'++%3*'+ -28. ,'+ 8*<,<+'. '3 (.R-*27.%-H<'" F3 '@'*) ,'

+R+*0/' (H%2*<B8' =>? '+* (%.%(*;.<+; -%. ,% +'3+<G<,<*; %8E &%,'8.+ <3<*<%,'+) ,% +'3+<G<,<*;

%8 -%.%/0*.' 1' (23*.4,') ,:;.721<(<*;) ,% 323U-;.<21<(<*;) ,:%,;%*2<.' '* ,:</-.;1<(*<G<,<*;"

D' -,8+) ,% V23(*<23 1' .'-.;+'3*%*<23 '3 W=F '+* (%-%G,' 1' 7;3;.'. J -%.*<. 1:83 .;',

x) 83' +;B8'3(' 1' &%,'8.+ 7;3;.;'+ J -%.*<. 1' ,:;B8%*<23 !"X -2++;1%3* 1:<3*;.'++%3*'+

-.2-.<;*;+ +*%*<+*<B8'+"

5% (,; +'(.0*' K 1' 32*.' SATI '+* (2/-2+;' 1' *.2<+ 32/G.'+ .;',+ '* 1:83 '3*<'.

K = (x0, y0, t, N0)) %&'( ,' (28-,' (x0, y0) ∈ [0, 2π) .'-.;+'3*%3* ,'+ &%,'8.+ <3<*<%,'+ 18

=>?) t '+* ,' -%.%/0*.' 1' (23*.4,' 18 =>? '* N0 '+* ,' 32/G.' 1:<*;.%*<23 <3<*<%,' 18

=>?" 5:'+-%(' 1' (,; '+* *.0+ +8Y+%3* -28. B8' 32*.' SATI +2<* .2G8+*' (23*.' 83'

%**%B8' -%. V2.(' G.8*' 1%3+ ,% /'+8.' 2Z <, 1;-%++' 169 G<*+ -28. 83' -.;(<+<23 1' 10−15
"

D%3+ ,% +8<*' 1' ('**' +'(*<23) 328+ -.2-2+23+ 1' 1;*%<,,'. ,% -.2(;18.' 1' 7;3;.%*<23
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 !"#$%  !" # $%&'()*+,(- .* /01 2(*3 45 6 3.2457 85 6 0.851 9+ :'9; .,<&39-+9= ':)9*3=

.* 2:3:>?+39 t!



 ! "#$%&'() *+ ",-'(&./'&,- 0 1$ 2(3%',42,5%()66&,- 78&5$9)6

 !"

 #"

 !"#$% $%$ & '()*+#+,+-. /0 1'2 !03 4!,(05* +)+-+!,(* (- !0 6!5!78-5( /( 9:)-5;,(< !"

,! -5!=(9-:+5( /( ,! *0+-( xn 6:05 /(* 4!,(05* +)+-+!,(* -58* 65:9>(*< #" ,! -5!=(9-:+5( /( ,!

*0+-( yn 6:05 /(* 4!,(05* +)+-+!,(* -58* 65:9>(*%
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 !" "#$%!&'!"  ! &()*+!" ,"!% (-./#.0(1+!2 3(%"  #4&1""(&" 0(%0  5.*(+ /. 6(&'01(&

G : [0, 1] → [0, 1] 0!//! $%! 7

G(x) =
∑

j

Zj(x)− ⌊
∑

j

Zj(x)⌋. 892:;<

=&101./!)!&0> &(%" ,+(,("(&"  510#+!+ /! ?@A N0 6(1" !0  5.,,/1$%!+ ,.+ /. "%10! /!"

(,#+.01(&" "%1B.&0!" ,(%+ C#&#+!+ /. "#$%!&'!  ! *10" 4&./! 8D%E  ! '/#"  F&.)1$%!"< 7

G 8 H! ?@A !"0 10#+#  5%&! ).&1I+! '(&01&%!> ,(%+ /. j !"

10#+.01(&> /. "(+01!  % ?@A

!"0 %& &(%B!.% '(%,/! (xj, yj) ∈ [0, 2π)2

G " 3(%" ,+(,("(&"  ! './'%/!+ /. "#$%!&'! {aj}
N

j=1 !& %01/1".&0 /5#$%.01(& "%1B.&0! 7

aj = yj − ⌊yj⌋. 892::<

G 9 J1&./!)!&0> /. "#$%!&'! {kj}
N

j=1 +!,+#"!&0.&0 /! D%E  ! '/#"  F&.)1$%!" !"0  (&&#!

,.+ 7

kj = F (G(aj)). 892:K<

H! ?@A !0 /. 6(&'01(&  ! +!,+#"!&0.01(& !& J?L "(&0 10#+#" ,/%"1!%+" 6(1" M%"$%5N

C#&#+!+  5%&! ).&1I+!  F&.)1$%! !0  #0!+)1&1"0! /!" D%E  !" '/#"  F&.)1$%!" N %01/1"!+ !&

'+F,0.C!O #'+F,0.C!2 H. 4C%+! 92P ,+#"!&0! /!"  1"0+1*%01(&" ,(%+ 100000 B./!%+" C#&#+#!"

!& %01/1".&0 %&1$%!)!&0 /! ?@A> 4C%+! 92P2.> !0 '()*1&.&0 /! ?@A .B!' /. 6(&'01(& L?J-

).,> 4C%+! 92P2*2 3(%" ,(%B(&" +!).+$%#" $%! /!"  1"0+1*%01(&" './'%/#!" "(&0 ,+!"$%!

%&16(+)!"2 Q! ,/%"> /. 4C%+! 92R ,+#"!&0! /!" ,(%+'!&0.C!"  ! 0 !0  ! 1 ,(%+ 500 "#$%!&'!"

C#&#+#!" ".&" !0 .B!' /5%01/1".01(&  ! /. 6(&'01(& L?J-).,2 Q5.,+I" '!00! 4C%+!> &(%"

+!).+$%(&" $%! /!" ,(%+'!&0.C!" "(&0 ,+!"$%! #C.%E N 50%2 L& (%0+!> /. 4C%+! 92S )(&0+!

/. "!&"1*1/10#  ! &(0+! T3UV .%E B./!%+" 1&101./!" !0 .% ,.+.)I0+!  ! '(&0+W/!2

L& !X!0>  5.,+I" /!" +#"%/0.0" ,+#"!&0#" 4C%+!"  !"#  !$% &'() *'(+'&) ,-./,0(-, 0(- 1-

234 *'))56- (&- 67)8,79(87'& (&7:',.- -8 71 -)8 */,:/78-.-&8 )-&)791- /(; +/1-(,) 7&787/1-)

-8 /( */,/.58,- 6- <'&8,=1-! >'(8-:'7)% <-) ?8(6-) &- )'&8 */) )(@)/&8-) *'(, .'&8,-,

1A-@</<78? 6A(& BCDE! E7&)7% &'() *,'*')'&)% )-<87'&  !F!"% 6A/&/1G)-, 1-) *-,:',./&<-)

6- &'8,- BCDE 8'(8 -& &'() 9/)/&8 )(, 1/ )?,7- 6- 8-)8) )8/87)870(-) *,'*')?- */, CH3>!



 ! "#$%&'() *+ ",-'(&./'&,- 0 1$ 2(3%',42,5%()66&,- 78&5$9)6

 !"  #"

 !"#$% $%& ' ()* +,*-.,#/-,01* +) 2.0#!#,3,-4* 20/. 100000 5!3)/.* 6414.4)* !5)7 x0 =

3.595874695438 y0 = 0.8512974635 )- t = 120.9625487136 )1 /-,3,*!1- !" /1,9/):)1- 3)

;<=8 #" 3) ;<= )- 3) >;?@:!2% ;A!9/) *49/)17) 701-,)1- 100000 5!3)/.*%

 !"  #"

 !"#$% $%B ' ()* 20/.7)1-!6)* +) 0 )- +) 1 20/. 500 *49/)17)* 6414.4)* !5)7 x0 =

3.595874695438 y0 = 0.8512974635 )- t = 120.9625487136 )1 /-,3,*!1- !" /1,9/):)1- 3)

;<=8 #" 3) ;<= )- 3) >;?@:!2% ;A!9/) *49/)17) 701-,)1- 100000 5!3)/.*%
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 !"#$%  !" # $%&'()(*(+, -% &.+/% 0123 456 74*%5/' (&(+(4*%' %+ 45 84/49:+/% -% ;.&+/<*%!

 !"!# $%&'()* +*) ,*-./-0&%1*) +2 345$ ,-/,/)6

 !"!7!8 9-043%:0 ,0 :$24

=4 ;*, -% &.+/% 0123 %'+ ;.98.',% -% 3 &.9)/%' /,%*' %+ 5& %&+(%/ K = (x0, y0, t, N0)>

47%; x0> y0 ∈ [0, 2π)> t 8%5+ ?+/% &@(98./+% A5%* B.++4&+ '58,/(%5/ C 18 %+ N0 %'+ 5&

%&+(%/ '58,/(%5/ C 100! 1.5' 8/.8.'.&' -@5+(*('%/ 5&% 8/,;('(.& -% 15 ;D(E/%' 48/:' *4

7(/F5*%! G4&' ;% ;4'> *% &.9)/% -% 74*%5/' 8.''()*%' 8.5/ x0 %'+ 8/%'A5% ,F4* C 6.28×1015
!

G% 9?9%> *% &.9)/% -% 74*%5/' 8.''()*%' 8.5/ y0 %'+

∼= 6.28 × 1015
! =% 84/49:+/% t

H4(+ 84/+(% -% *4 ;*, %+ (* 8%5+ 8/%&-/% &@(98./+% A5%**% 74*%5/ '58,/(%5/ C 18> 74*(-,%

%68,/(9%&+4*%9%&+ I24+(-4/ JKKL4M> %+ 84/ ;.&',A5%&+ *% &.9)/% -% 74*%5/' 8.''()*%' -% t

%'+ '58,/(%5/ C 18×1015
! G% 8*5'> *4 74*%5/ -% N0 8%5+ ?+/% &@(98./+% A5%* %&+(%/ '58,/(%5/

C 100! 1,4&9.(&'> *% ;D.(6 -@5&% 74*%5/ +/:' F/4&-% 8.5/ N0 -(9(&5% *4 7(+%''% -% &.+/%

0123! 3(&'(> &.5' 8/.8.'.&' A5% N0 85(''% 8/%&-/% &@(98./+% A5%**% 74*%5/ -% *@(&+%/74**%

[100, 1100] %+ 84/ ;.&',A5%&+ *% &.9)/% +.+4* -% N0 %'+ ,F4* C 103
! N(&4*%9%&+> *@%'84;%

-% ;*, -% &.+/% 0123 8%5+ ?+/% '58,/(%5/ C 6.282 × 18× 1048 ∼= 2169
;% A5( %'+ *4/F%9%&+

'5O'4&+ 8.5/ /,'('+%/ C &@(98./+% A5%* +P8% -@4++4A5% 84/ H./;% )/5+%!



 !! "#$%&'() *+ ",-'(&./'&,- 0 1$ 2(3%',42,5%()66&,- 78&5$9)6

*+:+;+: <-$136) 6'$'&6'&=/)

 ! "#!$%&' ()#* +,-. ('/0*( (0 1! 2!/!2%&' (0 3'1%1&03 24*&30 &4#& &5/0 ()!&&!"#06

-!3 0708/$09 #* :4* +,-. (4%& ;&30 34:#1&0 24*&30 $01 !&&!"#01 /!3 /3'(%2&%4* (# :%&

1#%<!*&6 =0 &5/0 ()!&&!"#0 <%10 > /3'(%30 $! <!$0#3 ()#* :%& > /!3&%3 (0 $! 24**!%11!*20

(01 n :%&1 "#% $0 /3'2?(0*&6 @* :4* +,-. (4%& ;&30 'A!$080*& 34:#1&0 !#7 !&&!"#01 /!3

3024#<3080*& (01 <!$0#31 %*%&%!$019 (4*& $0 :#& 01& (0 30&34#<03 > /!3&%3 ()#*0 1'"#0*20

!$'!&4%30 $01 <!$0#31 %*%&%!$01 #&%$%1'01 /!3 $0 A'*'3!&0#36 B$ 01& > 80*&%4**03 "#)%$ 07%1&0

:0!#24#/ ()!#&301 &5/0 ()!&&!"#01 0& /4#3 :%0* &01&03 0& <'3%C03 $! "#!$%&' ()#* +,-.9

%$ D!#& $)!//$%"#03 > /$#1%0#31 &01&1 1&!&%1&%"#016

 ! 1'3%0 (0 &01&1 (# ,BEF 01& #*0 $%:3!%3%0 D4#3*%11!*& #*0 %8/$'80*&!&%4* ()#*0

1'3%0 (0 16 &01&1 1&!&%1&%"#01 0& "#% 01& ('&!%$$'0 (!*1 $! /#:$%2!&%4* 1/'2%!$0 (# ,BEF

GHIJII KL#MN%* IHHGO6  01 16 &01&1 /0#<0*& ;&30 2$!11'1 0* (0#7 2!&'A43%01 P $01 &01&1

/!3!8'&3%"#01 0& $01 &01&1 *4*J/!3!8'&3%"#016

>)6 ')6'6 -,- %$($5?'(&=/)6 @

Q F01& (0 R3'"#0*20 SR30"#0*25 F01& P RFT9

Q F01& (0 1#%&01 N484A?*01 SL#*1 F01& P LFT9

Q F01& 1#3 $! /$#1 $4*A#0 1#%&0 (0 #* (!*1 #* :$42 SF01& D43 &N0  4*A01& L#* 4D U*01

%* ! V$42M P  LUFT9

Q F01& (0 248/3011%4*  08/0$JW%< S 08/0$JW%< =48/3011%4* F01& P  WFT9

Q F01& 1#3 $0 3!*A (0 $! 8!&3%20 :%*!%30 !$'!&4%30 SV%*!35 X!&3%7 L!*M F01& P XLFT9

Q F01& (0 $! 14880 2#8#$'0 S =#8#$!&%<0 E#81 F01& P =EFT9

Q F01& 1#3 $! &3!*1D438'0 (0 R4#33%03 (%123?&0 SE/02&3!$ F01& P E-FT9

Q F01& ()072#31%4*1 !$'!&4%301 SL!*(48 Y72#31%4* F01& P LYFT9

Q Z!3%!*&0 (0 &01& ()072#31%4*1 !$'!&4%301 SL!*(48 Y72#31%4* Z!3%!*& F01& P LY@FT

>)6 ')6'6 %$($5?'(&=/)6 @

Q F01& (0 R30"#0*20 (!*1 #* :$42 SV$42M R30"#0*25 F01& P VRFT9

Q F01& ()0*&34/%0 !//342N'0 S.//347%8!&0 Y*&34/5 F01& P .YFT9

Q F01& (0 $! 248/$'7%&' $%*'!%30 S %*0!3 =48/$07%&5 F01& P  =FT9

Q F01& 1&!&%1&%"#0 #*%<0310$ (0 X!#303 SX!#303)1 @*%<031!$ E&!&%1&%2!$ F01& P X@EFT9

Q F01& 1'3%0 SE03%!$ F01& P EFT9

Q L02N032N0 ()#* 84&%D /'3%4(%"#0 SU<03$!//%*A S-03%4(%2T F08/$!&0 X!&2N%*A F01& P

UFXFT

Q L02N032N0 ()#* 84&%D !/'3%4(%"#0 S,4*JU<03$!//%*A S./03%4(%2T F08/$!&0 X!&J
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 !"#$ %&'( ) *+%,%-.

/0#' #1(2& 3(45& &6732"8&#(09&: #14' 0;1#'  !1"'" 5& ;09"5&2 #1(2& <*=> 702 9?"#(&2@

835"0"2& 5& 90 '32"& 5& (&'(' 5& *AB%. C# &D&(: "9 E04( (14( 5?0F125 3#1# &2 4#& !G71(!H'&:

#1(3& 702 H0: I4" 2&723'&#(& 9&  020 (H2& J (&'(&2 &( I4"  1#'"'(& 50#' #1(2&  0' J (&'(&2

'" 4#& '3I4&# & &'( 0930(1"2&. K&  1#(20"2& 5& 9?!G71(!H'& H0 &'( 3$09&8&#( 53L#" &( "9

&'( #1(3 702 Ha. >"#'": J 90 L# 5&  !0I4& (&'(: 9& 23'49(0( (214;3 7&28&( 5&  !1"'"2 &#(2&

9?0  &7(0("1# 14 9& 2&M&( 5& 9?!G71(!H'& H0. K0 53 "'"1# 537&#5 5& 90 721F0F"9"(3 pNvalue

1F(&#4& 7142  !0I4& (&'( &( 54 #";&04 5& '"$#"L 0("1# #1(3 702 α I4" &'( L63 50#' #1'

&6732"8&#(0("1#' J 0.01. >"#'": 7142 4# (&'( 51##3: '" 90 pNvalue  09 493& &'( "#E32"&42& J

α: 0912' 90 '3I4&# & 5& F"(' $3#323& 702 4# <*=> &'(  1#'"5323& #1#@0930(1"2&. =02  1#(2&:

'" (14' 9&' pNvalues '1#( '4732"&42&' J α: 0912' #14' 0  &7(1#' I4& 90 '3I4&# & F"#0"2&

$3#323& 702 4# <*=> &'( 7'&451@0930(1"2&.

K?0'7& ( 0930(1"2& 5?4# <*=> &'( 4#& 72172"3(3 721F0F"9"'(&. A9 &6"'(& 794'"&42' (&'('

'(0("'("I4&' &(  !0 4# (&#5 J ;32"L&2 90 723'&# & 14 9?0F'&# & 5?4#  &2(0"# 815H9&: I4" 4#&

E1"' 53(& (3 #14' 7&28&((& 5&  1# 942& I4& 90 '3I4&# & #?&'( 70' 0930(1"2&.

=142 3;094&2 90 I409"(3 5& #1(2& <*=> &( M4'("L&2 9?4("9"'0("1# 5& 90 E1# ("1# COP@807:

#14' 723'&#(1#' 50#' 9&' (0F9&046 Q.Q@ Q.RS 9&' 23'49(0(' 5&' (&'(' '(0("'("I4&' 0779"I43' '42

9&' '3I4&# &' kj &( bj. A9 &'( J 2077&9&2 I4& 90 '3I4&# & kj &'( $3#323& '&91# 9?3I40("1# Q.RT:

0912' I4& 90 '3I4&# & bj &'( 1F(&#4& &# 4("9"'0#( 4#"I4&8&#( 9& 'G'(H8&  !01("I4& OB,

&( &# 0779"I40#( 90 (20#'E1280("1# '4";0#(& )

bj = F (aj), UQ.RV-

0;& aj &'( 90 '3I4&# &  09 493& 702 9?3I40("1# Q.RR.

K&' (0F9&046 Q.Q@ Q.RS 723'&#(&#(: &#(2& 702&#(!H'& &( 5&;0#(  !0I4& (&'( 702083(2"I4&:

9&' 70208H(2&'  !1"'"' 50#' #1(2& 3(45& &6732"8&#(09&. /& 794': 9&' ;09&42' 723'&#(3&'

50#'  &' (0F9&046 '1#( 9&' pNvalueT &( 9&' E0 (&42' 5& 721712("1#' 1F(&#4' 7142 m = 100

'3I4&# &' 5& (0"99&' 1000000 F"('  !0 4#& &( 0;& 5"D32&#(&'  93'. B&91# 9& *AB%: 4# F1#

$3#320(&42 51"( 0;1"2 5&' pNvaluesT '4732"&42' J 0.0001 &( 5&' E0 (&42' 5& 721712("1#'

 1872"' &#(2& 0.960150 &( 1.019049. /?072H' 9&' 23'49(0(' 1F(&#4': #14' 714;1#'  1# 942&

I4& 9&' '3I4&# &' bj #& '0("'E0''&#( 70' 9&'  2"(H2&' 5&' '3I4&# &' 0930(1"2&'. K&' '3I4&# &'

bj #& 234''"''&#( 70'  &2(0"#' (&'(':  188& 9& P%: 90 pNvalueT &'( "#E32"&42& J 0.0001 &(

9& E0 (&42 5& 721712("1# &'( &# 5&!12' 5&' 9"8"(&' 7&28"'&'.

K&' (0F9&046 Q.Q@ Q.RS 723'&#(&#( 3$09&8&#( 9&' 23'49(0(' 1F(&#4' &# 0779"I40#( 9&'

(&'(' 54 *AB% '42 9&' '3I4&# &' kj $3#323&' 702 5"D32&#(&'  93'. /?072H'  &' 23'49(0(':



 !" #$%&'()* +, #-.()'/0('-. 1 2% 3)4&(-53-6&)*77'-. 89'6%:*7

 !"# $!"%! # &! &'"() *")  !+() ,-./ (0"##1+ +!"# ')# +)#+# )+ $2( &! #0*") +  !"#

2&&)$+! # *"31' )#+ 2'02+!1()4

-!"# 50+21''! #6 #)&+1! 748494:6 '2 ;2 1<() 25!$+0) $2( ') -=>? $!"( '3)@2;) )+

'31 +)($(0+2+1! 5)# (0#"'+2+# !A+) "# $2( ')# +)#+# #+2+1#+1*")#4

+,",;,< =.(*)&)>(%('-. 8*7 )>702(%(7 *?&>)'6*.(%0?

B @?%6*. 8*7 A%3(*0)7 8* &)-&-)('-.7 B

.!"( %0(1C)( '2 *"2'1+0 5)# (0#"'+2+# !A+) "# $2( ')# +)#+# #+2+1#+1*")#6 1' D2"+ &2'&"')(

') D2&+)"( 5) $(!$!(+1! 4 E) 5)( 1)( )#+ !A+) " ) 51%1#2 + ')  !;A() 5) pFvalue

#"$0(1)"()# 2"  1%)2" 5) #1G 1C&2+1! α $2( ')  !;A() +!+2' 5)# #0*") &)# +)#+0)#4

proportion =
nombre de pFvalue > α

m
, H74IJK

2%)& m ')  !;A() 5) #0*") &)# "+1'1#0)# 5"(2 + ') +)#+4 .!"( &L2*") +)#+6  !"#

2&&)$+! # ') D2&+)"( 5) $(!$!(+1! *"1 #) +(!"%) 52 # ') (2 G 50C 1 $2( -=>? )+ *"1

)#+ 0G2' M p̂±3
√

p̂(1− p̂)/m 2%)& p̂ = 1−α4 N2 # ') &2# !O ') D2&+)"( 5) $(!$!(+1! #)

+(!"%) ) 5)L!(# 5) &)+ 1 +)(%2'')6  !"# $!"%! # &! &'"() *") ')# #0*") &)# G0 0(0)#

 ) #! + $2# 2'02+!1()#4 .!"( m = 100 )+ α = 0.016 ') (2 G 5)# $(!$!(+1! # 2&&)$+2A')#

)#+ 0G2' M [0.960150, 1.019049]4

P)# %2')"(# 5)# D2&+)"(# 5) $(!$!(+1! # #! + $(0#) +0)# CG"() 74Q 2%)& ')# A!( )# 5)

'2 (0G1! 5)# $(!$!(+1! # 2&&)$+2A')#4 -!"# ();2(*"! # *") +!"+)# ')# $(!$!(+1! #

#) +(!"%) + M '31 +0(1)"( 5) &)++) (0G1! )+ $2( &! #0*") +  !"# 2&&)$+! # *") ')#

#0*") &)# G0 0(0)# #! + $#)"5!R2'02+!1()#4

B @?%6*. 8* 290.'A-)6'(> 8*7 pCvalues B

S ) 2"+() 1 51&2+1! +(<# 1;$!(+2 +) *"1 %0(1C) '2 *"2'1+0 5)# +)#+# (02'1#0# )#+ ')

D2&+)"( 53" 1D!(;1+04 E) 5)( 1)( &! #1#+) M %0(1C)( $!"( &L2*") +)#+ '3" 1D!(;1+0 5) '2

51#+(1A"+1! 5)# pFvalue !A+) ")#4 =' )#+ M (2$$)')( *") ')# pFvalues 2$$2(+1)  ) +

M '31 +)(%2'') [0, 1]4 /1 #16 $!"( +)#+)( '3" 1D!(;1+0 5)# pFvalues +(!"%0)#6 ') -=>? 2

$(!$!#0 5) 51%1#)( '31 +)(%2'') [0, 1] ) 10 #!"#R1 +)(%2'')# )+ 5) &2'&"')( $!"( &L2*")

+)#+ ')# D(0*") &)# Fi $!"( i = 1, · · · , 10 2%)& Fi ()$(0#) +) ')  !;A() 5) pFvalues

*"1 #) +(!"%) + 52 # ') i !"

1 +)(%2'') [ (i−1)
10

, i
10

)4 T #"1+)6 1' D2"+ &2'&"')( '2 %2')"( X 2

*"1 $(0#) +) ') +)#+ 5) .)2(#! 4 E)++) %2')"( )#+  0&)##21() $!"( %0(1C)( '3" 1D!(;1+0

5) '2 51#+(1A"+1! 5)# pFvalues U
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 !"#$%  !" # $%& '()')(*+),& )-*%,.%& ').( 100 &/0.%,1%& 2% *3+44% 1000000 -+*& 1531.,%!

$3 (/6+), %,*(% 4%& 2%.7 4+6,%& 5)(+8),*34%& %&* 43 (/6+), 2%& '()')(*+),& 311%'*/%&!

X 2 =
10
∑

i=1

(Fi −
m
10

)2

m
10

. 9 !: ;

<+,34%=%,*> +4 ?3.* 1341.4%( 43 p@valueT 2% *).*%& 4%& p@values A

p@valueT = igamc(
X2

2
,
9

2
), 9 !:B;

3C%1 igamc %&* 43 ?),1*+), 63==3 +,1)='4D*%

 

! E).( '4.& 2% 2/*3+4&> 4% 4%1*%.(

').((3 &% (/?/(%( F GH.I5+, JKKL> M-(3=)N+*8 :"BL> E(%&& :""JO! PQ3'(D& RSTU> &+

p@valueT > 0.0001> 34)(& ,).& 1),&+2/(),& 0.% 4%& p@values &),* .,+?)(=/=%,*

2+&*(+-./%& 23,& [0, 1]!

$3 V6.(%  !:K '(/&%,*% 4%& p@valueT > ').( *).& 4%& *%&*& %* %, .*+4+&3,* 2+W/(%,*%&

14/&> %* 43 4+=+*% +,?/(+%.(% 0.+ %&* /634% F 0.0001! P% '4.&> 43 V6.(%  !:: '(/&%,*% 4%&

5+&*)6(3==%& 2%& p@values 2% 0.%40.%& *%&*&! PQ3'(D& 1%& V6.(%&> ,).& ').C),& 1),14.(%

0.% 4%& p@values &),* .,+?)(=/=%,* 2+&*(+-./%&!

 ! "#$%&'()*) +,&&, -.#$*/%#



 !" #$%&'()* +, #-.()'/0('-. 1 2% 3)4&(-53-6&)*77'-. 89'6%:*7

 !"#$%  !"# $ %&' p(valueT )*+, -*+' .&' -&'-' /& 0123! %4 .567& 8*,59*7-4.& ),:'&7-&

.4 .5;5-& 57<:,5&+,& =+5 &'- :64.& > 0.0001!

 !"#$%  !"" $ ?5'-*6,4;;& /&' p(values )*+, .&' -&'-' 4@ A3B C@ D3B E@ FG23 &- /@

%H3!
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 !"#$  !" # $%&'( '() *+,%(&-) '( .-/./-%0/1) (% '( 23&10*/-40%5 '() 6+2(&-) '() p7values
/8%(1&() (1 +..209&+1% 2() 14 .-(40(-) %()%) '( :;<= )&- 100 )59&(1,() >515-5() .+- 2+

?@ (% '( %+022( 1000000 80%) ,A+,&1(!

=()% x0 = 0.236415897 x0 = 0.94136278

λ = 3.9965248 λ = 3.99996524

{bj} {bj}

P7valueT B-/./-%0/1 P7valueT B-/./-%0/1

C= 7!777777 7!7777 7!777777 7!8877

DC= E4 F "GHI 7!777777 7!7777 7!777777 "!JJJJ

K= 7!777777 7!7777 7!777777 7!8977

?KL= 7!777777 7!7777 J!GMNH"J J!OOJJ

@K= J!JP P"O J!OOJJ J!QMPGPQ J!OPJJ

<B= 7!777777 7!:;77 J!JNGHG" J!OOJJ

:L=@= E4 F OI

=(4.2+%( F JJJJJJJJ" 7!777777 7!7777 7!777777 7!7777

L=@= E=(4.2+%( F """""""""I 7!777777 7!<:77 J!QMPGPQ "!JJJJ

@R<= E? F PST F "GHJI 7!777777 7!6:77 J!JJGJQM 7!=977

?U= 7!777777 7!7777 7!777777 7!7777

?V= E@ F  JJI J!" MPNM J!OOJJ J!PPO"HH J!OHJJ

<= E4 F "NI 7!777777 7!7777 7!777777 7!7777

W$= E4 F "JI 7!777777 7!7777 7!777777 7!7777

V<=

C/-X+-' 7!777777 7!7777 7!777777 7!8;77

K(6(-)( 7!777777 7!7777 7!777777 7!8;77



 !" #$%&'()* +, #-.()'/0('-. 1 2% 3)4&(-53-6&)*77'-. 89'6%:*7

 !"#$  !" # $%&'( )% '*+,(*%  !- ./%0 ,(1 15 !"

(' 16 !"

'(1'1 )( 23$4!

4(1' {bj} {bj}

P5valueT 60/./0'&/7 P5valueT 60/./0'&/7

894

: ; <= !,!!!!!! !,!!!! >!"="?@A -!>>>>

: ; <B !,!!!!!! !,!!!! >!-@A AA -!>>>>

: ; <" !,!!!!!! !,!!!! >!> C-=A -!>>>>

: ; <- !,!!!!!! !,!!!! >!>->A>A -!>>>>

: ; - !,!!!!!! !,!!!! >!=@=A=A -!>>>>

: ; " !,!!!!!! !,!!!! >!B-- =" -!>>>>

: ; B !,!!!!!! !,!!!! >!-> A-@ -!>>>>

: ; = !,!!!!!! !,!!!! >!>=-=B@ >!?AB>

89D4

: ; <? !,!!!!!! !,!!!! >!A@?>-? -!>>>>

: ; <@ !,!!!!!! !,!!!! >!-@A AA -!>>>>

: ; <C !,!!!!!! !,!!!! >!>C@>@A !,;<+;

: ; <A !,!!!!!! !,!!!! >!-@A AA !,;<+;

: ; < !,!!!!!! !,!!!! >!-=-" A !,;<+;

: ; <= !,!!!!!! !,!!!! >!>->A>A >!?AB>

: ; <B !,!!!!!! !,!!!! >!-@A AA -!>>>>

: ; <" !,!!!!!! !,!!!! >!"="?@A -!>>>>

: ; <- !,!!!!!! !,!!!! >!>=-=B@ -!>>>>

: ; - !,!!!!!! !,!!!! >!-@A AA -!>>>>

: ; " !,!!!!!! !,!!!! >!-@A AA -!>>>>

: ; B !,!!!!!! !,!!!! >!>->A>A -!>>>>

: ; = !,!!!!!! !,!!!! >!-> A-@ -!>>>>

: ;  !,!!!!!! !,!!!! >!-=-" A -!>>>>

: ; A !,!!!!!! !,!!!! >! @ ">? -!>>>>

: ; C !,!!!!!! !,!!!! >!B-- =" -!>>>>

: ; @ !,!!!!!! !,!!!! >!-> A-@ -!>>>>

: ; ? !,!!!!!! !,!!!! >!C@@C"@ -!>>>>



 !"! #$%&'(%)*'+ ,-.+ +'./0%. 12+2(%)0.( 340.,'5%$2%)'*(0 678

 !"#$  !" # $%&'( '() *+,%(&-) '( .-/./-%0/1) (% '( 23&10*/-40%5 '() 6+2(&-) '() p7values
/8%(1&() (1 +..209&+1% 2() 14 .-(40(-) %()%) '( :;<= )&- 100 )59&(1,() >515-5() +6(, 2(

?:@A .-/./)5 .+- B@+%0'+- CDDE8FG '( %+022( 1000000 80%) ,H+,&1(!

=()% x20 = 2.2548745491 x20 = 3.59587469543

y20 = 3.9654128766 y20 = 0.8512974635

t2 = 100.6 t2 = 120.9625487136

x10 = 5.6984257 x10 = 5.285647931

y10 = 1.96532548 y10 = 0.456329817

t1 = 50.3975246 t1 = 20.

{bj} {bj}

P7valueT @-/./-%0/1 P7valueT @-/./-%0/1

I= D!DJKKJJ D!ELDD D!M  E"J D!ELDD

NI= O4 P KCLQ 7!777777 7!7 77 7!777777 7!7777

R= 7!777777 7!7777 7!777777 7!7777

SRT= 7!777777 7! 977 7!777777 7!:777

UR= D! KMKCM D!EJDD D!L"M"DL K!DDDD

<@= D!M"JCJM K!DDDD D!DKVJKJ K!DDDD

:T=U= O4 P EQ

=(4.2+%( P DDDDDDDDK 7!777777 7!7777 7!777777 7!7777

T=U= O=(4.2+%( P KKKKKKKKKQ 7!777777 7!7777 7!777777 7!7777

UW<= OS P JGX P KCLDQ 7!77776; 7!<:77 7!777777 7!9677

SY= 7!777777 7!""77 7!777777 7!7777

SZ= OU P  DDQ D!CLEVVJ D!EEDD D!"VVEKL D!EEDD

<= O4 P KVQ 7!777777 7!:=77 7!777777 7!7 77

A$= O4 P KDQ 7!777777 7!7777 7!777777 7!7777

Z<=

I/-[+-' D!  MMCD K!DDDD D!"VVEKL D!EEDD

R(6(-)( D!D KEMC D!EEDD D! JMED" D!ELDD



 !" #$%&'()* +, #-.()'/0('-. 1 2% 3)4&(-53-6&)*77'-. 89'6%:*7

 !"#$  !" # $%&'( )% '*+,(*%  !- ./%0 ,(1 15 !"

(' 16 !"

'(1'1 )( 23$4!

4(1' {bj} {bj}

P5valueT 60/./0'&/7 P5valueT 60/./0'&/7

894

: ; <" =!>=?@A> >!==== =!==?-BB !,;<=!

: ; <- =!==-C=> =!A?C? =!=CBB"? =!A@>=

: ; <C =!- ="? =!A?C? =!=>?ABA !,;+>+

: ; <> =!A  ?- >!==== =!=A B>@ !,;<=!

: ; > =!- ="? =!AB  =!==?-BB !,;=?+

: ; C =!C>--=A =!AB  =!=>=B=B =!A@>=

: ; - =!CBCC"A >!==== !,!!!!!! >!====

: ; " =!C-B?>= =!AB  =!>  C=A =!A@>=

89D4

: ; <A =!"  A-@ >!==== =!  >=CB >!====

: ; <? =!> -@B- >!==== =!@??@C? =!A?  

: ; <@ =!C?ABB@ >!==== =!-B">"B !,;+>+

: ; <B =!B @A-- >!==== =!  >=CB =!A?  

: ; < =!"A"-AC >!==== =!>>B >A >!====

: ; <" =!>=?@A> >!==== =!=B-"?C >!====

: ; <- =! @"A=- =!A?C? =!?>A "" >!====

: ; <C =!"  A-@ =!A?C? =! >@""C >!====

: ; <> =!>@>?B@ >!==== =!-AC" B >!====

: ; > =!= ?A?" >!==== =!=C-?>C >!====

: ; C =!>@>?B@ =!A?C? =!CB"" ? =!A?  

: ; - =!B @A-- >!==== =!" C@AA =!A?  

: ; " =!C>--=A >!==== =!==>> B >!====

: ;  =!? >-?- >!==== =!C"CA?B >!====

: ; B =!@@A>?? >!==== =!-AC" B >!====

: ; @ =!C?ABB@ >!==== =!>">C B >!====

: ; ? =!=C- " >!==== =!>>B >A >!====

: ; A =!=BB??C >!==== =!== >BB >!====



 !"! #$%&'(%)*'+ ,-.+ +'./0%. 12+2(%)0.( 340.,'5%$2%)'*(0 678

 !"#$  ! " #$%&'(')*$+ ,-* (.*/01'1* $21-+/* -+ '&&0)3/'+1 0-* 14 &(-%)-(* 1-*1* ,-

4567 */( 0-* *.3/-+8-* {bj}9 :.+.(.-* /+)3/-%-+1 ';-8 0- #6<9 -1 */( 0-* *.3/-+8-*9 {kj}9
$21-+/-* ';-8 +$1(- =4>?! @' 80. 8A$)*)- &$/( 0' :.+.('1)$+* ,-* *.3/-+8-* {bj} -1 {kj}
-*1 Bx0 = 3.595874695439 y0 = 0.85129746359 t = 120.96254871369 N0 = 250C!

7-*1 x0 = 3.595874695439 y0 = 0.8512974635

t = 120.96254871369 N0 = 250

{bj} {kj}

PDvalueT >($&$(1)$+ PDvalueT >($&$(1)$+

E7 F!GFHHII F!IJFF F! KGHGL F!IJFF

ME7 B% N HOPC 7!777777 7!7677 F! JGIFK F!IPFF

Q7 F!OKLPHF F!IPFF F!GKJOJG F!IIFF

@QR7 7!777777 7!9877 F!P HKPK F!IJFF

<Q7 F!OJ JFI H!FFFF F!L JIKK F!IIFF

6>7 F!FOK G H!FFFF F!KKG KP F!IIFF

4R7<7 B% N IC

7-%&0'1- N FFFFFFFFH 7!777777 7!7777 F!IIHGLP F!IPFF

R7<7 B7-%&0'1- N HHHHHHHHHC 7!777777 7!7777 F!FOPPHJ F!IPFF

<S67 B@ N J9T N HOPFC 7!777777 7!: 77 F!PKGKFP F!IIFF

@U7 7!777777 7!7777 F!JIPHKI F!IIFF

@#7 B< N  FFC F!F  KLH H!FFFF F!JIPHKI F!IIFF

67 B% N HLC 7!777777 7!7777 F! KGHGL F!IIFF

?V7 B% N HFC 7!777777 7!7777 F!KLLIHP F!IPFF

#67

E$(W'(, F!FKFPFL F!IJFF F!HPH  J F!IIFF

Q-;-(*- F!F HIGO F!IIFF F!J IJ L F!IIFF



  ! "#$%&'() *+ ",-'(&./'&,- 0 1$ 2(3%',42,5%()66&,- 78&5$9)6

 !"#$  !" # $%&'( )% '*+,(*%  ! -.%/ ,* 0.1-*/*&2.3 )(2 /42%,'*'2 .+'(3%2 *5(0 ,(2 15 !"

(' 16 !"

'(2'2 )( 67$8!

8(2' {bj} {kj}

P9valueT :/.-./'&.3 P9valueT :/.-./'&.3

;<8

= > ?@ A!BACDEB !+:;<= A!@FFAG@ A!EC@B

= > ?G A!AE" DC A!ECAC A!FCDGA" B!AAAA

= > ?F A!G A@C A!E"B A!AE "BD A!EC@B

= > ?B A!BACDEB B!AAAA A!ADA@@ B!AAAA

= > B A! G@B@" B!AAAA A!BFCGDE A!E"CG

= > F A!CCGBDB B!AAAA A!FA@AD" B!AAAA

= > G A!F"FF@E B!AAAA A!E DGBE A!EC@B

= > @ A!GBEAC@ B!AAAA A!B  FAE B!AAAA

;<H8

= > ?E A!AGACA" B!AAAA A!A@B@GC B!AAAA

= > ?C A!GCGCFD B!AAAA A!" @@"D B!AAAA

= > ?D A!G A@C B!AAAA A!GGDB"F B!AAAA

= > ?" A!B GD"G B!AAAA A!EDA GC B!AAAA

= > ? A!BDBC"D B!AAAA A!FCDGA" B!AAAA

= > ?@ A!AG BD@ A!ECAC A!BDAFE@ B!AAAA

= > ?G A!F"FF@E A!ECAC A!C@C CC B!AAAA

= > ?F A!@  EGD A!ECAC A!E@BB@@ B!AAAA

= > ?B A!EE"GG A!ECAC A!  BAF" A!EC@B

= > B A! G@B@" B!AAAA A!EAABA@ B!AAAA

= > F A!@  EGD B!AAAA A!GEF@ " B!AAAA

= > G A!DGEEBC B!AAAA A!AFGCBF B!AAAA

= > @ A!"EEGBG B!AAAA A!FFFC"E B!AAAA

= >  A!BEB"CD B!AAAA A!@ FDEE B!AAAA

= > " A!AABFE" B!AAAA A!DFGBFE B!AAAA

= > D A!@E@GEF B!AAAA A!" @@"D B!AAAA

= > C A!BEB"CD B!AAAA A!FFFC"E B!AAAA

= > E A!@E@GEF B!AAAA A!CBE @@ B!AAAA



 !"! #$%&'(%)*'+ ,-.+ +'./0%. 12+2(%)0.( 340.,'5%$2%)'*(0 666

 !"#$  !" # $%&'()(*+%, -.+ )/+012(2+ %32.,0+ ., (''1*40(,2 1.+ 14 ').&*.)+ 2.+2+ -.

5678 +0) -.+ +/40.,9.+ {bj}: ;/,/)/.+ 0,*40.&.,2 (<.9 1. $7=: .2 +0) -.+ +/40.,9.+

{kj}: %32.,0.+ (<.9 ,%2). >5?@! A( 91/ 9B%*+*. '%0) 1( ;/,/)(2*%,+ -.+ +/40.,9.+ {bj} .2
{kj} .+2 Cx0 = 2.2548745491: y0 = 3.9654128766: t = 20.6: N0 = 250D!

8.+2 x0 = 2.2548745491: y0 = 3.9654128766

t = 20.6: N0 = 250

{bj} {kj}

PEvalueT ?)%'%)2*%, PEvalueT ?)%'%)2*%,

F8 G!HIHJIK L!GGGG G!GGHJGL L!GGGG

MF8 C& N LKOD 7!777777 7!7777 G!G  JPL L!GGGG

Q8 G!GGHJGL G!IOGG G!"LI"H" G!IIGG

AQR8 7!777777 7!7777 G!""ILOO G!IIGG

=Q8 G!P"OPOP L!GGGG G!OOJL"L L!GGGG

7?8 7!777777 7!8777 G!PIIJLJ G!IIGG

5R8=8 C& N ID

8.&'1(2. N GGGGGGGGL 7!777777 7!7777 G!OLP J" G!IOGG

R8=8 C8.&'1(2. N LLLLLLLLLD 7!777777 7!7777 G!PLPJG G!IIGG

=S78 CA N ":T N LKOGD 7!777777 7!7777 G!OOJL"L G!IIGG

AU8 7!777777 7!7777 G!LILPO" L!GGGG

A$8 C= N  GGD G!P"OPOP L!GGGG G!OJHJGO L!GGGG

78 C& N LPD 7!777777 7!7777 G!L J"PJ L!GGGG

@V8 C& N LGD 7!777777 7!7777 G!GLP"L" G!IOGG

$78

F%)W()- G!GLH  G G!IOGG G!GLILOO L!GGGG

Q.<.)+. G!GGGLH G!IIGG G! "HIGJ L!GGGG



  ! "#$%&'() *+ ",-'(&./'&,- 0 1$ 2(3%',42,5%()66&,- 78&5$9)6

 !"#$  !" # $%&'( )% '*+,(*%  !- ./%0 ,* 1/2.*0*&3/4 )(3 053%,'*'3 /+'(4%3 *6(1 ,(3 15 !"

(' 16 !"

'(3'3 )( 78$9!

9(3' {bj} {kj}

P:valueT ;0/./0'&/4 P:valueT ;0/./0'&/4

<=9

> ? @A :+:::::* B!CD-E B!FAFE D  !"##$

% & '(  !  ()#)  !"# $  !())$*+  !",$$

% & '+  ! +"-"#  !"# $  ! *#)#" )!    

% & ')  !*++ (* )!     ! ((+,, )!    

% & )  !+ * -#  !",(#  !#$**#- )!    

% & +  !))#$)"  !"%&&  !)- +"* )!    

% & (  !)+,(-"  !",(#  !+*+",#  !",$$

% & *  !))#$)"  !"'$  !-+()+" )!    

./01

% & '"  !)- +"* )!     !) $#), )!    

% & ',  !#," )" )!     ! #(*,+ )!    

% & '-  !$,$+ " )!     !),#$## )!    

% & '#  !$$) +#  !"#-+  !("+*$#  !",$$

% & '$  !$$) +# )!     ! *#)#"  !",$$

% & '*  !((-)#+ )!     ! "$#)-  !",$$

% & '(  !))#$)" )!     ! - **$  !",$$

% & '+  !-,,-+, )!     !+ * -# )!    

% & ')  !"- $(, )!     !),#$## )!    

% & )  !*++ (*  !",(#  ! ))"()  !",$$

% & +  !)+,(-"  !",(#  !(#*)*#  !",$$

% & (  !())$*+ )!     !*$+-"" )!    

% & *  !+ * -# )!     !$$) +#  !",$$

% & $  ! - **$ )!     !+*+",#  !",$$

% & #  ! ,#*$, )!     !#$**#- )!    

% & -  !  +*#$ )!     !)- +"* )!    

% & ,  !)*)+$# )!     !  *$-( )!    

% & "  !)$$+ " )!     ! +)+#+ )!    



 !"! #$%&'(%)*'+ ,-.+ +'./0%. 12+2(%)0.( 340.,'5%$2%)'*(0 667

 !"#$  !" # $%&'()(*+%, -.+ )/+012(2+ %32.,0+ ., (''1*40(,2 1.+ 56 ').&*.)+ 2.+2+ -.

789: +0) -.+ +/40.,;.+ {bj}< =/,/)/.+ 0,*40.&.,2 (>.; 1. $9?< .2 +0) -.+ +/40.,;.+

{kj}< %32.,0.+ (>.; ,%2). @7AB! C( ;1/ ;D%*+*. '%0) 1( =/,/)(2*%,+ -.+ +/40.,;.+ {bj} .2
{kj} .+2 Ex0 = 6.0125485265< y0 = 0.2015036089< t = 50.951236874< N0 = 250F!

:.+2 x0 = 6.0125485265< y0 = 0.2015036089

t = 50.951236874< N0 = 250

{bj} {kj}

PGvalueT A)%'%)2*%, PGvalueT A)%'%)2*%,

H: I!J 5KJK I!"JII I!L"J5K" I!""II

MH: E& N 5OJF 8!888888 8!8888 I!5L5JPL I!"JII

Q: I!IPPJJO 5!IIII I!P""K5K I!""II

CQR: 8!888888 8!8888 I!OL LI" I!"JII

?Q: I!J 5KJK I!"JII I!K I6J 5!IIII

9A: 8!888888 8!"788 I!6L6"JP 5!IIII

7R:?: E& N "F

:.&'1(2. N IIIIIIII5 8!888888 8!8888 I!5 KLPK 5!IIII

R:?: E:.&'1(2. N 555555555F 8!888888 8!8888 I!KJKJOL I!""II

?S9: EC N L<T N 5OJIF 8!888888 8!8888 I!  66OI I!""II

CU: 8!888888 8!8888 I!6  "KL 5!IIII

C$: E? N  IIF I!65"IO5 5!IIII I!5L5JPL I!""II

9: E& N 5PF 8!888888 8!8888 I!LK""5J 5!IIII

BV: E& N 5IF 8!888888 8!8888 I! K656P 5!IIII

$9:

H%)W()- I!5OOKO I!""II I! L6"IK I!""II

Q.>.)+. I!IIOI6K I!""II I! "  6" I!"JII



  ! "#$%&'() *+ ",-'(&./'&,- 0 1$ 2(3%',42,5%()66&,- 78&5$9)6

 !"#$  !"# $ %&'() *& (+,-)+&  !. /0&1 -+ 203/+1+'405 *)4 164&-(+(4 0,()5&4 +7)2 -)4

15 !"

)( 16 !"

()4(4 *) 89%:!

:)4( {bj} {kj}

P;valueT <10/01('05 P;valueT <10/01('05

=>:

? @ AB :+:::::; :+<= > #!B#"".. "!####

? @ AC :+:::::= :+;=?* #!DDBED" "!####

? @ AD :+:::::: :+<= > #! "B"DB #!.E"E

? @ A" #!DF F#. #!.E#B #!DF F#. #!.E"E

? @ " #!.GBD. "!#### #!#CF GG #!.E"E

? @ D #!###"EB #!.G#E #!F".FBF #!.E"E

? @ C #!#  CG" #!.G#E #!D#DDGE #!.E"E

? @ B #!#"DG # :+<:=: #!GCF"". #!.E"E

=>H:

? @ A. #!ECBC#E #!.E#B #!CGG."E "!####

? @ AE #!GFEGEG #!.E#B #!DB.DEB #!.E"E

? @ AF #!F .F G #!.E#B #!F.E"C. #!.E"E

? @ AG #!D#DDGE #!.E#B #!BCFDFB #!.E"E

? @ A #!#BEF"G #!.E#B #! "B"DB #!.E"E

? @ AB #!GFEGEG #!.E#B #!"#D DG #!.E"E

? @ AC #!ECBC#E #!.E#B #! "B"DB "!####

? @ AD #!E.FFGC #!.E#B #!DF F#. #!.GCG

? @ A" #!DB.DEB #!.E#B #!F .F G #!.E"E

? @ " #!  BBD# "!#### #!GFEGEG #!.E"E

? @ D #!GCF"". "!#### #!BCFDFB "!####

? @ C #!#E# ". "!#### #!F.E"C. "!####

? @ B #!#  CG" "!#### #!#  CG" "!####

? @  #!"D.GD# "!#### #!BFB.EG #!.E"E

? @ G #! "B"DB "!#### #!EGFG.D #!.GCG

? @ F #!BCFDFB "!#### #!C#B"DG #!.E"E

? @ E #!DB.DEB "!#### #!EGFG.D #!.E"E

? @ . #!  BBD# "!#### #!GCF"". #!.E"E
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 !"!# $%&'()*+%&

 !"# $! #%&'()" *+,- ").# !/)"# 012#%"'2 ." ")./%!. 3456 78!#9).:( ,;<;=> 0).1

$! ?2"21!'()" :@."% 9!"(A1% :2'%19("(#'% :%# B.C :% &$2# :D"!9(E.%# F :%# G"# :% &H(IJ

I1%9%"'+ 4).# !/)"# 9)"'12- #%&'()" *+,+K- E.% ")'1% 3456 %#' '1A# %L&!&% %' ! 12.##('

').# $%# '%#'# :% $! #21(% :% '%#'# :% 4MNO+ P@%L&!&('2 :% ")'1% 3456 /(%"' :% $@.'($(#!J

'()" :. #D#'A9% &H!)'(E.% QN8- &!1!&'21(#2 0!1 $! #%"#(=($('2 !.C /!$%.1# ("('(!$%# %' !.

0!1!9A'1% :% &)"'1R$%- %' :% $! I)"&'()" SQTJ9!0- 0)##2:!"' :%# 01)01(2'2# #'!'(#'(E.%#

'1A# ("'21%##!"'%#+ 4)'1% ?2"21!'%.1 #%1! .'($(#2 0).1 $% :2/%$)00%9%"' :@." ")./%$ !$?)J

1('H9% :% &H(U1%9%"' 0!1 B)'- #%&'()" *+V- %' $% :2/%$)00%9%"' :@."% ")./%$$% 92'H):%

:% &1D0')J&)901%##()"- #%&'()" *+W+



  ! "#$%&'() *+ ",-'(&./'&,- 0 1$ 2(3%',42,5%()66&,- 78&5$9)6

 !" #$ $%&'() *)+%,-./0( 1( 2/-3,(0($.14-0*+(5

 !"!# $%&'()*+&,(%

 !"#$$#%&' ()*+,#*-+ "-.(&/0+.+&1$#+ 23+!+ +*- )# "43/+ /%& !&! (-/(/+!+ 56, 78893'

:3%; 788<' =/%; 788>' =* 788<' ?43%; 788@AB 6# "3-3"&1-# "43/&,C*# 3 &-/*D! +3 ()3"#

#% "-.(&/;-3(4,# (*,+C*E,) ;3-3%&,& )3 +#%+,2,),&!' F#+ +!C*#%"#+ F# D3)#*-+ ;!%!-!#+' 3*G

D3)#*-+ ,%,&,3)#+ #& 3*G (3-3$1&-#+ F# "/%&-H)#+ 5I/"3-#D 7889AB J# ()*+' "#-&3,%+ +.+&1$#+

"43/&,C*#+ +/%& "3(32)#+ F# ;!%!-#- F#+ +!C*#%"#+ (/++!F3%& F#+ (-/(-,!&!+ +&3&,+&,C*#+

&-1+ ,%&!-#++3%&#+' "/$$# )E3)!3&/,-#' )E,$(-!F,"&,2,),&!' )3 %/%0"/--!)3&,/% #%&-# )#+ D3)#*-+

+*""#++,D#+' #& )3 %/% (!-,/F,",&!B K#+ (-/(-,!&!+ /%& L3,& F* "43/+ *% &-1+ 2/% $/.#% (/*-

)# F!D#)/((#$#%& F#+ 3);/-,&4$#+ F# "4,M-#$#%& (3- N/&B K#(#%F3%&' )# "4/,G F* +.+&1$#

"43/&,C*# F!(#%F F* %,D#3* F# +!"*-,&! #G,;! #& F# )3 "3(3",&! F* "3)"*) F# )E!C*,(#$#%&

C*, D3 )E#G!"*&#-B

J# ()*+' )E#+(3"# F# ")!+ F# "#-&3,%+ +.+&1$#+ "43/&,C*#+ %E#+& (3+ +*O+3$$#%& -/2*+&#

"/%&-# &/*& &.(# FE3&&3C*# (3- L/-"# 2-*&#B JE3*&-# (3-&' )#+ +!C*#%"#+ ;!%!-!#+ (3- *%

+.+&1$# "43/&,C*# %E/%& (3+ L/-"!$#%& *%# F#%+,&! F# (-/232,),&! *%,L/-$# (/*- #$(P"4#-

&/*& &.(# FE3&&3C*# (3- 3%3).+# +&3&,+&,C*# 56, 788Q' =#, 788RAB

S% #M#&' )# "4/,G F* +.+&1$# "43/&,C*# #+& )3 &T"4# )3 ()*+ ,$(/-&3%&# F3%+ )# F!D#0

)/((#$#%& FE*% 3);/-,&4$# F# "4,M-#$#%&B 63 ()*(3-& F#+ "-.(&/0+.+&1$#+ C*, +/%& 23+!+

*%,C*#$#%& +*- )E*&,),+3&,/% FE*% +#*) +.+&1$# "43/&,C*# %# +/%& (3+ &-1+ #O"3"#+ (*,+C*E,)

#+& &/*U/*-+ (/++,2)# FE#G&-3,-# )#+ ,%L/-$3&,/%+ "3-3"&!-,+3%& *% +.+&1$# "43/&,C*# V (3-0

&,- F# +3 &-3U#"&/,-# 5W4/-& 9QQR' 6, 788R' :3%; 9QQ>AB X,%+,' %/*+ (-/(/+/%+ F# "/$2,%#-

)# +.+&1$# "43/&,C*# KWY 3D#" )3 L/%"&,/% SKZ0$3( (/*- 3*;$#%&#- )3 "/$()#G,&! FE*%

"-.(&/0+.+&1$# 23+! *%,C*#$#%& +*- )# KWYB S% #M#&' )3 L/%"&,/% SKZ0$3( "/%+#-D# )#+

(-/(-,!&!+ F* KWY' "/$$# )3 +#%+,2,),&! 3*G D3)#*-+ ,%,&,3)#+ #& 3* (3-3$1&-# F# "/%&-H)#'

#& 3U/*&# F# %/*D#))#+ (-/(-,!&!+ +&3&,+&,C*#+ #& +(#"&-3)#+ &-1+ 3((-/(-,!#+ #% "-.(&/;-30

(4,#B S% #M#&' )# +.+&1$# KWY #& )3 L/%"&,/% SKZ0$3( /%& !&! "/$2,%!+ (/*- F!D#)/((#-

*% %/*D#3* [\]X (-!+#%&! +#"&,/% @B7B@B

JE3(-1+ )#+ #G(!-,$#%&3&,/%+ F!UV (-!+#%&!#+ +#"&,/% @B7B^' %/*+ 3D/%+ $/%&-! C*# )#

[\]X (-/(/+! -!*++,& &/*+ )#+ &#+&+ F# )3 +!-,# F# &#+&+ +&3&,+&,C*#+ (-/(/+!+ (3- \_W`' #&

(3- "/%+!C*#%& %/*+ (-/(/+/%+ F# )E*&,),+#- F3%+ )# F!D#)/((#$#%& FE*% %/*D#) 3);/-,&4$#

F# "4,M-#$#%& +.$!&-,C*# (3- N/&B 63 +#"&,/% @BaB7 (-!+#%&# )E3);/-,&4$# F# "4,M-#$#%&

(-/(/+!B S%+*,&#' )3 +#"&,/% @BaBa +# "/%+3"-# V )E!&*F# F# )3 +!"*-,&! F# %/&-# %/*D#))#
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 !"#$%& %& '#()*& &+" "$," &+  $+"*-+" .- *$/,."&..& '$+"*& 01,.(&,*. "20&. %3-""-4,&.5

6$,. "&* (+$+. '&""& .&'"($+ 0-* ,+& '$+'1,.($+7 .&'"($+ 8595:5

 !"!# $%&'()*)+, -.*/,(&01) 23( 45, 2(525-/

;-+. '&""& .&'"($+7 +$,. 0*$0$.$+. %& %!"-(11&* +$"*& -1<$*("# & %& '#()*& &+" .2=

 !"*(4,& 0-* >$" -001(4,! -,? ( -<&.5 @& '#()*& &+" &." *!-1(.! <*A'& B +$"*& C6DE7

0*!.&+"! .&'"($+ 85F587 0$,* '#()*&* 1&. 0(?&1. %3,+& ( -<&5 6$"*& <!+!*-"&,* - !"! 1!<G*&=

 &+"  $%(H! -H+ %& 0$,I$(* (+"!<*&* 1&. 0(?&1. %& 13( -<& $*(<(+-1& %-+. 1- 0*$'!%,*& %&

<!+!*-"($+ %&. >,? %& '1!. -1!-"$(*&. &+ I,& %3- !1($*&* 1- .!',*("! %, '#()*& &+" 0*$0$.!

&" %3-..,*&* 1- *$/,."&..& '$+"*& 13-""-4,& 0-* "&?"& '1-(* '$++,5

J1 &." B .(<+-1&* 4,& 1- '1! %& '*20"-<&K%!'*20"-<& %& +$"*& '#()*& &+" &." 1-  L &

,"(1(.!& 0-* +$"*& C6DE7 &" &." '$ 0$.!& 0-* "*$(. +$ /*&. *!&1. &" ,+ &+"(&* K =

(x0, y0, t, N0)5

6$,. 0*$0$.$+. "$," %3-/$*% %& "*-+.M$* &* 1-  -"*('& %&. 0(?&1. %& 13( -<& $*(<(+-1&

%& "-(11& N ×M &+ ,+ I&'"&,* +$"! 0-* S7 -I&' S = (S1, ..., SR) &" R = N ×M *&0*!.&+"&

1& +$ /*& "$"-1 %& 0(?&1.5 N,-+" B 13( -<& '#()*!&7 &11& &." "*-+.M$* !& &+ ,+ I&'"&,* +$"!

0-* C = (C1, ..., CR)5 O#-4,& !1! &+" %& '&. %&,? I&'"&,*. &." *&0*!.&+"! .,* m /(".7 &"

'$**&.0$+% B 13(+"&+.("! %, 0(?&1 4,( I-*(& &+"*& 0 &" L−17 -I&' L = 2m
5 J1 &." B +$"&* 4,&

0$,* ,+& ( -<& &+ +(I&-,? %& <*(.7 m &." <!+!*-1& &+" !<-1 B 8 &" 0-* '$+.!4,&+" +$,.

$/"&+$+. L = 256 (+"&+.("!. %()!*&+"&.5 D$,* '*20"&* ,+& ( -<& &"  $%(H&* 1&. I-1&,*.

%& .&. 0(?&1.7 +$,. 0*$0$.$+. %3-001(4,&* ,+ $, &?'1,.(M &+"*& 1&. I-1&,*. $/"&+,&. 0-*

+$"*& C6DE &" 1&. I-1&,*. %&. 0(?&1. %& 13( -<& $*(<(+-1&5 6$,. 0*$'!%$+.  -(+"&+-+" B

%!"-(11&* 1- 0*$'!%,*& %& '#()*& &+" 0*$0$.!& P

Q 6 J+("(-1& &+"7 1& .2."G & ORS <!+G*& ,+ '$,01& %& I-1&,*. (xj, yj) B '#-4,& +$,I&-,

0(?&15

Q 8 T+.,("&7 +$,. 0*$0$.$+. %3,"(1(.&* 1- I-1&,* yj 0$,* '-1',1&* 1- I-1&,* aj P

aj = (yj +
Sj

L
)− ⌊(yj +

Sj

L
)⌋. U85VWX

-I&' Sj &." 1& j !"

0(?&1 %, I&'"&,* S &" aj ∈ (0, 1)5

Q " 6$,. 0*$0$.$+. 0-* 1- .,("& %& '$+I&*"(* 1- .!4,&+'& {aj} &+ ,+& +$,I&11& .!4,&+'&

{bj} &+ ,"(1(.-+" 1- M$+'"($+ G %!H+(& !4,-"($+ 85VY Pbj = G(aj)7 -I&' bj ∈ (0, 1)5

O&""& %&*+(G*& '$+I&*.($+ <-*-+"(" 1& 0.&,%$=-1!-"$(*& %&. I-1&,*. <!+!*!&. 4,( .&*$+"

,"(1(.!&. %-+. 1& '#()*& &+" 0-* >$" %&. ( -<&.5 Z$,"&M$(.7 0$,* 0$,I$(* -001(4,&*



  ! "#$%&'() *+ ",-'(&./'&,- 0 1$ 2(3%',42,5%()66&,- 78&5$9)6

 ! " #$%& '() #!*+# &#' ,-&# +' .#' /($#&' .# &0(1-2# "+(2(!-&# #* &#' ,-&# +' 23!3+3#'4

(& )- * %"!,#+*(+ %#' .#+!(5+#' ,-&# +' #! .#' #!*(#+' %"1/+(' #!*+# 0 #* L− 16 7" +

%# )-(+#4 !" ' /+"/"'"!' .# .38!(+ &- )"!%*("! fL : [0, 1) → {0, ..., L− 1} ."!!3# /-+

fL(x) = i4 '( x ∈ Ii4 '-%9-!* : # &0(!*#+,-&&# [0, 1) #'* .3%" /3 #! L '" ';(!*#+,-&&#'

.# 1<1# &-+2# + #* : ( '"!* %-+-%*3+('3' /-+

L−1
⋃

i=0

Ii = [0, 1] #*
L−1
⋂

i=0

Ii = ∅6 =# %# )-(*4 &#

> $ .# %&3' '# %-&% &# /-+ kj = fL(bj) #* &# ,#%*# + .#' /($#&' %+?/*3' C '#+- "@*#! 

/-+ A

Cj = Sj ⊕ kj, BC6DEF

-,#% ⊕ .3'(2!# &0"/3+-*# + " #$%& '()6

G#' "/3+-*("!' '"!* (*3+3#' /& '(# +' )"(' H ': 0I %+?/*#+ &- *"*-&(*3 .# &0(1-2#6 J!

#K#*4 2+L%# I !"*+# -//+"%9#4 &#' ,-&# +' .#' /($#&' .# &0(1-2# "+(2(!-&# (!*#+,(#!!#!* .-!'

&- 23!3+-*("! .#' > $ .# %&3'4 #* /-+ %"!'3: #!*4 %9-: # (1-2# '#+- %+?/*3# -,#%  ! > $

.# %&3' .(K3+#!*4 1<1# '( !" '  *(&('"!' &- 1<1# %&3 .# %+?/*-2#6

M"*+# -&2"+(*91# '0-//&(: # - ''( /" + .#' (1-2#' @(!-(+#' #* %" &# +'6 N(!'(4 /" +

 !# (1-2# @(!-(+#4 %9-: # /($#& #'* +#/+3'#!*3 /-+  ! '# & @(* #* /-+ %"!'3: #!* (& )- *

.(,('#+ &0(!*#+,-&&# [0, 1) #! .# $ '" ';(!*#+,-&&#' %# : ( !" ' /#+1#* .# %9(K+#+ &0(1-2# @(*

/-+ @(*6 J! " *+#4 /" + %9(K+#+  !# (1-2# %" &# +4 (& ' O* .0-//&(: #+ !"*+# -&2"+(*91#

' + %9-: # %"1/"'-!*# .# &0(1-2#6

P# !" ,#- %9(K+#1#!* '?13*+(: # /-+ >"* /+"/"'3 #'* *+5' #O%-%#6 P- '#%*("! C6Q6Q

#'* %"!'-%+3# I &03,-& -*("! .#' /#+)"+1-!%#' .# !"*+# 13*9".#4 *" * #! -!-&?'-!* '-

+"@ '*#''# %"!*+# /& '(# +' *?/#' .0-**-: #'6

 !"!" #$%&'() *) &% (+,-./0+ *) &1%&23./045) *) ,4/6.)5)$0 7.38

73(+

=-!' %#**# '#%*("!4 !" ' -&&"!' -!-&?'#+ &- '3% +(*3 .# &0-&2"+(*91# .# %9(K+#1#!* /+";

/"'3 '#%*("! C6Q6R %"!*+# /& '(# +' *?/#' .0-**-: #'6 N(!'(4 !" ' !" ' (!*3+#''"!' *" *

.0-@"+.4 '#%*("! C6Q6Q6D4 I -!-&?'#+ &#' '*-*('*(: #' .#' (1-2#' %+?/*3#' B9('*"2+-11#4

%"++3&-*("! #* #!*+"/(#F6 J!' (*#4 /-+  !# -!-&?'# .#' 1#' +#' M7GS #* TNGU4 &- '#%;

*("! C6Q6Q6R 1"!*+# &- +"@ '*#''# .# !"*+# -//+"%9# %"!*+# &0-**-: # .(K3+#!*(#&&#6 V(!-&#;

1#!*4 &- '#%*("! C6Q6Q6Q '# %"!'-%+# I &0#$/"'(*("! .# &- '#!'(@(&(*3 .# !"*+# -&2"+(*91# I

*" * /#*(* %9-!2#1#!* .-!' &- %&3 '#%+5*#6
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 !"#$  !"" # $%& '()& *+,(,&)%& -./& (%& %01)2,3%/+.+,4/&!

k0 k1 k2 k3 k4

x0 5.87574682393162 5.87574682393161 5.87574682393162 5.87574682393162 5.87574682393162

y0 0.20543974869398 0.20543974869398 0.20543974869399 0.20543974869398 0.20543974869398

t 90.41936758463719 90.41936758463719 90.41936758463719 90.41936758463720 90.41936758463719

N0 250 250 250 250 251

 !"!"!6 8$*)95(5 5.*.-5.-:&(5

.5  !"#$%&'(()" *)" !('%)" +&,-#.)" /

6/ '271+48&7&+93% -:,3.;% -4,+ /)'%&&.,2%3%/+ <+2% 24=*&+% '4/+2% +4*+ +71% -:.+8

+.>*% 1.2 ./.(7&% &+.+,&+,>*%! ?,/&,@ /4*& .A4/& 12414&) -./& */ 12%3,%2 +%31&

-:./.(7&%2 (%& B,&+4;2.33%& -%& ,3.;%& '271+)%&! C4*2 '% D.,2%@ /4*& .A4/& ./.(7&)

(%& B,&+4;2.33%& -% 100 ,3.;%& 42,;,/.(%&@ 'B4,&,%& -:*/% 3./,92% .().+4,2%@ .,/&,

>*% (%& B,&+4;2.33%& -%& ,3.;%& '271+)%& '422%&14/-./+%&! E4*& .A4/& 12)&%/+)

-./& '%++% &%'+,4/ */,>*%3%/+ (:B,&+4;2.33% -% (:,3.;% $%/.@ .A%' */% +.,((% -%

512× 512 1,0%(& %+ 256 /,A%.*0 -% ;2,&@ .,/&, >*% (:B,&+4;2.33% -% (:,3.;% '271+)%

'422%&14/-./+% 4=+%/*% %/ *+,(,&./+ (. '() k0 ,/-,>*)% +.=(%.*  !""! F( %&+ G /4+%2

>*% /4*& .A4/& +24*A) (%& 3<3%& 2)&*(+.+& 14*2 (%& .*+2%& ,3.;%&! $:,3.;% $%/. %+

(:,3.;% '271+)% '422%&14/-./+% &4/+ 2%12)&%/+)%& 2%&1%'+,A%3%/+ 1.2 H;*2%  !"I!. %+

H;*2%  !"I!=! J% 1(*&@ (:B,&+4;2.33% -% (:,3.;% $%/. %&+ ,((*&+2) H;*2%  !"I!'@ .(42&

>*% (:B,&+4;2.33% -% (:,3.;% '271+)% '422%&14/-./+% %&+ 2%12)&%/+) H;*2%  !"I!-!

E4*& 2%3.2>*4/& >*% (%& -%*0 B,&+4;2.33%& &4/+ +29& -,K)2%/+&@ %+ 1.2 '4/&)>*%/+@

.*'*/% ,/D423.+,4/@ &*2 (:,3.;% 42,;,/.(%@ /% 1%*+ <+2% -)-*,+% G 1.2+,2 -% (:,3.;%

'271+)% %+ -% &4/ B,&+4;2.33%! J% 1(*&@ /4*& 14*A4/& 2%3.2>*%2 .*&&,@ H;*2%  !"I!-@

>*% (:B,&+4;2.33% -% (:,3.;% '271+)% %&+ */,D423%@ '% >*, 2%/- ,314&&,=(% +4*+ +71%

-:.++.>*% =.&) &*2 (:./.(7&% -% (:B,&+4;2.33% -%& ,3.;%& '271+)%&!

=5 0$&&.1'#!$2 *)" -!3)1" '*4'+)2#" /

L433% (% -)'2,+ 'B.1,+2% I@ -./& */% ,3.;%@ 'B.>*% 1,0%( %&+ ;)/)2.(%3%/+ D42+%8

3%/+ '422)() .A%' &%& 1,0%(& A4,&,/&@ %+ %/ 1.2+,'*(,%2 .A%' '%*0 >*, &% &,+*%/+ &*2 (.

3<3% (,;/%@ (. 3<3% '4(4//% 4* =,%/ &*2 (. 3<3% -,.;4/.(%! M2N'% G '%++% D42+% '428

2)(.+,4/@ ,( -%A,%/+ 14&&,=(% -% 12)-,2% (. A.(%*2 -:*/ 1,0%( G 1.2+,2 -% (. '4//.,&&./'%



 !" #$%&'()* +, #-.()'/0('-. 1 2% 3)4&(-53-6&)*77'-. 89'6%:*7

 !"  #"

 $"  %"

 !"#$% &'() * !" +,!-. /01-12!3. 4.2!5 #" +,!-. $06789. .2 :8131;!28 3! $39 k05 $" <1;8/=

-0!,,. %. 3>1,!-. 4.2!5 %" <1;8/-0!,,. %. 3>1,!-. $06789. /#8.2:. !?.$ 3! $39 k0'

%.; ?!3.:0; %. ;.; ?/1;12;' @!2; $. $!;5 :2 !3-/018A,. %. $A1B0.,.28 %/18 1,790!81=

?.,.28 931,12.0 8/:8. ;/08. %. $/0093!81/2 /: #1.2 %. 0.3!81/2 .280. :2 71C.3 .8 ;.;

?/1;12;5 $. D:1 !:-,.28. 92/0,9,.28 3! $/,73.C189 %. 3! $0678!2!36;. EF: )GGHI'

4. 8!#3.!: &'() ,/280. 3.; $/0093!81/2; /#8.2:.; 7/:0 80/1; 1,!-.; /01-12!3.; !12;1

D:. 3.:0; 1,!-.; $06789.;' @. 73:;5 2/:; !?/2; 709;.289 %!2; $. ,J,. 8!#3.!: 3!

,/6.22. %.; $/0093!81/2; /#8.2:.; 7/:0 100 1,!-.; /01-12!3.; .8 3.; 1,!-.; $06789.;

$/00.;7/2%!28.;' K2 /:80.5 3! L-:0. &'(M ,/280. 3! %1;801#:81/2 %. 3! $/0093!81/2

.280. %.; 71C.3; !%N!$.28; ;18:9; ;:0 3! ,J,. 31-2.5 3! ,J,. $/3/22. .8 3! ,J,.

%1!-/2!3. %. 3>1,!-. $3!10. .8 %. 3>1,!-. $06789. $/00.;7/2%!28. /#8.2:. !?.$ 3!

$39 k0' @>!70O; $.; %1;801#:81/2;5 2/:; 0.,!0D:/2; D:. 3>!3-/018A,. %. $A1B0.,.28
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 !" "#$ !$%##&' ( ")'*+&! %+* ,"!!$-.'&"+ +%--* *+'!* -*#  &/*-# 0"&#&+# 1.+# '"%'*# -*#

1&!*,'&"+#2 3.! ,"+#$4%*+'5 &- +67 .  .# 1* 1$ *+1.+,* -&+$.&!* *+'!* -*#  &/*-# 0"&8

#&+#5 *' -. ,"++.&##.+,* 16%+  &/*- 1* -6&9.:* ,!7 '$* +6.  "!'* .%,%+* &+;"!9.'&"+

#%! -*# 0.-*%!# 1* #*# 0"&#&+#2

 !"#$ <2=> ? @*# ,"*A,&*+'# 1* ,"!!$-.'&"+ 1*#  &/*-# .1B.,*+'#5 1*# &9.:*# "!&:&+.-*# *'

1*# &9.:*# ,!7 '$*# ,"!!*# "+1.+'*#5 1.+# -*# '!"&# 1&!*,'&"+# C D"!&E"+'.-*5 0*!'&,.-* *'

1&.:"+.-*2

&9.:*# "!&:&+.-*# &9.:*# ,!7 '$*#

8($*

F"!&E"+'.-* G2HI== 8G2GGGJ

0*!'&,.-* G2HKG> G2GG=I

1&.:"+.-* G2H=<J G2GGG=

9%*.

F"!&E"+'.-* G2HJLM G2GG=>

0*!'&,.-* G2HKGH G2GG>L

1&.:"+.-* G2H>HJ 8G2GGG>

:%&5(

F"!&E"+'.-* G2HKJL 8G2GGG<

0*!'&,.-* G2H<GI G2GGGI

1&.:"+.-* G2H>IL G2GG>>

;%<($$( 5&, 6== -0*+(5

F"!&E"+'.-* G2HK=I 8G2GGGH

0*!'&,.-* G2HK>K G2GGG>

1&.:"+.-* G2H<J= 8G2GGGI

,N  !"#$%&' (') &*+,') -#.%"/')

@6*+'!" &* . $'$ &+&'&.-*9*+' 1$O+&*  .! PF.++"+ QPF.++"+ =HIM.5 PF.++"+ =HIM)R



 !! "#$%&'() *+ ",-'(&./'&,- 0 1$ 2(3%',42,5%()66&,- 78&5$9)6

 !  "! #$%%& '() *+&,-(!.$% /010 2+(')3" *( 45-) 607/0#8 *+.9(5 :);'!& '$""3# 

-% <."!$5)(99 -%.=$)9 8 : ,-. > -! #.) ,- * " %.> (-? # 5)." $%! * 9@9 

%$9A) #+$::-)) %:  ! '() :$%"&,- %! *+ %!)$'.  "! 9(?.9(* 0 B.%".8 '$-) -% 

.9(5  % %.> (-? # 5)."8 $C :<(,- '.? *  "! ) ')&" %!& '() 8 A.!"8 .* =(-! (>$.) -% 

 %!)$'. 8 '$-) *+.9(5 :);'!& 8 *( '*-" ')$:< '$"".A* # 8 A.!"D'.? * EF <.%( /GGHI0

J+ %!)$'. # *+.9(5 J %( :);'!&  % -!.*."(%! *( :*& k0  "! &5(* K 7.9995 ≈ 8

A.!"D'.? *0 2 '*-"8 *( >(* -) 9$; %% $A! %- '$-) 100 .9(5 " :);'!& "  "! &5(* 

K 7.9993 A.!"D'.? *0 J " )&"-*!(!" !)$->&" "$%! !)3" ')$:< " # *( >(* -) !<&$).,- 
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 ! 2/%&%,!%3)$ base ← 04 taille← 2N − 1

"! 2%&1 i ← 1 &# n =)41(

#! x ← taille× p(0)

$! *4 bi = 0 ):%1*

%! taille← x

&! *4$%$

'! base0 ← base

(! base ← base + x

)! taille← taille− x

 *! *4 5,3)6 > 5,3) ):%1*
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"! ,)$, ?&( /#/ 7=/ *. =+'%)$ +#(<$)33:8 =)41(

#! x ← taille× p(0)

$! *4 code ≥ x ):%1*

%! bi ← 1

&! *4$%$

'! bi ← 0

(! *4 bi = 0 ):%1*

)! taille← x

 *! *4$%$

  ! code ← code− x
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 %! #.&<.& bi
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#! "+1+$)$ ki 52%1" &') 9:;<

$! 7' ki = 1 )1 5&%!%2/1& 1#&$) <=9 %2-)7
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